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Chapter 1

Introduction

Time is an extraordinary concept, elusive but yet so familiar and noticeable. Time is
an unyielding clock, driving the change and leading the course of all things.
In our macroscopic reality, time manifests itself through motion. The Earth’s mo-
tion around the Sun dictates the cycles of seasons, while its rotation demarcates the
division between days and nights. Even the cadence of our heartbeat functions as
a metronome, directing the grand musical symphonies and the quieter rhythms of
our existence. It is through this beating that we crafted our own unit for measur-
ing time: the second (1 s). As the dimensions of the system scale down, the ticking
of reality speeds up. The capability of moving massive amounts of information and
sharing images and data across the globe is possible thanks to tiny master clocks em-
bedded in every microprocessor, whose beating occurs one billionth time faster than
ours on the nanosecond time scale (1 ns = 10−9 s). As we descend deeper into the
microscopic realm, to the size of molecules and atoms, the rules of Physics become
fuzzy and bizarre. At this level, the ticking of time is defined by the motion of elec-
trons. These electrons operate on incredibly fast timescales, ranging from femtosec-
onds (1 fs = 10−15 s) to attoseconds (1 as = 10−18 s).
This ultrafast beating is the playground of quantum mechanics.

Driving tiny currents through doped-silica circuits on the nanosecond (ns) scale
has been a game-changer for our technology today. Looking forward, the ability to
control electrons on ultrashort time scales is establishing the foundation of new and
exciting quantum mechanics-driven technologies [1].
Just like in basic engineering theory, in order to control a system, we need, first, to
understand how it works, and we need to find ways to track its time evolution. Thus,
as a key step, it is paramount to create reliable tools that enable precise measurements
of the femtosecond/attosecond ultrafast process of interest [2].
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1.1 Measuring a time-dependent process in quantum mechan-
ics: fundamentals of pump-probe spectroscopy

How to measure a time-dependent process in quantum mechanics?

In the context of textbook quantum physics, ”time” is not a measurable quantity [3].
A quantum system can be described using the bra-ket representation of the wave-
function |Ψ(t)⟩. The evolution of a non-relativistic wavefunction is described by the
Schrödinger equation, here written in atomic units:

i∂t |Ψ⟩ = Ĥ |Ψ⟩ (1.1)

The Hamiltonian operator, denoted by Ĥ , encapsulates the entire physics of the sys-
tem physics and carries information on its energy.
An isolated and stationary system is characterized by a time-independent Hamilto-
nian Ĥ = Ĥ0. In this scenario, it is possible to find a complete and orthonormal set
of states, called eigenstates |ϕj⟩ that satisfies the following equation:

Ĥ0 |ϕj⟩ = ϵj |ϕj⟩ (1.2)

In this scenario, the generic solution of Eq. (1.1) can be written as a superposition of
all the eigenstates multiplied by a proper phase factor:

|Ψ(t)⟩ =
∑
n

an |ϕn⟩ e−iϵnt +

∫
δ
a(δ) |ϕδ⟩ e−iϵ(δ)tdδ (1.3)

where |ϕn⟩ is a discrete basis set defined over the index n, with an being the individual
weight of the eigenstate, and |ϕδ⟩ is a continuous basis set defined over the continuous
index δ, with a(δ) being the associated weight. As also shown in Eq. [1.2], each eigen-
state is correlated to a specific eigenvalue, either ϵ(δ) or ϵn, representing its energy.
To observe actual changes¹ in the wavefunction |Ψ(t)⟩ over time, a superposition of
at least two states is necessary. The simplest example of such a time-varying system is
a Hydrogen atom electron in a superposition between the 1s, |1s⟩, and 2p, |2p⟩ states
[4].

|ψ(t)⟩ = 1√
2
|1s⟩ e−iϵ1st +

1√
2
|2p⟩ e−iϵ2pt (1.4)

As shown in Fig. 1.1, we can calculate the probability distribution of |ψ(t)⟩ in the
cartesian space, identified by the vector r, as: | ⟨r|ψ⟩ |2 = |ψ(r, t)|2. As ”time” pro-
gresses, due to the overlapping of two distinct energy levels, the electronic distribution
will oscillate as:

|ψ(r, t)|2 ∝ cos
(
(ϵ2p − ϵ1s)t

)
(1.5)

¹i.e., not purely phase changes
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Figure 1.1: Representation of the iso-probabilistic surface of | ⟨r|ψ⟩ |2 = |ψ(r, t)|2 for the superposition of
1s and 2p orbitals in an hydrogen atom. The different surfaces are reported for different times,
showing a periodicity of about 400 as

Since for Hydrogen, ∆ϵ = ϵ2p − ϵ1s ≈ 0.367 a.u. (10 eV), the period of this os-
cillation is about 400 as. This is a very elementary example showing how the natural
timescale of a basic electronic motion in matter is the attosecond.
The dynamics of the wavefunction depicted in the previous case can produce tangi-
ble physical effects, such as spontaneous emission. Yet, in this context, ”time”, t, is
largely insignificant because in an isolated system ² the initial point of this oscillation
is completely undefined. Therefore, in this scenario, directly tracking the electronic
motion is not only unfeasible but also an ill-posed task.

To re-introduce the concept of time and measure dynamics, an event defining
a starting point of ”time” is necessary; in other terms, a trigger that interacts with
the system and initiates motion is required. This object, which is commonly referred
to as ”pump”, is describable as an additional time-dependent Hamiltonian, denoted
as ĤI(t). In this new case, the total Hamiltonian can be written as Ĥ = Ĥ0 +
ĤI(t). Since the eigenstates of the unperturbed system are still a complete basis set,
the generic solution of Eq. 1.1 can still be written as:

|Ψ(t)⟩ =
∑
n

an(t) |ϕn⟩ e−iϵnt +

∫
δ
a(δ, t) |ϕδ⟩ e−iϵ(δ)tdδ (1.6)

In this new framework, however, the eigenstates weights must exhibit time-dependence.
This behaviour highlights the key role of the interaction Hamiltonian, which enables
energy transfer between different states ³. At this point, the final objective is to solve

²The origin of spontaneous emission is, as well known, stochastic fluctuation of the electromagnetic
vacuum. Therefore, our ”strict” isolated system hypothesis and argument are a bit inadequate. For
simplicity, I will avoid going into details. For clarity on this matter, see [5].

³In this context, even ifHI cannot be considered as a perturbation, we are assuming that the concept
of the individual state of the system is still to some extent meaningful.
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Eq. (1.1) and find the dynamics of these weights. Nevertheless, deriving an exact solu-
tion for this equation is a great challenge, and in many instances, it is even impossible.
Consequently, as discussed in Appendix A, using advanced methodologies or clever
approximations becomes essential.
To generally address equation (1.1) in this new scenario, it is necessary to introduce
the so-called propagator formalism, as presented in [3]. In this regard, let us define
an initial wavefunction, |ψ(t0)⟩. Then, we can express the evolution of the quantum
system at subsequent times t as:

|ψ(t)⟩ = e
−i

∫ t
t0

Ĥdt′ |ψ(t0)⟩ (1.7)

where the operator e−i
∫ t
t0

Ĥdt′ is called time-propagator, or, simply, propagator.
In the most simple scenario, the Hamiltonian is equal to the isolated one, Ĥ = Ĥ0,
and the initial state at t0 is equal to one of its eigenstates, |ψ(t0)⟩ = |ϕj⟩, then, we
have:

|ψ(t)⟩ = e
−i

∫ t
t0

Ĥ0dt′ |ϕj⟩ = e−iϵj(t−t0) |ϕj⟩ (1.8)

this result perfectly reconciles with the discussed picture of Eq. (1.3).
By exploiting this powerful method, see Appendix A.2 and Chapter 2, we can rewrite
equation (1.7) more advantageously[6] as:

|ψ(t)⟩ =
(
−i
∫ t

t0

e−i
∫ t
t′ Ĥ(t′′)dt′′ĤI(t

′)e
−i

∫ t′
t0

Ĥ0(t′′)dt′′dt′+e
−i

∫ t
t0

Ĥ0(t′′)dt′′) |ψ(t0)⟩
(1.9)

As discussed in [7] and sketch in Fig. 1.2, despite the apparent higher degree of com-
plexity, Eq. (1.9) has, now, a straightforward meaning. Focusing on the left-hand side
operator of Eq. (1.9), the system initially evolves without any external interaction, fol-

lowing the simplest time-propagator e−i
∫ t′
t0

Ĥ0(t′′)dt′′ . At a specific moment, t′, the
wavefunction interacts with our pump event, ĤI(t

′). This interaction, depicted as a
black dotted line in Fig. 1.2, serves as an ’instantaneous kick’, after which the system
progresses to the final time t under the influence of the full-propagator governed by
the Hamiltonian Ĥ . It is important to note that when the pump is restricted to a
specific time window, the full propagator reverts to its unperturbed state once the
interaction concludes; under this condition, it is justified the use of the unperturbed
basis-set to describe the whole system dynamics and the energy transfer.
The mechanism described above is feasible at any given t′, within the temporal win-
dow in which the pump can act on the system. This picture allows us to inter-
pret quantum mechanics following the path-integral formalism, as conceptualized
by Feynman[8]. Following this vision, all the possible interaction instants are simul-
taneously possible, and their interference shapes the time evolution of the quantum
system. Finally, the term on the right-hand side of Eq. (1.9) represents scenarios
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where the system remains unaffected by the interaction, depicted as the continuous
grey line in the figure. Equation (1.9) is called the second Dyson equation, and it in-
scribes the whole physics of a time-varying quantum system[3, 6].

Figure 1.2: Sketch of the evolution of the quantum system, |ψ(t)⟩, in the presence of a time-dependent Hamil-
tonian Ĥ = Ĥ0 + ĤI(t), as in Eq. (1.9).

Figure 1.2 and, consequently, Eq. (1.9), pinpoint the role of the interaction Hamilto-
nian as a ”pump-event”, especially if it is temporally confined. Within the temporal
window of its action, the pump Hamiltonian triggers a physical change in the system
and its properties. For example, let us consider a generic hermitian operator Ô, linked
to a specific physical observable. As shown in Fig. 1.3, O0 is the sub-space of possible
outcomes for when measuring Ô on the initial unperturbed initial state |ψ(t0)⟩. In
the simplest scenario, where |ψ(t0)⟩ is also an eigenstate of Ô, we have:

Ô |ψ(t0)⟩ = o0 |ψ(t0)⟩ (1.10)

As shown in Fig. 1.3 a), the interaction of the quantum system with the pump event
leads to a significant alteration in its phase space, initiating specific dynamics of the
physical observable Ô.
Throughout its evolution, at each time point t, the system can produce varying out-
comes upon measurement of the observable Ô. However, due to the extremely rapid
timescale of these dynamics, tracking the observable in real-time is not feasible. As
a result, the measurement of our physical observable is practically confined to much
later times, ideally as t approaches macroscopic time-scales (t → ∞). This limita-
tion confines the potential outcomes of the measurement to the final sub-space Op,
reached by the wavefunction at the end of its evolution. In the simplified picture, the
measurement of the state |ψ(t→ ∞)⟩ is thus represented as:

Ô |ψ(t→ ∞)⟩ = oP |ψ(t→ ∞)⟩ (1.11)

Even with a proper time-axis for our quantum system, defined by a trigger-like event,
the ultrafast evolution from O0 to Op remains elusive, covered by the integral in Eq.
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(1.9) extended to t → ∞. To investigate any ultrafast dynamics, we must introduce
a second time-dependent element, a ’probe’, which interacts with the system at a
delayed time with respect to the pump event, expressed as:

Ĥ = Ĥ0 + ĤIpump(t) + ĤIprobe(t− τ) (1.12)

Figure 1.3: The diagram provides a visual explanation of a pump-probe experiment in quantum mechanics.
a) a pump event, shown in red, triggers a specific physical process within the system. This event
influences the dynamics of a particular physical observable Ô. As a result, the observable transi-
tions from an initial set of possible measurement outcomes, labelled O0, to a final set, denoted
as OP . b) after the introduction of a probe event, depicted in green, the final outcomes of the
measurements related to the physical observable Ô are modified. The results, represented asO(τ),
vary depending on the time delay, τ , between the pump and probe events. By employing the ap-
propriate theoretical frameworks and by experimentally measuring O(τ) for different delays, we
can effectively reconstruct the actual temporal evolution of the quantum system |Ψ(t)⟩, gaining
an understanding of its ultrafast response.

Figure 1.3 b) shows how the probe can impact the evolution of the quantum system,
more specifically, how the probe modifies the behaviour of one of the system proper-
ties, Ô. The timing between the probe event and the peculiar position of the system
in the parameter space of the system plays a crucial role; specifically, by adjusting
the delay, τ , between the pump and probe, we can change the final outcome of the
measurement of the physical observable at t→ ∞. In the simple picture:

Ô |ψ(t→ ∞, τ)⟩ = o(τ) |ψ(t→ ∞, τ)⟩ (1.13)

As discussed, directly accessing real-time phenomena in quantum mechanics is gen-
erally not possible. However, in an experiment, we can measure changes in a specific
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physical observable, o(τ), as a function of a delay between two events. These events
are the ’pump’, which initiates the process, and the ’probe’, which captures the sys-
tem’s evolution, imprinting the information onto an observable, still measured long
after the event has occurred (t → ∞). By conducting multiple experiments with
different delays, we can ultimately decode the ultrafast dynamics. This idea is the
foundation of the branch of Science called ultrafast spectroscopy, where ultrafast pro-
cesses in nature are investigated from picosecond [9], femtosecond [10, 11] down to
the attosecond [2, 12, 13, 14] time-scales.

As will be discussed later, the nature of the probe and the choice of the observ-
able dictate the type of experiment and the theoretical framework required to interpret
results and to access the temporal dynamics. Moreover, as highlighted by this discus-
sion and by Eq. (1.9), to capture the time evolution of a quantum system, both the
pump and probe events must be shorter than the process under investigation. Since
electronic motion in matter occurs in the femtosecond/attosecond domain, bursts
of electromagnetic radiation in the attosecond range are ideal candidates for pump-
ing/probing these ultrafast dynamics of interest.

1.2 Attosecond pulses and electron dynamics in matter

Thanks to the advent of chirp-pulsed amplification[15], pulse compression and post-
compression techniques[16, 17], and the great advancement of laser technologies, it is
possible to generate intense femtosecond laser pulses in a reproducible manner.

When these intense femtosecond laser fields are focused on a noble gas target, a
highly non-linear mechanism can lead to the generation of multiple-odd harmonics
of the fundamental laser frequency. As sketched in Fig. 1.4a), this harmonic spec-
trum is characterized by a plateau region of harmonics and a cut-off extending into
the extreme-ultraviolet (XUV) region [18]. Discovered in the late 1980s, this pro-
cess, called High-order Harmonic Generation (HHG), forms the cornerstone for the
creation of attosecond pulses [19, 20, 21].

In essence, as sketched in Fig 1.4b), generating attosecond pulses requires focus-
ing ultrashort laser pulses, lasting from a few to hundreds of femtoseconds, into a
gas medium, usually a noble gas. If the driving laser reaches intensities ranging from
1013 − 1016 W/cm2, the Coulomb potential affecting the outer electron is signifi-
cantly distorted, creating a potential barrier that allows the electron to tunnel through.
This tunnel ionization is most likely to occur near the peaks of the driving electric field;
hence, this process is localized within a specific time window. After ionization, the
electron moves in the electromagnetic field, gaining substantial kinetic energy. With
linearly polarized driving pulses, there is a slight chance that the electron will return to
its parent ion and radiatively recombine, releasing its kinetic energy as an ultra-short
light burst. The maximum kinetic energy these electrons can accumulate is directly
proportional to the peak intensity and the square of the central wavelength of the
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driving pulses (Emax ∝ λ2I0). As a result, under the right conditions, the spectrum
of the emitted radiation can extend from the extreme ultraviolet into the soft-x-ray
energy region. Since these processes occur every half-optical cycle of the driving laser
field (≈ 1fs when λ = 800 nm, in the infrared (IR)) and are confined to a temporal
window shorter than the half-optical cycle itself, a train of attosecond pulses is pro-
duced. This simplified picture, known as the three-step model [22, 23], enabled the
scientific community to gain a fundamental understanding of the HHG process. As
discussed in Chapter 2 e 3, it also laid the groundwork for proposing simple models
that provide straightforward hints on how to engineer this process.

Figure 1.4: a) Spectrum generated by HHG in noble gas target b)Sketch of the three-step model mechanism
at the basis of HHG. When an intense femtosecond laser pulse, in the infrared spectral region (IR),
here called driving laser pulse, is focused on a gas medium, commonly a noble atom. The electron
propagates in the continuum after tunnel ionization from its parent ion. When the electron recol-
lides with the parent ion, every half-optical cycle, the extra kinetic energy accumulated during this
journey can be emitted in the form of XUV radiation.

In 2001, the first pulse train of attosecond pulse, with each pulse lasting 250 attosec-
onds, was measured for the first time[24].
For several applications, isolated attosecond pulses are typically required; therefore,
since the discovery of the HHG, great efforts have been invested to test and develop
techniques to limit harmonic generation to a single event. As discussed in depth in the
following chapters, the proposed techniques are primarily based on either the spectral
selection of cutoff harmonics, temporal gating methods applied on the driving radia-
tion, or a combination of both [25, 26].
Thanks to a collaboration between atomic physicists and laser scientists, already in
the same year as the first measurement of the attosecond pulse train, a single pulse,
showing a duration of 650 attoseconds, was isolated and characterized[27]. These two
achievements marked the birth of the field of attosecond science[13].

Nowadays, the record for the shortest attosecond pulse amounts to 43 as [28],
while the highest photon energy achieved is in the soft-x-ray, in the keV range[29].
Although gas-based high-order harmonics generation is still the most adopted tech-
nology for attosecond science, over the past two decades, ultrashort XUV pulses
have also been generated using different media, including solids[30], liquids[31] and
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plasma mirrors[32], as well as by employing different physical principle as in x-ray
free-electron lasers (XFELs)[33]. Despite having significant interest and great poten-
tial, these methods are not the focus of this thesis.

Once the tools to generate attosecond radiation were available to a larger commu-
nity, many experimental techniques were invented to use these pulses for measuring
ultrafast processes occurring at time scales comparable to the duration of the pulse
itself.

Figure 1.5: Example of physical processes observed thanks to attosecond technology in atoms and molecules:
a) Auger decay in Krypton [34]. b) Photoemission time delay in Neon [35] . c) Charge Migration in
Phenylalanine [36]. d) Control of electron localization in molecular hydrogen (H2) andD2 [37].

As sketched in Fig. 1.5, the advent of attosecond pulses opened up several unexplored
research domains, enabling the ”direct” observation⁴ and potential manipulation of
electronic motion in atoms, molecules, liquids and solids.
The very first example of the application of attosecond pulses in matter was the mea-
surement of a few-fs Auger decay in core-excited krypton (Kr) atoms [34] in 2002
(Fig. 1.4 a)). Since then, even more rapid phenomena have been investigated, such
as the time delay in photoemission between different states of an atomic target. One
of the first experiments on this topic was the investigation of the 2s-2p photoemis-
sion delay difference in neon (Ne), measured to be in the tens of attoseconds [35, 38]

⁴where here the word ”direct” has the subtle meaning discussed in section 1.1.
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(Fig.1.4 b)). As attosecond technology advanced, the atomic physics community be-
gan exploring increasingly complex multielectron processes. This line of research has
unveiled intriguing insights into phenomena such as autoionization [39], multichan-
nel ionization [40], Fano resonances [41], up to the reconstruction of the quantum
state and decoherence of photoelectron wavepackets [42, 43].

In 2010, the first attosecond experiment in molecules (H2) was carried out (Fig.
1.4 c)), revealing the capability of controlling the localization of the electron in a dis-
sociating hydrogen molecule on a few-fs time-scale [37]. A few years later, in 2014, the
first observation of the charge migration process in a polyatomic molecule, phenylala-
nine, was obtained with a time-resolution of 250-as, showing ultrafast oscillation of
the electronic charge in the molecule with a periodicity of about 4-fs [36] (Fig. 1.4 d)).
Since then, the intricate interplay between electronic motion and subsequent nuclear
responses has been extensively examined, paving the way to many new interesting
avenues of research. A recent example highlighting this interplay is the revival of
charge oscillation in silane (SiH4), measured in 2022 [44]. The observed oscillations
and coherent revival in the dynamics were attributed to a combination of adiabatic
(purely electronic) and non-adiabatic (involving both electrons and nuclei) dynamics
within the molecule excited states. A detailed discussion of the latest advancements
in attosecond molecular physics and attosecond chemistry will be presented in the
following section.

In recent years, attosecond techniques have also been applied to solids and liq-
uids, yielding promising discoveries. In the case of solids, studies focusing on elec-
tron transport and band structure dynamics in insulators [45] and semiconductors
[46, 47, 48] have been conducted, leading to a better understanding of inter- and
intra- bands dynamics and advancing the control of ultrafast excitons, which could
potentially redefine the speed limits of electronics [49]. For liquids, attosecond pulses
have played a pivotal role in exploring the impact of a chemical environment on ultra-
fast electron dynamics. For instance, the photoemission time delay has been recently
investigated in water [50] and ultrafast proton transfers have been observed in urea
[51], deepening our comprehension on the influence of aqueous solution on electronic
reactivity and chemical reactions. Applying attosecond technology in these areas will
provide critical insights into the physics of complex systems in the future.

1.3 Applications of attosecond pulses tomolecular physics: the
birth of attochemistry

Since its early development, Physics has relied on studying prototypical systems to
deduce fundamental information about the building blocks of reality.
While the study and control of complex systems are increasingly important, simple
systems like atoms or small molecules, with just a few atoms, remain crucial for both
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experimentalists and theoreticians. These simpler systems provide valuable insights
into basic processes, such as matter-matter interaction (e.g. chemical reactivity) and
light-matter interaction. Generally speaking, the long-term goal of these studies is
to extend the knowledge acquired on the simple system to more complex ones, an
approach traditionally closer to Chemistry. In essence, Chemistry begins when we use
simplified models or approximations to explain a certain physical process, which, in
its full complexity, would demand a computationally challenging, or even unfeasible,
theoretical description.

Attosecond molecular physics and attosecond chemistry, or attochemistry, have
focused on investigating electron-driven dynamics in molecules, where the interac-
tion between the electronic degree of freedom and the ultrashort pulse guides, on a
longer time scale, the nuclear rearrangement and determines the fate of the chemical
reactivity [52]. Once the underlying physics of a particular photo-chemical process is
fundamentally understood, the primary objective of attochemistry is to establish ro-
bust guidelines for optimizing the design of more advanced molecular systems or even
to directly manipulate electron dynamics in a more natural environment, i.e. control-
ling chemical reactivity in solutions [53]. Numerous fundamental physical questions
remain to be addressed to advance in this emerging field, which is still in its infancy.
This necessity is coupled with the ongoing need to enhance both experimental and
theoretical methodologies [2].

At the boundaries between attosecond molecular physics and attochemistry lies
the investigation of the response to light of isolated molecules, i.e. molecules in the gas
phase, where core light-matter interaction processes can still be studied in their sim-
plest form, even if several approximations on their theoretical description are needed.
In this framework, the most interesting and studied ones are charge migration and
charge transfer [54].

1.3.1 Charge Migration and Charge Transfer in Molecules

The redistribution of charge within molecular systems is one of the most important
photoinduced primary events, crucial in both chemical and biological systems, and
pivotal in driving energy transfer [55]. The capability to precisely measure and control
the core mechanisms responsible for charge transfer at their natural time scale is key to
enhancing energy conversion in various applications. This research holds significant
promise in developing more selective catalysts, improving energy storage solutions,
and advancing photovoltaic or photosynthetic systems [56].

The theory of charge transfer was originally introduced in 1956 [57, 58] and later
awarded with the Nobel Prize in Chemistry in 1992 [59]. This theory provides a frame-
work for understanding how an electron can permanently move from one chemical
site of the molecular system to another. While it has been successful in explaining
various types of charge transfer in both organic and inorganic compounds, including
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intermolecular and intramolecular processes, its initial development was limited to the
classical domain. This limitation was due to the availability of only nanosecond pulses
at that time, restricting the theory to thermodynamics and classical electromagnetism
concepts.

The emergence of femtochemistry [10] and attosecond science has revolution-
ized our understanding of molecular processes, enhancing time resolution by nearly
six orders of magnitude (106). This advancement allows for an in-depth exploration of
these processes at the quantum level. Nowadays, the spatial redistribution of charge
in a molecule is categorized into two distinct concepts: charge migration and charge
transfer. This convention, as outlined in prior studies [54, 60], defines charge migra-
tion (CM) as a purely electronic phenomenon driven by the electronic coherence of
superposed states. Whereas charge transfer (CT) is associated with the motion of elec-
tronic charge coupled to nuclear re-arrangement and ultimately results in a permanent
transfer of charge.

Charge Migration and Electronic Coherence

Before the introduction of attosecond pulses in molecular spectroscopy, research on
the fragmentation of small peptides raised an interesting query: What causes peptides
to dissociate at molecular sites distant from the initial ionization point? [61]. This ques-
tion stimulated extensive theoretical research [60, 62] on the existence of purely elec-
tronic processes occurring before any nuclear rearrangement. Such behaviour was
attributed to an ultrafast, entirely electronic charge redistribution within the ionized
species. This process, driven by electron correlation and maintained by coherence
among various electronic states, was named charge migration.

As exemplified in Fig. 1.6, for the case of a hydrogen molecular ion (H+
2 ), CM

occurs when a coherent superposition of two (or more, in some cases) states is created.
In our simple scenario, we assume a coherent superposition of the π and π∗ orbitals
of H+

2 in a fixed-nuclei configuration, and we observe its evolution:

|ΨH2⟩ = cπ |ψπ⟩ e−iϵπt + cπ∗ |ψ∗
π⟩ e−iϵπ∗ t (1.14)

|ΨH2(r, t)|2 ∝ Re{cπc∗π∗ψπψ
∗
π∗ei(ϵπ−ϵπ∗ )t)} (1.15)

If any nuclear motion is neglected, the superposition leads to a periodic (≈ 300 as)
charge motion between the two hydrogen nuclei.
From this basic example, several key insights about charge migration can be deduced:
i) CM is intrinsically periodic. Since nuclear motion has not yet occurred, the elec-
tronic states remain unchanged, allowing for free charge oscillation across the molec-
ular system. ii) CM occurs exclusively when the orbitals are coherently populated,
necessitating a wavefunction with clearly defined and balanced weights, cπ and cπ∗

in Eq.(1.15). iii) The electronic states involved must exhibit spatial overlap, i.e. the
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Figure 1.6: a)2D visualization of the anti-bounding, π∗, and bounding, π, orbitals isosurfaces (at 0.99, red and
0.75, blue) inH+

2 , calculated as a linear combination of hydrogen-like atomic orbitals. The energy
distance between levels is estimated to be ≈ 11.8 eV. A coherent superposition of these states is
simulated in the lower part of the figure, showing a periodic chargemigration process between the
two protons. b)Projection of the normalized probability distribution of the wavefunction (Eq. (1.15))
across the y-axis as a function of time during the charge migration.

product ψπψπ∗ is nonzero.
Due to these specific requirements, the experimental observation of charge migration
took several years after its theoretical prediction. The first empirical evidence was ob-
tained in 2014 with the detection of a 4-fs CM in phenylalanine [36], followed by the
observation of a 2-fs CM in iodoacetylene in 2015 [63].

Two major challenges in these experiments are to select the appropriate pump-
pulse, which starts the coherent superposition of states, and a physical observable that
grants sub-femtosecond resolution. As a result, the preferred methods for tracking
CM in molecules have been either isolated attosecond pulses [36, 64, 65] or short
intense infrared pulses [44, 63]. Due to the nature of the pump pulses, the main
focus of the community has been CM in ionized molecules. However, recent studies
have also highlighted the feasibility of investigating CM in neutral species [66].

Another significant challenge in observing CM is decoherence (and/or dephas-
ing), typically caused by nuclear motion[44, 67, 68], which often begins after just a
few-fs. As a result, charge migration is often expected to gradually weaken as nuclear
motion intensifies. However, it is interesting to note that under certain conditions,
if coherence is sustained sufficiently long, one might observe a damped yet coherent
revival of CM following the initial dephasing [44].

As nuclear rearrangement occurs, the electronic wavepacket may encounter a
conical intersection [69], defined as regions on the molecular potential energy sur-
face where two electronic states intersect at a point. In the vicinity of this singularity,
electron dynamics decelerate to the femtosecond scale, facilitating a permanent en-
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ergy exchange between states. This process can lead to a permanent redistribution of
charge, which might also eventually cause molecular dissociation [70].

Thus, both nuclear motion and the permanent transfer of energy between elec-
tronic states play pivotal roles in linking charge migration with the crucial subsequent
process of charge transfer.

Charge Transfer and Ultrafast Dynamics

Charge transfer, a fundamental process observed across various systems regardless of
their size or nature, necessitates two key components: a donor site, with an elec-
tronic reservoir, and an acceptor site, where the electrons are pulled towards [54].
This movement of charge is typically triggered by excitation or ionization (i.e. re-
moval of an electron). Following the trigger, the electronic charge is moved from the
donor to the acceptor, where it is either stored or leads to molecular fragmentation.
The diversity of charge transfer phenomena is shaped by the chemical characteristics
of the donor and acceptor groups, as well as by factors such as the system size and
its molecular environment. This variety in charge transfer types captures the interest
of various interdisciplinary scientific communities, each focusing on different aspects
and implications of these phenomena.

Intramolecular charge transfer (ICT) is the most basic example, where charge
transfer is mostly defined by short-time-scale dynamics as the molecule typically evolves,
after excitation/ionization, in the proximity of conical intersections, leading to rapid
energy exchange. The study of ICT set the basis of molecular optoelectronics (e.g.
molecular nano-wires)[71], fast electro-optical switches and photovoltaics [72].

Another example is the study of metal-to-ligand charge transfer (MLCT) in metal
complexes [73]. In MLCT, excitation typically transfers an electron from an orbit
primarily localized on a metal center to one primarily localized on a ligand. The
absorption of light stimulates the transition of an electron from the metal d-orbital
(the donor) to the ligand π∗ orbital (the acceptor), creating an excited state where
electron density shifts towards the ligand. This phenomenon plays a crucial role in
photovoltaic applications [74], e.g. it can be used as the driving mechanism for charge
injection in nanoparticles [75]. Conversely, the opposite process is also possible. In
ligand-to-metal charge transfer (LMCT), the ligand acts as the donor and the metal
center as the acceptor. LMCT mechanisms have important consequences in applica-
tions such as photo-catalysis[76].

As the system grows in size, intermolecular charge transfer in the presence of sol-
vents, intermolecular charge transfer in proteins and photo-catalytic compounds also
becomes possible and is the main line of research bridging the information gathered
with ultrashort time-resolution with real-life applications [56, 77, 78].

In the following discussion, I will focus on ICT (CT, for simplicity) in isolated molec-
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ular systems. In quantum mechanics, a molecule is a non-trivial entity [79].
The molecular wavefunction, within the Born-Oppenheimer approximation, can be
expressed as:

|Ψ⟩ = |ψe(R, r)⟩ ⊗ |χN (R)⟩ (1.16)

where |ψe(R, r)⟩ is the electronic wavefunction, defined by the particular nuclear ge-
ometry {R}, and |χN (R)⟩ is the nuclear wavefunction.
This approach facilitates the formulation of potential energy surfaces, E(R), derived
by solving the equation below for all possible electronic states at a given nuclear con-
figuration (assuming fixed nuclei):

Ĥel |ψe(R, r)⟩ = E(R) |ψe(R, r)⟩ (1.17)

In this context, Ĥel is the electronic Hamiltonian, accounting for all the interactions
such as electron-nuclei and electron-electron, excluding the nuclei kinetic energy.
E(R) is a multi-dimensional surface which can be described as a function of all the
possible reaction coordinates ({q}), which essentially are linear combinations of the
nuclei positions {R}.
As sketched in Fig. 1.7a), the most basic molecular system suitable for charge transfer
can be conceived as two offset parabolic curves (UD and UA) along a certain reaction
coordinate, q.
In its most basic physical interpretation, see [55]; charge transfer is encoded in the
transition rate of an initial molecular population, PD(t), from the donor electronic
state(s) |ψe(qD, r)⟩D) to an acceptor state(s) |ψe(qA, r)⟩A). This transition repre-
sents the depletion of PD(t) describable using a rate equation:

∂tPDr(t) = −kCTPD(t) (1.18)

where kCT is the charge transfer rate.
Determining kCT is a complex task. Nevertheless, under certain assumptions: i)

the charge transfer initiates from the potential minimum of UD, ii) UD and UA share
the same vibrational frequency (ωvib) and iii) the vibrational states follow a Maxwell-
Boltzmann distribution, an analytical formula can be derived [55]:

kCT ∝ e
− Eλ

4kBT
(1−∆E

Eλ
)2 (1.19)

Here, as depicted in Fig. 1.7a), ∆E is the energy gap between the two minima⁵,
and Eλ = 1

2ωvib(qA − qD)
2 is the reorganization energy. Equation (1.19), which

emerges from quantum mechanical principles[55], coincides with what the more in-
tuitive chemical derivation followed in 1959[58].

⁵In Marcus theory [58], ∆E = −∆G, with G being the Gibbs free energy, which is more appro-
priate in scenarios like molecules in a solution.
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Figure 1.7: a) Sketch of the charge transfer process, showcasing the electronic wavefunction redistribution
from the donor group versus toward the acceptor group. This transition occurs by moving across
distinct potential energy surfaces: the donor curve in blue and the acceptor in orange. b) Visual-
ization of photo-induced charge transfer, and the attempt of following the wavepacket dynamics
across the surfaces. The figure highlights the limitations of the simple assumptions used in deriving
Eq. (1.19).

While Eq. (1.19) holds significant practical value in various contexts, as recognized
by the Nobel in 1992, its physical description of charge transfer primarily pertains to
longer time scales where macroscopic reactions happen. Nonetheless, many key fea-
tures of this process lie in its ultrashort dynamics, during which numerous assump-
tions of basic charge transfer theory become inapplicable.

In our ultrafast domain, we focus on the rapid evolution of the wavepacket in
photo-induced charge transfer processes. As illustrated in Figure 1.7b), the donor
wavefunction population is created by a vertical photo-ionization (or photo-excitation)
event, thus making, for example, the assumption of a thermal distribution near the qD
minimum obsolete. Moreover, given that the electronic wavepacket can develop near
conical intersections (in the figure, where the blue and red curves intersect), there is
often a strong coupling between the nuclear and electronic degrees of freedom, break-
ing down the validity of the Born-Oppenheimer approximation.

Consequently, investigating the mechanisms that govern and direct charge trans-
fer on such ultrashort timescales remains an essential task for the scientific community
[54]. To unravel the ultrafast physics of charge transfer, new experiments with few-
femtosecond resolution and innovative theoretical approaches are essential.

1.3.2 Experimental techniques: tr-PES, ATAS and ions-fragmentation

As highlighted in previous sections, accurately measuring time-dependent processes,
such as charge transfer or charge migration in molecules, requires two key compo-
nents: i) an appropriate ”pump” event to initiate the dynamics and a suitable ”probe”
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for sampling the ultrafast process at specific points in time, and ii) an experimental
technique that encode the information into a physical observable.

Figure 1.8: a) Sketch of possible pump-probe sources at the core of attosecond spectroscopy. b) Sketch of the
basic set of physical observables used in attosecond experiments in molecular systems.

As depicted in Fig. 1.8, over the years, different combinations between pump/probe
pulse configurations (extending from the attosecond to the femtosecond range) and
physical observables (including photons, electrons, ions) have been chosen to con-
duct many experimental investigations on CT/CM in molecular systems, here few
example:

• An increasingly popular method for examining these charge dynamics is at-
tosecond transient absorption spectroscopy (ATAS) [80]. This technique in-
volves exciting (pumping) the sample with few-femtosecond visible (VIS) or
near-infrared (NIR) pulses, followed by probing the resulting dynamics with
attosecond pulses, often with element-specific sensitivity. In this case, the phys-
ical observable is the transmitted spectrum of the attosecond radiation after the
interaction. ATAS has been utilized to trace charge dynamics, whether CM or
CT, through conical intersections in diatomic molecules like iodine monobro-
mide (IBr) [81], in polyatomic molecules such as methyl bromide (CH3Br)
[82], and in cations like ethylene (C2H+

4 ) [83], methane (CH4+) [84], as well
as in neutral silane (SiH4) [44].

• High harmonic spectroscopy, an interferometric technique, resolves charge dy-
namics in molecules by using intense fs-laser pulses as the pump and the gen-
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erated high-order harmonics as both the ”probe” and the physical observable
[63].

• As an alternative, also attosecond photoemission spectroscopy can offers key
insights into both pure electronics (as in CM) and coupled electron-nuclear
dynamics in molecules (as in CT). In this case, extreme-ultraviolet attosec-
ond pulses initiate (pump) dynamics by removing an electron from the va-
lence orbitals, while femtosecond VIS-NIR pulses control (probe) the subse-
quent dynamics, often in a non-perturbative way. Typical physical observables
include the photoelectron kinetic energy, as in time-resolved photoemission
spectroscopy (tr-PES), or the ion spectra (ion-photo fragmentation pathway),
recorded as a function of the pump/probe delay. This technique has been ap-
plied to observe charge migration in aromatic amino acids such as phenylala-
nine and tryptophan [36, 85], the photodissociation dynamics (CT) of ethylene
cation C2H+

4 [86, 87], and the rapid energy relaxation following ionization by
20-fs XUV pulses in planar polycyclic aromatic hydrocarbons (PAHs) of in-
creasing sizes [88].

New techniques are currently explored using different pulse configurations, new de-
tection schemes, or both. These include attosecond pump-attosecond probe spec-
troscopy, in either free electron laser facilities [33] or with high-order harmonic gen-
eration sources [89], which promise to achieve intrinsic attosecond time resolution.
Additionally, methods employing few-fs-tunable ultraviolet pulses [90, 91] combined
with an attosecond probe are currently under development to study, in the near fu-
ture, the ultrafast charge dynamics in the neutral states of molecular sample. Finally,
more advanced choices for observables, such as time-resolved coincidence ion-electron
spectroscopy [92], are also currently being investigated.
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1.4 Thesis overview

As outlined in the previous section, two key efforts are essential for progressing at-
tochemistry: i) the development, or refinement, of attosecond tools to enhance the
reliability and/or the resolution in measuring ultrafast dynamics, and ii) the combina-
tion of new experimental and/or theoretical approaches to deepen our understanding
of ultrafast charge dynamics processes.

During my PhD, I addressed both aspects by improving the current knowledge on
table-top attosecond sources and exploring charge transfer processes in prototypical
donor-acceptor molecular systems. For each of these aspects, I attempt to summarize
the motivation behind them as simple, straightforward inquiries. These questions are
positioned at the beginning of each key section and are revisited and answered at the
end of the same section.

Chapter 2 presents a thorough examination of the underlying physics of HHG.
As elucidated, HHG arises from the intricate interplay between the response of a
single atom to an intense driving field and the coherent response of a vast ensemble
of individual emitters. Accordingly, this chapter delves into the fundamental aspects
of the microscopic response, employing both classical models and ab initio quantum
mechanical derivations, as well as exploring the macroscopic properties essential for
the efficient generation of attosecond pulses.

Chapter 3 details our experimental and theoretical achievements in attosecond
technology in three primary areas: i) optimizing the efficiency of high-order har-
monic generation sources, ii) fine-tuning the spatial properties of HHG to minimize
spatial aberrations, and iii) developing innovative and flexible methods for generating
isolated attosecond pulses.

Chapter 4 presents our recent experimental and theoretical efforts in investigat-
ing the ultrafast photophysics of prototypical donor-acceptor systems. The aim is
to unravel the key mechanisms at play in the initial stages of charge transfer, which
ultimately influence the fate of subsequent dynamics. The findings contribute signif-
icantly to a more comprehensive understanding of the early-stage photo-physics of
donor-acceptor molecules, which is highly relevant to fields such as photovoltaics and
molecular optoelectronics.

Chapter 5 gives a summary of the results and a general outlook on future research
direction.
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Chapter 2

High-order Harmonics Generation

Within the complex domain of semiclassical light-matter interactions, our focus nar-
rows to a specific phenomenon: the generation of attosecond pulses through High-
order Harmonic Generation (HHG). As mentioned in Chapter 1, this process typi-
cally involves focusing an intense laser field onto a noble gas target. Although other
targets (molecules, solids, liquids) are feasible, for historical and practical reasons, our
analysis will consider only noble gases within the single active electron approximation,
which remains a robust approximation in many scenarios.

HHG itself is an intricate process. Generating attosecond pulses effectively depends
on two crucial aspects: firstly, the microscopic response of individual atoms, which
must support the creation of ultrashort pulses via this highly non-linear process, and
secondly, the macroscopic collective and in-phase participation of an ensemble of
atoms to the process (i.e. generating medium). Thus, to describe HHG, we need to
combine a microscopic description of matter with a macroscopic view of the genera-
tion of electromagnetic radiation from an extended gas medium.

From a microscopic perspective, the key to describing HHG is outlining the
physics of the interaction between an intense laser field and an individual atom. This
requires a quantum mechanical description of how a time-dependent electromagnetic
field influences the time evolution of the atomic wavefunction. On the macroscopic
level, the challenge is understanding how multiple emitters can coherently sum their
radiation in an extended medium where the laser field, driving the HHG process at
the microscopic level, varies spatially (and temporally). Indeed, in a standard HHG
setup, the number of emitters is substantial,> 1015; hence, phase matching is pivotal
in harmonic generation.

In this chapter, after an initial overview of the fundamental elements of any light-
matter interaction theory (Section 2.1), we will delve into the physics of both factors
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impacting HHG: a complete description of the microscopic response to an intense
laser field, both from a classical and quantum perspective (Section 2.2) and macro-
scopic phase-matching (Section 2.3).
The microscopic and macroscopic discussions are crucial for a comprehensive under-
standing of the key results of this dissertation presented in Chapter 3. Moreover,
these models offer the possibility of engineering reliable attosecond pulse sources, a
fundamental step if one wants to harness this radiation for attosecond chemistry ex-
periments (Chapter 4).

2.1 Semiclassical laser-matter interaction

In semiclassical light-matter interaction theory, light is treated as a classical field, fol-
lowing microscopic Maxwell’s equations (in SI units):

∇×E = −∂tB ∇ ·E =
ρ

ϵ0

∇×B =
1

c20
∂tE+ µ0J ∇ ·B = 0

E =−∇A0 − ∂tA B = ∇×A

(2.1)

where (E,B) represent the electromagnetic field, (−A, A0) the four-vector poten-
tial, and (ρ, J) are the density of charges and the density of current, respectively.
Matter, instead, within a single active electron picture, is described via the time-
dependent Schrödinger equation (TDSE) (in SI units):

Ĥ |ψ⟩ = iℏ∂t |ψ⟩ (2.2)

where Ĥ is the light-matter interaction Hamiltonian.
In a generic α-gauge (see Appendix A), Ĥ is expressed as:

Ĥ =
1

2m
(p̂ + eA(α))2 − eA

(α)
0 (2.3)

with p̂ the momentum operator, (−A(α), A
(α)
0 ) the electromagnetic four-vector po-

tential, in the specificα-gauge, and e the modulus of the electron charge, or elementary
charge.

2.1.1 Light-Matter interaction: From the perspective of light

From the perspective of light, its interaction with matter is bidirectional; light changes
matter and matter can change light. Indeed, light can be absorbed, scattered, and
generated. One of the processes at the core of generation of light is a time-varying
charge distribution, e.g. an oscillating dipole [93].
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Dipole radiation is a widely studied phenomenon that bridges the quantum de-
scription of matter, a single electron in our context, with the propagation and gener-
ation of electromagnetic radiation. The relation establishing the connection between
the Schrödinger equation (Eq. (2.2)) and Maxwell’s equations (Eq. (2.1)) is:

ρ(r, t) = −e|ψ(r, t)|2 (2.4)

where ψ(r, t) = ⟨r|ψ⟩ represents the electron wave function in space.
According to classical electromagnetism:

d(t) =
∫
R3

rρ(r, t)dr (2.5)

Hence, combining Eq. (2.5) with Eq. (2.4), we find:

d(t) = −e
∫
R3

r|ψ|2dr = −e
∫

rψ∗(r, t)ψ(r, t)dr = −e
∫

r ⟨ψ|r⟩ ⟨r|ψ⟩ dr =

= −e
∫

⟨ψ| r̂ |r⟩ ⟨r|ψ⟩ dr = −e ⟨ψ| r̂(
∫

|r⟩ ⟨r| dr) |ψ⟩ = −e ⟨ψ| r̂ |ψ⟩

where we have exploited the position operator r̂ and its property of completeness to
derive the following trivial expression:

d(t) = −e ⟨ψ(t)| r̂ |ψ(t)⟩ (2.6)

This dipole expectation value is pivotal in our semi-classical framework, and it allows
us to investigate the properties of many interesting mechanisms, such as the emission
of high-order harmonics and attosecond pulse generation.

Single emitter

To model the generation of an electromagnetic field from a known oscillating dipole,
d(t), the result of Eq. (2.6) has to be incorporated as a source term in Eq. (2.1). For
example, for a single emitter (i.e. atomic antenna), within the dipole approximation,
the electric field generated is given by [93]:

E(r, t) =
∫ +∞

−∞
dω

ω2

4πϵ0r
(n × d̃(ω)× n)eiω(t−

r
c0

)
+ c.c. (2.7)

where r denotes the modulus of the position r, n is its normalized vector, and d̃ is the
Fourier transform of the electric dipole, defined as:

d̃(ω) =
∫ +∞

−∞
d(t)e−iωtdt (2.8)
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Multiple emitters: propagation equation

In a scenario with multiple emitters, we must rely on macroscopic equations to de-
scribe the medium where the electromagnetic field is collectively generated. The equa-
tion governing this process, derived from macroscopic Maxwell’s equations, is the
standard wave equation:

[∇2 − 1

c2
∂2t ]E = µ0∂

2
t P (2.9)

where P is the general medium polarization, enscribing all possible linear and non-
linear processes. The polarization is locally defined by the individual electric dipoles,
d(r, t), within the medium, as well as their local density, n(r, t), following:

P(r, t) = n(r, t)d(r, t) (2.10)

2.1.2 Light-Matter interaction: From the perspective of matter

To give practical meaning to the dipole described in Eq. (2.6), it is crucial to solve
quantum mechanics equations and assess the influence of an electromagnetic field
on matter. Specifically, in the scenario of a single active electron, the Schrödinger
equation, here expressed in atomic units (a.u.), has to be solved:

Ĥ |ψ⟩ = i∂t |ψ⟩ (a.u.) (2.11)

As sketched in Chapter 1, the exact solution to Eq. (2.11) is given by:

|ψ, t⟩ = |ψ(t)⟩ = e
−i

∫ t
t0

Ĥ(t′)dt′ |ψ(t0)⟩ (2.12)

here, advanced time-propagator tools [94] are employed.
A detailed explanation of this peculiar exponential operator, which allows us to de-
scribe the complete temporal evolution of a quantum state, initialized in |ψ(t0)⟩, is
reserved for Appendix A.

As observed, the semiclassical light-matter interaction Hamiltonian is gauge-
dependent. Hence, under the dipole approximation, E(r, t) ≈ E(0, t), the Hamil-
tonian shown in Eq. (2.3) can be expressed in two equivalent forms:

Ĥ(l) = −1

2
∇2 − ϕ+ r̂ ·E(t) (2.13)

Ĥ(v) =
1

2
(p̂ +A(t))2 − ϕ (2.14)

where the first equation represents the length gauge Hamiltonian,Ĥ(l), and the sec-
ond one denotes the velocity gauge Hamiltonian, Ĥ(v), with ϕ being the Coulomb
potential (∝ +1/r).
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As detailed in Appendix A, the gauge-variance of Schrödinger equations is a fas-
cinating subject; the main consequence is the gauge dependence of the wavefunction
|ψ⟩(α). A useful outcome for the subsequent discussion is a simple rule for transitions
between gauges:

|ψ⟩(l) = e+îr·A |ψ⟩(v) (2.15)

Thus, the wavefunction solving Eq. (2.13) differs from that in Eq. (2.14) by a global
phase shift. This finding is essential for constructing a coherent gauge-invariant phys-
ical theory where physical observables remain unaffected by the choice of gauge.

In essence, the goal of our HHG discussion is to get direct insight into the time-
dependence of the dipole matrix element d(t) (Eq. (2.6)) and use it to predict the
properties of the HHG radiation from either a single emitter (microscopic models)
or from an extended medium (microscopic and macroscopic models). This can be
achieved by finding the proper time evolution of the wavepacket of Eq. (2.11) in the
presence of an intense driving field.
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2.2 Microscopic aspects of HHG

Quantum mechanics is fundamental to understanding high-order harmonic genera-
tion. Yet, sometimes, even intricate phenomena can be elucidated through ”classical”
arguments. In our case, HHG can be commonly explained using a straightforward
ballistic model known as the three-step model [22, 23, 95]. Conceived between 1992
and 1993, this model, despite its simplicity, successfully captured essential aspects of
HHG and paved the way to a more detailed quantum formalism developed in 1994
[21]. As illustrated in Fig. 2.1, HHG can be described as the consequence of three
subsequent steps of light-matter interaction.

When an intense laser field (≈ 1014W/cm2), typically in the infrared spectral
region (IR), impinges on an atomic target, the Coulomb potential is bent, creating a
potential barrier. One of the valence electrons can undergo tunnel ionization, and it is
ejected into the continuum. Following ionization, the freed electron propagates in the
continuum, driven by the laser electric field (Lorentz’s force). As the electric field re-
verses, the electron trajectory also changes, bringing it back to its parent ion. The final
stage in the HHG process is the recollision step, where the electron, having returned
to the proximity of its initial ionization site, has a certain probability of recombining
with the parent ion. During recombination, the kinetic energy accumulated by the
electron during its motion in the continuum is released in the form of a high-energy
photon, which, under the standard generation conditions, is typically in the XUV
spectral range (≈ 10−100 eV). Yet, by properly tuning the intensity and wavelength
of the driving field, the photon energy can be even extended in the keV region.

Figure 2.1: Sketch of the three-step model in HHG: i) tunnel ionization from the parent ion. ii) motion in
the continuum driven by the IR field (continuous red line). iii) Recombination and emission of an
attosecond burst of extreme ultraviolet light.

Since an electron is freed around each electric field maximum, the described process
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reiterates every half-cycle of the driving field, leading to the generation of a train of
attosecond pulses, as observed, for the first time, in 2001 [96].
The central focus of the three-step model is to analyze all possible electron trajectories
as a function of the instant of recombination for different laser field conditions, in-
tensity and wavelength. As detailed in the next paragraph, this simple model allows
us to identify crucial properties of the HHG process, such as the maximum photon
energy, i.e. cut-off, see Fig. 1.3.

An extension of the three-step model was proposed in 2018 [97, 98], which we
will call γ-model from now on. The γ-model provides a more comprehensive analysis
of the kinetic energy of the different trajectories as a function of the recombination
instant and, therefore, gives more direct insight into the change of the emitted pho-
ton energies as a function of time. Starting from this model many crucial features
of the harmonics can be predicted, such as the attosecond-chirp[98], spatio-temporal
properties [99, 100, 101] and, even, general macroscopic phase matching trends [102].

A three-step model-based description is sometimes insufficient, and a quantum ap-
proach is needed. As detailed later in this section, the quantum framework used to
describe HHG is more subtle and requires more advanced tools.

2.2.1 Three-step model and γ-model

In this paragraph, we derive the γ-model starting from standard three-step model con-
siderations. These results will be used as the starting point for the discussion presented
in Section 3.2.

Three-step model: Analysis of the kinetic energy of photoelectron trajectories

Let us consider an electron moving in the continuum after tunnel ionization. The
Newton equation of motion for the free electron in the laser electric field E(t), as-
sumed to be linearly polarized along the x-direction E(t) = E(t)ux, is:

ẍ = − e

me
E(t) (2.16)

where e and me are the absolute values of the electron charge and mass, respectively.
By integrating Eq.2.16, the velocity ẋ = v(t) of the electron can be written as:{

v(t)− v(−∞) =
∫ t
−∞− e

me
E(t̃) dt̃

x(t)− x(−∞) =
∫ t
−∞ v(t̃) dt̃

(2.17)

In our ”quasi”-classical picture, tunnel ionization can happen at any instant, t′. Con-
sequently, to describe a generic electron trajectory created at time, t′, and propagating
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in the continuum until t, the previous system of equations has to be adapted as fol-
lows: {

vt′(t)− v(t′) =
∫ t
t′ −

e
me
E(t) dt

xt′(t)− x(t′) =
∫ t
t′ v(t) dt

(2.18)

In this way, vt′(t) = v(t, t′) represents the time-evolution of the velocity for a specific
electron trajectory created at the time t′.

For simplicity, we assume the driving laser as a monochromatic cosinusoidal field
with angular frequency ω0 (for a non-monochromatic field, simple numerical calcu-
lations can be pursued).

E(t) = E0cos(ω0t) (2.19)

where E0 is the electric field amplitude.
In the following, we adopt a reference frame centered at the parent ion, so that the
photoelectron emitted at time t′, starts its motion from x(t, t′) = 0. The final as-
sumption is that each photoelectron has zero momentum, which implies v(t, t′) = 0
for every trajectory. Consequently,

v(t, t′) = − eE0

meω0
[sin(ω0t)− sin(ω0t

′)] (2.20)

and,

x(t, t′) =
eE0

meω2
0

[cos(ω0t)− cos(ω0t
′) + ω0(t− t′)sin(ω0t

′)] (2.21)

These final expressions provide a general solution for the classical trajectories of an
electron for each possible photoionization instant t′. For practical purposes, it is
relevant to highlight the connection of these trajectories with the associated return
time (or recombination time tR) of the electron to the parent ion. To do so, we
numerically solve the equation x(tR, t′) = 0 for t > t′. Once the returning time is
identified, we can use it to determine the energy of the XUV photon emitted during
the recombination step for each trajectory, ℏΩ(tR, t′). Denoting ℏΩp = Ip as the
ionization potential of the atom, we can write:

ℏΩ(tR, t′) = ℏΩp+
1

2
mev

2(tR, t
′) = Ip+

1

2
Up[sin(ω0tR)− sin(ω0t

′)]2 (2.22)

where

Up =
(eE0)

2

4meω2
0

(2.23)

is the ponderomotive energy of the photoelectron, representing the average kinetic
energy of the electron in the laser field.
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This simple equation (Eq. (2.22)) can be used as the starting point of numerical sim-
ulations to evaluate the final kinetic energy of the various recombining trajectories for
a generic electromagnetic field.

Figure 2.2: Numerical simulation solving the classical equation of motion for the electron in a 100-fs IR (centred
at 800 nm) and peak intensity of 8 × 1014 Wcm−2. The analysis is confined to a 6-fs temporal
window around the intensity peak. a) Set of the recombining trajectories over laboratory time
and their distance from the parent ion. The colour of each trajectory is associated with the kinetic
energy of the photoelectron at the instant of recombination. b) Plots the photon energy at the
instant of recombination, assuming an Argon target. The same color-scale is used between (a) and
(b), allowing easy identification of the final kinetic energy of the photoelectron trajectory and the
associated photon energy at the instant of recombination.

As depicted in Fig. 2.2, within each half-cycle (spanning 1-2 fs as shown in the
figure), two distinct categories of trajectories emerge: short and long trajectories, with
the former predominantly utilized in applications due to their cleaner spatio-temporal
properties. This simulation, based on the resolution of the three-step model equa-
tions, effectively illuminates several fundamental aspects of HHG: i) the inherent
sub-femtosecond character of the recombining electron trajectories, which is consis-
tent with the generation of attosecond pulses, and ii) the cyclical repetition of these
pattern in each half-optical cycle, approximately 1.25 fs. Consequently, as expected,
Fig. 2.2 points towards the generation of a train of attosecond pulses.

Moreover, as demonstrated analytically in [95, 98] or through numerical con-
sideration, the maximum kinetic energy of the photoelectron can be approximated
as Ek,max ≈ 3.17Up. Consequently, the maximum energy of the XUV photon is
determined by the well-known cut-off law.

ℏΩc ≈ Ip + 3.17Up (2.24)

This result, combined with Eq. (2.2.1), underscores the proportionality between the
photon energy and the square of the driving field wavelength, ℏΩc ∝ λ20. Therefore,
an effective strategy for achieving photon energies within the keV range is to employ
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longer wavelengths, thereby increasing the electron travel distance in the continuum
[29].

The γ-model: attosecond chirp

The fundamental insight at the basis of the γ-model, also evident from the three-step
model[95], is the observation that as a consequence of the energy dispersion of the
electron trajectories (see Fig. 2.2) different photon energies are emitted at distinct
times. This implies that the produced attosecond radiation inherently exhibits an
energy (frequency) chirp caused by the dispersion of the recombination trajectories.
Specifically, within each half-laser cycle, it is noted that photoelectrons following the
short trajectory lead to positively chirped attosecond pulses (i.e., dΩ(tR)

dtR
> 0), whereas

those on the long trajectories result to negatively chirped pulses (i.e., dΩ(tR)
dtR

< 0).
This intrinsic phase contribution to the HHG process is called dipole phase

The goal of the γ-model [98] is simply to obtain quantitative insights into this
phase and into the attosecond chirp by linearizing the short (or long) trajectory curve.
As depicted in Fig. 2.3 for the short trajectories, the energy dispersion curve of the
generated XUV photon energy vs recombination time is linearized around the mid-
point of the cutoff region, ℏΩc+Ωp

2 .

Figure 2.3: Sketch of the linearization procedure used in the γ-model for the electron trajectories. Here re-
ported for a particular numerical simulation (100-fs pulse centred at 800-nm, 8 × 1014 Wcm−2,
Argon). The linearization allows for an easy determination of the attosecond chirp of the short-
trajectories.

By defining tp, the linearized return time associated with the XUV frequency,
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Ωp, and tc, the time at which the cut-off energy crosses the tangent curve, we can
invert Eq. (2.22) and obtain a straightforward equation for the recombination time
as a function of photon frequency, Ω:

tR(Ω) ≈ tp +
tc − tp
Ωc − Ωp

(Ω− Ωp) (2.25)

Consequently, the spectral phase Φ(Ω) of the emitted attosecond pulses is given by
the integral of Eq. (2.25), so that:

Φ(Ω) = Φ(Ωp) + tp(Ω− Ωp) +
tc − tp
Ωc − Ωp

(Ω− Ωp)
2

2
(2.26)

The quadratic terms of Eq.(2.26) are the source of the attosecond chirp in HHG. It
can be easily shown[98], exploiting Eq. (2.24), that:

tc − tp
Ωc − Ωp

=
2γ

I
(2.27)

where I = 1
2ϵ0E

2
0 represents the local intensity of the laser, and γ is a parameter

determined by the chosen laser wavelength. Specifically, for a wavelength of λ = 800
nm, γ is assigned values of γs = 1.03 × 10−18s2W/cm2 for short trajectories and
γl = −0.874× 10−18s2W/cm2 for long trajectories.

Therefore, we arrive at the γ-model equation for the dipole phase that serves as a
foundation for subsequent discussion and as the starting point to understand the re-
sults on the spatio-temporal chromatic aberration of HHG radiation, presented in
Section 3.2:

Φi(Ω) = αI + tp(Ω− Ωp) +
γ

I
(Ω− Ωp)

2, (2.28)

whereα is a intensity-independent constant equal to αs ≈ 0, for the short trajectories
and αl = αfsλ

3/(2πmec
3) for the long trajectories [98] (with αfs the fine structure

constant).

2.2.1.1 Relativistic correction to γ-model

One can think to further expand the presented model and discussion by solving the
equation of motion for a free electron propagating in the continuum as a relativistic
particle subjected to both the electric and magnetic field [103, 104, 105].
A new and simple way to solve numerically this problem is here proposed.
In special relativity, the momentum of the particle is given by p = ζmv, where
ζ = 1√

1− v2

c2

, and c is the speed of light in vacuum.
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Using Newton’s equation formalism, the force acting on a relativistic particle is given
by:

F =
d

dt
(ζmv) =

d

dt
ζmv + ζm

d

dt
v (2.29)

Following this formulation, it can be shown that:

d

dt
ζ =

ζ3

c2
v · d
dt

v (2.30)

Hence, we can rewrite the force as:

F = mζ
d

dt
v +m

ζ3

c2
(v · d

dt
v)v (2.31)

By evaluating the scalar product from both sides of Eq. (2.31), we obtain:

F · v = mζ
d

dt
v · v +m

ζ3

c2
v2
d

dt
v · v = mζ3

d

dt
v · v( 1

ζ2
+
v2

c2
) = mζ3

d

dt
v · v

(2.32)

where 1
ζ2

+ v2

c2
= 1.

We can exploit this result to modify Eq. (2.31) as:

mζ v̇ = F − (
1

c2
F · v)v (2.33)

In a strong field regime, we can disregard the impact of the motion of the electron on
the electromagnetic field. Therefore, to describe light-matter interaction in this clas-
sical framework, can use the Lorentz force. Thus, following Eq. (2.33), the system of
equations for the motion of the relativistic electron in a time-varying electromagnetic
field assumes the following form:{

mζ(t)v̇x(t) = −eEx(t) + evz(t)By(t) +
1
c2
eEx(t)v

2
x(t)

mζ(t)v̇z(t) = −evx(t)By(t) +
e
c2
Ex(t)vx(t)vz(t)

(2.34)

where E and B are the externally applied electric and magnetic fields.
The object presented in Eq. (2.34) is a non-linear system of differential equations,
which is not trivial to solve.
Nevertheless, in our regime, the relativistic motion of the particle is expected to be a
minor correction from the classical scenario. Therefore, we can exploit the following
iterative procedure to find a numerical solution.
Let us call (vNR

x (t), vNR
y (t)) the solution obtained (numerically) from the non-

relativistic system of equations (Eq. (2.18)), assuming a specific emission time t′.
Then, we can linearize the system as follow:{

mζNRv̇x(t) = −eEx(t) + evz(t)By(t) +
1
c2
eEx(t)vx(t)v

NR
x

mζNRv̇z(t) = −evx(t)By(t) +
e
c2
Ex(t)v

NR
x vz(t)

(2.35)
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where ζNR is the relativistic factor calculated with the non-relativistic solution.
This procedure is now repeated by updating vNR

x , ζNR with the newfound solution
vix, ζ

i. It can be shown, that up to v ≈ 0.1c a couple of iterations is already sufficient
to have a negligible iteration error (ϵi = vix − vi−1

x ).

The newly derived equation (Eq. (2.35)) can be effectively used as the starting point
for numerical simulation with the aim of enhancing the γ-model. However, a com-
prehensive discussion on this topic is beyond the scope of this dissertation.
Yet, it could be shown, as expected, that the impact of this correction on the HHG
trajectories and key parameters (e.g. cut-off or attosecond chirp) is minor, ≈ 1% for
driving field wavelength ≈ 2µm at moderate intensity (8× 1014W/cm2).
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2.2.2 TDSE and SFA in HHG

While the three-step model (γ-model) provides significant insights into the HHG
process, it can only describe the continuum electron trajectories. As such, this model
does not explain the core mechanisms underpinning the ionization and recombina-
tion phases. Furthermore, being a classical model, it fails to elucidate why all poten-
tial photoelectron trajectories collectively and simultaneously contribute to the for-
mation of the attosecond pulse train. To highlight this point and the insignificance
of the question ”when does the photoemission event occur?” a quantum mechanical
approach is essential. Also, aspects such as precise characterization of the temporal
properties of the attosecond radiation, conversion efficiency, and other important as-
pects of the HHG mechanism remain unexplored within a ballistic model.

The goal of this next part is to provide a comprehensive understanding of microscopic
HHG, delving into its quantum mechanical nature. In essence, once the strong field
ionization step is properly described in the proper light-matter interaction frame-
work, HHG is conceptualized as the outcome of an interference between the part of
the wavepacket propagating into the continuum (all possible quantum trajectories)
and the wavefunction bounded to the atom. This coherent superposition of states
gives rise to an oscillating dipole, thereby emitting high-order harmonic radiation.

2.2.2.1 Atom in electromagnetic field: S-matrix solution

Let us consider an electron feeling both a hydrogen-like Coulomb potential, Φ ∝
+1/r, from its associated ion and an external electromagnetic laser field, within the
dipole approximation.
As extensively detailed in Appendix A, the first step to solve ab-initio this problem is
partitioning the Schrödinger equation (Eq. (2.12)) in two terms¹:

Ĥ = Ĥ0 + ĤI(t) (2.36)

where Ĥ0 = −1
2∇

2−Φ is the unperturbed Hamiltonian, and Ĥ(l)
I = r̂ ·E(t) is the

interaction Hamiltonian, in the length gauge (l).
It can be proved, through the use of Dyson’s equations (Appendix A.2), that another
exact solution of Eq. (2.2) (as an alternative to Eq. (2.12)) is:

|ψ(t)⟩ =− i

∫ t

t0

dt′e−i
∫ t
t′ Ĥ(t′′)dt′′ĤI(t

′)e
−i

∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩+

+ e
−i

∫ t
t0

Ĥ0dt′′ |ψ(t0)⟩
(2.37)

¹a different approach is the, so-called, Lewenstein model, based on the first quantum HHG-model
proposed in 1994 [21].
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This precise solution to the equation showcases something truly fascinating and note-
worthy. As illustrated in Chapter 1, Fig. (1.2), this solution to Schrödingerequations,
Eq. (2.37), can now be viewed as a superposition of quantum paths². Each path is
uniquely identified by an interaction time t′ with the external field. In essence, every
quantum path consists of an initial phase of evolution without the electromagnetic
field, governed by Ĥ0; a distinct ”kick” from the field, ĤI(t

′), at a specific time t′,
which uniquely identifies the path and redistribute the energy of the system; followed
by a final evolution influenced by both the field and the Coulomb potential, repre-
sented by Ĥ . While Eq. (2.37) might be complex to work with directly, it can serve
as a starting point for numerical calculations [6], more in-depth discussions [106], or
various approximations [7].

To describe photo-ionization, one could project Eq. (2.37) onto a specific contin-
uum state |ξ⟩. Consequently, c2ξ(t) = | ⟨ξ|ψ⟩ |2 represents the probability amplitude
of finding the electron in a continuum eigenstate at a given time t.
cξ is typically referred to as scatter-matrix amplitude, or S-matrix amplitude.

cξ(t) =− i

∫ t

t0

dt′ ⟨ξ| e−i
∫ t
t′ Ĥ(t′′)dt′′ĤI(t

′)e
−i

∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩+

+ ⟨ξ| e−i
∫ t
t0

Ĥ0dt′′ |ψ(t0)⟩
(2.38)

The latter term in Eq. (2.38) accounts for the quantum path where the atomic wave
function remains unaffected by the external field. Assuming the initial state coincides
with one of the unperturbed Hamiltonian eigenstates, we can express it as:

⟨ξ| e−i
∫ t
t0

Ĥ0dt′′ |ψ0(t0)⟩ = e−iE0(t−t0) ⟨ξ|ψ0(t0)⟩

In the framework of photoionization, this term is often overlooked. However, if the
final continuum state is not orthogonal to the bound states, it is, in principle, impor-
tant to consider it.

The first term of Eq. (2.38) is, instead, particularly noteworthy, as it is directly
influenced by the external field. It represents the probability that an initial state,
|ψ(t0)⟩, due to the field influence, transitions to a continuum state |ξ⟩, essentially
quantifying the probability of transitioning into the continuum. Hence, this term is
referred to as the time-reversed transition amplitude (or T-matrix amplitude), denoted
as aξ.

aξ(t) = −i
∫ t

t0

dt′ ⟨ξ| e−i
∫ t
t′ Ĥ(t′′)dt′′ĤI(t

′)e
−i

∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩ (2.39)

Eq. (2.39) is a fundamental result in strong-field physics. Additionally, it is also the
starting point of one of the most used approximations in Attosecond Physics: Strong
Field Approximation (SFA)[107, 108], presented below.

²A’ la Feynman
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2.2.2.2 Strong Field Approximation (SFA)

Let us simplify the exact solution given in Eq. (2.39) to derive the commonly used
strong field approximation formula[21, 107].

A key strength of the SFA is its lack of reliance on assumptions regarding the in-
teraction intensity relative to the binding potential, nor does it require precise knowl-
edge about the field(s) wavelength, a necessity, instead, in perturbation theory. This
provides considerable versatility and broad applicability [7], as long as the dipole ap-
proximation is valid [103]. Indeed, by employing SFA theory, we can extract insights
for modelling processes such as HHG [6, 108].

The key concept underlying SFA is the omission of the Coulomb interaction after
the interaction (kick) step. In other words, we assume that after ionization, the freed
electron does not feel the Coulomb potential from the atom. Consequently, we can
rewrite the T-Matrix evolution as follows:

a
(SFA)
ξ = −i

∫ t

t0

dt′ ⟨ξ| e−i
∫ t
t′ ĤF (t′′)dt′′ĤI(t

′)e
−i

∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩ (2.40)

where, in principle, H(l)
F = 1

2 p̂
2 + r̂ ·E(t).

Now, an important choice has to be made. Although, as stated at the beginning, we
are working with the length gauge Hamiltonian, H(l)

F , the free-field Hamiltonian has
an equivalent form in the velocity gauge, H(v)

F , expressed as:

H
(v)
F =

1

2
(p̂ +A(t))2 (2.41)

The gauge invariance of physical observables and of the final results might suggest the
feasibility of proceeding with either the length gauge or the velocity gauge. However,
this approach in SFA can lead to inconsistencies, resulting in a theory that appears to
be gauge-dependent, as highlighted in the literature [7, 106, 109].

In the following, I will derive the SFA amplitude in the length gauge. This deriva-
tion initially necessitates familiarity with a specific set of solutions using the free-
Hamiltonian in the velocity gauge, H(v)

F , known as Volkov states (refer to Appendix
A.3), followed by the application of suitable gauge transformations to go back to the
length gauge, as detailed in Appendix A.1. As various authors have noted in recent
years [7, 110], the length gauge results is the correct one that produces results closer
to TDSE.

The first step involves selecting an appropriate final state, ξ in Eq. (2.38), where
to project the wavefunction time evolution, |ψ(t)⟩ and evaluate photoionization. A
straightforward choice is to adopt the complete set of plane waves with momentum
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p, represented by eip·r. The corresponding SFA amplitude is then given by:

a(SFA)
p (t) = −i

∫ t

t0

dt′ ⟨p| e−i
∫ t
t′ ĤF (t′′)dt′′ĤI(t

′)e
−i

∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩ (2.42)

It is important to note, however, that while the momentum operator is always defined
as p̂ = −i∇̂, its interpretation is gauge-dependent, as elaborated in Appendix A.1.
Specifically, in the velocity gauge, the momentum aligns with the ”drift momentum”,
Pdrift, a conserved quantity.

p̂(v)(t) := π̂(t)−A(v)(t) = π̂(t)−A(v)(t) = Pdrift (2.43)

here, π̂(t) denotes the velocity operator, andA(v), the vector potential, which is equal
to the transversal component of the external field, A(v)(t) = A(t) = −∂tE(t).

Conversely, in the length gauge, where A(l) = 0, the momentum is equal to the
instantaneous velocity, and it oscillates in time guided by the field:

p̂(l)(t) = π̂(t) (2.44)

In the velocity gauge, as detailed in Appendix A.3, finding the solution of the Schrödinger
equation with just the free-field Hamiltonian using the propagator formalism is straight-
forward (see Appendix A.3. Eq. (79)); as a result, we can write:

⟨p(v)(t)| e−i
∫ t
t′

1
2
(p̂+A(t′′))2dt′′ = ⟨p(v)(t′)| e−i

∫ t
t′

1
2
(Pdrift+A(t′′))2dt′′ = ⟨Ψ(v)(t′)|

(2.45)

where p(v)(t′) = p(v)(t) = Pdrift is the eigenstate associated to |p(v)⟩, in the velocity
gauge³. From this result, we can define the semi-classical action Sp(t, t

′) as:

Sp(t, t
′) =

∫ t

t′

1

2
(Pdrift +A(t′′))2dt′′ (2.46)

As mentioned, our goal is to derive an SFA probability a(SFA)
p (t) within the length

gauge (l); therefore, a proper transformation rule between gauges must be applied,
see Eq. (2.15).

a(l)p (t) =− i

∫ t

t0

dt′ ⟨Ψ(l)(t′)| ĤI(t
′)(l)e

−i
∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩ =

=− i

∫ t

t0

dt′ ⟨Ψ(v)(t′)| e−îr·A(t′)r̂ ·E(t)e
−i

∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩
(2.47)

³We note how the evaluation of ⟨p(v)(t)| e−i
∫ t
t′

1
2
(p̂+A(t′′))2dt′′ propagates backward in time the

wavefunction to ⟨p(v)(t′)|, see Appendix A.3.
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Finally, we substitute in Eq. (2.47) the result obtained in Eq. (2.45),

a(l)p (t) = −i
∫ t

t0

dt′ ⟨p(v)(t)| e−i
∫ t
t′

1
2
(Pdrift+A(t′′))2dt′′e−îr·A(t′)r̂·E(t)e

−i
∫ t′
t0

Ĥ0dt′′ |ψ(t0)⟩

(2.48)
The next step is to clean the notation and transform the momentum from the velocity
gauge to the length gauge, exploiting the following relations:

Pdrift = P = p(t)−A(t) (2.49)

⟨p(v)(t)| = ⟨p(l)(t)| e−îr·A(v)(t) = ⟨p| e−îr·A(t) (2.50)

Assuming the interaction begins at t0 = −∞ in an eigenstate of the unperturbed
Hamiltonian with energy E0 = −IP (where IP represents the ionization potential),
the probability of transition from the bound state to a continuum level with momen-
tum p at time t can be expressed as:

ap(t) = −i
∫ t

−∞
dt′ ⟨p| e−îr·(A(t′)−A(t))r̂ ·E(t) |0⟩ e−iSp(t,t′)e+iIP t′ (2.51)

where the semiclassical action Sp(t, t
′) is equivalently equal to:

Sp(t, t
′) =

∫ t

t′

1

2
(p(t)−A(t) +A(t′′))2dt′′ (2.52)

We observe that, if the integral in Eq. (2.51) is evaluated at t = +∞, when the
interaction with the electromagnetic field is over, p(+∞) = Pdrift.
The last step is to evaluate the expectation value of the element within bracket in Eq.
(2.51). By exploiting the completeness of the position eigenstates |r⟩, we write:

⟨p| e−îr·(A(t′)−A(t))r ·E(t) |0⟩ =
∫
R3

dr ⟨p|r⟩ ⟨r|0⟩ r ·E(t)e−ir·(A(t′)−A(t)) (2.53)

where,

⟨r|0⟩ = ψ0(r) (2.54)

⟨p|r⟩ e−ir·(A(t′)−A(t)) =
1

2π3
e−ip·re−ir·(A(t′)−A(t)) = ⟨p(t)−A(t) +A(t′)|r⟩

(2.55)

hence, the projection of the solution to Eq. (2.2) (in the length gauge) into the con-
tinuum eigenstates of momentum is :

⟨p|ψ(t)⟩ ≈ ap(t) = −i
∫ t

−∞
E(t′) · d[p(t)−A(t) +A(t′)]e+i(IP t′−Sp(t,t′))dt′

(2.56)
where d[p(t) − A(t) + A(t′)] = ⟨p(t)−A(t) +A(t′)|r|0⟩ is the ”dynamical”
dipole expectation element between the bound state and a continuum level.
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2.2.2.3 Emission of higher-order harmonics

The previous discussion highlighted how to describe photoionization in quantum me-
chanics as a superposition of various quantum paths, each with its specific interaction
time. This means that both the ionization step and the electron subsequent move-
ment in the continuum, using the three-step model terminology, can be accurately
described using either the TDSE result (Eq. (2.39)) or the SFA approach (Eq. (2.51)).
Next, we will focus on the recombination step and the associated production of high-
order harmonics.

TDSE HHG

As presented in Chapter 3.3, a full-TDSE description of HHG is a consolidated
approach used to produce accurate predictions of the spatio-temporal properties of
HHG from single and/or multiple emitters[20, 111]. Here, we present a derivation
consistent with the Dyson equation formalism presented in the previous section.
Thanks to Eq. (2.37), we can describe the full-time evolution of the wavefunction
as:

|ψ(t)⟩ = Û(t, t0) |ψ(t0)⟩ = −i
∫ t

t0

dt′Û(t, t′)ĤI(t
′)Û0(t

′, t0) |ψ(t0)⟩+Û0(t, t0) |ψ(t0)⟩

(2.57)
where, in analogy with Appendix A.2, and,

Û(t, t0) = e
−i

∫ t
t0

Ĥ(t′′)dt′′ (2.58)

Û0(t, t0) = e
−i

∫ t
t0

Ĥ0dt′′ (2.59)

The emission of light from a time-varying wavefunction is enclosed within the dipole
element. Therefore, by utilizing Eq.(2.6) and the propagator property outlined in
Appendix A (see Equation (80)), we can express this relationship as follows:

d(t) = −⟨ψ(t)|̂r|ψ(t)⟩ = −⟨ψ(t0)Û(t0, t)|̂r|Û(t, t0)ψ(t0)⟩ (2.60)

Hence, assuming that at t = t0 we are in the usual eigenstate of Ĥ0, so that |ψ0(t)⟩ =
Û0(t, t0) |ψ0(t0)⟩.

d(t) =− ⟨0|̂r|0⟩+ i

∫ t

t0

dt′ ⟨ψ0(t)| r̂Û(t, t′)ĤI(t
′) |ψ0(t

′)⟩−

− i

∫ t

t0

dt′ ⟨ψ0(t
′)| ĤI(t

′)Û(t′, t)̂r |ψ0(t)⟩−

−
∫ t

t0

dt′
∫ t

t0

dt′′ ⟨ψ0(t
′)| ĤI(t

′)Û(t′, t)̂rÛ(t, t′′)ĤI(t
′′) |ψ0(t

′′)⟩

(2.61)
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The first term is typically zero in a spherically symmetric potential, the latter belong
to continuum-continuum interaction, while the second and the third are complex
conjugates of the other. Therefore,

d(t) = +i ⟨ψ0(t)| r̂
∫ t

t0

dt′Û(t, t′)ĤI(t
′) |ψ0(t

′)⟩+ c.c. (2.62)

Equation (2.62) reveals an interesting aspect: to generate radiation from an atom
with a strong-field laser, it is necessary to consider the dipole matrix element between
the bound state (depicted in the left term) and the continuum trajectories of the
photoelectron (illustrated in the right term). This consideration aligns precisely with
the argument presented at the beginning of this Chapter.

This finding forms the foundation for subsequent calculations that use the TDSE
framework to determine the complete HHG spectrum and attosecond pulse genera-
tion as a response of an atom to an intense electromagnetic field [112, 113].

SFA HHG

In our final effort, we focus on deriving the dipole spectrum within the strong-field
approximation, a widely used approach for more straightforward and less computa-
tionally demanding HHG calculations [21, 114]. By adopting this approximation in
Eq.(2.62),

Û(t, t′) = e−i
∫ t
t′ Ĥ(t′′)dt′′ ≈ e−i

∫ t
t′ ĤF (t′′)dt′′ = ÛF (t, t

′) (2.63)

we effectively transition into the classical SFA framework. Under the assumptions
of the dipole approximation and operating in the length gauge, Equation (2.62) can
then be transformed accordingly.

dSFA(t) = +i ⟨ψ0(t)| r̂
∫ t

−∞
dt′Û

(l)
F (t, t′)Ĥ

(l)
I (t′) |ψ0(t

′)⟩ (2.64)

where, for simplicity, we dropped the complex conjugate (c.c.).
At this point, we can exploit the completeness of the Volkov states to write:

dSFA(t) = +i ⟨ψ0(t)| r̂
∫ t

−∞
dt′Û

(l)
F (t, t′)

∫
R3

dP |P +A(t′)⟩ ⟨P +A(t′)| r̂·E(t′) |ψ0(t
′)⟩

(2.65)
where P = p(t) − A(t), is the drift momentum, selected as a complete space on
which run the integration.
Exploiting the results achieved in Eq.(2.45):

Û
(l)
F (t, t′) |P +A(t′)⟩ = e−iSp(t,t′) |P +A(t)⟩
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and combining it with Eq. (2.56) we finally write:

dSFA(t) = +i

∫
R3

dP
∫ t

−∞
dt′d∗(P +A(t))e−i(Sp(t,t′)−IP t′)E(t′) · d(P +A(t′))

(2.66)
which coincides with what is derived in [6].
It is fascinating to observe that from Equation (2.66), the well-known three steps of
the three-step model in HHG become apparent. The first step involves tunnel ion-
ization at time t′, represented by a combination of the dipole element and the electric
field strength E(t′) · d(P +A(t′)). In the second step, there is an evolution in the
continuum, which is governed by the semi-classical action Sp(t, t

′). This action is
responsible for accounting for the dispersion of the continuum trajectories. Finally,
the third step is the recombination, occurring at time t and expressed through the
”reversed” dipole element d∗(P +A(t)).
To complete the picture, all possible trajectories characterized by distinct ionization
times and momenta are integrated, culminating in the full-time evolution of the
dipole. This integration encompasses the diverse pathways the electron can under-
take, from ionization to recombination.

To further emphasise the link between this quantum mechanical result and the ballis-
tic perspective offered by the classical three-step model, we observe that the integral
is directed by a temporally fluctuating complex exponential. This fact permits simpli-
fying the equation by using the saddle-point approximation [21]. While it is not our
objective to delve into the model emerging from this additional simplification[114],
we note the important implications of applying the saddle point (or stationary-phase)
condition:

∇pSp(t, t
′) = 0 (2.67)

By doing so, we are effectively handling an equation of motion:

∇pSp(t, t
′) = ∇p

∫ t

t′
dt′′

1

2
(P +A(t′′))2 =

∫ t

t′
dt′′(P +A(t′′)) (2.68)

In atomic units (a.u.), the term (P+A(t′′)) is equal to to the electron velocity π(t′′).
Thus, we have:

∇pSp(t, t
′) =

∫ t

t′
dt′′π(t′′) = x(t)− x(t′) = 0 (2.69)

The most significant contributions to solving Eq. (2.66) come from stationary points,
which occur when the expectation value of the wavepacket position at time t′, the
moment of ionization, coincide with its position at the recombination time, t.
This condition mirrors the central hypothesis of classical electron trajectory analysis
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in the three-step model. In other terms, the three-step model finds direct support in
its assumptions from this quantum mechanical perspective.

2.3 Macroscopic aspect of HHG

In contrast to cases where the atomic and macroscopic responses of a medium are
(almost) identical, such as in two-color interaction metrology [115], the macroscopic
contribution in high harmonic generation is essential for optimizing and advancing
attosecond technologies [97, 116].

The generation and propagation of electromagnetic fields in an extended medium
are governed by the wave equation, introduced at the beginning of this chapter:[

∇2 − 1

c2
∂2t

]
E = µ0∂

2
t (P

L +PNL) (2.70)

where PL represents the linear polarization, and PNL denotes the non-linear polar-
ization, also serving as the source of high-order radiation [117].

As discussed and presented in section 3.3, a comprehensive approach for describ-
ing macroscopic HHG requires considering all linear and non-linear effects on the
driving field and subsequently using this modified field to calculate the local high-
order response microscopically, applying either the TDSE or the SFA result. Each
local response contributes to defining the linear and non-linear polarization of the
medium, which in turn allows the calculation of the generation and propagation of
HHG radiation.
While reporting the technical details of this approach is beyond the scope of this dis-
sertation, the following section provides simplified models to facilitate understanding
of Chapter 3.

2.3.1 Phase-matching in HHG

Assuming a linearly polarized driving field and sticking to the slowly-varying envelope
and paraxial approximations, while disregarding any off-axis contributions, it can be
demonstrated that for a driving field of frequency ω0, its multiple harmonics Eq, at
frequency Ω = qω0, obey the equation:

(2ikq,0∂z − k2q )Eq = −µ0ω2
qP

NL
q e−i∆kqz (2.71)

Here, z represents the propagation axis, and PNL
q is the non-linear polarization

component in the Fourier transform at frequency Ω, given as PNL
q = ρdq. The

term dq denotes the local microscopic dipole component oscillating at Ω, and ρ is
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the medium density. The wave-vector for the q-th harmonic, kq, is defined as:

kq = nqkq,0 = nq
Ω

c

In this expression, nq is the complex refractive index, with its imaginary part indi-
cating absorption and the real part representing dispersion. Lastly, ∆kq is the wave
vector mismatch between the generated harmonics, qk0, and the polarization of the
medium induced by the fundamental field, kq.

∆kq = qk0 − kq (2.72)

When absorption (and dispersion) are negligible, i.e., nq = 1, and assuming a mini-
mal variation of the dipole and density across the gain medium of length Lmed, Eq.
(2.71) can be simplified as:

|Eq|2 ≈ |dq|2ρ2L2
medsinc2(

∆kqLmed

2π
) (2.73)

Equation (2.73) underscores a fundamental aspect of HHG: the harmonic signal can
be expressed as a product of a microscopic single atom response and a macroscopic
function:

|Eq|2 = |dq|2Sq(∆kq, Lmed)

While boosting the microscopic response is possible to some extent [118], the main
technological focus in HHG optimisation is to act on the macroscopic term,
Sq(∆kq, Lmed), which, as discussed in this section, plays a dramatic role on the har-
monics signal yield.

Following Eq. (2.73), we can define the coherence length, for the harmonics q as,
L
(q)
c = π/∆kq. The ratio between the coherence and medium lengths (Lmed

Lc
) allows

a direct estimation of the degree of phase-matched generation, where for simplicity,
from now on, we omit the dependence over q.

In the scenario of perfect phase-matching (PM), all atoms in the medium emit in
phase∆kq = 0, Lc/Lmed >> 1; hence, the intensity of the generated harmonic field
grows quadratically with the medium lengthL2

med, as demonstrated in Fig.2.4a). This
condition represents the ideal situation where the contributions from all atoms in the
medium constructively interfere. In contrast, in cases of imperfect PM (∆kq ̸= 0),
the atoms in the medium do not emit in phase. Consequently, due to periodic dephas-
ing and rephasing between the generated field and the medium-induced polarization,
modulations in the intensity of the emitted harmonic field can be observed, which
ultimately limits the total harmonics yield.
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Figure 2.4: a) Representation of Eq.(2.73) for different values of coherent length as a function of medium
length, expressed in arbitrary length unitsL. b)Representation of Eq. (2.74) for different absorption
and coherence length. c) 2D-representation of the phase space of coherence length and absorption
length fixing the generating medium length at Lmed = L of Eq. (2.74) for different absorption
and coherence lengths. A and B represent two points in the phase space of accessible parameters
by changing the gas-medium pressure from p1 to p2, keeping fixed the laser parameters (I1).

Harmonics absorption effects can also be integrated into this model. In this
scenario, the imaginary part of the refractive index accounts for the re-absorption
of HHG radiation within the medium. Modifying equation (2.73) to include these
effects yields a new phase-matching model[119]:

Iq ∝ |dq|2e
−Lmed

2Labs

cosh
(
Lmed
2Labs

)
− cos

(
πLmed
Lc

)
π2

L2
c
+ 1

4L2
abs

(2.74)

where, Labs =
1

ρσabs
denotes the absorption length, and σabs is the absorption cross-

section at frequency qω0, typically obtained from tabulated data [120].
As depicted in Fig. 2.4b), in the presence of a finite absorption length, indefinite

quadratic growth of the harmonic signal is not possible, even with infinite coherence
lengths. Thus, an equilibrium condition is eventually reached between the generated
and reabsorbed signal. As shown for the different solid curves of Fig. 2.4b), shorter
coherence lengths will shift this equilibrium point to shorter medium lengths, thus
reducing the maximum yield of the harmonic signal.
As highlighted in [119], a rule of thumb for achieving good HHG conversion efficiency
(CE), i.e. high harmonic signal for a fixed input energy of the driving laser field, is:

Lmed > 3Labs

Lc > 5Labs

which coincide in working closer to the top-right corner of the solid green-curve con-
dition of Fig 2.4b), where Labs = L, Lmed = 8L and Lc = 10Labs.
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For a specific medium length and laser conditions (peak intensity, focus position
in relation to the medium,...), varying the gas pressure (denoted as p) is the most
straightforward strategy to changing PM conditions. Modifying p alters the num-
ber of emitters involved in HHHG and subsequently changes the values of Lc and
Labs. Given that these parameters intrinsically depend on the pressure, this adjust-
ment can potentially enhance the overall harmonic yield. Therefore, as shown in Fig.
2.4c), a practical PM model should offer guidance on selecting the optimal gas pres-
sure to enhance harmonic emission (i.e., moving in the parameter space describing
phase-matching and absorption from condition A to B). Additionally, considering
that the medium length can also be varied, a comprehensive model for engineering
HHG should re-map the total harmonic yield from the (Labs, Lc) space, as derived
from Eq. (2.74) (see Fig. 2.4c)), into a more ”user-friendly” HHG phase-space, such
as (p, Lmed).

2.3.2 Hyperbole model for efficient generation

In 2022, a model was proposed to delineate the favourable phase matching conditions
as a function of pressure and medium length in HHG. This model, as outlined in
[102], starts by decomposing the phase mismatch vector for the harmonic q into four
distinct contributions:

∆k(q) = ∆kat +∆kϵ +∆kfoc +∆ki, (2.75)

where ∆kat results from the dispersion in the neutral medium, ∆kϵ from the disper-
sion due to the free electrons created by tunnel ionization, ∆kfoc accounts for phase
variations due to the laser focusing into the medium, and ∆ki is the dipole phase,
which is dependent on the microscopic single atom response, varying with the trajec-
tory (short or long).

While the first three components, ∆kat, ∆kϵ, and ∆kfoc, have been extensively
discussed in previous works [121, 122], one of the novelties of this model lies in the
use of the dipole phase, Φi, as derived in the γ-model (presented in Section 2.2) to
express ∆ki. Specifically, the model uses the following equation:

∆ki =
∂Φi

∂I

∂I

∂z
, (2.76)

This equation underscores the importance of ∆ki in scenarios where macroscopic
variations in laser intensity, especially along the propagation axis, need to be consid-
ered as potential de-phasing factors. This is particularly relevant for HHG schemes
that rely on strongly focused laser pulses.

As discussed in [102], the approximately linear dependence of both the refractive
index and the plasma refractive index on the medium density allows for the definitions
∆κat = ∆kat/ρ and ∆κϵ = ∆kϵ/(ηρ), where η is the ionized fraction, typically
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few-percent. By isolating the density from the total wave vector mismatch under the
assumption of perfect phase matching (∆k = 0), one can derive specific conditions
for an optimal phase matching density:

ρmatch =
∆kfoc +∆ki
∆κat + η∆κϵ

, (2.77)

This equation shows that, for a given ionization degree ⁴, η, ideal phase matching
(PM) is attainable by suitably choosing the density of the neutral medium. How-
ever, the equation tends towards divergence as the ionization degree increases and the
denominator approaches zero, indicating the existence of a critical ionization degree
beyond which perfect PM on the axis becomes unfeasible.

Merging these insights with the absorption-limited model for HHG outlined
in Eq.(2.74), it has been demonstrated[102, 116] that the optimal phase matching
pressure can be written as:

pmatchL ∝ 3kBT
fi(z)

σabs
, (2.78)

where fi(z) encapsulates the geometrical conditions for the possibility of generation
outside the focus, in focus fi(z) = 1.

Equation (2.78) delineates a hyperbolic relationship fundamental to achieving
efficient phase matching. This formulation directly addresses the challenge of iden-
tifying the most appropriate conditions of pressure and medium length for optimal
phase matching. The answer provided by the model elucidates that infinite pressure
and length combinations can effectively drive phase matching.
As expected, this model remains largely invariant under scaling of the focusing condi-
tions or pulse durations and adheres to the invariant scaling laws identified by [123].

As shown in Fig. 2.5, from the hyperbolic model and pressure-induced phase-matching
curves, two distinct phase-matching regimes emerge, associated with a horizontal,
i.e. low-pressure p L long-medium, and vertical branches, high-pressure p L short-
medium, of the hyperbola:

In the horizontal branch, characterized by a low ionization degree (∆kϵ ≈ 0),
phase-matching predominantly occurs near when∆kat+∆kfoc+∆ki = 0. The pres-
sure dependence of∆kat confines phase-matching to a limited pressure range. In this
low-pressure regime, the absorption length is extended, necessitating a longer medium
for enhanced conversion efficiency. This range can become exceedingly constrained
for higher harmonic orders due to the linear relationship between the wave vector
mismatch and the harmonic order, ∆kq ∝ q, particularly for pressures p ̸= pmatch.

⁴this term could be exactly calculated by means of TDSE-based or SFA-based numerical codes de-
voted to quantifying the photoionized electron population.
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Conversely, in the vertical branch, where the ionization degree is elevated, phase-
matching requires significantly high pressures. Consequently, the absorption length is
reduced, demanding the use of a shorter medium. In this scenario, the contributions
of the dipole and focusing to the wave vector mismatch are relatively minor compared
to the pressure-dependent atomic and free electron contributions. Phase-matching is
achieved when ∆kat + ∆kϵ ≈ 0, and it tends to become nearly independent of
pressure.

Figure 2.5: SFA-based simulated conversion efficiency as a function of argon gas length and pressure, driv-
ing wavelength centred at 800 nm, pulse duration 20 fs, laser intensity 1 × 1014W/cm2. The
dashed lines represent the phase-matching hyperbole equation portraying the vertical and hori-
zontal branches. Re-printed from [124].
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Chapter 3

Optimizing Efficiency and
Spatio-Temporal Control of
Attosecond Pulse Generation

In Chapter 2, the essential characteristics of HHG were explored, ranging from the
atomic-level response to intense electromagnetic fields, manifesting as oscillating dipoles,
to the practical use and scalability of the generated radiation by examining the macro-
scopic response of an extended medium under conditions of phase matching.

In this chapter, I will present interesting findings from my PhD research, ex-
ploring critical aspects in harnessing the spatio-temporal properties of HHG-sources
technologies and in controlling the generation of isolated attosecond pulses.

In section 3.1, based on [124], we examine an experiment that validates the new theo-
retical model for optimizing HHG conditions introduced in section 2.3. The central
inquiry here is: Does it exist a general strategy or an optimal setup for boosting HHG
efficiency?

In section 3.2, based on [101], we delve into another crucial attribute of HHG: spatial
coherence. HHG provides laser-like XUV radiation (or soft-Xray), valuable not only
for ultrafast spectroscopy but also for nano-metrology. The primary focus of this sec-
tion is on understanding the interplay between spatial aberrations of the field driving
HHG and their impacts on the XUV beam distortion. The question here is: Can we
control spatial aberration of the generated XUV radiation by fine-tuning the properties of
the driving laser field?

Section 3.3, based on [SIGCsubmitted], tackles one last crucial feature of HHG: its
capability of generating isolated attosecond pulses (IAPs). The question here: can we
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use extended media to generate IAPs?
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3.1 HHG efficiency: measuring the phase-matching hyper-
bole

As explained in the previous chapter, the generation of high-order harmonics radia-
tion requires the constructive interplay of microscopic and macroscopic effects within
the generation volume. On the microscopic level, the single-atom response can be
enhanced, for example, by employing short laser pulses [125, 126], which makes the
atomic target experience higher intensity before significant ionization. Additionally,
tuning the laser wavelength [127] and selecting the appropriate atomic gases [128] can
optimize HHG efficiency in the desired photon energy range. Moreover, employ-
ing multicolour schemes [118, 129] often increases conversion efficiency (CE) despite
necessitating more complex optical setups. From a macroscopic standpoint, the clas-
sical wave equation that describes HHG in gases (see Eq. (2.71), chapter 2) is invariant
under scaling transformation [97, 130].

Consequently, for a specific CE condition, a common approach to boost the en-
ergy of the generated harmonic pulse involves driving the process with high-energy
laser pulses. For scaling reasons, this requires a loose focusing geometry, and long,
low-density gas target [131]. On the other hand, the need for high-repetition-rate
experiments (MHz-level) pushed the research to develop tight-focusing geometries,
exploiting high-pressure short-medium schemes [132, 133].
Due to the wide range of geometries explored and the complexity of optimizing HHG,
which typically requires the optimization of a wide range of parameters (both micro-
scopic and macroscopic), systematic CE studies for HHG are challenging and, thus,
infrequent.

In the context of macroscopic phase-matching optimization, the two most crucial
parameters are generation medium length (Lgen) and atomic density, or, more com-
monly, gas pressure, (p). It must be noted, however, that short/long medium or
high/low pressure should always be referred to their scale-invariant parametersLgen/zR
and pzR, respectively.
In Chapter 2 (section 2.3), a recent theoretical work [102] was detailed, presenting a
novel analytic model supported by numerical simulations. As examined, the model
shows that the maximum CE for HHG is achieved when the gas pressure and medium
length follow a hyperbolic relationship (see Equation (2.78) of Chapter 2).
The positioning of the gas medium in relation to the laser focus [134], together with
the peak intensity of the driving field, influences the absolute CE. However, notably,
this model allows us to disregard this complexity as for any given generation length,
the inversely proportional relationship (i.e., the hyperbolic trend) with gas pressure
remains independent of the intensity and, partially, of the position[102].

In the following section, based on our findings published in [124], the first exper-
imental validation of this phase-matching hyperbola model [102] is reported. These
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results are largely independent of the focusing geometry and, to a significant extent, of
the pulse duration and laser intensity used in the experiment; therefore, they provide
a versatile, practical framework to discuss HHG optimization.

3.1.1 Experimental setups

To test the universality of the model, the experiments were performed experiments
on two different HHG beamlines, the GHHG Sylos Long Beamline at the ELI-ALPS
facility[135] and the Intense XUV Beamline at the Lund Laser Center[131, 136], which
allow exploring a wide range of gas medium lengths. The setups, sketched in Fig. 3.1,
are based on a loose focusing geometry to maximize the volume of interaction in the
gas and drive the generation process with multi-mJ laser pulses.

Figure 3.1: Scheme of the a) GHHG Sylos Long Beamline of ELI-ALPS b) High- Intensity Attosecond Beamline at
the Lund Laser Center. Re-adapted from [124].

GHHG Sylos long beamline

The Sylos GHHG Long Beamline, as shown in Fig. 3.1a), is designed for extremely
loose focusing geometry, capable of accommodating focal lengths up to 55 m, while
offering extensive flexibility in XUV generation parameters. During the experiments,
a laser pulse with 23 mJ energy, 12 fs duration, and a 10 Hz repetition rate is utilized.
The central wavelength of the laser is 825 nm. The beam is focused through a de-
formable mirror (DM) into a gas cell of variable length, filled with argon gas. A focal
length of 19m is employed, resulting in a spot size of approximately 600 μm in diam-
eter (full-width at half-maximum). The generated XUV radiation then passes through
a 200 nm-thick Al filter and is analyzed by an XUV spectrometer. The cell’s length can
be continuously adjusted from 32.5 cm to 72.5 cm. The measured Rayleigh length is
approximately zR = 40 cm, indicating that the gas cell length can vary from 0.81zR

54



to 1.81zR. In these setups, the gas pressure is measured directly within the cell. Ad-
ditionally, four shorter cell lengths were also experimented with, including lengths of
2.5 cm (0.06zR), 4 cm (0.1zR), 8 cm (0.2zR), and 16 cm (0.4zR).

Intense XUV beamline at the Lund Laser Centre

The Intense XUV Beamline in Lund operates via a multi-terawatt Ti:Sapphire laser
system. This system generates laser pulses with a 40 fs duration, an 800 nm central
wavelength, and a 50 mJ pulse energy at a 10 Hz repetition rate. As illustrated in
Fig. 3.1b), the laser pulses are focused into a pulsed argon gas cell using a combination
of a deformable mirror (DM) and an 8 m focal length focusing mirror.

As detailed in section 3.2, the DM facilitates wavefront correction and control
over the laser focus position within the gas medium. A motorized iris is employed
to optimize high harmonic generation (HHG). The XUV radiation is then separated
from the remaining IR radiation by reflecting at a 10 degrees grazing incidence on a
fused silica (FS) plate, followed by spectral filtering through a 200 nm aluminum foil.
Subsequently, the XUV beam is focused via a Wolter-like assembly of two toroidal
mirrors (Thales SESO), designed for imaging the generation position with minimal
spatial aberrations [137]. Post-focusing, the radiation propagates further and is ana-
lyzed by a flat-field spectrometer.

In the experiments [124], the rayleigh length is maintained at approximately
zR = 30 cm for three distinct gas cell lengths: 1 cm, 6 cm, and 11 cm, corre-
sponding to 0.03 zR, 0.2 zR, and 0.37 zR, respectively. The gas density within the
cell is estimated ex-situ using an interferometric setup. This setup measures the shift
in interference fringes as a function of the gas valve opening voltage for a specified
opening duration [138].

3.1.2 Results

As discussed, to ensure that the results are independent of any specific focusing ge-
ometry, we report in the measurement the quantity pzR in the units of mbar cm.
Additionally, the length of the medium is quantified in terms of zR.

Our experimental procedure involved recording the spectral intensity of the dif-
ferent harmonic orders, ranging from the 19th to the 29th harmonic in each setup.
The measurements are repeated for various cell lengths, and for each cell geometry,
we methodically scanned the entire range of possible pressure values.
As depicted in Fig. 3.2, we observed that the highest harmonic yield, in the figure
reported for the sub-set of harmonics 21,23 and 25, is consistently achieved along the
predicted hyperbolic model.

As noted, a unique aspect of the phase-matching model[102] is its independence from
the focusing geometry and, particularly, from the laser intensity. To experimentally
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Figure 3.2: Peak harmonic yield conditions for orders 21st − 25th generated in argon gas. Dataset from GHHG
Sylos Long beamline (green circles) and Intense XUV Beamline (purple triangles). Re-adapted from
[124].

prove it, we performed a series of measurements at varying driving pulse energies: 8
mJ (represented by circles), 10 mJ (squares), and 12 mJ (diamonds). The estimated
intensities for these energies fall within the range of 1 × 1014 to 3 × 1014 W/cm2.
Throughout these measurements, all other experimental conditions were maintained
constant. As depicted in Fig. 3.3a), the data from all three energy settings fit the
expected hyperbolic trend, illustrated by the blue dashed line.

Another crucial insight from the hyperbole model is the distinct properties of
phase-matching regimes across the two branches, leading to diverse spatial profiles
for the generated harmonics. In particular, the vertical branch contributes more off-
axis emissions than the horizontal branch. Fig. 3.3b) displays far-field spatial profiles
for the 23rd harmonic order at two different gas medium lengths: 0.06 zR (vertical
branch) and 1.33 zR (horizontal branch). The top figures in this diagram repre-
sent simulations, while the bottom ones show experimental data. The simulations
were conducted with a laser intensity of 1.9× 1014W/cm2, emulating experimental
conditions. The experimental spatial profiles were acquired from the spectrometer
camera after integrating along the spectral axis for each harmonic order. The profiles,
both from simulations and experiments, represent the maximum harmonic yield at
the corresponding pressures for each medium length. A qualitative match between
the simulated and experimental results is evident. In both scenarios, spatial profiles
generated on the vertical branch exhibit more irregularities and prominent off-axis
contributions. Conversely, harmonics produced on the horizontal branch display a
more confined, smoother spatial profile, which is beneficial for applications that re-
quire high-quality spatial properties and/or high intensity upon refocusing.
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Figure 3.3: a) Maximum yield of harmonic 23rd at three distinct driving pulse energy values: 8 mJ (circles),
10 mJ (squares) and 12 mJ (diamonds). The Blue dashed line indicates the hyperbolic model. b)
Simulated, upper panel and measured, lower panel, normalized harmonic intensity (q = 23) along
the spectrometer spatial axis for a gas medium length of 0.06 zR (dashed green line) and 1.33 zR
(solid blue line). The here displayed have been acquired at the GHHG Sylos Long beamline). Re-
adapted from [124].

3.1.3 Conclusions: how to optimize HHG

In this study [124], we successfully demonstrated that the optimal phase matching
region aligns closely with the predictions made by the hyperbola model [102]. This
model helps in identifying two distinct regimes of phase matching: a vertical branch,
for medium lengths shorter than the Rayleigh length of the focused driving field, and
a horizontal branch, applicable to longer medium lengths.

The vertical branch is characterized by transient phase-matching, where the spa-
tial profiles of the generated radiation tend to show significant off-axis contributions.
Moreover, in this regime, laser intensity fluctuations substantially impact the har-
monic yield. On the other hand, the horizontal branch, which represents absorption-
limited phase-matching occurring over an extended duration, produces radiation that
is well-collimated and shows relatively less sensitivity to variations in laser intensity.
Given these attributes, the horizontal branch appears to be more favourable for ap-
plications requiring superior spatial profiles, potentially leading to higher refocused
XUV intensities. However, the simulations in [102] have shown relatively higher con-
version efficiencies on the vertical branch for higher harmonic orders.

To conclude, the choice of the most suitable generation regime is highly dependent on
the specific experimental setup and intended application. The phase-matching model
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we have experimentally validated offers a valuable framework for designing high-flux
XUV sources tailored to specific research needs and applications.

3.2 Spatial properties: control of chromatic aberration inHHG

High-order harmonic generation has been a key technique for creating the shortest
events humans can harness. An aspect not yet explored in this thesis is the high
spatial coherence of HHG, which is inherited directly from the driving IR laser. This
characteristic grants high-order harmonics radiation the unique quality of being a
laser-like beam, tunable from 80 nm (XUV) down to just a few nanometers (soft-x-
ray). Therefore, achieving a high degree of control over the spatial quality of the HHG
radiation is crucial. This is not only significant for spectroscopic applications that
require high field strength, such as table-top XUV-pump-XUV-probe experiments
[89, 139], but also for applications where precise control, shaping, and focusing of
the XUV beam spot-size on small structures are essential. Examples include coherent
diffraction imaging[140], nano-scale metrology[141], and ptychography [142].

As discussed, the conditions under which HHG is generated, including the driv-
ing laser wavelength, intensity profile and wavefront, or the gas medium properties
and the position of the generation medium relative to the laser focus, are critical.
These factors affect not only the photon flux (or CE) of the generated HHG but also
the spatial and focusing characteristics of the XUV radiation[143]. In essence, dif-
ferent harmonics can exhibit varying divergence properties, leading to pronounced
chromatic aberrations after refocusing the full HHG spectrum on target. This, in
turn, results in spatiotemporal coupling of the attosecond radiation[99, 100].

The presence of significantly distorted XUV wavefronts can give rise to deformed
far-field spatial profiles, exemplified by the cross-like patterns shown in Figure 3.4.
These distortions impose severe limitations on using XUV profiles in applications de-
manding high spatial-quality beams. Other studies have noted similar far-field profiles
without directly addressing their origin [144, 145].

Figure 3.4: Sketch of the generation of an aberrated XUV-beam. An intense IR field is focused into a gas target,
giving rise to HHG. Once the driving field is filtered out, the spectrally integrated XUV far-field can
exhibit significant distortion, often characterized by a distinct cross-like pattern. This occurs even
when the driving fields appear free of aberrations. The concept is re-adapted from [101].
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In our research published in [101], we conducted both theoretical and experimen-
tal investigations into the HHG process, driven by a non-ideal, slightly astigmatic
IR field. By integrating simulations with experimental results, we emphasise the in-
fluence of a realistic driving field on the wavefront properties of the resulting XUV
beam, as well as its implications for the intensity of the refocused XUV beam. Our
study reveals that careful control over the driving field wavefront is critical to mitigate
the aberrations in the XUV field. Our model identifies the optimal parameter space
for generating high-quality XUV beams, regardless of the specific focusing geome-
try. Consequently, the outcomes of this study provide general guidelines for different
experimental schemes.

We experimentally observe that even minor degrees of astigmatism in the driving
field can lead to cross-like patterns in the harmonics. These patterns emerge from the
superposition of individual harmonics, each exhibiting spatial profiles elongated in
distinct directions. By employing a deformable mirror to correct these aberrations,
our work demonstrates that precise adjustments to the driving wavefront are vital for
ensuring the optimal spatial quality of the harmonics.

3.2.1 A simple model for HHG aberration

Before entering into the details of the results, we first delve into the model that guided
our experimental investigation.
Let us consider a driving laser field exhibiting astigmatism. The laser field is character-
ized by distinct focal positions along two perpendicular axes and potentially varying
beam waists for each focus. Such an astigmatic Gaussian beam can be conceptualized
as a product of two Gaussian beams [146], with axes x, y aligned with the principal
semi-axes of the beam’s profile. The spatial phase, ϕ, and intensity profile, I , of an
astigmatic beam propagating along the z-axis, can be expressed as:

ϕ(x, y, z) =
kx2

2Rx(z)
+

ky2

2Ry(z)
(3.1)

I(x, y, z) = I0
w0xw0y

wx(z)wy(z)
exp

(
− 2x2

w2
x(z)

− 2y2

w2
y(z)

)
(3.2)

where k denotes the wave number, and I0 represents the peak intensity achievable
without astigmatism. Here, we concentrate on the radial phase dependence, omitting
the Gouy phase.
The radius of curvature Rx(z) and beam radius wx(z) along the x-axis are defined
by:

Rx(z) = z − z0x +
z2Rx

z − z0x
, wx(z) = w0x

√
1 +

(z − z0x)2

z2Rx

, (3.3)
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and similarly for Ry and wy.
In these expressions, zRx (zRy) is the Rayleigh length and z0x (z0y) is the position of
the focus along the x (y) axis in the z direction. The astigmatic difference, indicated
as ∆z = z0y − z0x, is the distance between the two foci, and the average Rayleigh
length is given by zR = (zRx + zRy)/2.
Fig.3.5 illustrates the evolution of the beam radii (a) for an astigmatic driving field
with ∆z = zR and w0x/w0y = 1.15/0.9, along with the variation of the on-axis
intensity (b). The origin (z = 0) is set at the midpoint between the two foci at
z = ±∆z/2. The vertical axes in Fig.3.5 are normalized to the average driving field
beam waist, w0 = (w0x + w0y)/2.

As outlined in Chapter 2, the three-step model is employed as the starting point to
provide an analytical representation of the dipole phase, referred to as the γ-model[98],
denoted asΦi(Ω), where i = [s, l] indicates the trajectory (short or long). This model
is expressed as:

Φi(Ω) = αiI + tpi(Ω− Ωp) +
γi
I
(Ω− Ωp)

2, (3.4)

where ℏΩp is the ionization energy of the atom, I denotes the local laser intensity,
and αi and tpi are constants that can be derived from the model (see section 2.1).

In the subsequent discussion, we focus primarily on the short trajectories, which
generally constitute the major contribution to the harmonic yield. The dipole phase
impacts the spatial characteristics of the harmonics via its intensity dependence, sug-
gesting that only the final term in Eq. (3.4) should be considered.
Assuming a homogeneously distributed, infinitely thin generation medium, we ne-
glect the influence of macroscopic phase matching. This assumption is justified in
our experiment, as the medium length is over 100 times shorter than the Rayleigh
length of the driving laser focus, validating a thin medium approximation. While the
macroscopic response can also affect the spatial properties of the harmonics[102], an
exploration of such effects falls outside the aims of this discussion.

Wavefront of the HHG radiation

In the scenario under consideration, the XUV radiation generated by an IR beam at
the generation plane, denoted as zgen, can be simply seen as a spatial superposition of
individual atomic responses. Each response is driven by a distinct local electric field
value, E(x, y, zgen).
Following the approach outlined in [99], we can express the phase of the q-th har-
monic field emitted by short trajectories, ϕq, as:

ϕq(x, y, zgen) = qϕ(x, y, zgen) +
γs

I(x, y, zgen)
(qω − Ωp)

2, (3.5)
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Figure 3.5: a) Varying beam radii for an astigmatic driving field along x (indicated by the blue solid line) and
y (red solid line), plotted against the coordinate z normalized to the average Rayleigh length, zR.
The generation plane, zgen, is highlighted by a solid green vertical line. b) Graph showing the
on-axis intensity variation of the astigmatic driving field relative to z, scaled to the unit I0. c), d)
Illustrate the changes in beam radii along x (blue) for the 15th and 25th harmonics, respectively,
under the assumption of astigmatic Gaussian harmonic beams, excluding higher-order terms. The
dashed blue line represents the beam propagation without the dipole phase (Γ = 0), while the
thinner dotted blue line marks the positions of the driving field x focus from panel a). e) and f)
Similar to panels c) and d), but for the y-direction. Re-adapted from [101].

where qϕ represents the phase transferred from the infrared field and ω = Ω/q is the
laser frequency.

Additionally, we assume that the harmonic intensity, Iq, varies following a power
law of the driving field intensity[102, 147, 148]:

Iq(x, y, zgen) = [I(x, y, zgen)]
p, (3.6)

with p ≈ 2.6 as suggested by [102].
The next step involves substituting ϕ and I in Eq.(3.5) with their expressions for an
astigmatic beam, Eqs.(3.1) and (3.2), performing a Taylor expansion of the intensity
around x = y = 0, and keeping only the terms proportional to x2 and y2. This gives
an HHG phase up to the second order in x and y:

ϕ(2)q (x, y, zgen) =
qkx2

2Rqx(zgen)
+

qky2

2Rqy(zgen)
, (3.7)

with

1

Rqx(zgen)
=

1

Rx(zgen)
+

4Γc

qωw2
x(zgen)

, Γ =
γs(qω − Ωp)

2wx(zgen)wy(zgen)

I0wx0wy0
.

(3.8)
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and similarly for Rqy(zgen).
Knowing Rqx, Rqy, as well as the radii wqx(zgen) = wx(zgen)/

√
p and wqy(zgen) =

wy(zgen)/
√
p, from Eq.(3.6), in the generation plane allows for a purely analytical

description of the generated harmonic beams simply as astigmatic Gaussian beams.
The calculated variations of the beam radii are illustrated in Fig. 3.5 for the 15th

(c,e) and 25th (d,f ) harmonics generated in argon along the x (c,d) and y (e,f ) axes,
respectively. The dashed lines represent the straightforward phase transfer from the
driving field, corresponding to Γ = 0, while the solid lines include the dipole phase
contribution to the radii of curvature. This underscores the significant role of the
dipole phase in influencing the curvature transfer to the harmonics.

Given that the focus of the x-axis driving field is positioned before the gener-
ation plane, the harmonics emerge as diverging beams with virtual foci along the
x-direction, as depicted in Figs.3.5 (c,d). In this scenario, the dipole phase influ-
ence increases the divergence for the higher-order harmonics, attributable to the q-
dependence of Γ. Conversely, the focus of the y-axis driving field is situated signifi-
cantly beyond the generation plane, leading to the harmonics being generated as con-
verging beams with actual foci along the y-axis, as shown in Figs.3.5 (e,f ). Here, the
contribution of the dipole phase acts in opposition to the straightforward phase trans-
fer, causing a reduction in convergence for higher-order harmonics. Consequently,
this also leads to a diminished divergence after passing through the real focus.

Our model can be enhanced by incorporating higher-order terms from the Taylor
expansion of the XUV radiation’s dipole phase. Consequently, Eq. (3.7) is extended
to:

ϕ(2N)
q (x, y, zgen) = ϕ(2)q (x, y, zgen) + Γ

N∑
n=2

1

n!

(
2x2

w2
x

+
2y2

w2
y

)n

. (3.9)

The incorporation of these higher-order terms, for 2 ≤ n ≤ N , results in the in-
troduction of more complex spatial aberrations, which are particularly relevant for
individual harmonics. The effects of these aberrations, while noteworthy and detailed
in [101], fall outside the aims of the present discussion.

3.2.2 Results

The experiments were conducted at the High-Intensity Attosecond Beamline at the
Lund Laser Center, previously outlined and illustrated in Fig. 3.1. The beamline
features a deformable mirror fitted with 32 piezoelectric actuators. The DM plays
a key role in reshaping the pulse wavefront by adjusting its surface and in altering
the generation position by changing its curvature. A dielectric focusing mirror then
directs the beam into the argon gas used for generation. A leak in the final mirror
before the gas cell helps to image the driving beam focus.
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Figure 3.6 displays the IR and XUV intensity profiles at specific generation posi-
tions without any correction from the DM. To enhance clarity, the images are rotated
to align the x and y axes horizontally and vertically, respectively. The IR beam fo-
cus shows slight astigmatism, with distinct foci observed along the x and y axes, as
demonstrated in Fig. 3.6 a) and b). The Rayleigh lengths are calculated as zRx = 22.3
cm and zRy = 17.5 cm, with a separation distance between the foci of 16.8 cm.

The corresponding XUV far-field patterns are depicted in Fig. 3.6c). The images
display a circular cutoff due to passage through an aperture and a linear boundary
from the camera chip’s edge. These measured profiles reveal significant spatial distor-
tions, transitioning from vertical to horizontal orientations and exhibiting cross-like
designs at certain intermediate-generation sites.
Fig. 3.6d) show the results of the simulations that incorporate the full model, includ-
ing the higher-order terms as per Eq. (3.9), withN = 4. These simulations is tailored
to replicate the experimental condition, particularly utilizing the fitted IR beam radii
as shown by the solid lines in Fig. 3.6a).

Although the simulations align broadly with the experimental findings, certain
quantitative discrepancies are noted. These differences are anticipated, considering
the model’s basis on ideal Gaussian beams, which only approximate the actual inten-
sity distribution of the driving laser. Additionally, the model does not account for
more complex aberrations, like coma or trefoil. Despite these limitations, the good
qualitative agreement allows for discussing the physical origin of the observed far-field
patterns, as will be further discussed.

Physical origin of XUV abberration

Figure 3.7 presents the XUV far-field profiles for a subset of the generation positions
shown in Fig. 3.6. To simplify the discussion as much as possible, we based the simula-
tions on the pure-gaussian model presented in the section, excluding the higher-order
contributions. We show harmonics 15 (a) and 25 (b) as well as the sum of all harmon-
ics from 11 to 29 (c), taking into account their relative spectral weights, characterized
experimentally. A figure including the individual far-field profiles of all harmonics is
included in the SI of [101].

For harmonic 15, the profile changes from vertically elongated to horizontal when
the generation position is moved after the focus. For higher harmonic orders, the
same change from vertical to horizontal takes place, but the transition occurs at earlier
generation positions (as demonstrated in the SI[101]). For harmonic 25, the profile is
horizontal at all generation positions.

The patterns shown in Fig. 3.7 align with the previous analysis of harmonic
divergence, particularly harmonics 15 and 25, as discussed in Fig. 3.5. The shifting of
the generation position from−5.4 cm to 5.4 cm alternates between the focal points in
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Figure 3.6: a) IR beam radii along the x (blue) and y (red) directions, with open circles denoting experimental
data and solid lines showing Gaussian beam fits; b) Captured images of the experimental IR focus
at various positions along the z axis. c) Experimental XUV far-field patterns produced at these
generation points; d) Simulations of the same XUV far-field profiles, incorporating higher-order
terms, utilizing as input of the simulation the Gaussian fits from a). Re-adapted from [101]

the x and y directions, resulting in the IR wavefront always contributing a diverging
effect in the x direction and a converging effect in the y direction.

At zgen = −5.4 cm, if we neglect the dipole phase effect on the XUV wavefront
curvature, the XUV wavefront would appear relatively flat in the x direction while
converging in the y direction. This would produce a more significant far-field di-
vergence in the y direction, leading to a vertically extended far-field pattern. When
the dipole phase is considered, harmonic 15 maintains this pattern due to its minimal
dipole contribution. However, for harmonic 25, with a more substantial dipole in-
fluence, the divergence intensifies in the x direction and reduces in the y direction,
resulting in a horizontally stretched far-field pattern.

Conversely, at zgen = 5.4 cm, without the dipole phase influence, the XUV
wavefront would diverge in the x direction and be nearly flat in the y direction, re-
sulting in a larger far-field divergence in the x direction and a horizontally elongated
profile. This effect persists across all harmonics with the inclusion of the dipole phase,
as it amplifies divergence along both the x and y directions.

Upon comparing these observations with the results inclusive of higher-order
terms in Fig. 3.6d), it is evident that the model excluding higher-order terms can in-
terpret the cross-like far-field patterns as a composite of individual harmonics, each
displaying either horizontal or vertical elongation. However, as shown in Fig. 3.6d),
the incorporation of higher-order terms introduces additional complexities, partic-
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ularly when the XUV wavefront is nearly flat; thus worsening profile distortions as
elaborated in [101].

Figure 3.7: Simulated XUV far-field patterns for harmonic orders 15 (a) and 25 (b), together with the sum of the
profiles from harmonic 11 to 25 (c). The columns display the simulation of different harmonics at
identical generation sites, similar to Fig. 3.6. These simulationswere conductedwithout considering
higher-order contributions. Re-adapted from [101]

3.2.3 Analysis of chromatic aberration for different IR-astigmatism

As illustrated in Fig. 3.5 (c-f ) and previously discussed, each harmonic possesses dis-
tinct beam waist sizes and positions for the x and y foci. Consequently, the diver-
gence of the qth harmonic in the x-direction, denoted as θqx = limz→∞(wqx(z)/z),
and similarly θqy in the y-direction, undergoes substantial changes by changing the
generation position and the driving field aberrations, thereby affecting the final char-
acteristics of the XUV-beam. Although the experimental data presented were specific
to a particular astigmatism scenario of the driving field, in this last part, we focus on
a broader analysis of how XUV properties change as a function of the driving field
astigmatism.
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In a typical experimental setting, the far-field profile of the harmonics serves as
the most indicator of the XUV beam quality. However, for practical applications,
the primary concern often lies in the quality of the refocused XUV pulses, which
is closely related to the observed aberrations. To quantitatively assess this aspect in
experimental scenarios, we introduce an eccentricity parameter, Θqxy, for the qth
harmonic, defined as follows:

Θqxy =
θqy − θqx
θqy + θqx

, (3.10)

This parameter, Θqxy, is typically minimized in magnitude during experiments to
achieve a circularly symmetric XUV beam profile.
In Fig. 3.8, the eccentricity parameter, Θqxy, is displayed for harmonic orders 15 and
25. This parameter is plotted against the astigmatism of the driving field, expressed via
the astigmatic difference∆z in zR units, and the difference in beam waist radii∆w =
w0x −w0y in w0 units. The analytical model, excluding higher-order contributions,
is used to generate these plots, considering a single generation plane at zgen = −0.2zR
and a peak intensity of I0 = 2× 1014 W/cm2, approximating the conditions of our
previous experiments.

Figure 3.8: Changes in the eccentricity parameter,Θqxy , for harmonic orders 15 (a) and 25 (b), plotted against
the driving field astigmatism (∆z/zR) and the normalized difference in beam waist radii (∆w/w0).
The Strehl ratio is highlighted by the black contour lines.

In scenarios where Θqxy is positive (indicated in red areas), the far-field harmonic
profile appears vertically elongated. Conversely, whenΘqxy is negative (shown in blue
areas), it results in a horizontal elongation. For both harmonic 15 and 25, there are
zones whereΘqxy approaches zero (white areas), suggesting a circular symmetry in the
far field, even though both the driving field and the harmonics exhibit astigmatism.
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The 15th harmonic is primarily influenced by changes in the relative beam waist radii
of the driving field, while the 25th harmonic is more sensitive to the driving field
astigmatism.

This phenomenon, where the harmonic beam far-field eccentricity is null despite
intrinsic astigmatism, can be attributed to a balance between the astigmatic distance
and the differences in beam waist radii along x and y of the driving field, as proved
experimentally in [101]. This balance, influenced by the intensity-dependent dipole
phase, yields equivalent far-field divergences along both x and y axes. Nonetheless,
the presence of astigmatism in the harmonics may affect their efficacy in experiments
where refocusing is typical. The black contour lines in Fig. 3.8, panels (a) and (b),
illustrate the variation in the Strehl ratio of a single harmonic, relative to astigmatism
and beam waist radius differences of the driving field. Here, the Strehl ratio compares
the on-axis peak intensity of the astigmatic harmonic beam to that of a stigmatic
harmonic beam generated by a non-astigmatic driving field with ∆z = ∆w = 0.
Such a reduced peak intensity in the refocused XUV beam can be disadvantageous in
experiments requiring high XUV intensities[139].

Although the Strehl ratio for an individual harmonic diminishes as one moves
away from the center point (∆z = ∆w = 0), it is notable that substantial Strehl ratios
can be sustained even with considerable differences in beam waist radii, provided
there is a slight adjustment in the astigmatism of the driving field. In such cases,
the harmonic beam nearly approaches stigmatic characteristics but exhibits varying
degrees of divergence along the x and y axes. This results in an elliptical focal spot,
which, despite the high Strehl ratio, may not be ideal for specific uses like nano-
imaging and metrology [141].

Furthermore, when combining multiple harmonics to create attosecond pulses,
the variation in astigmatism across different harmonic orders can lead to sub-optimal
spatio-temporal superposition. This, in turn, can significantly affect the temporal
characteristics of the pulses [100].

3.2.4 Conclusion: how to control XUV aberrations

This study underscores that for optimal focusability of XUV pulses via HHG, it is
imperative to use a non-aberrated, stigmatic driving field. Our experiment exemplifies
this principle by utilizing a deformable mirror to rectify any aberrations in the driving
field. Figure 3.9a) displays how the beam waists of the corrected IR beam vary along
the z propagation axis for both x and y axes. The full beam near its focus is depicted
in Fig.3.9b), while Fig.3.9c) illustrates the XUV far-field profiles at corresponding
generation positions.

With a stigmatic driving field, the XUV far-field profiles remain symmetric and
exhibit minimal dependence on the generation position, contrasting with the results
seen in Fig.3.6. Although the IR spatial profiles are comparable in Fig.3.9b) and 3.6b),
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the quality of the XUV profiles improves substantially upon correction of the driving
field minor aberrations. This indicates that even slight astigmatism in the IR can lead
to significant distortions in the XUV far-field profiles. Correcting the aberrations in
the driving field can hence visibly enhance the quality of the XUV beam.
In conclusion, to generate high-quality XUV beams that achieve the highest peak

Figure 3.9: a) Experimental IR beam waists in the x (blue) and y (red) directions for an aberration-corrected
beam, using the DM; b) Experimental IR focus map at different positions along the z-axis. (c) XUV
far-field profiles obtained at the corresponding z-positions.

intensities and smallest focal spots, it is essential to employ aberration-free driving
fields. This conclusion remains applicable across various generation positions, driving
field intensities, and central wavelengths. Notably, as demonstrated in Eq. (3.8), the
XUV aberration patterns, which rely on Γ ∝ q2/I , will shift towards higher photon
energies (or higher harmonic orders, q) as the intensity increases; hence the validity
of our results can be extended in spectral regions of high-technological interest (e.g.
10-nm wavelength).
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3.3 Temporal properties: engineering isolated attosecond pulse
technology

The need for isolated attosecond pulses (IAP)

In addition to enhancing its efficiency (refer to section 3.1) and tailoring its spatial
characteristics (refer to section 3.2), HHG can be used to produce exceedingly short
pulses of XUV/soft-Xray light [18, 149]. As explained in Chapter 2, this radiation
typically manifests as a train of attosecond pulses, each separated by half the optical
cycle of the driving field.

However, for numerous applications, the generation and manipulation of iso-
lated attosecond pulses (IAPs) are imperative to precisely track electronic motion in
atoms, molecules, and solids with high-temporal resolution [12, 13, 14, 52]. Over the
past decade, the significant progress in table-top IAP sources has depended either on
using extremely brief driving pulses [150, 151] or employing specialized gating tech-
niques [25, 26, 152]. For example, polarization gating [153, 154] is based on time-
dependent polarization shaping of the driving radiation. In contrast, color gating
[155] uses a secondary color to disrupt the symmetry of the electric field. The double
optical gating method [156] integrates both polarization and color gating strategies.
Another prevalent approach is ionization gating [157, 158], which employs a time-
restricted window for HHG phase matching [159].

Currently, the leading method for generating IAPs involves using short-medium
gas cells at high pressures. However, high-pressure setups often pose challenges in
controlling the gas profile and exhibit limited flexibility, especially when increasing the
energy of the driving pulse is required. Conversely, longer medium systems operating
at low pressure can achieve comparable, if not superior, conversion efficiencies to
static cells and pulsed valves [160], and they generally offer improved spatio-temporal
properties of the produced XUV radiation [102, 124].

Furthermore, existing studies [161] have highlighted the effectiveness of conclud-
ing HHG with a sharp pressure gradient, which facilitates phase matching and min-
imizes re-absorption, thereby boosting HHG efficiency. However, the feasibility of
generating isolated attosecond pulses (IAPs) in an extended gas medium with a con-
trolled gas profile remains an unexplored area. Additionally, to model this scenario
accurately, advanced simulation tools are necessary for interpreting experimental data.
These tools must handle the complex nonlinear spatio-temporal dynamics of the driv-
ing radiation as it focuses through the gas medium, as well as the generation, propaga-
tion, and phase matching of the harmonics. Due to the inherent complexity of these
processes, the mechanisms leading to IAP generation in extended gas media have not
been extensively studied.

In the following discussion, based on our work [SIGCsub], I report on an experi-
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mental demonstration of efficient IAP generation in a semi-infinite gas cell (SIGC)
in the extreme-ultraviolet region.

By controlling the gas density profile and pressure, the re-absorption of lower-
order harmonics and the optimal phase matching temporal window are optimized.
This dual control enables a smooth transition from trains of attosecond pulses to the
generation of isolated attosecond pulses (IAPs), while preserving the overall flux.

Then, we have successfully produced and characterized IAPs of 180 as within
the 20 to 45 eV spectral range. To delve deeper into the physics of the underlying
processes, a novel simulation tool for HHG was developed. This method uniquely
combines the nonlinear propagation of the driving field with macroscopic HHG (3D-
TDSE). Our simulation demonstrates that the nonlinear spatio-temporal transforma-
tion of the driving field, observed experimentally as a white filament, serves as a self-
regulating mechanism that enhances phase-matching conditions, thereby facilitating
the efficient generation of IAPs.

3.3.1 Experimental setup

Our experimental setup features a 25-fs, 800-nm, 1-kHz, CEP-stabilized (< 300
mrad) Ti:Sa laser system (Legend DUO HE+, Coherent). These laser pulses are
directed into a 3-m-long stretchable hollow core fiber with a 450-µm inner diam-
eter (Polymicro TSP450670), filled with 1.8 bar of helium in a differential gradi-
ent configuration[16, 90]. At the fiber output, the spectrally broadened IR pulse
undergoes post-compression using chirped mirrors (Ultrafast Innovations PC1332),
resulting in a sub-4-fs pulse with an energy of 2 mJ. The laser is then sent into a
delay-stabilized interferometer designed for pump-probe experiments. After a 70/30
beamsplitter and several reflections, 420 µJ of pulse energy are focused (f= 75 cm)
for HHG in the SIGC apparatus [162, 163, 164, 165].

The SIGC consists of three main chambers, as shown in Fig. 3.10a). In the first
one, the IR pulse interacts with a noble gas (Argon) and generates high-order har-
monics in the XUV (20-45 eV). The pressure in this section is uniformly distributed
and can be adjusted up to 10 mbar. The gas-filled region extends into the second
chamber through a mechanically adjustable element, allowing for length variation
between 370 mm and 400 mm. Following this, as depicted in Fig. 1b), a plate with
a drilled hole of 200-µm diameter and 7-mm length connects the first chamber to
the second, where a roughing pump stabilizes the pressure at 0.01 mbar. In our con-
figuration, the SIGC length is set to 380 mm, with the IR focus positioned 5 mm
before the exit hole. A second plate with a 500-µ m hole separates the second cham-
ber from the final one, where the pressure is maintained at 10−6 mbar using a turbo
pump with an effective speed of 80 liters per second. At increasing pressures in the
first chamber, a distinct white filament spanning several centimeters was observed to
gradually form. Consequently, as illustrated in Fig. 3.10c), an exhaustive analysis of
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the IR spectrum post-generation was conducted at various pressures using a standard
spectrometer (AvaSpecULS4096).

Figure 3.10: a) Illustration of the SIGC setup: The IR driving field, measured with the streaking technique,
reaches its focus after 375 mm from the entrance window, 5 mm before the exit channel of the
cell at 380 mm. The first chamber (1) is filled with Argon gas, kept at constant pressure, which is
adjustable from less than 1 mbar to up to 10 mbar. An intermediate vacuum chamber (2), kept
at 0.01 mbar using a roughing pump, separates (1) from a high-vacuum area (3) maintained at
10−6 mbar by a turbo-pump. The XUV pulses produced (180 as) are analyzed through a streaking
measurement. b) Detail of the junction between chambers (1) and (2). A 7-mm channel connects
the first chamber to the intermediate one (2). Notably, around the geometric focus at z = 375
mm, as highlighted in the diagram, a distinct white filament becomes visible when the pressure
exceeds 2 mbar. c) Displays the spectra of the IR driving field measured at the SIGC output under
various pressure settings, as detailed in the legend. Re-adpated from [SIGCsubmitted]

Afterwards, the resultant XUV radiation is filtered through a 150-nm Al filter, elimi-
nating any residual IR driving field and harmonics below 20 eV. This XUV radiation
is initially focused via a gold toroidal mirror into a time-of-flight spectrometer (TOF,
Kaesdorf ETF15) for conducting streaking measurements, as described in [166]. Fol-
lowing this, the radiation is captured by a gold-coated grating (Hitachi 600 lines/mm),
spectrally separated, and then directed towards a microchannel plate (MCP). This
setup facilitates the measurement of the radiation spectrum, which is visualized on a
phosphor screen and recorded by a camera.
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3.3.2 Experimental results

Fig. 3.11a) showcases the HHG spectra by changing the gas pressure inside the SIGC.
For each pressure level, the carrier-envelope phase (CEP) of the IR driving pulses was
fine-tuned to maximize continuous XUV spectrum generation (above ≈35 eV). The
findings reveal that effective phase-matching of high-order harmonics occurs within
a limited pressure range of 3 to 7 mbar. Remarkably, the harmonic spectrum demon-
strated stability against minor shifts (approximately ±5 mm) in the longitudinal po-
sition of the 200-µm exit pinhole.

Figure 3.11: a) Variation in the XUV pulse spectrum as a function of gas pressure. The spectrum transitions
to a more continuous form around 5.5 mbar. b) Comparative spectra at two different pressures:
4.2 mbar (pink curve) and 5.8 mbar (green curve). c) Experimental streaking trace obtained at a
pressure of 5.8mbar, IR peak intensity used Ipeak = 5× 1012 W/cm2. d) Reconstructed streaking
spectrogram using the ePIE algorithm. e) Reconstructed XUV intensity profile depicting a distinct
isolated attosecond pulse (IAP) with a duration of 180 as. The inset illustrates minor (< 1%) IAP
satellites, aligning with the modulation patterns seen in both the streaking trace of (c) and the
green spectrum in (b). Re-adapted from [SIGCsubmitted]

As the pressure increases, a marked transition in the XUV spectrum is observed, shift-
ing from a modulated profile (illustrated by the pink curve in Fig. 3.11b) at 4.2 mbar)
to a more quasi-continuous form (represented by the green curve in Fig. 3.11b) at 5.8
mbar). This shift is followed by a significant decrease in lower-order harmonics and
a boost in higher-order ones near the cutoff energy. Crucially, this transition from
a discrete to a more continuous spectrum with rising pressure is achieved without
any substantial loss in overall harmonic flux. This feature is particularly advantageous
compared to other gating techniques, like polarization gating, where a continuous
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spectrum often results in reduced XUV flux.
Then, we examined the temporal characteristics of the XUV pulses produced at

a pressure of 5.8 mbar, using the Frequency-Resolved Optical Gating for Complete
Reconstruction of Attosecond Bursts (FROG CRAB), commonly referred to as streak-
ing technique [115, 167, 168]. As detailed in Chapter 2, a part of the IR beam, distinct
from the one used in the generation process, is delayed relative to the XUV pulse and
focused in the time-of-flight (TOF) spectrometer with an Argon target. This interac-
tion created a streaking spectrogram, displayed in Fig. 3.11c). To verify the existence
of an IAP, we conducted a numerical reconstruction of the trace using the extended
ptychographic iterative engine (ePIE) [169]. The reconstructed trace, shown in Fig.
3.11d), allowed the retrieval of both the IR field and the XUV pulse intensity. As seen
in Fig. 3.11e), the configuration around 6 mbar indeed supports the generation of an
IAP, with a FWHM intensity duration of 180 as. Additionally, we observed less than
1% intensity satellites of the IAP, accounting for the minor modulations in both the
photoelectron and XUV spectra. Nonetheless, for most spectroscopic applications
requiring IAPs, these minor temporal structures are generally inconsequential.

3.3.3 Simulations and Discussion

Numerical method: 3D-TDSE, Phase matching and non-linear propagation of the
driving field

In our joint study detailed in [SIGCsub], the group of Prof. Carlos Hernández-
García and Prof. Julio San Román (Universidad de Salamananca) has developed an
advanced numerical method that integrates, for the first time, nonlinear IR propa-
gation with macroscopic HHG. On the microscopic scale, this method employs the
three-dimensional time-dependent Schrödinger equation (3D-TDSE), focusing on
the electron in the outermost valence orbital, in line with the widely adopted single-
active electron approximation. Macroscopically, the model considers both the prop-
agation of harmonics and their phase-matching to the detector, taking into account
the contributions from a vast number of atoms (trillions) as outlined in [113]. Var-
ious approaches have been devised for macroscopic HHG, including the use of the
3D-TDSE [111, 121, 170, 171, 172, 173], and the strong field approximation [114, 174],
which, however, is not suitable for scenarios involving few-cycle drivers [175].

The generated harmonics are then propagated to a far-field detector. The IR
driving field for each emitting atom is calculated using a comprehensive 3D nonlin-
ear pulse propagation model. This model takes into account various experimental
parameters, including gas dispersion, plasma absorption, and realistic gas profiles.

While there have been separate simulations addressing the nonlinear propagation
of the driving field and HHG, such as those accounting for soft X-ray generation in
a waveguide [29], our method, to the best of our knowledge, is unique as it is the
first to couple nonlinear few-cycle IR propagation with macroscopic HHG using the
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3D-TDSE at the single-atom level.
In our simulations tailored for a few-cycle driving pulse, we utilized the 3D-

TDSE in Argon while applying the single-active electron approximation. The har-
monics generated from this process were then propagated to a far-field detector using
an electromagnetic field propagator. The phase-matching in our model was achieved
by coherently summing up the contributions from each emitter along the gas cell,
as described in [113]. To determine the IR driving field at each emitter location, we
used a comprehensive 3D nonlinear pulse propagation code [176], which incorporates
experimental parameters to simulate IR propagation throughout the entire volume of
the SIGC. The simulations accounted for the complete dispersion of the gas, such as
the Kerr effect, self-steepening, photoionization, and plasma absorption. We also em-
ployed a realistic gas profile distribution calculated using computational fluid dynam-
ics tools (COMSOL) for better accuracy. This profile was included in the harmonic
radiation propagation as they pass through the 200-µm-diameter, 7-mm-long chan-
nel connecting the first two chambers of the SIGC, with the assumption of constant
gas pressure in the HHG generation volume.

To realistically model the nonlinear propagation in the SIGC and the HHG
process, we performed experimental characterizations of the driving field radiation.
The IR pulse used for HHG was temporally analyzed using the D-scan technique
[177]. We also conducted a streaking measurement on a part of the beam directed
into the interaction chamber, yielding similar results. Spatial characterization was
achieved by measuring the caustic of a small beam segment post-focusing in air. The
gathered data from these temporal and spatial characterizations—consisting of 4 fs
pulses, a beam waist of w0 = 77 µm, and a Rayleigh length of zR = 2.5 cm—served
as inputs for our nonlinear propagation simulations.

Simulation results

In Fig. 3.12, we present the outcomes of our simulated generation of IAPs in the
semi-infinite gas cell. As discussed, we utilize the propagated IR electric field within
the SIGC as input for macroscopic HHG computations, employing 3D-TDSE and
subsequent propagation of the harmonics. This approach enables us to determine the
spatially averaged HHG emission spectrum at the far-field detector. This is achieved
by integrating the emission along the azimuthal coordinate and up to a divergence
angle of 1.5 mrad, capturing the majority of the XUV radiation. Additionally, we
simulated the passage of radiation through a 150-nm thick aluminum filter, account-
ing for both material absorption and dispersion. A response function was also applied
to emulate the XUV camera used in the experiments, effectively creating a high-pass
filter starting from approximately 23 eV.

As shown in Fig. 3.12a), our calculated harmonic spectra exhibit trends consistent
with experimental observations, in spite of minor discrepancies in the phase-matching
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pressure range and the purity of the isolated attosecond pulse.

Figure 3.12: a) Results of the XUV spectrum simulations as a function of the gas pressure.b) On-axis IAP ob-
tained at pressure values of 2 mbar (blue), 6 mbar (green), 10 mbar (orange), and 14 mbar (dark
red) after performing the Fourier transform of a sub-set of the HHG spectra indicated by dotted
lines in (a).

Notably, as gas pressure is increased, the HHG spectrum shifts to higher energies and
displays reduced modulation, which is facilitative for IAP generation. This trend is
further corroborated by the Fourier transform of the on-axis spectra depicted in Fig.
3.12b). Increasing the pressure leads to a less modulated temporal profile of the XUV
radiation, achieving the most clean temporal structure at 6 mbar. The simulations
also reflect the experimental trend of declining generation efficiency with increasing
pressure. Both experimental and theoretical results, as depicted in Figs. 3.11 and 3.12,
identify two key aspects in our HHG spectrum that facilitate IAP generation: i) the
emergence of a continuous spectral cutoff and ii) the re-absorption of lower-order
harmonic components.
We now turn our focus to understanding the origins of these spectral characteristics.

Discussion

To clarify the physics behind the IAP generation mechanism, we examined the non-
linear propagation effects of the driving pulse. As a preliminary step in validating our
simulations, we analyzed the experimental IR spectra obtained at the output of the
SIGC under various pressure conditions. The experimental findings, depicted in Fig.
1.1c), display a pronounced blue-shift in the spectrum, a phenomenon attributed to
ionization-induced self-phase modulation. This effect has been previously identified
as a key factor in boosting generation efficiency in recent studies [89, 178].

In Fig. 3.13a), we present our simulation results showing the IR spectra after non-
linear propagation through the SIGC at different Argon pressures. These simulations
closely mirror the experimental observations of the blue-shifted spectrum (Fig. 1.1c)).
Additionally, Fig. 3.13b) illustrates the consequent transformation of the IR driving

75



pulse at the SIGC output, highlighting the influence of pressure variation on the pulse
reshaping process.

Figure 3.13: a) IR spectra and b) associated on-axis electric field at the SIGC output exploiting the nonlinear
propagation code as a function of the gas pressure in the first chamber (the experimentally char-
acterized IR is taken as input). Panels c) to f) exhibit the simulated nonlinear transformation of the
driving pulse as it traverses along the z-axis in the latter section of the cell, near the geometrical
focus. Specifically, c) shows the peak intensity on the axis, d) details the beam radius, e) illustrates
the on-axis percentage of ionized particles, and f) depicts the pulse energy. Re-adapted from
[SIGCsubmitted]

Following this empirical validation, we proceed to numerically analyse the nonlinear
alteration of the driving field as it progresses along the z-axis within the cell. This in-
vestigation deepens our understanding of the spatio-temporal transformation of the
IR driving radiation throughout the cell under varying pressure conditions. We exam-
ine the evolution of several elements, including the on-axis peak intensity (as shown
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in Fig. 3.13c)), the beam radius (Fig. 3.13d)), the extent of ionized species (Fig. 3.13e)),
and the pulse energy (Fig. 3.13f )), across different pressure settings. Notably, with an
increase in the gas pressure inside the SIGC, there is a clear stagnation of the beam
size (illustrated in Fig. 3.13d)), suggesting filament formation, and a decrease in pulse
energy (seen in Fig. 3.13f )), attributed to plasma defocusing and losses due to ioniza-
tion and plasma absorption. These factors collectively cause a reduction in the peak
intensity (Fig. 3.13c)) of the driving field, compared to its linear propagation in a
vacuum.

This decrease in peak intensity, resulting from plasma defocusing and absorption,
appears to function as a self-regulatory mechanism, which recent studies have indi-
cated aids in efficient harmonic generation[178, 179]. It is important to note that the
harmonic cutoff energy, corresponding to the diminished intensity, aligns well with
the classical cutoff law, diverging from the significantly higher value expected from
the peak intensity of a beam focused in a vacuum. This regulatory mechanism also
leads to a self-sustained driving field structure, experimentally observed as a white fil-
ament, maintaining consistent intensity and phase along its propagation direction in
the latter part of the SIGC, crucial for HHG due to reduced harmonic reabsorption.

Moreover, this self-regulatory mechanism is pivotal in harmonic phase-matching.
Despite the extended generation medium, the nonlinear progression of the driving
pulse minimizes the impact of intensity and phase discrepancies on harmonic phase
mismatch, thus allowing geometric and intrinsic factors (i.e. dipole phase) to be dis-
regarded. In our SIGC setup, the phase mismatch, ∆kq (see Eq. (2.75)), primarily
arises from free electrons and neutral atoms near the laser focus. This scenario is
reminiscent of conditions encountered in capillaries[29, 180, 181], or in high-pressure,
short-medium setups [102, 124]. Since these two contributors to ∆kq have opposite
signs and vary with the ionization level along the driving pulse, ideal phase matching
(∆kq = 0) occurs only during a finite temporal window [158, 159]. If this window
narrows to just a single laser half-cycle, isolation of a single attosecond pulse is pos-
sible, leading to continuous features in the XUV spectrum. Under such conditions,
the phase mismatch of the q-th-order harmonic along the propagation axis (z) can be
approximated by [158]:

∆kq(z, t) ∼ p · q
{
(1− η(z, t)) · δnq ·

2π

λL
− η(z, t) ·Natm · re · λL

}
(3.11)

where p represents the gas pressure, η(z, t) indicates the instantaneous ionization
fraction, and δnq = n(λL) − n(λq) ∼ n(λL) − 1 denotes the difference in the
index of refraction at the fundamental and harmonic wavelengths at a pressure of 1
atm. The termNatm is the total number density of atoms at 1 atm, re symbolizes the
classical electron radius, and λL refers to the central wavelength of the driving laser
(assumed here to be λL = 700 nm, approximately the center of the spectra shown in
Fig. 3.13a)).
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The duration ∆t of the temporal phase-matching window can then be esti-
mated from the inverse of the time derivative of the phase mismatch: 1/∆t ∝
(∂∆kq/∂t) · L, where L is the length of the medium [159]. Notably, under these
considerations, the nonlinear propagation of the driving pulse changes how pres-
sure affects harmonic phase-matching. Firstly, the ideal phase-matching condition
(∆kq = 0, as seen in Eq. (3.11)), is independent of pressure, and secondly, the tem-
poral phase-matching window narrows as pressure increases. It is also important to
mention that the enhancement in harmonic efficiency with increased pressure is con-
strained not just by the temporal phase-matching window but also by reabsorption
effects [119].

Figure 3.14: a) Time-derivative of the numerical phasemismatch calculated using Eq.(3.11) for the 25th harmonic
at the cell output (z = 380 mm). b) 2D-representation of the phase mismatch time-derivative for
harmonic 25th at 6 mbar as a function of the propagation axis, showing that the isolation of an
attosecond pulse takes place in the last 30 mm. Re-adapted from [SIGCsubmitted]

To elucidate the impact of the phase-matching window within the SIGC setup, we
present in Fig. 3.14 an analytical calculation of its time derivative for the 25th order
harmonic (≈ 44 eV) at the exit of the cell, for various pressures used in this study. This
analysis is simplified by considering only the on-axis temporal variation of the ioniza-
tion rate η(z, t), derived from 3D nonlinear propagation simulations. The analysis
corroborates that the temporal phase-matching window diminishes with increasing
gas pressure, coinciding with the emergence of a continuous cut-off and the isola-
tion of an IAP. At higher pressures (exceeding 6 mbar), the phase-matching window
contracts further, eventually becoming too brief for the HHG recombination step to
occur within the phase-matched interval. This leads to a marked reduction in the
XUV signal at these higher pressures, as observed in Fig. 3.11a).

Further insights from our numerical analysis concern the actual phase-matching
length within the SIGC. Figure 3.14b) highlights that efficient HHG predominantly
occurs in the cell final 3 cm (350 < z < 380 mm), which approximately aligns
with the Rayleigh range of the driving field in a vacuum. However, as indicated in
Fig. 3.13d), nonlinear spatial reshaping causes an increase in the effective Rayleigh
range within the medium, extending up to 10 cm at elevated gas pressures. Thus,
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by adjusting the pressure in our SIGC setup, we can explore different ratios between
the Rayleigh range and the generating medium length, enabling exploration of vari-
ous phase-matching regimes as detailed in [102]. It is noteworthy that the narrowest
phase-matching window (phase-matching peak) is found at approximately 13mm be-
fore the cell exit (8 mm before the geometrical laser focus) at z = 368 mm, aligning
well with previous studies on optimal phase matching in SIGC setups [182].

Another critical aspect of our SIGC configuration that facilitates IAP generation
is the reabsorption of lower-order harmonics, as shown in Figs. 3.11 and 3.12. To
understand the mechanism behind the low-order harmonic reabsorption process, we
thoroughly investigated the gas distribution in our generation geometry using COM-
SOL. The SIGC design includes a 7-mm channel linking the few-mbar pressure region
to an evacuated region at 10−2 mbar. Under the assumption that generation in this
intermediary region is minimal, we can estimate the total transmissivity T (ϵ) across
this channel for different photon energies using Eq. (3.12).

T (ϵ) = exp

(
− L

Labs(ϵ)

)
; Labs(ϵ) =

∫ 7mm

0

dz

ρ(z)σabs(ϵ)
(3.12)

where ρ(z) represents the atomic areal density of the medium varying with z, and
σabs(ϵ) denotes the absorption cross-section of Argon [120]. Fig. 3.15a) illustrates how
the spectral profile of transmittivity aligns precisely with the re-absorption character-
istics observed in our experimental XUV spectrum. As the gas pressure increases, har-
monics with energies below 35 eV are substantially re-absorbed. Conversely, higher
energy levels remain largely unaffected, thanks to the specific absorption cross-section
of Argon, leading to nearly complete (100%) transmittivity for these frequencies..

Figure 3.15: a) Experimental (green area) spectrum obtained at 6mbar of pressure. The dotted orange line in-
dicates the calculated z-integrated transmittivity in the 7-mm channel of the SIGC. b) Comparison
between the gas distribution of a 7-mm channel and a geometry with a pinhole, i.e., immediate
connection to vacuum. c) Numerical results of XUV temporal profile in the two configurations of
panel (b). Re-adapted from [SIGCsubmitted]

The simplicity of controlling the gas profile through a channel is a notable advan-
tage of low-pressure generation geometries like the SIGC. By allowing the gas to flow
through a channel spanning a few mm, we create a linear pressure gradient, as de-
picted by the blue curve in Fig. 6(b). This channel acts as an effective high-pass filter,
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selectively transmitting specific spectral regions. It is crucial to note that within this
channel, where harmonic generation is minimal, the exact shape of the gas profile is
insignificant, as the critical factor for absorption is the total accumulated effect of the
gas along the channel.

In contrast, achieving such control in shorter gas cells operating under higher
pressures is considerably more complex. Particularly at high pressures, sharp pres-
sure gradients are often recommended to minimize re-absorption across the entire
spectrum and ensure efficient phase matching [161]. This necessity often leads to a
compromise between creating a sharp gradient and effectively filtering the spectrum.

To underscore the significance of this channel, we conducted additional HHG
simulations assuming a sharp cutoff in the gas profile (illustrated by the red curve in
Fig. 3.15b)), simulating a scenario akin to a pinhole opening directly into a vacuum
chamber. As demonstrated in Fig. 3.15c), the temporal quality of the XUV radiation
generated under these conditions is significantly inferior compared to that achieved
with a linear gradient, where, as previously shown, a single attosecond pulse can be
isolated (blue curve in Fig. 3.15c)). We determined that the optimal length for main-
taining over 90% transmittivity in the 40 eV range, while also effectively filtering out
lower-order harmonics, ranges between 1 cm and 1.25 cm. Naturally, the length of
the channel should be adjusted according to its diameter. A comprehensive explo-
ration of this aspect, however, is beyond the scope of this study.

3.3.4 Conclusion: SIGC, a flexible solution for IAP generation in the XUV
spectral region

In our study [SIGCsub], we have successfully demonstrated both experimentally and
theoretically the capability of a semi-infinite gas cell to efficiently generate isolated
attosecond pulses in the extreme ultraviolet spectrum.

A crucial finding is the key role of the nonlinear propagation effects of the driving
field in establishing favourable phase-matching conditions. We have shown that IAPs
can be achieved simply by increasing the generation pressure, while simultaneously
maintaining a high level of XUV flux. This outcome is the result of a delicate balance
between efficient time-gated phase matching and the controlled reabsorption of lower-
order harmonics.

To delve deeper into the underlying physics of efficient IAP generation in a SIGC
setup, we developed and validated a novel simulation method. This method uniquely
combines the nonlinear spatio-temporal reshaping of an intense few-cycle driving
pulse with macroscopic high harmonic generation (HHG). This includes comprehen-
sive 3D time-dependent Schrödinger equation (TDSE) calculations and the propaga-
tion of harmonics to a far-field detector.

Our simulations highlight that the spatio-temporal reshaping of the driving field,
which manifests experimentally as a white filament, leads to a stagnation in beam size.
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This dynamic induces a phase-matching condition in our SIGC that is akin to what is
observed in capillaries or short-medium configurations. With increasing gas pressure,
the temporal window for phase matching becomes increasingly narrow, facilitating
the efficient generation of IAPs.

Importantly, our findings reveal that the generation in a SIGC occurs primarily in
the final few centimeters of its 38 cm length. This characteristic imparts an intrinsic
adaptability to various loose-focusing geometries. Unlike traditional gas cell geome-
tries or capillaries, where scaling up the pulse energy necessitates alterations to the
cell length or capillary dimensions, the SIGC coherence length of generation is not
limited by any physical constraints.
Therefore, adjusting the laser pulse parameters and focusing optics automatically adapts
the SIGC phase-matching region, with only minimal adjustments needed for gas pres-
sure. This flexibility, coupled with the SIGC inherent simplicity and tunability of
pressure and generation position, sets the SIGC as a highly versatile tool, which could
be used in any setup requiring IAP technology, such as XUV-XUV pump-probe or
NIR/VIS/UV pump-XUV probe experiments.
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Chapter 4

Initiating and measuring few-fs
Electron Transfer in
Donor-Acceptor Molecules:
Nitroanlines

In Chapter 1, we underscored the significance of measuring charge transfer (CT) pro-
cesses, sometimes referred to also as electron transfer (ET), with extreme temporal
precision. This capability not only deepens our fundamental comprehension of the
physics at the core of these processes but also may provide key insights into tailor-
ing the chemical and structural attributes of molecules to modulate or enhance CT.
Capturing the ultrafast dynamics of electronic and nuclear wavefunctions is crucial for
understanding and potentially influencing the evolution of CT. We conclude that new
experiments with few-femtosecond resolution coupled with novel theoretical method-
ologies are imperative to decipher the ultrafast physics of CT.

This chapter, based on the work [Nitroanilinesubmiitted?], describe one of these
experiments aimed at clarifying the initial stages of CT following immediate ioniza-
tion by an isolated attosecond pulse in a prototypical donor-acceptor system: Ni-
troaniline.
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4.1 Nitroaniline a prototypical donor-π-acceptor systems

Although significant progress has been made in understanding charge transfer in
donor-acceptor systems, many of the aspects of early-stage dynamics in photoinduced
CT processes remain unclear. This is particularly true in scenarios where there us a
strong interplay between the electronic and nuclear motion in medium-size and large
molecules. A notable knowledge gap, as depicted in Fig. 4.1, is the lack of detailed
temporal information on the initial phases of CT, typically represented by a sequence
of Lewis diagrams[183]. This arises mainly due to the inadequacy of current methods
to compute ultrafast processes in many-body quantum systems combined with the
scarcity of experiments providing sufficient time resolution in polyatomic systems.

In the upcoming discussion, based on [Nitroanilinesubmiitted], we report on
an experimental and theoretical investigation into the initial stages of charge transfer
processes initiated by prompt ionization in prototypical donor-π-acceptor molecules,
specifically nitroanilines. The real-time imaging of this process combines an attosec-
ond extreme ultraviolet (XUV) pump with a few-fs near-infrared-probe (NIR) spec-
troscopy and integrates these observations with advanced many-body quantum chem-
istry calculations.

Figure 4.1: Sketch of a charge transfer system in a prototypical donor-acceptor system after the interaction
with an isolated attosecond pulse. While the complete charge transfer can take from 100 fs to 1
ps, the first electronic motion dynamics can occur in the first few fs. This motivates the investigation
of the early-stage photophysics of charge transfer.

Our study focused on para-nitroaniline (p-NA, CAS Number: 100-01-6), meta-nitroaniline
(m-NA, CAS Number: 99-09-2), and N,N-Dimethyl-4-nitroaniline (nd-NA, CAS
Number: 100-23-2), all sourced from Sigma-Aldrich. These samples, with their chem-
ical structures illustrated in Fig. 4.2. These molecules are prototypical donor-π-
acceptor system and are marked by a pronounced molecular dipole. In these com-
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pounds, the electron density is drawn towards the nitro group (NO2), which acts as
the acceptor. This results in a positive partial charge near the donor group, which
is the amino group NH2 in p-NA and m-NA, and N(CH3)2 in nd-NA. Compar-
ing p-NA and m-NA allows for the exploration of the inductive effects of the donor
and acceptor groups on ultrafast dynamics. This is evident as the molecular dipole
magnitude decreases from 15 Debye in p-NA to 6 Debye in m-NA, as indicated by
CBS-QB3 calculations. In nd-NA, the inclusion of methyl groups (CH3) not only
alters the molecule polarity and charge separation between its positive and negative
sides [184] but also enhances the electron supply from the donor group due to the
positive inductive effect of the methyl groups.

Figure 4.2: Molecular structures of para-nitroaniline (p-NA), meta-nitroaniline (m-NA) and N,N-dimethyl-4-
nitroaniline (nd-NA). Re-adapted from [Nitroanilinesubmiitted]

As detailed in the next sections, we present both experimental findings and compre-
hensive numerical simulations that highlight a sub-10-femtosecond CT process in
the three ionized nitroaniline species. This rapid CT is driven by an ultrafast pla-
narization of the molecular structure. Subsequently, a more gradual dispersion of the
nuclear wave packet within the excited electronic states of the molecular cation starts
to play a crucial role in the observed dynamics. Our approach allowed us to unveil
the intertwined nature of the CT process that unfolds in few-femtoseconds.

4.2 Experimental methodologies and results

The experiments conducted to unravel the early-stage photophysics of charge trans-
fer (CT) in nitroaniline incorporated two phases. Firstly, a time-resolved study was
carried out using an attosecond pump-probe setup. This allowed for the measure-
ment of the temporal aspects of the CT dynamics. Secondly, an energy-resolved
campaign was conducted at the Elettra synchrotron facility in Trieste. The necessity
for such a dual approach derives from the difficulty in fully interpreting attosecond
spectroscopy measurements, which offer extreme-temporal resolution at the cost of
an intrinsic complexity.
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As emphasized in Chapter 1, in attosecond spectroscopy, choosing the appropri-
ate pump and probe pulses, along with identifying the most revealing physical ob-
servable, is crucial for obtaining meaningful information about the ultrafast processes
of interest.

As detailed later, our ultrafast measurement strategy involved using an XUV iso-
lated attosecond pulse as the pump and an intense few-cycle NIR pulse as the probe.
The initial attosecond pulse photo-ionizes the molecules, populating several electronic
states (of the cation, removal of one electron or the education, removal of two elec-
trons) and initiates coupled electron-nuclear dynamics. The interaction with the sub-
sequent NIR pulse, due to its high intensity, can further ionize or excite the molecule,
altering its possible fragmentation pathways from the one obtained with the attosec-
ond pulse only, as sketchted in the general pump-probe scheme of Fig. 1.4. Therefore,
our physical observable is the change in the population of positive ion fragments (frag-
mentation pathways), created after the interaction with the pulse, as a function of the
delay between the pump and the probe events.

In contrast, the synchrotron measurements, while lacking temporal resolution,
provide valuable insights into the activation energy of the various fragmentation chan-
nels, hence helping in the interpretation. This energy-resolved information is com-
plementary to the time-resolved data obtained from the attosecond measurements.

4.2.1 Time resolved measurement: XUV-IR pump-probe

The molecular samples are ionized using isolated sub-200-attosecond pulses produced
in krypton. These pulses had photon energies ranging from 20 to 50 eV, as shown in
Fig. 4.3c). The dynamics of the resulting cations were subsequently probed using
4-femtosecond VIS-NIR pulses, Fig. 4.3b), featuring a central photon energy of 1.77
eV and a peak intensity of 5 × 1012 W/cm2. This intensity is already sufficient to
promote the cations to the molecular dications through multiphoton absorption. The
parent ions and their fragments, generated by the interaction with both the pump
and probe pulses, were then captured and analyzed using a linear time-of-flight mass
spectrometer (TOFMS).

Experimental Setup

The laser system used in our experiments, capable of delivering mJ-level few-cycle
VIS-NIR pulses, is the same as the one detailed in Section 3.3.1. In our pump-probe
setup, shown in Fig. 4.3a), the visible/near-infrared (VIS/NIR) beam was split into
two replicas using a beamsplitter with 20% reflectivity. The beam portion that passed
through the beamsplitter was directed into a 3-mm-thick cell filled with krypton at a
static pressure using a mirror with a 0.75 m focal length. This cell produced extreme
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ultraviolet (XUV) radiation via high-order harmonic generation (HHG)¹. IAPs were
generated through ionization gating. A 150-nm-thick aluminum filter was employed
to remove the fundamental radiation and lower-order harmonics. The duration of
the XUV pulses (190± 20 as) was determined using the Frequency Resolved Optical
Gating for Complete Reconstruction of Attosecond Bursts (FROG-CRAB) technique
[166]. The residual VIS/NIR beam was then recombined collinearly with the XUV
beam using a mirror featuring a central aperture.

Figure 4.3: a) Sketch of the experimental setup for the pump-probe measurements. b) Power spectrum of the
4-fs-NIR pulse used in the experiment. c) Power spectrum of the 180 as IAP, used in the experiment.

The timing between the pump and probe pulses in our setup was finely adjusted using
a piezoelectric translation stage, allowing for attosecond-level temporal resolution. To
ensure long-term stability, the interferometer was actively stabilized using a frequency-
stabilized He-Ne laser, achieving a temporal stability below 70 attoseconds (rms).
Both the pump and probe beams were focused onto the molecular target using a gold-
coated toroidal mirror. This focal point was strategically placed at the center of a time-
of-flight (TOF) spectrometer (Kaesdorf ETF15 Combined Electron TOF). A notable
feature of this TOF spectrometer is its dual functionality, allowing for the switch
between ion and electron detection modes. This flexibility enabled us to conduct
attosecond streaking measurements prior to each new set of pump-probe experiments,

¹This experimental setup was utilized prior to the installation of the SIGC apparatus discussed in
section 3.3. Repeating the experiment with the SIGC nearly a year later yielded comparable results in
terms of pump-probe signal and the purity of the isolated attosecond pulse.
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facilitating in situ temporal characterization of both pump and probe pulses. The
spectrum of the attosecond pulses was captured using a high-resolution flat-field soft
x-ray spectrometer comprising a grating, a phosphor screen, and a charge-coupled
device (CCD) camera.
The three samples under examination, p-NA, m-NA and nd-NA are stable at room
temperature and were used as received, without further purification. They are typically
in a powdered form under standard ambient temperature and pressure conditions.
For vaporization in a vacuum environment, an effusive oven source was used. The
powder was placed into a hollow screw, which was then inserted into the oven, shown
in Fig. 4.3. A heating cable was applied to raise the temperature to between 90°C and
110°C, well below the melting points of the samples, ensuring effective sublimation.
Argon gas was employed as a carrier to convey the molecules to the interaction region,
concurrently reducing their internal kinetic energy prior to interaction.

Photofragmentation and pump-probe signals

Figure 4.4 panels a)-c) present the mass spectra obtained from the ionization of p-
NA, m-NA, and nd-NA using only the attosecond pulses. All three molecules exhibit
similar dissociation patterns. An exhaustive analysis of every fragmentation channel is
beyond the scope of this study, but the fragments that demonstrate ultrafast dynamics
are highlighted in color. It was noted that ionization with solely the NIR pulses mainly
resulted in the formation of parent ions within the mass spectra.

Specifically, at the mass-to-charge ratio m/q = 30, which is indicative of the
nitrosonium (NO+) ion, the mass spectrum displays a distinct profile with a central
peak flanked by two shoulders, as marked in the right panels of Fig. 4.4. As we will
discuss in the context of energy-resolved measurements, these shoulders are formed
by kinetic NO+ ions that are ejected in a highly repulsive dicationic process known
as Coulomb explosion (CbE), moving towards or away from the detector.

With the introduction of a delayed NIR pulse, we tracked changes in the photofrag-
mentation yield, normalizing it to the pump-only (XUV-only) signal. We collected
each data point in the pump-probe delay with a 10-second integration time. This
pump-probe delay scan was repeated six times, reversing the delay axis with each iter-
ation to counteract any potential long-term drifts. We applied a baseline subtraction
algorithm to each dataset, followed by mass-to-charge calibration. Focusing on spe-
cific regions of interest along the m/q axis, we then calculated the relative ion yield,
Y (τ), for the various charged fragments using the equation provided here:

Y (τ) =
ypu+pr(τ)− ypu

ypu
(4.1)

where ypu+pr(τ) and ypu denote the integrated mass spectra within a specific m/q
range surrounding the peak of a given ionic fragment, measured with and without
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Figure 4.4: (a) p-NA; (b) m-NA; (c) nd-NA. Here, M+ stands for the parent ion. Fragments showing ultrafast
dynamics are colour-highlighted. On the right side of each figure, an insert showing the mass-
spectrum detail aroundm/q = 30, identified as NO+

the presence of the probe pulse, respectively. Due to the multiphoton nature of its
interaction, the NIR probe pulse alone may generate certain photofragments. For
each molecule studied, we collected two separate datasets: one with a 3-fs delay step
between the pump and probe pulses covering a range from -40 fs to 200 fs, and another
with a 1-fs delay step covering from -20 fs to 60 fs.

Focusing on the range of signals detected in the experimental pump-probe traces,
our attention is particularly drawn to the behavior atm/q = 30. Figures 4.5a) and b)
demonstrate that only the side shoulders of the mass peak undergo temporal changes,
in contrast to the central peak, which remains static across different pump-probe de-
lays, indicating distinct origins for these features. Detailed later, we attribute the
dynamics observed in the side peaks to a time-dependent change in the population

89



of the molecular dication. In contrast, the central peak is likely due to a separate dis-
sociation process at the cation level, which is minimally impacted by the NIR probe
pulses.

The change in NO+ yield, determined by integrating the mass spectra within a
0.25-wide mass-to-charge window centered on the highest point of the shoulder at the
lowest m/q, is presented in Fig. 4.5c) over a 50-fs timescale and extended to 200 fs in
Fig. 4.5d). The data exhibit a rise time of τ1 = 9.3± 1.4 fs and an exponential decay
with a time constant of τ2 = 22.4± 1.2 fs. The fitting curves corresponding to these
dynamics are depicted with orange lines in Figs. 4.5c) and 4.5d). An analogous trend
is observed for the NO+

2 fragment within mass-to-charge windows centered around
m/q = 45.5 and m/q = 46.5, as depicted in 4.7. The rapid dynamics of the NO+

and NO+
2 fragments in m-NA and nd-NA are consistent with this pattern, as illus-

trated in Fig. 4.5d) and summarized in Table 4.1.

Each experimental data was fitted by the convolution of a Gaussian pulse (4-fs FWHM)
with the following function:

F (t) = A(1− e
− t−t0

τ1 )e
− t−t0

τ2 H(t− t0) (4.2)

Here, t is the pump-probe delay axis of the scan (τ ), positive when the NIR probe
pulse comes after the attosecond pump pulse. An arbitrary coefficient A is included
for generality. τ1 is a rising time, which considers the formation time of a particu-
lar fragment, whereas τ2 is a relaxation time. t0 is common for all ionic fragments
and defines the zero of the pump-probe delay axis; H(t) is the Heaviside function.
The use of a 4-fs Gaussian pulse as an instrument response function is an overesti-
mation of the actual temporal resolution of the pump-probe measurements due to
the multiphoton processes involved in the interaction of the VIS/NIR pulses with the
molecular samples.

The t0 was identified by fitting the time-resolved yield ofAr2+ ions (carrier gas)
generated through a dual ionization process involving XUV and NIR photons, with
the latter exhibiting an intensity surpassing 5× 1012 W/cm2.The fit for the temporal
yield of Ar2+ is represented by the blue line in 4.6. Additionally, the temporal pro-
file of the fragment NO+ yield from p-NA is depicted in the same figure (illustrated
with an orange dashed line), along with its fitting curve (indicated by the dot-dashed
orange line), highlighting the observable finite rise time in the NO+ case.
A temporal evolution was also observed in other charged fragments. It is worth

mentioning that the yield of production of the fragments CN+ (m/q = 26), C2N
+

(m/q = 38) and CN
3 + (m/q = 50), has a rise time comparable to that measured

for NO+ and NO+
2 fragments (τ1 ≈ 10 fs) and a subsequent much longer relaxation

lifetime (see Table 4.1).
Before discussing the nature of these two ultrafast processes observed, i) the rapid
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Figure 4.5: Experimental mass/charge (m/q) spectra around the NO+ fragment (m/q=30) for different time de-
lays between pump and probe pulses in the case of p-NA. b, Normalized differential mass/charge
spectra aroundm/q=30 for p-NA vs. pump-probe time delay obtained by performing the difference
between the spectra acquired with and without the probe pulse. c, NO+ yield in the case of p-NA
obtained by integrating the mass spectra in a 0.25-wide mass-to-charge window centred around
m/q = 29.5. The shaded area indicates the standard deviation over 6 acquisitions. The orange line is
a fitting curve with an exponential rise time of 9.3 fs and an exponential relaxation time of 22.4 fs;
the light-blue dashed line is the impulsive response function (IRF). d, NO+ yield in the case of p-NA
(orange, same as c)), m-NA (green) and nd-NA (purple) obtained by integrating the mass spectra in
a 0.25-wide mass-to-charge window centred around m/q = 29.5. Here, s.e.m. stands for the stan-
dard error of the mean.

Table 4.1: Table reporting the results of the fitting procedure for each fragment of the three species showing
a time-dependent behaviour.

p-NA m-NA nd-NA
m/q τ1 (fs) τ2 (fs) τ1 (fs) τ2 (fs) τ1 (fs) τ2 (fs)
26 11.3± 4.5 > 200 12.3± 6.1 43.5± 11.1 7.5± 1.9 53.4± 11.1
30 9.3± 1.4 22.4± 1.2 8.4± 2.4 21.5± 1.6 8.3± 1.5 31.4± 1.3
38 9.5± 3.2 63.1± 21 12.5± 4.3 38.6± 4.2 8.1± 1.1 43.6± 4.8
46 9.4± 1.6 23.1± 1.4 8.7± 2.1 21.2± 1.7 8.5± 1.5 33.2± 1.5
50 10.3± 4.2 > 200 12.1± 8.2 61.4± 20.3 8.5± 1.3 54.3± 12.2

rise and ii) the slower decay), it is critical to validate the interpretation of the se-
lected physical observable. In this case, a variation in the fragmentation population
of NO+ is linked to an increase in the dication population, which subsequently always
breaks due to a highly repulsive process, Coulomb Explosion. To corroborate this as-
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Figure 4.6: Normalized ion yield ofAr2+ (m/q = 20, green line) and of NO+ (orange dashed line) in the case
of p-NA. The shaded areas extend over twice the s.e.m. calculated over different measurements.
The blue solid line and the dot-dashed orange line are the fitting curves.

Figure 4.7: TNormalized yields of fragments NO+
2 (at a mass-to-charge ratio, m/q, of 46, with data points de-

rived from integrating the mass spectra within a 0.25-wide window centered at m/q = 45.5), CN+
(m/q = 26), C2N+ (m/q = 38), and C3N+ (m/q = 50) plotted against the pump-probe delay for p-NA
(panel a), m-NA (panel b), and nd-NA (panel c). Additionally, the normalized yield of the NO+
fragment (m/q = 30) is depicted using grey squares in the first column for comparison. The solid
blue lines represent the fitting curves for each data set, while the shaded regions correspond to an
area spanning twice the standard error of the mean (s.e.m.), which is calculated across different
experimental runs.

sociation, we need energy-resolved measurements to determine the energy threshold
needed to initiate specific fragmentation pathways.
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4.2.2 Energy resolved measurements at synchrotron: PEPICO

Photoemission studies were carried out at the Gas Phase Photoemission (GAPH)
beamline [185] at the Elettra synchrotron radiation facility in Trieste, Italy, using
nearly monochromatic synchrotron radiation with adjustable central energy. We uti-
lized photon energies of 60 eV for a comprehensive overview of the valence elec-
tron states and 37 eV to replicate the central frequency of the attosecond pulses em-
ployed in pump-probe experiments. The molecular sample was vaporized using an
oven source. The setup at the experimental station includes a hemispherical electron
analyzer, which determines the kinetic energy distribution of photoelectrons, thereby
providing insights into the binding energy (BE) of molecular valence states, and a
Wiley-McLaren time-of-flight (TOF) mass spectrometer, which are positioned op-
posite each other at the magic angle (approximately 55°) relative to the radiation’s
polarization axis.

The electron and ion spectrometers were used either independently for photoelec-
tron spectroscopy and photoion mass spectrometry or in tandem for photoelectron-
photoion coincidence (PEPICO) experiments. PEPICO experiments enable the si-
multaneous detection of photoelectrons and photoions from the same photoioniza-
tion event, facilitating coincident measurement. Despite the added complexity in the
experimental setup, data capture, and processing, the method is advantageous due
to the enriched data it provides. Specifically, this technique allows for the concur-
rent measurement of the energy of the emitted electron and its corresponding ion,
originating from the same ionization occurrence.

PEPICO spectra were collected at a fixed photon energy of 60 eV with an analyzer
pass energy of 30 eV. The electron kinetic energy was scanned over a binding energy
range of 8–32 eV in 2.7 eV increments to ensure adequate overlap between successive
acquisition windows. PEPICO allows the detection of both photoelectrons and pho-
toions from a single photoionization event in coincidence, offering a direct view of
the different decay pathways and their binding energy dependence. The 3D plot in
Fig. S2 illustrates the yield of electron-ion coincidences for selected ion m/q values as
a function of BE. Integrating along the m/q axis produces the photoelectron spectrum
(depicted by the red line in Fig. 4.8a), while integration across the BE axis results in
the ion mass spectrum (shown by the blue line in Fig. 4.8a).

Figure 4.8b) shows a zoom of the PEPICO data aroundm/q = 30 (corresponding to
NO+) for the three studied molecules. A considerable broadening of the mass spectra
was measured for BEs above ≈22 eV, which corresponds to the calculated threshold
for dication formation: this is the indisputable signature of the dissociation of an un-
stable dication following Coulomb explosion.
For BEs in the range 15-22 eV, the mass spectra are characterized by a sharp peak,
whose relative amplitude with respect to the broadened structure at higher BEs de-
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Figure 4.8: a) 3D plot of the PEPICO matrix for p-NA. The x-axis represents the binding energy (BE), the y-
axis the mass-to-charge ratio (m/q) and the z-axis the number of events collected at the detector
normalized to themaximumnumber of events. The solid orange line is the photoelectron spectrum,
while the blue solid line is the ionmass spectrum. b) Zoom of PEPICOmeasurements aroundm/q=30
(NO+) for the three investigated molecules, whose chemical structures are reported in the right
column. The red dashed line shows the dication appearance energy

pends on the particular molecules. This peak is pronounced in the case of p-NA and
is less marked in the case of m-NA and nd-NA. This is in agreement with the mass
spectra measured with the attosecond beamline shown in after XUV excitation??.

A similar behaviour was observed for the cation NO+
2 (m/q = 46), thus rein-

forcing the conclusion that the formation of this fragment is also driven by Coulomb
explosion (CbE) of an unstable dication.
This is consistent with the observation that the measured temporal evolution of the
NO+

2 yield is very similar to that of the NO+ cation (as shown in Fig. 4.6). Coulomb
explosion and photo fragmentation pathways This comprehensive energy-resolved
investigation enables us to confirm our pump-probe dynamics interpretation con-
fidently.
The attosecond pulses utilized in the time-resolved experiments are capable of excit-
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ing states within both the cation and dication of the molecule, thereby opening up
multiple fragmentation routes even in the absence of interaction with the NIR probe
pulses. Specifically, the fragments NO+ (as well as NO+

2 ) arise from two distinct
mechanisms: the statistical fragmentation of the monocation or the dissociation of
the unstable dication. This is illustrated in the upper panel of Fig. 4.9. The statistical
fragmentation of the monocation is responsible for the central peak observed in the
mass spectrum nearm/q = 30. In contrast, the dissociation of the unstable dication,
propelled by the Coulomb explosion , is what generates the side shoulders observable
at m/q ≈ 29.5 and m/q ≈ 30.5.

Figure 4.9: Formation pathways of the fragment NO+: Upper panel, fragmentation pathways initiated by the
XUV pulses. The attosecond pump pulses can generate both cationic states, which may fragment
into NO+ ions, as well as dicationic states which undergo fragmentation by CbE, resulting in the
formation of high-kinetic-energy NO+ fragments. Lower panel, the XUV pulse generates a super-
position of cationic states, while the subsequent VIS/NIR probe pulse removes a second electron
from the molecule. The probe pulses enhance the pathways leading to CbE and NO+ formation,
confined to the lateral shoulders of the mass spectra at m/q ≈29.5 and m/q ≈30.5.

The distinct generation mechanisms of these fragments explain their differing tempo-
ral behaviours once the VIS/NIR probe pulses intervene. The probe pulses can excite
the cations through multiphoton absorption to form molecular dications, which then
fragment via Coulomb explosion. As schematically represented in the lower panel of
Fig. 4.9, the probe pulses increase the number of pathways that lead to CbE and the
formation of NO+, which is restricted to the lateral shoulders of the mass spectrum.
The observed rapid dynamics are, therefore, indicative of the time-varying transition
probabilities from the cationic to the dicationic states, as the wavepacket evolves over
the potential energy surface of the cation excited state, see 4.10 c). In contrast, the
central peak of the mass spectrum, which is associated with NO+ generated by the
statistical fragmentation due to XUV pulses alone, remains unaffected by the probe
pulses and exhibits no temporal change.
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4.3 Simulation results: ultrafast dynamics in photo-ionized
nitroanilines

To unravel the complex electron and nuclear dynamics within the initial few femtosec-
onds, a thorough theoretical study is essential for interpreting the ultrafast timings
observed in our experiments. These calculations were conducted by our colleagues at
Universidad Autónoma de Madrid in the group of Prof. Fernando Martin.

Given the broad bandwidth of the attosecond pulse used for ionization (≈20 eV),
multiple electronic states become accessible in the molecular cation formed. The
photoelectron spectra (PES), captured using 60 eV synchrotron radiation, indicate
that the primary contributions to the PES for all three molecular cations emanate
predominantly from the lowest electronic states (DX), see Fig. 4.10a) and b). Our
multireference CASSCF theoretical calculations [186] validate this by confirming that
the most significant Dyson norms correlate with monocation states up to 4 eV above
the ionization threshold, predominantly characterized by a 1-hole (1-h) configuration.
This is supported by the close agreement between our measured and calculated spec-
tra, with the latter derived from actual ionization probabilities or Dyson norms (as
detailed in the Supplementary of [Nitroanilinesubmiitted]).

Figure 4.10: a) Comparison of experimental PES, recorded at the synchrotron, and calculated Dyson norm of
the different doublet state of the cation (DX). b) Scheme of the different energy levels at the
cation (green) and the ground state of the dication (singlet) S0(black). In our experiment, the
XUV populates the different cation levels, and subsequent IR promotes the wavepacket from the
cation to the dication, via multi-photon absorption. c) Calculated potential energy curves vs. the
planarization angle of the amino group with respect to the benzene ring of the ground state, G,
of the neutral p-NA molecule, the excited state D6 of the cation and the ground state S0 of the
dication. After an initial localization into a minimum of potential in D6, the wavepacket spreads
over several degrees of freedom.
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4.3.1 Ultrafast rise time and charge transfer

A key finding from the simulations is the ultrafast planarization of the amino group
(NH2) with the benzene ring in the cation immediately after photoionization, re-
gardless of the cation initial electronic state, including the ground state. Figure 4.11
illustrates the time evolution of the root-mean square (rms) deviation of the trajecto-
ries relative to the planar geometry in p-NA, signifying a local energy minimum. The
rms indicate the proximity of molecular structures to this planar minimum; lower
values suggest closer alignment. The nuclear wave packet is seen to converge towards
a planar molecular geometry within approximately 7 fs post-photoionization. Fig.
4.10a) gives an idea of the physical reason behind planarization mechanism, after di-
rect ionization from the XUV-attosecond pulse the molecular wavepacket tends to
move toward the minimum of D6, which minimizes the planarization angle.

We then analyzed the temporal changes in electron density across different re-
gions of the dynamic molecular cation using the electronic localization function (ELF)
theory, as detailed in the Supplementary Information of [Nitroanilinesubmiitted].
Figure 4.10b), displays these results. In the first ≈10 fs, the most significant electron
density variations are observed around the NH2 group and the adjacent C-N bond,
indicating substantial CT from the NH2 lone pair towards the C-N bond, marked
by a color shift from orange to green around NH2. This coincides with the NH2

group planarization (sp2-hybridization), which subsequently reverts to a pyramidal
structure (sp3-hybridization) (in the opposite direction) over the next 10 fs, reversing
the CT process.

Figure 4.10c) quantifies this charge (electron) transfer, showing the evolution
of net charges derived from integrating the electron density over these regions. The
CT reaches nearly a full atomic unit of charge and aligns with the NH2 group’s pla-
narization. Similar ultrafast behaviours were also observed for m-NA and nd-NA (as
presented in Supplementary of [Nitroanilinesubmiitted]), reinforcing our theoretical
interpretation. Notably, this electron transfer initiated by prompt ionization occurs
within the same timeframe as the initial rise in the yield of NO+ and NO+

2 fragment
production.

The analysis of nuclear kinetic energy and the cation-dication Dyson norms, as pre-
sented in Fig. 4.11d), corroborates that the initial rise in the yields of NO+ and NO+

2

is indeed indicative of the NH2 group concerted planarization and electron trans-
fer. It is evident that within the first ≈10 fs, the nuclear kinetic energy increases,
thereby facilitating Coulomb explosion post-probe step and the resultant generation
of NO+ and NO+

2 fragments. Concurrently, the nuclear wave packet accelerates
toward the energy minimum associated with the planar structure, becoming increas-
ingly localized. This localization of the wave packet makes ionization by the VIS-NIR
probe pulse more effective, as reflected in the corresponding rise of the cation-dication
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Figure 4.11: a) Calculated temporal evolution of the average Root Mean Square Deviation (RMSD) of all the
trajectories initialized in electronic state D6 of p-NAwith respect to the planarminimumgeometry.
The lower the values of the RMSD the closer to the planar geometry. b) Snapshots of the evolution
of the electronic density. The colours indicate the basins where the density is assigned. In the NH2
region, red indicates the lone pair of the N, while green indicates the C-N bond. c) Temporal
evolution of the average charge in the ELF basins for the lone pair of N in the NH2 group (orange)
and the C-N bond connecting it to the ring (green). d) Temporal evolution of the average kinetic
energy of the nuclear wave packet. (black curve) and the average Dyson norm corresponding
to the orbital that results from the projection of the ground state of the mono-cation onto the
ground state of the di-cation (red curve). e) Lewis structures representing the charge transfer
from the lone pair of N to the C-N bond.

Dyson norm during the same timeframe. Therefore, it is the combination of increased
nuclear wave packet localization and nuclear kinetic energy that enhances ionization
of the cation by the probe pulse, leading to subsequent CbE and the more efficient
production of NO+ and NO+

2 fragments.
Further supporting this interpretation is the observation that the production

yield of various charged fragments related to the C-N bond, which is the initial re-
gion where CT occurs, shows an ultrafast increase with a ≈10 fs time constant. This
suggests that heightened localization and kinetic energy also enhance the likelihood
of cation excitation across certain fragmentation barriers. These fragments (CN+,
C2N+, and C3N+), linked to the transition from lower excited states to higher
cationic excited states, exhibit an exponential decay with a time constant (τ2 > 60
fs, see Table 4.1) significantly longer than the decay time for fragments originating
from dication generation and CbE. Thus, we can conclude that the CT from the
donor group to the ring, as per the conventional model depicted in 4.11e), occurs in
just about ≈10 fs. This aligns with the accepted view that the NH2 group’s N atom
shifts from sp3 (pyramidal) to sp2 (planar) hybridization in the same time span. Our
findings assign a ≈ 10 fs duration to this key process in donor-acceptor systems.

It is important to note that the simulation durations in our analysis are too brief
to witness CT extending to more distant sites on the phenyl ring or the NO2 ac-
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ceptor group. Contrary to NH2, geometrical changes necessary to alter electronic
configurations in NO2 require a longer time due to the significantly greater mass
of the oxygen atoms (as detailed in the SI of [Nitroanilinesubmiitted]). Hence, the
charge transferred to the C-N bond is limited to oscillating between this bond and
NH2 within the calculated short timeframe. This charge oscillation is not discernible
in the experiments, given the sub-30-fs attenuation of the fragments resulting from
CbE.

4.3.2 Ultrafast relaxation time and inefficient probing of the IR

To clarify the cause of this observed damping, Fig. 44.12a) presents the time-dependent
energy gap between the excited cationic states, initially populated by the attosecond
pump pulses, and the ground state of the molecular dication formed post-interaction
with the NIR probe pulses, as calculated across all nuclear trajectories. It is noticeable
that for trajectories originating in the lowest excited states, D1 and D2, the energy
required to transition to the molecular dication state remains relatively constant over
time. However, for trajectories commencing from higher excited states, the energy
difference relative to the education ground state progressively increases, particularly
after about 25 fs. This trend indicates a growing energetic barrier for these trajectories
to reach the dication ground state as time advances.

Figure 4.12: a) Temporal evolution of the energy difference between the D1, D2 and D6 states of the cation
and ground state of the dication for all of the p-NA trajectories. The dashed horizontal black lines
mark energy gaps for absorption of an IR photon (represented by a red arrow). b) Normalized
number of trajectories requiring 5, 6, 7 and 8 IR photons to reach the ground state S0 of the
dication in p-NA, for the trajectories initiated in the highest electronic states (D6).

This observation pertains to the higher excited states of the cation with significant
Dyson norms: specifically, state D6 in p-NA, state D8 in m-NA, and state D5 in
nd-NA. Consequently, the number of NIR photons required to ionize the molecular
cation increases with time, as illustrated in Fig. 4.12a), where the energies needed to
ionize the molecular cation by absorption on n NIR photons at any time are shown.
From this figure, we can estimate the number of trajectories which require absorption
of a particular number of NIR photons to reach the dication. Fig. 4.12b) displays the
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normalized count of trajectories that require 5, 6, 7, or 8 NIR photons to reach the
dication ground state S0, focusing on the trajectories starting from the cationic state
D6 of p-NA.

As shown in Figs. 4.13a)-c), the temporal pattern of trajectories needing the ab-
sorption of 6 VIS-NIR photons to reach S0 mirrors the relaxation dynamics of the
NO+ yield in all three molecules. A decline in the number of such trajectories corre-
sponds to a diminished probability of double ionization by the combined pump and
probe pulses, consequently reducing the production of the dication-related fragments.

Figure 4.13: c, d, e, Normalized number of trajectories requiring the absorption of 6 VIS-NIR photons to reach
S0 (dark red line) compared with the measured yields (circles and shaded area) for p-NA, m-NA
and nd-NA, respectively. To guide the eye, the fits to the experimental spectra are also indicated
by thin continuous lines.

This interpretation aligns with the experimental and numerical findings for both m-
NA and nd-NA. Intriguingly, the ultrafast CT process remains unchanged by either
the inductive effect or methylation. In the case of methylation, this resilience is likely
due to the methyl groups being closer to the planar structure, offsetting the increased
mass of the donor group. It’s also notable that the observed decay time for nd-NA
(τ2 = 31.4± 1.3 fs) is longer than in p-NA, indicating a direct influence of methy-
lation on nuclear wavepacket confinement.

4.3.3 Conclusions: early stage process guiding CT in a donor-π-acceptor
system

Our research demonstrates that the initial CT step in prototypical nitroanilines, is an
electron transfer from the NH2 lone pair to the adjacent C-N bond (happening in
approximately 10 fs) driven by the NH2 group planarization.
10-fs is also the time required for the nitrogen atoms to switch from sp3 to sp2 hy-
bridization, enabling effective electron transfer toward the donor side of the molecule.
This early-stage process is fundamental to subsequent ET/CT processes occurring on
longer timescales, ultimately culminating in CT to the acceptor nitro group.

We have also elucidated the reasons behind the decay of ionic fragments observed
in this and previous XUV pump/NIR probe experiments at extended pump-probe
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delays, attributing it to the reduced efficiency of the probing step due to the continual
spreading of the nuclear wave packet.

These findings address a crucial question in chemistry regarding the time needed
for charge transfer from an electron donor unit to the adjacent carbon atom of the
benzene ring and the accompanying structural changes. Thus, our experimental and
theoretical insights contribute significantly to a deeper understanding of textbook dia-
grams and concepts typically employed to qualitatively predict charge migration/charge
transfer in organic molecules.
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Chapter 5

Summary and Outlook

The advent of attosecond science revolutionized our comprehension of ultrafast phe-
nomena by enabling real-time tracking of electron dynamics within atoms, molecules
and solids. Particularly, this groundbreaking progress opened up new avenues for un-
derstanding and manipulating ultrafast processes in molecules at the quantum level,
crucial for advancements in photochemistry and optoelectronics. The synergy be-
tween advancements in simulating quantum phenomena in complex systems and
technical developments in attosecond technology has been instrumental in this evo-
lution, setting the stage for cutting-edge applications in materials science and the field
of energy conversion.

In this dissertation, I have delved into both domains, enhancing the technological
repertoire for generating attosecond pulses through high harmonic generation in gas
(as detailed in Chapter 3), and examining the dynamics of ultrafast photo-induced
charge transfer mechanisms (discussed in Chapter 4).

In Chapter 3, section 3.1, it is showcased the first successful experimental demon-
stration of a new theoretical model that provides simple guidance for optimizing gas-
based HHG sources. In Section 3.2, we introduced an innovative model for predicting
the transfer of astigmatism from the driving field to the generated harmonics. This
model, corroborated by experimental findings, serves as a roadmap for producing
high-intensity XUV laser beams with minimal aberrations. Utilizing this model, we
are now equipped to forecast the creation of chromatically aberrated XUV beams and
accordingly implement strategies to correct them, especially by reducing astigmatism
in the driving field using wavefront-correction optics. Section 3.3 introduced an inno-
vative technique for generating isolated attosecond pulses (IAP) utilizing, for the first
time, a semi-infinite gas cell (SIGC) combined with a strategically engineered gas pro-
file. The results confirmed that thanks to a combination of time-gated phase matching
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and harmonic re-absorption, SIGC apparatuses are suitable for IAPs production. This
achievement marks a significant step forward in developing more flexible IAP gener-
ation methods compatible with medium-to-long focusing geometries, adaptable to
a range of experimental setups, including XUV-XUV pump-probe or NIR/VIS/UV
pump-XUV probe systems.

The pulses generated with this technology are then used for ultrafast spectroscopic
applications, for example, to investigate the ultrafast photophysics of donor-acceptor
molecular systems.
Therefore, in Chapter 4, we examined one of the simplest donor-acceptors: nitroani-
lines. Specifically, we studied the initial charge transfer stages, triggered by an iso-
lated attosecond pulse, and subsequently probed using a few-femtosecond infrared
field. Our research revealed a rapid charge transfer mechanism in nitroaniline, oc-
curring in less than 10 femtoseconds, guided by the planarization of the NH2 group
and an ultrafast-hybridization transition from sp3 to sp2 orbitals. This early-stage
process critically influences the ensuing electron dynamics, thus affecting the over-
all charge transfer within the molecular system. Supported by advanced quantum
mechanics simulations, these experimental observations provide fresh perspectives on
the early photophysics of donor-acceptor systems. These insights have far-reaching
implications in photovoltaics, molecular optoelectronics, and understanding the in-
tricate interplay between nuclear and electron dynamics beyond traditional adiabatic
approximations.

What is next?

This thesis outlines recent advancements in attosecond technology and atto-chemistry.
As discussed, HHG stands out as an exceptional tool for both its temporal and spatial
characteristics.

Looking ahead, research is currently extending Attochemistry to the soft-X-Ray region
(i.e. water window), where attosecond pulses can offer groundbreaking insights into
molecule photophysics with atomic specificity. This research aims to elucidate com-
plex organic molecules for optoelectronic applications (such as molecular transistors
and molecular nano-wires) and inorganic molecules (like transition metal complexes
and ultrafast photocatalysts). Moreover, the refined control of HHG’s spatial proper-
ties is opening new paths in nanometrology and HHG-ptychography, presenting ex-
citing possibilities for non-invasive imaging of nanostructures. These advancements
hold immense potential for broad applications in nanotechnology and the semicon-
ductor industry.

104



References

[1] Press release for the Nobel prize in physics (2023) awarded to Pierre Agostini,
Ferenc Krausz and Anne L’Huillier for Attosecond Physics. https://www.
nobelprize.org/prizes/physics/2023/press-release/.

[2] Mauro Nisoli. The Birth of Attochemistry. Optics and Photonics News, 30(7):32–
39, July 2019. ISSN 1541-3721. doi: 10.1364/OPN.30.7.000032. URL https://
opg.optica.org/opn/abstract.cfm?uri=opn-30-7-32. Publisher:
Optica Publishing Group.

[3] J. J. Sakurai and Jim Napolitano. Modern Quantum Mechan-
ics, September 2017. URL https://www.cambridge.org/
highereducation/books/modern-quantum-mechanics/
AAE1925F1A0963C6124421B03D7801AE. ISBN: 9781108499996 Pub-
lisher: Cambridge University Press.

[4] A. Messiah. Quantum mechanics, 1962.

[5] R. Loudon. The quantum theory of light, 1965.

[6] Peter Mulser and Dieter Bauer. High power laser-matter interaction, 2010.

[7] Misha Yu Ivanov, Michael Spanner, and Olga Smirnova. Anatomy of strong
field ionization. Journal of Modern Optics, 52(2-3):165–184, January 2005. ISSN
0950-0340, 1362-3044. doi: 10.1080/0950034042000275360. URL http://
www.tandfonline.com/doi/abs/10.1080/0950034042000275360.

[8] P. Richard Feynman and R. Albert Hibbs. Quantum mechanics and path inte-
gral, 1965.

[9] G. E. Busch and P. M. Rentzepis. Picosecond chemistry. Science, 194(4262):
276–283, 1976. doi: 10.1126/science.968481. URL https://www.science.
org/doi/abs/10.1126/science.968481.

105

https://www.nobelprize.org/prizes/physics/2023/press-release/
https://www.nobelprize.org/prizes/physics/2023/press-release/
https://opg.optica.org/opn/abstract.cfm?uri=opn-30-7-32
https://opg.optica.org/opn/abstract.cfm?uri=opn-30-7-32
https://www.cambridge.org/highereducation/books/modern-quantum-mechanics/AAE1925F1A0963C6124421B03D7801AE
https://www.cambridge.org/highereducation/books/modern-quantum-mechanics/AAE1925F1A0963C6124421B03D7801AE
https://www.cambridge.org/highereducation/books/modern-quantum-mechanics/AAE1925F1A0963C6124421B03D7801AE
http://www.tandfonline.com/doi/abs/10.1080/0950034042000275360
http://www.tandfonline.com/doi/abs/10.1080/0950034042000275360
https://www.science.org/doi/abs/10.1126/science.968481
https://www.science.org/doi/abs/10.1126/science.968481


[10] Ahmed H. Zewail. Laser femtochemistry. Science, 242(4886):1645–1653,
1988. doi: 10.1126/science.242.4886.1645. URL https://www.science.
org/doi/abs/10.1126/science.242.4886.1645.

[11] Margherita Maiuri, Marco Garavelli, and Giulio Cerullo. Ultrafast Spec-
troscopy: State of the Art and Open Challenges. Journal of the American Chem-
ical Society, 142(1):3–15, January 2020. ISSN 0002-7863. doi: 10.1021/jacs.
9b10533. URL https://doi.org/10.1021/jacs.9b10533. Publisher:
American Chemical Society.

[12] Rocío Borrego-Varillas, Matteo Lucchini, and Mauro Nisoli. Attosecond spec-
troscopy for the investigation of ultrafast dynamics in atomic, molecular and
solid-state physics. Reports on Progress in Physics, 85(6):066401, June 2022.
ISSN 0034-4885, 1361-6633. doi: 10.1088/1361-6633/ac5e7f. URL https:
//iopscience.iop.org/article/10.1088/1361-6633/ac5e7f.

[13] Ferenc Krausz and Misha Ivanov. Attosecond physics. Reviews of Mod-
ern Physics, 81(1):163–234, February 2009. doi: 10.1103/RevModPhys.81.
163. URL https://link.aps.org/doi/10.1103/RevModPhys.81.
163. Publisher: American Physical Society.

[14] Xun Shi, Chen-Ting Liao, Zhensheng Tao, Emma Cating-Subramanian, Mar-
garet M Murnane, Carlos Hernández-García, and Henry C Kapteyn. Attosec-
ond light science and its application for probing quantum materials. Journal
of Physics B: Atomic, Molecular and Optical Physics, 53(18):184008, September
2020. ISSN 0953-4075, 1361-6455. doi: 10.1088/1361-6455/aba2fb. URL https:
//iopscience.iop.org/article/10.1088/1361-6455/aba2fb.

[15] Donna Strickland and Gerard Mourou. Compression of amplified chirped
optical pulses. Optics Communications, 55(6):447–449, October 1985. ISSN
0030-4018. doi: 10.1016/0030-4018(85)90151-8. URL https://www.
sciencedirect.com/science/article/pii/0030401885901518.

[16] Mauro Nisoli and Orazio De Silvestri, Sandro abd Svelto. Compression of
amplified chirped optical pulses. Appl. Phys. Lett., 68(6):2793–2795, October
1996. doi: 10.1063/1.116609.

[17] Robert Szipöcs, Kárpát Ferencz, Christian Spielmann, and Ferenc Krausz.
Chirped multilayer coatings for broadband dispersion control in femtosecond
lasers. Optics Letters, 19(3):201–203, February 1994. ISSN 1539-4794. doi:
10.1364/OL.19.000201. URL https://opg.optica.org/ol/abstract.
cfm?uri=ol-19-3-201. Publisher: Optica Publishing Group.

106

https://www.science.org/doi/abs/10.1126/science.242.4886.1645
https://www.science.org/doi/abs/10.1126/science.242.4886.1645
https://doi.org/10.1021/jacs.9b10533
https://iopscience.iop.org/article/10.1088/1361-6633/ac5e7f
https://iopscience.iop.org/article/10.1088/1361-6633/ac5e7f
https://link.aps.org/doi/10.1103/RevModPhys.81.163
https://link.aps.org/doi/10.1103/RevModPhys.81.163
https://iopscience.iop.org/article/10.1088/1361-6455/aba2fb
https://iopscience.iop.org/article/10.1088/1361-6455/aba2fb
https://www.sciencedirect.com/science/article/pii/0030401885901518
https://www.sciencedirect.com/science/article/pii/0030401885901518
https://opg.optica.org/ol/abstract.cfm?uri=ol-19-3-201
https://opg.optica.org/ol/abstract.cfm?uri=ol-19-3-201


[18] A. McPherson, G. Gibson, H. Jara, U. Johann, T. S. Luk, I. A. McIn-
tyre, K. Boyer, and C. K. Rhodes. Studies of multiphoton production of
vacuum-ultraviolet radiation in the rare gases. Journal of the Optical Soci-
ety of America B, 4(4):595, April 1987. ISSN 0740-3224, 1520-8540. doi:
10.1364/JOSAB.4.000595. URL https://opg.optica.org/abstract.
cfm?URI=josab-4-4-595.

[19] M. Ferray, A. L’Huillier, X. F. Li, L. A. Lompre, G. Mainfray, and C. Manus.
Multiple-harmonic conversion of 1064 nm radiation in rare gases. Journal of
Physics B: Atomic, Molecular and Optical Physics, 21(3):L31, February 1988. ISSN
0953-4075. doi: 10.1088/0953-4075/21/3/001. URL https://dx.doi.org/
10.1088/0953-4075/21/3/001.

[20] Anne L’Huillier and Ph. Balcou. High-order harmonic generation in rare gases
with a 1-ps 1053-nm laser. Physical Review Letters, 70(6):774–777, February 1993.
doi: 10.1103/PhysRevLett.70.774. URL https://link.aps.org/doi/10.
1103/PhysRevLett.70.774. Publisher: American Physical Society.

[21] M. Lewenstein, Ph. Balcou, M. Yu. Ivanov, Anne L’Huillier, and P. B. Corkum.
Theory of high-harmonic generation by low-frequency laser fields. Physical Re-
view A, 49(3):2117–2132, March 1994. doi: 10.1103/PhysRevA.49.2117. URL
https://link.aps.org/doi/10.1103/PhysRevA.49.2117. Publisher:
American Physical Society.

[22] P. B. Corkum. Plasma perspective on strong field multiphoton ionization.
Physical Review Letters, 71(13):1994–1997, September 1993. ISSN 0031-9007.
doi: 10.1103/PhysRevLett.71.1994. URL https://link.aps.org/doi/10.
1103/PhysRevLett.71.1994.

[23] Jeffrey L. Krause, Kenneth J. Schafer, and Kenneth C. Kulander. High-order
harmonic generation from atoms and ions in the high intensity regime. Physi-
cal Review Letters, 68(24):3535–3538, June 1992. doi: 10.1103/PhysRevLett.68.
3535. URL https://link.aps.org/doi/10.1103/PhysRevLett.68.
3535. Publisher: American Physical Society.

[24] P. M. Paul, E. S. Toma, P. Breger, G. Mullot, F. Augé, Ph. Balcou, H. G.
Muller, and P. Agostini. Observation of a train of attosecond pulses from
high harmonic generation. Science, 292(5522):1689–1692, 2001. doi: 10.1126/
science.1059413. URL https://www.science.org/doi/abs/10.1126/
science.1059413.

[25] Michael Chini, Kun Zhao, and Zenghu Chang. The generation, charac-
terization and applications of broadband isolated attosecond pulses. Na-
ture Photonics, 8(3):178–186, March 2014. ISSN 1749-4885, 1749-4893. doi:

107

https://opg.optica.org/abstract.cfm?URI=josab-4-4-595
https://opg.optica.org/abstract.cfm?URI=josab-4-4-595
https://dx.doi.org/10.1088/0953-4075/21/3/001
https://dx.doi.org/10.1088/0953-4075/21/3/001
https://link.aps.org/doi/10.1103/PhysRevLett.70.774
https://link.aps.org/doi/10.1103/PhysRevLett.70.774
https://link.aps.org/doi/10.1103/PhysRevA.49.2117
https://link.aps.org/doi/10.1103/PhysRevLett.71.1994
https://link.aps.org/doi/10.1103/PhysRevLett.71.1994
https://link.aps.org/doi/10.1103/PhysRevLett.68.3535
https://link.aps.org/doi/10.1103/PhysRevLett.68.3535
https://www.science.org/doi/abs/10.1126/science.1059413
https://www.science.org/doi/abs/10.1126/science.1059413


10.1038/nphoton.2013.362. URL https://www.nature.com/articles/
nphoton.2013.362.

[26] Katsumi Midorikawa. Progress on table-top isolated attosecond light
sources. Nature Photonics, 16(4):267–278, April 2022. ISSN 1749-4885, 1749-
4893. doi: 10.1038/s41566-022-00961-9. URL https://www.nature.com/
articles/s41566-022-00961-9.

[27] M. Hentschel, R. Kienberger, Ch. Spielmann, G. A. Reider, N. Milosevic,
T. Brabec, P. Corkum, U. Heinzmann, M. Drescher, and F. Krausz. At-
tosecond metrology. Nature, 414(6863):509–513, November 2001. ISSN 0028-
0836, 1476-4687. doi: 10.1038/35107000. URL https://www.nature.com/
articles/35107000.

[28] Thomas Gaumnitz, Arohi Jain, Yoann Pertot, Martin Huppert, Inga Jor-
dan, Fernando Ardana-Lamas, and Hans Jakob Wörner. Streaking of 43-
attosecond soft-X-ray pulses generated by a passively CEP-stable mid-infrared
driver. Optics Express, 25(22):27506–27518, October 2017. ISSN 1094-4087. doi:
10.1364/OE.25.027506. URL https://opg.optica.org/oe/abstract.
cfm?uri=oe-25-22-27506. Publisher: Optica Publishing Group.

[29] Tenio Popmintchev, Ming-Chang Chen, Dimitar Popmintchev, Paul Arpin,
Susannah Brown, Skirmantas Ališauskas, Giedrius Andriukaitis, Tadas Balči-
unas, Oliver D. Mücke, Audrius Pugzlys, Andrius Baltuška, Bonggu Shim,
Samuel E. Schrauth, Alexander Gaeta, Carlos Hernández-García, Luis Plaja,
Andreas Becker, Agnieszka Jaron-Becker, Margaret M. Murnane, and Henry C.
Kapteyn. Bright Coherent Ultrahigh Harmonics in the keV X-ray Regime from
Mid-Infrared Femtosecond Lasers. Science, 336(6086):1287–1291, June 2012.
doi: 10.1126/science.1218497. URL https://www.science.org/doi/10.
1126/science.1218497. Publisher: American Association for the Advance-
ment of Science.

[30] Shambhu Ghimire and David A. Reis. High-harmonic generation from
solids. Nature Physics, 15(1):10–16, January 2019. ISSN 1745-2481. doi:
10.1038/s41567-018-0315-5. URL https://www.nature.com/articles/
s41567-018-0315-5. Number: 1 Publisher: Nature Publishing Group.

[31] Tran Trung Luu, Zhong Yin, Arohi Jain, Thomas Gaumnitz, Yoann Pertot, Jun
Ma, and Hans Jakob Wörner. Extreme–ultraviolet high–harmonic generation
in liquids. Nature Communications, 9(1):3723, September 2018. ISSN 2041-
1723. doi: 10.1038/s41467-018-06040-4. URL https://www.nature.com/
articles/s41467-018-06040-4. Number: 1 Publisher: Nature Publish-
ing Group.

108

https://www.nature.com/articles/nphoton.2013.362
https://www.nature.com/articles/nphoton.2013.362
https://www.nature.com/articles/s41566-022-00961-9
https://www.nature.com/articles/s41566-022-00961-9
https://www.nature.com/articles/35107000
https://www.nature.com/articles/35107000
https://opg.optica.org/oe/abstract.cfm?uri=oe-25-22-27506
https://opg.optica.org/oe/abstract.cfm?uri=oe-25-22-27506
https://www.science.org/doi/10.1126/science.1218497
https://www.science.org/doi/10.1126/science.1218497
https://www.nature.com/articles/s41567-018-0315-5
https://www.nature.com/articles/s41567-018-0315-5
https://www.nature.com/articles/s41467-018-06040-4
https://www.nature.com/articles/s41467-018-06040-4


[32] Yang Hwan Kim, Hyeon Kim, Seong Cheol Park, Yongjin Kwon, Kyunghoon
Yeom, Wosik Cho, Taeyong Kwon, Hyeok Yun, Jae Hee Sung, Seong Ku Lee,
Tran Trung Luu, Chang Hee Nam, and Kyung Taec Kim. High-harmonic gen-
eration from a flat liquid-sheet plasma mirror. Nature Communications, 14(1):
2328, April 2023. ISSN 2041-1723. doi: 10.1038/s41467-023-38087-3. URL
https://www.nature.com/articles/s41467-023-38087-3. Num-
ber: 1 Publisher: Nature Publishing Group.

[33] Joseph Duris, Siqi Li, Taran Driver, Elio G. Champenois, James P. MacArthur,
Alberto A. Lutman, Zhen Zhang, Philipp Rosenberger, Jeff W. Aldrich, Ryan
Coffee, Giacomo Coslovich, Franz Josef Decker, James M. Glownia, Gregor
Hartmann, Wolfram Helml, Andrei Kamalov, Jonas Knurr, Jacek Krzywin-
ski, Ming Fu Lin, Jon P. Marangos, Megan Nantel, Adi Natan, Jordan T.
O’Neal, Niranjan Shivaram, Peter Walter, Anna Li Wang, James J. Welch,
Thomas J.A. Wolf, Joseph Z. Xu, Matthias F. Kling, Philip H. Bucksbaum,
Alexander Zholents, Zhirong Huang, James P. Cryan, and Agostino Marinelli.
Tunable isolated attosecond X-ray pulses with gigawatt peak power from a free-
electron laser. Nature Photonics 2019 14:1, 14(1):30–36, December 2019. doi:
10.1038/s41566-019-0549-5. URL https://www.nature.com/articles/
s41566-019-0549-5. Publisher: Nature Publishing Group.

[34] M. Drescher, M. Hentschel, R. Kienberger, M. Uiberacker, V. Yakovlev,
A. Scrinzi, Th Westerwalbesloh, U. Kleineberg, U. Heinzmann, and F. Krausz.
Time-resolved atomic inner-shell spectroscopy. Nature, 419(6909):803–807,
October 2002. ISSN 1476-4687. doi: 10.1038/nature01143. URL https:
//www.nature.com/articles/nature01143. Number: 6909 Publisher:
Nature Publishing Group.

[35] M. Schultze, M. Fieß, N. Karpowicz, J. Gagnon, M. Korbman, M. Hof-
stetter, S. Neppl, A. L. Cavalieri, Y. Komninos, Th. Mercouris, C. A. Nico-
laides, R. Pazourek, S. Nagele, J. Feist, J. Burgdörfer, A. M. Azzeer, R. Ern-
storfer, R. Kienberger, U. Kleineberg, E. Goulielmakis, F. Krausz, and V. S.
Yakovlev. Delay in photoemission. Science, 328(5986):1658–1662, 2010. doi:
10.1126/science.1189401. URL https://www.science.org/doi/abs/10.
1126/science.1189401.

[36] F. Calegari, D. Ayuso, A. Trabattoni, L. Belshaw, S. De Camillis, S. Anu-
mula, F. Frassetto, L. Poletto, A. Palacios, P. Decleva, J. B. Greenwood,
F. Martín, and M. Nisoli. Ultrafast electron dynamics in phenylalanine
initiated by attosecond pulses. Science, 346(6207):336–339, October 2014.
doi: 10.1126/SCIENCE.1254061/SUPPL_FILE/CALEGARI-SM.PDF. URL
https://www.science.org/doi/10.1126/science.1254061. Pub-
lisher: American Association for the Advancement of Science.

109

https://www.nature.com/articles/s41467-023-38087-3
https://www.nature.com/articles/s41566-019-0549-5
https://www.nature.com/articles/s41566-019-0549-5
https://www.nature.com/articles/nature01143
https://www.nature.com/articles/nature01143
https://www.science.org/doi/abs/10.1126/science.1189401
https://www.science.org/doi/abs/10.1126/science.1189401
https://www.science.org/doi/10.1126/science.1254061


[37] G. Sansone, F. Kelkensberg, J. F. Pérez-Torres, F. Morales, M. F. Kling, W. Siu,
O. Ghafur, P. Johnsson, M. Swoboda, E. Benedetti, F. Ferrari, F. Lépine,
J. L. Sanz-Vicario, S. Zherebtsov, I. Znakovskaya, A. L’Huillier, M. Yu Ivanov,
M. Nisoli, F. Martín, and M. J. J. Vrakking. Electron localization following
attosecond molecular photoionization. Nature, 465(7299):763–766, June 2010.
ISSN 1476-4687. doi: 10.1038/nature09084. URL https://www.nature.
com/articles/nature09084. Number: 7299 Publisher: Nature Publishing
Group.

[38] M. Isinger, R. J. Squibb, D. Busto, S. Zhong, A. Harth, D. Kroon, S. Nandi,
C. L. Arnold, M. Miranda, J. M. Dahlström, E. Lindroth, R. Feifel, M. Gis-
selbrecht, and A. L’Huillier. Photoionization in the time and frequency do-
main. Science, 358(6365):893–896, November 2017. doi: 10.1126/science.
aao7043. URL https://www.science.org/doi/10.1126/science.
aao7043. Publisher: American Association for the Advancement of Science.

[39] D. Busto, L. Barreau, M. Isinger, M. Turconi, C. Alexandridi, A. Harth,
S. Zhong, R. J. Squibb, D. Kroon, S. Plogmaker, M. Miranda, Á Jiménez-
Galán, L. Argenti, C. L. Arnold, R. Feifel, F. Martín, M. Gisselbrecht,
A. L’Huillier, and P. Salières. Time–frequency representation of autoionization
dynamics in helium. Journal of Physics B: Atomic, Molecular and Optical Physics,
51(4):044002, January 2018. ISSN 0953-4075. doi: 10.1088/1361-6455/aaa057.
URL https://dx.doi.org/10.1088/1361-6455/aaa057. Publisher:
IOP Publishing.

[40] Jasper Peschel, David Busto, Marius Plach, Mattias Bertolino, Maria Hoflund,
Sylvain Maclot, Jimmy Vinbladh, Hampus Wikmark, Felipe Zapata, Eva Lin-
droth, Mathieu Gisselbrecht, Jan Marcus Dahlström, Anne L’Huillier, and
Per Eng-Johnsson. Attosecond dynamics of multi-channel single photon ion-
ization. Nature Communications 2022 13:1, 13(1):1–7, September 2022. doi:
10.1038/s41467-022-32780-5. URL https://www.nature.com/articles/
s41467-022-32780-5. Publisher: Nature Publishing Group.

[41] V. Gruson, L. Barreau, Á. Jiménez-Galan, F. Risoud, J. Caillat, A. Maquet,
B. Carré, F. Lepetit, J.-F. Hergott, T. Ruchon, L. Argenti, R. Taïeb, F. Martín,
and P. Salières. Attosecond dynamics through a Fano resonance: Monitor-
ing the birth of a photoelectron. Science, 354(6313):734–738, November 2016.
doi: 10.1126/science.aah5188. URL https://www.science.org/doi/10.
1126/science.aah5188. Publisher: American Association for the Advance-
ment of Science.

[42] H Laurell, D Finkelstein-Shapiro, C Dittel, C Guo, R Demjaha, M Am-
mitzböll, R Weissenbilder, L Neoriči´ Neoriči´c, S Luo, M Gisselbrecht, C L

110

https://www.nature.com/articles/nature09084
https://www.nature.com/articles/nature09084
https://www.science.org/doi/10.1126/science.aao7043
https://www.science.org/doi/10.1126/science.aao7043
https://dx.doi.org/10.1088/1361-6455/aaa057
https://www.nature.com/articles/s41467-022-32780-5
https://www.nature.com/articles/s41467-022-32780-5
https://www.science.org/doi/10.1126/science.aah5188
https://www.science.org/doi/10.1126/science.aah5188


Arnold, A Buchleitner, T Pullerits, A L’huillier, and D Busto. Continuous-
variable quantum state tomography of photoelectrons. Physical Review Research,
4, 2022. doi: 10.1103/PhysRevResearch.4.033220.

[43] Hugo Laurell, Sizuo Luo, Robin Weissenbilder, Mattias Ammitzböll, Shah-
nawaz Ahmed, Hugo Söderberg, C. Leon M. Petersson, Vénus Poulain,
Chen Guo, Christoph Dittel, Daniel Finkelstein-Shapiro, Richard J. Squibb,
Raimund Feifel, Mathieu Gisselbrecht, Cord L. Arnold, Andreas Buchleitner,
Eva Lindroth, Anton Frisk Kockum, Anne L’Huillier, and David Busto. Mea-
suring the quantum state of photoelectrons, September 2023. URL http:
//arxiv.org/abs/2309.13945. arXiv:2309.13945 [quant-ph].

[44] Danylo T. Matselyukh, Victor Despré, Nikolay V. Golubev, Alexander I.
Kuleff, and Hans Jakob Wörner. Decoherence and revival in attosecond charge
migration driven by non-adiabatic dynamics. Nature Physics, 18(10):1206–1213,
October 2022. ISSN 1745-2481. doi: 10.1038/s41567-022-01690-0. URL
https://www.nature.com/articles/s41567-022-01690-0. Num-
ber: 10 Publisher: Nature Publishing Group.

[45] M. Lucchini, S. A. Sato, A. Ludwig, J. Herrmann, M. Volkov, L. Kasmi, Y. Shi-
nohara, K. Yabana, L. Gallmann, and U. Keller. Attosecond dynamical Franz-
Keldysh effect in polycrystalline diamond. Science, 353(6302):916–919, August
2016. doi: 10.1126/science.aag1268. URL https://www.science.org/
doi/full/10.1126/science.aag1268. Publisher: American Association
for the Advancement of Science.

[46] Martin Schultze, Krupa Ramasesha, C.D. Pemmaraju, S.A. Sato, D. Whit-
more, A. Gandman, James S. Prell, L. J. Borja, D. Prendergast, K. Yabana,
Daniel M. Neumark, and Stephen R. Leone. Attosecond band-gap dynam-
ics in silicon. Science, 346(6215):1348–1352, December 2014. doi: 10.1126/
science.1260311. URL https://www.science.org/doi/abs/10.1126/
science.1260311. Publisher: American Association for the Advancement
of Science.

[47] Matteo Lucchini, Shunsuke A. Sato, Giacinto D. Lucarelli, Bruno Moio, Gi-
acomo Inzani, Rocío Borrego-Varillas, Fabio Frassetto, Luca Poletto, Hannes
Hübener, Umberto De Giovannini, Angel Rubio, and Mauro Nisoli. Unravel-
ling the intertwined atomic and bulk nature of localised excitons by attosecond
spectroscopy. Nature Communications, 12(1):1021, February 2021. ISSN 2041-
1723. doi: 10.1038/s41467-021-21345-7. URL https://www.nature.com/
articles/s41467-021-21345-7. Number: 1 Publisher: Nature Publish-
ing Group.

111

http://arxiv.org/abs/2309.13945
http://arxiv.org/abs/2309.13945
https://www.nature.com/articles/s41567-022-01690-0
https://www.science.org/doi/full/10.1126/science.aag1268
https://www.science.org/doi/full/10.1126/science.aag1268
https://www.science.org/doi/abs/10.1126/science.1260311
https://www.science.org/doi/abs/10.1126/science.1260311
https://www.nature.com/articles/s41467-021-21345-7
https://www.nature.com/articles/s41467-021-21345-7


[48] Giacomo Inzani, Lyudmyla Adamska, Amir Eskandari-asl, Nicola Di Palo,
Gian Luca Dolso, Bruno Moio, Luciano Jacopo D’Onofrio, Alessio Lam-
perti, Alessandro Molle, Rocío Borrego-Varillas, Mauro Nisoli, Stefano Pit-
talis, Carlo Andrea Rozzi, Adolfo Avella, and Matteo Lucchini. Field-driven
attosecond charge dynamics in germanium. Nature Photonics, 17(12):1059–1065,
December 2023. ISSN 1749-4893. doi: 10.1038/s41566-023-01274-1. URL
https://www.nature.com/articles/s41566-023-01274-1. Num-
ber: 12 Publisher: Nature Publishing Group.

[49] M. Ossiander, K. Golyari, K. Scharl, L. Lehnert, F. Siegrist, J. P. Bürger,
D. Zimin, J. A. Gessner, M. Weidman, I. Floss, V. Smejkal, S. Donsa,
C. Lemell, F. Libisch, N. Karpowicz, J. Burgdörfer, F. Krausz, and M. Schultze.
The speed limit of optoelectronics. Nature Communications, 13(1):1620, March
2022. ISSN 2041-1723. doi: 10.1038/s41467-022-29252-1. URL https:
//www.nature.com/articles/s41467-022-29252-1. Number: 1 Pub-
lisher: Nature Publishing Group.

[50] Inga Jordan, Martin Huppert, Dominik Rattenbacher, Michael Peper, Denis
Jelovina, Conaill Perry, Aaron von Conta, Axel Schild, and Hans Jakob Wörner.
Attosecond spectroscopy of liquid water. Science, 369(6506):974–979, August
2020. doi: 10.1126/science.abb0979. URL https://www.science.org/
doi/10.1126/science.abb0979. Publisher: American Association for the
Advancement of Science.

[51] Zhong Yin, Yi-Ping Chang, Tadas Balčiūnas, Yashoj Shakya, Aleksa Djorović,
Geoffrey Gaulier, Giuseppe Fazio, Robin Santra, Ludger Inhester, Jean-Pierre
Wolf, and Hans Jakob Wörner. Femtosecond proton transfer in urea solutions
probed by X-ray spectroscopy. Nature, 619(7971):749–754, July 2023. ISSN
1476-4687. doi: 10.1038/s41586-023-06182-6. URL https://www.nature.
com/articles/s41586-023-06182-6. Number: 7971 Publisher: Nature
Publishing Group.

[52] Mauro Nisoli, Piero Decleva, Francesca Calegari, Alicia Palacios, and Fernando
Martín. Attosecond Electron Dynamics in Molecules. Chemical Reviews,
117(16):10760–10825, August 2017. doi: 10.1021/ACS.CHEMREV.6B00453/
ASSET/IMAGES/CR-2016-004533_M044.GIF. URL https://pubs.acs.
org/doi/full/10.1021/acs.chemrev.6b00453. Publisher: American
Chemical Society.

[53] Francesca Calegari and Fernando Martin. Open questions in attochemistry.
Communications Chemistry, 6(1):1–5, September 2023. ISSN 2399-3669. doi: 10.
1038/s42004-023-00989-0. URL https://www.nature.com/articles/
s42004-023-00989-0. Number: 1 Publisher: Nature Publishing Group.

112

https://www.nature.com/articles/s41566-023-01274-1
https://www.nature.com/articles/s41467-022-29252-1
https://www.nature.com/articles/s41467-022-29252-1
https://www.science.org/doi/10.1126/science.abb0979
https://www.science.org/doi/10.1126/science.abb0979
https://www.nature.com/articles/s41586-023-06182-6
https://www.nature.com/articles/s41586-023-06182-6
https://pubs.acs.org/doi/full/10.1021/acs.chemrev.6b00453
https://pubs.acs.org/doi/full/10.1021/acs.chemrev.6b00453
https://www.nature.com/articles/s42004-023-00989-0
https://www.nature.com/articles/s42004-023-00989-0


[54] Hans Jakob Wörner, Christopher A. Arrell, Natalie Banerji, Andrea Can-
nizzo, Majed Chergui, Akshaya K. Das, Peter Hamm, Ursula Keller, Pe-
ter M. Kraus, Elisa Liberatore, Pablo Lopez-Tarifa, Matteo Lucchini, Markus
Meuwly, Chris Milne, Jacques-E. Moser, Ursula Rothlisberger, Grigory
Smolentsev, Joël Teuscher, Jeroen A. Van Bokhoven, and Oliver Wenger.
Charge migration and charge transfer in molecular systems. Structural Dy-
namics, 4(6):061508, November 2017. ISSN 2329-7778. doi: 10.1063/1.
4996505. URL https://pubs.aip.org/sdy/article/4/6/061508/
366042/Charge-migration-and-charge-transfer-in-molecular.

[55] Charge and Energy Transfer Dynamics in Molecular System, 2011.

[56] James Barber. Photosynthetic energy conversion: natural and artificial. Chem.
Soc. Rev., 38(1):185–196, 2009. doi: 10.1039/B802262N. URL http://dx.
doi.org/10.1039/B802262N. Publisher: The Royal Society of Chemistry.

[57] R. A. Marcus. Electrostatic Free Energy and Other Properties of States Having
Nonequilibrium Polarization. I. The Journal of Chemical Physics, 24(5):979–
989, December 2004. ISSN 0021-9606. doi: 10.1063/1.1742724. URL https:
//doi.org/10.1063/1.1742724.

[58] R. A. Marcus. On the Theory of Oxidation�Reduction Reactions Involving
Electron Transfer. I. The Journal of Chemical Physics, 24(5):966–978, Decem-
ber 2004. ISSN 0021-9606. doi: 10.1063/1.1742723. URL https://doi.
org/10.1063/1.1742723. _eprint: https://pubs.aip.org/aip/jcp/article-
pdf/24/5/966/8120188/966_1_online.pdf.

[59] The Nobel Prize in Chemistry 1992. URL https://www.nobelprize.org/
prizes/chemistry/1992/ceremony-speech/.

[60] L. S. Cederbaum and J. Zobeley. Ultrafast charge migration by electron cor-
relation. Chemical Physics Letters, 307(3):205–210, 1999. ISSN 0009-2614.
doi: https://doi.org/10.1016/S0009-2614(99)00508-4. URL https://www.
sciencedirect.com/science/article/pii/S0009261499005084.

[61] R. Weinkauf, P. Schanen, D. Yang, S. Soukara, and E. W. Schlag. Elementary
Processes in Peptides: Electron Mobility and Dissociation in Peptide Cations in
the Gas Phase. The Journal of Physical Chemistry, 99(28):11255–11265, July 1995.
ISSN 0022-3654. doi: 10.1021/j100028a029. URL https://doi.org/10.
1021/j100028a029. Publisher: American Chemical Society.

[62] F. Remacle and R. D. Levine. An electronic time scale in chemistry. Proceed-
ings of the National Academy of Sciences, 103(18):6793–6798, May 2006. doi:
10.1073/pnas.0601855103. URL https://www.pnas.org/doi/full/10.

113

https://pubs.aip.org/sdy/article/4/6/061508/366042/Charge-migration-and-charge-transfer-in-molecular
https://pubs.aip.org/sdy/article/4/6/061508/366042/Charge-migration-and-charge-transfer-in-molecular
http://dx.doi.org/10.1039/B802262N
http://dx.doi.org/10.1039/B802262N
https://doi.org/10.1063/1.1742724
https://doi.org/10.1063/1.1742724
https://doi.org/10.1063/1.1742723
https://doi.org/10.1063/1.1742723
https://www.nobelprize.org/prizes/chemistry/1992/ceremony-speech/
https://www.nobelprize.org/prizes/chemistry/1992/ceremony-speech/
https://www.sciencedirect.com/science/article/pii/S0009261499005084
https://www.sciencedirect.com/science/article/pii/S0009261499005084
https://doi.org/10.1021/j100028a029
https://doi.org/10.1021/j100028a029
https://www.pnas.org/doi/full/10.1073/pnas.0601855103
https://www.pnas.org/doi/full/10.1073/pnas.0601855103


1073/pnas.0601855103. Publisher: Proceedings of the National Academy
of Sciences.

[63] P. M. Kraus, B. Mignolet, D. Baykusheva, A. Rupenyan, L. Horný, E. F. Penka,
G. Grassi, O. I. Tolstikhin, J. Schneider, F. Jensen, L. B. Madsen, A. D.
Bandrauk, F. Remacle, and H. J. Wörner. Measurement and laser control
of attosecond charge migration in ionized iodoacetylene. Science, 350(6262):
790–795, November 2015. doi: 10.1126/science.aab2160. URL https://
www.science.org/doi/10.1126/science.aab2160. Publisher: Ameri-
can Association for the Advancement of Science.

[64] E. Perfetto, A. Trabattoni, F. Calegari, M. Nisoli, A. Marini, and G. Ste-
fanucci. Ultrafast Quantum Interference in the Charge Migration of Tryp-
tophan. The Journal of Physical Chemistry Letters, 11(3):891–899, February 2020.
doi: 10.1021/acs.jpclett.9b03517. URL https://doi.org/10.1021/acs.
jpclett.9b03517. Publisher: American Chemical Society.

[65] Erik P. Månsson, Simone Latini, Fabio Covito, Vincent Wanie, Mara Galli,
Enrico Perfetto, Gianluca Stefanucci, Hannes Hübener, Umberto De Gio-
vannini, Mattea C. Castrovilli, Andrea Trabattoni, Fabio Frassetto, Luca Po-
letto, Jason B. Greenwood, François Légaré, Mauro Nisoli, Angel Rubio, and
Francesca Calegari. Real-time observation of a correlation-driven sub 3 fs
charge migration in ionised adenine. Communications Chemistry, 4(1):1–7,
May 2021. ISSN 2399-3669. doi: 10.1038/s42004-021-00510-5. URL https:
//www.nature.com/articles/s42004-021-00510-5. Number: 1 Pub-
lisher: Nature Publishing Group.

[66] M. Th Hassan, T. T. Luu, A. Moulet, O. Raskazovskaya, P. Zhokhov, M. Garg,
N. Karpowicz, A. M. Zheltikov, V. Pervak, F. Krausz, and E. Goulielmakis.
Optical attosecond pulses and tracking the nonlinear response of bound elec-
trons. Nature, 530(7588):66–70, February 2016. ISSN 1476-4687. doi: 10.1038/
nature16528. URL https://www.nature.com/articles/nature16528.
Number: 7588 Publisher: Nature Publishing Group.

[67] Franck Lépine, Misha Y. Ivanov, and Marc J. J. Vrakking. Attosecond molecu-
lar dynamics: fact or fiction? Nature Photonics, 8(3):195–204, March 2014. ISSN
1749-4893. doi: 10.1038/nphoton.2014.25. URL https://www.nature.
com/articles/nphoton.2014.25. Number: 3 Publisher: Nature Publish-
ing Group.

[68] V. Despré, A. Marciniak, V. Loriot, M. C. E. Galbraith, A. Rouzée, M. J. J.
Vrakking, F. Lépine, and A. I. Kuleff. Attosecond Hole Migration in Benzene
Molecules Surviving Nuclear Motion. The Journal of Physical Chemistry Letters,

114

https://www.pnas.org/doi/full/10.1073/pnas.0601855103
https://www.science.org/doi/10.1126/science.aab2160
https://www.science.org/doi/10.1126/science.aab2160
https://doi.org/10.1021/acs.jpclett.9b03517
https://doi.org/10.1021/acs.jpclett.9b03517
https://www.nature.com/articles/s42004-021-00510-5
https://www.nature.com/articles/s42004-021-00510-5
https://www.nature.com/articles/nature16528
https://www.nature.com/articles/nphoton.2014.25
https://www.nature.com/articles/nphoton.2014.25


6(3):426–431, February 2015. doi: 10.1021/jz502493j. URL https://doi.
org/10.1021/jz502493j. Publisher: American Chemical Society.

[69] David Mendive-Tapia, Morgane Vacher, Michael J. Bearpark, and
Michael A. Robb. Coupled electron-nuclear dynamics: Charge
migration and charge transfer initiated near a conical intersection.
The Journal of Chemical Physics, 139(4):044110, July 2013. ISSN
0021-9606. doi: 10.1063/1.4815914. URL https://doi.org/
10.1063/1.4815914. _eprint: https://pubs.aip.org/aip/jcp/article-
pdf/doi/10.1063/1.4815914/14135012/044110_1_online.pdf.

[70] F. Remacle, R. D. Levine, and M. A. Ratner. Charge directed reactivity: A
simple electronic model, exhibiting site selectivity, for the dissociation of ions.
Chemical Physics Letters, 285(1-2):25–33, March 1998. ISSN 0009-2614. doi:
10.1016/S0009-2614(97)01314-6. URL http://www.scopus.com/inward/
record.url?scp=0032512962&partnerID=8YFLogxK.

[71] Sriharsha V. Aradhya and Latha Venkataraman. Single-molecule junctions be-
yond electronic transport. Nature Nanotechnology, 8(6):399–410, June 2013.
ISSN 1748-3395. doi: 10.1038/nnano.2013.91. URL https://www.nature.
com/articles/nnano.2013.91. Number: 6 Publisher: Nature Publishing
Group.

[72] Wanning Li, Long Ye, Sunsun Li, Huifeng Yao, Harald Ade, and Jianhui Hou.
A high-efficiency organic solar cell enabled by the strong intramolecular elec-
tron push–pull effect of the nonfullerene acceptor. Advanced Materials, 30(16):
1707170, 2018. doi: https://doi.org/10.1002/adma.201707170. URL https:
//onlinelibrary.wiley.com/doi/abs/10.1002/adma.201707170.

[73] Pingyun Chen and Thomas J. Meyer. Medium Effects on Charge Transfer
in Metal Complexes. Chemical Reviews, 98(4):1439–1478, June 1998. ISSN
0009-2665. doi: 10.1021/cr941180w. URL https://doi.org/10.1021/
cr941180w. Publisher: American Chemical Society.

[74] Majed Chergui. Ultrafast Photophysics of Transition Metal Complexes. Ac-
counts of Chemical Research, 48(3):801–808, March 2015. ISSN 0001-4842. doi:
10.1021/ar500358q. URL https://doi.org/10.1021/ar500358q. Pub-
lisher: American Chemical Society.

[75] Lian C. T. Shoute and Glen R. Loppnow. Excited-State Metal-to-Ligand
Charge Transfer Dynamics of a Ruthenium(II) Dye in Solution and Adsorbed
on TiO2 Nanoparticles from Resonance Raman Spectroscopy. Journal of
the American Chemical Society, 125(50):15636–15646, December 2003. ISSN

115

https://doi.org/10.1021/jz502493j
https://doi.org/10.1021/jz502493j
https://doi.org/10.1063/1.4815914
https://doi.org/10.1063/1.4815914
http://www.scopus.com/inward/record.url?scp=0032512962&partnerID=8YFLogxK
http://www.scopus.com/inward/record.url?scp=0032512962&partnerID=8YFLogxK
https://www.nature.com/articles/nnano.2013.91
https://www.nature.com/articles/nnano.2013.91
https://onlinelibrary.wiley.com/doi/abs/10.1002/adma.201707170
https://onlinelibrary.wiley.com/doi/abs/10.1002/adma.201707170
https://doi.org/10.1021/cr941180w
https://doi.org/10.1021/cr941180w
https://doi.org/10.1021/ar500358q


0002-7863. doi: 10.1021/ja035231v. URL https://doi.org/10.1021/
ja035231v. Publisher: American Chemical Society.

[76] Vincenzo Balzani, Alberto Juris, Margherita Venturi, Sebastiano Campagna,
and Scolastica Serroni. Luminescent and Redox-Active Polynuclear Transi-
tion Metal Complexes. Chemical Reviews, 96(2):759–834, January 1996. ISSN
0009-2665. doi: 10.1021/cr941154y. URL https://doi.org/10.1021/
cr941154y. Publisher: American Chemical Society.

[77] Van-Thai Pham, Thomas J. Penfold, Renske M. van der Veen, Frederico Lima,
Amal El Nahhas, Steve L. Johnson, Paul Beaud, Rafael Abela, Christian Bressler,
Ivano Tavernelli, Christopher J. Milne, and Majed Chergui. Probing the Tran-
sition from Hydrophilic to Hydrophobic Solvation with Atomic Scale Reso-
lution. Journal of the American Chemical Society, 133(32):12740–12748, August
2011. ISSN 0002-7863. doi: 10.1021/ja203882y. URL https://doi.org/
10.1021/ja203882y. Publisher: American Chemical Society.

[78] Cristina Consani, Gerald Auböck, Frank van Mourik, and Majed Chergui.
Ultrafast Tryptophan-to-Heme Electron Transfer in Myoglobins Revealed by
UV 2D Spectroscopy. Science, 339(6127):1586–1589, March 2013. doi: 10.
1126/science.1230758. URL https://www.science.org/doi/10.1126/
science.1230758. Publisher: American Association for the Advancement
of Science.

[79] Martin P. Bircher, Elisa Liberatore, Nicholas J. Browning, Sebastian Brickel,
Cornelia Hofmann, Aurélien Patoz, Oliver T. Unke, Tomáš Zimmermann,
Majed Chergui, Peter Hamm, Ursula Keller, Markus Meuwly, Hans-Jakob Wo-
erner, Jiří Vaníček, and Ursula Rothlisberger. Nonadiabatic effects in electronic
and nuclear dynamics. Structural Dynamics, 4(6):061510, January 2018. ISSN
2329-7778. doi: 10.1063/1.4996816. URL https://doi.org/10.1063/1.
4996816.

[80] Peter M. Kraus, Michael Zürch, Scott K. Cushing, Daniel M. Neumark, and
Stephen R. Leone. The ultrafast X-ray spectroscopic revolution in chemical dy-
namics. Nature Reviews Chemistry, 2(6):82–94, June 2018. ISSN 2397-3358. doi:
10.1038/s41570-018-0008-8. URL https://www.nature.com/articles/
s41570-018-0008-8. Number: 6 Publisher: Nature Publishing Group.

[81] Yuki Kobayashi, Kristina F. Chang, Tao Zeng, Daniel M. Neumark, and
Stephen R. Leone. Direct mapping of curve-crossing dynamics in IBr by
attosecond transient absorption spectroscopy. Science, 365(6448):79–83, July
2019. doi: 10.1126/science.aax0076. URL https://www.science.org/
doi/full/10.1126/science.aax0076. Publisher: American Association
for the Advancement of Science.

116

https://doi.org/10.1021/ja035231v
https://doi.org/10.1021/ja035231v
https://doi.org/10.1021/cr941154y
https://doi.org/10.1021/cr941154y
https://doi.org/10.1021/ja203882y
https://doi.org/10.1021/ja203882y
https://www.science.org/doi/10.1126/science.1230758
https://www.science.org/doi/10.1126/science.1230758
https://doi.org/10.1063/1.4996816
https://doi.org/10.1063/1.4996816
https://www.nature.com/articles/s41570-018-0008-8
https://www.nature.com/articles/s41570-018-0008-8
https://www.science.org/doi/full/10.1126/science.aax0076
https://www.science.org/doi/full/10.1126/science.aax0076


[82] Henry Timmers, Xiaolei Zhu, Zheng Li, Yuki Kobayashi, Mazyar Sabbar, Max-
imilian Hollstein, Maurizio Reduzzi, Todd J. Martínez, Daniel M. Neumark,
and Stephen R. Leone. Disentangling conical intersection and coherent molec-
ular dynamics in methyl bromide with attosecond transient absorption spec-
troscopy. Nature Communications, 10(1):3133, July 2019. ISSN 2041-1723. doi:
10.1038/s41467-019-10789-7. URL https://www.nature.com/articles/
s41467-019-10789-7. Number: 1 Publisher: Nature Publishing Group.

[83] Kristina S. Zinchenko, Fernando Ardana-Lamas, Issaka Seidu, Simon P.
Neville, Joscelyn van der Veen, Valentina Utrio Lanfaloni, Michael S. Schu-
urman, and Hans Jakob Wörner. Sub-7-femtosecond conical-intersection dy-
namics probed at the carbon K-edge. Science, 371(6528):489–494, January
2021. doi: 10.1126/science.abf1656. URL https://www.science.org/doi/
full/10.1126/science.abf1656. Publisher: American Association for
the Advancement of Science.

[84] Enrico Ridente, Diptarka Hait, Eric A. Haugen, Andrew D. Ross, Daniel M.
Neumark, Martin Head-Gordon, and Stephen R. Leone. Femtosecond symme-
try breaking and coherent relaxation of methane cations via x-ray spectroscopy.
Science, 380(6646):713–717, May 2023. doi: 10.1126/science.adg4421. URL
https://www.science.org/doi/10.1126/science.adg4421. Pub-
lisher: American Association for the Advancement of Science.

[85] Manuel Lara-Astiaso, Mara Galli, Andrea Trabattoni, Alicia Palacios, David
Ayuso, Fabio Frassetto, Luca Poletto, Simone De Camillis, Jason Greenwood,
Piero Decleva, Ivano Tavernelli, Francesca Calegari, Mauro Nisoli, and Fer-
nando Martín. Attosecond Pump–Probe Spectroscopy of Charge Dynamics in
Tryptophan. The Journal of Physical Chemistry Letters, 9(16):4570–4577, August
2018. doi: 10.1021/acs.jpclett.8b01786. URL https://doi.org/10.1021/
acs.jpclett.8b01786. Publisher: American Chemical Society.

[86] André Ludwig, Elisa Liberatore, Jens Herrmann, Lamia Kasmi, Pablo López-
Tarifa, Lukas Gallmann, Ursula Rothlisberger, Ursula Keller, and Matteo Luc-
chini. Ultrafast Relaxation Dynamics of the Ethylene Cation C(2)H(4)+. The
Journal of Physical Chemistry Letters, 7(10):1901–1906, May 2016. ISSN 1948-
7185. doi: 10.1021/acs.jpclett.6b00646.

[87] Matteo Lucchini, Benoit Mignolet, Mario Murari, Cayo E. M. Gonçalves,
Giacinto D. Lucarelli, Fabio Frassetto, Luca Poletto, Françoise Remacle, and
Mauro Nisoli. Few-Femtosecond C2H4+ Internal Relaxation Dynamics Ac-
cessed by Selective Excitation. The Journal of Physical Chemistry Letters, 13
(48):11169–11175, December 2022. doi: 10.1021/acs.jpclett.2c02763. URL

117

https://www.nature.com/articles/s41467-019-10789-7
https://www.nature.com/articles/s41467-019-10789-7
https://www.science.org/doi/full/10.1126/science.abf1656
https://www.science.org/doi/full/10.1126/science.abf1656
https://www.science.org/doi/10.1126/science.adg4421
https://doi.org/10.1021/acs.jpclett.8b01786
https://doi.org/10.1021/acs.jpclett.8b01786


https://doi.org/10.1021/acs.jpclett.2c02763. Publisher: Ameri-
can Chemical Society.

[88] M. Hervé, V. Despré, P. Castellanos Nash, V. Loriot, A. Boyer, A. Scog-
namiglio, G. Karras, R. Brédy, E. Constant, A. G. G. M. Tielens, A. I. Kuleff,
and F. Lépine. Ultrafast dynamics of correlation bands following XUV molec-
ular photoionization. Nature Physics, 17(3):327–331, March 2021. ISSN 1745-
2481. doi: 10.1038/s41567-020-01073-3. URL https://www.nature.com/
articles/s41567-020-01073-3. Number: 3 Publisher: Nature Publish-
ing Group.

[89] Martin Kretschmar, Evaldas Svirplys, Mikhail Volkov, Tobias Witting, Tamás
Nagy, Marc J. J. Vrakking, and Bernd Schütte. Compact realization of all-
attosecond pump-probe spectroscopy, June 2023. URL http://arxiv.org/
abs/2306.16212. arXiv:2306.16212 [physics].

[90] John C. Travers, Teodora F. Grigorova, Christian Brahms, and Federico Belli.
High-energy pulse self-compression and ultraviolet generation through soli-
ton dynamics in hollow capillary fibres. Nature Photonics, 13(8):547–554, Au-
gust 2019. ISSN 1749-4893. doi: 10.1038/s41566-019-0416-4. URL https:
//www.nature.com/articles/s41566-019-0416-4. Number: 8 Pub-
lisher: Nature Publishing Group.

[91] M. Reduzzi, M. Pini, L. Mai, F. Cappenberg, L. Colaizzi, F. Vismarra,
A. Crego, M. Lucchini, C. Brahms, J. C. Travers, R. Borrego-Varillas, and
M. Nisoli. Direct temporal characterization of sub-3-fs deep UV pulses gener-
ated by resonant dispersive wave emission. Optics Express, 31(16):26854–26864,
July 2023. ISSN 1094-4087. doi: 10.1364/OE.494879. URL https://opg.
optica.org/oe/abstract.cfm?uri=oe-31-16-26854. Publisher: Op-
tica Publishing Group.

[92] David Schwickert, Marco Ruberti, Přemysl Kolorenč, Andreas Przystawik,
Slawomir Skruszewicz, Malte Sumfleth, Markus Braune, Lars Bocklage, Luis
Carretero, Marie Kristin Czwalinna, Dian Diaman, Stefan Düsterer, Marion
Kuhlmann, Steffen Palutke, Ralf Röhlsberger, Juliane Rönsch-Schulenburg,
Sven Toleikis, Sergey Usenko, Jens Viefhaus, Anton Vorobiov, Michael Mar-
tins, Detlef Kip, Vitali Averbukh, Jon P. Marangos, and Tim Laarmann.
Charge-induced chemical dynamics in glycine probed with time-resolved Auger
electron spectroscopy. Structural Dynamics, 9(6):064301, November 2022.
ISSN 2329-7778. doi: 10.1063/4.0000165. URL https://doi.org/10.
1063/4.0000165.

[93] John David Jackson. Classical electrodynamics. Wiley, New York, 2d ed edition,
1975. ISBN 978-0-471-43132-9.

118

https://doi.org/10.1021/acs.jpclett.2c02763
https://www.nature.com/articles/s41567-020-01073-3
https://www.nature.com/articles/s41567-020-01073-3
http://arxiv.org/abs/2306.16212
http://arxiv.org/abs/2306.16212
https://www.nature.com/articles/s41566-019-0416-4
https://www.nature.com/articles/s41566-019-0416-4
https://opg.optica.org/oe/abstract.cfm?uri=oe-31-16-26854
https://opg.optica.org/oe/abstract.cfm?uri=oe-31-16-26854
https://doi.org/10.1063/4.0000165
https://doi.org/10.1063/4.0000165


[94] J. J. Sakurai and Jim Napolitano. Modern Quantum Mechan-
ics, September 2017. URL https://www.cambridge.org/
highereducation/books/modern-quantum-mechanics/
AAE1925F1A0963C6124421B03D7801AE. ISBN: 9781108499996 Pub-
lisher: Cambridge University Press.

[95] Zenghu Chang. Fundamentals of Attosecond Optics. CRC Press, Boca Raton,
February 2011. ISBN 978-0-429-19302-6. doi: 10.1201/b10402.

[96] P. M. Paul, E. S. Toma, P. Breger, G. Mullot, F. Augé, Ph. Balcou, H. G. Muller,
and P. Agostini. Observation of a Train of Attosecond Pulses from High Har-
monic Generation. Science, 292(5522):1689–1692, June 2001. ISSN 0036-8075,
1095-9203. doi: 10.1126/science.1059413. URL https://www.science.org/
doi/10.1126/science.1059413.

[97] C. M. Heyl, H. Coudert-Alteirac, M. Miranda, M. Louisy, K. Kovacs, V. Tosa,
E. Balogh, K. Varjú, A. L’Huillier, A. Couairon, and C. L. Arnold. Scale-
invariant nonlinear optics in gases. Optica, 3(1):75–81, January 2016. ISSN 2334-
2536. doi: 10.1364/OPTICA.3.000075. URL https://opg.optica.org/
optica/abstract.cfm?uri=optica-3-1-75. Publisher: Optica Pub-
lishing Group.

[98] Chen Guo, Anne Harth, Stefanos Carlström, Yu-Chen Cheng, Sara Mikaels-
son, Erik Mårsell, Christoph Heyl, Miguel Miranda, Mathieu Gisselbrecht,
Mette B. Gaarde, Kenneth J. Schafer, Anders Mikkelsen, Johan Mauritsson,
Cord L. Arnold, and Anne L’Huillier. Phase control of attosecond pulses
in a train. Journal of Physics B: Atomic, Molecular and Optical Physics, 51(3):
034006, January 2018. ISSN 0953-4075. doi: 10.1088/1361-6455/aa9953. URL
https://dx.doi.org/10.1088/1361-6455/aa9953. Publisher: IOP
Publishing.

[99] Hampus Wikmark, Chen Guo, Jan Vogelsang, Peter W. Smorenburg, Hélène
Coudert-Alteirac, Jan Lahl, Jasper Peschel, Piotr Rudawski, Hugo Dacasa, Ste-
fanos Carlström, Sylvain Maclot, Mette B. Gaarde, Per Johnsson, Cord L.
Arnold, and Anne L’Huillier. Spatiotemporal coupling of attosecond pulses.
Proceedings of the National Academy of Sciences, 116(11):4779–4787, March
2019. doi: 10.1073/pnas.1817626116. URL https://www.pnas.org/doi/
full/10.1073/pnas.1817626116. Publisher: Proceedings of the National
Academy of Sciences.

[100] Maria Hoflund, Jasper Peschel, Marius Plach, Hugo Dacasa, Kévin Veyrinas,
Eric Constant, Peter Smorenburg, Hampus Wikmark, Sylvain Maclot, Chen
Guo, Cord Arnold, Anne L’Huillier, and Per Eng-Johnsson. Focusing Properties

119

https://www.cambridge.org/highereducation/books/modern-quantum-mechanics/AAE1925F1A0963C6124421B03D7801AE
https://www.cambridge.org/highereducation/books/modern-quantum-mechanics/AAE1925F1A0963C6124421B03D7801AE
https://www.cambridge.org/highereducation/books/modern-quantum-mechanics/AAE1925F1A0963C6124421B03D7801AE
https://www.science.org/doi/10.1126/science.1059413
https://www.science.org/doi/10.1126/science.1059413
https://opg.optica.org/optica/abstract.cfm?uri=optica-3-1-75
https://opg.optica.org/optica/abstract.cfm?uri=optica-3-1-75
https://dx.doi.org/10.1088/1361-6455/aa9953
https://www.pnas.org/doi/full/10.1073/pnas.1817626116
https://www.pnas.org/doi/full/10.1073/pnas.1817626116


of High-Order Harmonics. Ultrafast Science, 2021, August 2021. doi: 10.34133/
2021/9797453. URL https://spj.science.org/doi/10.34133/2021/
9797453. Publisher: American Association for the Advancement of Science.

[101] Marius Plach, Federico Vismarra, Elisa Appi, Vénus Poulain, Jasper Peschel,
Peter Smorenburg, David P. O’Dwyer, Stephen Edward, Yin Tao, Rocío
Borrego-Varillas, Mauro Nisoli, Cord L. Arnold, Anne L’Huillier, and Per Eng-
Johnsson. Spatial aberrations in high-order harmonic generation. Ultrafast Sci-
ence, 0(ja), December 2023. doi: 10.34133/ultrafastscience.0054. URL https:
//spj.science.org/doi/10.34133/ultrafastscience.0054. Pub-
lisher: American Association for the Advancement of Science.

[102] R. Weissenbilder, S. Carlström, L. Rego, C. Guo, C. M. Heyl, P. Smoren-
burg, E. Constant, C. L. Arnold, and A. L’Huillier. How to optimize high-
order harmonic generation in gases. Nature Reviews Physics 2022 4:11, 4(11):
713–722, October 2022. doi: 10.1038/s42254-022-00522-7. URL https:
//www.nature.com/articles/s42254-022-00522-7. Publisher: Na-
ture Publishing Group.

[103] A. Ludwig, J. Maurer, B. W. Mayer, C. R. Phillips, L. Gallmann, and U. Keller.
Breakdown of the Dipole Approximation in Strong-Field Ionization. Physical
Review Letters, 113(24):243001, December 2014. doi: 10.1103/PhysRevLett.113.
243001. URL https://link.aps.org/doi/10.1103/PhysRevLett.
113.243001. Publisher: American Physical Society.

[104] Benjamin R. Galloway, Dimitar Popmintchev, Emilio Pisanty, Daniel D.
Hickstein, Margaret M. Murnane, Henry C. Kapteyn, and Tenio Popmintchev.
Lorentz drift compensation in high harmonic generation in the soft and hard
X-ray regions of the spectrum. Optics Express, 24(19):21818–21832, September
2016. ISSN 1094-4087. doi: 10.1364/OE.24.021818. URL https://opg.
optica.org/oe/abstract.cfm?uri=oe-24-19-21818. Publisher: Op-
tica Publishing Group.

[105] Rodrigo Martín-Hernández, Hongtao Hu, Andrius Baltuska, Luis Plaja, and
Carlos Hernández-García. Fourier-Limited Attosecond Pulse from High
Harmonic Generation Assisted by Ultrafast Magnetic Fields. Ultrafast Sci-
ence, 3:0036, July 2023. doi: 10.34133/ultrafastscience.0036. URL https:
//spj.science.org/doi/10.34133/ultrafastscience.0036. Pub-
lisher: American Association for the Advancement of Science.

[106] F. H. M. Faisal. Gauge-equivalent intense-field approximations in velocity and
length gauges to all orders. Physical Review A, 75(6):063412, June 2007. doi: 10.
1103/PhysRevA.75.063412. URL https://link.aps.org/doi/10.1103/
PhysRevA.75.063412. Publisher: American Physical Society.

120

https://spj.science.org/doi/10.34133/2021/9797453
https://spj.science.org/doi/10.34133/2021/9797453
https://spj.science.org/doi/10.34133/ultrafastscience.0054
https://spj.science.org/doi/10.34133/ultrafastscience.0054
https://www.nature.com/articles/s42254-022-00522-7
https://www.nature.com/articles/s42254-022-00522-7
https://link.aps.org/doi/10.1103/PhysRevLett.113.243001
https://link.aps.org/doi/10.1103/PhysRevLett.113.243001
https://opg.optica.org/oe/abstract.cfm?uri=oe-24-19-21818
https://opg.optica.org/oe/abstract.cfm?uri=oe-24-19-21818
https://spj.science.org/doi/10.34133/ultrafastscience.0036
https://spj.science.org/doi/10.34133/ultrafastscience.0036
https://link.aps.org/doi/10.1103/PhysRevA.75.063412
https://link.aps.org/doi/10.1103/PhysRevA.75.063412


[107] Kasra Amini, Jens Biegert, Francesca Calegari, Alexis Chacón, Marcelo F.
Ciappina, Alexandre Dauphin, Dmitry K. Efimov, Carla Figueira de Moris-
son Faria, Krzysztof Giergiel, Piotr Gniewek, Alexandra S. Landsman, Michał
Lesiuk, Michał Mandrysz, Andrew S. Maxwell, Robert Moszyński, Lisa Ort-
mann, Jose Antonio Pérez-Hernández, Antonio Picón, Emilio Pisanty, Jakub
Prauzner-Bechcicki, Krzysztof Sacha, Noslen Suárez, Amelle Zaïr, Jakub Za-
krzewski, and Maciej Lewenstein. Symphony on strong field approxima-
tion. Reports on Progress in Physics, 82(11):116001, October 2019. ISSN 0034-
4885. doi: 10.1088/1361-6633/ab2bb1. URL https://dx.doi.org/10.
1088/1361-6633/ab2bb1. Publisher: IOP Publishing.

[108] Anh-Thu Le, Hui Wei, Cheng Jin, and C. D. Lin. Strong-field approxima-
tion and its extension for high-order harmonic generation with mid-infrared
lasers. Journal of Physics B: Atomic, Molecular and Optical Physics, 49(5):053001,
February 2016. ISSN 0953-4075. doi: 10.1088/0953-4075/49/5/053001. URL
https://dx.doi.org/10.1088/0953-4075/49/5/053001. Publisher:
IOP Publishing.

[109] D. Bauer, D. B. Miloevi, and W. Becker. Strong-field approximation for
intense-laser atom processes: The choice of gauge. Phys. Rev. A - At. Mol. Opt.
Phys., 72(2):1–5, 2005. ISSN 10502947. doi: 10.1103/PhysRevA.72.023415.

[110] A. D. Bandrauk, F. Fillion-Gourdeau, and E. Lorin. Atoms and molecules in
intense laser fields: Gauge invariance of theory and models. J. Phys. B At. Mol.
Opt. Phys., 46(15), 2013. ISSN 09534075. doi: 10.1088/0953-4075/46/15/153001.

[111] E. Lorin, S. Chelkowski, and A. Bandrauk. A numerical Maxwell–Schrödinger
model for intense laser–matter interaction and propagation. Computer Physics
Communications, 177(12):908–932, December 2007. ISSN 00104655. doi:
10.1016/j.cpc.2007.07.005. URL https://linkinghub.elsevier.com/
retrieve/pii/S0010465507003529.

[112] Misha Yu. Ivanov, Thomas Brabec, and Neal Burnett. Coulomb corrections and
polarization effects in high-intensity high-harmonic emission. Physical Review
A, 54(1):742–745, July 1996. doi: 10.1103/PhysRevA.54.742. URL https://
link.aps.org/doi/10.1103/PhysRevA.54.742. Publisher: American
Physical Society.

[113] C. Hernández-García, J. A. Pérez-Hernández, J. Ramos, E. Conejero Jarque,
L. Roso, and L. Plaja. High-order harmonic propagation in gases within the
discrete dipole approximation. Physical Review A, 82(3):033432, September
2010. ISSN 1050-2947, 1094-1622. doi: 10.1103/PhysRevA.82.033432. URL
https://link.aps.org/doi/10.1103/PhysRevA.82.033432.

121

https://dx.doi.org/10.1088/1361-6633/ab2bb1
https://dx.doi.org/10.1088/1361-6633/ab2bb1
https://dx.doi.org/10.1088/0953-4075/49/5/053001
https://linkinghub.elsevier.com/retrieve/pii/S0010465507003529
https://linkinghub.elsevier.com/retrieve/pii/S0010465507003529
https://link.aps.org/doi/10.1103/PhysRevA.54.742
https://link.aps.org/doi/10.1103/PhysRevA.54.742
https://link.aps.org/doi/10.1103/PhysRevA.82.033432


[114] E. Priori, G. Cerullo, M. Nisoli, S. Stagira, S. De Silvestri, P. Villoresi, L. Po-
letto, P. Ceccherini, C. Altucci, R. Bruzzese, and C. De Lisio. Nonadiabatic
three-dimensional model of high-order harmonic generation in the few-optical-
cycle regime. Physical Review A, 61(6):063801, May 2000. ISSN 1050-2947,
1094-1622. doi: 10.1103/PhysRevA.61.063801. URL https://link.aps.
org/doi/10.1103/PhysRevA.61.063801.

[115] F. Vismarra, R. Borrego-Varillas, Y. Wu, D. Mocci, M. Nisoli, and M. Lucchini.
Ensemble effects on the reconstruction of attosecond pulses and photoemission
time delays. Journal of Physics: Photonics, 4(3):034006, July 2022. ISSN 2515-
7647. doi: 10.1088/2515-7647/ac7991. URL https://iopscience.iop.
org/article/10.1088/2515-7647/ac7991.

[116] Robin Weissenbilder. Optimization of High-order Harmonic Generation for At-
tosecond Science. Doctoral Thesis (compilation), Department of Physics, Lund
University, Lund, 2023. ISBN: 9789180397421.

[117] Margherita Zavelani-Rossi and Federico Vismarra. High-Intensity Lasers for Nu-
clear and Physical Applications. Società Editrice Esculapio, January 2022. ISBN
9791220890328. Google-Books-ID: 16paEAAAQBAJ.

[118] F. Brizuela, C. M. Heyl, P. Rudawski, D. Kroon, L. Rading, J. M. Dahlström,
J. Mauritsson, P. Johnsson, C. L. Arnold, and A. L’Huillier. Efficient high-
order harmonic generation boosted by below-threshold harmonics. Scientific
Reports 2013 3:1, 3(1):1–5, March 2013. doi: 10.1038/srep01410. URL https:
//www.nature.com/articles/srep01410. Publisher: Nature Publishing
Group.

[119] E. Constant, D. Garzella, P. Breger, E. Mével, Ch. Dorrer, C. Le Blanc,
F. Salin, and P. Agostini. Optimizing high harmonic generation in absorb-
ing gases: Model and experiment. Phys. Rev. Lett., 82:1668–1671, Feb 1999.
doi: 10.1103/PhysRevLett.82.1668. URL https://link.aps.org/doi/10.
1103/PhysRevLett.82.1668.

[120] B.L. Henke, E.M. Gullikson, and J.C. Davis. X-Ray Interactions: Photoab-
sorption, Scattering, Transmission, and Reflection at E = 50-30,000 eV, Z =
1-92. Atomic Data and Nuclear Data Tables, 54(2):181–342, July 1993. ISSN
0092640X. doi: 10.1006/adnd.1993.1013. URL https://linkinghub.
elsevier.com/retrieve/pii/S0092640X83710132.

[121] Mette B Gaarde, Jennifer L Tate, and Kenneth J Schafer. Macroscopic aspects of
attosecond pulse generation. Journal of Physics B: Atomic, Molecular and Optical
Physics, 41(13):132001, July 2008. ISSN 0953-4075, 1361-6455. doi: 10.1088/

122

https://link.aps.org/doi/10.1103/PhysRevA.61.063801
https://link.aps.org/doi/10.1103/PhysRevA.61.063801
https://iopscience.iop.org/article/10.1088/2515-7647/ac7991
https://iopscience.iop.org/article/10.1088/2515-7647/ac7991
https://www.nature.com/articles/srep01410
https://www.nature.com/articles/srep01410
https://link.aps.org/doi/10.1103/PhysRevLett.82.1668
https://link.aps.org/doi/10.1103/PhysRevLett.82.1668
https://linkinghub.elsevier.com/retrieve/pii/S0092640X83710132
https://linkinghub.elsevier.com/retrieve/pii/S0092640X83710132


0953-4075/41/13/132001. URL https://iopscience.iop.org/article/
10.1088/0953-4075/41/13/132001.

[122] S. Kazamias, D. Douillet, F. Weihe, C. Valentin, A. Rousse, S. Sebban, G. Gril-
lon, F. Augé, D. Hulin, and Ph. Balcou. Global Optimization of High Har-
monic Generation. Physical Review Letters, 90(19):193901, May 2003. doi:
10.1103/PhysRevLett.90.193901. URL https://link.aps.org/doi/10.
1103/PhysRevLett.90.193901. Publisher: American Physical Society.

[123] C M Heyl, C L Arnold, A Couairon, and A L’Huillier. Introduction to macro-
scopic power scaling principles for high-order harmonic generation. Jour-
nal of Physics B: Atomic, Molecular and Optical Physics, 50(1):013001, Jan-
uary 2017. ISSN 0953-4075, 1361-6455. doi: 10.1088/1361-6455/50/1/013001.
URL https://iopscience.iop.org/article/10.1088/1361-6455/
50/1/013001.

[124] E. Appi, R. Weissenbilder, B. Nagyillés, Z. Diveki, J. Peschel, B. Farkas,
M. Plach, F. Vismarra, V. Poulain, N. Weber, C. L. Arnold, K. Varjú, S. Ka-
haly, P. Eng-Johnsson, and A. L’Huillier. Two phase-matching regimes in
high-order harmonic generation. Optics Express, 31(20):31687–31697, Septem-
ber 2023. ISSN 1094-4087. doi: 10.1364/OE.488298. URL https://opg.
optica.org/oe/abstract.cfm?uri=oe-31-20-31687. Publisher: Op-
tica Publishing Group.

[125] Robert Klas, Alexander Kirsche, Martin Gebhardt, Joachim Buldt, Hen-
ning Stark, Steffen Hädrich, Jan Rothhardt, and Jens Limpert. Ultra-
short-pulse high-average-power megahertz-repetition-rate coherent extreme-
ultraviolet light source. PhotoniX, 2(1):4, April 2021. ISSN 2662-1991.
doi: 10.1186/s43074-021-00028-y. URL https://doi.org/10.1186/
s43074-021-00028-y.

[126] Tenio Popmintchev, Ming-Chang Chen, Paul Arpin, Margaret M. Murnane,
and Henry C. Kapteyn. The attosecond nonlinear optics of bright coherent X-
ray generation. Nature Photonics, 4(12):822–832, December 2010. ISSN 1749-
4893. doi: 10.1038/nphoton.2010.256. URL https://www.nature.com/
articles/nphoton.2010.256. Number: 12 Publisher: Nature Publishing
Group.

[127] Tenio Popmintchev, Ming-Chang Chen, Oren Cohen, Michael E. Grisham,
Jorge J. Rocca, Margaret M. Murnane, and Henry C. Kapteyn. Extended
phase matching of high harmonics driven by mid-infrared light. Optics Let-
ters, 33(18):2128–2130, September 2008. ISSN 1539-4794. doi: 10.1364/OL.
33.002128. URL https://opg.optica.org/ol/abstract.cfm?uri=
ol-33-18-2128. Publisher: Optica Publishing Group.

123

https://iopscience.iop.org/article/10.1088/0953-4075/41/13/132001
https://iopscience.iop.org/article/10.1088/0953-4075/41/13/132001
https://link.aps.org/doi/10.1103/PhysRevLett.90.193901
https://link.aps.org/doi/10.1103/PhysRevLett.90.193901
https://iopscience.iop.org/article/10.1088/1361-6455/50/1/013001
https://iopscience.iop.org/article/10.1088/1361-6455/50/1/013001
https://opg.optica.org/oe/abstract.cfm?uri=oe-31-20-31687
https://opg.optica.org/oe/abstract.cfm?uri=oe-31-20-31687
https://doi.org/10.1186/s43074-021-00028-y
https://doi.org/10.1186/s43074-021-00028-y
https://www.nature.com/articles/nphoton.2010.256
https://www.nature.com/articles/nphoton.2010.256
https://opg.optica.org/ol/abstract.cfm?uri=ol-33-18-2128
https://opg.optica.org/ol/abstract.cfm?uri=ol-33-18-2128


[128] C.-G. Wahlström, J. Larsson, A. Persson, T. Starczewski, S. Svanberg, P. Sal-
ières, Ph. Balcou, and Anne L’Huillier. High-order harmonic generation in rare
gases with an intense short-pulse laser. Physical Review A, 48(6):4709–4720,
December 1993. doi: 10.1103/PhysRevA.48.4709. URL https://link.aps.
org/doi/10.1103/PhysRevA.48.4709. Publisher: American Physical So-
ciety.

[129] I Jong Kim, Chul Min Kim, Hyung Taek Kim, Gae Hwang Lee, Yong Soo Lee,
Ju Yun Park, David Jaeyun Cho, and Chang Hee Nam. Highly Efficient High-
Harmonic Generation in an Orthogonally Polarized Two-Color Laser Field.
Physical Review Letters, 94(24):243901, June 2005. doi: 10.1103/PhysRevLett.
94.243901. URL https://link.aps.org/doi/10.1103/PhysRevLett.
94.243901. Publisher: American Physical Society.

[130] C. M. Heyl, J. Güdde, A. L’Huillier, and U. Höfer. High-order harmonic
generation with μJ laser pulses at high repetition rates. Journal of Physics B:
Atomic, Molecular and Optical Physics, 45(7):074020, March 2012. ISSN 0953-
4075. doi: 10.1088/0953-4075/45/7/074020. URL https://dx.doi.org/
10.1088/0953-4075/45/7/074020. Publisher: IOP Publishing.

[131] P. Rudawski, C. M. Heyl, F. Brizuela, J. Schwenke, A. Persson, E. Mansten,
R. Rakowski, L. Rading, F. Campi, B. Kim, P. Johnsson, and A. L’Huillier. A
high-flux high-order harmonic source. Review of Scientific Instruments, 84(7):
073103, July 2013. ISSN 0034-6748. doi: 10.1063/1.4812266. URL https:
//doi.org/10.1063/1.4812266.

[132] Sara Mikaelsson, Jan Vogelsang, Chen Guo, Ivan Sytcevich, Anne-Lise
Viotti, Fabian Langer, Yu-Chen Cheng, Saikat Nandi, Wenjie Jin, Anna
Olofsson, Robin Weissenbilder, Johan Mauritsson, Anne L’Huillier, Math-
ieu Gisselbrecht, and Cord L. Arnold. A high-repetition rate attosec-
ond light source for time-resolved coincidence spectroscopy. Nanopho-
tonics, 10(1):117–128, January 2021. ISSN 2192-8614. doi: 10.1515/
nanoph-2020-0424. URL https://www.degruyter.com/document/
doi/10.1515/nanoph-2020-0424/html?lang=en. Publisher: De
Gruyter.

[133] A. G. Ciriolo, R. Martínez Vázquez, V. Tosa, A. Frezzotti, G. Crippa, M. De-
vetta, D. Faccialá, F. Frassetto, L. Poletto, A. Pusala, C. Vozzi, R. Osellame,
and S. Stagira. High-order harmonic generation in a microfluidic glass de-
vice. Journal of Physics: Photonics, 2(2):024005, April 2020. ISSN 2515-
7647. doi: 10.1088/2515-7647/ab7d81. URL https://dx.doi.org/10.
1088/2515-7647/ab7d81. Publisher: IOP Publishing.

124

https://link.aps.org/doi/10.1103/PhysRevA.48.4709
https://link.aps.org/doi/10.1103/PhysRevA.48.4709
https://link.aps.org/doi/10.1103/PhysRevLett.94.243901
https://link.aps.org/doi/10.1103/PhysRevLett.94.243901
https://dx.doi.org/10.1088/0953-4075/45/7/074020
https://dx.doi.org/10.1088/0953-4075/45/7/074020
https://doi.org/10.1063/1.4812266
https://doi.org/10.1063/1.4812266
https://www.degruyter.com/document/doi/10.1515/nanoph-2020-0424/html?lang=en
https://www.degruyter.com/document/doi/10.1515/nanoph-2020-0424/html?lang=en
https://dx.doi.org/10.1088/2515-7647/ab7d81
https://dx.doi.org/10.1088/2515-7647/ab7d81


[134] Mette B. Gaarde and Kenneth J. Schafer. Quantum path distributions for high-
order harmonics in rare gas atoms. Phys. Rev. A, 65:031406, Mar 2002. doi: 10.
1103/PhysRevA.65.031406. URL https://link.aps.org/doi/10.1103/
PhysRevA.65.031406.

[135] Sergei Kühn, Mathieu Dumergue, Subhendu Kahaly, Sudipta Mondal, Mik-
lós Füle, Tamás Csizmadia, Balázs Farkas, Balázs Major, Zoltán Várallyay, Eric
Cormier, Mikhail Kalashnikov, Francesca Calegari, Michele Devetta, Fabio
Frassetto, Erik Månsson, Luca Poletto, Salvatore Stagira, Caterina Vozzi, Mauro
Nisoli, Piotr Rudawski, Sylvain Maclot, Filippo Campi, Hampus Wikmark,
Cord L. Arnold, Christoph M. Heyl, Per Johnsson, Anne L’Huillier, Ro-
drigo Lopez-Martens, Stefan Haessler, Maïmona Bocoum, Frederik Boehle,
Aline Vernier, Gregory Iaquaniello, Emmanuel Skantzakis, Nikos Papadakis,
Constantinos Kalpouzos, Paraskevas Tzallas, Franck Lépine, Dimitris Char-
alambidis, Katalin Varjú, Károly Osvay, and Giuseppe Sansone. The ELI-
ALPS facility: the next generation of attosecond sources. Journal of Physics
B: Atomic, Molecular and Optical Physics, 50(13):132002, June 2017. ISSN
0953-4075. doi: 10.1088/1361-6455/aa6ee8. URL https://dx.doi.org/10.
1088/1361-6455/aa6ee8. Publisher: IOP Publishing.

[136] B. Manschwetus, L. Rading, F. Campi, S. Maclot, H. Coudert-Alteirac, J. Lahl,
H. Wikmark, P. Rudawski, C. M. Heyl, B. Farkas, T. Mohamed, A. L’Huillier,
and P. Johnsson. Two-photon double ionization of neon using an intense at-
tosecond pulse train. Phys. Rev. A, 93:061402, Jun 2016. doi: 10.1103/PhysRevA.
93.061402. URL https://link.aps.org/doi/10.1103/PhysRevA.93.
061402.

[137] Hélène Coudert-Alteirac, Hugo Dacasa, Filippo Campi, Emma Kueny, Balázs
Farkas, Fabian Brunner, Sylvain Maclot, Bastian Manschwetus, Hampus Wik-
mark, Jan Lahl, Linnea Rading, Jasper Peschel, Balázs Major, Katalin Varjú,
Guillaume Dovillaire, Philippe Zeitoun, Per Johnsson, Anne L’Huillier, and Pi-
otr Rudawski. Micro-focusing of broadband high-order harmonic radiation by
a double toroidal mirror. Applied Sciences, 7(11), 2017. ISSN 2076-3417. doi: 10.
3390/app7111159. URL https://www.mdpi.com/2076-3417/7/11/1159.

[138] Federico Vismarra. Gas-jet characterization via interferometric phase
recovery. https://fedefirefox.github.io/fedefirefox.
myquantumreality.github.io/papers/gasjetcharacterization.
pdf, 2020.

[139] I. Makos, I. Orfanos, A. Nayak, J. Peschel, B. Major, I. Liontos, E. Skantza-
kis, N. Papadakis, C. Kalpouzos, M. Dumergue, S. Kühn, K. Varju, P. Johns-
son, A. L’Huillier, P. Tzallas, and D. Charalambidis. � 10-gigawatt attosec-

125

https://link.aps.org/doi/10.1103/PhysRevA.65.031406
https://link.aps.org/doi/10.1103/PhysRevA.65.031406
https://dx.doi.org/10.1088/1361-6455/aa6ee8
https://dx.doi.org/10.1088/1361-6455/aa6ee8
https://link.aps.org/doi/10.1103/PhysRevA.93.061402
https://link.aps.org/doi/10.1103/PhysRevA.93.061402
https://www.mdpi.com/2076-3417/7/11/1159
https://fedefirefox.github.io/fedefirefox.myquantumreality.github.io/papers/gasjetcharacterization.pdf
https://fedefirefox.github.io/fedefirefox.myquantumreality.github.io/papers/gasjetcharacterization.pdf
https://fedefirefox.github.io/fedefirefox.myquantumreality.github.io/papers/gasjetcharacterization.pdf


ond source for non-linear XUV optics and XUV-pump-XUV-probe stud-
ies. Scientific Reports, 10(1):3759, February 2020. ISSN 2045-2322. doi:
10.1038/s41598-020-60331-9. URL https://www.nature.com/articles/
s41598-020-60331-9. Number: 1 Publisher: Nature Publishing Group.

[140] Anne Sakdinawat and David Attwood. Nanoscale X-ray imaging. Nature Pho-
tonics, 4(12):840–848, December 2010. ISSN 1749-4893. doi: 10.1038/nphoton.
2010.267. URL https://www.nature.com/articles/nphoton.2010.
267. Number: 12 Publisher: Nature Publishing Group.

[141] M. Zürch, J. Rothhardt, S. Hädrich, S. Demmler, M. Krebs, J. Limpert,
A. Tünnermann, A. Guggenmos, U. Kleineberg, and C. Spielmann. Real-time
and Sub-wavelength Ultrafast Coherent Diffraction Imaging in the Extreme Ul-
traviolet. Scientific Reports, 4(1):7356, December 2014. ISSN 2045-2322. doi: 10.
1038/srep07356. URL https://www.nature.com/articles/srep07356.
Number: 1 Publisher: Nature Publishing Group.

[142] Bin Wang, Nathan J. Brooks, Peter Johnsen, Nicholas W. Jenkins, Yuka Esashi,
Iona Binnie, Michael Tanksalvala, Henry C. Kapteyn, and Margaret M. Mur-
nane. High-fidelity ptychographic imaging of highly periodic structures en-
abled by vortex high harmonic beams. Optica, 10(9):1245–1252, September
2023. ISSN 2334-2536. doi: 10.1364/OPTICA.498619. URL https://opg.
optica.org/optica/abstract.cfm?uri=optica-10-9-1245. Pub-
lisher: Optica Publishing Group.

[143] L. Quintard, V. Strelkov, J. Vabek, O. Hort, A. Dubrouil, D. Descamps,
F. Burgy, C. Péjot, E. Mével, F. Catoire, and E. Constant. Optics-less focusing
of XUV high-order harmonics. Science Advances, 5(4):eaau7175, April 2019. doi:
10.1126/sciadv.aau7175. URL https://www.science.org/doi/10.1126/
sciadv.aau7175. Publisher: American Association for the Advancement of
Science.

[144] Thomas Wodzinski, Swen Künzel, Jayanath C. P. Koliyadu, Mukhtar Hussain,
Barbara Keitel, Gareth O. Williams, Philippe Zeitoun, Elke Plönjes, and Marta
Fajardo. High-harmonic generation wave front dependence on a driving in-
frared wave front. Applied Optics, 59(5):1363–1370, February 2020. ISSN 2155-
3165. doi: 10.1364/AO.59.001363. URL https://opg.optica.org/ao/
abstract.cfm?uri=ao-59-5-1363. Publisher: Optica Publishing Group.

[145] Martin Kretschmar, Johannes Tuemmler, Bernd Schütte, Andreas Hoffmann,
Björn Senfftleben, Mark Mero, Mario Sauppe, Daniela Rupp, Marc J. J.
Vrakking, Ingo Will, and Tamas Nagy. Thin-disk laser-pumped OPCPA sys-
tem delivering 4.4 TW few-cycle pulses. Optics Express, 28(23):34574–34585,

126

https://www.nature.com/articles/s41598-020-60331-9
https://www.nature.com/articles/s41598-020-60331-9
https://www.nature.com/articles/nphoton.2010.267
https://www.nature.com/articles/nphoton.2010.267
https://www.nature.com/articles/srep07356
https://opg.optica.org/optica/abstract.cfm?uri=optica-10-9-1245
https://opg.optica.org/optica/abstract.cfm?uri=optica-10-9-1245
https://www.science.org/doi/10.1126/sciadv.aau7175
https://www.science.org/doi/10.1126/sciadv.aau7175
https://opg.optica.org/ao/abstract.cfm?uri=ao-59-5-1363
https://opg.optica.org/ao/abstract.cfm?uri=ao-59-5-1363


November 2020. ISSN 1094-4087. doi: 10.1364/OE.404077. URL https:
//opg.optica.org/oe/abstract.cfm?uri=oe-28-23-34574. Pub-
lisher: Optica Publishing Group.

[146] Evgenia Kochkina, Gudrun Wanner, Dennis Schmelzer, Michael Tröbs, and
Gerhard Heinzel. Modeling of the general astigmatic Gaussian beam and its
propagation through 3D optical systems. Applied Optics, 52(24):6030–6040,
August 2013. ISSN 2155-3165. doi: 10.1364/AO.52.006030. URL https://
opg.optica.org/ao/abstract.cfm?uri=ao-52-24-6030. Publisher:
Optica Publishing Group.

[147] C. Hernández-García, J. San Román, L. Plaja, and A. Picón. Quantum-
path signatures in attosecond helical beams driven by optical vortices. New
Journal of Physics, 17(9):093029, September 2015. ISSN 1367-2630. doi:
10.1088/1367-2630/17/9/093029. URL https://dx.doi.org/10.1088/
1367-2630/17/9/093029. Publisher: IOP Publishing.

[148] Laura Rego, Julio San Román, Antonio Picón, Luis Plaja, and Carlos
Hernández-García. Nonperturbative Twist in the Generation of Extreme-
Ultraviolet Vortex Beams. Physical Review Letters, 117(16):163202, October 2016.
doi: 10.1103/PhysRevLett.117.163202. URL https://link.aps.org/doi/
10.1103/PhysRevLett.117.163202. Publisher: American Physical Soci-
ety.

[149] X. F. Li, A. L’Huillier, M. Ferray, L. A. Lompré, and G. Mainfray. Multiple-
harmonic generation in rare gases at high laser intensity. Physical Review A,
39(11):5751–5761, June 1989. ISSN 0556-2791. doi: 10.1103/PhysRevA.39.5751.
URL https://link.aps.org/doi/10.1103/PhysRevA.39.5751.

[150] Ivan P. Christov, Margaret M. Murnane, and Henry C. Kapteyn. High-
Harmonic Generation of Attosecond Pulses in the “Single-Cycle” Regime. Phys-
ical Review Letters, 78(7):1251–1254, February 1997. ISSN 0031-9007, 1079-7114.
doi: 10.1103/PhysRevLett.78.1251. URL https://link.aps.org/doi/10.
1103/PhysRevLett.78.1251.

[151] A. Wirth, M. Th. Hassan, I. Grguraš, J. Gagnon, A. Moulet, T. T. Luu, S. Pabst,
R. Santra, Z. A. Alahmed, A. M. Azzeer, V. S. Yakovlev, V. Pervak, F. Krausz,
and E. Goulielmakis. Synthesized Light Transients. Science, 334(6053):195–200,
October 2011. ISSN 0036-8075, 1095-9203. doi: 10.1126/science.1210268. URL
https://www.science.org/doi/10.1126/science.1210268.

[152] F Calegari, M Lucchini, M Negro, C Vozzi, L Poletto, O Svelto, S De Sil-
vestri, G Sansone, S Stagira, and M Nisoli. Temporal gating methods for the

127

https://opg.optica.org/oe/abstract.cfm?uri=oe-28-23-34574
https://opg.optica.org/oe/abstract.cfm?uri=oe-28-23-34574
https://opg.optica.org/ao/abstract.cfm?uri=ao-52-24-6030
https://opg.optica.org/ao/abstract.cfm?uri=ao-52-24-6030
https://dx.doi.org/10.1088/1367-2630/17/9/093029
https://dx.doi.org/10.1088/1367-2630/17/9/093029
https://link.aps.org/doi/10.1103/PhysRevLett.117.163202
https://link.aps.org/doi/10.1103/PhysRevLett.117.163202
https://link.aps.org/doi/10.1103/PhysRevA.39.5751
https://link.aps.org/doi/10.1103/PhysRevLett.78.1251
https://link.aps.org/doi/10.1103/PhysRevLett.78.1251
https://www.science.org/doi/10.1126/science.1210268


generation of isolated attosecond pulses. Journal of Physics B: Atomic, Molec-
ular and Optical Physics, 45(7):074002, April 2012. ISSN 0953-4075, 1361-
6455. doi: 10.1088/0953-4075/45/7/074002. URL https://iopscience.
iop.org/article/10.1088/0953-4075/45/7/074002.

[153] G. Sansone, E. Benedetti, F. Calegari, C. Vozzi, L. Avaldi, R. Flammini,
L. Poletto, P. Villoresi, C. Altucci, R. Velotta, S. Stagira, S. De Silvestri, and
M. Nisoli. Isolated Single-Cycle Attosecond Pulses. Science, 314(5798):443–446,
October 2006. ISSN 0036-8075, 1095-9203. doi: 10.1126/science.1132838. URL
https://www.science.org/doi/10.1126/science.1132838.

[154] I. J. Sola, E. Mével, L. Elouga, E. Constant, V. Strelkov, L. Poletto, P. Vil-
loresi, E. Benedetti, J.-P. Caumes, S. Stagira, C. Vozzi, G. Sansone, and
M. Nisoli. Controlling attosecond electron dynamics by phase-stabilized polar-
ization gating. Nature Physics, 2(5):319–322, May 2006. ISSN 1745-2473, 1745-
2481. doi: 10.1038/nphys281. URL https://www.nature.com/articles/
nphys281.

[155] Yu Oishi, Masanori Kaku, Akira Suda, Fumihiko Kannari, and Katsumi Mi-
dorikawa. Generation of extreme ultraviolet continuum radiation driven by
a sub-10-fs two-color field. Optics Express, 14(16):7230, 2006. ISSN 1094-
4087. doi: 10.1364/OE.14.007230. URL https://opg.optica.org/oe/
abstract.cfm?uri=oe-14-16-7230.

[156] Hiroki Mashiko, Steve Gilbertson, Chengquan Li, Sabih D. Khan, Mahen-
dra M. Shakya, Eric Moon, and Zenghu Chang. Double Optical Gating
of High-Order Harmonic Generation with Carrier-Envelope Phase Stabilized
Lasers. Physical Review Letters, 100(10):103906, March 2008. ISSN 0031-9007,
1079-7114. doi: 10.1103/PhysRevLett.100.103906. URL https://link.aps.
org/doi/10.1103/PhysRevLett.100.103906.

[157] F. Ferrari, F. Calegari, M. Lucchini, C. Vozzi, S. Stagira, G. Sansone, and
M. Nisoli. High-energy isolated attosecond pulses generated by above-
saturation few-cycle fields. Nature Photonics, 4(12):875–879, December 2010.
ISSN 1749-4885, 1749-4893. doi: 10.1038/nphoton.2010.250. URL https:
//www.nature.com/articles/nphoton.2010.250.

[158] Ming-Chang Chen, Christopher Mancuso, Carlos Hernández-García, Franklin
Dollar, Ben Galloway, Dimitar Popmintchev, Pei-Chi Huang, Barry Walker,
Luis Plaja, Agnieszka A. Jaroń-Becker, Andreas Becker, Margaret M. Murnane,
Henry C. Kapteyn, and Tenio Popmintchev. Generation of bright isolated
attosecond soft X-ray pulses driven by multicycle midinfrared lasers. Proceedings

128

https://iopscience.iop.org/article/10.1088/0953-4075/45/7/074002
https://iopscience.iop.org/article/10.1088/0953-4075/45/7/074002
https://www.science.org/doi/10.1126/science.1132838
https://www.nature.com/articles/nphys281
https://www.nature.com/articles/nphys281
https://opg.optica.org/oe/abstract.cfm?uri=oe-14-16-7230
https://opg.optica.org/oe/abstract.cfm?uri=oe-14-16-7230
https://link.aps.org/doi/10.1103/PhysRevLett.100.103906
https://link.aps.org/doi/10.1103/PhysRevLett.100.103906
https://www.nature.com/articles/nphoton.2010.250
https://www.nature.com/articles/nphoton.2010.250


of the National Academy of Sciences, 111(23), June 2014. ISSN 0027-8424, 1091-
6490. doi: 10.1073/pnas.1407421111. URL https://pnas.org/doi/full/
10.1073/pnas.1407421111.

[159] C. Hernández-García, T. Popmintchev, M. M. Murnane, H. C. Kapteyn,
L. Plaja, A. Becker, and A. Jaron-Becker. Isolated broadband attosecond
pulse generation with near- and mid-infrared driver pulses via time-gated phase
matching. Optics Express, 25(10):11855, May 2017. ISSN 1094-4087. doi:
10.1364/OE.25.011855. URL https://opg.optica.org/abstract.cfm?
URI=oe-25-10-11855.

[160] J.-P. Brichta, M. C. H. Wong, J. B. Bertrand, H.-C. Bandulet, D. M. Rayner,
and V. R. Bhardwaj. Comparison and real-time monitoring of high-order har-
monic generation in different sources. Phys. Rev. A, 79:033404, Mar 2009.
doi: 10.1103/PhysRevA.79.033404. URL https://link.aps.org/doi/
10.1103/PhysRevA.79.033404.

[161] Balázs Major and Katalin Varjú. Extended model for optimizing high-
order harmonic generation in absorbing gases. Journal of Physics B: Atomic,
Molecular and Optical Physics, 54(22):224002, February 2022. ISSN 0953-
4075. doi: 10.1088/1361-6455/ac3fbe. URL https://dx.doi.org/10.
1088/1361-6455/ac3fbe. Publisher: IOP Publishing.

[162] N.A. Papadogiannis, C. Kalpouzos, E. Goulielmakis, G. Nersisyan, D. Char-
alambidis, F. Augé, F. Weihe, and Ph. Balcou. Kilohertz extreme-ultraviolet
light source based on femtosecond high-order harmonic generation from no-
ble gases. Applied Physics B: Lasers and Optics, 73(7):687–692, November
2001. ISSN 0946-2171, 1432-0649. doi: 10.1007/s003400100734. URL
http://link.springer.com/10.1007/s003400100734.

[163] J. R. Sutherland, E. L. Christensen, N. D. Powers, S. E. Rhynard, J. C.
Painter, and J. Peatross. High harmonic generation in a semi-infinite gas
cell. Optics Express, 12(19):4430, September 2004. ISSN 1094-4087. doi:
10.1364/OPEX.12.004430. URL https://opg.optica.org/abstract.
cfm?URI=oe-12-19-4430.

[164] Ming-Shian Tsai, An-Yuan Liang, Chia-Lun Tsai, Po-Wei Lai, Ming-Wei Lin,
and Ming-Chang Chen. Nonlinear compression toward high-energy single-
cycle pulses by cascaded focus and compression. Science Advances, 8(31):
eabo1945, August 2022. ISSN 2375-2548. doi: 10.1126/sciadv.abo1945. URL
https://www.science.org/doi/10.1126/sciadv.abo1945.

[165] A. Von Conta, M. Huppert, and H. J. Wörner. A table-top monochro-
mator for tunable femtosecond XUV pulses generated in a semi-infinite

129

https://pnas.org/doi/full/10.1073/pnas.1407421111
https://pnas.org/doi/full/10.1073/pnas.1407421111
https://opg.optica.org/abstract.cfm?URI=oe-25-10-11855
https://opg.optica.org/abstract.cfm?URI=oe-25-10-11855
https://link.aps.org/doi/10.1103/PhysRevA.79.033404
https://link.aps.org/doi/10.1103/PhysRevA.79.033404
https://dx.doi.org/10.1088/1361-6455/ac3fbe
https://dx.doi.org/10.1088/1361-6455/ac3fbe
http://link.springer.com/10.1007/s003400100734
https://opg.optica.org/abstract.cfm?URI=oe-12-19-4430
https://opg.optica.org/abstract.cfm?URI=oe-12-19-4430
https://www.science.org/doi/10.1126/sciadv.abo1945


gas cell: Experiment and simulations. Review of Scientific Instruments,
87(7):073102, July 2016. ISSN 0034-6748, 1089-7623. doi: 10.1063/1.
4955263. URL https://pubs.aip.org/rsi/article/87/7/073102/
358200/A-table-top-monochromator-for-tunable-femtosecond.

[166] J. Itatani, F. Quéré, G. L. Yudin, M. Yu. Ivanov, F. Krausz, and P. B. Corkum.
Attosecond Streak Camera. Physical Review Letters, 88(17):173903, April 2002.
ISSN 0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.88.173903. URL
https://link.aps.org/doi/10.1103/PhysRevLett.88.173903.

[167] Renate Pazourek, Stefan Nagele, and Joachim Burgdörfer. Attosecond
chronoscopy of photoemission. Reviews of Modern Physics, 87(3):765–802, Au-
gust 2015. ISSN 0034-6861, 1539-0756. doi: 10.1103/RevModPhys.87.765. URL
https://link.aps.org/doi/10.1103/RevModPhys.87.765.

[168] He Wang, Michael Chini, Sabih D Khan, Shouyuan Chen, Steve Gilbertson,
Ximao Feng, Hiroki Mashiko, and Zenghu Chang. Practical issues of retriev-
ing isolated attosecond pulses. Journal of Physics B: Atomic, Molecular and
Optical Physics, 42(13):134007, July 2009. ISSN 0953-4075, 1361-6455. doi:
10.1088/0953-4075/42/13/134007. URL https://iopscience.iop.org/
article/10.1088/0953-4075/42/13/134007.

[169] M. Lucchini, M.H. Brügmann, A. Ludwig, L. Gallmann, U. Keller, and
T. Feurer. Ptychographic reconstruction of attosecond pulses. Optics
Express, 23(23):29502, November 2015. ISSN 1094-4087. doi: 10.1364/
OE.23.029502. URL https://opg.optica.org/abstract.cfm?URI=
oe-23-23-29502.

[170] A. L’Huillier, X. F. Li, and L. A. Lompré. Propagation effects in high-
order harmonic generation in rare gases. Journal of the Optical Society of
America B, 7(4):527, April 1990. ISSN 0740-3224, 1520-8540. doi: 10.
1364/JOSAB.7.000527. URL https://opg.optica.org/abstract.cfm?
URI=josab-7-4-527.

[171] Anne L’Huillier, Philippe Balcou, Sebastien Candel, Kenneth J. Schafer, and
Kenneth C. Kulander. Calculations of high-order harmonic-generation pro-
cesses in xenon at 1064 nm. Physical Review A, 46(5):2778–2790, September
1992. ISSN 1050-2947, 1094-1622. doi: 10.1103/PhysRevA.46.2778. URL
https://link.aps.org/doi/10.1103/PhysRevA.46.2778.

[172] Nguyen Hong Shon, Akira Suda, and Katsumi Midorikawa. Generation and
propagation of high-order harmonics in high-pressure gases. Physical Review A,
62(2):023801, July 2000. ISSN 1050-2947, 1094-1622. doi: 10.1103/PhysRevA.

130

https://pubs.aip.org/rsi/article/87/7/073102/358200/A-table-top-monochromator-for-tunable-femtosecond
https://pubs.aip.org/rsi/article/87/7/073102/358200/A-table-top-monochromator-for-tunable-femtosecond
https://link.aps.org/doi/10.1103/PhysRevLett.88.173903
https://link.aps.org/doi/10.1103/RevModPhys.87.765
https://iopscience.iop.org/article/10.1088/0953-4075/42/13/134007
https://iopscience.iop.org/article/10.1088/0953-4075/42/13/134007
https://opg.optica.org/abstract.cfm?URI=oe-23-23-29502
https://opg.optica.org/abstract.cfm?URI=oe-23-23-29502
https://opg.optica.org/abstract.cfm?URI=josab-7-4-527
https://opg.optica.org/abstract.cfm?URI=josab-7-4-527
https://link.aps.org/doi/10.1103/PhysRevA.46.2778


62.023801. URL https://link.aps.org/doi/10.1103/PhysRevA.62.
023801.

[173] F. Catoire, A. Ferré, O. Hort, A. Dubrouil, L. Quintard, D. Descamps, S. Pe-
tit, F. Burgy, E. Mével, Y. Mairesse, and E. Constant. Complex structure
of spatially resolved high-order-harmonic spectra. Physical Review A, 94(6):
063401, December 2016. ISSN 2469-9926, 2469-9934. doi: 10.1103/PhysRevA.
94.063401. URL https://link.aps.org/doi/10.1103/PhysRevA.94.
063401.

[174] V. Tosa, H. T. Kim, I. J. Kim, and C. H. Nam. High-order harmonic genera-
tion by chirped and self-guided femtosecond laser pulses. I. Spatial and spectral
analysis. Physical Review A, 71(6):063807, June 2005. ISSN 1050-2947, 1094-
1622. doi: 10.1103/PhysRevA.71.063807. URL https://link.aps.org/
doi/10.1103/PhysRevA.71.063807.

[175] A. Becker, L. Plaja, P. Moreno, M. Nurhuda, and F. H. M. Faisal. To-
tal ionization rates and ion yields of atoms at nonperturbative laser intensi-
ties. Physical Review A, 64(2):023408, July 2001. ISSN 1050-2947, 1094-
1622. doi: 10.1103/PhysRevA.64.023408. URL https://link.aps.org/
doi/10.1103/PhysRevA.64.023408.

[176] A. Couairon, E. Brambilla, T. Corti, D. Majus, O. De J. Ramírez-Góngora,
and M. Kolesik. Practitioner’s guide to laser pulse propagation models and
simulation: Numerical implementation and practical usage of modern pulse
propagation models. The European Physical Journal Special Topics, 199(1):5–76,
November 2011. ISSN 1951-6355, 1951-6401. doi: 10.1140/epjst/e2011-01503-3.
URL http://link.springer.com/10.1140/epjst/e2011-01503-3.

[177] Miguel Miranda, Thomas Fordell, Cord Arnold, Anne L’Huillier, and Helder
Crespo. Simultaneous compression and characterization of ultrashort laser
pulses using chirped mirrors and glass wedges. Optics Express, 20(1):688, Jan-
uary 2012. ISSN 1094-4087. doi: 10.1364/OE.20.000688. URL https:
//opg.optica.org/oe/abstract.cfm?uri=oe-20-1-688.

[178] B Major, K Kovács, E Svirplys, M Anus, O Ghafur, K Varjú, M J J Vrakking,
V Tosa, and B Schütte. High-order harmonic generation in a strongly over-
driven regime. PHYSICAL REVIEW A, 107:23514–23514, 2023. doi: 10.1103/
PhysRevA.107.023514.

[179] Bonggu Shim, Garima C. Nagar, Yi Wu, and Zenghu Chang. Generation
of high-order harmonics and attosecond pulses in the water window via non-
linear propagation of a few-cycle laser pulse. Optics Express, 31(20):32488,

131

https://link.aps.org/doi/10.1103/PhysRevA.62.023801
https://link.aps.org/doi/10.1103/PhysRevA.62.023801
https://link.aps.org/doi/10.1103/PhysRevA.94.063401
https://link.aps.org/doi/10.1103/PhysRevA.94.063401
https://link.aps.org/doi/10.1103/PhysRevA.71.063807
https://link.aps.org/doi/10.1103/PhysRevA.71.063807
https://link.aps.org/doi/10.1103/PhysRevA.64.023408
https://link.aps.org/doi/10.1103/PhysRevA.64.023408
http://link.springer.com/10.1140/epjst/e2011-01503-3
https://opg.optica.org/oe/abstract.cfm?uri=oe-20-1-688
https://opg.optica.org/oe/abstract.cfm?uri=oe-20-1-688


September 2023. ISSN 1094-4087. doi: 10.1364/OE.499371. URL https:
//opg.optica.org/abstract.cfm?URI=oe-31-20-32488.

[180] Andy Rundquist, Charles G. Durfee, Zenghu Chang, Catherine Herne, Ster-
ling Backus, Margaret M. Murnane, and Henry C. Kapteyn. Phase-Matched
Generation of Coherent Soft X-rays. Science, 280(5368):1412–1415, May 1998.
ISSN 0036-8075, 1095-9203. doi: 10.1126/science.280.5368.1412. URL https:
//www.science.org/doi/10.1126/science.280.5368.1412.

[181] Tenio Popmintchev, Ming-Chang Chen, Alon Bahabad, Michael Gerrity,
Pavel Sidorenko, Oren Cohen, Ivan P. Christov, Margaret M. Murnane, and
Henry C. Kapteyn. Phase matching of high harmonic generation in the soft
and hard X-ray regions of the spectrum. Proceedings of the National Academy
of Sciences, 106(26):10516–10521, June 2009. ISSN 0027-8424, 1091-6490. doi:
10.1073/pnas.0903748106. URL https://pnas.org/doi/full/10.1073/
pnas.0903748106.

[182] Daniel S. Steingrube, Tobias Vockerodt, Emilia Schulz, Uwe Morgner, and
Milutin Kovačev. Phase matching of high-order harmonics in a semi-infinite
gas cell. Physical Review A, 80(4):043819, October 2009. ISSN 1050-2947,
1094-1622. doi: 10.1103/PhysRevA.80.043819. URL https://link.aps.
org/doi/10.1103/PhysRevA.80.043819.

[183] Francis A. Carey, Robert M. Giuliano, Neil T. Allison, and Susan L. Bane Tuttle.
Organic chemistry. McGraw-Hill Education, New York, NY, eleventh edition
edition, 2018. ISBN 978-1-260-14892-3.

[184] Morgane Vacher, David Mendive-Tapia, Michael J. Bearpark, and Michael A.
Robb. Electron dynamics upon ionization: Control of the timescale through
chemical substitution and effect of nuclear motion. The Journal of Chemical
Physics, 142(9):094105, March 2015. ISSN 0021-9606, 1089-7690. doi: 10.1063/
1.4913515. URL https://pubs.aip.org/jcp/article/142/9/094105/
940072/Electron-dynamics-upon-ionization-Control-of-the.

[185] R.R Blyth, R Delaunay, M Zitnik, J Krempasky, R Krempaska, J Slezak, K.C
Prince, R Richter, M Vondracek, R Camilloni, L Avaldi, M Coreno, G Stefani,
C Furlani, M De Simone, S Stranges, and M.-Y Adam. The high resolution
Gas Phase Photoemission beamline, Elettra. Journal of Electron Spectroscopy
and Related Phenomena, 101-103:959–964, June 1999. ISSN 03682048. doi:
10.1016/S0368-2048(98)00381-8. URL https://linkinghub.elsevier.
com/retrieve/pii/S0368204898003818.

[186] Jeppe Olsen. The CASSCF method: A perspective and commentary. In-
ternational Journal of Quantum Chemistry, 111(13):3267–3272, November 2011.

132

https://opg.optica.org/abstract.cfm?URI=oe-31-20-32488
https://opg.optica.org/abstract.cfm?URI=oe-31-20-32488
https://www.science.org/doi/10.1126/science.280.5368.1412
https://www.science.org/doi/10.1126/science.280.5368.1412
https://pnas.org/doi/full/10.1073/pnas.0903748106
https://pnas.org/doi/full/10.1073/pnas.0903748106
https://link.aps.org/doi/10.1103/PhysRevA.80.043819
https://link.aps.org/doi/10.1103/PhysRevA.80.043819
https://pubs.aip.org/jcp/article/142/9/094105/940072/Electron-dynamics-upon-ionization-Control-of-the
https://pubs.aip.org/jcp/article/142/9/094105/940072/Electron-dynamics-upon-ionization-Control-of-the
https://linkinghub.elsevier.com/retrieve/pii/S0368204898003818
https://linkinghub.elsevier.com/retrieve/pii/S0368204898003818


ISSN 0020-7608, 1097-461X. doi: 10.1002/qua.23107. URL https://
onlinelibrary.wiley.com/doi/10.1002/qua.23107.

[187] Adam Stokes and Ahsan Nazir. Implications of gauge freedom for nonrelativis-
tic quantum electrodynamics. Reviews of Modern Physics, 94(4):045003, Novem-
ber 2022. doi: 10.1103/RevModPhys.94.045003. URL https://link.aps.
org/doi/10.1103/RevModPhys.94.045003. Publisher: American Physi-
cal Society.

133

https://onlinelibrary.wiley.com/doi/10.1002/qua.23107
https://onlinelibrary.wiley.com/doi/10.1002/qua.23107
https://link.aps.org/doi/10.1103/RevModPhys.94.045003
https://link.aps.org/doi/10.1103/RevModPhys.94.045003




Appendix A: Quantum Mechanics
Transformations and Dyson
Equations for SFA

.1 On Gauges transformation in quantum mechanics

The inclusion of a scalar potential, denoted as A0(r, t), and a vector potential, rep-
resented by A(r, t), significantly simplifies the approach to describing and solving
physical phenomena within the framework of Maxwell’s equations and Light-Matter
Interaction. The relationships between these potentials and the electric field E, and
the magnetic field B, are given by[93]:

E = −∇A0 −
∂A

∂t
B = ∇×A

(1)

where ∇ represents the gradient operator.
However, it is important to note that these potentials are not uniquely defined. We
can always introduce a gauge function, χ(α), that transforms the potentials as follows:

A(α) = A(β) +∇χ(α)

A
(α)
0 = A

(β)
0 − ∂χ(α)

∂t

(2)

It can be demonstrated that these transformations preserve the form of Eq. (1). As a
result,A0(r, t) and A(r, t) are gauge-dependent, whereas the real fields E and B are
gauge-invariant.

To minimize the redundancy introduced by the gauge functionχ(r, t), physicists
often constrain this freedom by selecting specific gauges[187]. A common approach
involves decomposing the vector potential into its longitudinal and transversal com-
ponents:

A = AL +AT (3)

135



where AT satisfies ∇ ·AT = 0, and AL = 0, ∇×AL = 0.
Due to fundamental vector identities (e.g., ∇×∇·v = 0), irrespective of the chosen
α-gauge, ∇χ(α) is always longitudinal:

A(α) = AT + (∇χ(α))L (4)

This distinction is particularly useful when transitioning between different gauges. By
setting AL = 0, we arrive at the so-called Coulomb gauge (or the velocity gauge in
the context of strong-field matter interaction). In this velocity gauge (v), according
to Eq. (1) and since ∇ ·AT = 0:

∇ ·E = −∇2A
(v)
0 =

ρ

ϵ0
(5)

where we can recognize in the last part the basic electrostatic Poisson’s equation.
Hence, within this gauge, the scalar potential A(v)

0 coincide with the electrostatic
Coulomb potential, Φ = 1/̂r in the simple Hydrogen case.
Consequently, the total electric field E can be written:

E = −∇A(v)
0 − ∂tA

(v) = −∇Φ+Eext (6)

Thus, within this gauge, we can distinguish the electric field contribution from local-
ized charges, A0 = Φ, from the one generated by external sources (e.g. laser field),
which is embedded in the transversal component −∂tAT = Eext.

A more general approach is to define a multipolar α-gauge given by:

A(α) = AT − α∇
∫ 1

0
dλ rAT (λr), (7)

where the gauge function χ(α) is expressed as:

χ(α) = −α
∫ 1

0
dλ rAT (λr) (8)

This gauge finds its application in more advanced contexts. In the dipole approxima-
tion, where A(r, t) ≈ A(0, t), it simplifies to:

A(α)(t) = AT (t)− αAT (t) (9)

When α = 1, this yields the so-called length gauge in the dipole approximation,

A(l)(t) = 0. (10)
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In semi-classical quantum mechanics, the light-matter interaction Hamiltonian (in
atomic units) in a generic α-gauge for a single electron is:

Ĥ(α) =
1

2
(p̂+A(α))2 −A

(α)
0 (11)

where Ĥ(α), is the Hamiltonian operator in the α-gauge, and the p̂ momentum
operator p̂ = −i∇, which keep the same form form across different gauges, though
its expectation value interpretation may vary, as we will discuss later.

In the velocity gauge (v), the Hamiltonian is given by:

Ĥ(v) =
1

2
(p̂+AT )

2 − Φ (12)

where we have separated the potential contributions from external fields (AT ) and
confined charges Φ, e.g. Coulomb field from a proton in a hydrogen-like system.

The situation in the length gauge is slightly more subtle. Given thatA(l) = 0, the
scalar potential A(l)

0 encompasses both the Coulomb contribution and the external
field, which is uniquely defined (regardless from the gauge) in terms of AT . The
gauge function χ(l) and its gradient are equal to:

∇χ(l) = −AT ,

χ(l) = −r ·AT

By exploiting (2), it follows that:

A
(l)
0 = (A

(v)
0 − ∂χ(l)

∂t
) = Φ + r · ∂tAT = Φ− r ·Eext (13)

hence, A(l)
0 effectively integrates the influences of both the Coulomb potential and

the external electric field.
Consequently, the Hamiltonian in the length gauge (l), within the dipole approxima-
tion is given by:

Ĥ(l) =
1

2
(p̂ + A(l))2 −A

(l)
0 =

1

2
p̂ − Φ+ r · Eext (14)

This derivation presents a straightforward approach, offering a clear path to inter-
change between gauges without invoking any unusual properties or complex reason-
ing.
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.1.1 Gauges and Wavefunction transformation

Due to the gauge-variant nature of the light-matter Hamiltonian, described in the
precedent discussion, it is to be expected that the wavefunction will reflect a gauge
dependence in the form of a complex phase-term, identified by a generic operator
λ(̂r, p̂):

|ψ⟩(β) = Û(α,β) |ψ⟩(α) = eiλα,β |ψ⟩(α) (15)

where Û(α,β) has to be unitary transformation:

Û(α,β)Û
†
(α,β) = 1̂ (16)

where 1̂ is the identity operator.
It is important to note that while the wavefunction is gauge-dependent, the expecta-
tion value of a physical observable, Ô, must remain invariant across different gauges.
Thus, irrespective of the gauge choice, we have:

⟨ψ(α)|Ô|ψ(α)⟩ = ⟨ψ(β)|Ô|ψ(β)⟩. (17)

For instance, both the position operator, r̂, and the velocity operator, π̂, must exhibit
gauge invariance. As commonly defined in many textbooks, the velocity operator in
any α-gauge is given by:

π̂ = p̂(α) +A(α)(r̂, t). (18)

Following Eqs. (17) and (15), we can deduce that:

Û †
(α,β)r̂Û(α,β) = r (19)

and,
Û †
(α,β)(p̂

(β) + A(β))Û(α,β) = p̂(α) + A(α) (20)

From Eq. (19), we deduce that the two operators commutate with each other [Û(α,β), r̂] =
0.
The notation p̂(α,β) signifies that, depending on the specific gauge chosen, the mo-
mentum may have different expectation values, even if its definition as an operator
remains consistent. This distinction becomes clear when comparing the momentum
between the velocity gauge and the length gauge. In the velocity gauge, the momen-
tum p̂(v) represents a drift momentum, which remains conserved during the interac-
tion:

p̂(v) = π̂(t)−A(v) = π̂(t)−AT (t). (21)

Conversely, in the length gauge, where A(l) = 0, the momentum is given by:

p̂(l) = π̂(t) (22)
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implying that the momentum is equal to the instantaneous velocity of the particle (in
a.u.).

Our goal now is to find a form for Û(α,β), to be used when transforming the wave-
function from one gauge to another. Following Eqs. (20) and (4), we can write:

Û †
(α,β)(p̂ + AT +∇χ(β))Û(α,β) = p̂ + AT +∇χ(α) (23)

Û †
(α,β)p̂Û(α,β) = −(∇χ(α) −∇χ(β)) + p̂ (24)

At the same time, owing to the unitary properties of Û(α,β), the following identity
holds:

Û †
(α,β)p̂Û = Û †

(α,β)p̂Û(α,β) − Û †
(α,β)Û(α,β)p̂ + p̂ = Û †

(α,β)[p̂, Û(α,β)] + p̂ (25)

From basic quantum mechanics, we know:

[p̂, Û(α,β)] = i
∂

∂ r̂
Û(α,β) (26)

Therefore, combining Eqs. (24) and (26), and multiplying both terms with Û(α,β),
we deduce:

i
∂

∂ r̂
Û(α,β) = −Û(α,β)(∇χ(α) −∇χ(β)) (27)

We have thus determined, in a straightforward manner, a very important transforma-
tion operator that allows to adapt the wavefunction into a new gauge:

|ψ⟩(β) = Û(α,β) |ψ⟩(α) = ei(χ(α)−χ(β)) |ψ⟩(α) . (28)

As detailed in Chapter 2 and in the next section, this result is extremely useful within
the framework of strong-field physics.

General Hamiltonian under gauge transformation

To conclude this section, we derive a rather general transformation rule between
gauges of the hamiltonian operator from Ĥ(α) to Ĥ(β), with gauges function(s)
χα,β(r, t).
Let us consider the Schrödinger equation in the final gauge β, with the proper wave-
function |ψ⟩(β):

i∂t |ψ⟩(β) = Ĥ(β) |ψ⟩(β) (29)

i∂t(Û(α,β) |ψ⟩(α)) = Ĥ(β)Û(α,β) |ψ⟩(α) (30)

i∂tÛ(α,β) |ψ⟩(α) + iÛ(α,β)∂t |ψ⟩(α) = Ĥ(β)Û(α,β) |ψ⟩(α) (31)
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From these equations, it follows that:

(i∂tÛ(α,β) + Û(α,β)Ĥ
(α)) |ψ⟩(α) = Ĥ(β)Û(α,β) |ψ⟩(α) (32)

By multiplying both sides by Û †
(α,β) and using the unitary property of the operator,

we obtain:
Ĥ(β) = Û(α,β)Ĥ

(α)Û †
(α,β) + i∂tÛ(α,β)Û

†
(α,β) (33)

In the simple case of velocity to length gauge, it can be shown that we can also correctly
transform the Hamiltonians by exploting Eq. (33).
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.2 Propagators and Dyson Series

Propagators

As introduced in Chapter 1, in the modern formulation of quantum mechanics [3]
time cannot be measured. Hence, although we cannot define a time operator, we can
introduce the concept of time-evolution operator. Imagine a state initially defined as
|ψ, t0⟩ = |ψ(t0)⟩. The time-evolution of this state, resulting in |ψ, t⟩ = |ψ(t)⟩, can
be viewed as the application of an operator on the initial state:

|ψ(t)⟩ = Û(t, t0) |ψ(t0)⟩ (34)

and, similarly:
⟨ψ(t)| = ⟨ψ(t0)| Û †(t, t0) (35)

Therefore, the Schrödinger equation for a certain state |ψ(t)⟩,

i
∂

∂t
|ψ(t)⟩ = Ĥ |ψ(t)⟩ (36)

can be reinterpreted in terms of the application of this specific operator (Eq. 34):

i
∂

∂t
(Û(t, t0) |ψ(t0)⟩) = Ĥ(Û(t, t0) |ψ(t0)⟩)

Given that |ψ(t0)⟩ is no longer time-dependent, we infer that the two operators (left
and right-sides) are identical, i.e. have the same effect on the initial state:

i
∂

∂t
Û(t, t0) = ĤÛ(t, t0) (37)

Eq. (37) is commonly referred to as the Schrödinger equation for the time-evolution
operator [6? ].

Let us first consider the scenario where Ĥ is a time-independent Hamiltonian, de-
noted as Ĥ = Ĥ0.
The solution is:

Û(t, t0) = e−iĤ0(t−t0) (38)

where the exponential operator must be regarded as:

e−iĤ0(t−t0) =
∑
n

(−iĤ0(t− t0))
n

n!

Thus,
|ψ(t)⟩ = e−iĤ0(t−t0) |ψ(t0)⟩ (39)
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The validity of this result will be demonstrated later in a more general context, yet we
can already observe two key aspects:
Firstly, when t = t0, we have:

e−0̂ = Î (40)

This leads us to the identity operator Î |ψ(t0)⟩ = |ψ(t0)⟩.
Secondly, if the following condition holds (standard eigenvalue equation):

Ĥ0 |ψn⟩ = En |ψn⟩ ,

then it follows that:
|ψ(t)⟩ = e−iEn(t−t0) |ψ(t0)⟩ . (41)

In essence, if |ψ⟩ is an eigenstate of the time-independent Hamiltonian, we recover
the expected time-dependence for an eigenstate¹.

Now, let us extend the result of Eq. (38) to scenarios where Ĥ(t), the Hamiltonian
operator, depends on time. Consequently, the solution to Eq. (37) becomes:

Û(t, t0) = e
−i

∫ t
t0

Ĥ(t′)dt′ (42)

For completeness, let us demonstrate that Eq. (42) indeed solves Eq. (37). We start
by expanding the time-derivative of the propagator Û :

i
∂Û

∂t
= i

∂

∂t

(
e
−i

∫ t
t0

Ĥ(t′)dt′
)
= i

∂

∂t

( ∞∑
n=0

(
−i
∫ t

t0

Ĥ(t′)dt′
)n

1

n!

)
(43)

Utilizing the following mathematical property, we note that for n ̸= 0:

∂

∂x

[∫ x

0
f(y)dy

]n
=

∂

∂x
[F (x)− F (0)] =

∂F (x)

∂x
[F (x)− F (0)]n−1 n

where x, y are parameters, and F is the primitive of f :

∂F (x)

∂x
= f(x) [F (x)− F (0)] =

∫ x

0
f(y)dy

This leads to:

∂

∂x

[∫ x

0
f(y)dy

]n
= nf(x)

(∫ x

0
f(y)dy

)n−1

(44)

¹Specifically, in the Schrödinger picture.
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In scenarios where n = 0, the derivative naturally equals zero, posing no issues. By
applying this concept to Eq. (43), we arrive at:

i
∂

∂t
Û = i

+∞∑
n=1

(−i)n−1

n!
nĤ(t)

[∫ t

t0

Ĥ(t′)dt′
]n−1

= Ĥ(t)
+∞∑
m=0

(−i)m

(m)!

[∫ t

t0

Ĥ(t′)dt′
]m

.

Consequently, the remaining left term, summed overm is equal to Û , hence, we have
confirmed that Eq. (2.37) solve Eq. (37).

Notably, through Eq. (42), we have obtained a general exact solution for every non-
relativistic quantum mechanical problem. Indeed, given knowledge of the initial state,
its evolution is determined by:

|ψ(t)⟩ = P̂ |ψ(t0)⟩ = e
−i

∫ t
t0

Ĥ(t′)dt′ |ψ(t0)⟩ (45)

where P̂ is the full-time propagator.
Despite the elegance of Eq. (45), its practical applicability is limited in most cases,
with very few exceptions (see Volkov states).

Dyson Equations

In order to fully describe the time-evolution of |ψ(t)⟩ the operator Ĥ(t′) must be
replaced with a function that may depend on both time and space. To accomplish this
in the framework of strong-field physics, an interesting approach can be followed[6].
The first step is to reformulate the problem by dividing the Hamiltonian into distinct
components:

Ĥ = Ĥ0 + ĤI(t) (46)

where now the full Hamiltonian is composed by a time-independent Hamiltonian
Ĥ0 (typically including kinetic energy and Coulomb interaction) and ĤI(t), the in-
teraction Hamiltonian, which depends on external electromagnetic field, often in the
dipole approximation in either the length or the velocity gauge.
Let us reintroduce the time-independent propagator Û0(t, t0) as:

i
∂

∂t
Û0(t, t0) = Ĥ0Û0(t, t0) (47)

Our aim is to solve Eq.(36) by refining the result of Eq.(45), this approach is based on
the so-called Dyson expansion (or Dyson equations).
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First Dyson Equation

Starting from Eq. (36), we write:

i
∂

∂t
Û(t, t0) = ĤÛ(t, t0) = (Ĥ0 + ĤI(t))Û(t, t0)

from which it follows:

(i
∂

∂t
− Ĥ0)Û(t, t0) = ĤI(t)Û(t, t0) (48)

To find a more elegant solution for Eq. (48), let us first address the following problem:

(i
∂

∂t
− Ĥ0)Ĝ0(t, t

′) = δ(t− t′) (49)

According to Green’s function theory (Green operators, in this case), if we find Ĝ0(t, t
′)

that solves Eq. (49), the solution to Eq.(48) can be expressed as [6]:

Û = Û0(t, t0) +

∫ t

t0

Ĝ0(t, t
′)ĤI(t

′)Û(t′, t0)dt
′ (50)

where the term Û0 from Eq. (47) has also been included as it solved the homogeneous
equation (i.e. without the interaction hamiltonian).

We now seek to intuitively determine the correct form of Ĝ0 under the causality
condition t > t′, implying that the perturbation occurs before the final evolution
time t.
Defining the operator Ĝ0(ω, t

′), as used in a different context in Quantum Optics
[5], we have:

Ĝ0(t, t
′) =

1

2π

∫ +∞

−∞
Ĝ0(ω, t

′)eiωtdω (51)

Then, based on Eq. (49):

(i
∂

∂t
− Ĥ0)

∫
Ĝ0(ω, t

′)eiωtdω = δ(t− t′) (52)

and,∫
i
∂

∂t
(Ĝ0(ω, t

′)eiωt)− Ĥ0Ĝ0(ω, t
′)eiωtdω =

∫
(−ω − Ĥ0)Ĝ0(ω, t

′)eiωtdω.

Upon Fourier transforming the delta function shifted at t′, Eq. (52) becomes:∫
(−ω − Ĥ0)Ĝ0(ω, t

′)eiωtdω =

∫
e−iωt′eiωtdω (53)
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By equating the integrands, we derive:

Ĝ0(ω, t
′) = − e−iωt′

ω + Ĥ0

(54)

Consequently:

Ĝ0(t, t
′) = − 1

2π

∫
1

ω + Ĥ0

eiω(t−t′)dω. (55)

Upon applying standard residue calculus to Eq. (55), and considering the physically
relevant condition t > t′, we arrive at the following expression:

Ĝ0(t, t
′) = −ie−iĤ0(t−t′) = −iÛ0(t, t

′) (56)

This leads us to a significant conclusion:

Û(t, t0) = Û0(t, t0)− i

∫ t

t0

Û0(t, t
′)ĤI(t

′)Û(t′, t0)dt
′ (57)

This simple approach allow to derive what is called the first Dyson equation [6], simply
and straightforwardly.

Second Dyson Equation

Establishing a second Dyson equation is less straightforward, as it presents a ”time-
reversed” perspective[7] compared to Eq. (57). To demonstrate this, consider:

Ĥ0 = Ĥ − ĤI(t)

leading to:

i
∂

∂t
Û0(t, t0) = Ĥ0Û(t, t0) = (Ĥ − ĤI)Û0(t, t0)

from which we can write:

(i
∂

∂t
− Ĥ)Û0(t, t0) = −ĤI Û0(t, t0) (58)

This equation mirrors Eq. (48), enabling us to formulate:

(i
∂

∂t
− Ĥ(t))Ĝ1(t, t

′) = δ(t− t′) (59)

As before, by employing Green function theory, the solution is expressed as:

Û0(t, t0) = Û(t, t0)−
∫ t

t0

Ĝ1(t, t
′)ĤI(t

′)Û0(t
′, t0)dt

′
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or equivalently:

Û(t, t0) = Û0(t, t0) +

∫ t

t0

Ĝ1(t, t
′)ĤI(t

′)Û0(t
′, t0)dt

′ (60)

where Û , now, serves as the homogeneous solution for Eq. (59). The solution for Eq.
(59) is then:

Ĝ1(t, t
′) = −ie−i

∫
t′tĤ(t′′)dt′′ = −iÛ(t, t′) (61)

Thus, the Second Dyson equation is derived:

Û(t, t0) = Û0(t, t0)− i

∫ t

t0

Û(t, t′)ĤI(t
′)Û0(t

′, t0)dt
′ (62)

Both Eqs. (57) and (62) offers a comprehensive method to describe the time evolution
of any quantum state |ψ⟩:

|ψ(t)⟩ = Û0(t, t0) |ψ(t0)⟩ − i

∫ t

t0

Û(t, t′)ĤI(t
′)Û0(t

′, t0) |ψ(t0)⟩ dt′ (63)

This result, which we have taken for granted in Chapters 1 and 2, and has been used
as the starting point of strong field approximation, now has a formal justification.
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.3 Propagators and Volkov wavepackets

To elucidate the practical use of propagator formalism, we address the free electron
propagation problem under the influence of an external electromagnetic field. This
scenario is commonly encountered when an electron is freed from its parent ion and
propagates in space, as seen in processes like high-order harmonic generation (before
recombination) or two-color interaction, both discussed in Chapter 2.

In the velocity gauge, the Hamiltonian for a free particle, Ĥ(v)
F (denoted as ĤF

henceforth), is expressed as:

Ĥ
(v)
F =

1

2
(p̂ + A(t))2 (64)

The goal is to find the quantum states that satisfy:

ĤF |ψ⟩ = i
∂

∂t
|ψ⟩ (65)

This problem is efficiently solved using the propagator formalism, presented in the
previous section. Introducing ÛV (t, t0) as the time evolution operator, which evolves
an initial state |ψ(t0)⟩ at time t0 into |ψ(t)⟩, we have:

|ψ(t)⟩ = ÛV (t, t0) |ψ(t0)⟩ . (66)

Hence, Eq. (65) can be rewritten as:

ĤF ÛV (t, t0) |ψ(t0)⟩ = i
∂

∂t
ÛV (t, t0) |ψ(t0)⟩ .

As discussed, the general solution is given by:

|ψ(t)⟩ = e
−i

∫ t
t0

1
2
(p̂+A)2dt′ |ψ(t0)⟩

ÛV = e
−i

∫ t
t0

1
2
(p̂+A)2dt′

We can generalize our solution by using the completeness of momentum space:

|ψ(t)⟩ =
∫
R3

⟨p|ψ(t)⟩ |p⟩ d3p, (67)

where ⟨p|ψ(t)⟩ is given by:

⟨p|ψ(t)⟩ = ⟨p| e−i
∫ t
t0

1
2
(p̂+A(t))2dt |ψ(t0)⟩ . (68)
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Hence,

⟨p| e−i
∫ t
t0

1
2
(p̂+A(t′))2dt′

= ⟨p| e−i
∫ t
t0

1
2
(p+A(t′))2dt′ (69)

where now p is the eigenstate associated to |p⟩. From this result, we can define the
semi-classical action S as follows:

S(t, t0) =

∫ t

t0

1

2
(p + A(t′))2dt′. (70)

This allows us to formulate a (almost) ready-to-use of the time evolution of a generic
initial state |ψ(t0)⟩, influenced by an external electromagnetic field:

|ψ(t)⟩ =
∫

⟨p|ψ(t0)⟩ e−iS(t,t0) |p⟩ d3p. (71)

This solution can be viewed as decomposing the initial state into a complete set of
momentum eigenstates |p⟩, each modulated by a time-dependent weight. Alterna-
tively, it can be seen as a decomposition into specific states, known as Volkov states
[6, 7], each associated with time-independent coefficients:

|ΨV olkov(t)⟩ = e−iS(t,t0) |p⟩ (72)

hence,
|ψ(t)⟩ =

∫
⟨p|ψ(t0)⟩ |ΨV olkov(t)⟩ d3p.

For practical use, we re-frame everything in the spatial domain (position space) by
writing the wavefunction of Volkov states as

ΨV olkov(r, t) = ⟨r|ΨV olkov(t)⟩ =
1

(2π)
3
2

e−iS(t,t0)eip·r, (73)

where we use the fact that ⟨r|p⟩ = (2π)−
3
2 eip·r.

Thus, the general solution of Eq. (65) is:

ψ(r, t) =
1

(2π)
3
2

∫
ϕ(p, t0)e−iS(t,t0)eip·rd3p, (74)

where ϕ(p, t0) = ⟨p|ψ(t0)⟩ represents the initial momentum distribution of the
electron at time t0.
The derivation could also have been performed in the length gauge, or by utilizing
Eq. (28), where within the dipole approximation:

χ(v) = 0, (75)

χ(l) = −r · AT , (76)
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yielding to:

ΨV olkov
(v)(r, t) =

1

(2π)
3
2

e−iS(t,t0)eip·r

ΨV olkov
(l)(r, t) =

1

(2π)
3
2

e−iS(t,t0)ei(p+A(t))·r

Useful trick with propagators

We note that, given t final instant of time, t0 initial instant (t > t0), Ĥ(t), generic
time-dependent Hamiltonian, the complex conjugate of:

(|Ψ(t)⟩)† = (Û(t, t0) |Ψ(t0)⟩)† = (e
−i

∫ t
t0

Ĥ(t′)dt′ |Ψ(t0)⟩)† (77)

is equal to:

⟨Ψ(t)| = ⟨Ψ(t0)| e
i
∫ t
t0

Ĥ(t′)dt′
= ⟨Ψ(t0)| Û †(t0, t) (78)

where, Û †(t0, t) = e
i
∫ t
t0

Ĥdt′
= e−i

∫ t0
t Ĥdt′ = Û(t0, t) is the time reverse-operator.

By exploiting the identity property of the propagator, we can rewrite everything as:

⟨Ψ(t0)| = ⟨Ψ(t)| e−i
∫ t
t0

Ĥ(t′)dt′
= ⟨Ψ(t)| Û(t, t0) (79)

or
⟨Ψ(t)| = ⟨Ψ(t)| e−i

∫ t0
t Ĥ(t′)dt′ = ⟨Ψ(t0)| Û(t0, t) (80)

In other words, Eq. (79) and Eq. (80) can be seen as applying the time-forward
operator on a certain ⟨.|-state that reverse time.
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Appedix B: Atomic units

In this dissertation, Atomic Units (a.u.) are predominantly utilized due to their effec-
tiveness in simulations and their natural suitability for evaluating microscopic physical
laws. Commonly, the following constants are set to unity in a.u.: the elementary pos-
itive charge e = 1 a.u., Planck’s constant divided by 2π, ℏ = 1 a.u., the electron’s
mass me = 1 a.u., and the permittivity of free space, 4πϵ0 = 1 a.u. It’s crucial to
remember that the absence of dimensions in atomic units is a matter of convention,
and one must avoid inappropriately mixing different basic units.

As elaborated in [6], at the microscopic level, the four fundamental SI quantities
are time [T ], length [L], charge [C], and mass [M ]. A connection between these SI
units and atomic units is established to create a clear map between any choice of units.
This enables the conversion of an arbitrary physical quantity from a.u. to S.I units
and vice versa. The relationships are expressed as:

ℏ = [M ]a11 [L]a12 [T ]a13 [C]a14

me = [M ]a21 [L]a22 [T ]a23 [C]a24

e = [M ]a31 [L]a32 [T ]a33 [C]a34

4πϵ0 = [M ]a41 [L]a42 [T ]a43 [C]a44

From basic Physics consideration on the nature of these constants, these relationships
are represented by the matrix A:

A =


1 2 −1 0
1 0 0 0
0 0 0 1
−1 −3 2 2


To derive the relationship between the four fundamental SI units and atomic units,
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we use similar equations:

[M ] = ℏb11mb12
e eb13(4πϵ0)

b14

[L] = ℏb21mb22
e eb23(4πϵ0)

b24

[T ] = ℏb31mb32
e eb33(4πϵ0)

b34

[C] = ℏb41mb42
e eb43(4πϵ0)

b44

For instance, evaluating time in atomic units using the A matrix, we find:

[T ] = ℏ3m−1
e (4πϵ0)

2e−4 ≈ 24.189 : as.

This process can be applied to other units, leading to the matrix B:

B =


0 1 0 0
2 −1 −2 1
3 −1 −4 2
0 −0 1 0


A more comprehensive overlook on the units is resumed in the following table.

Name Atomic units SI value
action ℏ 1.054571817 10−34 Js
charge e 1.602176634 10−19 C
length a0 5.29177210903 10−11 m
mass me 9.1093837015 10−31 kg

energy Eh = mee4

(4πϵ0)2ℏ2 4.35971 10−18 J ( 27.21 eV)
electric dipole moment ea0 8.4783536255 10−30 Cm

electric field Eh/(ea0) 5.14220674763 1011 Vm−1

time ℏ/Eh 2.4188843265857 10−17 s
velocity a0Eh/ℏ 2.18769126364 106 ms−1

peak intensity cϵ0
2 E

2
h 3.511 1016 W

cm2
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