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Abstract

Policy Optimization (PO) is a family of reinforcement learning algorithms that
is particularly suited to real-world control tasks due to its ability of managing
high-dimensional decision variables and noisy signals. This also makes PO one of
the most pressing targets of safety concerns. Outside of simulation, the trial-and-
error behavior typical of learning agents can have concrete, potentially catastrophic
consequences. The design of reliable adaptive agents for real-world settings requires,
first of all, a better theoretical understanding of the learning algorithms used to
train them. In this dissertation, we highlight the potential and limitations of existing
policy optimization techniques, with a special focus on policy gradient algorithms.
We study theoretical properties of policy gradients that are relevant to safety. We
establish novel guarantees of monotonic performance improvement and convergence.
We also study the trade-offs that safety requirements inevitably engage with sample
complexity and exploration. Besides improving the theoretical understanding of
policy gradient methods, we design new algorithms with more desirable properties,
and evaluate them on simulated continuous control tasks.
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“Don’t go on multiplying the mysteries,” he said. “They should be kept
simple. Bear in mind Poe’s purloined letter, bear in mind Zangwill’s
locked room.”
“Or made complex,” replied Dunraven. “Bear in mind the universe.”

— Jorge Luis Borges, Abenjacán el Bojarí, Dead in his Labyrinth
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Introduction 1

Reinforcement Learning (RL Sutton and Barto, 2018) is currently the most promising
approach to decision making for autonomous agents. Its fundamental principle
is biologically inspired, simple and as general as can be: let the agent interact
with the unknown environment, provide it with a reward signal informing it of the
appropriateness of its actions and let it autonomously learn to maximize rewards.
This makes Reinforcement Learning (RL) applicable to any sequential decision
problem, from selecting the advertisements to display on a website (Thomas et al.,
2015b) to controlling humanoid robots (Peters et al., 2003), regardless of uncertainty
or lack of prior domain knowledge...at least in principle.

Indeed, RL achieved marvelous results in games, from the millenary Go board
game (Silver et al., 2017) to modern multi-player videogames (Berner et al., 2019),
creating competitive adversaries for human world champions. More than on novel
algorithmic insights, these recent successes depend on the great representational
power of deep neural networks (Goodfellow et al., 2016) paired with monstrous
computational power. The unprecedented availability of data and compute is
what fueled the success of machine learning in general over the last decade. In
reinforcement learning, the two tend to coincide, since the data RL agents need
are interactions with the environment.1 In applications like games, where the
environment is easy to simulate (or it is itself a simulation, like in videogames)
gathering interaction data is just a matter of computational power.

Motivation: RL for real life. Moving from games to real-world applications,
new challenges arise. We use robotic control as an ongoing example, but the same
could be said of software agents that must interact with humans (like recommender
systems on the web) or take decisions that affect physical entities (e.g., helping to
select the treatment for hospitalized patients, Thapa et al., 2005).

1Learning from historical interaction data is possible but more challenging. See for instance
Section 4.5.1.

1



1. Introduction

First, collecting data can be a slow (since the agent is subject to real time) and
expensive (since physical systems can consume a lot of energy and wear out) process.
This typically dominates the time and expense required for actual learning, which
is a purely computational process. Simulated experience can alleviate this problem,
but engineering a reliable simulation is simply not possible in many applications.
This makes sample complexity, the amount of data that is required for learning, a
fundamental issue, if not the most important one for the successful application of
RL to real-world problems.

The second challenge is a universal dilemma of sequential decision making, but
is even more relevant is real-life RL: exploration. Learning from scratch, an agent
needs to perform some actions just to increase its knowledge of the world. This
exploratory behavior may be suboptimal according to its current knowledge, but
unlock the ability to learn even better behavior. In a simulated environment, we
typically only care about the final solution, so exploratory behavior is almost always
worth the effort. Instead, when the agent is learning in the real world, intermediate
performance can really matter. Exploratory behavior that sacrifices immediate
performance must ensure this is repaid by future improvements. We may call this
the cost of exploration, to which some users (e.g., a bank using RL to decide how
to invest its money, or a factory owner that bought a reinforcement-learning robot
to increase production) could be particularly sensitive. This adds to the already
difficult problem of designing effective exploration strategies for learning agents.

The third great challenge, and possibly the most urgent one, is safety. Learning
in the real world can have concrete consequences, ranging from monetary losses
to irrecoverable damage, up to threatening the life of human operators. Hence,
it is important to identify all the potential hazards, and to reduce risk as much
as possible. Careful engineering of the agent’s hardware and of the surrounding
environment can help a lot by reducing the number of hazards (Büchler et al., 2020).
However, it is equally important to design learning algorithms that do not take
unnecessary or plain unacceptable risks. The very problem of defining safety is not
easy, and has produced a wide range of diverse approaches (García and Fernández,
2015; Amodei et al., 2016). In fact, designing a truly safe RL agent requires to
intervene at multiple levels: in the definition of reward (to ensure it is aligned
with our desires), in the planning of interaction, and in the design of the learning
procedure itself.

Safety concerns. If we wish to apply RL to real-world problems, we need to
explicitly face these three challenges2. To blindly apply the algorithms that worked so
well for games would be a very literal and serious instance of the ludic fallacy (Taleb,
2007). This dissertation is specifically on the problem of safety. However, safety is
so entangled with the other two challenges that it can hardly be studied in isolation.
More samples can help the agent build a better understanding of the world and
the effects of his actions, which is fundamental to reduce risk. This creates a first

2We could add a fourth one, that we have included under the concept of safety: agent alignment.
While in games the objective is typically clear, in real-world scenarios it may be challenging to
encode the needs of the user into a monolithic concept of goal, or a scalar reward signal.
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tradeoff between safety and sample complexity. On the other hand, spending a
lot of time collecting data under suboptimal behavior can itself be risky. Quickly
converging to an optimal solution could actually be safer on the long run. Similarly,
exploratory behavior can be dangerous, especially if it involves random actions.
However, the knowledge it provides can help achieve safer policies on the long run.
The triangular relation is completed by noting that exploration requires many data,
but can speed-up the learning process overall. These fundamental problems of
real-world RL are all tied together, and their relative importance really depends on
how we define safety and on the time horizon we care to consider.

In this manuscript we take the so-called Seldonian approach to RL safety (Thomas
et al., 2019). This means we do not focus on how safety concerns can be embedded
in the problem definition, nor on how the agent can plan its interactions to reduce
hazards, but on the risks introduced by the learning process itself. In other words,
we focus on preventing the negative effects of epistemic uncertainty, the lack of
knowledge of the environment and its workings that can lead the agent to learn
unsafe behavior. This is a general issue of machine learning systems, with the differ-
ence that in real-world RL we also care about the safety of intermediate solutions,
since they shape the concrete agent-environment interaction. In fact, our concept
of safety is particularly related to the problem of controlling the cost of exploration.
The responsibility of ensuring safety in this sense is entirely of the designer of the
reinforcement learning algorithm. Since the responsibility of encoding specific safety
requirements is left to the user, this should be intended as a complement, not as a
substitution, of other safe RL approaches. It requires a deep understanding, and
often a modification, of RL algorithms developed without the safety problem in
mind.

Policy optimization. This dissertation addresses the safety challenge for a spe-
cific class of RL algorithms: Policy Optimization (PO, Deisenroth et al., 2013),
also known as policy search. Policy Optimization (PO) methods are currently the
most promising for real-world applications of RL, due to their ability to deal with
continuous, high-dimensional decision variables, their robustness to noise, and their
general convergence properties. Compared to other RL methods, they also make
it easier to exploit prior knowledge about the task at hand, which can help to
ensure a minimal amount of safety to start with. Indeed, PO is behind the main
achievements of RL in robotics (Kober et al., 2013; OpenAI et al., 2019; Büchler
et al., 2020). Since we care about physical systems, where the safety problem is
more prominent, it is only natural to focus on policy optimization algorithms.

Methodologically, policy optimization allows to apply techniques that work
well for supervised learning, such as the celebrated backpropagation algorithm
(stochastic gradient descent), to the RL problem. This is done by modeling the
agent’s behavior as a parametric mapping from states of the environment to actions
(typically including an element of stochasticity for exploration purposes), called
policy, and by defining an objective function in the policy parameters: the cumulative,
expected reward collected by the agent under said parametrization. Indeed, this
can be approached as a (typically nonconvex) stochastic optimization problem.
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Once again, we must not be fooled into thinking this is just an optimization
problem. The three challenges of real-world RL can be rephrased in this way from
the optimization perspective:

1. Sample complexity is especially relevant given the cost of collecting interaction
samples to be used by the stochastic optimization procedure. Convergence
guarantees that only consider the number of parameter updates, which are a
big part of optimization theory, are simply not enough.

2. Data are not provided in advance or sampled from a fixed distribution like in
supervised learning, but the very parameters that we are optimizing influence
the data we are going to receive.

3. Intermediate solutions correspond to policies that the agent uses to interact
with the environment, hence have very concrete consequences. The quality of
final solutions may be irrelevant by itself.

Contribution. In this dissertation, we study the problem of safety of policy
optimization algorithms, in the online-learning, Seldonian sense outlined above, and
its relation with sample complexity and exploration. We take a mostly theoretical
approach, by studying the property of existing PO algorithms and seeing how the
latter can be modified to provide formal guarantees. Our original contributions
pertain a specific class of PO algorithms known as Policy Gradient (PG) methods.
These are based on stochastic gradient descent, and are by far the most used by
practitioners, especially due to their applicability to deep neural policies (Duan et al.,
2016).3 Our theoretical work is complemented by some algorithmic contributions,
sometimes heuristic, and by empirical evaluations on simulated continuous-control
problems. The latter should not be intended as the prototyping of deployable, safe
reinforcement learning agents, but only as an empirical verification of the theoretical
findings.

Structure and main contents. The manuscript is organized as follows. We start,
in Chapter 2 by providing the fundamental concepts and methods of reinforcement
learning. We do this already with a focus on continuous-action problems and
solutions based on function approximation, which are the main field of application
and representation tool of policy optimization, respectively. Chapter 3 is also a
background chapter, but focuses on policy optimization algorithms. We provide
the fundamental theoretical tools and review the most used algorithmic solutions,
with a particular focus on policy gradient methods. Before diving into our technical
contributions, we provide a broader view of RL safety in Chapter 4, with the purpose
of better positioning our own perspective on the problem.

The following chapters present our own contributions. Chapter 5 specifically
addresses our concept of safety by studying monotonic improvement properties
of policy gradient algorithms. This is the problem of avoiding oscillations of the

3We only occasionally engage ourselves in deep reinforcement learning, since establishing
theoretical guarantees for deep-learning based solutions is particularly challenging.
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agent’s performance during the learning process, which may correspond to undesired
behavior. We follow previous work (Pirotta et al., 2013a; Papini et al., 2017) in
carefully tuning the meta-parameters of the policy gradient algorithm to guarantee
monotonic performance improvement. Our results are applicable to a much larger
class of policies, but are more rigorous than other approaches that are not specifically
taylored to policy gradient algorithms (Schulman et al., 2015a). We provide a policy
gradient algorithm, called Safe Policy Gradient (SPG), with monotonic improvement
guarantees. Note that this algorithm is mostly of theoretical interest, since it relies
on worst-case assumptions which may lead to extremely conservative behavior.

In Chapter 6 we address a problem that lies in the intersection of safety and
sample complexity: that of re-using historical data for policy optimization. This
practice can help to reduce the need of costly interaction data, but can produce
overconfident, hence unsafe behavior if performed in a naïve way. We propose
an algorithm called Policy Optimization via Importance Sampling (POIS) which
employs importance-weighted estimators to perform multiple policy updates with
the same data. A thorough analysis of these off-policy estimators allows to include
a penalization term in the objective of POIS which explicitly prevents overconfident
learning. The fundamental intuition is to distrust data that were collected with very
different policies from the one that is currently being optimized. A practical version
of POIS is evaluated on benchmark continuous-control problems and is shown to
be competitive with state-of-the-art PO algorithms.

Chapter 7 is straight-on about sample complexity. The problem studied here
is precisely the total amount of interaction data that policy gradient algorithms
require to converge to a locally optimal solution. Although not explicitly about
safety, this is very relevant for any real-world application of policy optimization.
Although the convergence properties of basic policy gradient algorithms such as
REINFORCE (Williams, 1992) or PGT (Sutton et al., 1999) are well known, we
raise awareness on some issues that may have been overlooked, such as the classes
of parametric policies to which these guarantees actually apply, and the problems
introduced by adaptive policy stochasticity. Then, we use insights from the stochastic
optimization literature (Johnson and Zhang, 2013) to design Stochastic Variance-
Reduced Policy Gradient (SVRPG), a policy gradient algorithm that is provably
more data-efficient than REINFORCE. The superiority of SVRPG was actually
proved by Xu et al. (2019), of which we report a proof. The same authors later
devised an even better algorithm (Xu et al., 2020). Our presentation of SVRPG is
complemented by a review of these and other related developments.

We come back to safety in Chapter 8, where we study its relationship with
exploration. We focus on the specific problem of guaranteeing monotonic perfor-
mance improvement when the agent also has control on the amount of stochasticity
of the policy. The naïve approach would be to treat the latter as an additional
policy parameter, as often done by practitioners (Duan et al., 2016). However, this
would be both inefficient (since it tends to sacrifice long-term advantages in favor of
immediate performance) and risky, for reasons that will be made clear throughout
the dissertation. We first design a heuristic policy gradient algorithm which takes
the long-term advantages of exploratory behavior explicitly into account, which may
be of independent interest. Then, we provide an adaptive meta-parameter schedule
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that guarantees monotonic improvement with high probability. Given the complex
trade-off between safety and exploration, we leave to the user the possibility of
specifying the amount of immediate performance loss they deem acceptable, or in
other words, the acceptable cost of exploration.

Finally, we conclude in Chapter 9 by summarizing our contributions, mentioning
some aspects of safe policy optimization that were neglected in the dissertation,
discussing further possible research directions and the future of real-world RL in
general.

6



Reinforcement Learning Fundamentals 2

In this Chapter, we introduce the fundamental theoretical and algorithmic tools of
the RL framework, upon which all the contributions of this dissertation are built.
A comprehensive introduction to the field1 is provided by Sutton and Barto (2018).

The structure of this chapter is as follows. In Section 2.1, we describe the
problem of sequential decision making under uncertainty that is the target of RL.
In Section 2.2, we introduce the Markov Decision Process (MDP) formalism that
allows to model the interaction between the agent and the environment, with a
particular focus on continuous MDPs. In Section 2.3, we define policies as models
of the agent’s behavior and define fundamental quantities for its evaluation. In
Section 2.4, we briefly present dynamic-programming solutions for known, finite
MDPs. The purpose of Section 2.5 is to establish a unified notation for indefinite
and finite-length interaction, since the former is more convenient for theory and
the latter for experiments. In Section 2.6, we propose a possible taxonomy of
RL algorithms. In Section 2.7, we present the most important policy evaluation
techniques. Finally, we briefly review value-based policy learning in Section 2.8.
Policy-based policy learning, or policy optimization, is deferred to Chapter 3.

2.1 Sequential Decison Making under Uncertainty

Reinforcement learning is an approach to the problem of taking decisions over time
in an uncertain environment. The deciding entity is called an agent. Everything
that is not under the direct control of the agent constitutes the environment. The
agent is subject to uncertainty due to partial knowledge of the environment and/or
random phenomena, such as sensor noise. This problem of Sequential Decision

1In this manuscript, we adopt the Artificial Intelligence perspective to RL. Reinforcement
learning has deep roots also in the Operations Research literature, where it is historically known
as Neuro-Dynamic Programming (Bertsekas and Tsitsiklis, 1996). See also the recent effort
by Bertsekas (2019) to bridge the two research traditions.
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Actions

Agent

Observations

Rewards
Environment

Figure 2.1: Agent-environment interaction model.

Making under Uncertainty (SDMU) is so general that solution concepts, such as RL,
may be used as universal models of intelligence (Hutter, 2004). In this manuscript,
we focus on artificial agents, like robots or software bots, with specific goals provided
by human designers, and consider a single agent at a time. We adopt the simplest
possible model of interaction between the agent and the environment, subdividing it
into discrete time steps. These time intervals may be fixed or delimited by particular
events.2 At each step, the agent collects some information from the environment,
called an observation, and performs an action. Thus, the agent faces a decision at
each time step: which action to perform among the available ones. The decision is
conditioned on the information the agent has collected so far and on the agent’s
goal, or purpose. The action that is actually performed can be subject to random
errors, such as actuator noise, adding to the overall uncertainty. The agent may
also incorporate a random element by design. The agent-environment interaction is
illustrated in Figure 2.1.

2.1.1 The environment

We make additional assumptions on the nature of the environment and on the
information accessible by the agent, which are implicit in the classical problem
formalization presented in Section 2.2. By state of the environment we mean a
complete description of the environment at a given time. We borrow most of the
following nomenclature from Russell and Norvig (2010):

˛ Stationarity: the state of the environment only changes as a result of the
agent’s actions.

˛ Effectively full observability: the agent can access all the information about
the state of the environment that is relevant to decision-making.

˛ Stochasticity: the change in the state of the environment can be modeled with
a probability distribution.

2In this manuscript, we take this design choice for granted and work under the time-step abstrac-
tion. Generalization of this simplistic model include continuous-time RL, temporal abstractions
and, more recently, action persistence (Metelli et al., 2020a).
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˛ Unknowing: the agent does not know in advance the laws regulating the
change in the state of the environment.

The first three are simplifying assumptions. Nonstationary, partially observable
and adversarial environments are active areas of RL research (Choi et al., 1999;
Jaakkola et al., 1994b; Busoniu et al., 2008). However, we think many interesting
real-world problems can already be modeled under these assumptions. The fourth
assumption is what makes learning necessary. Under knowledge of the environment
laws, SDMU reduces to a (possibly still very difficult) planning problem.

2.1.2 Learning agents
From the engineering perspective, the goal of artificial intelligence is to build rational
artificial agents. A rational agent always selects the best possible action with respect
to its goal, given the currently available knowledge. In an unknown environment,
this requires the agent to improve as more information is collected, and to actively
pursue the acquisition of useful information. A learning agent is one that improves
from experience, always with respect to its goal.

We assume that the agent is able to construct, from observations, an agent state
that encodes all the information necessary for rational decision making. This is only
possible in effectively fully observable environments. The agent state will be called
simply state from now on, and must not be confused with the environment state, of
which it is a byproduct. We require the state to satisfy Markov’s property: the next
state, conditioned on the current state and the agent’s action, is independent from
all previous states and actions. That is, the state summarizes all the information on
past experience that is relevant to prediction and decision-making. State definition
and synthesis is part of agent design, but is not addressed in this work. Similarly,
we take the definition of the actions available to the agent as granted.3

2.1.3 Exploration vs exploitation
A key challenge of SDMU is to find the right balance between exploration, acting
as to collect more information about the unknown environment, and exploitation,
acting rationally with respect to the information collected so far. This is known
as the exploration-exploitation dilemma. Exploration typically requires to diversify
the agent’s actions, exploitation to focus on what appear to be the best ones. In a
safety-critical scenario, exploration also contrasts with safety, especially if the agent
resorts to action randomization to guarantee a sufficient amount of exploration. This
safe exploration problem is introduced in Chapter 4 and developed in Chapter 8.

2.1.4 Goals as rewards
The distinctive assumption underlying the RL approach to SDMU is that an agent’s
goal can always be encoded in a scalar signal, called reward. This measure of goal-

3In doing so, we are certainly neglecting important engineering problems. A recent work on
robot table tennis by Büchler et al. (2020) showed how an unconventional choice of actuators can
already remove some safety issues.
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adherence is to be provided to the agent at each time step depending on the current
state of the environment and on the agent’s action. Negative rewards correspond,
intuitively, to punishments. No matter how complex the goal, there exists a reward
signal such that maximizing the sum of rewards is equivalent to achieving the
goal. This conjecture is known as the Reward Hypothesis (Sutton and Barto, 2018).
Deriving a proper reward signal from an abstract goal or from a reference behavior
can be challenging, especially in the presence of multiple, contrastive objectives,
which are typical of safety-critical scenarios. Modern approaches to the problem
include Inverse Reinforcement Learning (Ng and Russell, 2000). In this work,
we do not actively address the reward-design problem. However, in Section 4.2,
we briefly discuss the potentially dangerous effects of reward misspecification.
Most importantly, the Monotonic-Improvement approach to safe RL, introduced in
Chapter 1 and presented in detail in Chapter 4, by assuming that safety concerns
are encoded in the reward signal, heavily relies on the Reward Hypothesis.

2.2 Markov Decision Processes

The interaction between the agent and the environment and the SDMU problem
faced by the agent, as outlined in the previous section, can be formalized as a Markov
Decision Process (MDP). The reference book on MDPs is (Puterman, 2005).

A MDP is a tuple xS,A, p, r, γ, µy where:

˛ S is the state space, a measurable set containing all possible (agent) states.

˛ A is the action space, a measurable set containing all the actions available to
the agent in any state.4

˛ p : S ˆA Ñ ∆S is the transition kernel, providing a probability measure over
the state space for each state-action pair. Given s P S and a P A, pp¨ | s, aq
denotes the probability measure of the next state. Overloading the notation,
pps1 | s, aq denotes the probability (in the sense of a density or mass function)
of transitioning to s1 P S when performing action a in state s.

˛ r : S ˆ A Ñ R is the reward function. We always assume it is bounded,
i.e., }r}8 ă 8.

˛ γ P r0, 1q is the discount factor used to weight future rewards.

˛ µ P ∆S is the starting-state distribution, from which the initial state is sampled.

2.2.1 Continuous state and action spaces
The literature on MDPs has mainly focused on finite state and action spaces.
However, many interesting control problems, such as robotics ones, are naturally
modeled with continuous states and actions, making S and A subsets of R (or

4The set of available actions may be a function of the state. We assume a single, common
action space for simplicity.
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of higher-dimensional real coordinate spaces for vector-valued states and actions).
This is the natural setting of policy optimization algorithms, which are the focus
of this manuscript. For this reason, we generally assume continuous states and
actions are involved, write expectations and marginalizations as integrals,5 and
overload the symbol for a measure (e.g., p or µ) to denote a probability density
function when it is applied to a point. In the less frequent case of finite state and
action spaces, one can safely replace integrals with summations and interpret the
overloaded measure symbol as a probability mass function. Continuous measurable
spaces come with measurability and integrability issues, starting from the very
definition of MDP (Puterman, 2005). We have neglected those for ease of exposition.

2.2.2 The reinforcement learning objective

Fixed a MDP, the goal of the agent is to maximize the sum of rewards, in expectation
over all the sources of randomness. In most of our theoretical contributions, we
consider the following model of interaction: the initial state is sampled from the
starting state distribution, s0 „ µ; then, at each time step t, the agent performs
an action at, receives a reward rt`1 “ rpst, atq and the next state is sampled from
the transition kernel, st`1 „ pp¨ | st, atq. We consider an infinite time horizon and
adopt the discounted-reward formulation.6 The RL objective is then:

max
a0,a1,...

E

«

8
ÿ

t“0
γtrpst, atq

ˇ

ˇ

ˇ

ˇ

ˇ

s0 „ µ, st`1 „ pp¨ | st, atq for all t ą 0
ff

. (2.1)

This is a multi-stage stochastic optimization problem, since the effects of each
decision at can arbitrarily unravel in time, influencing all future rewards through
the changing state. Besides making the infinite sum of rewards well defined, the
discount factor γ can be interpreted either as assigning a lower value to rewards
further in the future, smaller values of γ corresponding to a more short-sighted
objective. Although it is often used as a hyper-parameter in RL algorithms, the
discounting γt is in fact part of the reward signal, and different values of γ encode
different goals, resulting in more or less far-sighted target behavior.

2.3 Policies

To solve (2.1), the agent need not explicitly optimize over actions plans (a0, a1, . . . ),
but only find an optimal stationary deterministic policy, that is a mapping from
states to actions. This is a consequence of Markov’s property and is stated more
formally in Section 2.3.1. A stationary deterministic policy is any function π : S Ñ A,
and πpsq denotes the action prescribed by policy π in state s P S. A learning agent
keeps updating its policy based on experience. Since RL agents often incorporate a
random element for exploration, we must also consider stationary stochastic policies

5These must be intended as Lebesgue integrals where the Lebesgue measure (or the counting
measure) is implicit and all the other involved measures are absolutely continuous w.r.t. it.

6Other possible forumulations are average-reward and finite-horizon.
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2. Reinforcement Learning Fundamentals

of the form π : S Ñ ∆A, providing a probability measure πp¨|sq over the action
space for each state s P S. When π is stochastic, πpa|sq denotes the probability
density of action a in state s.

2.3.1 Value functions and optimal policies
Value functions allow to translate the multi-stage optimization problem in (2.1)
into a fixed-point problem by exploiting Markov’s property. The results presented
here are standard in the RL literature. Refer to Bertsekas and Shreve (2004) for a
more complete treatment and proofs.7 Fix an MDP and let Tπ : RS Ñ RS be the
Bellman Expectation Operator of policy π, defined as follows:

TπpV qpsq “ E
a„πp¨|sq

„

rps, aq ` γ E
s1„pp¨|s,aq

“

V ps1q
‰



, (2.2)

for all V : S Ñ R and s P S. The value function V π : S Ñ R of policy π is the
unique fixed point of Tπ and satisfies Bellman’s expectation equation:

V πpsq “ E
a„πp¨|sq

„

rps, aq ` γ E
s1„pp¨|s,aq

“

V πps1q
‰



, (2.3)

for all s P S. Equivalently, the value of a state V πpsq is the expected, discounted
sum of rewards obtained by following policy π starting from s:

V πpsq “ E

«

8
ÿ

t“0
γtrpst, atq

ˇ

ˇ

ˇ

ˇ

ˇ

s0 “ s, at „ πp¨|stq, st`1 „ pp¨|st, atq for all t ą 0
ff

“ Eπ

«

8
ÿ

t“0
γtrpst, atq|s0 “ s

ff

,

where Eπr¨s is an abbreviation for expectation following policy π that we will often
use when it does not introduce any ambiguity.

The quality function, or action-value function Qπ : S ˆ A Ñ R is defined as
follows:

Qπps, aq “ rps, aq ` γ E
s1„pp¨|s,aq

“

V πps1q
‰

, (2.4)

for all s P S, a P A, and assigns to each state-action pair, i.e., to each decision, the
expected, discounted sum of rewards obtained by performing action a in state s
and following policy π thereafter. Note that V πpsq “ Ea„πp¨|sq rQπps, aqs.

The advantage function Aπ : S ˆ A Ñ R of policy π is simply the difference
between the quality function and the value function:

Aπps, aq “ Qπps, aq ´ V πpsq, (2.5)

7More common references on the topic are (Bertsekas and Tsitsiklis, 1996) and (Puterman,
2005), but they are mostly focused on finite-space MDPs. Note that all the fundamental results on
finite MDPs transfer to the continuous domain once measurability issues are properly dealt with.
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2.3. Policies

for all s P S, a P A.
Let T˚ : RS Ñ RS be Bellman’s Optimality Operator, defined as follows:

T˚pV qpsq “ max
aPA

"

rps, aq ` γ E
s1„pp¨|s,aq

“

V ps1q
‰

*

, (2.6)

for all V : S Ñ R and s P S. The optimal value function V ˚ : S Ñ R is the unique
fixed point of T˚ and satisfies Bellman’s optimality equation:

V ˚psq “ max
aPA

"

rps, aq ` γ E
s1„pp¨|s,aq

“

V πps1q
‰

*

, (2.7)

for all states s P S. We can easily define the optimal quality function as Q˚ps, aq “
rps, aq ` γ Es1„pp¨|s,aq rV ˚ps1qs. Now consider the following deterministic policy,
greedy w.r.t. the optimal quality function:

π˚psq “ arg max
aPA

Q˚ps, aq, (2.8)

with ties broken in any (deterministic) way. This is an optimal policy for the MDP
and has the following properties:

˛ V π
˚

“ V ˚, i.e., the optimal value function is the value function of the optimal
policy. Also Qπ˚ “ Q˚.

˛ V ˚ ľ V π
1 for all π1, i.e., the optimal policy maximizes the value function

simultaneously in all states.

For any MDP, there always exists at least one deterministic (stationary) optimal
policy. It may not be unique, and there may also exist optimal stochastic policies.

2.3.2 Occupancy measures
Fixed a policy π, we can define the following induced transition kernel by marginal-
izing over actions:

pπp¨|sq :“
ż

A
πpa|sqpp¨|s, aqda. (2.9)

We can define a t-step transition kernel recursively as follows:

p1
πp¨|sq :“ pπp¨|sq, (2.10)

pt`1
π p¨|sq :“

ż

S
ptπps

1|sqpπp¨|s
1qds1, (2.11)

for all s P S and t ě 1. From this, we can define, for any state s0, the following
γ-discounted state-occupancy measure:

dπs0
p¨q “

1´ γ
γ

8
ÿ

t“1
γtptπp¨|s0q. (2.12)

13



2. Reinforcement Learning Fundamentals

Intuitively, dπs0
psq is the discounted probability of visiting state s at some point in

the future, starting from s0 and following π. The following fact about dπs0
, which is

a variant of the generalized eigenfunction property by Ciosek and Whiteson (2020,
Lemma 20), will be used multiple times:

Lemma 2.1 Let π P ∆S
A and f be any integrable function on S satisfying the

following recursive equation:

fpsq “ gpsq ` γ

ż

S
pπps

1|sqfps1qds1,

for all s P S and some integrable function g on S. Then:

fpsq “ gpsq `
γ

1´ γ

ż

S
dπs ps

1qgps1qds1,

for all s P S.

Proof
ż

S
dπs ps

1qgps1qds1 “
ż

S
dπs ps

1qfps1qds1 ´
ż

S
dπs ps

1qγ

ż

S
pπps

2|s1qfps2qds2 ds1

“

ż

S
dπs ps

1qfps1qds1 ´
ż

S
γ

ż

S
dπs ps

1qpπps
2|s1qds1fps2qds2

“

ż

S
dπs ps

1qfps1qds1 ´
ż

S

`

dπs ps
2q ´ p1´ γqpπps2|sq

˘

fps2qds2

(2.13)

“ p1´ γq
ż

S
pπps

2|sqfps2qds2,

where (2.13) is from Lemma B.2.

For instance, V π satisfies the assumptions of Lemma 2.1 with gpsq “ Ea„πp¨|sq rrps, aqs,
allowing to write the value function as follows:

V πpsq “ E
a„πp¨|sq

rrps, aqs `
γ

1´ γ

ż

S
dπs ps

1q E
a1„πp¨|s1q

“

rps1, a1q
‰

ds1. (2.14)

A further γ-discounted state-occupancy measure is obtained by weighting the
starting state with the starting-state distribution µ of the MDP:

dπµp¨q :“ p1´ γqµp¨q ` γ
ż

S
µps0qd

π
s0
p¨qds0. (2.15)

Intuitively, dπµpsq is the discounted probability of visiting state s at some point of
the interaction (possibly at the start) by following policy π. In the following, we
will call dπµ simply the state-occupancy distribution of π.

By composing dπµ with the policy itself, we obtain a measure of the frequency of
state-action pairs:

νπµ ps, aq :“ dπµpsqπpa|sq. (2.16)
We call this the state-action-occupancy distribution of π.
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2.4. Dynamic Programming

2.4 Dynamic Programming

Given a finite MDP, under perfect knowledge of the transition kernel and of the
reward function, one can use dynamic programming to find an optimal policy (Bert-
sekas and Tsitsiklis, 1996).

2.4.1 Policy evaluation
The policy evaluation problem is important both by itself (as a prediction task) and
as a building block for finding optimal policies. Given a policy π, the problem is
just to compute its value function V π. The solution of iterative policy evaluation is
to repeatedly apply Bellman’s Expectation Operator Tπ (2.2) to a tentative value
function V : S Ñ R. Starting from an arbitrary value function V0 (e.g., a vector of
zeros), the next estimate is computed as:

Vk`1 “ TπVk, (2.17)

for k “ 0, 1, . . . until convergence. See Sutton and Barto (2018, Section 4.2) for a
discussion of this algorithm. However, by rewriting Bellman’s expectation equation
as a system of linear equations, we see that several other solutions are possible.
Represent value functions as vectors in RS . Let Pπ P R|S|ˆ|S| be the matrix
form of the induced transition kernel pπ (2.9) and rπ P R|S| be the vector form
of s ÞÑ Ea„πp¨|sq rrps, aqs. Bellman’s expectation equation then rewrites as the
following system of |S| linear equations in |S| unknowns:

pI ´ γPπqV π “ rπ, (2.18)

which admits a unique solution (Puterman, 2005, Theorem 6.1.1). Hence, any
method for solving linear systems can be used to compute V π. The iterative policy
evaluation algorithm outlined above corresponds to the Jacobi method,8 as observed
by Sutton and Barto (2018). From V π, we can easily obtain Qπ by using its
definition (2.4).

2.4.2 Policy iteration
Going from prediction to control, dynamic programming provides ways to compute
an optimal policy. Policy iteration starts from an arbitrary policy π0 and alternates
between the two steps below:

1. Policy evaluation: given πk, compute Qπk ;

2. Policy improvement: πk`1p¨q Ð arg maxaQπkp¨, aq,

for k “ 0, 1, . . . until convergence. The policy evaluation step may itself be an
iterative procedure (see Section 2.4.1). The policy improvement step simply returns
a greedy policy w.r.t. Qπk , which can be shown to be an improvement over πk
itself (Puterman, 2005, Proposition 6.4.1). Policy iteration yields an optimal policy
in a finite number of iterations (Puterman, 2005, Theorem 6.4.2).

8The system matrix I ´ γPπ is strictly diagonally dominant.
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2. Reinforcement Learning Fundamentals

2.4.3 Value iteration

A more direct way to compute the optimal policy is to iterate the application of
Bellman’s Optimality Operator T˚ (2.6). Starting from an arbitrary value function
V0, the next iterate is computed as:

Vk`1 “ T˚Vk, (2.19)

for k “ 0, 1, . . . until convergence. The iterates converge in infinity norm to the
optimal value function V ˚. In practice, one can fix a small threshold ε ą 0 and
stop as soon as }Vk ´ V ˚}8 ă ε, which is guaranteed to happen within a finite
number of steps K. From VK , one can compute the corresponding quality function,
using (2.4), and the greedy policy w.r.t. Qk, denoted πK . This is guaranteed to be
an ε-optimal policy, that is:

V πK ě V ˚ ´ ε. (2.20)

See Puterman (2005, Theorem 6.3.1) for a complete proof.

Dynamic programming cannot be employed if the transition kernel is unknown,
which is always the case for the problems of our interest. Moreover, no trivial
extension to continuous-space MDPs (or even MDPs with very large state spaces)
is available. Still, the fundamental ideas of dynamic programming play a major
role in many RL methods. Furthermore, several extensions and optimizations of
the dynamic programming algorithms presented here are known in the operations
research literature under the name of Approximate Dynamic Programming, with
significant overlapping with Reinforcement Learning (Bertsekas, 2019). That said,
we will present RL algorithms from a Machine Learning perspective starting from
Section 2.6.

2.5 Interaction in Practice

The model of interaction depicted in Section 2.2 is that of a single, infinite stream. In
practice, the training of RL agents is more often performed in a series of finite-length
episodes. Each episode may have a predetermined length or its end may be triggered
by the occurence of some event (e.g., the fall of a self-balancing robot). A new
episode is then started with the initial state sampled from µ. This starting-state
distribution may be partially or entirely under the control of a human operator (e.g.,
someone in charge of repositioning the fallen robot). This kind of interaction is
known as episodic, as opposed to the continuing (never-ending) interaction depicted
in Section 2.2. Moreover it is often argued that, in practice, one cares about
maximizing the undiscounted reward. This would correspond to a discount factor
of γ “ 1, which is not compatible with the formulation we have chosen to adopt.
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2.5. Interaction in Practice

2.5.1 Indefinite trajectories
We can accomodate both episodic interaction and undiscounted rewards within
the discounted formulation by interpreting the discount factor as a continuation
probability. Under this perspective, a discount factor of γ means that, at each time
step t, the current episode terminates with probability 1´ γ (just after observing
reward rt`1), in which case a new starting state is sampled from µ. Hence, we can
consider two alternative models of interaction under a unified theoretical formulation:

1. Continuing interaction with rewards discounted by γ P r0, 1q;

2. Episodic interaction with undiscounted rewards and continuation probability
γ P r0, 1q.

The key feature of this double interpretation is that the state-occupancy measure dπµ
defined in (2.15) can be interpreted either as the γ-discounted distribution of states
under a single continuing interaction or as the distribution of states in episodic
interaction with continuation probability γ ă 1. Also the value V πpstq, as defined
in (2.3), has a special interpretation in the episodic view: it is the expected sum of
rewards from st to the end of the current episode.

A trajectory is a sequence τ “ ps0, a0, r1, s1, a1, r2 . . . q where s0 „ µ, at „ πp¨|stq,
rt`1 “ rpst, atq, and st`1 „ pp¨|st, atq for all t ě 0, for some policy π. In continuing
interaction, this is one of the possible infinite sequences that can be generated by
policy π. In episodic interaction, trajectories have finite length almost surely. To see
that trajectories are still i.i.d. in the episodic case, consider the following equivalent
data-generating process:

1. Sample H „ Geomp1´ γq;

2. Run an episode of length H,

from which it is apparent that we have a probability of γHp1 ´ γq of generating
a trajectory of length H. These are indefinite trajectories as their length is not
predetermined. We can define the distribution induced by policy π over indefinite
trajectories as:

pπ,γpτq “ γ|τ |´1p1´γqµps0q

¨

˝

|τ |´2
ź

t“0
πpat|stqppst`1|st, atq

˛

‚π
`

a|τ |´1|s|τ |´1
˘

, (2.21)

where |τ | denotes the length (number of states) of trajectory τ .
We use the notation τh:k, with 0 ď h ď k ă |τ |, to denote a partial trajectory

psh, ah, sh`1 . . . , sk, akq, where the elements are from trajectory τ . In particular,
we use the following notation for taking expectations:

E
τ0:k„pπ

rXs “

ż

S
µps0q . . .

ż

A
πpak|skqX dak . . . ds0, (2.22)

E
τh:k„pπ

rXs “

ż

S
ppsh|sh´1, ah´1q . . .

ż

A
πpak|skqX dak . . . dsh if h ą 0, (2.23)
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2. Reinforcement Learning Fundamentals

where the second expectation is implicitly conditioned on sh´1 and ah´1.
The following lemma clarifies the relationship between trajectory distributions

and the occupancy measure:

Lemma 2.2 For any policy π and integrable function f on S:

E
τ„pπ,γ

»

–

|τ |´1
ÿ

t“0
fpstq

fi

fl “

8
ÿ

t“0
γt E

τ0:t„pπ
rfpstqs “

1
1´ γ E

s„dπµ
rfpsqs .

Proof For the first equality:

E
τ„pπ,γ

rgpτqs “ p1´ γq
8
ÿ

H“1
γH´1 E

τ0:H´1„pπ

«

H´1
ÿ

t“0
fpstq

ff

“ p1´ γq
8
ÿ

H“1
γH´1

H´1
ÿ

t“0
E

τ0:t„pπ
rfpstqs

“

8
ÿ

t“0
γt E

τ0:t„pπ
rfpstqs , (2.24)

where (2.24) is from the following equality that holds for any bounded pajq8j“0:

8
ÿ

i“0
γi

i
ÿ

j“0
aj “

8
ÿ

j“0

˜

8
ÿ

i“j

γi

¸

aj (2.25)

“

8
ÿ

j“0
γj

˜

8
ÿ

i“0
γi

¸

aj

“
1

1´ γ

8
ÿ

j“0
aj , (2.26)

and (2.25) is from reordering (see Lemma B.1). For the second equality:

8
ÿ

t“0
γt E

τ0:t„pπ
rfpstqs “

ż

S

«

µpsq `

ż

S
µps0q

8
ÿ

t“1
γtptπps|s0qds0

ff

fpsqds

“
1

1´ γ

ż

S

„

p1´ γqµpsq ` γ
ż

S
µps0qd

π
s0
psqds0



fpsqds

“
1

1´ γ

ż

S
dπµpsqfpsqds, (2.27)

by definition of dπs0
(2.12) and dπµ (2.15).
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2.5.2 Finite trajectories
The present formulation does not yet account for the case, very common in practice,
in which episodes have a fixed maximum length H, called time horizon. To model
this situation, we introduce the concept of terminal state:

Definition 2.5.1 A terminal state s P S is such that rps, aq “ 0 and pps1|s, aq “ 0
for all a P A and s ‰ s1,

that is just a self-looping state with zero rewards. Note that V πpsq “ 0 for all π if
s is a terminal state. When we want to consider a maximum horizon H, we make
the following assumption:

Assumption 2.1 For all π P ∆S
A, from any state in S, the agent reaches a terminal

state within H steps.

This framework has three advantages: we can completely neglect what happens
after H steps from the beginning of the episode (both for prediction and control
purposes); we can normalize trajectories to have a fixed length H (completing with
zeros and ones where necessary); we can still interpret γ either as a continuation
probability (only relevant before H) or as a discount factor, and the value function
is well defined even if we set γ “ 1.

The return to go from state st (obtained following policy π):

Gt “
H´1
ÿ

h“0
γhrt`h, (2.28)

is an unbiased estimate of the value, i.e., V πpstq “ Eπ rGts. The return of a
trajectory is simply:

Rpτq “ G0 “
H´1
ÿ

t“0
γtrt`1. (2.29)

We can also define the distribution over finite trajectories (normalized to have length
H) induced by policy π as:

pπ,Hpτq “ µps0q

˜

H´2
ź

t“0
πpat|stqppst`1|st, atq

¸

π paH´1|sH´1q . (2.30)

Note that Eτ„pπ,H r¨s is equivalent to Eτ0:H´1„pπ r¨s in our notation. We will just
denote the distribution over trajectories as pπ when this does not introduce any
ambiguity.

When Assumption 2.1 is not actually satisfied (e.g., if termination after H steps
is enforced by a human operator regardless of the agent’s state), we accept some
degree of approximation.9 To quantify this imprecision, we introduce the concept
of effective horizon:

9Explicit finite-time RL would require its own theoretical framework (cf. Puterman, 2005,
Chapter 4). For instance, stationary policies are no longer optimal in this setting.
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Definition 2.5.2 The effective horizon associated to episodic interaction with con-
tinuation probability γ is Hγ “ 1{p1´ γq.

As shown by Kearns and Singh (2002, Lemma 2):

Lemma 2.3 Fix an ε ą 0. Assume that the reward function is uniformly bounded
as }r}8 ď Rmax and H ě Hγ logpRmax{pεp1´ γqqq. Then, for all policies π P ∆S

A
and states s P S:

0 ď V πpsq ´ E
π

«

H´1
ÿ

t“0
γtrt`1 | s0 “ s

ff

ď ε. (2.31)

In practice, we just make sure to set the discount factor to γ » 1 ´ 1{H.
Lemma 2.3, together with H » Hγ , ensures that we are not introducing large errors.

2.6 A Taxonomy of Reinforcement Learning Algorithms

In this section, we try to organize existing RL algorithms according to several
criteria, some pertaining the properties of the algorithms themselves, some the
assumptions under which they operate. The chosen categories are largely orthogonal
and do not have the presumption to be exhaustive. In fact, not all RL algorithms
can be clearly classified along all the proposed dimensions.

The first distinction is about the objective of the algorithm, and mirrors one
already made for dynamic programming in Section 2.4:

˛ Evaluation (or prediction) algorithms aim to estimate the performance of a
given policy;

˛ Optimization (or control) algorithms aim to find an optimal policy, or at least
to improve a given one.

This manuscript is about optimization algorithms, but policy evaluation is an
important building block.

The fundamental difference between dynamic programming and RL is that in
the latter we do not have direct access to the transition kernel. The next distinction
is about the kind of indirect access that is available:

˛ Generative model: we can sample from the transition kernel pp¨|s, aq (typically
a software simulator) the next state for any given s P S and a P A.

˛ Online interaction: we can only interact with the environment in a sequential
manner, as outlined in Section 2.2.2. Alternative models of interaction, for
instance in finite trajectories, are discussed in Section 2.5.

˛ Batch RL: we have only access to a log of state-action-next-state (and reward)
tuples, for instance collected in past interaction. The High Confidence Policy
Improvement algorithm by Thomas et al. (2015b), mentioned in Section 4.5.1,
is an example of batch RL algorithm.
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Online interaction is the most realistic assumption for the problems of our interest.
A similar distinction can be done for the reward. Most of the algorithms we present
assume bandit feedback (we only observe the rewards of chosen actions), but in many
applications (especially in robotics) the reward function is designed beforehand by
a human, hence is perfectly known.

This indirect source of information is what makes learning necessary. A third
distinction is on the kind of object that is learned:

˛ Model-based RL: we learn a model of the environment (the transition kernel
and possibly the reward function), which can then be used for optimization
purposes;

˛ Value-based RL: we learn value functions, from which policies (e.g., greedy
ones) can then be computed;

˛ Policy-based RL: we learn policies directly.

Model-based algorithms are relevant both w.r.t. data efficiency and safety, but
lie beyond the scope of this manuscript. See Nguyen-Tuong and Peters (2011)
for a survey. This manuscript is about model-free10 policy-based optimization
algorithms, and Chapter 3 is entirely dedicated to them. Value-based and policy-
based algorithms are often compared and sometimes strongly related, so we briefly
review model-free value-based RL in Section 2.8.

Both in value-based and policy-based control, we need to specify the relationship
between the data-generating process and the learning target:

˛ On-policy RL: the policy that is (or has been) used to collect data is the same
that is (directly or indirectly) being learned;

˛ Off-policy RL: data are generated by one or more behavioral policies that
differ from the target policy that is the object of learning.

Both approaches apply to policy optimization and will be thoroughly examined in
the following chapters.

Finally, we distinguish the kind of representation that is adopted for learning:

˛ Tabular RL: information is stored in tables (finite vectors, matrices, tensors).
This is only possible in finite MDPs, or after discretization;

˛ Function approximation: policy and/or values are represented by parametric
functions, and we only learn the parameters. These methods can be applied
to continuous-space MDPs directly. The term Deep Reinforcement Learning
refers to the special case in which multi-layer neural networks are used as
approximators. Non-parametric approaches are also possible.

Given our focus on continuous MDPs, function approximation will play a major
role in our treatment of policy optimization algorithms.

10This simply means that we do not learn an explicit model of the environment.
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The starting point of much of our original contributions, REINFORCE (Williams,
1992), is a policy-based control algorithm based on (episodic) online interaction,
where the policy is typically represented with function approximation.

2.7 Reinforcement Learning for Policy Evaluation

In this section we provide a brief review of model-free policy evaluation algorithms.
This is not meant as a comprehensive coverage of the topic (see Sutton and Barto
(2018) for a good starting point), but is entirely ancillary to the later discussion of
policy optimization algorithms, which often employ policy evaluation as a building
block.

We will focus on the problem of approximating the value function V π of a given
policy π in an unknown, continuous-space MDP. This must not be confused with
the easier problem of value estimation, where we only need to estimate the value of
a given state, V πpsq. In policy evaluation, we want to (approximately) reconstruct
the whole value function. Let V ω : S Ñ R be an approximation of V π, parametrized
by a vector ω P Ω Ď Rd of dimension d. Assume that V ω is differentiable w.r.t.
ω. The policy evaluation problem can be formulated as the minimization of the
following Mean Squared Error (MSE):

Lpωq “
1
2 E
s„dπµ

”

pV πpsq ´ V ωpsqq
2
ı

. (2.32)

Function approximation can introduce an irreducible bias if the true value function
does not belong to the function class VΩ “ tV

ω : ω P Ωu:

Bias2pVΩq “ min
ωPΩ

Lpωq. (2.33)

If V π P VΩ the bias is zero and we say that the approximation is realizable.
For finite MDPs, the tabular representation is recovered by representing the value

function estimate as a vector parametrized by the elements themselves and indexed
by states.11 Minimizing Lpωq is equivalent to minimizing the error |V πpsq ´ V ωpsq|
uniformly over S in the tabular case, provided the Markov chain induced by π is
irreducible.

In continuous-space MDPs, a generalization of the tabular representation is
linear function approximation:

V ωpsq “ ωTφpsq, (2.34)

for some feature function φ : S Ñ Rd. Linear approximation is exact only for linear
MDPs with matching features (Cai et al., 2019a).

11The ∇ operator can be interpreted as an element selector.
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2.7.1 Monte Carlo evaluation
In the case of episodic interaction (assume time horizon H), the return-to-go Gt is
an unbiased estimate of V πpstq. So, we can use Gt as a target for V π:

ωt`1 Ð ωt ` αt pGt ´ V
ωtpstqq∇ωV

ωtpstq
loooooooooooooooooomoooooooooooooooooon

p∇ωLpωtq

, (2.35)

where αt ą 0 is a learning rate. This update is to be repeated for t “ 0, 1, . . . ,H ´ 1
and for any number of episodes. In practice, the updates are concentrated at the end
of each episode, when the Gt can be actually computed. This Monte Carlo (MC)
evaluation algorithm is just an instance of Stochastic Gradient Descent (SGD) with
the MSE from (2.32) as a loss, since the update vector p∇ωL in (2.35) is such that
Eπrp∇ωLpωqs “ ∇ωLpωq. Convergence to a local minimum of (2.32) is guaranteed,
under some regularity assumptions (Bottou, 1998, Section 5.1), if the sequence of
learning rates satisfies Robbins-Monro’s conditions (Robbins and Monro, 1951):

8
ÿ

t“0
αt “ 8 and

8
ÿ

t“0
α2
t ă 8. (2.36)

This entails convergence to the global minimum for linear function approximation,
for which the loss (2.32) is convex. However, the true value function can only be
recovered if the approximation is realizable, for instance in tabular RL.

The main issue of MC approaches is the high variance of the updates, which is a
cause of slow convergence. This variance is due to the long sum of random variables
implicit in the definition of the return-to-go Gt, and is worse for longer episodes. A
first way to reduce variance is to aggregate updates over N trajectories:

p∇N
ωLpωq “

1
N

N
ÿ

i“1

H
ÿ

t“0

´

G
piq
t ´Qωps

piq
t , a

piq
t q

¯

∇ωQ
ωkps

piq
t , a

piq
t q, (2.37)

where superscripts denote membership to the i-th trajectory. This, of course,
produces even less frequent updates: just one every batch of N episodes.

2.7.2 Temporal-difference evaluation
When the interaction is not episodic, we can resort to Temporal Difference (TD)
methods. Another reason to use TD is to reduce the variance of MC at the price
of some bias, by truncating the sum of future rewards. This may yield faster
convergence in practice. Finally, the updates of TD are truly online since we do not
have to wait the end of the episode to compute them.

Temporal difference can be understood as an approximation to the iterative
policy evaluation algorithm described in Section 2.4.1. The Bellman Error (BE) for
state s under value-function parameters ω is defined as the difference in predicted
value after one application of Bellman’s expectation operator:

BEps;ωq “ E
a„πp¨|sq

„

rps, aq ` γ E
s1„pp¨|s,aq

“

V ωps1q
‰



´ V ωpsq. (2.38)
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By definition of V π, this error would be uniformly zero if V ω “ V π. So, we would
like to refine ω as to minimize the BE. Let pst, at, st`1, rt`1q be the result of a
single step of interaction between policy π and the environment. This kind of
sample is sometimes called a transition. The Temporal Difference (TD) error can
be computed as:

δωt pstq “ rt`1 ` γV
ωpst`1q ´ V

ωpstq. (2.39)
Note that BEpst;ωq “ Eπ rδωt pstqs. This suggests to update the value function
estimate in the direction of decreasing squared TD error:

ωt`1 Ð ωt ` αtδ
ω
t pstq∇ωV

ωtpstq, (2.40)

where αt ą 0 is a learning rate. Intuitively, we are (approximately) updating V ω
in the direction of its Bellman target TπV ω. Compared to the MC approach, this
is only a semi-gradient update, since the target is treated as a constant when,
in fact, it also depends on ω. This is a form of bootstrapping. Moreover, the
samples used to perform TD updates are not i.i.d. like the trajectories used in MC
evaluation. Convergence is still guaranteed for linear function approximation and
Robbins-Monro learning-rate sequences (Tsitsiklis and Van Roy, 1996), but not
for more general approximations (like deep neural networks). Unfortunately, even
in the linear case, the resulting value function is not the global minimizer of the
MSE. Said ω8 the fixed point of the TD update (2.40), we can only guarantee
that (Tsitsiklis and Van Roy, 1996):

Lpω8q ď
1

1´ γ min
ωPΩ

Lpωq. (2.41)

This bias, which is in addition to function-class bias (2.33), is the price to pay for
the reduced variance of TD w.r.t. MC.

The algorithm outlined in this section is known as TD(0) (Sutton, 1988). Several
improvements have been proposed in the RL literature. These include smarter ways
of trading-off bias and variance, such as n-step returns and eligibility traces (Sutton
and Barto, 2018; van Seijen et al., 2016), full-gradient methods (Sutton et al., 2008;
Yu, 2017) and more data-efficient techniques such as LSTD (Least Squares Temporal
Difference, Bradtke and Barto, 1996; Boyan, 2002).

2.7.3 Learning Q
The techniques presented in the previous sections can be extended to learn quality
functions, which are often more useful in policy optimization. Consider a quality-
function approximator Qω parametrized by vector ω P Rd. The MC evaluation
algorithm presented in Section 2.7.1 can be applied as is, since the return-to-go Gt
experienced under π is also an unbiased estimate of Qπpst, atq. As for TD, we just
need to overload the definition of the TD error to also account for actions:

δωt pst, atq “ rt`1 ` γQ
ωpst`1, at`1q ´Q

ωpst, atq. (2.42)

This requires samples of the kind pst, at, rt`1, st`1, at`1q. If updates are performed
entirely online, they need to be delayed by one control step (to observe at`1)
compared to V -function estimation.
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2.7. Reinforcement Learning for Policy Evaluation

2.7.4 Off-policy policy evaluation

In off-policy policy evaluation we want to estimate Qπ (or V π) for target policy π
from samples collected with a different behavioral policy πB .

The MC approach is readily adapted to the off-policy case by Importance
Sampling (IS):

p∇N
ωLpωq “

1
N

N
ÿ

i“1
wπ{πB pτiq

H
ÿ

t“0

´

G
piq
t ´Qωps

piq
t , a

piq
t q

¯

∇ωQ
ωkps

piq
t , a

piq
t q, (2.43)

where wπ{πB pτiq “ pπpτiq{pπB pτiq is the importance weight for trajectory τi, sampled
from pπB . This is only meaningful is the behavioral policy is stochastic and absolutely
continuous w.r.t. π. An in-depth discussion of IS is provided in Section 6.1.1.
However, note that:

˛ The importance weight for trajectories can be easily computed as a product
of policy ratios:

wπ{πB pτq “
H´1
ź

t“0

πBpat|stq

πpat|stq
, (2.44)

since the transition probabilities are the same for the two trajectory distribu-
tions and cancel out.

˛ The IS gradient estimator (2.43) is unbiased, hence the convergence properties
of on-policy MC evaluation are preserved.

˛ The variance of the IS estimator (with the same batch size N) can be much
higher than the one of the on-policy MC estimator, more so if the two policies
induce very different trajectory distributions or the time horizon is very long.

Importance sampling can also be applied to TD methods. As shown by Precup
et al. (2000), a simple adjustment of the TD error:

δIWt pst, atq “ rt`1 ` γ
πpat|stq

πBpat|stq
Qωpst`1, at`1q ´Q

ωpst, atq, (2.45)

is enough to guarantee convergence in the tabular case (also in combination with
eligibility traces). Unfortunately, divergence can happen even for linear function
approximation (Baird III, 1995). For this reason, the combination of off-policy
learning, bootstrapping and function approximation is known as the deadly triad.

Further approaches to off-policy policy evaluation include doubly-robust estima-
tors (Dudík et al., 2011; Jiang and Li, 2016; Thomas and Brunskill, 2016; Farajtabar
et al., 2018), state-occupancy-ratio estimation (Hallak and Mannor, 2017; Liu et al.,
2018b; Gelada and Bellemare, 2019), emphatic weighting (Sutton et al., 2016),
gradient-TD methods (Sutton et al., 2009), and conservative approaches (Thomas
et al., 2015b).
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2.8 Value-Based Control

In this section, we briefly review value-based control methods, as these are often
compared and opposed to policy-based optimization algorithms. We just present
the main algorithmic ideas: as for value based-prediction, refer to Sutton and Barto
(2018) for a comprehensive treatment.

Since the actor-critic algorithms described in Section 3.7 learn both a policy and
a value function, a clarification is due. We call value-based algorithms those that
learn primarily a value function and obtain a policy as a byproduct.

The algorithms described in this section assume a finite action space. Function
approximation is still needed to manage continuous states. Although extensions to
continuous actions are sometimes possible (Bradtke, 1992), policy-based algorithms
represent a more natural solution in that case.

2.8.1 SARSA

The RL analogue of the policy iteration algorithm (Section 2.4.2) is called SARSA
from the pst, at, rt`1, st`1, at`1q samples used to compute the TD error (2.42).
SARSA alternates a step of TD evaluation for the Q-function:

ωt`1 Ð ωt ` αtδ
ω
t pst, atq∇ωQ

ωpst, atq, (2.46)

with ε-greedy action selection:

at “

#

arg maxaPA Q
ωpst, aq with probability 1´ ε

a „ UpAq with probability ε,
(2.47)

for some exploration parameter ε ą 0. The latter corresponds almost to a policy
improvement step, but random actions are performed with non-zero probability
to guarantee a sufficient amount of exploration. SARSA with linear function
approximation and Robbins-Monro learning rate (2.36) guarantees that the Q-
function parameter ωt converges to a bounded region almost surely (Gordon,
2000). Many refinements of TD(0), such as eligiblity traces, can also be applied to
SARSA (van Seijen et al., 2016). Expected SARSA (John, 1994; van Seijen et al.,
2009) removes an unnecessary source of variance by averaging over the next action
in the evaluation step instead of relying on the sample at`1:

ωt`1 Ð ωt ´ αt

ˆ

rt`1 ` γ E
a„πp¨|stq

rQωpst, aqs ´Q
ωpst, atq

˙

∇ωQ
ωpst, atq. (2.48)

The closed-form expectation only adds a negligible computational burden in the
finite-action setting. The same update can be used in the off-policy case without
the need of adding an importance weight. However, the convergence issues pointed
out for off-policy TD with function approximation in Section 2.7.4 apply both to
SARSA and Expected SARSA.
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2.8. Value-Based Control

2.8.2 Q-learning
The RL analogue of value iteration (Section 2.4.3) is an off-policy algorithm called
Q-learning (Watkins, 1989). It can be framed as an instance of off-policy Expected
Sarsa where the target policy is a greedy one:

ωt`1 Ð ωt ´ αt

ˆ

rt`1 ` γmax
aPA

tQωpst, aqu ´Q
ωpst, atq

˙

∇ωQ
ωpst, atq. (2.49)

The behavioral policy, typically an ε-greedy one (2.47), is chosen to guarantee a
sufficient amount of exploration. Q-learning with Robbins-Monro learning rate (2.36)
converges in the tabular case (Watkins and Dayan, 1992; Jaakkola et al., 1994a;
Tsitsiklis, 1994), also in combination with eligibility traces (Watkins, 1989; Peng
and Williams, 1994; Munos et al., 2016).12 Unfortunately, function approximation
completes the deadly triad (Section 2.7.4) causing divergence issues (e.g., Bradtke,
1992).

Albeit the lack of convergence guarantees, Q-learning combined with deep neural
networks has experienced extraordinary empirical success in recent times. The
Deep Q-Network (DQN) algorithm (Mnih et al., 2015) learned to play several Atari
2600 video-games from visual input. Besides using convolutional neural networks to
manage the visual input and other engineering devices, DQN employs two main
tricks to stabilize the learning process and avoid divergence in practice:

1. Experience replay: ps, a, r, s1q samples collected by interaction are stored in a
buffer, from which they are randomly sampled to perform Q-function updates.
This breaks some correlations in the contiguous updates of Q-learning that
may cause divergence.

2. Target networks: the Bellman target is estimated from a copy Qω´ of the
Q-function network whose weights ω´ are updated periodically:

ωt`1 Ð ωt ´ αt

ˆ

rt`1 ` γmax
aPA

tQω
´

pst, aqu ´Q
ωpst, atq

˙

∇ωQ
ωpst, atq.

This reduces the correlation between the updated weights and the target,
which may also be a source of instabilities. Intuitively, delaying the update of
the target network has the effect of slowing down the "moving target" typical
of bootstrapping approaches.

The impressive results of DQN motivated a long series of improvement. Double
DQN (van Hasselt et al., 2016) reduces the overestimation bias of Q-learning (van
Hasselt, 2010) by employing separate Q-networks for selecting the greedy action
and estimating its value. Dueling DQN (Wang et al., 2016b) is an architectural
improvement that decomposes the Q-function into the sum of a value and an
advantage function as a form of inductive bias. The replay buffer can also be

12The convergence of Watkins’ Qpλq was one of the most long-standing open problems in RL.
Proposed by Watkins (1989), it was finally proved to converge by Munos et al. (2016) after 27
years.
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improved by prioritizing transitions with higher TD error (Schaul et al., 2016).
These and other refinements to DQN are summarized by Hessel et al. (2018) and
combined to form the almighty Rainbow algorithm.

In the next chapter we will discuss the advantages of policy-based algorithms
over DQN when moving from a discrete, controlled world (such as that of Atari
games) to the noisy and continuous world of robots.
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Policy Optimization 3

This chapter provides an overview of the principles and methods of policy-based
RL for continuous control. The terms Policy Optimization (PO) and Policy
Search (Deisenroth et al., 2013) will be used as synonyms, although we prefer
the former for its link to mathematical optimization. Technically speaking, a PO
algorithm is one that searches over the space of policies directly, without defining
the target policy as a function of another learned object, such as a value function.

The structure of this chapter is as follows. We start by providing some motiva-
tion for preferring PO to other RL frameworks in Section 3.1. In Section 3.2, we
discuss some features of the policy optimization problem that make it different than
both value-based RL and mathematical optimization. In Section 3.3, we introduce
parametric policies, which allow to define a computationally feasible optimization
problem even for continuous MDPs, and describe the most common families of para-
metric policies. In Section 3.4 we review the main theory on Policy Gradient (PG)
approaches, which represent the most popular family of policy optimization algo-
rithms. The next sections are specifically on policy gradient algorithms: we discuss
actor-only algorithms in Section 3.5, natural gradient approaches in Section 3.6,
actor-critic algorithms in Section 3.7, trust-region methods in Section 3.8, and deter-
ministic policy gradients in Section 3.9. In Section 3.10, we present some advanced
policy gradient algorithms developed for large-scale problems. In Section 3.11, we
discuss an exploration technique based on entropy regularization. Although our
focus is on policy gradient algorithms, other policy optimization approaches has
proven successful, especially in the field of robot learning. We review some of these
approaches in Section 3.12. We conclude by mentioning some applications of policy
optimization algorithms in Section 3.13.

As mentioned in Section 2.6, we neglect model-based algorithms, which are
nonetheless important for real-world RL. Refer to Nguyen-Tuong and Peters (2011)
and Deisenroth et al. (2013, Chapter 3) for surveys on the topic.
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3.1 Motivation for Policy Optimization

A first methodological advantage of policy optimization over value-based approaches
is that it makes easier to adapt the methods of supervised learning to RL. From a
theoretical standpoint, convergence guarantees under function approximation are
the main point in favor of PO. The practical advantages of PO are particularly
evident when applied to real-world continuous control, especially in the presence
of sensor and actuator noise, continuous actions, partial observability and safety
concerns.

Convergence guarantees

Several PO algorithms have convergence guarantees even when the policy is repre-
sented by a non-linear function. In comparison, most value-based algorithms are
only guaranteed to converge with linear value-function approximation. This allows
to use complex policies explicitly designed for the given task or general purpose
deep neural networks, which can be useful to process large inputs, with much less
concern about divergent behavior.

Continuous actions

The value-based methods discussed in Section 2.8 involve a maximization over
actions in order to compute greedy policies from learned value functions. This is
impossible or computationally expensive for continuous action spaces. Policy-based
algorithms avoid this problem by directly defining a policy function. When this is
stochastic, it is often chosen so that actions can be sampled in a computationally
efficient way.

Robustness to noise

The greedy (or ε-greedy) policies employed in value-based control are particularly
sensitive to unexpected disturbances or drifts in the agent’s sensors, which result
in noisy or biased states. A small variation of the state may cause a very different
action to be performed as a result of greedy selection, with possibly unexpected
outcomes. In PO, policies can be designed to be robust to these phenomena.

Partial observability

Although we only consider fully observable environments in this manuscript, PO
algorithms have some degree of robustness to partial observability. This is because,
compared to value-based approaches, they rely less on the correctness of Bellman’s
equations. Moreover, PO algorithms allow to learn stochastic policies, which can
be better than deterministic ones in partially observable MDPs (Singh et al., 1994).

Policy design: prior knowledge, safety and explainability

Policies can be designed with the desired level of human engineering, leaving to
the PO only the fine-tuning of unknown parameters. This allows to incorporate a
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great deal of prior domain knowledge into the learning agent from the start. In
safety-critical domains, this allows to explicitly enforce some safety constraints,
which may prove more challenging with indirectly learned greedy policies. It can
also improve the explainability of the learned policy: when the initial one can be
explained in human terms, so is the final one since it just the same controller with
different parameters.

Drawbacks

Of course, PO also has its disadvantages. First of all, it does not (in general)
produce a value function, which may be a useful device to make predictions or
transfer knowledge to different tasks. Policy design can also overly restrict the set of
feasible policies, ruling out unexpectedly good ones. Most importantly, convergence
is typically guaranteed only to local optima. This makes PO more naturally suited
to the fine-tuning of existing controllers rather than learning from scratch. However,
exceptions exist both in theory (Section 7.7) and practice (Section 3.13).

3.2 Special Features of Policy Optimization

In this section, we discuss some peculiarities of Policy Optimization that make
it at the same time different from classical RL and an interesting special case of
mathematical optimization. Importantly, we also provide the formalization of the
problem that will be used throughout this manuscript.

3.2.1 Scalar Objectives
Traditionally, the goal of RL control algorithms is to identify an optimal policy (see
Section 2.3.1). As observed by Sutton and Barto (2018, Chapter 9), in continuous
state spaces we cannot hope, in general, to identify the best action for each one of
them. Hence, we use a distribution µ P ∆S to weight the relative importance of
each state. This allows to introduce a scalar performance measure for policy π:

Jµpπq “ E
s„µ

rV πpsqs . (3.1)

This induces a total ordering on policies, i.e., π1 is equivalent to or better than π if
Jµpπ

1q ě Jµpπq. A natural choice for µ is the starting-state distribution. However,
note that the starting state distribution used during training may differ from the one
the agent will face after deployment, and the latter may provide a more meaningful
performance measure.

For optimization, control, and safety purposes, we often consider restricted policy
classes. Fixed a policy class Π Ď ∆S

A and a state distribution µ P ∆S , the problem of
Policy Optimization is to identify a policy that maximizes the performance Jµ (3.1)
within Π:

π˚ P arg max
πPΠ

Jµpπq. (3.2)

This is a constrained optimization problem if Π is not the full set of policies ∆S
A.
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3.2.2 (Non-)Convexity

In general, the performance Jµ is a non-convex function of policy π. As observed
by Bhandari and Russo (2019), this also happens for unrestricted policy classes and
is a consequence of the multi-step nature of the RL problem. This means (3.2) is
a special case of non-convex optimization, which is NP-hard (Murty and Kabadi,
1987). As a consequence, policy optimization algorithms often resort to the easier
task of identifying a good policy, that is one with sufficiently high performance for
the given problem. For instance, Policy Gradient algorithms (Section 3.4 onwards)
are guaranteed to find a locally optimal policy. Common non-convex optimization
techniques, such as random initialization, can then be used to improve the quality
of the solution.

However, policy optimization is still a special case of non-convex optimization,
and its peculiarities can be exploited to design more efficient algorithms (Chapter 7)
and even achieve global optimality (Section 7.7). Here we just mention the hidden
convexity of the PO problem, highlighted, e.g., by Neu et al. (2017); Chu et al.
(2019); Bhandari and Russo (2019); Efroni et al. (2020b); Zhang et al. (2021).
By (3.1), (2.14) and the definitions of dπµ (2.15) and νπµ (2.16):

Jµpπq “

ż

S
µpsqV πpsqds “ 1

1´ γ

ż

S
dπµpsq

ż

A
πpa|sqrps, aqdads

“
1

1´ γ

ż

S

ż

A
νπµ ps, aqrps, aqda ds 9 xνπµ , ry, (3.3)

where x¨, ¨y denotes the inner product on SˆA. Written in this way, the performance
is clearly a convex (in fact, linear) function of the state-action occupancy measure νπµ .
The non-convexity of (3.2), then, is all the in the potentially nonlinear relationship
between policy π and its induced distribution νπµ , which retains the complex, multi-
step nature of the RL objective.1 Writing the performance as in (3.3) also displays
that no irregularity of the reward function (provided it is bounded) can disrupt the
smoothness of the performance w.r.t. the policy, a fact that will prove fundamental
for monotonic improvement (Chapter 5) and convergence (Chapter 7) guarantees.
Restricting the policy class Π can further add to the non-convexity of the problem.

3.2.3 The Performance Difference Lemma

Framing RL as a mathematical optimization problem does not mean we are forgetting
the underlying temporal structure. A key result by Kakade and Langford (2002,
Lemma 6.1.) allows to write the performance difference of two policies as an
expected advantage:

Jµpπ
1q ´ Jµpπq “

ż

S

ż

A
νπ

1

µ ps, aqA
πps, aqda ds. (3.4)

1The O-REPS framework (Zimin and Neu, 2013) solves (3.2) directly for νπµ using convex
optimization tools. The challenge is then to find a policy π that induces the optimal occupancy.
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This is known as the Performance Difference Lemma in the RL literature2 and is
ubiquitous in the theory of policy optimization.

3.3 Parametric Policies

Among restricted policy classes, of particular interest are parametric policies, which
play a major role in policy optimization algorithms and are the main focus of
this manuscript. Let Θ Ď Rm be a parameter space for some m P N. A policy
class parametrized by Θ is any ΠΘ “

 

πθ P ∆S
A | θ P Θ

(

. The elements of Θ are
real-valued, m-dimensional vectors called policy parameters and the elements of ΠΘ
are parametric policies.

Notation When using parametric policies, we often abbreviate πθ as θ in sub-
scripts, superscripts and function arguments. For instance, V θ is short for V πθ , dθµ
is short for dπθµ and pθ is short for pπθ . Performance Jpθq can be short for Jpπθq,
but more often denotes the mapping θ ÞÑ Jpπθq.

3.3.1 Likelihood theory

Consider a class of full-support differentiable stochastic parametric policies ΠΘ:

πθpa|sq ą 0 for all s P S, a P A,θ P Θ and (3.5)
θ ÞÑ πθpa|sq is differentiable w.r.t. θ for all s P S, a P A. (3.6)

We call score the gradient of the log-likelihood with respect to the policy parameters,
∇θ log πθ : Θ ˆ S ˆ A Ñ Rm. Intuitively, the score provides the direction in
parameter space along which the likelihood (of an action in some state) is maximized.
Fixed a state s and a θ P Θ, the expected value of the score under πθ is zero:

E
a„πθp¨|sq

r∇θ log πθpa|sqs “
ż

A
∇θπθpa|sqda

“ ∇θ

ż

A
πθpa|sqda

“ ∇θ1 “ 0. (3.7)

The covariance matrix of the score is called Fisher Information, since it measures
the amount of information about the parameter θ carried by an action sampled
from πθp¨|sq:

Fspθq “ E
a„πθ

“

∇θ log πθpa|sq∇θ log πθpa|sqT
‰

. (3.8)

This Fisher Information Matrix (FIM) is a symmetric positive semidefinite mˆm
matrix (since it is a covariance matrix). The negative Hessian of the log-likelihood,

2This statement was already implicit in earlier works. For instance, see Proposition 1 by Bur-
netas and Katehakis (1997).
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´∇2
θ log πθ, is called observed information. The FIM can also be computed as the

expected value of the observed information:

E
a„πθp¨|sq

“

´∇2
θ log πθpa|sq

‰

“ ´ E
a„πθp¨|sq

“

∇θ

`

∇θ log πθpa|sqT
˘‰

“ ´ E
a„πθp¨|sq

„

∇θ

ˆ

∇θπθpa|sq
T

πθpa|sq

˙

“ ´ E
a„πθp¨|sq

„

∇θ∇θπθpa|sq
Tπθpa|sq ´∇θπθpa|sq∇θπθpa|sq

T

πθpa|sq2



“ ´

ż

A
∇θ∇θπθpa|sq

T da` E
a„πθ

“

∇θ log πθpa|sq∇θ log πθpa|sqT
‰

(3.9)

“ ´∇θ E
a„πθp¨|sq

r∇θ log πθpa|sqsT ` Fspθq

“ Fspθq, (3.10)

where (3.9) is from multiple applications of the log trick (∇f “ f∇ log f) and (3.10)
is from (3.7). This form is more convenient for implementation with automatic
differentiation tools (see Section 3.6).

A positive definite FIM defines a Riemannian metric on the parameter space.
This metric is invariant under sufficient statistics, that is, if we consider a different
parametrization of the same policy class ΠΘ, the distances between action distribu-
tions, as measured by the Fisher metric, do not change. In fact, the Fisher metric is
unique w.r.t. this property: any Riemannian metric that is invariant under sufficient
statistics is the Fisher metric multiplied by a positive scalar. The Fisher information
has a strong relationship with the Kullback-Leibler divergence (KL):

KLpπθp¨|sq}πθ1p¨|sqq :“ E
a„πθp¨|sq

„

log πθp¨|sq

πθ1p¨|sq



“
1
2 pθ

1 ´ θqTFspθqpθ
1 ´ θq ` o

´

›

›θ1 ´ θ
›

›

3
¯

. (3.11)

The equivalence is obtained by a simple Taylor expansion. The KL divergence is a
common measure of dissimilarity between probability distributions, but it is not a
metric, since it is does not satisfy the triangle inequality, and not even a semimetric,
since it is not symmetric. It is, however, a Bregman divergence.

The definitions of score and Fisher information can be generalized to any para-
metric distribution. By taking the expectation of Fspθq under the (unnormalized)
state-occupancy distribution of πθ, we obtain the following:

F pθq :“ 1
1´ γ E

s„dθµ

rFspθqs . (3.12)

As shown by Bagnell and Schneider (2003) and independently by Peters et al.
(2003), this is precisely the FIM of the distribution induced by πθ over indefinite
trajectories.3 We provide a proof of this fact adapted to our framework:

3This fact is non-trivial and was not initially stated by S. M. Kakade, who first introduced the
Fisher metric to the RL community. Nonetheless, Kakade already adopted (3.12) (in the ergodic
formulation) for their Natural Policy Gradient algorithm (Kakade, 2001a).
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Proof Let pπθ,γ be defined as in (2.21), abbreviated as pθ,γ in the following. Its
FIM is:

F pθq “ ´ E
τ„pθ,γ

“

∇2
θ log pθ,γpτq

‰

“ ´ E
τ„pθ,γ

»

–

|τ |´1
ÿ

t“0
∇2
θ log πθpat|stq

fi

fl (3.13)

“ ´ E
τ„pθ,γ

»

–

|τ |´1
ÿ

t“0
E

at„πθp¨|stq

“

∇2
θ log πθpat|stq

‰

fi

fl

“ E
τ„pθ,γ

»

–

|τ |´1
ÿ

t“0
Fstpθq

fi

fl

“
1

1´ γ E
s„dπµ

rFspθqs , (3.14)

where (3.13) is from the properties of the logarithm and the fact that only the
policy terms depend on θ, while the last equality is from Lemma 2.2.

3.3.2 Direct parametrization
In finite MDPs, we can explicitly assign a scalar parameter to each action probability,
so that:

πθpai|sjq “ θij , (3.15)
and θ P R|S|ˆ|A| is subject to the simplex constraints:

θij ě 0 for all i P r|S|s, j P r|A|s and
|A|
ÿ

i“1
θij “ 1 for all i P r|S|s. (3.16)

The latter are necessary for the policy (3.15) to be well defined, and must be
explicitly enforced by the learning algorithm. All stochastic and deterministic
policies can be represented in this way. An issue of the direct parametrization is
that πθ`δ may fall outside the policy space even for an infinitesimal parameter
update δ, by violating the simplex constraints.

3.3.3 Softmax policies
A common parametric policy class for finite action spaces (but arbitrary state
spaces) is that of Softmax (or Gibbs, or Boltzmann) policies. Let h : ΘˆSˆA Ñ R
be an energy function and τ a positive scalar, called temperature. A softmax policy
πθ P ΠΘ can be defined as:

πθpa|sq “
exp phθps, aq{τq

ř

a1PA exp phθps, a1q{τq
. (3.17)
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Intuitively, the probability of an action is weighted by its energy, or preference
hθp¨|sq. This can be any function parametrized by θ, such as a neural network.
The temperature parameter can be set to regulate the amount of stochasticity of
the distribution, with larger temperature corresponding to higher entropy.4 The
denominator in (3.17) is a normalization factor ensuring that πθp¨|sq is a probability
distribution. One can sample efficiently from a Softmax distribution by using the
Gumbel trick:

a “ arg max
a1PA

"

1
τ
hθps, a

1q ` ηa1

*

, (3.18)

where pηa1qa1PA are i.i.d. Gumbelp0, 1q random variables.
The score of a Softmax policy is:

∇θ log πθpa|sq “
1
τ

∇θhθps, aq ´∇θ log
ÿ

a1PA
exp

`

hθps, a
1q{τ

˘

“
1
τ

∇θhθps, aq ´

ř

a1PA ∇θ exp phθps, a1q{τq
ř

a1PA exp phθps, a1q{τq

“
1
τ

∇θhθps, aq ´
ÿ

a1PA

exp phθps, a1q{τq
ř

a2PA exp phθps, a2q{τq
1
τ

∇θhθps, a
1q

“
1
τ

ˆ

∇θhθps, aq ´ E
a1„πθp¨|sq

“

∇θhθps, a
1q
‰

˙

. (3.19)

Linear Softmax

A simple, but powerful parametrization is the linear one:

hθps, aq “ θ
Tφps, aq, (3.20)

where φ : S ˆA Ñ Rm is a feature map. In this case the score is simply:

∇θ log πθpa|sq “
1
τ

ˆ

φps, aq ´ E
a1„πθp¨|sq

“

φps, a1q
‰

˙

, (3.21)

and the observed information has a compact expression:

´∇2
θ log πθpa|sq “

1
τ

∇θ E
a1„πθp¨|sq

“

φps, a1qT
‰

,

“
1
τ

E
a1„πθp¨|sq

“

∇θ log πθpa|sqφps, a1qT
‰

“
1
τ2 E

a1„πθp¨|sq

„

φps, a1qφps, a1qT ´ φps, a1q E
a2„πθp¨|sq

“

φps, a2qT
‰



.

(3.22)

This is also the FIM Fspθq since it does not depend on a.
4We chose to include the temperature τ as a constant hyper-parameter instead of a learnable

parameter since it is redundant, provided that the energy function is sufficiently expressive.
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Tabular Softmax

In the special case of finite actions and states, we can parametrize the Softmax
policy as to represent all possible full-support stochastic policies. Some additional
care is needed to make the parametrization non-redundant. Let |S| “ n and
|A| “ d. Since we no longer need to generalize over the state space, we can consider
each state sj P S separately. Let θi P Rd´1 for i “ 1, . . . , n, θij denote the j-th
element of θi and θ “ rθT1 |, . . . , |θTn sT be the concatenation of all the θi. A possible
non-redundant parametrization is the following:

πθpaj |siq “

$

&

%

exppθij{τq
1`

řd´1
k“1 exppθik{τq

if j P rd´ 1s,
1

1`
řd´1
k“1 exppθik{τq

if j “ d,
(3.23)

As observed, e.g., by Bhandari and Russo (2019), this policy space contains all
full-support policies. However, ΠΘ Ă ∆S

A since deterministic policies (or even
policies assigning zero probability to some action in some state) are only approached
in the limit of very large policy parameters (or very small temperature, were we
to let it vary). In other words, ΠΘ is the interior of ∆S

A. Let πθp¨|sq denote the
pd´ 1q-th dimensional vector rπθpaj |sqsd´1

j“1 . Here ej is the j-th base vector of Rd´1

and ed “ 0. We compute gradients w.r.t. to θi alone:

∇θi log πθpaj |siq “
1
τ
pej ´ πθp¨|siqq , (3.24)

´∇2
θi log πθpaj |siq “

1
τ2

`

diagpπθp¨|siqq ´ πθp¨|siqπθp¨|siqT
˘

, (3.25)

where the latter is also Fsipθiq since it does not depend on ai. One can complete
with zeros to obtain the same quantities w.r.t. the complete parameter θ, since θi
has no influence on the probability of actions in states other than si. As observed
by Metelli et al. (2019), the FIM Fsipθiq is strictly diagonally dominant by rows,
hence positive definite. The non-redundant parametrization is crucial for this last
consideration.

One can still apply the Gumbel trick to sample from πθ, by noting that
hθpsi, ajq “ θij and hθpsi, adq “ 0 for all i P rns and j P rd´ 1s.

3.3.4 Gaussian policies
When the action space is continuous, the most common parametric policy is the
Gaussian. Let us first consider scalar actions, i.e., A “ R. A Gaussian policy is
defined as:

πθpa|sq “
1

?
2πσθpsq

exp
˜

´
pa´ µθpsqq

2

2σ2
θpsq

¸

, (3.26)

where π with no subscript denotes the mathematical constant, σ : ΘˆS Ñ p0,8q is
the policy standard deviation function (σ2 is the policy variance) and µ : ΘˆS Ñ R
is the policy mean function, for instance a neural network parametrized by θ with
the state as input. Differently from the Softmax policy, the amount of stochasticity
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is entirely regulated by σθ. The class ΠΘ of Gaussian policies is always a restriction:
for instance, it can never represent multimodal action distributions.

One can sample efficiently from a Gaussian policy as follows:

a “ µθpsq ` σθpsqη, (3.27)

where η „ N p0, 1q is a standard normal random variable.
The score of a Gaussian policy is:

∇θ log πθpa|sq “ ´
∇θσθpsq

σθpsq
`
a´ µθpsq

σ2
θpsq

ˆ

∇θµθpsq `
pa´ µθpsqq

σθpsq
∇θσθpsq

˙

.

(3.28)

Shallow Gaussian

As a running example of continuous-action policy, we consider a Gaussian with
linear mean and homoscedastic (i.e., state-independent) variance:

πθpa|sq “
1

?
2πσθ

exp
˜

´

`

a´ θTµφpsq
˘2

2σ2
θ

¸

, (3.29)

where φ : S Ñ Rm is a feature function, θµ P Rm is the vector of mean parameters
(µθpsq “ θTµφpsq) and the policy standard deviation is parametrized by a separate
parameter θσ P R, with σθ “ exppθσq ą 0. The complete policy parameter vector is
θ “ rθTµ |θσs

T P Rm`1. Given the ubiquity of the policy in this manuscript, we call
it simply the shallow Gaussian, as opposed to deep policies where the mean and/or
the standard deviation are deep neural networks. We compute scores w.r.t. mean
and variance parameters separately:

∇θµ log πθpa|sq “
a´ µθpsq

σ2
θ

φpsq, (3.30)

∇θσ log πθpa|sq “
pa´ µθpsqq

2

σ2
θ

´ 1. (3.31)

We do the same for the observed information:

´∇2
θµ log πθpa|sq “

φpsqφpsqT

σ2
θ

, (3.32)

´∇2
θσ log πθpa|sq “

2 pa´ µθpsqq2

σ2
θ

, (3.33)

´∇θµ∇θσ log πθpa|sq “
2 pa´ µθpsqq

σ2
θ

φpsq. (3.34)

The FIM is then:

Fspθq “

¨

˝

φpsqφpsqT

σ2
θ

0

0 2

˛

‚, (3.35)

by noting that Ea„πθp¨|sq ra´ µθpsqs “ 0 and Ea„πθp¨|sq
“

pa´ µθpsqq
2‰ “ σ2

θ. This
matrix is singular for m ą 1, but F pθq “ Es„dθµ rFspθqs can still be non-singular.
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Multivariate Gaussian

Now consider a d-dimensional action space, A “ Rd. We can use a multi-variate
Gaussian distribution:

πθpa|sq “
1

a

p2πqd|Σθpsq|
exp

ˆ

´
1
2 pa´ µθpsqq

TΣ´1
θ psqpa´ µθpsqq

˙

, (3.36)

where µ : Θˆ S Ñ Rd yields the d-dimensional mean, Σ : Θˆ S Ñ Rdˆd yields the
covariance matrix, and | ¨ | denotes the determinant.

A possible linear parametrization of the mean is the following:

µθpsq “ θµφpsq, (3.37)

where φ : S Ñ Rm and θµ P Rdˆm is a matrix of mean parameters. A diagonal
covariance matrix is typically used. A possible homoscedastic parametrization is:

Σθ “ diagpexpp2θΣqq, (3.38)

where θΣ P Rd. With a diagonal covariance matrix, each action variable follows an
independent Gaussian distribution. We say the policy is factored. Hence, all the
results on the shallow Gaussian (3.29) trivially extend to its multivariate factored
counterpart (3.37)(3.38).

If one wants to allow correlation between different action variables, a full
(homoscedastic) covariance matrix can be defined in this way:

Σθ “ LθL
T
θ , (3.39)

where Lθ is a lower triangular matrix with positive diagonal entries:

Lθ “

»

—

—

—

–

exppθΣ11q 0 ¨ ¨ ¨ 0
θΣ21 exppθΣ22q ¨ ¨ ¨ 0
...

...
. . . 0

θΣd1 θΣd2 ¨ ¨ ¨ exppθΣddq

fi

ffi

ffi

ffi

fl

, (3.40)

so that θΣ has only dpd ´ 1q{2 parameters and Σθ is always positive definite.
Moreover, actions can be sampled efficiently as follows:

a “ µθpsq ` Lθz, (3.41)

where z „ N p0, Iq is a vector of independent standard normal random variables.

Bounded support

Sometimes we need the agent’s actions (consider scalar actions for simplicity) to lie
within an interval ramin, amaxs Ă R, for instance because of the physical limitations
of the controlled system, or for safety reasons. This is not directly supported by
the Gaussian policy defined in (3.26), which has full support R.
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A possible workaround is to just clip actions before applying them:

ra “ max tmin ta, amaxu , aminu , (3.42)

and consider the clipping as part of the environment. This allows to use the full-
support Gaussian policy as is. However, as observed by (Ciosek and Whiteson,
2020), this can slow down learning, by making out-of-range actions indistinguishable.

A truncated Gaussian distribution could be used to evenly redistribute the
probability mass of the extreme actions within the interval ramin, amaxs. Unfor-
tunately, the truncated version of (3.26) becomes non-differentiable w.r.t. policy
parameters. Fujita and Maeda (2018) propose a clipped Gaussian policy that con-
centrates the tail probability on the endpoints amin and amax instead. This results
in multi-modal action distributions that can be learned with ease.

A more popular approach (used e.g., by Haarnoja et al., 2018) consists in
applying a differentiable and invertible squashing function f : RÑ ramin, amaxs to
the Gaussian action, for instance:

a “
pamax ´ aminq

2 tanhpuq ` amax ` amin

2 , (3.43)

where u „ N pµθpsq, σ2q. The change of variable formula can be used to derive
the distribution of the squashed action, which is still differentiable w.r.t. policy
parameters. This approach can still slow down learning as actions close to the
boundaries have very similar effects, a manifestation of the well known gradient
saturation problem.

Finally, we can use policy classes that naturally have a bounded support (see
Section 3.3.6).

3.3.5 The exponential family
A generalization of both Gaussian and Softmax policies is the exponential family. A
general exponential-family policy can be written as:

πθpa|sq “ hpa; sq exp
`

ηpθ; sqTT pa; sq ´Bpθ; sq
˘

, (3.44)

where θ P Θ, η : Θˆ S Ñ Rd, T : Aˆ S Ñ Rd, B : Θˆ S Ñ R and h : Aˆ S Ñ R.
The policy is in canonical form if η ” θ.

The linear Softmax policy (3.20) can be immediately written in canonical form
as:

ηpθ; sq “ θ, T pa; sq “ φps, aq

τ
,

Bpθ; sq “ log
ÿ

a1PA
exp

`

θTφps, a1q
˘

, hpa; sq “ 1. (3.45)

The shallow Gaussian policy is recovered as:

ηpθ; sq “
”

θT

σ2
θ

´ 1
2σ2
θ

ıT

, T pa; sq “
“

aφpsqT a2 ‰T
,

Bpθ; sq “
`

θTφpsq
˘2

2σ2
θ

` log |σ2
θ|, hpa; sq “ 1

?
2π
. (3.46)
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Expressing this policy in canonical form requires a reparametrization:

η1 “
θ

σ2
θ

, η2 “ ´
1

2σ2
θ

, Bpη; sq “ ´
`

ηT1 φpsq
˘2

4η2
2

`
1
2 log

ˇ

ˇ

ˇ

ˇ

1
2η2

ˇ

ˇ

ˇ

ˇ

. (3.47)

This is sometimes called natural parametrization, and is seldom used in practice.
Although it represents the same class of policies as (3.26), the optimization landscape,
hence the learning behavior, can be different (Pajarinen et al., 2019).

In general, the score of an exponential-family policy is:

∇θ log πθpa|sq “ Jθηpθ; sqT pa; sq ´∇θBpθ; sq “c.f. T pa; sq ´∇θBpθ; sq, (3.48)

where the second equality holds only in canonical form (c.f.), and the FIM:

Fspθq “ ∇2
θBpθ; sq ´ J 2

θ ηpθ; sq E
a„πθp¨|sq

rT pa; sqs “c.f. ∇2
θBpθ; sq. (3.49)

3.3.6 Other parametric policies
Chou et al. (2017) suggest to use Beta policies (another member of the exponential
family) for bounded action spaces:

πθpa|sq “
Γpαθpsq ` βθpsq

ΓpαθpqsqΓpβθpsqq
aαθpsq´1p1´ aqβθpsq´1, (3.50)

where α, β : Θˆ S Ñ p1,8q and Γ is the Gamma function. This policy has support
r0, 1s, hence represents a natural solution to the issues of the Gaussian policy
discussed in Section 3.3.4 (Bounded support).

More complex policies can be designed for specific tasks. By incorporating
domain knowledge, this can speed-up the learning process, reducing it to the fine-
tuning of a relatively small set of parameters. A classical example is that of motor
primitives for robotics (Peters and Schaal, 2008b).

Deterministic and non-differentiable parametric policies are also used in practice.
For instance, rule-based policies offer a great degree of human interpretability (Lik-
meta et al., 2020).

3.4 The Policy Gradient Theorem

Parametric policies allow to solve the PO problem (3.2) via gradient ascent. This
approach has two main advantages: it comes with convergence guarantees (also
for nonlinear policy parametrizations) and it allows to employ many powerful
stochastic optimization tools originally developed for supervised learning, such as
ADAM (Kingma and Ba, 2015). The Policy Gradient Theorem of Sutton et al.
(1999) provides a convenient expression for the gradient of the performance w.r.t.
policy parameters:

Theorem 3.1 (Policy Gradient, Sutton et al. (1999), Theorem 1) For any
differentiable parametric full-support policy πθ:

∇θJµpθq “
1

1´ γ

ż

S
dπθµ psq

ż

A
πθpa|sq∇θ log πθpa|sqQπθ ps, aqdads.
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We provide an alternative proof based on Lemma 2.1:

Proof First, we establish the following relationship between the gradient of the
quality function and the one of the value function:

∇Qθps, aq “ ∇
ˆ

rps, aq ` γ E
s1„pp¨|s,aq

“

V θps1q
‰

˙

(3.51)

“ γ E
s1„pp¨|s,aq

“

∇V θps1q
‰

, (3.52)

where (3.51) is by definition (2.4). Then, we compute the gradient of the value
function:

∇V θpsq “ ∇
ż

A
πθpa|sqQ

θps, aqda

“

ż

A
∇πθpa|sqQθps, aq ` πθpa|sq∇Qθps, aqda

“

ż

A
πθpa|sq

`

∇ log πθpa|sqQθps, aq `∇Qθps, aq
˘

da (3.53)

“

ż

A
πθpa|sq

´

∇ log πθpa|sqQθps, aq

` γ

ż

S
pps1|s, aq∇V θps1qds1

¯

da (3.54)

“

ż

A
πθpa|sq∇ log πθpa|sqQθps, aqda` γ

ż

S
pθps

1|sq∇V θps1qds1

“

ż

A
πθpa|sq∇ log πθpa|sqQθps, aqda

`
γ

1´ γ

ż

S
dθs ps

1q

ż

A
πθpa|s

1q∇ log πθpa|s1qQθps, aqdads1, (3.55)

where (3.53) is from the log trick and requires the policy to have full support, (3.54)
is from (3.52), and the last inequality is from Lemma 2.1 with f “ s ÞÑ V θ and
g “ s ÞÑ

ş

A ∇πθpa|sqQθps, aq da. The proof is completed by taking the expectation
of (3.55) under µ, by definition of Jµ (3.1) and dµ (2.15).

By using (3.7), we can generalize the Policy Gradient Theorem to:

∇θJµpθq “
1

1´ γ

ż

S
dπθµ psq

ż

A
πθpa|sq∇θ log πθpa|sq pQπθ ps, aq ´ bpsqq da ds,

(3.56)
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where b : S Ñ R is any integrable function that does not depend on actions, called
a baseline. This yields the following alternative expressions for the policy gradient:

∇θJµpθq “
1

1´ γ

ż

S
dπθµ psq

ż

A
πθpa|sq∇θ log πθpa|sq pQπθ ps, aq ´ V πθ psqq da ds

(3.57)

“
1

1´ γ

ż

S
dπθµ psq

ż

A
πθpa|sq∇θ log πθpa|sqAπθ ps, aqdads (3.58)

“
1

1´ γ

ż

S

ż

A
νπθµ ps, aq∇θ log πθpa|sqAπθ ps, aqdads. (3.59)

The power of the Policy Gradient Theorem lies in the fact that the only first-order
term we need to compute is the score function, which is either known in closed form
or can be easily obtained via backpropagation with automatic differentiation tools.

3.4.1 Monte Carlo PGT
The first application of the theorem is an algorithm proposed by Sutton et al.
(1999), known simply as Policy Gradient Theorem (PGT). To avoid any confusion,
we will call it Monte Carlo PGT. Assume episodic interaction with indefinite-
length trajectories, undiscounted rewards and continuation probability γ ă 1. As
mentioned in Section 2.7.3, the return-to-go Gt observed under πθ is an unbiased
estimate of Qθpst, atq. This allows to build the following gradient estimator:

p∇γJpθq “

|τ |´1
ÿ

t“0
∇θ log πθpat|stqGt, (3.60)

which is unbiased:

E
τ„pθ,γ

”

p∇γJpθq
ı

“ p1´ γq
8
ÿ

H“1
γH´1

H´1
ÿ

t“0
E

τ0:t„pθ

„

∇ log πθpat|stq E
τt`1:H´1„pθ

rGts



“ p1´ γq
8
ÿ

H“0
γH

H
ÿ

t“0
γt E

τ0:t„pθ

“

∇ log πθpat|stqQθpst, atq
‰

“

8
ÿ

t“0
γt E

τ0:t„pθ

“

∇ log πθpat|stqQθpst, atq
‰

(3.61)

“
1

1´ γ

ż

S

ż

A
νθµps, aq∇ log πθps, aqQθps, aqda ds, (3.62)

where (3.61) is from (2.26) and the last equality is from Lemma 2.2.
Monte Carlo PGT (Algorithm 1) uses (3.60) to update policy parameters in the

direction of estimated performance improvement. It performs one policy update
per episode.

Monte Carlo PGT is an instance of SGD. Sufficient conditions for the convergence
to a local optimum, in the sense limtÑ8∇Jpθq “ 0, are (Sutton et al., 1999, Theorem
3):
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Algorithm 1 Monte Carlo PGT (Policy Gradient Theorem)
1: Input: initial policy parameters θ0, step size sequence pαkq8k“0
2: for k “ 0, 1, 2 . . . do
3: Generate trajectory τ „ pθ,γ
4: Let H “ |τ |
5: for t “ 0, . . . ,H ´ 1 do
6: Gt “

řH´1
i“t γi´tri`1

7: end for
8: p∇γJpθkq “

řH´1
t“0 ∇θ log πθkpat|stqGt

9: θk`1 Ð θk ` αk p∇γJpθkq
10: end for

1. The sequence pαkq8k“0 of step sizes is such that lim
tÑ8

αk “ 0 and
ř8

k“0 αk “ 8;

2. The MDP has bounded rewards, i.e., }r}8 ă 8;

3. supsPS,aPA,θPΘ
›

›∇2
θπθpa|sq

›

›

8
ă 8.

We are not entirely satisfied with the third one. In fact, it already fails for the
shallow Gaussian (3.29), since:

∇2
θµπθpa|sq “ πθpa|sq

˜

a´ θTµφpsq

e2θσ
´ 1

¸

φpsqφpsqT

e2θσ
, (3.63)

can take arbitrarily large values even if policy parameters and features are bounded,
since a P R. One should enforce a bounded support, with all the issues discussed in
Section 3.3.4. As already observed by Sutton et al. (1999), we just need the Hessian
of the performance ∇2Jpθq to be uniformly bounded (Bertsekas and Tsitsiklis, 1996).
In Chapter 5 we provide weaker sufficient conditions for this property, and revisit
this convergence guarantee in Section 7.2.1.

A remark on discounting

In presenting Monte Carlo PGT, we have considered indefinite-length trajectories and
interpreted γ as a continuation probability, as this allows to reconcile Theorem 3.1
with Monte Carlo value estimation. In the finite-horizon, discounted-reward setting,
the policy gradient estimate used in Line 8 of Algorithm 1 must be modified as
follows:

p∇HJpθq “
H´1
ÿ

t“0
γt∇θ log πθpat|stqGt, (3.64)
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by explicitly including the discount factor (cf. Sutton and Barto, 2018, Section 13.3).
Indeed, under Assumption 2.1:

∇Jpθq “ 1
1´ γ E

s,a„νθµ

“

∇θ log πθpa|sqQθps, aq
‰

“

8
ÿ

t“0
γt E

τ0:t„pθ

“

∇θ log πθpat|stqQθpst, atq
‰

(3.65)

“

8
ÿ

t“0
γt E

τ0:t„pθ

«

∇θ log πθpat|stq
8
ÿ

h“t

γh´t E
τt`1:h„pθ

rrh`1s

ff

“

H´1
ÿ

t“0
γt E

τ0:t„pθ

„

∇θ log πθpat|stq E
τt`1:H´1„pθ

rGts



(3.66)

“ E
τ„pθ,H

”

p∇HJpθq
ı

,

where (3.65) is from Lemma 2.2 and (3.66) from Assumption 2.1.
This is not a matter of pedantry. Using (3.60) in the finite-horizon discounted-

reward setting would be a serious mistake: as pointed out by Nota and Thomas
(2020), Eτ„pθ,H

”

p∇γJpθq
ı

is not the gradient of any function, and can even lead
to policies that are pessimal both w.r.t. the discounted and undiscounted reward
signal.

3.5 Actor-Only Policy Gradient Algorithms

We gather under the umbrella term Policy Gradient (PG) all algorithms that
optimize parametric policies using first-order information. The Monte Carlo PGT
from the previous section is a first example of PG. In particular, it is an actor-only
PG algorithm, the actor being the parametric policy, as opposed to actor-critic
algorithms (Section 3.7) that also learn a value function. The same rationale, applied
to the finite-horizon setting, yields a family of PG algorithms generally identified by
the name REINFORCE (original typesetting by Williams, 1992).5 Our presentation
of the topic is mainly based on (Peters and Schaal, 2008b).

The general scheme of an actor-only PG algorithm is reported in Algorithm 2.
The current policy is updated once a batch of N P N complete trajectories has been
collected. For this reason, N is called the batch size. The dataset Dk “ tτ1, . . . , τNu

is the collection of said trajectories, where τ1, . . . , τN
iid
„ pθk . In more compact

notation, Dk „ pθk . Provided p∇J is an unbiased estimator of the policy gradient,
i.e., ED„pθ

”

p∇Jpθ; Dq
ı

“ ∇Jpθq, SGD theory can be used to guarantee convergence
to a local optimum, under appropriate conditions on the sequence of step sizes and

5Using REINFORCE to name different algorithms—such as William’s REINFORCE,
G(PO)MDP (Baxter and Bartlett, 2001), Sutton’s PGT (Sutton et al., 1999), and even more
sophisticated actor-only policy gradient algorithms—is a common practice. However, it can be a
source of confusion for students, researchers, and practitioners.
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the regularity of Jpθq (Bottou, 1998). We discuss the convergence of actor-only PG
algorithms in more depth in Chapter 7.

Specific algorithms, discussed in the following, differ mostly in how the policy
gradient ∇θJ is estimated. An important property of PG estimators is the variance,
defined for any vector v of random variables as:

Varpvq “ TrpCovpv,vqq “ E
„

›

›

›
v ´ E rvs

›

›

›

2


, (3.67)

which in the case of an unbiased PG estimator p∇J is:

Varpp∇Jpθqq “ E
D„pθ

„

›

›

›

p∇Jpθ; Dq ´∇Jpθq
›

›

›

2


. (3.68)

The high variance of PG estimators is a known source of slow convergence (more in
Chapter 7) and also makes safe learning difficult (Chapter 5).

Possible generalizations of the simple scheme outlined in Algorithm 2 include:

˛ Using a vector step size α (Schraudolph et al., 2005; Papini et al., 2017), i.e.,
θk`1 “ θk ` α ˝∇Jpθkq, where α is a positive vector rα1, . . . , αms

T and ˝
denotes the Hadamard (element-wise) product.

˛ Making the step size adaptive, i.e., iteration and/or data-dependent (Pirotta
et al., 2013a). This includes the powerful adaptive-gradient techniques com-
monly used in supervised learning such as RMSPROP (Tieleman and Hinton,
2012) and ADAM (Kingma and Ba, 2015).

˛ Making the batch size N also adaptive (Papini et al., 2017). We discuss
adaptive step and batch sizes in Chapter 5 for safety purposes.

˛ Applying a preconditioning matrix Gpθq to the gradient, as in Natural Pol-
icy Gradient (Kakade, 2001a), discussed in Section 3.6, and second-order
methods (Furmston and Barber, 2012).6

˛ Re-using the same trajectories for multiple updates to increase data efficiency,
as discussed in Chapter 6.

Algorithm 2 Actor-Only Policy Gradient
1: Input: initial policy parameters θ0, step size sequence pαq8k“0, batch size N
2: for k “ 0, 1 . . . do
3: Collect N trajectories with θk to obtain dataset Dk

4: Compute policy gradient estimate p∇Jpθk; Dkq

5: Update policy parameters as θk`1 Ð θk ` αk p∇Jpθk; Dkq

6: end for

6Note that a vector step size α can be seen as a special diagonal preconditioning matrix.
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3.5.1 William’s REINFORCE
The original REINFORCE algorithm (Williams, 1992) predates the PGT and can be
derived without it. Assume episodic interaction with time-horizon H and discount
factor γ P r0, 1s. The performance of policy πθ can simply written as:

Jpθq “ E
τ„pθ

rRpτqs , (3.69)

where R is the (discounted) return defined in (2.29). To see that this is indeed
equivalent to (3.1) when γ ă 1:

Jpθq “
1

1´ γ E
s,a„νθµ

rrps, aqs

“ E
τ„pθ,γ

»

–

|τ |´1
ÿ

t“0
rt`1

fi

fl (3.70)

“ p1´ γq
8
ÿ

T“1
γT´1 E

τ„pθ,T

«

T´1
ÿ

t“0
rt`1

ff

“ p1´ γq
8
ÿ

T“1
γT´1

T´1
ÿ

t“0
E

τ0:t„pθ
rrpst, atqs

“

8
ÿ

t“0
γt E

τ0:t„pθ
rrpst, atqs (3.71)

“

H´1
ÿ

t“0
γt E

τ0:t„pθ
rrpst, atqs (3.72)

“ E
τ„pθ,H

rRpτqs , (3.73)

where (3.70) is from Lemma 2.2, (3.71) is from (2.26) and (3.72) is from Assump-
tion 2.1.

The above equivalence (3.73) is intuitive, if not trivial. We stress its importance
as it allows to transfer all the theory developed for the indefinite-horizon case to
the finite-horizon setting under Assumption 2.1 on the time horizon and provided
γ ă 1. It justifies the approach, adopted several times in this manuscript, of
developing general theory in the indefinite-horizon framework (with access to a
first-order oracle), then moving to the finite-horizon setting to analyze the properties
of practical gradient estimators.

Given (3.69), the gradient of the performance w.r.t. policy parameters is:

∇θJpθq “

ż

T
∇θpθpτqRpτqdτ

“ E
τ„pθ

r∇θ log pθpτqRpτqs (3.74)

“ E
τ„pθ

«

H´1
ÿ

t“0
∇θ log πθpat|stqRpτq

ff

, (3.75)
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where T denotes the set of all possible trajectories7, (3.74) is from the log trick, and
the last equality is from the properties of the logarithm and the fact that only action
probabilities depend on policy parameters. This can be seen as the finite-horizon
equivalent of the Policy Gradient Theorem (3.1).

The REINFORCE gradient estimator is just the Monte Carlo version of (3.75),
which is clearly unbiased. Given a dataset D “ tτ1, . . . , τNu of N i.i.d. trajectories:

p∇RJpθ; Dq “ 1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0
∇θ log πθpapiqt |s

piq
t q

¸˜

H´1
ÿ

t“0
γtr

piq
t`1

¸

, (3.76)

where superscripts denote trajectory membership. As in Monte Carlo PGT (Al-
gorithm 1), the only first-order terms we need to compute are the scores. The
REINFORCE algorithm is just Algorithm 2 with (3.76) as the gradient estimator.

A remark on automatic differentiation The REINFORCE estimator admits
a particularly efficient implementation with automatic differentiation tools, since it
can be written as the gradient of a dot product between a vector of differentiable
functions (the N sums of log-policies) and a vector of constants (the N returns).

3.5.2 G(PO)MDP

The REINFORCE algorithm does not fully exploit the temporal relationships
between the terms in (3.76). The G(PO)MDP estimator (Baxter and Bartlett,
2001) (sometimes called GPOMDP or GMDP) is a refinement of REINFORCE that
exploits the independence between rewards and future decisions8:

p∇GJpθ; Dq “ 1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0
γtr

piq
t`1

t
ÿ

h“0
∇θ log πθpapiqh |s

piq
h q

¸

. (3.77)

7To avoid measurability issues, take T to be the set of realizable trajectories, i.e., only including
initial states from the support of µ and next states from the support of p. We still need the policy
to be full-support stochastic, as in the PGT, for (3.75) to be well defined.

8This is only true in episodic approaches like REINFORCE, where the policy parameters are
fixed for the whole trajectory (or batch). In fully online methods, future actions depend on past
rewards since the agent modifies its policy depending on the feedback it receives.
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We provide our own proof of the unbiasedness of the G(PO)MDP estimator. First,
we write its expected value as:

E
D„pθ

”

p∇GJpθ; Dq
ı

“ E
D„pθ

«

1
N

N
ÿ

i“1

H´1
ÿ

t“0
γtr

piq
t`1

˜

H´1
ÿ

h“0
∇θ log πθpapiqh |s

piq
h q

´

H´1
ÿ

h“t`1
∇θ log πθpapiqh |s

piq
h

¸ff

“ E
D„pθ

”

p∇RJpθ; Dq
ı

´ E
D„pθ

«

1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0
γtr

piq
t`1

H´1
ÿ

h“t`1
∇θ log πθpapiqh |s

piq
h q

¸ff

“ ∇Jpθq ´ E
τ„pθ

«

H´1
ÿ

t“0
γtrt`1

H´1
ÿ

h“t`1
∇θ log πθpah|shq

ff

. (3.78)

Then, we show that the second term in (3.78) is null:

E
τ„pθ

«

H´1
ÿ

t“0
γtrt`1

H´1
ÿ

h“t`1
∇θ log πθpah|shq

ff

“

H´1
ÿ

t“0
γt E

τ0:t„pθ

«

rt`1

H´1
ÿ

h“t`1
E

τt`1:H´1„pθ

„

E
a„πθ

r∇θ log πθpah|shqs


ff

“ 0, (3.79)

where the last equality is from (3.7).
The purpose of removing some unnecessary terms from REINFORCE is to

reduce the variance of the estimator. See (Peters and Schaal, 2008b; Zhao et al.,
2011; Pirotta et al., 2013a) for a discussion. We provide our own upper bounds
on the variance of REINFORCE and G(PO)MDP in Section 5.5, after introducing
smoothing policies. For now, notice that the variance of both estimators is inversely
proportional to the batch size:

Var
D„pθ

pp∇RJpθ; Dqq “ 1
N

Var
τ„pθ

pp∇RJpθ; tτuqq, (3.80)

since the trajectories of the batch are i.i.d.. The same holds for p∇GJ and any other
estimator that is computed as a sample average. Using a large batch size is a way
to reduce the variance of the gradient estimator. The resulting policy updates are
more stable, but also less frequent.9 We analyze this trade-off in Section 5.6.

9In simulation, we can generate several trajectories in parallel. This is hardly possible in
real-world applications.
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A remark on partial observability

3.5.3 Equivalence with PGT

Consider a minibatch, finite-horizon version of the gradient estimator used in Monte
Carlo PGT (3.64):

p∇PJpθ; Dq “ 1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0
γt∇θ log πθpapiqt |s

piq
t q

H´1
ÿ

h“t

γh´trh`1

¸

“
1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0
∇θ log πθpapiqt |s

piq
t q

H´1
ÿ

h“t

γhrh`1

¸

. (3.81)

As observed by Peters and Schaal (2008b), this is numerically equivalent to the
G(PO)MDP estimator (3.77). The equivalence is from reordering the terms in the
nested summations of (3.81) (see Lemma B.1). We will adopt the G(PO)MDP form
in the following.

3.5.4 Baselines for variance reduction

The concept of baseline introduced in Equation 3.56 can be used as a variance-
reduction technique. For any constant (possibly vector-valued) baseline b, the
modified REINFORCE estimator:

p∇RJpθ; Dq “ 1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0
∇θ log πθpapiqt |s

piq
t q

¸˜

H´1
ÿ

t“0
γtr

piq
t`1 ´ b

¸

, (3.82)

is still unbiased since:

E
τ„pθ

«˜

H´1
ÿ

t“0
∇θ log πθpat|stq

¸

b

ff

“ E
τ„pθ

r∇θ log πθpτqs b “ 0. (3.83)

A simple, but effective choice for b is the expected return:

bAVG “ E
τ„pθ

rRpτqs , (3.84)

which has the effect of centering the returns around zero. Intuitively, this should
remove the variance due to outliers. Peters and Schaal (2008b) obtain a variance-
minimizing vector-valued baseline for reinforce by explicitly solving the following
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problem for i “ 1, . . . , d (where θ P Rd):

bRris “ arg min
b

Var
τ„pθ

«˜

H´1
ÿ

t“0
∇θi log πθpat|stq

¸

pRpτq ´ bq

ff

“ arg min
b

E
τ„pθ

»

–

˜

H´1
ÿ

t“0
∇θi log πθpat|stq

¸2

pRpτq ´ bq
2

fi

fl (3.85)

“

Eτ„pθ

„

´

řH´1
t“0 ∇θi log πθpat|stq

¯2
Rpτq



Eτ„pθ

„

´

řH´1
t“0 ∇θi log πθpat|stq

¯2
 , (3.86)

where (3.85) is because the first moment is independent from the baseline. Note
how bR is just a weighted version of (3.84). By constraining the baseline to be a
scalar, we obtain the following:

bR “

Eτ„pθ

„

›

›

›

řH´1
t“0 ∇θ log πθpat|stq

›

›

›

2
Rpτq



Eτ„pθ

„

›

›

›

řH´1
t“0 ∇θi log πθpat|stq

›

›

›

2
 , (3.87)

which has less variance-reduction power than (3.86), but can ease the computation
of (3.82).

For G(PO)MDP, making the baseline time-dependent can be advantageous. For
any pbtqH´1

t“0 such that bt is independent from τ0:t, the following:

p∇GJpθ; Dq “ 1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0

´

γtr
piq
t`1 ´ bt

¯

t
ÿ

h“0
∇θ log πθpapiqh |s

piq
h q

¸

, (3.88)

is unbiased since:

E
τ„pθ

«˜

H´1
ÿ

t“0
bt

t
ÿ

h“0
∇θ log πθpah|shq

¸ff

“

H´1
ÿ

t“0
bt E
τ0:t„pθ

r∇θ log pθpτ0:tqs “ 0. (3.89)

The time-dependent equivalent of the average-return baseline (3.84) is the average-
reward one:

bAVGt “ E
τ„pθ

“

γtrt`1
‰

. (3.90)

Peters and Schaal (2008b) suggest to use a vector-valued baseline that minimizes
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the variance step-wise:

bGt ris “ arg min
b

Var
τ„pθ

«

`

γtrt`1 ´ b
˘

t
ÿ

h“0
∇θi log πθpah|shq

ff

“

Eτ„pθ

„

´

řt
h“0 ∇θi log πθpah|shq

¯2
γtrt`1



Eτ„pθ

„

´

řt
h“0 ∇θi log πθpah|shq

¯2
 , (3.91)

which is a weighted version of the average-reward baseline (3.90). This cannot be
considered a variance-minimizing baseline in the sense of (3.86), since it neglects
possible inter-time correlations, but is effective in practice (Peters and Schaal,
2008b). All the baselines we have proposed cannot be computed exactly and must
be estimated from data. To keep the gradient estimate unbiased, separate data
should be used for the baseline. In the case of variance-minimizing baselines,
separate data should also be used for the numerator and the denominator. In
practice, a single batch of data is commonly used, trusting that the bias will have a
negligible effect on the estimation error, compared to the variance reduction granted
by a larger batch.

3.5.5 Off-policy policy gradient
The actor-only PG algorithms presented in this section can be adapted to the
off-policy setting by means of importance sampling. Let D „ pπB be a set of N
trajectories collected with behavioral policy πB , and πθ ! πB be our target policy.
Then from (3.75):

∇Jpθq “ E
τ„pθ

r∇ log pθpτqRpτqs “ E
τ„pπB

“

wπθ{πB pτq∇ log pθpτqRpτq
‰

, (3.92)

where wπθ{πB pτq is an importance weight defined as in (2.43). From this, we obtain
the off-policy version of the REINFORCE estimator (Mastrangelo, 2015):

p∇RJpθ; Dq “ 1
N

N
ÿ

i“1

˜

H´1
ź

t“0

πBpa
piq
t |s

piq
t q

πθpa
piq
t |s

piq
t q

¸

loooooooooooomoooooooooooon

wπθ{πB

˜

H´1
ÿ

t“0
∇θ log πθpapiqt |s

piq
t q

¸˜

H´1
ÿ

t“0
γtr

piq
t`1

¸

,

(3.93)
which is still unbiased but can have much larger variance than its on-policy counter-
part. This is worse for a longer horizon H, due to the long product in the definition
of the importance weight. Interestingly, the off-policy version of G(PO)MDP allows
to compute importance weights on partial trajectories (see Mastrangelo, 2015, for a
derivation):

p∇GJpθ; Dq “ 1
N

N
ÿ

i“1

˜

H´1
ÿ

t“0
γtr

piq
t`1

˜

t
ź

h“0

πBpa
piq
h |s

piq
h q

πθpa
piq
h |s

piq
h q

¸

loooooooooooomoooooooooooon

rwπθ{πb

t
ÿ

h“0
∇θ log πθpapiqh |s

piq
h q

¸

,

(3.94)
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where rwπθ{πB is known as per-decision importance weight (Precup et al., 2000). Mas-
trangelo (2015) also derives variance minimizing baselines for off-policy REINFORCE
and G(PO)MDP, which are just importance-weighted versions of (3.86) and (3.91).
Still, the variance injected by importance weights can have disastrous effects on
the learning process, especially if πB and πθ are quite different. In Chapter 6, we
propose a more principled approach to off-policy policy optimization that takes this
distributional mismatch issue specifically into account.

An off-policy actor-critic (Section 3.5) algorithm was proposed by Degris et al.
(2012) that uses importance sampling for the actor and gradient-TD for the critic.

3.6 Natural Policy Gradient

The policy gradient Jpθq depends on the specific policy parametrization. This can
lead to inefficient policy updates, where changing the parameters (at the price of
expensive sample experience) has a negligible effect on the policy or, conversely,
a small parameter update can yield a radically different policy with unexpected
and possibly unsafe behavior. The natural gradient approach (Amari, 1998) aims
to alleviate this problem. First, consider the abstract problem of maximizing
a (non-convex) functional f : ∆X Ñ R over a set of parametric distributions
tqθ P ∆X |θ P Θ Ď Rdu over measurable space X . Amari (1998) proposes to follow
the direction of maximum improvement in the space of distributions ∆X rather
than in parameter space Θ. Since we can only act on parameters after all, this is
done indirectly by a change of metric:

r∇θfpθq “ F pθq´1∇θfpθq, (3.95)

where F pθq is the FIM of qθ and r∇θfpθq is called natural gradient. This definition
is better understood in the framework of information geometry (Amari, 2016).
However, recall (Section 3.3.1) that the FIM is invariant under sufficient statistics and
can be used to measure distances between distributions. The natural gradient (3.95)
is indeed the steepest ascent direction in the Riemannian space of parametric
distributions (Amari, 1998, Theorem 1).

The natural gradient approach was applied to the policy optimization problem
by Kakade (2001a), yielding Natural Policy Gradient (NPG). Monte Carlo PGT
(Algorithm 1) and actor-critic algorithms (Section 3.7) can be modified by replacing
vanilla10 policy gradient ∇θJpθq with:

r∇θJpθq “ F pθq´1∇θJpθq, (3.96)

where F pθq, defined in Equation 3.10, is the FIM of the distribution of indefinite
trajectories (Bagnell and Schneider, 2003, see also our Equation 3.14). Natural
policy gradient updates are indeed covariant w.r.t. policy parametrization (Peters
and Schaal, 2008a, Theorem 1).

10Plain policy gradient ∇J is often called vanilla in comparison to NPG as it keeps the ‘vanilla
flavor’ of the policy [sic] (Peters, 2010).
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Actor-only policy gradient (Algorithm 2) can be modified in the same way, but
F pθq is now the FIM of the distribution pθ of finite trajectories (2.30). Using (3.10)
and the log trick, it can be written simply as:

F pθq “ ´ E
τ„pθ

«

H´1
ÿ

t“0
∇2
θ log πθpat|stq

ff

. (3.97)

Of course, the FIM needs to be estimated as well, and (3.97) provides a rather
convenient form. However, for high-dimensional policy parameters (e.g., for deep
neural policies), explicit Fisher estimation may be computationally unfeasible or
affected by very large variance. The conjugate gradient method can be used to
estimate the natural policy gradient directly, leading to the Truncated Natural
Policy Gradient (TNPG) algorithm (Duan et al., 2016; Schulman et al., 2015a).

3.7 Actor-Critic Algorithms

Value function estimation can be used to improve policy gradient estimation. A
value function approximator used in such an ancillary way is called a critic (Barto
et al., 1983). Algorithms based on this twofold learning strategy are called Actor
Critic (AC) (Konda and Tsitsiklis, 2000), where the actor is the policy that is being
optimized. As already stressed, AC is not value-based learning since value function
approximation is subordinate to policy gradient estimation.

The purpose of using a critic is to reduce the variance of policy gradient estimates.
In fact, the simpler use of a critic is as a variance-reducing baseline in Monte Carlo
PGT. From Equation 3.57 and (3.56), we can replace V θ with a critic V ω : S Ñ R
without introducing any bias, as long as the latter does not depend on actions.
Carefully designed action-dependent baselines (Gu et al., 2017; Grathwohl et al.,
2018; Liu et al., 2018a; Wu et al., 2018) are also possible, although their usefulness
is controversial (Tucker et al., 2018). The critic parameters ω can be learned with
any policy evaluation technique such as the ones described in Section 2.4.1.

More typically, the Monte Carlo estimate of the quality function Qθ is replaced
with a critic Qω : SˆA Ñ R, often at the cost of introducing some bias in the policy
gradient estimate. This allows to update policy parameters in a fully online manner.
We outline the prototypical actor-critic policy gradient method in Algorithm 3,
where bt is a baseline. In turn, this baseline can be replaced by a value-function
critic V ξ with separate parameters. Alternatively, from Equation 3.58, we can use
a single critic Aω : S ˆA Ñ R for the advantage function.

3.7.1 Compatible actor-critic
A special case of actor-critic PG, which maintains the unbiasedness of the policy
gradient estimate, was proposed by Sutton et al. (1999). It requires to use a so-called
compatible critic:11

Qωps, aq “ ωT∇θ log πθpa|sq. (3.98)
11Actually, the compatible critic can have an additional constant (w.r.t. ω) additive term. We

prefer to subsume it in the baseline.
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Algorithm 3 Actor-Critic Policy Gradient
1: Input: initial policy parameters θ0, initial critic parameters ω0, step size

sequence pαtq8t“0
2: Observe initial state s0
3: for t “ 0, 1, 2 . . . do
4: Perform action at „ πθtp¨|stq
5: Observe reward rt`1 and next state st`1
6: p∇Jpθtq “ ∇θ log πθtpat|stqpQωtpst, atq ´ btq
7: θt`1 Ð θt ` αt p∇Jpθtq
8: Update critic parameters ωt into ωt`1
9: end for

Provided ωt is a local optimum of the following MSE (the Q-function analog
of (2.32)):

Lpω;θq “ E
s,a„νθµ

”

`

Qθps, aq ´Qωps, aq
˘2ı

, (3.99)

that is, ∇ωLpωt;θtq “ 0, the policy gradient estimate from Line 6 of Algorithm 3
is unbiased (Sutton et al., 1999, Theorem 2), in the sense that:

E
s,a„νθµ

”

p∇Jpθtq
ı

“ ∇θJpθtq. (3.100)

An immediate corollary is that actor-critic PG with a compatible, locally-optimal
critic inherits the convergence properties of Monte Carlo PGT.

3.7.2 Convergence of actor-critic algorithms
The convergence of general actor critic algorithms is still largely an open problem.
Even compatible actor-critic does not specify the way in which a local minimizer of
the critic error (3.99) can be found. Typically, this involves an iterative procedure
such as SGD:

ωt`1 “ ωt ´ αC
`

Qωpst, atq ´Q
θpst, atq

˘

∇ωQ
ωtpst, atq, (3.101)

where αC is a learning rate for the critic. To guarantee ∇ωLpωtq “ 0, we need
to iterate (3.101) for many steps, which requires to delay the update of policy
parameters or, equivalently, to collect much more data than what appears from the
synthetic pseudocode of Algorithm 3. This approach is sometimes called decoupled
AC (Wu et al., 2020) and is mainly of theoretical interest. In practice, it is more
common to update the policy and critic parameters simultaneously. To simulate
the fact that one policy update should correspond to several critic updates, a larger
learning rate is used for updating critic parameters, i.e., αC " α. This is known
as two-timescale AC. Classic convergence proofs for two-timescale AC are based
on ordinary differential equations (Borkar and Konda, 1997; Konda and Tsitsiklis,
2000) and only guarantee asymptotic convergence. In very recent work, Wu et al.

55



3. Policy Optimization

(2020) also provide a finite sample analysis of two-timescale AC. Unfortunately, the
convergence rates they provide are worse than those of REINFORCE (cf. Chapter 3).
At the time of writing, further work is needed to fully justify AC approaches from
a theoretical perspective. However, the practical advantages of AC algorithms are
widely recognized. We show some examples in Section 3.7.4, 3.9 and 3.10.

3.7.3 Generalized advantage estimation
The update of critic parameters (Algorithm 3, Line 6) is purposefully left vague as
it may be performed with different policy evaluation techniques. We report here
an approach developed by Schulman et al. (2015b) called Generalized Advantage
Estimation (GAE) and inspired by eligibility traces (Sutton and Barto, 2018). It
allows to form an advantage function estimate from a value-function critic V ω
obtained, for instance, with MC or TD evaluation (Section 2.7).12 The GAE
estimator is just a discounted sum of TD errors:

Aωλ pst, atq “
8
ÿ

h“0
pγλqhδωt`hpstq, (3.102)

where λ P r0, 1s is a bias-variance trade-off parameter. The case λ “ 1 corresponds
to MC evaluation:

Aω1 pst, atq “ Gt ´ V
ωpstq, (3.103)

hence is unbiased but suffers from the highest variance. The other extreme, λ “ 0,
yields Aω0 pst, atq “ δωt pstq, which is only unbiased when the V -function estimate is,
since:

E rδωt pstqs “ E rrt ` γV ωpst`1q ´ V
ωpstqs “ Qπpst, atq ´ V

πpstq, (3.104)

when E rV ωs “ V π. It is otherwise biased, but it removes most of the variance of
Gt. In general, λ ă 1 can be used to trade-off bias and variance.

3.7.4 Natural Actor-Critic
Kakade (2001a) pointed out a surprising relationship between natural policy gradient
and the compatible critic. Let Qω : s, a ÞÑ ωT∇θ log πθpa|sq be the compatible
critic for policy πθ. Let rω be a (local) minimizer of the critic MSE (3.99), i.e.,
∇ωLpω;θq “ 0. Then (Kakade, 2001a, Theorem 1):

rω “ r∇θJpθq, (3.105)

i.e., the natural policy gradient (assumed to be well defined) is the optimal compat-
ible critic parameter.

This fact was exploited by Peters and Schaal (2008a) for their Natural Actor
Critic algorithm. They use a variant of LSTD(λ) (Boyan, 2002) to learn the

12Note that the advantage function cannot be learned with TD evaluation directly, as observed,
e.g., by Peters and Schaal (2008a)
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parameters ω of the compatible critic and those of a parametric value-function
baseline V v : s ÞÑ vTφpsq simultaneously. Q-function parameters are directly used
to update policy parameters θ in the natural gradient direction, using (3.105). The
episodic variant of this algorithm, replacing the V-function critic with a MC value
estimate, is called eNAC (episodic Natural Actor Critic) and was used by Peters
and Schaal (2008a) to learn motor skills for robot baseball.

3.8 Trust-Region Methods

The policy gradient direction computed (or estimated) under policy πθ, due to
its local (first-order) nature, does not take into account the fact that the updated
policy parameters θ1 “ θ`α∇Jpθq will induce a possibly very different distribution
νθ
1

µ over states and actions. This distributional mismatch issue, peculiar of RL,
can be a source of performance oscillations and unexpected, potentially unsafe
behavior (Kakade and Langford, 2002). Trust-region methods constrain the updated
parameter vector to lie within a sufficiently small neighborhood of the previous one,
according to a meaningful metric.

3.8.1 TRPO
The Trust Region Policy Optimization (TRPO) algorithm by Schulman et al. (2015a)
approximately solves the following constrained optimization problem:

max
θ1

Jpθ1q

s.t. KLpνθµ}νθ
1

µ q ď δ, (3.106)

where θ are the current policy parameters and δ ą 0 is a small threshold. The
constraint defines a trust region in the space of candidate policies, ensuring that
their induced state-action occupancies lie in the proximity of the data distribution.
From the performance difference Lemma (3.4), using importance sampling, the
objective can be rewritten as:

max
θ1

Jpθ1q ´ Jpθq “ max
θ1

E
s„νθ1µ

“

Aθps, aq
‰

“ E
s„dθ

1

µ
a„πθ

„

πθ1pa|sq

πθpa|sq
Aθps, aq



. (3.107)

Then, some approximations are introduced: the state distribution under πθ1 is
replaced with the one under πθ in virtue of the constraint. A second order approxi-
mation (cf. Equation 3.11) is applied to the constraint itself, obtaining:

max
θ1

gpθ1q :“ E
s,a„νθµ

“

wθ1{θps, aqA
θps, aq

‰

s.t.
›

›θ1 ´ θ
›

›

2
F pθq

ď 2δ, (3.108)

where wθ1{θps, aq “ πθ1 pa|sq
πθpa|sq

. A steepest ascent update is obtained by explicitly
solving the constrained problem after a first order expansion of the surrogate

57



3. Policy Optimization

objective gpθ1q at θ (cf. Peters and Schaal, 2008b):

θ1 “ θ ` αF pθq´1∇θgpθq, (3.109)

which satisfies the constraint for sufficiently small step size α. This is just a natural
gradient update. In practice, Schulman et al. (2015a) approximately compute
the ascent direction via conjugate gradient and select the step size with a line
search procedure, after estimating the advantages in (3.108) in a MC fashion. In a
follow-up work, Schulman et al. (2015b) employ GAE (Section 3.7.3) to estimate
the advantage function.

TRPO was successfully applied to simulated robot locomotion in combination
with deep policies (Schulman et al., 2015a) and is considered a state-of-the art
deep RL algorithm for continuous control. However, its theoretical foundations are
controversial. The original justification of Schulman et al. (2015a) is a monotonic
performance improvement guarantee, that we discuss in more depth in Chapter 5.
However, the several approximations involved in TRPO lead to question its validity
as a monotonically improving algorithm.13 A later stream of literature (Neu et al.,
2017; Geist et al., 2019; Shani et al., 2020) interprets TRPO as an approximate
mirror descent (Beck and Teboulle, 2003) algorithm, where the KL divergence is
the Bregman distance associated to negative entropy. This perspective gives up
monotonic improvement guarantees, but explains the empirical success of TRPO in
a more natural way, which is also closer to how we have introduced the algorithm in
this section. Using the mirror descent formulation, Shani et al. (2020) proved the
convergence of TRPO to the global optimum in the tabular case (see Section 7.7).

3.8.2 PPO
A further approximation to TRPO yields the Proximal Policy Optimization (PPO)
algorithm (Schulman et al., 2017b), that is behind some of the most impressive
empirical results of policy optimization (Section 3.10). In PPO, the proximity
constraint from (3.108) is entirely removed. In turn, the surrogate objective is
modified to clip importance weights as follows:

gpθ1q “ E
s,a„νθµ

“

min
 

wθ1{θps, aqA
θps, aq, rwθ1{θps, aqA

θps, aq
(‰

, (3.110)

where rwθ1{θps, aq “ mintmaxtwθ1{θps, aq, 1´ εu, 1` εu and ε is a small constant (a
typical default value is ε “ 0.2). Similarly to the TRPO constraint, the weight
clipping has the purpose of penalizing large deviations from the current policy
πθ, implicitly defining a trust region.14 The clipped objective is never allowed to
be larger than the original one, to prevent overestimation. Besides performing
better than TRPO on several benchmark tasks (Schulman et al., 2017b), PPO
is computationally less expensive since it does not require to compute a natural
gradient direction.

13In recent work, Pajarinen et al. (2019) manage to remove some of the approximations of the
original TRPO. In particular, the step size for the trust-region update can be computed exactly
for exponential-family policies with natural parametrization paired with a compatible critic.

14We could also see TRPO as a variant of PPO that implicitly constrains the importance
weights (see Section 6.2.4).
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3.9 Deterministic Policy Gradients

The policy optimization methods presented so far only apply to stochastic poli-
cies. Silver et al. (2014) derived an analog of the Policy Gradient Theorem for
deterministic (differentiable) policies of the form πθ : S Ñ A. Provided p, ∇ap,
∇θπ, r, ∇ar and µ exist and are continuous w.r.t. states, actions and policy param-
eters, the Deterministic Policy Gradient (DPG) can be expressed as (Silver et al.,
2014, Theorem 1):

∇θJpθq “ E
s„dθµ

“

∇θπθpsq∇aQ
θps, aq|a“πθpsq

‰

, (3.111)

which allows to estimate it as an average over visited states. No averaging over
actions is needed, which can significantly reduce the variance w.r.t. traditional
policy gradient. This is inherently an actor-critic approach, since we need to
evaluate the derivative of the Q-function w.r.t. actions in sampled state-action
pairs. Similarly to the stochastic case, a compatible critic can be defined that
preserves the unbiasedness of the gradient estimate (Silver et al., 2014, Theorem 3).
Unfortunately, collecting data with the deterministic policy that is being optimized
does not provide a sufficient amount of exploration. For this reason, a stochastic
behavioral policy πB is used in its place. This amounts to estimating the following
quantity:

E
s„d

πB
µ

“

∇θπθpsq∇aQ
θps, aq|a“πθpsq

‰

» ∇θJpθq, (3.112)

which is a deterministic-policy variant of the off-policy policy gradient by Degris
et al. (2012). The approximation w.r.t. (3.111), due to a change of state-occupancy
measure, is justified by the fact that the zeros of (3.112) are still local optima of Jpθq
provided the Q-function approximation is exact (Degris et al., 2012, Theorem 2).
In off-policy The behavioral policy used in off-policy DPG is typically a perturbed
version of the deterministic policy being optimized, making the approximation even
less serious.

Lillicrap et al. (2016) combined off-policy DPG with the stabilization tricks of
DQN (see Section 2.8.2), obtaining the Deep Deterministic Policy Gradient (DDPG)
algorithm. Deep neural networks are used to represent both the deterministic policy
and the Q-function critic. The latter is learned via semi-gradient, off-policy temporal
difference evaluation.15 Target networks are used to stabilize the updates like in
DQN, except soft updates are used in place of periodical hard copies to slowly
update the target weights. To ensure a sufficient amount of exploration, the
behavioral policy is obtained by adding Gaussian or Ornstein-Uhlenbeck noise to
the deterministic one. The latter is an auto-correlated noise that is believed to
facilitate the control of physical systems. Transitions collected by the behavioral
policy are stored in a replay buffer, from which a mini-batch is periodically sampled
for updating both the actor and the critic. A popular regularization technique from
the deep supervised learning literature, called batch normalization (Ioffe and Szegedy,

15DDPG is often presented as "DQN for continuous actions". We believe this is misleading,
since no greedy policy is actually involved.
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2015) is also applied to both actor and critic networks. DDPG was successfully
applied to simulated robot locomotion (Lillicrap et al., 2016) and is considered one
of the main state-of-the art deep RL algorithms together with TRPO and PPO.
However, it is known for its extreme sensitivity to hyperparameters, and requires
extensive hyper-parameter tuning to be used for new tasks.

Fujimoto et al. (2018) observed a problem of overestimation bias in DDPG, and
addressed it by adapting the Double Q-learning technique (van Hasselt, 2010) to
the actor-critic framework. Their algorithm, called TD3 (Twin Delayed Deep Deter-
ministic policy gradient), was shown to outperform DDPG on several benchmark
tasks. Further tricks were introduced, such as updating the policy network less
often than the critic network to improve stability and perturbing the deterministic
action with zero-mean noise in temporal-difference targets to smooth out the critic
and reduce policy overfitting.

Ciosek and Whiteson (2020) provide a general policy gradient theorem that
generalizes both Sutton’s PGT and its deterministic counterpart:

∇θJpθq “ E
s„dθµ

„

∇θV
θpsq ´

ż

A
πθpa|sq∇θQ

θps, aqda


, (3.113)

for any (deterministic or stochastic) policy, provided the V-function is bounded,
continuously differentiable in the policy parameters and measurable in the state. The
key intuition of Ciosek and Whiteson (2020), inspired by Expected SARSA (John,
1994; van Seijen et al., 2009), is to explicitly compute the argument of the expectation
in (3.113), without resorting to statistical estimation. This allows to apply the
variance-reduction property of DPG to stochastic policies as well. Like DPG, this
is inherently an actor-critic approach. The integral over actions can be exactly
computed for some combinations of policy and critic (later extended by Fellows
et al., 2018, using Fourier analysis), or approximated by numerical quadrature.

3.10 Policy Gradient at Scale

The versatility of PG algorithms make them applicable to a wide range of control
problems, including ones with very high-dimensional state spaces. Algorithms like
A3C (Asynchronous Advantage Actor Critic, Mnih et al., 2016) are specifically
designed for training large models (policies and critics represented by deep neural
networks), with computational and sample efficiency in mind. This is at the expense
of losing theoretical guarantees, although many of these methods are loosely inspired
by theoretically-sound solutions.

A3C is an actor-critic algorithm where the policy and V-function networks share
the first layers of weights. The latter is a common trick in deep RL, motivated by
the inductive bias that actor and critic will likely need the same low-level features.
A V-function critic, learned with n-step semi-gradient TD, is used to estimate the
advantage function as follows:

pAθpst, atq “
n´1
ÿ

h“0
γhrt`h ` γ

nV ωpst`nq ´ V
ωpstq, (3.114)
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where n ă H is a hyperparameter, and represents another way to trade-off bias
and variance in advantage estimation similarly to GAE (n “ 1 corresponds to
TD, n “ 8 to MC). In turn, the approximate advantage function is used to
estimate policy gradients (cf. Equation 3.58). What makes A3C really special is
that it employs multiple parallel learners16 that collect transitions independently
and asynchronously apply their policy gradient updates to a central actor-critic
model. Besides speeding up computations, this multi-thread approach also improves
exploration by diversifying the collected experience. Clearly, this approach heavily
relies on simulation and has no practical equivalent in real-world environments.
A3C achieved (in some cases surpassed) state-of-the-art performance while training
for less time on both Atari games and robot locomotion tasks. It also solved a
challenging 3D labyrinth navigation task based on visual input (Mnih et al., 2016).

Researchers later discovered that a synchronous variant of A3C, implemented
with a single learner, actually performs better. Moreover, computational efficiency
can also be improved by using a GPU. This algorithm is simply called A2C (Advan-
tage Actor Critic) and was mentioned for instance by Wang et al. (2016a).

ACKTR (Actor-Critic using Kronecker-factored Trust Region, Wu et al., 2017)
is a trust-region variant of A2C that employs K-FAC (Kronecker-Factored Approxi-
mated Curvature, Martens and Grosse, 2015) to compute the natural gradient in
a scalable way. It can also be seen as a variant of TRPO where the advantage is
estimated as in (3.114) and the trust region computation is made more efficient.
A concurrent work by Wang et al. (2017) achieves the same result by linearizing
the KL constraint for a suitably designed policy network. Their ACER (Actor
Critic with Experience Replay) algorithm also employs a replay buffer, an advanced
off-policy RL technique called Retrace (Munos et al., 2016), truncated importance
weights with bias correction, and dueling networks (Wang et al., 2016b).

An actor-critic architecture able to scale to thousands of machines was proposed
by Espeholt et al. (2018). Similarly to A3C, several parallel agents independently
interact with a simulated environment. Instead of applying weight updates to a
central model, they communicate trajectories to a single central learner running
on GPU. Delays in communicating back the updated policy parameters to agents
result in off-policy learning, tackled with a novel technique called V-trace. The
algorithm, called IMPALA (Importance Weighted Actor-Learner Architecture), was
successfully applied to the multi-task reinforcement learning17 of a great variety of
discrete and continuous-action problems.

3.11 Entropy Regularization

As observed by Kakade and Langford (2002), policy gradient methods can struggle
to optimize sparse rewards. If the initial policy has a small probability of obtaining
a nonzero reward, the gradient will be too small to be of any use. For the same

16The implementation suggested by (Mnih et al., 2016) uses multiple CPU threads on the same
machine to reduce communications costs.

17This means to learn a single policy for several tasks (e.g., all Atari games), which poses a
significant scalability challenge.
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reason, policy gradient methods can get stuck in bad local optima. These problems
can be alleviated by using a stochastic policy that ensures a sufficient amount of
exploration (Ahmed et al., 2019). This poses a particular flavor of the ubiquitous
exploration-exploitation dilemma: we would like our agent to converge to determin-
istic behavior in the end since random behavior is always suboptimal in standard
MDPs. However, an agent that has control over its own stochasticity will likely
commit to a deterministic policy too soon, favoring immediate performance im-
provement, especially under a first-order optimization strategy, like policy gradient,
that relies on local information.

Entropy regularization (Schulman et al., 2017a) addresses these problems by
explicitly rewarding stochastic behavior. The reward function is modified as follows:

rrt “ p1´ τqrt ` τH pπθp¨|stqq , (3.115)

where H pπp¨|stqq “ Ea„πp¨|stq r´ log πpa|stqs is the entropy of the action distribution
at state st and τ P r0, 1q is a regularization coefficient. Note how this modified
reward signal depends on the current policy πθ, hence is non-stationary from the
perspective of a learning agent. Actor-only policy gradient algorithms can be easily
modified to account for the entropy bonus (e.g., Ahmed et al., 2019). However,
entropy regularization finds its most effective application in actor-critic algorithms,
where a properly defined value function can guide the agent to uniformly explore
the state space (Haarnoja et al., 2017). Haarnoja et al. (2018) propose a Soft
Actor Critic (SAC) algorithm and show that entropy regularization can significantly
improve performance on complex tasks such has controlling a simulated humanoid
robot.

From the theoretical perspective, entropy regularization can make the policy
optimization problem easier (Ahmed et al., 2019; Neu et al., 2017; Shani et al., 2020;
Mei et al., 2020; Agarwal et al., 2020) at the price of introducing some bias to the
final solution, due to the modification of the reward function.

In Chapter 8 we propose an alternative approach to adaptive exploration within
the framework of safe policy gradients.

3.12 Beyond Policy Gradients

In this Section, we present some approaches to policy optimization that are not
based on REINFORCE (Williams, 1992) or the policy gradient theorem (Sutton
et al., 1999). These techniques are typically applied to robot control (Deisenroth
et al., 2013).

3.12.1 Finite-difference methods
Before the widespread adoption of likelihood-ratio approaches, finite-difference
methods were used to estimate policy gradients (e.g., Ng and Jordan, 2000). The
idea comes from stochastic simulation literature. To estimate ∇Jpθq, collect N
trajectories τ1, . . . τN , using different perturbed policy parameters θ `∆θi for each
τi, where ∆θi P R is a small perturbation, and estimate the performance gain
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∆Ji “ Jpθ `∆θiq ´ Jpθq. The policy gradient can be estimated by solving the
system of linear equations induced by first order approximations:

∆θTi ∇Jpθq “ ∆Ji, (3.116)

for i “ 1, . . . , N . This technique is particularly effective in the simulation of
deterministic dynamical systems, and continues to be used in robotics (e.g., Sehnke
et al., 2008).

3.12.2 Parameter-based exploration
For episodic tasks, an alternative to REINFORCE-like algorithms is Policy Gradients
with Parameter-based Exploration (PGPE) (Sehnke et al., 2008). Given a parametric
policy class ΠΘ with parameter space Θ P Rd, the idea is to define a class of
hyperpolicies PV “ tρν P ∆Θ|ν P Vu, that are parametric distributions over policy
parameters. The elements of V Ď Rm are called hyperparameters and may have
different dimensionality than base policy parameters. The optimization is moved
at the level of hyperparameters, and exploration is over policy parameters instead
of actions. At the beginning of each episode i, the agent draws policy parameters
θi „ ρν , where ν are the current hyperparameters. It then collects a trajectory
τi with πθi and observes return Rpτiq

18. A natural measure of performance for
hyperpolicies is (with some notational overloading):

Jpνq “ E
θ„ρν

„

E
τ„pθ

rRpτqs



“ E
θ„ρν

rJpθqs . (3.117)

The PGPE algorithm is just REINFORCE on hyperparameters, where the
gradient is simply:

∇νJpνq “ E
θ„ρν
τ„pθ

r∇ν log ρνpθqpRpτq ´ bqs , (3.118)

where b is a baseline, and can be estimated in a MC fashion from one or more
parameter-trajectory pairs. Pseudo-code for PGPE is provided in Algorithm 4.

Being an instance of stochastic gradient ascent, it has the same convergence
guarantees of REINFORCE. However, the gradient estimates have lower variance,
which can result in faster convergence. This was the original motivation of Sehnke
et al. (2008) and was formally proven by Zhao et al. (2011), who also provide
a variance-minimizing baseline. Another advantage is that base policies can be
deterministic (since exploration is performed at the level of parameters) and non-
differentiable (e.g., Likmeta et al., 2020). PGPE also applies to partially observable
MDPs and problems with non-additive rewards, since it only needs to observe the
return. This can also result in computational advantages since trajectories need
not to be stored. However, PGPE can struggle with very high-dimensional policy
parameter spaces, since it does not exploit the special temporal structure of the RL

18Assume deterministic rewards for simplicity. The return is then a deterministic function of
the trajectory.
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Algorithm 4 PGPE (Policy Gradients with Parameter-based Exploration)
1: Input: initial hyperpolicy parameters ν0, step size sequence pαq8k“0, batch size
N

2: for k “ 0, 1 . . . do
3: Dk “ H

4: for i “ 1, . . . , N do
5: Sample θi „ ρνk
6: Collect trajectory τi with policy πθi and observe return Ri
7: Dk “ Dk Y tpθi, Riqu
8: end for
9: p∇νJpνk; Dkq “

1
N

řN
i“1 ∇ν log ρνpθiqpRi ´ bq

10: Update hyperparameters as νk`1 Ð νk ` αk p∇νJpνk; Dkq

11: end for

problem. For all these reasons, it is often employed in robotics (Deisenroth et al.,
2013).

The hyperpolicy can be any parametric distribution, but Gaussians are by far
the most used in practice. A typical setup is to allocate a couple of hyperparameters
µi, σi for each policy parameter θi, i “ 1, . . . , d. Note that m “ 2d in this case.
The hyperpolicy is then a factored multi-variate Gaussian N pθ;µ,diagpσ2qq and
ν “ rµ|σs. Scores can be easily computed, similarly to (3.28). Moreover, the Fisher
matrix has a particularly convenient form (Metelli et al., 2020b):

F pνq “

„

diagpσq´2 0
0 2I



. (3.119)

Note that it can be computed exactly and, being diagonal, it is easily inverted.19 This
makes natural gradients particularly enticing in the parameter-based exploration
framework (Miyamae et al., 2010).

Parameter-based exploration is also more suitable for off-policy learning (Zhao
et al., 2013), at least for moderate-sized policies. The computational advantage is
that importance weights are easily obtained as hyperpolicy ratios. The statistical
advantage it that, intuitively, the variance of IS estimators scale with the number
of policy parameters instead of the task horizon. This idea is further elaborated in
Chapter 6.

Since it neglects the internal structure of trajectories, PGPE is often called
a black-box method. As such, it shares many properties with other black-box
algorithms for control such as the Cross Entropy Method (CEM) (Rubinstein, 1999;
Szita and Lörincz, 2006) and Evolution Strategies (ES) (Rechenberg, 1978; Hansen
and Ostermeier, 2001), a biologically-inspired approach that was recently found to be
competitive with state-of-the-art RL algorithms on modern benchmarks (Salimans
et al., 2017).

19The Fisher is block-diagonal for general multi-variate Gaussian hyperpolicies (Sun et al.,
2009), so it admits efficient inversion even with a full covariance matrix (Miyamae et al., 2010).
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3.12.3 Policy optimization as inference

The Expectation Maximization (EM) approach to policy optimization is to formulate
PO as a latent-variable inference problem. In the episodic setting, the latent variable
is the trajectory τ „ pθ, where θ are the policy parameters. The observed variable
is the return Rpτq associated to the trajectory. Even in the case of deterministic
rewards, a return probability can be artificially defined through a transformation
such as ppR|τq9Rpτq ´min

rτ Rprτq or ppR|τq9 exppβRpτqq for some β ą 0, so that
higher returns are mapped into higher likelihoods. The goal is then to maximize
the log-likelihood of the return:

max
θ

log pθpRq “ log
ż

pθpR, τqdτ. (3.120)

The idea of EM (Moon, 1996) is to introduce an auxiliary variational distribution
qpτq that allows to rewrite (3.120) as:

max
θ

E
τ„q

rlog pθpR, τqs `KLpq}pθpτ |Rqq. (3.121)

The algorithm alternates two steps. The expectation step consists in minimiz-
ing the KL divergence w.r.t. q. The maximization step consists in maximizing
Eτ„q rlog pθpR, τqs w.r.t. θ. Convergence to a local maximum of log pθpRq is guar-
anteed. The Monte Carlo version of (3.121) is just a weighted maximum likelihood
estimation problem (Vlassis and Toussaint, 2009):

θk`1 “ arg max
θ

N
ÿ

i“1
ppR|τiq log pθpτiq, (3.122)

where the trajectories τ1, . . . , τN are independently sampled using the current policy
parameters θk.

The Reward Weighted Regression (RWR) algorithm (Peters and Schaal, 2007;
Kober and Peters, 2008) uses a linear policy, which turns (3.122) into a weighted
linear regression problem. The PoWER algorithm (Policy Learning by Weighting
Exploration with Returns, Kober and Peters, 2008) is a refinement of RWR that
employs state-dependent exploration.

An alternative approach consists in explicitly parametrizing the variational
distribution. This variational inference approach to PO (Neumann, 2011) allows
to prevent mode collapse, but is more computationally heavy than Monte Carlo
methods.

Overall, the main advantage of EM algorithms with respect to policy gradients
is that the former do not require to select a step size.

3.12.4 Relative Entropy Policy Search

The idea of Relative Entropy Policy Search (REPS) (Peters et al., 2010; Daniel
et al., 2016) is to formulate the policy optimization problem directly in the space of
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state-action occupancy distributions::

νk`1 “ arg max
ν

ż

S

ż

A
νps, aqrps, aqdsda

subject to KLpν|νkq ď ε, (3.123)

with the addition of simplex constraints to ensure νk`1 is a proper probability
distribution. The KL constraint ensures that the new solution does not differ too
much from the previous one,20 the same idea of NPG and trust region methods
(Sections 3.6, 3.8). This is a convex problem, which has led some to study it in
abstract terms (Zimin and Neu, 2013). The next step towards a practical solution
is to reformulate (3.123) in terms of policies:

πk`1 “ arg max
π

ż

S

ż

A
dπpsqπpa|sqrps, aqdsda

subject to KLpdππ|νkq ď ε, (3.124)

where additional constraints are required to ensure dπ is a plausible state-occupancy
measure. The problem still admits a closed form solution, which can be obtained
with the method of Lagrangian multipliers:

πk`1pa|sq 9 νkps, aq exp
ˆ

rps, aq ´ b

η

˙

, (3.125)

where b and η depend on Lagrange multipliers and can be found by approximately
optimizing the dual function. We omit the precise expression here, but b can
intuitively regarded as a baseline and η as a temperature coefficient. Like EM-based
approaches, REPS does not require to explicitly set a step size. Moreover, it does
not require to restrict the policy space to a parametric class in principle.

In practice, we still need a parametric policy πθ for continuous-action domains.
This can be obtained by regressing (3.125) on policy parameters θ, which once
again results in a weighted maximum likelihood problem.

3.13 Applications

We conclude our exposition of policy optimization with a brief overview of its
applications.

Simulated control benchmarks The most common benchmarks for PO algo-
rithms are simulated continuous control tasks that can be found in the gym library21
by OpenAI (Brockman et al., 2016) or in the rllab library (Duan et al., 2016). We
employ some of these in our empirical evaluations (see Appendix C for detailed task

20The order of the arguments of the KL divergence is important: in this way, the new distribution
cannot assign much probability to state-action pairs that were not witnessed by the previous one,
which can be seen as a safety measure.

21https://gym.openai.com/
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specifications). The most challenging continuous problems are robot locomotion
tasks based on the MuJoCo simulator (Todorov et al., 2012).22 The realism and
actual difficulty of these tasks have been questioned several times (e.g., Recht, 2018).

Videogames Policy gradient algorithms with deep neural policies (e.g., Espeholt
et al., 2018) were successfully applied to the Arcade Learning Environment (Belle-
mare et al., 2013), a suite of over fifty Atari 2600 games which is the common
testbed of value-based deep reinforcement learning algorithms (Section 2.8.2). On a
much larger scale, PPO was used to beat the world champions of Dota 2, a MOBA
(Multiplayer Online Battle Arena) videogame (Berner et al., 2019). In both cases,
the agent had only access to the same information as human players, in the form of
visual input.

Robotics Policy optimization was also applied to the control of physical robots.
The first applications relied on a significant amount of feature engineering (e.g.,
motor primitives, Peters and Schaal, 2008b). Deisenroth et al. (2013) provides a
survey of robotic applications of policy search. A good example is the table-tennis
robot by Mülling et al. (2013), which also relies on human demonstrations as a
starting point.

More recently, the combination of novel algorithms such as PPO with deep
neural policies and increased computational power allowed to train physical robots
on raw inputs. Büchler et al. (e.g., 2020) trained a robot arm to play table tennis
from scratch. PPO was also used to learn policies for dexterous hand manipula-
tion (Andrychowicz et al., 2020; OpenAI et al., 2019) which can be transfered from a
simulated environment to a real robot hand. By also using animal demonstrations as
a starting point, Peng et al. (2020a) were able to teach several skills to a quadruped
robot.

Other applications Policy gradient algorithms were also applied to autonomous
driving (Kendall et al., 2019) and building energy management (Mason and Grijalva,
2019).

22Free alternatives are also available (e.g., Ellenberger, 2018–2019).
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Safe Reinforcement Learning 4

In this chapter, we review the main approaches to safe reinforcement learning.
Safety is a very broad concept, encompassing a wide range of practical concerns.
The purpose of this chapter is not to provide an exhaustive survey nor a coherent
taxonomy of the several existing approaches, but rather to discuss the main aspects
of the safety problem in RL that have been addressed in the literature, to better
position our own contributions. Our main focus is always on continuos-control
tasks and policy optimization methods, although safe RL approaches are often
general enough to be adapted to multiple application domains and algorithmic
frameworks. See (García and Fernández, 2015) for a comprehensive survey on safe
RL and (Amodei et al., 2016) for a more general one on the safety of artificial
intelligence.

The structure of this chapter is simple: after a general introduction on the
concept of risk (Section 4.1), we dedicate a section to each of the main aspects of
RL safety: agent alignment (Section 4.2), risk-averse RL (Section 4.3), constrained
MDPs (Section 4.4), Seldonian RL (Section 4.5), and constrained exploration
(Section 4.6). We conclude in Section 4.7 by discussing the perspective adopted
in this manuscript, which stems from the literature on monotonic performance
improvement (Kakade and Langford, 2002) and combines the concepts of Seldonian
RL and safe exploration. Some specific safe RL algorithms that are particularly
relevant to our own contributions will be discussed in more depth in the following
chapters.

4.1 Three Kinds of Risk

Safety is relevant to reinforcement learning whenever the actions of the agent can
have concrete consequences. The purpose of safe RL is to avoid hazards, that is, any
source of potential damage that may directly or indirectly be caused by the agent
during the learning process or after its deployment. The most striking example
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is provided by applications of RL to physical systems, such as industrial robots
or autonomous cars, which could procure damage to themselves, other artifacts,
and, most importantly, humans. However, safety concerns may also arise when
RL agents (even software-based ones) are employed to take critical decisions, for
instance on treatments patients in healthcare (Thapa et al., 2005; Moore et al.,
2014; Zhu et al., 2020) or the management of critical infrastructures (Castelletti
et al., 2010).1. Undesirable consequences, albeit of a more recoverable nature, are
also possible in financial applications in the form o monetary losses (Moody and
Saffell, 2001).

A safe RL agent is one that limits risk, that is the chance of hazards. This
is made hard by the uncertain nature of the environment and of the learning
process itself. To better understand the challenge, risk is typically divided into two
categories (cf. García and Fernández, 2015):

1. Inherent risk is due to the intrinsic stochastic nature of the environment. This
includes events that are truly random or too complex to be predicted with
certainty, such as pedestrians crossing the road or fluctuations of the stock
market.

2. Epistemic or model risk is due to the incomplete knowledge the agent has
of the environment, which makes the consequences of its actions difficult to
predict.

To these, we add a third one that we think is particularly relevant for RL agents
and cannot be satisfactorily described by the first two:

3. Active risk, which is due to randomization over actions purposefully practiced
by the agent, typically as an exploration technique.

We have introduced this third kind of risk because, differently from inherent risk, it
is avoidable, in the sense that the agent has direct control over its own degree of
randomness; differently from epistemic risk, it is stochastic in a frequentist sense.
Moreover, it allows to highlight a trade-off between epistemic and active risk, since
random actions are a way to explore, collect more knowledge, and reduce epistemic
risk. We further elaborate on this point in Chapter 8.

Another fundamental distinction pertains the temporal scope of safety concerns.
In some cases, for instance when an agent is trained in simulation and then deployed
in the actual environment, we only care about the safety of the final behavior.
In most real-world applications, where learning takes part partially or entirely
in a safety-critical environment, we also care about intermediate behavior. We
follow Amodei et al. (2016) in using the term Safe Exploration to broadly indicate
this latter problem of safety during the learning process. To avoid confusion, we call
constrained exploration the problem of avoiding dangerous states, which constitutes
an important special case (Section 4.6).

1Whether machine learning algorithms should be used at all in these delicate contexts is an
open ethical issue that lies beyond the scope of this manuscript. See for instance Matthias (2004)
on the responsibility gap and Bird et al. (2016) on the ethics of exploration.
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Finally, we must treat irrecoverable damage with particular care. In the classic
RL formulation, rewards are always additive. Even online-learning approaches,
which are concerned with the performance of the agent during the learning process,
allow to compensate large losses with large gains. In safety-critical settings, a
large loss may simply not be tolerable. This motivates the monotonic-improvement
approaches of Chapter 5.

In the next sections we will review the different ways in which safety can be
enforced in a RL agent.

4.2 Agent Alignment

The first safety concern in training RL agents is that the reward signal correctly
encodes the intended optimal behavior. This is a special case of the broad artificial
intelligence alignment problem, which encompasses the technical (Amodei et al.,
2016) and philosophical issues (Bostrom, 2017) of aligning machine behavior with
human desires and well-being.

Let us focus on RL agents. First, the reward designer may have overlooked
possible negative side effects that are compatible with, or even facilitate reward
maximization. Even when all possible side effects have been taken into account,
the agent may still find counterintuitive ways to maximize the received reward, for
instance by exploiting bugs in the implementation, a phenomenon known as reward
hacking (Amodei et al., 2016).

Besides careful engineering, a possible solution is to learn the reward function
itself from human demonstrations, an approach known as inverse reinforcement
learning (Ng and Russell, 2000). Alternatively, the reward signal can be replaced
or reshaped by real-time human feedback (Knox and Stone, 2009). When this is
not possible, training the agent on a set of similar tasks could help it develop a
common-sense understanding of the intended optimal behavior (Agarwal et al.,
2019).

4.3 Risk-averse Reinforcement Learning

According to the reward hypothesis (Section 2.1.4), we should be able to encode
any concept of goal, including safety concerns, into a properly engineered reward
signal. In practice, it can be difficult to formulate safety as the maximization of an
expected return, since rare events can have large hazardous consequences regardless
of their probability. Risk-averse RL approaches deal with the optimization of a
modified objective function that more naturally captures the effects of risky behavior,
typically by penalizing high-variance return distributions or conservatively focusing
on worst-case scenarios. Some possible objectives are minimum reward (Heger, 1994),
return mean-variance (Castro et al., 2012; Tamar and Mannor, 2013; Prashanth
and Ghavamzadeh, 2014, 2016), Sharpe ratio (Moody and Saffell, 2001), utility
functions (Moldovan and Abbeel, 2012a; Shen et al., 2014), Conditional Value at
Risk (Morimura et al., 2010; Tamar et al., 2017; Chow et al., 2017), and the recently
introduced mean-volatility (Bisi et al., 2020; Zhang et al., 2020b). In this framework,

71



4. Safe Reinforcement Learning

the main challenge is to recover the theoretical guarantees and practical performance
of RL algorithms originally designed for risk-neutral expected-return objectives.
Historically, risk-averse approaches have been particularly popular in financial
applications of RL (Moody and Saffell, 2001), where hazards mostly correspond to
monetary losses.

4.4 Constrained Markov Decision Processes

In some applications, especially those that may threaten the safety of humans,
hazardous behavior must be avoided at any cost. In such cases, explicitly describing
unsafe behavior can be much easier than constructing a sufficiently risk-aware
objective function. One of the most natural approaches to safe RL consists in
adding explicit constraints to the MDP problem formulation. This was recently
advocated as the standard approach by Amodei et al. (2016).

The Constrained Markov Decision Process (CMDP) formalism is the subject of
a book by Altman (1999). It is obtained by equipping an MDP with a set of cost
functions C “ tciuKi“1. Each cost function can be regarded as a separate, additional
(negated) reward signal and used to define a corresponding expected return Jcipπq
for each policy π. The set of feasible policies is defined as:

ΠC “
 

π P ∆S
A | Jcipπq ď 0 for i “ 1, . . . ,K

(

. (4.1)

For instance, if fpπq measured the power consumption of a robot implementing
policy π, a cost function c1pπq “ fpπq ´ d could be used to exclude policies having
a power consumption higher than some threshold d. The objective is to find the
feasible policy maximizing expected return w.r.t. the original reward signal:

max
πPΠC

Jpπq. (4.2)

The main approach to CMDPs is that of Lagrange multipliers, which reformulates
the constrained problem as an unconstrained one with additional parameters (dual
variables or multipliers). Introduced by Altman (1998) in the context of dynamic
programming, it was first applied to policy optimization by Borkar (2005). The latter
proposed an actor-critic algorithm that optimizes the Lagrangian while learning
the multipliers via gradient descent on a lower time scale. See Bhatnagar and
Lakshmanan (2012) and Tessler et al. (2019) for more recent improvements.

Lagrangian methods only guarantee the feasibility of the final policy, hence
additional care is required to achieve safe exploration. Efroni et al. (2020a) study
the exploration-exploitation dilemma in CMDPs, proposing an algorithm that
optimistically updates both primal and dual variables. On the more practical
side, Achiam et al. (2017) adopt a trust-region approach (Section 3.8) that also
enforces the constraints during the learning process. Their CPO (Constrained
Policy Optimization) algorithm is an extension of TRPO to the CMDP framework.
Albeit CPO arguably represents the most practical and general RL algorithm for
high-dimensional continuous control tasks with constraints, it shares with TRPO
the concerns about the many approximations necessary for efficient implementation,
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which make us question its validity as a safe algorithm. Indeed, approximations seem
to sometimes invalidate safe exploration in practice, as suggested by the empirical
evaluation by Amodei et al. (2016). This, if anything, serves as a reminder that
the CMDP formalism is a powerful tool to define unsafe behavior, but avoiding it
during the learning process requires careful algorithm design.

Another approach to CMDPs tries to translate the global constraints into local
ones that can be more easily enforced (also during training). This can be done by
introducing stricter, step-wise constraints, leading to conservative algorithms (Gábor
et al., 1998; Chamie et al., 2016). More recently, Chow et al. (2018) proposed an
approach based on Lyapunov functions, a powerful tool from control theory that
can be used to translate global properties of a dynamical system into local ones.
The main challenge here is to generate a Lyapunov function for the given MDP, for
which Chow et al. (2018) provide a linear program. The Lyapunov function can
then be used to turn RL algorithms into their safe counterpart with little effort.
Applied to policy gradient algorithms, this approach is competitive with CPO on
continuous control benchmarks (Chow et al., 2019).

4.5 Seldonian Reinforcement Learning

Let us now focus on the policy optimization problem:

max
πPΘ

Jpθq, (4.3)

where Θ is the set of candidate policy parameters and J : Θ Ñ R is the usual
performance measure, or expected return. Let f denote a PO algorithm, D the
data it collects and fpDq P Θ the resulting output, that is an approximate solution
to (4.3). The CMDP formulation acts on the set of policies, restricting it via explicit
constraints. Both risk-averse RL and agent alignment modify the performance
measure: the first to encode risk aversion in the objective function, the second to
ensure it is aligned with the needs of the user.

The Seldonian machine learning framework (Thomas et al., 2019) acts on a
different, or complementary level, shifting the focus from the problem definition
to the learning algorithm itself. Safety is encoded through a desirability function
g : Θ Ñ R which acts directly on the output fpDq of the algorithm.2 A safety
condition in the Seldonian sense is then:

P pgpfpDqq ě 0q ě 1´ δ, (4.4)

where the probability in the left-hand side is over possible datasets and the stochas-
ticity of the algorithm itself, and δ is some acceptable failure probability. This shifts
the responsibility of safe behavior from the user (or the person responsible of defining
J and Θ for a specific problem) to the designer of the general-purpose learning
algorithm. This framework is very general and can be also applied to supervised
learning problems, where Θ is a set of feasible solutions and J an objective function.

2The general formulation by Thomas et al. (2019) admits multiple desirability functions, each
with a corresponding failure probability. We consider a single function for simplicity of exposition.
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For instance, if D is a dataset of images and f a classification problem, J could
measure the fraction of correctly classified instances, while g could encode some
notion of fairness (e.g., Hardt et al., 2016).

4.5.1 Offline Seldonian RL
Early examples of Seldonian algorithms can be found in batch (or offline) RL, where
the agent cannot interact with the environment and has only access to a dataset D
of trajectories (or transitions). In this setting, the problem of safety w.r.t. a baseline
consists in never (with high probability) producing policies whose expected return
is under a user-defined threshold J0 P R. Depending on the task and on how the
reward signal is defined, such a low performance may correspond to unsafe behavior
or just deemed unacceptable by the user. Often J0 corresponds to the performance
of a baseline policy π0, i.e., J0 “ Jpπ0q. In the Seldonian formulation, the desirability
function is gpπq “ Jpπq ´ J0. The High Confidence Policy Improvement algorithm
by Thomas et al. (2015b,a) guarantees this form of safety by identifying good
candidate policies with high predicted performance, but only returning them if
they pass a statistical test based on importance-weighted performance estimates.
This approach requires knowledge of the behavioral policies that generated the
trajectories in D. Ghavamzadeh et al. (2016) adopt a robust model-based approach,
where the performance of candidate policies is evaluated on the worst possible
model of the environment that is compatible with the available data. Laroche
et al. (2019) introduce the idea of baseline bootstrapping: the produced policy is
just a return-maximizing one (obtained with a batch RL algorithm such as Fitted
Q-Iteration (Ernst et al., 2005)), but it is replaced by the baseline policy π0 in all
state-action pairs for which the available data are not enough to guarantee safe
behavior with sufficient probability. Here it is assumed that the data in D have
been collected with π0. A soft variant is also possible where the output policy can
disagree with the baseline on all state-action pairs, but only proportionally to the
corresponding uncertainty (Nadjahi et al., 2019). See also Simão and Spaan (2019)
for an extension to factored environments.

4.5.2 Online Seldonian RL
Online RL algorithms produce sequences of policies, each of which interacts with
the environment, hence should meet safety requirements. From the Seldonian
perspective, we are facing a sequence of safety conditions like (4.4). In particular,
the natural online extension of safety w.r.t. a baseline is monotonic improvement,
which requires each new policy to be at least as good as the previous one (or not
significantly worse). Importantly, Garcelon et al. (2020) show that this kind of
constraint does not prevent efficient exploration in principle.

Consider the sequence of policies π1, π2, . . . generated by an on-policy RL
algorithm. Each new solution πk`1 is obtained from data collected with the
previous policy πk, which represents the current baseline. A desirability function
gpπk`1q “ Jpπk`1q ´ Jpπkq yields the following monotonic improvement condition:

Jpπk`1q ě Jpπkq, (4.5)
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which is required to hold with probability at least 1 ´ δ for each k “ 0, 1, 2, . . . .
This amounts to enforcing a monotonic improvement of the performance over
time, avoiding oscillating trends. This policy oscillation problem was already
known from the literature on approximate dynamic programming (Bertsekas, 2011;
Wagner, 2011). In their seminal work on CPI, Kakade and Langford (Conservative
Policy Iteration, 2002) provide the first monotonic improvement guarantee for RL
algorithms. They consider policies that are mixtures of previous policies, recursively
defined as:

πk`1pa|sq “ p1´ αqπkpa|sq ` απ`k pa|sq, (4.6)

where π`k represents an (approximate) greedy policy improvement w.r.t. πk and
α P r0, 1s is a step size. For α ă 1, Equation 4.6 is a conservative policy update since
it combines the approximately greedy solution with the current baseline πk. Kakade
and Langford (2002, Theorem 4.1) show that, for this kind of update:

Jpπk`1q ´ Jpπkq ě
α

p1´ γq E
s„d

πk
µ

a„π`
k

rAπkps, aqs ´
2α2γε

p1´ γq2p1´ αq , (4.7)

where ε “ maxsPS |Ea„π`
k
ps,aq rA

πkps, aqs |. The first term is the expected advantage
of the new policy w.r.t. the old one by neglecting the effects of the update on the
state distribution, and should be positive if the greedy policy is properly estimated.
The negative part is a worst-case penalty that accounts for the aforementioned
distributional mismatch. The purpose of the conservative update (4.6) is precisely
to control the penalty by not fully trusting the promised advantage of the greedy
policy. In fact, the step size α can be selected to guarantee monotonic performance
improvement (Kakade and Langford, 2002, Corollary 4.2). A heuristic version of
CPI for deep neural policies has been proposed by Vieillard et al. (2020).

Pirotta et al. (2013b, Theorem 3.5, Corollary 3.6) provide a more general
performance improvement bound that holds for any pair of stationary policies π
and π1:

Jpπ1q ´ Jpπq ě
1

p1´ γq E
s„dπµ
a„π1

rAπps, aqs ´
γrε

2p1´ γq2
›

›π1 ´ π
›

›

8
(4.8)

ě
1

p1´ γq E
s„dπµ
a„π1

rAπps, aqs ´
γ }Qπ}8
2p1´ γq2

›

›π1 ´ π
›

›

2
8
, (4.9)

where rε “ sups,s1PS |Ea„π1p¨|s1q rAπps1, aqs´Ea„π1p¨|sq rAπps, aqs |. Besides leading to
tighter monotonic improvement guarantees for the conservative update (4.6), this
bound characterizes the pessimistic penalty for a generic policy update in terms of
the dissimilarity of the two policies (measured by the supremum norm in this case).

For stochastic policies, Schulman et al. (2015a, Theorem 1) independently prove
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the following bound:

Jpπ1q ´ Jpπq ě
1

p1´ γq E
s„dπµ
a„π1

rAπps, aqs ´
4γ }Aπ}8
p1´ γq2

ˆ

sup
sPS

T Vpπp¨|sq, π1p¨|sqq
˙2

.

(4.10)

where T Vpp, qq “ 1
2 }p´ q}1 denotes the total variation distance of probability

measures p, q. A similar bound could be obtained from (4.9) by upper-bounding the
supremum norm }π1 ´ π}8 with
supsPS }π

1p¨|sq ´ πp¨|sq}1 “ 2 supsPS T Vpπp¨|sq, π1p¨|sqq:

Jpπ1q ´ Jpπq ě
1

p1´ γq E
s„dπµ
a„π1

rAπps, aqs ´
2γ }Qπ}8
p1´ γq2

ˆ

sup
sPS

T Vpπp¨|sq, π1p¨|sqq
˙2

.

(4.11)

An alternative bound where the total variation is not squared could be similarly
obtained from (4.8):

Jpπ1q ´ Jpπq ě
1

p1´ γq E
s„dπµ
a„π1

rAπps, aqs ´
2γε

p1´ γq2 sup
sPS

T Vpπp¨|sq, π1p¨|sqq, (4.12)

where ε “ supsPS |Ea„π1p¨|sq rAπps, aqs |. Achiam et al. (2017) provide a tighter
version of the latter:

Jpπ1q ´ Jpπq ě
1

p1´ γq E
s„dπµ
a„π1

rAπps, aqs ´
2γε

p1´ γq2 E
s„dπµ

“

T Vpπp¨|sq, π1p¨|sqq
‰

,

(4.13)

where the supremum over states on the total variation is replaced by an expectation.
Both Schulman et al. (2015a) and Achiam et al. (2017) suggest to upper bound

the total variation with the KL divergence for practical purposes. This, applied to
policy gradient updates of parametric policies, was the original motivation of the
TRPO algorithm, and its CMDP extension CPO. We have already discussed the
questionable safety of these methods in Sections 3.8 and 4.4. Previously, Pirotta et al.
(2013a) had already adapted (4.9) to the special case of shallow Gaussian policies,
deriving a policy gradient algorithm with monotonic improvement guarantees. We
discuss these and derived safe policy gradient methods in more depth in Chapter 5.

An alternative approach is that by Cohen et al. (2018), who propose a variant of
high confidence policy improvement (Thomas et al., 2015a) that repeatedly updates
a whole set of behavioral policies. Enforcing diversity of these policies is a form
of efficient exploration that is compatible with the safety constraint. Cohen et al.
(2019) apply this approach to policy gradients.

4.6 Constrained Exploration

Within artificial intelligence safety, a peculiar challenge of RL agents is to collect the
data necessary for learning in a safe way. This problem is not naturally captured by
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the Seldonian machine learning framework (4.4), which considers a fixed dataset D.
In Section 4.5.2, we have extended it to consider a sequence of interactions. However,
in off-policy online RL, the data-collecting (behavioral) policy could be different
from the output of the learning algorithm (the target policy), which is at the same
time a challenge and an opportunity for safe behavior. An important branch of
safe RL deals with the problem of explicitly avoiding unsafe states (or state-action
combinations) during the learning process. In this framework, safe exploration is
the problem of collecting the data necessary for learning while avoiding the unsafe
states. As mentioned, the wording safe exploration is often used in a narrower sense
to denote precisely this problem (Pecka and Svoboda, 2014). We use constrained
exploration to avoid confusion, since we intend safe exploration as the more general
problem of avoiding hazards during the learning process.

Let us first see how the safe RL approaches presented in the previous sections
can be applied to constrained exploration. When the behavioral policy used to
interact with the environment coincides with the target policy optimized by the
learning algorithm (or is a slightly modified version, as in DDPG), we can encode
the unsafety of some states in the form of large negative rewards. This allows to
use a standard RL algorithm, the main disadvantage being that the agent must
first discover unsafe states by visiting them, which could lead to early termination
in some applications. With some additional prior knowledge on the task, we
could construct an appropriate safety function, to be employed by a Seldonian RL
algorithm, penalizing policies that may lead to unsafe states. Similarly, the CMDP
formalism can be adapted to constrained exploration by making the constraints
state-wise instead of trajectory wise. The latter is the approach adopted by Dalal
et al. (2018), who add a constraint-enforcing safety layer to parametric policies
learned via policy gradient.

However, we can gain more control on the safety of our agent by explicitly
designing a safe exploration process. The approach by Hans et al. (2008) is based
on two components: a safety function that measures the degree of safety of a state,
and a backup policy that can always lead the agent back to a safe state. Both may
be unknown in practice. Some works bypass this problem using human intervention,
either by integrating RL with human demonstrations (e.g., Abbeel et al., 2010),
letting the agent explicitly ask for advice to a human teacher while it explores (e.g.,
Clouse, 1997), or having the teacher intervene whenever it thinks the agent is in
danger (e.g., Clouse and Utgoff, 1992). See García and Fernández (2015) for a
survey, and Plisnier et al. (2018, 2019) for recent safe policy gradients algorithms
leveraging human advice.

In many other applications, the agent can only rely on a small amount of prior
knowledge and must learn the safety function from very same data it is trying
to safely collect. Turchetta et al. (2016, 2019) devise a way, based on Gaussian
processes, to learn the safety function from experience data without ever visiting
unsafe states (with high probability). Starting from an initial set of knowingly
safe states and a Gaussian-process prior on the safety function, their SafeMDP
algorithm gradually expands the safe set with states that are predicted to be safe,

77



4. Safe Reinforcement Learning

concurrently improving the safety function estimate with new data.3
The concept of ergodicity is fundamental for constrained exploration. Informally,

an MDP is ergodic if every state can be eventually reached from any other state by
following an appropriate policy. Without this property, the agent could get stuck
in traps: regions of the state space from which it is impossible to escape and that
may inexorably lead to unsafe situations. Unfortunately, most real problems are
not ergodic. Moldovan and Abbeel (2012b) propose to restrict the set of feasible
policies to those that preserve ergodicity with high probability, and formalize this
problem as a CMDP. The SafeMDP agent by Turchetta et al. (2016) can also
preserve ergodicity by avoiding states where no safe action is available. A similar
approach, based on Lyapunov functions, is used by Berkenkamp et al. (2017) to
guarantee stability of the controlled system, and is successfully applied to the safe
control of quadcopters (Berkenkamp et al., 2016).

We refer the reader to the dissertation by Berkenkamp (2019) for a recent
overview of constrained exploration, including applications to robotics.

4.7 Our Perspective on Safe Reinforcement Learning

Our brief review of safe RL approaches should have reinforced the idea that safety
is a complex and multi-faceted problem. Contrarily to Amodei et al. (2016), we do
not advocate for a specific solution concept. Agent alignment and risk-aversion help
define meaningful objectives; the CMDP formulation allows to easily exclude unsafe
policies; Seldonian machine learning can be used to ensure that learned policies
meet the safety requirements; and constrained exploration guarantees that data are
collected in a safe way.4 Hence, we believe all of these perspective should play a
role in the design of truly safe learning agents for real-world applications.

However, this dissertation deals with a particular aspect of safety and with a
specific class of learning algorithms. First, we are interested in the behavior of
agents during the learning process, which places our work within the scope of the
safe exploration problem, broadly intended. Second, we adopt the Seldonian RL
approach, and focus on how the uncertain nature of the learning process itself can
produce undesired behavior. To decouple this problem from the one of defining
safe behavior, we assume that safety requirements can be encoded in the standard
expected-return objective with no additional costs or constraints. This is the
same approach adopted in the works on safety w.r.t. a baseline and on monotonic
performance improvement presented in Section 4.5. The underlying assumption
may be too strong for most real-world applications. However, it facilitates the study
of safe policy optimization from a theoretical perspective. We think this allows to
tackle some fundamental issues of learning in the real world and can lead to valuable
insights and techniques that can be later integrated with other, complementary
safety measures (e.g., Bisi et al., 2020).

3The ability of Gaussian Processes to model their own uncertainty plays a fundamental role in
making well-informed predictions on the safety of unknown states. The agent starts very cautious
and becomes more confident as it collects more data.

4Some works already try to combine the different approaches. For instance, in (Bisi et al.,
2020) we study monotonic improvement of a risk-averse objective.
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Third, we restrict our attention to policy gradient algorithms. These are the
most promising RL approaches for real-world control tasks, which are also the most
affected by safety concerns. The policy-based approach also allows to restrict the set
of feasible policies without affecting the learning algorithm, which is a convenient
way to exploit prior domain knowledge to rule out some unsafe behaviors from the
start.

The original contributions we present in the next chapters are all concerned
with ensuring safety in the sense that we have delineated here. Chapters 5 and 8
are specifically on monotonic improvement guarantees for policy gradient methods,
the latter also addressing safe adaptive stochasticity, a particular aspect of safe
exploration that arises when the agent has control of the amount of dithering (random
action perturbation). The other contributions deal with the tension between safety
and efficiency. In Chapter 6, we study the risks associated with re-using data
multiple times for the sake of efficiency. In Chapter 7, we study the convergence
properties of policy gradient algorithms with a focus on sample complexity.
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In this chapter, we present our approach to policy optimization with monotonic im-
provement guarantees. Our theoretical and algorithmic contributions are specifically
taylored to policy gradient algorithms. The approach is similar to (Pirotta et al.,
2013a) and (Papini et al., 2017), but is not limited to Gaussian policies. Compared
to more general works on monotonic improvement (Schulman et al., 2015a), our
approach allows to design safe algorithms that can actually be executed without
compromises even in the continuous MDP setting.

We start by formally defining the monotonic improvement problem and its basic
assumptions in Section 5.1. In Section 5.2, we introduce smoothing policies, a family
of stochastic policies with favorable properties for policy optimization that includes
commonly used policy classes. In Section 5.3, we show that the performance of
smoothing policies is a smooth function of the policy parameters. This property
sets the stage for monotonic improvement theory, but will also prove useful for
convergence guarantees in Chapter 7. In Section 5.4, we show how adaptively
selecting the step size of an actor-only policy gradient algorithm is enough to
guarantee monotonic improvement. When policy gradients need to be estimated
from data, the batch size also plays a fundamental role (Papini et al., 2017). After
characterizing the variance of policy gradient estimators in Section 5.5, we propose an
adaptive schedule for the batch size that guarantees monotonic improvement under
constant step size. We call this algorithm Safe Policy Gradient (SPG), presented
in Section 5.6. In Section 5.7, we compare our theoretical results on monotonic
improvement with related ones from the literature. Besides the theoretical interest,
our approach can be over-conservative in practice due to worst-case assumptions. In
Section 5.8, we propose a slightly heuristic variant of SPG, named Semi-Safe Policy
Gradient (SSPG), which relies on a Gaussianity assumption to actively measure the
gradient estimation error. In Section 5.9, we provide an empirical evaluation of the
proposed algorithms. Finally, we discuss the theory-practice gap in Section 5.10.

This chapter is based on ongoing work on safe policy gradients of which a
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preprint (Papini et al., 2019b) is available.

5.1 Problem Definition

Given an MDP M “ xS,A, p, r, γ, µy and a parametric policy class ΠΘ “ tπθ P ∆S
A |

θ P Θ Ď Rdu, we want to design a policy optimization algorithm that guarantees:

Jpθk`1q ´ Jpθkq ě 0, (5.1)

for each iteration k ě 0, where θ0 are the initial policy parameters and the
algorithm selects θk`1 based on data collected with πθk via direct interaction with
the environment. As discussed in Section 4.5, this Monotonic Improvement (MI)
property ensures safe behavior provided the reward function encodes all sources of
risk and the initial policy is safe by design. As we will see, this is a rather strict
requirement. A first relaxation is to require that (5.1) holds with high probability:

P pJpθk`1q ´ Jpθkq ě 0 | θkq ě 1´ δ, (5.2)

for some small failure probability δ ą 0.1 Further relaxations are discussed in
Section 3.12.

In the following sections, we will construct a policy gradient algorithm that
guarantees (5.2). We will obtain it as a variant of Actor-only PG (Algorithm 2) by
a conservative, adaptive choice of two fundamental meta-parameters:

˛ The step size α of the parameter updates, which controls how long a step
we make in the direction of the policy gradient. Long steps are risky given
the local nature of the first-order update, which ignores the curvature of the
objective function. To this, we must add the fact that the actual direction
used to update the policy parameters is just a noisy estimate of the true
gradient. On the other hand, a larger step size can yield faster convergence to
an optimum.

˛ The batch size N , that is the number of trajectories used to estimate the policy
gradient at each iteration. A larger N yields a more accurate estimation, at
the cost of interacting with the environment for a larger number of episodes
per policy update.

The two meta-parameters have a strong relationship: a larger batch size yields a
more reliable gradient direction, allowing a larger step size. For this reason, we will
select them jointly. Moreover, given the first-order and stochastic nature of the
gradient update, their effect strongly depends on the local properties of θk and the
data Dk collected with πθk . For this reason, we will make both a function of the
most recent policy parameters and collected trajectories. Finally, the both engage a

1The probability in (5.2) is over θk`1, which is a random variable since it is computed from
data sampled with πθk . More rigorously, the probability should be conditioned on a filtration
representing all randomness prior to the k-th iteration.
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trade-off between safety and learning speed. To fully account for this, we will select
αk and Nk as to maximize the following objective (Papini et al., 2017):

αk, Nk “ arg max
αě0,NPN

Υpα,N ;θk,Dkq “
Jpθk`1q ´ Jpθkq

Nk
, (5.3)

where θk`1 “ θk ` αk p∇Jpθk; Dkq. Intuitively, Υ is the average performance
improvement per collected trajectory. Note that Υ ě 0 implies MI. Since computing
Υ in a reliable way is typically not feasible, we resort to maximizing a lower bound
Bδ such that:

Υpα,N ;θk,Dkq ě
Bδpα,N ;θk,Dkq

Nk
w.p. at least 1´ δ. (5.4)

This is a conservative approach since a non-negative value of Bδ still implies (5.2).
We would like our MI guarantee to hold for the most general class of MDPs

and policies. If we restrict our attention to stochastic policies (like Schulman et al.,
2015a), we only need a boundedness assumption on the reward:

Assumption 5.1 The reward function r is uniformly bounded, in absolute value,
as }r}8 ď Rmax ă 8,

and no regularity assumptions on the transition kernel. That is, we can still guarantee
monotonic improvement in environments with very irregular, even discontinuous
rewards and transitions. That is due to the smoothing effect of stochastic policies,
which is better characterized in the next section. Under Assumption 5.1, the value
functions are uniformly bounded for any policy π as follows:

}V π}8 ď }Q
π}8 ď

Rmax

1´ γ , (5.5)

where the first inequality follows from V πpsq “ Ea„πp¨|sq rQπps, aqs and the second
one from Qπps, aq “ Eπ

“
ř8

t“0 γ
trpst, atq|s0 “ s, a0 “ a

‰

and Holder’s inequality.

5.2 Smoothing Policies

We introduce a family of parametric stochastic policies having properties that we
deem desirable for policy-gradient learning. Besides the MI guarantees that are the
focus of this chapter, they are also the natural subjects of the kind of convergence
analysis presented in Chapter 7. We call them smoothing, as they induce the
smoothness of the performance regardless of the environment’s regularity:

Definition 5.2.1 Let ΠΘ “ tπθ | θ P Θ Ď Rmu be a class of twice-differentiable
parametric policies. We call it smoothing if the parameter space Θ is convex
and there exist non-negative constants ξ1, ξ2, ξ3 such that, for every state and in
expectation over actions, the euclidean norm of the score function:

sup
sPS

Ea„πθp¨|sq
”

}∇ log πθpa|sq}
ı

ď ξ1, (5.6)
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the squared euclidean norm of the score function:

sup
sPS

Ea„πθp¨|sq
”

}∇ log πθpa|sq}2
ı

ď ξ2, (5.7)

and the spectral norm of the observed information:

sup
sPS

Ea„πθp¨|sq
”

›

›∇2 log πθpa|sq
›

›

ı

ď ξ3, (5.8)

are upper-bounded for all θ P Θ.

Note that the definition requires the bounding constants ξ1, ξ2, ξ3 to be inde-
pendent from the policy parameters and the state. For this reason, the existence
of such constants depends on the policy parametrization. We call a policy class
pξ1, ξ2, ξ3q-smoothing when we want to specify the bounding constants.

We now show that the most commonly used policy classes, the Gaussian for
continuous actions and the Softmax for finite actions, are smoothing, and compute
their smoothing constants (later summarized in Table 5.1). We also provide an
example of non-smoothing stochastic policy, which raises a concern about adaptive
exploration.

5.2.1 Gaussian policies

Let ΠΘ be the family of scalar-action, shallow Gaussian policies defined in Sec-
tion 3.3.4, with Θ Ď Rd. Assume that the policy standard deviation σ is fixed and
that the feature function φ is bounded in euclidean norm, i.e., supsPS }φpsq} ď
φmax ă 8. Then ΠΘ is pξ1, ξ2, ξ3q-smoothing with the following constants:

ξ1 “
2φmax
?

2πσ
, ξ2 “ ξ3 “

φ2
max
σ2 . (5.9)

Proof Fix a θ P Θ. Let x ” a´θTφpsq
σ . Note that A “ R and da “ σ dx. We use

the scores and the observed information computed in Section 3.3.4, where θ ” θµ
since σ is fixed. First, we compute ξ1:

E
a„πθp¨|sq

r}∇ log πθpa|sq}s “
ż

R

1
?

2πσ
e´

x2
{2

›

›

›

›

φpsq

σ
x

›

›

›

›

σ dx

ď
φmax
?

2πσ

ż

R
e´

x2
{2|x|dx

“
2φmax
?

2πσ
:“ ξ1. (5.10)
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Then, we compute ξ2:

E
a„πθp¨|sq

”

}∇ log πθpa|sq}2
ı

“

ż

R

1
?

2πσ
e´

x2
{2

›

›

›

›

φpsq

σ
x

›

›

›

›

2
σ dx

ď
φ2

max?
2πσ2

ż

R
e´

x2
{2x2 dx

“
φ2

max
σ2 :“ ξ2. (5.11)

Finally, we compute ξ3:

E
a„πθp¨|sq

“
›

›∇2 log πθpa|sq
›

›

‰

“

ż

R

1
?

2πσ
e´

x2
{2

›

›

›

›

φpsq

σ
x

›

›

›

›

2
σ dx

ď
φ2

max?
2πσ2

ż

R
e´

x2
{2x2 dx

“
φ2

max
σ2 :“ ξ3. (5.12)

From (5.9), we can see that Gaussian policies are no longer smoothing if we
let the standard deviation σ be a function of policy parameters. Indeed, all the
smoothing constants tend to infinity as σ tends to zero. This is expected, since
only stochastic policies can be smoothing. A simple workaround is to enforce a
lower bound on σθ. However, we would like to converge to deterministic policies
in practice. We discuss safe ways to learn the policy variance in Chapter 8, in the
context of safe exploration.

5.2.2 Softmax policies

Let ΠΘ be the class of linear Softmax policies2 described in Section 3.3.3. Assume
that the feature function φ is bounded in euclidean norm, i.e., supsPS,aPA }φps, aq} ď
φmax ă 8. Then, ΠΘ is (ξ1, ξ2, ξ3)-smoothing with the following constants:

ξ1 “
2φmax

τ
, ξ2 “

4φ2
max
τ2 , ξ3 “

2φ2
max
τ2 , (5.13)

where τ ą 0 is the fixed temperature.
Proof In this case, we can simply bound }∇ log πθpa|sq} and

›

›∇2 log πθpa|sq
›

›

uniformly over states and actions. The smoothing conditions follow trivially. We use
the expressions for the score and the observed information computed in Section 3.3.3.

2Extending the guarantees from (Papini et al., 2017) to Softmax policies was the original
motivation that led to the general formulation we present in this chapter.
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First, we compute ξ1 and ξ2:

}∇ log πθpa|sq} ď
1
τ

ˆ

}φps, aq} `

›

›

›

›

E
a1„πθp¨|sq

“

φps, a1q
‰

›

›

›

›

˙

ď
2φmax

τ
, (5.14)

hence supsPS Ea„πθ r}∇ log πθpa|sq}s ď
2φmax
τ

:“ ξ1 and
supsPS Ea„πθ

”

}∇ log πθpa|sq}2
ı

ď
4φ2

max
τ2 :“ ξ2.

Then, we compute ξ3:

›

›∇2 log πθpa|sq
›

› ď
1
τ2 E

a1„πθp¨|sq

«
›

›

›

›

›

φps, a1q

ˆ

E
a2„πθp¨|sq

“

φps, a2q
‰

´ φps, a1q

˙T
›

›

›

›

›

ff

ď
1
τ2 E

a1„πθp¨|sq

„

›

›φps, a1q
›

›

›

›

›

›

E
a2„πθp¨|sq

“

φps, a2q ´ φps, a1q
‰

›

›

›

›



ď
1
τ2 E

a1„πθp¨|sq

„

›

›φps, a1q
›

› E
a2„πθp¨|sq

“
›

›φps, a2q
›

› `
›

›φps, a1q
›

›

‰



ď
2φ2

max
τ2 , (5.15)

hence supsPS Ea„πθ
“›

›∇2 log πθpa|sq
›

›

‰

ď
2φ2

max
τ2 :“ ξ3.

Note the similarity with the Gaussian constants from (5.9). The temperature
parameter τ plays a similar role to the standard deviation σ. However, as mentioned,
we do not loose any generality by setting τ to a fixed value.

5.3 Smooth Policy Optimization

In this section we show that, for smoothing policies, the objective of the policy
optimization problem is indeed a smooth function of policy parameters, that is:

›

›∇Jpθ1q ´∇Jpθq
›

› ď L
›

›θ1 ´ θ
›

› , (5.16)

for every θ,θ1 P Θ, where L ą 0 is a finite constant. In particular, when (5.16)
holds, we say Jpθq is L-smooth. Equivalently, the policy gradient is L-Lipschitz
continuous under the Euclidean metric. This property of the objective function
is often assumed in non-convex optimization, and will play an important role in
establishing convergence rates in Chapter 7.

We prove this key result by showing that the policy Hessian ∇2Jpθq for a
smoothing policy has bounded spectral norm. First, we write the policy Hessian for
a general parametric policy in the following convenient form:
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Lemma 5.1 (Kakade, 2001b, equation 6) Given a twice-differentiable parametric
policy πθ, the policy Hessian is:

∇2Jpθq “
1

1´ γ E
s„dθ

a„πθp¨|sq

”

∇ log πθpa|sq∇TQθps, aq `∇Qθps, aq∇T log πθpa|sq

`
`

∇ log πθpa|sq∇T log πθpa|sq `∇2 log πθpa|sq
˘

Qθps, aq
ı

.

Proof The first derivation was provided in (Kakade, 2001b), we restate it for the
sake of clarity. We first compute the Hessian of the state-value function:

∇2V θpsq “ ∇2
ż

A
πθpa|sqQ

θps, aqda

“ ∇
ż

A
πθpa|sq

“

∇T log πθpa|sqQθps, aq `∇TQθps, aq
‰

da (5.17)

“

ż

A
πθpa|sq

“

∇2 log πθpa|sqQθps, aq `∇ log πθpa|sq∇TQθps, aq

`∇Qθps, aq∇T log πθpa|sq `∇2Qθps, aq
‰

da (5.18)

“

ż

A
πθpa|sq

„

∇2 log πθpa|sqQθps, aq `∇ log πθpa|sq∇TQθps, aq

`∇Qθps, aq∇T log πθpa|sq

`∇2
ˆ

rps, aq ` γ

ż

S
pps1|s, aqV θps1qds1

˙

da (5.19)

“

ż

A
πθpa|sq

“

∇2 log πθpa|sqQθps, aq `∇ log πθpa|sq∇TQθps, aq

`∇Qθps, aq∇T log πθpa|sq
‰

da` γ
ż

S
pθps

1|sq∇2V θps1qds1

“ gpsq `
γ

1´ γ

ż

S
dθs ps

1qgps1qds1, (5.20)

where

gpsq “
`

∇ log πθpa|sq∇T log πθpa|sq `∇2 log πθpa|sq
˘

Qθps, aq

`∇ log πθpa|s1q∇TQθps, aq `∇Qθps, aq∇T log πθpa|sq,

(5.17) is from the log trick, (5.18) is from another application of the log trick, (5.19)
is from (2.4), and (5.20) is from Lemma 2.1 with ∇2V θps1q as the recursive term.
Computing the Hessian of the performance is then trivial:

∇2Jpθq “ ∇2
ż

S
µpsqV θpsqds “

ż

S
µpsq∇2V θpsqds, (5.21)

where the first equality is from (3.1). Combining (5.20), (5.21) and (2.15) we obtain
the statement of the lemma.
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We can now bound the policy Hessian for a smoothing policy:

Lemma 5.2 Given a pξ1, ξ2, ξ3q-smoothing policy πθ, the spectral norm of the policy
Hessian can be upper-bounded as follows:

›

›∇2Jpθq
›

› ď
Rmax

p1´ γq2

ˆ

2γξ2
1

1´ γ ` ξ2 ` ξ3
˙

.

Proof We start by bounding the gradient of the value function (see Equation 3.55)
in Euclidean norm:

}∇Vθpsq} ď E
a„πθp¨|sq

“
›

›∇ log πθpa|sqQθps, aq
›

›

‰

`
γ

1´ γ E
s1„dθs

a„πθp¨|s
1
q

“
›

›∇ log πθpa|s1qQθps1, aq
›

›

‰

ď
Rmax

1´ γ E
a„πθp¨|sq

r}∇ log πθpa|sq}s

`
γRmax

p1´ γq2 E
s1„dθp¨|sq

a„πθp¨|s
1
q

“
›

›∇ log πθpa|s1q
›

›

‰

(5.22)

ď
ξ1Rmax

p1´ γq2 , (5.23)

where (5.22) is from the Cauchy-Schwarz inequality and (5.5), and (5.22) is from
the smoothing assumption. Next, we bound the gradient of the quality function.
From (3.52):

›

›∇Qθps, aq
›

› ď γ E
s1„pp¨|s,aq

“
›

›V θpsq
›

›

‰

ď
γξ1Rmax

p1´ γq2 , (5.24)
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where (5.24) is from (5.23). Finally, from Lemma 5.1:

p1´ γq
›

›∇2Jpθq
›

› ď E
s„dθ

a„πθp¨|sq

“
›

›∇ log πθpa|sq∇TQθps, aq
›

›

‰

` E
s„dθ

a„πθp¨|sq

“
›

›∇Qθps, aq∇T log πθpa|sq
›

›

‰

` E
s„dθ

a„πθp¨|sq

“
›

›∇ log πθpa|sq∇T log πθpa|sqQθps, aq
›

›

‰

` E
s„dθ

a„πθp¨|sq

“
›

›∇2 log πθpa|sqQθps, aq
›

›

‰

(5.25)

ď 2 E
s„dθ

a„πθp¨|sq

“

}∇ log πθpa|sq}
›

›∇Qθps, aq
›

›

‰

` E
s„dθ

a„πθp¨|sq

”

}∇ log πθpa|sq}2
ˇ

ˇQθps, aq
ˇ

ˇ

ı

` E
s„dθ

a„πθp¨|sq

“›

›∇2 log πθpa|sq
›

›

ˇ

ˇQθps, aq
ˇ

ˇ

‰

(5.26)

ď
2γξ1Rmax

p1´ γq2 E
s„dθ

a„πθp¨|sq

r}∇ log πθpa|sq}s

`
Rmax

1´ γ E
s„dθ

a„πθp¨|sq

”

}∇ log πθpa|sq}2
ı

`
Rmax

1´ γ E
s„dθ

a„πθp¨|sq

“
›

›∇2 log πθpa|sq
›

›

‰

(5.27)

ď
Rmax

p1´ γq

ˆ

2γξ2
1

1´ γ ` ξ2 ` ξ3
˙

, (5.28)

where (5.25) is from Jensen inequality (all norms are convex) and the triangle
inequality, (5.26) is from

›

›xyT
›

› “ }x} }y} for any two vectors x and y, (5.27) is
from (5.5) and (5.24), and the last inequality is from the smoothing assumption.

The key result on the performance measure now follows immediately from a
well-known characterization of smooth functions (see Appendix A):

Theorem 5.1 Given a pξ1, ξ2, ξ3q-smoothing policy class ΠΘ, the performance Jpθq
is L-smooth with the following Lipschitz constant:

L “
Rmax

p1´ γq2

ˆ

2γξ2
1

1´ γ ` ξ2 ` ξ3
˙

. (5.29)

Proof From Lemma 5.2, L is a bound on the spectral norm of the policy Hessian.
From Lemma A.1, this is a valid Lipschitz constant for the policy gradient, hence
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the performance is L-smooth.

The smoothness of the performance, in turn, yields the following property on
the guaranteed performance improvement, which is the policy gradient version of a
well known quadratic bound for smooth optimization:

Theorem 5.2 Let ΠΘ be a pξ1, ξ2, ξ3q-smoothing policy class. For every θ,θ1 P Θ:

Jpθ1q ´ Jpθq ě x∆θ,∇Jpθqy ´ L

2 }∆θ}
2
,

where ∆θ “ θ1 ´ θ and L “ Rmax
p1´γq2

´

2γξ2
1

1´γ ` ξ2 ` ξ3

¯

.

Proof It suffices to apply Lemma A.2 with the Lipschitz constant from Theorem
5.1.

In the following sections, we will exploit this property of smoothing policies to
enforce safety guarantees on the policy updates performed by Algorithm 2, i.e.,
stochastic gradient ascent updates. However, Theorem 5.2 applies to any policy
update ∆θ P Rd as long as θ `∆θ P Θ.

5.4 Adaptive Step Size

From now on, we will focus on a pξ1, ξ2, ξ3q-smoothing policy class ΠΘ with Θ Ď Rd.
We first focus on the problem of selecting the best adaptive step size. In our final
algorithm, described in Section 5.6, we will optimize the step size and the batch
size jointly.

5.4.1 Exact framework
We first consider an ideal setting where we have access to a First-order Oracle (FO),
that is, we can obtain the exact policy gradient ∇Jpθq for any parameter vector
θ P Θ. This assumption is clearly not realistic, and will be removed in Section 5.6. In
this simplified framework, monotonic performance improvement can be guaranteed
deterministically, as in (5.1). Moreover, the only relevant meta-parameter is the
step size αk of the update.

We first need a computable lower bound on the performance improvement:

Theorem 5.3 Let ΠΘ be a pξ1, ξ2, ξ3q-smoothing policy class. Let θk P Θ and
θk`1 “ θk ` αk∇Jpθkq, where αk ą 0. Provided θk`1 P Θ, the performance
improvement of θk`1 w.r.t. θk can be lower-bounded as follows:

Jpθk`1q ´ Jpθkq ě α }∇Jpθkq}2 ´ α2L

2 }∇Jpθkq}
2 :“ Bpα;θkq,

where L “ Rmax
p1´γq2

´

2γξ2
1

1´γ ` ξ2 ` ξ3

¯

.
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5.4. Adaptive Step Size

Proof This is just a special case of Theorem 5.2 with ∆θ “ αk∇Jpθkq.

This bound is in the typical form of performance improvement bounds discussed
in Section 4.5.2: a positive term accounting for the anticipated advantage of θk`1
over θk, and a penalty term accounting for the mismatch between the two policies,
which makes the anticipated advantage less reliable. In our case, the mismatch is
measured by the curvature of the performance w.r.t. the policy parameters, via the
Lipschitz constant L of the policy gradient. This lower bound is quadratic in αk,
hence we can easily find the optimal step size α˚k .

Corollary 5.4 Let Bp¨;θkq be the guaranteed performance improvement of an exact
policy gradient update, as defined in Theorem 5.3. Under the same assumptions,
Bp¨;θkq is maximized for all k ě 0 by the constant step size α˚ “ 1{L, which
guarantees the following non-negative performance improvement:

Jpθk`1q ´ Jpθkq ě
}∇Jpθkq}2

2L .

Proof We just maximize Bpα;θkq, which is a quadratic function of α. The global
optimum Bpα˚;θkq “ }∇Jpθkq}2

2L is attained by α˚ “ 1
L . The improvement guarantee

follows from Theorem 5.3.

Note that in the exact framework a constant step size is enough to guarantee MI.
This is not the case when the gradient needs to be estimated from data.

5.4.2 Approximate Framework
In practice, we cannot compute the exact gradient ∇Jpθkq given the partial infor-
mation available to the agent. Instead, we assume to have access to a First-Order
Stochastic Oracle (FSO), that is, a policy gradient estimator p∇Jpθ; Dq, where D is
a dataset of N trajectories. We require it satisfies the following assumptions:

Assumption 5.2 (Unbiasedness) For all θ P Θ:

E
D„pθ

”

p∇Jpθ; Dq
ı

“ ∇Jpθq.

Assumption 5.3 (Bounded error) For every δ P p0, 1q there exists a non-negative
constant εδ such that, with probability at least 1´ δ:

›

›

›
∇Jpθq ´ p∇Jpθ; Dq

›

›

›
ď

εδ
?
N
, (5.30)

for all θ P Θ, where N “ |D|.

The first assumption is easily satisfied by the unbiased policy gradient estimators
presented in Section 3.5. The second assumption is a high-probability upper bound
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on the gradient estimation error, and is also realistic (Pirotta et al., 2013a), as we
will remark in Section 5.5.

Under these assumptions, we can adapt Theorem 5.3 to the stochastic gradient
case as follows:

Theorem 5.5 Let ΠΘ be a pξ1, ξ2, ξ3q-smoothing policy class. Let θk P Θ Ď Rd

and θk`1 “ θk`αkvk, where αk ě 0, vk “ p∇Jpθk; Dkq, Dk „ pθk , and p∇J satisfies
Assumptions 5.2 and 5.3. Let N “ |Dk| ě 1. Provided θk`1 P Θ, the performance
improvement of θk`1 w.r.t. θk can be lower bounded, with probability at least 1´ δ,
as follows:

Jpθk`1q ´ Jpθkq ě αk

ˆ

}vk} ´
εδ
?
N

˙

max
#

}vk} ,
}vk} `

εδ?
N

2

+

´
α2L

2 }vk}
2

:“ Bδpαk, N ;θk,Dkq,

(5.31)

where L “ Rmax
p1´γq2

´

2γξ2
1

1´γ ` ξ2 ` ξ3

¯

.

Proof From Assumption 5.3, with probability at least 1´ δ:

}∇Jpθkq} ě }vk} ´ }∇Jpθkq ´ vk}

ě }vk} ´
εδ
?
N
, (5.32)

thus:

}∇Jpθkq}2 ě max
"

}vk} ´
εδ
?
N
, 0
*2

. (5.33)

Then, from the law of cosines:

xvk,∇Jpθkqy “
1
2

´

}vk}
2
` }∇Jpθkq}2 ´ }∇Jpθkq ´ vk}2

¯

ě
1
2

˜

}vk}
2
`max

"

}vk} ´
εδ
?
N
, 0
*2
´
ε2δ
N

¸

(5.34)

where (5.34) is from (5.33) and Assumption 5.3. We first consider the case in which
}vk} ą

εδ?
N
:

xvk,∇Jpθkqy ě
1
2

˜

}vk}
2
`

ˆ

}vk} ´
εδ
?
N

˙2
´
ε2δ
N

¸

“

ˆ

}vk} ´
εδ
?
N

˙

}vk} .
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Then, we consider the case in which }vk} ď εδ?
N
:

xvk,∇Jpθkqy ě
1
2

ˆ

}vk}
2
´
ε2δ
N

˙

“

ˆ

}vk} ´
εδ
?
N

˙

}vk} `
εδ?
N

2 .

The two cases can be unified as follows:

xvk,∇Jpθkqy ě
ˆ

}vk} ´
εδ
?
N

˙

max
#

}vk} ,
}vk} `

εδ?
N

2

+

. (5.35)

From Theorem 5.2 with ∆θ “ αvk we obtain, with probability at least 1´ δ:

Jpθk`1q ´ Jpθkq ě xθk`1 ´ θk,∇Jpθkqy ´
L

2
›

›θ1k ´ θk
›

›

2

“ α
A

p∇NJpθkq,∇Jpθkq
E

´
α2L

2

›

›

›

p∇NJpθkq
›

›

›

2

ě α

ˆ

}vk} ´
εδ
?
N

˙

max
#

}vk} ,
}vk} `

εδ?
N

2

+

´
α2L

2

›

›

›

p∇NJpθkq
›

›

›

2
,

where the last inequality is from (5.35).

From Theorem 5.5 we can easily obtain an optimal step size, as done in the
exact setting, provided the batch size is sufficiently large:

Corollary 5.6 Let Bδpαk, N ;θk,Dkq be guaranteed performance improvement of a
stochastic policy gradient update αkvk, as defined in Theorem 5.5, with N “ |Dk|.
Under the same assumptions, provided the batch size satisfies the following constraint:

N ě
ε2δ
}vk}

2 , (5.36)

Bδp¨, N ;θk,Dkq is maximized by the following adaptive step size:

α˚k “
1
L

˜

1´ εδ
?
N }vk}

¸

, (5.37)

which guarantees, with probability at least 1´ δ, the following non-negative perfor-
mance improvement:

Jpθk`1q ´ Jpθkq ě

´

}vk} ´
εδ?
N

¯2

2L . (5.38)
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Proof Let N0 “ ε2δ
L

}vk}
2. When N ď N0, the second argument of the max

operator in (5.31) is selected. In this case, no positive improvement can be guaranteed
and the optimal non-negative step size is α “ 0. Thus, we focus on the case N ą N0.
In this case, the first argument of the max operator is selected. Optimizing Bδ as
a function of α alone, which is again quadratic, yields (5.37) as the optimal step
size and (5.38) as the maximum guaranteed improvement. Note that the latter is
always non-negative under the batch-size assumption (5.36).

In this case, the optimal step size is adaptive, i.e., time-varying and data-dependent.
As suggested by intuition, a larger batch size, by making the gradient estimate more
reliable, allows to use a larger step size. The constant, optimal step size for the
exact case (Corollary 5.4) is recovered in the limit of infinite data, i.e., N Ñ8.

5.5 Variance of Policy Gradient Estimators

Before completing the design of our SPG algorithm with batch-size selection (Sec-
tion 5.6), we provide bounds on the estimation error εδ involved in Theorem 5.5 for
common policy gradient estimators. One way to characterize εδ, is to upper-bound
the variance of the estimator. With variance of a vector v, we always mean the
following:

Varpvq “ Tr pCovpv,vqq “ E
„

›

›

›
v ´ E rvs

›

›

›

2


. (5.39)

The following result, based on Chebyshev’s inequality, allows to obtain an εδ
satisfying Assumption 5.3 from a variance upper bound:

Lemma 5.3 Let p∇J be an unbiased estimator of ∇J such that:

Var
D„pθ

”

p∇Jpθ; Dq
ı

ď
ν2

N
,

where N “ |D|. Then p∇J satisfies Assumption 5.3 with εδ “ ν{
?
δ.

Proof We apply the vector version of Chebyshev’s inequality (Ferentios, 1982).

In the remaining of this section, we provide upper bounds on the variance of the
REINFORCE and G(PO)MDP estimators, generalizing existing results for Gaussian
policies (Zhao et al., 2011; Pirotta et al., 2013a) to smoothing policies.

5.5.1 Variance of REINFORCE

Assume we are dealing with an episodic task. For simplicity, take Assumption 2.1
to hold (the bias this may introduce is discussed in Section 2.5.2). We begin by
bounding the variance of the REINFORCE estimator (3.76):
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5.5. Variance of Policy Gradient Estimators

Lemma 5.4 Given a pξ1, ξ2, ξ3q-smoothing policy class ΠΘ and a task horizon H,
for every θ P Θ Ď Rd, the variance of the REINFORCE estimator (with zero
baseline) is upper-bounded as follows:

Var
D„pθ

”

p∇RJpθ; Dq
ı

ď
Hξ2R

2
maxp1´ γHq2

Np1´ γq2 ,

where N “ |D|.

Proof Let gθpτq :“
´

řH´1
t“0 γtrpat, stq

¯´

řH´1
t“0 ∇ log πθpat|stq

¯

with st, at P τ for
t “ 0, . . . ,H ´ 1. Using the definition of REINFORCE (3.76):

Var
D„pθ

”

p∇RJpθ; Dq
ı

“
1
N

Var
τ„pθ

rgθpτqs

ď
1
N

E
τ„pθ

”

}gθpτq}
2
ı

ď
R2

maxp1´ γHq2

Np1´ γq2 E
τ„pθ

»

–

›

›

›

›

›

H´1
ÿ

t“0
∇ log πθpat|stq

›

›

›

›

›

2
fi

fl

ď
R2

maxp1´ γHq2

Np1´ γq2
d
ÿ

i“1
E

τ„pθ

«

H´1
ÿ

t“0
p∇θi log πθpat|stqq2

` 2
H´2
ÿ

t“0

H´1
ÿ

h“t`1
∇θi log πθpat|stq∇θi log πθpah|shq

ff

“
R2

maxp1´ γHq2

Np1´ γq2 E
τ„pθ

«

H´1
ÿ

t“0
}∇ log πθpat|stq}2

ff

(5.40)

“
R2

maxp1´ γHq2

Np1´ γq2
H´1
ÿ

t“0
E

s0„µ

„

. . . E
at„πθp¨|stq

”

}∇ log πθpat|stq}2
ˇ

ˇ

ˇ
st

ı

. . .



ď
Hξ2R

2
maxp1´ γHq2

Np1´ γq2 ,

where (5.40) is from the following:

E
τ„pθ

«

H´2
ÿ

t“0

H´1
ÿ

h“t`1
∇θi log πθpat|stq∇θi log πθpah|shq

ff

“

H´2
ÿ

t“0
E

s0„µ

„

. . . E
at„πθp¨|stq

r∇θi log πθpat|stq

H´1
ÿ

h“t`1
E

st`1„pp¨|st,atq

„

. . . E
ah„πθp¨|shq

r∇θi log πθpah|shq | shs . . .
ˇ

ˇ

ˇ

ˇ

at



ˇ

ˇ

ˇ

ˇ

ˇ

st

ff

. . .

ff

“ 0,

where the last equality is from (3.7).
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This is a generalization of Lemma 5.3 from Pirotta et al. (2013a), which in turn is an
adaptation of Theorem 2 from Zhao et al. (2011). In the Gaussian case, the original
lemma is recovered by plugging the smoothing constant ξ2 “ φ2

max{σ
2 from (5.9).

Note also that, from the definition of smoothing policy, only the second condition
(5.7) is actually necessary for Lemma 5.4 to hold.

5.5.2 Variance of G(PO)MDP
For the G(PO)MDP estimator (3.77), we obtain an upper bound that does not
grow linearly with the horizon H:

Lemma 5.5 Given a pξ1, ξ2, ξ3q-smoothing policy class ΠΘ and a task horizon H,
for every θ P Θ, the variance of the G(PO)MDP estimator (with zero baseline) is
upper-bounded as follows:

Var
D„pθ

”

p∇GJpθ; Dq
ı

ď
ξ2R

2
max

´

1´ γH
¯

Np1´ γq3 ,

where N “ |D|.

Proof Let gθpτq :“
řH´1
t“0 γtrpat, stq

´

řt
h“0 ∇ log πθpah|shq

¯

with st, at P τ for
t “ 0, . . . ,H ´ 1. Using the definition of G(PO)MDP (3.77):

Var
D„pθ

”

p∇NJpθq
ı

“
1
N

Var
τ„pθ

«

H´1
ÿ

t“0
γtrpat, stq

˜

t
ÿ

h“0
∇ log πθpah|shq

¸ff

(5.41)

ď
1
N

E
τ„pθ

»

–

˜

H´1
ÿ

t“0
γ
t{2rpat, stqγ

t{2

˜

t
ÿ

h“0
∇ log πθpah|shq

¸¸2
fi

fl

ď
1
N

E
τ„pθ

»

–

˜

H´1
ÿ

t“0
γtrpat, stq

2

¸

¨

˝

H´1
ÿ

t“0
γt

˜

t
ÿ

h“0
∇ log πθpah|shq

¸2
˛

‚

fi

fl

(5.42)

ď
R2

maxp1´ γHq
Np1´ γq E

τ„pθ

»

–

H´1
ÿ

t“0
γt

˜

t
ÿ

h“0
∇ log πθpah|shq

¸2
fi

fl

ď
ξ2R

2
maxp1´ γHq
Np1´ γq

H´1
ÿ

t“0
γtpt` 1q (5.43)

“
ξ2R

2
maxp1´ γHq
Np1´ γq3

»

–1´H
´

γH ´ γH`1
looooomooooon

ě0

¯

´ γH

fi

fl (5.44)

ď

ξ2R
2
max

´

1´ γH
¯

Np1´ γq3 ,
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where (5.41) is from the fact that the trajectories are i.i.d., (5.42) is from the
Cauchy-Schwarz inequality, (5.43) is from the same argument used for (5.40) in
the proof of Lemma 5.4, and (5.44) is from the sum of the arithmetico-geometric
sequence.

This is a generalization of Lemma 5.5 from Pirotta et al. (2013a). Again, in the
Gaussian case, the original lemma is recovered by plugging the smoothing constant
ξ2 “ φmax{σ

2 from (5.9). Note that this variance upper bound stays finite in the
limit H Ñ8, which is not the case for REINFORCE.

The variance upper bounds of Lemma 5.4 and 5.5 are still valid if one uses the
variance minimizing baselines by Peters and Schaal (2008b) presented in Section 3.5.4.
This is because the zero baseline is a valid choice in the variance-minimization
problems they are solving. It is an open problem whether tighter variance upper
bounds can be derived in that case.

Thanks to Lemma 5.3, the variance upper bounds allow to characterize the
estimation error εδ in Assumption 5.3. This, in turn, allows to specialize Theorem 5.5
to the REINFORCE and the GPOMDP policy gradient estimator, respectively.
Table 5.2 reports the value of εδ to be used in the different cases.

5.6 Safe Policy Gradient

In this section, we present our SPG algorithm that guarantees MI (5.2) at each
step k with a user-defined failure probability of δ. It is a variant of actor-only
PG (Algorithm 2) where the step size and the batch size are adaptive and are
conservatively taken to maximize a lower bound on the per-trajectory performance
improvement (5.3). The requirements are that the policy class is smoothing and
that the gradient estimators is unbiased (Assumption 5.2) and has bounded error
with probability 1´ δ (Assumption 5.3).

We use Theorem 5.5 to find the jointly optimal step size and batch size, similarly
to what was done by Papini et al. (2017) for Gaussian policies:

Corollary 5.7 Let Bδpαk, Nk;θk,Dkq be the lower bound on the performance im-
provement of a stochastic policy gradient update αkvk, as defined in Theorem 5.5.
Under the same assumptions, the continuous relaxation of Bδpαk, Nk;θk,Dkq{Nk is
maximized by the following constant step size and adaptive batch size:

#

α˚ “ 1
2L

N˚k “
4ε2
δ

}vk}
2 .

(5.45)

Using α˚ as the step size and any natural Nk ě N˚k as the batch size in the
stochastic gradient ascent update guarantees, with probability at least 1 ´ δ, the
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following non-negative performance improvement:

Jpθk`1q ´ Jpθkq ě
}vk}

2

8L . (5.46)

Proof Let rΥpα,Nq “ Bδpα,N ;θk,Dkq{N for short and N0 “ ε2δ
L

}vk}
2. We

consider the continuous relaxation of rΥpα,Nq, where N can be any positive real
number. For N ě N0, the first argument of the max operator in (5.31) can be
selected. Note that the second argument is always a valid choice, since it is a lower
bound on the first one for every N ě 1. Thus, we separately solve the following
constrained optimization problems:

$

’

’

&

’

’

%

maxα,N 1
N

´

α }vk}
´

}vk} ´
εδ?
N

¯

´ α2 L
2 }vk}

2
¯

s.t. α ě 0,
N ą N0,

(5.47)

and:
$

’

’

&

’

’

%

maxα,N 1
N

´

α
2

´

}vk}
2
´

ε2
δ

N

¯

´ α2 L
2 }vk}

2
¯

s.t. α ě 0,
N ą 0.

(5.48)

Both problems can be solved in closed form using KKT conditions. The first one
(5.47) yields rΥ˚ “

›

›

›

p∇NJpθkq
›

›

›

4
L `

32Lε2δ
˘

with the values of α˚ and N˚k given in

(5.45). The second one (5.48) yields a worse optimum rΥ˚ “
›

›

›

p∇NJpθkq
›

›

›

4
L `

54Lε2δ
˘

with α “ 1
3L and N “ 3ε2δ

L

›

›

›

p∇NJpθkq
›

›

›

2
. Hence, we keep the first solution. From

Theorem 5.5, using α˚ and N˚k would guarantee Jpθk`1q´Jpθkq ě }vk}
2 L
p8Lq. Of

course, only integer batch sizes can be used. However, for N ě N0, the right-hand
side of (5.31) is monotonically increasing in N . Since N˚k ě N0, the guarantee (5.46)
is still valid when α˚ and any (natural) Nk ě N˚k are employed in the stochastic
gradient-ascent update.

In this case, the optimal step size is constant, and is exactly half the one for the
exact case (Corollary 5.4). In turn, the batch size is adaptive: when the norm of
the (estimated) gradient is small, a large batch size is selected. Intuitively, this
allows to counteract the variance of the estimator, which is large relatively to the
gradient magnitude. This also agrees with the intuition that the batch size should
be increased as we approach convergence.

Note that the optimal batch size N˚k from Corollary 5.7 cannot be computed
in advance since it depends on the stochastic gradient vk, which in turn should be
computed using Nk ě N˚k trajectories. We can break this circular dependence by
collecting one trajectory at a time until the batch size is large enough.3

3A more rigorous analysis would require a martingale argument and, possibly, an adaptive
confidence schedule for the inner loop of Algorithm 5.
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Algorithm 5 SPG (Safe Policy Gradient)
1: Input: initial policy parameters θ0, gradient Lipschitz constant L and error

bound εδ
2: α “ 1

2L
3: for k “ 0, 1, . . . do
4: D “ H

5: N “ 0
6: do
7: Collect trajectory τ „ pθk
8: D Ð D Y tτu
9: N Ð N ` 1
10: vk “ p∇Jpθk; Dq
11: while N ă

4ε2
δ

}vk}
2

12: θk`1 Ð θk ` αvk
13: end for

Our Safe Policy Gradient (SPG) algorithm is outlined in Algorithm 5. Besides
guaranteeing MI, using the meta-parameters from Corollary 5.7, SPG removes
the need for tuning, a task that is typically done by hand or through a time-
consuming grid search (Duan et al., 2016). The gradient Lipschitz constant L can
be retrieved from Table 5.1 depending on the policy class (Gaussian or Softmax).
Similarly, the error upper bound εδ can be retrieved from Table 5.2 depending on
the gradient estimator (REINFORCE or G(PO)MDP), the desired confidence 1´ δ,
and the policy-dependent constant ξ2, which is also reported in Table 5.1. The
gradient estimate vk must be re-computed for every new trajectory, or updated
in an incremental fashion. The latter is non-trivial when variance-minimizing
baselines (Peters and Schaal, 2008b) are employed. In practice, a batch version
is also possible, where data collected at the k-th iteration are used to compute
the optimal batch size for the next one. The empirical behavior should not differ
from the one of Algorithm 5, provided the gradient magnitude does not change too
abruptly. The main disadvantage of the batch version is that it requires the batch
size for the first iteration to be manually selected.

5.7 Related Works

In this section we discuss previous results on MI guarantees for policy gradients.
See Section 4.5.2 for a more general overview of monotonically improving RL.

Specific performance improvement bounds for policy gradient algorithms were
first provided by Pirotta et al. (2013a) by adapting previous results on policy
iteration (Pirotta et al., 2013b, in turn an improvement over the seminal work
by Kakade and Langford (2002)) to continuous MDPs. However, the penalty term
can only be computed for shallow Gaussian policies in practice. The bound for the

99



5. Monotonic Improvement Guarantees

Table 5.1: Smoothing constants ξ1, ξ2, ξ3 and policy-gradient Lipschitz constant L
for Gaussian and Softmax policies, where φmax is an upper bound on the euclidean
norm of the feature function, Rmax is the maximum absolute-valued reward, γ is
the discount factor, σ is the standard deviation of the Gaussian policy and τ is the
temperature of the Softmax policy.

Gaussian Softmax

ξ1
2φmax?

2πσ
2φmax
τ

ξ2
φ2

max
σ2

4φ2
max
τ2

ξ3
φ2

max
σ2

2φ2
max
τ2

L
2φ2

maxRmax
σ2p1´γq2

´

1` 2γ
πp1´γq

¯

2φ2
maxRmax
τ2p1´γq2

´

3` 4γ
1´γ

¯

Table 5.2: Estimation error of the REINFORCE and GPOMDP policy gradient
estimators on a single trajectory, where H is the task horizon, γ is the discount
factor and Rmax is the maximum reward. The smoothing constant ξ2 depends on
the policy class (cf. Table 5.1). The reported value is an upper bound on the actual
error with probability at least 1´ δ.

REINFORCE GPOMDP

εδ
Rmaxp1´γHq

p1´γq

b

Hξ2
δ

Rmax
p1´γq

b

ξ2p1´γHq
δp1´γq

exact framework (FO) is:

Jpθk`1q´Jpθkq ě αk }∇Jpθkq}2´α2
k

φ2
maxRmax

σ2p1´ γq2

ˆ

|A|
?

2πσ
`

γ

2p1´ γq

˙

}∇Jpθkq}21 ,

(5.49)
where |A| denotes the volume of the action space. From Table 5.1, our bound for
the same setting is (Theorem 5.4):

Jpθk`1q ´ Jpθkq ě αk }∇Jpθkq}2 ´ α2
k

φ2
maxRmax

σ2p1´ γq2

ˆ

1` 2γ
πp1´ γq

˙

}∇Jpθkq}2 ,

(5.50)
which has the same dependence on the step size, the policy standard deviation σ, the
effective horizon p1´ γq´1, the maximum reward Rmax and the maximum feature
norm φmax. Besides being more general, our penalty term does not depend on the
problematic |A| term (the action space is theoretically unbounded for Gaussian
policies) and replaces the l1 norm of (5.49) with the smaller l2 norm. Due to the
different constants, we cannot say our penalty is always smaller, but the change
of norm could make a big difference in practice, especially for large parameter
dimension d. Pirotta et al. (2013a) also study the approximate framework (FSO).
However, albeit formulated in terms of the estimated gradient, their lower bound
(Theorem 5.2) still pertains exact policy gradient updates, since θk`1 is defined as
θk ` αk∇Jpθkq. This easy-to-overlook observation makes our Theorem 5.5 the first
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formal monotonic improvement guarantee for stochastic policy gradient updates of
the form θk`1 “ θk`αk p∇Jpθkq. Pirotta et al. (2013a) use their results to design an
adaptive step-size schedule for REINFORCE and G(PO)MDP, similarly to what we
propose in Section 5.4 but limited to Gaussian policies. Papini et al. (2017) rely on
the same improvement lower bound 5.49 to design an adaptive-batch size algorithm,
the most similar to our SPG. Again, their monotonic improvement guarantees are
limited to shallow Gaussian policies.

Another related family of performance improvement lower bounds, inspired once
again by Kakade and Langford (2002), is that of TRPO. These are very general
results that apply to arbitrary pairs of stochastic policies, although they are mostly
used to construct policy gradient algorithms in practice. Specializing Theorem
1 by Schulman et al. (2015a) to our setting and applying the KL lower bound
suggested by the authors we can get the following:

Jpθk`1q ´ Jpθkq ě
1

1´ γ E
s„d

θk
µ

a„πθk`1

“

Aθkps, aq
‰

´
2γRmax

p1´ γq3 max
sPS

 

KLpπθkp¨|sq}πθk`1qp¨|sq
(

, (5.51)

where πθ is a stochastic policy. Unfortunately, the lower bound for a policy gradient
update (exact or stochastic) cannot be computed exactly. Approximations can lead
to very good practical algorithms such as TRPO, but not to actually implementable
algorithms with rigorous monotonic improvement guarantees like our SPG. Achiam
et al. (2017) and Pajarinen et al. (2019) are able to remove some approximations,
but not all.4 If we were to derive a computable worst-case lower bound starting
from (5.51), we would get a result similar to (5.49). In fact, Pirotta et al. (2013a)
explicitly upper-bound the KL divergence in their derivations, which is why the
final result is limited to Gaussian policies. We overcome this difficulty by directly
upper-bounding the curvature of the objective function (Lemma 5.2). Furthermore,
Theorem 5.2 suggests that our theory is not limited to policy gradient updates. We
consider arbitrary update directions in Section 8.1.3.

Finally, Pirotta et al. (2015) provide performance improvement lower bounds
(Lemma 8) and adaptive-step algorithms for policy gradients under Lipschitz continu-
ity assumptions on the MDP and the policy. Our assumptions on the environment
are much weaker since we only require boundedness of the reward. Intuitively,
stochastic policies smooth out the irregularities of the environment in computing
expected return objectives. In turn, the results of Pirotta et al. (2015) also apply
to deterministic policies.

4This is not a critique of the TRPO algorithm per se. Besides the celebrated empirical results,
TRPO is also theoretically justified (Neu et al., 2017), only not as a monotonically improving
gradient-descent algorithm (Shani et al., 2020).
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5. Monotonic Improvement Guarantees

5.8 Characterizing the Estimation Error

The version of SPG we presented in Section 5.6 requires an upper bound on the
policy gradient estimator error εδ. We have shown in Section 5.5 how this can
be obtained for the REINFORCE and the G(PO)MDP gradient estimators using
Chebyshev’s inequality. As already argued by Papini et al. (2017), using statistical
inequalities based on the empirical variance of the gradient estimate can reduce the
over-conservativeness of safe policy gradient algorithms. In this section, we provide a
characterization of the gradient estimation error based on a Gaussianity assumption
on p∇Jpθkq. The plausibility of this assumption relies on the Central Limit Theorem,
hence is only justified by sufficiently large batch sizes. We follow Thomas et al.
(2015a) in calling this a semi-safe approach, and name the variant of SPG that
employs Gaussian confidence regions SSPG.

Since we care about the error magnitude of a d-dimensional random vector, we
propose to employ ellipsoidal confidence regions. For any δ P p0, 1q, let Eδ be the
following set:

Eδ “
"

x P Rd :
´

p∇Jpθkq ´ x
¯T

pΣ´1
k

´

p∇Jpθkq ´ x
¯

ă
Nd

N ´ d
F1´δ,d,N´d

*

, (5.52)

where pΣk is the sample covariance of p∇Jpθtq and F1´δ,m,N´m is the quantile p1´ δq
of the F-distribution with d and n´ d degrees of freedom. This set is centered in
p∇Jpθtq and is delimited by an ellipsoid. It is a standard result (Härdle and Simar,
2012) that, with probability 1´ δ, the true gradient is contained in this region, i.e.,
P p∇Jpθkq P Eδq “ 1´ δ.

Equivalently, the difference p∇Jpθkq ´ ∇Jpθkq is contained in the following
origin-centered ellipsoid:

Eδ “
 

x P Rd : xTAδx “ 1
(

, (5.53)

where Aδ “
´

NdF1´δ,d,N´d
N´d

pΣk
¯´1

. Thus, the estimation error
›

›

›

p∇Jpθkq ´∇Jpθkq
›

›

›

cannot be larger than the largest semi-axis of Eδ. Simple algebraic computations
yield the following:

›

›

›

p∇Jpθkq ´∇Jpθkq
›

›

›
ď

g

f

f

e

NdF1´δ,d,n´d

›

›

›

pΣk
›

›

›

N ´ d
:“ εδ, (5.54)

with probability at least 1´ δ, where
›

›

›

pΣ
›

›

›
denotes the spectral norm (i.e., the largest

eigenvalue) of the sample covariance. The latter can be computed efficiently with
the Lanczos method (Lanczos, 1950). The error upper bound εδ can be directly
used in Algorithm 11. As mentioned, we call this semi-safe variant SSPG.

5.9 Empirical Evaluation

In this section we provide an empirical evaluation of the proposed safe policy gradient
algorithms. The worst-case assumptions made to guarantee monotonic improvement
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Figure 5.1: 1D LQR experiment: performance (left, γ “ 0.9) and batch size (right)
per episode of SPG, SSPG and AdaBatch, with 95% Student’s t-confidence intervals
over 5 runs.

make SPG very slow and data-inefficient, preventing application to large-scale
practical problems. However, numerical simulations improve the understanding of
the algorithms and further support the theoretical claims.

One-dimensional LQR. Figure 5.1 shows the learning behavior of SPG on the
one-dimensional Linear Quadratic Regulator (LQR) task (Section C.1) with horizon
H “ 10, discount factor γ “ 0.9, S “ A “ r´1, 1s, A “ B “ C “ D “ 1, and
a Gaussian policy with mean linear in the state, fixed standard deviation σ “ 1,
and initial mean parameter θ “ 0. On the left, we report the average return per
trajectory. Even on this simple task, SPG requires very large batch sizes (order of
104) and is very slow to converge. The algorithm by Papini et al. (2017) (AdaBatch
in the figure) is faster, likely because it uses a Bernstein inequality. With Gaussian
confidence intervals, SSPG shows a significant improvement and is able to converge
within a reasonable time.

On the right of Figure 5.1, we can see how the batch size changes during the
learning process. Both SPG and AdaBatch increase it in a steady manner as they
approach convergence. Intuitively, the gradient magnitude becomes small w.r.t. its
variance and more samples are needed to reliably estimate the improvement direction.
The batch size of SSPG is more oscillating since it is based on the empirical variance
of the gradient estimate. However, it consistently employs smaller batch sizes than
SPG in the early phases of the learning process, which allows to perform more
policy updates and converge faster.

The fluctuations that can be observed in the empirical performance (Figure 5.1,
left) are due to the stochasticity of the interaction (random initialization and policy
variance) and not to oscillations of the expected performance. To verify this, we
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Figure 5.2: 1D LQR experiment: theoretical performance and policy parameter
per episode of SPG, SSPG and AdaBatch, with 95% Student’s t-confidence intervals
over 5 runs (too tight to be appreciated).

trace the policy parameter during the learning process and compute the theoretical
performance with dynamic programming. Both are visible in Figure 5.2 and are
indeed monotonic curves.5 The theoretically optimal parameter is θ˚ “ ´0.58,
which is close to the value learned by SSPG. Note also how the variability in the
learning behavior between different runs is actually negligible.

Three-dimensional LQR. The next experiment is on a LQR problem with
three-dimensional state and scalar action. The state space is r´1, 1s3, the action
space is r´4, 4s. The system matrices are as follows:

A “

»

–

1 0.1 0
0 1 ´0.05
0 0 1

fi

fl , B “

»

–

0
0.5
0

fi

fl , C “
“

0.7 0.5 0
‰

, D “ 0.1.

We use a shallow Gaussian policy with three mean parameters initialized at zero
and a fixed standard deviation σ “ 1. Performance oscillations can be observed by
running G(PO)MDP with a large step size (α “ 1.3). SSPG is able to prevent these
oscillations. However, G(PO)MDP with a constant step (α “ 0.13) and batch size
(N “ 100) also displays monotonic improvement while converging must faster than
SSPG. This gap between theory and practice is due to the worst-case assumptions
embedded in the choice of meta-parameters performed by the safe algorithm. We
discuss it further in the next section.

5The scale of the theoretical performance is different because it considers an infinite horizon
and unclipped states and actions.
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Figure 5.3: 3D LQR experiment: performance of SSPG and GPOMDP (with
different step sizes); 95% Student’s t-confidence intervals over 5 runs.

5.10 On the Theory-Practice Gap

The gap between theory and practice highlighted by the numerical simulations
of Section 5.9 could seem disappointing given our original concrete motivations
on safe learning in the real world. However, monotonic improvement guarantees
should be taken more as a theoretical certificate of the appropriateness of policy
gradient methods rather than as a practical tool, much like convergence guarantees
in non-convex optimization. Indeed, the conservative step size used by SPG is of
the same kind (inverse gradient Lipschitz constant) of the ones used to prove the
convergence of stochastic gradient descent and policy gradient methods themselves
(see Chapter 7). We want to stress an important difference between our approach
and the related one by Schulman et al. (2015a). The derivation of TRPO starts
from very general theoretical guarantees that cannot be implemented for policy
gradient methods in continuous MDPs, then applies a series of approximations to
produce a practical algorithm. The latter is very effective, but loses the guarantees.
Instead, our work lies where theory and practice meet, by providing an algorithm
that can actually be implemented without compromises and guarantees monotonic
improvement (with high probability). To close the gap, we prefer to relax the safety
requirements rather than introduce approximations to the algorithm itself. We
think this is more coherent with the Seldonian view of safe RL, since we can let the
user decide the amount of relaxation. We will explore a possible way to do so in
Chapter 8. A similar philosophy guides the design of a practical semi-offline policy
optimization algorithm in the following chapter.
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Conservative Off-Policy Optimization 6

In Chapter 5, we have remarked the fact that data (trajectories) are a precious
and hard-to-obtain resource for RL algorithms, more so if they depend on direct
interaction with a physical system. So, we would be tempted to re-use experience
data many times to boost efficiency. In this chapter, we show the limitations of this
approach and propose conservative policy optimization algorithms that rely on the
already available data as much as possible, but not more.

Our approach is based on importance sampling, a technique originally developed
for off-distribution Monte Carlo estimation (Owen, 2013). We begin this chapter by
reviewing the basics of this technique in Section 6.1, where we provide an important
characterization of the variance of importance-weighted estimators. In Section 6.2,
we explain how importance sampling can be used to optimize a function from
off-distribution data, show the risks due to the variance of importance weights,
and propose a way to mitigate this risk. We apply this approach to off-policy
policy optimization in Section 6.3. Our Policy Optimization via Importance Sam-
pling (POIS) algorithm alternates between online interaction and conservative offline
policy improvement. We introduce two main flavors of POIS: one for action-based
exploration, generalizing REINFORCE, and one for parameter-based exploration,
generalizing PGPE. We also provide variants employing multiple importance sam-
pling, which allow to re-use all past data instead of only the most recent ones,
and per-decision importance sampling (Precup et al., 2000). In Section 6.4, we
empirically evaluate the different versions of POIS on continuous-control benchmark
tasks, obtaining results comparable to those of state-of-the-art policy optimization
algorithms on most problems.

This chapter is based on work done with Metelli et al. (2018, 2020b).
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6. Conservative Off-Policy Optimization

6.1 Off-Distribution Estimation

Consider the general problem of estimating the expected value of a deterministic
function f of random variable x taking values in X under a target distribution P ,
having at our disposal datasets of samples collected with J behavioral distributions
Q1:J “ tQju

J
j“1.

6.1.1 Importance Sampling
When the available samples are drawn from a single distribution Q, i.e., J “ 1,
the Importance Sampling (IS) estimator (Cochran, 2007; Owen, 2013) corrects
the distribution with the importance weight (or Radon–Nikodym derivative, or
likelihood ratio) defined as wP {Qpxq “ ppxq

qpxq , leading to the estimator:

pµP {Q “
1
N

N
ÿ

i“1

ppxiq

qpxiq
fpxiq “

1
N

N
ÿ

i“1
wP {Qpxiqfpxiq, (6.1)

where x “ px1, x2, . . . , xN q
T are sampled from Q independently and we assume

qpxq ą 0 whenever fpxqppxq ‰ 0. This estimator is unbiased, i.e., Ex„QrpµP {Qs “
Ex„P rfpxqs, but it may exhibit an undesirable behavior due to the variability
of the importance weights, showing, in some cases, infinite variance. Intuitively,
the magnitude of the importance weights provides an indication of how much the
probability measures P and Q are dissimilar. This notion can be formalized by
the Rényi divergence (Rényi et al., 1961; van Erven and Harremoës, 2014), an
information-theoretic dissimilarity index between probability measures.

Let P and Q be two probability measures on a measurable space pX ,Fq such
that P ! Q (P is absolutely continuous w.r.t. Q) and Q is σ-finite. Let P and Q
admit p and q as Lebesgue probability density functions (p.d.f.), respectively. The
α-Rényi divergence between P and Q is defined as:

DαpP }Qq “
1

α´ 1 log
ż

X

ˆ

dP
dQ

˙α

dQ “ 1
α´ 1 log

ż

X
qpxq

ˆ

ppxq

qpxq

˙α

dx, (6.2)

where dP { dQ is the Radon–Nikodym derivative of P w.r.t. Q and α P r0,8s. Some
remarkable cases, defined as limits, are: α “ 1 whenD1pP }Qq “ DKLpP }Qq and α “
8 yielding D8pP }Qq “ log ess supX

!

dP
dQ

)

.1 Importing the notation from Cortes
et al. (2010), we denote the exponentiated α-Rényi divergence as dαpP }Qq “
exp tDαpP }Qqu. With little abuse of notation, we will replace DαpP }Qq with
Dαpp}qq whenever possible within the context. When P and Q are (multivariate)
Gaussian distributions, i.e., P „ N pµP ,ΣP q and Q „ N pµQ,ΣQq, the Rényi
divergence admits a closed-form for α P r0,8q (Burbea, 1984):

DαpP }Qq “
α

2 pµP ´ µQq
TΣ´1

α pµP ´ µQq ´
1

2pα´ 1q log detpΣαq

detpΣP q
1´α detpΣQq

α
,

(6.3)
1ess sup is the essential supremum of a measurable function f , i.e., the smallest M such that

fpxq ďM almost everywhere.
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6.1. Off-Distribution Estimation

where Σα “ αΣQ ` p1´ αqΣP under the assumption that Σα is positive-definite.
The Rényi divergence can be computed in closed form for several other widely used
distributions (Gil et al., 2013).

The Rényi divergence provides a convenient expression for the moments of the
importance weights: Ex„Q

“

wP {Qpxq
α
‰

“ dαpP }Qq
α´1. Moreover, we can relate the

Rényi divergence with the variance and the essential supremum of the importance
weights (Cortes et al., 2010):

Var
x„Q

“

wP {Qpxq
‰

“ d2pP }Qq ´ 1, (6.4)

ess sup
x„Q

 

wP {Qpxq
(

“ d8pP }Qq. (6.5)

6.1.2 Self-Normalized Importance Sampling

A commonly used approach to mitigate the variance problem of the IS estimator,
is to resort to the Self Normalized importance sampling (SN) estimator (Cochran,
2007):

rµP {Q “

řN
i“1 wP {Qpxiqfpxiq
řN
i“1 wP {Qpxiq

“

N
ÿ

i“1
rwP {Qpxiqfpxiq, (6.6)

where rwP {Qpxq “ wP {Qpxq{
řN
i“1 wP {Qpxiq is the self-normalized importance weight.

Differently from pµP {Q, rµP {Q is biased but consistent (Owen, 2013) and it typically
displays a more desirable behavior because of its smaller variance.2 The problem
of assessing the quality of the SN estimator has been extensively studied by the
simulation community, producing several diagnostic indexes to detect when the
weights might display problematic behavior (Owen, 2013). The effective sample size
(ESS) was introduced by Kong (1992) as the number of samples drawn from P so
that the variance of the Monte Carlo estimator rµP {P is approximately equal to the
variance of the SN estimator rµP {Q computed with N samples. Here we report the
original definition and its most common estimate:

ESSpP }Qq “ N

Varx„Q
“

wP {Qpxq
‰

` 1
“

N

d2pP }Qq
,

yESSpP }Qq “ 1
řN
i“1 rwP {Qpxiq2

.
(6.7)

The ESS has an interesting interpretation: if d2pP }Qq “ 1, i.e., P “ Q almost
everywhere, then ESS “ N since we are performing Monte Carlo estimation.
Otherwise, the ESS decreases as the dissimilarity between the two distributions
increases. In the literature, other ESS-like diagnostics have been proposed that also
account for the nature of f (Martino et al., 2017).

2Note that
ˇ

ˇ

rµP {Q
ˇ

ˇ ď }f}8. Therefore, its variance is always finite.
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6.1.3 Multiple Importance Sampling
The IS estimator can be extended to the case in which we have samples collected with
multiple behavioral distributions Qj , i.e., when J ą 1. In Multiple Importance Sam-
pling (MIS) frameworks (Veach and Guibas, 1995; Owen, 2013) we have a set of J ě 1
behavioral distributions Q1:J “ tQju

J
j“1 and a dataset xj “ px1j , x2j , ..., xNj jq of

Nj samples collected independently with Qj , j “ 1, 2, ..., J . We denote with
N “

řK
j“1Nj the total number of samples. The resulting estimator is given by:

pµβP {Q1:J
“

J
ÿ

j“1

1
Nj

Nj
ÿ

i“1
βjpxijq

ppxijq

qjpxijq
fpxijq “

J
ÿ

j“1

1
Nj

Nj
ÿ

i“1
βjpxijqwP {Qjfpxijq, (6.8)

where we assume that qjpxq ą 0 whenever βjpxqppxqfpxq “ 0 and βjpxq is a
partition of the unity, i.e., a collection of weight functions for which βjpxq ě 0
for all j “ 1, 2, ..., J and

řJ
j“1 βjpxq “ 1 for all x P X . Several choices for the

coefficients βj (Owen, 2013) are possible. A straightforward, but inefficient, choice
is to select βjpxq “ Nj{N , so as to give equal importance to all the samples. Among
all the possible choices for βj (e.g., cutoff, maximum, power heuristics, see Owen,
2013), the most studied, thanks to its desirable theoretical properties, is the Balance
Heuristic (BH) (Veach and Guibas, 1995), defined as follows:

βBH
j pxq “

Njqjpxq
řJ
k“1Nkqkpxq

. (6.9)

This particular choice has the advantage of canceling out the qj in the estimator.
In this way, the weight of a given sample xij does not depend on which component
of the mixture it comes from. The resulting estimator has the following form:

pµBH
P {Q1:J

“
1
N

J
ÿ

j“1

Nj
ÿ

i“1

ppxijq
řJ
k“1

Nk
N qkpxijq

fpxijq “
1
N

J
ÿ

j“1

Nj
ÿ

i“1
wBH
P {Q1:J

pxijqfpxijq,

(6.10)
which can be interpreted as an importance sampling estimator using the mixture of
behavioral distributions with mixture weights Nk

N , i.e., Φ “
řK
k“1

Nk
N Qk. Further-

more, this choice of coefficient functions is nearly optimal (Veach and Guibas, 1995,
Theorem 1) in terms of variance of the estimator pµP {Q1:J . Although the variance
problem is less crucial in the MIS, compared to the IS case, it is possible to combine
the MIS estimator with the self-normalization technique. This can be done in two
ways: by normalizing the weights separately for each behavioral distribution:

rµBH
P {Q1:J

“
1
J

J
ÿ

j“1

Nj
ÿ

i“1

wBH
P {Q1:J

pxijq
řNj
k“1 w

BH
P {Q1:J

pxkjq
fpxijq, (6.11)

or by normalizing each weight over all available samples:

r

rµBH
P {Q1:J

“

J
ÿ

j“1

Nj
ÿ

i“1

wBH
P {Q1:J

pxijq
řJ
h“1

řNh
k“1 w

BH
P {Q1:J

pxkhq
fpxijq. (6.12)
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Both reduce to the classic SN when J “ 1. However, the first normalization at
Equation (6.11) degenerates under unit batch sizes, setting all the normalized
weights to one. For this reason, we will adopt the second version (6.12) in our
experiments.

6.2 Off-Distribution Optimization

We now aim to determine the target distribution P that maximizes Ex„P rfpxqs by
having datasets of samples collected with J behavioral distributions Q1:J “ tQju

J
j“1.

In this section, we analyze the problem of defining an objective function suitable
for this purpose.

The naïve approach would be to directly optimize the estimator pµβP {Q1:J
with

the data sampled from Q1, . . . , QJ . This approach has a fundamental problem
(even when using the BH). As shown in Section 6.1.1, the IS estimate is less reliable
(i.e., displays a larger variance) for target distributions very different from the
behavioral one. With enough freedom in choosing P , the optimal solution would
assign as much probability mass as possible to the maximum value among fpxiq.
Since the IS estimator is clearly unreliable for such an extreme distribution, this
kind of optimization is ill-informed and overconfident. For this reason, we adopt a
conservative approach and we decide to optimize a statistical lower bound of the
expected value Ex„P rfpxqs which holds with high confidence.

6.2.1 Variance of importance-sampling estimators

We start by analyzing the behavior of the IS estimator, i.e., J “ 1 and we provide the
following result that bounds the variance of pµP {Q in terms of the Rényi divergence.

Lemma 6.1 Let P and Q be two probability measures on the measurable space
pX ,Fq such that P ! Q. Let α P r1,8s, x “ px1, x2, . . . , xN q

T be i.i.d. random
variables sampled from Q and f : X Ñ R be a function with bounded 2α{pα´ 1q-
moment under Q (}f}Q, 2α

α´1
ă 8). Then, for any N ą 0, the variance of the IS

estimator pµP {Q can be upper bounded as:

Var
x„Q

“

pµP {Q
‰

ď
1
N
}f}2Q, 2α

α´1
d2α pP }Qq

2´ 1
α , (6.13)

where we used the abbreviation x „ Q for denoting xi „ Q for all i “ 1, 2, ..., N all
independent.
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Proof

Var
x„Q

“

pµP {Q
‰

“
1
N

Var
x1„Q

„

ppx1q

qpx1q
fpx1q



(6.14)

ď
1
N

E
x1„Q

«

ˆ

ppx1q

qpx1q
fpx1q

˙2
ff

(6.15)

ď
1
N

E
x1„Q

«

ˇ

ˇ

ˇ

ˇ

ppx1q

qpx1q

ˇ

ˇ

ˇ

ˇ

2α
ff

1
α

E
x1„Q

”

|fpx1q|
2α
α´1

ı

α´1
α (6.16)

“
1
N
}f}2Q, 2α

α´1
d2α pP }Qq

2´ 1
α ,

where the line (6.14) follows form the fact that the random variables xi are i.i.d.,
line (6.15) follows from bounding the variance with the second moment, and
line (6.16) is derived by applying Hölder’s inequality with p “ α and q “ α

α´1 .
Finally, we exploit the definition of dα and }¨}Q,p.

A useful special case (first derived by Metelli et al., 2018), can be recovered by
setting α “ 1 under the condition that }f}8 ă `8:

Var
x„Q

“

pµP {Q
‰

ď
1
N
}f}28d2 pP }Qq ď

}f}28
ESSpP }Qq . (6.17)

When P “ Q almost everywhere, we get Varx„Q
“

pµQ{Q
‰

ď 1
N }f}

2
8, a well-known

upper bound to the variance of the Monte Carlo estimator. Otherwise, the variance
scales with ESS instead of N , further justifying the definition of the ESS. While
pµP {Q can have an unbounded variance even if f is bounded, the SN estimator
rµP {Q is always bounded by }f}8 and therefore it always has finite variance. Since
the normalization term makes all the samples rwP {Qpxiqfpxiq interdependent, an
exact analysis of its bias and variance is more challenging. Several works adopted
approximate methods for providing an expression for its variance (Hesterberg, 1988).
See Metelli et al. (2018, Appendix D) for an analysis of bias and variance that
employs the concept of Rényi divergence.

A similar bound can be derived for the variance of the MIS estimator:

Lemma 6.2 Let P and tQjuJj“1 be probability measures on the measurable space
pX ,Fq such that P ! Qj for j “ 1, . . . , J . Let xj “ px1j , x2j , . . . , xNj jq

T be i.i.d.
random variables sampled from Qj for j “ 1, . . . , J . Let x “ px1,x2, . . . ,xJqT and
Φ “

řJ
k“1

Nk
N Qk be a finite mixture. Let α P r1,8s and f : X Ñ R be a function

with bounded 2α
α´1 -moment under Φ (}f}Φ, 2α

α´1
ă 8). Then, the variance of the

multiple importance sampling estimator can be upper bounded as:

Var
x„Q1:J

”

pµBH
P {Q1:J

ı

ď
1
N
}f}2Φ, 2α

α´1
d2α pP }Φq2´

1
α , (6.18)

where we used the abbreviation x „ Q1:J for denoting xj „ Qj for all j “ 1, 2, ..., J
all independent.
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Proof Consider the following derivation:

Var
x„Q1:J

”

pµBH
P {Q1:J

ı

“ Var
x„Q1:J

«

1
N

J
ÿ

j“1

Nj
ÿ

i“1

ppxijq
řK
k“1

Nk
N qkpxijq

fpxijq

ff

“
1
N2

J
ÿ

j“1

Nj
ÿ

i“1
Var

xij„Qj

«

ppxijq
řJ
k“1

Nk
N qkpxijq

fpxijq

ff

(6.19)

ď
1
N2

J
ÿ

j“1

Nj
ÿ

i“1
E

xij„Qj

»

–

˜

ppxijq
řJ
k“1

Nk
N qkpxijq

fpxijq

¸2
fi

fl (6.20)

“
1
N

E
x„Φ

»

–

˜

ppxq
řJ
k“1

Nk
N qkpxq

fpxq

¸2
fi

fl (6.21)

ď
1
N

E
x„Φ

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ppxq
řJ
k“1

Nk
N qkpxq

ˇ

ˇ

ˇ

ˇ

ˇ

2α
fi

fl

1
α

E
x„Φ

”

|fpxq|
2α
α´1

ı

α´1
α (6.22)

“
1
N
}f}2Φ, 2α

α´1
d2α pP }Φq2´

1
α ,

where line (6.19) follows from the fact that all xij are i.i.d., line (6.20) derives
from bounding the variance with the second moment, line (6.21) is obtained from
observing that, for a generic function g we have:

1
N

J
ÿ

j“1

Nj
ÿ

i“1
E

xij„Qj
rgpxijqs “

J
ÿ

j“1

Nj
N

E
x1j„Qj

rgpx1jqs “ E
x„Φ

rgpxqs.

Then, line (6.22) is obtained by Hölder’s inequality with p “ α and q “ α
α´1 .

Similarly to the single-IS case, an interesting case is obtained when setting α “ 2
and requiring }f}8 ă `8:

Var
x„Q1:J

”

pµBH
P {Q1:J

ı

ď
1
N
}f}28d2 pP }Φq . (6.23)

While for Gaussian distributions the Rényi divergence can be computed in
closed-form (Equation 6.3), when moving to the MIS case we need to evaluate the
dα between a Gaussian distribution and a mixture of Gaussians, which does not
admit a closed form. A straightforward approach consists in exploiting the convexity
of dα w.r.t. to the second argument, when α ě 1, to obtain the loose bound:

dαpP }Φq ď
K
ÿ

k“1

Nk
N
dαpP }Qkq.

However, this bound would be vacuous when at least one of the terms dαpP }Qkq is
infinite, while, clearly, the variance of the estimator would be finite as long as at
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least one of the terms dαpP }Qkq is finite. This intuition is captured by a tighter
bound that resorts to the harmonic mean of the terms dαpP }Qkq:

Theorem 6.1 (Papini et al., 2019a, Theorem 5) Let P and tQjuJj“1 be probability
measures on the measurable space pX ,Fq such that P ! Qj for j “ 1, . . . , J . Let
Φ “

řJ
j“1 ζjQj, with ζj ě 0 for all j “ 1, 2, ..., J and

řJ
j“1 ζj “ 1 be a finite

mixture. Then, for any α P r1,8s, the exponentiated α-Rényi divergence can be
bounded as:

dαpP }Φq ď
1

řJ
j“1

ζj
dαpP }Qjq

. (6.24)

We just need to set ζj “ Nj
N in Theorem 6.1 to obtain the case of our interest.

It is worth noting that Theorem 6.1 shows that the bound on the variance of the
MIS estimator pµP {Q1:J with BH is never worse than the bound on the variance of
the IS estimator pµP {Qj˚ that uses the distribution Qj˚ which is the closest to P
among the Q1:J . Indeed, we can easily obtain the following inequality:

d2pP }Φq
N

ď
1

řJ
j“1

Nj
d2pP }Qjq

ď min
jPt1,...,Ju

d2pP }Qjq

Nj
.

6.2.2 Concentration inequalities
We seek a concentration inequality in order to define a conservative objective
for off-distribution optimization. On the one hand, fully empirical concentration
inequalities, like Student-T, besides the asymptotic approximation, are not suit-
able in this case since empirical variance needs to be estimated with importance
sampling as well, injecting further uncertainty (Owen, 2013). On the other hand,
several distribution-free inequalities, like Hoeffding, require knowing the maximum
of the estimator, which might not exist for the IS estimator when d8pP }Qq “ 8.
Constraining d8pP }Qq to be finite often introduces unacceptable limitations. For
instance, consider the case of univariate Gaussian distributions of the form N pµ, σ2q,
where the standard deviation σ is one of the parameters that must be learned. The
constraint on d8pP }Qq prevents a step that selects a target variance σ2 larger than
the behavioral one. Even Bernstein inequalities (Bercu et al., 2015), are hardly
applicable since, for instance, in the case of univariate Gaussian distributions, the
importance weights display a heavy-tail behavior.3 We believe that a reasonable
trade-off should require the variance of the importance weights to be finite, which
is equivalent to require d2pP }Qq ă 8, i.e., σP ă 2σQ for univariate Gaussians. For
this reason, we resort to Chebyshev-like inequalities and we propose the follow-
ing concentration bound derived from Cantelli’s inequality (Cantelli, 1929) and
customized for the IS estimator:

Theorem 6.2 Let P and Q be two probability measures on the measurable space
pX ,Fq such that P ! Q and d2pP }Qq ă 8. Let x1, x2, . . . , xN be i.i.d. random

3For a detailed analysis of the properties of the IS estimator for Gaussian distributions refer
to (Appendix C Metelli et al., 2018)

114



6.2. Off-Distribution Optimization

variables sampled from Q, and f : X Ñ R be a bounded function (}f}8 ă 8). Then,
for any 0 ă δ ď 1 and N ą 0 with probability at least 1´ δ it holds that:

E
x„P

rfpxqs ě
1
N

N
ÿ

i“1
wP {Qpxiqfpxiq

pµP {Q

´}f}8

c

p1´ δqd2pP }Qq

δN
. (6.25)

Proof We start from Cantelli’s inequality (Cantelli, 1929) applied on the random
variable pµP {Q “

1
N

řN
i“1 wP {Qpxiqfpxiq:

Pr
´

pµP {Q ´ E
x„P

rfpxqs ě λ
¯

ď
1

1` λ2

Varx„QrpµP {Qs

. (6.26)

By renaming δ “ 1
1` λ2

Varx„Qr pµP {Qs

and considering the complementary event, we get

that with probability at least 1´ δ we have:

E
x„P

rfpxqs ě pµP {Q ´

d

1´ δ
δ

Var
x„Q

“

pµP {Q
‰

. (6.27)

By replacing the variance with the bound in Lemma 6.1 (setting α “ 1) we get the
result.

The bound highlights the interesting trade-off between the estimated performance
and the uncertainty introduced by changing the distribution. The latter enters
in the bound as the 2-Rényi divergence between the target distribution P and
the behavioral distribution Q. Intuitively, we should trust the estimator pµP {Q as
long as P is not too far from Q. As similar bound can be obtained for the SN
estimator (Metelli et al., 2018, Appendix D).

The same result is also applicable to the multiple importance sampling estimator,
just by replacing pµP {Q with pµBH

P {Q1:J
and using the variance bound from Lemma 6.2.

Corollary 6.3 Let P and tQjuJj“1 be probability measures on the measurable space
pX ,Fq such that P ! Qj for j “ 1, . . . , J . Let x1j , x2j , . . . , xNj j be i.i.d. random
variables sampled from Qj with j “ 1, 2, ..., J , let Φ “

řJ
k“1

Nk
N Qk be a finite

mixture such that d2pP }Φq ă 8 and f : X Ñ R be a bounded function (}f}8 ă 8).
Then, for any 0 ă δ ď 1 and N ą 0, with probability at least 1´ δ, it holds that:

E
x„P

rfpxqs ě
1
N

J
ÿ

j“1

Nj
ÿ

i“1
wBH
P {Q1:J

pxijqfpxijq

pµBH
P {Q1:J

´}f}8

c

p1´ δqd2pP }Φq
δN

. (6.28)
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6.2.3 Maximizing the lower bound
Now consider a class tPω|ω P Ωu of parametric target distributions, all absolutely
continuous w.r.t. Q. We maximize the lower bound on expected performance from
Theorem (6.2) w.r.t. parameter vector ω:

max
ωPΩ

Lλpω;Qq :“ 1
N

N
ÿ

i“1
wPω{Qpxiqfpxiq ´ λ

c

d2pPω}Qq

N
, (6.29)

where λ ą 0 is a penalization coefficient subsuming }f}8
a

p1´ δq{δ, which can be
directly hand-tuned for specific applications. The first term in (6.29) favors values
of ω that put more weight on high observed payoffs. The second term acts as a
penalization for distributions that diverge too much from the behavioral one, from
which the observed payoffs have been actually generated. From Theorem 6.2, the
solution Lλpω˚q of (6.29) lower-bounds, with high probability, the true expected
payoff Ex„Pω˚

rfpxqs. In this way, we are indeed optimizing expected payoff in a
conservative way from off-distribution data. A similar optimization problem can be
defined for the MIS setting of Corollary 6.3.

Realistically, we cannot solve (6.29) in closed form. However, we can perform
gradient ascent on the surrogate objective Lλ. Given the off-distribution nature
of the objective, we can perform several gradient updates with the same data.
In this resides the promised data efficiency of the approach. In Section 6.3, we
specialize this abstract problem to policy optimization. In that case, the behavioral
distribution Q corresponds to the last policy used to interact with the environment.
In the MIS setting, all past policies can serve as behaviorals.

6.2.4 Importance Sampling and Natural Gradient
There is a tight connection between the geometry induced by the Rényi divergence
and the Fisher information metric (Section 3.3.1), as pointed out by Metelli et al.
(2020b, Theorem 4.4):

Lemma 6.3 Let pω be a p.d.f. differentiable w.r.t. ω P Ω. Then, it holds that, for
the Rényi divergence:

Dαppω1}pωq “
α

2
`

ω1 ´ ω
˘T
F pωq

`

ω1 ´ ω
˘

` op}ω1 ´ ω}22q,

and for the exponentiated Rényi divergence:

dαppω1}pωq “ 1` α

2
`

ω1 ´ ω
˘T
F pωq

`

ω1 ´ ω
˘

` op}ω1 ´ ω}22q.

This result provides an approximate expression for the variance of the importance
weights:

Var
x„pω

“

wω1{ωpxq
‰

“ d2ppω1}pωq ´ 1 »
`

ω1 ´ ω
˘T
F pωq

`

ω1 ´ ω
˘

, (6.30)
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which can be used to justify the use of natural gradients in off-distribution opti-
mization. Say we want to find the steepest ascent update for objective L : Ω Ñ R
that keeps the variance of the importance weights under control:

max
∆ω

∇ωLpωqT∆ω

subject to Var
x„pω

“

wω1{ωpxq
‰

ď ε2,

for some small threshold ε ą 0. By approximating the variance with Equation (6.30)
and solving the resulting constrained optimization problem we obtain:

∆ω “ ε
a

∇ωLpωqTF pωq´1∇ωLpωq
F pωq´1∇ωLpωq, (6.31)

which is precisely a natural gradient update (Amari, 1998) with the adaptive step
size suggested by Matsubara et al. (2010).

Besides motivating the use of natural gradients in our own work, this result can
provide further justification to trust-region methods based on natural gradients, such
as the original implementation of TRPO (Schulman et al., 2015a, see Section 3.8).
Note also that, from (3.11) and Lemma 6.3, the KL divergence is proportional to
the variance of importance weights up to the second order. This perspective can
also shed new light on the relationship between TRPO and PPO by reversing the
original narrative (Schulman et al., 2017b): PPO directly constrains the variance of
importance weights by clipping them, while TRPO does that implicitly with a KL
constraint.

6.3 Policy Optimization via Importance Sampling

In this section, we discuss how to customize the conservative off-distribution opti-
mization approach (6.29), described in abstract terms in the previous section, for
policy optimization. The data efficiency of the proposed approach becomes crucial
here since collecting trajectories can be very expensive. We present POIS (first
introduced by Metelli et al., 2018), a model-free actor-only policy search algorithm.
POIS comes in two flavors, corresponding to two ways of performing exploration:
Parameter–based POIS (P-POIS), which adopts the parameter-based exploration
framework of PGPE (Section 3.12.2), and Action–based POIS (A-POIS), which
relies on the standard action-based exploration framework of REINFORCE. We
then show how to extend these algorithms to the MIS setting to make an even more
efficient use of data. In the following we operate under Assumption 5.1, that is,
rewards are uniformly bounded by Rmax.

6.3.1 Parameter-based POIS
For Parameter–based POIS (P-POIS), we consider the framework described in Sec-
tion 3.12.2 for PGPE (Sehnke et al., 2008). Recall that we have a parametric policy
space ΠΘ “ tπθ : θ P Θ Ď Rdu, with πθ not necessarily differentiable nor stochastic.
The policy parameters θ are sampled at the beginning of each episode from a
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parametric hyperpolicy ρν , selected in a parametric space PV “ tρν : ν P V Ď Rmu.
Hyperpolicies must be stochastic and differentiable w.r.t. ν. The goal is to maximize
Jpνq as defined in Equation (3.117). In this setting, the distributions Q and P of
Section 6.2 correspond to the behavioral ρν and target ρν1 hyperpolicies, while f
is the trajectory return Rpτq. The importance weights must take into account all
sources of randomness, derived from sampling a policy parameter θ and a trajectory
τ (Zhao et al., 2013):

wν1{νpθq “
ρν1pθqppτ |θq

ρνpθqppτ |θq
“
ρν1pθq

ρνpθq
.

Note that, from Assumption 5.1, it follows that the trajectory return is bounded
by Rmax

1´γH
1´γ if γ ă 1 and RmaxH if γ “ 1. We can then rephrase the surrogate

objective from (6.29) for P-POIS:

LP´POIS
λ pν 1{νq “

1
N

N
ÿ

i“1
wν1{νpθiqRpτiq

pJP´POISpν1{νq

´λ

c

d2 pρν1}ρνq

N
, (6.32)

where λ is a regularization parameter.4 Each trajectory τi is obtained by running an
episode with base policy πθi , and the corresponding policy parameters θi are sampled
independently from hyperpolicy ρν at the beginning of each episode i “ 1, 2, ..., N .

In the policy optimization framework, the major advantage of the MIS estimation,
over the standard IS, is the higher sample-efficiency. Indeed, using MIS we can reuse
the trajectories generated by all past policies tπBjuJj“1 to estimate the performance of
the target policy πT . Differently, with the IS estimator we just reuse the trajectories
generated by a single policy πB, usually the last one. This advantage comes at
the cost of higher computational complexity, as we need to evaluate the density
function induced by each policy for all the collected trajectories. Moving to the MIS
framework, we need to redefine the importance weight to account for the multiple
behavioral hyperpolicies, having hyperparameters ν1:J “ tνju

J
j“1:

wBH
ν1{ν1:J

pθq “
ρν1pθqppτ |θq

řJ
k“1

Nk
N ρνkpθqppτ |θq

“
ρν1pθq

řJ
k“1

Nk
N ρνkpθq

,

where each Nk counts the number of episodes hyperpolicy ρνk was sampled from.
Therefore, by employing Corollary 6.3 and Theorem 6.1, we can formulate the new
surrogate objective:

LP´POIS
λ pν 1{ν1:Jq “

1
N

J
ÿ

j“1

Nj
ÿ

i“1
wBH
ν1{ν1:J

pθijqRpτijq

pJP´POISpν1{ν1:J q

´
λ

c

řJ
j“1

Nj

d2pρν1}ρνj q

, (6.33)

4For Theorem 6.2 to hold, λ “ Rmax
1´γH
1´γ

b

1´δ
δ

for γ ă 1 and λ “ RmaxH
b

1´δ
δ

for γ “ 1.
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where each θij is sampled independently from ρνj and the corresponding trajectory
τj is obtained by running policy πθij in the environment with i “ 1, 2, ..., Nj and
j “ 1, 2, ..., J . Note that (6.33) reduces to (6.32) when setting J “ 1, i.e., when
considering a single behavioral hyperpolicy.

To derive a practical algorithm, we use as behavioral hyperpolicies the J most re-
cent hyperpolicies and we denote them with ν1:J . At each epoch h “ 1, 2, ...,Mon-line,
we sample NJ parameters tθhi u

NJ
i“1 independently from ρνh0 . For each of the θhi , we

collect a single trajectory τhi by running policy πθh
i
in the environment and we observe

its return Rpτhi q. We now employ this return and all the ones previously collected
to optimize the objective function LP´POIS

λ off-line. In particular, for each (offline)
iteration k “ 1, 2, ...,Moff-line, we compute the gradient ∇νh

k
LP´POIS
λ pνhk {ν

h
1:Jq of

the objective function and we determine a step size αk using a line search procedure.
We update the hyperpolicy parameters via gradient ascent:

νhk`1 “ ν
h
k ` αk∇νh

k
LP´POIS
λ pνhk {ν

h
1:Jq.

Finally, when the off-line optimization is performed, we update the set of behavioral
hyperpolicies by removing the oldest parametrization νh´J0 and inserting the most
recent νh`1

0 . Clearly, the removal of the oldest one needs to be performed only if we
have performed at least J on-line iterations, i.e., if h ě J . Refer to Algorithm 6 for
the complete pseudo-code of P-POIS, presented in the more general MIS version.

A natural-gradient variant can be obtained by simply pre-multiplying the gradient
of the objective function by the inverse of the FIM:

νhk`1 “ ν
h
k ` αkF pν

h
k q
´1∇νh

k
LP´POIS
λ pνhk {ν

h
1:Jq. (6.34)

If we employ Gaussian hyperpolicies, we can leverage the same properties discussed
for PGPE (Section 3.12.2) for efficient computation of natural gradients.

6.3.2 Action-based POIS

In A-POIS we search for a policy that maximizes the performance Jpθq within a
parametric space ΠΘ “ tπθ : θ P Θ Ď Rdu of stochastic differentiable policies. In
this context, the behavioral (respectively target) distribution Q (resp. P ) becomes
the distribution over trajectories pθ (resp. pθ1) induced by the behavioral policy πθ
(resp. target policy πθ1) and f is again the trajectory return Rpτq. The corresponding
importance weight is defined in terms of trajectory density functions, and reduces
to a product of policy ratios:

wθ1{θpτq “
pθ1pτq

pθpτq
“

H´1
ź

t“0

πθ1paτ,t|sτ,tq

πθpaτ,t|sτ,tq
, (6.35)

since the transition probabilities cancel out (cf. Equation 2.44). The Rényi divergence
we need is between the distributions over trajectories induced by the policies. The
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Algorithm 6 P-POIS (Parameter-based POIS)
Input: J number of behavioral hyperpolicies

NJ number of samples to collect for each hyperpolicy
Mon-line maximum number of on-line iterations
Moff-line maximum number of off-line iterations
λ ě 0 regularization parameter
initial hyperpolicy parameters ν0

Initialize the target hyperpolicy: ν0
0 “ ν0

Initialize the behavioral hyperpolicy set: ν0
1:J “ tν

0
0u

for h “ 0, 1, ...,Mon-line ´ 1 do
Sample NJ policy parameters tθhi u

NJ
i“1 independently from ρνh0

Sample NJ trajectories tτhi u
NJ
i“1 independently with each tπθh

i
u
NJ
i“1

for k “ 0, 1, ...,Moff-line ´ 1 do
Compute gradient ∇νh

k
LP´POIS
λ pνhk {ν

h
1:Jq

Select the step size αhk using line search
Update the hyperpolicy parameters νhk`1 “ νhk ` α

h
k∇νh

k
LP´POIS
λ pνhk {ν

h
1:Jq

end for
Update the last behavioral hyperpolicy νh`1

0 “ νhMoff-line

Update the behavioral hyperpolicy set νh`1
1:J “

#

`

νh1:Jztν
h´J
0 u

˘

Y tνh`1
0 u if h ě J

νh1:J Y tν
h`1
0 u otherwise

end for

surrogate objective for A-POIS is then:

LA´POIS
λ pθ1{θq “

1
N

N
ÿ

i“1
wθ1{θpτiqRpτiq

pJA´POISpθ1{θq

´λ

c

d2 ppθ1}pθq

N
, (6.36)

Differently from P-POIS, the surrogate objective function cannot be directly opti-
mized via gradient ascent since computing d2 ppθ1}pθq requires the approximation
of an integral over the trajectory space, even for well-known policy models (like
Gaussian policies). Furthermore, for stochastic environments, we need to know the
functional form of the transition model p:

d2 ppθ1}pθq “

ż

T
pθpτq

ˆ

pθ1pτq

pθpτq

˙2
dτ “

ż

T
pθpτq

˜

H´1
ź

t“0

πθ1paτ,t|sτ,tq

πθpaτ,t|sτ,tq

¸2

dτ.

(6.37)
A possible conservative approach is to upper bound d2 ppθ1}pθq with the Rényi
divergence between the policies, as justified by the following result (Metelli et al.,
2020b, Proposition 5.1):

Lemma 6.4 Let pθ and pθ1 be the behavioral and target trajectory probability density
functions. If pθ1 ! pθ and H ă 8, then, for any α P r0,8s it holds that:

dα ppθ1}pθq ď sup
sPS

tdα pπθ1p¨|sq}πθp¨|sqqu
H
.
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This bound, besides being hard to compute due to the presence of the supremum,
is extremely conservative since the Rényi divergence is raised to the horizon H. For
these reasons, in practice, we resort to Rényi -divergence estimation. In particular,
we employ the following:

pd2 ppθ1}pθq “
1
N

N
ÿ

i“1

H´1
ź

t“0
d2

´

πθ1p¨|s
piq
t q}πθp¨|s

piq
t q

¯

. (6.38)

Refer to Metelli et al. (2020b) for an analysis of the bias and variance of this
estimator and a thorough comparison with possible alternatives.

The MIS extension of A-POIS is straightforwardly obtained by considering the
set of behavioral policies induced by the corresponding parameters θ1:J “ tθju

J
j“1:

wBH
θ1{θ1:J

pτq “
ppτ |θ1q

řJ
k“1

Nk
N ppτ |θjq

“

śH´1
t“0 πθ1paτ,t|sτ,tq

řJ
k“1

śH´1
t“0

Nk
N πθj paτ,t|sτ,tq

.

From Corollary 6.3 and Theorem 6.1, a valid surrogate objective is then:

LA´POIS
λ pθ1{θ1:Jq “

1
N

J
ÿ

j“1

Nj
ÿ

i“1
wBH
θ1{θ1:J

pτijqRpτijq

pJA´POISpθ1{θ1:J q

´
λ

b

řJ
j“1

Nj
d2ppθ1}pp¨|θjqq

, (6.39)

where each τij is obtained by running policy πθj in the environment with i “
1, 2, ..., Nj and j “ 1, 2, ..., J .

The learning process proceeds in a way similar to P-POIS. We consider the J
most recent policies θ1:J as behavioral policies. At each epoch h “ 1, 2, ...,Mon-line,
we collect NJ trajectories tθhi u

NJ
i“1 independently from πθh0 and we observe their

return Rpτhi q. These trajectories are then used to perform off-line optimization
of the objective function LA´POIS

λ . More specifically, for each (off-line) iteration
k “ 1, 2, ...,Moff-line, we compute the gradient ∇θh

k
LA´POIS
λ pθhk{θ

h
1:Jq of the objective

function and we determine a step size using a line search procedure. The policy
parametrization is then updated via gradient ascent:

θhk`1 “ θ
h
k ` αk∇θh

k
LA´POIS
λ pθhk{θ

h
1:Jq.

Finally, we update the set of behavioral policies by inserting the new parametrization
θh`1

0 and, if h ě J , removing the oldest one θh´J0 . Refer to Algorithm 7 for the
complete pseudo-code of A-POIS.

Designing natural-gradient variant is more challenging in this case, since we
would also need to estimate the FIM from off-policy data.

6.3.3 Per–decision action–based POIS
In the previous section, we introduced A-POIS by defining a unique importance
weight wθ1{θpτq for a whole trajectory τ . However, we can refine the estimator
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Algorithm 7 A-POIS (Action-based POIS)
Input: J number of behavioral policies

NJ number of samples to collect for each policy
Mon-line maximum number of on-line iterations
Moff-line maximum number of off-line iterations
λ ě 0 regularization parameter
Initial policy parameters θ0

Initialize the target policy: θ0
0 “ θ0

Initialize the behavioral policy set θ0
1:J “ tθ

0
0u

for h “ 0, 1, ...,Mon-line ´ 1 do
Sample NJ trajectories tτhi u

NJ
i“1 independently from πθh0

for k “ 0, 1, ...,Moff-line ´ 1 do
Compute gradient ∇θh

k
LA´POIS
λ pθhk{θ

h
1:Jq

Select the step size αhk using line search
Update the policy parameters θhk`1 “ θ

h
k ` αk∇θh

k
LA´POIS
λ pθhk{θ

h
1:Jq

end for
Update the last behavioral policy θh`1

0 “ θhMoff-line

Update the behavioral policy set θh`1
1:J “

#

`

θh1:Jztθ
h´J
0 u

˘

Y tθh`1
0 u if h ě J

θh1:J Y tθ
h`1
0 u otherwise

end for

pJA´POISpθ1{θq by observing that, given a time step t P t0, 1, ...,H ´ 1u, the corre-
sponding reward Rpsτ,t, aτ,tq does not depend on actions and states visited after
t. Thus, to reweigh the reward at time t, we can limit the importance weight to
consider the products of policy ratios up to t. This is the rationale behind the
introduction of Per-Decision Importance Sampling (PDIS) (Precup et al., 2000). In
the action-based exploration framework, per–decision importance weights can be
defined, for each time step t, as:

wθ1{θpτ0:tq “
pθ1pτ0:tq

pθpτ0:tq
“

t
ź

k“0

πθ1pak|skq

πθpak|skq
, (6.40)

for t “ 0, 1, . . . ,H ´ 1, where τ0:t denotes the trajectory prefix up to time t (cf.
Section 2.5.1).

By using the weights defined in Equation (6.40), we can provide the following
estimator for the expected return:

pJD´POISpθ1{θq “
1
N

N
ÿ

i“1

H´1
ÿ

t“0
γtwθ1{θpτ

piq
0:t qRps

piq
t , a

piq
t q. (6.41)

Per-decision IS preserves the unbiasedness of the estimator, indeed:

E
τ„pθ

rwθ1{θpτ0:tqRpst, atqs “ E
τ„pθ

rwθ1{θpτqRpst, atqs, (6.42)

for all t P t0, 1, ...,H ´ 1u. It is worth noting that the importance weight employed
in A-POIS is obtained by setting t “ H ´ 1 in Equation (6.40). Intuitively, by
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6.3. Policy Optimization via Importance Sampling

considering a product made up of fewer policy ratios, we might gain an advantage in
terms of injected uncertainty. Unfortunately, the variance of the PDIS estimator is
not always smaller than the variance of the corresponding "naive" IS estimator (see
Metelli et al., 2020b, Fact 5.1, for a counterexample). We may still have a variance-
reduction effect in practice, but this is task-dependent. See Metelli et al. (2020b);
Rowland et al. (2020); Liu et al. (2019b) for further discussions on the topic.

To obtain a per-decision version of A-POIS, we first need a bound on the variance
of the PDIS estimator:

Lemma 6.5 Let pJD´POISpθ1{θq be the PDIS estimator of the expected return Jpθ1q
computed with N i.i.d. trajectories τ1, τ2, . . . , τN collected running πθ, as defined in
Equation (6.41). If pθ1pτ0:tq ! pθpτ0:tq for all t “ 0, 1, ...,H ´ 1, then the variance
of pJD´POISpθ1{θq can be upper bounded as:

Var
”

pJD´POISpθ1{θq
ı

ď
R2

max
N

H´1
ÿ

t“0
ctd2 ppθ1pτ0:tq}pθpτ0:tqq , (6.43)

where ct is defined as:

ct “

$

&

%

γt
`

γt ` γt`1 ´ 2γH
˘

1´ γ if γ ă 1

2H ´ 2t´ 1 if γ “ 1
.

Proof

Var
”

pJD´POISpθ1{θq
ı

“
1
N

Var
τ„pθ

«

H´1
ÿ

t“0
γtwθ1{θpτ0:tqRpst, atq

ff

(6.44)

ď
1
N

E
τ„pθ

»

–

˜

H´1
ÿ

t“0
γtwθ1{θpτ0:tqRpst, atq

¸2
fi

fl (6.45)

ď
R2

max
N

E
τ„pθ

»

–

˜

H´1
ÿ

t“0
γtwθ1{θpτ0:tq

¸2
fi

fl (6.46)

“
R2

max
N

E
τ„pθ

«

H´1
ÿ

t“0
γ2twθ1{θpτ0:tq

2 ` 2
H´2
ÿ

t“0

H´1
ÿ

k“t`1
γt`kwθ1{θpτ0:tqwθ1{θpτ0:kq

ff

“
R2

max
N

˜

H´1
ÿ

t“0
γ2t E

τ„pθ

“

wθ1{θpτ0:tq
2‰` 2

H´2
ÿ

t“0
E

τ„pθ

“

wθ1{θpτ0:tq
2‰

H´1
ÿ

k“t`1
γt`k

¸

(6.47)

“
R2

max
N

H´1
ÿ

t“0

ˆ

γ2t `
2γtpγt`1 ´ γHq

1´ γ

˙

E
τ„pθ

“

wθ1{θpτ0:tq
2‰ (6.48)

“
R2

max
N

H´1
ÿ

t“0

γt
`

γt ` γt`1 ´ 2γH
˘

1´ γ d2 ppθ1}pθq , (6.49)
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where line (6.44) follows from the fact that the trajectories τi are i.i.d., line (6.45)
is obtained by bounding the variance with the second moment, line (6.46) is from
the fact that the immediate reward is uniformly bounded, line (6.47) is obtained
by observing that Eτ„pθ

“

wθ1{θpτ0:tqwθ1{θpτ0:kq
‰

“ Eτ„pθ
“

wθ1{θpτ0:tq
2‰ as k ą t,

line (6.48) follows from the properties of the geometric sum and finally line (6.49) is
obtained from the definition of d2 and pθ. By taking the limit we get the expression
for γ “ 1:

lim
γÑ1

γt
`

γt ` γt`1 ´ 2γH
˘

1´ γ “ 2H ´ 2t´ 1. (6.50)

Using the estimator defined in Equation (6.41) and the bound on the variance
given in Lemma 6.5 we can define the surrogate objective for per-Decision action-
based POIS (D-POIS):

LD´POIS
λ pθ1{θq “

1
N

N
ÿ

i“1

H´1
ÿ

t“0
γtwθ1{θpτ

piq
0:t qRps

piq
t , a

piq
t q

pJD´POISpθ1{θq

´ λ

g

f

f

e

1
N

H´1
ÿ

t“0
ctd2 ppθpτ0:tq}pθpτ0:tqq,

(6.51)

where λ “ Rmax
a

p1´ δq{δ is the theoretical regularization parameter and ct
is defined in Lemma 6.5. As in the action-based setting, we need to estimate
the exponentiated Rényi divergence in practice. We adapt the estimator from
Equation (6.38) by limiting the product to time t instead of H ´ 1.

Similarly to A-POIS, we can derive a multiple importance sampling extension
based on the balance heuristic for each time step t “ 0, . . . ,H´1. Let θ1:J “ tθju

J
j“1

be the set of behavioral policy parameters, and define the per-decision multiple
importance weights as:

wBH
θ1{θ1:J

pτ0:tq “
pθ1pτ0:tq

řJ
k“1

Nk
N pθj pτ0:tq

“

śt
h“0 πθ1pah|shq

řJ
k“1

śt
h“0

Nk
N πθj pah|shq

.

From Corollary 6.1 and Lemma 6.5, we obtain the following surrogate objective:

LD´POIS
λ pθ1{θ1:Jq “

1
N

J
ÿ

j“1

N
ÿ

i“1

H´1
ÿ

t“0
γtwBH

θ1{θ1:J
pτ
pijq
0:t qRps

pijq
t , a

pijq
t q

pJD´POISpθ1{θ1:J q

´ λ

g

f

f

f

e

1
N

H´1
ÿ

t“0

ct
řJ
j“1

Nj

d2ppθ1 pτ0:tq}pθj pτ0:tqq

,

(6.52)
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where each τij is obtained by running policy πθj in the environment with i “
1, 2, ..., Nj and j “ 1, 2, ..., J . Pseudocode for D-POIS is obtained from Algorithm 7
by replacing all occurrences of LA´POIS

λ with LD´POIS
λ .

A remark on exponential concentration inequalities. We have based our
surrogate objectives on Chebyshev-like inequalities. This results in a polynomial
dependence on the (inverse) failure probability 1{δ. By using Hoeffding’s or related
inequalities, we could obtain a logarithmic dependence instead. This is called
an exponential bound. An exponential lower bound on off-policy performance
would result in a less conservative surrogate objective, allowing faster learning
with the same theoretical guarantees. Unfortunately, the heavy-tailed nature of
importance weights prevents us to achieve exponential concentration even if the
reward function is bounded. This limitation can be overcome by employing so-called
robust estimators (Bubeck et al., 2013). A robust importance-sampling estimator
can be obtained by clipping the importance weights. This technique was used
by Papini et al. (2019a) to construct a risk-seeking counterpart of the surrogate
objective of POIS, that is, a statistical upper bound on off-policy performance, for
exploration purposes. In that work, exponential concentration was necessary to
prove regret guarantees.5 However, clipping the importance weights makes the
surrogate objective non-differentiable. For this reason, this technique is unsuitable
to policy-gradient approaches like POIS. Developing differentiable robust estimators
is a promising direction for future research on off-policy policy optimization.

6.4 Experiments

In this section, we present the experimental evaluation of POIS in its different
flavors (parameter-based, action-based, action-based per-decision). We first provide
a set of empirical comparisons on classical continuous control tasks with linearly
parametrized policies (Section 6.4.1); we then show how POIS can be adopted for
learning deep neural policies (Section 6.4.2). We also study the effects of employing
per-decision importance weights and multiple importance weights (Section 6.4.3).
In all experiments, for A-POIS and D-POIS we used the IS estimator, while for
P-POIS we employed the SN estimator (Equation 6.6). All the tasks are from the
rllab library (Duan et al., 2016). See Section C.3 for more details.

6.4.1 Linear Policies
Linearly parametrized Gaussian policies can be applied to relatively complex con-
trol tasks (Rajeswaran et al., 2017). In this section, we compare the learning
performance of A-POIS, D-POIS, and P-POIS against TRPO (Schulman et al.,
2015a) and PPO (Schulman et al., 2017b) on some classical continuous control
benchmarks (Duan et al., 2016) when all the algorithms use linear policies. The
hyperparameters of the individual algorithms are reported in Table 6.1. In the

5An adaptive clipping threshold allowed to handle the bias introduced by weight clipping (Papini
et al., 2019a).
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6. Conservative Off-Policy Optimization

Task P-POIS A-POIS D-POIS TRPO PPO
(δ) (δ) (δ) (step size) (step size)

Cartpole 0.4 0.4 0.99 0.1 0.01
Inverted Double Pendulum 0.1 0.1 0.4 0.1 1
Acrobot 0.2 0.7 0.7 1 1
Mountain Car 1 0.9 0.9 0.01 1
Inverted Pendulum 0.8 0.9 0.9999 0.01 0.01

Table 6.1: Meta-parameter value of the individual algorithms employed in the
experiments shown in Figure 6.1. For all versions of POIS we report the value of δ,
while for TRPO (Schulman et al., 2015a) and PPO (Schulman et al., 2017b) the
value of the step size.

Cartpole environment, as we can see from Figure 6.1, all the POIS variants out-
perform significantly the performance of TRPO and PPO, showing not only the
convergence to the optimum but also a faster convergence speed. This is particularly
true of P-POIS and D-POIS, where the optimum is reached in very few iterations.
Indeed, in this case, we can appreciate the benefit of the PDIS technique over the
simple IS. For the Inverted Double Pendulum environment, we have a less consistent
behavior: A-POIS has similar performance as TRPO and PPO, while P-POIS finds
the optimal policy at a remarkable speed; D-POIS stays somewhere in the middle,
still reaching the optimum but at a slower rate. In the acrobot task, we see how,
once again, P-POIS outperforms both TRPO and PPO, while A-POIS and D-POIS
get stuck in what could be a local optimum. The mountain-car environment shows
a very similar behavior among all the benchmarked algorithms, with A-POIS and
D-POIS having a slightly slower convergence speed. Lastly, the inverted-pendulum
setting is the only environment in which no version of POIS can keep up with the
TRPO and PPO baselines. Overall, POIS displays a performance comparable with
TRPO and PPO across the tasks. In particular, P-POIS displays better performance
w.r.t. A-POIS. Furthermore, apart from the peculiar case of the inverted pendulum,
D-POIS performs at least as good as A-POIS, empirically supporting the intuition
that the PDIS technique helps to reduce the variance in practice.

In Figure 6.2 we show, for several metrics, the behavior of A-POIS when changing
the δ parameter in the Cartpole environment. We can see that when δ is small
(e.g., 0.2), the Effective Sample Size (ESS) remains large and, consequently, the
variance of the importance weights (Varrws) is small. This means that the penalty
term in the objective function discourages the optimization process from selecting
policies that are far from the behavioral policy. As a consequence, the displayed
behavior is very conservative, preventing the policy from reaching the optimum.
On the contrary, when δ approaches 1, the ESS is smaller and the variance of the
weights tends to increase significantly. Again, the performance remains suboptimal
as the penalty term in the objective function is too small. The best behavior is
obtained with an intermediate value of δ, specifically 0.4.
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Figure 6.1: Average return as a function of the number of trajectories for P-POIS,
A-POIS, D-POIS, TRPO, and PPO with linear policy (20 runs, 95% confidence
intervals).

6.4.2 Deep Neural Policies
In this section, we adopt a deep neural network (3 layers of 100, 50, and 25 neurons)
to represent the policy. The experimental setup is fully compatible with the classical
benchmark by Duan et al. (2016). The value of the hyperparameters is reported
in Table 6.2. While A-POIS and D-POIS can be directly applied to deep neural
networks, P-POIS exhibits some critical issues. A high-dimensional hyperpolicy
(like a Gaussian from which the weights of a deep neural policy are sampled) can
make d2pρν1}ρνq extremely sensitive to small parameter changes, which leads to
over-conservative updates.6 A first practical variant comes from the insight that

6This curse of dimensionality can be seen as the analog, for the parameter-based exploration
framework, of the pesky dependence of the Rényi divergence on the task horizon H in the
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Figure 6.2: Average return, Effective Sample Size (ESS), and variance of the
importance weights (Varrws) as a function of the number of trajectories for A-POIS
for different values of the parameter δ in the Cartpole environment (20 runs, 95%
c.i.).

Task P-POIS A-POIS D-POIS
(δ) (δ) (δ)

Inverted Double Pendulum 0.8 0.99 0.4
Cartpole 0.6 0.99 0.99
Mountain Car 0.3 0.99 0.99
Swimmer 0.6 0.99 0.99

Table 6.2: Meta-parameter value of the individual algorithms employed in the
experiments shown in Figure 6.3. For all versions of POIS we report the value of δ.

d2pρν1}ρνq{N is the inverse of the effective sample size, as reported in Equation 6.7.
We can obtain a less conservative (although approximate) surrogate function by
replacing it with 1{yESSpρν1}ρνq. Another trick is to model the hyperpolicy as a set
of independent Gaussians, each defined over a disjoint subspace of Θ. In Table 6.3,
we augmented the results provided in (Duan et al., 2016). All the algorithms are
action-based except the last three. CMA-ES (Hansen and Ostermeier, 2001) is
an Evolution Strategy (Section 3.12.2) with Covariance Matrix Adaptation. In
Figure 6.3, we also provide performance curves for our algorithms, as we did in the
previous section. We can see that A-POIS and D-POIS are able to achieve an overall
behavior similar to the best of the action-based algorithms, approaching TRPO and
beating DDPG. Similarly, P-POIS exhibits performance similar to CEM (Szita and
Lörincz, 2006), the best performing among the parameter-based methods.

6.4.3 Multiple P-POIS
We also present some results related to the multiple importance sampling extension
we introduced in Section 6.1.3. While this extension can be applied to every flavor
of POIS, we only focus on the P-POIS setting with a linear policy, in order to briefly
present the pros and cons of this particular strategy. The hyperparameter values are

action-based case.
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Figure 6.3: Average return as a function of the number of trajectories for A-POIS,
P-POIS with deep neural policies (5 runs, 95% confidence intervals).

reported in Table 6.4. To highlight the benefits of multiple importance weights on
the effective sample size, we set the batch size to one. In the original P-POIS, this
means that our agent collects a single trajectory per (on-line) iteration. With MIS,
in principle, we could employ all the previous trajectories at each iteration, provided
that we store all the past behavioral hyper-policies, together with their sampled
policy parameters and the resulting returns. For computational reasons, we employ
a finite memory, managed as a simple FIFO queue. The capacity of this queue is the
number of most recent behavioral hyper-policies it can store (corresponding to J
in Equation (6.10)). We use weight normalization whenever possible. For MIS, we
employ the self-normalized weights from Equation (6.12). In Figure 6.4 we compare,
on the usual benchmark tasks, P-POIS with single importance sampling (i.e., J “ 1)
to its MIS counterpart for different values of the capacity. We also report single-IS
P-POIS with a batch size of 10. The latter allows to appreciate the difference
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Cart-Pole Double Inverted
Algorithm Balancing Mountain Car Pendulum Swimmer

Random 77.1˘ 0.0 ´415.4˘ 0.0 149.7˘ 0.1 ´1.7˘ 0.1
REINFORCE 4693.7˘ 14.0 ´67.1˘ 1.0 4116.5˘ 65.2 92.3˘ 0.1
TNPG 3986.4˘ 748.9 ´66.5˘ 4.5 4455.4˘ 37.6 96.0˘ 0.2
RWR 4861.5˘ 12.3 ´79.4˘ 1.1 3614.8˘ 368.1 60.7˘ 5.5
REPS 565.6˘ 137.6 ´275.6˘ 166.3 446.7˘ 114.8 3.8˘ 3.3
TRPO 4869.8˘ 37.6 ´61.7˘ 0.9 4412.4˘ 50.4 96.0˘ 0.2
DDPG 4634.4˘ 87.6 ´288.4˘ 170.3 2863.4˘ 154.0 85.8˘ 1.8
A-POIS 4842.8˘ 13.0 ´63.7˘ 0.5 4232.1˘ 189.5 88.7˘ 0.55
D-POIS 4819.3˘ 59.3 ´61.0˘ 0.5 4333.8˘ 115.4 88.2˘ 1.49
CEM 4815.4˘ 4.8 ´66.0˘ 2.4 2566.2˘ 178.9 68.8˘ 2.4
CMA-ES 2440.4˘ 568.3 ´85.0˘ 7.7 1576.1˘ 51.3 64.9˘ 1.4
P-POIS 4428.1˘ 138.6 ´78.9˘ 2.5 3161.4˘ 959.2 76.8˘ 1.6

Table 6.3: Performance of POIS compared with Duan et al. (2016) on deep neural
policies (5 runs, 95% confidence intervals). In bold, the performances that are not
statistically significantly different from the best algorithm in each task.

Environment N “ 1, J “ 1 N “ 1, J “ 10 N “ 1, J “ 50 N “ 10, J “ 1

Cartpole 0.0001 0.0001 0.001 0.1
Inverted D. P. 0.001 0.001 0.0005 0.05
Acrobot 0.99 0.01 0.05 0.6
Mountain Car 0.6 0.0005 0.0005 0.05
Inverted Pendulum 0.99 0.2 0.1 0.1

Table 6.4: Meta-parameter value of the individual algorithms employed in the
experiments shown in Figure 6.4. For all versions of POIS we report the value of δ.

between having 10 “fresh” samples from the current behavioral hyper-policy and
re-using old ones with MIS instead.

In all the considered tasks, single P-POIS with unit batch size fails miserably,
except in Mountain Car, in which all the tested variants show comparable behavior.
We can see that MIS is able to remedy this lack of samples, at least partially. In
Cartpole, a capacity of 10 is enough to achieve optimal performance. The results in
the Inverted Double Pendulum task are the most aligned with intuition: a capacity
of 10 yields a significant improvement compared to the single-IS case, but the latter
becomes superior once equipped with a batch size of 10 fresh samples. In addition,
a larger capacity (J “ 50) is beneficial. Acrobot yields similar results, although less
clear. The outcomes in the Inverted Pendulum task are more surprising: a capacity
of 10 is better than both a capacity of 50 and the large-batch variant. This could
be explained by the paramount importance of exploration in this task if we consider
the variance of the objective function estimate as a passive form of exploration.
Another possibility is that adding more behavioral hyper-policies makes it harder to
optimize the objective function. Both aspects should be further inquired by future
work.
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6.4. Experiments
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(b) Inverted Double Pendulum
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(e) Inverted Pendulum
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Figure 6.4: Average return as a function of the number of trajectories for P-POIS
with linear policy for different values of the batch size N and the MIS capacity J
(20 runs, 95% confidence intervals).

We will discuss other open questions on POIS in the conclusion (Chapter 9).
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Convergence Guarantees 7

We have stressed several times the fact that interaction data are a precious resource
in real-world reinforcement learning. In this chapter, we study the amount of data
that Policy Gradient (PG) algorithms require to converge. Besides the inherent
theoretical interest, finite-sample convergence guarantees provide an important
certificate of the time and effort a learning process will require.

Although the asymptotic convergence of policy gradient methods are widely
known at least since Sutton et al. (1999), the sample complexity of these algorithms
only recently gained attention. The convergence rate of REINFORCE and Monte
Carlo PGT can be easily derived from the classic theory of stochastic gradient
descent, and may therefore be considered trivial. However, choosing the most
meaningful assumptions for the policy class is far from obvious. Moreover, we
present here a series of episodic actor-only policy gradient algorithms that have
provably better sample complexity than REINFORCE.

The structure of this chapter is as follows. In Section 7.1 we formally introduce
our optimization framework with its basic assumptions. In Section 7.2 we provide a
proof of the Opε´2q sample complexity of REINFORCE, which is a folklore result.
We also discuss what assumptions on the policy class are really necessary to prove
the convergence of REINFORCE and PGT. We then proceed to develop a variant
of REINFORCE with a better sample complexity, based on the Stochastic Variance-
Reduced Gradient (SVRG) technique from finite sum optimization (Johnson and
Zhang, 2013). Our algorithm, called Stochastic Variance-Reduced Policy Gradient
(SVRPG), is presented in Section 7.3. We report a proof by Xu et al. (2019) showing
that SVRPG enjoys a Opε´5{3q sample complexity, which is indeed better than
REINFORCE. We also raise some concerns about the strong assumptions on which
these kind of convergence proofs rely on. In Section 7.4, we briefly review algorithms
that were proposed after SVRPG and that enjoy an even better Opε´3{2q rate,
which is believed to be optimal. We review other related works in Section 7.5. In
Section 7.6, we provide an empirical evaluation of SVRPG. To complete our account
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7. Convergence Guarantees

of convergence guarantees for policy gradient algorithms, we briefly review recent
works on global optimality guarantees in Section 7.7. We conclude by raising some
convergence-related concerns on the practice of learning the variance of Gaussian
policies with policy gradients, which offer further motivation for Chapter 8.

This chapter is based on our original SVRPG paper (Papini et al., 2018) and
includes some later contributions by Xu et al. (2019).

7.1 Optimization Framework

We are interested in the convergence rate of actor-only policy optimization algorithms
(Section 3.5). Since these are typically episodic, we will measure their sample
complexity in terms of the number of trajectories they need to collect in order to
converge to a stationary point.

As usual, we want to maximize expected performance (3.1) over a parametric
policy class ΠΘ. For simplicity, consider the unconstrained case Θ “ Rd (see Xu
et al., 2020, for a discussion of the constrained case). We say θ P Θ is at convergence
when it satisfies the first-order condition ∇Jpθq “ 0. For any given ε ą 0, we
characterize ε-convergence as:

}∇Jpθq}2 ď ε. (7.1)

We say that a policy gradient algorithm has sample complexity C : R`` Ñ R if
the minimum number of trajectories guaranteeing ε-convergence is OpCpεqq. An
algorithm with this property also converges asymptotically since (7.1) holds for all
ε ą 0 given enough data.

We assume access to a FSO p∇Jpθ; Dq, where D denotes a dataset of i.i.d. trajec-
tories collected with πθ. This can be, for instance, a REINFORCE or G(PO)MDP
policy gradient estimator (Section 3.5.1 and 3.5.2, respectively). In the following, let
gpθ; τq “ p∇Jpθ; tτuq denote the gradient estimate obtained from a single trajectory.
We further require the following:

Assumption 7.1 (PG convergence requirements)

1. The reward is bounded as }r}8 ď Rmax (Assumption 5.1), and γ ă 1;

2. The policy class ΠΘ is pξ1, ξ2, ξ3q-smoothing (see Definition 5.2.1),
with Θ “ Rd;

3. The variance of the gradient estimator is bounded, for all θ P Θ, as:

Var
τ„pθ

rgpθ; τqs ď V1, (7.2)

for some Rmax, ξ1, ξ2, ξ3,V1 ě 0.

The first two conditions guarantee that the objective function is smooth. We
have shown in Section 5.2 that commonly used policy classes are smoothing. The
requirement on the variance of the gradient estimator is common in first-order
stochastic optimization (e.g., Allen-Zhu, 2018). As shown in Chapter 5, it is
satisfied both by REINFORCE (Lemma 5.4) and by G(PO)MDP (Lemma 5.5).
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7.2. Convergence Rate of REINFORCE

7.2 Convergence Rate of REINFORCE

It is well known that REINFORCE enjoys the typical Opε´2q convergence rate of
smooth nonconvex SGD under some regularity conditions.1 However, formal proofs
of this result are surprisingly hard to find both in the PO and in the nonconvex
optimization literature.2 In this section, we prove the convergence rate of actor-only
policy gradient (Algorithm 2) under Assumption 7.1. As discussed in Section 7.1,
this covers interesting practical scenarios.

In the following, let θ˚ “ arg maxθPΘ Jpθq denote a vector of globally optimal
policy parameters. Note that the iterates θ1,θ2, . . . of Algorithm 2 are random
variables, since they are updated using stochastic gradients. Recall that Dk is the
dataset sampled at the k-th iteration. Let Fk “ σp

Ťk´1
i“0 Diq denote the σ-algebra

representing all information available at the beginning of the k-th iteration, and let
Ekr¨s be short for EDk„pθk r¨|Fks. Now consider the filtration F “ tFkukě0 and let
tXkukě0 be an F-adapted process (one example is the sequence tθkukě0 of policy
parameters). Let E0:K r¨s be short for E0 rE1 r. . .EK´1 rEK r¨ss . . . ss. By the law of
total expectation:

K´1
ÿ

k“0
Ek rXk`1s “ E0:K´1

«

K´1
ÿ

k“0
Xk`1

ff

. (7.3)

Finally, let vk be short for p∇Jpθk; Dkq.
First, we establish a lower bound for the number of iterations required to achieve

ε-convergence:

Theorem 7.1 (REINFORCE rate) Under Assumption 7.1, running Algorithm 2
with initial policy parameters θ0, batch size N , and step size α “ min

!

1
L ,

εN
LV1

)

for
a number K of iterations such that:

K ě 2 pJpθ˚q ´ Jpθ0qq

ˆ

L

ε
`
LV1

ε2N

˙

, (7.4)

guarantees E
”

}∇Jpθkq}2
ı

ď ε for a k uniformly sampled from t0, 1, . . . ,K ´ 1u,

where L “ Rmax
p1´γq2

´

2γξ2
1

1´γ ` ξ2 ` ξ3

¯

, and all the other constants are from Assump-
tion 7.1.

Proof From Assumption 7.1 and Theorem 5.2, for all k ě 0:

Jpθk`1q ´ Jpθkq ě x∇Jpθkq,θk`1 ´ θky ´
L

2 }θk`1 ´ θk}
2
. (7.5)

1Some authors (e.g., Pham et al., 2020) define ε-convergence as }∇Jpθq} ď ε, without the
square. Albeit conceptually equivalent, it produces different convergence rates. For instance,
the one for REINFORCE is Opε´4q under this alternative definition. To avoid any confusion in
comparing algorithms, we always use (7.1) in this manuscript.

2This is what is called a folklore result. Our proof for REINFORCE follows the one by Allen-Zhu
(2018, Appendix B) for SGD.
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Hence:

Ek rJpθk`1qs ´ Jpθkq ě Ek
„

x∇Jpθkq,θk`1 ´ θky ´
L

2 }θk`1 ´ θk}
2


“ α }∇Jpθkq}2 ´
α2L

2 Ek
”

}vk}
2
ı

ě

ˆ

α´
α2L

2

˙

}∇Jpθkq}2 ´
α2L

2 Ek
”

}vk ´∇Jpθkq}2
ı

(7.6)

ě

ˆ

α´
α2L

2

˙

}∇Jpθkq}2 ´
α2L

2N V1, (7.7)

where (7.6) is from the triangle inequality and (7.7) is from Assumption 7.1.3.
Consider the following sum:

K´1
ÿ

k“0
Ek rJpθk`1qs ´ Jpθkq “

K´1
ÿ

k“0
Ek rJpθk`1q ´ Jpθkqs

“ E0:K´1

«

K´1
ÿ

k“0
Jpθk`1q ´ Jpθkq

ff

(7.8)

“ E0:K´1 rJpθKq ´ Jpθ0qs (7.9)
“ E0:K´1 rJpθKqs ´ Jpθ0q,

where (7.8) is from (7.3) and (7.9) is by telescoping the sum. So, summing both
sides of (7.7) over k “ 0, 1, . . . ,K ´ 1 and dividing by K:

E0:K´1 rJpθKqs ´ Jpθ0q

K
ě

´

α´ α2L
2

¯

K

K´1
ÿ

k“0
}∇Jpθkq}2 ´

α2L

2N V1. (7.10)

By rearranging terms:

1
K

K´1
ÿ

k“0
}∇Jpθkq}2 ď

E0:K´1rJpθKqs´Jpθ0q
K ` α2L

2N V1
`

α´ α2L
2
˘ . (7.11)

The term on the left hand side is the expected value of the squared gradient norm
w.r.t. to an iterate randomly chosen from k “ 0 to k “ K ´ 1. For convergence, we
require this quantity to be less than some error ε. By combining (7.11) with (7.1)
and rearranging terms, we obtain the following lower bound on the number K of
iterations sufficient to achieve convergence:

K ě
E0:K´1 rJpθKqs ´ Jpθ0q

εα´ εα2 L
2 ´ α

2 L
2N V1

. (7.12)

We actually require the following:

K ě
Jpθ˚q ´ Jpθ0q

εα´ εα2 L
2 ´ α

2 L
2N V1

, (7.13)
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which is stronger since θ˚ is a global optimizer. We now set as a step size α “
min

!

1
L ,

εN
LV1

)

. This allows to consider two cases:

1. ε ě V1{N
In this case, α “ 1

L , hence the requirement becomes:

K ě
2L pJpθ˚q ´ Jpθ0qq

ε´ V1
N

ě
2L pJpθ˚q ´ Jpθ0qq

ε
. (7.14)

2. ε ă V1{N
In this case, α “ εN

LV1
, hence the requirement becomes:

K ě
2L pJpθ˚q ´ Jpθ0qq

ε2N
2LV1

´

1´ εN
V1

¯ ě
2LV1 pJpθ

˚q ´ Jpθ0qq

ε2N
. (7.15)

Overall, with α “ min
!

1
L ,

εN
LV1

)

, a sufficient number of iterations is:

K ě 2L pJpθ˚q ´ Jpθ0qq

ˆ

1
ε
`

V1

ε2N

˙

, (7.16)

which completes the proof.

Since N trajectories are collected at each iteration, the minimum number of
trajectories required to achieve ε-convergence is:

NTOT “ KN “ O
ˆ

pJpθ˚q ´ Jpθ0qq

ˆ

LN

ε
`
LV1

ε2

˙˙

. (7.17)

The second term dominates, yielding the well-known Opε´2q rate.3
Theorem 7.1 can be instantiated for Gaussian and Softmax policies by using the

value of the smoothness constant L from Table 5.1. The policy gradient estimator
can be REINFORCE or G(PO)MDP, and the corresponding value of V1 can be
deduced from Lemma 5.4 and 5.5, respectively. Note that the choice of batch size
does not affect the rate of convergence. By sending N to infinity, we can make the
Opε´2q term from (7.4) vanish, matching the Opε´1q rate of exact gradient descent
for smooth nonconvex objectives (Nesterov, 2004). However, this is vacuous in
terms of sample complexity. Improving the latter requires novel algorithmic ideas
such as the ones described in the next sections.

7.2.1 Remark on the convergence of PGT
As observed in Section 3.1, the original convergence guarantees for PGT (Sutton
et al., 1999, Theorem 3), rely on a uniform upper bound over

›

›∇2πθpa|sq
›

›, which is
3As observed by Allen-Zhu (2018), acceleration techniques can only improve the Opε´1q term.
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problematic even for the simple shallow Gaussian policy (cf. Equation 3.63), since
actions sampled from it are potentially unbounded. This can be easily overcome by
replacing the original condition with a smoothing assumption. By inspecting the
proof of Theorem 3 by Sutton et al. (1999), we see that the requirement on the policy
Hessian is only needed to ensure that the performance is smooth. So, from Theo-
rem 5.1, it is enough to assume that the policy class is smoothing (Definition 5.2.1).
The proof then proceeds as before, using Proposition 3.5 by Bertsekas and Tsitsiklis
(1996) to prove convergence to a stationary point. Recall, from Section 3.3.4, that
Gaussian policies are smoothing, so we no longer need to restrict the action space
A to apply the convergence results from Sutton et al. (1999).

7.3 Stochastic Variance-Reduced Policy Gradient

In this section, we present our SVRPG algorithm (Papini et al., 2018), which has an
improved Opε´5{3q convergence rate (Xu et al., 2019). First, we revise the SVRG
algorithm from finite-sum optimization (Johnson and Zhang, 2013).

7.3.1 Stochastic Variance-Reduced Gradient
Finite-sum optimization is the problem of minimizing an objective function
f : X Ñ R which can be decomposed into the sum or average of a finite number of
functions fi : X Ñ R:

min
xPX

fpxq “
1
N

N
ÿ

i“1
fipxq. (7.18)

This kind of problem is very common in machine learning. Empirical risk minimiza-
tion can be cast as a finite-sum optimization problem where each fi corresponds to
a data sample zi from a dataset D of size N . In this case, we have fipxq “ lpzi|xq
for some loss l. The original requirement by Johnson and Zhang (2013) is that all
fi must be convex in x, and f strongly convex. We focus here on the non-convex
case, and only assume all the fi are smooth functions. Under this hypothesis, full
Gradient Descent (GD) has a OpNε´1q sample complexity (Nesterov, 2004). The
algorithm, first introduced by Cauchy (1847), is simply an iteration of the following
update rule:

xÐ x´ α∇fpxq “ x´ α 1
N

N
ÿ

i“1
∇fipxq, (7.19)

where α ą 0 is a learning rate. Each update requires N gradient computations,
which can be prohibitively expensive for large values of N (e.g., datasets with
millions of entries). Stochastic Gradient Descent (SGD) (Robbins and Monro, 1951;
Bottou and LeCun, 2003) overcomes this problem by picking a single fi per iteration
at random:

xÐ x´ α∇fipxq where i „ UprN sq. (7.20)

138



7.3. Stochastic Variance-Reduced Policy Gradient

This removes the linear dependence on N , but the variance introduced by the
randomization yields a worse, Opε´2q rate (Allen-Zhu, 2018).

Starting from SAG (Stochastic Average Gradient, Le Roux et al., 2012), a series
of variations to SGD have been proposed to achieve a better trade-off between
convergence speed and per-iteration costs: Stochastic Variance-Reduced Gradient
(SVRG) (Johnson and Zhang, 2013), S2GD (Semi-Stochastic Gradient Descent,
Konecný and Richtárik, 2013), SAGA (Defazio et al., 2014a), Finito (Defazio et al.,
2014b), MISO (Minimization by Incremental Surrogate Optimization, Mairal, 2015),
and, more recently, SARAH (Nguyen et al., 2017), SPIDER (Fang et al., 2018),
SNVRG (Stochastic Nested Variance-Reduced Gradient, Zhou et al., 2018), and
STORM (Cutkosky and Orabona, 2019). The common idea is to reuse past gradient
computations to reduce the variance of the latest stochastic estimate. In particular,
SVRG (or later improvements) is often preferred to other methods for its limited
storage requirements, which is a significant advantage when deep neural networks
are employed. The extension of SVRG to non-convex smooth objectives presented
here was studied by Reddi et al. (2016) and concurrently by Allen-Zhu and Hazan
(2016).

The idea of SVRG is to alternate full and stochastic gradient updates. Each
m “ OpNq iterations, a snapshot rx of the current parameter is saved together with
its full gradient ∇fprxq “ 1

N

řN
i“1 ∇fiprxq. In between snapshots, the parameter is

updated as xÐ x` αLfpxq, with a corrected semi-stochastic gradient defined as:

Lfpxq “ ∇fprxq
loomoon

full gradient

` ∇fipxq
loomoon

stochastic gradient

´ ∇fiprxq
loomoon

correction

where i „ UpNq, (7.21)

and rx is the most recent snapshot. The corrected gradient Lfpxq is unbiased:

E
i„UpNq

rLfpxqs “ ∇fprxq `∇fpxq ´∇fprxq “ ∇fpxq, (7.22)

and uses the full gradient as a stabilizer to keep the variance under control. An
informal but illuminating demonstration of this fact is the following: say the iterate
x is converging to x˚. Then:

lim
xÑx˚

Var rLfpxqs “ lim
xÑx˚

Var r∇fipxq ´∇fiprxqs “ 0, (7.23)

since also the snapshot rx must converge to x˚.4
We report the pseudocode for SVRG in Algorithm 8. Each snapshot corresponds

to an epoch, and we call iterations the parameter updates that happen in between.
For the iterates, superscripts count epochs and subscripts count inner iterations
within each epoch. Note that the first iteration (k “ 0) of each epoch s corresponds
to a full gradient step (Lfpxs0q “ ∇fprxsq) since xs0 :“ rxs. The final randomization
over the returned iterate is for technical reasons only. In practice, one just returns
the latest value.

4Note that the correlation between the stochastic-gradient and the correction terms is funda-
mental, otherwise their variances would just sum up.
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Algorithm 8 SVRG (Stochastic Variance-Reduced Gradient)
Input: epoch size m “ OpNq, step size α, initial parameters rx0, number of
epochs S
for s “ 0, 1, . . . , S ´ 1 do

Compute full gradient rµ “ ∇fprxsq
xs0 “ rxs

for k “ 0, 1, . . . ,m´ 1 do
i „ UprN sq
Compute Lfpxskq “ rµ`∇fipxskq ´∇fiprxsq
xsk`1 “ x

s
k ´ αLfpxskq

end for
Take snapshot rxs`1 “ xsm

end for
return xsk with pk, sq uniformly sampled from t0, 1, . . . ,m´1uˆt0, 1, . . . , S´1u

Since the full gradient is computed only once in m “ OpNq iterations, the
amortized per-iteration cost of SVRG is only twice that of SGD. This, combined
with the variance-reduction property, allows to achieve a sample complexity of
OpN2{3ε´1q, with the same dependency on ε of GD but a better dependency on
N (Reddi et al., 2016; Allen-Zhu and Hazan, 2016). This result was recently
improved to Op

?
Nε´1q by Fang et al. (SPIDER, 2018) and Zhou et al. (SNVRG,

2018).

7.3.2 From finite-sum to policy optimization
Stochastic variance-reduction techniques like SVRG require to design control variates
that are correlated with stochastic gradients. This only possible in certain stochastic
optimization settings. In finite-sum optimization, the original setting of SVRG,
this correlation is guaranteed by the artificial process of subsampling from a finite
dataset. Fortunately, policy optimization provides a similar correlation mechanism:
the natural sampling of trajectories arising from the interaction of the agent with
the environment. Still, if we wish to apply SVRG to policy optimization, we need
to overcome three main challenges:

Nonconvexity. While SVRG was initially designed for convex objectives, policy
optimization is, in general, non convex (more properly non-concave, since we have
defined it as a maximization problem). As discussed in Section 7.3.1, SVRG also
works in the nonconvex case (Reddi et al., 2016; Allen-Zhu and Hazan, 2016) under
a smoothness assumption. Smoothness in policy optimization has been discussed
in Chapter 5 and can be guaranteed for common stochastic policies and gradient
estimators. As shown in Lemma 5.1, the smoothness requirement is always satisfied
under Assumption 7.1, the same we adopted to prove the convergence rate of
REINFORCE (Theorem 7.1).5

5For technical reasons, we will adopt a stronger assumption in Section 7.3.4.
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Infinite support. Policy optimization cannot be cast as a finite-sum problem. We
can define base functions as trajectory returns, but the number of possible trajectories
is infinite. The main consequence is that we can no longer compute full gradients
exactly: at most, we can estimate them with a large number of trajectories. This
means that the variance of the full gradient must also be taken into consideration, as
for REINFORCE (Theorem 7.1). This problem is not specific of RL: in supervised
learning, it corresponds to the common situation in which the data distribution has
infinite support. The problem of inexact full-gradient computations in SVRG was
studied by Babanezhad et al. (2015) and Lei and Jordan (2017). The latter proposed
the SCSG (Stochastically Controlled Stochastic Gradient) algorithm, which is a
variant of SVRG where the full gradient is estimated from a finite batch of data and
the epoch length is sampled from a geometric distribution. As later shown by Lei
et al. (2017), SCSG has complexity Opε´5{3q in the smooth nonconvex case with
infinite support. 6 This is an improvement of ε1{3 over SGD in the same setting.
Recently, it was improved by another ε1{6 by Zhou et al. (SPIDER, 2018) and Fang
et al. (SNVRG, 2018), reaching Opε´3{2q complexity. As shown by Arjevani et al.
(2019), this rate is optimal.

Covariate shift. Since the policy optimization objective is an expectation under
the trajectory distribution induced by the current policy (3.69), stochastic gradients
are no longer the result of uniform sampling. Even worse, the sampling distribution
itself changes over time as we update policy parameters. This covariate shift
phenomenon is more specific of policy optimization and, to the best of our knowledge,
we were the first to study it in combination with stochastic variance reduction (Papini
et al., 2018). The immediate consequence is that the correction term from (7.21)
may introduce some bias, since it is evaluated in the snapshot with data from
an updated parameter. This is an off-policy learning problem and can be solved
via Importance Sampling (IS) if one can tame the extra variance introduced by
importance weights (see Chapter 6), which may itself hamper convergence speed.

In the next section we describe an adaptation of SVRG to policy optimization
that is able to overcome these challenges obtaining a better sample complexity than
REINFORCE.

7.3.3 SVRPG: the algorithm
Stochastic Variance-Reduced Policy Gradient (SVRPG) (Papini et al., 2018) is an
actor-only episodic policy gradient algorithm that uses the same variance-reduction
technique as SVRG in order to improve sample complexity. The pseudocode for
SVRPG is reported in Algorithm 9. The setting is precisely the one described in
Section 7.1. Compared to Section 7.3.1, the iterates are policy parameters θ P Θ, the
objective function is performance Jpθq and we are maximizing instead of minimizing.
As mentioned in Section 7.3.2, the number of possible data points (i.e.,, trajectories)

6When we first proposed SVRPG (Papini et al., 2018) we were not aware of the results on
non-convex SCSG.
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is infinite and the distribution of stochastic gradients is not under our control, but is
a function of the current policy parameters. The main difference w.r.t. Algorithm 8
is in the definition of the semi-stochastic gradient:

LJpθq “ p∇Jprθ; rDq
loooomoooon

full gradient

` p∇Jpθ; Dq
loooomoooon

stochastic gradient

´
1
B

ÿ

τPD
w

rθ{θpτqgp
rθ; τq

loooooooooooomoooooooooooon

correction

, (7.24)

where rθ is the most recent snapshot, rD is a set of N trajectories collected with
snapshot policy π

rθ, D is a set of B ! N trajectories collected with current policy
πθ, wrθ{θ is a trajectory-wise importance weight (Equation 6.35) where the current
policy plays the role of the behavioral, and gpθ; τq is short for p∇Jpθ; tτuq. Let us
comment on the three terms of (7.24) in more detail:

˛ The full gradient cannot be computed exactly and is estimated with a batch
of N trajectories sampled from p

rθ, where rθ is the latest snapshot. Differently
from the empirical risk minimization framework, here N is a meta-parameter
and not the actual size of the data domain, which is infinite. This term
corresponds to a REINFORCE or G(PO)MDP gradient estimator.

˛ The stochastic gradient is computed from a mini-batch of B ! N trajectories
sampled from pθ. Again, this is just REINFORCE/G(PO)MDP with a
smaller batch size. The original SVRG used a single data point to compute
the stochastic gradient, which corresponds to B “ 1. Larger mini-batches were
first studied by Babanezhad et al. (2015) and Konecný et al. (2016). We use
mini-batches essentially to counteract the variance introduced by importance
sampling.

˛ The correction term is an off-policy gradient estimate like the ones described
in Section 3.5.5. Importance weights are needed since the gradient is evaluated
in snapshot parameters rθ, but uses data sampled with the current policy πθ.
The latter is necessary to correlate the correction with the stochastic-gradient
term, which is fundamental for variance reduction (cf. Equation 7.23).7

7.3.4 Convergence rate
To prove convergence results for SVRPG we need stronger assumptions than the
ones employed for REINFORCE:

Assumption 7.2 (SVRPG convergence requirements)

1. The reward is bounded as }r}8 ď Rmax (Assumption 5.1), and γ ă 1;
7The temporal direction of these importance weights is the opposite of the usual one. Typically,

in off-policy PG (Section 3.5.5) and related methods (Chapter 6), data collected in the past are
re-weighted to evaluate a more recent policy. Here, data collected with the latest policy are
re-weighted to evaluate an old one (the snapshot). Note that SVRPG is an on-policy algorithm.
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Algorithm 9 SVRPG (Stochastic Variance-Reduced Policy Gradient)
Input: epoch length m, step size α, batch size N , mini-batch size B, initial
parameters rθ0, number of epochs S
for s “ 0, 1, . . . , S ´ 1 do

Collect batch rD „ p
rθs of N trajectories

Compute full gradient rµ “ p∇Jprθ; rDq Ź rD can be discarded afterwards
θs0 “

rθs

for k “ 0, 1, . . . ,m´ 1 do
Collect mini-batch D „ pθs

k
of B trajectories

Compute LJpθskq “ rµ` p∇Jpθsk; Dq ´ 1
B

ř

τPD wrθs{θs
k
pτqgprθs; τq

θsk`1 “ θ
s
k ` αLJpθskq

end for
Take snapshot rθs`1 “ θsm

end for
return θsk with pk, sq uniformly sampled from t0, 1, . . . ,m´1uˆt0, 1, . . . , S´1u

2. The policy class ΠΘ is such that, for all θ P Θ, s P S, and a P A:

}∇ log πθpa|sq} ď G1,
›

›∇2 log πθpa|sq
›

› ď G2, (7.25)

3. Gradient estimator gpθ; τq is REINFORCE or G(PO)MDP.

4. The variance of importance weights is bounded as:

Var
“

wθ{θ1pτq
‰

ď V2, (7.26)

for all θ,θ1 P Θ and trajectories τ P suppppθ1q.

for some Rmax, G1, G2,V2 ě 0.

Under this assumption, we can prove a number of useful results8:

Lemma 7.1 Under Assumption 7.2:

1. Performance J is L-smooth with L “ Rmax
p1´γ2q

´

1`γ
1´γG

2
1 `G2

¯

;

2. Var rgpθ; τqs ď V1, where V1 can be deduce from Table 7.1 depending on
whether REINFORCE or G(PO)MDP is used as an estimator;

3. For all θ P Θ and τ P suppppθq, }gpθ; τq} ď Cg, where Cg “ HG1Rmaxp1´γHq
1´γ .

4. For all θ,θ1 P Θ and τ P suppppθq ^ suppppθ1q,
}gpθ; τq ´ gpθ1; τq} ď Lg }θ ´ θ

1}, where Lg “ HG2Rmaxp1´γHq
1´γ ;

8These results can be found as a series ancillary lemmas in the supplementary materials
by Papini et al. (2018), or more compactly as Proposition 5.2 by Xu et al. (2019). The constants
may slightly change.

143



7. Convergence Guarantees

Table 7.1: Upper bound on the variance of policy gradient estimators, based on a
single trajectory, for a pG1, G

2
1, G2q-smoothing policy.

REINFORCE GPOMDP

V1
HG2

1R
2
maxp1´γ

H
q

2

p1´γq2
G2

1R
2
maxp1´γ

Hq
p1´γq3

Proof From Definition 5.2.1 and Assumption 7.2.2, the policy class is clearly
pG1, G

2
1, G2q-smoothing. So, the smoothness of J is from Theorem 5.1.

For the same reason, the variance upper bound is given by Lemma 5.4 (for
REINFORCE) or Lemma 5.5 (for G(PO)MDP).

We prove the last two properties for the REINFORCE estimator. The proof for
G(PO)MDP is similar after rewriting it in the PGT form (Equation 3.81).

First, we bound the norm of the estimator:

}gpθ; τq} “

›

›

›

›

›

H´1
ÿ

t“0
∇ log πθpat|stqRpτq

›

›

›

›

›

ď
Rmaxp1´ γHq

1´ γ

H´1
ÿ

t“0
}∇ log πθpat|stq}

ď
HG1Rmaxp1´ γHq

1´ γ (7.27)

Finally, we prove that gp¨; τq is Lg-smooth by bounding its gradient in norm:

}∇gpθ; τq} ď

›

›

›

›

›

H´1
ÿ

t“0
∇2 log πθpat|stqRpτq

›

›

›

›

›

ď
Rmaxp1´ γHq

1´ γ

H´1
ÿ

t“0

›

›∇2 log πθpat|stq
›

›

ď
HG2Rmaxp1´ γHq

1´ γ . (7.28)

From the proof of Lemma 7.1, it shoud be clear that Assumption 7.2 is indeed
stronger than Assumption 7.1. Hence, the convergence result proven for REIN-
FORCE also holds under these stronger requirements. We discuss whether the
latter are reasonable in Section 7.3.5.

In our original paper (Papini et al., 2018), we only provided asymptotic conver-
gence guarantees for SVRPG. In particular, we showed that, under Assumption 7.2
and an appropriate choice of meta-parameters, the output θOUT of Algorithm 9
satisfies:

E
“
›

›∇JpθOUTq
2›
›

‰

ď
Jpθ˚q ´ Jpθ0q

c1T
`
c2V1

N
`
c3LV

B
, (7.29)
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for some constants c1, c2, c3 ą 0. This is similar to REINFORCE (cf. Inequality 7.10),
with an additional OpB´1q term that is due to the variance introduced by importance
weights. This term prevents from establishing a better convergence rate than the
trivial Opε´2q.

In a later work, Xu et al. (2019) improved (7.29), removing the OpB´1q additive
term, and were able to prove a Opε´5{3q rate for SVRPG. This result is necessary
to say that SVRPG is indeed better than REINFORCE. For this reason, we report
their proof here instead of our original proof for (7.29).

The key contribution by Xu et al. (2019) is the following upper bound on the
variance of importance weights, which allows to amortize its effect on the total
variance of the estimator. The proof relies on some concepts we introduced in
Chapter 6:

Lemma 7.2 (Lemma 6.1 by Xu et al. (2019)) Under Assumption 7.1, the vari-
ance of importance weights is bounded, for all θ,θ1 P Θ and τ P suppppθ1q, as:

Var
“

wθ{θ1pτq
‰

ď LV
›

›θ ´ θ1
›

›

2
,

where LV “ 2H
`

2HG2
1 `G2

˘

pV2 ` 1q.

Proof From Equation 6.4, Varrwθ{θ1pτqs “ d2ppθ}pθ1q ´ 1. Let d2pθ}θ
1q be short

for d2ppθ}pθ1q, the exponentiated Rényi divergence.
The gradient of the divergence w.r.t. the target parameters is:

∇θd2pθ}θ
1q “ ∇θ

ż

pθ1pτqwθ{θ1pτq
2 dτ

“ ∇θ

ż

pθpτq
2

pθ1pτq
dτ

“ 2
ż

pθpτq

pθ1pτq
∇θpθpτqdτ

“ 2
ż

pθpτq
2

pθ1pτq
∇θ log pθpτqdτ. (7.30)

From (7.30) and (3.7) we can see that ∇θd2pθ}θ
1q|θ“θ1 “ 0. From the mean value

theorem:

d2pθ}θ
1q “ 1` 1

2 pθ ´ θ
1qT∇2

θd2pθα}θ
1qpθ ´ θ1q

ď 1` 1
2
›

›∇θd2pθα}θ
1q
›

›

›

›θ ´ θ1
›

›

2
, (7.31)

where θα “ αθ ` p1 ´ αqθ1, for some α P r0, 1s. We compute the Hessian by
differentiating (7.30) once again:

∇2
θd2pθ}θ

1q “ 2∇θ

ż

pθpτq
2

pθ1pτq
∇T
θ log pθpτqdτ

“ 2
ż

pθ1pτqwθ{θ1pτq
2 `2∇θ log pθpτq∇T

θ log pθpτq `∇2
θ log pθpτq

˘

dτ,
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whose spectral norm can be bounded as:

›

›∇2
θd2pθ}θ

1q
›

› ď 2
ż

pθ1pτqwθ{θ1pτq
2
´

2 }∇θ log pθpτq}2 `
›

›∇2
θ log pθpτq

›

›

¯

dτ

ď 2
`

2H2G2
1 `HG2

˘ `

Var
“

wθ{θ1
‰

` 1
˘

(7.32)
ď 2H

`

2HG2
1 `G2

˘

pV2 ` 1q, (7.33)

where (7.32) is from Assumption 7.2 (2.) and (3.75), and the last inequality is from
Assumption 7.2 (4.). Plugging (7.33) into (7.31) gives the result.

We now have all the elements required to prove the Opε´5{3q convergence rate of
SVRPG. The proof by (Xu et al., 2019), reported here in our own notation, follows
the structure of the proof by Papini et al. (2018, Theorem 4.4), which in turn is
heavily inspired by the proof by Reddi et al. (2016) on nonconvex SVRG.

We extend the notation used in the analysis of REINFORCE. Let rDs denote the
batch collected at the beginning of the s-th epoch, and Ds

k the mini-batch collected
at the k-th iteration of the s-th epoch. Let Fs

k be the σ-algebra obtained from
all the data collected prior to the k-th iteration of the s-th epoch. We use the
following convention: Fs´1

m does not include the batch rDs, while Fs
0 does. The

iterate θsk is Fs
k -measurable, and rθs is Fs´1

m -measurable. We use Es to abbreviate
E

rDs„p
rθs

“

¨|Fs´1
m

‰

, and Esk “ EsrEDs
k
„pθs

k

r¨|Fs
kss, which captures the randomness of

the latest batch and the latest mini-batch. Nested expectations are defined as usual
and a simple E is used to denote expectation over all sources of randomness.

Theorem 7.2 (Theorem 5.5 by Xu et al. (2019)) Under Assumption 7.2, Al-
gorithm 9 with constant step size α ď 1

4L , and epoch length m and mini-batch size
B satisfying:

B

m2 ě
3pLVC

2
g ` L

2
gq

2L2 , (7.34)

outputs parameters θOUT such that:

E
”

}∇JpθOUTq}
2
ı

ď
8pJpθ˚q ´ Jpθ0qq

Smα
`

6V1

N
, (7.35)

where N is the batch size, S the number of epochs, LV is from Lemma 7.2 and all
the other constants are from Lemma 7.1.

Proof Let vsk “ LJpθskq denote the SVRPG gradient estimate. From Lemma 7.1,
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the performance is L-smooth. Hence, from lemma A.2:

Jpθsk`1q ě Jpθskq ` x∇Jpθskq,θsk`1 ´ θ
s
ky ´

L

2
›

›θsk`1 ´ θ
s
k

›

›

2

“ Jpθskq ` x∇Jpθskq ´ vsk, αvsky ` α }vsk}
2
´
L

2
›

›θsk`1 ´ θ
s
k

›

›

2

ě Jpθskq ´
α

2 }∇Jpθ
s
kq ´ v

s
k}

2
`
α

2 }v
s
k}

2
´
L

2
›

›θsk`1 ´ θ
s
k

›

›

2 (7.36)

ě Jpθskq ´
3α
4

›

›∇Jpθks q ´ vsk
›

›

2
`

ˆ

1
4α ´

L

2

˙

›

›θsk`1 ´ θ
s
k

›

›

2

`
α

8 }∇Jpθ
s
kq}

2 (7.37)

where (7.36) is from Young’s inequality
First, we bound the variance of the SVRPG estimator. Let us use the abbrevia-

tion wsk “ w
rθs{θs

k
:

Esk
”

}∇Jpθskq ´ vsk}
2
ı

“ Esk

»

–

›

›

›

›

›

∇Jpθskq ´ rµs `
1
B

B
ÿ

i“1

´

wskpτiqgp
rθs; τiq ´ gpθsk; τiq

¯

›

›

›

›

›

2
fi

fl

ď Esk

»

–

›

›

›

›

›

∇Jpθskq ´∇Jprθsq ` 1
B

B
ÿ

i“1

´

wskpτiqgp
rθs; τiq ´ gpθsk; τiq

¯

›

›

›

›

›

2
fi

fl

` Esk
›

›

›
∇Jprθsq ´ rµs

›

›

›

2

ď
1
B2

B
ÿ

i“1
Esk

„

›

›

›
∇Jpθskq ´∇Jprθsq ` wskpτiqgprθs; τiq ´ gpθsk; τiq

›

›

›

2


`
V1

N
(7.38)

ď
1
B2

B
ÿ

i“1
Esk

„

›

›

›
wskpτiqgp

rθs; τiq ´ gpθsk; τiq
›

›

›

2


`
V1

N
(7.39)

ď
1
B2

B
ÿ

i“1

ˆ

Esk
„

›

›

›
pwskpτiq ´ 1qgprθs; τiq

›

›

›

2


` Esk
„

›

›

›
gprθs; τiq ´ gpθsk; τiq

›

›

›

2
˙

`
V1

N

ď
1
B2

B
ÿ

i“1

ˆ

C2
gVarskrwskpτiqs ` L2

gEsk
„

›

›

›

rθs ´ θsk

›

›

›

2
˙

`
V1

N
(7.40)

ď
C2
gLV ` L

2
g

B
Esk

„

›

›

›

rθs ´ θsk

›

›

›

2


`
V1

N
(7.41)

where we have used the independence of rDs and Ds
k, (7.38) is from Lemma 7.1.2,

(7.39) is from E
”

}E rxs ´ x}2
ı

ď E
”

}x}
2
ı

for any random vector x, (7.40) is from
Lemma 7.1 (points 3 and 4), and (7.41) is from Lemma 7.2.
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From (7.37) and (7.41):

Esk
“

Jpθsk`1q
‰

ě Esk rJpθskqs ´ αΨEsk
„

›

›

›

rθs ´ θsk

›

›

›

2


´
3αV1

4N

`

ˆ

1
4α ´

L

2

˙

Esk
”

›

›θsk`1 ´ θ
s
k

›

›

2
ı

`
α

8E
s
k

”

}∇Jpθskq}
2
ı

, (7.42)

where Ψ “ 3pC2
gLV ` L

2
gq{p4Bq. From Young’s inequality in the Peter-Paul variant:

›

›

›
θsk`1 ´

rθs
›

›

›

2
ď p1` εq

›

›θsk`1 ´ θ
s
k

›

›

2
`

ˆ

1` 1
ε

˙

›

›

›
θsk ´

rθs
›

›

›

2
, (7.43)

for all ε ą 0. By setting ε “ 2k ` 1 and rearranging:

›

›θsk`1 ´ θ
s
k

›

›

2
ě

1
2pk ` 1q

›

›

›
θsk`1 ´

rθs
›

›

›

2
´

1
2k ` 1

›

›

›
θsk ´

rθs
›

›

›

2
. (7.44)

From (7.42) and (7.44), since α ď 1
2L , after some rearranging:

Esk
“

Jpθsk`1q
‰

´ Esk rJpθskqs ě
α

8E
s
k

”

}∇Jpθskq}
2
ı

´
3αV1

4N

`
1

2pk ` 1q

ˆ

1
4α ´

L

2

˙

Esk
„

›

›

›
θsk`1 ´

rθs
›

›

›

2


´

„

αΨ` 1
2k ` 1

ˆ

1
4α ´

L

2

˙

Esk
„

›

›

›

rθs ´ θsk

›

›

›

2


.

(7.45)
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Summing both sides over k “ 0, 1, . . . ,m´ 1, the left-hand side telescopes:

Es0:m´1

”

Jprθs`1q
ı

´ Es´1
m

”

Jprθsq
ı

ě
α

8

m´1
ÿ

k“0
Esk

”

}∇Jpθskq}
2
ı

´
3mαV1

4N

`

m´1
ÿ

k“0

1
2α ´ L

4pk ` 1qE
s
k

„

›

›

›
θsk`1 ´

rθs
›

›

›

2


´

m´1
ÿ

k“0

„

αΨ`
1

2α ´ L

2p2k ` 1q



Esk
„

›

›

›

rθs ´ θsk

›

›

›

2


“
α

8

m´1
ÿ

k“0
Esk

”

}∇Jpθskq}
2
ı

´
3mαV1

4N `

m´2
ÿ

k“0

1
2α ´ L

4pk ` 1qE
s
k

„

›

›

›
θsk`1 ´

rθs
›

›

›

2


´

m´1
ÿ

k“1

„

αΨ`
1

2α ´ L

2p2k ` 1q



Esk
„

›

›

›

rθs ´ θsk

›

›

›

2


`

1
2α ´ L

4m Esm´1

„

›

›

›
θsm ´

rθs
›

›

›

2


´

„

αΨ` 1
4α ´

L

2



Esk
„

›

›

›

rθs ´ θs0

›

›

›

2


“
α

8

m´1
ÿ

k“0
Esk

”

}∇Jpθskq}
2
ı

´
3mαV1

4N ´

m´1
ÿ

k“1

«

1
4α ´

L
2

2kp2k ` 1q ´ αΨ
ff

Esk
„

›

›

›

rθs ´ θsk

›

›

›

2


`

1
2α ´ L

4m Esm´1

„

›

›

›
θsm ´

rθs
›

›

›

2


´

„

αΨ` 1
4α ´

L

2



Esk
„

›

›

›

rθs ´ θs0

›

›

›

2


“
α

8

m´1
ÿ

k“0
Esk

”

}∇Jpθskq}
2
ı

´
3mαV1

4N

´

m´1
ÿ

k“1

«

1
4α ´

L
2

2kp2k ` 1q ´
3αpC2

gLV ` L
2
gq

4B

ff

Esk
„

›

›

›

rθs ´ θsk

›

›

›

2


`

1
2α ´ L

4m Esm´1

„

›

›

›
θsm ´

rθs
›

›

›

2


´

«

3αpC2
gLV ` L

2
gq

4B `
1

4α ´
L

2

ff

Es
„

›

›

›

rθs ´ θs0

›

›

›

2


. (7.46)

From the assumptions on α and B{m2:

Es0:m´1

”

Jprθs`1q
ı

´ Es´1
m

”

Jprθsq
ı

ě
α

8

m´1
ÿ

k“0
Esk

”

}∇Jpθskq}
2
ı

´
3mV1α

4N . (7.47)

Summing both sides over s “ 0, . . . , S ´ 1, the left-hand side telescopes:

ErJprθSqs ´ Jpθ0q ě
α

8

S´1
ÿ

s“0

m´1
ÿ

k“0
Esk

”

}∇Jpθskq}
2
ı

´
3SmV1α

4N . (7.48)

Rearranging and dividing both sides by the total number of iterations Sm:

1
Sm

S´1
ÿ

s“0

m´1
ÿ

k“0
Esk

”

}∇Jpθskq}
2
ı

ď
8 pJpθ˚q ´ Jpθ0qq

Smα
`

6V1

N
. (7.49)
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The left-hand side is E
”

}∇JpθOUTq}
2
ı

, so the proof is complete.

As anticipated, the additive OpB´1q was removed from (7.29). From Theo-
rem 7.2, we can immediately prove the Opε´5{3q rate:

Corollary 7.3 (Corollary 5.7 by Xu et al. (2019)) Under Assumption 7.2, for
all ε ą 0, Algorithm 9 with step size α “ 1{p4Lq, batch size N “ Opε´1q, mini-batch
size B “ Opε´2{3q and epoch length m “

?
B, guarantees E

”

}∇JpθOUTq}
2
ı

ď ε

after collecting a total of Opε´5{3q trajectories.

Proof To obtain E
”

}∇JpθOUTq}
2
ı

ď ε we make sure:

32L pJpθ˚q ´ Jpθ0qq

Sm
ď
ε

2 and 6V1

N
ď
ε

2 ,

which requires Sm “ Opε´1q and N “ Opε´1q. Since m “
?
B, S “ Op1{p

?
Bεqq.

The total number of trajectories is then:

SN ` SmB “ O
ˆ

N
?
Bε

`
B

ε

˙

. (7.50)

Finally, by setting N “ Opε´1q and B “ Opε´2{3q, we obtain a total of Opε´5{3q
trajectories.

The Opε´5{3q complexity is an ε1{3 improvement over REINFORCE, showing
that SVRPG is indeed more sample efficient.

7.3.5 Remarks on the SVRPG assumptions

In this section, we show how some of the assumptions made to prove the convergence
rate of SVRPG are rather restrictive.

Bounded derivatives. Compared to the smoothing-policy condition used for
REINFORCE, Assumption 7.2.2 requires the derivatives of information to be
bounded uniformly over the action space rather than in expectation under the policy
itself. After we adopted this assumption (Papini et al., 2018, although they go back
at least to Sutton et al. (1999)), it was used several times by other authors (Xu
et al., 2019; Shen et al., 2019; Xu et al., 2020; Pham et al., 2020; Fallah et al.,
2020; Lyu et al., 2020). However, in retrospective, it is quite restrictive. To see
why, consider a shallow Gaussian policy with constant standard deviation. From
Section 3.3.4, the score is:

∇ log πθpa|sq “
a´ µθpsq

σ2 φpsq, (7.51)
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which is unbounded since A “ R in this case.9 So this simple and important policy
class is smoothing (Section 5.2.1) but does not satisfy Assumption 7.2.2. Unfor-
tunately, removing this strict requirement (e.g., by replacing it with a smoothing
condition), is non-trivial. We believe that a result of this kind would represent a
valuable step in bridging theory and practice.

Variance of importance weights. We have shown in Chapter 6 that the vari-
ance of importance weights is not to be taken lightly. In fact, satisfying As-
sumption 7.2.4 may require careful policy design or even slight modifications to
Algorithm 9. Moreover, the constant V2 may hide an exponential dependency on
the task horizon.

As a practically relevant example, consider a shallow Gaussian policy with
adaptive standard deviation:

Lemma 7.3 Given a policy class defined as in Equation 3.29, for all θ, rθ P Θ, the
variance of trajectory-wise importance weights is bounded as follows:

Var
”

w
rθ{θpτq

ı

ď sup
sPS

"

σ2
θ

σ
rθσ2

exp
ˆ

pµ
rθpsq ´ µθpsqq

2

σ2
2

˙*H

´ 1, (7.52)

where H is the task horizon and σ2
2 “ 2σ2

θ ´ σ
2
rθ
, provided σ2

θ ą σ2
rθ
{2.

Proof From Equation 6.4 and Lemma 6.4:

Var
”

w
rθ{θpτq

ı

“ d2pprθ}pθq ´ 1 ď sup
sPS

 

d2pπrθp¨|sq}πθqp¨|sq
(H
´ 1. (7.53)

The exponentiated Rényi divergence for the policy class of interest, together with the
condition on the standard deviations, can be derived from Equation 6.3, completing
the proof.

To satisfy Assumption 7.2.4, we first need to ensure that the variance of the current
policy is not much smaller than the one of the snapshot policy. Intuitively, the
behavioral policy must keep a sufficient amount of exploration to provide fresh
data that can be used to evaluate the gradient at a different point (the snapshot).
This can be easily achieved by using a fixed standard deviation σ. This could
seem quite restrictive, but adaptive variance is problematic for convergence anyway
(Section 7.8). In practice, one can monitor the learning process to ensure that
the condition σ2

θ ą σ2
rθ
{2 from Lemma 7.3 is satisfied at each inner iteration of

Algorithm 9, taking an early snapshot otherwise.
Even with a constant standard deviation, deriving a uniform upper bound V2

over Θ from Lemma 7.3 may require explicit constraints on the parameters. We are
not concerned with an explicit computation of the variance bound given the mostly
theoretical interest of the convergence results. Still, this value could be prohibitively

9Xu et al. (2020), among others, overcome this issue by assuming |a| ď amax for some constant
amax. However, this means the action distribution is no longer Gaussian. See Section 3.3.4 on
bounded-support policies.
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large due to the well known exponential dependence of the variance of importance
weights on the task horizon (Liu et al., 2018b) already discussed in Chapter 6. This
perspective reveals a hidden exponential dependency on the horizon of the sample
complexity bounds by Papini et al. (2017); Xu et al. (2019, 2020), which is made
explicit in (7.52). A recent algorithm by Shen et al. (2019) achieves the best known
sample complexity without relying on this assumption.

7.4 Better Sample Complexity than SVRPG

In the previous section, we have reported a result by Xu et al. (2019) showing
that SVRPG enjoys a Opε´5{3q convergence rate. More recently, Xu et al. (2020)
proposed an algorithm called Stochastic Recursive Variance Reduced Policy Gradient
(SRVR-PG), for which they proved a Opε´3{2q rate. This is an improvement of ε1{6
over SVRPG and a whole ε1{2 better than REINFORCE. This algorithm draws
inspiration from the SARAH (Nguyen et al., 2017) and SPIDER (Fang et al., 2018)
algorithms for finite-sum optimization. It can be seen as a variant of Algorithm 9
where the semi-stochastic gradient is defined as:10

LJpθskq “ LJpθsk´1q `
p∇Jpθsk; Dq ´ 1

B

ÿ

τPD
wθs

k´1{θ
s
k
pτqgpθsk; τq, (7.54)

where LJpθs0q “ p∇Jprθs; rDq. The recursive definition of LJ gives the name to the
algorithm, and is key to its improved sample complexity. Note also how importance
weights are always between subsequent policies, not between the current policy and
the latest snapshot as in SVRPG. As should be clear from Chapter 6, this reduces
the variance introduced by importance weights. Xu et al. (2019) also consider
the case of bounded policy spaces and a PGPE-like variant for parameter-based
exploration.

Along the same line of work, Shen et al. (2019) proposed the HAPG (Hessian-
Aided Policy Gradient) algorithm with Opε´3{2q sample complexity. In fact, they
were the first to prove this result for a policy gradient algorithm. HAPG relies
on second order information, but does so in an efficient way. The same result,
but without relying on second-order information, is achieved by Lyu et al. (2020),
who combine emphatic weights (Sutton et al., 2016) with STORM to improve
memory efficiency and off-policy stability. Differently from SRVR-PG, neither of
these algorithms employ importance weights, which means they do not require the
problematic Assumption 7.2.4. However, they still rely on Assumption 7.2.2.

The Opε´3{2q rate was believed to be optimal due to a lower bound from smooth
nonconvex optimization (Arjevani et al., 2019). A brand-new work by Zhang et al.
(2021) challenges this belief by proposing a policy gradient algorithm with rOpε´1q

sample complexity (where rO hides logarithmic terms). This astounding result is
achieved by exploiting the hidden convexity of the problem (Section 3.2.2). Indeed,
note that policy optimization is neither a special case (due to the policy-dependent

10We report it in the REINFORCE variant for simplicity. Xu et al. (2020) actually suggest to
employ the off-policy G(PO)MDP estimator (Equation 3.94).
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Figure 7.1: SVRPG vs G(PO)MDP
on Cart-pole, with 90% Student con-
fidence intervals.
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Figure 7.2: SVRPG vs G(PO)MDP
on Swimmer, with 90% Student confi-
dence intervals.

data distribution) nor a generalization (due to the special structure of the objective
function) of the classical stochastic optimization problem. So, we are currently not
aware of a lower bound on the sample complexity of policy optimization algorithms.

7.5 Other Related Works

The first application of stochastic variance reduction in RL was to policy evaluation
with linear function approximation, which can be formulated as convex-concave
saddle problem. Du et al. (2017) adapted SVRG and SAGA to this problem
achieving linear convergence rates. Peng et al. (2020b) improved these results with a
SCSG-based version. Although more challenging than the original target of SVRG
(since it is not strongly convex in the primal variable), this evaluation problem does
not have some of main the challenges of policy optimization, namely covariate shift
(since the policy is fixed).

The first application of SVRG to policy optimization was by Xu et al. (2017),
who heuristically applied the variance reduction technique to TRPO. To match the
original setting of SVRG, they turn TRPO into a partially offline algorithm, without
addressing the challenges of on-policy optimization we outlined in Section 7.3.2.

Baselines (Section 3.5.4) are still the most used variance-reduction technique in
policy gradient algorithms. See (Chung et al., 2020) for a recent overview and novel
insights on the topic.

7.6 Empirical Results

In this section, we examine the empirical performance of SVRPG on continuous
control problems. All the tasks are from the rllab library. See Section C.3 for
more details.

According to the theoretical analysis presented in the previous sections, we
should observe faster convergence compared to REINFORCE. However, practical
implementations of SVRPG must deal with meta-parameter tuning. This is a very
complex problem. As often in theoretical convergence guarantees, the step size
α prescribed by Theorem 7.2 is too small to be practical, since it is based on
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7. Convergence Guarantees

worst-case assumptions. The relationship between α and the batch size N , discussed
in Chapter 5, also extends to the mini-batch size B here. Furthermore, the choice
B and epoch length m are fundamental to keep the variance of the importance
weighted estimates under control. Finally, only an appropriate compromise between
N , B, and m can lead to improved sample efficiency in practice.

In the original implementation of SVRPG (Papini et al., 2018)11, we devised an
adaptive meta-parameter schedule based on Adam (Kingma and Ba, 2015). Two
separate Adam step-size schedules are used: a global one, rαs, for the "full-gradient
updates" (the first of each epoch), and one, αsk, for the inner iterations. The epoch
length m is also adaptive, as we end the current epoch as soon as the following
condition is verified:

rαs

N
ą
αsk
B
. (7.55)

Intuitively, this detects when a full gradient update (i.e., taking the next snapshot)
would be more advantageous (in terms of performance improvement per trajectory)
than another semi-stochastic gradient update. This heuristic criterion relies on the
ability of Adam to implicitly measure the variance of gradient estimates. The batch
sizes N and B are still to be selected manually.

In Figure 7.1 we report the performance of SVRPG with N “ 100 and B “ 10 on
the continuous Cartpole environment with H “ 100 and γ “ 0.99. The base gradient
estimator is G(PO)MDP and the policy is a Gaussian with mean parametrized by a
neural network (a single hidden layer of 8 tanh activations) and a separate learned
variance parameter. Default hyper-parameters are used for Adam, except the initial
step size for rαs is twice the one for αsk to exploit the larger batch size. We compare
with G(PO)MDP using default Adam and a batch size of 10. This has the purpose
of evaluating the advantage of stabilizing stochastic gradient updates with corrected
full-gradients as in SVRPG. Indeed, we can see an improvement in convergence
speed, measured by the total number of collected trajectories.

In Figure 7.2 we do the same on the more complex Swimmer task with H “ 500
and γ “ 0.995. Here we also use self-normalized importance weights (Section 6.1.2)
to reduce the variance introduced by importance sampling. The policy mean is
parametrized by a 32 ˆ 32 neural network with tanh activations. Only a slight
improvement over G(PO)MDP is observed.

Xu et al. (2020) performed an empirical evaluation of SVRPG and their SRVR-PG
algorithm with constant meta-parameters (optimized via grid-search). With the
permission of the authors, we report their results on the Cartpole, Mountain Car,
and Pendulum tasks in Figure 7.3. The results are coherent with the theoretical
ordering of REINFORCE, SVRG, and SRVR-PG.

7.7 Global Convergence Guarantees

Our treatment of convergence guarantees for policy gradient algorithms would not
be complete without mentioning the recent breakthroughs on global convergence.

11The original code is available at https://github.com/Dam930/rllab.
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Figure 7.3: Performance of G(PO)MDP, SVRPG and SRVR-PG on three control
tasks (mean ˘ standard deviation over 10 random seeds). Reproduced from (Xu
et al., 2020, Figure 1) with the permission of the autors.

Although the convergence of policy gradients to local optimal was well known at
least since their widespread adoption (Sutton et al., 1999), few works investigated the
quality of these optima, likely due to the non-convexity of the problem (Section 3.2.2).
In pioneering work, Scherrer and Geist (2014) show that if the policy space Π is a
convex set, an ε-local optimum of Jpπq is also close to globally optimal performance.
More formally:

d
dαJpp1´ αqπ ` απ

1q|α“0 ď ε for all π1 P Π

ùñ Jpπ˚q ´ Jpπq ď
C˚

1´ γ

ˆ

EpΠq
1´ γ ` ε

˙

, (7.56)

where C˚ “
›

›

›
dπ
˚

µ

L

µ
›

›

›

8
is a concentrability coefficient accounting for how well the

starting state distribution covers the support of optimal state-occupancy, and EpΠq “
maxπPΠ minπ1PΠtdπµpT˚V π ´ Tπ

1

V πqu measures the irreducible bias introduced by
restricting the policy space.12 Another seminal work in this field is by Neu et al.
(2017), who show that an ideal version of TRPO (with unrestricted policy class
and exact exact advantage computation) converges to the optimal policy. The key
insight is to cast TRPO as approximate mirror descent with the conditional entropy
as a mirror map.

Recently, Bhandari and Russo (2019) provided sufficient conditions under which
all local optima of the policy optimization problem are actually global optima:

1. Closure of the policy space under policy improvement: for all π P ΠΘ, there
exists π` P ΠΘ such that Tπ`V π “ T˚V π;

2. Convex quality function: for all π P ΠΘ, the function θ ÞÑ Es„µ rQπps, πθpsqqs
has no sub-optimal stationary points.

12Here, and in the rest of the section, Jpπ˚q “ maxπP∆S
A
Jpπq denotes the unrestricted global

optimum, which may not be attainable within the (possibly restricted) policy class Π Ď ∆S
A. Note

that this definition of optimality, typical of policy optimization, depends on the starting-state
distribution through Jpπq “ Es„µ rV πpsqs. Some authors like Shani et al. (2020), also address the
original concept of MDP optimality, where π˚ maximizes V π uniformly over the state space.
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They also assume bounded rewards and a full-support starting-state distribution
(µpsq ą 0 for all s P S). Albeit quite strong, these assumptions are satisfied by some
interesting problems: directly-parametrized policies (Section 3.3.2) in finite MDPs,
tabular Softmax policies (Section 2.6) in finite MDPs with entropy regularization,
linear policies for LQR (Section C.1)13, threshold policies for optimal-stopping
problems, and base-stock policies for finite-horizon inventory control (Kunnumkal
and Topaloglu, 2008).

Agarwal et al. (2020) were the first to provide explicit convergence rates for
policy gradient algorithms to ε-optimal policies, that is Jpπ˚q ´ Jpπθkq ď ε. In
particular, they prove that:

˛ In finite MDPs under direct policy parametrization, (exact) projected PG
converges to an ε-optimal policy in Opε´2q iterations.

˛ In finite MDPs, (exact) PG on tabular softmax policies converges asymptot-
ically to an optimal policy. With the addition of entropy regularization, it
needs Opε´2q iterations as well. In the same setting (exact) NPG only needs
Opε´1q iterations.

˛ In continuous MDPs with unbounded policy parameters (ΠΘ Ă ∆S
A but

Θ “ Rd), exact NPG converges in Opε´2q iterations to a policy that is ε-
optimal but for an irreducible bias due to restricting the policy class. A
similar result can be achieved by NPG with a compatible critic. The latter
is the first result for the more realistic case in which the policy gradient is
estimated from trajectories.

˛ In continuous MDPs with bounded policy parameters (Θ Ă Rd), exact pro-
jected PG converges to an ε-optimal policy (but for an irreducible approxima-
tion bias) in Opε´2q iterations.

All of these results depend on concentrability coefficients like C˚ from (7.56).
According to Agarwal et al. (2020), this indicates that fast policy optimization is
fundamentally a matter of efficient exploration.

Shani et al. (2020) prove the convergence of TRPO to ε-optimal policies in
the finite setting with tabular softmax policies. Once again, it is fundamental to
regard TRPO as an approximate mirror descent algorithm. In the exact case, TRPO
requires Opε´2q iterations, which are reduced to Opε´1q with the addition of entropy
regularization. However, the policy obtained in the latter case is optimal w.r.t. a
regularized, hence biased objective. In the more realistic sample-based framework,
TRPO needs Opε´4q trajectories to converge to an ε-optimal policy, and Opε´3q
with entropy regularization. These sample complexities are not comparable with
the one from the previous sections because the notion of convergence is different.

For the same setting (tabular Softmax policies for finite MDPs), Mei et al.
(2020) prove a Op1{

?
T q rate for exact vanilla PG without entropy regularization,

answering to an open question by Agarwal et al. (2020) and matching the best
13Global convergence for this setting was previously proved by Fazel et al. (2018) and Yang

et al. (2019)
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known result for NPG (Opε´1q). They also show that this is the best vanilla PG
can achieve. Surprisingly, the addition of entropy regularization allows to obtain a
linear Ope´tq convergence rate.

Very recently, Zhang et al. (2020a) were able to establish global convergence
guarantees for REINFORCE with general parametric policies on finite MDPs. The
sample complexity is rOpε´4q in this case.

Also related are works (Cai et al., 2019b; Liu et al., 2019a; Wang et al., 2020) that
applies the theory of overparametrized neural networks to prove global convergence
of deep reinforcement learning algorithms, and works that study policy optimization
as an online-learning problem (Papini et al., 2019a; Rosenberg and Mansour, 2019;
Cai et al., 2019a; Jin et al., 2019; Efroni et al., 2020b), establishing sub-linear regret
guarantees w.r.t. (globally) optimal performance.

Although most of these theoretical results are limited to specific settings (such as
tabular MDPs), they change the perception of what policy optimization algorithms
can actually achieve and better explain their empirical success. For most of the
history of policy optimization, only convergence to locally optimal policies was
thought possible. Future work on PO will have to address the grander challenge of
global optimality.

7.8 Concerns on Learning the Policy Variance

In this section, we raise awareness on the possible convergence issues coming from
learning the variance of a Gaussian policy via gradient ascent, as is common in deep
RL (Duan et al., 2016).

First, we consider the convergence guarantees of REINFORCE. From Theo-
rem 7.1, we can see that the number of trajectories required to converge is pro-
portional to the smoothness constant L of the objective function. We have used
Assumption 7.1.2 to ensure L only depends on the policy class regardless of the
environment’s regularity. If we cast this convergence result to Gaussian policies,
the total number of trajectories is proportional to (from Table 5.1):

L “
2φmaxRmax

σ2p1´ γq2

ˆ

1` 2γ
πp1´ γq

˙

. (7.57)

This assumes a constant policy standard deviation σ, and makes the sample complex-
ity Opσ´2q. Unfortunately, this means the convergence guarantee is vacuous when
σ is learned as well, especially considering that the typical behavior is convergence
to a deterministic policy, i.e., σ Ñ 0.

This also applies to the convergence guarantees of PGT and compatible actor
critic (Sutton et al., 1999), both in its original version (cf. Equation 3.63) and in the
revisited one from Section 7.2.1, which relies on the same smoothness constant (7.57)
when applied to Gaussian policies.

It also applies to algorithms relying on Assumption 7.2, if we neglect the other
issues raised in Section 7.3.5. Besides SVRPG, this affects the recent works by Xu
et al. (2019); Shen et al. (2019); Xu et al. (2020); Pham et al. (2020); Fallah et al.
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(2020). As an example, consider the bounding constants provided by Xu et al.
(2020) in Appendix D, which are all proportional to σ´2.

This issues are related to the ones discussed for monotonic improvement guaran-
tees in Chapter 5 (variable-variance Gaussian policies are no longer smoothing) and
the ones pertaining the variance of importance weights (Chapter 6, Section 7.3.5).
It is also related to deterministic PG algorithms (Section 3.9), which informally
correspond to the case σ “ 0.

In the next chapter, we propose a way to learn the standard deviation of a
Gaussian policy that guarantees monotonic improvement. We believe that studying
the convergence behavior of policy gradient algorithms with variable policy variance
is another important, overlooked open problem.
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In this chapter, we study the problem of safe policy optimization when the agent
has control over the amount of stochasticity of its own actions. We adopt the
monotonic improvement framework of Chapter 5, of which this can be considered
a direct extension. The novel aspect is that we try not to sacrifice exploration
whenever safety requirements leave some margin, since exploratory behavior is
fundamental for discovering good policies and for data efficiency. This is a problem
of safe exploration (in the sense of Section 4.1). Note, however, that we focus on a
limited form of exploration: randomization of actions obtained by dithering (i.e., by
perturbing the mean action prescribed by the policy). Although this is the most
common exploration technique for policy gradient algorithms, exploration in RL is
a more profound problem with a vast research tradition (Fruit et al., 2019).

We call this particular aspect of safe exploration safe adaptive stochasticity (see
Section 4.6 for other, often orthogonal perspectives). We focus on Gaussian policies
because they are the most used in practice (Duan et al., 2016) and because they
allow to separately parametrize the location and the scale of the state-dependent
action distribution. Only scale parameters affect action stochasticity, which allows
to better study their effects on safe exploration and to design dedicate update
strategies. This is not an easy problem. From the pure safety perspective, we
need to treat exploration parameters with care. We have seen in the previous
chapters how, even in the simple case of shallow, one-dimensional Gaussian policies,
adaptive stochasticity (namely, learning the policy standard deviation σ via gradient
ascent like any policy parameter) can disrupt monotonic improvement guarantees
(Section 3.3.4), statistical lower bounds of off-policy estimators (Equation 6.3) and
even convergence guarantees (Section 7.8). In this chapter, our aim will be to
preserve monotonic improvement guarantees under adaptive exploration. As for
efficiency, the main challenge resides in correctly weighing the short term costs of
random behavior with the long term benefits of exploration. Using the taxonomy
of Section 4.1, there is a non-trivial trade-off between active risk and epistemic
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risk, since random exploration is a risky tool that the agent uses to increase its
knowledge. While the monotonic improvement guarantees are rigorous, our approach
to efficiency will be heuristic.1

Here is the structure of this last technical chapter. We start in Section 8.1
by generalizing the results from Chapter 5 in several ways: by allowing bounded
performance drops, by broadening the concept of safe step size, by considering
update directions different from the policy gradient and by extending monotonically
improvement guarantees to adaptive-variance Gaussian policies. In Section 8.2,
we address the problem of myopic variance learning by introducing a surrogate
objective that captures the long-term advantages of exploratory behavior. We
present here our heuristic Meta-Exploring Policy Gradient (MEPG) algorithm and
provide an essential empirical evaluation. In Section 8.3, we develop a safe variant
of MEPG with monotonic improvement guarantees, called Safely Exploring Policy
Gradient (SEPG). This algorithm allows to trade-off safety and exploration, as
confirmed by numerical simulations.

This chapter is based on our recent work on safe adaptive stochasticity (Papini
et al., 2020).

8.1 Safe Policy Gradient Revisited

In this section, we generalize some of the results on monotonic improvement from
Chapter 5 in view of developing safe policy gradient algorithms with adaptive
stochasticity.

8.1.1 Bounded-worsening guarantees

First, we relax the monotonic improvement guarantee from Chapter 5 to allow for
policy updates with performance differences that are negative, but lower bounded
with high probability. Our main purpose is to leave some room for exploratory
behavior that may negatively affect performance on the short term in exchange
for long-term benefits. However, this generalized requirement is of independent
practical interest. Similar requirements, but with a dampening factor on the
baseline performance instead of an additive slack, are considered by Wu et al.
(2016); Kazerouni et al. (2017) in the bandit literature and recently by Garcelon
et al. (2020) for finite MDPs.

The setting is the same as in Chapter 5: given a parametric policy class
ΠΘ “ tπθ P ∆S

A | θ P Θ Ď Rdu, we want to design a policy optimization algorithm
that guarantees:

P pJpθk`1q ´ Jpθkq ě ´Ck | θkq ě 1´ δ, (8.1)

for each iteration k ě 0, where δ is a small failure probability and Ck ě 0 is a
slack representing the maximum allowed performance worsening for the k-th policy

1Recent theoretical work by Garcelon et al. (2020) shows that minimum-improvement require-
ments do not necessarily prevent efficient exploration.
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8.1. Safe Policy Gradient Revisited

update.2 The monotonic improvement requirement (5.2) is recovered by setting
Ck “ 0 for all k. However, the latter is a very strict requirement, while positive
values of the slack can model interesting practical problems.

Consider, as an example, the safety w.r.t. a baseline problem that is typically
studied in the setting of batch RL (Section 4.5.1). In this case, the requirement is to
never let the performance drop under the one of a baseline policy πB . In the context
of online RL, this could be the initial policy πθ0 , which has been carefully engineered
to be safe, and lower performances may correspond to unexpected hazards. This
safety requirement can be enforced by setting Ck “ Jpθkq ´ Jpθ0q in Condition 8.1.

8.1.2 Less exploitative policy updates

From an exploration perspective, Ck can be regarded as an exploration budget: the
amount of immediate performance we are willing to pay to invest in exploratory
behavior. The criterion used in Chapter 5 to select the step size of policy gradient
updates is completely exploitative, as it consists in maximizing immediate perfor-
mance improvement (Corollary 5.4). We provide here a more general guarantee (we
consider exact policy gradient updates for ease of exposition):

Theorem 8.1 Let ΠΘ be a pξ1, ξ2, ξ3q-smoothing policy class. Let θk P Θ and
θk`1 “ θk ` αk∇Jpθkq. The following guarantees Condition 8.1 holds for a slack
Ck ě 0:

αk ď
1
L

˜

1`
d

1` 2LCk
}∇Jpθkq}2

¸

, (8.2)

where L “ Rmax
p1´γq2

´

2γξ2
1

1´γ ` ξ2 ` ξ3

¯

.

Proof This follows from Theorem 5.3 by requiring that the lower bound on
performance improvement be greater or equal than ´Ck, and solving for αk.

A possible heuristic, intended to speed up learning, is to use the largest step
size αk that satisfies (8.2). Inequality 8.2 meets the intuition that the larger the
allowed performance loss Ck, the larger the step we can dare to take. Note that, by
setting Ck “ 0 (MI), we already get a step size that is double the greedy one from
Corollary 5.4. Interestingly, the largest step size is not constant like the greedy one
and is larger for smaller gradient norms.

8.1.3 Surrogate objectives

In some cases, we would like to optimize an objective different than expected return
while satisfying the original improvement requirement (8.1). In this section, we
provide a way to do so for smoothing policies.

2From Corollary 5.7 we know that we could also require a small positive improvement (Ck ą 0).
However, this would be too small to be of any practical relevance, and would leave even less room
for exploration.
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Let L : Θ Ñ R be any differentiable objective function we care to maximize. In
the following, let λk denote the scalar projection of ∇Jpθkq onto ∇Lpθkq:

λk :“ x∇Jpθkq,∇Lpθkqy
}∇Lpθkq}

(8.3)

The following theorem provides a safe update for a smoothing policy in the surrogate
gradient direction:

Theorem 8.2 Let ΠΘ be a pξ1, ξ2, ξ3q-smoothing policy class, θk P Θ, and
θk`1 “ θk ` ηk∇Lpθkq, where ηk ě 0 is a step size. For any Ck ě 0, provided
λk ‰ 0, the following is enough to guarantee Condition (8.1):

ηk ď
|λk|

L }∇Lpθkq}

˜

signpλkq `

d

1` 2LCk
λ2
k

¸

, (8.4)

where L “ Rmax
p1´γq2

´

2γξ2
1

1´γ ` ξ2 ` ξ3

¯

. If λk “ 0, it is enough to

select ηk ď 1
}∇Lpθkq}

b

2Ck
L .

Proof Let xk :“ ∇Lpθkq for brevity.3 From Theorem 5.2 with ∆θ “ ηkxk:

Jpθk`1q ´ Jpθkq ě ηkxxk,∇Jpθkqy ´ η2
k

L

2 }xk}
2 :“ fpηkq. (8.5)

Intuitively, the more xk agrees with the improvement direction ∇Jpθkq, the more
improvement can be guaranteed. We first assume xxk,∇Jpθkqy ‰ 0, which implies
λk ‰ 0. Solving fpηkq ě ´Ck for ηk yields:

ηk ď
|λk|

L }xk}

˜

signpλkq `

d

1` 2LCk
λ2
k

¸

,

If Ck “ 0 and λk ă 0 (i.e.,, xk does not agree with the original gradient), the safe
step size is zero: there is no way to follow x without reducing the expected return.
Instead, if Ck ă 0 (bounded worsening), a small-enough step in the direction of xk
is always safe.

We now consider the special case xxk,∇Jpθkqy “ 0, i.e., λk “ 0. The two
gradients are orthogonal, so the damage following xk can do is only due to the
curvature. We have fpηkq “ ´η2

k
L
2
›

›x2
k

›

›, and solving fpηkq ě ´Ck for ηk we get:

ηk ď
1
}xk}

c

2Ck
L

.

3In fact, this theorem holds for an arbitrary update direction, not necessarily corresponding to
the gradient of a differentiable objective.
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Note that Condition (8.1) can always be guaranteed, even if the improvement
direction ∇θJpθkq is not explicitly followed. However, if the scalar projection λk is
negative and we require monotonic improvement (Ck “ 0), the only safe step size is
zero. This corresponds to the case in which maximizing the surrogate objective can
only reduce the original one, so no safe update is possible.

8.1.4 Safe updates for Gaussian policies
Let us now focus on scalar-action, shallow Gaussian policies:

πθpa|sq “
1

?
2πσθpsq

exp
˜

´
pa´ µθpsqq

2

2σ2
θpsq

¸

, (8.6)

In particular, we consider the following parametrization:

µθpsq “ υ
Tφpsq, σθ “ eω, (8.7)

where we have divided policy parameters θ P Rd`1 into mean parameters v P Rd
and a scalar variance parameter ω P R, and φ : S Ñ Rd is a feature map such that
supsPS }φpsq} ď φmax. By convention υ corresponds to the first d policy parameters
and ω “ θd`1. Note that parametrizing the standard deviation in this way makes
the problem unconstrained (Θ “ Rd`1) while ensuring σθ ě 0 and is continuous
w.r.t. policy parameters for all θ P Θ. Deterministic behavior is attained only in the
limit ω Ñ ´8, so all the policies of ΠΘ are stochastic. We have reduced adaptive
exploration to the problem of selecting ω at each iteration. For clarity, we will use
υ and ω in place of θ whenever possible. For instance, we will write Jpυ, ωq in
place of Jpθq for the performance.

From Section 5.2.1 we know that this class of policies is smooth w.r.t. mean
parameters υ if we fix the standard deviation, i.e., ω “ const. Let us restate the
step size condition from Theorem 8.1 for this special case, highlighting the role of
the standard deviation σω “ eω “ const:

αk ď
σ2
ω

F

˜

1`
d

1` 2FCk
σ2
ω }∇υJpυk, ωq}

2

¸

, (8.8)

where F “
2φ2

maxRmax
p1´γq2

´

1` 2γ
πp1´γq

¯

will be a recurring constant in this chapter.
As already observed in the previous chapters, a larger standard deviation makes
the objective function smoother and allows to take larger gradient steps. This is
coherent with the intuitive and empirical arguments by Ahmed et al. (2019) on the
effects of entropy on policy optimization.

Before thinking about how we can adaptively select ω to improve the learning
speed, we must verify it can be modified online in a safe way. Unfortunately, as
discussed in Section 5.2.1, Gaussian policies are no longer smoothing, hence loose the
improvement guarantees, when we also learn the standard deviation. A workaround
would be to replace σω with a lower bound, which can be imposed by constraining
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8. Safe Adaptive Stochasticity

the parameter space Ω or by changing the parametrization. However, this would
make the improvement bounds unnecessarily conservative, and would prevent the
agent to converge to deterministic behavior in the end. However, the next lemma
shows that the variance parameter can be safely updated when the mean parameters
are kept fixed:

Lemma 8.1 Consider the class of Gaussian policies parametrized as in (8.7),
but with fixed mean parameters υ “ const. This class of policies is

´

4?
2πe , 2, 2

¯

-
smoothing.

Proof Since the mean parameters υ are fixed, the policy parameter space can be
restricted to R. Recall that σω “ eω. We need the following derivatives:

∇ω log πυ,ωpa|sq “ ∇ω

ˆ

´ω ´
1
2e
´2ωpa´ µυpsqq

2
˙

“ e´2ωpa´ µυpsqq
2 ´ 1, (8.9)

∇2
ω log πυ,ωpa|sq “ ´2e´2ωpa´ µυpsqq

2. (8.10)

Let x :“ e´ωpa´ µυpsqq, and note that ∇ax “ e´ω. First we compute ξ1:

sup
sPS

E
a„πυ,ω

“

}∇ω log πυ,ωpa|sq}
‰

“ sup
sPS

e´ω
?

2π

ż

R
e´

1
2 e
´2ω

pa´µυpsqq
2 ˇ
ˇe´2ωpa´ µυpsqq

2 ´ 1
ˇ

ˇ da

“
1
?

2π

ż

R
e´

x2
{2|x2 ´ 1|dx

“
4

?
2πe

:“ ξ1. (8.11)

Next, we compute ξ2:

sup
sPS

E
a„πυ,ω

”

}∇ω log πυ,ωpa|sq}2
ı

“ sup
sPS

e´ω
?

2π

ż

R
e´

1
2 e
´2ω

pa´µυpsqq
2 `
e´2ωpa´ µυpsqq

2 ´ 1
˘2 da

“
1
?

2π

ż

R
e´

x2
{2px2 ´ 1q2 dx “ 2 :“ ξ2. (8.12)

Finally, we compute ξ3:

sup
sPS

E
a„πυ,ω

“
›

›∇2
ω log πυ,ωpa|sq

›

›

‰

“ sup
sPS

e´ω
?

2π

ż

R
e´

1
2 e
´2ω

pa´µυpsqq
2 ˇ
ˇ´2e´2ωpa´ µυpsqq

2ˇ
ˇ da

“
2
?

2π

ż

R
e´

x2
{2x2 dx “ 2 :“ ξ3. (8.13)
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Indeed, the computed constants are independent from the value of ω.

Hence, if we keep υ fixed, we can update the variance parameter as ωk`1 “
βk∇ωJpυ, ωkq, where βk ě 0 is a step size. From Theorem 8.1, the following is
enough to guarantee a performance worsening of at most Ck:

βk ě
1
G

˜

1`
d

1` 2GCk
}∇ωJpυ, ωkq}

2

¸

, (8.14)

where G “ 4Rmax
p1´γq2

´

1` 4γ
πep1´γq

¯

will be a recurring constant in this chapter.
A possible way to update both mean and variance parameters is to do so in an

alternating fashion. By first updating υ (while keeping ω fixed) with the largest
step size α satisfying (8.2), then updating ω (while keeping υ fixed) with the largest
step size β satisfying (8.14), we can guarantee Condition 8.1 holds at each step.
As we will remark in Section 8.3, in practice each update requires fresh on-policy
data to estimate the policy gradient, once with respect to υ, once with respect to ω
under the updated mean parameters, and so on.

8.2 Adaptive Stochasticity

Learning the variance parameters of Gaussian policies via policy gradient is a
common practice (Duan et al., 2016), and we have shown in the previous section
that it is also compatible with improvement guarantees under an alternating update
scheme. However, this approach does not capture the long-term benefits of stochastic
exploration. In this section, we propose a more far-sighted objective for exploration
parameters. Although our choices are guided by the theory of safe policy gradients,
the resulting Meta-Exploring Policy Gradient (MEPG) algorithm is entirely heuristic
and has no safety guarantees: we leave to Section 8.3 the task of devising policy
updates that are both safe and far-sighted. However, MEPG could be of independent
interest.

8.2.1 Meta-Exploring Policy Gradient
Consider the Gaussian policy defined in Section 8.1.4. The naïve policy-gradient
update for the variance parameter ω is:

ωk`1 Ð ωk ` βk∇ωJpυk, ωkq. (8.15)

However, the effects of σ on the optimization landscape, exposed by equation 8.8,
suggest to treat it with particular care, both to exploit its potential and to avoid its
risks. In fact, adjusting the policy variance with policy gradient tends to degenerate
too early into quasi-deterministic policies, getting stuck in local optima or even
causing divergence issues (see Section 7.8). Entropy regularization (Section 3.11) is
a way to overcome this problem by favoring more stochastic policies. We propose
an alternative solution inspired by results on safe policy gradients.
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Algorithm 10 MEPG (Meta-Exploring Policy Gradient)
1: Input: Initial parameters υ0 and ω0, step size α ą 0, meta step size η ą 0,

batch size N
2: for k “ 1, 2, . . . do
3: Collect a batch of N trajectories with πvk,ωk
4: Estimate p∇υJpυk, ωkq, p∇ωJpυk, ωkq and p∇ω }∇υJpυk, ωkq}

5: p∇ωLpυk, ωkq “ p∇ωJpυk, ωkq`αe
2ωk

´

2
›

›

›

p∇υJpυk, ωkq
›

›

›
`p∇ω }∇υJpυk, ωkq}

¯

6: ωk`1 Ð ωk ` η p∇ωLpυk, ωkq
L

›

›

›

p∇ωLpυk, ωkq
›

›

›

7: υk`1 Ð υk ` αe
2ωk p∇υJpυk, ωkq

L

›

›

›

p∇υJpυk, ωkq
›

›

›

8: end for

We modify actor-only PG (Algorithm 2) in two ways. First, we make the step
size for the mean parameters α dependent on the policy variance, like the safe step
size from (8.8). In particular, we use the following:

αk “
ασ2

ωk

}∇υJpυk, ωkq}
, (8.16)

where α ą 0 is a hyper-parameter. This has both the effect of reducing the step
size when a small σ makes the optimization landscape less smooth, preventing
oscillations, and increasing it when a large σ allows it to do so, increasing the
learning speed.4 We also divide the step size by the norm of the gradient. This is a
common normalization technique (Peters and Schaal, 2008a), and is also motivated
by Corollary 5.6 on safe stochastic gradient updates.

As for the variance parameter ω, we treat it as a separate meta-parameter and
we learn it in a meta-gradient fashion (Sutton, 1992; Schraudolph, 1999; Veeriah
et al., 2017; Xu et al., 2018). Specifically, we employ a more far-sighted learning
objective to avoid premature convergence to deterministic behavior. To do so, we
look at the target performance one step in the future:

J

ˆ

υk ` ασ
2
ωk

∇υJpυk, ωkq

}∇υJpυk, ωkq}
, ωk

˙

» Jpυk, ωkq ` ασ
2
ωk
}∇υJpυk, ωkq} :“ Lpυk, ωkq, (8.17)

where we performed a first-order approximation. The gradient of L w.r.t. ω is:

∇ωLpυk, ωkq “ ∇ωJpυk, ωkq ` 2ασ2
ωk
}∇υJpυk, ωkq}

` ασ2
ωk

∇ω }∇υJpυk, ωkq} . (8.18)

We provide an intuitive interpretation of this update direction. The first term of
the sum is the usual policy gradient w.r.t. ω, and accounts for the immediate effect

4This is exactly what a natural gradient update does in a pure Gaussian setting (Miyamae
et al., 2010), since σ2 is the inverse Fisher information w.r.t. the mean parameters of a Gaussian
distribution (Equation 3.119).
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Figure 8.1: Average return (undiscounted) and policy standard deviation per
episode of MEPG, fixed-variance PG, adaptive-variance PG and entropy-augmented
PG on the continuous Cart-Pole task, starting from σ “ 5; averaged over 10
independent runs with 95% Student’s t-confidence intervals.

of policy stochasticity on performance. The intuitive role of the second term is to
increase the step size αk, more so if the gradient w.r.t. υ is large. The third term
tries to modify the policy variance to increase the gradient norm and can be seen
as a way to escape local optima. The last two terms, together, account for the
long-term effects of modifying the policy variance. We propose to update ω in the
direction of the (normalized) meta-gradient ∇ωL using a meta-step size η ą 0:

ωk`1 Ð ωk ` η
∇ωLpυk, ωkq
}∇ωLpυk, ωkq}

. (8.19)

In practice, exact gradients are not available. The policy gradient for the mean-
parameter update can be estimated with G(PO)MDP (3.77), and the same is true
for ∇ωJ in the definition of the meta-gradient. Computing p∇ωL also requires
estimating the mixed-derivative term ∇ω }∇υJpυk, ωkq}, which is computationally
no more expensive, but could suffer from more variance. See Papini et al. (2020,
Appendix B) for an unbiased estimator. The pseudocode for the resulting algorithm,
called Meta-Exploring Policy Gradient (MEPG), is provided in Algorithm 10. We
remark once again that this is a heuristic algorithm with no safety guarantees. In
the next section, we provide an empirical evaluation. Developing a safe version of
MEPG is the goal of Section 8.3.

8.2.2 Empirical evaluation of MEPG
We test MEPG on continuous-action Cart-Pole (Section C.2) with an horizon
H “ 1000. The long horizon makes the task quite challenging (as a comparison,
note that SVRPG was tested on H “ 100). An agent that does not explore enough
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Figure 8.2: Average return (undiscounted) and policy standard deviation per
episode of MEPG, fixed-variance PG, adaptive-variance PG and entropy-augmented
PG on the continuous Cart-Pole task, starting from σ “ 0.5; averaged over 10
independent runs with 95% Student’s t-confidence intervals.

can easily get stuck in suboptimal optima, for instance by focusing on keeping the
pole upright without caring to keep the cart within the allowed region as long as
possible. Figures 8.1 and 8.2 show the performance (1000 is the maximum) and the
policy standard deviation of MEPG and three versions of PG (with the G(PO)MDP
gradient estimator). In fixed-variance PG, the policy variance parameter is kept
constant. In adaptive-variance PG, it is learned via gradient ascent as any other
parameter, using the naïve update (8.15). Entropy-augmented PG is the same, but
with entropy regularization (Section 3.11). For each algorithm, the best hyper-
parameters (step sizes and entropy coefficient τ) have been selected by grid search
using 5 separate random seeds. Two very different initializations are considered
for the standard deviation: σω0 “ 5 (Figure 8.1) and σω0 “ 0.5 (Figure 8.2). As
shown by the behavior of fixed-variance G(PO)MDP, the former constant value
is too large to achieve optimal performance at convergence, while the latter is
too small to properly explore the environment. As expected, adaptive-variance
G(PO)MDP is too greedy and ends up always reducing the standard deviation.
Besides preventing exploration, divergence issues force us to use a smaller step size
(α “ 0.01 instead of 0.1), resulting in slower learning. This problem is fixed by the
entropy bonus, which prevents the policy from becoming deterministic and allows
to use the larger learning rate (α “ 0.1). However, entropy-augmented PG does
not perform significantly better than its fixed-variance counterpart on this task, as
the amount of exploration needed to find the global optimum is not maintained
(or is pursued too late). Instead, MEPG is able to settle on an intermediate value
with both variance initializations. This allows both to learn faster and to achieve
optimal performance, although non-negligible oscillations can be observed. This
oscillations are partly due to the variance of the meta-gradient estimator, and can
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be mitigated by the conservative updates we propose in the next section. Table 8.1
provides a recap of the selected meta-parameters.

8.3 Safely Exploring Policy Gradient

In this section, we use the results on safe gradient updates of Gaussian policies with
adaptive variance to design a variant of Algorithm 10 with improvement guarantees.

8.3.1 Exact framework

Let us first consider the FO setting for simplicity, assuming access to exact policy
gradients. We have shown in Section 8.1.4 that alternately updating the mean
parameters with a step size αk satisfying (8.8), and the variance parameter with a
step size βk satisfying (8.14), ensures Jpθk`1q ´ Jpθkq ě ´Ck for all k.

However, this result still pertains naïve variance updates, which suffer from
all the problems discussed in Section 8.2. The next question is how to optimize
the surrogate exploratory objective L from (8.17) while satisfying the original
constraint (8.1) on the expected return. Luckily, we can use a step size from
Theorem 8.2 to safely replace ∇ωJ with the meta gradient ∇ωL from (8.18) in the
variance update:

ωk`1 Ð ωk ` ηk∇ωLpυk, ωkq. (8.20)

From Lemma 8.1 and Theorem 8.2, the following is enough to guarantee Condi-
tion 8.1:

ηk ď
|λk|

G }∇ωLpυk, ωkq}

˜

signpλkq `

d

1` 2GCk
λ2
k

¸

, (8.21)

where λk is the scalar projection (8.3) of ∇ωJpυk, ωkq onto ∇ωLpυk, ωkq.
In particular, with the idea of maximizing learning speed, we employ the

largest step size αk satisfying (8.2) for mean updates and the largest step size ηk
satisfying (8.21) for variance updates. We perform these updates in an alternate
fashion as discussed in Section 8.1.4:

υk`1 Ð υk ` αk∇υJpυk, ωkq,

ωk`2 Ð ωk`1 ` ηk`1∇ωLpυk`1, ωk`1q,

where ωk`1 ” ωk and υk`2 ” υk`1. This guarantees bounded performance worsen-
ing (8.1) at each iteration k. We can indeed interpret the slack Ck as an exploration
budget since, the larger Ck, the larger a step is performed in the direction of
increasing exploratory objective.

We call the resulting algorithm SEPG. We postpone the pseudocode to the next
section, where we consider the more realistic FSO setting.
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Algorithm α η τ

MEPG (σω0 “ 5.0) 0.1 0.01
MEPG (σω0 “ 0.5) 1.0 0.1
Fixed-variance PG (σω0 “ 5.0) 1.0
Fixed-variance PG (σω0 “ 0.5) 0.1
Adaptive-variance PG 0.01
Entropy-augmented PG 0.1 0.1

Table 8.1: Meta-parameters for the Cart-Pole experiment, optimized via grid search.
When not specified, the same value was selected for the two initializations.

8.3.2 Approximate framework
In this section, we show how to adapt the safe step sizes from Section 8.3.1 to take
gradient estimation errors into account.

Let p∇υJ , p∇ωJ and p∇ωL be unbiased estimators of ∇υJ , ∇ωJ and ∇ωL, re-
spectively, each using a batch of N trajectories. As in the case of MEPG, the first
two can be G(PO)MDP estimators (3.77) and a similar unbiased estimator can be
derived for the meta gradient (Papini et al., 2020).

We make the following assumption on the gradient estimators,5 which are
reasonable for G(PO)MDP as shown in Section 5.5:

Assumption 8.1 For every δ P p0, 1q there exists a non-negative constant εδ such
that, with probability at least 1´ δ:

›

›

›
∇υJpυ, ωq ´ p∇υJpυ, ωq

›

›

›
ď

εδ
?
N
,

›

›

›
∇ωJpυ, ωq ´ p∇ωJpυ, ωq

›

›

›
ď

εδ
?
N
,

for every υ P Rd, ω P R and N ě 1.

Here εδ represents an upper bound on the gradient estimation error, which can
be characterized using various statistical inequalities (Section 5.8). Let us first
compute the largest safe step size for mean updates:

Lemma 8.2 Consider the class of Gaussian policies parametrized as in (8.7). Let
υk`1 “ υk ` αk p∇υJpυk, ωq with αk ě 0 and ωk`1 “ ωk. Under Assumption 8.1,
provided N ą ε2δ

L

›

›

›

p∇υJpυk, ωkq
›

›

›

2
, for any Ck ě 0, the largest step size guaranteeing

Condition 8.1 with probability at least 1´ δ is:

rαk “
σ2
ωk

∆k

F
›

›

›

p∇υJpυk, ωkq
›

›

›

˜

1`
d

1` 2FCk
σ2
ωk

∆2
k

¸

,

5We do not need a similar assumption on the meta-gradient estimator p∇ωL, since our improve-
ment requirements are always on the expected return.
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where ∆k “

›

›

›

p∇υJpυk, ωkq
›

›

›
´

εδ?
N

and F is from (8.8).

Proof Let denote ωk simply as ω and L “ F {σ2
ω to reduce cluttering. From

Theorem 5.2 and (5.9):

Jpυk`1, ωq ´ Jpυk, ωq ě αk
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›

p∇υJpυk, ωq
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›
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2
:“ fpαkq,

where (8.22) is from Cauchy-Schwartz inequality and (8.23) is from Assumption 8.1.
The hypothesis on the batch size ensures ∆k is positive. To complete the proof, we
solve fpαkq ě ´Ck for αk an retain the largest solution.

Similarly, we can compute the largest safe step size for exploratory variance
updates:

Lemma 8.3 Consider the class of Gaussian policies parametrized as in (8.7). Let
ωk`1 “ ωk ` ηk p∇ωLpυ, ωkq with ηk ě 0 and υk`1 “ υk. Under Assumption 8.1,
provided pλk ‰ 0 and N ą ε2δ

L

pλ2
k, for any Ck ě 0, the largest step-size guaranteeing

Condition 8.1 with probability at least 1´ δ is:

rηk “

ˇ

ˇ

ˇ

r∆k

ˇ

ˇ

ˇ

G
›

›

›

p∇ωLpυk, ωkq
›

›

›

˜

sign
´

pλk

¯

`

d

1` 2GCk
r∆2
k

¸

,

where r∆k “ pλk ´ εδ{
?
N , pλk :“

A

p∇ωJpυk, ωkq, p∇ωLpυk, ωkq
E
›

›

›

p∇ωLpυk, ωkq
›

›

›

´1
is

the scalar projection of p∇ωJpυk, ωkq onto p∇ωLpυk, ωkq, and G is from (8.14). If
rλk “ 0, select rηk “

b

2Ck
G

›

›

›

p∇ωLpυk, ωkq
›

›

›

´1
for any N ě 1 instead.
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Proof Let υk “ υ to reduce clutter. First assume pλk ‰ 0. From Theorem 5.2 and
Lemma 8.1:

Jpυ, ωk`1q ´ Jpυ, ωkq ě ηk
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where (8.24) is from Cauchy-Schwartz inequality and (8.25) is from Assumption 8.1.
Solving fpηkq ě ´Ck for ηk and selecting the largest solution yields:

rηk “

ˇ

ˇ

ˇ

r∆k

ˇ

ˇ

ˇ

G
›

›

›

p∇ωLpυk, ωkq
›

›
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`
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Under the batch-size condition, this is equivalent to:

rηk “

ˇ

ˇ

ˇ

r∆k

ˇ

ˇ

ˇ

G
›

›

›

p∇ωLpυk, ωkq
›

›

›

˜

sign
´

pλk

¯

`

d

1` 2GCk
r∆2
k

¸

. (8.27)

Indeed, this is always non-negative.
As in Theorem 8.2, we can treat the case pλk “ 0 separately to obtain:

rηk “
1

›

›

›

p∇ωLpυk, ωkq
›

›

›

c

2Ck
G

, (8.28)

No assumption on the batch size is requested in this case.

172



8.3. Safely Exploring Policy Gradient

Algorithm 11 SEPG (Safely Exploring Policy Gradient)
1: Input: Initial parameters υ0 and ω0, batch size N , sequence of slacks tCku8t“0,

confidence parameter δ
2: for k “ 0, 1, . . . do
3: Collect a batch of N trajectories with πυk,ωk
4: Estimate p∇υJpυk, ωkq,
5: if t is even then
6: if N ď ε2δ

L

›

›

›

p∇υJpυk, ωkq
›

›

›

2
then return

7: υk`1 “ υk ` rαk∇υJpυk, ωkq Ź Safe step size from Lemma 8.2
8: else
9: estimate p∇ωJpυk, ωkq and p∇ω

›

›

›

p∇υJpυk, ωkq
›

›

›

10: if N ď ε2δ
L

pλ2
k then return Ź Projection pλ from Lemma 8.3

11: p∇ωLpυk, ωkq “ p∇ωJpυk, ωkq`rαk

´

2
›

›

›

p∇υJpυk, ωkq
›

›

›
`p∇ω }∇υJpυk, ωkq}

¯

12: ωk`1 “ ωk ` rηk∇ωLpυk, ωkq Ź Safe step size from Lemma 8.3
13: end if
14: end for

Our Safely Exploring Policy Gradient (SEPG) algorithm is simply a variant of
MEPG (Section 8.2.1) that employs these safe step sizes. Pseudo-code is provided
in Algorithm 11.

As intended, the choice of step sizes guarantees bounded performance worsen-
ing (8.1) at each update:

Theorem 8.3 Under Assumption 8.1, for any k ě 0, provided Ck ě 0, N ą

ε2δ
L

›

›

›

p∇υJpυk, ωkq
›

›

›

2
for even k, and N ą ε2δ

L

pλ2
k for odd k, Algorithm 11 guarantees

Jpθk`1q ´ Jpθkq ě Ck with probability at least 1´ δ.

Proof We simply combine the results from Lemmas 8.2 and 8.3. Note how the
alternating update schedule is necessary to apply them.

In the pseudo-code we have considered a simple version were the user selects
a fixed batch size N and the algorithm stops as soon as N does not satisfy the
requirements.

8.3.3 Empirical evaluation of SEPG

In this section we evaluate the SEPG algorithm on continuous control tasks.
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Figure 8.3: Average return (undiscounted) and policy standard deviation per
episode of SEPG and ADASTEP on the LQR task, averaged over 10 independent
runs with 95% Student’s t-confidence intervals.
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Figure 8.4: Average return (undiscounted) and standard deviation per episode of
SEPG on the Cart-Pole task for different values of Ck, averaged over 5 runs with
95% confidence intervals.

Figure 8.3 shows the performance and the policy standard deviation of SEPG on
the one-dimensional LQR task (Section C.1). SEPG with a monotonic improvement
constraint (Ck ” 0) is compared with the adaptive-step-size algorithm (ADASTEP
in the figure) by Pirotta et al. (2013a). Starting from σω0 “ 1, SEPG achieves
higher returns by safely lowering it, while ADASTEP has no way to safely update
this parameter. Both algorithms use δ “ 0.2 and a large batch size (N “ 500). We
also consider a looser constraint, already discussed in Section 8.1.1 (BUDGET in the
figure): that of never doing worse than the initial performance (Ck “ Jpθ0q´Jpθkq).
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8.3. Safely Exploring Policy Gradient

As expected, this allows faster learning, leading to optimal performance within a
reasonable time.

On the Cart-Pole task, MEPG showed an oscillatory behavior. Motivated by
this fact, we run SEPG with a fixed, positive slack Ck. Recall that the meaning
of such a constraint is to limit per-update performance worsening. Figure 8.4
shows the results for different values of the threshold, starting from σω0 “ 5 and
neglecting the gradient estimation error (i.e., δ “ 1). Even under this simplifying
assumption, only a very large value of Ck allows to reach optimal performance
within a reasonable time. This is due to the worst-case assumptions of SEPG, which
leads to over-conservative step sizes. Similarly to the penalty coefficient in POIS
(Chapter 6), the threshold Ck, deprived of its precise meaning, could be tuned as a
meta-parameter for specific applications. Note how oscillations are reduced w.r.t.
MEPG, and how policy standard deviation is first reduced and then safely increased
again.

We will discuss open questions regarding MEPG and SEPG in the coming con-
clusion.
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Conclusion 9

We conclude this dissertation by summarizing our contributions, discussing them
further and providing some ideas for future work.

Motivated by the potential application of policy optimization algorithms to real-
world control problems, we have presented the PO framework from its theoretical
foundations to the main algorithmic solutions (Chapters 2 and 3). At the same
time, we have reviewed the main safety concerns arising from training physical
agents, or even software agents that can have concrete, potentially catastrophic
consequences to their environment (Chapter 4). It is by no coincidence that we
focused on the safety of policy optimization algorithms, since the methods that are
more likely to be applied to real-life problems are also the ones that more urgently
need safety guarantees. Building reliable reinforcement learning agents for realistic
settings is a complex task that will require both a deep theoretical understanding of
learning algorithms and careful engineering. We approached the problem from the
theoretical side, and focused on establishing formal guarantees for policy gradient
algorithms.

Monotonic Improvement. Safety is a multi-faceted problem, and we have only
touched a few aspects. The main perspective adopted in this manuscript is that
of monotonic performance improvement (Chapter 5), which requires the agent to
steadily improve its behavior during the learning process. This is a problem of
Seldonian machine learning (Thomas et al., 2019): however risk is encoded in the
optimization objective for a specific task, only careful algorithmic design can ensure
that the agent does not learn unsafe behavior due to its partial knowledge of the
environment. It is, at the same time, a problem of safe exploration, since every
policy implemented by the agent can have concrete consequences. In on-policy
learning, this includes all intermediate solutions.
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9. Conclusion

To establish monotonic improvement bounds for policy gradient algorithms,
we built upon previous work by Kakade (2001a), Pirotta et al. (2013a), and our
previous work (Papini et al., 2017). We extended existing results in two main
ways: we significantly expanded the set of policies for which MI can be enforced
from Gaussian to smoothing policies, and we provided MI guarantees for stochastic
gradient updates. The proposed algorithm, SPG, is an adaptive batch-size variant
of REINFORCE, a more general version of the one proposed in (Papini et al., 2017).
Differently from Schulman et al. (2015a), monotonic improvement can actually be
guaranteed with high probability in practice, without approximations of sort, only
knowing an upper bound on rewards and input variables. In turn, we loose some
generality and all the practicality (we restore some of the latter with the SSPG
variant). However, we believe this kind of result is an important link between theory
and practice, showing the potentiality and limitations of policy gradient methods.

Future work should build upon these theoretical analysis to devise practical
policy gradient algorithms with reasonably reliable improvement properties. Another
important direction consists in combining this concept of safety with other ones,
for instance by considering explicit constraints or risk-averse objectives (Bisi et al.,
2020). Our results could also be applied to deep learning, including supervised and
unsupervised problems. Smoothness of the objective function could be enforced
through spectral normalization (Miyato et al., 2018). Notice that outside of real-
world RL, where optimization on several data batches can be carried out in parallel,
a more sophisticated trade-off for the batch size may be needed that takes into
account specific computing architectures and parallelization techniques. From the
theoretical side, an important open question remains about the sample complexity
of SPG, given that it employs an increasing batch size. The techniques developed
in Chapter 7 cannot be used as-is for two reasons: (1) they consider fixed batch
sizes, and (2) they reason in expectation over the whole learning process, while
SPG was explicitly designed to have per-update high-probability guarantees. For
these reasons, further work is required.

Semi-offline learning (POIS). The fundamental role of the batch size for safe
policy updates, and the great number of samples required even for toy problems,
testify the paramount importance of the sample complexity problem.

In SPG, every intermediate policy interacts with the environment to collect
fresh data for the next update. Using the same data for multiple policy updates
can greatly improve the sample complexity. This is an off-policy learning problem,
since with every update the target distribution goes further and further from the
one used to collect the data. In Chapter 6, we studied the orthogonal problem of
making a responsible use of data in off-policy optimization. We reviewed importance
sampling techniques and showed how the distributional-shift problem mentioned
above can lead to overconfident policy updates and unpredictable behavior. The key
to develop a conservative off-policy learning strategy was a measure of the variance
of importance weights suggested by Cortes et al. (2010), the Rényi divergence.
By adding an explicit Rényi penalty to the expected return objective estimated
with importance sampling, we can lower-bound the actual performance with high
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probability. Our POIS algorithm optimizes this lower bound with policy gradients.
We propose variants of POIS for parameter-based exploration and integrate advanced
importance sampling techniques to improve sample complexity even further. By
turning the penalization coefficient into a meta-parameter, we achieve state-of-
the-art performance on benchmark control tasks. The downside of this practical
approach is that the confidence parameter from the original statistical inequalities
loses its meaning.

The two flavors of POIS have separate issues, both incarnations of the curse of
dimensionality, which should be the main focus of future work. The action-based
version, which is a generalization of REINFORCE, is subject to the curse of horizon:
the variance of importance weights grows exponentially with the length of the
task episodes. This could be avoided by weighting single transitions, but finding
the correct importance weights is much more challenging in that case. Recent
work (Hallak and Mannor, 2017; Liu et al., 2018b; Gelada and Bellemare, 2019;
Liu et al., 2019c) tries to break this curse of horizon by estimating the ratio of
induced state distributions. Applying this kind of approach to a partially-offline
algorithm like POIS looks like a promising direction. Parameter-based POIS, as a
generalization of PGPE, is too black-box to be affected by the length of the task
horizon. However, it incurs in similar problems when the number of low-level policy
parameters is very high, for instance with deep neural policies. In this case, compact
representations of low-level policies, in the spirit of the fingerprinting techinque
proposed by Harb et al. (2020) may prove fundamental.

Since we sacrifice the statistical meaning of the confidence parameter δ anyway,
we could alternatively settle for guarantees in expectation, paired with a constraint
on the variance of the policy updates. This would lead to an algorithm similar
to TRPO (Schulman et al., 2015a), but based on the Rényi divergence in place
of the less conservative KL divergence. As discussed in Section 6.2.4, a second-
order approximation of the constraint leads to an adaptive natural policy gradient
algorithm in both cases. The separation of target and behavioral policies operated
by POIS opens another interesting research direction: that of explicitly learning
behavioral policies with good exploration capabilities (Hanna and Stone, 2019).
This also raises safe-exploration concerns like the one studied in Chapter 8. Finally,
we wonder if the conservative approach of POIS could benefit other settings, such
as actor-critic algorithms or black-box optimization.

Convergence. We studied the convergence properties of policy gradient algo-
rithms for two main reasons. First, convergence is the unavoidable precondition
of any safe algorithm. Second, it allows a rigorous characterization of the sample
complexity of these algorithms. Arguably, no one would implement a learning algo-
rithm on a physical agent without guarantees of convergence and without having
an idea of the total amount of interaction it will require.

We first revisited some well known results on REINFORCE and PGT, by
discussing the assumptions on which they rely. The concept of smoothing policies
introduced in Chapter 5 proved useful to relax some of these requirements. Our
main contribution, however, was a variant of REINFORCE based on SVRG, a
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semi-stochastic gradient descent technique. Understanding the challenges of using
semi-stochastic gradients in policy optimization proved fundamental to design a
sound SVRPG algorithm and to identify a reasonable set of assumptions for proving
convergence guarantees. We report a proof by (Xu et al., 2019) showing that
SVRPG has indeed better sample complexity than REINFORCE. We also review
later semi-stochastic policy gradient methods with even better sample complexity.

The rate proved for these latter algorithms is believed to be optimal. A first
important future work is to establish formal lower bounds for the policy optimization
problem, possibly starting from analogous results in stochastic nonconvex optimiza-
tion (Arjevani et al., 2019). Another relevant direction consists in removing or
relaxing some of the assumptions. Methods that rely on importance sampling, like
SVRPG, are also subject to the "curse of horizon" problem discussed for action-based
POIS, and would equally benefit from integrating work like (Liu et al., 2018b).
Outright removing the need of importance weights is also a viable solution (Shen
et al., 2019). Relaxing the requirements on the policy, for instance by using the
concept of smoothing policies as done for REINFORCE, seems more challenging.

Safe exploration. Chapter 8.1.4 can be seen as an extension of the results of
Chapter 5 to the problematic case of Gaussian policies with adaptive variance. We
have situated it at the end of the dissertation for two reasons: first, the challenges
of learning the policy variance emerged from all the preceding chapters. Second,
we use this special case as a proxy for understanding the more general problem of
reconciling safety and exploration, or of finding the right trade-off between epistemic
and active risk, which is the natural last stop of our journey through safe policy
optimization.

The problem of regulating exploration from the limited information available to
a policy gradient algorithm is itself very challenging. Our MEPG heuristic employs
a surrogate objective for the policy variance that tries to capture the long-term
advantages of stochastic behavior. This requires to estimate some second-order
information, which is not for free. Whether this technique can be reliably applied
to larger-scale problems is a matter that should be further investigated. The SEPG
algorithm is the adaptive step-size version of MEPG and comes with monotonic
improvement guarantees of the same kind of those from Chapter 5. The step size for
the policy variance is defined in a way that allows to follow the surrogate exploratory
objective only when this does not affect immediate performance too much. This
result offers some insights on the aforementioned trade-off between minimizing
immediate risk due to the agent’s own stochasticity and long-term epistemic risk
that can benefit from the diverse data offered by random exploration. We could
even say it fully captures the safe-exploration Seldonian problem that we framed in
Chapter 4, albeit cast to a very specific setting. Similarly to Chapter 6, we also
show how manually relaxing safety requirements via meta-parameters can lead to
the desired practical results.

Future work should investigate whether this kind of adaptive exploration can be
applied to more general settings, starting from other policy classes. The convergence
properties of MEPG represent another important open problem. Finally, random

180



exploration may not be acceptable in some real-world settings for practical or ethical
reasons. An other important research direction consists in developing effective forms
of exploration that do not rely on action randomization. This comes with the
challenge of extending existing safety guarantees to deterministic policies, which do
not possess the smoothing property that was so central to our theory. We believe
that this can only be done by making some assumptions on the regularity of the
environment, like in (Pirotta et al., 2015).

Many open questions remain. For instance, we have completely neglected model-
based policy optimization (Nguyen-Tuong and Peters, 2011; Deisenroth et al., 2013),
which could play an important role in improving the safety of RL agents. With
a model of the environment, the agent can more easily predict the effects of its
actions and avoid hazards. An example of recent work on the topic is (Berkenkamp
et al., 2017). We have also focused on agents learning from scratch in the real world,
but many practical problems would probably benefit from a mix of simulation and
real experience (e.g., Büchler et al., 2020; Peng et al., 2020a). From the theoretical
perspective, global optimality guarantees for policy gradient algorithms are now
an active area of research (Section 7.7) which could have a big impact on policy
optimization algorithms in the near future.

To conclude, we have highlighted the potential and the limitations of policy
optimization algorithms in view of applying them to real-world scenarios where
the behavior of the agent during the learning phase is necessarily subject to safety
constraints and collecting data is an expensive and risky process. We have developed
the theory of policy gradients establishing novel theoretical guarantees of monotonic
performance improvement and convergence. We have used some of these theoretical
findings to design policy gradient algorithms with more desirable properties than
previously available ones, and tested them on benchmark tasks to support theory
with empirical evaluations. We have followed as much as possible the Seldonian
principle of designing rigorously safe algorithms, letting the user decide the amount
of compromise between safety guarantees and practical efficiency. POIS is a good
example of how a theoretically sound algorithm can obtain competitive performances
by relaxing the safety requirements.

In general, the gap between theory and practice is still large, and further work is
required before policy optimization can be safely applied to real-life problems. We
hope that our effort will guide the responsible implementation of existing algorithms,
and inspire the development of even better ones.
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Smooth Functions A

In this Appendix, we review the properties of smooth functions.

Let g : X Ď Rm Ñ Rn be a (possibly non-convex) vector-valued function. We
call g Lipschitz continuous if there exists L ą 0 such that, for every x,x1 P X :

›

›gpx1q ´ gpxq
›

› ď L
›

›x1 ´ x
›

› . (A.1)

Let f : X Ď Rm Ñ R be a real-valued differentiable function. We call f Lipschitz
smooth if its gradient is Lipschitz continuous, i.e., there exists L ą 0 such that, for
every x,x1 P X :

›

›∇fpx1q ´∇fpxq
›

› ď L
›

›x1 ´ x
›

› . (A.2)

Whenever we want to specify the Lipschitz constant1 L of the gradient, we call f
L-smooth. For a twice-differentiable function, the following holds2:

Lemma A.1 Let X be a convex subset of Rm and f : X Ñ R be a twice-
differentiable function. If the Hessian is uniformly bounded in spectral norm by
L ą 0, i.e., supxPX

›

›∇2fpxq
›

›

2 ď L, f is L-smooth.

Proof Let x,x1 P X , h :“ x1 ´ x and g : r0, 1s Ñ R, gpλq ” ∇xfpx ` λhq.
Convexity of X guarantees x ` λh P X for λ P r0, 1s. Twice-differentiability of
f implies ∇xf is continuous, which in turn implies g is continuous. From the

1The Lipschitz constant is usually defined as the smallest constant satisfying the Lipschitz
condition. In this paper, instead, we call Lipschitz constant any constant for which the Lipschitz
condition holds.

2The results from this section are well known in the optimization literature. We report proofs
for the sake of completeness.

183



A. Smooth Functions

Fundamental Theorem of Calculus:

∇xfpx
1q ´∇xfpxq “ ∇xfpx` hq ´∇xfpxq “ gp1q ´ gp0q “

ż 1

0
g1pλqdλ

“

ż 1

0
hT∇2

xfpx` λhqdλ. (A.3)

Hence:

›

›∇xfpx
1q ´∇xfpxq

›

› “

›

›

›

›

ż 1

0
hT∇2

xfpx` λhqdλ
›

›

›

›

2

ď

ż 1

0

›

›∇2
xfpx` λhqh

›

›

2 dλ

ď

ż 1

0

›

›∇2
xfpx` λhq

›

›

2 }h}2 dλ (A.4)

ď L }h}2 “ L
›

›x1 ´ x
›

›

2 , (A.5)

where (A.4) is from the consistency of induced norms, i.e., }Ax}p ď }A}p }x}p.

Lipschitz smooth functions admit a quadratic bound on the deviation from a linear
behavior:

Lemma A.2 (Quadratic Bound) Let X be a convex subset of Rm and f : X Ñ

R be an L-smooth function. Then, for every x,x1 P X :

ˇ

ˇfpx1q ´ fpxq ´
@

x1 ´ x,∇fpxq
D
ˇ

ˇ ď
L

2
›

›x1 ´ x
›

›

2
, (A.6)

where x¨, ¨y denotes the dot product.

Proof Let x,x1 P X , h :“ x1 ´x and g : r0, 1s Ñ R, gpλq ” fpx` λhq. Convexity
of X guarantees x` λh P X for λ P r0, 1s. Lipschitz smoothness implies continuity
of f , which in turn implies g is continuous. From the Fundamental Theorem of
Calculus:

fpx1q ´ fpxq “ gp1q ´ gp0q “
ż 1

0
g1pλqdλ. (A.7)
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Hence:

ˇ

ˇfpx1q ´ fpxq ´
@

x1´ x,∇xfpxqy| “

ˇ

ˇ

ˇ

ˇ

ż 1

0
g1pλqdλ´ xh,∇xfpxqy

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż 1

0
xh,∇xfpx` λhqy dλ´ xh,∇xfpxqy

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż 1

0
xh,∇xfpx` λhq ´∇xfpxqy dλ

ˇ

ˇ

ˇ

ˇ

ď

ż 1

0
|xh,∇xfpx` λhq ´∇xfpxqy| dλ

ď

ż 1

0
}∇xfpx` λhq ´∇xfpxq}2 }h}2 dλ (A.8)

ď L }h}
2
2

ż 1

0
λ dλ (A.9)

“
L

2
›

›x1 ´ x
›

›

2
2 ,

where (A.8) is from the Cauchy-Schwartz inequality and (A.9) is from the Lipschitz
smoothness of f .

This bound is often useful for optimization purposes (Nesterov, 2004).
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Auxiliary Lemmas B

In this Appendix, we provide some auxiliary Lemmas that were used in the proofs.

Lemma B.1 Given two real sequences pxiq8i“0 and pyjq8j“0, for all n ě 0:

n
ÿ

i“0
xi

i
ÿ

j“0
yj “

n
ÿ

j“0

˜

n
ÿ

i“j

xi

¸

yj . (B.1)

Moreover,

8
ÿ

i“0
xi

i
ÿ

j“0
yj “

8
ÿ

j“0

˜

8
ÿ

i“j

xi

¸

yj , (B.2)

if the series converges.

Proof We prove the first statement by induction. For n “ 0 we just have
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x0y0 “ x0y0. Now assume the statement holds for n:
n`1
ÿ

i“0
xi

i
ÿ

j“0
yj “

n
ÿ

i“0
xi

i
ÿ

j“0
yj ` xn`1

n`1
ÿ

j“0
yj

“

n
ÿ

j“0

˜

n
ÿ

i“j

xi

¸

yj ` xn`1

n`1
ÿ

j“0
yj (B.3)

“

n
ÿ

j“0

˜

n
ÿ

i“j

xi

¸

yj ` xn`1

n
ÿ

j“0
yj ` xn`1yn`1

“

n
ÿ

j“0

˜

n`1
ÿ

i“j

xi

¸

yj ` xn`1yn`1

“

n`1
ÿ

j“0

˜

n`1
ÿ

i“j

xi

¸

yj , (B.4)

where 8.22 is from the inductive hypothesis. The second statement is obtained by
taking the limit for nÑ8 on both sides of (B.1).

Lemma B.2 For all π P ∆S
A, s0 P S and measurable E Ď S:

dπs0
pEq “ p1´ γqpπpE |sq ` γ

ż

S
dπs0
psqppE |sqds.

Proof

γ

ż

S
dπs0
psqppE |sqds “ p1´ γq

ż

S

8
ÿ

t“1
γtptπps|s0qpπpE |sqds (B.5)

“ p1´ γq
8
ÿ

t“1
γt

ż

S
ptπps|s0qpπpE |sqds (B.6)

“
p1´ γq
γ

8
ÿ

t“1
γt`1

ż

S
ptπps|s0qpπpE |sqds (B.7)

“
p1´ γq
γ

8
ÿ

t“1
γt`1pt`1

π pE |s0q (B.8)

“
p1´ γq
γ

8
ÿ

t“2
γtptπpE |s0q (B.9)

“
p1´ γq
γ

8
ÿ

t“1
γtptπpE |s0q ´ p1´ γqpπpE |s0q (B.10)

“ dπs0
pEq ´ p1´ γqpπpE |s0q. (B.11)
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Task Specifications C

In this Appendix, we provide detailed descriptions of the tasks used in the numerical
simulations. The horizon and the discount factor depend on the specific experiment
and are reported in the pertaining sections. The same holds for LQR specifics.

C.1 LQR

The Linear Quadratic Regulator (LQR) is a classical optimal control problem (Dorato
et al., 1994). It models the very general task of controlling a set of variables to zero
with the minimum effort. Given a state space S Ď Rn and an action space A Ď Rm,
the next state is a linear function of current state and action:1

st`1 “ Ast `Bat, (C.1)

where A P Rnˆn and B P Rnˆm. The reward is quadratic in both state and action:

rt`1 “ sTt Cst ` a
T
t Dat, (C.2)

where C P Rnˆn and D P Rmˆm are positive definite matrices. A linear controller
is optimal for this task (Dorato et al., 1994) and can be computed in closed form
with dynamic-programming techniques. In our experiments, we always consider
shallow Gaussian policies of the form:

πp¨|stq “ N pθT st, σ2Iq, (C.3)
1A zero-mean Gaussian noise is typically added to the next state to model disturbances.

However, since we always consider Gaussian policies, we can ignore the system noise without loss
of generality. Indeed, from linearity of the next state, said at the expected action under (C.3),
st`1 “ Ast ` Bat ` Bε, where ε „ N p0, σ2Iq. From the property of Gaussians, we can write
ε “ εa` εb where εa „ N p0, σ2

aIq is from the actual stochasticity of the agent and εb „ N p0, σ2
bB

:q

is the system noise, which can be subsumed by the policy noise in numerical simulations for
simplicity.
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where θ P Rn and σ ą 0 can be fixed or learned as an additional policy parameter.
This version of LQR with Gaussian policies is also called LQG (Linear-Quadratic
Gaussian Regulator, Peters and Schaal, 2008b). States and actions are clipped in
practice when they happen to fall outside S and A, respectively. We have ignored
nonlinearities stemming from this fact.

C.2 Continuous-Action Cart-Pole Balancing

Cart-Pole balancing is a classical RL benchmark (Barto et al., 1983). We consider
here a continuous-action variant.

This is a 2D continuous control task. The goal is to balance (keep upright) a
pole situated on a cart, by applying forces to the cart in the horizontal direction.
The cart has a mass of 1Kg and the pole has a mass of 0.1Kg and is 0.5m long.
The state is 4-dimensional and includes the cart’s position x, the cart’s horizontal
speed 9x, the pole’s angle w.r.t. the upright position θ and the pole’s angular velocity
9θ. The action (force) that can be applied is a P r´10, 10s. The agent receives a
reward of 1 for each step. All state variables are initialized uniformly at random in
r´0.05, 0.05s. The task is deterministic otherwise. The episode terminates when
the pole falls (|θ| ą 12 degrees), when the cart goes too far from the initial position
(|x| ą 2.4), and anyway at the specified time horizon H. The control frequency is
50Hz.

We have described here our own python implementation of the task,2 employed
in Chapter 8. In other cases (Chapters 6 and 7), for easier comparison with previous
work, we consider the rllab version instead (see Section C.3 below). The main
difference is that the agent receives a reward of 10 at each step in the rllab version.
Hence, the optimal(undiscounted) return is 10H instead of H in this case.

C.3 Continuous Control Tasks from rllab

In Chapters 6 and 7 we evaluate our algorithms on continuous control tasks from the
rllab library (https://github.com/rll/rllab). Refer to Duan et al. (2016) for
details. We report here very brief descriptions. Here and in the rest of the manuscript,
we use the task names from the implementation. We report in parentheses the
names used by Duan et al. (2016) in their paper when different.

Cartpole (Cart-Pole Balancing): cart-pole balancing task like the one described
in Section C.2. Four-dimensional states and one-dimensional actions.

Inverted Double Pendulum (Double Inverted Pendulum Balancing): like Cart-
pole, but with a two-link pole. Five dimensional states and one-dimensional actions.

2https://github.com/T3p/potion.
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C.3. Continuous Control Tasks from rllab

Acrobot (Acrobot Swing Up): two-link robot arm. The first joint is fixed and
only the second one is actuated. The goal is to swing-up the arm starting from a
hanging position. Swing-up tasks require nonlinear controllers. Four-dimensional
states and one-dimensional actions.

Mountain Car: an under-actuated car must escape a valley. Swinging up and
down is necessary to build momentum. This is a classical exploration benchmark
due to sparsity of the reward. Two-dimensional states and one-dimensional actions.

Inverted Pendulum (Cart-Pole Swingup): like Cartpole, but the pole is initially
hanging and the agent needs to swing it up by moving the cart. Four-dimensional
states and one-dimensional actions.

Swimmer: three-link snake robot in a fluid, must swim forward. Thirteen-
dimensional states and two-dimensional actions.
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