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Sommario

In questa tesi proponiamo una nuova metodologia per effettuare analisi mo-
dale partendo da misure acustiche mediante olografia acustica in campo
vicino. Per fare questo, la nostra tecnica combina il metodo delle sorgenti
equivalenti (ESM) con i vantaggi dati dal cercare la soluzione in un domi-
nio sparso sfruttando una conoscenza pregressa. In particolare, viene cercata
una soluzione sparsa in uno spazio identificato da un dizionario pre-calcolato.
Le componenti del dizionario sono i pesi delle sorgenti equivalenti. Pertan-
to, la soluzione al problema ¢ ottenuta individuando la miglior combinazione
lineare possibile di pesi delle sorgenti equivalenti presenti nel dizionario, in
accordo alle misure acustiche effettute.

Un approccio basato su dizionario permette di ridurre significativamen-
te il numero di microfoni necessari, pertanto € possibile ridurre i costi del
sistema di acquisizione audio, ridurre la complessita del cablaggio e ridurre i
problemi relativi al supporto sul quale ancorare i microfoni. Inoltre, questo
tipo di approccio, intrinsecamente rende la tecnica proposta robusta rispet-
to al rumore di misura. La nostra tecnica non richiede quindi che le misure
vengano effettuate in una camera anecoica.

Per la validazione del nostro metodo usiamo misure di pressione acustica,
acquisite in campo vicino, relative ad un pannello vibrante rettangolare di
alluminio. Le misure sono state acquisite in un ambiente non ideale (i.e.,
non anecoico), pertanto un certo livello di riverberazione e rumore di fondo
sono presenti. I risultati sperimentali confermano che la nostra tecnica riesce
a ricostruire i modi di vibrazione del pannello usando un numero limitato
di microfoni. Inoltre la metodologia proposta mostra un comportamento
robusto in presenza di rumore di misura.

Infine presentiamo i risultati ottenuti da simulazioni effettuate su una ta-
vola di violinio vibrante, per testare I’idoneita del nostro metodo per ’analisi
di superfici complesse. I risulati sono promettenti, infatti dimostrano che il
nostro metodo da prestazioni migliori rispetto al metodo ESM, sia usando
un numero limitato di microfoni, sia in presenza di rumore di misura.






Abstract

In this thesis we propose a novel methodology to perform modal analysis
starting from acoustic measurements using near-field acoustic holography.
To do this, our technique combines the Equivalent Source Method (ESM)
with the advantages of searching the solution in a sparse domain using some
a priori knowledge. In particular, a sparse solution is searched in a space
spanned by a pre-computed dictionary. The entries of the dictionary are the
equivalent source weights. Therefore, the solution to the problem is obtained
searching the better linear combination of the equivalent source weights in
the dictionary, according to the acoustic measurements.

Using a dictionary based approach makes possible to significantly reduce
the number of required microphones, therefore it is possible to reduce the
cost of the microphones acquisition system, to reduce the wiring complexity
and the problem related to the microphones standing.

Moreover, the dictionary approach intrinsically makes the technique ro-
bust against measurement noise. Thanks to this our techniques does not
require that the acoustic measurements have to be acquired into an ane-
choic chamber.

To validate our method we use real acoustic pressure measurements ac-
quired in the near-field of a vibrating aluminium rectangular plate. The
measurements are acquired in a non-ideal room (i.e., non anechoic), there-
fore some amount of reverberation and background noise are present. Ex-
perimental results confirm that our technique can reconstruct the vibra-
tion modes of the plate using a limited number of microphones. Moreover
the methodology shows a robust behaviour in the presence of measurement
noise.

We also present simulative results related to a vibrating violin top plate,
to test the suitability of the method for analysing complex surfaces. Results
are promising as they show that our method outperforms the classical ESM
technique, even using a limited number of microphones and in the presence
of measurement noise.
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Chapter 1

Introduction

Modal analysis aims at studying the dynamic properties of a structure un-
der vibrational excitation. A typical task is that of identifying the resonance
frequencies of a vibrating surface, along with the corresponding modes of vi-
bration. Modal analysis finds application in different fields, ranging from au-
tomotive, avionic, structural engineering, to mechanics and vibro-acoustics.
For instance, by analysing how a car engine vibrates, it is possible to iden-
tify the areas that contribute the most to noise production. Similarly, modal
analysis of musical instruments can be useful to understand how sound is
generated and propagates.

In this thesis we focus on modal analysis of surfaces with arbitrary ge-
ometries, and we are particularly interested in techniques that are minimally
invasive. Non-invasiveness is a requirement whenever the surface under anal-
ysis is delicate (e.g., fragile plates of historical musical instruments, thinly
varnished objects, etc.).

Modal analysis can be accomplished by means of several techniques
that are characterized by different degrees of invasivity, involving differ-
ent types of sensors. We can broadly distinguish them into contact and
contactless measurement systems. Contact methods are mainly accom-
plished by means of accelerometric sensors; contactless methods include
laser-vibrometric analysis and near-field acoustic holography.

The accelerometric analysis is a contact method analysis that performs
direct measurements. It is based on accelerometers which measure the ac-
celeration of the object with which they are put in contact. This technique
is moderately expensive and it gives good results in terms of precision and
frequency interval analysis. However, since the sensors need to be attached,
glued, to the structure undergoing test, is absolutely not usable if we want
to analyse delicate objects.
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The laser-vibrometer technique is a contactless method that performs
direct measurements. This method uses laser-vibrometer and it is based on
doppler effect. This analysis system, differently from the previous case, does
not need to enter in contact with the object in order to perform measure-
ments, so there are no risks of damaging the structure. Furthermore, not
charging the structure from an inertial point of view, the analysis can be per-
formed also on very small objects. The downside is that a laser-vibrometer
is very expensive so it is not an instrument easily available; furthermore it
can have problems to perform measurements on highly reflective varnished
surfaces.

An interesting alternative to the classical vibrometric approaches is near-
field acoustic holography (NAH). It constitutes a good tradeoff between the
measurement accuracy and the cost of the required hardware. Measure-
ments are performed by means of a microphone array and the data acquired
(acoustic pressure), properly processed, can be used to estimate the velocity
or displacement of the surface of the structure under test. Since measure-
ments are made by microphone array we have to prevent acoustic noise,
therefore they have to be performed in a room where acoustic is controlled
(anechoic chamber).

NAH is a well established technique in literature for the analysis of planar
surfaces, for which the solution is generally based on the inversion of the
first Rayleigh’s integral [1]. Conversely, the case of more complex surfaces
(i.e., curved, non-convex, etc.) is still an active field of research. In the
literature we could find different techniques, but first of all it is necessary
to make a distinction between planar and non-planar techniques. Planar
techniques have got as fundamental assumption that the source geometry
must be planar or locally planar.

The method proposed by Williams and Maynard [1], based on the Rayl-
eigh’s Integrals, described in Sec. 2.3, belongs to planar techniques. Another
technique that treats planar geometries is the one proposed in [2]. This tech-
nique is focused on exploiting some a-priori knowledge to find the optimal
solution to the problem. The authors used some well known basis functions,
that can be computed analytically, to explain the problem. They used these
functions to build a dictionary that allow them to search the solution to the
problem in a sparse domain, and not in a general one.

Regarding the techniques extendible to non-planar surfaces, reference
may be made to inverse Boundary Element Method (iBEM) [3]. This tech-
nique is based on inversion of BEM, which is a numerical method to solve
radiation problems, based on partial differential equations with integral for-
mulation. Another technique for non-planar near-field acoustic holography



is that based on the ESM (Equivalent Source Method) [4]. This method
is strictly related to iBEM, since originally ESM was developed as an al-
ternative to BEM to provide a numerical (approximated) solution to the
radiation problem in an efficient way from the computational point of view.
The ESM models the acoustic pressure generated by a vibrating source as
the sound field obtained by superposing the effect of a set of equivalent vir-
tual sources located within the source itself. ESM-based NAH operates in
two steps. The first step involves the solution of an inverse problem to find
the strength (complex weights) of the equivalent sources that generate the
measured acoustic pressure. Then, a suitable propagator function is applied
to the equivalent sources, in order to infer the velocity on the surface of
the vibrating source. The ESM-based NAH seems adequate to our needs
because it works for arbitrary geometries and it is efficient from a computa-
tional point of view. On the other hand the ESM does not consider a sparse
domain.

In this thesis we propose a novel technique for NAH, which combines
the flexibility of the ESM with the advantages of seeking the solution in
a sparse domain. The proposed technique aims at being robust in those
situations where it is not possible to use a great number of sensors (i.e.
microphones) and in the presence of measurement noise (e.g., the proposed
methodology could work also in a room not necessarily anechoic). In this
way, it is possible to keep moderate the hardware costs implied by very
large microphone systems and by the building/renting an anechoic cham-
ber. We suggest a solution that takes advantage of some a priori knowledge
to solve the problem. Indeed, we observed that, even for complex surfaces,
the shape of vibration modes is mainly determined by the geometry of the
vibrating surface. Conversely, vibration modes are substantially invariant
with respect to the physical parameters of the surface material (e.g. density,
Young’s modulus, Poisson’s ratio, etc.). We also observed that this invari-
ance is maintained also by the corresponding equivalent sources. This fact
can therefore be exploited to restrict the solution space of the classical ESM
formulation. More specifically, we first numerically predict a set of possible
vibration modes through Finite Element Analysis (FEA) varying the phys-
ical parameters in a large range. This information is then turned into a set
of equivalent sources and associated weights, from which a compressed dic-
tionary is computed by selecting the principal components of the weights.
NAH is finally accomplished by finding a sparse linear combination of the
dictionary entries.

For the validation of our method we considered real acoustic measure-
ments acquired in the near-field of a vibrating aluminium rectangular plate.
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More specifically, we considered a public dataset [2] targeted for NAH ex-
periments. The results of the proposed technique was compared with the
ground-truth provided in the dataset. Experimental results show that the
proposed technique is capable of reconstructing the plate vibration modes
even with a limited number of microphones. The technique also turns out
to be robust against measurement noise.

In the perspective of analysing more complex surfaces, we consider an
example scenario. We focus on the modal analysis of acoustic musical in-
struments. This scenario is particularly interesting, as instruments sound
quality strongly depends on even subtle geometrical details. As a study
case, we tested the proposed technique for analysing the vibration modes of
a violin top plate. To this end, we performed a set of numerical simulations
to obtain synthetic measurements of the acoustic pressure. These synthetic
measurements, along with the geometrical model of the violin plate, were
used to accomplish NAH by means of the proposed method. Results are
promising, as they show that the dictionary-based ESM approach outper-
forms the standard ESM method, even in the presence of measurement noise
and disposing of a limited number of microphones.

In Chapter 2 we will introduce some fundamental notion about physical
acoustics.

In Chapter 3 we will discuss the State of the Art, we will describe in detail
the planar NAH techniques and non-planar NAH techniques. In particular
we will focus our attention to the classical implementation of the ESM.

Chapter 4 is the core of this thesis, here we will introduce our method.
After a general overview we will explain in detail each aspect of our work
starting from the FEM analysis, to the construction of the dictionary and
finally the modes of vibration.

In Chapter 5 we will provide details about the realization of the system,
describing the main tools used for the involved tasks.

In Chapter 6 we validate the proposed method, showing the results for
real data. Moreover we present the simulation result for a complex surface
as is the violin top plate.

In Chapter 7 we will draw some final conclusions and we will indicate
some future outlooks.



Chapter 2

Fundamentals of physical
acoustics

In this chapter we introduce some preliminary notions about physical acous-
tics, in particular we deal with Wave equation and Helmholtz equation, these
two equations allow us to describe an acoustic wave. After that we intro-
duce Green Functions and Kirchhoff-Helmholtz Integral Equation (HIE).
HIE, with the aid of the Green Functions, describes how a vibrating source
radiates in the space relying on surface pressure or normal velocity of the
source. In some simple cases, instead, there are analytic solutions (e.g pla-
nar geometries) so we introduce the First and Second Rayleigh’s integrals
and as a particular case we illustrate how a simply supported rectangular
plate vibrates.

2.1 Wave equation, Helmholtz equation and
Green’s function

The wave equation, also known as D’Alembert’s equation, describes the
propagation of a wave as a function of spatial and temporal coordinates.

Let us first introduce the time-space reference system. We denote with ¢

the time coordinate, while a 3D point is described by the vector x = [z, vy, 2]T

in Cartesian coordinates or by r = [p, 6, ¢]T in spherical coordinates. The
distance of the point, identified by the position vector r, from the origin
is p; ¢ is the angle between the z-axis and the projection of the vector r
on the zy plane and @ is the angle between the z-axis anche vector r. The

Cartesian and polar coordinates are related by
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A7

S
<v

Figure 2.1: Cartesian and spherical coordinates system

sin 6 cos ¢ Va?+y? + 22
X =p |sinfsinp and r= arctan (y/xz) (2.1)

cos arccos (z/\/x2 + 4%+ z2)

The wave equation, in its homogeneous form, is a partial differential
equation of the function p(x,t) or equivalently p(r,¢) that depends from
spatial and temporal coordinates as follows

2

V2p(r,t) ;gﬁp(r,t) —0, rev, (2.2)
whose solutions are called sound fields. The function p(r,t), in this case,
represents the acoustic pressure and describes its spatial distribution in all
the points identified by the position vector r. The domain of the wave
equation is restricted to a volume V in which no sources are present. The
term c is the propagation speed, and ¢ ~ 343m/s for sound in air at 20 °C.
A simple solution to Eq. (2.2) is given by plane waves which propagate

with velocity ¢ in the direction identified by the normal vector n,

p(r,t) =g <t + inTr> (2.3)

where the superscript 7 indicates the vector transposition. The argument
of the function g is a plane in space with normal vector n, for this reason we
refer to p(r,t) as plane waves. Increasing time ¢, the plane waves propagate
through space with speed c. If we apply the Fourier transform to Eq. (2.3)
we obtain the sound pressure distribution in the frequency domain. Doing
the same operation with Eq. (2.2) we derive the Homogeneous Helmholtz
equation,

V2P(r,w) + k*P(r,w) = 0, (2.4)
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where k = w/c = 2xf/c is the wave number and f is the frequency. One
possible solution to the homogeneous Helmholtz equation has the form

P(r,w) = A(w)e’*, (2.5)
where A(w) is an arbitrary constant and k is the wave vector defined as

k sin 6 cos ¢
k= |ksinfsinp (2.6)
kcosf

and it is related to the wave number by the dispersion relation
K=kl +k +k. (2.7)

where k;, ky and k. are the components of the wave vector k.
The solution P(r,w), in Eq. (2.5), can be seen as a plane waves solution
of Eq. (2.4). Rewriting the constant A(w) as

A(w) = 21B(w)d(w — wp), (2.8)

replacing it in Eq. (2.5) and taking the inverse Fourier transform yields to
the final result
p(r,t) = 27 B(wp)e? Kr—wot) (2.9)

a plane wave at frequency wg, where k = wg/c and B(wp) is a constant.

The wave front is a surface over which a wave has a constant phase. In
this case the wave front is planar since the phase term (kr —wyt) is constant
on planes, Fig. 2.1(a), which are parallel to the one in the origin determined
by the product kr. The direction of the wave is defined by the wave vector
k and the wave length is given by A = ¢/ f.

It is important to underline the fact that the waves propagate only if
k2 > 0, k‘g > 0 and k? > 0. The dispersion relation, Eq. (2.7), is still
valid also if one of the terms k;, k, or k. is imaginary (i.e., k2 < 0, kg <
0 or k2 < 0). In this case the wave does not propagate and it is called
evanescent. Evanescent waves are waves that have an amplitude exponential
decay moving away from the source, as depicted in Fig. 2.1(b), and have the
form

p(r,t) = Ae Fezehamthyy (2.10)

where k. is defined as

ke =)y k24 k2 — k2 = +jk.. (2.11)
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(a) Plane wave (real part). ) Evanescent wave (real part).

1
05
05
-1

:1:m

o

Figure 2.2: Acoustic field of a propagating plane wave and of an evanescent wave.
The wave vectors are k = k[1/2,4/3/2,0]" and k = k[j1/2,v/3/2,0]"
respectively, k = wy/c, wo = 2w f, f =500 Hz, ¢ = 343 m/s.

Evanescent waves are also called inhomogeneous waves and they are very
important in radiation problems and also in NAH problems. In NAH prob-
lems, we must position the microphone array in near-field to measure these
waves. If we do not acquire them we cannot reconstruct correctly the source
velocity.

Now we consider the case when there are one or more point source
Py(r,w) in the domain V. The Eq. (2.4) is modified as

V2P(r,w) + k*P(r,w) = Py(r,w). (2.12)

In an analogous way Eq. (2.2) will have a not null right-hand member.
Solutions to Eq. (2.12) are defined starting from a basic solution obtained
by imposing a spatial impulse located at r’ as excitation term,

Py(r,w) =8(r —r')6(w) (2.13)

where §(-) is the Dirac delta function. The solution to Eq. (2.12) is the
sound field G(r|r’,w) measured in the point r due to the spatial impulse
located at r’ obtained upon substituting Eq. (2.13) into Eq. (2.12)

2G(r|r,w) + E*G(r|r,w) = 6(r — 1). (2.14)
For free field sound propagation the function is given as [1]
1 e—jk‘l‘—l‘l‘
_— . 2.15
Glirw) = - (215)

and it is called Green’s function. Green’s functions are also called propaga-
tors since allow us to propagate the acoustic field of a point source located
at r’ in a point r of the space.
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2.2 Huygens’s principle and Kirchhoff-Helmholtz
integral

The acoustic source Py(r,w), introduced in the previous section, could not
be a point source and therefore could have an arbitrary geometry. When
an object vibrates the air particles around it are compressed or rarefied,
thus creating areas in which there is an increase or a decrease of pressure.
Because of this it creates a ”domino” effect with other air particles and
thus the initial vibration induced by the object propagates in the air. In an
analogous way the air particles vibrating in an acoustic field produce a force,
as pressure variation, on the surface of the object that starts to vibrate.

The solution of Eq. (2.14) allows to compute the sound field generated
from a distribution of one or more sources in the volume V. However,
it exists an indirect method to compute the sound field by means of the
Huygens’s principle. The Huygens’s principle states that the new wave front
at a later time is the envelope of the fronts of these secondary waves.

Starting from the Green’s theorem we can derive the Kirchhoff-Helmholtz
integral that could be considered as a superposition of contributions emitted
by a sources on a virtual surface [5].

2.2.1 Green’s theorem

Let V' be a three-dimensional volume bounded by the surface 0V and as
usual, r is a vector that identifies a point inside the volume. Let ¥(r) and
T(r) be two unknown functions which are finite and continuous with their
first and second partial derivatives inside V. We can write Green’s theorem
(Green’s second identity) [1] as

///V (TV2U — UV2Y) dV = //W (Tgi’ — W?E) dov, (2.16)

where a@n is the derivative with respect to the outward normal n. If we

assume that the two functions ¥(r) and Y(r) also satisfy the homogeneous
Helmholtz equation, Eq. (2.4), on the surface 9V and in the volume V', after
some passages we can write

ov oY
//W <Tan - W@n) doV = 0. (2.17)

This equation forms the basis for the Kirchhoff-Helmholtz integral equation.
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Figure 2.3: Region for the application of the Green's theorem.

2.2.2 Kirchhoff-Helmholtz integral equation

To derive the Kirchhoff-Helmholtz integral equation we define the following
region for the application of the Green’s theorem, Eq. (2.16). With reference
to Fig. 2.3, dV4 is the surface of the object of interest, with arbitrary ge-
ometry, where the points on its surface are identified by the position vector
r’. The vanishingly spherical surface dV; is the surface that surrounds the
evaluation point r and 9V, is the outer surface of radius ro, which tends
to infinity. The total surface which has to be considered for the application

of the Green’s theorem is therefore
OV = 0V + 9V; + OV. (2.18)

Starting from Eq. (2.17) and choosing ¥ = G(r|r/,w) the free space
Green function defined in Eq. (2.15) and ¥ = P(r/,w) the pressure distri-
bution on the surface 9Vp, it can be demonstrated [1] that

P(r,w) = fi‘)v <aanG(r|r’,w)P(r’,w) — G(r|r’,w)8anP(r’,w)> dr'. (2.19)

This last equation is the Kirchhoff-Helmholtz integral. The Kirchhoff-
Helmholtz integral has a fundamental role in extending the NAH to geome-
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tries with arbitrary shape since it relates pressure and pressure gradient on
the object surface with the pressure in a point in the volume V.
We recall the Euler’s equation
Ovn 0
— =—-——P, 2.20
T on (2:20)

where pg ~ 1.2 kg/m? is the air density at 20 °C and v, is the normal velocity
of the source. The Euler’s equation, Eq. (2.20), relates the pressure gradient
with the normal velocity. Moreover the Kirchhoff-Helmholtz integral is the
basis of the equivalent source method [4], described later in Chapter 3.

2.3 Rayleigh’s integrals

When the vibrating object has a planar geometry, we can use simple equa-
tions to compute the pressure distribution in the evaluation point generated
from the source.

Rayleigh’s integrals are two functions that allow us to relate pressure or
normal velocity on a plane to pressure in an another plane. The pressure
field can be expressed as

plz,y,2) = o 2/ / P(ky, ky)e? ) dk,, dk,. (2.21)

We recall that k, = +,/k? — kZ — k2. If we consider only the positive so-
lution it means that the sources are in the half-space z < 0 so plane waves
cannot travel in negative z direction. Now, posing z = 0, Eq. (2.21) becomes

p(m,y, 4 2/ / kx,k e](’%z-ﬁ-kyy) dky dk. (2.22)

where we have made explicit the position and wave vectors, r and k, and the
dot product kr between them. Eq. (2.22) expresses the pressure distribution
in an infinite plane at z = 0. Looking at Eq. (2.22) we can recognize
that the integrals are two inverse Fourier transforms. If we consider the
corresponding two-dimensional Fourier transform we can define the complex
amplitude

P(ky, ky) / / (z,9,0 eIk thyy) qo dy. (2.23)

P(ky, ky) is called angular spectrum. Once P(ky, ky) is known, computed by
the pressure distribution in the plane z = 0, we can compute the pressure
field, by means of Eq. (2.21), over the three-dimensional volume from z = 0
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to infinity. In an analogous way, we can express the angular spectrum in a
plane, starting from the angular spectrum in the plane z = 2’ by

P(kx,kyaz) = P(kxakyvzl)eij(z_Z,)' (2'24)

Now starting from the inverse Fourier transform of this last equation and
using some of its properties we can derive the two Rayleigh’s integrals [1]

k Jk|r—r|
p(z,y, 2) = ]POC / / @y z)%daj dy' (2.25)

and

O () vy, (226
p(z,y,2) ——/ / wyza W €ray . (2.26)

Knowing the normal velocity of the source, by means of Rayleigh’s first
integral, Eq. (2.25), it is possible to compute the pressure distribution in
each point of the space. It is precisely the inversion of this integral that
lays the foundations for the NAH [1], described later in Chapter 3. NAH
aims at reconstructing the source normal velocity starting from the pressure
measured on a plane above it.

2.3.1 Simply supported plate

If we are dealing with simple geometries [6], Rayleigh’s integrals can be
computed analytically. An interesting case is that of a rectangular plate.

Let us now consider a rectangular plate with dimension L, and L,. The
equation which describes its motion is

V(2 y,w) — kjé(z, y,w) = 0; (2.27)

2
where &(z, y) represents the displacement, V4 = (5%22 + 5%) and the bend-
ing wave number is ky. Let the plate be simply supported so the boundary
conditions are

&(z,y) = My(z,y) =0 for x=0and L,,

2.28
&(z,y) = My(z,y) =0 for y =0 and Ly, (2:28)

M, and M, are the bending moments. The solution to Eq. (2.27) leads to
the function ®,,,(x,y) that describes the modes shape,

q)mn(m7 y) =

T sin(mmx/Ly) sin(nmy/Ly). (2.29)

<
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(1,1) (1,2) (1,3)

Figure 2.4: Mode shapes for the first nine modes of a simply supported rectangular
plate with dimension L, L, and thickness h.

with m,n € NT. Some example mode shapes are depicted in Fig. 2.4. The
complexity of the mode shapes grows with the modes order (m,n). The
function @, (x,y) satisfies the boundary conditions in Eq. (2.28) and also
the equation of motion, Eq. (2.27), only at the eigen frequency

Wi = a2[(mm/Ly)? + (nm/Ly)%. (2.30)
where « is the Skudrzyk’s constant [1] defined as

1/4 1/4
a= D / = 7Eh2 : (2.31)
psh 12ps(1 - V2)
where D is the flexural rigidity, £ is the Young’s module, v is the Poisson’s
ratio, ps is the density of the material and h is the thickness of the plate.
It is important to note that the modes shape depends only on the geom-
etry parameters L, and L, of the plate, so is invariant with respect to the
variation of the physical parameters of the material. The eigen frequency,
instead, depends on the physical parameters of the material because are
included in the Skudrzyk’s constant.
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Now, knowing the functions that describe the modes shape and the rela-
tive eigen frequencies we can write the equation that describes the displace-
ment of the plate as a function of the spatial coordinates and of frequency

f(iU Y, w Z D 960,:90 mn(x,y)7 (232)

w? — w2
m 1n=1
where F' £ |F(w)e 7| is the force with which the plate was excited in a
point located at (zg, yp). Deriving the previous equation we obtain the plate
velocity

vn(zv,y,w) = _jW€(xayaw)' (233)

Knowing the velocity v, we can use the first Rayleigh’s integral to com-
pute the pressure in the space generated by the rectangular plate. As previ-
ously said, the velocity can be computed analytically only for simple geome-
tries, in all other cases we have to use numerical methods, such as FEM, to
compute it.



Chapter 3

State of the Art

Near-field acoustic holography is a well known technique for planar geome-
tries. Conversely, the case of more complex surfaces, still remains an active
field of research. In this chapter we analyse some techniques for planar ge-
ometries and in a second stage we focus our attention on which ones may
allow us to extend the field of application to complex surfaces.

3.1 Planar Near-field Acoustic Holography

Before discussing in detail what Acoustic Holography and Near-field Acous-
tic Holography are, we have to introduce some preliminary notions. With
reference to Fig. 3.1, the plane z = zj is the measurement plane and is
also called hologram plane, the plane z = z; corresponds to the surface of
the vibrating plate. The acoustic pressure field, measured on the hologram
plane, from a theoretical point of view is a continuous function, spanning the
entire plane. Rayleigh’s integrals, presented in Sec. 2.3, provide the pressure
radiated from the source starting from the pressure or the normal velocity

A
z Hologram plane

w
N
1
=
Source surface ~N

O

Figure 3.1: Hologram plane.




16 Chapter 3. State of the Art

on planar surface. Acoustic holography, appeared in the 1960s and mother
of NAH, and NAH aim at solving the inverse problem, that is reconstructing
the surface velocity field on a plate from the measurement of the acoustic
pressure field on the hologram plane close to the plate. Acoustic holography
back-propagates the pressure field towards the source. Since the pressure
field is recorded many wavelengths away from the source, acoustic holog-
raphy can reconstruct only source spatial details greater than the acoustic
wavelength since the solution is only an approximation to the inverse prob-
lem. Twenty years later, in the 1980s, Williams and Maynard proposed the
NAH [7] which provides a rigorous solution to the inverse problem. In order
to increase the resolution of the reconstructed surface velocity field, a fun-
damental requirement is that of measuring the sound field near the sources:
in this way it is possible to acquire also the evanescent waves. For this rea-
son the prefix nearfield was added. Evanescent waves are very important
because they allow us to reconstruct high frequency spatial details and thus
overcome the wavelength resolution limit [8].

Combining the Euler’s equation (2.20) and the expression of the angular
spectrum, Eq. (2.24), we obtain the angular spectrum of the normal velocity
as

ky oo
V(b by, 2) = ——e?*=E=20) Pk, Ky 2) = Gk, ky, 2 — 21) Py kys 20),

pock
(3.1)
where .
_ ik (z—

Gk, ky, 2 — 2p) = pTZkej (2=2n) (3.2)
is the velocity propagator [1]. Now we can find the normal velocity on the
plate as

'Un(xv y; ZS) = 'Fx_lfy_l[‘riﬁfy[p(x7 ya Zh)]G(kil‘a ky7 ZS - Zh>]7 (33)

where F,F,[] and F, 'F,![] represent respectively the 2D Fourier trans-
form and the 2D inverse Fourier transform and p(z,y, z;,) is the pressure
measured on the hologram plane. Using the convolution theorem Eq. (3.3)
can be rewritten as

(@, Y, 25) = (2, Y, 21) * *gy (2, Y, 25 — 21), (3.4)

where (sx) represents a 2D convolution and the inverse propagator is defined
as

gv_l(Zan» Zs — Zh) Efy_lfy_l[G(kxakya zs — zp)] =

kz ejkz(zsfzh)].
pock

}_;1}_;1[ (3.5)
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NAH aims at solving an inverse problem so we must ensure that the
solution is unique and stable. The first problem encountered is due to the
velocity propagator G defined in Eq. (3.2). Recalling the dispersion relation,
Eq. (2.7), we can define k, = |/k? — k2 — k2 if k2 and k; are greater than

zero and k. = jy/kZ 4+ k2 —k? = jk if k? and k2 are less than zero. In
the second case we have evanescent waves so we are in presence of an expo-
nentially decaying sound field. Rewriting the exponential at the right-hand
member of Eq. (3.2) we obtain

o~ dk(zn—2s) — Ki(zn—2s) (3.6)

When k, and k; tend to infinity the inverse propagator, which multiplies the
angular spectrum P(kg, ky, z,) of the pressure measured on the hologram
plane, also tends to infinite. In order to have the product G(kg,ky,zs —
2)P(kz, ky, z) finite we must assume that the pressure angular spectrum
drops off faster if compared with the rising rate of the propagator. This is
ideally true since the evanescent waves angular spectrum is defined as

Pk, ky, 21) = P(ky, ky, z5)eF=(n728), (3.7)

The exponential decay in Eq. (3.7) and the exponential growth in Eq (3.2)
cancel each other out. In the real world the presence of noise in measure-
ments and numerical approximations completely destroys the cancellation
process.

To overcome this problem we have to limit the angular spectrum, reduc-
ing the high wavenumber content, by means of a filter [1]. We have to limit
the angular spectrum since the square modulus of the velocity propagator

k. k)? k2 + k2 < k2
Glla by — )2 = { BP0 v (3.8)
(K, /pock)2e?k=(n=z) 2 4 |2 > |2
grows without bound as the wavenumbers increase.
We can express the insertion of the filter in a symbolic form as
P(ky, ky, 2n) ks / (2ke, ), ky/ (2ke, )]G (g, ky, 25 — 21), (3.9)

where II is a 2D rectangle window with cutoff at k; = k¢, and ky = ke,
respectively. The term P(k;, ky, z,) is the noisy angular spectrum defined
by

P(ky, ky, 21) = P(ky, ky, 2n) + N (ks ky), (3.10)

where N (kg, ky) = FoFyle(z,y)] and €(x,y) represent uncorrelated spatial
noise.
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The introduction of the filter is crucial to limit the wavenumbers (k,, ky)
and thus to avoid that G grows to infinte. The downside is due to the fact
that the inverse Fourier transform of a 2D rectangular window is a 2D sinc
function.

The sinc function (cardinal sine function), denoted by sinc(x) is defined
by

{sinc(m) = Sinw(x) for x # 0 (3.11)

sinc(z) =1 for x = 0,

where € R. The normalized sinc function, commonly used in digital signal
processing, is defined by

{sinc(z) = SinTS;m) for z #0

sinc(z) =1 for z = 0.

(3.12)

The 2D sinc function is defined by the product of two 1D sinc functions
sinc(z, y) = sinc(z) sinc(y), (3.13)

where (z,y) € R%

In the time domain the sinc function is convolved with the desired so-
lution and thus we cannot reconstruct correctly the velocity v,. Further-
more the spatial filter II eliminates all wavenumbers above (ke,, kc,) which
are the cutoff coefficients. The cutoff coefficients correspond to the spatial
wavelengths (Ac,, Ae,) = (27/ke, , 27/k,) therefore spatial details of the vi-
brating object less than (A, /2, Ac,/2) cannot be reconstructed. The choice
of the values (ke,, k,) is very important and they have to be chosen so that
the 2D rectangular window contains the most of the wavenumber of the
source.

Some problems, due to the rectangular window filter, can be reduced
using a tapered window with smooth cutoff [1]. The window is modified as

(ks /(2ke, ), ky/(2ke,)) = (ke / (2ke, )T(ky/ (2ke,) (3.14)
where

1— %e—(lf\kzl/k%)/ﬁ |ks| < ke,

ﬂ(kx/(2k01)) = { (3.15&)

%e(l_mxl/kc;u)/ﬂ |k;y| > kcy

. 1 — Le(=lkyl/ke,)/B |k | < K

1(ky/(2ke,)) = : o 15b
(ky/(2ke,)) {ée(l_ky/kcy)/ﬁ kyl > ke, (3.15Db)

the parameter 8 controls the decay rate of the window. If 5 tends to zero
the 2D window coincides with the 2D rectangular window.
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Another important aspect related to the choice of the cutoff coefficients
is the standoff distance, zp — z5, and the signal-to-noise ratio of the pressure
measured at the hologram plane. Let the signal-to-noise ratio (SNR) of the
measurement system be expressed in decibels. If we want to measure the
evanescent component k., we must guarantee that

105NR/20 > ghes (2n=22), (3.16)
If we consider now the spatial resolution R, = A.,/2 we obtain
R, =207 (zp, — z5) log(e)/SNR. (3.17)

In an analogous way we can derive the spatial resolution in the y-direction.
The above equation highlights the fact that the spatial resolution depends
on the standoff distance and the SNR.

The last problem is related to the fact that the acoustic pressure field
cannot be acquired on the whole holographic plane z = z; and in a con-
tinuous way. The limited area of the holographic plane over which the
measurements are made is called measurement aperture. This problem still
exists with other techniques. We can express the effect of the measurement
aperture by means of a 2D rectangular window of length W, and width W,.
The Eq. (3.3) becomes

@n(:ﬂ,y7 ZS) -

11 (3.18)
Fx ]:y []:xfy[p(x, Y, Zh)H(x/Wx)H(y/Wy)]G(kxa ky’ Zs — Zh)]a

where ° indicates that v, differs from v,, due to the finite measurement
aperture. The effect of the finite measurement aperture is clearly visible if
we consider the angular spectrum of the measured pressure

Fxfy[p(xa Y, Zh)H(‘T/Wx)H(y/Wy)] =

3.19
P(ky, ky, z) * xW,Wysinc(k, W, /2) sinc(k, W, /2). (3.19)

The angular spectrum is modified due to the convolutions with the two sinc
functions. When the dimensions of the measurement aperture, W, and W,,
tend to infinity the sinc functions tend to delta functions and the spread of
the angular spectrum P goes to zero.

Finding a closed form expression for the error introduced in Eq. (3.18)
from the finite measurement aperture is very difficult. However, the ex-
perience with NAH over the years, has highlighted that the measurement
aperture must always be larger than the source plate. In the worst case the
dimension of the measurement aperture must be chosen to be double the size
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of the source plate. This makes that the pressure field drops off significantly
towards the edge of the aperture. Recalling the simply supported plate ex-
ample, presented in Sec. 2.3.1, the measurement aperture dimensions have
to be chosen as W, = 2L, and W, = 2L,,.

Up to now the acoustic pressure field and the velocity field have been
considered continuous in the spatial domain. From a practical point of view
this is not possible and therefore the pressure and velocity fields are spatially
sampled. The microphones, usually, are positioned on a regular grid with
finite steps Az and Ay along x and y directions, respectively. The spatial
sampling process can be represented using the comb function.

The comb function (Dirac comb) is defined by

(o]
def 1 x
x(@) = ), e —mX) = L (5), (3.20)
m=—00
where X is the period.
Considering, for simplicity, the 1D Fourier transform we can write the
angular spectrum of the sampled acoustic pressure field as

[e.e]
~ ; k
P(ky) :/ p(2) I (z/Az)e 7*Cdr = Az /2rP(ky) * III(—=), (3.21)
oo 21 /a
where P(k;) is the angular spectrum of the continuous pressure field and
P(kx) is the angular spectrum of the sampled pressure field. Using the
definition of comb function we can rewrite the Eq. (3.21) as

o0

Pl = S Plha— %). (3.22)

m=—0oQ

The last equation is the mathematical definition of the aliasing. The right-
hand member of Eq. (3.22) is the sum of the replicas of the exact transform
of the continuous pressure field, each shifted by 27/Az. If the original
angular spectrum is not band limited in k, then the part of P(k;) with
|kz| > 2m/Ax will overlap the nearby replicas (m £ 1). In a similar way the
replicas P(k, 427 /Ax) will overlap P(k,), degrading the wanted transform.
The discretization of the holography equation (3.3), needing to deal with it
in the real world, leads to the discrete Fourier transform (DFT) and fast
Fourier transform (FFT) algorithms. The Eq. (3.3) can be rewritten as

Up,, (337 Y, Zs) = D;lpgjl[Dny[p(:E? Y, Zh)]G(kx’ kya Zs — Zh)]a (323)

where D, D[] and D, 'D,'[-] represent the 2D DFT and 2D inverse DFT
operators, and the subscript p represents the use of the DFT. The 1D DFT
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is defined by

N/2—-1
Du[p(z)] = Pp(nAky) = Az Y p(mAz)e >N, (3.24)
m=—N/2

where N = W, /Az, Az is the spatial sampling step (N samples), while
k, = nAk, = n(2r/W,) and Ak, represents the smallest spatial frequency
that can be resolved. Now, the 1D pressure angular spectrum, computed by
means of the DFT, can be derived starting from

Pp(ky) = / p(@) () ATz /W, )e %< da, (3.25)
which leads to the DFT
N/2-1
Pp(nAky) = Az Z p(mAz)e=2mmm/N, (3.26)
m=—N/2

Now, we can write, symbolically, the 2D case

D;ngl[Pp(kx, ky, 2n)] =
ky
Ak,

k Ky k (3.27)
A/Zy) (Aka) (AQZm )

fatlfy_l[P'D(k‘l":ky?Zh)m( )m(
where k,,, = 7/a is the maximum wave number and a = Ax = Ay, Ak, =
2 /W, and Ak, = 2m/W,. Combining Eq. (3.23) and Eq. (3.27) we can
write the DFT version of the holographic reconstruction equation

vp, (x,y, 2s) :fglfy‘l[Pp(km, ky, z1)G (kz, ky, 2s — 21)

M1 .
A R R, M Ay, )

) T (= =)TI( )I(

Thanks to the convolution theorem we can rewrite Eq. (3.28) as

1 r Yy
Up (x,yazs) :pD(l'ayaZh) * % HI( ’ )
" W, W, W, W,
y mf’ y (3.29)
1 =1 . .
*x F o Fy Gl * *AxAy smc(A—x) smc(A—y),

where pp(z,y, z5) is the inverse (continuous) Fourier transform of Pp defined
as

po(@,y; 2n) = p(x, y, zn) W(x/ Az, y/ Ay L (x/We, y/ Wy ). (3.30)

The last equation highlights that pp is a sampled version of the measured
pressure over the measurement amplitude. To prevent spatial aliasing we
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must assert that the highest spatial wavenumbers containing significant en-
ergy must be sampled at least at the rate of two samples per wavelength as
established by the sampling theorem.

The effect of the convolution with the two sinc functions in Eq. (3.29)
can be neglected since the width of the main lobe of the sinc functions spans
only two sample points. The 2D comb function is a series of impulses at
distance W, and W, in the x and y direction and the 2D convolution with
the function pp(z,y, z,) in Eq. (3.29) becomes

1 zr oy =
pD(xv Y, Zh)**WQ;Wy m(@? Wy) = " nzz:oopp(x_mwah y_”Wy) (331)

The right hand member of the last equation, is the summation of the infinite
replicas of the measurement aperture, shifted in space. The term which cor-
responds to (m,n) = (0,0) is the original measurement aperture. To reduce
the error due to the replicated measurement apertures is common practice
to zero-padding the original measurements. This leads to an increased sep-
aration between the replicated measurements. The final result is therefore
expressed by

op, (x,y, z5) = Z pp(x — mWy,y — nWy, zp,) * *.7-";1.7-";1[6’]. (3.32)

m,n=—0o

Discussion

The classical implementation of NAH is a simple tool to deal with planar
geometries. Its implementation is very fast since it is based on the DFT
and FFT algorithms. This method can be improved, for example exploiting
some a-priori knowledge as we will see in the following section, to reduce
the number of measurement points or to improve the robustness in presence
of noisy measurements.

3.2 Planar Near-field acoustic holography based
on compressive sensing

To improve the performances of the classical Planar NAH implementation
various studies have been conducted. An interesting case is the one proposed
by Chardon, Daudet et al which exploits a sparse domain framework and
uses a compressive sensing approach to solve the NAH problem [2].

The method proposed by Chardon, Daudet et al aims at exploiting the
fact that the normal velocity of a plate, when expressed in a proper basis,
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is sparse. The main idea is to approximate the velocity as a sum of few ele-
mentary, well known, analytical basis function. This method can be applied
on convex homogeneous plates with arbitrary boundary conditions and can
handle velocity field discontinuities at the boundary. The technique also
aims at reducing the number of measurements needed (i.e. microphones)
taking advantages of the concept of compressive sensing.

First of all the authors introduce the concept of sparsity. A signal can
be defined sparse if it can be decomposed as linear combination of a small
number of pre-defined functions. This functions are called atoms and are
collected in a set D, called dictionary. Assuming that the dictionary has
size M and atoms dj, € RY we can write D = {dg}s—1..a7. If M = N the
dictionary will be a basis of RY, if M > N it will be an over complete family
spanning R,

Let s € RY a discrete signal. The signal can be defined sparse in D if
there exists a set of coefficients , such that

s=> udu, (3.33)

uelU

where U is a subset of {1... M} and its cardinality #U < M.

Applying this concept on NAH we can write the velocity field in the
Fourier domain as

v ~ D~. (3.34)

where D € RV*M ig a matrix whose columns are the vector d; in D. The

RMXI

vector v € , if we had used an appropriate basis, has only #U non-zero

elements.

Now, to solve the inverse problem of NAH we have to find the few co-
efficient of the vector ~ such that p;, = HD- is valid, where py is the
acoustic pressure measured on the hologram plane. The matrix H is defined
as F7'GF where G is diagonal matrix, whose elements are equal to the
Green’s functions and F is the 2D spatial DFT operator. The 2D DFT,
of a signal X, can be expressed in matrix form as FXFT where the DFT
operator is defined as

Xab

Nid

(o = (3.35)

where y = 67%, K is the length of the DFT and with [-],; we denote the
element (a,b) of the the matrix F and a,b = 0,... ,K-1.
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Introducing the £y “norm” ! of the vector v the problem becomes

arg min ||7y||o subject to pr = HD#~. (3.36)
¥
where |||l = #U. With the ¢y “norm” the problem is non convex so we
have to replace it with the ¢, norm . The problem becomes

arg min ||v||1 subject to pr, = HD~. (3.37)
¥

This approach is called Basis Pursuit [9]. In presence of measurement noise
we have to introduce a fidelity constrain e, the problem turns to be

argmin ||| subject to  ||p, — HD~|3 <¢ (3.38)
Y

and is called sparse ¢; regularization. The choice of the tuning parameter
€ is crucial: larger values of € give a sparser solution ~, but also a worst
accuracy in the reconstruction.

Finally, rewriting Eq. (3.38) in a Lagrangian form we obtain the Basis
Pursuit Denoising (BPDN) optimization problem

argmin ||py, — HD7[[3 + A||7]/1, (3.39)
Y

where A is the tuning parameter. Comparing the BPDN approach with the
classical Tikhonov regularization [10] the main difference is the choice of the
norm: Tikhonov uses a ¢ norm ! for the vector 4 while the BPDN uses a
¢1 norm. The BPDN promotes sparsity. In order to solve the problem in
Eq. (3.39) we have first to build the dictionary D. As seen in Chapter 2, a
solution to the Helmholtz equation, Eq. (2.4), is given by plane wave. The
plate velocity can be computed by the Kirchhoff-Love equation [11] and its
solution can be approximated as a sum of plane and evanescent waves

v(z,y) ~ (Z Y€K X 4 Cnek”"‘) 1s(z,y), (3.40)
n

where 1s(x,y) is a function that restricts the domain S of the plate. This

approximation is valid for any star-shape ? planar plate geometries. In this

case the evanescent part is not crucial and therefore can be neglected. The

"Let x € RY. The ¢y “norm” is defined as ||x[o = Y, |zn|” with 0° “/ 0. The ¢,
1
norm is defined as ||x||, = (3, [#a]?)? for p > 0.
2A star-shaped plate is a plate in which exists a point that can be connected to any
other point via a line segment that is entirely included in the plate.
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choice of the dictionary domain dimension S is the main degree of freedom
in the design of the dictionary. If we consider a rectangular domain we
can relate the dimensions D, and D, with the wavevectors k, and k, by
D, = 2n/k, and D, = 27 /k,. To obtain a finer resolution, or equivalently
a better approximation, D, and D, must have larger dimensions. However,
this increases the complexity of the problem raising the numerical dimension.
The authors suggest to choose the domain S twice the size of S. In the
rectangular plate case we have to choose D, = 2L, and D, = 2L,,.

Discussion

This method is more efficient than the classical NAH method described
in Sec. 3.1, since it uses not only experimental data, but exploits a-priori
knowledge based on the plane wave approximation of the Kirchhoff-Love
equation solution. This approximation is valid only for star-shape planar
plate geometries therefore this method cannot be adopted for more complex
surfaces (e.g., curved ones such as that of the violin top plate).

3.3 Near-field acoustic holography based on
Inverse BEM

To extend the NAH to complex geometries we have to consider more so-
phisticated methods. The first method we examine is the Inverse Boundary
Element Method (iBEM) [3]. This method is based on the Boundary El-
ement Method (BEM), a technique that allows us to predict the pressure
field generated from an arbitrary vibrating source.

This method is based on the discretization of the Kirchhoff-Helmholtz
integral equation, (2.19). The formulation of the Kirchhoff-Helmholtz inte-
gral in Eq. (2.19) is valid if the evaluation point is outside of the surface
0V of the object of interest. To derive the BEM formulation we have to
consider a more general case in which the evaluation point r could be placed
also on the surface 0Vp, we have to slightly change the Eq. (2.19) as

aP(r,w) = yév <aanG(r|r/,w)P(r/,w) - G(r|r’,w)aanP(r/,w)> dr’.

(3.41)
where the parameter « is defined as
1
a =35 forron dV, (3.42)
a=1 for r outside 9V}
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Figure 3.2: Discretization of the Kirchhoff-Helmholtz integral. 3D surface 0V, divided
into N elementes of area, AOV/,,.

If we consider discrete source points, as depicted in Fig. 3.2, the surface 0V}
is split into N small elements of area AdVy, AdVs, ..., AdVy. We consider
also M discrete field points. The vector r, is the position vector of the
evaluation point and the vector rp is the position vector of nth source ele-
ment. Considering the evaluation point lies on the source surface (o = 1/2),
assuming that each element 0V,, is small enough, we can approximate the
Eq. (3.41) as

N
1 0G g Opy
—Pg = — Gyp—= | AoV, 3.43
2pa bz_; <pb an b b ( )
where the subscripts a and b refer to the nth element of the surface. If we
evaluate the Eq. (3.43) at every element of the surface we have N equations
to solve for N values of p and N values of g—ﬁ.
Defining the N x N matrices

G G ejk“ra*rb| 44
= - 3.
[ s]a,b ab 471_‘1‘(1 o rb’ ( )
and
Gy O [ eklra—ry

G =—=—|— 3.45

[Govlap on on (47rra -1l )’ (349)
(a,b=1,...,N) which descretize the Green’s function and its partial deriva-

tive respect to the normal direction, we can express the Eq. (3.43) in matrix
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form as

1 ops
—ps = G4Sp, — G,S== |, 4
5P < p aﬂ) (3.46)

where ps is the vector which describes the acoustic pressure field on the NV
elements of the surface. S is the discretized area matrix, a diagonal matrix
whose elements are the N elements of area AdV,,.

In an analogous way, if we consider the evaluation point outside the
volume enclosed by the surface 9V (o = 1), we can express the pressure as

_ Ips
phL = (GUSpS -GS o ) , (3.47)

where py, is the vector which describes the acoustic pressure field in the M
points of measurement, in our case on the holographic plane. The matrices
G and G, are M x N matrices which descretize the Green’s function and
the relative partial derivative which relate the N points on the surface with
the M measurement points.

Combining Egs. (3.46) and (3.47) and by means of the Euler’s equation
(2.20), it is possible to compute the pressure field as

1 —1
Pr = ijCk [GUS <G5US — 21) GSS — GS] VvV = HV, (348)

where H is the transfer matrix which includes geometric information on the
system and relates the pressure field to the normal velocity of the source
surface.

To solve the NAH problem we have to invert the Eq. (3.48). Generally
the matrix H is non-square and has complex elements therefore to invert

it we have to use a least-squared method and singular value decomposition
(SVD). The SVD of the transfer matrix is given by

H=UxXVH, (3.49)

where ¥ = diag(o1, 02, 0y,) and H indicates the Hermitian transpose. The
elements of the matrix ¥ are the singular values. By means of the SVD we
can invert the Eq. (3.48) as

v =H'p, = v=-1U"p,, (3.50)

where T denotes the pseudo-inverse matrix of H € CM*N M is the number
of points in which the field pressure is known and NN is the number of points
where we want to compute the normal velocity.
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Due to the nature of the problem and the measurement noise the transfer
matrix H is ill-conditioned and its condition number is high. If we directly
invert the matrix H the evanescent wave components will be amplified by
high-order singular values. To overcome this problem we can use a low-
pass filter, such as Wiener filter or we can use an iterative inverse solution
combined with a regularization technique.

A common technique is the Tikhonov regularization [10] together with
the L-curve [12] criterion to determine the optimal Tikhonov parameter.
The problem can be written in this form

arg min | Hv — py|[3 + A?|[Iv]f3, (3.51)
A%

where ) is the tuning parameter to control the weight of ||Iv||3 in the min-
imization process. I is the identity matrix. The matrix I' = AI is called
Tikhonov matrix.

Discussion

As we have seen the iBEM is a method that can be used to back-propagate
the sound field, starting from the pressure measured on a surface, very close
to the source, to retrieve the normal velocity of the source itself. It works
with complex geometries but its computational complexity grows rapidly
with the number of points, IV, used to approximate the source geometry and
the number of measurement points M. This is clearly visible from the fact
that we have to compute four matrices, Gg, Gy, G, G, to solve the problem
via numerical approximation. The first two matrices have dimension N x N,
while the second two have dimension M x N, generally M < N. Moreover
we have to compute the matrix S of size N x N. The number of measurement
points are in the order of a hundred, the points used to approximate the
source instead are in the order of thousands therefore these matrices may
be very large.

3.4 Near-field acoustic holography based on
Equivalent Source Method

The Equivalent Source Method (ESM) is a technique which has been devel-
oped to overcome the problems related to the numerical complexity of the
BEM. The ESM, instead of computing directly the acoustic pressure starting
from the normal velocity on the surface, introduces a further step. The ESM
models the acoustic pressure generated by a vibrating source as the sound
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Figure 3.3: Positioning of the M measurement points and U equivalent sources
respect to the N points source surface.

field obtained superposing the effect of a set of equivalent virtual sources
located within the source itself. The ESM operates in two steps. The first
step involves the solution of an inverse problem to find the strength (com-
plex weights) of the equivalent sources starting from the normal velocity of
the vibrating object surface. Then, a suitable propagator function is applied
to the equivalent sources, in order to compute the acoustic pressure field on
the measurement plane.

The idea of Zhang, Jacobsen et al presented in [4] is to invert the ESM
in such a way to compute the normal velocity of the source surface start-
ing from the pressure measurements to perform NAH. Also this method is
based on the Kirchhoff-Helmholtz integral equation, (2.19). The equivalent
sources are positioned on a regular grid below the source surface. Given
M measurement points on the hologram plane and U equivalent sources, as
illustrated in Fig. 3.3, the pressure on the hologram plane can be expressed
in matrix form as

Pr = jpockGpypq, (3.52)

where q = [q(rq1), q(rg2), ., q(rqu)]’ is the column vector which includes
the N equivalent source weights ¢(rq,) and rg, is the position vector of the
uth source. The matrix Gy, is the transfer matrix obtained from the free
space Green’s function, Eq. (2.15),

1 e—jk|rhm_rqu‘

[th]mu = G(rhm|rqu; w) (3.53)

Cdm Thm — Tqul 7

where m =1,..., M, u=1,...,U and ry,, is the position of the mth point
on the hologram plane.
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The unknown equivalent source vector can be obtained as

1
— el
A= Speck v

Ph; (3.54)

where the matrix G,Tlp is the Moore-Penrose pseudoinverse of the matrix
(3.53) computed by means of the SVD. Now, it is possible to compute the
surface pressure ps or the normal velocity v as

Ps = jPOCstpqa (355)
v = Ggq, (3.56)
where G, and G, are the complex transfer matrices defined as

1 e dkrsn—rqul

[Gsp]nu = G(rsn’rqua w) (357)

_E ’rsn_rqu‘ ’

—Jk|rsn—Tqul
[Gsv]nu = iGO‘S”’rquvw) = 0 ( Le ) > (358)

ong ong \ 47 Ten — Tqul

where n =1,..., N, rg, is the vector that identifies the position of the nth
point on the source surface and ng is the outward normal of the source.

Combining Eq. (3.54) with Eq. (3.56) it is possible to compute the normal
velocity of the source with arbitrary geometry, starting from the pressure
field measured on the hologram plane as

v==Ggq= jpicstvGLpph- (3'59)

Thanks to the equivalent sources the dimensionality of the problem,
and in particular the size of the matrix to be inverted, is highly reduced
with respect to the iBEM approach. For this reason, ESM turns to be
more efficient from the computational point of view. More specifically, the
dimensionality of the problem is governed by the number M of measurement
points and the number U of considered equivalent sources. A typical choice is
to set U ~ M. For this reason the matrix Gy, € RMXU has relatively small
dimension and the inverse matrix G};p can be computed quite easily. Due
to the nature of the problem, the matrix Gy, can be ill-conditioned and its
condition number can be high. In this case the SVD method, used to invert
the matrix, fails and we have to use another technique. As in the iBEM case,
we have to use a regularization technique to perform the inversion correctly.
The main techniques used are the Tikhonov regularization [10] combined
with the L-curve method [12] or the truncated SVD (T-SVD) [13].
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The main drawback of the ESM is related to measurement noise. If the
pressure measurements are corrupted by noise it is not guaranteed that the
equivalent source weights are computed correctly. If the equivalent source
weights are not properly computed we cannot reconstruct the original source
surface velocity. If we consider the measured pressure described as

Pr = (Pn)r + (Ph)e; (3.60)

where (), represents the exact value and (+), represents the error component
of the measured pressure respectively, we can write the reconstructed surface
normal velocity as

1

v=(v),+(v)e = ——Gg
W+ W= =

vG;rlp[(ph)r + (ph)e]' (3'61)

The relative error upper bound can be computed as

IVl < cond(Gsv)cond(th)M (3.62)

(V) 1(Pa)rll”

where ||-|| represents the vector norm and cond(-) is the condition number
of a matrix. The Eq. (3.62) highlights that the error will be amplified by
the condition numbers of the matrices Gy, and Gypy,.

Another critical point is the positioning of the equivalent sources since
the accuracy of the method is related to it. The equivalent sources have
to be positioned on a plane, under the source surface, relatively close to it.
The distance between the plane of the equivalent sources and the source
surface has to be approximatively equal to the distance between the source
surface and the measurement plane [14]. The step of the grid, over which
the equivalent sources are positioned, has to be slightly smaller to the step
of the measurements grid [14]. This can be proved empirically considering
the solid angle. Let Aj be the area covered by the measurement aperture
plane and dj, its distance from the origin O of the coordinate system. Let
dy < dj, the distance from the origin of the equivalent sources plane. If the
solid angle (2 is constant the area cover by the equivalent sources A, must
be smaller than Aj, since Q = A, /R? = Aq/RZ.

Discussion

The iBEM requires the numerical discretization of integral equations, as dis-
cussed in Sec. 3.3, which can be an expensive technique when the number
of reconstruction and measurement points is large. The matrix system re-
quired for the ESM based NAH is obtained by the evaluation of the Green’s
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function at the source points, and no boundary elements are used. If the
measurement plane is close enough to the source surface, in such a way that
the evanescent waves are captured properly, it can be demonstrated that the
approximation error of the ESM based NAH is comparable with that of the
iBEM [15]. The ESM therefore is a very efficient method and sufficiently
accurate.



Chapter 4

Dictionary based ESM

As we have seen in Chapter 3 the ESM is a powerful technique which allows
us to deal with complex geometries in an efficient way from a computational
point of view. However, as described in Sec. 3.4, it cannot guarantee a
perfect reconstruction of the source velocity if there are few measurements
available and if a high level of noise is present. In Sec. 3.2 we have also seen
that if we seek the solution in a sparse domain we can reduce the number
of measurements required and also improve the performances in presence of
measurements noise.

In this chapter we propose a novel method for NAH, which combines
the flexibility of the ESM with the advantages of searching for the solution
in a sparse domain. The proposed technique aims at being robust in those
situations where it is not possible to use a great number of microphones and
in presence of measurement noise or a certain amount of reverberation. It
also aims at overcoming the frequency limits imposed by the spatial sampling

theorem.

4.1 Methodology overview

With reference to the block diagram in Fig. 4.1 we illustrate the working
principles of our method. Starting from the CAD model of the source, by
means of FEA [16] we compute the theoretical normal velocity of the source
vibrating surface imposing the physical parameters of the material taken
from a large set of possible values, as we will illustrate in Sec. 4.2.
Back-propagating the normal velocity on the plane of the equivalent
sources, which are previously positioned, we can compute their weights.
As discuss in Sec. 4.3, this operation has to be done for each combination
of parameters used in the previous step and for each mode of vibration
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Figure 4.1: Block diagram of the working principle of the Dictionary based ESM

identified by FEA.

The equivalent source weights are collected in a dataset, grouped by
mode index. Starting from the equivalent source weights in the dataset,
by means of the Principal component analysis (PCA) [17], we compute the
principal components for each mode. The principal components are the
vectors which will be included in the dictionary.

Finally, we can estimate the real velocity of the source surface select-
ing from the dictionary the better linear combination of equivalent source
weights according to the pressure measured on the hologram plane and then
propagating the selected components on the source surface.

In the following sections, we will discuss in detail each aspect of the
proposed methodology.

4.2 Finite element analysis

Finite Element Analysis (FEA), also known as Finite Element Method
(FEM) [16], is a numerical method to solve partial differential equation
problems. This technique allows us to reduce a differential equation to an
algebraic equations system. The main characteristic of FEA is related to
the discretization of the domain (the object we want to analyse) by means
of finite elements of predefined shape. For each element the solution to the
problem will be a linear combination of basis functions, also known as shape
functions. An example of basis functions could be the polynomial functions
and the solution to the problem could be approximated by a piece wise linear
function.

Starting from the geometry of the source we can build a 3D CAD model.
This model is called mesh. A mesh, as illustrated in Fig. 4.2, is a set of ver-
tices, edges and faces which are connected to each other in such a way that
the original geometry can be approximated by means of a polygonal one.
The higher the number of elements, Fig. 4.1(a), the better the approxima-
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Figure 4.2: 3D CAD models of rectangular plate.

tion, on the other hand, if the number of elements is low, the model quality
is poor, Fig. 4.1(b). Vertices are points that locate a position in space.
Some information could be associated to each vertex , such as the vertex
normal. Edges are line segments which connect two vertices. Faces are
triangles, or also other simple convex polygons, defined by three (or more)
vertices connected by edges. Some information could also be associated to
each face, as in the case of vertices. The most important information in
our case are the incenters, or centroids, and the normal vectors of the faces.
Generally polygonal meshes represent only the surface of an object and the
information related to the volume is implicit. In more complex cases, such
as when we have used the mesh representation to solve a problem by means
of FEA, we have to consider also the volumetric information and for this
reason we deal with volumetric meshes. The idea behind volumetric meshes
is similar to the one behind polygonal ones, in this case, however, the tri-
angular elements are replaced by tetrahedral ones. The finite elements are
therefore the faces or the volumetric elements of the mesh. The dimension
(2D or 3D) is associated to each element, which defines the geometry. The
value of the field or the value of its gradient, related to the geometry of the
source (i.e. the displacement or the velocity), the degrees of freedom, the
external forces, the mechanical properties and the boundary conditions are
associated to each vertex, also called nodes, that defines the element. The
FEA turns a partial differential equation into an algebraic linear system of
equations as

K¢ =f1, (4.1)

where K is the stiffness matrix, £ is the displacement vector and f is the
vector of the external forces applied to the object. The solution to the
problem is given by the inversion of Eq. (4.1) that is

£E=K!f. (4.2)

The stiffness matrix, as we will see in Sec. 4.2.1, includes all the information
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related to the physical and mechanical parameters of the material of the
object (i.e. Young’s modulus, Poisson’s ration, shear modulus, etc.). We
have to underline that the greater the number of elements, the lower the
approximation’s error. As a side effect, however, using a high number of
elements, the numerical complexity of the problem raises, as well as the
computational time.

Now, we consider free boundary conditions and p1, ps,...,pp combina-
tions of the material parameters (i.e. Young’s modulus, Poisson’s ratio,
shear modulus and density), where P is the total number of combinations.
We can compute the normal velocity for each combination p,, of the material
parameters and for each element of the mesh. The FEA compute the normal
velocity for each combination of physical parameters and for each mode of
vibration identified. The FEA result is

v1($1, Y1, 21)

B vz($2,y2722) (4.3)

=3

UN($N7?JN>ZN)

where p = 1,...,Pand m = 1,...,997 and M is the total number of
modes identified by FEA. N is the total number of elements of the mesh
and coordinates (z,, Yn, 2, ) correspond to the centroid coordinates of the nth
element. The velocity is the time derivative of the displacement in Eq. (4.2).
In this way we can compute the normal velocity for each combination of the
material parameters and for each mode of vibration of the source.

4.2.1 Computing the stiffness matrix

If we apply a force f to a spring the relation between the force applied and
the deformation of the spring is defined by the Hooke’s law which states
that

f = pux, (4.4)

where p is a positive real number, characteristic constant of the spring and
X is the displacement.

The strains and stresses of an elastic continuous material are related by
a linear relationship similar to the Hooke’s law which can be expressed as

o = —Ke, (4.5)

where o is the stress tensor which replace the force in the Hooke’s law,
K is now the fourth-order tensor and is called stiffness tensor or elasticity
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tensor and e is the strain tensor which can be considered equivalent to the
displacement in the Eq. (4.4). In Cartesian coordinate system the strain

and stress tensor can be represented in matrix form

€xx €xy C€xz Oz Ogxy Ozxz
€= |eyr €yy €yz 0= |0y Oy Oyz| (4.6)
€z €zy €z Oz Ozy Ozz

If we consider isotropic materials, which their mechanical properties are
independent of the direction, the Hooke’s law can be rewritten in tensor

notation as

1
€=+ (o —vitr(oe)I —0o]), (4.7)

where E is the Young’s modulus, v is the Poisson’s ratio and with tr(-)
we denoted the trace of the tensor. Rewriting Eq. (4.7) in matrix form we

obtain
[ €xx i _me_
€yy €yy
€22 | _ €2z | _
25yz B Vyz B
26z Yxz
2ayl - Ly, (4.8)
1 —v —v 0 0 0 fo g
-v 1 —v 0 0 0 Oyy
1 |—v —v 1 0 0 0 Oz
El0 0 0 201+v) 0 0 oyz |
0 0 0 0 2(1+v) 0 fo
| 0 0 0 0 0 214+ v)] Lowyl

where 7;; = 2¢;; is the engineering shear strain.

If we consider an orthotropic material, like wood, the mechanical proper-
ties are not independent from the direction. This type of material has three
orthogonal planes of symmetry. Let be (e, ey, e;) the basis vector of our
coordinates system. If they are normal to the planes of symmetry we can
express the orthotropic stiffness matrix as

[ €z | E%c N % A 0 01 020
€yy N % Eiy N Vb??!zz 0 0 0 Tyy
€2z | _ |7 rg; - l]/_‘g: ELZ 0 0 0 Ozz (4 9)
¢y 0 0 0 g 0 0] |op| '
€z 0 0 0 0 g 0] |0

€yl 0 0 0 0 0 g Lowl
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where E; is the Young’s modulus along ¢ axis, Gj; is the shear modulus in j
direction on the plane whose normal is in direction 7 and v;; is the Poisson’s
ration which corresponds to a contraction in direction 7 when an extension
is applied in direction 1.

4.3 Equivalent sources

Looking at Eq. (2.29) we can observe that the modes’ shape, from a theoret-
ical point of view and under ideal conditions, is invariant with respect to the
physical parameters of the material, and it is related only to the geometrical
properties. On the ground of this we can suppose that in real situations
the modes’ shape of more complex geometry slightly varies with respect to
the physical parameters of the material. Our hypothesis is confirmed from
simulation results obtained analysing a complex geometry for a large set of
material parameters by means of FEA, as discussed in Sec. 4.2. Moreover,
back-propagating the normal velocity to the equivalent sources, we observed
that the equivalent source weights, for different physical parameters combi-
nations, are highly correlated. Therefore, by means of a linear combination
of the equivalent source weights, we can retrieve the surface velocity for all
possible value of the physical parameters. In other words, equivalent source
weights can be interpreted as basis functions which allow us to compute the
surface velocity.

4.3.1 Computing the equivalent source weights

Starting from the normal velocity, computed for each element of the mesh
by means of FEA, and inverting Eq. (3.56), we can compute the equivalent
source weights. The procedure to compute the equivalent source weights qy'
must be repeated for every p =1, ..., P parameters combinations and for all
the m = 1,...,9% modes of vibration of the source identified by the FEA in
the frequency range analysed as seen in Sec. 4.2. The matrix Gy, defined in
Eq. (3.58) is the Green’s function matrix that relates the equivalent sources
and the points of the source (incenters of the mesh). The equivalent source
weigths, for each combination p are defined as

q;; - Givvg7 (410)
wherep=1,..., P, v}} € RN X1 is the velocity vector of the source computed

by means of FEA, qif € CY*1 and GL, is the pseudo-inverse of the matrix
G, € CV*U computed by means of the SVD, N is the number of elements
of the mesh and U is the number of equivalent sources. Since the problem is



4.3. Equivalent sources 39

ill-conditioned the inversion of the matrix Gy, cannot be performed directly,
but we have to use a regularization technique. As in the case presented in
Sec. 3.4, we use the Tikhonov regularization [10] combined with the L-curve
method [12] to choose the regularization parameter A. The problem can be
reformulated as

argq{nninHGsuq}?—VZ‘!@ + A% Lap 13- (4.11)

P

The L-curve method plots the term ||T'qp ()| versus the term |Gy qp — vy ||
in a graph, where q;'()) is the solution to Eq. (4.11) in function of the reg-
ularization parameter A and I' = Al is the Tikhonov matrix. In a more
elegant way we can define the L-curve as a continuous curve constituted by
the points (||Gsoay(A) — vi[l, [[Tay(A)]]), for X € [0,00). If we plot these
points, varying A, on a log-log plot we obtain a curve whose shape is similar
to an “L”. The optimal )\ value is the one that corresponds to the solu-
tion qp(A) near the “corner” which guarantees a good compromise between
a small residual norm ||Gg,qp(A) — vi| and a small solution seminorm

ITa, (M-

4.3.2 Equivalent sources positioning

The positioning of the equivalent sources is not a trivial aspect since the
performances of the ESM are related to this. In literature there are few
studies [14] about this argument. The correct positioning of the equivalent
sources is affected by many parameters in particular the distance from the
source surface and the spacing of the grid. The equivalent sources and the
microphones are positioned on a 2D grid. Fig. 4.3 depicts a cross-section
view of the hologram plane, the source surface and the equivalent sources
plane. The distance between the microphones and the sources is d;, and
the distance between the source surface and the equivalent sources plane is
dgy. The lattice spacing of the microphones grid is Axy, and Ay, in z and y
directions respectively. The equivalent sources spacing is Axq and Ay, in
directions x and y respectively.

Since it does not exist a relation that gives us the optimal distance and
the optimal grid spacing, we have conducted preliminary simulation to deter-
mine the best positioning of the equivalent sources. The simulation results
have highlighted that the equivalent sources have to be placed approxi-
matively specular with respect to the measurement plane to obtain better
results. Moreover, as explained in Sec. 3.4, the spacing of the equivalent
sources lattice has to be slightly smaller than the measurement spacing. In
particular we notice that the distance dj, ~ d,. The lattice spacing Azy, y4,
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Figure 4.3: Hologram plane and equivalent sources plane positions with respect to the
source surface and related lattice spacing.

of the equivalent sources in z and y directions, has to be smaller than the
grid spacing of the measurement points Axy, vy, as explained in Sec. 3.4.

4.4 Dictionary design

The information in the dataset of equivalent source weights are computed
for each combination of physical parameters and for each mode. By means
of the Principal Component Analysis (PCA), we can design the dictionary
of equivalent source weights which will be used combined to the ESM to
solve the NAH problem.

4.4.1 Dataset preprocessing

First to proceed we have to reorganize the dataset. For each mode m identi-
fied by the FEA we have to group all the equivalent source weights computed
for each combination of parameters. We define the matrix Q™ as

Qm: [q]invqgtuvq;laqu] ’ (412)

where the matrix Q™ has size U x P and m = 1,...,9t. Now we have
M matrices, one for each mode of vibration of the source, whose columns
correspond to the equivalent source weights computed for each combination
of parameters.

Since we observed that the modes shape slightly change respect to the
variation of the physical parameters and this is true also for the equivalent
source weights, the column vectors of the matrix Q™, in Eq. (4.12), are
highly correlated, therefore we can compress the amount of data and reduce
the size of the dataset. This operation can be done by means of the PCA
[17].
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4.4.2 Principal component analysis

The PCA aims at extracting the most important information from the data
and reducing the size of the dataset, keeping only the relevant part of the
information. In order to do this the PCA computes new variables, which
are a linear combination of the original ones, called principal components.
Mathematically we can define the PCA as a set of p-dimensional vectors of
coefficients wy, called loads, which map every row vector q, (p and m are
omitted for clarity reasons) of Q™ to a new vector of principal component
sp = (S1,---,8a)p, called scores, given by su, = qp - Wa. The first component
is computed in such a way that it has the largest possible variance, thus the
first loading vector has to satisfy

W] = argmax (Z(sl)g) = arg max <Z(qb : w)2) (4.13)

l[wll=1 b [[wll=1 b

or in matrix form

W] = argmax (||Qmw||2) = arg max (wT Q™” Qmw) (4.14)
lwll=1 [wl=1
The ath component (a > 2) must be orthogonal to the previous a — 1
principal components of Q™ and must have the largest possible variance.
The ath component can be computed subtracting the first a — 1 component
from Q™

a—1
Qr=Q" - Q" ww/, (4.15)
I=1
and finding the loading vector
A T .
. w (Qr) Qrw
W, = arg max (”QaW” ) = argmax 7 (4.16)
llwll=1 ww
The full PCA of the matrix Q™ can be expressed in matrix form as
S™=Q"W, (4.17)

where W is a P x P matrix whose columns are the eigenvectors of (Qm)T Q™.
The PCA can be associated to the SVD. If

Q" =UxW7” (4.18)
is the SVD of the matrix Q™ we can write the score matrix S™ as

S™ = Q"W = UXW W = Ux. (4.19)
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To reduce the dimension of the dataset we have to compute the cumula-
tive energy content for each eigenvector of the empirical covariance matrix
that is proportional to the matrix (Q™)” Q™. The matrix W diagonalizes
this matrix and we can obtain the diagonal matrix A whose elements are
the eigenvalues of (Q™)” Q™ as

w-l ((Qm)T Q‘“> W = A. (4.20)

Sorting the eigenvectors W and the eigenvalues A matrices in order to de-
crease eigenvalues and maintain the correct pairings between the columns
of each matrix, we can compute the cumulative energy for each eigenvector.
The cumulative energy for the ath eigenvector is

£(a)=>[A],, for a=1,.. P (4.21)
b=1

We have to keep only the first £ components according to

£(L)
&) 2t (4.22)

where t;, is a fixed threshold. The transformation becomes
SF=U3,=Q"W,. (4.23)

Performing the PCA of the matrix Q™ for each mode we obtain 9
matrices S} € CY*£. The set D of these matrices is the dictionary and can
be represented in matrix form concatenating the 99 matrices as

D= [s;,s%, y .,sfg‘] . (4.24)

The dictionary obtained in Eq. (4.24) includes the principal components,
whose contribution is greater than or equal to the threshold ¢ in Eq. (4.22),
of the equivalent source weights computed from the normal velocity of each
mode identified by the FEA.

4.5 The NAH problem

In Sec. 4.3 we have seen how the equivalent sources are positioned and how
we can compute their weights starting from the normal velocity of the source
computed numerically by means of FEA. In Sec. 4.4 we have discussed the
design of the dictionary using the PCA.
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By means of Eq. (3.52) we can compute the pressure on the hologram
plane given the equivalent source weights. If we consider the dictionary we
can rewrite this equation as

Ph = jpockGrpq = jpockGppD7y, (4.25)

where ~ is the driving vector of the dictionary. The vector =, if we had
properly designed the dictionary, has only a few elements different from zero
since we are in a sparse domain. As in Sec. 3.4, we have to invert Eq. (4.25) to
find the driving vector of the dictionary according to the pressure measured
on the hologram plane as

v = ]p(l)ck (GrpD)' pp. (4.26)
The Least-Squares solution does not guarantee that the vector - is sparse.
Therefore we have to use another technique called Least Absolute Shrinkage
and Selection Operator (LASSO) regression [18] which promotes sparsity.
The LASSO regression shrinks some coefficients and moreover sets the others
to zero, choosing, in that way, a simpler model that does not include those
coefficients. Rewriting Eq. (4.26) using the LASSO regression we obtain

(1 :
arg min <M”ph — thnyH§> subject to vl <7, (4.27)
¥

where M is the number of measurements, and 7 is a parameter which de-
termines the amount of regularization. We can also express Eq. (4.27) in
the Lagrangian form as

. 1
angmin 3 s~ G D13 + Al ). (4.28)
Y

where A is the regularization parameter. The optimal regularization param-
eter Aopt has to be chosen using the Generalized Cross-Validation method
[19].

At this point, we can reconstruct the source velocity as

v = Ggq = G, DA (4.29)

The driving vector ~ selects only a few column vectors of the dictionary,
more precisely it selects only those that correspond to the equivalent sources
which best describe the pressure measured on the hologram plane.

Performing some simulation we noticed that this is true only if the num-
ber of column vectors in the matrix D is limited, that is, only if a few modes
are represented by the dictionary entries. To enhance the performance of
the dictionary we have to search for a subset of the full dictionary and then
use this subset to solve the problem in Eq. (4.28).
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4.5.1 Optimal dictionary subset search

To find the optimal subset we have to find those modes of vibration of the
source, or equivalently their corresponding equivalent sources, which best
describe the pressure measured on the hologram. To do so we have to define
a cost-function. Let sT' be the first column vector of the matrix S7 in
Eq. (4.23). We can approximate the hologram pressure considering only the

first principal component sT', for m = 1,..., 9 by
Bil () = GpockGrp st €77, (4.30)

where /% is an unknown phase term. Since the modulus is unknown as
well, we have to normalize the vectors pj(¢) and py. Now it is possible to
compute the cost-function as

()

h
h (@)l

Minimizing the cost-function in Eq. (4.31) with respect to (m, ) we can

II. (4.31)

R(m, —HH

p
pull I[P

obtain the mode index m we are looking for as

~m
argmin R(m, ¢) = argm1n|| Pn Pﬁ(@) I
() Ill 1IBR ()]

(4.32)

Knowing the mode index m it is now possible to select the subset Dy C D
and defining the corresponding matrix Dy, as

- [Sz‘] . (4.33)

Since the pressure pj'(¢y) is only an approximation and the measured pres-
sure can be corrupted by noise, the minimization process, in Eq. (4.32),
could retrieve an erroneous mode index. To overcome this problem, it is
possible to consider a larger subset D4 1) which does not only include the
information of the mode index m, but also the information of the modes
around it (Mm|M) = (m — M, m + M). M is an integer number that identi-
fies how many additional modes we want to add. We fix M = 1, in this way
we consider a dictionary subset containing the information related to three
modes. Using this configuration we can deal with inter-modal behaviour
of the source and moreover tolerate a little error in the mode identification
process. If we add a greater number of additional modes the performances
get worse.
The dictionary matrix can be rewritten as

D = [, ST SEM], (4.34)
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and the Egs. (4.28) and (4.29) can be recast as

. 1
argain (I — G Dy + A ) (03)
Y

and
vV = Gqu = GsvD(xﬁ|,/\/l)’Y~ (4.36)

allowing us to reconstruct the normal velocity of the source starting from
the pressure measurement.

Remarks

The use of the dictionary allows us to improve the robustness of the ESM.
The equivalent source’s weights are not computed directly from the pressure
measurements as in the ESM case, but are precomputed by FEA of the
source geometries considering a large set of different physical parameters
and taking the principal components. Then, we only have to select them
from the dictionary according to the pressure measured on the hologram
plane.

In the next chapter we will illustrate how it is possible to implement the
proposed method in MATLAB® in particular focusing our attention on the
CAD model and MATLAB® toolboxes. In Chapter 6 we will present our
simulation and experimental results.



46

Chapter 4. Dictionary based ESM




Chapter 5

System realization

In this chapter we describe the tools employed for implementing the pro-
posed methodology. The whole framework has been realized in MATLAB®,
and we exploited some built-in and third-party toolboxes for accomplishing
some specific tasks. More specifically, we have to analyse some aspects re-
lated to CAD model, how to import a mesh file in MATLAB®, and how
the Partial Differential Equation Toolbox (PDE toolbox) works. In par-
ticular, we focus our attention to the definition of the stiffness matrix for
orthotropic materials, such as wood. Finally we will illustrate the third-
party toolboxes to implement the Tikhonov regularization combined with
the L-curve method and the LASSO regression.

5.1 Finite element analysis

In this section we describe how we implemented the FEA. In particular we
will illustrate the STL mesh format used to import the CAD model file in

MATLAB® and the built-in PDE toolbox  which we had used to compute
the normal velocity of the source as explained in Sec.4.2.

5.1.1 STL mesh format

As explained in Sec. 4.2 to perform the FEA the geometry of the source
has to be discretized. This operation can be done using a mesh. The CAD
model is composed by a finite number of element of predefined shape. The
mesh geometry is an approximation of the original geometry of the source:
the greater the number of elements composing the mesh, the better the ap-
proximation. The mesh is a set of vertices, edges and faces. The vertices
are points in space that identify a position, generally they correspond to
points on the object surface. Edges are line segments which connect two
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(a) 2D mesh element (b) 3D mesh element

X V2

Figure 5.1: Polygonal and volumetric mesh linear elements.

vertices. Faces are usually triangles (or other simple convex polygons) con-
stituted by three connected vertices. This kind of mesh is called polygonal
mesh with linear elements. In more complex cases, as seen in Sec. 4.2, the
volume information cannot be implicit, therefore we have to consider a com-
plex model, a volumetric mesh. The idea is the same, in this case the faces
are not 2D linear elements, but are 3D linear elements and the triangular
faces are replaced with tetrahedral elements. Also in this case edges connect
two vertices and vertices identify a position in space. Fig. 5.1(a) depicts a
2D linear element of a mesh. For each element of the mesh we can define
the centroid, C, or incenter, of the face and also its the normal vector, n.
This information is very useful to deal with the orientation of an element
respect the direction of a field (e.g. velocity field). Fig. 5.1(b) illustrates
a 3D linear element of a volumetric mesh. To improve the quality of the
model it is possible to use quadratic elements, rather than the linear ones.
Quadratic elements have six points per element in 2D cases and ten points
per element in 3D cases. In addition to the vertices, the quadratic elements
use the midpoint of each edge.

The simplest representation of a mesh with linear elements is done using
two matrices. The first matrix contains the information related to the spatial
position of the vertices (i.e cartesian coordinates (z,y, z)). This matrix has
dimensions Ny X 3, where the number of rows is the number of vertices and
the columns are relative to the three spatial coordinates. The total number
of rows represents the number of vertices in the mesh. The second matrix
is the connectivity list, with dimensions N x N¢. Each row corresponds
to a mesh element and in the columns are inserted the vertices indices that
compose the element. The number of a row corresponds to the face index. If
we are dealing with volumetric mesh the connectivity list has four columns
instead of three. With reference to Fig. 5.1(a), Tab. 5.1 depicts the Vertices
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Vertex index || x-coordinate | y-coordinate | z-coordinate
Vi 0.0 0.0 0.0
Vo 2.0 1.5 0.0
V3 0.0 3.0 0.0

Table 5.1: Vertices coordinates of the mesh element in Fig. 5.1(a).

Face index || 15¢ vertex index | 224 vertex index | 3" vertex index

Fq Vi Vé Vé

Table 5.2: Connectivity list of the mesh element in Fig. 5.1(a).

coordinates and Tab. 5.2 reports the related connectivity list. This repre-
sentation of the mesh is used in STereo Lithography interface format (STL)
file. This type of file is used to import mesh models in MATLAB® to use
it in the PDE toolbox .

5.1.2 Partial Differential Equation toolbox "

The Partial Differential Equation toolbox" (PDE toolbox ) is a MATLAB®
toolbox to solve numerically partial differential equations. We use this tool-
box to perform the FEA. To perform the FEA we have to import the object
CAD model, set the boundary conditions, set the analysis frequency range,
define the stiffness matrix and choose the appropriate solver in the PDE
toolbox .

Importing the CAD model
To import a STL file in MATLAB® we have to use the commands

file = ['ViolinTopPlate3D.stl']; % CAD model file
model = createpde (3);
importGeometry (model ,file);

The command createpde() is used to create the model variable. This
variable includes four fields:

model .PDESystemSize
model.Geometry
model.BoundaryConditions
model.Mesh

The PDE system size is fixed by the user and corresponds to the argument of
the function createpde (), in our case it is set to three since we are working
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in a 3D space. By means of the function importGeometry (), we import the
CAD model into MATLAB® and the information related to the number of
faces, edges and vertices are included in the model. Geometry field.

The next step is to create the volumetric mesh starting from the polyg-
onal one. To do so, we use the command

generateMesh (model, 'Hmax',hmax, 'Hmin',hmin, ...
'GeometricOrder', 'quadratic');

This function allows us to set the maximum and minimum length of the edges
of the elements and we can therefore set the precision of the approximation.
Moreover we can choose to use linear or quadratic elements. It is important
to notice that the shorter the length of the edges, the higher the number
of elements, and therefore the better the quality of the mesh model. The
drawback is due to the fact that using an high number of elements raises
the numerical complexity, as well as the computational time. The result of
this function is inserted in the model.Mesh field. Here we can find the Nodes
and the Elements matrices with a structure similar to the one illustrated
before in Tabs. 5.1 and 5.2.

Setting the boundary conditions

To set the boundary conditions we can use the command

applyBoundaryCondition (model, 'face',1:4,'u',0);

Here we can specify with the second argument, (RegionType, RegionID),
to which faces the boundary conditions are applied. The third parameter,
(Name, Value), of the function allows us to select which type of boundary
conditions we want to use (i.e. Dirichlet or Neumann boundary condition)
and their value. The result is inserted in the respective field of the model
data structure. In the example we apply the Dirichlet boundary conditions
equal to zero, to the faces from one to four of the mesh.

In our simulation since we want to analyse the free motion of the source
this function is not utilised.

Selecting the solver

Now, to find the modes of vibration of the object we have to choose the
appropriate solver of the PDE toolbox . To find the modes of vibration and
the associated eigen frequencies we have to solve a eigenvalue-eigenvector
problem, therefore we select the pdeeig() solver. The MATLAB® code is
the following
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[eVec,eVal]l = pdeeig(model,c,a,rho,r);

and the equation implemented by this function is
-V -(c@ V&) +ag=r1p&, (5.1)

where £ corresponds to the displacement of the object ad 7 is the eigenvalue
of the problem corresponding to the eigen-frequency. The ¢ parameter cor-
responds to the stiffness matrix seen in Sec. 4.2.1. This parameter, for an
isotropic material, such as aluminium, can be computed by the MATLAB®
command

c = elasticityC3D(E,nu)

The variable E represents the Young’s modulus and nu is the Poisson’s ratio.
For an orthotropic material, such as wood, we have to implement a function
to convert the matrix in Eq. (4.9) in the toolbox form as

¢ = orthotropicStiffnessMatrix(Ex,Ey,Ez,nu_xy,nu_xz,nu_yz,Gxy,
Gxz ,Gyz) ;

as explained in the PDE toolbox " user guide. The variables Ex, Ey, Ez cor-
respond to the Young’s modulus for the z,y and z coordinates, the variables
nu_xy, nu xz, nu_yz correspond to the Poisson’s ratio and Gxy, Gxz, Gyz
to the shear modulus.

The a parameter of the pdeeig() solver, in our case, is the displacement
of the object and have to be set to zero since is not part of the Kirchhoff-
Love equation which describes the object motion. The rho parameter is
the density of the material of the object and r is the analysis frequency
range defined as w2, < w? < w?_ where w = 27f and f is the frequency.
The output eVec of the pdeeig() function corresponds to the eigenvector
which describes the mode shape of the object and the variable eVal is the

eigenvalue 7 associated to the eigen-frequency of the mode. The eigen-
\/;

27

Now, by means of the PDE toolbox we can compute the modes shape

frequency can be computed as fejz =

of any object starting from its CAD model and its mechanical and physical
material parameters.

Computing the normal velocity

Since we are interested in the normal displacement or normal velocity of
the surface of the object, we have to extract this information from the PDE
toolbox " result using the following code
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% PDE result

result = createPDEResults (model,eVec);
rs = result.NodalSolution;

[p,”,t] = model.Mesh.meshToPet () ;
argin = {'flowdata',rs(:,:,mode)};

parser = inputParser;
addParameter (parser, 'flowdata', [], @isnumeric);
parse (parser ,argin{:});

flowdata = parser.Results.flowdata;

With the function result = createPDEResults(), we create the result
data structure. In this variable we find the solution related to each node
of the mesh. Using the parse command we can compute the flowdata
variable, that is we have the displacement for each node of the mesh with
respect to its resting position. Since we want only the data on the surface of
the object we have to retrieve the surface points of the volumetric mesh. To
do this operation we redefine the triangulation of the volumetric mesh, then
we select only those points that are on the surface by means of the function
freeBoundary (text). The MATLAB® code is the following

%3D geometry
nodesT4 = unique(t(1:4,:));
dt = triangulation(t(1:4,:)', p(:,nodesT4)');

% Surface
[T,Xb] = freeBoundary(dt);
TR = triangulation(T,Xb);

At this point we have a polygonal mesh which represents only the surface of
the object. By means of the following function we can compute the incenter
and the normal of each face. Moreover we can compute the vertex normal,
the vertex coordinates, also called nodes, and the connectivity list as

% Calculate incenters, face and vertex normals.

inctr = incenter (TR);
fn = faceNormal (TR);
vn = vertexNormal (TR);

% Polygonal mesh
nodes = TR.Points;
elements = TR.ConnectivityList;

Now it is possible to compute the displacement of the surface of the ob-
ject. To do so we have to interpolate the results by means of the function
pdeInterpolant () and then evaluate the results in correspondence of the
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incenters or the nodes. Finally computing the dot product between the dis-
placement and the normal we find the normal displacement as

% Create the interpolant
F = pdelInterpolant(p,t,flowdata);

% Interpolate results
FEMoutINCENTER = evaluate(F,inctr(:,1),inctr(:,2),inctr(:,3));
FEMoutVERTEX = evaluate(F,nodes(:,1) ,nodes(:,2),nodes(:,3));

% Projection - normal displacement component
normDisp (: ,mode) = dot (FEMoutINCENTER,fn,2);
normDispVertex (: ,mode) = dot(FEMoutVERTEX,vn,2);

At this point we have all the necessary information to implement the
Dictionary-based ESM proposed in Chapter 4. Starting from the normal
displacement we can derive the normal velocity as

V = jwEFEA, (5.2)

where j is the imaginary unit, w is the angular frequency and Epga is the
displacement vector computed by means of FEA. Fig. 5.2 depicts the first
four free modes of vibration of a rectangular top plate computed by means
of FEA.

5.2 Near-field Acoustic Holography

To implement the Dictionary based ESM we use other toolboxes in addition
to the PDE toolbox .

5.2.1 Computing the equivalent source weights

To compute the equivalent source weights, as described in Sec. 4.3, we have
to use a regularization technique since the problem in Eq. (4.10) is ill-
conditioned. The regularization technique that we have used is the Tikhonov
regularization [10] combined with the L-curve method [12] to choose the reg-
ularization parameter A\. To implement the Tikhonov regularization and the
L-curve method in MATLAB® we can use these functions

%Compact SVD
[U,s,V] = csvd(Gsv);

%L-curve

[lambda,”,~,”] = 1l_curve(U,s,us, 'Tikh',6 'off');
%Tikhonov regularization

[q(:,0bs),”,”] = tikhonov(U,s,V,us,lambda);
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Figure 5.2: FEA results of the first four mode of the free rectangular plate. In figure
is shown the absolute value to highlight the nodal lines (top view).

which are included in the regtools toolbox - Copyright (C) 2015, Per Christian
Hansen [20]. The variable Gsv represents the matrix G, in Eq. (4.10) which
has to be inverted. In Fig. 5.3 is depicted the L-curve used to find the A
parameter.

5.2.2 Principal component analysis

To compute the PCA, as illustrated in Sec.4.4.2, there exists a specific
MATLAB® function

%PCA Algorithm: svd(default) ,eig,als
[coeff ,score,”,”,explained ,mu] = pca(data,'Algorithm', 'svd',"
Centered',false);

This function receives as input the dataset, represented by the variable data,
the type of the algorithm used to perform the PCA, while the flag centered
enables data centering with respect to the mean, if set to true. The func-
tion returns the coefficient and score matrices, the mean value vector of
the dataset, mu, and the principal component relevance vector, explained.
The information in the variable explained is used to define the number of
principal component we have to keep as
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Figure 5.3: L-curve to choose the Tikhonov regularization parameter \

% Principal components whose relevance is greater then the 0.1%
Lopt = find(explained > 0.1, 1, 'last' );

5.2.3 Computing the driving vector of the dictionary

To solve the NAH problem, as discussed in Sec. 4.5 we have to compute
the driving vector « as illustrated in Eq. (4.26). To compute the solution
we use the LASSO regularization. This operation can be done using this
MATLAB® code

% LASSO regression
[gammaLASSO,~,~,”] = spg_lasso(D,ph,norm(ph,1));

The spg_lasso function is included in the spgl! toolbox - Copyright (C) 2008,
Ewout van den Berg and Michael P. Friedlander [21], [22]. With reference
to Eq. (4.27) the variable D represents the matrix product Gp,D and ph
corresponds to the vector pp of the pressure measured on the hologram
plane. The third parameter of the function corresponds to the parameter
T used to fix the amount of the regularization. It is chosen equal to the
£1-norm of the vector py. The £;-norm is computed by norm(ph,1).
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Chapter 6

Experiments

In this chapter we validate the proposed methodology. In particular, the
experimental results obtained from acoustic measurements acquired over
a rectangular aluminium plate. We describe the source geometry and the
physical parameters used. We illustrate the measurement setup and then we
will show our results compared with those obtained with the classical ESM
implementation and those achieved by the method described in Sec. 3.2 by
means of the NACHOS toolbox [2]. Successively, we will assess the robust-
ness of the proposed method against additive measurement noise. Finally,
we will show simulation results relative to the analysis of a complex surface,
compared to those provided by the classical implementation of the ESM.
To this end, we considered a violin top plate, which presents a non-convex
curved surface.

6.1 Validation

In this section we focus our attention to the results achieved by analysing
a rectangular aluminium plate. We illustrate the source geometry and the
physical parameters used, the measurement setup and finally we present the
results. The pressure measurements used are those included in the NACHOS

database provided by the authors of [2].

6.1.1 Plate geometry and physical parameters dataset

The experimental setup is that described in [2]. In particular, the aluminium
rectangular plate has dimensions 500 mmx400 mmx4 mm (LxWxH). The
four corners of the panel are put on light rubber silent blocks to approach
free boundary conditions.
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As explained in Sec. 4.2, we computed the theoretical normal velocity
of the plate by means of FEA analysis, considering different combinations
of the physical parameters. More specifically, we have varied the Young’s
modulus, the Poisson’s ratio, the shear moduls and the density according to
the values associated to different alluminium alloys. The list of alloys and
parameters considered are reported in Tab. A.1 of Appendix A.

6.1.2 Experimental setup

As described in [2], the aluminium plate was excited by an impulse hammer,
positioned under the plate itself. The excitation point is located in such a
way to excite a significant number of modes.

Microphones setup

The NACHOS database includes 1920 measurement points. The micro-
phones are positioned on a rectangular regular grid of 48x40 points with
dimensions 550 mm x 450 mm, therefore the spacing between microphones
is approximately equal to 11 mm in each direction. The distance between
the hologram plane and the plate is equal to 20 mm.

In our experiments we do not use all the information provided by the
1920 measurements points, but only a very small subset. In our test we
consider two configurations: a regular microphone array and a random mi-
crophone array. The second array is made by randomly selecting a subset of
1920 measurement points. For each configuration we use 16, 32 and 64 mi-
crophones since we want to test our method with different setups, but using
a limited number of microphones. In Sec. 6.1.3 we will illustrate experi-
mental results using three configurations with 16, 32 and 64 microphones
respectively.

D-ESM setup

The equivalent sources are positioned on a plane below the plate. The
distance between the bottom face of the plate and the equivalent sources
plane is equal to 20 mm. The equivalent sources are positioned on a regular
grid of 48 x40 points with dimensions 480 mm x 400 mm. The grid spacing
is equal to 10 mm in each direction. Fig. 6.1 depicts the positions of the
plate, the microphones and the equivalent sources. For reasons of clarity
we have shown only a few microphones. As shown in Fig. 6.1(b) the origin
of the axes is in the middle of the top face of the plate. Therefore, with
reference to Fig. 6.1(a), z; = 0mm, 2, = 20mm and z, = —24 mm.
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(a) Orthogonal views

Front view Lateral view

Figure 6.1: Positioning of the equivalent sources plane and the hologram plane
respect to the rectangular plate. o identifies microphones positions and e
identifies equivalent sources positions.

Ground truth measurements

The NACHOS database [2] includes also the groundtruth data, obtained by
measuring the plate velocity using a laser vibrometer. The measurements
were performed on a grid of 50 x40 points. The lattice spacing was equal to
10 mm in each direction. We will use this ground truth data as a reference
for validating the proposed NAH technique.

Evaluation metric

The analysis is performed in the frequency range between 28 and 3.6 kHz.
The correlation coefficient is defined as

C(v,¥) = Nl_ : g: <V”U_v“v> <‘A’"O__ﬁ“ﬁ> x 100 (6.1)

n=1

where v corresponds to the ground truth velocity and v corresponds to the
reconstructed velocity, u is the mean value and o is the variance of v and v
respectively, N is the number of elements of the mesh.
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6.1.3 Experimental results

In this section we analyse the experiments conducted on the rectangular
aluminium plate using real measurements. In particular, we present the
results related to the reconstructed modes of vibration and we compare
them with the ground truth data. We include also a comparison with the

classical ESM method and the NACHOS method.

Results

In Fig. 6.2 we show some results obtained by the proposed method (D-
ESM from now on) in comparison with those provided by the ESM and
the NACHOS techniques. This results are retrieved using 64 microphones
distributed on a regular grid. We consider three modes of vibration at 78,
267 and 402 respectively. As we can see in figure, the modes retrieved by
D-ESM present a very good correspondence of the nodal line with reference
to the ground truth. This is also confirmed by the high correlation scores
(078 Hz = 94.9%, 0267 Hz = 93.6% and C402 Hz = 93.5%).

In a vibrating plate, the nodal lines are those lines which remain at rest
while the other parts of the body are in a state of vibration.

Looking at the ESM and NACHOS results we can see that they poorly
reconstruct the mode shapes, in particular the correspondence of the nodal
lines with respect to the ground truth is not perfect. Moreover we can
observe that they tend to centralize the anti-nodes, visible in yellow. Anti-
nodes are points at which the amplitude of one of the two kinds of displace-
ment in a standing wave has maximum value. Generally the other kind
of displacement has its minimum value at this points. For these reasons,
correlation scores for ESM and NACHOS are quite low.

Fig. 6.3 shows some results obtain using our method considering different
configurations. In particular we present the results obtained with 16, 32 and
64 microphones respectively, using a regular array configuration. We show
three modes at 78, 215 1636 Hz respectively. As we can see the results related
to 32 and 64 microphones are good. The 16 microphones configuration
results, instead, present a not perfectly match for the third mode.

We now analyse in depth the results, considering the correlation score
at all the frequencies in the range from 28Hz to 3.6kHz. The diagram in
Fig. 6.4 depicts the correlation between the ground truth and the results
obtained by D-ESM, ESM and NACHOS techniques using 16 microphones
on a regular grid. As we can see, looking at the D-ESM curve in Fig. 6.4,
16 microphones, disposed on a regular grid, are not sufficient to guarantee
good mode shape estimation. Using only 16 microphones the dictionary
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78 Hz

267 Hz

402 Hz

=93.5% C=4.6% C=188%

Figure 6.2: Rectangular plate results using regular microphones array. In figure is
shown the absolute value to highlight the nodal lines (top view).
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C=0965% C=963% C=96.2%

C=914% C=927% C=92.7%

C=634% C=280.9% C =282.3%

78 Hz

216 Hz

1636 Hz

Figure 6.3: Rectangular plate D-ESM results using 16, 32 and 64 regular microphones
array. In figure is shown the absolute value to highlight the nodal lines
(top view).
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Figure 6.4: Correlation between the ground truth and the D-ESM, ESM and
NACHOS techniques results using 16 regular microphones arrays.

subset search cannot retrieve correctly the mode index. The failure is due
to the fact that the search algorithm relies on a severe under-sampling of
the acoustic pressure field , used to compute the cost function described in
Sec. 4.5.1. Moreover there is a high probability that the microphones match
the positions of the nodal lines and therefore they cannot provide useful
information. To overcome this limitation we considered the possibility of
using a random distribution of microphones. Doing so, we improved the
accuracy of D-ESM, as shown by the correlation curve reported in Fig. 6.5.
Comparing the results in Fig. 6.4 and Fig. 6.5, we can clearly observe that,
when the number of microphones is limited, with a random microphone array
we can achieve better results. Moreover Fig. 6.5 shows the results obtained
with ESM and NACHOS techniques using the same configuration. Looking
at the D-ESM curve in Fig. 6.5, we can see that our method achieved good
results until approximatively 1.2 kHz outperforming the ESM and NACHOS
results.

We now increase the number of microphones used for modal analysis.
Fig. 6.6 depicts the results using 32 microphones regular array. As in the
previous case the analysis is performed in the frequency range between 28
and 3.6 kHz. As we can see, comparing the D-ESM curve, with that in
Fig. 6.4, the results obtained are better.In fact, using a greater number of
microphones allows us to obtain more stable results related to the dictionary
subset search. As we can see the performances of our method significantly
improve and we can obtain good results approximatively until 1.7 kHz.

Finally we present the results using a 64 microphones regular array. With
reference to Fig. 6.7 we can observe that in this case we achieve good results
until 2.5 kHz.
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Figure 6.5: Correlation between the ground truth and the D-ESM, ESM and
NACHOS techniques results using 16 random microphones array.
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Figure 6.6: Correlation between the ground truth and the D-ESM, ESM and
NACHOS techniques results using 32 regular microphones array.

We also tested the D-ESM method using random distributions of 32 and
64 microphones. In this case we did not observe valuable improvements
with respect to the case of using regular microphone grids. For the sake of
completeness, we report the average correlation scores in Tabs. 6.1 and 6.2,
which show that correlation remains unvaried using regular or random array

of 32 and 64 microphones.

6.1.4 Robustness against measurement noise

An important aspect of the NAH techniques is the noise rejection. Usually
an essential requirement is that the acoustic of the room has to be controlled.
The measurements have to be acquired with many microphones and in a
special room called anechoic chamber. This room assures a perfectly acoustic
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Figure 6.7: Correlation between the ground truth and the D-ESM, ESM and
NACHOS techniques results using 64 regular microphones array.

Nb. of mics. || D-ESM | ESM | NACHOS
16 9.0% 3.1% 2.3%
32 56.9% 8.6% 12.5%
64 61.0% | 11.1% 14.4%

Table 6.1: Mean correlation values for 16, 32 and 64 regular microphones arrays for
the D-ESM, ESM and NACHOS methods.

isolation and moreover an almost null reverberation. On the other hand the
building/rent cost of this room is very high as is the cost of a very large
microphone system.

Our method aims at being robust in those situations where it is not possi-
ble to use a great number of microphones. Moreover our method intrinsically
presents a robust behaviour in the presence of measurements noise. An ex-
ample could be the reverberation. The measurements have been carried-out
in a non-ideal room [2], therefore reverberation and background noise are
present. The results presented in Sec. 6.1.3 show that our method achieves
good results using a limited number of microphones if compared with the
state of the art. In this section we stress further our method. For sim-

Nb. of mics. || D-ESM | ESM | NACHOS
16 37.5% 9.2% 14.4%
32 54.6% | 25.5% 33.6%
64 60.5% | 21.3% 45.0%

Table 6.2: Mean correlation values for 16, 32 and 64 random microphones arrays for
the D-ESM, ESM and NACHOS methods.
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(a) Freq. = 162 Hz. (b) Freq. = 215 Hz.
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Figure 6.8: Perfomances of the D-ESM, ESM and NACHOQOS techniques at low SNR.

The legend uses is the same for all the diagrams.

plicity, we add uncorrelated white noise to the real measurements used in
Sec. 6.1.3 with different Signal to Noise Ratio (SNR). We have to clarify
that the level of the SNR is computed considering the measurements of the
NACHOS database noise free. Therefore the real SNR could be even lower.

Fig. 6.8 shows the diagrams of the performances of the three techniques
(D-ESM, ESM and NACHOS) using 16 microphones random array. We
consider four frequencies: 162, 215, 402 and 1062 Hz. We add white noise
with different SNR: 1, 2, 3, 4, 5 and 10 dB. As we can see our method with
only 2/3 dB of SNR can achieved good and stable results outperforming the
other techniques. This is true for the first three frequencies analysed, the
fourth instead present a non perfect behaviour. This is due to the fact that
we are approaching the frequency limit of the 16 microphones configuration.
For 32 and 64 microphone arrays we obtained similar results.
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6.2 A perspective on complex surfaces:
simulations on a violin top plate

In the perspective of analysing more complex surfaces, we consider, as exam-
ple, the modal analysis of acoustic musical instruments. A very interesting
musical instrument under the vibratory aspect is the violin. Violins present
a complex structure: top and back plates have a complex shape, are not
planar and exhibit a non-symmetric vibration behaviour due to the pres-
ence of the bass bar and of the sound post. Moreover top plates present
two apertures with complex shape, the so called f These aspects make
the vibratory and consequently the acoustic behaviour quite unpredictable.
In our case we consider only the top plate of the violin. From a practical
point of view studying how a musical instrument works provides a series
of technical tools and an improved knowledge, that can be used by violin
makers to enhance their work. For example, when a luthier is making a
violin top plate and wants to verify whether the tuning of the top plate is
correct, he/she can do it not only by relying on his/her personal experience,
but also by means of objective measurements.

The NAH is a contactless technique therefore we can analyse musical
instruments in a minimally invasive manner without damaging them or their
thin layer of varnish. The analysis, however, cannot be non-invasive at all
since it is necessary, in any case, to excite mechanically the instrument. The
mechanical excitation can be performed tapping the instrument, by means
of a special hammer, in a “safe” point (e.g the violin bridge).

6.2.1 Violin top plate geometry and physical parameters
dataset

Fig. 6.9 depicts the exterior and interior views of a violin top plate where
bass bar are cleary visible [23]. The violin top plate is made of spruce fir.
The dataset of physical parameters of the wood is reported in Tab. A.2 in
Appendix A. To create the dataset we considered different types of spruce
fir at different seasoning lumber stages. As we can see the bass bar makes
the violin top non-symmetric.

6.2.2 Simulation setup

The setup used to perform the simulations is shown in Fig. 6.10. For reasons
of clarity, we have shown only a few microphones. As in the rectangular plate
case, microphones and equivalent sources are positioned on a grid above and
below the violin top plate.
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Figure 6.9: Interior view of the violin top plate [23].

Microphones setup

We use two different configurations in this case: 32 and 64 microphones reg-
ular arrays. Due to complexity of the problem, from preliminary simulations
we observed that in this case it is not possible to use 16 microphones.

With reference to the 32 microphones array, the microphones are posi-
tioned on a regular grid of 8 x4 points with dimension 400 mm x 240 mm.
The grid spacing is therefore equal to 50 mm in z direction and 60 mm in
y direction. Since the top plate is curved, the distance between the violin
top plate and the hologram plane is not constant. The minimum distance,
between the measurement points and the violin plate is 20 mm. In our sim-
ulations we do not use all the measurements provided by the microphones
array, but only a small subset.

On the other configuration the 64 microphones are positioned on a reg-
ular grid of of 8x8 points with dimension 400 mm x 240 mm. The grid
spacing is therefore equal to 50 mm in z direction and 30 mm in y direction.
As in the previous case, since the top plate is curved, the distance between
the violin top plate and the hologram plane is not constant. The minimum
distance, between the measurement points and the violin plate is 20 mm.

D-ESM setup

The equivalent sources are positioned on a plane below the violin top plate.
The distance between the lowest point of the violin top plate and the equiv-
alent sources plane is equal to 20 mm. The equivalent sources are positioned
on a lattice with 20x12 points with dimensions 350 mm x 210 mm. The
lattice spacing is equal to 17.5 mm in each direction.
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(a) Orthogonal views

z Front view Lateral view
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Figure 6.10: Positioning of the equivalent sources plane and the hologram plane
respect to the violin top plate. o identifies microphones positions and e
identifies equivalent sources positions.

Ground truth computation

The ground truth is obtained by means of the FEA starting from the physical
parameters and the CAD model of the violin top plate. The acoustic pressure
field is computed using the Boundary Element Method (BEM) [24] starting
from the normal velocity of the source surface computed by means of FEA.
To simulate the acoustic pressure field we used the BEM acoustics toolbox
[25)

6.2.3 Simulation results

In this section we analyse the simulation results related to the violin top
plate. We present qualitative results which show the mode shape of the first,
fourth and fifth mode of the violin top plate. Then we present quantitative
results showing the performances of our method using 32 and 64 microphones

array. Finally we make some considerations about noise measurements.

Results of reconstructed modes of vibration

In this section we present some results about violin top plate simulations
Fig. 6.11 depicts three reconstructed mode shapes, respectively at 90, 258
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and 336 Hz, corresponding to the first, fourth and fifth mode of the violin
top plate. We considered a 64 microphones regular array. Fig. 6.11 depicts
the FEA ground truth, the results obtained with the D-ESM method using
the optimal subset search and the classical ESM results. Note that, since
the surface is curved, the NACHOS method can’t be used in this case. As
we can see, the D-ESM method achieves very good results. The correlation
coefficient is equal to 91.2% for the first mode, to 83.4% for the fourth mode
and 84.1% for the fifth mode. Instead, the ESM method reconstructs the
nodal lines almost correctly, but, as we can see, the position of the anti-nodes
are mostly wrong. In particular for the fourth mode we can observe the anti-
nodes, in yellow, in a centered position, instead decentered as depicted by
the ground truth. The same behaviour can be observed for the fifth mode.
Moreover we can see that the nodal lines reconstructed are not perfectly
corresponding to the ground truth. In fact the ESM correlation coefficients
are equals to 74.5% and 28.8% and 33.5% for the first, fourth and fifth mode
respectively.

) D-ESM
(e
(=]
= 91.2%
(d) GT (e) D-ESM

258 Hz

= 83.4% C = 28.8%

= 84.1% C = 33.5%

336 Hz

Figure 6.11: Violin top plate results using 64 random microphones array. In figure is
shown the absolute value to highlight the nodal lines (top view).
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Figure 6.12: Correlation between the ground truth and the D-ESM, D-ESM with
FEA-based search and ESM techniques results using 32 regular
microphones array.

The diagram in Fig. 6.12 depicts the correlation between the ground
truth and the results obtained by the D-ESM and the ESM techniques using
32 microphones. The analysis is performed in the frequency range between
90 and 1.1 kHz. The D-ESM curve, as in the rectangular plate case, at some
frequencies drops down abruptly. We noticed that this happens when the
dictionary subset search fails. The D-ESM(*) curve shows the results which
we would achieve if the dictionary subset search provides perfect results.
More specifically, to compute the D-ESM(*) curve we skip the dictionary
subset search, and we selected the optimal dictionary subset relying to the
FEA ground truth. In this way we obtain more accurate results for the
selection of the optimal dictionary subset and therefore higher accuracy in
mode-shape estimation. This confirms that the optimal subset search, as
explained in Sec. 4.5.1, is a critical task. Fig. 6.13 depicts the same results
using 64 microphones array. As we can see from the diagrams the D-ESM
can achieve almost good results, especially at low frequencies. As in the
previous case we depict the D-ESM(*) curve which shows the results that
could be obtained if the dictionary subset search provides better information
for the selection of the dictionary subset.

Give the results, we can state that using 32 microphones we obtain good
reconstruction of the mode shapes and using 64 microphones we can achieve
very good results.

6.2.4 Robustness against measurement noise

As in the aluminium rectangular plate, we tested our method also in the
presence of hight level of noise. For simplicity, as in the rectangular plate
case, we add uncorrelated white noise to the real measurements used in
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Figure 6.13: Correlation between the ground truth and the D-ESM, D-ESM with
FEA-based search and ESM techniques results using 64 regular

microphones array.

Sec. 6.2.3 with different Signal to Noise Ratio (SNR). We observed that our
method presents the same behaviour as in the case of simplest geometry.
We made the simulations for all the correctly retrieved modes of the violin
top plate. Fig. 6.14 depicts the results obtained, related to the fifth mode
of vibration. The diagram show the results of the D-ESM compared with

those obtain with the ESM technique.
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Figure 6.14: Performances of the D-ESM and ESM techniques at low SNR.
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Conclusions and Future
Works

In this thesis we have proposed a novel methodology for Near-field acoustic
holography to deal with arbitrary shape geometries using a limited number of
microphones. The proposed technique extends the equivalent source method
(ESM) proposed in the literature as an efficient approximation to BEM and
IBEM methods. Unfortunately, the standard ESM technique presents some
criticisms related to the positioning of the equivalent sources, and exhibits
low robustness against measurement noise.

The method proposed in this thesis exploits some a-priori knowledge,
related to the fact that the modes shape and also the equivalent source
weights are slightly changed varying the physical parameter of the material.
We thus proposed a dictionary-based approach to search for the ESM solu-
tion. More specifically, the solution is found selecting from the dictionary
the best entries, according to the pressure measured on the hologram plane,
and than propagating them to the object surface.

Since we are particularly interested in using a limited number of micro-
phones to have a simpler acquisition system, to reduce the hardware cost
and the wiring complexity, we tested our method under these conditions.

We have noticed that using a limited number of microphones imposes
some constrains. The main problem is due to the spatial aliasing which
limits the analysis frequency range. We have seen that using a dictionary
approach it is possible to overcome this limitation. A proof of this is the fact
that using only 16 microphones on a measurement aperture of 550 mm x450
mm wide, we can achieve moderately good results approximatively until 1.2
kHz, while state-of-the-art techniques require an higher number of micro-
phones to achieve the same results. Increasing the number of microphones
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guarantees better and more stable results. Using 32 microphones we can
raise the frequency limit until 1.7 kHz obtaining good results with respect
to the ESM and NACHOS. Using a 64 microphones array we can extend
the frequency limit of our method to 2.5 kHz and with this configuration
we obtain results comparable to those provided by NACHOS. As shown by
experimental results using a random distribution of microphones allows us
to obtain better results when the number of microphones is very low.

Another critical point is the presence of measurement noise. If we cannot
acquire the measurements in an anechoic chamber the measurements them-
selves will have a certain amount of background noise and reverberation.
Moreover we have to consider the instrumental and electronic noise of the
acquisition system. Our techniques, using a dictionary based approach and
seeking the solution in a sparse domain guarantees good results in the pres-
ence of high level of noise. Experiments show that it is possible to obtain
good results even for very low SNR values.

Finally, simulations provide good results also analysing a complex sur-
face, as that of a violin top plate.

The performance of the proposed D-ESM technique is strictly depen-
dent on the accuracy of search of the optimal dictionary subset. The search
result is influenced by many factors especially by the number of measure-
ments available and the level of noise. In particular, experimental results
suggest that using a limited number of microphones negatively influences
the identification of the correct subset of the dictionary. As shown by the
experimental results, using 32 or 64 microphones arrays guarantees better
search results. An open issue is the development of a stable algorithm for
the optimal subset search which works in critical condition.

Another aspect that should be more more deeply investigated is that
relative to the use of random microphones array especially when the number
of microphones is very limited.

Finally, there is the need to make real measurements using complex
geometries.
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Physical parameters set

A.1 Aluminium

Tab. A.1 depicts the physical parameters of the pure aluminium a some
aluminium alloys. In particular, it shows the density p, of the material,
expressed in kg/mg, the Young’s modulus E, expressed in GPa = 10 Pa,
the Poisson’s ration v, and in the last column reports the shear modulus G,
in GPa.

Table A.1: Physical parameters of aluminium and aluminium alloys [26].

Material | po [kg/m’] | E [GPa] | v | G [GPa]
Pure Al 2700 69.0 |0.34| 250
1050 H14 2705 69.0 0.33 26.0
1030H12 2705 68.9 0.33 26.0
2024-T3 2780 73.1 0.30 28.0
2090-T3 2590 76.0 |0.34| 280
6061-O 2700 68.9 0.33 26.0
7075-T6 2810 71.7 0.33 26.9
7075-T66 2800 72.0 0.33 27.0
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A.2 Wood: spruce fir

Tab. A.2 reports the physical parameters of the spruce fir. This table is
incomplete since the parameters of the wood are not perfectly defined, as
in the case of the aluminium, and therefore it is hard to retrieve a complete
set of parameters. This is due to de fact that the wood parameter vary in
according to the climatic region of grow, to the temperature, to the level of
moisture presents in the wood fibres and also to the seasoning lumber stage.
In particular Tab. A.2 depicts the density of the wood p, in kg/mB. The
Young’s modulus FE, the Poisson’s ratio v, and the shear modulus G, are
reported for each direction, since the wood is an orthotropic material. The
Young’s and shear modulus are depicted in MPa = 10° Pa.

Table A.2: Physical parameters of spruce fir [27].

po [kg/m?] || 380 | 400 | 420 [ 430 [ 440 [ 450 | 470 | 500
E, [MPa) || 9907 [ 10200 [ 14900 | - | - [ - | - | -
E,[MPa] || 690 | 790 [ 1225 | - | - [ - | - | -
E.[MPd] || 390 | 714 - B .

Vay 044 | - - I N A R
Vs 038 | - - -1 -1 -1 -
Vye 047 | - - A

Guy [MPa] || 750 | - H I E R B
G.. [MPd] | 770 | - A I R E N
Gy. [MPa] || 36 - - - - - - -
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