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Abstract

The various sequential decision-making problems are an object of study of Artificial In-
telligence. Reinforcement learning addresses these problems in a trial and error way. An
agent is required to interact with an environment and collect experience from these inter-
actions, which in turn are used to find the optimal policy to pursue. A core element of
reinforcement learning is the reward signal that the agent receives from the environment,
telling the agent if some states are desired or should be avoided. This reward is assumed
to be immediate after each action and the goal of the agent is to maximize the cumulative
reward collected during its activity in the environment. Defined in this way, the reward
function specifies the task to be learned by the agent.

The Exploitation- Exploration trade-off remains a major topic in reinforcement learn-
ing. The problem consists in balancing reward maximization using the knowledge acquired
at the moment with exploration of new actions to improve the knowledge of the environ-
ment. Traditionally, exploration has been explicitly added to algorithms by occasionally
choosing actions randomly instead of relying on the experience collected, nonetheless it
remains a major challenge in reinforcement learning. Common exploration strategies, such
as e-greedy, fail to conduct temporally-extended or deep exploration. Not only does this
result in exponentially larger data requirements for the algorithms, but, most importantly,
might cause a premature convergence of the algorithms to a suboptimal policy or com-
pletely prevent convergence.

Traditionally, reinforcement learning faces these problems by estimating the value func-
tion that estimates how “good” the states (or action-states pairs in the case of action-value
function) are. Since the agents interact with an “uncertain” environment, the value function
is the expected cumulative reward collected in the long term. In this thesis, we build on
recent work advocating the use of Q-distributions to drive exploration. By explicitly mod-
eling the distribution of Q-values instead of just estimating the mean we are able to make
more informed decisions and use these distributions to drive exploration. Starting from a
prior distribution, we can update our knowledge with each new sample using a Bayesian
approach and we can also use these distributions to quantify the Exploration-Exploitation
trade-off.

We begin by introducing our new approach into simple finite domains, designed to

emphasize exploration, for later extending it to continuous domains. We compare our
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approach with state of the art algorithms in Taxi , Loop, Chain, SixArms, RiverSwim
and KnightQuest domains as well as, in various Atari games from the Arcade Learning

Environment.

1ii






Estratto in Lingua Italiana

I vari problemi decisionali sequenziali sono un oggetto di studio dell’intelligenza artificiale.
L’apprendimento per rinforzo, & un framework che affronta questi problemi mediante un
approccio “trial and error”. In questo framework un agente interagisce con un ambiente
e raccoglie esperienza da queste interazioni che a sua volta viene utilizzata per trovare
la politica ottima da eseguire. Un elemento centrale dell’apprendimento é il segnale di
ricompensa (reward) che l'agente riceve dall’ambiente comunicando all’agente se alcuni
stati sono desiderati o dovrebbero essere evitati. Si assume che questa ricompensa sia
ricevuta immediatamente dopo ogni azione e [’obiettivo dell’agente & quello di massimizzare
la ricompensa cumulativa raccolta durante la sua attivita nell’ambiente. Definito in questo
modo, la funzione reward specifica I’attivita che deve essere appresa dall’agente.

Il dilemma exploration vs. exploitation (esplorazione vs. sfruttamento) rimane un argo-
mento principale in reinforcement learning. Il problema consiste nel bilanciare la massimiz-
zazione della ricompensa usando le conoscenze acquisite al momento con I’esplorazione di
nuove azioni per migliorare la conoscenza dell’ambiente. Tradizionalmente, 1’esplorazione
é stata esplicitamente incorporata negli algoritmi scegliendo occasionalmente le azioni in
maniera casuale invece di fare affidamento sull’esperienza raccolta; tuttavia rimane una
sfida importante nell’apprendimento rinforzato. Strategie di esplorazione comuni, come
e-greedy, non riescono a condurre esplorazioni estese o profonde. Cid non solo comporta
la necessita di quantita di dati esponenziale per gli algoritmi, ma soprattutto potrebbe
causare una convergenza prematura degli algoritmi a una politica subottima o potrebbe
impedire del tutto la convergenza.

Tradizionalmente, ’apprendimento per rinforzo affronta questi problemi stimando la
funzione di valore che quantifica quanto “desiderabili” siano gli stati (o le coppie di stati-
azione nel caso di funzione azione-valore). Essendo che gli agenti interagiscono con un
ambiente stocastico, la funzione valore & la ricompensa cumulativa attesa a lungo termine.
Algoritmi classici, classificati come model-free, cercano la politica ottima senza stimare
esplicitamente il modello dell’ambiente. Questi algoritmi usano solo le stime dei Q-value
per scegliere le azioni. All'inizio dell’apprendimento, questi valori sono incerti, quindi
I’agente non puo fare affidamento su di essi. Metodi classici di esplorazione aggiungono una
probabilita di esplorazione che svanisce col tempo. Siccome all’inizio dell’apprendimento i

valori () stimati sono incerti, per l’agente € conveniente esplorare l’ambiente per raccogliere



pitt esperienza. Con il passare del tempo l'agente & piu sicuro del valore delle azioni
quindi puo abbassare ’esplorazione e continuare a utilizzare i valori stimati. Questi metodi
hanno due problemi principali. Primo, ’esplorazione & casuale e non diretta. In alcuni
ambienti (come il gioco Montezuma’s Revenge) le ricompense sono molto sparse. Serve una
sequenza precisa di azioni per arrivare ad uno stato “desiderato”. Basta un’azione sbagliata
perché 'agente sia posizionato nello stato iniziale. Quindi ¢ ovvio che un’esplorazione
casuale non & sufficiente per risolvere questi tipi di problemi; serve un’esplorazione estesa
o “profonda”. 1l secondo problema ¢é che il livello di esplorazione si basa sulla durata
dell’apprendimento e non sui valori stimati, o sull’ambiente specifico. Questo puo causare
una convergenza prematura a una politica subottimale. Infatti, uno dei problemi delle
strategie come e-greedy € che devono essere studiati gli “schedule” di esplorazione per ogni
problema specifico.

In questa tesi sviluppiamo un nuovo algoritmo di apprendimento model-free che si basa
su lavori recenti che sostengono 'uso delle distribuzioni Q (Q-distributions) per guidare
I’esplorazione. Modellando esplicitamente la distribuzione dei valori Q invece di valutare
il valore medio, siamo in grado di prendere decisioni piti consapevoli e utilizzare queste
distribuzioni per guidare I'esplorazione. Partendo da una distribuzione precedente, possi-
amo aggiornare le nostre conoscenze con ogni nuovo campione dall’ambiente utilizzando
un approccio bayesiano e possiamo anche utilizzare queste distribuzioni per quantificare il
trade-off Exploration-Exploitation.

Il nostro algoritmo, chiamato Particle Q-learning, rappresenta la distribuzione dei Q-
value usando un numero di posizioni variabili, che noi chiamiamo particelle. Ogni particella
ha una probabilita fissa, e con ’apprendimento le particelle si muovono per rappresentare
I’esperienza raccolta. In questo modo, chiamando M il numero delle particelle, usiamo M
diverse stime del Q-value per ogni coppia stato-azione. Usiamo queste stime per calcolare
Iincertezza sui Q value dell’agente. All'inizio dell’apprendimento le particelle sono sparse,
per ogni coppia stato-azione. L’agente continua a raccogliere esperienza, e le particelle
tendono a contrarsi verso il vero Q-value. Inoltre, in questa tesi, definiamo due politiche
che usano queste distribuzioni di particelle, per scegliere azioni. Una di queste, Weighted
Policy, definisce la probabilitd di esplorazione sulla base dell’incertezza dei Q-value. In
questo modo possiamo usare l'incertezza sui Q-value per avere un’esplorazione pit guidata e
profonda, e allo stesso tempo, non usiamo euristiche per “spegnere” I'esplorazione. L’agente
smettera di esplorare quando sara sicuro delle proprie stime dei Q-value.

Per testare l'algoritmo, iniziamo introducendo il nostro nuovo approccio in domini
finiti semplici, progettati per enfatizzare ’esplorazione, per poi estenderlo a domini con-
tinui. Confrontiamo il nostro approccio con algoritmi allo stato dell’arte nei domini Taxi,
Loop, Chain, SixArms, RiverSwim e KnightQuest, nonché in vari giochi Atari dall’Arcade

Learning Environment.

vi






Acknowledgements

I would like to thank Prof. Marcello Restelli, supervisor, and Dott. Alberto Maria Metelli,
co-supervisor for the constant support and guidance in writing this thesis. They were a
constant source of inspiration and my first contact with the research world. I would like
to also thank Dott. Carlo D’Eramo for support in implementing some of the algorithms
discussed in this thesis.

Moreover, 1 would like to thank all my friends for supporting me and specially for
putting up with me during the time I worked in this thesis. A special thanks goes to the
residents and managers of the "La Presentazione" student residence in Como, where I did
most of the work discussed in this thesis.

The most important thanks goes to my family. They have always been there for me,

always supporting and pushing me to achieve my dreams. This thesis is dedicated to them.

Amarildo

04 10 2018

viil






Contents

1 Introduction

1.1 Overview . . . . . o,

2 Reinforcement Learning and Markov Decision Processes

2.1 Markov Decision Processes . . . . . . . . . ... Lo
2.1.1 Definitions . . . . . ..o oL
2.1.2 Policies . . . . ..
2.1.3 Utility Functions and Value Functions . . . . . ... ... ... ...
2.1.4 Bellman Equations and Operators . . . . . .. ... ... ... ...
2.1.5  Optimality Conditions . . . . . . . . .. . .. ... .. ... ...

2.2 Planning in MDPs . . . . . . . 0oL
2.2.1 Dynamic Programming . . . . . . .. .. ... ... 0.
2.2.2 Policy Iteration . . . . . . . . .. ... e
2.2.3 Value Iteration . . . . . . . . ..

2.3 Reinforcement Learning . . . . . . . . ...
2.3.1 Classifying Reinforcement Learning Algorithms . . . . . . . . .. ..
2.3.2 Model-free Prediction . . . . .. ... ... L.
2.3.3 Model-free Control . . . . . .. .. . L

2.4 Function Approximation . . . . . . . . . . . . ... e
2.4.1 Basics of Function Approximation . . . . ... ... .. ... ....

2.5 Distributional Reinforcement Learning . . . . . . ... ... ... ...
2.5.1 Value Distributions . . . . . . . . .. ... oL
2.5.2  Distribution Distance Measures . . . . . . . .. . ... ... ..
2.5.3 Policy Evaluation Setting . . . . . .. . ... .. L L.
2.5.4 The Control Setting . . . . . . . .. ..

3 State of The Art in Efficient Exploration

3.1 Exploration . . . . . . ..
3.1.1 Measuring Efficient Exploration . . . . . . ... ... .. .o
3.1.2  Explicit Explore or Exploit . . . . .. ... ... ... ..
313 R-Max . . . ..

10
12
13
15
15
15
16
17
17
18
19
20
21
22
22
23
24
25



3.1.4 Upper Confidence Reinforcement Learning . . . . . . . . .. ... .. 32

3.1.5 Delayed Q Learning . . . . . .. .. . ... 34
3.1.6 Bayesian Q Learning . . . . . . .. .. ... oL 35
3.2 Deep Exploration . . . . . . ... 39
3.2.1 Bootstrapped Q Learning . . . . . ... ... 0oL 39
3.3 Distributional RL . . . . . . . . .. 42
3.3.1 Approximate Distributional Learning: C51. . . . . . . . . ... ... 42

3.3.2 Distributional Reinforcement Learning with Quantile Regression . . 44

4 Particle Q Learning 48
4.1 Q Value Distributions . . . . . . .. .. L 48
4.1.1 Particle Q Distribution . . . . . . .. .. ..o 49
4.1.2 Sample Mean Distribution . . . . . . ... ... 20
4.1.3 Approximation of a distribution function with mixture of delta func-
GlONS . . . . o 51
4.1.4 Wasserstein barycenter . . . . . . .. ... oL 23
4.2 Action Selection . . . . . ... 54
421 VPIPolicy . .. .. .. e 55
422 Weighted Policy . . . .. .. .. . o o7
4.3 Updating the Q-distribution . . . . . . . . . . ... ... ... L. 58
4.3.1 Sorted Update . . . . .. .. .. . o o8
4.3.2 Maximum Mean Updating . . . . . . . .. ... ... oL 58
4.3.3 Weighted Updating . . . . . . . . . .. ... 59
5 Experiments 61
5.1 Tabular Case . . . . . . . . . . . e 61
5.1.1 Evaluation Metrics . . . . . . ... L o 61
5.1.2 Experimental Setup . . . .. .. ... L o 62
5.1.3 Chain Domain . . . . . .. ... o 63
5.14 Loop Domain . . . . . . . . .. L 67
5.1.5 Taxi Domain . . . . . . . . .. . .. L 69
5.1.6 River Swim Domain . . . . . . .. ... oo 73
5.1.7 Six Arms Domain . . . . . . . ... 76
5.1.8 Knight Quest . . . . . . ... 76
5.2 Atari Experiments . . . . . . ... L 81
5.2.1 Experimental Setup . . . .. ... ... L L 82
5.22 Breakout . . . .. ... 83
5.2.3 Montezuma’s Revenge . . . . . . ... o Lo Lo 83
6 Conclusions 87

xi



A Experiments With Double Agents

xii

95



List of Figures

2.1
2.2
2.3

3.1

3.2
3.3

4.1
4.2
4.3

0.1
5.2
9.3

5.4

5.5

0.6
0.7

The Reinforcement Learning framework [62].. . . . . . .. .. ... ... ..
Policy iteration algorithm [62]. . . . .. ... .. ... ... ... ... ..

A frame from the video game Space Invaders. . . . . . ... ... ... ...

Examples of Q-value distributions of two actions for which Q-value sampling
has the same exploration policy even though the payoff of exploration in (b)
is higher than in (a) [13]. . . . . ... ... . . . Lo oL
Network architecture in Bootstrapped DQN [42]. . . . . ... ... ... ..

Visualization of the distributional Bellman operator [5]. . . . ... ... ..

Behaviour of the Q-distribution over time. . . . . . . . . .. ... ... ...
Q-distributions of 3 different actions. . . . . . . . .. ... ... ... ...

Target Q-distributions of state s’. . . . . . . ... ... ... ...

Chain domain taken from [13]. . . . ... . ... ... oL
Online (left) and offline (right) scores in the Chain domain. . . . . ... ..
Evolution of the particles in the first state of the Chain domain during the
learning process for the Particle Q-learning algorithm with weighted policy
and weighted update (a), and VPI policy and maximum mean update (b).
The optimal action a is shown on the left, while the suboptimal action b is
shown on the right on both (a) and (b). . . ... ... .. .. ... .....
Standard deviation of the particles as a function of the learning timestep
for the Particle Q-learning algorithm with weighted policy and weighted
update (a), and VPI policy and maximum mean update (b). Once again,
the optimal action « is shown on the left, while the suboptimal action b is
shown on the right on both (a) and (b). . . . .. ... ... . ... .....
Probability of exploration as a function of the learning timestep for the
Particle Q-learning algorithm with weighted policy and weighted update in
the Chain domain. . . . . . . . . .. ... ..
Loop domain taken from [13].. . .. ... ... ... ... ... ... ..

Online and offline scores in the Loop domain. . . . . . . ... .. ... ...

xiil



5.8 Evolution of the particles in the first state of the Loop domain during the
learning process for the Particle Q-learning algorithm with weighted policy
and weighted update (a), and VPI policy and maximum mean update (b).
The optimal action b is shown on the right, while the suboptimal action is
shown on the left on both (a) and (b). . . . ... ... ... ... ... ...
5.9 Standard deviation of the particles as a function of the learning timestep for
the Particle Q-learning algorithm with weighted policy and weighted update
(a), and VPI policy and maximum mean update (b) in the Loop domain.
The optimal action is shown on the right, while the suboptimal action is
shown on the left on both (a) and (b). . . . ... ... ... ... ... ...
5.10 Probability of exploration as a function of the learning timestep for the
Particle Q-learning algorithm with weighted policy and weighted update in
the Loop domain. . . . . . . . . . . ..o
5.11 Taxi domain taken from [13], where it appears as the Maze domain.
5.12 Online and offline scores in the Taxi domain. . . . . .. .. ... ... ...
5.13 River Swim domain taken from [59]. . . . . ... ... L. oL
5.14 Online and offline scores in the River Swim domain. . . .. .. ... .. ..
5.15 Evolution of the particles in the first state of the RiverSwim domain during
the learning process for the Particle Q-learning algorithm with weighted
policy and weighted update (a), and VPI policy and maximum mean update
(b). The optimal action is shown on the right, while the suboptimal action
is shown on the left on both (a) and (b). . . . . . ... ... ... ... ...
5.16 Standard deviation of the particles as a function of the learning timestep
for the Particle Q-learning algorithm with weighted policy and weighted up-
date (a), and VPI policy and maximum mean update (b) in the RiverSwim
domain. The optimal action is shown on the right, while the suboptimal
action is shown on the left on both (a) and (b). . . . . .. .. ... ... ..
5.17 Probability of exploration as a function of the learning timestep for the
Particle Q-learning algorithm with weighted policy and weighted update in
the RiverSwim domain. . . . . . . . .. .. ... ..
5.18 Six Arms domain taken from [59]. . . .. ...
5.19 Online and offline scores in the SixArms domain. . . . . . . .. . ... ...
5.20 Knight Quest domain taken from [17]|. The green cells are the three locations
the dragon can move to. . . . . . . ... Lo L
5.21 Online and offline scores in the KnightQuest domain. . . . . . . .. ... ..
5.22 Frame taken from the Breakout Atari 2600 game. . . . . . . .. . . ... ..
5.23 Evaluation scores in the Breakout Atari 2600 game. . . . . . . . . . ... ..
5.24 Tmage of the first room of Montezuma’s Revenge. . . . . . . . ... ... ..

5.25 Evaluation scores in Montezuma’s Revenge. . . . . .. .. .. ... ... ..

Xiv

77

79



Al

A2

A3

A4

A5

A6

Online (left) and offline (right) scores for the double algorithms in the Chain
domain. . . . . ..
Online (left) and offline (right) scores for the double algorithms in the Loop
domain. . . . . ..
Online (left) and offline (right) scores for the double algorithms in the Taxi
domain. . . . ...
Online (left) and offline (right) scores for the double algorithms in the River
Swim domain. . . . . ...
Online (left) and offline (right) scores for the double algorithms in the Six
Arms domain. . . . . ...
Online (left) and offline (right) scores for the double algorithms in the Knight

Quest domain. . . . . . . ...

XV



List of Algorithms

~ O Ot =W N =

Q@-learning: Learn function Q@ : Sx A —R . . .. ... .. ... ... ... 20
E3 algorithm . . . . . . .. . ... 30
Bootstrapped DQN . . . . . . .. 42
CH1 algorithm . . . . . . .. oo 44
QR — DQN algorithm . . . . . . ... 47
Maximum Mean Updating . . . . . . .. . ... o oL oL Lo o8
Weighted Updating . . . . . . .. .. oo o o 60

xvi



Chapter 1

Introduction

Technology is continuously growing in terms of complexity and capabilities, whereas society
is evolving and increasingly relying on computers to make decisions and to take actions
on its behalf. Next-generation computer systems, too complex to manage for humans |,
will need to configure, optimize, and repair themselves. Self-driving cars are already on
our roads, relieving humans of the monotony of driving during rush hours. Robots will
accept tasks that are too dangerous for humans, from fighting fires to exploring disaster
areas. These are just a few examples of autonomous agents taking actions without human
intervention to achieve some task. A key research question is how to make these agents’
behaviors robust like human decision-making.

Determining fixed behaviors in advance yields agents that fail to adapt to the inevitable
unforeseen situations and uncertainty that characterize real-world tasks. To replicate hu-
man expertise, agents must replicate the human ability to learn and adapt. These learning
agents choose future behaviors in response to past behavior data. The learning agent needs
to account for the delayed effect of its decisions, along with the possible non-determinism
of the environment. Clearly, in order to plan a good decision, the agent must refer to some
notion of optimality. In real-life, optimality is not necessarily expressed in a formal way,
however, when a sequential decision-making problem is tackled from the point of view of
Artificial Intelligence (AI) we need to specify some notion of goal. A goal-directed agent
is able not only to react to the changes of the environment, but also to show a proactive
behavior, intended to achieve its goal. Differently from classic optimal control, no assump-
tion is made on the knowledge of the dynamics of the environment, so the controller cannot
be designed a priori, but needs to be learned from the interaction with the environment.

We will consider those problems that satisfy the Markov property, i.e., the next state
of the environment does not depend on the past states and actions given the current state
and action, as well as the decision of the agent is determined as a function of the current
environment state only. This requirement, while apparently unrealistic, can always be
assumed provided that the representation of the environment state is sufficiently rich (e.g.,

we can define a rich state as the concatenation of all the states and actions visited so far;



in this way we embed the whole history in a single state). Such problems can be cast
into the Markov Decision Processes (MDP) framework. The goal of learning agents in
this environment is usually to maximize some sort of utility function. Whenever the agent
performs an action, it receives a feedback from the environment, the immediate reward,
which depends, in the most general case, on the starting state, the action performed and
the landing state. The utility, from a given state, is defined as the cumulative reward, i.e.,
the sum (possibly discounted) of the rewards collected along the visited states.

Reinforcement learning (RL) provides an appealing framework for developing learning
agents. It grew out of promising early algorithms [67, 51| that guarantee convergence to
optimal behavior in arbitrary finite agent-environment systems. These algorithms achieve
these theoretical guarantees by estimating the long-term value of every state in the system.
However, convergence to the correct values requires an infinite amount of data from each
state (asymptotic convergence) and, in practice, these methods are rarely feasible in real-
istic applications. RL research has focused on scaling these methods on harder problems,
working towards the goal of a relatively simple learning algorithm that allows an agent to
cope with the complexity of the real world.

Interesting problems, especially tasks that are easy solvable by humans, suffer from the
curse of dimensionality in the sense that the state space size is usually exponential in the
number of dimensions. It is thus not possible to brute force all the possible combinations of
actions and save the best. There is an increasing need for smart strategies on how to explore
the environment and decide when the agent should explore. The natural counterpart of
exploration is exploitation. Both together form one of the fundamental challenges in RL:
the Exploration vs. Exploitation dilemma [62]. If some knowledge is obtained about the
environment, the agent should use it to receive higher rewards. Logically pure random
exploration is not enough to get high rewards. Therefore, imagine a human who has
recently moved to a new city. During the first week he/she explores the city center by
taking some randomly chosen routes through it. With this technique, he/she is going to
find some spots, which match his/her personal interests. However if he/she decides to visit
the best places, he/she found during the first week he/she might lose the opportunity to
find other places, which are even better, because he/she stopped exploring the environment.

In order to solve the exploration vs. exploitation problem several strategies have been
proposed. There are very simple ones, e.g., e-greedy strategies, used extensively in the
literature in classic approaches |67, 51| as well as modern ones [40, 42|. The drawback
of these simple strategies is that they tend to need exponential many examples of states
and actions and thus suffer from the curse of dimensionality as well. For example, take
the Deep Q@ Network (DQN) architecture that was the first capable of playing Atari games
at a human level [40]. Its actions are based solely on raw input pixel data, one of the
main steps in designing a generally closed perception system. [40] and perfomed on various
Atari 2600 games well. However, a prominent example in which DQN fails is Montezuma’s

Revenge. In this game, the player has to find several keys to unlock the doors unveiling



the way to higher levels. The main reason for the malfunction is insufficient exploration
in the regions of sparse rewards.

More advanced methods for exploration have been proposed in the literature. Some
of them fall into the category of model-based algorithms [34, 9, 3]. They estimate the
parameters of the underlying MPD model and use uncertainty about these estimates to
drive exploration. Model-free algorithms that perform efficient exploration have also been
proposed [58, 13]. Some of these algorithms offer theoretical guarantees on the number
of transitions they need to learn the optimal policies [34, 9, 3, 58], but these theoretical
bounds are either too lose, or apply only to small finite problems or both. Recent methods
have been proposed to scale efficient and deep exploration in large problems, where function
approximation (e.g., deep networks) is used to generalize over the large state space [42].
More recently, distributional reinforcement learning, although it is not developed mainly
to address the exploration problem, has been used to drive deep exploration in the context
of deep reinforcement learning |5, 12].

This thesis continues in the tradition of scaling RL algorithms to harder tasks. We focus
on the classical problem of balancing what is referred to as ezploitation: the estimation
of optimal behavior given the existing data, with exploration: the generation of behaviors
intended to gather data that will improve future attempts at exploitation. In particular,
most RL algorithms estimate optimal behavior from existing data while assuming that
new data will not become available. They then modify this behavior to encourage the
acquisition of new data, in the simplest case just by adding random actions. We advocate
the development of agents, that explicitly consider the uncertainty of their knowledge
about the environment so that they can choose future behaviors in order to improve the
usefulness of future data. By gathering more data, the agent improves its future ability to
exploit the environment. This approach draws inspiration from human learning, which is

most effective in the context of active experimentation, not passive observation.

(Goal

The goal of this thesis is to develop a model-free Reinforcement Learning algorithm that
is able to perform efficient and deep exploration by explicitly representing the uncertainty

about its current Q-value estimates.

1.1 Overview

The contents of this thesis are organized in the following five chapters. We start in Chapter
2 with an overview of the different aspects of Markov decision processes and reinforcement
learning. We introduce definitions and discuss several aspects, such as value functions
and optimal policies. Moreover, we outline the techniques for solving MDPs, starting with
dynamic programming and presenting the most popular reinforcement learning approaches,

along with a brief discussion to function approximation methods. Finally, we give an



overview of distributional reinforcement learning. The focus of the presentation is directed
to the aspects that will be exploited in the subsequent chapters. Furthermore, in this
chapter, we introduce the notation that we will use throughout the thesis.

In Chapter 3 we depict the landscape of the state-of-the-art algorithms in efficient
exploration. The algorithms are presented in overlapping categories that group together
methods that share similarities in the approach. For each category we mainly address a
representative algorithm discussed in detail, emphasizing pros and cons. The goal of this
chapter is to guide the reader in a conscious understanding of the fundamental motivations
of this work. Chapter 4 is devoted to the extensive description of Particle Q-Learning. We
begin by discussing our representation of the uncertainty of the agent using Q-distributions
and present our main results about the approximation of the Q-distribution using a miz-
ture of deltas and how to update the distributions with new samples. Then we illustrate
two policies that use the Q-distributions to make more informed decisions to balance ex-
ploration and exploitation. Finally, we discuss how to maintain our Q-distributions online,
by using samples of the local immediate reward.

In Chapter 5 we evaluate Particle QL against popular RL methods. We first introduce
the metrics we use to compare the performance of the algorithms. Then, for the considered
domains, we analyze the performance in terms of learning speed and we show how the Q-
distributions shrink and how the uncertainty about the Q-values goes to 0. Besides the
experiments in small domains, designed to require exploration, we evaluate our algorithm
in the Atari suite of games, comparing our results with Bootstrapped DQN [42] a recent
deep RL algorithm that performs deep exploration. We test the algorithms in various Atari
games, including the infamous Montezuma’s Revenge.

In Chapter 6 we summarize the most relevant achievements of this thesis and we
highlight the strengths and weaknesses of the proposed approach. Furthermore, we suggest

possible extensions of this work.



Chapter 2

Reinforcement Learning and Markov

Decision Processes

Reinforcement Learning (RL) is an area of machine learning, closely tied to behavioral
psychology, concerned with how agents should behave in their environment as to maximize
some notion of utility function. Being inspired from psychology, we can say that this
area is the closer to how humans and other beings learn. The agent has to explore its
environment, collecting data on its interactions and using them to make informed decisions
in the future. In a way this process is similar to a baby exploring his surroundings and
playing in a playground. The process is formalized in Figure 2.1.

The main driver of the agent’s behavior is the reward signal it receives from the envi-
ronment. In the baby’s case, the activity of exploring the playground and playing, is driven
by an intrinsic motivation of human beings to explore our surroundings and understand
them better, which in this case can be seen as an internal, or intrinsic reward signal. Other
examples include teaching rats how to solve a maze by giving them food if they reach the
end. In this case the reward signal is external or extrinsic. In either case the reward func-
tion specifies the task the agent has to learn. We assume that the reward is given to the
agent after every action but in the most interesting and complicated cases actions might
affect not only the immediate rewards but also future rewards. So the agent must have
the ability to map the sensations it gets from the environment (states) to actions, keeping
in mind the effects of these actions in the future. This kind of problems are best described
in the Markov Decision Process (MDP) framework.

Reinforcement Learning is fundamentally different from supervised learning. In the
latter, learning is conducted on a training set of labeled samples provided by an external
knowledgeable source (supervised) [23]. Each sample is a representation of the situation
together with specification of the correct behavior of the system in this situation. This kind
of learning is used to generalize from this training dataset, and apply a correct behavior in
future situations not present in the train set. Even though it is a really important part of

machine learning, supervised learning alone is not enough to deal with control problems. In
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Figure 2.1: The Reinforcement Learning framework [62].

interactive problems it is often impractical to collect these datasets of the desired behavior,
and even if this data is available it might be unreliable so the agents must be able to learn
from their own experience.

Nonetheless supervised learning is often used together with reinforcement learning to
tackle control problems. A famous example is the original AlphaGo [54], the first computer
program able to beat an expert player in the ancient Chinese game of Go. The program
was first trained to mimic the moves of expert players by using a database of historical
moves containing more than 30 million moves. After it reached a certain level of mastery,
using reinforcement learning methods, the program was trained from experience by playing
against other instances of itself. Even though this was a milestone in Artificial Intelligence,
it was surpassed by the latest version of the program, Alpha Go Zero [55] , which skipped
the initial supervised learning and learned to play the game totally by scratch and was able
to beat the original game, 100 times in 100 games, showing the importance of reinforcement
learning in control problems.

Reinforcement learning is also different from unsupervised learning which in literature is
typically refereed as the area of machine learning concerned with finding structure hidden
in large sets of unlabeled data [23]. Even though both rely on learning from unlabeled
data, reinforcement learning is concerned with maximizing a reward signal received from
the environment rather than discovering hidden features of the environment. Discovering
features of the environment might be useful to reach the goal, but alone it is not enough
to maximize the reward. For this reason, reinforcement learning is considered as a third
machine learning paradigm [62].

Another aspect that distinguishes reinforcement learning form other paradigms of ma-
chine learning is the exploration vs exploitation dilemma, which is one of the greatest (if
not the greatest) challenges of reinforcement learning and it does not arise in the other

machine learning paradigms. Agents must be able to apply the “best” actions in each



situation they face. To evaluate the value of each action they use the knowledge acquired
from the interaction with the environment and to discover the best actions they need to
explore the environment by applying new actions. So neither exploration or exploitation
can be used exclusively to reach the goal of maximizing the reward. How do you balance
the two? This dilemma is even more important in stochastic tasks, where actions have to
be tried multiple times before having a reliable estimate of their value. This problem has
been studied extensively for decades but no definitive solution has been found so far.

In this thesis, to address the exploration vs exploitation dilemma, we will turn to a dis-
tributional approach to Reinforcement Learning. The common approach to reinforcement
learning models the expected cumulative reward received from each action in given states.
By explicitly modeling the distribution of the return estimate, instead of the expected
value we are able to have a better estimate of the value of each action and to quantify the
exploration dilemma, thus making better decisions. [13]

This chapter is meant to introduce main concepts of reinforcement learning used in
further chapters. The chapter is organized as follows. We start in Section 2.1 where we
introduce the concept of Markov decision process, the notion of value function and we
formalize the optimality criteria. Section 2.2 briefly presents the notion of planning in
MDPs and dynamic programming, the standard approach to solve MDPs, when the model
of the environment is available. Section 2.3 gives a classification of RL algorithms and
describes the most important model-free algorithms. In Section 2.4 we shortly discuss
function approximation. Finally, Section 2.5 is devoted to distributional RL and the

fundamental importance of the value distribution.

2.1 Markov Decision Processes

Markov Decision Processes (MDPs) provide a mathematical framework for modeling se-
quential decision making problems in situations where the outcomes are partly random
and partly in control of a goal-directed agent, which interacts with an environment by per-
forming actions and sensing perceptions. In this thesis we consider discrete time MDPs,
in which the agent has to decide which action to take in each state so that he maximizes
his utility function. At each time step the agent perceives a state from the environment,
and after choosing an action he perceives the next state he moved to and a reward signal
associated with this transition, called immediate reward. Usually the utility function of
the agent is some sort of cumulative reward calculated on an extended time frame. Max-
imizing the immediate rewards might not be enough to maximize the cumulative reward
so many times the agent has to sacrifice immediate rewards to gain in the long term.
Markov Decision Processes are an extension of Markov Chains. The difference is the
addition of actions (allowing choice of the agent) and rewards (providing motivation to the
agent). So if we have only one action , and all the rewards are the same an MDP reduces

to a Markov Chain. These processes are called Markov, because they have what is known



as the Markov property, that is, that given the current state and action, the next state is
independent of all the previous states and actions. The current state captures all that is

relevant about the world in order to predict what the next state will be.

2.1.1 Definitions

Different definitions are available in literature. We consider the following one:

Definition 2.1.1. A Markov Decision Process is a tuple M = (S, A, P, R, u,7) , where:

e S is a non-empty measurable set , called state space;
o A is a non-empty measurable set , called action space;

e P is a function P : S x A —AS called transition model, that for all s€ S and for
all ae A, assigns P(- | s,a), a probability measure over S,P(- | s,a) being the

corresponding probability density function;

e R is a function R : S X A x S — ‘R called the reward function, that for all s,s'e S
and for all a€ A, assigns R(- | s,a,s’), a probability measure over RR(- | s,a,s’)

| s,a) [T]
s,a,s")

being the corresponding probability density function and R(s,a)= E P(.
R(- |

is the state-action expected reward;

e 4 is a probability measure over S called distribution of the initial states, u(-) being

the probability density function;

v € [0, 1] is the discount factor.

The state space S and the action space A define the sensor and actuator possibilities
of the agent. They can be either finite or infinite, discrete or continuous. Sometimes not
all the actions are performable in all states, in this case it is convenient to define the set
A(s) for all s€ S which is the set of actions available in state s, therefore A = J, g A(S)

The immediate payoff is modeled by means of a scalar reward, that given the current

seS

state s, the current action a and the next state s’ assigns for all Borel sets A € B(R)
the quantity R(A|s,a,s’) that is the probability to get a payoff in A by starting from
state s, performing action a and ending up in state s'. R(:|s,a,s’) is the corresponding
density function. In most common applications the state-action expected reward R(s,a) is
used, defined as the expected value of the reward taken over all next states s’ and all real
rewards r. Sometimes it is convenient to consider the state-action-state expected reward
R(s,a,8") = E,wp(|s,as)[r]. We will also assume that the immediate reward is upper
bounded in absolute value, i.e., || R ||co= maxses maxae 4 | R(s,a) |[< M < +oo.

The reward function ultimately defines the goal of the agent in its environment. Is a
scalar reward enough to specify every goal? Sutton and Burto [62] hypothesize that all

that we call goal can be expressed as maximizing the cumulative sum of a received scalar



reward signal. Although not proven, this hypothesis is so simple and powerful that we
need to disprove it before looking for something more complicated.

The time is modeled as a discrete set of time steps, typically represented as a sequence
of natural numbers 7 = 0,1,...,T where T is called horizon and can be either finite ' € N
or infinite T" = oo. In the former case the MDP is said to be finite horizon, otherwise it is
called infinite horizon. An MDP is said episodic if the state space contains a terminal (or
absorbing) state, i.e., a state s from which no other states can be reached (for all actions
a € A,P(s|s,a) = 1). Typically, it is assumed that all actions performed in a terminal
state yield zero reward.

The discount factor ~, which is typically strictly less than 1, causes rewards perceived
further in time to be weighted less. This is especially important in infinite horizon MDPs,
but might be useful also in finite horizon cases. A typical example where applying a
discount factor less than 1 are financial applications where receiving monetary rewards in
the present usually is more valuable than receiving them in the future due to the interest
rate.

To recap, the dynamics of MDPs are as follows. We start from an initial state sg
drawn from the initial state distribution u. At each time step the agent choses an action
from the available set of actions A(s). Following the transition model P(- | s,a) it ends
in state s’ and it observes the reward signal r drawn from the reward model R(- | s,a,s’).
By repeatedly applying these activity the agent traverses a sequence of states collecting a
sequence of rewards. Maximizing the (v discounted) cumulative sum of these rewards is

the agents goal.

2.1.2 Policies

As we said before the goal of an agent is to maximize some sort of cumulative reward by
taking actions that produce larger rewards. Generally the agent uses the history of states
he has traversed (sp, $1...) to make decision on future actions as to maximize his utility
function. The set of rules mapping the agents history to actions are called policies. But
because MDPs have the Markovian property, the current state ,s; is enough to determine
the next action a; [62]. These kind of policies are called, not surprisingly, Markovian
Policies. Moreover if the actions mapped are not dependent on the time step ¢, the policy
is called stationary. In this thesis,for simplicity, when we use the term policy we will refer

to Markovian Stationary Policies. More formally:

Definition 2.1.2. A Markovian Stationary Policy 7 is a function w: S — A(A) that for
every state s € S maps a probability distribution, w(- | s), over the action space A. If the

policy is deterministic then m: S — A.

The goal of reinforcement learning becomes finding the policy that maximizes the
cumulative reward collected. An MDP paired with a policy 7 induces what in literature

is called a Markov Reward Process denoted by the tuple (S, P™, R™,~,u). For all states



s € S, P™(- | s) is a probability measure over S. P7 is the probability density function

obtained by marginalizing the transition model of the MDP, P over the actions:

P7(s|s) = Z w(als)P(s']s,a), Vs,s' € 8. (2.1)

acA
P7(s'|s) gives the probability of ending up in state s’, starting from state s, in one time step.
Similarly,R™(-|s, s’) for all s, s’ € S is a probability measure over R with the corresponding

density function R obtained from the reward model of the MDP as:

R™(r|s,s") = m(als)R(r|s,s',a), Vs, €S. (2.2)

acA

MRPs are a suitable model for uncontrolled processes. The notion of action disappears and
they can be used to model stochastic processes taking place in the environment and pro-
ducing rewards. By further removing the concept of reward from the MRPs, as mentioned

before we are left with Markov Chains or Markov Processes.

2.1.3 Utility Functions and Value Functions

Given a policy 7, played by an agent in an MDP, it is possible to define the utility of
each state. While the reward signal measures the immediate payoff the agent experiences,
the utility function of a state measures the reward in a long run. The utility function
is calculated over trajectories, and measures how “good” that trajectory is to the agents.
Typically the utility is a sum (possibly discounted) of the rewards collected during the
trajectory , even though there are other types of utility functions defined in literature [49].

If 7 is a trajectory the agent followed under policy m,starting form the initial state

distribution pu, the expected discounted sum of rewards is defined as:

T(r)
J" = T~p |y, P) Z STtaaTt s (23)

t=0
where:
e T'(7) is the length of trajectory 7;
e s;; is the state where the agent is in the t-th time step of trajectory 7;

® a,; is the action taken in the t-th time step of trajectory .

To avoid the potential divergence of the utility function in the case of infinite MDP, a
discount factor is introduced and the utility function becomes the discounted expected

cumulative reward also known as ezpected return [62].

T(r)

JT = E. p(-|p,m,P) Z P)/t(ST,tv aT,t) : (24)
t=0
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By introducing the discount factor we avoid the divergence of this measure, holding the
assumption that the reward signal is upper bounded. The discount factor is open to
multiple interpretations. From an economical/financial point of view the discount factor
accounts for the fact that an agent might be more interested in a payoff obtained in the
near future rather than a payoff obtained far in the future. Values of v close to 0 lead
to a "miopic” evolution (at the limit in which v = 0 the agent is interested only in the
immediate reward and the solution of the problem is obtained with a greedy policy) while
values of v close to 1 lead to a “far-sighted” evolution.

From a statistical point of view the discount factor is related to the probability that
the process continues for another epoch. If the MDP is episodic, i.e., all trajectories reach
an absorbing state, then v = 1 can be used. Formally, the discount factor is a parameter of
the MDP. However, many times, v is tuned to favor the convergence of the RL algorithms.
Small values of v improve the convergence rate. In the extreme case of v = (0 the problem
degenerates in a greedy choice. However, small v could compromise the quality of the
solution since the rewards collected in the far future become less important. Thus, the
choice of 7, when possible, has to trade off the quality of the recovered solution and the

convergence speed of the algorithms.

Value Functions

As we have already introduced, the goal of reinforcement learning is to find the optimal
policy the agent can play to maximize his utility function. The most trivial way to do this
is to list all the possible behaviors the agent can exhibit and chose the one with highest
utility, using the utility functions mentioned above.Fortunately, we can do better than this.

A better way is to use the value function of each state, defined as :

Definition 2.1.3. The value function in state s,V (s), of an MDP is the expected return
starting from state s and following policy 7 [62].

V7(s) = Ex [v|se = 9], Vs e S, (2.5)

where v; = ZtT:(S) Y (srt,art). The problem of finding the optimal policy becomes
finding the optimal value function, and determining the optimal behavior from it.

For control purposes, it is easier to compute the action-value function, Q™ (s, a), as it
is eagier to determine the value of each action in each state, and then derive the optimal
policy.The value function simply does not include enough information to determine the
greedy action(the current best) for each state, at least without having the model of the

MDP, where by model we refer to the state transition probabilities P.

Definition 2.1.4. The action-value function in state s executing action a, Q™(s,a), of
an MDP is the expected return starting from state s, applying action a and then following
policy m [62]

Q" (s,a) = Ex [vt|sy = s,a¢ = a] , V(s,a) € S x A. (2.6)

11



There is a clear relationship between the value function and the state value function.

The former is computed by averaging the latter over the possible actions:
V™ (s) = Equn(s) [Q7(5,a)] Vs € S. (2.7)

Sometimes it is useful to estimate the advantage function, A™(s,a) [27] [53], which rep-
resents how much a given action, a, is convenient in state s, w.r.t., the average utility of

that state. A7(s,a) is defined as:

A"(s,a) = Q™ (s,a) — V7 (s), V(s,a) € S x A. (2.8)

2.1.4 Bellman Equations and Operators

We defined the state value function, V™ (s), as the expected return collected stating from
state s, and then following policy m. We can decompose this definition further by consid-
ering the value function as the sum of the immediate reward in state s with the expected
discounted reward in the following state. This kind of recursive definition will show itself

useful in solving MDPs.

Bellman Expectation Equation

The Bellman Expectation Equation [7] is defined as :

V7 (s) = Er [reg1 + 7V (st41)] st = 8]

(2.9)
=Y m(als) (R(s, a)+v Y P(ss, a)V“(s’)) .
acA s'eS
The action-value function can be decomposed in the same way as :
Q7(s,a) = Ex [rep1 + Q7 (141, ar1) |5t = 5,01 = a
= R(s,a) +7v ) P(s|s,a)V7(s)
2z 210
= R(s,a) +~ Z P(s'|s,a) Z m(d'|s)Q™ (s, d').
s'esS a’€A

When the MDP is finite,by using the Markov Reward Process induced by policy 7, we
can write the Bellman Expectation Equation in a concise matrix form of the equation as
follows:

VT =R"+~P"VT, (2.11)

which yields the solution:
V™= (I —~P") 'R (2.12)

While this is an exact solution of the MDP | unfortunately inverting the matrix (I — yP7)

has a high computational complexity.
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A way to solve the MDP while avoiding the complexity of the matrix inversion is to
use the Bellman Operator [7] defined as 77 : RUSD — RUSD .

(T™V)(s) = w(als) (R(s, a)+v Y P(sls, a)V(s’)> ., Vsed. (2.13)
acA s'eS
The Bellman Operator maps value functions to value function.It can be proved [49]
that the state value function V7 is the unique fixed point of the Bellman operator, T" ,
i.e., it satisfies T"[V™] = V™ (Bellman Expectation Equation).
We can define the Bellman Expectation Operator for the @ function as well ;77 :
R5*A 5 RS*4  defined as:

(T7Q™)(s,a) = R(s,a) +v > _ P(s|s,a) Y_ w(a|sHQ7(s,d),  V¥(s,a) €S x A,
s'eS a’€A (2.14)

Like for the value function, Q7 is the unique fixed point of T7™ | i.e., T™[Q™] = Q".It is
worth to notice that both operators are linear. Furthermore, they satisfy the contraction
property in Lo, norm, i.e., |77 f1=T7" fa|loo < ¥||f1— f2|loo , thus the repeated application of
T™ makes any function converge to the value function. Value functions are very important
in reinforcement learning. They define a partial order over policies. Namely for any two
policies m, 7'

> if VT(s) >V (s), Vs € S.

2.1.5 Optimality Conditions

The standard approach to finding the optimal policy of an MDP, i.e., the policy that
maximizes the agents utility function. is by means of the optimal value function. The
optimal value function maximizes the expected return for every state.

We will start by defining the optimal value function. If we call II the set of all possible

Markovian policies then the optimal value function,V* is :

Definition 2.1.5. Given an MDP M, the optimal value function in any state s € S s
given by :

Vi(s) = max V™ (s), Vs e S. (2.15)

The optimal value function specifies the best possible performance an agent can reach in
any state of the MDP. Solving an MDP means finding the optimal value function.Similarly

we can define the optimal action-value function, Q*(s,a) as :

Definition 2.1.6. Given an MDP M, the optimal action-value function in any state-action

pair (s,a) € S x A is given by :

Q*(s,a) = max Q" (s, a), V(s,a) € S x A. (2.16)

mell
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Bellman Optimality Equation

Similarly with the value function of a given policy, we can define the optimal value function

of an MDP in a recursive way [62], as :

V*(s) = max Q*(s, a)

acA
(2.17)
= max (R(s, a)+ Z P(s']s, a)V*(s’)) .
s'eS

Definition 2.1.7. The Bellman optimality operator, T* :RISI 5 RIS 45 defined as:

(T*V)(s) = max <R(3,a) +y> P(s'ys,a)V(s')> . VseS. (2.18)

€A
“ s'eS

As before a similar definition follows for the action-value optimality operator.This op-
erator has the same properties as the Bellman Expectation Operator mentioned before,
namely its a contraction w.r.t. || - ||, and the optimal value function V* is a unique fixed

point of the operator.

Optimal Policies

Having defined the optimal value function and it is meaning, the question becomes is
there any policy,7* whose corresponding value function coincides with the optimal value

function? The following result has been shown in [62]:

Theorem 2.1.1. For any Markov Decision Process

o There exists an optimal policy ©* that is better than or equal to all other policies
m e 1l
o All optimal policies achieve the optimal value function, V™ (s) = V*(s);

All optimal policies achieve the optimal action-value function, Q™ (s,a) = Q*(s,a);

There is always a deterministic optimal policy for any MDP.

The last result is extremely important. As a result of the theorem above we can find the
optimal policy of an MDP by finding the optimal Q function, Q*, and taking the “greedy”
action in each state.More formally :

T (s) = argmax Q*(s, a), Vs € S. (2.19)
acA

It is worth noting that the knowledge of the optimal action value function Q* is sufficient
to compute an optimal policy in a model-free manner,while the optimal value function
V* requires the knowledge of the transition model P. Model-free RL algorithms aim to

estimate Q* from trajectories.
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2.2 Planning in MDPs

We recall that an MDP is defined as the tuple M = (S, A, P, R, u,7). If we know all the
elements of the tuple we can solve the MDP (find the optimal policy) without ever taking
an action in the environment [39]. In Al, solving a decision making problem without ever
making a decision is called planning.Below we will describe some of the most used planning

algorithms.

2.2.1 Dynamic Programming

Solving an MDP means finding an optimal policy. We are interested just in one policy,
not the complete space of optimal policies. Having said this the usual approach is to
find the optimal value function(or action-value function) and derive from it the optimal
policy. When the state transition model of the MDP, P, is known Dynamic Programming is
the most common approach used to solve MDPs. Dynamic programming [7] is a common
technique to solve problems that can be divided in subproblems.It is used to solve problems

that satisfy two properties:
e Optimal Substructure i.e., the solution can be decomposed into subproblems;

e Overlapping subproblems i.e., subproblems recur many times and solutions can be

cached and reused.

When the subproblems are solved also the main problem is solved. This recursive thinking
of problem might seem familiar as we described it before in the definition of the Bellman

operator. In fact MDPs have both these properties.
e Bellman equation gives recursive decomposition;

e Value function stores and reuses solutions.

2.2.2 Policy Iteration

Policy Iteration solves MDPs by alternating the policy evaluation and policy improvement
phases [25]. The algorithm starts from a random policy, m, as shown in Figure 2.2. The
policy iteration phase tried to extract the value function of the current policy. This can
be done in various ways, mentioned in the previous section. The closed form solution
could be used to get an exact solution( 2.12), but as we said before this comes with a
high computational cost. Alternatively, we can apply recursively the Bellman Expectation
Operator, which, as mentioned before, is a contraction in the max norm. By applying
recursively this operator we get an approximation of the real value function of the policy,
but for most applications look for an approximation of the value function. In fact in
modified policy iteration [50] the algorithm does not wait until convergence, advocating

that a sufficiently good approximation is enough.
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Figure 2.2: Policy iteration algorithm [62].

After the policy evaluation phase, policy improvement generates the greedy policy from
the value function, by selecting, in each state, the action that maximizes it.
t+1 _ mt
T (s) = argmax Q" (s,a), seS. (2.20)
acA

The policy generated is deterministic , and moreover it is guaranteed to be an improvement

over the previous one.

Theorem 2.2.1. (Policy Improvement Theorem) Given an MDP M and two deterministic

policies ™ and 7' :
Q(s,7'(s)) > V™(s), VseS =  VT(s)>VT(s), Vse&.

Now, of course, by evaluating the policy by means of the value function, to generate
the greedy policy, we need the state transition model, P. In other cases, when the model
is not available, Q-iteration is used. Here, instead of evaluating the value function of the

policy, we evaluate the action-value function in a similar way.

2.2.3 Value Iteration

Value iteration finds the optimal value function (and from it the optimal policy), without
the intermediate use of policies. This method is based on the iterative application of the
Bellman Optimality operation discussed in the previous section.

We recall that this operator is a contraction [4]. The algorithm start from an initial
(random) value function, V°, and applies iteratively the Bellman operator until a stop-
ping condition is met. The stopping condition might be maximal number of iterations

or based on some minimal metric of distance between two subsequent estimations of the
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value function. In the end the optimal policy is recovered in the same way as in policy
iteration, by taking the greedy policy induced by the optimal value function. Again the
state transition model is required, otherwise we need to estimate the optimal action-value
function instead.The convergence to the optimal value function is guaranteed. In particu-
lar, given two consecutive approximations of the optimal value function we can bound the

error w.r.t. the true optimal value function:

2
VE — Vel <e = [V - V¥ < ”7. (2.21)

1—

While policy iteration represents explicitly the policy, value iteration focuses on the
value function only. This means that intermediate value functions may not correspond to
any policy. Both have polynomial time complexity for MDPs with fixed discount factor
[38]. Comnsidering the single iteration, policy iteration is more computationally demanding
w.r.t., value iteration since it requires evaluating the policy and performing the greedy
improvement, but it tends to converge in a smaller number of iterations. Besides DP,
also Linear Programming (LP) can be employed to recover the optimal value function.

However, LP becomes impractical at a much smaller number of states than DP methods
do.

2.3 Reinforcement Learning

The main disadvantage of Dynamic Programming (when used to solve MDPs) is the fact
that it requires the knowledge of the model. We need the state transition model to solve the
MDP, which in real life problems is, more often than not, unavailable. Furthermore, DP
becomes quickly infeasible as the action-state spaces of the MDP increase and it is clearly
inapplicable for infinite MDPs. Reinforcement Learning tries to convert DP algorithms in a
sample-based nature. Sample based because we need to identify the underlying mechanisms

of the environment since we do not have the transition model.

2.3.1 Classifying Reinforcement Learning Algorithms

Reinforcement Learning, being one of the Machine Learning paradigms, is a vast field
containing a large number of algorithms. We can classify RL algorithms in a number of

ways as:

e Model-based vs Model-free depending whether or not the algorithm needs the state
transition probabilities, P. Model-free techniques try to find the optimal policy
directly from samples of trajectories, whereas model-based techniques estimate first

the transition model, to then apply DP to find the optimal policy.

e On-Policy vs Off-Policy depending on whether the agent learns the same policy used
to collect data. On-policy algorithms learn the value function of the policy used

to collect the samples, whereas off-policy algorithms learn the value function of a
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second policy (typically the optimal policy) while using a different policy to collect

the samples.

e Online vs Offline depending on when the learning is performed. Online methods
learn while collecting the samples whereas offline methods learn after they have all

the data.

e Tabular vs Function Approximation depending on the representation of the value
function. Tabular methods explicitly save the value function for each state in a
table (usable only in finite MDPs), whereas function approximation algorithms use

approximators (regressors, neural networks) to estimate the value function.

e Value-based vs Policy-based vs Actor Critic. Value-based algorithms estimate the
value-function of the optimal policy (and from it the optimal policy). Policy-based
algorithms try to estimate directly the optimal policy. Actor-critic methods have two
parts. An actor(agent) that estimates the value function and a critic that updates

it.

2.3.2 Model-free Prediction

The prediction problem aims to estimate the value function of a given policy.We will
concentrate on the model-free case, i.e., when the transition model of the MDP is not
known. We recall the process is now an MRP (MDP-+ policy). The focus will be on two
classes of algorithms, Monte Carlo approches (MC) and Temporal Difference approaches
(TD) [62].Both methods are able to learn the value function of the policy directly from
episodes of experience, whithout knowing the transition model of the MDP.They are able
to do this by iteratively updating their estimation of the value function in each state.The
updates are done using the exponential average update rule :
Vit (s) = Vi(sy) + ol (v — Vi(sy)), (2.22)
where v} is an estimation of the value function in state s; and o is the learning rate.
The two approaches differ on how the estimator v} is calculated. Monte Carlo learning:
e Uses the simplest possible idea , value function is the sum of (discounted) returns,
, T(r)—1
vC = Zi:(tT) Vrit;
e The approximator v} has the disadvantage the method is only usable for episodic
MDPs. All episodes must terminate for the value function to be estimated;

e For the same reason can only be used for offline learning;

e States may be visited multiple times during an episode. When this happens we can
either compute the value function just for the first visit of the state (first-visit MC)
or for every time we visit the state (every-visit MC).The choice between the two boils

down to the classical bias-variance trade off. [62].
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TD on the other hand:

e Leverages on bootstrapping to use the crrent approximation of the value function;
e The estimator is now the temporal difference target, given by vl'P = ry 1 +9V(s151);
e Bootstrapping allows for online learning and is not restricted to episodic MDPs;

e Bootstrapping after multiple timesteps gives rise to the T'D(X) class of algorithms.
We refer to [62] for more details.

Even though it can be shown that MC is an unbiased estimator [62] and TD is biased
, in practice T'D(\) is used more since it exploits the Markovian property of MDPs.

2.3.3 Model-free Control

The prediction problem deals with evaluating the value function a given policy. Whats
more interesting about RL algorithms is the ability to learn a optimal policy in an MDP
from samples of experience. This is called the model free control problem. Control algo-
rithms can be derived from the algorithms mentioned in the previous section by modifying
them in a DP fashion. The main modification is estimating the  function instead of
the value function, since the model of the environment is not given. Second, and most
importantly, we cannot apply the policy improvement step just by choosing the optimal
action according to our current estimate. We are learning from samples, starting from
an initial (possibly random) estimate.By choosing the optimal action, completely trusting
our current estimate, we (almost surely) will converge to sub-optimal policies, since the
samples we collect depend on our estimation of the Q function. This is in fact an instance
of the exploitation vs exploration problem. Do we use the information we have so far
(exploitation) or we chose new actions to gather new informations (exploration) ?

An option is using an € — greedy policy, a stochastic policy that chooses a random
action, from the available ones, with probability ¢ and the current optimal action with
probability 1 — €. The € — greedy Policy Improvement Theorem [62]| shows that the new
policy is an improvement w.r.t., the previous one. As we collect samples, we become more
confident about our estimate of the Q function and we can explore less. This can be done,
in the simplest case, by defining a schedule for the exploration rate epsilon, so that it

converges to zero.We can now write the update rule for the Q) function as :

Qt"’l(st, at) = Q'(s¢, ag) + o (UZ — Q' (st, at)) . (2.23)

Again, different algorithms differ on their estimation of the value function, vf. MC uses the
estimator vf”c = ZiT:(z)_l 'ytriH, while TD as before uses vtTD = Ti41 + Qt(st+1,at+1).
The TD control algorithm is called SARSA [51]. The remarks made in the previous
section about the usage of the two algorithms are valid also in the control setting. It is

important to mention that both MC and TD are on-policy methods, meaning that they
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estimate the value function of a policy , while following it. This is important especially
while bootstrapping in TD, since it determines the choice of the next action, a4+ that
appears in the TD target. Both algorithms have convergence guarantees, as long as they

follow the Robbin-Moore conditions on the learning rate, given by:

Zat = +oo and Z (at)2 < 400. (2.24)
t=0 =0

and each state-action pair is visited infinitely many times [29, 62]. A simple case that
respects these conditions is of = %

We will now shortly present, an off-policy algorithm, used to estimate the optimal
action-value function of an unknown MDP. The famous Q-Learning [67| can be thought
as an extension of Value Iteration to the model-free case. Basically it applies a sample
based version of the Bellman Optimality Equation, allowing to learn the optimal action
value function without having to actually play an optimal policy The update rule of Q

learning is given as:

Q™ (st ar) = Q' (st ar) + o <7"t+1 + 7 max Q' (st1,a") — Q" (st at)) . (2.25)

Pseudocode of the Q learning algorithm is shown in Alg. 1.

Algorithm 1 @Q-learning: Learn function @ : § x A — R
Input: States S = {1,...,ns}, Actions A = {1,...,n,}, Reward function R: S x A — R,

Learning rate a € [0, 1], Exploration rate € € [0, 1], Discount factor v € [0, 1].

Output: @ function

Initialize @ : S x A — R arbitrarily
while @ is not converged do
Start in state s € S
while s is not terminal do
Chose a according to Q and € — greedy exploration strategy
Take a and receive the reward r and the new state s’
Q(s',a) « (1—a) - Q(s,a) + - (r +7 - maxy Q(s',a"))
s+ &
Update learning rate o according to learning rate schedule

Update exploration rate € according to exploration rate schedule
return 5

2.4 Function Approximation

Q-learning uses a tabular representation for the Q-function which is inapplicable when
the state-action space is large, due to memory and time restrictions. Obviously, when

the MDP is continuous a tabular representation is impossible. The solution proposed in

20



literature is to estimate the value function with function approximation, i.e., V7 (s) ~ V (s).
This approach tends to enforce generalization capabilities of the model and to speed up
the computation w.r.t. tabular representation with no significant performance degradation
when the approximators are carefully chosen.

We can distinguish between parametric and non-parametric approximators: the former
have a set of parameters known a priori, data are used to tune the values of the parameters
(e.g., neural networks); while for the latter the number of parameters is not fixed (e.g.,

decision trees, nearest neighbors).

2.4.1 Basics of Function Approximation

In the context of function approximation, learning can be defined as the process of selecting
a function V in a functional space F in order to minimize a loss function that encodes the
fact that we aim to use V to approximate the value function V™. We aim to solve the
following problem:

V =argmin ||[V™ — f]|,. (2.26)

fer

A fundamental issue at this point, is the bias-variance trade off, closely related to the
choice of the function space F [22]. We will focus on parametric function approximation,
in which F = Fp = {fyp : 0 € © C R¥} is a parametric function space. The problem of

finding V, becomes equivalent to finding the optimal parameter:
0 = argmin |[V™ — fol,. (2.27)
0O

We assume that function fy is constructed starting from a vector of features ¢ = ¢1, o, ...,
¢p , i.e., functions that map each state to real numbers ¢(s) (or each state-action pair to
real numbers ¢(s,a)). The functional form of fy can vary a lot: from linear models to
complex non linear approximators, like neural networks.

Under certain regularity conditions, prediction in this scenario can be carried out with
gradient descent methods employing as loss function equation (2.27) with ¢ = 2 and
the unknown value function is replaced with the corresponding Monte Carlo or Temporal

Difference estimator. The parameter update for approximate prediction is given by:
O 01 — oW (vF — fou (51,a:)) Vo fyw (st a1). (2.28)

Unfortunately convergence is no longer guaranteed. SARSA may display instability while
Q-learning does not have anymore guarantees even for simple linear approximators.

The algorithms presented so far perform updates as soon as a sample is drawn (incre-
mental methods). This has at least two drawbacks: first, it is computationally inefficient;
second, two subsequent samples are strongly correlated. On the contrary, batch methods
seek to find the best fitting value function once all the data have been collected. The loss
function remains the same, but learning is performed over the whole (static) dataset. This
allows recovering the optimal parameters even in closed form for some simple approxima-

tors, like linear parametrizations.
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Figure 2.3: A frame from the video game Space Invaders.

2.5 Distributional Reinforcement Learning

The common approach to RL is modeling the expected random return the agent gets, or
the value function. This approach has shown really good results, like playing the game
of Go in super-human levels, but it has some problems.Consider for a moment the Atari
game , Space Invaders. A frame from this game is shown in Figure 2.3. In this game
the agent control a laser-canon that shoots alien invaders (hence Space Invaders) as they
descent the screen. While the agent shoots enemy spaceships he collects points (rewards).
The goal of the game is obviously maximizing this reward. The enemy ships also shoot
at the laser-canon. If all the laser-canons of the player are destroyed the game ends and
the final score is the score collected so far. What is interesting about the game is that if
the enemy ships reach the bottom , you lose immediately, no matter how many lives you
have left. This is interesting because as the enemies approach the bottom of the screen,
the probability that you lose the game increases so in these states the value distribution
is quite complex, multi-modal if you will. A simple expected return does not capture this
multi modality and actually gives an expectation that will not be reached in practice.
Modeling the expected return of the agent actually hides the intrinsic randomness of the

environment. In this section we will discuss the importance of value distributions.

2.5.1 Value Distributions

One of the major principles of RL states that, if not not otherwise constrained in its
behavior, an agent should aim to maximize its expected utility Q, or value [62] and as
discussed before this is expressed elegantly with the Bellman Operators.

Bellemare et al. |5] argue for the fundamental importance of the value distribution:
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the distribution of the random return received by a reinforcement learning agent. There is
a large body of literature on this distribution [31] [56] , but for mainly specific purposes,
such as implementing risk-aware behavior [41] or to model parametric uncertainty [13].

Specifically we are interested on the random return Z.

2.5.2 Distribution Distance Measures

In this section we will review some measures of distance between distributions which will

be used in this thesis.

KL Divergence

In mathematical statistics, the Kullback-Leibler divergence (also called relative entropy)
is a measure of how one probability distribution is different from a second, reference prob-
ability distribution [36]. In the simple case, a Kullback—Leibler divergence of 0 indicates
that we can expect similar, if not the same, behavior of two different distributions, while
a Kullback-Leibler divergence larger than 0 indicates that the two distributions behave
differently and its value indicates “how much” the distributions differ. In simplified terms,
it is a measure of surprise.

More formally, given two probability measures, P and @, the KL divergence of @ to
P, di (P, Q) is defined as:

dkr(P,Q) =Ep [log 58] . (2.29)

dir(P,Q) is an index of the information gained when one revises one’s beliefs from the
prior probability distribution () to the posterior probability distribution P. In other words,
it is the amount of information lost when @ is used to approximate P [11]. In applications,
P typically represents the “true” distribution of data, observations, or a precisely calcu-
lated theoretical distribution, while @) typically represents a theory, model, description, or
approximation of P. In order to find a distribution @ that is closest to P, we can minimize

KL divergence and compute an information projection.

Wasserstein Metric

The Wasserstein metric, d,, is a distance function defined between cumulative distributions

functions [28]. Given F' and G, two c.d.fs, the Wasserstein metric is defined as:
dy(F,G) = inf ||U — 2.
J(F.G) = uf U=V, (230)

where the infimum is taken over all pairs of random variables (U, V'), with respective
cumulative distributions F' and G. For p < oo, and if U and V' are defined over R, d,, can

be written as:

d,(F,G) = (/01 P () — G-1<u)ypdu>’1’. (2.31)
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Given two random variables U,V with c.d.fs Fy, Fyy, we will write d,(U, V) = d,(Fy, Fy)
for convenience.
Considering a scalar a and a random variable A, independent of U, V, the metric d,

has the following properties [5]:

dp(CLU, CLV) < ‘(1|de, V7
dp(A+ U, A+ V) < dy(U,V),
dp(AU, AV) < ||Al|dy(U, V).

Let Z denote the space of value distributions. For two value distributions 71,75 € Z a

maximal form of the Wasserstein metric can be defined as:

dy(Z1,Z3) = supdy(Z1(s,a), Za2(s, a)). (2.32)

2.5.3 Policy Evaluation Setting

We recall that agent following a policy 7 in an uncertain world will experience return 27,
defined as the sum of discounted rewards following the trajectory induced by policy .
The value function Q™ describes the expected return from taking action a in state s, then

acting according to 7.

Q" (s,a) =E[Z7(s,a)] = E

Z Y R(st, at)] .
t=0

We emphasize that Z™ describes the intrinsic randomness of the agent’s interactions with
its environment, rather than some measure of uncertainty about the environment itself [5].
We discussed before how this expectation can be expressed elegantly using Bellman’s ex-
pectation equation. Now we will take away the expectations in Bellman’s equation and
use the distribution Z7

The randomness in the return of the next state can also be expressed in the transition

operator P™ : Z — Z defined as:

P Z(s,a) 2 Z(S', A,

(2.33)
S~ P(:|s,a), A ~mx(9),

where 2 is an equality in distribution. We use the capital letters S” and A’ to emphasize
the random nature of the next state-action pair. Now we can give the definition of the

distributional Bellman operator, T"Z — Z, as
T"Z(s,a) 2 R(s,a) +vP"Z(s,a). (2.34)

The distributional Bellman operator states that the distribution of Z is characterized by

the interaction of three random variables:

e the reward R;
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e the next state-action (S’, A');
e the random return in the next state-action. Z(S’, A")

Further it can be shown that equation 2.34 is a contraction mapping in Wasserstein metric

and its unique fixed point is Z7 [5]
Ep(T”Zl, TWZQ) § ’}/ap(Zl, ZQ) (235)

In this context, the Wasserstein metric is particularly interesting because it does not suffer

from disjoint-support issues [2] which arise when performing Bellman updates.

2.5.4 The Control Setting

In the previous section we discussed how the Bellman distributional operator has the same
properties as the expectation one. This does not hold in the control setting unfortunately,
with the optimality operator. As a reminder, in the control setting we seek a policy
7 that maximizes the value function and the corresponding notion of an optimal value
distribution. We will see how optimality is a trickier concept when seen in a distributional
setting.Just like with the value function, the notion of optimal value distribution is tied
with the notion of an optimal policy. But if with value functions , all optimal policies have
the same optimal value function , this is not the case with value distributions.

The notion of optimal policy does not change. The optimal policy is still the policy
that maximizes the expected return. Having the definition of the optimal policy , we can

define the optimal value distribution as :

Definition 2.5.1. An optimal value distribution is the value distribution of an optimal

policy. The set of optimal value distributions is Z* := {Z”* S H*}.

We emphasize that not all value distributions with expectation Q™ are optimal. They
must match the full distribution of the return under some optimal policy.

Recall that the expected Bellman optimality operator 7. In ( 2.18) the maximum
over actions corresponds to an implicit greedy policy, which cannot be ignored in the

distributional case. So let us give the definition of a greedy policy as provided by |[5].

Definition 2.5.2. A greedy policy m for Z € Z maximizes the expectation of Z. The set
of greedy policies for Z is:

Gy = {77 : Z m(als)E[Z(s,a)] = maxE [Z(s,a')] } .

=y a’'eA

After defining the notion of a greedy policy we can define a distributional optimality

operator as any operator 7 which implements a greedy selection rule, i.e.,

TZ=T"Z forsome m€GqGy. (2.36)
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As in the policy evaluation setting, we are interested in the behavior of the iterates Z;, =
T Zy, where Zy € Z. Bellemare [5] shows that the expectation, EZ behaves as expected,
converging to Q* exponentially quickly. Unfortunately, convergence of Zj to Z* is neither
quick nor assured to reach a fixed point. In Bellemare derives 3 negatives results concerning

the operator T:
e The operator T is not a contraction in any measure;
e Not all optimality operator have a fixed point Z*;

e Even if 7 has a fixed point, it does not guarantee the convergence of {Z;} to Z*.
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Chapter 3

State of The Art in Efficient

Exploration

A fundamental issue in reinforcement learning algorithms is how to balance between explo-
ration of the environment and exploitation of information already obtained by the agent.
There is a large body of literature on efficient exploration tackling the exploration vs ex-
ploitation dilemma. The goal of exploration strategies is minimizing learning time while
providing some guarantees on the performance of the learned policy. Clearly, the more
effectively and efficiently an agent explores and learns from its environment, the more ef-
fectively and efficiently it uses its time, and hence, the less time is required for learning.
Intuitively, one might infer that pure exploration during learning would be the most effec-
tive learning approach. However, this is not the case. Pure exploration may waste much
time and computing resources exploring task-irrelevant parts of the environment. This
also means that the agent’s performance during learning will be poor, relatively speaking,
since it spends some unnecessary portion of its time performing actions that do not help
it in achieving its goals.

It is often advantageous to find some suitable balance of both exploration and exploita-
tion. If the agent can exploit its current knowledge of the environment, it may be able to
identify the most worthwhile parts of the environment to explore. Further, minimizing the
learning costs (i.e., maximizing the agent’s performance during learning) cannot be done
without some degree of exploration of the environment such that effective behaviours can
be discovered. Another problem that may arise is the applicability of the exploration strat-
egy to the task at hand. An exploration strategy that performs well in one environment
may be ill suited to another environment. Thrun in [64] observed that the impact of the
exploration technique on both learning time and learning costs can be enormous.

The purpose of this chapter is to review some relevant algorithms in the field of effi-
cient exploration, starting from the classical ones to the more modern ones. In Section 3.1
reviews measures of efficient exploration and some algorithms that give theoretical guar-

antees. Section 3.2 describes deep exploration and Bootstrapped DQN as an example
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algorithm that performs deep exploration. Finally, Section 3.3 is devoted to algorithms
that perform exploration using the value distribution, and the distributional Bellman op-

erator.

3.1 Exploration

3.1.1 Measuring Efficient Exploration

Before reviewing the state of the art in exploration, it is important to discuss how to
measure the efficiency of an RL algorithm in formal terms. In this section we will review

two important measures, sample complezity and regret.

Sample Complexity

Sample complexity defined as the time required by the algorithm to find an approximately
optimal policy [19]. More formally:

e Let M be an MDP with N states, K actions, discount factor v and a maximal reward

Rmax >O;

e Let A be an algorithm that acts in the environment producing experience sq, ag, 71,

S1, A1, T2 ...

o Let VA=E (> 22 0 Tegr | S0, @0, 71 - .. St—1,at—1, T, S¢] be the value accumulated by
A.

e Let V* be the value function of the optimal policy;

Definition 3.1.1. Let € > 0 be a prescribed accuracy and 6 > 0 be an allowed probability
of failure. The expression n(e, 0, N, K, 7, Rmaz) is a sample complezity bound for algorithm
A if independently of the choice of so,with probability at least 1 — §, the time steps such
that VA < V* — € is at most (e, 8, N, K,~, Rimaz)-

Now that we have a measure of the efficiency of RL algorithms, we can give the definition
of PAC-MDPs, a class of algorithms which includes some of the algorithms we will discuss

further.
Definition 3.1.2. An algorithm with sample complexity that is polynomial in %, log %, N,

K, ﬁ, Rynaz 15 called PAC-MDP (probably approximately correct in MDPs).

Regret

Regret is defined as the difference between the cumulative reward of the optimal policy
and that gathered by the policy 7 played by the agent hence is usually used with on-policy
algorithms. More formally, the total regret of policy 7 after T steps, R™(T") is defined as:

w(r) =3 (V™ s = v (3.1)

t=1
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where sf* is the state the agent would have been in time step ¢, if he had followed opti-
mal policy 7*. Regret measures the cumulative reward loss due to the need of learning,

quantifying the exploration vs. exploitation dilemma.

3.1.2 Explicit Explore or Exploit

In the previous chapter we shortly reviewed the Q-Learning algorithm. An important
characteristic of Q-learning is that it is a model-free approach to learning an optimal policy
in an MDP with unknown parameters. In other words, there is not an explicit attempt to
model or estimate costs and /or transition probabilities, the value of each action is estimated
directly through samples. Another approach to the same problem is to estimate the MDP
parameters from the data and find a policy based on the estimated parameters (model-
based). In this sections, we will review an algorithm of that class specifically designed for
efficient exploration, the Explicit Explore or Exploit (E3) algorithm, proposed by Kearns
and Singh [34]. E? is a model-based, PAC-MDP algorithm which assumes knowlwdge
of the maximum reward of the MDP and uses the concept of optimism in the face of
uncertainty.

The main ideas of E3 are as follows :
e The state space S is divided in two parts, known states N and unknown states N©
e Counters for state and actions are kept to quantify confidence in model estimates,

e Known states have been visited sufficiently many times to guarantee that the transi-
tion probabilities P(s,a,s’) and rewards R(s,a, s") are accurate with high probabili-

ties for every tuple (s,a,s’) € S x Ax S,

e Unknown states are moved to the known set, N, when they are visited at least m

times, for some number m.

By separating the state space in two subsets, E3 defines two different MDPs. The first
MDP, M D Pypoun, includes the states in the set N and the calculated values for the tran-
sition probabilities and Reward function. This MDP is used for exploitation. The second
MDP, M DP,, known, has the same structure as the first one with the addition of a special
state s’ which includes all the unknown states and the reward for reaching it is maximal,

for every action a € A. Pseudocode of the E? algorithm is shown in Alg. 2
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Algorithm 2 E? algorithm
Input: s - Current state

Output: a -Action to execute

if s is known then
Plan in M D Prpoun
if resulting plan has value above some threshold then
return first action of plan
else
Plan in M DP,,,inown

return first action of plan

else

return action with the least observations in s

E3 makes the exploitation vs exploration dilemma explicit by choosing in which of the
two MDPs to plan, based on the confidence it has on the model parameters estimated so
far. Kearns and Singh [34] show that, with probability no less than 1 — &, E? will stop
after a number of actions and computation time poly(%, %, N, ﬁ, Rynaz). The number of
samples required to solve the MDP is polynomial in the number of states, so the algorithm
is called efficient. However, in natural environments, the number of states is enormous,

exponential to the number of state variables. This makes E? exponential in the number of

states variables.

3.1.3 R-Max

R-max is a very simple model-based reinforcement learning algorithm which can attain
near-optimal average reward in polynomial time. In R-max, the agent always maintains a
complete, but possibly inaccurate model of its environment and acts based on the optimal
policy derived from this model. The model is initialized in an optimistic fashion: all actions
in all states return the maximal possible reward (hence the name). During execution, it is
updated based on the agent’s observations. R-max improves upon several previous algo-
rithms: (1) It is simpler and more general than Kearns and Singh’s E? algorithm, covering
zero-sum stochastic games. (2) It has a built-in mechanism for resolving the exploration
vs. exploitation dilemma. (3) It formally justifies the optimism under uncertainty bias
used in many RL algorithms. (4) It implicitly addresses the exploration vs exploitation

dilemma.

Stochastic Games

Before explaining how R-max works, it is important to shortly define the framework of
stochastic games. We consider a stochastic game M consisting of a set S = {G1,...,Gn}

of stage-games in which both the agent and the adversary, have a set A = {a1,...,ax} of
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possible actions. We associate a reward matrix R’ with each game, and use Riml to denote
a pair consisting of the reward obtained by the agent and the adversary after playing
actions a,, and a; in game G}, respectively. In addition, we have a probabilistic transition
function, Py, such that Pys(s,t,a,a’) is the probability of making a transition from Gg
to Gy given that the agent played a and the adversary played a/. This way, all model
parameters, both rewards and transitions, are associated with joint actions of a particular

game.

R-max algorithm

In R-max, the agent will always attempt to optimize its behavior, albeit with respect to a
fictitious model. Roughly speaking, this model assumes that the reward the agent obtains
in any situation it is not too familiar with is its maximal possible reward, denoted by
Ry4.. Often, optimal behavior with respect to this fictitious model results in exploration
with respect to the real model, and thus, to learning. The major insight behind the R-max
algorithm is that the optimal policy with respect to the agent’s fictitious model has a very
interesting and useful property with respect to the real model: it is always either optimal
or it leads to efficient learning. In many situations, the agent will not know ahead of time
whether its behavior will lead to optimizing behavior with respect to the real model or to
learning — this depends on how the adversary will act. However, it knows that it will either
optimize or learn efficiently.

The approach taken by R-max is not new. It has been referred to as the optimism in the
face of uncertainty heuristic, and was considered an ad-hoc, though useful, approach [32,
62]. The approach has been extensively studied in the framework of multi armed bandits
[10]. This optimistic bias has also been used in a number of well-known reinforcement
learning algorithms, e.g. Kaelbling’s interval exploration method [33], the exploration
bonus in Dyna [61] etc. However, none of this work provides theoretical justification for
this very natural bias. Brafman and Tennenholtz [9] provide a formal justification for the
optimism under uncertainty bias, used in their R-max algorithm.

The algorithm is quite simple. Model M’ is constructed, containing the set of N + 1

games S = {Gy,G1,...,GnN}, where Gy is an initial fictitious game, and the set of k actions
A = {ai,...,ax}. The reward matrices are initialized to have (Ryaqz,0) in all entries
whereas the transition model is initialized Py(G;, Go,a,a’) = 1 for all i=0,..., N and for

all actions a,a’. In addition, for each game, we maintain some additional information:

e a boolean value depicting whether the state is known or unknown, initiliazed to

unknown;

e the states reached by playing the joint action corresponding to this entry (and how

many times each state was reached), initially empty;

e the reward obtained (by both players) when playing the joint action corresponding
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to this entry, initially empty.

The algorithm assumes knowledge of the maximum reward, Ry,qz, and the e-return mixing
time of an optimal policy, T. After the initialization phase the algorithm enters its main
loop, composed of two phases. The first phase called Compute and Act, computes an
optimal T -step policy for the current state, and executes it for T-steps or until a new
entry becomes known. The second phase, Observe and update, follows each joint action as

follows: Let a be the action the agent performed in G; and let a’ be the adversary’s action:

e If the joint action (a,a’) is performed for the first time in G;, update the reward

associated with (a,d’) in G;, as observed;
e Update the set of states reached by playing (a,d’) in G; ;

e If at this point your record of states reached from this entry contains
Ky = max ([ (8T maz )37, [—6ln3(6]\}%ﬂ) + 1 elements, mark this entry as known
and update the transition probabilities for this entry according to the observed fre-

quencies.

R-max starts with an initial estimate for the model parameters that assumes all states and
all joint actions yield maximal reward and lead with probability 1 to the fictitious stage-
game Gq. Based on the current model, an optimal T-step policy is computed and followed.
Following each joint action the agent arrives at a new stage-game, and this transition is
recorded in the appropriate place. Once we have enough information about where some
joint action leads to from some stage-game, we update the entries associated with this
stage-game and this joint action in our model. After each model update, we recompute an
optimal policy and repeat the above steps.

Like E3, R-max is a model based approach, meaning that it maintains a model of the
environment and uses the samples of experience to estimate the model parameters and uses
the latter to plan in the environment. Unlike E3, exploration is done implicitly due to the
initialization of the reward matrices at R-max, meaning that unknown states will explored
since the model gives high reward for them. Another point in common is the efficiency
of the algorithm. R-max is also PAC-MDP, meaning that the number of samples needed
to find the optimal policy scales polynomially with respect to the number of states, which

again wields a exponential complexity with respect to the state variables.
3.1.4 Upper Confidence Reinforcement Learning

UCRL

Upper Confidence bound Reinforcement Learning (UCRL) [3] tries to apply the standard
optimism in face of uncertainty in the RL context, by selecting optimistic policies consistent
with some confidence set over the MDPs. UCRL is again a model-based algorithm that

uses the optimism in face of uncertainty principle to plan over the model it has estimated.
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To select good policies, the agent keeps track of estimates for the average rewards and the

transition probabilities as follows:
e N(s,a) being the number of times action a was chosen in state s,
e Ri(s,a) being the sum of rewards collected when choosing action a in state s,

e Pi(s,a,d’) being the number of times the agent transitioned to state s’ from state s,

executing action a.

From these number we can get estimates of the reward and transitions probabilities:

. _ Ry(s,a)
i) = Tkt 52)
pu(s,a,8') = m (3.3)

provided that the state counter in (s, a), Ny(s,a)>0. Together with appropriate confidence
intervals, these estimates may be used to define a set My, of plausible MDPs. UCRL then
chooses an optimal policy m; for an MDP M, with maximal average reward pj=p*(M;)

where p*(M,) is the average reward of the optimal policy in MDP M;. That is:
§(M) = p(M, 1) = 3 pire ()1 (5, 7°(5)), (3.4
seS

where .+ is the stationary distribution induced by 7* in M.
UCRL includes in the set M; those MDPs M’ whose transition probabilities p/(-, -, ),

and rewards /(+, -) satisfy for all states s, s’ and actions a:

log(2t| S| Al)

' (s,a) < Pi(s,a) + N (s.a) (3.5)
17 (5,0,8") — fuls,0,8')| < V W (3.6)

for some o« > 2. The intuition behind the algorithm is that if a non-optimal policy is
followed, then this is eventually observed and something about the MDP is learned. Auer
and Ortner [3] show that this learning happens sufficiently fast to approach an optimal
policy with only logarithmic regret. As switching policies too often may be harmful, and
estimates do not change very much after few steps, UCRL discards the policy m; only if
there was considerable progress concerning the estimates of the transition model or reward.
That is, UCRL sticks to a policy until the length of some of the confidence intervals given

before is halved. Only then a new policy is calculated.

UCRL2

We will now review a variant of UCRL algorithm discussed in the previous section. As its

predecessor, UCRL2 [30] implements the paradigm of optimism in the face of uncertainty.
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That is, it defines a set M of statistically plausible MDPs given the observations so far,
and chooses an optimistic MDP, M; (with respect to the achievable average reward) among
these plausible MDPs. Then it executes a policy m; which is (nearly) optimal for the
optimistic MDP M;. The algorithm proceeds in episodes and computes a new policy mg
only at the beginning of each episode k, unlike URCL which switched policies based on the
size of the confidence interval in each step, compared to the size of the interval when the
policy was first calculated. The lengths of the episodes are not fixed a priori, but depend
on the observations made.

The algorithm computes the estimates for the mean rewards and the transition prob-
abilities from the observations made before episode k. As before, a set of plausible MDPs
is calculated using slightly different confidence intervals. This guarantees that with high
probability the true MDP M is in the set My. At this point, UCRL2 adds a new step
called extended value iteration [30] , used to choose a near-optimal policy 7 on an opti-
mistic MDP Mj, € My. This policy 7 is executed throughout episode k. Episode k ends
when a state s is visited in which the action a = 7(s) induced by the current policy has
been chosen in episode k equally often as before episode k. Thus, the total number of oc-
currences of any state-action pair is at most doubled during an episode. The algorithm has

to keep tack of these counters also. UCRL2 improves the regret bounds of its predecessor.

3.1.5 Delayed Q Learning

We will now discuss Delayed Q-Learning [58], a PAC-MDP, model-free RL algorithm. We
recall that the algorithms reviewed so far in this chapter, while being PAC-MDP, were
model-based. They explicitly estimate the model of the MDP and then take decisions
based on the model and their confidence about it.

Delayed Q-Learning does not maintain estimates of the model parameters. The al-
gorithm keeps Q-value estimates, Q(s,a), for each state action pair (s,a). In addition
to these estimates, the algorithm maintains boolean flags associated to each state-action
pair, LEARN (s,a). The value of the flag at time ¢, LEARN,(s,a), denotes whether the
agent is considering a change to its Q-value estimate Q(s¢, a¢). A counter, I(s,a), is also
maintained for each (s,a) pair. The counter represents the amount of samples acquired for
use in an upcoming update of Q(s,a). Two additional parameters are required, €; € [0, 1]

and a positive integer m. The algorithm is initialized as follows:

e The Q-value estimates, Q(s,a), are initialized at ﬁ for all (s,a) € S x A (it is

assumed R(s,a) € [0,1)),
e The counters, [(s, a), are initialized at zero for all (s,a) € S x A,
o The flags, LEARN (s,a), are initialized a true for all (s,a) € S x A.

We will now discuss the update rule of Delayed Q-Learning. At time step ¢, the agent

is at state s and performs action a. If the value of the counter, I(s,a), is larger than the
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parameter m, the transition results in an attempted update. Let sy, sg,,..., s, be the
m most recent next-states observed from executing (s,a), at times k1 < ko < ... < kp,
respectively (k,, = t), and r; the ¢ — th reward received during execution of Delayed Q-
learning. Thus, at time k;, action a was executed at state s, resulting in a transition to

state s, and receiving reward rg,. At this point the following update rule is considered:

m

1
Ja) = — . Vi, (g, . 3.7
Qer1(s,a) = — ;(m +Wei(sk)) + @ (3.7)
The update is performed as long as the new value is at least e¢; smaller than the previ-
ous estimate (hence attempted update). In other words the following condition must be

satisfied:

m

Qu(s,a) — % S (ks + Vi (58,)) >= 261, (3.8)
=1

If the condition does not hold, or the LEARN (s,a) flag is false the update is not per-
formed and Q:+1(s,a) = Q¢(s,a). The flags are initialized to true, and they are changed to
false only when no updates are made during a length of time for which (s, a) is experienced
m times and the next attempted update of (s,a) fails. In this case, no more attempted
updates of (s, a) are allowed until another Q-value estimate is updated, time when all flags
are set to true, because the update might need to propagate to other state action pairs.
Delayed Q-learning is similar to traditional Q-Learning. In fact, if we used learning rate,
ap = m, then m repetitions of the Q-learning update would be similar to the Delayed
QQ-Learning update, minus a small bonus of €;. The difference is that Q-Learning performs
updates in every step whereas the former waits for m samples to perform an update.
This delay has an averaging effect, which removes some of the effects of randomness,
and combined with the €; bonus, achieves an optimism (Q(s,a) > @Q*(s,a)) with high
probability [58]. The property of optimism is useful for efficient exploration and appears
in many RL algorithms. The intuition is that if an action’s Q-value is optimistic the agent
will learn much by executing that action. Since the action-selection strategy is greedy, the
Delayed Q-learning agent will tend to choose overly optimistic actions, therefore achieving
directed exploration when necessary. If sufficient learning has been completed and all
Q-values are close to their true Q* values and selecting the maximum will guarantee near-

optimal behavior.

3.1.6 Bayesian Q Learning

Dearden et al. [13] apply a Bayesian approach to tackle the exploration vs exploitation
dilemma. They extend Q-Learning by maintaining and propagating probability distribu-
tions over the Q-values. By maintaining these distributions over the Q-values, rather than
just point estimates, we are able to make more informed decisions.

In the Bayesian framework, we need to consider prior distributions over Q-values, and

then update these priors based on the collected experience. Let R, , be a random variable
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denoting the total discounted reward received when executing action a, starting from state
s, and then following an optimal policy. We are uncertain of how R, is distributed.

Dearden et al. make a number of assumption in their paper:

e R, has a normal distribution. By making these assumption we are able to model
the uncertainty over the distribution by modeling a distribution over the mean pq

and precision, T q.

e The prior distribution over ps, and 7,4 is independent from the prior distribution

/ /
over fig o and Ty o for s # s’ or a # a'.

e The prior p(is,q, Ts,q) i & normal-gamma distribution |[14], determined by a tuple of
hyperparameters, p = (ug, A, «, 3). The choice of the normal-gamma distribution to
represent the normal distribution of R, , with unknown mean p,, and precision 7y 4,
is important because standard results [14] show that the posterior of a normal-gamma
distribution is again a normal-gamma distribution. This mean that to represent
the agent’s prior over the distribution of R, we need only to maintain the tuple
psa = (pg® A5, a®, 35%) for all (s,a) € S x A.

e At any stage, the agent’s posterior over us o and 7, , is independent from the posterior

distribution over piy o and 7y o for s # s or a # d'.

Action Selection

Bayesian Q-Learning uses this compact representation in a similar way to Q-Learning,
but instead of storing the Q-values, it stores the hyperparameters of the distributions.
Using the distributions, Bayesian Q-Learning uses to different methods to perform action
selection. The first method uses Q-value sampling, first described by Wyatt [68]. The idea
is to select actions stochastically, based on the probability that actions are optimal. To do
this we can use the distributions to calculate the probability for each action to be optimal.
To avoid the calculation of this probability, in practice we sample from the distribution
of each action and execute the action with maximum sample value. One drawback of this
selection method is that it only considers the probability of action a to be optimal, and
does not take into account how much this action improves over the current policy. Figure
3.1 shows an example where even though Q-value sampling would give the same result, the
benefit of exploring action as is larger in the second case since the probability to experience
higher rewards is higher.

The second method of action selection is Myopic-VPI. This method uses the distribu-
tions over the Q-values to calculate an approximation of the Value of Information |[24]
for each action and then selects the action that best balances exploration and exploitation
according to the criterion. The idea is to balance the expected gains from exploration, in

the form of improved policies, against the expected cost of doing a potentially suboptimal
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actionl ———
action 2 ------—---

action 1 ———
action 2 ----—---

(a) (b)

Figure 3.1: Examples of Q-value distributions of two actions for which Q-value sampling has the

same exploration policy even though the payoff of exploration in (b) is higher than in (a) [13].

action. The only interesting scenarios are those where the new knowledge collected from

exploration does change the agent’s policy. This can happen in two cases:

e When the new knowledge shows that an action previously considered sub-optimal is

revealed as the best choice (given the agent’s beliefs about other actions),

e When the new knowledge indicates that an action that was previously considered

best is actually inferior to other actions.

Based on the above logic, Dearden et al. derive closed form equations to calculate the VPI

for each action, and execute the action that maximizes:
E[Q(s,a)] + VPI(s,a). (3.9)

The value of exploration estimate is used as a way of boosting the desirability of different
actions. When the agent is confident of the estimated Q-values, the VPI of each action is

close to 0, and the agent will always choose the action with the highest expected value.

Updating the Distribution

The question of updating the distributions maintained it is complicated due to the fact
that we maintain the distribution of Q-values, which are the expected total discounted
reward, whereas the observations available are samples of the local reward!. For this
reason, standard Bayesian results cannot be used directly. Suppose the agent is at state s,
executes action a, observes next-state s’ and reward r. We would like to know the complete
sequence of rewards observed from state s’ onward, but unfortunately this is not available.
Let Ry be the total sum of discounted rewards collected from s'. If the agent will follow the
optimal policy then Ry is distributed as Ry o where @’ is the action with highest expected
value at s’. Bayesian Q-Learning proposes to ways to use this distribution to substitute

for the unknown future experiences.

In this sense BQL is a distributional approach.
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The first method proposed is Moment Updating. The idea is to sample Ri,, o R
from the distribution of the Q-values in the next state, Ry o/, and use these values to
update P(R;,) with the samples 7 +~R., ..., r+~R". Dearden et al. show that we need
just the first two moments of the distribution to perform the update, which for n that

tends to infinity are given by:

My =r+ VE[RS'L

_2 . (3.10)
My =1°+ 2’77“E[Rs/] + v E[RS/],

where E[Rs’] = U and E[Rz/] — %a
for normal-gamma distribution [14|, Dearden et al. give the posterior p(is.q,Tsq|r +

VRY, ... v+ YR) ~ NG(th, ., Ny g O g L) where:

s,a’

’él + p. Using ( 3.10) and standard results

/ )\S,a//LOS#a + Ml
/‘LOS « )
’ >\s,a +1

)\;a = )\s,a + 17
, (3.11)
as,a = Qsa + ia
)\57Q(M1 - Hos,a)2
2(Nsa+1)

1
Bg,a = 58,11 + §(M2 - Mlz) +

Moment updating results in a simple closed form solution, but unfortunately becomes to
confident of the value of the mean p;,. This leads to low exploration values and hence to
premature convergence.

The second update method proposed is Mizture Updating. The method was proposed
to avoid the premature convergence problem of Moment Updating. This method uses
the distribution of Ry in a slightly different way. Let p(usq,7sq|R) be the posterior
distribution after observing discounted reward R. If we observed Ry = x, we would have
the posterior p(iis.q, Ts,a|r + vx). We can capture the uncertainty of the value of z, by
weighting this distribution with the probability Ry = x. This way we get the following

mazture distribution :

o0

pmix(NS,aaTs,a) = / p(NS,aa TS,a‘T +7x)P(Ry = x)d(z). (3.12)

—o0
Unfortunately this distribution is no longer a normal-gamma distribution, and performing
this update in every time step would result, each time, in a more complex distribution.
Dearden et al. use an approximation to keep the distribution normal-gamma, but unfortu-
nately they did not come with a closed form solution for the update. Performing Mixture
update, while it leads to better and more efficient exploration, comes with higher compu-
tational effort compared to Moment Updating, as a result of the numericalcalculation of
integrals needed to perform the update.

Finally, it is important to note that BQL does not guarantee efficient exploration.
BQL guarantees convergence of the algorithm to the optimal Q-function at best, when

Q-value sampling is used for action selection and Moment Update is used to update the
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distributions. Even though the combination of Myopic VPI and Mixture Updating gives

better results in experiments, convergence is not guaranteed.

3.2 Deep Exploration

In the previous section we discussed a variety of provably-efficient approaches to explo-
ration. However, these are designed for MDPs with small finite state spaces. These
algorithms are not practical in complex environments where an agent must generalize
to operate effectively. For this reason, large-scale applications of RL have relied upon
statistically inefficient strategies for exploration [40] or even no exploration at all [63].
Uncertainty estimates allow an agent to direct its exploration at potentially informative
states and actions. In RL, directed exploration is not enough to guarantee efficiency; the
exploration must also be deep. Deep exploration means exploration which is directed over
multiple time steps; it can also be called “planning to learn” or “far-sighted” exploration.
For exploitation, this means that an efficient agent must consider the future rewards over
several time steps and not simply the myopic rewards. In exactly the same way, efficient
exploration may require taking actions which are neither immediately rewarding, nor im-
mediately informative. Several work discussed deep exploration both in model-based and
model-free frameworks [47, 44, 45, 43, 46]. In this section we will review a recent algorithm

that performs deep exploration in large-scale applications, Bootstrapped DQN [42].

3.2.1 Bootstrapped Q Learning

Deep neural networks (DNN) represent the state of the art in many supervised and rein-
forcement learning domains [40]. Our objective is an exploration strategy that is statisti-
cally computationally efficient together with a DNN representation of the value function.
To explore efficiently, the first step is to quantify uncertainty in value estimates so that
the agent can judge potential benefits of exploratory actions. The neural network litera-
ture presents a sizable body of work on uncertainty quantification founded on parametric
Bayesian inference [8, 18]. One such method to represent uncertainty is the bootstrap
principle.

The bootstrap principle is to approximate a population distribution by a sample dis-
tribution [16]. In its most common form, the bootstrap takes as input a data set D and
an estimator . To generate a sample from the bootstrapped distribution, a data set D
of cardinality equal to that of D is sampled uniformly with replacement from D. The
bootstrap sample estimate is then taken to be w(ﬁ) The bootstrap is widely hailed as a
great advance of 20th century applied statistics and even comes with theoretical guarantees
[28]. In this section we will discuss the application of the bootstrap principle to neural
networks.

Osband et al. [42] present a scalable method for generating bootstrap samples from a

large and deep neural network. The architecture is shown in Figure 3.2. The network
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Shared network

Figure 3.2: Network architecture in Bootstrapped DQN [42].

consists of a shared architecture with K bootstrapped “heads” branching off independently.
Each head is trained only on its bootstrapped sub-sample of the data and represents a
single bootstrap sample 1/)(5) The shared network learns a joint feature representation
across all the data, which can provide significant computational advantages at the cost of
lower diversity between heads. This type of bootstrap can be trained efficiently in a single
forward/backward pass. Bootstrapped DQN uses a parametrized estimate of the Q-value
function, Q(s,a;#), rather than a tabular encoding. A neural network is used to estimate
this value, inspired from the architecture presented in [40]. The parameters 6 are the
weights of the neural network [20].
Bootstrapped DQN uses the modifications taken from DQN, to stabilize learning:

e The algorithm learns from sampled transitions from an experience buffer, rather than

learning fully online,

e The algorithm uses a target network with parameters 6~ that are copied from the
learning network 6~ < 6, only every 7 time steps and then kept fixed in between

updates.

The network update when executing action a; from state sy, and observing reward r; and

next state s;41 is :

Opy1 0 + Oé(th — Q(st,a4;0:))VoQ(st, ar; 04)), (3.13)

where « is the learning rate and th is the target value. Bootstrapped DQN uses the target
value of Double DQN [20] to further stabilize learning. The target value y? is as follows:

Y+ 7y max Q(st+1, arg max Q(se+1,a;0;);07). (3.14)
a
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The Double DQN target is an elegant modification to stabilize learning. The update uses
the main network to find the optimal action in the next state, but uses the value of this
action from the target network. By doing this, we lower the positive bias introduced by
the max operation in Q-Learning.

Bootstrapped DQN modifies DQN to approximate a distribution over Q-values via
the bootstrap. At the start of each episode, bootstrapped DQN samples a single Q-
value function from its approximate posterior. The agent then follows the policy which is
optimal for that sample for the duration of the episode. The authors argue this is a natural
adaptation of the Thompson sampling heuristic to RL that allows for temporally extended
(or deep) exploration [60, 45|. The algorithm can be implemented efficiently by building
up K € N bootstrapped estimates of the Q-value function in parallel as in Figure 3.2.
It is important to clarify that each one of these value function function heads Qg(s, a; )
is trained against its own target network Q(s,a;07). This means that each Q1,...,Qx
provide a temporally extended (and consistent) estimate of the value uncertainty via TD
estimates.

The algorithm also stores a mask, wy, ..., wx € {0,1} indicating data are used to train
which head. The mask, my, is a core idea of the full Bootstrapped DQN algorithm because
it decides, for each value function ), whether or not it should train upon the experience
generated at step t. In its simplest form my is a binary vector of length K, masking out
or including each value function for training on that time step of experience (i.e., should
it receive gradients from the corresponding experience (s, ag, ¢, S¢+1,m¢)). The masking
distribution M is responsible for generating each m;. For example, when M yields m;
whose components are independently drawn from a Bernoulli distribution with parameter
0.5 then this corresponds to the double-or-nothing bootstrap [48]. On the other hand, if
M yields a mask m; with all ones, then the algorithm reduces to an ensemble method.

Periodically, the replay buffer is played back to update the parameters of the value
function network @. The gradients of the k-th value function Qg for the ¢t-th tuple in the
replay buffer B, gF is:

gf = mf (e — Qu(st, a;0))VoQ(st,ar; 0), (3.15)

where y? is the target value given by ( 3.14). Pseudocode of the algorithm is shown in

Alg. 3.
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Algorithm 3 Bootstrapped DQN
INPUT: Value function networks @ with K outputs {Qk}le, Masking distribution M.

Let B be a replay buffer storing experience
for each episode do
Obtain initial state sg
Pick a value function to act using k ~ Uniform{1,..., K}
for step t = 1,... until end of episode do
Pick an action according to a; € argmax, Qx(s¢, a)
Take action a;, and observe r¢, 5441
Sample bootstrap mask m; ~ M

Add experience (s¢, ag, re, St+1,my¢) to replay buffer B

3.3 Distributional RL

In the previous chapter we reviewed the theory behind Distributional RL, and the essential
importance of the value distribution. Although the distributional framework is not derived
to guide exploration, it provides some relevant ideas we will reuse in our algorithm. We
recall Z (s, a) is the random variable denoting the total return collected by the agent starting
from state s, executing action a and then following an optimal policy, the expected value
of which is Q(s, a). In this section we will review two recent algorithms that belong to this

class.

3.3.1 Approximate Distributional Learning: C51

In this section we discuss a recent algorithm based on the distributional Bellman optimality
operator discussed in the previous chapter. C51 [5] models the value distribution using a
discrete distribution parametrized by N € N and Vasrn, Virax € R. The support of the
distribution is given by a set of atoms {z; = Vayryn +1Az: 0<i < N}, Az = W.
The atom probabilities are given by a parametric model # : S x A — RV,

eﬂi(s,a)
Zo(s,a) =2z w.p. pi(s,a)= W'

This discrete distribution is highly expressive and computationally friendly [66].

(3.16)

The algorithm works as follows:

e From (s,a), sample a transition, r,S', A" ~ R(s,a), P(-|s,a),n(-|S"), where 7 the

policy the agent follows;
e Compute the sample backup given as:
T™Z(s,a) =1+ ~vZ(5', A"); (3.17)
e Project this distribution onto the discrete distribution zg, dT™Z (s,a);
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Figure 3.3: Visualization of the distributional Bellman operator [5].

e Update towards projection, i.e., take a KL-minimizing step.

Projection step

C51 reduces the Bellman update, discussed in the previous chapter, to multiclass classifica-
tion by projecting the update T z9 into the support of zg. We recall the Bellman Operator
defined in ( 2.34). Figure 3.3 gives an idea of this step. The framework is the same.
The agent is at state s, executes action a, and observes reward r and next state s’. We
start from our prior belief about the distribution of the return in the next state, seen in
Figure 3.3 (a) in the figure. We want to learn from the experience collected. In Figure
3.3 (b) we see how our distribution in the next state shrinks after we multiply it with the
discount factor 7, and in Figure 3.3 (¢) we see the shifted distribution after adding the
observed reward r. The projection step mentioned above can be seen in Figure 3.3 (d).
Discounting shrinks the distribution, so the target and the approximation have a disjoint
support, and the KL divergence is infinite, so we cannot apply a minimization step. C51
solves this by taking every atom of the target distribution, and mapping them to its two
nearest neighbors.

More formally, let m be the greedy policy w.r.t. E[Zy]. Given a sample transition
(s,a,r,s"), we compute the Bellman update fzj = r+z; for each atom z;, then distribute
its probability p;(s’,7(s")) to the immediate neighbours of fzj. The ith component of the
projected update (IDf”Z(s,a) is:

N-1 =1V, 1
Tz MAX — 2,
[1 =iy Zl] : (3.18)

OT™Z(s,a); = Z As

Jj=0 0

where [ ]2 bounds its arguments in the range [a,b]. Pseudocode of the algorithm is shown
in Alg. 4
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Algorithm 4 C51 algorithm
Input: A transition s, at, 7, S¢41, v € [0, 1]

Output: Loss

Q(st+1,a) = 32 zipi(se41,a)  Va
a* < argmax, Q(s¢+1,a)
m;=0,i€0,-- ,N—1
for j€0,--- ,N —1do

Tzj  [r+ vz 14X

bj — (Tzj — Varin)/ Az

L4 [bs], ulbj]

my < my + pj(Sev1,a*)(u — bj)

My = My + pj(St41,a")(bj — 1)
return — Y . m;log p;(s, ar)

3.3.2 Distributional Reinforcement Learning with Quantile Regression

One of the theoretical contributions of the C51 work was a proof that the distributional
Bellman operator is a contraction in a maximal form of the Wasserstein metric between
probability distributions. Unfortunately, as noted by the authors, and further developed by
Bellemare et al., the Wasserstein metric, viewed as a loss, cannot generally be minimized
using stochastic gradient methods [5]. This negative result left open the question as to
whether it is possible to devise an online distributional reinforcement learning algorithm
which takes advantage of the contraction result of the Wasserstein metric. Instead, the
C51 algorithm first performs a heuristic projection step, followed by the minimization of
a KL divergence between projected Bellman update and prediction. C51 therefore leaves
a theory-practice gap in our understanding of distributional reinforcement learning, which
makes it difficult to explain the good performance of C51.

By appealing to the theory of quantile regression [35], Dabney et al. in [12], propose
an algorithm, applicable in a stochastic approximation setting, which can perform distribu-
tional reinforcement learning over the Wagserstein metric. Recall that C51 approximates
the distribution at each state-action pair by attaching variable (parametrized) probabilities
P1,--.,pN to fixed locations z; < ... < zy. Quantile Regression DQN’s approach is to
“transpose” this parametrization by considering fixed probabilities but variable locations.
Specifically, we take uniform weights, so that p; = % for each ¢ = 1,--- , N. This new
distribution aims to estimate quantiles of the target distribution, hence the name quantile
distribution. Let Zg be the space of quantile distributions for a given N. We will denote
the cumulative probabilities associated to such a distribution by 71,...,7x, so that 7, = %
fori=1,...,N.

Formally, let # : S x A — RN be some parametric model. A quantile distributiomn,

Zy € Zg maps each state-action pair (s, a) to a uniform probability distribution supported
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on {0;(s,a)}. That is:
1 N
Zy(s,a) = Z; 89, (s.a): (3.19)

where §, denotes a Dirac at z € R.
Compared to the parametrization of C51, the benefits of a parameterized quantile

distribution are threefold.

e We are not restricted to prespecified bounds on the support, or a uniform resolu-
tion, potentially leading to significantly more accurate predictions when the range of

returns vary greatly across states;

e This also lets us do away with the projection step present in C 51, as there are no
issues of disjoint supports. This obviates the need for domain knowledge about the

bounds of the return distribution when applying the algorithm to new tasks;

e This reparametrization allows us to minimize the Wasserstein loss, without suffering

from biased gradients, specifically, using quantile regression [12].

The Quantile Approximation

It is well-known that in reinforcement learning, the use of function approximation may re-
sult in instabilities in the learning process [65]. Specifically, the Bellman update projected
onto the approximation space may no longer be a contraction. Dabney et al. analyze the
distributional Bellman update, projected onto a parameterized quantile distribution, and
prove that the combined operator is a contraction.

We are interested in quantifying the projection of an arbitrary value distribution Z € Z
onto Zg, that is:

4,7 = argmind, (Z, Zp). (3.20)
ZQGZQ

Let Y be a distribution with bounded first moment and U be a uniform distribution over

N Diracs as in [ 3.19] with support {61, ...,60x}. Then the 1-Wasserstein distance is:

N
d\(Y,U) = Z/ Fy' () — 6:]dw, (3.21)
i=1"Ti-1
where F}I, is the quantile function of Y. We are looking for the parametrized distribution
that minimizes this distance. Dabney et al. prove in [12] the following:

Lemma 3.3.1. For any 7,7 € [0,1] with 7 < 7' and cumulative distribution F with

inverse F~1, the set of 0 € R minimizing f;’_l |F;1(w) — 0;|dw is given by

{eeRyF(e)— T”/}.

2
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These quantile midpoints will be denoted by 7; = n%ﬂ for 1 <4 < N. Therefore,
by Lemma 3.3.1, the values for {01, 6,,...,0x} that minimize dy(Y,U) are given by 6; =
Fy (7).

Dabney et al. prove that the combination of the projection implied by quantile regres-
sion with the Bellman operator is a contraction in co-Wasserstein metric, i.e., the largest
gap between the two c.d.fs. More formally, for any two value distributions 7, Zs € Z for

an MDP with countable state action spaces,
Eoo(Hdl TﬂZh Hleﬂ-Zg) < nyoo(Zl, ZQ), (3.22)

where Il 77 is the combined Bellman operator.

Following these results, Dabney et al. use the quantile regression loss, which is an
asymmetric convex loss that penalizes overestimation errors with weight 7 and underesti-
mation errors with weight 1 — 7. More formally, for a distribution Z, and a given quantile
7, the value of the quantile function Fgl(T) may be characterized as the minimizer of the

quantile regression loss:

£n(6) =Ey_lpr(Z — 6)], where .
pT(u) - U(T - 6{u<0}) Vu € R.
More generally, we have that the minimizing values of {01,02,...,0n} for di(Z, Zy) are

those that minimize the following objective

N A
= Ezwz[/’ (Z - 0@)]
=1

This loss gives unbiased sample gradients. As a result, we can find the minimizing
{61,62,...,0n} by stochastic gradient descent. In practice the authors use the quantile

Huber loss, the asymmetric variant of the Huber loss [26], given by:

1u? if |u] <k
Ek(u) = (3.24)
k(|u| — 3k) otherwise.
The Quantile huber loss is simply:
ph(u) = |7 — 5{u < 0} Lx(u). (3.25)

QRTD

Recall the standard TD update from Chapter 1. TD allows us to update the estimated
value function with a single unbiased sample following 7. Quantile regression also allows
us to improve the estimate of the quantile function for some target distribution, Y (s), by
observing samples y ~ Y (s) and minimizing Equation ( 3.23). Using these results, Dabney
et al. in [12] define the quantile regression temporal difference (QRTD) learning algorithm

summarized by the update:
91'(8) — 92'(8) + Oé(f'l — 6{r+’yz’<9i(s)})v (326)
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where Zy is a quantile distribution as in ( 3.19) and 6;(s) is the estimated value of FZi,l(S) (73)
in state s. It is important to note that this update is for each value of 7; and is defined
for a single sample from the next state value distribution. In general it is better to draw
many samples of 2/ ~ Z(s') and minimize the expected update. Another approach, used

by the authors, is to compute the update for all pairs of (6;(s),8;(s")).

Quantile Regression DQN

Quantile Regression DQN builds from the DQN architecture described in [40]. The algo-
rithm requires two modifications to DQN. First, it uses a nearly identical neural network
architecture as DQN, only changing the output layer to be of size |A| x N, where N is a
hyper-parameter giving the number of quantile targets. Second, it replaces the Huber loss
used by DQN, with the quantile Huber loss given in Equation ( 3.25). Pseudocode of the
algorithm is given in Alg. 5.

Algorithm 5 QR — DQN algorithm
Input: A transition s,a,r, s, v € [0,1]

Output: Quantile Regression Loss

Q(s'a') =32, 4i0;(s',d’)  Va

a* < argmax, Q(s',a)

TO; <1 +~0;(s',a%), Vj

return Y | E [p’jl (T0; — 0i(s,a))]
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Chapter 4
Particle () Learning

The exploration vs. exploitation dilemma is still an open problem in RL. Classic explo-
ration approaches like e-greedy or Boltzman work well for simple problems, but they do
not address temporally extended (or deep) exploration. In Chapter 2 we discussed some
classic and modern, model-free and model-based algorithms that perform efficient and/or
deep exploration. In this chapter we propose a new model-free approach to the explo-
ration vs. exploitation tradeoff. Particle () Learning explicitly expresses the uncertainty
about the Q-value estimates by maintaining Q-value distributions and uses them to make
better decisions during the learning process. We approximate the QQ-value distribution by
attaching fixed weights to variable (parametrized) locations. We call these parametrized
locations, particles, hence the name. This way we attempt to estimate the quantiles of the
target distribution.

We begin in Section 4.1 where we define our approximation of the Q-distribution and
derive some interesting results. In Section 4.2 we propose two possible policies that use
the Q-distributions as defined in Section 4.1. Finally, in Section 4.3, we discuss how to

maintain the distributions from samples of experience (s,a,r,s’).

4.1 Q Value Distributions

A reinforcement learning agent needs to do exploration because he is uncertain about the
true Q-values of the actions. Indeed, this uncertainty is the reason for doing learning in
the first place. An agent that is certain about the Q-value estimates of all the action has
no reason to explore, since it does not expect there to be a better policy to discover. It
seams reasonable to us, that decisions whether to explore new actions or to exploit the
current best ones, should be done based on how uncertain the agent is about the Q-values.
Therefore this uncertainty should be expressed explicitly in an RL agent.
We represent the uncertainty we have about the Q-value estimates, using a Q)-distribution,

a probability distribution over the possible values that the Q-value might take. Formally,
let Rs, be a random variable that denotes the total discounted reward received when

action a is executed in state s and then an optimal policy is followed. We note that
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Q*(s,a) = E[Rs,]. The objective of the agent is to learn E[R, 4], and not approximate the
whole distribution of R, ,, as the knowledge of the expectation of the return is sufficient

to act optimally. In this section we will review the proposed Q-value distribution.

4.1.1 Particle Q Distribution

We will denote with @Q(s,a) the random variable representing the expected cumulative
reward from (s,a) following the optimal policy. To approximate this distribution we will
use a parametric model, parametrized over M locations, which we call particles, associated
to fixed weights +;. We indicate with Q(s,a) the set of particles associated to (s, a)
(1Q(s,a)| = M):

Q(s,a) = {74, i=1,...,M}, (4.1)

where z° , is the ith particle of the state action pair (s,a). We will assume, without loss

s,a?
of generality, x;a < :L'ia .. < :Uﬁ”a This way, the Q-distribution is approximated by the

following mixture of deltas:

M 1 .
p(z|s, ):Z 5z —at,). (4.2)

The c.d.f is given by:
Mo '
Fals,a) = 3~ H(z —ai,), (4.3)
=1
where H is the Heaviside step function, defined as:

Hay =4 770 (4.4)
0 <0

Using this parametrized distribution, we try to estimate the quantiles of the Q-distribution.
It is important to note the fundamental difference between maintaining a distribution

of the return R; ,, and the distribution of the Q-values, E[R;,]. While the return Ry, has
an intrinsic randomness, which might come from different factors like the stochasticity of
the underlying model of the MDP or the randomness of the reward function, the Q-values
are the expected value of this return. We keep a distribution of the Q-values to represent
our uncertainty about the current estimate. We expect that at the end of the learning
process this distribution shrinks to the real Q-value. On the other hand, when maintaining
the distribution of the return, the distribution will remain wide to represent the intrinsic
randomness of the MDP. Figure 4.1 shows the expected behavior of the learning process.
The distribution will start flat (given that the prior is initialized that way). As the learning
process continues, the agent observes a sequence of values from E[R;,] and updates its
belief. As the learning process continues, the distribution should get progressively more

peaked and the agent becomes more certain about the actual Q-value.
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Figure 4.1: Behaviour of the Q-distribution over time.

4.1.2 Sample Mean Distribution

We now have to consider how to maintain these Q-value distributions. How to back-
propagate knowledge about the next states, in the current state distribution, when observ-
ing transitions? Considering that we maintain distributions over the Q-values, we need
to combine the distributions of the next states, so that to minimize some sort of diver-
gence. We will begin by considering the general case of performing the mean of several
distributions.

We consider a collection of random variables {X;}/”, and I € {1,...,m} a random
index; we aim to estimate the mean iy of Y = X assuming to have estimations of the
means jix, of X;. We assume I ~ p where Pr(/ = i) = & unknown. Standard Monte Carlo

estimation would sample I from p distribution NV times and perform the estimate:

N
1
o=y E luX,j, Ij ~ p. (4.5)
J:

Suppose to know the distribution of the sample means fix, ~ v;. Which is the best
approximating distribution for the sample mean? In [37|, in the context of Gaussian
processes, the authors claim that by tacking the convolution of the single distributions v;
properly weighted with &; would underestimate the uncertainty on /7,{\//[ €. Indeed, if m — oo

the uncertainty would be null. Contrary, we could find the distribution v minimizing:
LY (v) = Erp [d(v, vr)P], (4.6)

where d is a suitable distribution divergence and p > 0. v* = argmin, ¢y £(v) is called
Barycenter [1] of {v;}1", w.r.t. divergence d. The same loss function can be computed

from samples as:

) = %Zd(y, vi), I~ p. (4.7)



If v = vy belongs to Ng = {vy : 6 € © C Rd} a parametrized distribution space differen-
tiable in 6 and d is differentiable w.r.t. the first argument we can find the parameter *

via stochastic gradient descent:

9+ = o) — 4V, d(v, vr)Vovgw, I~ p. (4.8)

4.1.3 Approximation of a distribution function with mixture of delta

functions

We consider a c.d.f. F(z) that we want to approximate with:

. 1 X
Fy(z) = MZU}J‘H(Z—%‘)- (4.9)
j=1

We start considering the case in which w; are fixed. We need to determine x; such that the
distance between the distribution of F'(x) and F, (x) is minimal. Clearly, using discontin-
uous distributions the classical divergences like Kullback-Leibler (KL) or Total-variation
(TV) are inappropriate (they are always maximal). We resort to the Wasserstein metric.
We use Wy (F, F},) as metric.

Theorem 4.1.1. Let F(x) a c.d.f. of rv. X s.t. X € [a,b] a.s.. Then, the 2-Wasserstein

distance Wy(F, F,,) has the unique minimizer:
~ 1 1 .
Tj=— | F ' (t)dt, j=1,2,...,n, (4.10)
;] J1,

where I; = [tj_1,t;), to = 0 and t; = Zi:l wj. In this case, the 2-Wasserstain distance
can be bounded as:

(-0 | 1], (4.11)

[) <
Wa(F, Fn) < 4 j=12,..n

Proof. Let us first compute the quantile function ﬁn_ L
n
-1
I ES I FAG) (4.12)
j=1
where 1 is the indicator function. The 2-Wasserstin distance can be written as:

_" _lx—x'z
-3 [ -’

We take the derivative w.r.t. x; and we get:

W3(F, F,) = /01 (FY(2) — Fy \(2)) dt =

a;f = —2/ (F~(z) — ;) dt = 0. (4.13)

I;
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From which the first result follows. Let us now observe, since F~! is monotonically in-

creasing, that for every j:

[ w-a)as [

(F_lm CFTNy) - Fl(tj_ﬂ)zdt .

; J ?
< 411/ (P (@) = F7M () + (F (@) = 1 (t5-1)) " dt <
I;
< 111/[ (F'(x) = F7Y(t) — (F(2) = F~'(tj-1))) " dt <
< 411/1]. (F7H(ty) = F~H(tj—1) " dt <

< ilfjl (FH ) = P (t-0) "

Let us call A; = F~1(t;) — F~1(tj_1), the error can be bounded overall as:

where we used Cauchy—Schwarz inequality [57] in the last passage, observing that A; >0

from the monotonicity of F~. O

For the case of uniform w; = 1/M the result reduces to:

(b—a)?

WE(F, Fy) < =

(4.14)

Thus if M — oo the error goes to zero. Up to now we considered the error introduced by
representing a given distribution with a mixture of deltas.

It is interesting to investigate the properties of the approximating distribution ﬁn

Proposition 4.1.1. Let F\n be the approrimating c.d.f. of F as defined before. Then it
holds that:
E[X] =E[X]. (4.15)

Proof. We first observe that by making the substitution = F~!(¢) we have the identity:

/ Fl()dt = / T e (4.16)

1 F(tj-1)
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Therefore:

7=1
n 1 .
> wi— [ FHt)dt =
— 1Ll

:Z/ F~l(t)dt =
j=1"1i

O

Thus, our approximation preserves the mean. This does not hold in general for the
other moments.

Now we move to the problem of finding a proper Wasserstein barycenter.

4.1.4 Wasserstein barycenter

We represent the distribution of the sample mean by means of uniform (w; = 1/M)
mixtures of Dirac deltas. Our problem is to determine the 2-Wasserstein barycenter of a

set, of mixtures differently weighed with the same number of components.

m
X = argmin » _ §W3(Fx, Fy,), (4.17)

* =1
where fx(z) =1/M Zjvil d(x—x;) and fy,(x) =1/M Z]Ail d(x —yij). We will prove that
this problem has a closed form solution (remember that we assume to consider the z and

y sorted):

Theorem 4.1.2. The unique solution of the problem 4.17 is given by:
x=YE, (4.18)
where Y = (y1| ... |Ym)-

Proof. We observe that, since all weights are w; = 1/M, the relevant quantiles are the
same for all involved distributions, i.e., 1/M. As a consequence, fixing i, we can easily

compute the 2-Wasserstein distance as:

M

1 1
W3 (Fx, Fy,) = i > (@ — i)’ = AL yill3- (4.19)
j=1
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Thus, the objective function can be written as:

£6) = 32 &l - vl (4.20)
i=1
This is a convex function, all it takes is to vanish the gradient:
VxL(x) = zifi(x -y;)=0 = x= ifi}’i =Y¢, (4.21)
i=1 =1
where Y = (y1|...|[y,n)- O

Clearly, in reality the probabilities &; are not known and we want to avoid to estimate
them separately (this would bring to a model-based approach as the &; are the probabilities
defining the transition model). For this purpose we look at the objective function as an

expected value:

n

L) = B WR(Fx, Fo)) = 3 E [ — uny)?) (4.22)
o il

Therefore we can employ a SGD update rule for the z;.

2a

- x" —y,0) (4.23)

It is simple to prove that the Wasserstein barycenter satisfies the following relation:

x(tTD — x®) _ anE(X(t)) = x®

E[X]= E E [Yi]. (4.24)
Fx I~p Fy,

4.2 Action Selection

The classical approach to exploration, applied in e-greedy or Boltzman exploration, is
selecting actions with the highest Q-value estimate or randomly selecting an action based on
the number of timesteps of learning performed. The heuristics at the basis of this approach
is that, at the beginning of the learning process, the Q-value estimates are unreliable and
exploration is done randomly. An exploration schedule is defined, based on the timesteps,
so that as the learning progresses, exploration is performed with smaller probability, until
it reaches 0 and the agent exploits the Q-values it has learned. This is done because there
is no measure of the uncertainty of the Q-value estimates.

In this section we will discuss two methods of choosing action based on the uncertainty
of the Q-value estimates. The first one is an adaptation of Myopic VPI, used in [13].
The idea is that, by using the Q-distributions, the agent can answer the exploration vs.
exploitation dilemma explicitly, by weighting the benefits of exploiting the current best
actions, versus the benefits of exploring new actions that give more information on the task
at hand. In the limit, when the Q-distributions shrink to the true Q-values, Myopic VPI
turns in a simple greedy policy that chooses the best actions. The second method, Weighted
Policy|15], choses actions based on the probability of each action of being maximal. Since
we maintain distributions over Q-values, we can explicitly calculate the probabilities of

each action to be optimal, and then execute the action with the highest probability.

54



. action1
® actionz

@ octions

. VAR \ N

Figure 4.2: Q-distributions of 3 different actions.

4.2.1 VPI Policy

When the agent selects an action, we would like to strike a balance between present per-
formance, the current optimal action based on our estimates, and future performance,
actions that might turn out to be optimal in the future. This is in fact the essence of the
exploration vs. exploitation dilemma. In our proposed approach, the agent maintains a
Q-distribution for each state-action pair, (s, a). Using these distributions, we can calculate
the value of perfect information (VPI) [24, 52|, as in [13]. This information is used to
calculate the value of exploration, hence balancing present and future performance.

As an example, consider Figure 4.2. The Q-distributions of 3 different actions are
shown. Choosing actions based on the mean of each distribution would result in a simple
greedy policy, since the mean of the distribution is our estimate of E[Rs,]. Obviously
action 1 is a bad choice. The distribution is pretty confident about the low return of this
action, so the action is well explored. Consequently the likelihood of action 1 to be optimal
is low, so by executing it we will (very likely) lose in current performance and also will not
learn any valuable information. Considering the means of the distributions action 3 is the
current optimal action. Also the variance of its distribution is low, so we are confident of
it’s high return. Action 2 on the other hand is certainly a candidate to be executed. The
current cost of executing action 2, instead of the current optimal, is low, since the means of
the two distributions are close. The second Q-distribution also has a high variance, which
means we have low confidence on its real return, and exploring this action might actually
be beneficial in the future. VPI measures the value of each action based on these kind of
considerations. To select which action to execute, the VPI is computed for each possible
action in the current state. However, we have to consider also the cost of executing action

a instead of action a1, the current optimal action. To select the action we have to consider
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the value VPI minus the difference in the expected value of a and a;. Formally, we choose
the action that maximizes:

VPI(s,a) — (maxE[Q(s, a)] — E[Q(s,a)]). (4.25)

a

Clearly, the expected value of the optimal action, max, E[Q(s,a’)], is equal for all actions,

so this strategy is equal to maximizing:
VPI(s,a)+E[Q(s,a)]. (4.26)

This way, the gain due to possible future observation is balanced with the cost of executing
a current suboptimal action, instead of the current best one.

Computing the VPI can be thought as answering the question “what would I be willing
to pay to learn the true value, v*, of this action”. If the information is worth a lot, then
the information might be worth discovering through exploration. On the other hand, if the
information is not worth a lot, it might be better to exploit the current optimal action. Let
g5, be the true expected value of action a in state s. We first note that knowing the true
value of the action is worth nothing is the current policy does not change (VPI(s,a) = 0).
Let a; be the current optimal action (i.e., the action with the highest expected Q-value
given the current information). Let as be the action we currently believe is second best. If
we learn that the true expected value of a; is higher than the expected value a;, we have
confirmed the current optimal policy, so we did not gain any new information. Note that
the expectation of the total discounted reward might have changed if we learned a new
value for ay, but the actual expected discounted future reward is unchanged if we did not
change our policy. Similarly, if we learn the true value of some other action a, and we learn
that the true value is still lower than the value of a1, the new information has no value.

We are left with two cases in which learning the true value of an action has some worth:

e When the new information shows that an action previously thought optimal is actu-

ally inferior to other actions,

e When the new information shows that an action previously thought sub-optimal, is

actually the optimal action.

More formally, let s be the current state, a the action whose VPI is being calculated and
s,a @ possible value of Q*(s,a) = E[R;,]. Let the two current best actions be a; and as.

Then we can define the gain from learning that a has expected value ¢, is [13]:

E[gs,a,] — 5o if a = a1 and qf , < E[gs a,]
Gain&a(q;a) = qz,a —E[gs,0,] if a# a1 and q;‘,a > E[gs,a] - (4.27)

0 otherwise

Of course we do not have the value of ¢ ,. Instead we have a Q-distribution over the value

of g5, So we can weight the gain of learning the true value of action a, gg,, with the
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probability of it being the true value according to the current Q-distribution, calculating

the expected value of perfect information (EVPI) [13] :
VPI(s,a) = / Gaingq(x)Pr(qs, = x)dz. (4.28)

In our case the Q-distriution is approximated using the particle distribution defined in

(4.2). The integral in (4.28) turns into a sum over the particles as follows:

Yook <E[Q(saz)) 77 (EIQ(s,a2)] —al,) ifa=ar

VPI(s,a) =
Yok 5EQ(s.an) 17 (@ —ElQ(s,a1)])  ifa#a

(4.29)
The value of perfect information estimate is used an a way of boosting the desirability of
different actions. When the agent is confident about the value Q-value estimates VPI will

go to zero and the VPI policy will turn to a simple greedy policy.

4.2.2 Weighted Policy

VPI policy tries to estimate the value of exploring a sub-optimal action, rather than ex-
ploiting the current best action. As Dearden et al. note in [13], this value of VPI is an
optimistic assessment of the value of performing a. By executing a we do not get perfect
information about it’s value, we just get one more training instance. We will now propose
another policy that uses the Q-distributions maintained by our agent. Weighted policy [15]
choses actions based on their probability of being optimal. Assuming that the Q-values of
the different actions in state s are independent (assumption that hardly holds in practice),

the probability of action a to be optimal, P(a = arg max, Q(s,a’)), is given by:

P <a = argrpaxQ(s,a’)) =P A Q(s,a) > Q(s,a)

a a'#a

= /_Oo P (Q(s, a) = .%') Ha/;,gaFa/ (m)dx

, (4.30)

where F,/(z) is the c.d.f. of the Q-distribution of action a’. Replacing the probabilities in

(4.30), with our mixture of deltas distribution we get the following:

M
P (a = arg max Q(s,a’)) = % Z H (=], < 2l}|. (4.31)
a i=1 a’#a
Deriving the above formula is straightforward. The integral turns into a sum over the
particles, for which P(Q(s,a) =z ,) = +.
During training, we use a sampled version of the weighted policy, just as in [13]. To
approximate this policy we sample one particle from each action distribution, and execute

the action with maximum sample.
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4.3 Updating the Q-distribution

In this section we will discuss how to update the Q-distributions maintained by the agent
after executing a transition. We recall the agent maintains a distribution over Q-values, for
each state-action pair, (s, a), represented by a set of M uniformly weighted particles. The
problem at hand is how to move the set of particles Q(s,a) after observing local reward
r. An obvious problem is that the distributions are over the Q-values whereas the agent
observes samples from local reward, R(s,a).

Suppose the agent is in state s, executes action a, and observes reward r and next state
s’. Let Ry be a random variable denoting the total sum of discounted reward from state
s’ under an optimal policy. In this section we will see two methods to approximate the

target distribution Ry and how to use to update the distribution of Q(s,a).

4.3.1 Sorted Update

Suppose, after observing the transition (s,a,r,s’), we have a set of M particles, Q(s’,a’)
representing our target distribution. The problem at hand is how to update the distribution
of Q(s,a) using this set of particles. The simplest idea would be to just add the new set of
particles to the old set, building the set Qu = Qs U Q(s',a’). The obvious problem with
this approach is that the set would grow infinitely. We need to find the set of particles
Q(s,a) that minimizes some sort of distance between the distribution represented from the
set Quur.

More formally, let Q'(s,a) =z!, i=1,...,M , Q"% s,a) =2z, i=1,...,M be the
set, of particles representing the prior and target distributions at step t. The set of particles

minimizing the Wy distance between the posterior and target distributions is given by:

it 2t + a(af — ab) i=1,...,M, (4.32)

(2 K3

where « is the learning rate. We recall that the set of particles are sorted.

4.3.2 Maximum Mean Updating

Mazimum mean updating assumes the agent will follow the apparently optimal policy at
state s’. Following this assumption, then Ry is distributed as R, . where o’ is the action
with highest expected reward at state s’ (¢’ = argmax, E[Q(s’,a)]). This means that to
update the distribution of Q(s,a) we can use the distribution of Q(s’,a’), represented by
the set of particles Q(s’,a’). Pseudocode of the algorithm is shown in Alg. 6.

Algorithm 6 Maximum Mean Updating
Input: A transition (s,a,r,s"), v € [0,1], a € [0,1]

a* + argmax, E[Q(s, a)]
foriel,--- , M do

z; " (s, a) « @i(s,a) + a(r +y2}(s', a*) - z{(s, )

)
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Figure 4.3: Target Q-distributions of state s’.

4.3.3 Weighted Updating

Maximum mean updating suffers from the same problems classical Q-learning suffers. This
method quickly becomes too confident of the vale of Q(s, a). We will now discuss a method
to construct the target distribution using the Q-distribution of all the actions in the next-
state s’. Weighted updating is based on the weighted estimator described in [15]. Thats is
we construct a new set of particles to represent the target distribution, by weighting the
particles of each action with the probability of that action of being optimal.

For exmample, consider Figure 4.3 where we show a simple example with 3 possible
actions starting from state s’. The agent maintains Q-distributions for all 3 actions, repre-
sented by a set of 4 particles. To approximate the target distribution, we set each particle
of the approximation to be the weighted sum of the corresponding particles in each of the
Q-distributions.

More formally, Let {a;}7"; be the set of possible actions at state s, let {x;}f\il be the
set of particles representing the Q-distribution of action a;. Then the target distribution
is represented by the set of particles Q' given by:

m

v = wirh  Vi=1,...M, (4.33)

J=1

where wj; is the probability of action a; to be optimal, given by (4.30). Pseudocode of the
algorithm is shown in Alg. 7.
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Algorithm 7 Weighted Updating

Input: A transition (s,a,r,s"), v € [0,1], a € [0,1]

forjel,--- ,mdo

wj = 1/M?* 30 Tlarsa Herhy < 2}
foriel,--- ;M do

i (s") = 227 wia (s, a5)

2t (s,a) < 2l(s,a) + alr + yal'(s') — zl(s, a))
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Chapter 5
Experiments

This chapter is devoted to the evaluation of Particle () Learning on classic benchmark prob-
lems, both in the tabular and in the function approximation cases. In Section 5.1 we show
the results of experiments in the tabular case for classic problems found in the literature.
Section 5.2 describes the experiments performed in the Arcade Learning Environment
(ALE) [6], a classic benchmark in the Deep RL literature.

5.1 Tabular Case

This section is devoted to experiments conducted in finite domains where the tabular
version of the algorithm can be used. The experiments are done in 6 different domains
taken from the literature on efficient and deep exploration. Combining the two policies
(VPI policy and Weighted Policy) with the two update methods (Maximum Mean Updating
and Weighted Updating) proposed in the previous chapter we propose four versions of
Particle Q-learning. We compare the results produced using these algorithms with the

ones produced from different variations of two algorithms from the literature:
e Q-learning with e-greedy or Boltzmann exploration,

e Bootstrapped Q-learning with the Bootstrapped policy defined in [42] and with the
Weighted policy discussed in the previous chapter.

For all algorithms we have also considered their “double” versions, i.e., modifications of the
algorithms that use two Q-tables as in [21]. The results of using the “double” versions are

shown in Appendix A

5.1.1 Ewvaluation Metrics

In this thesis, we addressed the exploration vs. exploitation dilemma by maintaining Q-
distributions and using them to perform more informed decisions. A reinforcement learning
agent needs exploration to learn an optimal policy faster in complex domains, but also not

to get stuck in sub-optimal policies in domains that except them, and where discovering the
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optimal policy might be “trickier”. For this purpose we test our algorithms in 6 domains,
some of them designed to be “tricky”, and some classical navigation problems. We compare
algorithms by looking at the learning curve, i.e., mean scores collected as a function of the
training time. Algorithms that explore better, should not only show faster increasing
curves, but also not get stuck in sub-optimal solutions. We show the mean scores over
multiple runs, by shadowing around the curves to show also 95% confidence interval.

We will also discuss how the Q-distributions maintained by the agent progress during
learning. As we mentioned in the previous Chapter, as learning continues, the distributions
should shrink to the true Q-value. We note that if the distributions shrink too quick, the

agent might be stuck in a suboptimal policy. For this purpose we will show the following:
e Particle positions as learning progresses, to see if they do in fact converge,
e Variance of the Q-distributions, which should converge to 0,

e Probability of exploration, i.e., probability of choosing an action different than the

greedy one.

The first two of these curves are defined for each (s,a) pair, whereas the last curve is

defined for each state.

5.1.2 Experimental Setup

We train each agent for 100 episodes, the length of each episode is domain dependent.
During the training periods we collect the rewards and use them to calculate the online
scores. After each training period, we “turn off” exploration and evaluate the policies
learned by the agent. The length of the evaluation episodes is the same as the training
episodes. We use the rewards collected during evaluation to calculate the offline scores.
We perform this process in each domain, for each algorithm considered and show the mean
scores of 10 runs. We calculate the undiscounted scores, even though we use a discount
factor in each domain during learning.

For our particle algorithms, we initialize the particles equally spaced in an interval
[@min, Gmaz), for each state action-pair. The range of this interval is problem dependent
and we see these hyper parameters as a way to incorporate prior knowledge about the
domain. We consider Bootstrapped Q-learning with two policy models, the Bootstrapped
policy defined in [42] and the weighted policy. We initialize the Q-tables with values
drawn from a Gaussian distribution with parameters u = W,U = Qmaz — Gmin-
Furthermore, we consider Q-learning algorithm with e-greedy and Boltzmann exploration.
In both Q-learning versions, the Q-table is initialized to 0.

For all algorithms we use a exponentially decaying learning rate given by:
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b2 a,10

Figure 5.1: Chain domain taken from [13].

where t(s,a) is the visit count for state-action pair (s,a), b is the initial value which we
set to 1 and a is the decay ezponent. For all our experiments we used a = 0.2, as it gave
us better results.

For the Q-learning algorithms we had to chose also the schedules for € and 3, for e
greedy and Boltzmann exploration respectively. For e we used an exponetially decaying
schedule as in (5.1) with b = 1 and a = 0.5 whereas for the Boltzmann policy we used an

exponentially decaying 8 with initial value, b = 1.5¢q, and decay exponent, a = 0.5.

5.1.3 Chain Domain

The first domain we describe, taken from [13], is shown in Figure 5.1. The domain is
composed of 5 states, labeled from 1 to 5. The agent can choose between two actions in
each domain, labeled as a, b (represented in the figure as the edges). The labels in the
edges represent the action executed and the reward collected from the transition. With
probability p = 0.2 each action “fails” and the opposite action is executed instead, i.e.,
we observe reward r and next-state s’ of the opposite action. The domain is designed to
test exploration approaches. Assuming a discount factor v = 0.99, the optimal policy is
to always execute action a to receive the high reward at the last state. If the agent does
not explore enough it could be stuck in the suboptimal policy of executing always b and
collecting the smaller reward of 2. Figure 5.2 shows the results of our tests in the Chain
domain. We trained each agent for 100 episodes of 1000 timesteps, for a total of 100000
timesteps. The scores collected during training are shown in the left plots. After each
training periods, we evaluated the agents for another 1000 steps. During evaluation agents
stopped exploring and followed the greedy policies instead. This was done to evaluate the
policies derived if training finished at that moment. The plots show the mean score of 10
independent runs and the shaded regions around the line, represent the 95% confidence
interval of the mean.

We can understand immediately from the picture that simple exploration strategies,
like Boltzmann, fail to solve this simple domain. If we consider the online case, i.e., how the
agent behaves during training, our algorithm, Particle Q-learning, used with VPI policy

and maximum mean update, has the best performance, scoring the maximum possible
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Figure 5.2: Ounline (left) and offline (right) scores in the Chain domain.

since the beginning of learning. We can note that bootstrapped Q-learning (BQL) starts
good at the beginning and then its performance is surpassed by the performance of our
algorithms using the weighted policy, with both update methods (weighted and maximum
mean). We evaluated also another version of BQL, which used the weighted policy. We
can see that in the online case, this algorithm did not perform well. It is interesting that,
in the offline evaluation, BQL performed really well since the beginning. This means that
while it learned the optimal policy quickly, it failed to send exploration to zero fast enough.
This is something we will see also in the next experiments.

We will now discuss how the particles evolve during time. As mentioned before the
desired behaviour is that the particles converge to the real Q-value. Obviously, at this
point, the algorithm will stop exploring. Figure 5.3 shows the evolution of the particles in
the first state during learning for two versions of our algorithm. We could show these plots
for all state-action pairs but for space considerations we are only showing the particles in
the first state for both actions. We made this choice because the first state is the most
difficult state to learn because it is the closest to the small reward and the furthest from
the high reward.

In Figure 5.3a, we can see that for Particle Q-learning with weighted policy and
weighted update (PQL_W W), the particles shrink during learning, and after the step
20000, action b is not explored anymore and its particles remain constant. Particle Q-
learning with VPI policy and maximum mean update (PQL VM), shown in Figure 5.3b,
shrinks the particles much faster in the optimal action (left subplot) whereas never shrinks
the ones of the suboptimal action. This means that VPI policy stops exploring actions
before the uncertainty of their QQ-value goes to zero. In this simple domain this gave higher
results faster, but in more complicated domains this might lead to premature convergence

of the algorithm. This can be seen also in Figure 5.4 where the standard deviation of the
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Figure 5.3: Evolution of the particles in the first state of the Chain domain during the learning
process for the Particle Q-learning algorithm with weighted policy and weighted update (a), and
VPI policy and maximum mean update (b). The optimal action a is shown on the left, while the

suboptimal action b is shown on the right on both (a) and (b).
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Figure 5.4: Standard deviation of the particles as a function of the learning timestep for the Particle
Q-learning algorithm with weighted policy and weighted update (a), and VPI policy and maximum
mean update (b). Once again, the optimal action a is shown on the left, while the suboptimal

action b is shown on the right on both (a) and (b).
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Figure 5.5: Probability of exploration as a function of the learning timestep for the Particle Q-

learning algorithm with weighted policy and weighted update in the Chain domain.

particles in the same state is shown for both algorithms. While in the PQL_ W _ W case
the standard deviation goes to zero for both actions, in the PQL VM case only the first
action goes to (. The particles of action b remain spread and the standard deviation re-
mains constant. This is explained by the fact that VPI policy does not consider this action
worth exploring even though it is not completely sure about its value, as explained in the
previous chapter. we note that while PQL VM brought good results in this domain,
the fact that the actions are not fully explored, and as a result the particles do not shrink,
might bring premature convergence in more complex domains.

Finally we show how the probability of exploration evolves as learning continues. Again
we recall that the probability should go to 0, as we go closer the true Q-value. Figure 5.5
displays our results for PQL_W_W. Again we consider just the first state. Same plots
could be shown for all states of the domain. We can see that the probability of exploration

goes to 0.

5.1.4 Loop Domain

The second domain we consider, shown in Figure 5.6, is also taken from [13]. Similar to
the first domain, the agent has 2 available actions in each of the 9 states. The name comes
from the fact that, starting from the initial state 0, the agent has to choose between the
two loops available. All rewards are 0, except the last transitions of the loops. The agent
has to learn to perform the left loop, which gives the highest reward, but the right loop,
although suboptimal, is easier to reach. An agent that does not explore enough might be
stuck in the suboptimal loop.

Figure 5.7 shows the results of our tests in the Loop domain. Again we trained each

agent for 100 episodes of 1000 timesteps, for a total of 100000 timesteps and display the
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Figure 5.6: Loop domain taken from [13].
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online and offline undiscounted scores. This domain is slightly more simple than Chain.
Indeed simple exploration approaches like Boltzmann or e-greedy perform well in this
domain. Nonetheless, PQL with VPI policy performs best in both offline and online cases,
while the versions using weighted policy learn slower due to the fact that they explore
actions until they are sure about their value. We can see that boostrapped Q-learning
starts better than these algorithms, but its performance is surpassed later. We will also
discuss the behaviour of the particles as before.

Again we will consider just the first state as it is the state where we have to choose
which loop to execute. Figure 5.8 shows a situation similar to the Chain domain. While
PQL W _ W explores actions until the uncertainty of the Q-values shrinks, PQL V M
stops exploring when it estimates that there is no added value in executing actions. We
can see this in Figure 5.8b where the particles of the suboptimal action remain spread,
so the action is not explored further. Figure 5.9 shows the standard deviation of the
particles. Again this converges in both action in the PQL W W case but in PQL VM|
the standard deviation of the particles of the suboptimal action remains large.

Finally, Figure 5.10 shows the probability of exploring as a function of the timesteps.
As before, in the PQL W W the probability of exploration goes to 0.

5.1.5 Taxi Domain

We will now review our results in the Taxi domain. This domain is a classical benchmark
for exploration in literature and has different versions. We will consider the version taken
from [13] where it appears as the Maze domain. The domain is shown in Figure 5.11.

Taxi is a navigation problem. The environment is a 5 x 5 grid with 5 special locations
labeled by different letters (S,F,F,F,G). The agent starts from cell S (start). The objective
of the agent is to pick up passengers, situated at the F (flag) locations and drop them off
at the goal location (G). The reward is zero for every transition except when the goal is
reached, where the reward collected depends on the number of passengers the agent has
picked up. When the agent reaches the goal, the reward is 0, 1, 3, 15 for 0, 1, 2 and 3
passengers collected respectively.

The agent has 4 possible actions, up, down, left and right. The agent picks up pas-
sengers by going in their location, but does not observe the reward until it reaches the
goal state. The environment also has walls in some locations. When an agent performs
an action that would transition into a location occupied from a wall, the agent does not
change its location. Finally, each action has a 0.1 probability of “failing”. When an action
fails, the agent goes in a perpendicular direction instead. The challenge of the domain is
to do sufficient exploration and collect all passengers before going to the goal.

Figure 5.12 shows the results of our tests in the Taxi domain. We considered again 100
training episodes, but with 5000 training steps each. We increased the size of the training

periods to allow the agent to reach the goal multiple times in the first steps. We found that
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Figure 5.8: Evolution of the particles in the first state of the Loop domain during the learning
process for the Particle Q-learning algorithm with weighted policy and weighted update (a), and
VPI policy and maximum mean update (b). The optimal action b is shown on the right, while the

suboptimal action is shown on the left on both (a) and (b).
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Figure 5.9: Standard deviation of the particles as a function of the learning timestep for the
Particle Q-learning algorithm with weighted policy and weighted update (a), and VPI policy and
maximum mean update (b) in the Loop domain. The optimal action is shown on the right, while

the suboptimal action is shown on the left on both (a) and (b).

71



weighted-weighted

0.5 A

0.4

0.3 1

0.2 1

0.1

0.0

0 20000 40000 60000 80000 100000

Figure 5.10: Probability of exploration as a function of the learning timestep for the Particle

Q-learning algorithm with weighted policy and weighted update in the Loop domain.

Figure 5.11: Taxi domain taken from [13], where it appears as the Maze domain.
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Figure 5.12: Online and offline scores in the Taxi domain.

smaller training episodes might prevent the agent from learning, since it will not reach the
goal before the end of the episode.

We can see immediately that BQL performs extremely badly in this domain. The
agent scores zero because it does not learn to reach the goal. Instead it moves around the
grid during the whole duration of the experiments. Q-learning with e-greedy also performs
poorly as it learns to pick-up only a single passenger. Surprisingly enough, Q-learning with
Boltzmann exploration performs better. The best performance is shown by all 4 versions
of PQL, which quickly learn to pick-up all the passengers, even if with different learning
speeds. Again, the versions using weighted policy are fairly slower than the rest of the
algorithms due to the fact that they explore the actions until the uncertainty about their
Q-values is low enough. This might lead to unnecessary exploration as in the first two

domains.

5.1.6 River Swim Domain

The next domain we consider is the River Swim domain, taken from [59]. The environment
is shown in Figure 5.13. The MDP consists of six states numbered 1 to 6. The two actions
available to the agent are to swim left or right represented by the edges in the figure. The
agent starts in one of the states near the beginning of the row. Swimming to the right
(against the current of the river) will more often than not leave the agent in the same state,
but will sometimes transition the agent to the right (and with a much smaller probability
to the left). Swimming to the left (with the current) always succeeds in moving the agent
to the left, until the leftmost state is reached at which point swimming to the left yields
a small reward of five units. The agent receives a much larger reward, of ten thousand
units, for swimming upstream and reaching the rightmost state. The (a,p,r) labels next

to the edges in Figure 5.13 represent the action, probability of success and reward tuple.
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Figure 5.13: River Swim domain taken from [59].
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Figure 5.14: Online and offline scores in the River Swim domain.

For example, the label (1,0.7,0) next to the edge from node 0 to node 0 means that when
executing action 1 from state 0 there is a 0.7 probability of staying in node 0 and receiving
reward 0 and a 0.3 probability of transitioning to state 1 and receiving again reward 0.

Figure 5.14 shows the results of our tests in the River Swim domain. The length of
the training episodes is 1000 timesteps. We train each agent for 100 episodes and show
the undiscounted online and offline scores. This domain is the first of our tests where the
simple exploration methods completely fail.

Both Q-learning versions fail to learn the optimal policy. The other algorithms learn
fairly quickly. PQL_V M again is the fastest learner. While BQL starts better, is again
surpassed in performance by PQL W W, which learns faster in this domain compared
to the previous. This domain has two actions available in every state. Once again we will
discuss the evolution of the particles of these two actions in the first state. Figure 5.15b
shows how the particles evolve for the same versions of PQL we have investigated in the
previous domains. What we can see here, is that the algorithms are robust w.r.t. the choice

of the initialization interval. We can see that, even though the particles are initialized in
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Figure 5.15: Evolution of the particles in the first state of the RiverSwim domain during the
learning process for the Particle Q-learning algorithm with weighted policy and weighted update
(a), and VPI policy and maximum mean update (b). The optimal action is shown on the right,

while the suboptimal action is shown on the left on both (a) and (b).
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a large interval, they quickly converge to the true Q-value. This can be seen also in
Figure 5.16 where the standard deviation of the particles is shown to quickly converge to
0, for both algorithms, for both actions.

Finally, we show, in Figure 5.17, the probability of exploration in the first state as a

function of the learning step. Again, this probability converges to 0.

5.1.7 Six Arms Domain

The next environment is again taken from [59]. Six Arms, shown in Figure 5.18, consists
of seven states, one of which is the initial state. For how it is build, Six Arms resembles
a multi armed bandit problem. The agent must choose from six different actions. Each
action pulls a different arm, with a different payoff probability. When the arm pays off,
the agent is sent to another state. Within that new state, large rewards can be obtained.
The higher the payoff probability for an arm, the smaller the reward received (from the
room the agent is sent to by the arm). In this MDP, a decision maker can make use of
smaller amounts of experience on the low paying arms and still perform well.

Figure 5.19 shows the results of our tests in the SixArms domain. Training episodes
are the same as in River Swim, Chain and Loop domains. Once again PQL_V_ M learns
faster than the other algorithms. Simple exploration approaches (Boltzmann and e-greedy)
fail to learn again. We note the fact that Particle -learning with VPI policy and weighted
update (PQL_V_ W) also perform extremely badly. Six Arms is a highly non deterministic
domain, and exploration here is really important. VPI policy stops exploration rather
quickly and fails to find the optimal actions. We saw this also in the previous domains.
The algorithms converged quickly, but the domains were simpler, so VPI policy performed
better. PQL_ W _W on the other hand learns slower than PQL VM but still better
than BQL approaches. BQL with weighted policy seems to have an advantage in the
offline setting after the last periods of training, but the behaviour is rather unstable, also

due to the uncertainty of the domain itself.

5.1.8 Knight Quest

The last environment we will test our algorithm in is called Knight Quest [17]. This
environment takes inspiration from classical arcade games. The goal is to rescue a princess
in the shortest time without being killed by the dragon. To achieve this task, the knight
needs to collect gold, buy the magic key and reach the princess location. A representation
of the game is given in Figure 5.20.

The elements of the game are:
e The knight,
e the princess,

e the dragon patrolling the princess,

76



weighted-weighted

20000 20000
17500 4 17500 4
15000 15000
4 4]
$ 12500 £ 12500
s s
> >
< 10000 A 10000 -
o o
el o]
7 B
7500 - 7500 -
5000 - 5000 A
2500 - 2500 A
041+ - - - - ; 04+ ; ; ; ; ;
0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
iterations iterations
(a)
vpi-mean
20000 20000
17500 4 17500 4
15000 15000
w
$ 12500 1 E 12500
s
> P
< 10000 1 10000 -
o o
el o]
] B
7500 - 7500 -
5000 - 5000 -
2500 - 2500 -
0

T T T T T T 0+ T T T T T
0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
iterations iterations

(b)

Figure 5.16: Standard deviation of the particles as a function of the learning timestep for the
Particle Q-learning algorithm with weighted policy and weighted update (a), and VPI policy and
maximum mean update (b) in the RiverSwim domain. The optimal action is shown on the right,

while the suboptimal action is shown on the left on both (a) and (b).
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Figure 5.17: Probability of exploration as a function of the learning timestep for the Particle

Q-learning algorithm with weighted policy and weighted update in the RiverSwim domain.
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Figure 5.18: Six Arms domain taken from [59].
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Figure 5.19: Online and offline scores in the SixArms domain.

Figure 5.20: Knight Quest domain taken from [17]. The green cells are the three locations the

dragon can move to.
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e a gold mine,
e a town.

The knight is the only player of the game. He moves in the environment using the four
cardinal actions (i.e., right, down, left and up) plus an action to keep the current position
(stay). Additionally, the knight can collect the gold (collect gold), buy a key (buy key) or
buy an armour (buy armour).

The town (T) is the place where the knight can buy objects and where it is reset
when he rescues the princess or he is killed by the dragon. Saving the princess (P) is
the objective, while the gold mine (G) is the place where the knight can collect gold.
The dragon (D) is the enemy and it is randomly moving around the princess’s location.
The dragon can kill the knight when they are at the same position and the knight does
not have the armour. We denote as d € {0, 1,2} the position of the dragon such that:
d=0:=(0,1),d=1:=(1,0) and d = 2 := (1,1). The transition probabilities of the

dragon are:
pa(*|0) =[0.4,0,0.6];  pa(-|1) =1[0,0.4,0.6];  pa(-]2) =[0.4,0.2,0.4].

The state s; of the game is represented by the following elements:

Knight position: coordinates of the grid, (row,col), row,col € {0,1,2,3};

Gold level: the amount of gold own by the knight, g € {0,1};

Dragon position: d € {0, 1, 2};

Object identifier: the object(s) owned by the knight, o = {0,1,2,3} where 0 :=

nothing, 1 := key, 2 := armour and 3 :=key and armour.

The movement actions have the trivial effect of changing the knight position. The action
collect gold changes the state only when the knight is at the mine. In this case the level
of gold is incremented by one, formally g;11 = min{l,g; + 1}. Actions buy key and buy
armour alter the state only when are executed in the town with gold-level equal to 1. All
the actions are deterministic when the knight does not own the armour. When the knight

has the armour:

e The movement actions result in a normal transition with probability 0.5, otherwise

the current position is kept;

e The collect gold action fails with probability 0.9, i.e., with probability 0.01 the gold

level is increment by 1;

e Actions buy key and buy armour are not modified.
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Figure 5.21: Online and offline scores in the KnightQuest domain.

When the knight is equipped with the armour it cannot be killed by the dragon (i.e., knight
and dragon can occupy the same cell). At the same time, the armour makes the collection
of the goal very challenging (i.e., success probability is 0.01).

The basic reward signal is —1 at each time step. Nevertheless, the knight receives a
reward of —10 when he executes collect gold, buy key or buy armour outside the designed
location (i.e., mine and town). The knight obtains a reward of 20 when he reaches the
princess with the key and —20 when he is killed by the dragon (i.e., knight and dragon
are in the same cell and the knight does not have the armour). Finally, when the episode
ends (i.e., the knight reaches the princess with the key or he is killed), the knight is reset
at town location with no gold or object (g,0 = 0) and the dragon position is randomly
drawn, d ~ U({0, 1, 2}).

Figure 5.21 shows the results of our tests in the KnightQuest domain with the same
standard training periods. We can see that in the offline case, simple exploration strategies
perform better. Q-learning with Boltzmann and e-greedy exploration quickly reach maxi-
mum reward (0 in this domain). Our PQL algorithms learn to achieve maximum rewards
also, but slower since they perform exploration. It is interesting that BQL does not reach
this maximum reward in the online case, for neither of the policy models. Nonetheless,
in the offline evaluations, all algorithms achieve optimal performance rather quickly, with
PQL_ W _W being the slower algorithm. We think these results are due to the fact that

this domain is a simple grid-world environment and does not require deep exploration.

5.2 Atari Experiments

In this section we will discuss the results of the “deep” version of our algorithm, Par-

ticle DQN, and compare its results with Bootstrapped DQN. We chose to compare our
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results with Bootstrapped DQN because both algorithms perform deep exploration using
Q-distributions. Indeed the architecture of the deep network we use to conduct the exper-
iments was taken from [42], which in turn adapts the famous DQN architecture designed
by Mnih et al. in [40].

We test our algorithms using the Arcade Learning Environment (ALE) described in
[6]. Although there is a large number of Atari games we could have tested the algorithms,
we present here results obtained in two games, due to the long training time required
by the algorithm. It takes three to four days to train the agents in a single Atari game,
this by considering training periods only a quarter of the length of the standard of the
literature. This is further worsened by the fact that we had to run multiple instances of
each algorithm in each environment to show the mean performance over multiple runs (a

standard in literature to account for the random initialization of the deep networks).

5.2.1 Experimental Setup

Again we are testing for deep exploration, but in this section we focus in Atari games.
Each step of the agent corresponds to four steps of the emulator, where the same action
is repeated. The reward values observed by the agents are clipped between -1 and 1
for stability. We evaluate our agents and report performance based upon the raw scores
and not the discounted scores. As it is common in literature, we do not show the online
performance of the agent during training. We show the scores collected, when exploiting
the greedy policies derived from the Q-function after each training period.

The convolutional part of the network used is identical to the one used in [42]. The
input to the network is 4 x 84 x 84 tensor with a rescaled, grayscale version of the last
four observations. The first convolutional layer has 32 filters of size 8 with a stride of 4.
The second layer has 64 filters of size 4 with stride 2. The last layer has 64 filters of size 3.
We split the network beyond the final layer into M = 20 distinct heads, each one is fully
connected and identical to the network in [42]. This consists of a fully connected layer to
512 units followed by another fully connected layer to the Q-Values for each action. The
fully connected layers all use Rectified Linear Units (ReLU) as a non-linearity. We trained
the networks with RMSProp optimizer. The discount was set to v = 0.99, the number of
steps between target updates was set to 7 = 10000 steps. We trained the agents for a total
of 12.5M steps per game, which corresponds to 50M frames. The agents were evaluated
every 1M frames.

The experience replay contains the 1M most recent transitions. We update the network
every 4 steps by randomly sampling a minibatch of 32 transitions from the replay buffer
to use the exact same minibatch schedule as Bootstrapped DQN.

We show the results of our tests in 3 algorithms: Bootstrapped DQN (Boot DQN),
Particle DQN with weighted policy and weighted update (P_ DQN_ W _ W), Particle DQN
with weighted policy and maximum mean update (P_DQN_ W _M). The versions using
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VPI policy because they did not show good results in preliminary tests. As a result, for
time considerations, we did not conduct the full tests on Particle DQN with VPI policy.
All algorithms use 20 network heads, i.e., we use 20 particles in Particle DQN and K = 20
in Bootstrapped DQN. We used exactly the same network architecture for all algorithms.

Network Initialization

An important problem we had to deal with was how to initialize the heads of the deep
network. In the tabular case we initialized the particles equally spaced in the interval
[Gmin, Gmaz). We found it is not equally simple to extend this in the deep RL setting. We
tried to initialize the networks heads in the same interval by setting the bias of the last
layer to the desired values. Unfortunately this caused the agent to be unstable and fail
to learn. As a result we initialize the network of our particle algorithms the same way as

Bootstrapped DQN, randomly.

5.2.2 Breakout

In this section we will discuss the experiments conducted on the Breakout Atari 2600 game.
A frame from the game is shown in Figure 5.22. In this game multiple layers of bricks are
positioned in the top of the screen. A ball moves across the screen and bounces at the sides
of the screen and at the bricks. When the ball bounces off a brick the brick is removed
from the screen and the player gains points. If the ball reaches the bottom of the screen,
the player loses a turn. To prevent this from happening the player can move a paddle
located at the bottom of the screen, to bounce the ball back up. The objective of the game
is to remove bricks and collect scores as a result. The highest achievable score is 896.

We simulated the game through the ALE [6]. In the simulator, the game has 4 possible
actions. Figure 5.23 shows the learning curves of the three algorithms considered. We
can see that the algorithms have similar performance, with our Particle algorithms scoring
slightly higher than Boot DQN. An interesting result is that our algorithms seem to be
more stable than Boot DQN. Being that we implemented the deep networks for both
algorithms with the same architecture, if the instability observed in Bootstrapped DQN
was a result of the network, we would observe it in all algorithms. This suggests that

Particle DQN improved the stability of the agent.

5.2.3 Montezuma’s Revenge

Breakout is not a game that requires substantial exploration to be played'. To test for deep
exploration we run the algorithms in Montezuma’s Revenge, a famous Atari 2600 game.
In this game, the player controls a character that moves in a 2D world. The character
can move between rooms in a underground labyrinth. The objective is to score points

by gathering jewels and killing enemies along the way. The agent must find keys to open

!This also justifies the similar results.
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Figure 5.22: Frame taken from the Breakout Atari 2600 game.
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Figure 5.23: Evaluation scores in the Breakout Atari 2600 game.
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doors, collect and use equipment such as torches, swords, amulets, etc., and avoid or defeat

the challenges in his path.

Figure 5.24: Image of the first room of Montezuma’s Revenge.

The main characteristic of this game is the sparsity of rewards. As an example, in the
first room of the game shown in Figure 5.24 the player recieves a reward of 100 points
when it collects the key, and then another reward of 300 when it opens one of the doors.
Reaching the key is extremely difficult, as the agent will die if he falls from a hight or
if he touches the enemy (white skull). To move in the following room, the agent needs
to follow a very specific route to the key and back to the door. Exploration is extremely
important in this domain because the agent requires long sequences of very specific actions
to experience any reward, and such sequences are extremely unlikely to occur randomly.
As a result, this is considered as one of the most challenging games to beat in the deep RL
literature.

Figure 5.25 shows the results of testing the algorithms in Montezuma’s Revenge. Indeed
the game lives up to its reputation. Boot DQN and P DQN_ W W fail to score any
points in this game. On the other hand, P DQN W _ M. in all the independent runs,
manages to pass to the second room of the game and score 400 points in the process.
Unfortunately, the agent does not learn to exploit this in future games. As a result, we see

some spikes in the learning curve but no stable growth.
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Figure 5.25: Evaluation scores in Montezuma’s Revenge.
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Chapter 6

Conclusions

In this thesis we addressed the exploration vs. exploitation dilemma and proposed a new
model-free algorithm that performs deep exploration by estimating the uncertainty about
the agent’s Q-values. We argued about the importance of maintaining Q-distributions to
estimate this uncertainty, and further use these Q-distributions to drive exploration. We
derived some interesting results on approximating the Q-distributions using the mixture
of deltas model. We call these distributions Particle Q-Distributions. We compared our
algorithm with some classical approaches to exploration as well as with Bootstrapped
Q-learning, a state of the art algorithm that uses a similar approach to ours to drive
exploration. We tested on various domains, some designed to encourage exploration as
well as some simple navigation problems. Our algorithm showed improvements, sometimes
substantial, in learning speed compared to Q-learning and Bootstrapped Q-learning when
tested in finite MDPs. In the Taxi domain, not only we learned faster, but we also found
the optimal policy of picking-up all the passengers, which Q-learning and Bootstrapped
Q-learning failed to do.

We observed how the Q-distribution “shrinked” as the agent gathered more observa-
tions, driving the uncertainty about the agent’s Q-values to zero. When using the weighted
policy, this brought the probability of exploration to zero, and the agent exploits its current
Q-values. Differently from classic exploration approaches, like e-greedy, we do not need
to explicitly define a schedule of exploration that vanishes as the state-action counters in-
crease. Our agent will stop exploration automatically when it is certain about its Q-value
estimates.

A drawback of our algorithm is the increased spatial and computational complexity.
Compared to classical Q-learning, we now need to store M times more values, as we will
store the Q-distributions instead of the Q-values. On the other hand, we have the same spa-
tial complexity as Bootstrapped Q-learning. However, our algorithms come with a higher
computational cost. Bootstrapped Q-learning does not have any substantial additional
cost compared to classical Q-learning as it uses one Q-value estimate at a time (in the

basic version). Our method, on the other hand, uses all estimates at any time to perform
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the updates, which gives us a linear complexity w.r.t. the number of particles (given that
we do not sort the particles at every update). Additionally, we add the cost of the policies,
which calculate the VPI or probability of being maximum at every timestep. This adds a
substantial computational cost to our algorithms which we have not analyzed. Intuitively,
this larger computational requirement is compensated by the faster convergence to the
optimal policy.

We extended the algorithm to the deep RL world by borrowing the architecture used in
Bootstrapped DQN. We tested two versions of the particle algorithms and Bootstrapped
DQN in Atari 2600 games. We tried to initialize the networks in such a way that the
output of the network represents the equally spaced particles in the interval [¢min, Gmaz)
(same prior distribution we used in the tabular case). We did this by forcing this values
in the last layer by inducing a bias. This unfortunately caused our agents not to be
unstable and fail to learn as a result. Consequently, we decided to use the initialization of
Bootstrapped DQN, i.e., we initialized each head randomly.

In Breakout we scored slightly better than Boot  DQN and also improved the stability
of the agent. The tests in Montezuma’s Revenge showed some promising results but more

work needs to be done.

Future Work

We received some encouraging results about the learning speed of our particle algorithm.
Despite these good experimental results, unfortunately we have not yet proved the “effi-
ciency” of Particle QQ-learning, i.e., we do not have any bounds on the sample complexity or
regret. Something we leave for future work definitely is deriving these bounds. Moreover
we have not done any analysis of the computational complexity of our particle algorithm.
Computing the probabilities of each action to be maximal (in weighted policy or weighted
update) comes with a high computational cost. We could approximate these probabilities
by sampling but that would come with performance cost. We might try to balance these
computational and performance costs. Finally, we leave to future work finding better ways
to initialize the deep network when using our particle algorithm. Currently we initialize
the network randomly. We might try to pre-train the network to initialize the heads in
the desired interval. Furthermore, we did not do an analysis of the hyperparameters of
the deep network. More work can be done in this aspect to improve learning speed and

stability of the agent.
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Appendix A

Experiments With Double Agents

In this appendix we report the results of testing Particle Q-learning using the Double
version of the algorithm, inspired from [21]. We tested the algorithms in the same domains
described in Chapter 5, using the same experimental settings. Our PQL agents seem to

be more unstable when used in their double version.
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Figure A.1: Online (left) and offline (right) scores for the double algorithms in the Chain domain.
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Figure A.2: Online (left) and offline (right) scores for the double algorithms in the Loop domain.
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Figure A.3: Ounline (left) and offline (right) scores for the double algorithms in the Taxi domain.
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River Swim
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Figure A.4: Online (left) and offline (right) scores for the double algorithms in the River Swim

domain.
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Figure A.5: Online (left) and offline (right) scores for the double algorithms in the Six Arms

domain.
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Knight Quest
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Figure A.6: Online (left) and offline (right) scores for the double algorithms in the Knight Quest

domain.
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