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Abstract

Motion planning is one of the most important factors affecting the func-
tioning of an autonomous vehicle and aims to find a collision-free motion
guiding the vehicle from an initial configuration to a final one. In particu-
lar, kinodynamic motion planning addresses this very issue, taking also into
account the dynamics of the system so that the resulting solution would be
executable by the vehicle. This thesis addresses the problem of optimal
motion planning with particular emphasis on developing efficient planners
while considering underlying realistic dynamic model.

The first contribution is a resolution optimal motion planner, RRT* with
Motion Primitives (RRT∗_MP ), that samples the state space in a grid rep-
resentation and generates a tree of trajectories using a database of motion
primitives. Therefore, the computationally intensive part of solving for a
steering action is carried to the preliminary phase of database generation
by alleviating the computational load during planning. Furthermore, it al-
lows to compute the true cost-to-go in order to guide the expansion of the
tree, improving the convergence properties. The algorithm is proven to be
asymptotically optimal as the grid resolution goes to zero and number of
nodes goes to infinity. The (sub)optimality caused by the gridding can be
tuned to compromise between the size of the database and this performance
degradation.

The second part of the thesis focuses on the topological constraints on
the kinodynamic motion planning. In particular, elaborates on the decou-
pled approach of systematically generating homotopy class constraints and
imposing these constraints during the planning phase to obtain a set of
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distinct local optimal trajectories belonging to different homotopy classes.
The contributions in that case is twofold: first, an exact optimal planner
based on homotopy class constraints and optimal control is proposed that
to decompose the overall trajectory generation problem into simpler sub-
problems and, second RRT∗_MP is enhanced with homotopy awareness that
allow generating distinct good trajectories.

Finally, the proposed algorithms are applied to a particular problem of
landmark aware motion planning. For this, the motion planning problem is
reformulated as a multi-objective planning problem, where the robot has to
keep its connection with at least one landmark at all times, without explic-
itly interpolating a set of selected ones.
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CHAPTER1
Introduction

Autonomous vehicles have gained considerable attention in the field of
robotics as the number of their applications - ranging from service robots to
surveillance and to search and rescue missions - keeps increasing. Further-
more, the results of DARPA Urban Challenges show an immense progress
for the autonomous navigation in urban areas. Motion planning is one of
the most crucial factors affecting the functioning of autonomous vehicles.

In its most basic form, motion planning deals with the problem of find-
ing a collision-free way to guide the vehicle from an initial configuration to
a final one. However, with the complexity of the tasks that are in hand, the
focus has shifted to even more intriguing aspects such as the introduction of
an accurate dynamic model, inclusion of logical rules to govern the motion
of an autonomous vehicle or finding an optimal method of reaching its goal
when given an objective function.

This thesis addresses the optimal motion planning problem with a strong
emphasis on inclusion of the underlying realistic dynamic system as an ob-
ject of the planning. The proposed approaches consider arbitrary dynamics
without imposing strong restrictions on their characteristics. Furthermore,
the motion planning problem is also widened to encompass some particular
aspects such as the role of the topology on the generated trajectories and
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Chapter 1. Introduction

constraints imposed by the landmarks.

1.1 Optimal Motion Planning

Given the dynamics governing the motion of the vehicle, the general defi-
nition of motion planning is, “finding a trajectory that starts from an initial
configuration, reaches the goal region while avoiding obstacles” [21,56,57].
In other words, the aim is to find a collision-free path to the goal and a cor-
responding velocity profile.

An algorithm is considered complete if it can return a solution in finite
time, if one exists, or can report the nonexistence. The complete algorithms
are called exact methods in the literature since they rely on the exact repre-
sentation of the obstacles in the search space [57]. However, with the exact
methods even the simplest problem is found to be PSPACE-hard [79].

Resolution complete algorithms represent this search space as an oc-
cupancy grid [1, 14] or a lattice [29, 39, 76] and apply a graph search using
optimal graph search algorithms such as Dijkstra Algorithm [43] or A* [73]
in order to find the optimal path from an intial state to a goal region. A*
has been also used as a basis for improvement for several motion plan-
ning applications such as dynamic A* (D*) [87], Theta* [67], anytime D*
(AD*) [64] or anytime repairing A* (ARA*) [63]. While efficiently solv-
ing an otherwise complex problem, they suffer from branching when the
resolution of the grid gets finer and when dealing with high dimensional
spaces1.

Sampling based algorithms, emerged from the need for a planner for
high-dimensional spaces as this problem had remained unsolved for many
years. They relax the completeness by probabilistic completeness, which
means that the probability of returning a solution is 1 as the number of
iterations go to infinity and avoid the curse of dimensionality; however they
can not report the nonexistence.

Representing the practical way to solve the motion planning problem,
sampling based algorithms have so far dominated the planner debate, with-
out being reserved for high dimensional spaces. Therefore the main sam-
pling based planners Rapidly-exploring Random Trees (RRT) [53, 58] and
Probabilistic RoadMap Planner (PRM) [13, 50] have been used effectively
to address the motion planning problem for many different mediums rang-
ing from industrial manipulators [53] to autonomous driving [54]. Both
approaches return a solution, once it is found, without considering the qual-
ity. Several variations have been proposed to improve this aspect [90].

1As a matter of fact, the search based algorithms presented here consider planning using a 2D grid.
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1.2. Optimal Motion Planning with Dynamics

However, optimality of the solution was not argued until the work of Kara-
man et.al. [47] based on the percolation theory [15] and random geometric
graphs [74], which not only proposed a new set of algorithms based on RRT
and PRM with asymptotic guarantee on optimality but also proves that the
probability of obtaining the optimal solution with these algorithms is 0.

Following the emergence of an optimal motion planner, several other
approaches have been proposed to improve the convergence to an optimal
solution by way of using informed sampling [31, 32], rejecting unpromis-
ing samples [42, 49] using Branch and Bound technique [55], propagating
information to higher levels if the branch is a promising one (RRT#) [3].

1.2 Optimal Motion Planning with Dynamics

Most of the algorithms referred in the previous section have considered dy-
namics in the simplest form, i.e. holonomic or trivial dynamics. Therefore,
the main focus has been on optimal path planning other than optimal tra-
jectory planning.

Many planners that return optimal trajectories, in particular for dynamic
environments, aim to solve the path planning problem first and then adapt
a feasible trajectory to this collision-free path. Some algorithms in this
class first compute a set of waypoints by applying a planner on a lower
dimensional (2D or 3D search space) using any of the path planning meth-
ods described before and then impose continuity in the other dimensions -
such as orientation, velocity and so on - by interpolating these waypoints
using polynomials [80, 93], Bezier curves [33] or splines [23, 27]. Other
approaches involve computing a coarse initial guess, in terms of a lower
dimensional path and use numerical optimization to compute the optimal
trajectory [78, 86].

For many of the dynamics, however, such a decoupled approach of first
solving for a collision-free path and then adapting a feasible trajectory is
not an easy process. Therefore, as it is first proposed by Donald et.al. [24],
kinodynamic motion planning addresses the kinematics and the dynamics
of the system at once, which involves directly searching the state space.
This approach increases the complexity of the motion planning problem
with the introduction of higher dimensional spaces and, most importantly,
differential constraints imposed by the system dynamics.

Enhancing search based algorithms with kinodynamic constraints, [62]
and [77] have further extended the graph search algorithms to search in a
state space considering also the proper dynamics of the system. In addition,
Dolgov et. al. [23] augmented the A* algorithm with a heuristic to generate
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Chapter 1. Introduction

drivable waypoints with respect to the vehicle dynamics that are further
interpolated using splines for smoothness.

A considerable amount of research has been dedicated to finding how to
use sampling-based algorithms in the context of kinodynamic planning ow-
ing to their effectiveness with high dimensional spaces [40, 46, 58, 75, 91].
When it comes to kinodynamic planning, the main focus is on developing
efficient steering functions, which correspond to a local trajectory generator
without taking into account the obstacles. Since the sampling-based plan-
ners randomly sample the state space and later connect these samples to a
graph structure, steering, in other words solving the Two Point Boundary
Value Problem (TPBVP), is an important subroutine. Computing a steering
action corresponds to solving for a trajectory connecting two states, and
the solution of this TPBVP can be obtained from the optimal control the-
ory [59] or from numerical optimization [8]. However, for many dynamic
systems that are commonly used in autonomous vehicles or mobile robots,
solving for a TPBVP is not a trivial task. Therefore many sampling based
approaches on kinodynamic planning focus on improving this aspect. For a
limited number of dynamic systems, the analytical solution can be embed-
ded in the planning framework using common vehicle models [46] such as
double integrator or Dubins vehicle [25] or computing the analytical solu-
tion for a system with linear dynamics [91]. Xie et. al. [92] use Sequential
Quadratic Programming (SQP) [12] as an optimization tool for solving the
TPBVP numerically and implemented it as a subroutine for Batch Informed
Trees (BIT*) [31].

There has been a research on avoiding the exact steering, i.e. solving
for a TPBVP, by sampling from the control space and forward integrating
the system dynamics. This approach is inherent for RRT and Expansive
Space Trees (EST) [40] since the methodology of building a tree is based
on extending it towards random samples, therefore they sample piecewise
constant controls to compute a steering action without solving the TPBVP.
However, it is important to highlight that such an approach is not possi-
ble for RRT* or any of its variants due to its dependency on an under-
lying roadmap. Some works involve computing an approximation of the
exact steering [34, 41, 75], or avoiding the need for an exact steering us-
ing a pruning approach [42] without a provable guarentee on optimality.
Based on EST some recent works such as Stable Sparse RRT* (SST*) con-
sider asymptotic near optimality by forward propagating the dynamic sys-
tem [60, 61]. The idea is to iteratively sample a set of controls and final
times instead of solving the inverse problem; near optimality is guaranteed
by pruning nodes from a neighborhood that is a logarithmic function of the
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1.3. Topology Aware Motion Planning

Figure 1.1: T1 and T2 define two sets of trajectories that belong to two distinct homotopy
classes. All the trajectories in T1 belong to the same class, the same for T2.

tree cardinality.
Exact steering for any arbitrary dynamic system is often more involved

compared to sampling from the control space or steering without a guaran-
tee on the final state. However, for some dynamic systems it is crucial to
have control over the destination state due to some geometric constraints to
be respected [17]. Therefore, one of the aims of this thesis is to contribute
to the library of sampling-based planners in terms of developing a planner
with an efficient exact steering for any arbitrary dynamic system using the
pre-computed solutions of the TPBVPs.

1.3 Topology Aware Motion Planning

Defining the topology, given a search space, has been in the interest of
planning with exact (combinatorial) approaches as these methods depend
on the explicit representation of the search space [57]. Therefore, the con-
cept has been studied especially for path planning algorithms; however it is
generally not favored due to its catastrophic complexity.

A homotopy class in the context of trajectory planning is the set of all
trajectories that can be morphed to each other without any discontinuity
(Figure 1.1). In other words, trajectories that belong to the same class avoid
obstacles in the same way. The use of homotopy information in planning
applications is twofolds:

• for a given search space, identifying the distinct homotopy classes and
generating distinct trajectories or paths,

• given a homotopy class, constraining the resulting path topologically.

Different methods have been considered to represent the topology of a
given search space: triangulation [22], cell-decomposition [19], visibility
graph [57] or reference frame methods [44]. These methods enable the
representation of the topology of the search space in terms of a graph or
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a roadmap. Obtaining a graph-based representation allows a systematic
generation of homotopy classes using graph search algorithms [37, 44, 71].

On the other hand, some approaches apply a simple search algorithm,
such as A* or RRT, on an arbitrary representation of the space and get the
topology information in terms of homotopy classes through identification
of distinct paths by assigning a class invariant signature [10, 36, 52].

Approaches taking into account the topology of the search space can
generate several locally optimal trajectories and select the best one among
them [71] or, if given the information about the class containing the optimal
solution speed up the computation by focusing on this class. In addition,
one might be interested in obtaining k-shortest paths. Without the homo-
topy class constraints these paths would often avoid the obstacles in the
same manner; in other words fall into the same class. However, identify-
ing distinct homotopy classes also allow generating k-distinct local optimal
trajectories [52, 85].

Other than allowing computation of distinct trajectories that are locally
optimal, homotopy class constraints can also restrict the trajectory to avoid
the obstacles in a specific manner. This can interest a various number of
robotics or autonomous vehicle applications, ranging from favoring some
areas for surveillance [16], to efficiently deploy a group of agents (such
that each would move following different homotopy class) and restricting
dangerous zones [82], sharing autonomy where the user makes only high
level decisions [52] or for tactical reasoning [36].

1.4 Landmark Aware Motion Planning

With the continual increase in the number of tasks that are handled by the
help of autonomous vehicles, the role of the planner has been changing
from returning optimal trajectories that are collision-free and dynamically
feasible to considering advanced tasks that gradually exclude the human
operator from the navigation loop.

One of such problems that is also addressed in this thesis is to generate
motion plans that consider the connection between the autonomous vehicle
and a signal emitting base (Figure 1.2). In particular, the problem restricts
the vehicle or the robot to be within a radius from the center of the base and
the planner has to guarantee that over course of motion this connection is
not broken or a predefined distance is not exceeded while moving from one
base to another. The problem can also generalizes to any type of landmark
that can be defined similarly using a center and a connection radius and that
should be perceived by the robot.
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Figure 1.2: Landmark aware motion planning.

This problem interests various application areas. To illustrate, for au-
tonomous vehicles used in surveillance or search and rescue missions, it is
important that the robot is always in communication with the bases to trans-
mit data or to receive tactical information. A similar case is considered for
multi agent path planning by [68], where a group of wireless robots should
connect to a radio base to transmit the video obtained from exploration,
maintaining single-hop or multi-hop connections.

Furthermore, for mobile robots or autonomous vehicles that work in
Global Positioning System (GPS) denied environments, such as indoor
robots or autonomous underwater vehicles, it is essential to maintain con-
nection with a signal emitting beacon for improved localization. Without
loss of generality, this definition of the problem can be applied to any arti-
ficial landmark that can be perceived from a limited range. Some instances
that involve selecting a set of artificial landmarks as visual cues for nav-
igating in an GPS denied environment are proposed for unmanned aerial
vehicles [4] and indoor mobile robots [6, 94] to generate a trajectory that
interpolates a set of selected landmarks. The main difference between the
problem considered in this thesis is that landmarks are considered as con-
straints to satisfy but not waypoints to interpolate, which is inherently more
challenging.

1.5 Statement of Contributions

The main contributions of this thesis is on motion planning algorithms that
consider the underlying dynamic system precisely, that are computation-
ally effective to be able to re-plan in response to dynamic environments,
consider additional constraints imposed by the topology and by the specific
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tasks. More detailed, the contributions are as follows:

• A sampling-based motion planning approach is proposed which inte-
grates a precomputed database of trajectories into the sampling-based
planning framework to alleviate the computational load introduced by
solving TPBVPs. The method is applicable to virtually any kind of
dynamic system with various complexity that emerge in the context
of motion planning for autonomous vehicles. Furthermore, it can be
easily modified to address different problems characterized by various
constraints and objectives. This is indeed verified using a challenging
problem in the last chapter.

• The analysis of the proposed approach in terms of completeness and
optimality is provided. Since the proposed algorithm makes use of
a grid-based representation of the state space, it causes some perfor-
mance degradation. Therefore, an upper bound for this (sub)optimality
is computed and it is shown to be asymptotically optimal as the grid
resolution goes to infinity.

• In order to generate distinct trajectories in terms of the homotopy
classes they belong, a systematic approach to the selection of a number
of geometric constraints based on existing decomposition techniques
is proposed. Furthermore, the relationship between these geometric
constraints and the corresponding homotopy classes is analyzed

• Using the obtained geometric constraints, an exact optimal motion
planner is proposed based on the homotopy class constraints. Conse-
quently, the sampling-based motion planning approach is enhanced
with homotopy awareness as it allows to impose specific topology
characteristics and, at the end, generating homotopically distinct tra-
jectories. Moreover, a homotopy-based informed sampling method is
also proposed to improve the convergence of the algorithm

• Finally, both planners are applied to a particular problem of landmark-
aware motion planning problem. As a result, the selection of a se-
quence of landmarks is formalized in the framework of kinodynamic
motion planning without restricting them as waypoints and using a
coupled approach of generating dynamically feasible trajectories with
this specific objective.
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1.6. Organization

1.6 Organization

The rest of the thesis is organized as follows: Chapter 2 provides the
formal definition of the kinodynamic planning problem. In Chapter 3 a
general framework of the sampling based algorithms is identified and the
basic concepts structuring this framework are explained. A novel sampling-
based algorithm that depends on a database of offline computed solutions
to TPBVPs is explained. Consequently, the completeness and optimality
properties are analyzed. Chapter 4 proposes an efficient way of selecting
promising homotopy class constraints and an exact algorithm based on ho-
motopy information. It furthermore extends the sampling based approach
to include homotopy awareness. Chapter 5 provides the implementation
of both approaches to the landmark aware trajectory planning problem. Fi-
nally, Chapter 6 draws some concluding remarks and explains the prospec-
tive future works.
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CHAPTER2
Kinodynamic Motion Planning Problem

Early methods on motion planning considered the geometric aspect of the
problem, i.e., the kinematic constraints arouse by the obstacles. For many
robots, focusing only on kinematics could result in collision-free paths that
are impossible to be executed by the actual system. In particular, for sys-
tems that are differentially constrained, such a decoupled approach makes
it difficult to turn a collision-free path into a feasible trajectory. In order to
tackle this problem, Donald et al. [24] proposed the idea of kinodynamic
planning, which combines the search for a collision-free path with the un-
derlying dynamics of the system, so that the resulting trajectory would be
feasible.

For most motion planning applications, the solution to the planning
problem should not only be feasible and collision-free, but also satisfy
some properties such as, e.g., reaching the goal in minimum time, mini-
mizing the energy consumption, and maximizing safety. These additional
requirements have shifted the focus from simply designing collision-free
and feasible trajectories to finding optimal ones.

There are many different approaches that are designed to solve the opti-
mal kinodynamic planning, all having different advantages and drawbacks
depending on the constraints imposed by the dynamics and by the planning
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Chapter 2. Kinodynamic Motion Planning Problem

environment. However, it is possible to define a general problem that can
be addressed using different approaches. Therefore, this chapter is ded-
icated to the formalization of the feasible and the optimal kinodynamic
motion planning problems and explains the peculiar aspects of the kinody-
namic motion planning. Note that, throughout the thesis these definitions
are modified to accommodate additional specifications while keeping the
formalizations here presented, at heart.

2.1 Kinodynamic Constraints

Kinodynamic planning, first introduced by Donald et.al. [24] refers to plan-
ning with differential constraints when the solution to the motion planning
problem further satisfies the bounds on the velocity and acceleration or
higher order derivatives of the configuration. Informally, this corresponds
to traversing the state space of a dynamic system respecting the kinody-
namic constraints. Kinodynamic constraints can be categorized under three
main groups:

Differential constraints: Let the compact sets S ⊂ Rd and U ⊂ Rm, with
d ≥ 2 and m ≥ 1, represent the state and the control spaces, respectively
for the following dynamical system

ṡ(t) = f(s(t), u(t)) (2.1)

where u(t) ∈ U is the vector of control inputs and s(t) ∈ S is the state
vector. Then, the differential constraints refer to the system dynamics given
by the state transition equation (2.1).

Nonholonomic constraints: Nonholonomic constraints are the con-
straints that can not be integrated to impose a constraint on the position
components, in other words the system that can not be reduced in order.

Hard bounds: This corresponds to virtually any bound on the derivatives,
such as the limits on velocity, acceleration or torque.

Note that, kinodynamic planning does not necessarily involve nonholo-
nomic constraints nor bounds. However, since the main focus of this thesis
is on mobile robots and autonomous vehicles they are naturally considered
as a part of the planning problem.

2.2 Free State Space

Let the compact set Q ⊂ Rdq , where 2 ≤ dq ≤ d, denote the configuration
space of a rigid body. Then, the free configuration space Qfree represents
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2.3. Problem Definition

the set of configurations that are collision free, i.e. Qfree := Q/Qobs where
Qobs represents a open subset of Q comprising the configurations that lead
to collisions. The state of the dynamic system, s, comprises the configu-
ration of the robot and the first order derivatives, such that s = (q, q̇) and
q ∈ Q. The state could also include higher order derivatives, if necessary.
Let κ : S → Q be a function that maps the state, s ∈ S to the corre-
sponding configuration, q ∈ Q, such that κ(s) = q. Similarly, the free
state space, Sfree, is defined as the set of states that are collision free, i.e.
Sfree := {s ∈ S|κ(s) ∈ Qfree}.

If the state variables have further bounds, namely limits on velocity or
bounds on the workspace, the definition of the free state space should be
modified to include these bounds. Let h(s) ≤ 0 be a set of inequalities with
cardinality nh denoting the upper and lower bounds on the state variables,
then the free state space can be represented as

Sfree := {s ∈ S | κ(s) ∈ Qfree ∧ h(s) ≤ 0}

2.3 Problem Definition

The main focus on this thesis is motion planning with kinodynamic con-
straints and in particular for state spaces that contain first order derivatives,
i.e. velocity components, therefore the resulting solution is a trajectory. At
the end the returned solution includes a collision free path and a velocity
profile simultaneously. Following definition formalizes the description of a
trajectory.

Definition 2.1 (Trajectory). A trajectory σ(t) : [0, T ] → S of duration T
is a function generated by applying a control function ũ : [0, T ] → U by
forward integrating the state equation in 2.1 starting from an initial state,
such that σ(0) = s0.

Assuming the system has bounds on the actuation, the free control space
Ufree = {u(t) ∈ Ω ⊂ U} is introduced, where Ω is the set of admissible
controls.

The problem instance is defined as a tuple of free state space, admissible
controls, initial state and a set of states defining the goal region Sgoal ∈
Sfree, i.e., (Sfree, Ufree, s0, Sgoal). Moreover, trajectories can be subjected
to geometric constraints expressed in terms of a function φ : S ×U → Rnφ

as φl ≤ φ(s(t), u(t), t) ≤ φu, where φl,φu ∈ Rnφ are represent the lower
and upper bounds on the path constraints.
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Chapter 2. Kinodynamic Motion Planning Problem

2.3.1 Feasible Kinodynamic Trajectory Planning

The feasible kinodynamic trajectory planning problem is formalized as
finding a trajectory σ(t) : [0, T ] → S from a set of dynamic states and
controls of a system over a duration [0, T ], i.e, s : [0, T ] → S and u :
[0, T ]→ U , such that the trajectory

• starts from an initial state σ(0) = s0;

• reaches the goal region, i.e., σ(T ) ∈ Sgoal;

• avoids collisions with obstacles, and respects the bounds on the state
variables, i.e., σ(t) ∈ Sfree, ∀t ∈ [0, T ];

• fulfills the actuation bounds, i.e., u(t) ∈ Ufree;

• satisfies the algebraic path constraints, if any, i.e, φl ≤ φ(σ(t), u(t), t) ≤
φu, ∀t ∈ [0, T ].

2.3.2 Optimal Kinodynamic Trajectory Planning

In most of the applications, the solution to the trajectory planning problem
has to satisfy some desirable properties, e.g., reaching the goal in minimum
time, by minimizing the energy consumption or by maximizing the safety.
These requirements shift the focus from finding any feasible trajectory to
finding the optimal trajectory for a given objective function.

Given the same problem instance (Sfree, Ufree, s0, Sgoal) as an input,
the optimal kinodynamic motion planning problem is formalized as finding
a feasible trajectory σ∗(t) : [0, T ∗] → S from a set of dynamic states and
controls of a system over a duration [0, T ∗], i.e, s∗ : [0, T ∗] → S and
u∗ : [0, T ∗]→ U , that minimizes an objective function in the form

min
u(t)

J =

T∫
0

g(s(t), u(t))dt (2.2)

where g is an arbitrary function, depending on the specific motion planning
problem.

Note that, if g(s(t), u(t)) = 1 then the problem corresponds to minimum
time optimization problem. Indeed, the optimal trajectory duration, T ∗, is
one of the optimization variables of the problem.
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CHAPTER3
Sampling Based Kinodynamic Planning

Sampling-based approaches first emerged to handle systems with high di-
mensional configuration spaces. However, they quickly became one of the
most popular approaches in the planning literature, representing the practi-
cal way to tackle the problem. The basic idea is to sample states (nodes) in
the continuous state space and connect these nodes with trajectories in the
collision-free space, building a roadmap in the form of a graph or a tree of
feasible trajectories. Hence, their practicality is limited to the assumption
that solving the planning problem between two nodes without considering
any obstacles is trivial. However, this assumption is often not satisfied when
it comes to kinodynamic constraints which introduce the need to solve for
TPBVPs in order to generate trajectories.

This chapter explains with sampling-based approaches, focusing espe-
cially on kinodynamic motion planning. First, basic components of sam-
pling based algorithms are provided, following which the related works
and the background on sampling-based approaches are reviewed. Conse-
quently, the novel algorithm of RRT∗ MotionPrimitives will be intro-
duced with the analysis regarding the specific properties of the planner,
which strives to exploit the advantages of a sampling based approach by
improving the subprocess of connecting two nodes which requires solving
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Chapter 3. Sampling Based Kinodynamic Planning

for a TPBVP. Finally, a numerical validation is provided to show the effec-
tiveness of the algorithm with the corresponding discussions.

3.1 Basic Components

Before introducing the existing algorithms in this class and explaining
the proposed algorithm, some basic concepts shared between the sampling-
based approaches will be explained and an abstract framework for sampling-
based algorithms will be provided.

3.1.1 Sampling

The procedure Sample() returns random samples from a selected state
space and these samples are assumed to be independent and identically
distributed (i.i.d.). In the general case, Sample(Sfree) samples the free
state space of the dynamic system. However, as it will be clear in the
following sections of this thesis, different subsets of this state space can be
purposefully selected to accommodate different needs emerging from the
specific motion planner.

3.1.2 Distance in State Space

Almost all the sampling-based algorithms use the notion of nearness, which
means that, with a given point in the state space, it is necessary to decide
the nearest point or a set of nearby points. This necessity requires the def-
inition of a distance metric. For planning in Euclidean spaces, the choice
for this distance metric can simply be the Euclidean distance between two
points. For example, for a rigid body translating on a 2D plane, the shortest
distance between two points is the straight line connecting them. However,
when the rigid body is allowed to rotate, the configuration space becomes
a manifold. There are efficient ways to compute the distances in the case
of manifolds; for example, by using the weighted Euclidean distances [57].
For kinodynamic planning, this approach can be further extended to state
spaces [58]. However, as the state space gets more complex, like the ones
containing the first and/or second order derivatives of the configuration, it
becomes more difficult to assign meaningful weights.

The ideal way to measure the distance between two states in the state
space is to define a distance function that computes the "cost-to-go" from
s ∈ S to s′ ∈ S. The distance between s and s′ in that case can be calculated
by the cost of the trajectory connecting these two states [57]. It should
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be noted that this function may not be a true metric since the cost of the
trajectory connecting these two states may not be symmetric.

3.1.3 Steering

Steering, as denoted by the procedure Steer(s, s′), refers to computing a
trajectory that starts from an initial state s and brings the system towards s′

returning snew. Depending on the type of the steering action, snew can be
exactly s′ or it can be a new state that is close to s′. State based steering
solves the inverse problem of interpolating the states s and s′ exactly, which
corresponds to solving the TPBVP. A second way of steering can be iden-
tified as trying a number of admissible controls and choosing the one that
brings the system closer to s′, without explicitly interpolating the two states.
However, most of the sampling based algorithms that have a guarantee on
optimality requires a reasoning over the underlying roadmap or graph and,
therefore, require the nodes to be connected exactly and optimally, which
refers to exact optimal steering.

Definition 3.1 (Exact Optimal Steering). Given a cost function that assigns
a non-zero cost to each non-trivial feasible trajectory, i.e. Cost(σ) : Σ →
R≥0, where Σ is the set of feasible trajectories, the state based optimal
steering is the problem of finding a feasible trajectory σ∗(t) : [0, T ∗] → S
from a set of dynamic states and controls of a system over a duration [0, T ∗],
i.e, s∗ : [0, T ∗]→ S and u∗ : [0, T ∗]→ U , such that the trajectory

• starts from an initial state σ(0) = s;

• reaches the final state σ(T ∗) = s′;

• fulfills the actuation bounds, i.e., u(t) ∈ Ufree;

• minimizes the cost function Cost(σ)

By definition, computing a steering action implies solving the motion
planning without considering any obstacles, which is assumed to be a trivial
operation. Therefore, most algorithms reviewed in the following section
focus on improving the exact optimal steering procedure, as it is the most
crucial subroutine for the algorithms in this class.

3.1.4 Collision Detection

The most significant advantage of sampling-based algorithms is that the
obstacles are not explicitly represented in the state space. Instead, they
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avoid the exact definition of it by using a collision checking module. The
procedure isCollisionFree(σ) is necessary to decide if the trajectory,
σ, connecting two states, s ∈ Sfree and s′ ∈ Sfree lies entirely in Sfree.

It is clear that collision detection plays an important part in the per-
formance of a sampling-based algorithm as it is called several times over
the course of planning. However, the role of a collision detection algo-
rithm over the functioning of the sampling-based algorithms is modular. In
other words, it does not rely on a particular collision detection algorithm
and, therefore, this subroutine can be substituted by any other algorithm
depending on the problem specifications, for example the number of obsta-
cles, whether or not they are dynamic or the complexity of the objects to
check for collisions.

Two of the most common approaches that verify if a trajectory is
collision-free are: using Bounding Volume Hierarchies (BVH) and us-
ing spatial partitioning techniques. The former one adopts a hierarchical
representation of the object partitions to be checked for collisions in the
object level. They represent each object by means of simpler geometric
shapes and determine a hierarchy of collision checks within these primitive
shapes. In other words, they represent the object by means of bounding
volumes and define a order of collision checking within these hierarchy of
volumes. Two of the most commonly used collision checkers of this class
are Proximity Query Package (PQP) [35] and Flexible Collision Library
(FCL) [70]. On the other hand, the latter one corresponds to representing
the space by simpler shapes, for example, using grid-based or voxel-based
representations, Octrees etc.

Other than how the collision instance is represented, collision detection
methods differ also based on the approach that they take on how they check
for collisions. In particular, two different approaches exist: the first one
checks multiple discrete instances along the trajectory (e.g. [40]), while the
second one uses the Swept Volume, i.e., the full volume occupied by an ob-
ject while moving from one state to another (e.g., [28, 83]). Furthermore,
some approaches focus also on modifying the functioning of a sampling-
based planner to reduce the number of calls to the collision detection sub-
routine, for example lazy approaches that delay edge verification [13] or
those that apply distance queries to avoid checks for trajectories that are
unlikely to be in collision [11].

The numerical examples provided throughout this thesis using the sam-
pling based approach exploits a grid representation of the environment in
terms of a binary occupancy grid. The occupancy grid is inflated by the
size of the vehicle and the feasibility is checked at discrete intervals. Based
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Algorithm 1: An abstract sampling based algorithm

1 Vi ← s0, E ← ∅, i← 0
2 while i ≤ N do
3 srand ← Sample(Sfree)
4 Vnear ← NearNodes(V, srand)
5 (sbest, ebest)← FindBestParent(srand, Vnear)
6 if sbest 6= 0 then
7 (Vi+1, Ei+1)← UpdateConnections(sbest, ebest, Vnear, srand)

8 return BestTraj(Vgoal)

on the observations made by Sánchez and Latombe in [81], the collision
check starts from the midpoint of the trajectory as it is argued that it is
more likely for a trajectory to have collisions at the midpoint other than at
the boundaries.

3.1.5 Abstract Form of Sampling Based Algorithms

All the algorithms presented here keep a graph or a tree structure as a set of
nodes and edges, i.e. G = (V,E) or T = (V,E) respectively. Each node
is a state of the dynamic system, i.e. s ∈ V , and they are connected with
edges. An edge, e = {s, s′}, connecting two nodes s and s′, corresponds
to the trajectory σ that starts from s and reaches s′, such that σ(0) = s and
σ(T ) = s′. The notations Ti = (Vi, Ei) or Gi = (Vi, Ei) with the subscript
i are used to describe the set of nodes and the edges in the graph at i-th
iteration. We use n to denote the number of nodes in the graph and in order
to explicitly refer to the graph with n number of nodes we use the subscript
n.

An abstract class of sampling based algorithms is given in Algorithm 1,
which iteratively takes the steps defined by the abstract procedures Sample,
NearNodes, FindBestParent and UpdateConnections, assuming that
each procedure has access to the current state of the tree, i.e., the set of
nodes and edges. The proposed algorithms and all the reviewed relevant
algorithms in this section keeps a tree structure, limiting the connections
of a node to a single parent. Therefore, the procedure Parent(s) returns a
single node in the tree, namely sparent.

The notation σ(s→s′) is used to represent the trajectory starting from s
and reaching s′ while the function Cost(σ(s→s′)) returns the cost of this
trajectory. Every node s ∈ V is connected to s0 via a single sequence of
intermediate nodes sk ∈ V , k = 0, . . . , n − 1, n ≤ |V |, where |V | is the
cardinality of the tree. One can then associate to this sequence a cumulative
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cost Cost(→ sk) that can be computed as

Cost(→ sk) =
k∑
1

Cost(σ(sk−1→sk))

and σ(sk−1→sk) corresponds to edge ek = {sk−1, sk}. Vgoal represents the
set of all nodes that are in the goal region such that

Vgoal := {s ∈ V | s ∈ Sgoal}

Let dist(s, s′) be a function that returns the distance between two nodes s
and s′ based on a selected distance metric, the procedure NearNodes(V, srand)
computes neighbor nodes, Vnear that are in the tree and such that the dis-
tance between srand and any node in Vnear is less than a threshold, dth,
i.e.,

Vnear := {s ∈ V | dist(srand, s) ≤ dth}
Note that, for the systems with non-Euclidean dynamics, the distance func-
tion is not symmetric, i.e. dist(s, s′) 6= dist(s′, s), which is the case for
the systems that are in the scope of this thesis.

Once the nearby nodes are defined, the FindBestParent procedure re-
turns the best node, sbest, in Vnear to connect srand to the tree and the cor-
responding edge, ebest = {sbest, srand} such that Cost(→ srand) yields the
lowest cost. Consequently, UpdateConnections procedure updates the
tree when a new node is added.

Finally, when the algorithm iterations are stopped, the BestTraj(Vgoal)
procedure returns the minimum cost trajectory as a concatanetion of tra-
jectories {σ1, σ2, . . . σgoal} that interpolates the sequence of nodes, {s0, s1,
. . . , sgoal} such that sgoal ∈ Vgoal is the one with the lowest cumulative cost,
Cost(→ sgoal), among all the nodes that reach the goal region.

3.2 Existing Algorithms

This section reviews the existing algorithms that use a sampling-based ap-
proach with a particular focus on the randomized sampling-based algo-
rithms, highlighting the optimal sampling based algorithm RRT*. More-
over, due to their relevance, search-based algorithms using a deterministic
sampling strategy on the discretized space are also reviewed.

3.2.1 Randomized Sampling Based Algorithms

Considering the literature on planning techniques, sampling based algo-
rithms are still the most popular approaches, representing the practical way
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to tackle the problem. Their basic idea is to sample nodes in the continuous
state space and connect these nodes with trajectories in the collision-free
space, building a roadmap in the form of a graph or a tree. These algorithms
overcome the complexity issue by relaxing the completeness requirement
with the probabilistic completeness, stated in the following definition.

Definition 3.2 (Probabilistic completeness). An algorithm is probabilisti-
cally complete, if, the probability that the graph computed by the algorithm
contains a node in the goal region approaches 1 as the number of iterations
goes to infinity, i.e.,

lim inf
i→∞

P(∃sgoal ∈ Vi ∩ Sgoal) = 1

PRM introduced by Kavraki et. al. [50], and RRT [53] introduced by
Kuffner et. al., were the first popular sampling-based planners. Both al-
gorithms are probabilistically complete with proofs that state finding a so-
lution, if one exists, approaches 1 exponentially fast with the number of
iterations.

PRM first creates a graph in the free space by randomly sampling states
and using a local planner to connect a randomly sampled node to the already
existing ones in the graph. This graph is then traversed to answer multiple
queries. However, for kinodynamic planning connecting two nodes entails
solving a TPBVP. This means that PRM and its optimal counterpart Opti-
mal Probabilistic RoadMap Planner (PRM*) [47] are limited to symmetric
costs and and to those systems for which the cost associated ta a TPBVP is
conserved when the boundary pairs are swapped. Note that, nonholonomic
systems do not belong to this class.

RRT, on the other hand, incrementally builds a tree for each single query,
returning the solution as soon as it finds one. In particular in [58], the au-
thors have extended the algorithm to consider kinodynamic planning. The
outline of the algorithm is given in Algorithm 2, which shares the same
structure also with the kinematic counterpart. Making reference to the ab-
stract class given in Algorithm 1, the NearNodes procedure is replaced with
NearestNeighbor which returns the closest node in the tree, snearest, other
than a set of states. The Lines 4-6 correspond to the Extend procedure in
RRT terminology [53, 58] and is the procedure of finding the best parent,
snearest to extend the tree from. Note that the algorithm does not employ an
exact steering algorithm. Hence, instead of expanding the tree to include
srand, a new node snew is created by the steering procedure. Moreover,
Line 7 can be interpreted as the UpdateConnections, where the tree is
simply updated with the inclusion of a new edge and a node. Finally, once
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Algorithm 2: RRT

1 V ← s0, E ← ∅, i← 0, Vgoal ← ∅
2 while i ≤ N do
3 srand ← Sample(Sfree)
4 snearest ← NearestNeighbor(V, srand)
5 snew, σnew ← Steer(snearest, srand)
6 if isCollisionFree(σnew) then
7 V ← V ∪ snew, E ← E ∪ {snearest, snew}
8 if Vgoal 6= ∅ then
9 return BestTraj(Vgoal)

the tree is expanded to include a node in the goal region, i.e., Vgoal 6= ∅,
BestTraj(Vgoal) returns the trajectory that reaches the goal region.

RRT provides fast, on-line implementations and has been effectively
used for various different problems; however, the resulting trajectories are
generally jerky and not desirable. Some variants are proposed (see e.g.,
[90]) to improve the solution introducing heuristics, but it is proven that the
probability of finding the optimal solution is zero [47].

3.2.2 Towards Optimality: RRT* and Variants

With the introduction of RRT* and PRM* [47], an important progress has
been mode towards the improvement of the solution quality that guarantees
asymptotical optimality using the random graph theory, such that the prob-
ability of finding the optimal solution is 1 as the number of iterations goes
to infinity.

Definition 3.3 (Asymptotic optimality). An algorithm is asymptotically op-
timal if the following is true for the cost of the best cost trajectory that
reaches a state in the goal region, i.e. ci,

P({lim sup
i→∞

ci = c∗}) = 1

where c∗ is the cost of the optimal trajectory for a given motion planning
problem.

The idea behind optimality is to check connections within a neighbor-
hood, ensuring that the graph is connected with the optimal edges at all
times. Karaman and Frazzoli point out that using a neighborhood whose
volume is a logarithmic function of the graph cardinality creates the perfect
balance between graph connectivity, hence the asymptotic optimality, and
the computational complexity [45].
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Algorithm 3: FindBestParent procedure for RRT*

1 Input: Vnear, srand
2 cbest ←∞
3 for ∀snear ∈ Vnear do
4 σnear = Steer(snear, srand)
5 if isCollisionFree(snear, srand) then
6 if C(→ snear) + Cost(σnear) < cbest then
7 cbest = Cost(→ snear) + Cost(σnear)
8 sbest = snear
9 ebest = {srand, sbest}

10 return sbest, ebest

The RRT* Algorithm

Similar to RRT, RRT* also keeps a tree data structure; however, for ev-
ery time a random state is sampled, a set of nodes in the tree is searched
to ensure that the tree is connected with the best edges at all times. In
this way, RRT* is more similar to PRM than it is to RRT since it rea-
sons over a graph. Algorithms 3 and 4 show the adapted procedures of
FindBestParent and UpdateConnections for RRT*, both of which con-
sider an exact optimal steering action where the resulting trajectory, σnear,
of the Steer(srand, snear) or vice versa, corresponds to solving the TPBVP
by minimizing an objective function. Once a node, srand, is sampled and
a neighborhood is searched to ensure that srand is connected to the tree
with the lowest cost possible. Once a node is added to the tree using
UpdateConnections procedure (Line 2), the tree is rewired to check the
local neighborhood if an already existing node in the tree can be reached
from srand with a lower cost. If a node in snear ∈ Vnear is reached with a
lower cost from srand compared to its previous parent, the tree is rewired;
i.e., the edge connecting snear with its parent is replaced with the edge
{srand, snear} (Lines 3-9).

To ensure asymptotic optimality without sacrificing computational per-
formance, the samples are connected as selected within hyperspheres which
have a volume parametrized by the actual tree cardinality, n. Therefore, for
each sampled node srand , the set of near nodes is defined as the set of nodes
within a volume centered in srand. For holonomic systems, the state space
is Euclidean and the distance between two states can be represented by Eu-
clidean distances, and then this volume is defined by using a d-dimensional
ball of radius

γball = γRRT ∗(log(n)/n)1/d
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Algorithm 4: UpdateConnections procedure for RRT*

1 Input: Vnear, srand, ebest, sbest
2 V ← V ∪ srand, E ← E ∪ {sbest, srand}
3 for ∀{snear ∈ Snear} \ sbest do
4 σnear = Steer(srand, snear)
5 if isCollisionFree(srand, snear) then
6 if C(→ srand) + C(σnear) < C(→ snear) then
7 sparent ← Parent(snear)
8 E ← E \ {sparent, snear}
9 E ← E ∪ {srand, snear}

10 return V,E

where γRRT ∗ is a suitable constant selected as

γRRT ∗ > 2(1 + 1/d)1/d(µ((Qfree)/ζd)
1/d)

with µ(Qfree) and ζd denoting the volume of the free configuration space
and of the unit ball respectively, in a d-dimensional Euclidean space [47].

For dynamic systems that have a non-Euclidean state spaces, the dis-
tance between two states is represented by the optimal cost of the trajectory
that connects them [46, 48], and the near nodes are selected as the nodes
that can be reached from srand or that can reach srand as follows

Vnear = {s ∈ S : Cost(σsrand,s) ≤ dth(n)∨
Cost(σs,srand) ≤ dth(n)}

(3.1)

where dth(n) is a cost threshold which is a logarithmic function of the actual
tree cardinality, n.

RRT* Variants

Two domain dependent components are needed in order to build the tree:
the first one is the definition of a distance metric and the second is a steering
function. In [20], the authors highlight the importance of a correct distance
metric for the convergence of RRT based algorithms, arguing that naive im-
plementations such as using Euclidean distances may not describe the true
dynamics. In fact, this is often the case for kinodynamic motion planning
instances. For a given efficient steering function, in [48] Karaman and Fraz-
zoli propose a conservative estimate of the neighbors based on differential
geometry that helps defining a Euclidean metric accurately approximating
the proper dynamics of the system, hence improving computational effec-
tiveness. Their approach is based on the control-affine formalization of the
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system dynamics and approximating reachable set of states within a local
neighborhood by means of approximation using an axis aligned box. How-
ever, this improvement also assumes that an efficient steering function is
available.

Other than effective computation of neighbors, the main difficulty in us-
ing RRT based approaches for optimal kinodynamic planning lies within
the definition of a steering function which should output the optimal tra-
jectory connecting the two states. For holonomic robots, this connection
can be represented by straight lines. However, for many other dynamic
systems, this corresponds to solving a TPBVP. The main benefit of the
sampling-based planners is the assumption that solving a single problem is
much easier than solving the global planning problem; however, comput-
ing optimal trajectories for dynamic systems is generally not a trivial task.
There are some dynamic systems which have available solutions that can
efficiently steer the system from one state to another such as Dubins ve-
hicle [25] or 2D Double Integrator [30]. Therefore, some works focus on
such specific systems (e.g., [46]).

To deal with the computational complexity originated from the steering
procedure, some effort has been made to develop more effective steering
functions for different types of dynamic systems. Webb and Berg [91] have
obtained the closed-form analytical solution of the optimization problem
for a fixed final state free final time for systems with linear dynamics and
extended it to non-linear dynamics using their first-order Taylor approxi-
mations. Other works [34, 75] focus on approximating the solution of the
TPBVP for systems with linearizable dynamics by locally linearizing the
system and applying linear quadratic regulation (LQR). However, their ap-
proach does not have a guarantee on reaching the exact final state, hence the
optimality is not proven to be guaranteed. Furthermore, these approaches
are system dependent and can apply only to a limited variety of dynamic
systems.

Some recent attempts have been made towards optimality without for-
mulating and solving a TPBVP, as well. For example, algorithms like Sta-
ble Sparse RRT? (SST?) [61] have proved asymptotic optimality given ac-
cess only to a forward propagation model. The idea is to iteratively sample
a set of controls and final times instead of explicitly solving the TPBVP.
Similarly, a variant of RRT? [42] uses a shooting method without an exact
steering function to improve the solution by pruning branches from the tree.
If a sampled node has a lower cost compared to another one that is close
by and that shares the same parent, the preexisting node is pruned from the
tree and its branches are connected to the newly sampled node, or they are
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pruned completely if they are not collision-free. This approach generates
feasible but inherently suboptimal solutions.

Other than having arguable guarantee on optimality, not having an ex-
act steering action is sometimes undesirable for some types of dynamic
systems. Humanoid robots set an example for that since it is crucial to
have control over the intermediate nodes in order to satisfy some geomet-
ric constraints (eg. keeping one foot on the ground). A similar approach
that embeds the idea of motion primitives into the sampling based planning
framework is recently proposed by [84] for combining the motion planning
for locomotion and the upper body (eg. pick up an object) by combining
different sets of motion primitives. However, their approach does not avoid
solving for the TPBVPs.

Nevertheless, solving the TPBVP for an arbitrary nonlinear system re-
mains challenging and typically calls for numerical solvers. The algorithms
that account for a nonlinear optimization tool, like for example ACADO
toolkit [38], GPOPS-II [72], etc., commonly use Sequential Quadratic Pro-
gramming (SQP) [12] for solving the TPBVPs numerically, and embed
it as a subroutine in the sampling based planning framework such as in
RRT* [88] or in Batch-Informed-Trees star (BIT?) [31]. Although allow-
ing to address a large variety of problems, embedding a numerical solver
within the sampling-based framework is far from being applicable to online
application where the plans need to be updated relatively fast.

The main contribution of this thesis to the literature of sampling-based
kinodynamic planners is the the algorithm called RRT∗_MP , which extends
RRT? by introducing a database of pre-computed motion primitives in order
to avoid the online solution of a constrained TPBVP for the edge computa-
tion. The database is composed of a set of trajectories, each one connecting
an initial state to a final one in a suitably defined grid. By sampling in the
gridded state space, the implementation of the steering function adopted
for growing and rewiring the RRT? tree reduces to the search of a motion
primitive in a pre-computed Look Up Table (LUT).

The main difference between the proposed approach and the existing
sampling-based algorithms is that it is applicable to any dynamical system
described by differential equations and subject to analytical constraints, for
which edge design can be formulated as a TPBVP. However, unlike the al-
gorithms that can handle a large variety of dynamics, solving for a steering
action is carried to the offline phase removing the overwhelming procedure
of calling for a nonlinear solver over the course of planning. Notably, when
a model of the vehicle is not available, the database can be derived directly
from experimental trajectories.
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3.2.3 Search Based Algorithms

A different class of algorithms, aiming at optimality, is based on graph
search and adopt a gridding approach. The main idea is to discretize the
state space, building a grid, and compute a graph. The motion planning
problem is then recast into finding the best sequence of motions by travers-
ing this graph with an optimal search algorithm like A? [73]. This graph is
often represented by a state lattice, a set of states distributed in a regular pat-
tern, where the connections between states are provided by feasible/optimal
trajectories [77]. [62] improved the idea of state lattice by using a multi-
resolution lattice such that the portion of the graph that is close to either the
initial or the goal state has a higher resolution than the other parts. These
approaches have been successfully applied to several robotic systems and
found to be effective for dynamic environments [23, 62]. However, these
algorithms are resolution optimal, such that the optimality is guaranteed
up to the grid resolution. Furthermore, their computational effectiveness is
highly related to the resolution: the finer is the grid, the higher the branch-
ing factor, and thus the computational time and the required memory to
execute a graph traversal algorithm.

The main difference of the proposed approach, with respect to existing
search-based algorithms, is that it leverages on a dynamic tree whose size
depends only on the number of samples, but not on the number of mo-
tion primitives that affects the accuracy in the approximation of the robot
kinematic and dynamic characteristics. As a consequence, memory con-
sumption to store the tree and computation time to determine a solution
on a given tree can be bounded selecting an appropriate maximum number
of samples, without introducing undesired constraints in the robot action
space. Search based approaches, instead, have to strongly limit the action
space, keeping the number of motion primitives low, as the branching fac-
tor of the graph, i.e., the number of edges generated expanding each node,
depends on the size of the database.

3.3 Sampling Based Planning with Motion Primitives

The approach here proposed is based on previous works on search-based
[62, 77], and sampling-based [46, 47] methods, and combines them in a
novel way. In particular, it relies on a uniform discretization of the state
space, and on the computation of a finite set of motion primitives by solv-
ing a constrained optimization problem with boundary conditions on the
grid points of a smaller (uniform) grid. The motion primitives are then
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embedded in the RRT? algorithm, where they are used to compute the dis-
tance between two states and to connect the randomly generated nodes to
the tree, thus eliminating the need of solving online challenging and time
consuming TPBVPs. Therefore, all the computations for respective oper-
ations are reduced into a search in the precomputed database that can be
easily represented as a Look Up Table (LUT).

In the context of motion planning, system (2.1) represents the robot
equations of motion and, consequently, its state vector s includes the robot
position with respect to a given absolute reference frame. Therefore, the
state is represented as tuple s ∈ S, s = [π, . . . ]T such that π denotes the
position components of the vehicle. The following property of a dynamic
system is essential for the rest of the algorithm that allows the use of a
database of precomputed trajectories.

Assumption 3.1 (translation invariance property). The state s contains the
position of the vehicle in some coordinate system. If the system dynamics
(2.1) and the state initialization are written in a new coordinate system
obtained via translation of the current one, the state evolution obtained by
applying some input u(.) is the translated version of the one in the original
coordinates. Also, the satisfaction of algebraic path constraints and the
value taken by the cost criterion are not affected by the translation of the
coordinate system.

It is worth mentioning that the above assumption is common for both
mobile robots and autonomous vehicles and it has been used by many works
in the literature of motion planning (see e.g., [23, 62, 77]) . The rest of this
section will explain the idea of motion primitives and explicitly define the
sampling-based motion planning algorithm that makes use of a database of
precomputed trajectories.

3.3.1 Motion Primitives

As the name suggests motion primitives refer to a set of precomputed mo-
tions for a given dynamic system. These primitives are solutions to sub-
problems that can be concatenated in order to obtain a final trajectory that
solves the motion planning problem given in Section 2.3.

The database of motion primitives is built by gridding the continuous
state space in order to obtain a finite set of boundary conditions (initial and
final states), and by solving offline a constrained boundary value optimiza-
tion problem for each pair. The resulting set of optimal trajectories is then
used repeatedly online, implementing a procedure that, when an edge con-
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necting two nodes is requested by the planner, simply picks up from the
database a suitable trajectory.

Given a state tuple s ∈ S, s = [πT , . . . ]T where π represents the vehicle
position, motion primitives are computed for each pair of initial and final
states (s̃0, s̃f ) with s̃0 = [πT , . . . ]T . Given a boundary value pair (s̃0, s̃f ), a
motion primitive is computed by solving the following optimization prob-
lem, for the optimal final time and control input

min
u(.),τ

J =

τ∫
0

g(s(t), u(t))dt (3.2)

subject to
ṡ(t) = f (s(t), u(t)) (3.3)
u(t) ∈ Ω for t ∈ [0, τ ] (3.4)
s(t) ∈ S (3.5)
s(0) = s0, s(τ) = sf (3.6)
φl ≤ φ (s(t), u(t), t) ≤ φu (3.7)

where u(t) is the vector of control inputs where Ω denotes the admissible
controls and s(t) is the state vector.

Finally the database, Z, is generated by considering distinct pairs of
initial and final states (s̃i0, s̃

i
f ), i = 1, . . . , NMP , and computing the corre-

sponding motion primitives Z = {zi ∈ S×Ω×R≥0, zi = (σ∗i (t), u
∗
i (t), τ

∗
i )}

where σ∗i (t), u
∗
i (t) for t ∈ [0, τ ∗i ] represent optimal trajectories, optimal

control inputs and optimal final time respectively. Similarly, C = {J∗i }
denotes the set of costs of these optimal trajectories.

Note that, thanks to the translation invariance property introduced in As-
sumption 3.1, the size of the database can be kept small while covering a
wide range of the space where the robot is moving. Indeed, one can, with-
out loss of generality, set the initial position π̃0 to π̃0 = 0 when building the
database, and recover the optimal trajectory for an arbitrary initial position
π0 by simply centering the coordinate system in π0.

Example 3.1. Consider, as an example, a planning problem for a unicycle
robot characterised by a 3D search space (x, y, θ), including the position
(x, y) and the orientation θ, and by a 2D actuation space (v, ω), constituted
by the linear velocity v and the angular velocity ω.
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Figure 3.1: A subset of the motion primitives computed for a 3D search space (x, y, θ).
Red dots correspond to the Cartesian coordinates (x, y) and black lines represent the
resulting trajectories for different final orientations (θ).

Motion primitives are computed solving the following TPBVP

mininimize
v(·),ω(·),τ

τ∫
0

(
1 + 0.5v(t)2 + 0.5ω(t)2

)
dt

subject to ẋ(t) = v(t) cos (θ(t))

ẏ(t) = v(t) sin (θ(t))

θ̇(t) = ω(t)

v(t) ∈ [0, 2] , t ∈ [0, τ ]

ω(t) ∈ [0, 2] , t ∈ [0, τ ]

x(0) = x̄0, y(0) = ȳ0, θ(0) = θ̄0

x(τ) = x̄f , y(τ) = ȳf , θ(τ) = θ̄f

for different initial and final poses.
Figure 3.1 shows a subset of these motion primitives, characterized by

30



3.3. Sampling Based Planning with Motion Primitives

trajectories starting from x̄0 = ȳ0 = θ̄0 = 0.

3.3.2 Search Space Design

In order to take advantage of the precomputed database of motion primi-
tives in sampling-based planning, the search space of the planner has to be
defined appropriately so that every time the planner needs to connect two
nodes, the corresponding optimal trajectory can be found in the database.
To guarantee that this is indeed the case, the search space of the planner
is uniformly gridded as the region where motion primitives are built. The
translation invariance property1 (Assumption 3.1) can then be exploited, as
any optimal trajectory which connects a pair of initial and final states (in
the discretized search space) can be computed by first shifting the initial
and final states so that the initial robot position corresponds to the zero po-
sition, then picking a suitable motion primitive in the database, and finally
shifting the motion primitive so as to get back to the original reference
coordinate system. Translation invariance, jointly with uniform gridding,
allow to cover the entire (discretized) search space with a reduced number
of motion primitives.

Let S∆ ⊂ S define the discretized state space and let S̃∆ ⊂ S be
the discrete state space used to construct the database. Consecutively, let
BoundingBox(π0) denote the bounding box that includes all the boundary
value pairs used for the computation of the motion primitives, with its cen-
ter having the same position as the initial states used in the database genera-
tion, π0. For any s′ ∈ S∆ a set of states can be defined as the ones contained
in the bounding box translated to π′, i.e., S ′ = S∆ ∩ BoundingBox(π′).
Denote T as the function that translates π′ to π0, i.e., T : π′ → π0. In
order to use a particular database of motion primitives it is necessary that
applied a translation using T , any point in S ′ should be strictly mapped to
a point in the database. This means that the same database can be queried
for different discrete search spaces, as long as the resulting translation is a
subset of S̃∆.

Determining optimal state space discretization depends on the specific
application, and is out of the scope of this work. We shall assume here that
the state space grid should include the initial state s0, at least a grid point in
the goal region, and few points in the free space Sfree. Moreover, in order
to find a solution that reaches the goal region, the algorithm should be able
to search within all homotopy classes. In other words, one should be able
to represent in the grid space all sets of trajectories in the continuous state

1This approach can be easily extended in case stronger invariance properties hold.
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Algorithm 5: RRT∗ MotionPrimitives

1 Vi ← {s0}, Ei ← ∅, i← 0
2 while i ≤ N do
3 srand ← Sample(S∆

free)

4 Vnear ← NearNodesToCome(srand)
5 sbest, ebest ← FindBestParent(Vnear, srand)
6 if srand ∈ V then
7 (Vi+1, Ei+1)← UpdateExisting(sbest, ebest, srand)

8 else if srand /∈ V ∧ sbest 6= ∅ then
9 (Vi+1, Ei+1)← UpdateNew(sbest, ebest, srand)

10 return BestTraj(Vgoal)

space that can be obtained applying a smooth transformation and lead to
the goal region. Missing a homotopy class could highly deteriorate perfor-
mance in terms of achieved cost. In Section 3.6 some numerical examples
are provided, in which different grids are used for solving the same case
study and results are compared.

Recall that κ(s) = q is a function that maps a state to the corresponding
configuration. Similar to the continuous case, the discrete free state space
can be defined as

S∆
free := {s ∈ S∆ | κ(s) ∈ Qfree ∧ h(s) ≤ 0}

where Qfree is the free configuration space and h(s) ≤ 0 denotes a set
of inequalities representing the bounds on the state variables. The discrete
goal region

S∆
goal := {s ∈ S∆ | s ∈ Sgoal}

is also introduced as the set of states that are contained in the goal region.

3.3.3 Motion Planning

This section introduces RRT∗ MotionPrimitives (RRT∗_MP ) (Algo-
rithm 5), the proposed variant of RRT? integrating the database of motion
primitives for the computation of a collision-free optimal trajectory.

As in RRT*, RRT∗_MP follows the abstract framework given in Algo-
rithm 1 and it is based on the construction of a random tree T = (V,E),
whose nodes s ∈ V represent a state of the system sampled from the
discrete state space, s ∈ S∆, and edges e ∈ E are optimal trajectories,
each one connecting a pair of origin and destination nodes and solving the
TPBVP in (3.7).
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Algorithm 6: NearNodesToGo
1 input: srand
2 Vnear ← ∅
3 πrand ← GetPosition(srand)
4 for ∀s ∈ V do
5 if s ∈ BoundingBox(πrand) then
6 σ(srand→s) ← FindTrajectory(srand, s)
7 if Cost(σ(srand→s)) ≤ dth(n) then
8 Vnear ← Vnear ∪ {s}

9 return Vnear

Tree growing is based on four main steps – random sampling, finding
near nodes, extending the tree, and updating connections – that are de-
scribed in the following.

Random sampling

A random state srand is sampled from the free state space Sfree according to
a uniform distribution, using the function Sample(S∆

free). Unlike the origi-
nal RRT* algorithm, however, the node is not sampled from the continuous
state space, but from its discretization according to a uniform grid. For
this reason, there is also a non zero probability that the same state srand is
sampled again in the next iterations of the algorithm.

Near nodes (Algorithms 6-7)

In RRT* framework, hence in RRT∗_MP , a random state srand can be con-
nected only to a node that is within the set of its near nodes. Furthermore,
once connected to the tree it can contribute to update the tree only for the
nodes that are within this local neighborhood.

Defining a local neighborhood requires a distance metric to be com-
puted, taking advantage of the motion primitives, the distance between two
states is easily defined as the cost of the optimal trajectory connecting them,
i.e. dist(s, s′) = Cost(σ(s→s′)). In other words, the database of motion
primitives allows the usage of the real cost-to-go as the distance metric,
which is the ideal case.

Depending on the queried connection – extending the tree towards the
sample or rewiring – the definition of this neighborhood changes, since
computing the distance between two states, i.e., the cost of the optimal
trajectory, implies solving for a TPBVP and it is often not symmetric. In
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Algorithm 7: NearNodesToCome
1 input: srand
2 Vnear ← ∅
3 πrand ← GetPosition(srand)
4 for ∀s ∈ V do
5 if s ∈ BoundingBox(πrand) then
6 σ(s→srand) ← FindTrajectory(s, srand)
7 if Cost(σ(s→srand)) ≤ dth(n) then
8 Vnear ← Vnear ∪ {s}

9 return Vnear

particular, two different procedures are defined, named NearNodesToGo

and NearNodesToCome (Algorithms 6 - 7), in order to compute a local
neighborhood, Vnear, which has a different meaning depending on its pur-
pose within the functioning of the algorithm. For a sampled state srand,
NearNodesToCome(srand) returns the nodes in the tree that are in the
neighborhood when a backward motion is considered, i.e. a trajectory
reaching srand. This case is used when a new node, srand has to be added
to the tree or when an existing one is sampled again. On the other hand,
NearNodesToGo(srand) returns the nodes that are in the neighborhood
when a forward motion is considered, i.e. a trajectory initiating from srand.
In that case, Vnear is used for rewiring the tree.

Given srand the set of reachable nodes in the neighborhood of srand is
defined as the set of states that can be reached from srand or that can reach
srand with a cost lower than a threshold as follows

VreachToGo = {s ∈ V : dist(srand, s) ≤ dth(n)} (3.8)

where dth(n) is a distance threshold that decreases logarithmically over
the iterations of the algorithm such that dth(n) = γ(log n/n) and γ is a
suitable constant, determining the size of the neighborhood, independent
of the tree cardinality. It should be selected such that a Euclidean ball of
volume γdl (log n/n) is contained within VreachToGo, where γl is a constant,
and it should have non-empty interior when the gridding is concerned. This
ensures that for a selected cost threshold there are reachable states without
leaving a local neighborhood.

In RRT∗_MP , the set VreachToGo has to be further constrained to ensure
that there is a precomputed trajectory in the database for each connection
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BoundingBox

Figure 3.2: For a random state whose position corresponds to πrand, the
BoundingBox(πrand) is defined. Rd(n) represents the states that can reach or can
be reached from srand below a threshold. Therefore any vertex that falls into the over-
lapping area (purple) is taken as a member of VnearToGo or VnearToCome depending
on if the set comprises the nodes that can reach or can be reached from srand.

in the set of near nodes, that is thus redefined as follows

VnearToGo = VreachToGo ∩ BoundingBox(πrand)

where BoundingBox(πrand) is the box of grid points in the state space S
adopted for the database construction, with the origin of the reference co-
ordinate system shifted from π0 = 0 to πrand which is the vehicle position
associated to the state srand and obtained using GetPosition (Figure 3.2).

Similarly, the nodes that can reach srand below a threshold are computed
as

VreachToCome = {s ∈ V : dist(s, srand) ≤ dth(n)} (3.9)

and the set of nearby nodes when a motion towards srand is concerned is
computed as:

VnearToCome = VreachToCome ∩ BoundingBox(πrand)

Find best parent (Algorithm 8)

In order to keep the tree connected with the best possible edges, it is nec-
essary to find the best parent, sbest, to connect the sampled node, srand.
The parent is computed using the FindBestParent procedure and the
minimum cost collision-free trajectory is selected to connect srand to the
tree such that Cost(→ srand) results in the lowest cumulative cost. In
order to find sbest, a set of neighboring nodes, Vnear, computed using
NearNodesToCome procedure, are queried to find the resulting trajectory
σ(sbest→srand) and its cost such that combined with the cumulative cost of
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Algorithm 8: FindBestParent for RRT∗_MotionPrimitives

1 Input: srand, Vnear
2 cbest ←∞
3 for snear ∈ Vnear do
4 σnear, cnear ← FindTrajectory(snear, srand)
5 if Cost(→ snear) + cnear < cbest then
6 if isCollisionFree(σnear) then
7 sbest ← snear, ebest ← {snear, srand}
8 cbest ← Cost(→ snear) + cnear

9 return sbest, ebest

reaching sbest, would allow srand to be connected to the tree with the lowest
cost possible.

More precisely, sbest is found as follows

sbest = argmin
s∈Vfeasible

(Cost(→ s) + Cost(σs,srand)

where Vfeasible ⊆ Vnear is the set of nodes that belong to Vnear and such that
the corresponding trajectories are collision free, i.e.,

Vfeasible = {s ∈ Vnear|isCollisionFree(σ(s→srand))}

The selection of a trajectory from the database connecting s to srand , is a
peculiarity of RRT∗_MP , and is performed by the FindTrajectory function
as explained in the following.

Find trajectory

Given a set of boundary conditions, the database of motion primitives is
queried using the FindTrajectory procedure. For each query, a series of
geometric transformations is often required (Figure 3.3, see Section 3.3.1
for further details). In particular, for each edge that connects two nodes
s0, sf , the corresponding trajectory and the cost are extracted from the
database, Z, as follows:

1. The pair of initial and final states (s0, sf ) (Figure 3.3a) are normal-
ized by a translation, obtaining the normalized pair of states (̃s0, s̃f ),
such that the resulting s̃0 has the position π̃0 corresponding to the null
vector (Figure 3.3b).

2. A query is executed to compute an index, index, corresponding to the
normalized boundary pair and on the database to look for the tuple
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(a) original query (b) translation to origin (c) inverse transformation and edge
design

Figure 3.3: Steps involved in the coordinate transformation during the FindTrajectory
procedure.

zindex ∈ Z for the trajectory σindex and the cost cindex ∈ C such that
cindex = Cost(σindex).

3. The inverse of the previous translation is applied in order to recover
the trajectory connecting the actual pair of boundary values (s0, sf ).
Hence, the edge e = σ(s0→sf ) is determined (Figure 3.3c).

Update connections (lines 7-9 in Algorithm 5)

Since Sample(S∆
free) returns samples from a set of finite number of states

and sampled states are not discarded, there is a non-zero probability that a
state which is already a node in the tree can be sampled again. Therefore,
Algorithm 1 should be modified to adapt updating the connections in the
tree. Algorithm 5 shows the adapted version of the abstract class. In partic-
ular, the UpdateConnections procedure is changed and divided into two
distinct procedures; while UpdateNew deals with the scenario when a state
is sampled for the first time, UpdateExisting updates the tree in the case
of re-sampling a state that is already a member of the tree. The functionality
of both procedures will be explained in detail further in this chapter.

Two versions of the algorithm are proposed depending on how the in-
formation propagates in the tree, that both share the same steps and differ
in UpdateConnections procedures. The following two sections explain
two different modes of RRT∗_MP in terms of updating the tree, in particu-
lar depending on how a change in the tree is communicated through the
neighborhood. One of the main procedures of RRT* that leads to opti-
mality is the rewiring, which ensures that each node has always the best
parent within a local neighborhood. Having a finite sampling set allows to
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Algorithm 9: UpdateExisting for RRT*_MotionPrimitives without rewiring

1 Input: srand, sbest, ebest
2 sparent ← Parent(srand)
3 if sparent 6= sbest then
4 eprev ← {sparent, srand}
5 E ← {E \ eprev} ∪ {ebest}
6 return V,E

re-sample the same state throughout the planning. Therefore, this require-
ment can be satisfied also without rewiring by altering the connections, if
necessary, once the node is re-sampled. However, this affects how the in-
formation propagates along the tree and, hence, the cost evolution. To this
end, both approaches are implemented and later compared by numerical
validation with respect to the cost evaluation and time taken.

RRT*_MotionPrimitives without rewiring

One of the significant procedures of RRT* is rewiring the tree, in other
words propagating the new connection information towards a set of neigh-
borhood nodes. This is necessary to adjust the way the tree is connected,
ensuring that each node is reached with the lowest possible cumulative
cost.This is because once a node is sampled and added to tree it will not
be sampled again while searching the continuous state space. However, us-
ing a discrete state space there is a non-zero probability that a state can be
sampled again even though it is added as a node to the tree.

Taking advantage of the discrete representation of the state space and the
possibility of re-sampling a particular state, the first approach builds the tree
using the FindBestParent procedure only. This implies that even though
a node is not connected in the best way to the tree, FindBestParent will
find a better parent when that state is sampled again – provided that a better
way exists. In other words, any change that happens to the tree concerns
only srand and the information does not affect the neighbors.

In particular, if the sampled node srand is not a node in the tree,
UpdateNew (line 9 in Algorithm 5) procedure is similar to RRT (Algo-
rithm 2), adding srand and the corresponding edge, ebest, to the tree, i.e.
V ← V ∪ srand and E ← E ∪ {sbest, srand}. On the other hand, if srand
is already a node in the tree, and if the best parent to connect, sbest re-
turned by FindBestParent is different from the previous parent2, sparent,

2Since FindBestParent returns the best parent to connect if sbest is not equal to sparent, it means that
sbest is a better parent, that was not a member of the tree when srand was sampled the previous time.
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Algorithm 10: UpdateNew for RRT*_MotionPrimitives with rewiring

1 Input: srand, sbest, ebest
2 V ← srand
3 E ← E ∪ {ebest}
4 Vnear ← NearNodesToGo(srand)
5 V,E ← Rewire(Vnear, srand)
6 return V,E

then the previous edge, UpdateExisting removes the previous edge,
eprev = {sparent, srand}, from the set of edges and adds the new better edge,
ebest (Algorithm 9).

RRT*_MotionPrimitives with rewiring

Similar to RRT*, the second version of RRT∗_MP conveys the information
about any updates to the tree towards the nearby nodes. Therefore, if a
node is connected to the tree or if the cost of a node is changed, a set
of neighborhood nodes is checked to determine whether there are other
possible modifications.

If srand is sampled for the first time, firstly, UpdateNew (see Algo-
rithm 10) procedure adds the corresponding node and the edge to the
tree. Consequently, similar to RRT* framework, a set of nearby nodes are
searched to check if any of them can be reached with a lower cumulative
cost from srand, using the Rewire procedure. In that case, the set of nearby
nodes, Vnear, is computed using NearNodesToGo(srand) that computes the
local neighborhood of srand when a forward motion is considered. There-
fore, ∀snear ∈ Vnear if e = {srand, snear} is collision free and

Cost(→ srand) + Cost(σsrand→snear) ≤ Cost(→ snear)

the tree is rewired, i.e., E = {E \ eprev} ∪ {e}, where eprev is the previous
edge connecting the node snear to the tree.

Similar to the previous approach, UpdateExisting (Algorithm 11)
deals with the case when a node is re-sampled and a better parent is found
using FindBestParent. Initially, it changes the edge that connects srand
to the tree by connecting it to a better parent. Consequently, it rewires
the tree to propagate this change to the local neighborhood using Rewire

(Algorithm 12).

Remark 3.1. The lowest cost solution found at iteration, i, using RRT∗_MP
when a rewiring step is applied s less than the lowest cost returned by the
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Algorithm 11: UpdateExisting for RRT*_MotionPrimitives with rewiring

1 Input: srand, sbest, ebest
2 sparent ← Parent(srand)
3 if sparent 6= sbest then
4 eprev ← {sparent, srand}
5 E ← {E \ eprev} ∪ {ebest}
6 Vnear ← NearNodesToGo(srand)
7 V,E ← Rewire(Vnear, srand)

8 return V,E

Algorithm 12: Rewire for RRT*_MotionPrimitives with rewiring

1 Input: Vnear, srand
2 for snear ∈ Vnear do
3 σnear, cnear ← FindTrajectory(srand, snear)
4 if Cost(→ srand) + cnear < Cost(→ snear) then
5 if CollisionFree(σnear) then
6 sparent ← Parent(snear)
7 eprev ← {sparent, srand}
8 e← {srand, snear}
9 E ← {E \ eprev} ∪ {e}

10 return V , E

RRT∗_MP without a rewiring step, i.e.:

c? ≤ Cost(→ sgoal,i)
RW ≤ Cost(→ sgoal,i)

noRW (3.10)

where c? is the truly optimal cost and Cost(→ sgoal,i)
RW and Cost(→

sgoal,i)
noRW are the costs of the trajectory returned by BestTraj(Vgoal,i)

for the two different modes of the algorithm. This is due to the fact that,
at each iteration, the information about a cost change propagates also to
the neighbors, effecting a larger area. However, attaining a lower cost at a
lower number of iterations does not mean a lower computation time since
the computation time is also related to the operations carried out at each
iteration.

Termination and best path selection

Algorithm terminates when a maximum number of iterations are reached,
i.e., i→ N . Consequently, the best trajectory among all the trajectories that
reach the goal region is selected using BestTraj procedure. Notably, using
a discretized search space limits the number of nodes that can be sampled.
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In other words, there is a maximum number of nodes |V | = |S∆
free| and,

once all these nodes are included in the tree, the cardinality will not change;
however, since the algorithm is allowed to re-sample, the way the tree is
connected changes even though the maximum cardinality is reached.

It is also noteworthy that, there is a maximum number of iterations such
that the best sequence of nodes reaching the goal region will be sampled
and, after that, the minimum cost trajectory returned by the algorithm will
not change regardless of the time given.

3.4 Implementation Details

In this section, some details are highlighted that improve the performance of
the algorithm in terms of computational performance and memory needed.

Assumption 3.1 allows us to use the motion primitives by translating the
trajectories to match the new boundary conditions obtained over the course
of planning. However, considering the translation invariance property only,
the database of motion primitives also includes the trajectories that corre-
spond to a set of initial states that share the same position; i.e., π0 equal
to null vector. The size of the database can be further reduced, depending
on the dynamic system at hand if stronger invariance properties hold. In
this case, the optimal solutions of two different sets of boundary conditions
can be obtained from each other if the initial and final configuration pairs
are related with an affine transformation that preserves distances, extending
the invariance property from translation to rotation and/or flipping (mirror
rotation). Note that, this condition is limited to the state variables that cor-
respond to the configuration and does not extend to include the derivatives
such as velocity components.

As can be seen in Figure 3.1, with the dynamical system and cost
function considered in Example 3.1, motion primitives, corresponding to
boundary conditions that are symmetric with respect to the x-axis, are
symmetric. A further analysis reveals that the same property holds for the
y-axis as well, and that symmetric primitives are characterized by the same
cost.

When for the considered dynamical system and cost criterion stronger
invariance properties hold, like the axis symmetry in Example 3.1, the size
of the database can be further reduced by storing only a few “reference tra-
jectories”, and generating all the others using the invariance transformation.
Figure 3.4 shows an example, referred to the TPBVP considered in Exam-
ple 3.1, where the trajectories represented by the pairs (s0, sf )1, (s0, sf )2,
(s0, sf )3 are characterized by the same cost and can be easily mapped to a
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Figure 3.4: “Reference trajectory” corresponding to (s0, sf ) (red solid line), and sym-
metric trajectories defined by the pair of boundary conditions of (s0, sf )1, (s0, sf )2,
(s0, sf )3, projected on 2D plane.

“reference trajectory” corresponding to the boundary value pair (s0, sf ). In
this case, the size of the database can be further reduced storing only the
“reference trajectory”.

Note that, if the “reference trajectory” technique is applied, it is nec-
essary to augment the FindTrajectory procedure to account for further
geometric transformations such as rotation or flipping. Although apply-
ing transformations does not have a significant effect on the computational
performance, one might still consider this choice as a trade-off between the
memory needed to store the database and the additional computational time
needed for each search in the database.

In order to improve the database seacrh efficiency, a LUT is created
mapping the boundary conditions queried for the optimal trajectory to the
corresponding indexes of the trajectories in the database. For this purpose,
boundary conditions are quantized and a D-dimensional array is created to
carry the proper indexes in the database. Consequently, the search for a
particular index is reduced into extracting the corresponding element from
this D-dimensional array using the quantized boundary conditions as the
subscripts for each dimension. Since the database is created taking π0 as
the null vector, the size of the LUT is smaller with respect to the total
number of boundary conditions, i.e., D = 2d− n, where n is the length of
π0 and d is the size of the search space. For example the database of motion
primitives computed for a 3D state space (Figure 3.1) can be queried using
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a 4D LUT.

3.5 Completeness and Optimality Analysis

In this section, the probabilistic completeness of the algorithm and optimal-
ity of the solution are discussed. Furthermore, some results on how close is
the obtained solution in the discretized state space using motion primitives
to the optimal one in continuum are also provided.

Let Gfree = (VG, EG) be a graph with a fixed set of nodes and edges.
The nodes of the graph correspond to the largest subset of S∆

free such that
for any s ∈ VG there exist at least a sequence of motion primitives that
starts from s0 and reaches s ∈ VG and lies in Sfree. The set of edges, EG
corresponds to a set of motion primitives built as follows: starting from s0

include all the motion primitives, which lie in Sfree and connect s0 to all
possible other states in VG . Then, continue with the same strategy with all
new discovered nodes iteratively until there is no other way of expanding
the graph. Lastly, all the edges created this way form EG .

Similarly to RRT*, RRT∗_MP also generates a tree by extending it to-
wards random samples in Sfree. However unlike the former one, the nodes
and edges added to the tree belong respectively to VG and EG , so that the
obtained tree T is a subgraph of Gfree, i.e., T ⊂ Gfree. Recall that Ti cor-
responds to the tree after i number of iterations and c∆

i is the lowest cost
trajectory represented in the tree Ti.

Following analyses are based on the assumption that the motion plan-
ning problem using the grid representation admits a solution, i.e., there
exist a way of reaching a state in S∆

goal starting from s0 with the available
motion primitives in terms of intermediate nodes of the graph. In other
words, when there exist a sequence of nodes in Gfree that connects the ini-
tial state to the goal region. Assuming that Gfree admits a solution to the
motion planning problem, i.e. VG ∩ S∆

goal 6= ∅, then there exist a sequence

SQ? := {s?0, s?1, . . . , s?k} (3.11)

representing a resolution optimal ∆-trajectory, a minimum cost trajectory
that starts at the initial state s0 and ends in the goal region, i.e., s?k ∈ S∆

goal,
such that ∀s?j ∈ SQ?, s?j ∈ S∆

free and es?j−1,s
?
j
∈ Efree. Let c?∆ denote the

optimal cost of this optimal trajectory, i.e., Cost(→ s?k) = c?∆ which will
be called as the resolution optimal ∆-cost.

Finally, the goal of RRT∗_MP can be reformulated as to generate a tree
that contains the SQ?. Note that, one could in principle apply an exhaustive
search on Gfree. However, this is still an issue due to the combinatorial
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Ai−1 Ai

Bi

Figure 3.5: Attraction sequence defined with the properties: 1) Any point inAi−1 is closer
to any point in Ai than any point outside of Bi 2) There exist motion primitives that
can connect any point in Bi to a point in Ai.

nature of the problem, in particular due to the branching caused by the
dimensionality of the state space and the number of nodes contained in the
graph.

3.5.1 Probabilistic Completeness

Recall that the probabilistic completeness is defined as the probability of
an algorithm to return a feasible solution to the motion planning problem,
if the problem admits such a solution, tending to 1, as the number of itera-
tions, i, reach infinity. This section analyses the probabilistic completeness
of RRT∗_MP in a more general way aligned with the proofs of RRT and
RRT*. However, in the following section we prove this aspect differently,
considering the specific properties of RRT∗_MP .

Let a sequence of sets with finite number of elements, A = {A0, A1,
. . . , Ak} be a sequence of subsets of S∆

free defined as an attraction sequence
[58], where A0 = {s0}, Ak = S∆

goal and the rest of the sequence is defined
as follows

1. For each Ai there exists a basin Bi such that for any x ∈ Ai−1, y ∈ Ai
and z ∈ S∆

free \ Bi in terms of the selected distance metric x is closer
to y than it is to z, i.e., dist(x, y) ≤ dist(x, z);

2. For all x ∈ Bi there exist a motion primitive that can connect x with a
point y ∈ Ai.

Given such a sequence let p denote the lower bound on the probability of
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selecting a random node in a particular Ak, that corresponds to

p = min
i∈{1,2,...,k}

(
|Ai|
|S∆
free|

)

where | . | represents the cardinality of the set.
On condition that an attraction sequence exists, and the motion plan-

ning problem admits a solution, the proof of the following theorem follows
directly from the probabilistic completeness of RRT [58] and RRT* [47].

Theorem 3.1. RRT∗_MP is probabilistically resolution complete. If an at-
traction sequence of length k exists, the probability of not finding a solu-
tion decreases exponentially as the number of iterations, i, increases, i.e.
P(Vi ∩ S∆

goal = ∅) ≤ e−
1
2

(pi−2k)

3.5.2 Optimality of the Solution

In this section the quality of the solution obtained by RRT∗_MP is analyzed
by addressing the following questions:

1. resolution optimality: if there exists a resolution optimal ∆-trajectory
defined as SQ?, is it possible to obtain such a trajectory?

2. asymptotic optimality: how close is the resolution optimal ∆-cost to
the cost of the optimal trajectory, as the grid resolution increases and
the grid converges to the continuous state space?

Assuming that there exists a sequence of nodes starting from s0 and
reach S∆

goal, the following is true for the cost of the trajectory returned by
RRT∗_MP , in comparison to the resolution optimal trajectory represented on
Gfree.

Theorem 3.2. As the number of iterations goes to infinity the cost of the
trajectory returned by RRT∗_MP converges to the resolution optimal ∆-cost
with a probability equal to 1, i.e.,

P
({

lim
i→∞

c∆
i = c?∆

})
= 1.

Moreover, the expected number of iterations required to converge to c?∆ is
upper bounded by k|S∆

free|, where k is the length of an optimal branch of
Gfree.
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Proof. RRT∗_MP returns the resolution optimal solution if it discovers the
optimal sequence, SQ?, defined on Gfree. Assuming that the constant
defining the cost threshold for selecting nearby nodes, γ, is selected large
enough, (e.g. γ can be chosen so that VreachToGo and VreachToCome defined
in (3.8) and (3.9) respectively, contains the BoundingBox(πrand) for n =
|S∆
free|), the algorithm determines an edge e = {s?j−1, s

?
j} in order to extend

the sequence SQ?, in one of the following two ways:

1. if s?j−1 is already a node in the tree, i.e., s?j−1 ∈ Vi, any time s?j is
sampled it is connected to s?j−1 by the FindBestParent procedure. In
fact, thanks to the monotonicity of the cost function, as e = {s∗j−1, s

∗
j}

is part of the optimal sequence, there is no better way of reaching s?j
other than e.

2. if s?j is sampled before s?j−1 and connected to an arbitrary node sprev,
such that s?j ∈ Vi and e = {sprev, s?j} ∈ Ei, the edge e = {s?j−1, s

?
j} is

selected when s?j is re-sampled once the previous part of the sequence
is formed, i.e., ∃{s?0, s?1 . . . s?j−1} , thanks to the UpdateExisting

procedure, as the near nodes of s?j−1 would include s?j , i.e., s?j ∈
NearNodesToGo(s?j−1).

Therefore, two consecutive nodes that belong to the optimal sequence SQ?

will eventually be connected regardless of their sampling order. This means
that obtaining the resolution optimal trajectory can be interpreted as ad-
vancing in the optimal sequence.

This property allows to model the process of determining the sequence
SQ? as an absorbing Markov chain. As a consequence, there is a positive
probability Pj of advancing in the sequence, i.e., moving from s?j−1 to s?j ,
and a probability 1 − Pj of staying at the same state. Considering that the
nodes are sampled i.i.d., the probability of sampling a node from S∆

free can
be seen as a Bernoulli trial, such that each vertex has at least a probability

1
|S∆
free|

of being sampled at each iteration. Hence, in the worst case there

is a probability Pj = 1
|S∆
free|

of advancing in the Markov chain and, since
all states are transient states apart from s?k which is the absorbing state,
the probability that the process is absorbed by s?k tends to 1 as i tends to
infinity [7]. Moreover, for an absorbing Markov chain that is defined in
this way, there is a finite number of expected iterations, k|S∆

free|, before
the process is absorbed, i.e., before RRT∗_MP returns the resolution optimal
solution.

Note that, a third way of advancing in the sequence exits when the
Rewire procedure is used, in that case if s∗j is sampled before s∗j−1 and
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connected to an arbitrary node sprev, the edge e = {s?j−1, s
?
j} is selected

any time s∗j−1 is sampled, thanks to the Rewire procedure. This allows
advancing in the sequence faster than the counterpart.

Clearly, the number of expected iterations increase with the depth of the
solution, k, and the number of states represented on the grid. However,
one advantage of RRT∗_MP is the possibility of obtaining a solution fast and
improving the quality within the allowed computing time.

Corollary 3.1. RRT∗_MP is probabilistically resolution complete, as the
number of iterations goes to infinity the algorithm will return a solution to
the motion planning problem, if there exist one in G∆

free, with a probability
1.

Proof. The same methodology can also be used to prove the probabilistic
completeness of RRT∗_MP , modeling a sequence of nodes starting from s0

and reaching the goal region while every node is connected with its best
parent as a sequence to be discovered. Therefore, similar to the proof of
Theorem 3.2, the probability of discovering this sequence as the number of
iterations goes to infinity is 1.

s

N

RN (s;≤ T )

Figure 3.6: Shape of a STLA dynamic
system. RN (s,≤ T ) is the reach-
able set of states from s and it con-
tains a subset of its neighborhoodN
which has the same dimensionality
as the state space.

The remaining of this section deals
with the relation between the reso-
lution optimal trajectory returned by
RRT∗_MP and the truly optimal trajec-
tory in continuum. In order to sim-
plify such a reasoning, the problem as
given in Section 2.3.2 is assumed to be
without any actuation and path con-
straints. Furthermore, the following
assumptions, regarding the properties
of the dynamical system and the exis-
tence of a solution, are enforced.

Assumption 3.2. The following prop-
erties hold for the dynamical system in
(2.1)

• the system is Small-Time Locally
Attainable (STLA) [21]: A system is STLA from a state s ∈ S if ∀T >
0 the reachable set of states from s in time 0 < t < T , i.e., RN(s,≤
T ), contains a d-dimensional subset of N , where N denote set of
neighborhood states (Figure 3.6).
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• function f(·) representing the system dynamics is Lipschitz continuous
with Lipschitz constant Kf .

• function Cost(.) that assigns a cost to each trajectory is Lipschitz con-
tinuous with Lipschitz constant Kc. Specifically, it is true that given
two trajectories σ(si→sj) and σ(s̃i→s̃j) the cost function satisfies

∣∣Cost(σ(si→sj)) − Cost(σ(s̃i→s̃j))
∣∣ ≤ Kc

∥∥∥∥∥
∣∣∣∣∣ sisj

∣∣∣∣∣−
∣∣∣∣∣ s̃is̃j

∣∣∣∣∣
∥∥∥∥∥

As this thesis is mainly focused on state spaces that are manifolds, the
following assumption is introduced concerning a property of these mani-
folds.

Assumption 3.3. The state space manifold for a system with d number of
states is a subspace of the d-dimensional Euclidean space, Rd, and, there-
fore can be locally treated as Rd.

The above assumptions allow us to make use of Euclidean norms follow-
ing in this section. Such a property is required for state spaces that include
the derivatives of the configuration components, or for systems with config-
uration spaces that are already manifolds. However, the approach presented
here naturally generalizes to state spaces that are already Euclidean.

In order to compare the resolution optimal trajectory returned by RRT∗_MP
with the optimal trajectory in continuum, trajectories whose points are all
away from obstacles by a certain distance are considered. For this reason,
the definition of obstacle clearance of a trajectory, i.e., the minimum dis-
tance between obstacles and points belonging to the trajectory, has to be
introduced.

Definition 3.4 (ε-obstacle clearance). Given a trajectory σ(t), t ∈ [0, T ], if
any ball Bε (σ(t)) of radius ε and centred at any point along σ(t) is strictly
inside Sfree, the ε-obstacle clearance property holds for σ.

Definition 3.5 (ε-free space). Let σ(t) : [0, T ] → Sfree be a trajectory
which has ε-obstacle clearance, the ε-free space along σ is given by

Sσε :=
⋃

t∈[0,T ]

Bε (σ(t))

Then, a set of trajectories that are called to be ε-similar to σ and can be
introduced.
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σ1

ǫ

σ2

Figure 3.7: Covering σ1 with ε-balls it is shown that σ2 is ε-similar to σ1

Definition 3.6 (ε-similarity). Any trajectory σ̃(t) : [0, T̃ ]→ Sfree is said to
be ε-similar to σ if it lies in the Sσε volume, i.e., if

∀t ∈ [0, T̃ ] : σ̃(t) ∈ Sσε
Figure 3.7 shows two ε-similar trajectories. However, having an ε-free
space along a trajectory is not sufficient to guarantee the existence of ε-
similar trajectories, as this existence depends also on the properties of the
dynamical system (2.1). The following definition relates the ε-similarity
with the ε-free space through the system dynamics.

Definition 3.7 (ε-dynamic clearance). Given a trajectory σ(t), where t ∈
[0, T ], consider two time instants t1, t2, with t1 < t2, and the corresponding
states s1 = σ(t1) and s2 = σ(t2). If for any t1 < t2 there exists a set of
states, inside a ball of radius αε, for 0 < α < 1, centered at s2, that are
reachable from s1 without leaving the ε-free space around σ(t), then σ has
ε-dynamic clearance.

Existence of an ε-dynamic clearance is essential for a sampling-based
algorithm to find a solution since it ensures that there are reachable set of
states, characterized as the ones inside a ball of radius αε, that can con-
tribute to obtain ε-similar trajectories.

Let Σε denote all the trajectories that solve the feasible motion plan-
ning problem given in Section 2.3.13 and that have at least ε-obstacle and
dynamic clearance. Let c?ε denote the minimum cost over all Σε which cor-
responds to the ε-optimal trajectory, σ?ε (Figure 3.8). Note that, as ε goes
to zero, i.e., ε → 0, the ε-optimal trajectory converges to the truly optimal
trajectory, σ∗, solving the optimal kinodynamic motion planning problem
defined in Section 2.3.2. Furthermore, the cost of the truly optimal trajec-
tory is denoted as c∗.

3With a slight abuse of the previously introduced formalization, here, the feasible motion planning problem
refers to the problem without any actuation and path constraints
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obstacle

σ
∗

ǫ

ǫ

Figure 3.8: σ?ε is the optimal trajectory with at least ε-obstacle and dynamic clearance.

Due to the discretized nature of RRT∗_MP it is not possible to converge
to the optimal trajectory in continuum, however we are going to show that
RRT∗_MP will eventually generate an ε-similar trajectory, σ∆

ε , to the optimal
trajectory with a particular ε-clearance, σ?ε . Consequently, this result will be
used to show that as the resolution of the grid increases and as ε converges
to zero, the resolution optimal ∆-cost will converge to the truly optimal
cost, i.e., c∗.

Theorem 3.3. Let ε > 0 be a clearance such that the motion planning
problem admits an ε-optimal trajectory, then,

• for a sufficiently fine gridding, Gfree contains an ε-similar trajectory,
σ∆
ε to the ε-optimal one, σ?ε ,

• as the grid resolution increases the resolution optimal ∆-cost, c∗∆,
converges to c∗.

Proof. Let Sσε be the ε-free space around σ?ε . Since by definition σ?ε has
ε-dynamic clearance, a set of states contained in a ball of radius αε that are
reachable from any s ∈ σ?ε without leaving Sσε can be determined. There-
fore one can define a sequence of balls, {Bδ (sm)}, for m = 0, 1, . . .M−1,
characterized by a radius δ and a center determined in such a way that Cost
(σsm→sm+1) = l (Figure 3.9).

From Assumption 3.2, in particular from the Lipschitz continuity of the
system dynamics, it follows that a sequence of balls, {Bδ (sm)}, of radius

δ =
αε

2Kf
(3.12)
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σ
∗

ǫ

σ
∆
ǫ

l

ǫ
δ

m

~s

sm+1

~sm+1

Figure 3.9: Tiling σ?ε with δ balls, such that each consecutive center is l away. The ε-
similar trajectory that passes through these δ balls lies in the ε-free space along σ?ε

.

exists4, such that any state within Bδ (sm) can be attracted to Bδ (sm+1)
(see [51]), and any such trajectory would be in Bε (sm). Therefore, tiling
σ?ε with balls of radius δ a sequence is created so that, if RRT∗_MP samples
within this sequence of balls it generates an ε-similar trajectory to the ε-
optimal one.

Since any node sampled within Bδ (sm+1) can be connected to Bδ (sm)
and assuming that the discretization is fine enough so that none of the
Bδ (sm) are empty, there exist a sequence of nodes represented in Gfree,
connecting s0 with a node in the goal region. Therefore, if RRT∗_MP discov-
ers this sequence, it will generate an ε-similar trajectory to the ε-optimal
one.

Consequently, similar to the proof of Theorem 3.2, since by assuming
the existence of such a ball sequence, if s̃m is a node in the tree, once s̃m+1

is sampled, it will be connected to s̃m. Lastly, when the goal node, s̃M−1 is
reached, the process will be absorbed and as the number of iterations goes
to infinity RRT∗_MP will generate such a sequence with probability 1. Thus,
it will eventually generate an ε-similar trajectory to the ε-optimal one.

Assume that the discretization is small enough to allow generating an
ε-similar trajectory to the ε-optimal one, then, the relation between the cost
of this ε-similar trajectory, c∆

ε and the cost of the ε-optimal trajectory, c?ε
can be established.

The cost of the σ?ε can be defined as the sum of the costs of the trajecto-
4Without loss of generality it is assumed that Kf ≥ 1.
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ries connecting consecutive Bδ (sm) balls, i.e.:

c?ε =
M−1∑
m=0

Cost(σsm→sm+1) (3.13)

and similarly the cost of the σ∆
ε is

c∆
ε =

M−1∑
m=0

Cost(σs̃m→s̃m+1). (3.14)

where c∆
ε is the cost of ε-similar trajectory. Subtracting (3.13) from (3.14),

the difference can be written as:

c∆
ε − c∗ε =

M−1∑
m=0

(
Cost(σs̃m→s̃m+1)− Cost(σsm→sm+1)

)
(3.15)

By the Lipschitz continuity of the cost function given in Assumption 3.2 it
follows that

c∆
ε − c∗ε =

M−1∑
m=0

Kcδ (3.16)

where Kc is the Lipschitz constant for the cost function. Therefore:

c∆
ε ≤ c∗ε +KcMδ (3.17)

Finally, considering that the maximum number of balls for a particular ε-
ball sequence can be upper bounded by

M ≤ c∗ε
l

from (3.17) it follows that

c∆
ε ≤

(
1 +
Kcδ
l

)
c∗ε (3.18)

Finally, recall from (3.12) that δ is a function of ε then,

c∆
ε ≤

(
1 +
Kc α ε
2Kf l

)
c∗ε (3.19)

which shows that the cost of the ε-similar trajectory for a specific gridding
is upper bounded by the cost of the ε-optimal trajectory and the ε-clearance.
Finally, since by Theorem 3.2, as i→∞, RRT∗_MP will eventually generate
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a resolution optimal ∆-trajectory with a cost c?∆ and since it is the cost
of the resolution optimal ∆-trajectory, which corresponds to the optimal
trajectory that can be obtained given a particular discretization, then it is
also true that

c?∆ ≤ c∆
ε (3.20)

≤
(

1 +
Kc α ε
2Kf l

)
c∗ε (3.21)

which also provides an upper bound on the resolution optimal ∆-cost.
Lastly, as Kf and Kc are constants and l is fixed and by the assumption

on the ε-dynamic clearance such that there exist an α for any ε, one can
pick a gridding such that as the resolution of the grid increases and goes to
infinity the ε can converge to zero. Then, as ε goes to zero the resolution
optimal ∆ cost will converge to the cost of the ε-optimal trajectory, i.e.,

lim
ε→0

c?∆ = c∗ (3.22)

where c∗ is the cost of the ε-optimal trajectory when ε is zero, i.e., cost of
the truly optimal trajectory.

Theorem 3.3 states that the asymptotic optimality is reached when the
number nodes in Gfree goes to infinity, i.e., when the uniform gridding con-
verges to the continuous state space. In that case as the number of iterations
goes to infinity the cost of trajectory returned by RRT∗_MP will converge
to the cost of the optimal trajectory. Furthermore, it establishes an upper
bound as a function of ε-optimal trajectory and the ε-clearance such that
as the grid resolution increases the upper bound on the resolution optimal
∆-cost will decrease. This owes to the fact that, as the grid resolution gets
finer, there exist ε-similar trajectories to the ε-optimal one represented in
Gfree for smaller values of ε, guaranteeing that none of the balls tiling the
optimal trajectory is empty. However, as seen from Theorem 3.2, as the
number of discrete states increase RRT∗_MP will take more iterations to re-
turn the resolution optimal ∆-trajectory. Therefore, depending on the prob-
lem at hand, one should make the best compromise between the computing
time (and size of the database) and the performance in terms of cost.

3.6 Numerical Example

In this section a numerical example is presented to show the effectiveness
of the proposed algorithm.
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3.6.1 Unicycle

A 4D state-space (x, y, θ, v) representing a unicycle like vehicle moving on
a planar surface is considered. The vehicle is described by the following
dynamics 

ẋ(t) = v(t) cos θ(t)

ẏ(t) = v(t) sin θ(t)

θ̇(t) = w(t)

v̇(t) = a(t)

(3.23)

where the (x, y) is the position of the vehicle and θ the orientation with
respect to a global frame, v and w are the linear and angular velocity, re-
spectively. The control input is given by u = [w, a]T , where a is the linear
acceleration.

In order to obtain a database, the motion primitives are computed for
pairs of initial and final states, s0 = [0, 0, θ0, v0] and sf = [xf , yf , θf , vf ].
For each pair s0 and sf a trajectory is precomputed solving the TPBVP by
minimizing the cost function

J(u, τ) =

tf∫
0

[
1 + u(t)TRu(t)

]
dt

that minimizes the total time of the trajectory, tf , at the same time penaliz-
ing the total actuation effort using the weights given by R. The differential
constraints representing the system dynamics are taken as in (3.23).

3.6.2 Results and Discussions

The test environment is bounded by x ∈ [0, 13] m, and y ∈ [0, 10.25] m.
The other states are bounded as θ ∈ [0, 2π] rad and v ∈ [0, 4] m/s. The con-
trol variables a and w are equally penalized using R = 0.5I2, and bounded
as a ∈ [−3, 3] m/s2, w ∈ [−3, 3] rad/s.

In order to solve the TPBVPs, MATLAB toolbox GPOPS [72], a non-
linear optimization tool based on the Gauss pseudo-spectral collocation
method, was used.

Three different databases with different gridding properties have been
considered. For all of them the initial states have the same position
(x0, y0) = (0, 0). The first database is based on a low resolution uniform
square grid (Figure 3.10a), where (xf , yf ) ∈ [−2, 0)∪(0, 2]×[−2, 0)∪(0, 2]
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(a) Square gridding with low res-
olution
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(b) Square gridding with fine res-
olution
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(c) Diamond gridding with fine
resolution

Figure 3.10: Different samplings for the database generation. Red arrows represent the
initial headings and velocities, blue arrows are the final ones. Different arrow sizes
correspond to different velocities. The database contains a reference trajectory from
each initial state (red) to every final grid point (blue).

and each cell has a size of one meter. The initial orientation, θ0 is selected
among three values {0, π/4, π/2} rad, the final orientation θf can take 8
equally spaced values in the range [0, 2π) rad. For the initial and final ve-
locities, v0 and vf , a minimum and a maximum velocity of 1 m/s and 4 m/s
are considered.

The second database is based on a fine resolution uniform square grid
(Figure 3.10b), where (xf , yf ) ∈ [−2, 0)∪ (0, 2]× [−2, 0)∪ (0, 2] and each
square cell has a size of half a meter. The initial and final orientations can
take 24 equally spaced values in the range [0, 2π) rad. The initial and final
velocities are selected among 5 equally spaced values in the range [0, 4] m/s.

Finally, the third database is based on a uniform diamond grid (Figure
3.10c), characterised by the same initial and final states as the previous one,
plus some additional final states at (xf , yf ) ∈ [−1.75, 1.75]× [−1.75, 1.75]
with a discretization step of half a meter in each direction. These additional
states are characterized by the same orientation and velocity as the rest of
the database.

Simulations are performed on an IntelCore i7 @2.40 GHz personal com-
puter with 8GB RAM and the algorithm is implemented in MATLAB. For a
virtual indoor environment the vehicle has an initial state s0 = [1, 0, π/2, 0],
and the goal area is defined as a 0.5m square centered at (9, 11). It is also
considered that the vehicle should stop at the end of the trajectory, i.e.,
vf = 0m/s. Figures (3.11-3.13) show the trees built and the correspond-
ing optimal trajectories obtained for various cardinalities. The first obtained
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Table 3.1: Number of vertices in the state space grid obtained by applying different reso-
lutions together with the branching factor introduced by each of the vertex represented
in the corresponding grid (only the minimum and the maximum are shown). Square
gridding with low resolution (LR), square gridding with fine resolution (FR), diamond
gridding with fine resolution (DR).

Type of the grid Number of vertices in the grid Branching factor
min max

LR 2,460 370 324
FR 68,000 7,300 9,100
DR 131,000 12,000 15,000

solutions, the first trajectory that reaches the goal region for each discretiza-
tion strategy, are also shown.

In order to state the impact of the resolution to the size of the search
space, the number5 of vertices of the grid used for each database resolution
is shown in Table 3.1. Moreover the minimum and the maximum branch-
ing factors, i.e., number of neighbors that each vertex is connected to, are
also provided. This highlights the issue in the combinatorial nature of the
problem of explicitly building the graph of motion primitives and applying
a graph search.

Figure 3.14 shows the velocity and the actuation profiles for the opti-
mal trajectories given in Figure 3.11(d) and Figures 3.12-3.13(f), clearly
demonstrating that the velocity constraint and bounds on actuation (w, a)
are satisfied. Note that the velocity profile that corresponds to the coarse
resolution square gridding exhibits a jerky acceleration behaviour, due to
the fact that the velocity at each node is constrained to be exactly one of the
values in the database. This demonstrates that the velocity discretization
step has to be accurately selected if a smoother velocity profile is required.

The same planning problem has been solved for 10 independent simu-
lation runs. Figure 3.15 shows the average cost evolutions related to the
low resolution, fine resolution and diamond gridding, as the number of it-
erations increases. As expected, the cost reduces increasing the number of
iterations, and converges to the resolution optimal ∆-cost: once this mini-
mum is achieved the solution will not further improve.
As can be easily seen, motion primitives computed using a denser grid pro-
vide lower cost plans. Moreover, the resolution optimal ∆-cost achieved
using the fine resolution square and diamond grids are similar, demonstrat-

5The numbers are rounded to 3 significant digits.
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Figure 3.11: Simulation results using an indoor map and square gridding with low reso-
lution for various number of iterations including the first solution. Blue lines represent
the edges connecting the vertices of the tree (orange). Red color represents the lowest
cost trajectory. Magenta area is the goal region while green area marks the initial state
of the vehicle.
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Figure 3.12: Simulation results using an indoor map and square gridding with fine reso-
lution for various number of iterations.
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Figure 3.13: Simulation results using an indoor map and diamond gridding with fine
resolution for various number of iterations.
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Figure 3.14: Linear velocity and actuation profiles for the optimal trajectories in Figure
3.11(d)(pink line) and Figures 3.12-3.13(f)(blue and green lines respectively). Red
lines show the velocity and actuation limits.
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Figure 3.15: Average costs of 10 random simulations run for each different search space
discretization, low resolution square grid(LR), fine resolution square grid(FR) and fine
resolution diamond gridding(DR).

ing that the choice of the discretization step is strictly related to the specific
problem. Finally, it is worth mentioning that as the resolution of the grid
increases, the cardinality of S∆

free increases as well, slowing down the con-
vergence to the resolution optimal ∆-cost. Considering this aspect, a com-
bined approach can be used that starts exploring a lower resolution gridding
which is a subset of the actual one and then refines the solution with a fine
resolution database.

Figure 3.16 shows the cost evolution for different discretization proper-
ties and with different information propagation. For both types of gridding
the cost of the trajectory returned by the algorithm reduces over the course
of planning. However, as it is clearly visible from the low resolution dis-
cretization there exists a resolution optimal trajectory that can be reached
in a finite number of iterations, therefore once this limit is reached the tree
will not be updated. Due to the lower number of states in the sampling set,
low resolution discretization converges to the resolution optimal trajectory
faster than using finer gridding. As expected, the cost of this trajectory is
higher than the one returned when a finer resolution is used.

As highlighted before in (3.10) for the same discrete state space, the
rewiring option allows the cost to reduce faster since every change in the
tree is communicated to a set of neighbors. In other words the cost of
the trajectory returned by the algorithm after the same number of itera-
tions is lower when the Rewire procedure is used, hence the optimal cost
is reached in a lower number of iterations. However, as the Figure 3.17
illustrates higher number of iterations do not express the elapsed time to
reach a particular iteration since RRT∗_MP with rewiring requires more time
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Figure 3.16: Average cost of the best trajectory as a function of iterations for different
discretizations and with/without the use of rewiring procedure.
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Figure 3.17: Average time taken to arrive a particular iteration for different discretization
approaches with/without the use of rewiring procedure.

per iteration. The computation time increases logarithmically with the tree
cardinality, the reason behind is the number nearby nodes to be checked.
Clearly, a low resolution state space would result in lower number of neigh-
bors to check connections.

Figure 3.18 shows the tree cardinality as a function of iterations. Since
the algorithm does not generate new nodes, once the maximum number of
nodes for the low resolution square gridding is reached, the cardinality does
not increase. This is also the reason for the linear computation time pro-
files that correspond to a low resolution square gridding, since the number
of neighbors do not change after all the nodes are added to the tree, the
computation time increases linear as a function of iterations.

Finally, it is worth mentioning that the resulting computation time is
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Figure 3.18: Average tree cardinality as a function of number of iterations for different
discretization approaches with/without the use of rewiring procedure..

promising, even for online replanning in the case of dynamic and partially
known environments. Code optimization and a C/C++ implementation can
be considered for a further speed up.

3.7 Conclusion

This section discussed the randomized sampling based approaches to the
motion planning problem with kinodynamic constraints and elaborated on
the approach based on motion primitives to contribute to the framework of
optimal sampling based algorithms. The key elements that affect the per-
formance of a sampling based algorithms are identified as the selection of
a good distance metric and a computationally efficient steering function.
Proposed method simplifies the solution of TPBVPs into a LUT improving
the performance of the algorithm by introducing an efficient steering func-
tion and the possibility to use the exact metric for selecting the neighbors.
The algorithm is applicable for virtually any differentially constrained dy-
namic system with bounds on actuation. It is also worth to mention that,
proposed approach can also function using a set of experimentally driven
motion primitives as long as some assumptions on the systems dynamics
can be made, removing the dependency on having the exact model of the
system.
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CHAPTER4
Planning with Homotopy Class Constraints

Planning with topology constraints has gained an increasing attention in the
recent years. Other than obtaining a collision free trajectory that minimizes
a selected objective, one might be interested in how the resulting trajectory
avoids the obstacles. This interest a number of fields in the robotics and
autonomous vehicle applications, ranging from avoiding dangerous zones,
coordinating multiple agents for better exploration and following rules on
how to avoid obstacles. Furthermore, other than imposing certain rules
about how to avoid the obstacles, it is also possible to use the topology
information for obtaining a number of distinct good trajectories or for de-
composing the otherwise complex trajectory generation problem.

Motivated with these examples, this chapter explores the planning ap-
proaches that take into account also the specific topology of the environ-
ment. In particular, it explains the basic concepts of homotopy in the con-
text of motion planning formalizing the correspondence between a set of
trajectories and the topology of the environment. Consequently, the sys-
tematic generation of homotopy class constraints and a selection of distinct
promising classes of trajectories are discussed. Finally, an exact optimal
motion planner that is based on optimal control and homotopy class con-
straints is proposed. Moreover, the sampling-based method proposed in the
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(a) A set of homotopic trajectories.

s0

sf

(b) A set of distinct local optimal
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Figure 4.1: Topology information on motion planning.

previous chapter is enhanced with homotopy awareness.

4.1 Homotopy in Motion Planning

The trajectories that avoid the obstacles in a similar manner are called ho-
motopic trajectories, in other words, the homotopic trajectories can be de-
formed into each other without intersecting with the obstacles (Figure 4.1a).

Let P denote the Cartesian space that the vehicle operates, such that
P ⊂ R(2,3). Let τ(λ) : [0, 1]→ P where ∀λ ∈ [0, 1] be the geometric path
that corresponds to the trajectory σ(t) with a final time T , i.e., ∀t ∈ [0, T ],
then the following definition explains the homotopic trajectories.

Definition 4.1 (Homotopic trajectories). Two trajectories σ and σ′ having
the same initial and final positions, π0 and πf respectively, i.e., τ(0) =
τ ′(0) = π0 and τ(1) = τ ′(1) = πf are homotopic if there exists a continu-
ous mapping ψ : [0, 1]× [0, 1]→ P that can deform τ to τ ′.

The set of all trajectories that share the same initial and final positions
define a class of trajectories that avoid the obstacles in the same way and
they are called a homotopy class of trajectories.

Definition 4.2 (Homotopy class). A homotopy class is a set of trajectories,
ΣH, that have the same initial and final positions, and the corresponding
geometric paths can be deformed to each other using a continuous mapping
function.

Finally, it is possible to say that two trajectories belong to distinct ho-
motopy classes if the mapping from one to another intersects with obstacles
(Figure 4.1b) or informally when they avoid the obstacles differently.
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The role of homotopy has been studied in motion planning for a long
time, early works particularly focusing on finding the shortest path in a
given homotopy class [18, 26]. However, these algorithms consider only
the case when a desired homotopy class is preliminarily known. Without
having the topology information, even though the states that result in colli-
sions are avoided the planners do not provide any information on how they
are avoided. Furthermore, if one is interested in obtaining a set of good
trajectories, the algorithm would return rather similar solutions. Therefore,
some research has been done on exploring the proper topology of the en-
vironment and in particular returning a set of distinct good solutions that
avoid the obstacles in a different manner (Figure 4.1). Most work falling
into this class augment the path search with homotopy awareness and fol-
low a coupled approach. In other words, the distinct homotopy classes are
identified over the course of planning. The main idea is to represent the en-
vironment in an abstract form and obtain a graph representation, after which
the graph is traversed to obtain a number of distinct paths in line with a ho-
motopy class invariant. Some approaches such as Shiller et.al.’s [85] focus
on generating the shortest path and initiating a new search with a topo-
logical constraint such that the consecutive shortest paths belong to differ-
ent homotopy classes. Others, use Voronoi cells [5, 52] and apply a graph
search to find distinct ways of reaching from an initial cell to a final one.
However, these algorithms require all possible paths to be explored before
returning the k-best solutions. Bhattacharya et.al. [9] proposed a method
for capturing the topology information in search based planning using an
arbitrary graph representation. In particular they applied A* search [73]
while computing a class invariant signature based on Complex Analysis,
named H−signature. The algorithm returns k-best paths that belong to
distinct homotopy classes, which also means that the algorithm has to com-
pute a number of short paths until a k-number of homotopically distinct
ones are found. Consequently, adopting some theorems from electromag-
netism in [10], they have enhanced this class invariant to apply also high
dimensional configuration spaces.

In order to decouple the aforementioned problem, and to reduce the
number of homotopy classes to be explored, some recent approaches focus
on identifying the homotopy classes first, and then computing the best path
in the identified classes. Hernandez et. al. [37] have improved the reference
frame method [44] and captured the homotopy information by selecting a
reference point and partitioning the search space by extending rays from
this point to the centers of the obstacles. While proposing a systematic way
of obtaining a set of homotopy class constraints, they have also augmented
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a number of well-known path planning algorithms, namely H-RRT, H-Bug
and H-A*, to plan within the given set of topological restrictions, which
would correspond to k-distinct good paths at the end.

All the motion planners that are identified previously as topology-aware
have considered the path planning problem or included the dynamics as
interpolating the path points with polynomials (e.g. [52]). Gu et. al. [36]
propose a sampling-based planner for autonomous navigation that can rea-
son about the topology of the environment while generating dynamically
feasible trajectories. In particular, they have used a similar method to [10]
and defined a pseudo-homotopy that does not require trajectories to be co-
terminal. The planner is then applied to discover different maneuver pos-
sibilities for an autonomous vehicle. In that sense, their work is more as-
sociated with the coupled approach of simultaneous planning and topology
identification.

As it has also been highlighted in the previous chapters, most motion
planners in literature are based on sampling-based approaches, owing to
their performance in high dimensional spaces and an efficiency in handling
obstacles. However, for state spaces that can be represented in a reduced
number of states in order to capture collisions, exact approaches can also
provide practical ways of solving the problem [71]. Motion planning for
mobile robots and autonomous vehicles set a good example for this type,
since the projection of the state space onto a 2D plane is enough to capture
the collision information. There has been some research on computing the
optimal trajectory based on a coarse initial guess, such as CHOMP [78],
which is a trajectory optimization algorithm, robust to an initial guess.
Nonetheless, since it is gradient based, it can only converge to the optimal
trajectory in the homotopy class that it is initiated in due to the discontinu-
ities introduced by the obstacles.

Following the decoupled approach of identifying the homotopy classes
first and then solving for the best path, some recent work have also focused
on kinodynamic planning with homotopy class constraints. These aim to
enhance trajectory generation with homotopy belonging and to explicitly
impose the constraints introduced by the obstacles in terms of spatial con-
straints. For an intelligent co-pilot, Anderson et.al. in [2], apply triangu-
lation and obtain the topology information in graph form. The resulting
problem is solved using Quadratic Programming (QP) in Model Predictive
Control (MPC) framework. Park et. al. [71] achieve the homotopy classes
by means of cell sequences and use Mixed Integer Quadratic Programming
(MIQP) to compute trajectories that follow the cell sequence and avoid the
obstacles. The homotopic motion planning approach presented in this chap-
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ter is in line with these methods. In particular, the idea is to select a set of
promising homotopy classes that can be imposed during the trajectory gen-
eration phase as a set of spatial constraints.

One of the contributions of this thesis to the existing algorithms that
are in line with the approaches proposed here is the selection of homotopy
classes, which allows to avoid the problems that can lead to higher cost
trajectories by preliminarily selecting a number of promising ones. Fur-
thermore, the proposed multiple phase Optimal Control Problem (OCP)
formalization of the homotopic trajectory generation problem enables us to
address a larger variety of dynamic systems without introducing any integer
constraints, since the latter case corresponds to a more complex problem.

Finally, the algorithm proposed in the previous section is augmented
with homotopy awareness. This strategy is different than the approaches
that use a sampling-based planner (e.g. [37]) within the homotopy context,
since it preliminarily selects a set of homotopy classes to guide the tree
expansion other than exploring the whole search space and identifying dif-
ferent classes over the course of planning. This enables to eliminate the
exploration of unpromising or dangerous zones, to parallelize the search by
dividing the problem into distinct homotopy classes and to use a informed
sampling based on the particular topology of the homotopy class to improve
convergence.

4.2 Homotopy Aware Motion Planning Problem

Due to scope of thesis focusing on development of planning algorithms for
mobile robots and autonomous vehicles, the environment that the vehicle
operates in is assumed to be planar. Therefore, the following assumption is
made about the dimensions of the workspace that allows us to generate a
set of geometric constraints used over the course of trajectory generation.

Assumption 4.1. Obstacles can be represented in 2D space and any infor-
mation about collision and obstacle avoidance can be retrieved using the
projection of the vehicle state space onto this 2D plane.

Let P ⊂ R2 define the 2D plane that the vehicle operates and Pobs ⊂ R2

is the obstacle region. Consequently, the obstacle-free region is defined as
Pfree := P \Pobs. Let µ : S → R2 be a transformation that maps a state to
its position in this 2D plane. Finally, the free state space, Sfree, is defined
as the set of states that can be mapped to Pfree, i.e., Sfree := {s ∈ S |
µ(s) ∈ Pfree}.
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The first part of the problem is dedicated to the systematic generation of
distinct homotopy classes. For this purpose, the environment is partitioned
and the topology information is obtained in the form of a graph. This in-
formation is then used to compute a class invariant such that, based on the
geometry of the corresponding path, it should allow us to determine the
homotopy class it belongs. Furthermore, such a class invariant can be im-
posed in the second part of the problem, while generating trajectories, to
restrict the obstacle avoidance part of the trajectory.

Recalling the definitions of homotopic trajectories and homotopy class,
it is possible to formalize the homotopy-aware motion planning problem.
The following definition, assumes that the homotopy class the planner
should return solutions in is preliminarily known. In other words, homo-
topy classes and their class invariant have been identified in the first part
and a set of them is selected for trajectory generation. Therefore, the main
goal in this part is to constrain the trajectories to avoid the obstacles in a
desired manner.

Definition 4.3 (Homotopic kinodynamic planning). The optimal kinody-
namic motion planning problem with homotopy class constraints is then
formalized as finding an optimal duration, [0, T ∗] and a feasible trajectory,
σ∗(t) : [0, T ∗] → S from a set of states and controls of a dynamic system
over [0, T ∗], i.e., s∗(t) : [0, T ∗]→ S and u∗(t) : [0, T ∗]→ U , such that the
trajectory

• starts from an initial state σ(0) = s0;

• avoids collisions with obstacles, i.e., σ(t) ∈ Sfree ∀t ≤ T ∗;

• fulfills the actuation bounds, i.e., u(t) ∈ Ufree ∀t ≤ T ∗;

• reaches the goal region, i.e., σ(T ∗) ∈ Sgoal, where Sgoal is the goal
region;

• minimizes an objective function defined as in (2.2);

• belongs to the desired homotopy class, i.e., σ∗ ∈ ΣH, where ΣH de-
note the set of all trajectories that belong to the desired homotopy
class.

Finally, the overall homotopy aware kinodynamic planning problem ad-
dressed here implies three distinct steps;

• first, given the representation of the obstacles in the 2D plane, identify
distinct homotopy classes and select a number of promising ones,
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• second, solve the homotopic kinodynamic planning problem given in
Definition 4.3 for each one of the homotopy classes,

• finally, exploring a set of homotopy classes find the trajectory with the
lowest cost.

The following sections explain the decomposition of the space and com-
puting the corresponding homotopy class invariant. Consequently, different
approaches are taken to solve the homotopy aware planning problem.

4.3 Homotopy Class Identification

Identifying distinct homotopy classes is the first step of planning with ho-
motopy class constraints. In order to ensure that the resulting trajectory
carries the class invariant characteristics of the desired homotopy class, it is
necessary to determine these characteristics first. Hence, it is necessary to
have the topology information and compute a class invariant that can then
be used to impose specific topological constraints to the generated trajec-
tory.

The topology of an environment can easily be defined as a union of
partitions and the information of how they are connected. Thus, the first
part of homotopy class identification refers to partitioning of the free space
and obtaining the connectivity information. Consequently, the second part
is dedicated to the finding of a specific set of partitions and how they are
connected. They can serve as a class invariant to trajectories which avoid
the obstacles in the same manner.

4.3.1 Partitioning of the Search Space

The basis for identifying distinct homotopy classes lies in partitioning the
environment. Most methods identified before capturing the topology of
the environment, such as reference frame methods or Voronoi cells, do not
provide any information about the exact geometric constraints imposed by
the obstacles. On the other hand, assuming polygonal obstacles or their
polygonal approximations, convex cell decomposition gives out the exact
geometric constraints.

One of the aims of this chapter is to generate a trajectory optimization
technique that solves the homotopic kinodynamic motion planning prob-
lem, which corresponds to the class of exact planners in the motion plan-
ning terminology. Therefore, it is essential to have a set of spatial con-
straints that represent the geometry of the environment. In order to decou-
ple the homotopy class identification and trajectory generation problems,
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and to obtain the exact geometric constraints, the partitioning technique
adopted in this thesis is based on convex cell decomposition.

Definition 4.4 (Convex cell decomposition [56]). A convex polygonal de-
composition is a finite collection of convex polygons, ci ∈ C, where each
convex polygon ci is called a cell, such that the union of the cells is equal to
the closed interior of the obstacle free region, i.e.,

⋃
{ci ∈ C} = cl(Pfree).

Once the space is decomposed into convex cells, it is crucial to reason
about the connectivity of this decomposition. Therefore, the following def-
inition establishes the relation between these cells in terms of an adjacency
graph.

Definition 4.5 (Adjacency graph [56]). Two cells c and c′ are connected if
c∩ c′ is a line segment of non-zero length. The associated adjacency graph
is formed as a non-directed graph G such that;

• Each cell corresponds to a node in G

• Two nodes are connected by an edge if the corresponding cells are
adjacent.

An optimal convex decomposition of a polygonal space is identified
in [65] and found to be NP-hard to compute due to the holes introduced by
the obstacles. Therefore, a non-optimal -yet very efficient- method, named
trapezoidal decomposition [19], is proposed. Nevertheless, having an opti-
mal decomposition is not important for our case.

The idea of trapezoidal decomposition is to partition the Pfree into a set
of convex cells {ci}, by extending rays from each of the vertex that define
the polygonal obstacle region. Let VP denote the set of vertices that cor-
respond to the vertices of Pobs. Then, the decomposition is accomplished
by extending rays from each vp ∈ VP upward and downward until they hit
Pobs. The resulting cells are either trapezoids or triangles.

Once the convex decomposition is obtained, the adjacency information
is stored in a graph structure (Figure 4.2). The undirected graph, G =
(VC , EC) is computed as in the Definition 4.5, where VC refers to the nodes
that correspond to the cells and EC represent the edges. Let Bi,j denote
the line segment that represent the boundary between two cells, i.e., Bi,j =
ci ∩ cj . Then, two nodes ci and cj are connected with an edge, e = {ci, cj}
if the corresponding boundary, Bi,j , has non-zero length.

Assuming that the initial and final positions, π0 and πf respectively, lie
strictly inside the cells but not on the boundaries, a cell for each can be
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Figure 4.2: Left: Trapezoidal decomposition and resulting convex cells, purple and or-
ange marks are the initial and the goal positions of the robot. Right: (Top) The adja-
cency graph that carries the topological information about the environment, root and
the end nodes are marked purple and orange respectively corresponding to the cells
that contain the initial and the goal positions of the robot. (Bottom) Two example
homotopy classes as cell sequences connecting the initial configuration to the goal.

assigned as the initial and final nodes in the graph, c0 and cf , respectively.
Once the initial and final nodes are determined, the topology information
of the corresponding homotopy classes can be computed in terms of cell
sequences, i.e. CS = {c0 → c1 → · · · → cf}, using a graph search on
the adjacency graph. However, searching an undirected graph results in
infinite number of cell sequences from the initial node to end. Therefore, it
is essential to establish a rule to limit the selected cell sequences to a certain
number of promising ones.

4.3.2 Cell Sequence Selection

Once the adjacency graph, G = (VC , EC), is constructed, it should be tra-
versed to obtain a set of cell sequences from an initial node to a final one,
such that these cell-sequences can be used to solve the homotopic kinody-
namic planning problem. However, before explaining the specific method
applied for selecting cell sequences to generate a sequence of geometric
constraints, the relation between the cell sequence and the corresponding
homotopy class of trajectories should be established.

Recall that τ(λ) is the geometric path which corresponds to the trajec-
tory σ(t), furthermore denote the set of independent variables λ as Λ =
{λi} where 0 ≤ λi ≤ 1. Then, there exist a convex cell, ci, such that for
λ ∈ (λi−1, λi) the path τ(λ) is confined in ci. Note that for λ = λi−1 and
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Figure 4.3: (a) Two trajectories having different cell sequences that can be reduced into
the same canonical representation. (b) The polygon that corresponds to the cell se-
quence {c0 → c2 → c3 → c5 → c4}. (c) The polygon that corresponds to the union of
two distinct loopless cell sequences {c0 → c2 → c3 → c5 → c4} and {c0 → c1 → c4}
has a hole.

λ = λi the trajectory intersects the boundaries shared with ci−1 and ci+1,
i.e. τ(λi−1) ∈ B(i−1,i) and τ(λi) ∈ B(i,i+1). Therefore, similar to that, it is
possible to define a sequence of cells CS = {c0 → c1 · · · → cf} that fully
contains τ(λ).

Remark 4.1. Using a trapezoidal cell decomposition, each cell has two sets
of boundaries, the first two boundaries are shared with the obstacles and
the other two (or one if the corresponding cell is a triangle) are the bound-
aries with the adjacent cells. Note that if the environment is bounded, the
bounding frame correspond to an obstacle. If not, one can assume that the
obstacle boundaries in that case are formed at the infinity. In other words,
there are no shared boundaries between cells other than the ones generated
by the rays.

The canonical representation of a cell sequence is its basic represen-
tation after eliminating the repetitive subsequences. For example, for the
two trajectories shown in Figure 4.3a with their corresponding cell se-
quences, CS1 = {c0 → c2 → c3 → c5 → c4} (blue) and CS2 =
{c0 → c2 → c3 → c5 → c3 → c5 → c4} (red), the canonical repre-
sentations can be computed by eliminating the repetitions. Since CS1 does
not have any repetitive subsequences it is already in its canonical repre-
sentation, while CS2 can be reduced to its canonical representation such
that; CScan2 := {c0 → c2 → ��c3 → ��c5 → c3 → c5 → c4}. Finally, both
trajectories share the same canonical representation.

The analysis on one-to-one correspondence between loopless cell se-
quences and homotopy classes are also provided in [71]. Here we extend
that correspondence to define a polygonal region composed of convex cells
that can be used to impose the specific characteristics of a homotopy class,
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rather than a specific cell sequence. In other words, we enlarge the defi-
nition to include more trajectories belonging in the same homotopy class.
Assuming that the environment is decomposed using trapezoidal decompo-
sition or any other that method that generates at least two boundaries with
obstacles for each convex cell, then the following proposition establishes
the relationship between the polygonal region formed by the loopless cell
sequence and the corresponding homotopy class.

Proposition 4.1. The set of all trajectories with the same initial and final
positions and that share the same canonical representation which corre-
sponds to a loopless cell sequence are homotopic.

Proof. Let P ′ denote the region defined as the union of the cells in a loop-
less cell sequence CS , i.e. P ′ =

⋃
{ci ∈ CS}. Denote Poly as the polygon

obtained as the union of convex cells. Since the cell sequence does not have
any loops it does not encircle any obstacles, then the interior of Poly does
not have any holes (Figure 4.3b). This means that the space confined in the
outer boundary of Poly, i.e., the interior, is equal to P ′. By definition, it is
true that P ′ ⊂ Pfree. Therefore, the set of all the trajectories Σ′ that can
be projected to a set of geometric paths T ′ with the same initial and final
positions, such that ∀τ ′ ∈ T ′ and τ ′(λ) ∈ P ′ for λ ∈ [0, 1], then there exist
a continuous mapping ψ : [0, 1]× [0, 1]→ P ′ that can deform any τ ′i ∈ T ′
to any other τ ′j ∈ T ′.

Note that, the above proposition refers to a region that can be used as
a reference for a set of trajectories belonging to the same homotopy class,
but it is not restricted to the one-to-one correspondence between a trajec-
tory and its corresponding cell sequence. This means that the set of all
trajectories that can be mapped to the same polygonal area defined as the
union of cells in a loopless cell sequence - in other words, the set of tra-
jectories whose geometric path correspond to a loopless cell sequence in
its canonical form - are homotopic if they share the same initial and final
position.

Proposition 4.2. Two different sets of trajectories that correspond to two
different loopless cell sequences as their canonical representation represent
two distinct homotopy classes.

Proof. Similar to the proof of Proposition 4.1 let P1 and P2 denote the free
space obtained as the union of convex cells in loopless cell sequences CS1

and CS2. Since two cell sequences are loopless and different, there exists
at least one cell in CS1 that is not shared in CS2. Since each convex cell has
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Algorithm 13: FindCellSequences
1 Input: G,c0, cgoal, len
2 BGOPEN ← [[c0]]
3 BG ← []
4 while BGOPEN 6= empty do
5 CS = BGOPEN.pop()
6 neighbor_list = explore_neighbors(CS[end])
7 for ∀c ∈ neighbor_list do
8 if c = cgoal then
9 BG ← BG.push([CS, c])

10 else
11 if c 6∈ CS and CS.length() < len then
12 BGOPEN ← BGOPEN.push([CS, c])

13 return BG

two boundaries with obstacles, the polygon Poly obtained as the union of
convex cells in CS1 and CS2 has holes and the space contained inside the
outer boundary is not continuous and is not equal to P1 ∪P2 (Figure 4.3c).
Therefore, there does not exist a continuous mapping that can deform a tra-
jectory with a geometric path τ1 ∈ P1 to another whose geometric path is
τ2 ∈ P2. This means that two trajectories having different loopless cell se-
quences as their canonical representation belong to two distinct homotopy
classes.

Now that the relationship between the topology of the environment and
the homotopy classes are explained, it is possible to describe the method
employed to select a set of promising cell sequences, such that once used
for trajectory generation they result in homotopically distinct trajectories.

The graph traversal algorithms such as Breadth First Search (BFS) or
Depth First Search (DFS) can be applied to traverse G. However, virtually
all graph traversal algorithms stop when they explore all the nodes of the
graph or reach a designated end node. Since the goal of traversing the graph
to discover homotopy classes is not just to reach the end node but to explore
different ways of achieving this, it is necessary to use a modified algorithm.

The cell sequences are obtained by applying a graph traversal algorithm,
FindCellSequences, as explained by the pseudocode in Algorithm 13. It
adopts a DFS strategy to extract the branches of G (cell sequences) from an
initial node to the final one, denoted as BG, and imposes some constraints
on their characteristics. In particular, the algorithm keeps a list of branches,
BGOPEN, where all of them originate from the initial node, c0. At every
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iteration the last branch in the list is selected and the neighbors of its last
node are explored (line 6), this creates new branches. If a branch contains
the goal cell, cgoal, it is moved to the list BG (line 9) which, at the end,
corresponds to the extracted cell sequences.

In order to obtain a tractable number of cell sequences the following two
restrictions are applied during the course of the graph traversal that stop the
search while exploring a specific branch;

• if the resulting sequence has a duplicate of the same cell,

• if the length of the cell sequence is longer than a threshold, len.

The sequence that satisfies any of the two restrictions is avoided (line 11)
and the algorithm switches exploring the neighbors of the next node in line.
The first restriction corresponds to generating loopless cell sequences, since
obtaining loopless cell sequences ensure that any two trajectory computed
using distinct cell sequences would be as well homotopically distinct.

Selecting loopless cell sequences avoid encircling the obstacles, which
is often undesirable for robotics applications. However, it does not nec-
essarily guarantee desirable trajectories. Even though being desirable for
a trajectory is problem dependent, a general rule can be applied, allowing
only the cell sequences that are monotonic along the direction of motion,
i.e. along the straight line connecting the initial position to the goal. This is
based on the assumption that any trajectory that is projected without over-
laps onto the line connecting the initial and final positions is more likely
to contain the global optimal trajectory. Having overlaps on its projection
over this line can be interpreted that the vehicle goes back and forth along
the direction to reach the destination.

In order to achieve monotonic trajectories, the space is decomposed
to obtain cell boundaries that are perpendicular to the direction of mo-
tion (Figure 4.4a-b). A similar strategy has also been adopted by Park
et. al. [71]: the decomposition is carried out along a reference sweeping
direction. However, using this particular decomposition does not necessar-
ily ensure that selected loopless cell sequences correspond to a monotonic
motion along the direction of motion. An example is given in Figure 4.4b-
c, even though the corresponding cell sequence does not have any repeti-
tions the corresponding trajectory is not entirely desirable and not mono-
tonic. Therefore, we propose to keep a directed graph at the decomposition
phase, so that the cell boundaries can be passed only at a particular direc-
tion, along the direction of motion. This approach would restrict selecting
cell sequences that generate trajectories like in the Figure 4.4b, since the
given directed graph (Figure 4.4d) would not allow selecting that particular
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Figure 4.4: Direction of motion is from green mark to red (a) Optimal trajectory (red line)
computed using a loopless cell sequence is monotonic along the direction of motion.
(b) Although the cell sequence does not contain any repetitions the optimal trajectory
is not monotonic along the direction of motion. (c) Cell sequence resulting in trajectory
on the right when an undirected graph is used. (d) Obtaining a directed graph along
the direction of motion would restrict selection of such trajectories since cell number
9 is no longer reachable from cell number 10.
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Figure 4.5: In order to have vertical phase boundaries the workspace is rotated to align
with the direction of motion (dashed line with the arrow).

sequence. Note that, if the cell containing the final position is not accessible
with the directed graph approach, e.g. behind the wall or in a closed envi-
ronment, the graph builds edges to the adjacent cells until it is connected to
the graph. Finally, if the preferred homotopy class is not represented in this
way, one can always resort back to keeping an undirected graph.

4.4 Trajectory Generation

Once the topology information is obtained, it is necessary to develop a tra-
jectory generation step that not only solves the motion planning problem
but also takes into account the specific topological constraints. Since the
first step of homotopy aware planning determines a set of cell sequences
providing a set of homotopy class constraints, the second step is to develop
a planner that can use these constraints to guide the trajectory to belong to
a specific homotopy class.

To this end, at the first part of this section, homotopic trajectory gener-
ation is formalized as an OCP, with different phases where different kine-
matic constraints are active. Consequently, the topology information ob-
tained as a union of convex cells is used to augment the sampling based
planner RRT∗_MP with homotopy awareness.

4.4.1 Exact Optimal Planner with Homotopy Class Constraints

Benefiting from the geometric constraints arising from the cell decompo-
sition, the homotopy aware planning can also be posed as an OCP in a
multiple phase fashion. The idea is to define each convex cell as a different
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phase of the problem so that the shared boundary between two cells trigger
phase transition and the boundaries between obstacles can be written as in-
equality constraints on state variables. Therefore, a homotopy class of Nc

consecutive cells can be formulated as an OCP of Nc phases.
In order to simplify the problem, in particular to simplify the phase tran-

sitions, the decomposition is applied ensuring that the rays extended from
the vertices are perpendicular to the x-axis. For that purpose and for the
sake of obtaining a monotonic decomposition along the direction of mo-
tion, the environment is rotated about the initial position π0 to obtain a di-
rection of motion parallel to the x-axis (Figure 4.5). Furthermore, in order
to avoid having self-loops along the trajectory, the phases are designed to
have a one to one correspondence with the selected loopless cell sequence.

Finally, the trajectory optimization problem with homotopy class con-
straints is formalized as follows. The independent variable, the time t, is
defined in the region t(p)0 ≤ t ≤ t

(p)
f for phase p, and the phases are se-

quential with respect to t such that t(p)f = t
(p+1)
0 . Each phase is subject to

differential constraints (2.1) describing the dynamics of the system

ṡ(p) = f
(
s(t)(p),u(t)(p)

)
(4.1)

There are bounds on the state variables

s
(p)
min ≤ s(t)(p) ≤ s(p)

max (4.2)

and on control variables

u
(p)
min ≤ u(t)(p) ≤ u(p)

max (4.3)

The initial state of the first phase is completely fixed and the final state of
the final phase can be either partially or fully specified depending on the
definition of Sgoal. Therefore,

s(t0)(1) = s0, s(tf )
(Nc) = sf (4.4)

where s(t0)(1) represents the state variables at the beginning of the first
phase and s(tf )

(N) are at the end of the final phase (p = N ). Furthermore,
in order to obtain a continuous trajectory through phases, the following
constraint is enforced at the phase boundaries

s(tf )
(p) = s(t0)(p+1) (4.5)

Partial terminal conditions for each phase, apart from the final one, are
defined as

π(tf )
(p) ∈ Bp,p+1 (4.6)
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(p) (p+1)(p - 1)

obstacle 

obstacle 

Figure 4.6: Since each cell ci is a convex polygon the collision avoidance can be obtained
as a union of half-planes perpendicular to the obstacle edge that is active during the
corresponding phase.

ensuring that the state variables corresponding to the position, s = [π, . . . ]

and π(tf )
(p) = [x, y]T , at the end of each phase lie strictly on the line

segment Bp,p+1 representing the shared boundary between two consecutive
phases. Constraints (4.5) and (4.6) together ensure that cell sequence defin-
ing the homotopy class is respected.

The trapezoidal decomposition provides trapezoidal cells with two sets
of boundaries, one set includes the boundaries {B(p,p+1), B(p,p−1)} for phase
transition and the other set the boundaries shared with the obstacles. These
boundaries can be expressed as linear inequalities (Figure 4.6) for collision
avoidance as follows

y(t)(p) ≤ m(p)
u x(t)(p) + bu (4.7)

− y(t)(p) ≤ −m(p)
l x(t)(p) − bl (4.8)

where mu, ml and bu, bl represent the slope-intercept parameters of the
lines created by the upper and lower boundaries between the cell and the
obstacles correspondingly. These two inequality constraints combined with
(4.2), in particular the bound on the x component of the position, confine
the trajectory inside the corresponding cell along the cell sequence.

Aforementioned OCP can be transformed into a Nonlinear Program-
ming Problem (NLP) by means of transcription methods. The idea is to
discretize the otherwise continuous time problem and obtain a set of deci-
sion variables. The differential constraints (4.1) are transformed into equal-
ity constraints.
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Figure 4.7: Left: Distinct local optimal trajectories from the initial position (green) to a
final (red), best cost trajectory is shown in red. Right: Corresponding velocity, orien-
tation and actuation profiles.

4.4.2 Numerical Examples using the Exact Approach

The algorithm is tested by a MATLAB implementation using the equa-
tions of motion of a unicycle like robot 3.23. For this numerical example a
minimum-time, minimum-energy strategy is used to compute a cost metric
for optimization and, the optimal trajectory is obtained by minimizing the
following objective function over all the phases

J(u) =

Tf∫
T0

[
1 + u(t)TRu(t)

]
dt (4.9)

where T0 and Tf are the initial and the final times for the overall problem.
The control variables a and w are equally penalized using R = 0.5I2 and
bounded as a ∈ [−5, 5](m/s2), w ∈ [−3, 3](rad/s). Finally there is a limit
on the velocity, such that v ∈ [0, 3](m/s).

Continuous time optimal control problem with multiple phases is trans-
formed into a NLP, which is then solved using the MATLAB toolbox
GPOPS [72] which uses a Legendre-Gauss-Radau orthagonal collocation
method to describe the equality constraints imposed by the system dynam-
ics.

Figure 4.7a shows a simple example for a situation that two different
avoidance strategies exist for a single obstacle. Homotopy classes are iden-
tified by a decomposition of the space along the direction of motion, i.e.
straight line connecting initial and final positions, and two loopless se-
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Figure 4.8: Trajectories that belong to distinct homotopy classes for different number of
obstacles, lowest cost is represented in red.

quences are selected. Figure 4.7b reports the actuation and velocity pro-
files for both cases, which clearly demonstrates that the limits are never
exceeded neither for control variables nor for velocity.
Table 4.1: Resulting loopless cell sequences and the costs of the corresponding trajecto-

ries for the scenario given in Figure 4.9

Graph type Cell sequence Cost

Directed

{0, 2, 3, 5, 7, 9, 12, 15, 17, 19, 20, 22} 38.05
{0, 2, 3, 5, 7, 9, 12, 15, 17, 18, 21, 22} 57.50
{0, 2, 3, 5, 7, 8, 14, 16, 17, 19, 20, 22} 21.88
{0, 2, 3, 5, 7, 8, 14, 16, 17, 18, 21, 22} 29.83
{0, 1, 6, 10, 11, 13, 14, 16, 17, 19, 20, 22} 37.14
{0, 1, 6, 10, 11, 13, 14, 16, 17, 18, 21, 22} 37.22
{0, 2, 3, 4, 10, 11, 13, 14, 16, 17, 19, 20, 22} 26.01
{0, 2, 3, 4, 10, 11, 13, 14, 16, 17, 18, 21, 22} 28.71

unDirected
{0, 1, 6, 10, 11, 13, 14, 8, 7, 9, 12, 15, 17, 19, 20, 22} 86.89
{0, 2, 3, 4, 10, 11, 13, 14, 8, 7, 9, 12, 15, 17, 19, 20, 22} 106.2
{0, 2, 3, 4, 10, 11, 13, 14, 8, 7, 9, 12, 15, 17, 18, 21, 22} 95.24

Trajectories generated using loopless cell sequences for different num-
ber of obstacles are shown in Figure 4.8. Clearly, all of them belong to
distinct classes; therefore, they represent the optimal solution to distinct
sub-problems and they are monotonous along the direction of motion. Tra-
jectories marked with red correspond to the lowest cost trajectory for the
selected objective function. However, depending on the scope of the prob-

83



Chapter 4. Planning with Homotopy Class Constraints

0 25 50
0

25

50

0

2 3

5 7

9
12

15

17

18
21

22

0

2 3

5 7

8

14 16

17

18
21

22

0

2 3

4

10
11 13

14 16

17

19

20

22

0

2 3

4

10
11 13

14 16

17

18
21

22

0

2 3

4

10
11 13

14

8

7

9
12

15

17

18
21

22

0

1

6

10
11 13

14 16

17

19

20

22

0

1

6

10
11 13

14 16

17

18
21

22

0

1

6

10
11 13

14

8

7

9
12

15

17

19

20

22

Figure 4.9: Trajectories computed using the directed and undirected graphs, magenta
trajectories correspond to the undirected graph that are not solved during the compu-
tation, and the lowest cost trajectory is represented in red.
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Figure 4.10: For different number of obstacles: Computation time of generating a tra-
jectory for a sub-problem (green square corresponds to the average computation time,
while blue stars are the computation times for different simulation environments.)

lem, different navigation decisions, that may or may not correspond to the
best cost trajectory, can be made. Figure 4.9 shows the local optimal trajec-
tories in terms of the identified homotopy classes using the undirected and
directed graph along the direction of motion. The trajectories belonging to
loopless cell sequences have considerably higher costs with respect to keep-
ing a directed graph (Table 4.1). Additionally, preliminarily eliminated tra-
jectories have unnecessary detours before reaching the goal, which is often
not desirable in commonly used motion planning objectives. Finally, the
global optimal trajectory is contained in the homotopy classes identified by
the directed graph approach.

Here, 40 different environments in total have been created to contain
different number of randomly generated rectangular obstacles in various
sizes. Simulations are carried out on an IntelCore i7 @2.40 GHz personal
computer with 8GB RAM. The shortest path in the polygonal environment
corresponding to the proper homotopy class is used as an initial guess. Fig-
ure 4.10 shows the computation times of trajectory optimization problem
for different number of obstacles including the decomposition. The length
of time needed to solve a single problem (generating a trajectory in the des-
ignated homotopy class) is also reported, since the trajectory optimization
problem for each homotopy class is independent and, hence, parallelizable.

Finally, Table 4.2 shows the average number of phases for each sub-
problem for different number of obstacles. As expected, higher number
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Table 4.2: For different number of obstacles: Number of phases (length of the corre-
sponding loopless cell sequence on the undirected graph) that correspond to different
homotopy classes and number of homotopy classes.

Number of obstacles Number of phases Number of homotopy classes
1 5 2
2 8 4

min max
3 8 10 5
4 12 13 8
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Figure 4.11: (a) Decomposition of the workspace and the direction of motion from the
start to the goal. (b) Solution trajectories that belong to different homotopy classes.

of obstacles increase the partitioning of the space, as a result, increasing
the number of phases for each sub-problem. This, in return, increases the
length of time needed to solve each sub-problem. Furthermore, as the num-
ber of obstacles increases do does the number of homotopy classes, i.e., the
number of sub-problems to be solved. However, once a trajectory is com-
puted from an initial state to the goal it can be used as an initial guess for
further replanning queries, which reduces the computational time needed
to generate a trajectory. Notably, the method explained here is designed
mainly for structured environments and in response to emerging obstacles
that can be approximated by polygons, consequently, this approach is not
scalable for complex environments that result in high levels of partitioning.

The choice of directed graph is a heuristic for focusing first on the
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promising problems, but not a restriction on the overall problem. Indeed, if
the problem does not admit a monotonic trajectory from an initial state
to the goal, the graph representation of the topology will not include a
path to the goal cell if a directed graph is used. For example, when the
vehicle needs to get out of a U-shaped environment the search using a
directed graph along the direction of motion will contain only the initial
cell, c3, but not a cell sequence to the goal (Figure 4.11a). In that case,
the directed graph is augmented by progressively adding edges to the goal
cell from the adjacent ones until the goal cell is connected to the initial
one. In this case, the sequences CS1 = {c3 → c2 → c1 → c3} and
CS1 = {c3 → c4 → c1 → c3} can be discovered and the resulting trajec-
tories can be generated (Figure 4.11b). Note that, as long as there exists
a trajectory connecting the initial and final states, the corresponding cell
sequence will be represented in the decomposition, and therefore will be
discovered by the graph search.

4.4.3 Sampling Based Planner with Homotopy Class Constraints

Cell decomposition provides a systematic generation geometric constraints
that can be used to constrain the evolution of a trajectory topologically.
As a result, these constraints can also be embedded into the framework
of RRT∗_MP , providing a homotopy aware motion planning such that any
trajectory returned by the algorithm will avoid the obstacles in the desired
manner. Other than constraining the search within a selected homotopy
class or obtaining distinct local (resolution) optimal trajectories, homotopy
awareness can also be used to parallelize the overall search where each
problem focuses on different homotopy class.

Homotopic RRT* with Motion primitives

Homotopic RRT∗_MP is a constrained version of the algorithm proposed in
Chapter 3. Its function is similar to the original version but permits a growth
only in the specific homotopy class. Using an exact decomposition, any
homotopy class constraint given as a cell sequence corresponds to a subset
of the free space, i.e. P ′ ⊂ Pfree, where P ′ =

⋃
{ci ∈ CS}.

Remark 4.2. Following from the Proposition 4.1, it can be concluded that
any two trajectories having the same initial and final positions, that can be
projected onto the same polygonal environment created as a union of loop-
less sequence of convex cells are homotopic, even though their respective
geometric paths correspond to cell sequences with loops.
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Algorithm 14: Sample() for goal biased sampling

1 Input: S∆
goal , S′∆free, rg

2 r ← Rand(0, 1)
3 if r < rg then
4 Sample(S∆

goal)

5 else
6 Sample(S′∆free)

7 return srand

This allows us to define the homotopy class constraints as a feasible re-
gion, without explicitly tracking the corresponding sequence of cells passed
for each node to be added to the tree. Any trajectory that can be projected
onto this free space will be homotopic to the others as long as they share
the same initial and final positions since they share the same canonical cell
sequence. Therefore, the RRT∗_MP is modified to ensure that the tree built
by the algorithm lies within this feasible region. Given a loopless cell se-
quence CS = {c0 → c1 → · · · → cf}, and the corresponding polygonal
region, i.e. P ′ =

⋃
{ci ∈ CS}, the definition of the free state space is

defined for each cell sequence as;

S ′free = {s ∈ S : µ(s) ∈ P ′}.

Recall that, µ is a function that maps a state to its position in this 2D plane.
To ensure that the edges used to build the tree can contribute to obtaining a
trajectory in the desired homotopy class, the isCollisionFree procedure
checks if a tentative trajectory lies in this new definition of the free state
space. Consequently, the discrete free state space is defined as

S ′∆free = {s ∈ S∆ ∧ s ∈ S ′free}

where S∆ is the discrete state space obtained by gridding the S .
The sampling procedure is updated to sample from this feasible region,

i.e., Sample(S ′∆free). Since the homotopy between trajectories require that
the end points of their corresponding geometric paths are the same, the goal
region should explicitly refer to a specific position. However, it is important
to note that the homotopy between two trajectories does not interest other
states, in other words they can take any value within the problem bounds.
Hence, the definition of a goal region still stands. In order to improve the
convergence of RRT∗_MP in this case, it is augmented with a goal-biased
sampling strategy similar to [58] where the corresponding Sample() pro-
cedure is given in Algorithm 14. The idea is to switch between drawing
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Figure 4.12: Flow of the shortest geometric path. Solid black line represents the shortest
path found on the visibility graph, and the blue solid angles are the sampling range
allowed for orientation.

samples from the discrete free state space corresponding to the particular
homotopy class and from the goal region (if a random variable, r, is below
a threshold, rg, as given in Line 3).

Shortest geometric path for informed sampling

The exact decomposition of the free space is also useful for making in-
formed decisions during the sampling phase. In particular, the shortest ge-
ometric path can be used to sample in a restricted promising region. In
order to avoid confusions, in this section, the word shortest geometric path
is reserved to the shortest path connecting the initial position to the final one
in the collision-free space, while ignoring the system dynamics. Therefore,
RRT∗_MP is used to impose the full dynamics with a biased sampling strat-
egy.

The idea of using the topology information for enhancing the sampling
is based on the observations that are made in the previous section, such
that the local optimal trajectories computed by solving the OCP problem
are in the vicinity of this shortest geometric path. Considering the general
objectives that a motion planning algorithm accounts for, such as minimum
time, mimimum distance or minimum energy expenditure, most of them
correspond to generating smooth paths 1 as short as possible as the system
dynamics permits. Hence, it could be reasonable to assume that the (local)
optimal trajectory would lie in the vicinity of this shortest geometric path.

In order to use an informed sampling approach based on the shortest
path in a polygon, the shortest path that connects the initial position to a

1In order to reason about the shortest path in a polygon, the word path is selected on purpose, that refers to
the geometric path corresponding to the computed trajectory.
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final one inside the polygonal region, P ′, which corresponds to the desired
cell sequence CS , is computed. To this end, the visibility graph containing
the line segments that are confined inside the designated polygonal zone is
traversed using the A* algorithm [73].

Once the shortest path is found, it is possible to define a sampling set that
restricts the states to be sampled to the ones that are in the vicinity of this
path. Note that, no other restrictions are considered for the remaining states,
e.g. on the velocity components or on the higher order derivatives. This
results in a more focused set, that contains promising samples which can
contribute to finding trajectories that solve the motion planning problem. In
particular, a sampleable zone is designed such that the distance between the
position component of any drawn sample and the shortest geometric path
is not larger than a threshold2, and the orientation of a sample is bounded
by the limits determined by the flow of this shortest path (Figure 4.12).
For the samples that are in the vicinity of a line segment the orientation
bounds are determined such that, θ ∈ (θil − θth, θil + θth), where θ is the
orientation component of the state to be sampled, θil is the orientation of the
ith line segment which is a part of the shortest geometric path and finally
θth is a threshold to establish a cone of orientations. Furthermore, for the
circular zone around the points that correspond to the intersection of two
consecutive line segments, characterized by the radius equal to the distance
threshold, the bounds are computed using the minimum and the maximum
among two limits determined by the two consecutive lines. The same is
also performed for the initial and the final positions, using the initial and
final states and the respective line segments.

Using the information generated by computing the shortest geometric
path in order to improve sampling is also recently proposed by Palmieri et.
al. [69], named Theta*-RRT. It first computes the shortest geometric path
in a 2D environment using the Theta* algorithm [67], consequently, uses
this path to bias the sampling applied by RRT while searching the full state
space for kinodynamic motion planning. The concept of flow explained
here is similar to the path-biasing proposed in [69], however they apply a
more advanced approach for computing the angle bias weighted by a func-
tion of its projection on the line segment. On the other hand, here, the con-
cept of flow is used only to determine upper and lower bounds on possible
orientations. The main difference of our approach compared to Theta*-
RRT is exploring all of the promising homotopy classes. In other words,
instead of finding the shortest collision-free geometric path, we compute
homotopically distinct shortest paths that can further be used to generate

2The distance is computed using Euclidean noms.

90



4.4. Trajectory Generation

(a)

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

7

8

9

10

(b)

Figure 4.13: Feasible region for homotopy aware RRT∗_MP . (a) Selected homotopy class,
highlighted with blue, that provides a sequence of cells from the initial cell (containing
blue star) to a final one (containing red star). (b) Corresponding feasible region that
correspond to the cell sequence, everywhere else is assigned as an obstacle.

distinct trajectories. Therefore, if a lower cost trajectory exists in a class
which does not correspond to the shortest geometric path, this lower cost
trajectory can still be generated. On the other hand, the trajectory gener-
ated by Theta*-RRT is destined to be in the same homotopy class of the
path used for biasing the sampling.

Once the shortest path and the corresponding flow is determined, the
procedure Sample(S̃∆) for informed sampling returns samples from a sub-
set of the free state space that corresponds to the desired homotopy class,
i.e. S̃∆ ⊂ S ′∆free that implies the restrictions imposed by the shortest path.

4.4.4 Numerical Example using Sampling Based Approach

Numerical examples are carried out using the same motion primitives, in
particular using the fine resolution square gridding, specified in Section
3.6.2 for a 10× 10[m2] environment populated with 4 obstacles. The algo-
rithm is constrained to return a solution that follows a selected homotopy
class. Once the desired homotopy class is given in terms of a cell sequence
from an initial cell to a final one, the algorithm starts computing the free
region (Figure 4.13a-b)

Figure 4.14 shows the trajectories computed after 104 number of itera-
tions for the homotopy class given in Figure 4.13a, using different sampling
techniques. Clearly, the homotopy class restrictions are respected since
the corresponding occupancy grid for collision-detection assigns every cell
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Chapter 4. Planning with Homotopy Class Constraints

Figure 4.14: Different sampling strategies for the same homotopy class for the same num-
ber of iterations (104). Orange dots represent the nodes (states) explored and added
to the tree. Left: Sampling from the free state space from the corresponding homo-
topy class. Right: Using the shortest homotopic path (cyan dashed line) for informed
sampling.

other than those corresponding to the desired cell sequence as an obstacle,
it ensures that there is only one way to avoid the obstacles. Furthermore,
even though there are no restrictions on how the cells are passed by the
trajectory as long as they are contained in the corresponding canonical se-
quence, the trajectory returned by the algorithms correspond to a loopless
sequence.

Using the shortest path in the polygon representing the corresponding
homotopy class allows us to explore a more restricted area focusing on the
samples that can contribute to finding a trajectory that solves the homotopic
trajectory planning problem. Figure 4.15 demonstrates the cost evolution as
a function of iterations for two different approaches. In addition, the cost of
the optimal trajectory for the same homotopy class is also computed using
the exact method explained in Section 4.4.1 and it is provided for compar-
ison. It is clear that, using an informed sampling that accounts for the flow
of the shortest path provides better solutions faster compared to sampling
the complete free region, which is proven to be resolution optimal.

Since the informed sampling strategy uses a smaller sampling set, the
generated tree has a lower cardinality than the counterpart (Figure 4.16).
However, this does not necessarily mean that the generated tree is sparse.
Instead, for the early steps of the algorithm, using an informed sampling
generates a denser tree since the search is focused on a specific area. This
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can be seen also from Figure 4.17, comparing the computation times for
both approaches. Using an informed sampling takes more time at the be-
ginning due to the higher number of neighbors to check for connection.
However, this search eventually leads to a lower cost trajectory in a shorter
time, meaning that, if left to run for the same length of time, an informed
sampling would return a trajectory with a lower cost other than sampling
the complete free space.
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Figure 4.15: Average cost of the best cost trajectory as a function of number of iterations
for different sampling strategies with reference to the cost of the optimal trajectory
computed using the exact approach (pink line).
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Figure 4.16: Average tree cardinality as a function of number of iterations for different
sampling strategies.

4.5 Conclusion

This chapter discusses the effects of topological constraints on motion plan-
ning. In particular, it elaborates on the contributions of this thesis over the
framework of a decoupled approach of homotopy class identification and
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Figure 4.17: Computation time as a function of number of iterations for different sampling
strategies.

trajectory generation. In the first part, the relation between the polygo-
nal areas formed by a loopless sequence of convex cells and the homotopy
classes was established. Consequently, a heuristic was proposed to select
a number of promising homotopy class constraints which lead to selecting
a number of sub-problems to solve. The second part is focused on trajec-
tory generation with homotopy class constraints. In particular, an exact
optimal motion planner based on homotopy class constraints was proposed
that generates trajectories solving the multiple phase OCP. Lastly, RRT∗_MP
was augmented with homotopy awareness and a sampling strategy was de-
signed to improve the convergence to the resolution optimal solution within
the given homotopy class.
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CHAPTER5
Landmark-Aware Motion Planning

Another factor to be considered for a planner comes with the constraints
imposed by the sensors. Especially for robots operating in GPS denied en-
vironments, such as indoors or underwater, it is essential to maintain con-
nection with a landmark in a known position, be it a signal emitting beacon,
an artificial or a natural visual cue. This allows the vehicle to localize itself
over the course of the navigation. However, as expected, these landmarks
can only be perceived by autonomous vehicles from a limited range. There-
fore, it is planner’s duty to ensure that the resulting trajectory passes within
the perception range of these landmarks.

As well as the localization based on landmarks, one can also consider
these range constraints as signal emitting bases. For a number of common
tasks accomplished by autonomous vehicles and mobile robots, such as
surveillance or search and rescue, it is important to maintain connection
with a signal emitting base in order to transmit acquired data or to receive
tactical information.

These broad and interesting application areas have motivated the inter-
est to extend the framework of the planners described in previous chapters
to consider the range-based connectivity constraints imposed by the land-
marks. This section, after providing a definition of landmarks, explains the
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(a) (b)

Figure 5.1: (a)A landmark with an emitting radius of drange. (b) The maximum allowed
distance, dmax, between two consecutive landmarks.

proposed extensions to the motion planning approaches in order to address
the landmark-aware motion planning problem.

5.1 Landmark-Aware Motion Planning Problem

In this thesis, the landmarks considered are points that have a certain radius
of perception (Figure 5.1a). In other words, if the robot is within a certain
radius from the center of the landmark, it is considered to be connected to
that particular landmark. These type of constraints are introduced by signal
emitting beacons, robots equipped with Software Defined Radios (SDR)
or signal emitting bases with an emission range. Therefore, it is worth re-
minding that the problem addressed here does not consider any visibility
constraints introduced by cameras with limited Field of View (FOV). How-
ever, it can be generalized to account for visual cues; for example, using
360◦ cameras or using limited FOV cameras with their camera axis perpen-
dicular to the ceiling or to the floor.

Landmark-aware motion planning have been explored in this manner
in a few works. To illustrate, Babel [4] obtained a landmark-aware plan-
ner for an Unmanned Aerial Vehicle for GPS denied environments based
on natural visual cues. The idea is to assign a cost to each landmark, de-
pending on the orientation that they are passed, where the cost is calculated
depending on the prospective landmarks towards the heading. This prob-
lem is then solved by traversing the graph and finding a set of landmarks
from the start to the goal, minimizing a cost. For a home service robot,
Zhang et al. [94] use Quick Response (QR) codes deployed on the floor,
where the global path planner ensures that the robot passes from as many
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landmarks as possible to reduce the motor encoder error. For both of the
approaches, the landmarks are selected as waypoints and the second step of
the algorithm adapts a dynamically feasible and smooth path interpolating
these landmarks by using polynomials or splines.

On the other hand, the approaches proposed in this chapter, that extend
the planners introduced in the previous chapters, consider the landmarks
as range constraints rather than explicit waypoints. Hence, the problem
is posed as kinodynamic motion planning problem with connectivity con-
straints. In other words, the algorithm is free to select any set of states, that
solves the problem ensuring that the connectivity constraint is satisfied at
each state .

Let the set L = {Li} represent the centers of Nl number of landmarks
available in the environment1, where i ∈ N and 0 ≤ i ≤ Nl. Then the robot
is connected to a particular landmark, Li, at time t = T if the following
condition is true for the position component of the state

‖π(T )− Li‖ ≤ drange (5.1)

where π(t) represents the position of the robot and drange is the radius of
the landmark. It is assumed that the landmarks are identical in terms of
their perception/emission range. Note that, the robot can be connected to
more than one landmark at a time instant.

The following definition formalizes the kinodynamic motion planning
problem with landmark constraints, i.e. connectivity constraints.

Definition 5.1 (Landmark aware motion planning). The optimal kinody-
namic motion planning problem with connectivity constraints is formalized
as finding a feasible trajectory σ∗(t) : [O, T ∗]→ S from a set of states and
controls of a dynamic system and a duration [0, T ∗], i.e., s∗(t) : [0, T ∗]→ S
and u∗(t) : [0, T ∗]→ U , such that the trajectory

• starts from an initial state σ(0) = s0;

• avoids collisions with obstacles, i.e., σ(t) ∈ Sfree ∀t ≤ T ∗;

• fulfills the actuation bounds, i.e., u(t) ∈ Ufree ∀t ≤ T ∗;

• reaches the goal region, i.e., σ(T ∗) ∈ Sgoal;

• minimizes an objective function defined as in (2.2);

and any state along the trajectory
1Note that, the Assumption 4.1 about the dimensions of the workspace, such that the robot operates on a 2D

plane, is also made for this chapter.
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• is connected with at least one landmark in the set L, ∀t ≤ T ∗, i.e.,

min
Li∈L
{‖π(t)− Li‖} ≤ drange (5.2)

where π(t) corresponds to the position component of a state along the
trajectory.

A second type of problem occurs when the vehicle can move without
the coverage of a landmark as long as a maximum allowed travel distance
between two landmarks is not exceeded. In other words, a vehicle can
travel without being connected if it will end up in the connectivity radius
of a consecutive landmark, and if the traveled distance between these two
is not longer than a threshold.

Definition 5.2 (Landmark sequence). For a given set of landmarks, L, that
populate the environment, let LS = {L0 → L1 → · · · → LNconn}, denote
a sequence of landmarks that the trajectory, σ(t), passes from while con-
necting an initial state to a final one. Finally, LS is defined as a sequence
of landmarks such that for each Li ∈ LS, there exist a duration of time,
[T0,i, T1,i] where (5.1) is satisfied ∀t ∈ [T0,i, T1,i] and for two consecutive
landmarks in the sequence, Li and Li+1, it is true that T1,i ≤ T0,(i+1).

Once the definition of a landmark sequence is established, it is possible
to redefine the landmark-aware motion planning problem to consider the
particular case when the robot can travel without coverage.

Definition 5.3 (Landmark aware motion planning with maximum allowed
distance). The landmark aware optimal kinodynamic planning problem
with maximum allowed distance is formalized as finding a feasible trajec-
tory σ(t) : [0, T ∗]→ S from a set of states and controls of a dynamic system
and a duration [0, T ∗], i.e., s∗(t) : [0, T ∗] → S and u∗(t) : [0, T ∗] → U ,
such that the trajectory

• starts from an initial state σ(0) = s0;

• avoids collisions with obstacles, i.e., σ(t) ∈ Sfree ∀t ≤ T ∗;

• fulfills the actuation bounds, i.e., u(t) ∈ Ufree ∀t ≤ T ∗;

• reaches the goal region, i.e., σ(T ∗) ∈ Sgoal;

• minimizes an objective function defined as in (2.2);
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and finding a sequence of landmarks, LS, defined as in Definition 5.2 such
that the following is true ∀Li ∈ LS,

‖Li − Li+1‖ ≤ dmax (5.3)

where dmax is the maximum allowed distance between two consecutive
landmarks that the robot passes from.

5.2 Sampling Based Landmark-Aware Planner

Landmark-aware motion planning problem or planning with connectivity
constraints can also be addressed using the framework of RRT∗_MP . How-
ever, in order to augment the framework with this objective, some modifi-
cations need to be done. In particular, based on the scope of the problem,
the free space - where the landmarks are concerned - has to be defined ex-
plicitly so that the planner can select samples from a proper region or can
check the feasibility of the trajectory.

This section explains the implementation of the two problems given in
Definifions 5.1-5.3 in the RRT∗_MP framework. The algorithm starts with
forming a graph structure connecting the landmarks that allow a desired
motion, depending on the problem. Consequently, the feasible region is de-
fined and a compound cost is proposed to penalize the trajectory to account
also for the distance from the network of landmarks. Finally, some numeri-
cal examples are provided to illustrate the effectiveness of the approach for
both landmark-aware motion planning problems.

Connectivity Graph

The landmark-aware motion planning problem restricts the vehicle to move
strictly inside a zone defined by the landmarks. Considering the starting
point and the ultimate goal region of the vehicle, a network could be formed
preliminarily to restrict this space to the union of the landmarks that allow a
desired motion from start to goal. If the constraint is to be in the vicinity of
at least one landmark at all times, this network is designed starting from the
initial state and including only the landmarks that are separated with their
emission range (Figure 5.2a-b). On the other hand, if the vehicle is allowed
to travel for some distance without coverage as in the problem stated in
Definition 5.3, then, a network is created which connects the landmarks
that are away from each other less than a distance of dmax (Figure 5.3).
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(a) (b) (c)

Figure 5.2: Defining the connectivity zone: (a)Signal emitting bases, with their emitting
radii. (b) Connectivity graph formed starting from the initial state (green circle) con-
necting the landmarks that allow the desired motion. (c) Corresponding feasible region
(green) in terms of connectivity with landmarks.

Figure 5.3: Left: A virtual environment populated with landmarks, robot initial position
is marked with purple and the magenta square is the goal region. Right: Connectivity
graph, when the robot is allowed to travel between two landmarks without coverage.

Landmarks as a Feasible Region

If the connectivity constraint limits the motion of the vehicle to be in con-
nection with the landmarks at all times, then a restricted zone that is com-
pletely covered by the landmarks can be defined. Let Qconn ⊂ Rnq denote
the configurations that are in the vicinity of at least one landmark and re-
call that κ : S → Q is a function that mapping a state to its configuration.
Following that, the feasible region in terms of connectivity is defined as the
set of states that are connected with at least one landmark; i.e.:

Sconn = {s ∈ S | κ(s) ∈ Qconn}.

A trajectory is feasible if all the states along the trajectory lies in Sfree and
are connected with a landmark, i.e., s ∈ Sconn. Therefore, the feasible
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region can be defined as the intersection of these two subsets:

Sfeas = {s ∈ S | s ∈ Sfree ∧ s ∈ Sconn}.

In order to implement the feasible region into the framework of RRT∗_MP
, some slight modifications are required. Clearly, since RRT∗_MP uses a dis-
crete state space for sampling, the Sample() procedure is modified to draw
samples from S∆

feas, where S∆
feas = {s ∈ S∆ ∧ s ∈ Sfeas}. Consequently,

a new procedure is introduced, named isConnected(σ), that checks if the
trajectory, σ, connecting two states, s ∈ Sfeasible and s′ ∈ Sfeasible lies
entirely in Sconn. Finally, the procedures verifying the feasibility of a tenta-
tive trajectory, in particular FindBestParent and Rewire, are augmented
with this subroutine that, collectively with isCollisionFree ensures that
all states along the trajectory lie in the feasible region, Sfeas. Figure 5.2c
shows an example of the feasible region with respect to the given arrange-
ment of landmarks.

Compound Cost

Other than representing the landmarks as a feasible region, one might also
be interested in minimizing a cost comprising the vicinity of the trajectory
to the underlying network. In particular, for the second problem given in
Definition 5.3 allowing a maximum travel distance as long as two consecu-
tive landmarks are dmax apart from their centers, we propose to use a com-
pound cost that penalizes the cost of the optimal cost trajectory connecting
two states with the divergence from the network.

Finally, in order to penalize the divergence from the network, the cost
function assigning a non-zero cost to each feasible trajectory is modified.
Cost of the each edge includes the cost of the trajectory obtained from the
specific motion primitive and is penalized with the normalized cost of being
away from the network to be defined as follows

Cost(σs→s′) =

(
1 +

d̄

drange

)
J∗ (5.4)

where J∗ represents the optimal cost of the specific motion primitive that
is selected to build the edge e = {s, s′} and d̄ is the average of the dis-
tances between the points along the trajectory (in terms of position) and
the nearest point on the network. The rationale behind this cost choice can
be interpreted as a position varying weight on the optimal cost of the mo-
tion primitive which is computed based on the specific objective during the
database generation phase.
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Figure 5.4: Costmap for the connectivity graph given in Figure 5.3. The blue zones
correspond to lower cost areas and the cost is measured as the minimum distance
from the network in meters, while the areas covered with landmarks are weighted to
have a lower cost.

Costmap

Computing the distance from each point along the trajectory to the nearest
point along the network is a computationally challenging process. There-
fore, an efficient way to compute these distances in terms of a costmap is
also proposed and it can answer multiple queries for the same environment
once it is computed. The idea is based on gridding the 2D workspace2 and
computing the Distance Transform [66] of this grid, an approach adopted
from image processing. Given a set of grid cells occupied by the points
along the edges of the network, uj ∈ U , the distance transform assigns
each grid cell, the Euclidean distance from the nearest point along the net-
work

DT (v) = min
uj∈U
||v − uj| |

where v represent the coordinates of the grid cell. As a result computing the
distance of the vehicle to the nearest point on the network is converted into
a LUT. Note that using the approach in [66], this costmap can be computed
in linear time.

Other than directly assigning the distances, one might also design the
costmap reducing the cost for areas that are covered by the landmarks as
given in Figure 5.4. The idea is to penalize the part of the trajectory within
the connectivity range of a landmark less since the vehicle would be con-
nected in that case no matter how close it is to the landmark, as long as it
is in the range. Finally, designing the costmap this way at each initiation

2For consistency the vehicle is assumed to be oprating on a planar surface, but the idea is easily transferable
as well to 3D.
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(a) (b) (c)

Figure 5.5: Motion planning with the restriction of being connected with a landmark at all
times. Tree (blue edges, orange nodes) generated for different number of iterations, the
best trajectory (red solid line) connecting the initial state (green circle) to a goal region
(magenta square) and the emitting region of the landmarks (dashed black circles) are
highlighted.

of the Cost (5.4), the average of the distances from the points along the
trajectory, d̄ is computed using the precomputed costmap.

Numerical Example

Both problems given in Definitions 5.1 and 5.3 are considered in the frame-
work of RRT∗_MP with the dynamic model and the database of motion prim-
itives (fine resolution square gridding) explained in Section 3.6 using also
the Rewire procedure.

For the first case, the algorithm is tested using the virtual environment
given in Figure5.2. The goal of the planner is to find the optimal trajectory
with respect to an objective function inherited from the database of motion
primitives without breaking the connection with a network of landmarks.
Finally, once a feasible region is defined as in Figure 5.2c, the algorithm
ensures that all the trajectories corresponding to the edges in the tree are
strictly contained in this region. Figure 5.5 shows the resulting tree and
the lowest cost trajectories for different number of iterations. Clearly, at
each point along the trajectory, the vehicle is in connection with at least
one landmark.

The effectiveness of the approach for the second problem (Definition
5.3) is verified by using a virtual environment given in Figure 5.3. In or-
der to ensure that the trajectory follows the network in terms of a landmark
sequence without diverging more than a distance threshold, the costmap
is used to check the distance between a point along the trajectory and the
closest point on the network. Moreover, a compound cost is implemented
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Figure 5.6: Motion planning with landmarks with maximum allowed distance. Resulting
tree (blue edges, orange nodes) and the best cost trajectory (red solid line) are shown
for different number of iterations.
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as explained previously to modify the Cost function in order to account for
this divergence. Finally, Figure 5.6 shows the resulting tree and the best
cost trajectory obtained for different number of iterations. The algorithm
at the end provides a dynamically feasible and resolution optimal trajectory
along with a set of landmarks to be passed from without exceeding the max-
imum allowed distance between two consecutive landmarks and between a
point along the trajectory and the closest point on the network.

For both methods, the landmark selection and trajectory generation are
considered in a coupled approach as selecting landmarks while generating
the optimal trajectory but not as selecting landmarks as waypoints and inter-
polating them. This approach puts the focus on generation of dynamically
feasible trajectories that are executable by the actual system and ensures
that the desired connection is established.

5.3 Exact Optimal Planner with Connectivity Constraints

The problem of being connected to at least one landmark, as given in Def-
inition 5.1, is also addressed by using the exact optimal planner described
in Chapter 4. The same framework comprising three steps is inherited:
decomposing the environment and selecting cell sequences, solving for the
optimal trajectory in the selected class and, finally, selecting the lowest cost
trajectory. In order to account for the connectivity with landmarks cell se-
quence selection is slightly modified and an additional constraint on state
variables, in particular on the position component of the state variables, is
added.

Cell Sequence Selection

Recall that the very first step of exact approach based on homotopy class
constraints is to systematically generate a set of algebraic path constraints
to impose the homotopy class and to account for obstacles. In the landmark-
aware motion planning, it is possible that some cells do not have coverage
of a landmark. In addition, even though a cell has landmark coverage it may
be unreachable from a particular initial state without breaking connection.

Considering these aspects, a cell sequence that contains a cell with ei-
ther one of these conditions will not yield a feasible solution and can be
eliminated before attempting to solve for a local optimal trajectory. For
that purpose, before traversing the adjacency graph, some cells can be pre-
liminarily marked as no-go cells, Cnogo, if they do not have any landmark
coverage, i.e.:
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CnoGo = {ci ∈ C | µL(PL ∩ ci) = 0}

where PL ⊂ P corresponds to the space covered by landmarks recalling
that P is the 2D workspace of the vehicle, and µL is the Lebesque measure.
Once the forbidden cells are highlighted, the graph traversal algorithm re-
turns cell sequences with coverage.

Establishing the each cell along a particular cell sequence, CS , does not
necessarily ensure that there is a feasible trajectory within that homotopy
class with all the points along the trajectory connected to at least one land-
mark. Therefore, for each cell sequence, a preliminary feasibility check is
applied, establishing that there exists a path from an initial position to the
final one that is fully contained in PL. However, it is worth mentioning
that, while ensuring a feasible path, this preliminary check does not guar-
antee dynamical feasibility. Thus, even after this check, the homotopy class
corresponding to the cell sequence may not yield a solution.

Connectivity Constraint

The second modification to the exact planner is the introduction of the con-
nectivity constraint to the OCP. The problem given in Definition 5.1 re-
quires that the robot is in the vicinity of at least one landmark as in (5.2).
However, this constraint itself is not smooth and can be handled only by
some particular nonlinear solvers. Therefore, in order to have a more gen-
eral problem, a smooth constraint ensuring connectivity is proposed.

The connectivity constraint in this case relies on a particle filter like ap-
proach. The idea is to define a function in order to obtain the weighted
average of the distances from each landmark, which then constrains the ve-
hicle to be in the vicinity of the closest landmark for all the points along the
trajectory. For each one of the landmarks, the weights are computed using
a Gaussian function with the mean located at the center of the landmark:

αi =
1√
2πσ

e
−

1

2σ2
(Li)

(5.5)

and the weighted average of the distance, d(t), from the landmarks is com-
puted using these weights and the distances from the landmarks

d(t) =

Nl∑
i=1

αi
ᾱ
‖π(t)− Li‖ (5.6)
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whereNl represents the total number of landmarks and ᾱ is a normalization
factor such that

ᾱ =

Nl∑
j=1

αi (5.7)

Finally, the connectivity constraint is defined as

d(t)(p) ≤ drange (5.8)

for each phase. The multiple phase OCP described in Section 4.4.1 is aug-
mented with this additional constraint and, as in the original problem this
problem can also be converted into a NLP to be solved efficiently.

Numerical Example

The effectiveness of the approach is verified by using a numerical example
in a virtual environment populated with landmarks and obstacles. Figure
5.7 shows the resulting trajectories for four different homotopy classes by
using the same vehicle model and the objective function with the same
actuation and velocity bounds as in Section 4.4.2. Clearly, while generating
distinct trajectories belonging to distinct homotopy classes, the planner also
ensures that the resulting trajectory is always in connection with at least one
landmark.

In this numerical example, the same approach as the one discussed in
Section 4.4.1 is employed such that the cell sequences are selected as the
loopless ones from an undirected graph and the best trajectory is defined
as the one having the lowest cost. However, in the presence of landmarks,
one might also be interested in other specific aspects. For example, the
robustness of the trajectory in terms of connection could be one of these
aspects. In other words, having distinct good trajectories allows us to make
higher level decisions by selecting a trajectory that belongs to a class with
higher number of landmarks so that if one of the landmarks along the way
is compromised, there will always be an alternative to reach the goal.

5.4 Conclusion

This chapter explains the motion planning problem, when the vehicle has
to communicate with a landmark that can be perceived only from a range.
The problem is addressed using the frameworks of two different motion
planners explained in the previous chapters and the effectiveness is demon-
strated with the simulation results. The main difference between the ap-
proach employed here and the existing literature is it focuses on generating
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Figure 5.7: Environment with polygonal obstacles (gray areas) and landmarks (repre-
sented as black stars and with a circular range -dashed black lines-) Initial and final
positions are green and red points respectively. The resulting local optimal trajec-
tories (solid red lines) computed on the corresponding homotopy classes (blue cell
sequences). The space is decomposed after rotating the environment about the initial
position (greeen dot) to obtain a cell sequence for monotonic trajectory.
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dynamically feasible trajectories while imposing the constraints aroused by
the landmarks, but not on selecting a set of landmarks and adapting a feasi-
ble trajectories since this does not always necessarily respect the constraints
or ensure that dynamically feasible trajectories exist.
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CHAPTER6
Conclusions and Prospective Works

This thesis strives to explain the contributions in the field of optimal motion
planning algorithms. In particular, it focuses on how to develop efficient al-
gorithms that not only solve the motion planning problem but also study
the underlying exact dynamics of autonomous vehicles or mobile robots.
The problem is addressed using important classes of motion planning algo-
rithms: the sampling based approach and the exact approach. Furthermore,
some detailed attention is given to planning with respect to the topology
of workspace. Finally, the specific problem of planning while keeping the
connection alive is considered. This chapter summarizes the thesis and
draws some concluding remarks. Consequently, it highlights the possible
future works and research directions to improve the work presented here.

Summary and Conclusions

In the first part of the thesis, the optimal kinodynamic planning is dis-
cussed in the framework of randomized sampling based approaches while
particularly concentrating on RRT* based algorithms. The main difficulty
in planning with arbitrary dynamics stems from the requirement to solve
challenging TPBVPs at each step. In order to reduce the computational
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load caused by this requirement, a novel approach combining search and
sampling-based algorithms is proposed. The idea is to introduce a database
of motion primitives and avoid solving TPBVPs using a LUT. To ensure
that any two states can be connected using the motion primitives, the sam-
ples are drawn from the discrete state space (uniform grid). The algorithm
is proven to be probabilistically complete, resolution optimal and asymptot-
ically optimal as the grid resolution goes to zero, allowing infinite number
of distinct states to be sampled. Other than the sampling-based motion
planners that focus on generating efficient TPBVP solvers, the algorithm
proposed in this thesis is not restricted to a limited set of dynamics and
can handle any arbitrary dynamics problems with additional constraints and
bounds on actuation.

The second part elaborates on the motion planning under topology con-
straints. In particular, two problems have been considered: obtaining a set
of good trajectories that belong to distinct homotopy classes and obtaining
a set of algebraic constraints that can be used to impose the homotopy class
belonging during the phase of trajectory generation. To be able to limit
the number of homotopy classes to be solved to a number of promising
ones, a systematic cell sequence selection method is also proposed, which
is proven to be effective in eliminating classes with higher cost trajectories
for the ’minimum final time minimum energy’ problem at hand. Having
the exact representation of the free space, a motion planning framework
based on the homotopy class constraints and multiple phase formalization
of the optimal control problem is developed. Lastly, the sampling-based
algorithm is also augmented with topology awareness property.

Finally, both of the aforementioned algorithms are applied to a peculiar
problem of landmark aware kinodynamic planning. Considering a range
constraint imposed by landmarks, the idea is to ensure that the vehicle keeps
the connection alive with a set of landmarks that allow a motion from an
initial state to a goal. Unlike the approaches attempting to solve similar
problems by focusing on landmark selection while aiming to adapt trajec-
tories that would pass through them, we have addressed the problem from
the opposite angle. Specifically, the problem is formalized to find the op-
timal trajectory that, at the end, respects the connectivity constraints. This
allows us to reason about the optimality of the trajectory without bringing
restrictions to force it to pass from waypoints.

112



Prospective Improvements

Despite the research provided here concentrating on efficient kinodynamic
motion planning with certain objectives, there are still some questions that
are left unanswered. From a theoretical point of view, even though the
completeness and optimality analysis have been carried out for RRT∗_MP
, the explicit description of how these properties change for the heuristic
proposed in the homotopic counterpart should also be discussed.

From the application point of view, the imminent prospective work is
to test the algorithms developed in this thesis in a real environment. In or-
der to apply the planner to a real robot, RRT∗_MP is being implemented in
C++ language, using the common sampling based motion planning library
OMPL [89]. Furthermore, improving the framework of RRT∗_MP , in partic-
ular diverging from the RRT* framework and including an effective prun-
ing without sacrificing optimality, hence eliminating the need of uniform
gridding will be considered. Finally, some effort will be put on improv-
ing the database and in particular the description of the motion primitives
to remove the restriction on the boundary points such that a large class of
trajectories can be stored in one primitive that can be deformed to others
during the course of the planning.

Considering the planning with homotopy class constraints, it has been
demonstrated that increasing the number of obstacles also increases the
computation time of the exact method for a single problem since the num-
ber of phases defining each class is increased. The algorithm performs well,
generating distinct obstacle avoidance strategies while the planner consid-
ers a small number of obstacles at each time. However, it is not scalable
for solving a complex problem involving numerous obstacles. Therefore,
a prospective improvement in this area is to compute a more conservative
sequence of obstacle avoidance constraints that include only the salient ob-
stacle boundaries.

Finally, for landmark-aware planning, the problem will be extended to
include more specific aspects such as motion planning for multiple agents
while keeping the connection among them alive and taking into account the
time needed for successful data transmission/reception.
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