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Abstract

Quantum machine learning is an emerging discipline that combines the benefits of quan-
tum computing with machine learning techniques. Indeed, quantum computing speeds
up the computation of several tasks with respect to what the current classical computing
techniques achieve. In this work, we provide an analysis of three novel quantum algo-
rithms. The first two algorithms are related to the sparse representation theory and are
based respectively on Matching Pursuit and Orthogonal Matching Pursuit. These algo-
rithms solve a linear system minimizing greedily the [p-norm of the solution. Instead,
the third one is a nearest neighbor classification algorithm that exploits the reduction of
dimensionality to achieve better performance. The use of quantum procedures introduces
some approximation error in the computation of several intermediate steps. For each
of these algorithms, we provide a detailed description of their procedure, their running
time, their probability of failure, and what requirements must be met to ensure a specific
error in the final results. The runtimes of these algorithms are lower than their classical
equivalents. In addition to that, we study, through the use of numerical experiments,
how the outputs of the algorithms are affected by the errors in the intermediate results.
In this analysis, we use both artificially generated datasets and real cybersecurity-related

datasets.

Keywords: quantum computing, quantum machine learning, sparse representation, match-

ing pursuit, orthogonal matching pursuit, eigenvectors-based classification



////M//////////é N 1 \\\\\\\ / \m\\ %
2N /// \ 117717/ s
//// N\ //// ////::_:::\\\ //) \\\ \\\\
NN 779477770770 00 /2 2
NN N e otrts
oty HH1100177 070070 2 2
SO 77752777777 000 2 2 2 2 27
J ///// /// N //// ////N///////////é __ ________,5\ I \\\\\\\ \\w\\ \\\\\\\\\\\\\\ =
~ 3N M s
N T e
—— f ot
—— = R
- ““\\\\\\\\\\\\\\\\\\m\\\w\w\\ 77 /////////////,/////////////// //// ///UU/
N RN R
1 NN
5577 NN
2 T I A O O



Abstract in lingua italiana

Il machine learning quantistico ¢ una disciplina emergente che combina i benefici del cal-
colo quantistico con tecniche di machine learning. Infatti, il calcolo quantistico accellera
la computazione di diverse operazioni rispetto alla complessita delle attuali tecniche clas-
siche. In questo lavoro, presentiamo tre nuovi algoritmi quantistici. I primi due algoritmi
sono relativi alla teoria delle rappresentazioni sparse e sono basati su Matching Pursuit
e Orthogonal Matching Pursuit. Questi algoritmi risolvono un sistema lineare minimiz-
zando in maniera avida la norma [y della soluzione. Il terzo algoritmo, invece, ¢ un algo-
ritmo di classificazione nearest neighbour che sfrutta la riduzione della dimensionalita per
ottenere prestazioni migliori. L’uso di procedure quantistiche introduce errore di approssi-
mazione nel calcolo di alcuni step intermedi. Per ognuno di questi algoritmi, forniamo una
spiegazione dettagliata del loro funzionamento, del loro tempo di esecuzione, della loro
probabilita di successo e quali requisiti devono essere soddisfatti per ottenere uno specifico
errore di approssimazione nei risultati finali. Il tempo di esecuzione di questi algoritmi é
inferiore rispetto ai loro equivalenti classici. In aggiunta a cio, analizziamo, tramite 1'uso
di esperimenti numerici, come i risultati degli algoritmi sono influenzati dall’errore nei
risultati intermedi. Per questa analisi usiamo sia dati generati artificialmente che dati

reali relativi alla sicurezza informatica.

Parole chiave: calcolo quantistico, machine learning quantistico, rappresentazioni sparse,

matching pursuit, orthogonal matching pursuit, classificazione basata su autovettori
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Introduction

In recent years, the field of Quantum Machine Learning has gained increasing interest.
This field looks into how machine learning algorithms might benefit from the computa-
tional advantages of quantum computing. Through the use of quantum computing, it
is possible to exploit phenomena such as superposition and entanglement to create more

efficient routines than the classical ones.

The beginning of Quantum Machine Learning can be traced back to 2009 with the pub-
lication of the paper from Harrow, Hassidim, and Lloyd [36] where the authors present
a quantum routine to solve linear systems of equations. This routine uses a number of
operations that is only poly-logarithmic in the size of the system. This algorithm, referred
to as HHL after its authors, has given the basis to discover a different number of routines
related to linear algebra that are fundamental for machine learning. This work and its
outcomes have sparked interest in the field, leading to the development of algorithms that
perform clustering [43], support vector machines [65], and principal component analysis
[49], with polynomial to exponential speed-ups over the state-of-the-art classical solutions.
More recently, Chakraborty et al. [15, 16|, Gilyén et al. [33] have generalized how to use
block-encodings in quantum settings, creating a useful framework to design quantum

machine learning algorithms, including our work.

Currently, most of the work related to Quantum Machine Learning is still theoretical, due
to the early stage of development of quantum computers. Indeed, we can locate ourselves
in the noisy intermediate-scale quantum (NISQ)) era. While some tools can be used to
simulate the functioning of a quantum computer, such as the SQLearn library [30] or the
IBM’s open source software development kit (SDK) Qiskit [5], the use of a functioning
quantum computer is still far in time. To use the algorithms cited above and the ones
presented in this work, we need fault-tolerant quantum computers with a huge number
of qubits. There are several techniques designed to run on NISQ shallow circuits but,

unfortunately, they lack theoretical guarantees on the runtime [9].

In this work, we focus on a specific topic called Sparse Representation [92] (also known as

sparse approximation). Sparse representation is a field of study in which the objective is
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to find the sparsest solutions of linear systems, between the possible ones. More formally,
the algorithms try to find a good-enough approximation of a given vector, while minimiz-
ing the ly-norm of the solution. The origin of this field is closely linked to compressed
sensing [13], a methodology used to acquire and reconstruct signals for which not enough
samples are provided. The exploitation of sparse representation techniques has found
a large use in different topics such as machine learning, signal processing, data mining,
medical imaging, and image restoration [51, 68]. It is also possible to find applications
in anomaly detection [2]. One important use is in classification tasks. For instance, the
Sparse Representation Classification method [38, 86|, used to classify different images in

categories, had been demonstrated to be robust to noise.

Finding the sparsest representation of a vector is an NP-Hard problem. For this reason,
the problem is usually solved through greedy algorithms. These algorithms, through the
use of an iterative process, provide a locally optimal solution that can be considered an
approximation of the globally optimal one. Some examples of greedy algorithms for this
task are the Matching Pursuit [52], the Orthogonal Matching Pursuit [61], the Subspace
Pursuit [20], and CoSaMP [58]. Another way to obtain a sparse enough solution is min-
imizing the ly-norm of the solution instead of the ly-norm, as shown in [14, 24]. In this
case, techniques such as Lasso |75] can achieve good results and generate sparse-enough

solutions.

In this work, we propose a quantum version of the Orthogonal Matching Pursuit algorithm
and we extend the quantum version of Matching Pursuit of Bellante and Zanero [7],

considering quantum states as inputs.

In addition to them, we also present a quantum algorithm based on Eigenvectors Clas-
sification [77]. Using this algorithm, it is possible to perform classification of a sample
after performing dimensionality reduction through Principal Component Analysis [54].
This method is the basis of techniques used for face recognition with eigenfaces |77, 89].
Furthermore, we show how it can be used also for anomaly detection in a cybersecurity

scenario.

For each of the algorithms, we prove upper bounds on their running time and show how
the error caused by the use of quantum computing routines can impact the quality of the

solutions.



| Introduction 3

Main Contributions

We can summarize our contributions as:

¢ Quantum Matching Pursuit: we extend the algorithm provided by Bellante
and Zanero 7] to handle quantum states as inputs. We provide the estimation of
the running time and the analysis of the error. The procedure is summarized in

Algorithm 4.1. We report the final running time of the algorithm in Theorem 4.1.

e Quantum Orthogonal Matching Pursuit: we describe the algorithm, prove
the running time, and perform an error analysis. We analyze how some theoretical
guarantees, studied for the classical version of the algorithm to obtain better results,
are present also in the quantum version. We summarize the procedure in Algorithm

4.2. The running time of this algorithm is reported in Theorem 4.5.

e Quantum Eigenvectors Classification/Recognition: we describe a quantum
algorithm for classification, analyzing in detail its running time complexity and how
to bound its final error. Algorithm 4.3 summarizes the procedure. The running

time of this new algorithm is reported in Theorem 4.8.

All the algorithms obtain a polynomial speed-up compared to their classical versions and
work for both classical and quantum inputs. For each of them, we provide some exper-
iments to test their stability, by introducing artificially some simulated quantum error.
The experiments in Section 5.3.2 are related to malware detection using Quantum Or-
thogonal Matching Pursuit, and the ones in Section 5.4.2 are related to network anomaly

detection using Quantum Eigenvectors Classification/Recognition.

Thesis Outline

This work is divided into 7 chapters:

1. Classical Background: we describe the mathematical notation we use in this
work. Then, we proceed with an overview of the classical version of the algorithms

that we will analyze later on.

2. Quantum Background: we introduce some basic concepts related to Quantum
Computing, such as quantum data representation, quantum RAM, quantum data
access, the block-encodings framework, and any relevant subroutine that we will use

in this work.

3. Intermediate Technical Results: we present some technical results in the form
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of lemmas and claims. These results will be used for proving the runtimes of the

algorithms.

. New Quantum Algorithms: we analyze and prove quantum versions of the algo-
rithms known as Matching Pursuit, Orthogonal Matching Pursuit, and Eigenvectors

Classification /Recognition.

. Experiments: we show the results of the experiments conducted on the simulations
of each of the algorithms presented in Chapter 4. We show how the algorithms’ per-
formance changes with different levels of error. We also test the Quantum Orthog-
onal Matching Pursuit and the Quantum Eigenvector Classification/Recognition
algorithms with real data, obtaining performance comparable to other state-of-the-

art methods for reasonable runtime parameters.

. Limitations and Future Work: we discuss some limitations of this work and

describe some possible future research directions.

. Conclusions: we summarize the conclusions of this work.



]_ ‘ Classical Background

In this chapter, we describe the mathematical notation that we use inside the work.
After that, we briefly introduce the field of sparse representation and we proceed with an

overview of the classical version of the algorithms analyzed in this work.

1.1. Mathematical Notation

We denote vectors with lowercase letters as x. With the notation x € R", we point out,
for example, that all the n components of the vector are real numbers. We denote the j*
element of a vector z as x;. We use lowercase letters also for scalar numbers such as a.
The difference between scalar numbers and vectors will be clear by the context or clarified

with a note when necessary.

We use || - || to denote the Euclidean norm, also known as [2-norm, of a vector. The
notation || - ||o, instead, denotes the sparsity (the number of non-zero components) of a
vector. The generic ,-norm, for a certain value p, corresponds to |||, = (320, |a:[P)"/?.
The notation (x,y), given two vectors z, y with the same dimension, denotes the inner
product between them. We use (x|y) if the two vectors are normalized. We define as
d(z,y) = ||z — yll = V=] + |y||> — 2z, y) the Euclidean Distance between the vectors

x and y.

We use capital letters as A to refer to matrices. Let A € R™™ be a matrix, we use the
notation a; to refer to its i*" row while we use the notation a; to refer to its i column.
We use a; ; to denote the entry of the matrix present in the it" row and in the j* column.
We denote with A” the transpose of the matrix, with A* its conjugate transpose and with
AT its pseudoinverse, which corresponds to AT = (A*A)"1A*. Given A € R™ " a square
invertible matrix, we denote with A~! the matrix for which AA~' = A=A = I where I is

the identity matrix. We denote a matrix A with as columns the set of vectors {a4, ..., a,}
as A = [al an} )

We can perform the Singular Value Decomposition of a matrix A € R"*™ and obtain
three matrices such that A = UXV, where U € R™*", V' € R™*™ and X is a rectangular
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diagonal matrix. The elements of the matrix ¥ are called singular values. We denote the
it" singular value of a matrix as ;. With 0,4, We identify the maximum singular value,

while with 0,,;, we identify the minimum one.

We denote with || - ||z the Frobenius norm of a matrix. Given a matrix A € R™™™ we
can define the Frobenius norm as [|Al|p = /> >°7" af;. Finally, we denote with || Al| the

maximum singular value of A.

The condition number of a matrix A corresponds to k(A) = Zmaz,

We use the Big-O notation O(-) to describe the running time upper bound of an algorithm.
We also use the notation O (+) to omit polylogarithmic terms. For example, an algorithm

with complexity O(nlogn) has complexity O(n).

1.2. Classical Algorithms

1.2.1. Sparse Representation

The main focus of our work is on finding sparse solutions for linear systems. For this
reason, before diving into the description of the single algorithms analyzed, we state the

main problem that the algorithms aim to resolve.

The problem corresponds to representing a dense signal as a sparse combination of a few
unit vectors, known as atoms and grouped in a structure called dictionary. We define as
over-complete the dictionaries in which the number of atoms is larger than the number
of signal components. These dictionaries are frequently used. The sparse representation
of a signal is the set of coefficients of the linear combination of atoms used to describe it.

More formally, we define the following problem.

Definition 1.1 (Problem 7§ |7]). Let s € R™ be a vector that represents the signal to
analyze and D € R™™ a matriz called dictionary with columns such that ||d;|| = 1 for

each j € [m]. Let € € RT be a threshold on the residual, we define problem P§ as:

argmin ||z||g such that |s — Dz|| <. (1.1)

The following algorithms solve this problem in a greedy way, minimizing at each step the

difference between the signal s and the approximated value.
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1.2.2. Matching Pursuit

Matching Pursuit (MP) [52] is a greedy algorithm that tries to solve the sparse represen-
tation problem by maximizing at each step the amount of signal that the approximation
is describing in an iterative way. It was one of the first algorithms used and, thanks also

to its simplicity, one of the most popular.

This work is based on an already developed quantum version of the algorithm, developed
by Bellante and Zanero [7], and extends the previous result thanks to the inclusion of
newly discovered quantum routines and a different approach related to the check of the

exit condition.

Algorithm

This description of the algorithm is a rework of the one in Section C by Bellante and
Zanero |7].

Let us denote the signal with s € R", the dictionary matrix with D € R the ap-
proximation threshold with e € R™ and the sparsity threshold with L € N. To obtain
the solution z € R™, such that we have a sparse-enough representation, we proceed in an

iterative way, trying to optimize the solution at each step.

We define the residual as the difference between the approximated solution and the real
signal
r=s— Dx. (1.2)

We start from an empty vector x = 0%™ then the algorithm looks for the atom that

reduces the residual. We initialize the residual equal to the signal r = s.
At each step, we select one atom to reduce the residual norm.

At each step, the algorithm searches the index j* of the atom of the dictionary that is
closer to the residual vector and computes z; € R that corresponds to the best scaling

factor for the atom d,
j* = argy minllr — 2, | (1.3)
z; = arg, min||r — zd;||. (1.4)

Mallat and Zhang [52| have shown that z; = (r,d;), from which we obtain

Ir = 25d;lI* = [I71* = I(r, d;)|*. (1.5)
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Considering that the value of the residual does not change in the previous equation, we

can just look for the greatest inner product to select our next atom
J* = arg;max |(r, d;)|. (1.6)

For this reason, we just compute the inner products between all the atoms of the dictionary
and the residual vector. This step is called sweep stage. We update the solution and the

residual using the atom with the greatest inner product

q;j*:xj*+zj*7 (17)

After each iteration, the residual will be less since the sparse combination of the atoms of
the dictionary will describe more of the initial signal. The algorithm can select the same

atom more than once.

The stop condition of the algorithm is the following

|z|lo > Lor ||r|| <e. (1.9)

Algorithm 1.1 summarizes the procedure.

Algorithm 1.1 Matching Pursuit |7|
Input s € R” signal, D € R™™ dictionary, L € N sparsity threshold, ¢ € R error

reconstruction tolerance

Output x € R™, an approximated solution of P§ (Def. 1.1)

1: Initialize r = s, x = 09™,
2: while not (||z]lo > L or ||r|| <€) do
for all j € [m] do

w

4 Compute (d;, )

5. end for

6:  Select j* = arg max(|(d;,7)|)

7. Assign zj, = (dj., 1)

8:  Update the solution x;, = ;. + 2«
9:  Update the residual r = r — z;.dj,
10: end while

11: Output z
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Alternative exit condition and norm bounds

We present here an alternative exit condition for the algorithm. This condition had been
highlighted in Equation 17 presented in [52] by Mallat and Zhang. We denote with r;
the residual vector and with d;) the selected atom at the " iteration. First of all, it is

necessary to recall that the signal can be described as

k
S = Z<T(Z~), d(i)> d(i) —I— T(k+1). (1.10)

i=0
From Equation 1.10, it is easy to deduce a description of the residual as subtraction
between the full signal and the linear combination of the selected atoms multiplied for

their coefficient
k

r(k+1) = S — Z(T(i), d(i)> d(i). (1.11)
=0
At this point, if we define the energy described until iteration k as £ = Zf:o [(ry, deay) 12,

we obtain that
k
gl = ls]I? =& = [Is]|” = Z |[(r @y, daiy) |- (1.12)
i=0

The previous equation holds since, at each step, the energy described by the residual is
the combination of the energy described by the previous residual and the inner product
between it and the selected atom. For the interested reader, a more formal explanation
is provided by Mallat and Zhang [52]. This equation can be used as an update rule for

the residual norm at each iteration.

In addition to the previous result, it is also possible to define a bound on the norm of the

solution vector x, thanks to the same property.

Claim 1.2 (Bound on the norm of the solution vector). Given a signal s € R, a dictionary
D € R™™ and a solution vector x € R™ such that x is a solution of P§ (Def. 1.1) we can
say that ||x|| < |s]|-

Proof. First of all, we must highlight that |lz4[[> < 28 |(rq, di))|? as explained above.

Considering the bound on the norm ||z;|| and Equation 1.12 we can say that

I 1 < Hlsll® = llze ]|, (1.13)
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From the previous equation, it is easy to deduce that

lxll® < llsll® = llresa|* < 15|l (1.14)
and for this reason we know that ||| < ||s||. O

These two conditions will be particularly useful in our quantum version of this algorithm.

Computational complexity

For the analysis of the running time, we proceed considering the complexity of each single
step. The initialization has complexity O(n) because we initialize the vector r = s, and
it is linear in the dimension of s. After that, the sweep stage has complexity O(nm)
because it is necessary to compute the inner products of all the m atoms and the residual,
considering that all the vectors have dimension n. The selection of the best atom can be
done during the sweep stage, saving at each computation the greatest value and its index.
For this reason, it has no additional complexity. The solution update has complexity
O(1) because one single component of the solution vector is updated. The update of
the residual has complexity O(n) because all the components of the residual vector are

updated.

Considering that the complexity of the sweep stage is the bottleneck of the algorithm, we
can say that the overall complexity for one iteration corresponds to O(nm). Considering
also that we denote k as the number of iterations of the cycle necessary to satisfy the exit

condition, we obtain as final complexity

O(knm). (1.15)

Related work

The first published version of Matching Pursuit was the one created by Mallat and Zhang
[52] (1993) to describe noisy signals of dimension n as a combination of a subset of m
waveforms grouped in a matrix called dictionary. The complexity of this algorithm is
O(knm), where k is the number of iterations of the algorithm. It is possible to apply
this algorithm to subjects different from simple signals. One example is the work of
Bergeaud and Mallat [8] (1995), in which the Matching Pursuit is applied to images using

the multiscale time-frequency Gabor dictionary.

After that, different versions of the algorithm had been developed while trying to reduce
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its computational complexity, for example, the Thresholding algorithm and the Weak
Matching Pursuit [91]. In the first of these two approaches, the selection of the atoms is
different. In the Thresholding algorithm, the inner products between the signal and the
atoms are performed once. At this point, the solution vector is modified iteratively, adding
at each iteration the inner product with the greatest absolute value to the components
and recomputing the residual vector until a threshold value is reached. Then, the residual
is computed with the selected atoms, and the complexity corresponds to O(kn + nm).
In Weak Matching Pursuit, the inner products are computed as in the classical matching
pursuit but, instead of selecting the maximum value, the algorithm selects the first inner
product bigger than a value chosen by the user. This algorithm has worst-case complexity
O(knm), but the complexity in the single iteration can be better on average because it is
possible to stop the computation of the inner products in advance and not compute all

the m inner products.

Another interesting algorithm is the one of Krstulovic and Gribonval [44] (2006), where
the authors had obtained a run-time of O(klog(n)) using a specific dictionary (the mul-
tiscale time-frequency Gabor), but the algorithm does not achieve this speed-up with
non-analytical dictionaries. In addition, different extensions to the algorithm had been
made, for example, the popular Orthogonal Matching Pursuit [61] (1993) that we will

describe in the next section, together with many other versions and algorithms.

Regarding previous work related to Quantum Computing and Matching Pursuit, some
works suggest the use of matching pursuit to simulate the dynamics of quantum mechan-
ical processes [87, 88| (2003, 2004).

In addition to that, Bellante and Zanero [7| (2022) analyzed a quantum version of this
algorithm, obtaining a polynomial speed-up with a final complexity of O(knlogn +
k@log(%Tm)), considering ¢ probability of success and £ a precision parameter on the
output. Our work extends this result by considering different input models and exploit-

ing the use of the block-encodings framework.
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1.2.3. Orthogonal Matching Pursuit

As anticipated in the previous section, Orthogonal Matching Pursuit algorithm (OMP)
[61] is a popular extension of the well-known Matching Pursuit algorithm [52]. As its
predecessor, OMP is a greedy algorithm that, through the use of local minimization,
finds an approximation of a signal obtained as a sparse combination of some atoms of a

dictionary.

Algorithm

The main difference between Orthogonal Matching Pursuit and Matching Pursuit consists
in the update of the solution obtained by performing an orthogonal projection of the signal
on the subspace spanned by the atoms selected so far. In this way, each atom is never
selected more than once and the coefficients of all the selected atoms are updated at each

iteration.

Let us denote the signal with s € R", the solution vector with x € R™, the dictionary
matrix with D € R™ ™ the approximation threshold with ¢ € RT and the sparsity
threshold with L € N. We define also an iteration index ¢t € N, the set A; C N of the

indices of the selected atoms at iteration ¢ and a vector of residuals r € R™.

During the initialization, we set the residual vector equal to the signal and the solution

to the zero vector

r=s, (1.16)

r=0%" (1.17)

We also initialize the counter and the empty set, used to store the indices of the selected
atoms

t=0, (1.18)

Ao = 0. (1.19)

Once we have initialized the values, the algorithm looks for the atom in the dictionary

with the greatest correlation that has not already been selected

J* = argjemmp\a,max |(r, d;)|. (1.20)
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After selecting the best atom, the iteration counter and the indices list are updated

t=t+1, (1.21)
At = At—l U J* (122)

We build the matrix A; using as column vectors the atoms with the indices in A; in the

following way. Given Ay = {ji, ..., j+}, we create
A= dy oy (1.23)
At this point, the algorithm must resolve the following OLS problem
x; = arg, min||s — Aux||. (1.24)
The solution z; would have ¢t non-zero components. The residual is updated as

r=s— Aux. (1.25)

The stop condition of the algorithm is the following

|lzllo > L or ||r|| <e. (1.26)

As mentioned at the beginning of this section, an interesting property of the algorithm
is that the projection of Equation 1.24 avoids selecting the same atom more than once.
For this reason, we can consider the [y norm of the solution equivalent to the number of

iterations t.

Another interesting observation is that this least square problem admits a closed solution
of the form

such that r = s(I — P,) = s — Asx.

The procedure is summarized by Algorithm 1.2.
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Algorithm 1.2 Orthogonal Matching Pursuit
Input s € R” signal, D € R™™ dictionary, L € N sparsity threshold, e € R error

reconstruction tolerance

Output = € R™, an approximated solution of P§ (Def. 1.1)

1: Initialize r = s, 2 = 0™, t =0, Ay =0
2: while not (¢t > Lor ||r|| <€) do
3:  forall j € ([m]\ A;) do
Compute (d;, )
end for
Select j* = arg;max(|(d;, 7))
Updatet =t+1
Update Ay = Ay 1 U 57

Construct A; concatenating the atoms of D with the indices in A,

10:  Compute x = arg,, min||s — A;2'||
11:  Compute r = s — Az

12: end while

13: Output x

Computational complexity

The initialization has complexity O(n) because we initialize the vector r = s. The com-
plexity of the sweep stage, with a naive approach, is O(nm) as for the Matching Pursuit
algorithm. The various updates of the lists have complexity O(1). The update of the so-
lution, assuming that the cost of inverting a n X k matrix is in the worst case O(k?) [18],
has complexity bounded by the solution of the least square, O(nk? + k3). The update
of the residual has complexity O(nk) because of the multiplication between the matrix
Ay € R™F and the solution vector # € R¥. The complexity can be dominated by the sweep
stage or by the update of the solution, depending on the dimensions of the dictionary, the

signal, and the number of iterations needed.

Therefore, assuming that the orthogonal matching pursuit converges after k iteration, its

asymptotic computational complexity without any optimization scales as

O(k(nm + nk* + k%)) (1.28)

with a memory use of O(nm).

Considering the use of techniques such as the Cholesky decomposition [94] we can obtain
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a better complexity that corresponds to

O(k(mk + k?)) (1.29)

with required memory of O(m? + nm + k?). Another possibility is the use of the Matrix

Inversion Lemma [72] with a final complexity of

O(k(nk + mk)) (1.30)

and a required memory of O(m? + nm + nk).

Related work

The first version of Orthogonal Matching Pursuit was created by Pati et al. [61] (1993)
and is based on the Matching Pursuit algorithm [52]. The main difference between the
two is that OMP guarantees to avoid the selection of the same atom more than once. This
happens because the solution vector is not updated but completely recomputed solving an
Ordinary Least Square problem after the selection of the best atom at each iteration. As

explained above, the running time of this algorithm corresponds to O(k(nm + nk? + k?)).

Different and faster versions of the OMP algorithm had been proposed. We report here

the most relevant ones related to our work.

Needell and Vershynin (2009) had created a regularized version of OMP called ROMP [59].
In this algorithm, thanks to the validity of the Restricted Isometry property for the
dictionary, which we will explain better later in these sections, it is possible to recover
the signal with guaranteed uniformity and stability [59]. Combining this result with
other techniques that help to maintain the sparsity of the solution, Needell and Tropp
have also developed another variant of the OMP algorithm known as CoSaMP|[58] (2009).
This version has a final complexity of O(nlog?n) for cases in which the RIP property is
satisfied and the signal is sparse. As before, the worst-case complexity corresponds to the

same one of OMP.

Donoho et al. (2012) had developed another version called stagewise OMP, or StOMP
[26]. This algorithm selects multiple atoms at each step based on a threshold value. The
algorithm provides the same solution of OMP with a lower running time of O(svnm),

where s and v are small parameters that depend on the dataset.

Instead, if we focus on speed-up on the general OMP algorithm different techniques had
been developed. One of these is the version of OMP obtained using Cholesky decompo-
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sition [94] (2012). This version exploits the Gram matrix generated by the dictionary to
avoid the direct matrix inversion, obtaining a final complexity of O(k(mk +£?)). Another
interesting implementation of OMP is the one using QR decomposition 72| (2012). This
version is based on the factorization of the dictionary into two matrices, () and R, ob-
taining a running time of O(k(mk + nk + k?)). Finally, another implementation of OMP
based on the Matrix Inversion Lemma (MIL) [72], that again exploits the use of the Gram
matrix, with complexity O(k(nk + mk)).

Another way to obtain a sparse representation is to use an [;-minimization approach such
as Lasso [75]. Some works [14, 24, 85|, have demonstrated that the minimization of the

{{-norm can also minimize the ly-norm of the solution if some conditions are satisfied.

In addition, from how much we know, there are no works providing a Quantum version of
the Orthogonal Matching Pursuit algorithm. If we also consider the results related to the
l1-norm relaxation, the recent work from [17] provides a quantum algorithm for LASSO

with complexity 9) (v/m/e?), with classical inputs and outputs.

Theoretical guarantees

Mutual Incoherence

An interesting result about the connection between the complete recovery of a signal and

the mutual incoherence of the dictionary had been studied in past literature |25, 64, 82|.

Definition 1.3 (Mutual Incoherence

25|). Forn vectors x; € R™, the mutual incoherence
v 18 the largest absolute value of normalized correlation between these vectors.

(i, )]
= maX;tj 71—
! F Nzl

with 4,5 € {0,...,n — 1} and 7 # j. (1.31)
We highlight that the mutual incoherence value is low if the atoms are not similar to each

other. At this point, we can define different properties related to this value.

Theorem 1.4 (Condition for exact recovery [25]). Given D € R™™ a matriz with ly-
normalized columns and b € R™. Let x € R™ such that Dx = b, if D and x satisfy the

following inequality

V< 5 (1.32)

where v 1s the mutual incoherence of the column vectors of D and s is the sparsity of x,

then we can recover the solution x by OMP without reconstruction error after s iterations.
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We can also define a property on the uniqueness of the solution.

Theorem 1.5 (Condition on uniqueness of the solution|4]). Given D € R™™ a matriz
with la-normalized columns and b € R™. If Dx = b, x € R™ and we know that the sparsity

s of the solution is
1
< — 1.33
<5 (133)
where 7 is the mutual incoherence of the column vectors of D, x is the unique solution of

Problem P (Def. 1.1).

Restricted Isometry Property

Another important property exploited to obtain a speed-up in some variations of the OMP

algorithm is the use of the Restricted Isometry Property (RIP).

Definition 1.6 (Restricted Isometry Property [12|). Let D be an n x m matriz and let
1 <t < m be an integer. We can say that the matrix satisfies the Restricted Isometry
Property if exists a constant §; € (0,1) such that for every n X t submatriz Dy of D and

for every n-dimensional vector x we have that

(1= d)llzl* < |1 Dexrl|* < (1 + de) ] (1.34)

We say that the RIP of order K is satisfied if for all x holds that ||z|o < K.

It is possible, using the already mentioned algorithms ROMP and CoSaMP for a RIP of
order CK where C' > 2 depends on the algorithm and ¢ is low enough, to recover exactly
any K-sparse signal [58, 59]. The RIP property of order K + 1 with isometry constant
0 < #E can be used also for a straightforward implementation of OMP for signals without
noise and is enough for the exact recovery of a K-sparse signal in K iterations as shown

in [23]. Different works have then improved the bounds on the isometry constant to

1
§ < = [55, 56].
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1.2.4. Eigenvectors Classification/Recognition

In this work, we describe a simple implementation of a quantum algorithm that performs
Eigenvector Classification and, in the experiment Section 5.4.1, as an application of it,
we also show how Eigenfaces Recognition [77] is performed. In the following sections,
we focus primarily on the use in the general classification task, and we generalize the

necessary concepts to draw a parallel between it and face recognition.

Algorithm

Given a signal s € R” that we want to classify, it is possible to do it more efficiently if
we have previous knowledge about similar data. The first step, which in this algorithm
we consider a pre-computation step, is to extract a limited amount of information from a
training dataset but, at the same time, try to make the description capture the greatest
amount of variance. The selection of this information, also known as components, can be

performed using Principal Component Analysis (PCA).

In this algorithm, PCA can be used to extract the eigenvectors of the covariance matrix
that is obtained using the samples of the training dataset. The elements of this dataset
belong to a specific category, for example face images or network anomalies. Let A € R™*™
be a matrix composed by m of the eigenvectors of the covariance matrix of dimension n
and let © € R™ be the mean vector of the training dataset. We consider A and p as inputs

for the algorithm.

Firstly, we subtract the mean vector u from the test sample s. After that, we multiply

the result by the transposed eigenvectors matrix
w=A"(s — p). (1.35)

In this way, we obtain the vector w € R™ such that each of its components corresponds
to an inner product between the sample and an eigenvector and describes how much the
corresponding column of A is similar to the sample. For this reason, we call the vectors

obtained in this way weights vectors.

To classify our test sample, we need the weights vectors of other samples already divided
into classes, computed, and stored. For this reason, we consider V' = {vy, ..., v,} the set of
the already computed weights vectors with v; € R™ Vj € [p]. We also consider that these
p samples are divided into different classes and are obtained through the same process

used to obtain w.
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We can test if the sample s is classified in the same class of a certain element whose
weights are in V' by testing the similarity of their weights vectors. To perform this task,
we compute the Euclidean distance between the weights vector of the sample and the

stored ones

d* = min ||w — v;|| Vj € p. (1.36)
At this point, we extract the minimum value d* and its index j*.

It is then possible to identify, using two parameters d;,d, € R™, if the sample is classified
in the same class as one sample already in the system, can be added as a new sample with
a different class but of the same category or it is not a sample related the problem that

we are analyzing. The output of the procedure will be
e if d* < ¢§; — recognized in the same class of the sample of index j*,
e if 07 < d* < §; — recognized as an element of the same category but not in a class,
e if d* > 3 — not an element of the category.

We summarize the procedure in Algorithm 1.3.

Algorithm 1.3 Eigenvectors based Classification/Recognition

Input: A € R™ matrix of eigenvectors, 1 € R™ mean vector of the starting dataset.
s € R™ sample to classify, V' = {vy,...,v,} set of stored weights vectors with v; €
R™Vj € [p]. 61,02 € R" used as threshold for the outputs.
Output: if d* < 41: recognized in the same class of vj«,

if 01 < d* < 6y: recognized as similar element,

if d* > 09: not a similar element.

1: Compute the weights vector of the test sample:

w=A"(s — )
2: Select the minimum distance between the weights vector of the test sample and the

weights already stored:

d* = min [jw — ;|| Vj € [p]
3: Save the index of the closer weights vector:

j* = argmin, [l — vjl| ¥ € [p)
4: Output: if d* < d;: recognized in the same class of v,

if 01 < d* < 6y: recognized as similar element,

if d* > 09 not a similar element.
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Computational complexity

The subtraction between the sample and the mean vector has complexity O(n) because it
is linear in the dimension of the vectors. The product between the matrix and the vector
of the test sample has complexity O(nm) because it depends on the dimension of A. The
computation of the distances between the weights vector of the test sample and the stored
ones has complexity O(pm) because the computation of p distances of vectors of length
m is performed. The complexity for just the computation of the weights is O(nm) and

for the overall procedure is O(nm + pm).

Eigenfaces Recognition

The previous algorithm can also be used as a Face Recognition method. It is possible to

follow the same procedure with just some little modifications.

We must consider as samples the images of faces with dimensions h x v, where h is the
height in pixels and w is the weight, transform them into grey-scale representations and,
after that, into vectors of dimension n = h x v. In addition, each class will contain only
images of one subject and, if the sample is classified in a class, is recognized as the subject
described by the class.

Related work

First of all, we want to point out that the algorithm we study can be seen as an ensemble
of two famous methods, PCA [54] and 1-Nearest-Neighbour [10].

The Principal Components Analysis had been first studied before the worldwide availabil-
ity of electronic computers by Pearson [62](1901) and Hotelling [37](1933). After that,
this method had been studied and used in a lot of different disciplines, with the general

objective of reducing the dimensionality of data.

As anticipated, this algorithm is also based on the 1-Nearest-Neighbour algorithm. This
method is one of the oldest algorithms studied to perform classification. It is based
on computing the similarity of two samples and had been vastly studied and applied
in different fields. One of the most important extensions used in Machine Learning is
the method known as K-nearest-neighbour, in which the K different closest samples are
considered for the classification instead of only the closest. This algorithm was first
developed in 1951 by Fix and Hodges [31], and extended in 1967 by Cover and Hart [19].

The application of these methods to the classification of data had been used for many

years. In this section, we focus only on some specific applications on which we have based
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our studies and experiments, Face Recognition and Anomaly Detection in network traffic.

The first intuition for the use of Principal Components for Face Recognition had been
made in 1987 by Sirovich and Kirby [71]. Turk and Pentland had shown in 1991 the first
Eigenfaces Recognition method [76] connecting the use of PCA to the task of classification
of face images. From this first work, different other improvements had been made, for ex-
ample, the use of specific different facial features to improve the performances [89] (2002).
Another use that we have considered is the one related to anomaly detection in network
traffic [93]. Also in this case, there are plenty of results for classification with different

metrics and nearest neighbors methods as K-NN [48, 73].

Focusing on quantum algorithms, the closer algorithm to ours is the one developed by
Wiebe et al. [83] (2014). In this work, the authors define a nearest-neighbor classifier
based on the Euclidean distance between the sample and some centroids (defined as the
mean samples for each class) of complexity O(,/plog(p) dr?/e), where p is the number of
centroids, r the biggest entry of the vectors considered, d the sparsity of the test sample
and e an error parameter. This routine is defined without the use of the novel routines
related to the block-encoding frameworks, without considering performing dimensionality
reduction before the computation, and with a dependency in the running time on the
sparsity of the input and the maximum entry of the vectors that we avoid with our
algorithm. In the QSFA [40] algorithm the authors also reduce the dimensionality of the
data and perform clustering with complexity 5(K /n?) where K is the number of clusters
and 7 a precision parameter. This procedure exploits a classifier to check the distance
with the centroids based on the Frobenius distance. Finally, another important algorithm
to mention is the one by Dang et al. [21]. This quantum algorithm is a K-NN method for
image classification based on dimensionality reduction. The complexity of this algorithm
is described using the running time of oracles that perform different operations, such as
amplitude estimation, as the basic unit. In this way, the algorithm performs the task
in O(VkMT) where k is the number of neighbours considered, M the dimension of the
sample, and O(T) the complexity of the oracle. With our algorithm, we consider only
the nearest neighbour for the classification and we express in a more precise way the

complexity of each step.

In addition to them, there are a big number of other quantum algorithms used to perform
classification and clustering such as Q-SVM [65] and Q-Means [43]. This work can be
considered as a possible way to use the output provided by the already studied Q-PCA [49]

method to perform classification or recognition tasks.
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2 Quantum Background

This chapter introduces the main quantum computing concepts we use in this work. We
want to avoid an extensive explanation of all quantum computing concepts that would
require an entire book itself, so we just summarize the most important concepts. We
advise the reader to consult Nielsen and Chuang [60] or Kaye et al. [39] for a more
complete explanation of the subject. We have extracted and summarized this explanation

from these works.

After a description of the notation and the main concepts, we proceed by explaining the

most important quantum routines used in Quantum Machine Learning.

2.1. Quantum Information and Computation

Quantum information is the result of reformulating the rules of classical information using
the new tools provided by quantum mechanics. First, we introduce some basic concepts
about the most used notation to refer to a quantum state, and then we describe how it is

possible to combine these states and how to apply operations.

2.1.1. Bra-Ket Notation

The most commonly used notation is called Bra-Ket, or Dirac’s, notation. This notation
makes the algebraic operations simpler to understand by hiding the complexity of the

denoted objects.

We now introduce the notation used to represent a vector x € C". For convention, we

denote this vector with the notation ket |z) if it correspond to a column vector

x
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While the notation bra (x| is used to its complex conjugate

We also want to recall that the conjugate transpose of a real vector is just the transposition

of the vector, as the imaginary part is not present.

This notation helps to be more concise with operations such as the inner product. Con-
sidering two vectors z,y € C", represented by |z) and |y), their inner product can be
denoted by (x|y).

Y1 n

(x|y)y = [x*{ xfn} | = Zmzyf

Un i=0
As it is possible to denote in a compact way the inner product, the same is possible for
the outer product. The notation, using two vectors that can have different dimensions
reCryeCm is|z)(y|.

T Ty - T,
2yl = || [ ] =

* *

Another frequently used notation is the one that refers to the tensor product. Considering

the same states as before, the tensor product between the two vectors corresponds to

_ ol
T | .. [z
T Y1 L Ym |
L) @y)=lzyy=|...|@|..| =|.. i | = | Ta1Yns
Tn Ym _yl_
Tn | ... | ZTnYm
L [ Ym ] |

2.1.2. Quantum Bits

We consider the bit as the unit of information for the classical computation. Looking at
quantum computation, we can consider a different unit of information called qubit. While
classical bits can have only value 0 or 1, a qubit represents a quantum state that can be
described by a unit vector in complex space, |¢) € C?. This state is considered a linear

combination of two basis states, usually |0) and |1). The qubit can be in state |0), |1) or
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in a superposition of the two

where

We call amplitudes the values o and 3, and their squared values represent the probability
of measuring |0) or |1) as the final result. It is important to highlight that since this

notation represents a distribution of probability, we have that
af* +|6* = 1.

During the computation, all the superpositions are possible, and in this way, a qubit

represents more information than a classical bit.

As introduced before, the couple of states |0) and |1) is a basis and, to be more specific,
it is called the computational basis or z-basis. A computational basis of dimension 2 is

just a couple of states, |x), |y) with the following property

All these properties have their origin in the first postulate of quantum mechanics

Postulate 2.1 (First Postulate of Quantum Mechanics [60]). Associated with any isolated
physical system is a complex vector space with inner product (that is, a Hilbert space)
known as the state space of the system. The system is completely described by its state

vector, which is a unit vector in the system’s state space.

There are also other important bases as the z-basis that corresponds to

ORIV 1 BN (O VR
== —M,H——ﬁ —[ﬂ]-

V2 V2

It is possible to move from one basis to another using some algebraic operations, for

example,

V2 V2

Here, as an example, we show the transformation of the representation of a generic state
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in z-basis to its corresponding representation in z-basis

+) +1=)

V2

Lpl) _as

[¢) = |0) +B|1) =a 7 %

If we consider a generic quantum state |¢) € C?, we can describe it as a unitary vector

with the following corresponding description
0 io O
lp) = a]0) + B11) = cosy |0) + e sing 1) .

where we consider €’® the relative phase of the quantum state. We ignore the global phase
of the state in this definition because it has no observable consequences on a single qubit.
With this notation, it is easy to see how it is possible to describe a state as a point in
spherical coordinates. The sphere on which we can visualize the quantum states is called
Bloch Sphere, and we show it in Figure 2.1. A quantum state represented by a linear
combination of basis states is called a pure state. For this kind of state sum of squared
amplitudes correspond to 1. The coordinates of a pure quantum state on the Bloch sphere

correspond to

(x,y,2) = (sinf cos ¢, sin cos ¢, cosb). (2.1)

States that can not be represented as a combination of basis states because generated by
phenomena of interference between different pure states are called mized state. For these
states, the sum of the amplitudes is not one. Mixed states do not correspond to points
on the surface of the sphere but to points inside the Bloch Sphere. In this work, we do
not consider phenomena of interference and, for this reason, we do not enter into major

details about mixed states.

Figure 2.1: Visualization of a Qubit on the Bloch sphere [84]
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2.1.3. Quantum Register

If we want to describe a higher amount of information, a possible way is to use more
qubits together, creating a quantum register. A register formed by n-qubits can describe

a vector in a complex space of dimension 2", with complex amplitudes «; € C

21

o) = D i) = |¢) = ao|0) + ... + agns [2771) . (2:2)

i=0
such that the condition 32 " |ay|? = 1 is satisfied. Each value i, for i € [0,2" — 1]
corresponds to a different basis state. We use binary encoding to describe the state |i)

and, in this way, it is enough to use n qubits. We show here a simple example of the

computational basis with two qubits

- -

o) =100) = [0} [0} = | ' 1J1) =[o1) = 0} 1) = | |
_0_ _0_
- -
0 0

2 =10) = ol0)= | |.B=1m=mnem=|].
0 1

all the vectors must satisfy the unitary lo-norm condition to represent correct quantum
states. We can describe any quantum state of a system of 2 qubits as a linear combination

of the vectors of the computational basis as

lp) = g |0) + a1 [1) + a2 |2) + a3 3). (2.3)

2.1.4. Quantum Logical Gates

It is common to use a notation that hides the low-level complexity of the circuits used
to describe the evolution of a quantum system. This notation exploits the use of unitary

matrices. We describe here the postulate that refers to the evolution of a quantum system.

Postulate 2.2 (Second Postulate of Quantum Mechanics [60]). The evolution of a closed
quantum system is described by a unitary transformation. That is, the state |¢p) of the

system at time tq is related to the state |¢') of the system at time ty by a unitary U which
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depends only on the times t1 and ty from the relation |¢') = U |¢).

A unitary U € C™" is a matrix that has the property UTU = UU' = I, where U denotes
the conjugate transpose of the matrix U. The unitary matrices have the fundamental
property of preserving the norm of the vectors to which are applied. A unitary matrix
describes the rotation of a pure quantum state, represented by a vector on the Bloch
sphere. Any unitary matrix that can be defined corresponds to a valid reversible quantum
gate or a combination of them in a quantum circuit. It is important to point out that
all the quantum gates must satisfy the condition to be reversible, which means that
the quantum state does not collapse on itself and it is possible to apply the inverse of
the operation performed. This happens due to unitary constraints. All the quantum
algorithms that can be defined are a combination of some unitary operations and some

measurements applied to quantum states.

Now we analyze some of the simplest quantum logical gates for a single qubit with their

corresponding unitary matrix.

The first to mention has the same functionality as a classical NOT gate and is called

X-Gate. Its unitary matrix corresponds to

X:Eﬂ.

This gate corresponds to a rotation of 180° for the € angle of the Bloch Sphere. Given a
quantum state described as a |0) + 3 |1) if we apply the gate to it, we swap the amplitudes

of the two states of the computational basis

<116 -1

al0) +B[1) = B0) +all).

In this case, it is possible to apply the same gate again to the state, returning to the
initial situation. It is trivial to verify that XTX = X XT = I. Other important gates that
act in a very similar way are the Y-gate and the Z-gate, which perform a rotation of 180°

on the other two axes. These three gates are called Pauli Gates.

The Hadamard gate, also known as H-gate, is another fundamental gate for quantum

computation. This gate transforms the basis of a certain state from the computational
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basis to the x-basis. Its unitary matrix corresponds to

1 |1 1
H=— :
V2 |1 -1
If we apply this gate to the basis states of the computational basis, we obtain the ones of

the x-basis in the following way

1 (1 1 1 1 |1
w3t 3]

1 (1 1 0 1 1
- -4l

We can easily extend this gate for multiple inputs. If, for example, we consider a n-qubit

gate, we can create a uniform superposition of all the states of the computational basis

2"—1

H, |0)*" = \/% Z bY

This property is useful to generate a superposition that can be used as input for a quantum

algorithm.

In addition to these simple gates that act independently by the value of the qubits, there
also exist other gates that change their behavior depending on one or more specific qubits
in the input. These gates are called controlled gates. A controlled gate acts at least on
two qubits because one is necessary to control the choice of the operation and the other
one is the state on which we want to apply the operation. In general, it is quite common
to define these gates as controlled rotations because they apply a unitary, which performs

a rotation only if the condition on the control qubits is satisfied.

It is easy to define the generic controlled gate CU for two qubits. We start from the
unitary U that represents the operation that we want to perform on the qubit that we
want to modify as

U:

U0 U1

Uoo U01]
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The complete controlled-U is defined in the following way

0 0
0 0

0

1
CU =
0 wupo uo1
0

o O O =

Uip U1

Applying this unitary on the basis states |00), [01), [10) and |11) we obtain the following

results
CU |00) = |00),

CcU |01) =|01),
CU[10) =1[1) ® U|0) = [1) ® (ugo |0) + u10]1)),
CUNL) =T1) @ U|1) = [1) ® (uo1 |0) + u11 [1)).
One of the most used gates is the CNOT' gate in which the unitary U corresponds to the
X-gate.

2.1.5. Measurement of Quantum States

It is not easy to retrieve the classical values represented by a quantum state. First of
all, we recall the third postulate of quantum mechanics that guarantees the possibility of

measuring a state but also explains how this measure modifies the state itself.

Postulate 2.3 (Third Postulate of Quantum Mechanics [60]). Quantum measurements
are described by a collection {M,,} of measurement operators. The index m refers to the
measurement outcomes that may occur in the experiment. If the state of the quantum sys-
tem is 1) immediately before the measurement then the probability that results in m occurs

is given by p(m) = (1| M1 M, |1), and the state of the system after the measurement is

Mule)
V@ MM, )

The measurement operators satisfy the completeness equationy ", M} M,, =1. This equa-
tion expresses the fact that probabilities sum to one > p(m) = (| M} M,, |{)=1.

We provide here an example to be more clear in the explanation. Given a quantum
state |¢) = «a|0) + B |1) if we measure the state with respect to the computational basis

{]0),]1)} we obtain the following situation.
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Our set of measurement operators corresponds to
{Mo = 10) (O[ , My = |1) (1]}
for which it is trivial to verify the completeness equation, and we have
M§ Mo + M{M; = 10) (0] [0) O] + 1) (1] [1) (1] = [0) (O] +|1) (1] = T.
If we want to compute the probability of measuring the state |0), we obtain

p(0) = (¥ M{My [$) = (| Mo [¢) = (@™ (0] + B [1)) 0) (0] (ar]0) + B 1)) =
= a”a (0] ]0) (0] 0) + a" (0] [0) (O] |1) + A" (1]]0) (O] [0) + BB" (1]]0) O] ]1) = [a]*.

Similarly, we obtain the probability |3]* of measuring the state |1). As we have already
anticipated, the sum of these two probabilities gives 1. If we measure the state, the system
changes and the superposition collapses on one single quantum state of the computational

basis that we have chosen to perform the measurement.

If a procedure provides only one quantum state as output, since the measure modifies the
state itself, we can think of copying it before measuring. However, this is not possible due

to the following theorem.

Theorem 2.4 (No cloning [60]). There is no quantum algorithm that can create a copy

of a quantum state.

This happens because if we measure the state, the algorithm is not reversible anymore,
and we cannot describe it using a unitary transformation. For this reason, to retrieve
the complete description of a quantum state, the value of all its amplitudes, we need
to construct from scratch multiple times the same state and measure all of them. This

process is called Quantum Tomography.
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2.2. Quantum Machine Learning

In this section, we explain the representation of the data in quantum machine learning,
the QRAM model, and the block-encoded framework. After that, we proceed with a
summary of all the routines that we have used in this work, and, for brevity, we do not
explain the functioning of each routine. If the reader is interested in examining them

more in detail, we provide references.

2.2.1. Quantum Data Representation

Considering quantum computing, data can be represented in different ways. We have
already introduced the concepts of quantum states and quantum registers. It is possible
to use the qubits in the same way as classical bits to encode in binary encoding a scalar
number. For example, the number 5 could be encoded using 3 qubits in the form [101).
Each qubit contains just the equivalent of a classical bit. To be more general the encoding

of a certain scalar x € N corresponds to

|z) = |b1) @ ... ® |by,) (2.4)

where b; € {0,1}. For what concerns the dimension, we need n-qubits for natural numbers
in the range [0,2" — 1] as a normal binary encoding. It is also possible to use one extra

qubit to store the sign.

The important benefit compared to the classical systems is the one related to storing
vectors or matrices. In this case, another way to store the information is provided, called

amplitude encoding. For example, we can represent a real vector x € R" as

_ Zo
1 = 1
7 = > il =
=] = (Ed]
Tn—1

where we store each element of the vector, the values x;, in the amplitudes of the different
states |¢). In this case, it is important to notice how we need a reduced space to store the
vector. It is enough to use [log(n)]| qubits to store a vector of size n. Once we have a
classical register containing the norm of the vector z and a quantum register of dimension

[log(n)], we can fully describe the state. We show here an example.
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Given

S W = Ot

The corresponding amplitude encoding is

lall = V50, |a) = 00) +

5
ﬁ' 0 ¢_|01 \/_|10

the coefficient for the term |11) corresponds to 0. Here [log(4)] = 2 qubits are used for

)+ )

the amplitude encoding.

Also, matrices can be represented easily with this type of encoding. We can represent a

matrix A € R"™ as the quantum state

_ G0 -
n—1m—1 ao,m—1
ZZ 31i)13) =

IIAH " 14llr H

Ap—1,0
| On—1,m—1]

In this case, analogously with the storing of vectors, we need just a classical register to

store || Al|r and [log(nm)] qubits.

QRAM access model

A fundamental element that we use in our work is the Quantum Random Access Memory,
or QRAM [34]. This device has the capability of storing a classical description of quantum
states. This memory acts similarly to the classical RAM, guaranteeing efficient quantum
access to stored classical data. First of all, we must define what we mean by efficient

quantum access.

Definition 2.5 (Efficient Quantum Access to a Matrix [7]). We say to have efficient

quantum access to a matriv A € R™™ if we can perform the following mappings in time

O(polylog(nm)):

o U i) [0) > [i) lai,) = i) o= o7 aig 1j)  fori € RY,
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o V:10) = e S flai ] i),

If we combine the unitaries defined above, we obtain

4) =0V @DI0)0) = ZZ ous 1)) = T Znaz 11 o,

using just two registers of dimensions [log(n)]+ [log(m)]. A useful data structure defined
to provide efficient quantum access to stored states is the KP-Tree. Kerenidis and Prakash
explain how this structure works in [41, 42|, we report here its formal definition and an

example of its functioning.

Theorem 2.6 (QRAM Data structure/KP-Tree [41, 42]). Let A € R™™™ be a matriz.
Entries (1,7, a; ;) arrive in the system in some arbitrary order, and w denotes the number
of entries that have already arrived in the system. There exists a data structure to store

the matriz A with the following properties:
e The size of the data structure is O(wlog®(nm)).
e The time to store a new entry (i, j,a; ;) is O(log*(nm)).

o A quantum algorithm that has quantum access to the data structure can perform the
mapping U : |i)[0) — i) |a;.) = |i) ﬁzzn a;;lj) fori € [n], corresponding to

the rows of the matrixz currently stored in memory and the mapping V : |0) |7) —
|A) |5) = (ﬁ > llai. z)) j) for j € [m], where A € R™ has entries A; = ||as..|
F

in time polylog(mn).

This structure consent to create quantum states efficiently and a dataset stored in it
occupies space with a linear dependence on the number of its entries. The fact that the
time to insert, update, or remove an already stored element is logarithmic in the dimension
of the dataset is another crucial feature of this structure. In this work, we will frequently

suppose to have matrices stored in this kind of structure.

Here we report an example from [41] where the authors show how it is possible to generate

a quantum state from a normalized vector stored in this data structure.
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/

f; \ ,-F A\
[0.16]  [0.16] [0.64] 10.04]

Figure 2.2: KP-Tree used to store a 4-dimensional state |1) [41]

In Figure 2.2, it is possible to see a simple schema of a KP-tree that stores the quantum
state
|y = 0.4]00) + 0.4 ]01) + 0.8 |10) + 0.2 |11) .

As it is possible to see, the leaves store the squared amplitudes of the basis states. We
obtain this state by applying some rotation on specific qubits. First of all, we start from

the state |0)|0) and we apply a rotation on the first qubit obtaining

0) [0) — (v/0.32(0) + V0.681)) |0) .

After that, we apply another rotation on the second qubit, conditioned on the amplitudes

of the first one, obtaining

(v/0.32]0) + v0.68 (1)) |0) —
1
—+/0.3210) ﬁ(o.zl 0) + 0.4 1)) + /0.68]1) —

— 0.4]00) +0.4]01) + 0.8 |10) + 0.2[11) .

‘ -

(0.810) +0.2]1)) —

[0¢)

that corresponds to our required quantum state.

Chen and de Wolf [17] have shown how it is possible to modify the KP-Tree structure to
obtain a structure that can efficiently update the description of a certain vector # € R?
to the one of af + be; where a,b € R and j € [d]. In addition to that, to be more efficient,
this version of the algorithm for the creation of quantum states can recognize when a
node is equal to zero and avoid the application of the rotation in that case. Finally, it is
possible to store also not normalized vectors by placing in the root node the value of the

norm.

In Figure 2.3a, it is possible to see a tree that stores the value of a vector 6, and in Figure
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2.3b, it is possible to see the tree of the vector %9 + 6ey, after the update.

oo
L%

o

2)(2) @)(3)

(a) KP-Tree of vector 6 (b) KP-Tree of vector %9 + 6ey

(5.4)

Figure 2.3: Update of a vector stored in a KP-Tree [17]

As it is clear, the nodes with value 0 are not represented because, for the algorithm, it
is enough to recognize that the root of the branch is zero to understand how to modify
the construction routine. For a more precise explanation of the technical part of this

procedure, we advise the reader to consult Definition 2.9 and Theorem 2.12 of [17].

Block-encodings framework

Now we introduce one of the most important frameworks for our work. This framework
had been first formalized by Chakraborty et al. [15], Gilyén et al. [33] starting from
the result, related to hamiltonian simulations, of Low and Chuang in [50]. After this
introduction, lots of different works used this framework to solve machine learning-related
tasks [16, 40, 57]. We first introduce what a block-encoding is.

Definition 2.7 (Block-encoding [15]). Suppose that A is an s-qubit operator, a, e € Rt
and q € N, then we say that the (s + q)-qubit unitary Uya is an (a, q,€) block-encoding of
A, if

|4 = a((0]* @ DUA(10) @ D < e,

where || - || is the operator norm.

In matrix form, we can consider the subnormalised matrix A as the top-left block of Uy

U= (A(“ )
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It is possible to define a high number of different routines to sum two block-encodings
together, multiply them or apply a block-encoding to quantum states. These routines and
their running time is analyzed in the following sections. To proceed, we must first define

a value that appears in the following definition.

Definition 2.8 (Parameter y,). Let A € C*™*™. Fiz p € [0,1]. We define the parameter
1p(A) as

pip(A) = |/ 52p(A) 521 (AT)

where s4(A) = max;la; |1 is the g-th power of the maximum g-norm of any row of A.

There are different ways, as explained in [15], to obtain a block-encoding of a matrix. We

focus here on how it is possible to create a block-encoding starting from data stored in
QRAM.

Theorem 2.9 (Block-encoding from QRAM data structure [16, 41, 42|). Given A €

Crm. Let A®) denote the matriz of the same dimension of A with agf}) = (a;;)P.

e Fizp e [0,1]. If A € C™™ and AP and (ACP)T are both stored in quantum-
accessible data structures, then there exist unitaries Ug and Uy that can be imple-
mented in time O(polylog(nm/e)) such that ULUy is a (jp(A), [log(N +M+1)], €)-
block-encoding of A.

e On the other hand, if A is stored in a quantum-accessible data structure, then there
exist unitaries Ug and Uy, that can be implemented in time O(polylog(nm/e)) such
that ULUL is a (| Al s, [log(n +m)], €)-block-encoding of A.

The block-encodings are unitary matrices that contain any matrix in them with a small
approximation error and, using the QRAM, it is possible to create them efficiently. This
allows to perform fast arithmetic operations between matrices and fast singular value
transformation as explained in [33|. These results serve as the foundation for the main
linear algebra routines and, for this reason, this framework is ideal for our applications as

well as many others.

2.2.2. Quantum Amplitude Amplification and Estimation

Quantum amplitude amplification is a quantum routine that, given a certain quantum
state, can amplify the amplitude of a certain substate reducing the amplitude of the
others in which we are not interested. Quantum amplitude estimation, instead, is an

algorithm used to estimate the amplitude of a certain substate.
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In this work, we use a simplified version of these routines that hide the more technical
details. Our objective is to achieve an overall optimal complexity, and we show that
minimizing the run-time of these specific routines is not important for the final complexity
of our algorithms. If the reader wants to enter more in detail on the topic, it is possible

to consult various materials as [3, 11].

Lemma 2.10 (Amplitude amplification and estimation |11, 42|). If there is unitary op-
erator U such that U |0)" = |¢) = sin(6) |z,0) + cos(#) |G, 0+) where |G) is an arbitrary

garbage state and |0+) is any state orthogonal to |0) then sin?(0) can be estimated within
error (1 £mn) in time O (nfl(nU(g,)> and |x) can be generated in expected time O (%) and

has success with probability 1 — & with an additional running time of O(log(1/9)).

Note that following this statement, if the amplitude amplification succeeds and we measure
|0) in the ancillary register, we obtain the state |z) without any approximation error

involved.

2.2.3. Quantum Block-Encodings Routines

In this section, we report and describe the routines related to the block-encoding frame-

work used in this work.

Application of Block-Encodings to states

First of all, we report some theorems useful to transform a generic block-encoding to

another with a different encoding.

Corollary 2.10.1 (Uniform Block Amplification [16]). Let Let A € R™™ and § € (0, 1].
Suppose U is a (a, a, €)-block-encoding of A, such that € < §/2, that can be implemented
at a cost of Ty. Then a (v2||A|,a + 1,6 )- block-encoding of A can be implemented at a

cost of
aTy, ([A]

One of the most important operations in linear algebra is the matrix-vector product.
This operation has classical complexity that is linear in the dimension of the matrix. This

complexity can be lowered in the quantum context, as shown in the following procedures.

We report here the complexity of applying a generic block-encoded matrix to a quantum
state, which we can consider representing a vector. The result is a quantum state that

corresponds to the result of the matrix-vector product. We have extended the previous
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result proven by Chakraborty et al. [15, 16|, adding the complexity of retrieving the norm

of the solution using amplitude estimation (Lemma 2.10).

Lemma 2.11 (Applying a Block-encoded Matrix on a Quantum State [15, 16]). Let A
be an s-qubit operator such that its singular values lie in [@, HA||} Also let 6 € (0,1),
and Uy be an (a, a, €)-block-encoding of A, such that

oflAl

e <
- 2K

(2.6)

that can be implemented in time Ty. Furthermore, suppose |b) be an s-qubit quantum state
_Alb) H

that can be prepared in T,. Then we can prepare a state |@) such that H|g0 AT

with success probability (1) at a cost

o (s m). o

If we want to estimate the norm of the result up to a relative error n with probability 1— 0’
we have a complexity of O ( T (Ta+ 1) log(l/é’))

Another possibility is to apply a pre-amplified block-encoding obtained following Corollary

2.10.1 to a quantum state to obtain, in some cases, a better complexity.

Corollary 2.11.1 (Applying a pre-amplified Block-encoded Matrix on a Quantum State
116]). Let A be an s-qubit operator such that its singular values lie in [@, HAH . Also let
0 €(0,1), and Ua be an (o, a, €)-block-encoding of A, such that

_ 34

2.8
= TuR (2.8)

that can be implemented in time Ty. Furthermore, suppose |b) be an s-qubit quantum state
that can be prepared in T,. Then we can prepare a state |¢) such that H|g0 HQIZ T ’ <9
with success probability (1) at a cost

0 (”Anlog ( ) Ty + /ﬁTb) (2.9)

If we want to estimate the norm of the result up to a relative error n with probability 1 — ¢

we have a complexity of O ((HA”log (5)Tu+ ﬁTb) log(1/5’)>.

Another important lemma guarantees the robustness of the state that we prepare by

applying the block-encoding to a quantum state.
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Lemma 2.12 (Robustness of state preparation [16]). Let A be an s-qubit operator such

that its singular values lie in [@, HAH] Suppose that |b') is a quantum state such that

[16) = |U)|| < 5= and |p) is a quantum state such that H|g0) - %H < 5. Then we have
Alb)

Arithmetic operations with Block-Encodings

For many applications, it can be useful also to create a linear combination of block-

encodings, and, for this reason, we report the following lemmas.

Corollary 2.12.1 (Linear Combination of Two Block Encoded Matrices [16, 33|). For
j € {0,1}, let A; be an s-qubit operator and y; € R*. Let U; be a (aj,a;,€;)-block-
encoding of A;, implemented in time T;. Then we can implement a (Yoo + y10q,1 +

max(ag, a1), Yo€o + y1€1) encoding of yoAo + y1 Ay in time O(Ty + T7).

Lemma 2.13 (Product of block-encoded matrices [33]). If U is an («, a, 0)-block-encoding
of an s-qubit operator A, and V is an (B, b, €)-block-encoding of an s-qubit operator B then
(I,@U)I,®V) is an (af,a + b, ac + Bd)-block-encoding of AB.

As before, if we exploit the possibility of using pre-amplified block-encodings, we can
also use the following lemma that, in some cases, can guarantee a smaller error in the

block-encoding of the result.

Lemma 2.14 (Product of Amplified Block-Encodings [16]). Let § € (0,1]. If Uy is an
(a, aa, €4)-block-encoding of an s-qubit operator A implemented in time T4, and Up is
a (ap,ap, eg)-block-encoding of an s-qubit operator B implemented in time Ty, such that
€q < ﬁ”B” and eg < #HAWI' Then we can implement a (2||Al||| B]|, aa +ap +2,0)-block-

encoding of AB implemented at a cost of
s ap Al B]
O (( Ty + TB) log (— : (2.10)
A 1Bl 6

2.2.4. Quantum OLS and Matrix Inversion

One important routine that we will use in this work is matrix inversion. Gilyén et al. [33]

have defined an efficient routine to perform this task.

Corollary 2.14.1 (Matrix Inversion using QSVT |16, 53|). Let A € R™™ be a matriz
with singular values in the range [@, ||AH} for some k> 1. Let 6 € (0,1]. Let U be an
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(o, a, €)-block-encoding of A implemented in time Ty, such that

_ dlAP

- 2K2

(2.11)

Then we can implement a (HAH ,a+1 5) block-encoding of A™ at a cost of

0 (ﬁlog (ﬁ) TA> . (2.12)

We want to highlight also as the previous result can be used to solve the Ordinary Least
Square problem. We report here a routine obtained by Chakraborty et al. [16] with the

modification of avoiding the use of a regularization term.

Lemma 2.15 (Quantum Ordinary Least Squares revised from Theorem 35 of [16]). Let
A € R™™ be the data matriz with condition number k. Let Uy be a (o, a, €)-block-encoding
of A implemented in time Ty Furthermore, suppose U, be a unitary that prepares |b) in
time Ty. Then for any ¢ € (0,1) such that

o|| AT Al
2.1
~ 32ak3log?(2K/0) (2.13)
we can prepare a state |p) such that
AT
9 - | <2 2.1
H lA+ o) ]

with probability ©(1), at a cost

o) (m log (HA”log ( ) Ty + Tb>> (2.15)

using only O(log k) additional qubits.

If we want to estimate the norm of the result up to a relative error n with probability 1— 0§’

we have a complexity of O (% (FlegH (HA”log (2)Tu+ Tb>> 10g(1/5’)).

2.2.5. Quantum Inner Product Estimation

One of the most significant routines used in this work is the estimation of the inner

product of two vectors represented by quantum states.
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Lemma 2.16 (Inner product estimation |7, 43|). Let there be quantum access to the
matrices V. € R™™ and C € R*™  through the unitaries U, : [i)|0) — |i)|v;.) and
U. = 15)10) — [j)]cj.) that run in time T, and the norms of the vectors are known.
Then, for any 6 € (0,1] and € € R", there exists a quantum algorithm that computes
1) 17) 10) = [3) ) [(vi., ¢;.)), such that |(vi_, ¢;.) — (vi.,¢;.)| < €, with probability greater
than 1 — 26 in time O <T Wlog(l/é))).

If we want to compute the inner product of a vector and all the column vectors of a certain

matrix, it is possible to apply the following corollary.

Corollary 2.16.1 (Matrix-vector inner product estimation [7|). Let there be quantum
access to a matriv A € R™™ with unitary columns and to a vector x € R™, through the
unitaries Uy : |0) |0) — m Yorli)|ai.y and Uy = |0) — m Y rxiliy, that run in time
less than T, and the norm of the vector is known. Then, for any 6 € (0,1] and € € RT,

there exists a quantum algorithm that computes |0) |0) — m o) {ai., x)), such that

[{a;.,x)—{a;.,x)| < € consistently across multiple runs, with probability greater than 1—24§

in time O (W log(m/5)>.

From the procedure that generates the value of the inner product between two vectors,
it is also possible to obtain a routine that estimates the Euclidean distance between two

vectors.

Lemma 2.17 (Distance estimation [43|). Assume for a data matriz V€ R™™ and a
matriz C € R¥*? that the following unitaries U, : |i)|0) — |i)|v;.) and U, : i) |0) —
i) |c;.) can be performed in time T and the norms of the vectors are known. For any
d € (0,1 and € € R*, there exists a quantum algorithm that computes |i)|j)]0) —
i) |5) |2 (v, ¢;)), where |d2(vi,c;) — d*(vi,¢;)| < € with probability at least 26, in time
0 (1 Lot o))

It is possible to draw a connection between Lemma 2.16 and Lemma 2.17. To obtain the
distance, the first step is to estimate the inner product between the two vectors. This
value, together with the norms of the vectors that are already known, is used to construct

the distance
d*(vj, ¢i) = ||vgl|* + llesll” = 2(vy, ). (2.16)

If we consider using normalized vectors, we can define the distance as

P(lo) o) = 1+1 - 2vjle), (2.17)
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With this result in mind, we define the following corollary.

Corollary 2.17.1 (Matrix-vector distance estimation). Let there be quantum access to a
matric A € R™™ with unitary columns and to a unitary vector x € R", through the uni-
taries Uy : |0) [0) — m Sy lai) and U, : |0) — m S |i), that run in time less
than T. Then, for any § € (0,1] and € € RT, there exists a quantum algorithm that com-
putes |0) |0) — m S i) [d2(aq., x)), such that |d2(a,.,x) — d*(a;.,x)| < € consistently
across multiple runs, with probability greater than 1 — 26 in time O (% log(m/é)).

2.2.6. Quantum Search

It is possible to use an algorithm based on the famous Grover search algorithm [35] to

find the component with the minimum absolute value inside a vector.

Lemma 2.18 (Finding the minimum |7, 27]). Let there be quantum access to a vector
u € [0,1]" wia the operation |j) |0) — |j) |u;) in time T. Then, we can find the minimum
Umin = MiNjen) U; and its inder Jpi, = arg minje[N]uj with success probability 1 — § in

time O <T\/Nlog(%)>.

As shown by Bellante and Zanero [7], it is easy to create an algorithm that finds the

maximum absolute value from this result.

Corollary 2.18.1 (Finding the maximum absolute value |7|). Let there be quantum access
to a vector u € [0,1]" wvia the operation |j)|0) — |j) |uj) in time T. Then, we can find
the mazimum absolute value Upmq, = MaXje[n) U; and its Ndex jynae = arg MAax |y U; with

success probability 1 — § in time O (T\/Nlog(%))

2.2.7. Vector State Tomography

As already explained in Section 2.1.5, the tomography of a quantum state is not easy to

perform. We report a lemma that states the complexity necessary to perform it.

Lemma 2.19 (Vector State Tomography [43, 78|). Given access to unitary U such that
U|0) = |z) and its controlled version in time T'(U), there is a tomography algorithm
with time complezity O(T(U) %log (%)) that produces unit vector T € RY such that
|z — z||s < € where e € RT with probability at least §.

Recent studies have shown how, in some specific settings, it is possible to reduce this

complexity up to a linear dependence on the error parameter |78|.
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3 Intermediate Technical Results

In this chapter, we explain and prove some technical results used in the following chapters.
These statements are not the main results of our work but are useful to define the different

algorithms.

3.1. Application of block-encoding to a quantum state

The first result is a lemma that modifies the run-time of applying a block-encoding to
a quantum state (Lemma 2.11), considering knowing beforehand the norm of the final

state.

Lemma 3.1 (Applying a pre-amplified Block-encoded Matrix on a Quantum State know-

ing the final norm). Let A be an s-qubit operator such that its singular values lie in

['A” HA||] Also let § € (0,1), and Uy be an (o, a, €)-block-encoding of A, such that

ollAll

e <
4k

(3.1)

that can be implemented in time Ty. Furthermore, suppose |b) be an s-qubit quantum state

that can be prepared in time T, and suppose that we already know the value of || A|b) ||.

”@) Q}Z i ” < 0 with success probability (1)

o (i (s ()7 1) ) 32

Proof. We base our proof on the proof of Lemma 24 in [15] and on the proof of Corollary

Then we can prepare a state |p) such that

at a cost

10 in [16]. The first step is the pre-amplification of the block-encoding Uy, following
Lemma 2.10.1, at the cost of O (HAHT log (H H)) and obtaining a (v2[|A|,a + 1,7)-
block-encoding of A, with v = 2¢. Given the pre-amplified version of U, and the quantum



46 3| Intermediate Technical Results
state |b), we can say that

1A= V2 A (0* @ DU(|0)** @ D]l <, (3:3)

|

\/§|]A||A|b> — (01" DU (|0)** & 1) |b>” < y/(V2[|A]). (3.4)

We obtain a final state that corresponds to [0)®" ( \/iﬁ A”A ]b)) +10%). If we already know

the norm || A |b) ||, for example, because it has been estimated using amplitude estimation,

we can perform a number of amplitude amplification rounds, conditioned on having |0)

in the first register, that is exactly ﬁ\‘b‘;““‘ to obtain a state |p) such that H lp) — ”i}lzgu H <
. ~ . D)

IR If we select a value for ¢ such that § > A We obtain H|gp) —HAIb>IIH < 0.
Considering also that ||A|b) || > @, we obtain that € < 5&‘:”. u

If we use an estimation of the norm instead of the correct norm, we can consider applying
the fixed-point amplitude amplification routine by Yoder et al. [90]. We can amplify
the state with a value that corresponds to the estimation of the norm summed to the
maximum error that can be in the estimation. In this way, we avoid the possibility of

having states that are not amplified enough while keeping the runtime as low as possible.

3.2. Results on the error of vector approximations

In this section, we explain some results useful to bound the errors of different quantum

routines.

We define an upper bound for the error on the value of an unnormalized vector approxi-
mation. Our inputs are a bound on the error of the normalized vector approximation and

a bound on the error of its norm.

Claim 3.2 (Error on Unnormalized Projected vector). Given access to a normalized vec-
tor|¢') such that || |¢')—|¢) || < § and given access to a value ||¢||" such that |||o|]—||o||| <

n||¢ll, we can say that the unnormalized vector ||@||" |¢) has the following error guarantees

el o) — 1ol 1) | < dllell +nllell, (3:5)
el o) =11l &) | < sl + nllgll (3.6)
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Proof. Our starting point is the following inequality

o) —1¢") I < 0. (3.7)

The first step is to add the norm of an arbitrary vector ||a|| to both sides of the equation

Hé) = 1) 11 + llall < 6+ [lall. (3:8)

After that, we use the Triangular inequality (||z|| + ||y]| > ||= + y||) to obtain

o) —16") +all <II16) =16 [| + llall <6+ lal. (3.9)

We can multiply everything by the norm of ||¢|| obtaining

el 1e) = lloll (1¢) = a)ll < lIgll(d + [lall)- (3.10)
At this point, we can choose the value of the variable a such that it solves the following
equation
16l (|¢) — a) = lloll'[¢) - (3.11)
The value corresponds to
el —liell"
a= ) - (3.12)
el
We substitute the value of a inside Inequality 3.10 and we obtain
ol' = llo ¢ i
Jistior = ten (10 + LA} | < o (s P21l ) g
HolHe) — 1ol o)1 < sllell + ¢l — 1o/l = allgll + nllll. (3.14)
The procedure to obtain the other bound is similar. It is enough, starting from Inequality
3.9 multiply by [|¢]|" instead of [|¢ and select a = 12121 ). O

Here we show a graphical intuition useful to understand better the proof.
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N
— do||o|l
loll’ 16 / slisll’ X nliéll
A loll )
i)
|¢")
)
I | | >

Figure 3.1: Graphical solution of unnormalized projection error

It is possible to observe in Figure 3.1 that the distance between the vectors’ heads, high-
lighted in red, corresponds to the true reconstruction error. It is easy to see how applying

the triangular inequality this value can be bounded.

The second result is used to find an upper bound on the error of an unnormalized inner
product. We obtain this value knowing the error of an approximation of the normalized

inner product between a unitary vector and the approximation of another vector.

Claim 3.3. Let ¢ € R" and €4,1,€,€;, € RT. Let d € R™ such that ||d|| = 1. Given a
normalized vector |¢') such that |[¢') —[0) | < €5, [9l]" such that [[|o] —[|oll] < nll¢]l, a
value zZ such that |z — (d|¢")| < €in, we can guarantee |||¢||'zZ — (d, ¢)| < € if

1ol "€in + lI8lles + [[dlln < e (3.15)

Proof. We start from the known |z — (d|¢')| < €;,. We multiply both sides for the esti-
mated norm [|¢[|" obtaining [[|¢]|"z — [[g[|"(d|¢')] < [|¢]/"em.

We can select a value €, such that ||¢]|" |¢') = ¢ + €, and we obtain

o'z = (d, @) — {d, )] < l|¢]'€in. (3.16)

We add to both sides of the inequality the term |(d,€;)| and we use the triangular in-
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equality obtaining

H¢ll'Z = (d, &)| < llol|'ein + [{d, €3))]. (3.18)
Thanks to Cauchy-Schwartz, we can say that |(d, &) < ||d||||é] = ||€] because the

vector d is unitary. Then we substitute the upper bound in Inequality 3.18 to obtain

H8l"Z = (d, )| < | 'ein + €3]] (3.19)

Finally, we apply the bound ||&]| < €|¢]| + n[|¢||, obtained using Claim 3.2, and we

bound the final error with the value €

H8l"Z = (d, )| < l|ol'emn + | lles + lISlln < e. (3.20)
O

We now show another claim used to bound the error related to the computation of the
distance between a correct vector and an approximated one, knowing an approximation

of the inner product between the two.

Claim 3.4. Let ¢ € R" and €y, n,€,€;,, € RY. Let s € R™ with norm ||s||. Given
a normalized vector |¢') such that || |¢) — @) || < €, ||@|" such that |||¢] — [|¢]]] <
nl¢ll, a value Z such that |z — (s|¢’)| < €, where |s) is the normalized vector s, we

can guarantee d? — d*(s,¢)| < €, where d*(s, ¢) is the squared Euclidean distance and

& = ||s|* + llglI"* — 2lIsllllol Z, o

nllell* +2lslllléln + 2llsllliglles + 2l sllll ol ein < € (3.21)

Proof. We start with our final objective

d* — d*(s,0)| <e (3.22)

We substitute inside it the analytical description of the values d?(s, ¢) and e obtaining

[lsl* + 1ol = 2llsllll¢ll"Z = (sl* + ll1* — 2ll¢ll(sl6))]| <e, (3.23)
ol = llo1* = 2llsli gl Z = o]l (s]¢))] < e. (3.24)
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We can substitute the approximated norm of ¢ with its value in the worst-case ||¢]|’ <
loll(1 + n). Substituting it inside the first occurrence in the previous equation, and

considering that n* < n because 7 € [0, 1], we obtain

[l -+l = Nol1* = 2llslilll'Z = ol (sle))] < € (3.25)
[2nllg11* + n*llll — 2[lsl (Il Z = lloll{s|o))| < e (3.26)
[3nllgll* = 2[IsI (el Z = llgll(slo))| < e (3.27)

At this point, we want to understand how much error can be introduced by the use of the
value z. To achieve this objective we can apply Claim 3.3 considering |s) as the vector
of unitary norm, the vector |¢') such that || |¢') — |¢) || < €5, the bound on the norm
ol = llolll < nll¢|| and the condition on the normalized inner product |2 — (s|¢")| < €.
We obtain

o1z = (ls), &) < lIgll'ein + eslldll +nlloll- (3.28)

Substituting back this bound in Inequality 3.27 and considering the greatest possible final

error, we obtain

nllell* + 2lsllllélln + 2llsllliglles + 2l sl o] em < € (3.29)
O

Another trivial claim shows how the sum of two scalars with additive error provides a

sum with the sum of the two errors as the final absolute error.

Claim 3.5. Let 21,20 € R and z = z1+29. Let Z; € R be an approximation of z1 such that
|Z1 — 21| < €1 with e, € RY. Let zZ; € R be an approximation of zy such that |Z3 — 23| < €3
with e € RT. We define Z = z1 + Z3. We can say that |Z — z| < € + €.

Proof. Z—z|=|Z1+Z2 — (21 + 22)| < |Z1 — 21| + [Z2 — 22| < €1 + €. O

It is easy to prove that this is also valid for the subtraction of scalars.
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3.3. Quantum Projection

We also need an operator that projects a quantum state on the subspace spanned by the

columns of a matrix. For this reason, we define the following lemma.

Lemma 3.6 (Quantum Projection). Let A € R™™ be the data matriz with condition
number k and with singular values that lie in [@, HAH] Let Uy be a (a,a,€)-block-
encoding of A implemented in time Ts. Furthermore, suppose Uy be a unitary that prepares
|s) in time Ts. Suppose also that we know the norms ||s||, ||[ATs|| and ||AA*ts||. Then for
any 0 € (0,1) such that

o|| AT Al
~ 64a ktlog®(2K/0) (3:30)
we can prepare a state |p) such that
CAATs)
0 - T <0 331
H [IAA*]s) |
with probability ©(1), at a cost
~ ((ka||ATs||
O\ ————Ta+Ty)|. 3.32
(e @ T 332

Proof. First of all, we solve the OLS problem following Lemma 2.15 using Uy, the block-
encoding of matrix A, and U the unitary that prepares the state |s) obtaining a quantum
state |Z+Vs> such that HVT:@ — \A*s)H < ¢'. This step is possible only if the block-

encoding of A is good enough. For this reason, we impose

o' ATA|
~ 32ak3log?(2k/0")’

(3.33)

and the run-time is 5(TOL5) =0 (ﬁ(TA + Ts)>.

Now, to have a good-enough input for the next step of the procedure, we need to place a
constraint on the value of the §’ parameter following Lemma 2.12. If we want to guarantee
that the error of our approximation of the value |AA™s) will not be more than §, we must

bound the value of ¢’ in the following way

J

o (3.34)

IERIRE



52 3| Intermediate Technical Results

At this point, we apply to |//1\+/s> the pre-amplified block-encoding of the matrix A following

__AATs) . .
A || < 0. To obtain this result,

Lemma 3.1 and obtain a state |¢) such that H |©)

we must also guarantee that

_ 34

3.35
il (335)

and the run-time for this step is

5 (lA*s]A] ( o
o (A (gt +7oss) ) (330

Putting together the run-time of the two routines and the constraints on €, we obtain

_ (lA*s]Al ( )) (mumsu )
O < Th+ — (T4 +T. O —— (T4 + T , 3.37
i) At a1 [Adrs] Tt T ), (337)

with a value of € such that

I AT Al
= 6da k4log3(4k2/0)’

(3.38)

]

We can also prove the complexity when the norms of the intermediate results are not

known and the complexity necessary to estimate them.

Lemma 3.7 (Quantum Projection with Norm Estimation). Let A € R"*™ be the data
matriz with condition number k and with singular values that lie in [”—‘:”, ||A||] Let Uy
be a (o, a,€)-block-encoding of A implemented in time T4. Furthermore, suppose Ug be a
unitary that prepares |s) in time Ty and we know the norm ||s||. Then for any § € (0,1)
and n € (0,1) such that

o] AT Al
< (3.39)
64a ktlog3(2K/0)
we can prepare a state |p) such that
CAAts)
R rvry| EX (3.40
H [lAAT[s) ]
with probability ©(1), at a cost
~ (Ko
O HAH(TA—i-T) (3.41)

If we want to estimate the norms || AT s|| and ||AATs|| up to a relative error n with prob-
ability 1 — 0" we have a complezity of O (%T'(TA +T. )10g(1/5’))
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Proof. The proof follows similarly from the one of the previous lemma. We solve the OLS
problem using Uy, the block-encoding of A, and U, the unitary that prepares the state
|s) exploiting Lemma 2.15 and obtaining the state |A*|s)) in O ( A (T4 + T, )) After

that, it is necessary to estimate the norm of the solution. Applying the second result of

the lemma, we obtain the value ||A* |s >H such that it is an estimation of the correct norm

with n-multiplicative precision in time 9) ( AT (Ty+ T, ))

At this point following Lemma 2.11.1 we apply the block-encoding Ua to |A* |s)) and we

estimate the norm [|A|A*s)| of the result in time O ( AT & (Ta+T. )) because the time

necessary to obtain the state |A* [s)) is O < (TA + T ))

To find an estimation of the norm ||AA¥s]||, we can multiply the two norms that we have

estimated and the one already known of the vector s in the following way

—_ N

JAATs| = [AJA*S)] A+ )] 1] (3.42)

We can bound the error of this final value to be an n-multiplicative error, we here skip all

the calculus for brevity, but it is possible to check them in Section A.1 of Appendix A.

The final running time corresponds to

o(( i) ) oG (e m) v

]

It is important to highlight how, if for an algorithm it is necessary to create a quantum
state | AA™"s) multiple times, it is possible to apply Lemma 3.7 one time and Lemma 3.6
all the other times exploiting the norms already estimated to speed-up the computation.
As previously stated, if we use an estimation of the norm rather than the true norm,
we might consider using the fixed-point amplitude amplification procedure provided by
Yoder et al. [90]. We recall that we can amplify the state with a value equal to the norm
estimation added to the maximum error that can appear in the estimation. In this way,
we avoid the risk of having states that are not amplified sufficiently while keeping the

runtime as low as possible.
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4: ‘ New Quantum Algorithms

4.1. Q-MP

In this section, we present the quantum version of the algorithm known as Matching
Pursuit. The algorithm tries to build an every-time-better approximation of a signal
s € R™ describing it as a combination of a group of atoms of a dictionary D € R™™ as

its classical counterpart.

The main difference between our work and the one of Bellante and Zanero [7] is that
our algorithm can compute the results even for signals that are not stored in a QRAM
structure, but are the result of a unitary quantum process. In addition, we provide this
version of the algorithm in the block-encoding framework. This framework permits the
use of different routines, such as the product between a matrix and a vector, not used in
the previous work. We avoid the classical re-computation of the residual vector at each
step to speed up the computation with relation to the dependency on the size of the signal
in input. Finally, we exploit a different exit condition based on the energy described by

the approximation of the signal as explained in Section 1.2.2.

In the following sections, we explain the algorithm, prove a bound on the running time,

and show the propagation of the error.
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4.1.1. Algorithm

Algorithm 4.1 summarizes the Quantum Matching Pursuit procedure.

Algorithm 4.1 Quantum Matching Pursuit

Input Unitary Us that creates |s) where s € R" is the signal to analyse, ||s|| stored
classically. Unitary Up that is a block-encoding of the dictionary D € R™*™. Unitary
U, that creates the superposition of the columns of D.

L € N sparsity required, €, € R* precision parameter on the inner products, ¢ € R
error reconstruction tolerance.

Output x € R™, an approximated solution of P§ (Def. 1.1).

1:
2:
3:
4:

10:
11:

12:
13:
14:
15:

16:
17:
18:

Initialize in QRAM: zy = 0%™.
Initialize: t =0, =0
while not (||x¢]]o > L or ||s||* — £ < ¢?) do

Use inner product estimation on Uy, U, to create:

[o1) = 7 227 1) [71) where 215 = (dj, s) and [Z1; — 21| < €.
if t=0 then

) = |1)
else

Use inner product estimation on Uy, Uy, to create:

2) = <= ) [35,) where 25; = (d;, é1) and 55, — 2] < Le.
Subtract the states |¢1) and |g2), conditioned on the first register to be equal:
o) = 7= 27 7) [75) where z; = (d;,r) and |Z; — 2| < e
end if
Apply finding the maximum absolute value on the unitary that implements |p), to
extract j* and z;-
Updatet =t+1
Update the component of index j* of x; in QRAM as: zy j« = 241 j» + 2;+
2
+ |xt,j*

Use quantum application of block-encoding to obtain a unitary Uy, that creates:

2

Update the stored norm of the solution as: ||z,]|* = |Jx;—1|* — |z1-1,j«

60) where |0) = [ D) and |6 = lo) | < e,
[0l where llgall = || Dat|) and | [oc]l = lloell| < ke

Update & = £ + 27
end while

Output x
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We first focus on the Q-MP procedure and defer the error analysis to Section 4.1.2. For

the moment, we consider that all the errors depend on the parameter ¢, € RT.

We start by initializing the empty solution vector z = 0™ in QRAM. We also initialize
the value ¢ = 0 and the counter ¢ = 0.

For each iteration of the algorithm, we proceed in the following way.

First of all, we use the matrix-vector product routine of Corollary 2.16.1 with as input
the unitary U, that generates the superposition of the atoms of D, and the unitary U,

that generates |s), together with the norm |s||, to produce the state
I =
1) = —= PAEDE (4.1)
J

We recall that z1; = (d;, s) and we select an error for the routine such that |z1; —z1;| < ie..

During the first iteration, we skip the computation of the second inner product and assign
o) = le1).

Except for the first iteration, we use again the matrix-vector product routine of Corollary
2.16.1 with as inputs the unitary U; and the unitary Uy, that creates the state |gz?t> that
corresponds to the approximated signal, together with the approximated norm H?#:H, to
obtain the state

o) = = i . (42)

We recall that z,; = (d;, ¢). The procedure computes Zz; such that |Z3; — 2o;] < %ez.

Later in this section, we will explain how to derive the unitary Uy,, which produces the

approximation of the signal, and the norm ||¢¢||, which are needed to obtain |ps) for all

the iterations except the first one.

Once we have the unitaries that create the states |¢1) and |pq), we perform a basis-
encoded state subtraction between the second register of them conditioned on the first

register having the same index. In this way, we obtain the following quantum state

m m

1 \ o 1 N
o) = NG ; 19 |Z5) = T ; 7) [715 = Z25) - (4.3)
We recall that z; = (d;,s) — (dj,¢) = (d;,s — ¢) = (d;,s — Dxy) = (d;, ;) and the

procedure computes z; such that [Z; — z;| <.
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Once we have defined the unitary that creates the quantum register |p), which contains a
superposition of all the inner products, we can perform the finding the maximum absolute
value routine from Corollary 2.18.1. In this way, we find j*, the index of the atom that

has the highest absolute inner product, and the value z;-.

With these two values, we can proceed in updating the solution z; € R™ and the squared

norm of the solution ||z;]|* in the following way
-Tt,j* = xt—l,j* —|— Z]*’ (44)

2, (4.5)

2+ |y o

lell* = llzesl® = e, -

We still have to define the unitary U,, that computes an approximation of the value
¢y = Dz, for the next iteration of the algorithm. We can define the procedure as follows.
Firstly, we highlight that we have access to the solution z;, stored in QRAM, and we can

create the quantum state
1 & )
|7¢) = \/—m ;ﬁt,j 17) - (4.6)

The state that approximate |¢;) is required multiple times and, to be more efficient, we
first estimate its norm to have the possibility of applying the routines we have defined in
Chapter 3 that also need the norm of the vector. We use Corollary 2.11.1 to obtain an
estimation of the norm ||¢||, with as input the unitary Up, that is the block-encoding

of matrix D, and the access to state |z;). In this way, we obtain a value H?g;ﬂ such that
[0l = lgull| < e..

Then, for each request of the state, we define the unitary Uy, as the application of Up to

|z;) following Lemma 3.1, that requires as input also to the already estimated norm ||7¢;J|

The routine generates the quantum state |¢;) such that H d) — |Dzy)|| < mez.

To choose if the algorithm should continue or not with other iterations, we check how
much energy of the signal it remains to describe. We provide a complete description of
this property in Section 1.2.2. At each step, we sum the square of the estimated inner

product that we have found to the previously stored value of the energy &

E=¢E+20. (4.7)
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Thanks to this value, we can consider the exit condition as

Ir[* = llsll* — & < € (4.8)

where € € RT is the error reconstruction tolerance.

We repeat the procedure until either the sparsity of the solution is such that ||z¢|lo > L
for a threshold L € N, or until the squared norm of the residual is smaller than €2. We
can check the sparsity of the solution just by looking at how many components of x; had

been updated. These conditions are checked classically.

It is crucial to note that the error in the inner products might cause convergence problems,
as already mentioned by Bellante and Zanero [7]. As the authors did, we also analyse two

alternative versions of the quantum matching pursuit algorithm:

1. Single Error: we chose to recompute classically the inner product z;-. In this way,

the error can only guide us to the selection of the wrong atom j*.

2. Double Error: we chose to not recompute classically the inner product z;+ and
this value is used to update the solution. In this case, the error affects both the

selection of the best atom and the value of z;-.

4.1.2. Error Propagation

As already anticipated, if we focus on the error propagation, we can define two different
algorithms, the Single Error version and the Double Error version. The difference
between the two consists in a different error present in the final result. We first analyze

the Single Error case.

Single Error

We can analyze the error, in this case, considering that after we have found the maximum
inner product, we recompute the inner product classically. This additional step has com-
plexity 5(11;71), as explained in Section A.2, and guarantees, if the procedure that selects
the atoms is good enough, to have a solution that is the same as the one we can find

classically.

We define the error on the final value of the inner product with ¢, € R*. This error can
guide us to the selection of the wrong atom compared to the one selected from the classical
procedure. If we bound this value with the minimum value necessary to not misselect an

atom, we can guarantee a result equivalent to the classical one. Unfortunately, this value
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depends on the dictionary and on the signal analyzed, and it is not easy to provide a
bound for it. In the Experiments Section 5.2, we show some results with different choices

for the parameter ¢, .

We now proceed with a complete analysis of all the errors involved. We consider the errors

tth

of the generic t*" iteration, and we follow the steps of Algorithm 4.1. The first three steps

do not add any errors.

Considering step number 4, we want to fix a bound on the error of the approximated inner
products Z;, for j € [m], that, for the moment, we define as a variable ¢; € R*. For this
reason, we must describe a bound on the error admitted in the result of the normalized
inner product procedure of Corollary 2.16.1, that we define as €;,, € RT, because it adds
error in the value Z;;. To obtain this result, we can use Claim 3.3 with as input the
dictionary atoms d;, that are unitary, the signal state |s) and its norm ||s||, both with no
approximation error. In this case, if we consider the variable €; as bound for the error
of the final unnormalized inner product, starting from the error €;,, of its normalized

version, we can say that ||s||€;,, < €.

For step number 8, we want to fix a bound on the error of the approximated inner products
Za;, for j € [m], with a variable e; € R™. For this reason, we must describe a bound on
the error that can be present due to the use of the normalized inner product estimation
procedure of Corollary 2.16.1 that, this time, we define as €;,, € R*. We must also bound
the error on the value of |$t>’ that is the approximation of |¢;), called ¢, € RT and required
by Lemma 3.1. In addition, we also need a bound on the error of the value ||7¢;J|, that
is an estimation of ||¢;||, called n € RT and required by Corollary 2.11.1. We use these
values for the estimation of the second inner product. We can use Claim 3.3 with as input
the dictionary atoms d;, that are unitary, and the approximated values ;) and ||?¢§J| to
obtain the bounds. In this case, if we consider a variable e¢; € R* as bound for the error

of the final unnormalized inner product, we can say that HB:H €iny + || Otll€s + || 0e]|n < €.

During step number 9, we obtain an error on the subtraction of the inner products z; =
Z1; — Z;. This error coincides with the sum of the errors of the two inner products

estimated €; + €5, as shown in Claim 3.5.

At this point, it is necessary to bound the above error with €,, the value that we have
described at the beginning of the section, as €; + €, < €,. We can choose to select the two

errors as

1 1
6 < € €2 < 6 (4.9)

If we consider €, < %ez, as explained above, we can choose €;,, < mez, €p < mcz and
t
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n < mgz. The same can be done for ¢; < %ez and we obtain €;,, <

€.
2[|sl =

Steps from number 10 to number 14 do not add any errors.
Considering step number 15 instead, to guarantee that the approximation of the |¢;)

vector has at maximum an error of €, we must have an error in the block-encoding of the

matrix D that satisfies the conditions of Lemma 3.1. We define this error as ¢ such that

Dl lD]
is(D) = 32n(D)]|61]

¢< (4.10)

All the other steps do not add any relevant error. Here we show a summary of all the

different errors considered.
Summary of the errors

The only error that we must provide in advance is €,. All the other errors that we have
analyzed can be bounded using it. The running time of the algorithm can be estimated

using these values.
o i, < €./(2]5]))
o i < &/ (4] 0nl))
o ey <co/8lls] < e/ (8]l
o 1< e/8lls] < e/ (8]|6])
o ¢ <e|D]/(326(D)sll) < e DIl/(326(D)| )

It is possible to see how the errors that are upper-bounded by values in which is present
||@¢]|, that is not known during the computation, can be easily bounded in a more strict
way substituting it with the norm ||s|| because ¢ is just an approximated version of s. We
estimate the value H?J;H during the computation, and the error ¢;,, can vary following it

or be bounded as the other errors using ||s]|.

Double Error

In this version of the algorithm, we use the same procedures as before, and, for this
reason, we suppose the same errors, but we consider to not recompute the inner product
classically. We show how this can cause a big increase in the error of the inner product.
During some steps of each iteration cycle, we add a certain amount of error since we use
quantum routines. This error will add at each iteration. We now analyze in detail what

happens.
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We have already seen how the first inner product estimation procedure (step 4) introduces

an error called €;. This value remains the same also in this version.

Considering the second inner product estimation procedure (step 8), we have the same
error terms we have studied before with the addition of the error propagated through the
iterations. We can still consider as bound for the error of this procedure the value €5, and

we can still identify the error in the final inner product as €; + €.

We have defined the error €; in the single error version as a value such that

[Belles + 1@elln + ol €im, < €. (4.11)

The difference in this version is that the error e increases over time. This happens
because of how the solution z is updated, with components containing some error. At

each iteration, the algorithm adds an extra error to the previous one.

As before, we want to find a bound for the errors €,,, €n,, €, and 7 based on the value
€, used to not miss-select the inner products. After some steps, we obtain as a final

worst-case bound for the errors the value

€
2€in1 + €ing + €p +77 S 9

R — 4.12
8] (4.12)

We provide the complete proof in Section A.3 of the Appendix. This value depends on

the error and the number of iterations of the algorithm.

To conclude this explanation, we will show in the Experiment Section 5.2 how the final
error of this version continuously grows considering more iterations but how, if we use
small enough errors, the solution is not too distant from the Single Error one. In addition

to that, we will also show how this error affects the exit condition of the algorithm.

For a general solution that is needed to be robust for big data or the introduction of high
amounts of error, we recommend the use of the Single Error version. We continue the

analysis of the running time of this algorithm considering this version.
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4.1.3. Running Time

Theorem 4.1 (Quantum Matching Pursuit). Let Up be a («a, a, {)-block encoding of

dictionary D € R™™ ™ such that
e[| D]l

¢< W (4.13)

that can be generated in time O(Tp) and with €, € R that is a precision parameter on
the estimation of the inner products. Let Uy be a unitary that generates the superposition
of the columns of D in time O(Ty) and let Us a unitary that generates the state |s) where
s € R™ is the signal to analyze in time O(Ty). Let ||s|| be the known norm of the signal
stored classically and let L € N be a sparsity threshold such that L < n. Let ¢ € RT be the
error reconstruction tolerance. Then, there exists a procedure that simulates the matching

pursuit algorithm in running time

~ D

O <k (”‘9” (M(T8+Td+aTD)+%ﬁn)TD) —I—n)) (4.14)
where k € N 1is the total number of iterations.
If we also consider that /m > %, condition that can be satisfied by well-formed dic-

tionaries with not too low minimum singular value, the running time corresponds to

5(k; <||s||(TS+Td+aTD) me)) (4.15)

€
Proof. The proof consists in proving the running time of the algorithm.

From Corollary 2.16.1, we know that the cost of step 4 is O (%) given O(Ty) the time
177,1
necessary to prepare |s) and O(T}) the time necessary to create a superposition of the

columns of the matrix. Therefore, we can prepare the state |p;) in time 9] (%) =
'Lnl

A (o lsll(Ts+Tq) A ( Isll(Ts+Ta)

0 (21 ~ 0 (M),

€z

The following step needs the dictionary and the state \qE) For the moment, we define
the overall required time to obtain |¢;) as O(T), and we will explain its value later in this

section.

Also the norm H?qﬂ is needed, but it is enough to estimate it just once for each cycle of
the algorithm. We can obtain this result in time defined as O(7},,) considering that
we already know the norm ||z;||, which is stored classically. We will explain the value of

O(Torm) later in this section.

Given that the cost of preparing the necessary inputs of the procedure can be bounded by
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9) (T'+Ty), we know that the cost of step 5, from Corollary 2.16.1 is 9] <T+Td> Therefore,

’an
we can prepare the state |¢;) in time O <%> ~O0 (M)

ing €z

We can then subtract the two quantum states obtaining the state |¢) in time O(1).

[6dl(T+T0) | lis H(Ts+Td)> -

€z €z

9) (”s”(TSJerH”@H(TJFT"’)) ~ O <”3”(TS+T"’)+H@”T) considering that ||s|| > H¢t”

€z €z

We consider the total complexity of these first three steps as O (

The state |p) is the superposition of the m differences between inner products, and we

must determine the one with the greatest value. Using Corollary 2.18.1, we can find the
value zj+ and its index j* in time O (\/mHSH(T“ZZ)JrH@”T).

With the best j* and z;-, we can proceed to update the solution € R™ and the norm
of the solution ||z;|| in time O(1). The last step consists of checking if it is necessary to

continue the iterations or not. This is done classically in 5(1)

The cost of the ' iteration of the loop, results in

Jm

z

O (11 + T+ [37) L 4 T ). (4.16)

If we assume that the algorithm performs £ iterations of the loop, the total complexity is

5(k(<k“@;+T@+ﬁ@mT>Y?€+TQWJ). (4.17)

z

We can consider the complexity of finding the norm, O(T,,..,), using Lemma 2.11 as

O(Tyorm) = O (Ll ).

The last term we need is the complexity O(T'). From Lemma 3.1 considering that we

obtain the unitary Up in time O(7Tp) and x; is accessible using the Q-RAM we can define

O(T) =0 (MTD)

ll el

Substituting in Equation 4.17 the two terms we obtain

G (& [ (11s1T + 1) + [ Azl | Vo IslanD) ) (4.18)
el e. e |D

t

From what is explained in Section 1.2.2, we can consider that the norm of the solution z;

is bounded by the norm of the signal s and, for this reason, the complexity is

- Vi | sl ax(D)
O(k (<|\s\|<Ts+Td>+ansuTD> oy Ll et TD)). (4.19)
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If we consider the Single Error version, the final complexity will be

9) (k ('Li” (m (T, + Ty + oTp) + a|flgl||))TD) + n)) (4.20)

Considering that /m > %, we can ignore the right side of the equation, and the

complexity of the algorithm is

5(k <||s||(TS+Td+ozTD) ﬁm)) (4.21)

€z

]

At this point, we can analyze how the final running time would change with additional
information on the time necessary to run the required unitaries. The terms that can

assume different values in the running time are Ty, Ty, and Tp.

Assuming that we store the matrix D and the signal s in QRAM or we have efficient
quantum access, these terms assume value 5(1) as explained in Section 2.2.1. In that

case, the final running time assumes the value

9] (k (||s|| (D) VF +n)) . (4.22)

z

If we instead consider having efficient quantum access to the block-encoding Up and to U,
but not to Uy, we can consider obtaining Uy as the application of the block-encoding Up
to a quantum state that corresponds to the superposition of the indices of the columns.
This state is trivial to obtain in polylogarithmic time using a line of Hadamard gates. In

this case, we must consider the complexity of applying a block-encoding to a state and,

#(D)“(D))
1Dl '

following Lemma 2.11, we obtain a running time of 5(Td) =0 <

4.1.4. Success probability

For this analysis, we keep the same style as the one of Bellante and Zanero |7] due to the

similarity of the algorithms.

We must consider that, like the majority of quantum algorithms, our algorithm has a
chance of failing. This failure probability results from the fact that the majority of the
employed routines do not always output the desired results. We now examine the run-
time overhead required to ensure a significant output with sufficient probability. The inner

products at steps 4 and 8, the search at step 11, and the computation of the approximate
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solution and its norm at step 15 are the procedures that increase the probability of failure.

We now define the runtime overhead related to these probabilities more precisely con-
sidering the same parameter o, which describes the probability of failure for all of them.
Corollary 2.16.1, necessary for computing the inner products, fails with a probability
smaller than 26 if we consider a running time overhead of O(log(’)), since the procedure
performs m inner products. Corollary 2.18.1, used to find the maximum absolute value,
fails with a probability smaller than § considering a running time overhead of O(log(3)).
Lemma 2.11, used for the computation of the approximated solution and its norm, fails
with a probability of § with an overhead of O(log(%)).

Our analysis proceeds first by computing the overall probability of success and, after that,

computing the necessary extra runtime to guarantee a good output.

Each loop iteration has a success probability of
L—p; > (1—=0)(1—26)(1—26)(1—0)>1—65+ 135 — 126% + 45%, (4.23)

where py is the probability of failure.

Then, if we suppose the terms with a degree greater than one small enough, we can
simplify it as
1—pr>1-60, (4.24)

with a total run-time overhead of O (log(%)*log(5)?).

For this reason, we can consider the probability of getting the wrong solution in each
iteration of the algorithm as bounded by 64. To find the final probability of failure of the

whole algorithm, we can exploit the union bound considering that it performs £ iterations

k
p(Ukpy) < pr < 6k9. (4.25)

Finally, we can define the overall probability of success as 1 — ¢’ adjusting the running
time overhead to O(polylog(%)) ~ O(1).
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4.2. Q-OMP

In this section, we present the quantum version of the algorithm known as Orthogonal
Matching Pursuit. The algorithm builds an every-time-better approximation of a signal
s € R™, describing it as a combination of a subset of atoms of D € R™*™, as explained in
Section 1.2.3.

In this version of the algorithm, we have exploited different quantum routines to obtain a
speed-up in various steps of the classical algorithm. The first and most important choice
we have made is the avoidance of the direct computation of the residual value r € R™ to
avoid tomography. This was possible thanks to an exit condition based on the distance
between the approximated signal ¢, € R™ and the signal s, computed in a fully quantum
way. We obtain the approximated signal ¢; by an orthogonal projection of the signal s on
the subspace generated by the selected atoms. This routine has an important speed-up

in the quantum settings compared to classical computation.

It is also important to highlight how, thanks to the fact that the approximated signal ¢,
is recomputed at each iteration starting from classical data, the error between the various

iterations is not propagated.

The following sections provide a full explanation of how the algorithm works, with an
estimation of the running time and an analysis of the errors obtained using quantum

routines.

4.2.1. Algorithm

Algorithm 4.2 summarizes the Quantum Orthogonal Matching Pursuit procedure.
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Algorithm 4.2 Quantum Orthogonal Matching Pursuit (Q-OMP)
Input Unitary U, that creates |s), where s € R” is the signal to analyse, ||s|| stored

classically. Quantum access to dictionary D € R"*™ via the column tree data struc-
ture. L € N sparsity required, ¢ € R error reconstruction tolerance.

¢; € RT precision parameter on the squared norm of the residual, ¢, € R* error on
the inner product estimation, €,,7, € RT precision parameters on the solution.

Output Quantum state |z) and ||z|| such that x € R™ is an approximated solution
of P§ (Def. 1.1) or set of selected atoms Ay where k = min(L,t)

1: Initialize: t =0, Ag =0, Dy = D
2: while not (¢ > L or @2 < €%) do

3:  Use inner product estimation with U, to create:
1) = \/% > jeimpa, 1) |71) where z1; = (d;, s) and [Z1; — 215] < 5€z
4:  if t=0 then
o p) = le1)
6: else
7: Use inner product estimation with Uy, to create:

[02) = 2= 2 jepmpa, 1) [Z25) where 255 = (d;, 1) and [%; — 2] < ge.

8: Subtract the states |p;1) and |¢2), conditioned on the first register to be equal:
0) = Z= 2 jepmia, 1) [Z5) where 2; = (dj,r) and [2; — 2| <.

9: end if

10:  Apply finding the maximum on the unitary that creates |p), to extract index j*

11: Updatet=t+4+1 and Ay = Ay U j*

12:  Update the norm tree of D; in QRAM, removing the path to d;-

13:  Update the norm tree of A; in QRAM, adding the path to d;-

14:  Use quantum projection and norm estimation to obtain a unitary U_Qgt that creates:

|¢e) where |¢y) = |AAfs) with ||[¢) — |¢)|| < ﬁe]c,

[oull where [l = 147 5] with [T&] — 6] < gyes
15:  Use distance estimation with U, and U_(bt to obtain:
& where d*(s, ¢,) = ||r||? and d(s,00)| < ¢

16:  Use quantum projection and norm estimation to obtain a unitary Uy, that creates:
60) where |r) = | 4,47 s) with H|¢t 60| < st

[0l where llgull = - A:AF s with |6l = lledl| < de.
17: end while

€z

18: Optionally, use quantum OLS and amplitude estimation to obtain:
|ZL‘> where |z2) = |Afs) and |||z) — |7) || < €,
] where [l = (147 sl] and [z — 2] < el

19: Output |Z) and ”SEH or Ay with k£ = min(L,t)
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In this first section, we focus only on the various steps of the algorithm and not on the
error analysis. The bounds on the errors added in the different routines will be analyzed
extensively in Section 4.2.3. For the moment, it is enough for the reader to consider the
user-provided errors €, € Rt ey € R, ¢, € Rt and 1, € RT as all the other errors depend

on them.

We start by initializing ¢ = 0 and Ag = (). For each iteration of the algorithm, we repeat
the following steps.

We use the matrix-vector product estimation routine of Corollary 2.16.1 providing quan-
tum access to the matrix Dy, the unitary U, and the known norm ||s|| to obtain the

unitary that produces the state

o) = == > li)I=,). (4.26)
VI efana

We select a precision for the procedure which guarantees to obtain values z7; such that

‘z_lj — le‘ S %Ez; with le = <dj, S).

In the first iteration of the algorithm, we skip the computation of the second inner product,

and we consider |@) = |¢1).

If it is not the first iteration, we use again Corollary 2.16.1 providing quantum access
to the matrix D,, the unitary U, that generates the approximated signal |gAb;) and the

approximated norm ||/gz\ﬂ| to produce the unitary that creates the state

|p2) = J— PN (4.27)

Jelm]\A¢

We use a precision for the procedure which guarantees to obtain values Z;; such that
|Z_2j - Z2j| < %Gz, with 225 = <dj, ¢t>~

We will explain later in this section how to obtain the unitary Uy,, that generates ]g&%

an approximation of the signal that we have described until now, and the norm ||¢||.

Once we have the two quantum registers, |¢1) and |ps), we perform a basis-encoded state
subtraction between the second register of them conditioned on the first register having
the same index. In this way, we obtain the unitary that generates the following quantum

state

=== X . (1.25)

and we obtain Z; such that |z, — z;| <e, with z; = (dj, s — ¢y) = (d;, s — Ayz) = (dj,14).
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Considering that we have defined an approximated unitary that creates |p), which cor-
responds to a superposition of all the approximated inner products, we can now perform
the finding the maximum absolute value routine from Corollary 2.18.1. We identify the

index j* such that j* = argmax;c s, | (dj,7e) |-

With this value, we can update the iteration counter ¢ = ¢t + 1, the set of chosen indices
Ay = Ay, U g%, and the matrices A; and D;. We will better explain the update of the

matrices in Section 4.2.2.

We now must define the unitary Uy, that creates a state that approximates |¢,) = |4; A} s).
This state will be required multiple times in a single iteration of the algorithm. To imple-
ment a faster unitary that gives the state, we estimate the norm ||¢;|| applying Lemma
3.7 with as input the block-encoding of the matrix A;, created following Theorem 2.9,
the unitary U that creates the state |s), and the norm ||s||. We obtain an approximation
called ||¢|| with precision such that ‘m - ||gz5t||‘ < mef.

At this point, we define the unitary Uy, that creates the approximated signal state. We
use the procedure that solves the projection problem of Lemma 3.6 with as input the
block-encoding of Ay, the unitary U, the norm ||s|| and the norm [|¢|]. The procedures
generates the state |¢;) such that |||¢;) — |¢)]| < @ef.

Finally, we can estimate the Euclidean Distance between the signal s and the vector ¢;.
We use Lemma 2.17 with as input the unitary Uy that creates the state |s), the unitary
U,, that creates the state |¢;), the norms ||s|| and [|¢||. We obtain the approximated

squared distance d? such that
& — d*(s, 1) | < e5. (4.29)

We highlight that the squared value of the distance corresponds to the squared norm of
the residual ||r¢||? = d*(s, ¢¢).

At this point, for the following iteration, we need a unitary Uy, that produces the approx-
imation of the state |¢;), but with a different level of accuracy. The reason behind the use
of two different unitaries for the same state generation is related to the final running time
of the procedure, as shown in Section 4.2.5. We can obtain the unitary Uy, using the same
procedures that we have used to define U_¢t with the same inputs, with the exception of
the required precision. At this point, we define the unitary that creates the state |ggt) such
that H|¢;> — \QS}H < mez and we estimate the norm HE:H such that ‘HE:H - HqﬁtH‘ < €.

We repeat the procedure until the squared estimated norm of the residual is lower than
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the squared value of the error reconstruction tolerance ¢ € R™ or the sparsity of the
solution is such that ¢ = ||z||o > L for a sparsity threshold L € N.

As an output of the procedure, we can provide a state |x) such that || |2) —|z) || < €, where
¢, € RT is a precision parameter chosen by the user, and |z) = |A;"s). This is possible just
by solving the OLS problem using Lemma 2.15 with as input the block-encoding of the
matrix A; and the unitary U,. After that, we can also obtain the value of the estimated
norm m such that |Hxv|| — |lz|l| < nel|z|] with n, € RT just applying the second result of

the same lemma and then multiplying the result for the known ||s]|.

Another option is to provide the solution classically and output the set of the indices of
the selected atoms Ay with & = min(L, t) that are already described in classical form and
solve just one ordinary least square procedure classically. If the atoms were all correctly
selected during the procedure and the algorithm stopped at the correct iteration, this

solution is equal to the one obtained using the classical Orthogonal Matching Pursuit.

4.2.2. Creation of A, and D,

For this algorithm we need to access A, € R™* and D, € R™* (™~ in polylogarithmic
time. We recall that, at each iteration, one atom is selected and extracted from the matrix
D; and added to the matrix A;. In this section, we present a possible way of doing it,
using two additional data structures to manage the selection of only one part of the atoms
of the dictionary D € R™*™.

For the dictionary D, we can consider a structure similar to the one in Figure 4.1. In
this structure, the main tree highlighted is the one that refers to the norm of the various
columns of the matrix. Each column has a unitary norm and, for this reason, the root
element that contains the sum of the squared value of the leaves contains the value m.
We define this structure based on the one explained by Chen and de Wolf [17] in Section
2.4.
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Figure 4.1: KP-Tree used for D

For each atom, instead, since these elements are already normalized, and no modifications
are applied directly during the computation, we can consider a KP-Tree as explained in
Appendix A of [41] by Kerenidis and Prakash. Figure 4.2 shows an example of an atom

with 4 components.

Figure 4.2: Example of KP-Tree used for an atom

We use these structures as the basis to construct the data structures used for matrices A;
and Dt'

We can consider the data structure that stores the matrix A; as the same data structure
of the dictionary D with the difference that we initialize it with all O for what concerns
the nodes of the column norm tree. At each step of computation, we update a single leaf
and modify the value from 0 to 1. In addition, we also update all the other nodes on the
path from the root node to the leaf adding 1 to the value previously stored. This update
can be performed in time O(log(m)).

Figure 4.3a shows the KP-Tree during the initialization, while Figure 4.3b shows the tree

after the first insert.
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(a) Initialization of A, (b) First insert in A;

Figure 4.3: KP-Tree used for A;

The situation is similar for the matrix D;. We start from the same data structure of the
dictionary D and modify its entries. We can obtain the data structure that describes D,
at each step changing, from 1 to 0, the leaf value that refers to the norm of the atom that
we remove. In addition, also all the nodes of the path to reach it are updated, decreasing

their value by 1. This update can be performed in time O(log(m)).

Figure 4.4a shows the KP-Tree during the initialization, while Figure 4.4b shows the tree
after the first delete.

(a) Initialization of Dy (b) First delete in Dy

Figure 4.4: KP-Tree used for D,

Thanks to these data structures, it is possible to access the elements of matrices A; and
Dy in polylogarithmic time in relation to the size of the stored data. In this way, it is
easy to obtain a block-encoded version of the matrices as explained in Section 2.2.1 with

the o parameter equal to the Frobenius norm of the matrix.

A possible trivial optimization is to share the trees that describe the atoms between the
two structures and differentiate just the trees that refer to the norms of the selected

columns to use less memory space.
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4.2.3. Error Propagation

In this algorithm there is no propagation of error between the different iterations. The
error introduced in the solution is limited to one single iteration because, at each step, we
compute a new solution starting from the atoms of the matrix A; and the signal s that

are stored classically.

At this point, we can have two different problems in our algorithm. The first one is
the miss-selection of the greatest inner product, which can be caused by the error in
the estimation of the inner products. We bound this value with ¢, € R*. This error is
the same one considered in Section 4.1.2 of the Q-MP algorithm. In general, this value

depends on the dictionary and the signal analyzed.

The second problem is that we must also consider estimating a good-enough value for
the squared distance between the correct signal and the approximated one to stop the
algorithm at the right moment. We define the maximum error on the estimated squared

distance as ¢; € RT.

We want to highlight that we have considered an error €; on the squared estimation of
the distance, which corresponds to an estimation of the squared residual norm |r||?. It
is possible to link the error on the squared norm of the residual with an error on the

distance (and for this reason on ||r||) called ¢; € R* such that |d — d| < €z noticing that

@ — d?| = |d—d||d+d| < egld+d| < eqd— d+ 2d| < eqleq + 2d) (4.30)

Now, if we select €; = €2+ 2de, we obtain that ¢, = —d=+ \/m We select the positive
solution, and we bound the value obtaining ¢; = —d+ \/m < —d+Vd2+ Ve = VEr-
Selecting a value for the error on the squared distance ¢, we guarantee an error on the
final residual norm of ¢; < NG

If we guarantee a low enough ¢, and the stop condition is correctly satisfied, we can obtain
the same selection of the atoms of the classical algorithm. In Section 5.3.1, we provide

some experimental results with different choices for these parameters.

t* iteration. We consider the steps of the

We now analyze the error of the generic
Algorithm 4.2 to explain where the error is introduced. Step number 1 and number 2 do

not add any errors.

We consider steps 3 to 8 with the same error introduction as steps 4 to 9 of the Q-MP
procedure described in Algorithm 4.1, with the same bound €, on the final approximation

of the inner products. We report the values for the error parameters defined in Section
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4.1.2 for the different routines. We can choose €;,, < 4||¢tH€Z’ €p < SToq €= 1 < ST € and
€ing < ﬁez to guarantee an error on the final estimation of the inner products that is less
or equal than €,. We highlight that the parameters ¢, and 7 are the precision parameters

that are necessary for the definition of the unitary Us,.
Steps from number 9 to number 13 do not add any error.

Considering step number 14, we want to guarantee that the quantum state |¢,), generated
by the unitary U_¢t, has a maximum error defined with the value €, € R*. For this reason,
we must have an error in the block-encoding of the matrix A, that satisfies the conditions
of Lemma 3.6. We define the error ¢ € R* in the block-encoding such that

GlAL A

© = GV R g 2 A0 f65)

(4.31)

In addition to that, we denote the relative error on the approximated norm ||¢;|| with the
value 77 € RT.

Considering step 15, we want to bound the error on the final squared distance estimation
d? with the value €s as explained at the beginning of the section. For this reason, we
must consider that some error came from the approximation of the vector ¢;, obtained
from the unitary U_@, used in the computation of the distance. Consequently, we must
find a value to bound the parameters €5 and 7 using the value e;. In addition, it is
necessary to compute a bound on the precision of the routine defined in Lemma 2.17 used
to perform the distance estimation with the normalized states called ¢;,, € R*. To obtain
the bound we can use Claim 3.4 with as input the signal s, its norm ||s||, and the values

|¢) and [[¢]]. In this case, if we consider ¢; as required bound, we can guarantee that
3nlloll* + 2llslllel + 2llslllI¢lles + 2llsl[|@lleins < -

Considering that the norm of the signal s is an upper bound of the norm of the approxi-
mated signal ¢;, we can choose the following bounds for the error considered. We define

1 —_— 1 — 1
€ing < Teaz€sr €0 < gap€s and, T < grzes

In the same way as for step number 14, considering step 16, we must guarantee that the
quantum state |gz3;>, generated by the unitary Uy,, has a maximum error defined with
the value €, € R*. For this reason, we must have an error in the block-encoding of the
matrix A; that satisfies the conditions of Lemma 3.6. We define the error ¢ € R in the
block-encoding such that

. coll AT 4]
T 64V L K(A)Mog3(2k(A) [ey)

(4.32)
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Finally, the last step in which some error is introduced is step 18. As we have already
mentioned, this step is executed once in the algorithm. The user can select the errors
€; and 7, on the final solution trying to minimize the error as much as possible. The
choice of these errors does not modify the overall procedure but just the quality of the
quantum output. For this reason, we do not provide bounds on them. In addition, it is
also possible to obtain a classical output composed of the selected atoms and solve just

one OLS problem classically, obtaining a solution without approximation error.

Summary of the errors

We here summarize all the errors analyzed with a dependency on e, or €. We will use

these values in the estimation of the running time.
The errors that have a dependency on €, are:

o €in, < €/(2]s]))

® €, < ez/(4M)

o e < €/(8]ls]]) < e/ (8|9l

o 7 <e./(8[ls]]) < e./(8llol)

o | AT Al
e (< 64V/L k(Ar)tlog3 (2k(Ar) /eg)

While the errors with a dependency on €y are:
o & < er/(8lsl*)
o 7 <e¢s/(8lsl?)

o €iny < €7/(16]s]%)

= &l AL Al
e (< 64v/L k(Ar)tlog3 (2k(Ar) /g)

It is possible to see how the errors that are upper-bounded by values in which the unknown
value ||¢|| is present can be easily bounded by substituting it with the norm ||s||. We also
want to highlight that it is possible to avoid the conditions that arise from the exit
condition by solving the problem for a fixed amount of iterations. In that case, we do not

consider all the errors that depend on €.
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4.2.4. Bounds for running time parameters

Proving the running time in the next section, we will encounter the parameters p(A;) and
k(A;) related to the submatrices A; of D for the different steps ¢ = [0, ..., k] where k is the
final number of iterations. The value of these two parameters varies during the different
iterations of the algorithm, and a precise estimation of them is not possible because they
depend on the atoms chosen at each step of the algorithm. For this reason, we want to

find a bound for these values to obtain a running time that does not depend on them.

First, we find an upper bound for the value of p(A;).

Claim 4.2. Let D € R™™  with n < m, be a matriz with columns with unitary ly-norm.
Let I C {0,1,...,m — 1} be a subset of t indices of the columns of the matriz D. We
define the matriz A, € R™ as the sub-matriz built using only the columns with index in
the subset I,. Let k € N, we can say that for each matriz Ay with t = 0,1, ...,k we have
that u(A;) < Vk.

Proof. First of all, consider that for each matrix A, we have p(A4;) < ||A/||r and that
|A¢llr = v/t because the columns are unitary vectors. We know that k is the greatest
possible value of ¢ by definition and, for this reason, we have u(4,) < vt < Vk. O

Also, the parameter x(A;) is easy to bound, as shown in the following claim.

Claim 4.3. Let D € R™™  with n < m, be a matrixz with columns with unitary ly-norm.
Let be I C {0,1,...,m — 1} a subset of t indices of the columns of the matriz D. We
define the matriz A; € R™ ! as the sub-matriz built using only the columns with the index
in the subset I,. We can say that k(A;) < k(D).

Proof. We use the variational characterization of the singular values. We define the sets

S) = {“D”’"H - 1} , (4.33)

.

and

D
Sy = { 1Dz = landx; = Oforalli & It} ) (4.34)

]

We consider 0,,q,(D) = max(S;) as the maximum singular value of D. We know that
the maximum singular value of a sub-matrix A;, defined as 0,,4,(A4;) = max(Sy), is
Omaz(At) < Omaz(D). We also define 0,,;,(D) = min(S;) as as the minimum singular

value of D. We know that, given 0,,;,(A4;) = min(Ss) the minimum singular value of Ay,
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we have 0., (At) > Omin(D). As the condition number & is defined as k = 222z we have
that (D) = ZzeslD) > Imeslle) — jo(A,), O

Omin (D) — Omin (At)

For this reason, we can use as the upper bound of each instance of k(A;) the value x(D).
For well-conditioned dictionaries, the value (D) will be a small integer number, as shown
in Section 5.3.1.

We also define a claim to bound the norm of the solution vector that will appear in the

running time.

Claim 4.4. Let A; € R™ be a submatriz of the dictionary D € R™™ composed by
t atoms and s € R™ a vector. Let z; € R! be a vector such that x; = A s, we can
considered that ||z,|| < L=

D]l
Proof. The proof is trivial to obtain considering that ||x:|| = ||Afs]] < |Af||s]| =
IIs|l fotH) We know that ”(A ”) = UW_:( 1, Where Omin(A¢) is the smallest singular value
of A; and ||Af || = Omax(4)) = m. Then, if we consider that, as explained in Claim
4.3, Opmin(At) > Opmin(D) and H(DII) = amwll(D)’ we can say that ‘(AttH) < "ﬁ([l))u). For this
reason, we obtain |z|| < ||s|| H(AI?H) < ||s|| =L HDII O

4.2.5. Running Time

Theorem 4.5 (Quantum Orthogonal Matching Pursuit). Let D € R™*™ be the dictionary
matriz stored in an efficient data structure such that we have efficient quantum access to
its submatrices. Let Us be a unitary that generates the state |s) where s € R™ is the signal
to analyze, in time O(Ty). Let ||s|| be the norm of the signal stored classically and let
L € N be a sparsity threshold such that L < m. Let e, € R" be a precision parameter on
the estimation of the inner products. Let ¢ € RT be the error reconstruction tolerance and
let e € R be the mazimum error on the value of the final squared norm of the residual
vector. Then, there exists a procedure that obtains an approximated solution similar to

the one of the orthogonal matching purswit algorithm, with high probability, in time

O<k;3/2|| I “(Dﬁ (\/_ HSH)TS). (4.35)

€ €r

where k < L is the total number of iterations.
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If we also consider that e; > \”/i%ez, we obtain a running time of

9) (W HSH% ‘TT) . (4.36)

Proof. The proof consists in proving the running time of the algorithm.

From Corollary 2.16.1, we know that the cost of step 3 is O (%

iny

) because we can create

the superposition of the columns of the matrix D; in O(1) and the time to generate the
state |s) is O(T}). Therefore, we can prepare the state |¢1) in time O <6T—> ~ 0 (W>
7,77,1

€z

The following step needs access to the columns of the matrix, obtained in 9] (1) as discussed
previously, and the unitary that generates the state |ggt> For the moment, we define the
overall required time to obtain \QAS;) as 6(T), and we will explain its value later in this

section. Also the norm ||¢;|| is needed, but it is enough to estimate it just once for each

iteration of the algorithm. We obtain this result in time O(7T},0rm)-

Given that the cost of preparing the necessary inputs of the procedure can be bounded
by O(T), we know that the cost of step 4, from Corollary 2.16.1, is 9) ( L > Therefore,

€ing

we can prepare the state |¢2) in time 9) (}) ~0 (%ﬂ)

mno

The subtraction of the second register of the two quantum states |¢1) and |@2) can be

done in time g(l) and we obtain the state |p). The total complexity of these first three
steps is %) (M)

€z

Using Corollary 2.18.1, we can find the index j* of the greatest value of |¢) in time
9] ({—T(HQHT + ||5HTS)) We update the iteration counter ¢ and of the matrices A; and

Dt in 5(1)
The last step is the computation of the squared norm of the residual used to check if the
algorithm must continue the iterations or not. For the moment, we denote this time with

O(Tys), and we will explain later in the section its value.

The cost of the i iteration of the loop, results in

O ((M) T+ (HSH\/E> Ts + Thorm +Tdis> . (4.37)

€

Assuming that we perform k iterations of the loop, the complexity of our algorithm is

0 <k <<H@|€|—ﬁ) T+ <”S“€\/ﬁ) T, + Thorm + Tdis>> . (4.38)
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We consider that it is possible to create the block encoding of the matrix A; in 5(1)
following Theorem 2.9. The state |s) and its norm ||s|| can be obtained in O(T}). With

these variables, we can now proceed in defining the value of O(Tpopm) and O(T).

The time needed to compute the norm of the vector of the approximated signal, namely

’@L is O(Tporm) and corresponds to the one obtained using Lemma 3.7

n €z

The preparation of the state |qz?t> denoted till now by O(T') corresponds to a projection,

and we can obtain its complexity following Lemma 3.6

O(T)=0 (“”3”“(|%|“(At)ﬂ> . (4.40)

Considering than that x(A,) < s(D), u(A;) < vk and % < % as explained in
Section 4.2.4, and substituting Equation 4.39 and Equation 4.40 in Equation 4.38, we can

consider the running time as

~ |2)l6"25(D) ( llgellv/m Is|| (&*k(D)> Is][v/m ‘
O (k ( |@| ( €2 ) Tt €z ( ”DH ) o < €z ) hs +Td@5)> '

(4.41)
We can considered that ||z| < %, as explained in Claim 4.4, obtaining
~ k26 ( D)2 kY2, (D)2
0 (i (L EADRVE [l BN 1y )Y,
€ 1D]] e. DI €

We can ignore the two middle terms in the final running time because they are upper-
bounded by the left one.

For this reason, the final running time, without expanding the term that considers the

estimation of the distance, corresponds to

9] (k (HSH vm (kl/i’;(f)z) T, +Tdis)) . (4.43)

€z

We now analyze the value of 5(Tdi8). This term corresponds to the time necessary to

estimate the values |¢;) and ||¢|| and, after that, computing the distance between the
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approximation of the signal and the correct value of s. We follow the same reasoning that

we have used to define the time to create |¢;) and HE;H For this reason, we define the
times 5( T) and O( Thorm)-

The value of the complexity O(Tphom), necessary to obtain the value [y, following

Lemma 3.7 corresponds to

o~ 3 (S48 ) o (5 (S45)).

The preparation of the state |¢;) denoted by O(T) corresponds to a projection, and its

complexity can be obtained following Lemma 3.6, as done for 5(T )

O(T) = (“xl"fﬁ?n (At)TS> . (4.45)

Following Lemma 2.17, to compute the approximation of the squared distance called e

5(7”5 ) - (n 0 7, 7,y 4 T—m> (4.46)

Eing Ef

we need

Considering again than that s(4,) < x(D), u(A4;) < vk and Vﬁ‘) < ’ﬁ(lg)ll) and substituting

the results of Equation 4.45 and Equation 4.44 inside Equation 4.46 we obtain

= (IS (e lE (D) bl (1501
O(Tys) = O — T, + T T, ]. 4.47
i) ( s ( ol )* o \ D (447

Starting from the equation above, we can considered that ||z]| < 12 ||||'Z7(” ) as explained in

Claim 4.4 obtaining

o (ar) e (o) ) ~o (5 (S5ar) =)

(4.48)

Substituting the value of 9] (Tuis) of Equation 4.48 in Equation 4.43, we obtain

o (2 (785 B (V24 1))
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Grouping the terms in a better way, we obtain

9) <k;3/2 ||s||"5“(TZ?|)|2 (\é—m + @) TS) . (4.50)

If we choose a value of €; such that

€= —H\S/”%Z, (4.51)

the final complexity of the algorithm corresponds to

9) (k;3/2 ||s||%TTS> . (4.52)

4.2.6. Theoretical Properties

We want to point out that if the norm of the solution vector x is not too far from the
norm of the approximated signal ¢;, we can consider a better running time. This happens
in the case of the presence of the Restricted Isometry Property for the dictionary used,
as already introduced in Section 1.2.3. We want to highlight that many fast algorithms
[58, 59] had been created exploiting this property with a low running time. We want to
show how this property helps to lower the dependency on the value k(D) for our algorithm.

Theorem 4.6 (Quantum Orthogonal Matching Pursuit with RIP property). Let D €
R™ ™ be the dictionary matrix with Restricted Isometry Property stored in an efficient data
structure such that we have efficient quantum access to its submatrices in polylogarithmic

time and

K(D)
vmZ 5]

(4.53)
Let Uy be a unitary that generates the state |s) where s € R™ is the signal to analyze in
time O(Ts). Let ||s|| be the known norm of the signal stored classically and let L € N
be a sparsity threshold such that L < m. Let e, € RT be a precision parameter on the
estimation of the inner products. Let ¢ € RY be the error reconstruction tolerance and
let € € Rt be the mazimum error on the value of the final squared norm of the residual
vector such that

er > ||s]le.- (4.54)

Then, there exists a procedure that simulates the orthogonal matching pursuit algorithm
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with high probability in running time

9) (k3/2 ||s||/<¢(D)\ést> . (4.55)

z

where k < L is the total number of iterations.

Proof. The proof consists in proving the running time of the algorithm.

The proof follows strictly the one of Theorem 4.5 with the only difference that, starting
from Equation 4.41, and considering that O(||z]|) = O(]|4z||) = O(||¢¢||) for the RIP we

can consider

O (k (<||¢t||k1/2H(D)\f + ”:ZH kl/igﬁ))z + ”S”El/ﬁ) T, + Tdis)) . (4.56)

k(D)
D12

Knowing that ||¢:|| < ||s|| because ¢; is an approximation of s, and considering v/m >

we can say that the complexity is
0 (k (1&/2/{(1))M Al Tdis)) . (4.57)
€z

Now we must analyze the running time necessary to estimate the distance. For this reason

we start from Equation 4.47 and, again, we substitute the value ||z|| with ||s||

O(Tys) = O (M (k2(D)) 7, + L3I (W D )2) Ts> (4.58)

s € 1Dl

At this point we impose that ¢; > ||s|le, and we obtain a final running time of

9] (k3/2 |s]|%(D) @T) . (4.59)

z

]

As already shown in Section 1.2.3, exploiting the mutual incoherence value of a dictionary,
it is possible to obtain interesting results from Theorem 1.4 and Theorem 1.5. We recall
that it is possible to find a bound on the number of iterations that the algorithm needs
to exactly recover a sparse signal and have a condition on the uniqueness of the solution.
As a general intuition, the reader can think that if we introduce a small amount of error
in the quantum procedure, we obtain the same theoretical properties as the classical one.

We analyze this intuition more in detail, obtaining a condition on the uniqueness of the



84 4| New Quantum Algorithms

solution in the quantum case.

Theorem 4.7 (Quantum condition on the uniqueness of solution). Let D € R™™ be a
matrix with ly-normalized columns and m > n and let s € R™. Given that, during the
procedure, we can guarantee an absolute error on the inner products between the atoms
of mazimum value €, € RY, if Dx = s with x € R™, we know that the sparsity of the

solution is:
1—e¢,

2(y +e€)’
where v is the mutual incoherence of the column vectors of D, and that x is the unique

solution of Problem PY (Def. 1.1).

lzllo < (4.60)

Proof. The proof proceeds by contradiction and is based on the one of [4].

We define the solution x with sparsity [|z|lo < ﬁ Let y be a different solution with

5 (1_62 . If we consider the difference between
Ytez)

the two solutions, we obtain a value z such that

the same bound on the sparsity of z, ||y|lo <

1—e¢, 4 e o
20y +e)  20v+e) vte

Izllo = llz = wllo < llzllo + llyllo < (4.61)
For this reason, we can define the sparsity of z as ||z][o < }Y;—Z Since we know that both
x and y are exact solutions, we can say that Dz — Dy =0 and D(z —y) = Dz =0. It is
trivial to notice that if we have Dz = 0, we can say that (Dz, Dz) = 2T DT Dz = (0,0) = 0.
If we define the matrix M = DT D, we know that 2" Mz = 0.

Let us define S = supp(z), the indices of the components of z that are not 0. We can
consider the condition 27 M,z, = 0 instead of 2’ Mz = 0, where in z, and M, we consider
only the indices in S. Considering ZSTMSZS, we know that z, is a vector without zero
elements. For this reason, to guarantee that 21 M,z, = 0, we must consider the columns

or the rows of the matrix M, linear dependent. For this reason, the matrix M; is singular.

Now, we proceed with the second part of the proof, where we show how it is impossible
to have a singular matrix with the assumption of the theorem. It is easy to see how the
matrix M is a sub-block matrix of DT D in which the elements are the inner products
between the atoms (d;,d;) for some i,j € [m]. We know, by assumption, that D is 7-
incoherent and that the inner products obtained by the procedure have maximum error

€. € R*. At this point, the elements of the matrix M, on the diagonal are upper bounded
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by 1+ ¢, and lower bounded by 1 — €., while the others are upper bounded by v + ¢,.

d e e
e d e .. i

M, = g , with |e] <~v+e, and1l —¢, <|d| <1+e¢,
e e

At this point, we must apply the Gershgorin Circle Theorem [6] that states that every
eigenvalue of a matrix lies in one of the Gerhsgorin discs. These discs are bounded by
circles, with the center in one of the diagonal elements of the matrix and a radius equal to
the sum of the absolute values of the non-diagonal entries in the same row. Our objective
is to avoid the value zero for the eigenvalues. For this reason, we want a disc with a
positive center and radius such that it does not pass below the origin point (0,0). We
define a disc with the center in the worst possible point (1 —€,,0). We impose the radius
less than 1 — €, to guarantee that all the eigenvalues of the matrix M, will be different

from zero following the theorem. This result can be obtained if we satisfy the following

[2llo(y +€) <1—e.. (4.62)

From this condition, it is easy to define a bound on the sparsity of z as

1—e¢,

Zllo <
Iello < =52

(4.63)

If the condition is satisfied, we can guarantee that the matrix M, is non-singular and

creates a contradiction with the previous result.

For this reason, we can conclude that there is a unique solution if the condition [|z||y <

5 (1,;';) is satisfied. O]

4.2.7. Success Probability

For this analysis, as for Q-MP in Section 4.1.4, we keep the same style as the one from

Bellante and Zanero |7] due to the similarity of the algorithms.

Our algorithm has a certain probability of failure that comes from the fact that the
majority of the routines are not guaranteed to output the correct value. In this section,
we study the run-time overhead necessary to guarantee a good output with a high-enough

probability.

The computation of the inner products in steps 3 and 7, the search in step 10, and the
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distance computation in step 15 generate the probability of failure. In addition to them,
also the computation of the approximations of the state |¢) adds a possible error both in
the computation of steps 14 and 16 due to the amplitude estimation and amplification

routines used in the routine that performs the projection.

To keep the analysis clear, we consider running the algorithm for a fixed amount of

iterations L and avoiding the check on the exit condition.

We consider, for simplicity, the same parameter to describe the probabilities of failure ¢ for
all the considered routines. Corollary 2.16.1, necessary for the inner product estimation,
fails with a probability smaller than 2§ and has a running time overhead of O(log(’§)).
Corollary 2.18.1, necessary to identify the maximum absolute value, fails with a proba-
bility smaller than § and has a running time overhead of O(log(5)). The computation of
the approximation of the vector |¢;) following Lemma 3.6 fails with probability O(log(3))

considering that we want to estimate the norm of the vector.

In this case, the probability that the t* loop iteration would be successful is equal to

1—p; > (1=0)(1—0)(1—28)(1—26)(1—6)>1—75+195% — 256° + 166* — 44°.
(4.64)

where py is the total probability of failure. That, with some steps of approximation, if we

suppose 02 small enough, corresponds to

1—pp>1-76, (4.65)

with a run-time overhead of O (log(%)?log(4)?*) if we do not consider any optimization
but to boost all the routines one at a time. Therefore, the probability of obtaining the

tth

incorrect result during the iteration of the loop is constrained by 7.

If we want to bound the overall success probability, we must consider k different iterations.

The total probability of failure corresponds to

k
p(Ukpy) < pr < 7ko (4.66)

exploiting the use of the union bound.

Finally, we can define the probability of success as 1 — ¢’ adjusting the running time
overhead to O(polylog(™)) ~ O(1).
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4.3. Q-ECR

This section presents a quantum version of the Eigenvectors Classification/Recognition

algorithm. We have explained the classical version of the algorithm in Section 1.2.4.

This version of the algorithm exploits the use of quantum routines to speed up the com-

putation of the matrix-vector product and the distance computation.

In the following sections, we provide a detailed explanation of how the algorithm works,
the running time, and an analysis of the errors introduced in the algorithm due to the

use of quantum procedures.

4.3.1. Pre-processing

As in the classical algorithm, we must subtract the mean vector of the dataset, called
@ € R™ from the sample s € R" that the algorithm wants to analyze before the start of
the execution. For this reason, we must guarantee access to the centered sample defined
as

S=5—p. (4.67)

We want, for this reason, a unitary U, that generates a states that represents s such that
1 n

U, : [0y 5 |35) | |35) = Tl > 5 li). (4.68)
S -

A solution when the inputs are provided as quantum states is to perform a subtraction
between the two states. It is possible to do it following the methods explained in Section
3 of [66] and Section 2.3 of [67] with additional complexity and error.

To keep this analysis simple, we suppose to have the unitary U, as defined above.
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4.3.2. Algorithm

The procedure is summarized in Algorithm 4.3.

Algorithm 4.3 Quantum Eigenvectors Classification/Recognition

Input: Unitary U,r that is a block-encoding of the transposed matrix of eigenvectors
AT € R™ ™. Unitary U, that generates the superposition of p weights vectors v; € R™
for j € [p] of set V' = {vy,...,v,}. Unitary U, that creates |5) where 5 is the centered
sample to classify.
01,02 € RT threshold values used to distinguish the outputs. €5 € R precision
parameter on the squared distance.
Output: if a2 < 6% recognized in the same class of vj«,

if 02 < d® < 02: recognized as similar element,

if 42 > 62: not a similar element.

—

. Apply the block-encoding of AT to |s) obtaining:
|w) such that |w) = |ATS) and || |@) — |w) || < 1es
2: Use distance estimation to create:
N 52 =
o) = —= >27_1 17) |d;) where d} = [jw — v;||* and |d; — d}| < €5

: Apply finding the minimum absolute value on the unitary that implements |p), to

w

extract the closest element 7% and the squared distance e

: Output: if a2 < 0% recognized in the same class of vj«,

W~

if 2 < d? < 62: recognized as similar element,

if &% > 62: not a similar element.

In this initial explanation, we put more emphasis on how the algorithm works than on
the value of the errors. For the moment, it is enough to know for the reader that we use
the error €5 € R' to define the other errors involved. There will be a detailed explanation

of the error requirements for the different routines in Section 4.3.3.

The first step of the algorithm consists in apply Usr, a block-encoding of the trans-
posed eigenvectors matrix AT, to the vector-state that describes the sample to analyze
|5) obtained using the unitary U,. Following Lemma 2.11 we define the unitary U, that

generates a state |@) such that || |@) — |w) || < €5 with |w) = |ATS).

We consider a set V' = {vy,...,v,} with p weights vectors v; € R™ of other samples
as elements. Each of the samples described using these weights vectors belongs to a
certain class. To understand if our test sample s is in the same class as one of the samples

described by the weights vectors in V', we check the distance between their weights vectors.
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At this point, we use Corollary 2.17.1 with as input the unitary U, that creates a quantum
state that is the superposition of the elements of V' and the unitary U, that computes
|w). In this way, we define the unitary that computes the squared distance between the
weights vector obtained in the first step and the previously computed ones |v;) for all

J € [p]. We obtain the unitary that generates
N =2
> ;) (4.69)

where d? = ||w — v;||* and @-2 —d?| <es.

We obtain the minimum value of the squared distance d? and the index of the correspond-
ing element j* using the finding the minimum procedure of Lemma 2.18 on the unitary

that computes the state |p).

We compare the value d? with the squared value of two different threshold values ; € R

and d, € RT with the following outcomes:

1. &2 < 42 means that the sample s is recognized as an element of the same class of

the sample vj«,

2. 02 < 42 < 62 means that the sample s is not recognized in a class already defined

by the elements of V', but it is similar to them,
3. 2 > 52 mean that the sample s is not similar to the stored samples.

The algorithm performs the comparisons with classical computation. We want to point
out that we use the squared distance for the comparisons, while in the classical algorithm,

we use the distance. We made this choice to keep the error propagation clear.

As a secondary application, it is also possible to perform tomography of the state |w)
following Lemma 2.19. We obtain an approximation of the vector in the classical form
w with || — w|| < ;1165 + ¢ with ¢, € RT chosen by the user. This step can be done to
populate a certain dataset. In that case, the procedure terminates without performing

the classification step.

4.3.3. Error Propagation

First of all, we must highlight that due to the presence of error in the squared distance
estimation, it is possible to have two different kinds of problems. The first problem is
the choice of a minimum squared distance that does not correspond to the one selected

classically due to the error presence. This problem can cause the misclassification of an
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element. This happens because the algorithm chooses as the closest sample an element
different from the one selected by the classical procedure. If these samples are classified

into different classes, our test sample will be classified wrongly.

Another problem is that, even if we have selected the closer sample correctly, we can have
some error in the estimation of the squared distance that can cause a wrong output in

relation to the comparison with the thresholds ¢; and 9s.

Both these problems are related to the error value of the squared distance. In general,
we reduce the frequency of both problems by minimizing this error. In general, we define
this error with the variable ¢ € R™, and we will show some experimental results on this
value in Section 5.4.1 and 5.4.2. For a low enough error €5, depending on the problem,

we can guarantee very similar performances to the classical method.

For this reason, we can consider the condition to satisfy as

‘dj — 2

S €s- (470)

If we consider that d5 = 2 — 2(w|v;), since the vectors are normalized, we must bound
the precision just on the inner product computation. We want to obtain a bound for
the value €,, € RT that corresponds to the error obtained due to the application of the
block-encoding in Step 1. In addition, we want to define a bound for the value of the
precision on the estimation of the inner product used to compute the squared distance in
Step 2, which we call ¢;,, € RT.

We can obtain the required bounds for these values by applying Claim 3.4 with as input
|w|| =1, |Jv;|| = 1, the state |@) such that || |@) — |w) || < €, and an error bound of 1es.
The bound corresponds to %65 because the inner product is multiplied by two while we

1es. We can choose the

use it to estimate the squared distance. We obtain €, + €, < 3

values ¢, < %65, €in < %165 to satisfy the condition.

Considering the first step of the algorithm, if we want to guarantee that the approximation
of the w vector has an error of ¢, < %65, we must have an error in the block-encoding of
the matrix AT that satisfies the conditions of Lemma 2.11. We define this error with a

value ¢ € R* such that

cwl Al _ _esllAl

C= Tx(A) = T6k(A) (4.71)

Finally, we want to highlight that if the objective is to populate the dataset with other
weights vectors, the error on the approximated value of the classical representation of the

vector w is €, + }165. This condition is trivial to check because Lemma 2.11 guarantees
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that || |w) —|w) || < €5 while the tomography step, following Lemma 2.19 guarantees that
|w—w| < ¢. Considering that we are working with the normalized versions of the weights
vectors, the two errors sum, and we obtain a final error on the classical representation of

the vector such that | — w|| < ¢ + {€5 in the following way:

JUR - - 1
o —wl < |w-w+w-wl| < |lw-a] + o - vl < et e (4.72)

4.3.4. Running Time

Theorem 4.8 (Quantum Eigenvectors Classification/Recognition). Let A € R™*" be a

matriz and let Uar be a (o, a,()-block-encoding of AT such that

allAl

= 16 m(A)

(4.73)
that can be generated in time O(Ta) where ¢ € RT is a precision parameter on the
value of the squared distances that will be estimated. Let U, be a unitary that generates a
superposition of the elements of the set V = {v1, ..., v, } that contains the already computed
weights v; € R™ of p elements in time O(T,). Let Uy be a unitary that generates the state
|5) in time O(Ts) where s = s — p, s € R™ is the test sample, and p € R™ is the mean
vector of the training dataset. Let 61,02 € RT, be two classification parameters such
that 61 < 03. Then there exists a procedure that obtains similar results to eigenvectors

classification/recognition of the sample s with relation to the classes of the elements in V
O <@ (O‘ MATa+T) | g (4.74)
€ [A] V) '

It is also possible to save an approzimation W € R™ of the weights vector w € R™ of the

sample s in running time O (O‘”'igﬁ‘) mli%(m) (Ts + TA)> such that |w — wl|| < fes + ¢ where

n running time

€; € R is a chosen precision parameter.

Proof. The proof consists in proving the running time of the algorithm.

The first step is defining the time necessary to obtain the approximated weights vector
|w). To obtain this state it is enough to apply Lemma 2.11 considering that we obtain
the unitary Uyr in O(T}4) and the unitary U, gencrates |s) in O(T}). In this way, we have

a complexity of

O(T,) = O (O‘“(A) (T, + TA)> . (4.75)
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Once we have performed this step, we can decide to perform tomography of the weights
vector to populate our dataset and, in that case, the complexity of performing tomography;,

following Lemma 2.19 is

2
€4

9) (Twmli(m)) (4.76)

obtaining a classic representation w with ||[w — w|| < ¢, + jes.

So the final complexity to generate and save the weights vector is

~ (ak(A)mlog(m)
o

(T + TA)) . (4.77)

Instead, if we want to classify the sample in the same class of an element of the dataset
V', we perform the distance estimation procedure of Corollary 2.17.1 with as input the
unitaries U, and U, that has complexity 9 <€%(Tw + Tv)) ~ O (é(Tw + Tv)>.

Then, we apply the Finding the minimum procedure of Lemma 2.18 of complexity

9) (Tw 1 \/1_9) , (4.78)

€5

and we obtain both the value d2 and the index 7*. The algorithm performs the last

comparisons classically in 5(1) The overall complexity corresponds to

(PG ).

]

If we consider having the data stored in a QRAM data structure, as described in Section
2.2.1, or to have efficient quantum access to the unitaries, we can delete the dependencies

on Ty, Ty and T,. In this case, the complexities became

(Pl A)s(A)
0(66 1Al > (4.80)

for the classification task and

— ( p(A)r(A) m log(m)
O( Al @ ) (4.81)

for the population of the dataset.
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4.3.5. Success probability

Since most of the routines we use do not always produce the desired results, our method
has a certain probability of failing. The computation of the weights in step 1, the compu-
tation of the distance in step 2, and the search in step 3 introduce a certain probability

of failure in the algorithm.

We consider the same probability of failure ¢ for each routine to simplify the analysis.
Corollary 2.11.1, used in step 1, fails with probability ¢ with a running time overhead of
O(log(5)). The distance estimation in step 2 follows the routine of Corollary 2.17.1 and
fails with probability 2§ with an overhead of O(log(%)). Finally, Corollary 2.18.1 used

in step 3 to find the minimum fails with a probability of § with a run-time overhead of
O(log(3))-

Instead, if we consider storing the classical representation of the weights vector, we must
consider the probability of failure of step 1 and of the additional tomography step. Lemma
2.19 fails with a probability of § with an overhead of O(log(3)).

At this point, we can compute the overall probability of success defined as 1 — py, where

pys is the probability of failure, and the running time overhead of the two different cases.

Classification of test sample

The probability of success of the classification of a sample is
1—p;>(1—0)(1—26)(1—09)=1—146+ 557 — 26°. (4.82)
That, if we consider the terms with a degree greater than one low enough, corresponds to
1—pp>1-49 (4.83)

with a run-time overhead of O (log (%) log (%)2) For this reason, the probability of
failure is bounded by 44.

Creation and storing of weights vector

The probability of success of the creation and storing of a new weights vector is

l—pr>(1—-0)(1-6)=1-26+6>>1- 2. (4.84)
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with a run-time overhead of O (log (%)2> The probability of getting the wrong solution
is bounded by 24.



95

5 ‘ Experiments

In this chapter, we provide some experimental results on the simulation of the quantum
algorithms that we have presented. We have performed the experiments using Python3.
It is possible to find all the code used for the experiments in two GitHub repositories
[79, 80] to allow the reader to repeat them.

5.1. Introduction

We want to highlight that the aim of our experiments is to check if the introduction of
error in the algorithms used to emulate the error generated by quantum routines would
affect the performances. Our objective is to find suitable values for the error in relation
to the tasks analyzed. In addition to that, we also estimate the parameters u(A;) and
k(A;), as defined in Section 4.2.4, that enable a more complete view of the running time

for the Q-OMP algorithm.

5.1.1. Simulation of errors

We have considered two different cases for the type of error that we have introduced in the

routines. The first case consists of a value extracted from a Gaussian distribution with
1
3
[—€, €]. The second case consists of a value sampled from a uniform distribution, again in

zero mean and standard deviation equal to ze with ¢ € R, truncated on the interval
the range [—¢, ¢]. Whenever an approximated vector presents an error on the ly-norm, we

spread that error accordingly on each entry.

In Figure 5.1, we report the frequency of the error for 2000 scalars extracted from the two
distributions with € = 0.2. Figure 5.1a shows the frequency for the uniform distribution,

while Figure 5.1b shows the frequency for the truncated normal.
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Figure 5.1: Frequency of measures of the various errors with ¢ = 0.2 for the two error

distributions for 2000 scalars

5.1.2. Metrics

First of all, we define the following variables

e TP (True Positive): defined as the samples that we classify as anomalies and are

anomalies,

e TN (True Negative): defined as the samples that we classify as benign samples and

are benign samples,

e F'P (False Positive): defined as the samples that we classify as anomalies and instead

are benign samples,

e N (False Negative): defined as the samples that we classify as benign samples and

instead are anomalies.

From these four variables, we define the metrics that we use in this section to evaluate

some of our experiments

TP TP
Precision = ————— = ——-—
recision TP+ FD’ Reca TP FN’
TP+TN 2 - Precision - Recall
Accuracy = i F1score = recision - veca

TP+ FP+TN+ FN’ Precision + Recall
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5.2. Q-MP

5.2.1. Artificial Dataset Experiments

We have decided to run a version of the algorithm without error, which we identify as
the classical version, and a version in which the quantum error is simulated, which we

identify as the quantum version.

We have analyzed both the Single Error (SE) and the Double Error (DE) versions of
the quantum algorithm explained in Section 4.1.2. We recall that in the SE version, the
error can guide us to the selection of the wrong atom but after that, the inner product
used to update the solution is re-computed classically. On the other hand, in the DE
version, the update of the solution is performed with an inner product that contains some

error.

Dataset

For these experiments, we have generated our dataset in the following way. First of all,
we have used the function make sparse_ coded signal of the library sklearn.datasets [63].

This procedure takes as input the following values:
e number of components of the signals,
e number of atoms of the dictionary,
e sparsity of the solution,
e number of signals required.
The procedure generates the signals, the dictionary, and some [ly-sparse solutions.

We have defined 20 triplets (number of components, number of atoms, sparsity of the solu-
tion) with values variable from (50, 100, 10) to (1000, 2000, 200) with a step of (50, 100, 10).
For each triplet, we have generated 100 samples and a dictionary, for a total of 2000 sam-

ples and 20 dictionaries.

In each of the components of these samples, we have added a Gaussian noise § € [—0.05, 0.05]

to increase the difficulty in the recovery for both the classical and the quantum algorithms.

We have considered an error reconstruction tolerance e € Rt variable with the dimension

of the signals. We have defined its value as ¢ = 0.05 - v/number of components that
corresponds to an absolute error of value 0.05 on each component. This would be enough

to enable finding the noiseless signal.
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Error Introduction

For this experiment, we have followed the definition of error of Theorem 4.1, which we
now recall. We have considered a bound on the maximum value of the absolute error
in the final inner products z;, with the value ¢, € RT. We have partitioned this error
between the estimated inner products z1;, Z3;, and the approximation of the vector ¢;. In
this way, the overall error of the final inner products corresponds to €., and we have also
verified that the introduction of error in the vector ¢, follows our expectations. We have

divided the error in the following way.

We have considered a quantum procedure that computes the inner products of two vectors
with a specific accuracy. Referring to the variables used in Section 4.1.2 we supposed to
have ||s|l€m, < €1/2 < €./2 and |\f¢ﬂ|em2 < €,/4. In addition to that, we supposed to
have a bound on the error of the ly-norm of the approximation of ¢; as || ||EJ| 6y) — || <
|\ belles + ||delln < €./4. If we combine these bounds to obtain the final inner products’

error, we obtain
[sll€in, + |Dell€iny + [|Delles + [[@elln < €. (5.1)

For this reason, we have introduced an error in the range [—e./2,€,/2] in the first inner

product, in the range [—e./4,€./4] in the second and [—e. /4, €,/4] in the value of ¢;.

We have defined and tested 10 possible values for €, in the range [0.005,0.05] with a step
of 0.005. The error introduced in each of the variables corresponds to a Gaussian or a

uniform error obtained using the methodology explained in Section 5.1.1.

For signals with a greater norm, this absolute error will be less relevant but, consequently,

the running time grows as it is possible to see from Theorem 4.1.

Goal

The main goal of the experiment is to understand if the two versions are robust to the

introduction of noise and compare the classical and the quantum versions.

We have analyzed different elements; if the number of atoms selected for the solution
would change increasing the error, if the stop condition is satisfied, and if it is present
some sort of relationship between the goodness of the solution and the dimension of the

dataset.
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Parameters

We define the following parameters that we use in this analysis:
e crror: error that we add in the inner products, corresponds to the value €,
e residual: the value of the norm of the final residual vector

e similarity: the ratio between the sparsity of the quantum solution and the sparsity
of the classical solution. It is equal to 1 if the two solutions have the same sparsity.
It assumes values lower than 1 if the quantum solution is more sparse than the

classical one and greater than 1 in the opposite case.

Results

We executed both the classical version of the Matching Pursuit algorithm and the quantum
versions for each of the 10 different values of €, on the 2000 signals that we have created.
The signals were divided into 20 groups, and for each group, we used the dictionary

generated for that specific batch of samples.
Relationship between similarity and error

We analyzed how the similarity of the solution would change in the SE and in the DE
version if we increase the error. We first provide an analysis for each version of the

algorithm. Then we compare the two versions together.

We run the classical and the quantum procedure for each one of the 2000 samples, and we
have computed the ratio between the sparsity of the quantum solution and the sparsity of
the classical one obtaining the similarities. We repeated this procedure for each of the 10
error levels considered. Finally, we computed the mean value and the standard deviation

of the similarities obtained for each error.

Figure 5.2 shows how the similarity changes when the error increase for the SE version.

Figure 5.2a shows the case of Gaussian error, and Figure 5.2b the case of uniform error.
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Figure 5.2: Similarity with relation to error, SE version

In both cases, it is possible to see how the algorithm is robust to the tested noise. We can

see how the similarity can assume values greater or lower than 1. This happens because

the selection of different atoms from the classical ones would sometimes help the algorithm

to converge faster and sometimes would slow down the resolution. It is also important

to notice how increasing the error increases the standard deviation. With errors in the

range of 1072, the solution is quite close to the classical one.

Figure 5.3 shows the analysis of the similarity of the DE version. Figure 5.3a and Figure

5.3b show the results with Gaussian and uniform error, respectively.
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Figure 5.3: Similarity with relation to error, DE version

These results remark how the introduction of a higher error would have relevant conse-

quences on the final similarity. With the DE version of the algorithm, we obtain quantum
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solutions that are more sparse than the classical ones. For this reason, the similarity

drastically decreases.

In the DE version of the algorithm, we have decided to use the alternative exit condition
(see Section 1.2.2) to avoid the computation of the residual vector. As is possible to see
in Algorithm 4.1, at each iteration, the algorithm updates the value £ that contains the
energy of the signal described until that moment. When the value of the energy described
is close to the energy of the initial signal, the algorithm stops. We perform the update
of ¢ by adding the squared value of the highest inner product that we select as the next
component of the solution. This inner product has an error generated by the routine that
estimates it. At this point, we must highlight that the algorithm selects the greatest inner
product without knowing the amount of error in it. For this reason, it is easy to add a lot
of error in the final value of the energy ¢ and, consequently, the algorithm stops too soon
and obtains, for this reason, a better sparsity. This phenomenon will be evident also in

the analysis concerning the residual.

In general, we can state that it is simple to produce solutions with a better sparsity
compared to the classical ones by introducing a high error, whereas we produce similar

solutions when a small error is taken into account.

Finally, in Figure 5.4, it is possible to see the comparison between the SE and the DE

versions with Gaussian noise.
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Figure 5.4: Comparison between SE and DE similarity with Gaussian Error

We can notice how the mean similarity of the DE version moves away from the value 1

way faster than the SE one. This was expected by the theoretical results presented in
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Section 4.1.2, in which it is possible to see how the error in the DE version fast increases
due to the propagation through different iterations and how the exit condition is veri-
fied. As explained above, the presence of errors forces the algorithm to stop too soon.
Instead, in the SE version, thanks to the classical re-computation of the inner products,
the error introduced is limited to one single iteration. It is also interesting to notice how
the standard deviation increases a lot in the DE case in comparison with the SE one.
This happens because, in the DE version, different errors at each iteration are combined,

increasing the variability of the error in the final result.
Relationship between residual values and error

We analyzed the value of the residuals left by the different versions of the algorithm.
We performed this analysis on a group of 100 test samples with dimensions (1000, 2000,
200). We consider all the 10 possible values for €,. The error reconstruction tolerance
was € = 0.05/1000 ~ 1.581, and the mean norm of the signals analyzed was ~ 14.18. We

have performed the analysis for both types of error, also in this case.

Figure 5.5 shows the value of the residuals for the SE version. Figure 5.5a shows the case

of Gaussian error, and Figure 5.5b shows the one of uniform error.
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Figure 5.5: Residuals with relation to error, SE version

As it is possible to see in the graphs, the stop condition is perfectly satisfied. The values
of the quantum and classical solutions differ a little just because of the possible selection
of different atoms during the computation. This result shows how, if the inner products

are re-computed classically, the stop condition based on the energy works properly.

Figure 5.6 shows the value of the residuals for the DE version. Figure 5.6a and Figure

5.6b show the results with Gaussian and uniform error, respectively.
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Figure 5.6: Similarity with relation to error, DE version

The stopping of this version is not precise due to the use of our exit condition. This
happens because the algorithm terminates too soon, since the estimation of the energy
contains some error. For this reason, the threshold value is not reached and it is possible to
obtain greater values for the final residual. The algorithm guarantees better performances

for small-enough errors.
Relationship between similarity and dimensions

We analyzed if there is some dependency between the similarity and the dimension of the
signal. We have decided to show this analysis with just Gaussian error, because the result
does not differ in a relevant way from the case with uniform error. We have analyzed two

different values of €., 0.005 and 0.05, for both versions of the algorithm.

Figure 5.7 shows the results for the SE version. Figure 5.7a shows the case with 0.005

Gaussian error, and Figure 5.7b shows the case with 0.05 Gaussian error.
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Figure 5.7: Relationship between dimension and similarity for SE version

The trend line represents the linear function that best fits the relationship. We can
notice a lower standard deviation for signals with more components for both the errors
analyzed. This can be explained since, with bigger signals, the magnitude of the sparsity
of the classical and the quantum solutions is higher. For this reason, it is easier to have
a ratio close to 1 if the two solutions differ for a few extra components. If we consider,
instead, the value of the mean similarity it does not change increasing the dimensions
as shown by the trend line for both errors. With a higher error, the mean value and
its standard deviations are slightly higher. This result clearly shows how the classical
recomputing of the inner products guarantees a correct exit condition for the algorithm
and how increasing dimensions, the similarity remains more or less stable even introducing

a relevant amount of error in the procedure.

Figure 5.8 shows the results for the DE version. Figure 5.8a and Figure 5.8b show the

results with 0.005 and 0.05 Gaussian errors, respectively.
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Figure 5.8: Relationship between dimension and similarity for DE version

These results highlight how, with a higher number of components, we obtain a lower
variability on the final value. In Section 4.1.2, we have analyzed how the error on the
final solution for the DE version depends both on the dimension of the sample and on the
value of the error introduced. It is possible to see this trend clearly in the analysis with
the higher error. In this case, the decrease in the value of the similarity is evident for

higher dimensions. If we consider the case with the low 0.005 error, this trend is barely

visible, but it is present.
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5.3. Q-OMP

For the experiments on the Quantum Orthogonal Matching Pursuit algorithm (defined in

Section 4.2), we have decided to use both an artificially generated dataset and a real one.

5.3.1. Artificial Dataset Experiments

In this section, we denote the version of the algorithm without error as the classical
version and the version in which the quantum error is simulated as the quantum version,
as in the previous one. We use the same dataset and the same parameters defined for the

experiment of Section 5.2.1.

Error Introduction

We have introduced errors in the inner product estimation procedures and in the vector
¢; in the same way as in the experiment of Section 5.2.1 for a total maximum value of
€, € RT,

In addition to these errors, we have considered another error in the distance estimation
used in the exit condition. To keep the analysis simple, we have selected the error on the

distance that corresponds to the value ¢4 € R* explained in Section 4.2.3, in the range
[—e./4,€./4].

As before, we have defined and tested 10 possible values for €, in the range [0.005,0.05]
with a step of 0.005.

Goal

The main goal of this experiment is to analyze how the final solution would change if we

increase the error in the different routines.

As in the experiment of Q-MP we have analyzed; if the number of atoms selected for the
solution would change increasing the error, if these different atoms would modify the stop
condition, and if a relationship between the goodness of the solution and the dimension

of the dataset was present.

Finally, we provide an estimation of the parameters u(A;) and x(A;) to show the bounds
(A < k%% and k(A;) < k(D) (as explained in Section 4.2.4).
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Results

Relationship between similarity and error

First, we analyzed how the similarity would change if we increased the algorithm’s error.
We ran the classical and quantum procedures on each of the 2000 samples. We calculated
the ratio of the sparsity of the quantum solution to the sparsity of the classical solution to
find the similarities. We have repeated this procedure for each of the 10 errors examined.
In the figures, we show the mean values and the standard deviations for each level of

error.

Figure 5.9 shows the analysis of the similarity. Figure 5.9a and Figure 5.9b show the

results with Gaussian and uniform error, respectively.
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Figure 5.9: Similarity with relation to error

It is possible to notice how increasing the error, the similarity increases. This happens
because with more error, it is easier to select the wrong atoms and, in this way, the
algorithm needs more iteration to reach a small-enough residual. It is interesting to point
out how the sparsity of the quantum version can also be better than the one of the classical
version for low error values. This is visible since the similarity can assume values lower

than 1. This result follows our expectations.

Another interesting consideration about the similarity is that it seems to follow the law

similarity = 1+ 10 (e,)? (5.2)

as shown in Figure 5.10, both for the version with Gaussian error in Figure 5.10a and

with Uniform error in Figure 5.10b.



108 5| Experiments

—— Fitted Function —— Fitted Function

1.044 ¢ Test Results 1.041 ¢ Test Results

1.034 1.031
i) /‘ 2>
51.02 51.02 /
£ / £ L
n / n /

1.011 1.011

1.00 1.001

0.00 001 002 003 0.04 005 000 001 002 0.03 0.04 0.05
Error Error
(a) Gaussian Error (b) Uniform Error

Figure 5.10: Similarity with relation to the error with fitted function

Fitting this polynomial, we have an almost perfect match, and it is interesting to notice
how it is possible to estimate the final average similarity with enough confidence if we

know the amount of error introduced beforehand.
Relationship between residual values and error

We have considered this second analysis to check if the algorithm, also with some noise,
terminates giving good-enough solutions. In this case, we have used 100 test samples with
the dimensions (1000, 2000, 200) for the analysis. The mean norm of the signal is ~ 14.18,
and the error reconstruction tolerance is € ~ 1.581. To obtain the value of the residual
norm, we have used the atoms selected by the algorithm and classically recomputed the
solution. We have made this choice following Algorithm 4.2 to avoid the selection of
precision parameters (€, and 7,) on the quantum solution, that can be chosen arbitrarily

by the user.

Figure 5.11 shows the residual value. Figure 5.11a shows the case of Gaussian error, and

Figure 5.11b the case of uniform error.
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Figure 5.11: Residuals with relation to error

We can observe that the quantum algorithm leaves a lower residual than the classical
one. We obtain this result by recomputing classically, without the addition of error, the
final residual using the atoms selected using the quantum procedure. As it is possible
to imagine, the quantum procedure selects more atoms than the classical one. For this
reason, it is easy to compute a more precise approximation of the signal than the one

obtained classically.

We also analyzed the maximum and the minimum value of each residual for the different
choices of error. We show the results in Figure 5.12. Figure 5.12a shows the results with

Gaussian error, and Figure 5.12b with uniform error.
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Figure 5.12: Maximum and minimum residual for each error

We observe that some of the values of the maximum residual exceed the threshold for
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small error introduction, while for bigger errors, these values are below. The reason why
this result is obtained is related to the correlation of two distinct phenomena. First of
all, the estimation of the distance in the exit condition has some error. For that reason,
it is possible to exit from the algorithm too soon and obtain a residual slightly above the
limit. Secondly, with a greater amount of error in the algorithm, it is easier to select the
wrong atoms and, for this reason, more atoms. In this way, the final approximation is
less sparse and the value of the final residual decreases. In the end, if we recompute the

solution classically, we have more precise but less sparse solutions for higher errors.
Relationship between similarity and dimensions

Even for Q-OMP, we checked if there exists a dependency between the similarity and
the dimension of the data. The results with the two error types (Gaussian and uniform)
do not differ in a relevant way. For brevity, we show the results with two values of the

Gaussian error.

Figure 5.13 shows the results with two different errors. Figure 5.13a shows the result with
a Gaussian error of 0.005, and Figure 5.13b shows the result with a Gaussian error of

0.05.

1.015
1.08
1.010
1.06
1.005 .
z l l 21.04
£1.0001{ ¢ *++H'* +* 2 q | l
E ' || E }
@ @ 1.02 |
0.9951
1.00
0.990+ Trend Trend
¢ Values ¢ Values
0'985< T T T T T 0.98< T T T T T
200 400 600 800 1000 200 400 600 800 1000
Number of signal components Number of signal components
(a) Relationship between dimension and simi-  (b) Relationship between dimension and sim-
larity with error 0.005 ilarity with error 0.05

Figure 5.13: Relationship between dimension and similarity

It is possible to see that signals with more components have lower standard deviations.
This phenomenon is caused by the fact that, as explained in the Q-MP experiment, it is
easier to have a value of similarity close to 1 if we have sparsities with greater magnitude.
As the trend line indicates, the average similarity remains stable as the dimensions increase

while the standard deviation decreases.
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Parameters bounds

We have analysed the value of the parameters x(A;) and u(A;), for t = [0, .., k] where k
iterations of the algorithm are performed. We want to recall that the parameters p(A;)
and k(A;) are related to A; € R™? that is a submatrix composed by ¢ atoms of the
dictionary D € R™™. To keep the analysis straightforward, we studied the parameter

values for a sample of dimension 1000.

We show the results in Figure 5.14. Figure 5.14a shows results for the parameter p(A;)
and Figure 5.14b shows the results for the value of the parameter x(A;).
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Figure 5.14: Value of the parameters during the computation and their bounds

This result confirms that u(A;) < k2 and x(A;) < k(D), as analyzed theoretically in
Section 4.2.4. In addition, we have shown how the condition number of the matrices that
we create remains a low number for well-formed dictionaries as the ones generated by the

function make __sparse coded _signal.

5.3.2. Real Dataset Experiments

We have also performed some tests on a real dataset with the specific task of Sparse
Representation Classification [38, 85]. We have decided to use the description of some
softwares through the use of n-grams and try to distinguish between benign samples and

malware.

First, we introduce what an n-gram is and why we can use it for this task. A n-gram

is a contiguous sample of n elements of text in a certain sequence. For example, in the
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sentence "I am very hungry", considering the words as elements, there are 4 1-grams
("I", "am", "very", "hungry") and 3 2-grams ("I am", "am very", "very hungry"). This

method is useful for various tasks such as Natural Language Processing [69].

For our application, this framework is helpful in describing hexadecimal instructions.
Our objective is to identify specific kinds of software (malware) in which the frequency of

specific n-grams is greater [1].

Classification Algorithm

Algorithm 5.1 Sparse Representation Binary Classification

Input: a matrix of training samples D € R™™ for 2 different classes such that
D = [D; D] with D; € R™™ with m; samples with n features for one class and
Dy € R™™2 with my samples with n features for the other class, m = mj; + msy. Test
sample s € R", ¢ € RT error reconstruction tolerance, 7 € [0, 1] threshold on SCI
parameter, L € N sparsity required for OMP

Output: class or sample refused

1: Normalize the columns of D to have unitary lo-norm
2: Solve the [p-minimization problem using OMP:
xo = argmin,||x|lo subjectto ||Dx —s|| <e
3: Compute the residual norms for each class: ||r;|| = ||s — Dd;(x)]| for i = 1,2
4: Apply find the minimum and extract the label of the corresponding class:
class = arg min, ||r;||.
5. Check if SCI(x) < 7, if true refuse the sample

6: Output class or sample refused

We first compute the sparse representation that describes the signal and, after that, we

select the class that is more related to it.

First, we initialize the matrix D € R"™ ™ that is obtained by concatenating a matrix
D; € R™™  that contains as columns m; samples of the first class of dimension n, and
a matrix Dy € R™™2  that contains as columns ms samples of the second class. Clearly,
m = mq + my. We also initialize the test vector s € R™. Before the computation, we

normalize the column vectors of the matrix, ||d;|| =1Vi = 1,...,m.

The second step is the resolution of the minimization problem. Classically it is solved
with a [;-minimization approach, but it is possible to solve it also with a [y-minimization

approach, such as OMP, using as dictionary the matrix D and the value € € Rt as error
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reconstruction tolerance.

Once we obtain the solution vector x € R™, the following step is the computation of the
norm of the residuals used to select the class that leaves less residual. The function d;(x)
sets to zero the coefficients not related to the i** class. In this way, it is possible to select

only the coefficients related to one class and obtain the norms of the residuals as
l7ill = [|s — Dd ()| (5.3)

for i = 1,2. We then select the index of the class with the lowest residual norm.

To validate the result, we check how much the coefficients of the solution are spread

between the two classes. We use the SC'T parameter for this task.

Definition 5.1 (Sparsity Concentration Index (SCI) [85]). The SCI of a coefficient vector

x € R" is defined as
_ k- max;f|6i(@) 1 /llzf — 1
k—1

for a solution Z, if SCI(x)=1, then the test sample is represented from a single class,

SCI(z) (5.4)

otherwise if SCI(Z)=0, it is spread evenly over all classes. We consider k different classes.

If the value SC1(x) is lower than a certain threshold 7 € [0, 1], we consider the sample s

as not possible to be correctly classified and excluded by the algorithm.

Algorithm 5.1 summarizes the Sparse Representation Binary Classification.

Dataset

We have used the dataset created by Kumar [45]. This dataset had been created by
downloading malware samples from different websites [22, 74, 81]. These malware were 600
samples of various types, including Viruses, Trojans, Worms, and Ransomware, obtained
from 2014 to 2016. Malware were downloaded and disassembled in a virtual machine.
A total of 504 Windows Applications/Software were taken from the same machine to be
used as benign files. Also, the benign files had been disassembled and the duplicates were

removed.
We have used 1-grams hexadecimal instructions to keep the analysis simple.

The overall HEX-dataset, provided in [45], is formed by 955 samples. Each sample cor-
responds to the 1-gram description of a software stored in a vector of length 256. Each
component of the vector corresponds to the frequency of appearance of each hexadecimal

instruction in the code. We have used the same split of [45] of the samples into a training
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set of 716 elements (347 malware and 369 benign software) and a test set of 239 elements

(114 malware and 125 benign software) to compare our results to theirs.

We have performed a 5-fold cross-validation method on the training set to understand the
best values for the hyper-parameters of our algorithm and avoid over-fitting. In this step,
we have excluded some samples to make the dataset perfectly balanced between bad and

good samples (340 good samples and 340 bad samples).

We have used 5 different folds of dimension 136, each one with 68 malware and 68 benign
softwares. We have used the 5 folds in the following way. During each one of the 5
iterations, we have used 3 folds to build the matrix of training sample D, one fold to tune
the hyper-parameters, and one fold for testing. Each fold is used only once for validation

and testing. We have used each fold three times to create the matrix.

Hyperparameters

The two hyper-parameters to tune correspond to the threshold to assign to the OMP
algorithm ¢ € R* and the minimum value of SCI under which we must exclude the
sample from the analysis called 7 € (0,1). In this experiment, we consider instead of
tuning the value € to tune the value £ such that ¢ = @ where ||s|| is the norm of the
sample to analyze. In this way, we describe the threshold of the OMP algorithm with a
fraction of the sample norm. We have used a high value for the parameter L = 300 such

that all the samples are described by OMP, focusing only on the value of e.

We have tuned the parameters optimizing the value

p=1—-XN)*xFl14+X*(1—-() (5.5)

where F'1 corresponds to the F'1-score and ( corresponds to the fraction of the excluded
samples. The parameter \ describes how much we consider important to exclude fewer
samples possible even if the performances decrease. We have tried different values for the

value A, as it is possible to see in the following section.

Results

Table 5.1 shows the results obtained running the 5-fold cross-validation test. The param-
eters 7 and £ were tuned using the validation set, while the parameter A was chosen by
the user. We have varied the value of 7 in the range [0, 1] with a step of 0.05 during this
procedure. Instead, for the value £, we have selected values in the range [1.5, 6] with step

0.5. We have chosen these values considering that, selecting values lower than 1.5, the
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algorithm describes less than % of the norm of the initial signal obtaining, in the majority
of cases, a sample that is described by only one column of the matrix D. While for values
greater than 6, which correspond to a description of more than % of the initial norm of
the signal, we obtain solutions with a very big value of sparsity because we overfit the

sample.

The metrics that we have decided to analyze are the mean value of Accuracy, Precision,
Recall, F'1 score and the percentage of Ezcluded samples for the 5 test folds. In addition,
we have also computed the mean value 7 of the parameter 7 for the five folds and the

mean value of ¢ called &.

A Acc. Pre. Rec. F1 Excl. 7 &

0.0 83.93% 84.44% 80.07% 82.00% 18.99% 0.99 5.00
0.1 81.69% 83.43% 77.89% 80.44% 4.35% 0.84 2.20
0.2 81.69% 83.43% 77.89% 80.44% 4.35% 0.84 2.20
0.5 81.72% 84.01% 78.22% 80.92% 0.87% 0.54 1.50

Table 5.1: Results for hexadecimal 1-grams, varying A

Without any limit in excluding samples, with value A = 0, the algorithm excludes a
big percentage of them, achieving an Accuracy and a F'1 score that are the best values
found in this step of the experiment. For the other values of )\, it is possible to see how
the performances are very similar, but the percentage of excluded samples decreases. The
amount of excluded samples is close to zero for A > 0.5. It is also interesting to notice how
both the mean values 7 and ¢ decrease. The value 7 decreases since increasing the value
of A the procedure excludes fewer samples from the analysis, so the algorithm lowers its
bound on the SCI parameter. The value € instead decreases because describing a sample
as a combination of fewer atoms it is easier to have a sparse representation concentrated
toward one class. Consequently, the SCI parameter is greater and fewer samples are

excluded.

At this point we have selected the value A = 0.5, and its hyper-parameters 7 = 0.54 and
¢ = 2||s||. We have tested the algorithm on the same test sets as before adding errors to
the OMP procedure as explained in Section 5.3.1 of the previous experiment, to simulate
the use of a quantum algorithm. In Table 5.2, it is possible to see the mean results of the

5 test sets of the different folds.
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Error Acc. Pre. Rec. Fi1 Excl.

0.00 81.72% 84.01% 78.22% 80.92% 0.87%
0.01 82.21% 84.61% 78.67% 81.47% 0.58%
0.10 77.00% 79.60% 72.61% 75.79% 1.02%
0.15 76.16% 77.31% 72.03% 74.54%  5.22%
0.16 74.68% 79.49% 64.23% 70.75% 11.02%
0.17 54.02% 60.91% 34.59% 43.38% 67.10%

Table 5.2: Results for Hexadecimal 1-grams, varying e,

As it is possible to notice, the algorithm maintains similar performances for errors in the
range [0.00,0.1]. It is interesting to notice how, by introducing a small amount of error,
the performance can increase. This phenomenon can be considered just a local fluctuation,
while the general trend that is possible to see is the decrease in the performance if we
increase the error. It is also important to highlight how, after the value of error 0.1, if
we increase more and more the error, the number of samples excluded increases very fast.
This happens because if we add too much error, the sparse representation of the sample
will be less sparse and less concentrated on one class. Consequently, also the value of the
SCIT parameter decreases. The algorithm excludes the samples with a SCI parameter

lower than 7 and, for this reason, excludes more samples.

Comparison with other methods

We have decided to compare our method with other ones provided by [45]. We have
considered the accuracy parameter to compare the performance since the training and
the test set are balanced. We used the same train set to create the matrix D and used
the parameter € = 2||s|| that we have found using the cross-validation method. We have

considered different values for the parameter 7.

It is important to highlight that with our method, modifying the parameter 7, it is possible
to choose a balance between how much we want to be sure about our predictions and the
amount of excluded samples. If we want to select only the samples for which the algorithm
is completely sure about their classification, it is enough to select 7 = 1. While choosing
7 = 0, we avoid the exclusion of samples to be completely comparable with the other

methods. In this experiment, we have obtained the same results for 7 = 0.54 and 7 = 1.

We use the notation SRC-0 to denote the classical version of the algorithm with 7 = 0
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while SCI-1 denotes the version with 7 = 1. The notation QSRC-0 indicates the quantum
SRC method with error 0.01 and 7 = 0. Finally, the notation QSRC-1 denotes the

quantum SRC method with error 0.01 and 7 = 1.

Method Accuracy Excluded
Random Forest 89.95% 0.00%
SVC(’Linear’ Kernel) 88.28% 0.00%
SRC-1 88.24% 0.42%
SRC-0 87.87% 0.00%
QSRC-1 86.56% 0.42%
QSRC-0 86.19% 0.00%
Decision Trees 85.77% 0.00%
KNN 79.91% 0.00%
Naive Bayes 66.94% 0.00%

Table 5.3: Comparison using Hexadecimal 1-grams

As it is possible to see in Table 5.3, if we set the 7 parameter to 1, we exclude some

samples, but we achieve greater accuracy. In addition, the general performances of our

method are comparable with the ones of the other algorithms, also for the simulation of

a quantum version in which we consider the addition of some error.
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5.4. Q-ECR

We provide experiments related to the Quantum Eigenvectors Classification/Recognition
algorithm defined in Section 4.3. We run two different experiments. The first one with the
objective of face recognition, and the other one to perform anomaly detection in internet
traffic.

5.4.1. Face Recognition

For this experiment, we modified the code of Singhal [70] to manage a different dataset

and simulate the quantum algorithm errors.

Dataset
To perform this experiment, we used the Extended Yale Face Database B [32, 47]. This

dataset contains 21888 images of 38 human subjects under 9 poses and 64 illumination
conditions. We have decided to train the model using 132 images of 22 different subjects
with the same 6 conditions of pose and illumination for each of them. Figure 5.15 shows

the faces of the training set.
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Figure 5.15: Faces of the Extended Yale B Dataset used for training
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Instead, the validation set consisted of 19 images of 19 subjects with only one light
condition, different from the ones used in the training set. 11 of the participants in the
validation set were also in the training set, but the remaining 8 subjects were not. Figure

5.16 shows the faces of the validation set.

Figure 5.16: Faces of the Extended Yale B Dataset used for validation

The test set was composed of 19 images of 19 subjects with only one light condition,
different from the ones used in the training set. 11 subjects were also in the training set,
while the 8 others were not. The validation and the test set have no subjects in common.

Figure 5.17 shows the images in the test set.
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Figure 5.17: Faces of the Extended Yale B Dataset used for test

Error introduction

We have introduced the error in the following way. As explained in Theorem 4.8, we have
added some error in the final value of the distance. In Algorithm 4.3, we considered an
error €5 € RT on the squared value of the distance such that ]6_12 — d?| < €. First of
all, for this experiment, we have considered a relative error instead of an absolute one
because we have used not normalized samples. In this case, we can describe the error on
the squared distance as \32 — d?| < nd? with n € RT, just selecting €5 = nd?. In addition
to that, to make the experiments easier to understand, we have considered an error in the
distance and not in its squared value. For this reason we have defined |d — d| < 1y d with

na € (0,1). It is easy to connect the values n and 7, just noticing that

@ — & = [d—d||d+d| < ned|d+ d| = nyd|d — d+ 2d|
< nad(nad + 2d) = nzd* + 2d*ng = (7 + 2n4)d”

At this point, as a consequence of 1y € (0,1), we can say that n3 + 21y < 31, We select
n = 3ng to satisfy the bound. For this reason, guaranteeing a relative error between
[—n4,ma4) for the distance, we guarantee a relative error in [—3n4,37,] for the squared

distance.
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We proceed with the description of the experiment using the value 7, to define the er-
ror. For example, with a distance of d = 2500 with n; = 0.01 we have considered an
approximated distance d € [2475, 2525].

Goal

The goal of this experiment is to show how it is possible to perform facial recognition using
Eigenvector Classification/Recognition and how robust to error it is using real data. This
noise emulates the use of quantum routines in which the values obtained are not precise
due to the introduction of error in the distance estimated, as explained in Section 4.3.
Another interesting part of the experiment is related to the tuning of the hyper-parameter
01 € R* used to decide if a face is already in the dataset or not. The hyper-parameter
do € R, used to understand if the sample is a face, has not been tuned since the dataset

was composed only of face images.

Results

We have carried out the experiment in the following way. First of all, we have used the
images contained in the training set to create the matrix of the eigenvectors using the
PCA method of sklearn.decomposition [63]. We have selected the main 11 components
describing 80% of the total variance. After that, using the validation set, we have found
the correct parameter d; to maximize the Accuracy and the F1 score. If the distance is

lower than 97, the sample is a known face, while if it is not, we consider it a different face.

In Figure 5.18, it is possible to see how the Accuracy and the F1 score would vary by

changing the parameter ;.
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Figure 5.18: Accuracy and F1 score for different d; values
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It is possible to notice how the best value for the Accuracy parameter is also the best for

the F'1 score. This value corresponds to 9; = 2090.

At this point, we have classified the images in the test set. Table 5.4 shows the results
introducing different amounts of error in the distances computed. We used the trained

parameter 0; = 2090 as threshold.

Error Accuracy Precision Recall F1 Score
0.0 89.47% 100.00%  83.33%  90.91%
0.1 89.47% 100.00%  83.33%  90.91%
0.3 78.95% 80.00%  80.00%  80.00%
0.5 73.68% 70.00%  77.78%  73.68%
0.8 47.37% 40.00%  50.00%  44.45%

Table 5.4: Results for Face Recognition with different error

It is possible to see that this procedure is robust to the introduction of error. If we
introduce an error between 0.0 and 0.3, the final result maintains good performance.
Increasing more and more the error it is possible to observe how the performance decrease
importantly. As it is easy to notice, both the Precision and the Recall decrease. The
precision parameter decreases significantly, showing a high number of false positives. This
means that we recognize faces even if they are not present in the dataset due to the error
in the distance. It is easy to understand the reason why this happens. Considering that
we add a relative error on the distance and that this value is low for the known faces, it is
clear that these samples are less sensitive to the introduction of error. For the samples of
unknown faces, we have the opposite situation with a higher distance and, consequently,

a higher relative error.
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5.4.2. Anomaly Detection in Network Traffic

For this experiment, we have decided to use the same code as the previous one adapting
it to the new data. Since it is possible to describe very different kinds of data as simple
vectors, we have decided to try to use the same method used for facial recognition with

vectors that describe network traffic. This shows the flexibility of the general method.

Dataset

For this experiment, we have used the Darknet dataset [46]. To be more specific, the
dataset we have used in our experiments is a part of the one used in the master thesis
work of Fioravanti [29]. The dataset is made by an ensemble of samples that describe
regular traffic, VPN traffic, and Tor traffic. Seven different categories had been considered:
Browsing, Chat, Email, File Transfer, FTP over SSL, Streaming, Voip, and P2P. We
have used a total of 80,000 samples, of which 70,000 (87.5%) benign samples and 10,000
(12.5%) darknet samples which are considered anomalous ones (to be more specific, the
ones labeled as TOR or VPN).

We have decided to split our dataset into three parts, train, validation, and test. The
training dataset consists of 60,000 (75%) benign samples. The validation set consists of
10,000 samples, of which 5,000 are benign samples and 5,000 are anomalies. Finally, we
used the test set to check the performance of the algorithm. For this dataset, we have

used 10,000 samples, of which 5,000 are benign samples and 5,000 are anomalies.

The dataset does not contain duplicates. The benign samples and the anomalies had been

shuffled randomly before performing the division.

Error introduction

We have introduced the error as in the previous experiment, with a relative error ¢; € Rt

on the distance.

Goal

The goal is to show how to use this algorithm to implement a straightforward method
for anomaly recognition with good performances. In addition, we want to show how the
introduction of some error that simulates a quantum version of the algorithm does not

affect the overall performance of the classifier.
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Results

As in the previous experiment, we have used the training set to create the matrix of the
eigenvectors using the PCA method of sklearn.decomposition [63]. We have described 80%
of the total variance using 13 components. We have used the validation set to tune the
parameter 6; € R*. If the distance is lower than this value, we can consider the sample
in the same class of the training set (benign samples). Instead, if the distance is greater,
we consider the sample an anomaly (see Section 1.2.4). To tune this parameter, we have

tried to maximize the Accuracy and the F'1 score.

Figure 5.19 shows how the Accuracy and the F1 score would vary by changing the pa-

rameter ¢; using the validation set.
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Figure 5.19: Accuracy and F1 score for different 9, values

Using this evaluation, we have selected a parameter §; = 1.06. The best value for the

Accuracy parameter is also the best value for the F'1 score

At this point, we have used the test set to check the performances of the method with
01 = 1.06. We have decided to try different values for the error parameter. In Table 5.5,

it is possible to see the results.
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Error Accuracy Precision Recall F1 Score
0.0 99.42% 100.0%  98.85%  99.42%
0.1 99.42% 100.0%  98.85%  99.42%
0.3 86.22% 73.54%  98.53%  84.22%
0.5 65.35% 31.68%  97.00%  47.76%
0.6 57.68% 16.08%  95.711%  27.53%

Table 5.5: Results for Anomalies Recognition with different errors

As in the previous experiment, it is possible to see that this procedure is robust to the

introduction of error. If we introduce an error between 0.0 and 0.3, the final result slightly

decreases. Obviously, with a high value of error, the performance decreases significantly.

Also in this case, we have a significant decrease in the precision that shows how we classify

as good samples some anomalies due to the presence of error.

It is interesting to notice how, even if the two datasets analyzed contain very different

kinds of data, the performances decrease in a very similar way introducing the error.
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6 Limitations and Future Work

In this work, we formalized and tested different quantum algorithms for learning sparse
representations. For each of them, we can identify some limitations and possible research

directions that are worth examining.
Limitations

The main limitation of our algorithms probably is the running time dependency on the
parameters €, for Theorem 4.1 and Theorem 4.5 and €5 for Theorem 4.8, which are not
bounded by an easy rule. If we want to achieve similar results to the classical algorithms,

their value must be tuned using experiments.

The use of the QRAM in the algorithms of Q-MP and Q-OMP can also be considered a
restriction since the opinions in the quantum community on the possibility of creating a

fault-tolerant quantum memory that can act as required are discordant.

Considering the Double Error version of the Q-MP algorithm, an obstacle is not having
a precise bound on the average case of error that can be propagated through iterations
but just a worst-case bound. An average-case bound can be helpful to understand better
the behavior of the algorithm when it is used and have a more clear vision of the results

of the experiments performed.

A general limitation of our work is the fact that we have developed our algorithms based
on procedures that were already created and studied classically. A way to potentially
obtain relevant speed-ups in the computation of the same results can be to try changing
our perspective on the problem. If we do not adapt classical algorithms to the quantum
framework but, instead, develop new algorithms that can be defined using quantum-only

procedures, it can be possible to achieve better results.
Future work on new quantum algorithms

A very interesting research direction can be the development of quantum versions of
different algorithms based on OMP, such as ROMP [59] or CoSaMP [58]. With the

additional constraint of the validity of the RIP [12], these procedures obtain low running
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time classically, and it would be extremely interesting to see if these speed-ups would be
present also in the quantum version of the algorithms and how much their running time

would differ from the one obtained in this work.

One direction we have analyzed during the development of this work is the definition of
algorithms for Dictionary Learning. Various methods to obtain a dictionary that can be
used more efficiently for the description of sparse signals than a user-provided one are
based on algorithms such as Orthogonal Matching Pursuit. Even if we do not formally
present it in this work, we have studied how, in the block-encodings framework, it is
possible to obtain a simple quantum version of the algorithm known as Method of Optimal
Directions (MOD)|28|. To point out why we consider this direction promising, we want to
highlight how, since the new dictionary is computed as a product of matrices, it is possible
to use the block-encoding framework to compute this product efficiently. To continue the
research in the direction of quantum algorithms for sparse representation, the formal
development of the MOD algorithm or similar algorithms for dictionary learning can be

an interesting way to apply our results about the Quantum Orthogonal Matching Pursuit.
Other interesting research directions

An additional possible future work is the development of more tests for the algorithms
studied with real datasets. It would be interesting to analyze the performances of Q-
MP with real data and increase the number of experiments of Q-OMP with the use, for

example, of datasets with n-grams defined by a highier amount of consecutive strings.

Finally, another possible direction not studied in this work in detail but just as an appli-
cation is the use of classical sparse representation algorithms for the classification task for
cybersecurity. It would be interesting to check if these methods can achieve good results
on other tasks related to the same field as, for example, the detection of intrusion and the

detection of anomalies for fraud detection.
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7 Conclusions

Contributions

In this study, we have defined and analyzed three new quantum algorithms that can be
used as a foundation for the application of sparse representation theory in the quantum
context. We have created two distinct algorithms with different running times and final
error guarantees, reported in Theorems 4.1 and Theorems 4.5, for describing a sample
as a sparse combination of dictionary atoms. In addition, we have also examined a
classification algorithm with running time reported in Theorem 4.8. We have analyzed
carefully the value of the errors introduced into the various routines and have highlighted
some technical results that may be useful for future research in the same area. We have
proven the upper bounds on the running times of these procedures achieving a polynomial
speed-up with relation to the classical algorithms thanks to the use of novel quantum
routines defined for the block-encoding framework. We have analyzed the probability of
success of each algorithm and the additional polylogarithmic running time necessary to

obtain good enough results.
Experiments

In this study, we have demonstrated how the analyzed algorithms are impacted by the
introduction of error, which is typical of quantum procedures. We have examined whether
the use of algorithms in which some error is introduced would change the results of
the procedures. To check it, we have used both artificially generated and real datasets,
such as the HEX-dataset [45] for the Q-OMP case, and we have found that it does not
happen for reasonably low values of error. Additionally, we have shown how the Sparse
Representation Classification algorithm can be used to identify malware using their n-
grams description, achieving results similar to other state-of-the-art methods. We have
also shown how a quantum reduced-representation-based classification methods, such as
the Q-ECR algorithm, can be used for a variety of tasks, from Face Recognition using
the Extended Yale Face Dataset b [32, 47| to Anomalies Detection using the Darknet
dataset [46]. This method obtains excellent results and a similar decrease in performances

related to error introduction for both tasks. We have shown how the bounds we identified
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in the theoretical definition of our algorithms match up with the outcomes of our tests.
Conclusion

With this work, we have added another brick to the wall which is the development and
comprehension of quantum computing-based algorithms. We have defined procedures
that may also be beneficial for other quantum machine learning algorithms. We have
defined quantum algorithms that can be used to obtain approximated sparse representa-
tions from signals with guarantees on the final error. Finally, we have also developed a
quantum algorithm for classification that can be used for very different tasks also related
to cybersecurity. We expect that it will be possible to create many other algorithms with

good performances related to this field in the future.
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A. ‘ Appendix A

A.1. Quantum Projection Norm Error

We report here the extensive proof of Lemma 3.7.

Proof. We can say, following Lemma 2.15 and applying amplitude estimation of Lemma
2.10, that the norm of the solution vector of the OLS problem is estimated, considering a

value 77 € [-n,n] and n € (0,1), as
[ATs| = (IAT |s) | + 7 AT [s) [DlIs]| = [[ATs]| + 7]l AT s (A.1)
From the proof of Lemma 2.12, we use the following result

|A|ATS) || ~ |A|ATs) | if 6 < & (A.2)

and we highlight that the value of § can be decreased without a big impact on the running
time because the increment related to it is just a polylogarithmic term and does not
change the final complexity. We must also highlight that because of the Equation A.2

simplification, we can consider

IAATs| = || A[A+s)[| [|A* [s)]| [Is]]
— || A|ATs) || [|A*s|| + 7]l A |ATs) || [ A*s] (A.3)
~ || A|AYs) || [[A*s| + 7 A|ATs) | [[Ats|

But the correct norm of the result is [|[AATs|| = ||A;|ATs) || [|ATs]|.
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Basically we know, starting from A.3 and substituting the result of A.1, that

|AA*s|| = || A [ATs) [| (IATs]| + 7l A" s)) + 7| A [ATs) || (| AT 5[] + 7] A s]))
= (@M AATs) [ (1 +m)[ATs]] (A-4)
= (L+7)*[|AA"s]|

The error on the estimation of the norm, considering that 72 < || < n, and, considering

that we assume the worst-case for the error, is

[AA*s|| — |AATs||| < 3n[|AATS| (A.5)

A.2. Classical Inner Product

In this section, we explain how it is possible to re-compute the inner products classically
for the Single Error version of the Q-MP algorithm described in Section 4.1.2.

To re-compute the inner product classically, we must consider computing two different
values as done quantumly. First of all, the inner product between the select atom d;- € R"
and the signal s € R” can be done trivially in O(n). If we consider repeating this process

for k iterations, we need O(kn) total operations.

The second inner product, between ¢, € R™ and again the vector d;-, is less trivial because
we do not have a classical representation of the approximated signal vector ¢, but only
of the solution vector x; € R™. To obtain ¢, is possible to multiply the vector x; to
the dictionary D € R™ ™ but this step has a complexity of O(nm). To avoid this high
complexity, considering that at each step only one coefficient of the solution z; is updated,

we can act more efficiently.

First of all, let us highlight that we can describe the vector ¢; as a linear combination
of some atoms considering as coefficients of the combination the components of z;. Let
us denote the atom selected in the i iteration as d? and its coefficient as 2(?. We can

describe ¢; as
¢r = 2MdW 4 4 2Wa® e [1,1). (A.6)

For this reason, we can consider the inner product of ¢; with a newly selected atom d;-
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as
t

(dje, ¢y = (dje, 2WdW 4 420Dy =Y 2@ (d;., dD) (A.7)

i=1
for the properties of the inner product. At this point, we can consider the problem of
creating the sum defined in Equation A.7 instead of the problem of computing the inner

product using ¢.

We can store all the inner products between the atoms of the dictionary in a tree structure
as a pre-computation step. In this way, access to the value of the inner product between

two atoms is possible in time O(log (m?)).

We can also efficiently store all the coefficients (¥ found at each iteration of the algorithm

in another tree data structure with an update and access time of O(logt).

At this point, to obtain the value of the inner product between the vector ¢; and the newly
selected atom, it is enough to sum all the inner products of the already selected atoms
to the newly selected one multiplied by the stored coefficients. This step is possible in
O(t (logm?+1logt)) considering accessing the data for each inner product and performing

the sum.

We need an extra pre-computation time of O(nm) and an extra space of O(m(m +1)/2)
but, after that, we can obtain the value of the sum, and equivalently of the inner product,
with a bound of 5(k) where £ is the number of iterations of the algorithm. In addition
to that, we can use the precomputed inner products for different input signals. If we

consider repeating this process for k iterations, we need 5(k2) total operations.

The overall complexity of re-computing all the inner products is bounded by O(kn).

A.3. Error Propagation of Double Error version

In this section, we explain the bound on the error required for the Double Error version
of the Q-MP algorithm of Section 4.1.2.

We recall that ||¢|es + ||| + || @]l €iny < €2 for the Single Error version. It is possible
to notice how this error is composed by a part that depends on the approximation of ¢,
that we can define as €, = ||¢:||(e, + ) and a part, the term ||7¢§;Hem2, related to the
inner product procedure. In the case of an iteration-varying error in the solution x € R™,
the term €, is the component that changes over time. For this reason, we define the

iteration-varying version of the error €, as €,,.

Remembering that we want to bound the final error by €., the value needed to not miss-
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select an atom, we can define an error €3, as

S

€3, = €1+ €2, = [|s[|€im, + [ @tll€in, + €0, <€ (A.8)

where €5, is the iteration-varying version of the error 5. The value €3, also corresponds to
the error that is added in a component of the solution z at iteration ¢, considering that

it is present in the result of the higher inner product estimated.

We now find a bound for the value e3,.

Error on the approximated signal

First of all, we analyze how the error related to the approximated solution ¢; changes.

that is the bound for the error between the vector ¢, and the approximated version (Et

We define the value €,, as

¢t - (/b\;‘/ < €at, (Ag)

that we obtain during the algorithm.

Our starting point is

H\@ — )| < e, (A.10)

where we define ¢, as the approximated value of ¢, considering that the solution vector

x; has some error from the previous iterations. More formally, we define

E:D(iﬁt—i-ég;’_l) :¢t+DE3:—17 (All)

where the vector e3,” , represents a vector such that, in the best case, each component of
the vector contains the error of one iteration e, with i € [0,¢ — 1]. In the worst case,

instead, all the errors summed together are present in one component of the error vector

63;1.
Using Claim 3.2, considering that H by) — [B0)
4] such that [locl] — [

‘ < €, and that we can estimate the norm

< ||é¢l|m, we can say that

Now, if we want to consider the error of our estimation not in relation to ¢, but with the

o = &n|| < I illes + | &elin: (A.12)




A| Appendix A 143

correct value ¢, we obtain, thanks to the triangular inequality that

|

We can consider this value as the bound e,

O — || < llnlles + ll@elln + [ Des, . (A.13)

[ @elles + [l@elln + ([ Des,” || = €ar- (A.14)
If we substitute back this value in Equation A.8 we obtain

€3, = |[sll€im, + [|@tll€ins + 1 @elles + delln + [ Des”, . (A.15)

We can group the non-iteration-varying terms and consider ||s| > |||, ||s|| > [|¢:]| and

l|s]| > ||#¢]| to obtain

€3, = ||sl|(€imy + €iny + €6 + 1) + [| Des,” || (A.16)

We define the non-iteration-varying term €., = ||S||(€iny + €iny + €4 + 1) to be more clear
in this explanation

€3, = €cos + || Des,” |- (A.17)

In this way, we have found a relationship between €3,, the value that is added at iteration
t in one component of the solution, and || Des,” ,||. Now we must connect the value of this

error vector to the error values €3, with ¢ € [0,¢ — 1] of the previous iterations.

Error on the solution

First of all, we must find what is the start condition of this error. It is easy to see that
the error introduced in the first iteration is just the error of the first IPE procedure, so

€;. For this reason, we can say that €3, = €.

For the next step, we consider the worst case in which the algorithm selects the same

atom at each update, and the error is added every time in the same component

t—1

€3, = Z €3, * €, (A.18)

=0
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with a constant ¢ € [m]. If we compute the norm || De3, || we obtain

t—1 t—1 t—1 t—1
||‘D€§t|| = DZE&' * €Ecf|| = Z€3idc < Z |€3i dCH = Z ‘631' <A19>
i=0 =0 i=0 i=0
and considering that €3, = €.s + || Des, || we obtain
t—1
€3, < €cos + Z e, |, fort > 1. (A.20)
i=0
As already explained we consider €3, = €; and we obtain
€1 t=20
€3, S <A21)

207D (6] +€os) t>1

For this reason, if we want that the maximum error on the single component will not be

more than the value €., we need to know an estimate of the number of iterations.

Once we have fixed the value L, we can fix the values of the other errors as

2(L71)(61 + €eos) < €, (A.22)

Finally, we obtain the bound

2€in, + €in, + €5+ 1 < (A.23)

€
20=Ds|
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