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Abstract

Recent years have seen a large increase in space traffic. This fact has generated the need
to produce regulations for the sustainable use of space, as well as provide services to
satellite operators and other involved actors. Among these services is re-entry analysis,
both to verify that the regulations are complied with and to produce notices to air traffic
managers or civil protection services. The primary goal of analysing a spacecraft’s re-entry
into the atmosphere is to determine the time and location of decay, which is crucial for
assessing ground impact risks. This is a complex challenge due to the stochastic nature of
trajectory evolution in the denser layers of the atmosphere. Even minor time variations
can lead to significant differences in the spacecraft’s touchdown location. Additionally,
fragmentation of the S/C is highly probable, further complicating predictions.

One of the challenges when analysing re-entry is the correct management of the uncer-
tainty. Uncertainty can come from non-modelled effects, for example, how uncontrolled
attitude dynamics, or insufficient knowledge of the forces involved affect the re-entry
evolution. In this study, the exploration of different methods to address the previous
challenges in the initial stage of a re-entry is proposed. The goal is to implement a
stochastic propagator to adequately quantify the uncertainty in the state propagation of
a re-entering spacecraft, and compare it with a high-fidelity deterministic propagation
scheme. Therefore, from a dynamical point of view, two models are to be compared: a
simple point mass model with relatively basic representation of the perturbing forces, in-
volving a stochastic propagation scheme, and a full 6-degree-of-freedom model, including
attitude dynamics and involving deterministic propagation. The 6DOF simulator could
include the possibility of having active control and will be validated against the data
obtained during GOCE and Roseycubesat-1 re-entry. Regarding the integration, two sep-
arate schemes are employed: for the deterministic case a RK4 method is selected, while
for the second case a Stochastic Runge-Kutta 4 is proposed, originally designed to tackle
stochastic differential equations. This is possible if we model the spacecraft’s dynamics as
a stochastic system. The performance of the two algorithms will be compared, especially
on the capability of the stochastic one to have a refined prediction with a less accurate
dynamical model. The proposed approach will be tested in representative scenarios to
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have a clear vision on the reliability of a stochastic propagator. A Monte Carlo method
will be used for statistically obtaining the re-entry window.

Keywords: Stochastic propagation, re-entry prediction, uncertainty quantification, re-
entry window, diffusion factor
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Abstract in lingua italiana

Negli ultimi anni si è registrato un forte aumento del traffico spaziale. Questo fatto ha
generato la necessità di produrre regolamentazioni per l’uso sostenibile dello spazio, oltre
a fornire servizi agli operatori satellitari e agli altri attori coinvolti. Tra questi servizi vi è
l’analisi del rientro, sia per verificare il rispetto delle normative sia per produrre avvisi per
i gestori del traffico aereo o i servizi di protezione civile. L’obiettivo principale dell’analisi
del rientro di un veicolo spaziale nell’atmosfera è determinare il momento e la posizione
del decadimento, cruciale per valutare i rischi di impatto al suolo. Questo rappresenta una
sfida complessa a causa della natura stocastica dell’evoluzione della traiettoria negli strati
più densi dell’atmosfera. Anche variazioni minime nel tempo possono portare a differenze
significative nel punto di impatto del veicolo spaziale. Inoltre, la frammentazione del S/C
è altamente probabile, complicando ulteriormente le previsioni.

Una delle sfide nell’analisi del rientro è la corretta gestione dell’incertezza. L’incertezza
può derivare da effetti non modellati, ad esempio, il modo in cui la dinamica di assetto non
controllata o la conoscenza insufficiente delle forze coinvolte influenzano l’evoluzione del
rientro. In questo studio si propone l’esplorazione di diversi metodi per affrontare le sfide
precedenti nella fase iniziale di un rientro. L’obiettivo è implementare un propagatore
stocastico per quantificare adeguatamente l’incertezza nella propagazione dello stato di
un veicolo spaziale in rientro e confrontarlo con uno schema di propagazione determinis-
tico ad alta fedeltà. Da un punto di vista dinamico, si confronteranno quindi due modelli:
un semplice modello di massa puntiforme con una rappresentazione relativamente basica
delle forze perturbanti, che prevede uno schema di propagazione stocastico, e un modello
a sei gradi di libertà, che include la dinamica di assetto e prevede una propagazione de-
terministica. Il simulatore 6DOF potrebbe includere la possibilità di un controllo attivo
e sarà validato rispetto ai dati ottenuti durante i rientri di GOCE e Roseycubesat-1. Per
quanto riguarda l’integrazione, vengono impiegati due schemi separati: per il caso deter-
ministico si seleziona un metodo di Runge-Kutta di ordine 4, mentre per il secondo caso si
propone un Runge-Kutta stocastico di ordine 4, originariamente concepito per affrontare
equazioni differenziali stocastiche. Ciò è possibile se modelliamo la dinamica del veicolo
spaziale come un sistema stocastico. Le prestazioni dei due algoritmi saranno confrontate,



in particolare sulla capacità di quello stocastico di fornire una previsione raffinata con un
modello dinamico meno accurato. L’approccio proposto sarà testato in scenari rappre-
sentativi per avere una chiara visione sull’affidabilità di un propagatore stocastico. Un
metodo Monte Carlo sarà utilizzato per ottenere statisticamente la finestra di rientro.

Parole chiave: Propagazione stocastica, previsione di rientro, quantificazione dell’incertezza,
finestra di rientro, fattore di diffusione
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1| Introduction

1.1. The Space environment: re-entering objects

Since 1957, the amount of space debris in orbit has exceeded the number of operational
satellites. Space debris has evolved into a global-scale issue, posing a significant threat to
the long-term sustainability of the space environment [11]. This alarming situation has
led to the need for internationally accepted space debris mitigation measures.

Analysing the trend up to the present day, the number of objects, along with their cu-
mulative mass and cross-sectional area, has been steadily increasing. This growth is
primarily fuelled by the deployment of large satellite constellations and various fragmen-
tation events, among other factors. Fragmentations currently represent the predominant
source of space debris [11].

Another critical aspect is re-entry: between 78% and 98% of payloads below 1000 kg com-
ply with regulations and naturally dispose at the end of their life cycle [11]. The number
of re-entering objects is also increasing exponentially, as it can be seen in Figure 1.1.

Figure 1.1: Evolution of re-entering objects in each year by object type without human
spaceflight [11]
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This is a positive development, as most of those satellites are now able to self-dispose,
contributing to a cleaner orbital environment. Ensuring mission sustainability should be
a shared goal, especially in the current era of mega-constellations. It has become crucial
to have fast and reliable re-entry predictions to design optimal disposal strategies for each
mission.

1.2. Uncertainty propagation methods

Predicting a re-entry remains one of the major challenges in this field due to the mul-
titude of uncertainties involved. The most prominent and influential is the atmospheric
uncertainty, which is heavily affected by solar activity. Additionally, accurately modelling
the orbital dynamics, inclusive of all forces, is nearly impossible. Even the most precise
models retain a degree of uncertainty and typically require significant computational time.
It is therefore crucial to account for these uncertainties when predicting the re-entry of an
object. Regarding uncertainty propagation, several methods are discussed in the litera-
ture. These can be broadly categorized into three main groups: linear methods, nonlinear
methods, and Monte Carlo techniques. This section will outline some of these methods.

1.2.1. Linear methods

The first and simplest method presented is LinCov. This represents the most basic method
for propagating uncertainty. The fundamental assumption in LinCov is the linearization
of the dynamics, which is considered sufficiently accurate for describing the behavior
of perturbed trajectories. The linearization is carried out by computing the STM. The
objective of this method is to propagate only the mean and the covariance matrix. To
achieve this, two key assumptions must be made [21]:

• a linearized model provides a sufficiently accurate approximation of the dynamics
for trajectories close to the nominal one;

• the uncertainty is fully represented by a Gaussian probability distribution.

This method is analytical, offering the advantage of being extremely simple and, evi-
dently, requiring the least computational time. However, it lacks sufficient accuracy for
highly non-linear systems or when propagation periods are extended. Additionally, Lin-
Cov struggles to perform well in scenarios involving large uncertainties or non-Gaussian
uncertainty propagation [21]. There is another linear method which does not linearize
through the STM, but it linearizes the dynamics function in a statistical way, such that
the existence of derivative of the dynamical function is not required [35]. This technique
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offers a direct statistical analysis of non-linear stochastic systems exploiting linearization
of the functions involved, having a much higher computational efficiency. It is partic-
ularly applicable to dynamical systems where derivatives are not defined. However, it
necessitates prior knowledge of the PDF of the uncertain variable, and its accuracy di-
minishes significantly for strongly non-linear systems. Two other techniques that rely
on linearisation are the Kalman Filter and Extended Kalman Filter [9]. Both methods
process measurements of the object’s state while predicting its orbital evolution. The KF
assumes linear dynamics using a single reference trajectory, which is propagated by the
model, estimating the actual trajectory based on the measurements. The EKF, however,
continuously updates the reference trajectory with these measurements as it propagates.
This makes the linearization more and more accurate.

1.2.2. Non-linear methods

This family of methods is designed to address and compensate for the issues posed by
linearization.

Unscented transform

The first non-linear method introduced is the UT [9]. UT sacrifices the complete char-
acterization of the final PDF for computational efficiency, focusing instead, on correctly
computing the mean and covariance of the Gaussian distribution. This is achieved by
parametrizing the initial PDF using a small number of samples. The process involves
describing the initial statistics with a small set of samples, known as sigma points, to
correctly capture the mean and covariance [9]. These sigma points are then propagated
through the non-linear map, and the final mean and covariance are estimated from the
sample mean and covariance of the propagated points. The major advantage of this
method is that it requires only 2n+1 sigma points, where n is the number of components
of the vector to be propagated, to accurately propagate the uncertainty. Additionally, it
provides a second-order approximation of the first two moments (mean and covariance
matrix) of the mapped statistical distributions. However, the downside is that only the
first two moments can be propagated non-linearly [21]. While the computational time is
undoubtedly more efficient, greater accuracy can be achieved with other methods.

Polynomial chaos expansions

The PC method [37] approximates both the input and output of a system as standard
random variables. By doing so, the same set of random variables represents both input
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and output uncertainties. As a result, the output can be modelled as a series expansion
of orthogonal polynomials. This method allows for the description of the entire PDF,
including higher-order moments. PC efficiently represents solutions with finite variance,
even in the case of non-Gaussian distributions. It is significantly faster than MC, requiring
far fewer simulations, and is superior to UT as it can capture higher-order moments and
the entire PDF. However, the key drawback is that, as the number of uncertainty variables
increases, the number of polynomials required for propagation grows significantly. [21]

State transition tensors

A semi-analytic method, known as STT [25], is employed for orbit uncertainty propaga-
tion by solving for the higher-order Taylor series terms that describe localized nonlinear
motion and by analytically mapping the initial uncertainties. This approach is advan-
tageous as it does not require generating quasi-random numbers, unlike the previously
mentioned methods. However, the drawback of this method is that the equations must be
differentiable and continuous. In many cases, such as for high-fidelity dynamic systems, it
may be inadequate due to the computational complexity involved in deriving high-order
STT.[21]

Differential algebra technique

DA [15] provides a tool for computing the derivatives of functions, primarily utilized
within computer programs. Instead of calculating each derivative individually, it generates
Taylor series. This technique enables the computation of arbitrary-order expansions for
the solution flow of a general ODE with respect to the initial conditions. For the DA-
based MC simulation, as the accuracy of the Taylor expansion can be kept arbitrarily
high (within its radius of convergence) by adjusting the expansion order, the approach
of classical MC simulation can be enhanced by replacing thousands of integrations with
evaluations of the Taylor expansion of the flow. As a result, the computational time
reduces considerably without loss in accuracy. The DA-based uncertainty propagator has
been widely applied to space-related missions. The great advantage of this method is that
it does not require the integration of additional variational equations to obtain high-order
expansions of the flow. This allows the uncertainty to be propagated non-linearly using
these high-order expansions. However, its weakness is that it is quite similar to the STT
method, meaning the dynamics of the problem must be continuous and differentiable. For
instance, this limitation becomes evident when considering the inclusion of SRP in the
model. Moreover, these techniques do not easily account for uncertainty in the dynamics,
like the stochastic process does. [21]
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Gaussian mixture model

The GMM method [30] is a probabilistic approach that approximates a complex, non-
Gaussian PDF by breaking it down into smaller, simpler Gaussian components, which are
combined using a weighted sum. Each component is characterized by its own mean and
covariance. This method effectively transforms a non-Gaussian function into a Gaussian-
like one, breaking a large problem into smaller, more manageable ones. It is particularly
useful for handling large uncertainty propagation problems and reducing the effects of
non-linearity. The major drawback of this method is that it suffers from dimensionality
challenges, similar to PC. Achieving high accuracy requires a large number of Gaussian
mixtures. Additionally, GMM is not recognized as a particularly fast method. In fact,
optimization problems such as quadratic programming must be solved to determine the
weights of the Gaussian mixtures, leading to a significant increase in runtime. [21]

1.2.3. Monte-Carlo simulation

MC simulation is a widely used technique for probabilistic analysis in engineering sys-
tems. It is a numerical simulation method employed to derive the statistical properties
of a system’s output, based on the known statistics of the input variables within a com-
putational model [22]. The aim is to generate a set of random samples using the initial
condition state vector exploiting the uncertainty introduced by the covariance matrix.
In many cases, this method does not have a closed-form solution, so numerical methods
are required to approximate it. Increasing the number of random samples improves the
approximation due to the law of large numbers. Theoretically, as the number of samples
approaches infinity, the approximation converges to the true posterior distribution [13].
In non-linear dynamical scenarios, accurate uncertainty propagation often relies on MC
simulation to predict future probability distributions. MC simulation is particularly ef-
fective for propagating non-linear and non-Gaussian uncertainties and is well-regarded for
its high accuracy and it is very easy to implement [21]. However, its primary drawback
is the considerable runtime required.

Below, Table 1.1 presents a summary of all the methods.
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Comparison of Uncertainty Propagation Methods

Method Pros Cons

Linear Simple and fast for small uncertain-
ties, efficient for Gaussian distribu-
tions

Low accuracy for highly non-
linear systems, struggles with non-
Gaussian uncertainties

UT Captures second-order moments,
fewer sigma points required

Only propagates first two moments,
less accurate for complex dynamics

PC Represents entire PDF, higher-
order moments, efficient for finite
variance

Number of polynomials grows
with dimensionality, complexity
increases with more uncertainty
variables

STT High-order expansion without ran-
dom numbers, semi-analytic solu-
tion

Requires differentiable, continuous
equations, computational complex-
ity with high-order expansions

DA Arbitrary-order expansions, high
accuracy, reduces computational
time

Requires differentiable dynamics,
limited to continuous systems

GMM Approximates non-Gaussian PDFs
with Gaussian components, reduces
effects of non-linearity

Suffers from dimensionality chal-
lenges, optimization increases run-
time

MC High precision, well-suited for non-
linear uncertainties, easy to imple-
ment, convergence to true distribu-
tion

High computational time required,
slow convergence for large sample
sizes

Table 1.1: Comparison of the advantages and disadvantages of various uncertainty prop-
agation methods described in this section.

1.3. Orbital uncertainty propagation - application

Orbital uncertainty propagation is frequently associated with SSA-related missions, such
as tracking and data association, conjunction analysis, sensor resource management, and
anomaly detection. Its primary focus is on tracking RSOs. Additionally, the outcomes
of uncertainty propagation are utilized in trajectory optimization designs that prioritize
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safety and robustness [21].

1.3.1. Trajectory estimation

Trajectory estimation is typically carried out using filtering techniques. Filters consist of
two main components: the prediction and the update steps. Orbital uncertainty prop-
agation, which usually involves propagating the covariance matrix, corresponds to the
prediction phase of a filter, while the uncertain distribution of measurements and states
affects the update phase. As a result, the prediction step of a filter can be directly applied
to uncertainty propagation, and improvements in uncertainty propagation can, in turn,
be used to better design the filter. Linear uncertainty propagation methods were initially
developed based on the Kalman filter, the EKF [9], and the statistically linearized filter.
These linear filters were extensively used in the early stages of human space exploration.
To improve the EKF, the UKF [9] was introduced. Concurrent with the development
of non-linear uncertainty propagation techniques, several non-linear filters were also pro-
posed for space-related applications [21].

1.3.2. Sensitivity analysis

Sensitivity analysis for reliability assessment, aimed at examining the impact of various
uncertainty sources on system performance, can effectively leverage uncertainty propaga-
tion. This approach is crucial for space mission design, where it is typically implemented
using the MC method. For instance, it has been applied in sensitivity analysis for tra-
jectory optimization, as well as for studying the influence and interaction of orbital un-
certainties in rendezvous phasing orbital control. Moreover, it has been used to evaluate
the impact of initial uncertainties on orbital conjunctions. Beyond space-related applica-
tions, sensitivity analysis using uncertainty propagation is also employed in other fields.
For example, it has been utilized for global sensitivity analysis in hypersonic reentry flow
computations. All these applications demonstrate the convenience and effectiveness of
adopting uncertainty propagation, as it allows for identifying gaps in models or optimiz-
ing their efficiency [21].

1.3.3. Conjunction assessment

Collisions between space objects can only be determined probabilistically due to the in-
herent uncertainties in the parameters and motions of RSOs. As a result, conjunction
assessment is typically based on uncertainty quantification results. Applying this approach
to the current case is the most suitable solution. Calculating the collision probability be-
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tween two objects, especially when one is debris that is difficult to track due to its small
size, is a highly challenging and complex task. [12] Typically, the objects are modelled as
spheres, and their positions are assumed to follow a Gaussian distribution. Additionally,
the short-term evolution hypothesis can be applied, valid only for high relative velocity
at encounter. Their motion is then simplified to occur along a line, where the potential
collision could take place. From this foundation, the Akella and Alfriend algorithms [2]
were developed, followed by contributions from Patera and others. With advancements
in non-linear and non-Gaussian uncertainty propagators, more precise methods for com-
puting collision probability Pc have been introduced. These advancements have enabled
the application of various types of uncertainty propagation, significantly improving the
reliability of conjunction estimation and enhancing the overall accuracy of collision pre-
dictions. [21]

1.3.4. Trajectory optimization

A less conventional application of uncertainty propagation can certainly be found in this
area. Typically, the design of a nominal trajectory is carried out deterministically. How-
ever, incorporating statistical elements into this analysis could prove to be highly ben-
eficial, as it may lead to a more accurate solution. This approach has the potential to
reduce mission costs without sacrificing precision. Therefore, it is highly advisable to de-
velop robust-optimal and stochastic-optimal manoeuvre strategies exploiting the results
of orbital uncertainty propagation. This approach has been widely applied in spacecraft
trajectory design. Some studies have proposed the computation of statistical mean tra-
jectories using orbital uncertainty propagation as a substitute for the nominal trajectory.
Additionally, an uncertain Lambert problem has been introduced [29], which accounts for
uncertainties in both the initial and final states in Lambert’s boundary-value problem.
However, these methods are not universally applicable and must be carefully tailored to
specific cases to ensure proper use and accuracy in trajectory design.

One particularly relevant application is the study conducted by Vasile et al. [33], which
closely aligns with the current focus on re-entry. In their research, they performed a
preliminary analysis of de-orbiting and re-entry dynamics, accounting for uncertainties
in atmospheric density, drag coefficient, solar radiation pressure, and the area-to-mass
ratio of the space object. Moreover, they also focused on the simplification from a higher-
fidelity 6DOF model to a lower-fidelity 3-degree-of-freedom model, while accounting for
the uncertainties introduced by this simplification. Since a full high-fidelity propagator
is computationally expensive, it was interesting to observe how this approach performs
with reduced complexity. This analysis provided valuable understanding of how the lower-
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fidelity model behaves under uncertainty, offering a more efficient alternative while still
maintaining acceptable accuracy. A Chebyshev high order polynomial approximation was
used. The non-intrusive Chebyshev approach is a polynomial approximation of the func-
tion of interest [33]. From the preliminary results in this study, it can be concluded that
for objects with a high area-to-mass ratio, a certain degree of stability can be expected.
However, to accurately assess de-orbit time, it is essential to use a 6DOF model. In con-
trast, when an object is expected to tumble, a 3DOF analysis with a tumble-averaged drag
coefficient offers a solid baseline for conducting uncertainty analysis. This provides a bal-
ance between computational efficiency and accuracy, depending on the object’s expected
behavior during re-entry.

Figure 1.2 reports a summary of what has been discussed until now.

Application of orbital 
uncertainty propagation

Other applicationsConjunction 
assessmentSensitivity AnalysisTrajectory estimation

Orbit 
determination

Spacecraft
navigation

Collision 
probability

Sensor
management

Trajectory
optimization

Trajectory
robustness

Trajectory
safety

Manoeuvre
detection

Figure 1.2: Summary of all the areas of application of orbital uncertainty propagation [21]

1.4. Re-entry prediction methods

Predicting a re-entry is undoubtedly one of the most challenging aspects of a mission.
This process is highly complex due to the significant uncertainties involved. The specific
challenges posed by the problem will vary depending on the type of re-entry. There are
two distinct types of re-entry: controlled and uncontrolled. In a controlled re-entry, the
target area can be predetermined, thus minimizing the risk of collisions. Conversely,
during uncontrolled re-entry, predicting both the timing and location of descent becomes
significantly more challenging [5]. Uncontrolled re-entry is particularly challenging to
predict, as it is influenced solely by external forces. Various sources of uncertainty, such
as physical phenomena and model approximations, impact the accuracy of predictions
regarding re-entry time and location. Nonetheless, specific methodologies and procedures
have been developed to improve the assessment of re-entry trajectories, offering a more
reliable prediction despite the uncertainties. In this work, only the uncontrolled re-entry
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will be addressed. To forecast the re-entry, the satellite’s evolution must be analyzed
across three distinct time periods: long-term, medium-term, and short-term evolution. In
general, the orbital data of re-entering objects can be obtained from TLE data sets and
propagated using various software tools. One common example is the SGP4 model [19].

1.4.1. Long- and medium-term evolution

To monitor the long- to medium-term evolution of an uncontrolled re-entry over time
frames ranging from several years to a few weeks before the end of its lifetime, ESA
uses a software called FOCUS-2 [18]. This software is based on principles similar to the
FOCUS propagator employed in the MASTER model. FOCUS-2 integrates the com-
bined time rates of change of singly averaged perturbation equations, taking into ac-
count factors such as the non-spherical Earth gravity potential, dynamic atmospheric
effects, luni-solar gravitational perturbations, and solar radiation pressure, along with an
oblate, cylindrical Earth shadow. The integration is performed using a robust fourth-
order Adams–Bashforth/Adams–Moulton predictor-corrector method. Perturbations due
to Earth’s gravity potential are modelled using the Lagrange equations for a truncated
EGM-96 gravity model up to the 23rd degree. Additionally, a second-order Earth oblate-
ness term, J22, is included. Third-body effects from the Sun and Moon are computed for
point masses, using analytical ephemerides. As in the geopotential case, the perturbation
equations are averaged with respect to the mean anomaly, keeping the positions of the Sun
and Moon constant over the averaging time interval of one orbit. Solar radiation pressure
perturbations are computed using Aksnes’ theory, taking into account the area-to-mass
ratio A/m and the momentum exchange coefficient cR. These perturbation equations
are averaged in closed form over the illuminated portion of the orbit, accounting for the
oblate, cylindrical Earth shadow.

1.4.2. Short-term evolution

Analytical and semi-analytical orbit prediction methods operate under the assumption
that perturbations remain nearly constant during the averaging interval, that the mag-
nitudes of these perturbations are relatively small, and that their effects can be isolated
without cross-coupling. However, these assumptions become invalid during the final days
of a re-entry, particularly at altitudes below 200 km. At this stage, a fully numerical
solution of the perturbed Newtonian equations is necessary, involving the integration of
the osculating position and velocity vector, which accounts for perturbing forces and any
potential orbital manoeuvres. At ESOC, the perturbation model for numerically integrat-
ing re-entry trajectories includes an Earth gravity field modelled by EGM-96, truncated
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at degree and order 7, lunar and solar gravitational effects, solar radiation pressure with
shadow effects, and atmospheric drag. Air densities are computed from a hybrid MSISe-
90/CIRA-72 model, with drag coefficients adjusted for the flow regime. The solar and
geomagnetic activity indices (F10.7, F10.7, and Ap) are used, incorporating both mea-
surements and 27-day forecasts to calculate the air densities. The integration is carried
out in a J2000 mean equatorial reference frame using an 8th-order Runge–Kutta/Shanks
method with adaptive step-size control. Any orbit manoeuvres are treated as impulsive
velocity changes. At altitudes below 120 km, atmospheric drag becomes the dominant
perturbation, with its effect increasing by an order of magnitude for every 30 km descent.
Concurrently, cD also changes significantly [18].

1.4.3. Tools developed for re-entry prediction

In recent years, with accumulated experience in re-entry prediction, various space agencies
have developed software tools capable of providing reliable forecasts. These tools take into
account numerous factors related to the re-entry process and often require a detailed S/C
model for accurate simulation and analysis [7]. All the tools currently proposed rely on
deterministic algorithms for propagation, without offering an in-depth analysis of the S/C
re-entry window. Furthermore, they primarily focus on ensuring the satellite’s compliance
with space debris regulations, rather than concentrating on the detailed analysis of re-
entry dynamics and its evolution.

DRAMA

One of the most widely used tools in the European space environment is the DRAMA
software. This object-oriented tool is designed to assess mitigation strategies for both the
operational and disposal phases of a mission. It evaluates the risks posed by a mission’s
space debris and the effectiveness of its end-of-life strategy, ensuring compliance with
space debris mitigation requirements during mission design. DRAMA consists of five
modules, one of which, called SARA, is specifically dedicated to re-entry prediction and
risk analysis. SARA, which includes both the spacecraft entry survival analysis module
and the spacecraft entry risk analysis module (SERAM), is specifically used to analyse
the re-entry of objects into Earth’s atmosphere. The simulation method employed by
SARA is a straightforward 3DOF. SERAM performs detailed risk assessments for a given
set of fragments impacting the ground, calculating casualty probabilities associated with
individual fragments as well as the overall re-entry process. In general, DRAMA provides
an efficient analysis of re-entry dynamics leveraging catalogued space debris data through
advanced space environment modelling techniques. While this tool proves highly effective,
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it would be valuable to explore whether stochastic propagation, by incorporating uncer-
tainty to account for the lack of precise modelling, could offer a similarly straightforward
yet more reliable approach.

SCARAB

SCARAB, a tool developed by ESA, has been employed in various re-entry scenarios. It
is one of the first tools that included a spacecraft-oriented model. Initially, SCARAB was
based on a deterministic approach, relying on a realistic physical model of the spacecraft
and corresponding analytical methods. More recently, it has evolved to include finite
element analyses using a triangular, panelized geometric approach to model the complete
spacecraft. The re-entry trajectory is determined by computing the position and attitude
of objects at each instant, derived from the 6DOF equations of motion through numerical
integration. SCARAB integrates flight dynamics, aerodynamics, aerothermodynamics,
and thermal-structural analyses to perform comprehensive re-entry risk assessments. The
destruction and breakup phenomena are analysed at the panel level. [7] The complexity of
this tool is high, making rapid and reliable re-entry predictions challenging. Additionally,
it does not consider simplifying the orbital model, as proposed in this thesis.

1.5. Thesis contributions and structure

The primary aim of this thesis is to apply this stochastic propagation algorithm to satellite
re-entry scenarios, enabling accurate yet highly efficient predictions. Such an approach
has not been explored in the literature before, with the exception of the application of
Chebyshev polynomials [33]. This work seeks to develop a completely new approach
that could pave the way for increasingly precise predictions in the future. The main
contribution of the thesis are the following:

• Validation of a deterministic and high-fidelity algorithm capable of predicting the
re-entry of a simple satellite.

• Development of a novel stochastic propagator for satellite re-entry prediction. This
propagator will operate faster than its deterministic counterpart by utilizing a sim-
plified dynamical model, with reliability ensured through the incorporation of un-
certainty to account for the simplifications.

• Performance testing of the proposed algorithm. The 3DOF stochastic algorithm will
be compared against a 6DOF deterministic algorithm to evaluate how it performs
under these simplifications. A simple satellite structure, such as Roseycubesat-1,
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will be used in this test.

• A second performance test is conducted to analyse the stochastic propagator against
a more refined deterministic propagator, such as HPOP [23]. In this case, both
algorithms will operate with 3DOF, but the deterministic model will use a more
sophisticated dynamical approach.

In line with the above mentioned contributions, the thesis is structured as follows.

• The theory behind the implementation of the propagators is fully described in chap-
ter 2.

• The implementation choices for both algorithms, along with the validation of the
deterministic propagator using Roseycubesat-1, are provided in chapter 3.

• The performance analysis of the stochastic against the deterministic propagator
using Roseycubesat-1 and GOCE is discussed in chapter 4.

• The conclusions of the thesis are outlined in chapter 5.
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stochastic propagation

Once the problem is properly introduced, the orbital model and the mathematical ap-
proaches for implementing both deterministic and stochastic propagators are presented.
First, the perturbations and attitude dynamics equations used in the implementation
are outlined. Following this, the mathematical theorems necessary for implementing the
stochastic propagation are described.

2.1. Cowell’s formulation

The simplest analytical method to propagate a satellite’s orbit is through the Kepler’s
equation. However, this approach does not provide a complete representation of the
orbit. The real motion of a body around the Earth must also account for the perturbative
effects acting on it [31]. To achieve an accurate propagation, it is necessary to consider
perturbations. One approach to account for these effects is to include the perturbing
accelerations in the two-body equation, resulting in a more precise equation of motion [32].
The Cowell’s formulation is the name given to a formulation of the satellite’s dynamics
modelled as a system of second-order differential equations for the position and velocity
coordinates of the satellite [31]. The complete equation is:

¨⃗r = − µ

r3
r⃗ + a⃗p (2.1)

where r⃗ is the position vector in km, µ is the Earth gravitational parameter in km3

s2
and

a⃗p the acceleration due to perturbation in km
s2

.

In this method, the equations are expressed in rectangular coordinates and integrated
numerically [31]. The advantage of this method is that it allows perturbative effects to be
added linearly. However, the challenge lies in accurately modelling the accelerations due
to these perturbations. Retrieving these effects precisely is complex, and the resulting
equation can be computationally expensive to solve [32].
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There are several techniques available to solve these three second-order differential equa-
tions. However, they must first be reformulated into six first-order differential equations,
as this is required to fully describe an orbit [32] using this method. All the equations are:

x⃗ =

[
r⃗

v⃗

]
, ˙⃗x =

[
v⃗

− µ
r3
r⃗ + a⃗p

]
(2.2)

where x⃗ is the state vector in km and km
s

and v⃗ is the velocity vector in km
s

.

2.1.1. Perturbation modelling

The acceleration a⃗p is influenced by various factors, and several of the most significant
ones have been described.

Drag force

Undoubtedly, drag perturbation is the strongest force among all and plays a leading
role in driving re-entries. It is also the most challenging to model, as it introduces the
greatest uncertainty into the dynamical model. In fact, the atmosphere is highly complex
to characterize, and accurately predicting its behaviour based on solar activity is nearly
impossible.

Drag acts to circularize the orbit of the re-entering object, causing the eccentricity to
decrease. The SMA also decreases because drag dissipates the S/C kinetic energy. The
interaction between atmospheric drag and the rotating atmosphere causes the long-term
oscillations and a decrease in inclination. Equation (2.3) provides the formulation of the
acceleration due to drag [8].

a⃗DRAG =
1

2
ρv⃗2rel

(
CDA

m

)
(2.3)

where a⃗DRAG is the acceleration due to drag in m
s2

, ρ is the density of the atmosphere at
the satellite altitude in kg

m3 , v⃗rel is the relative velocity of the satellite with respect to the
Earth’s atmosphere in m

s
, CD is the drag coefficient, A is the cross-sectional area of the

satellite that faces directly the atmosphere in m2, m is the satellite mass in kg.

J2

The disturbing perturbing potential in addition to the central gravity field can be dis-
tinguished into two contributions: zonal and tesseral harmonics. The zonal harmonics
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consist of several degrees of expansion, with the second degree, known as J2, being the
most relevant [8].

The J2 term causes secular variations of Ω and ω: a recession of the ascending node and
an advance of the pericenter. J2 perturbation model is [8]:

aJ2x = −3

2

µJ2R2
⊕

r5

(
1− 5

z2

r2

)
x,

aJ2y = −3

2

µJ2R2
⊕

r5

(
1− 5

z2

r2

)
y,

aJ2z = −3

2

µJ2R2
⊕

r5

(
3− 5

z2

r2

)
z.

(2.4)

where a⃗J2 is the acceleration due to J2 decomposed in its components in ECI frame as
aJ2x , aJ2y , aJ2z in km

s2
. µ is the Earth gravitational parameter in km3

s2
, J2 = 0.0010826267

is the spherical harmonic coefficient of degree two, R⊕ = 6378.1363 is the Earth radius in
km, r is the norm of the position vector in km, the components of the state vector are x,
y and z in km.

J3

J3 represents the third-degree zonal harmonic in the Earth’s gravitational potential. Qual-
itatively, its effects are similar to those of J2 [27], but with a lower magnitude.

The J3 perturbation is:

aJ3x =
1

2
µJ3

R3
⊕

r7
5x

(
7
z3

r3
− 3

z

r

)
,

aJ3y =
1

2
µJ3

R3
⊕

r7
5y

(
7
z3

r3
− 3

z

r

)
,

aJ3z =
1

2
µJ3

R3
⊕

r7
3

(
35

3

z4

r4
− 10

z2

r2
+ 1

)
z.

(2.5)

where a⃗J3 is the acceleration due to J3 decomposed in its components in ECI frame as
aJ3x , aJ3y , aJ3z in km

s2
. J3 = −0.0000025327 is the spherical harmonic coefficient of degree

three.

J4

J4 represents the fourth degree of the zonal harmonics in the gravitational potential. Its
effects are somewhat similar to those of J2. However, they are significantly weaker than
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those of J2 or J3. The modelling of J4 is:

aJ4x =
1

2
µJ4

R4
⊕

r9
35x

(
9
z4

r4
− 6

z2

r2
+

3

5

)
,

aJ4y =
1

2
µJ4

R4
⊕

r9
35y

(
9
z4

r4
− 6

z2

r2
+

3

5

)
,

aJ4z =
1

2
µJ4

R4
⊕

r9
35z

(
63

5

z4

r4
− 14

z2

r2
+ 1

)
.

(2.6)

where a⃗J4 is the acceleration due to J4 decomposed in its components in ECI frame as
aJ4x , aJ4y , aJ4z in km

s2
. J4 = −0.0000016196 is the spherical harmonic coefficient of degree

four.

Solar Radiation

SRP refers to the perturbation caused by direct electromagnetic radiation from the Sun,
which exerts a pressure on objects in Earth orbit on the order of 10−6 N

m2 . The primary
effect of this force is to increase the eccentricity. However, this effect is not as pronounced
in LEO [8]. The acceleration of the satellite due to SRP is:

a⃗srp = −pSR@1AUAU
2 r⃗2sc−Sun

||rsc−Sun||3
CR

ASun

m
(2.7)

where a⃗srp is the solar radiation pressure acceleration in m
s2

. pSR@1AU is the solar radiation
pressure at 1 AU. r⃗sc−Sun is the position vector of the spacecraft with respect to the Sun,
and ||r⃗sc−Sun|| is the norm of this position vector, representing the distance between the
spacecraft and the Sun in km. CR is the reflection coefficient of the spacecraft, which
indicates how much solar radiation is reflected. ASun is the effective area of the spacecraft
exposed to solar radiation in m2.

Third-body perturbation

This perturbation may originate from any celestial body; however, the Moon and the Sun
have the most significant influence on an Earth-orbiting object. The direct gravitational
attraction of the Moon and the Sun results in secular changes to i, e, and ω. Equation (2.8)
presents the expression for the acceleration caused by this perturbation on an orbiting
S/C [8].

a⃗3body = µ3body

(
r⃗s/c−3body

r3s/c−3body

− r⃗Earth−3body

r3Earth−3body

)
(2.8)
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where a⃗3body represents the acceleration due to the gravitational influence of a third body,
in m/s2, r⃗s/c−3body is the vector from the third body to the satellite in m, r⃗Earth−3body is
the vector from the Earth to the third body in m.

2.2. Attitude dynamics

An accurate and comprehensive model requires the inclusion of the satellite’s attitude
dynamics. Simpler models may only implement 3DOF; however, propagation using a
6DOF method provides significantly greater accuracy compared to other algorithms. To
model the dynamics of a satellite, the first step is to consider the Euler equations, which
describe the evolution of a satellite’s motion while orbiting the Earth. In this case,
quaternions are used to represent the attitude dynamics.

Additionally, various perturbing effects are taken into account.

2.2.1. Euler equations

The Euler equations, as mentioned, describe the attitude motion of a rigid body. In this
case, the rigid body is an orbiting object, which, for the purposes of this analysis, is
assumed to be a simple spin-stabilized satellite with principal inertia axis. Its dynamics
is [4]: 

Ixω̇x + (Iz − Iy)ωyωz = Tx

Iyω̇y + (Ix − Iz)ωzωx = Ty

Izω̇z + (Iy − Ix)ωxωy = Tz

(2.9)

The terms ω̇x, ω̇y, and ω̇z represent the components of the angular acceleration rad
s2

. Ix,
Iy, and Iz are the moments of inertia with respect to the x, y, and z axes in kgm2,
respectively. ωx, ωy, and ωz are the components of the angular velocity in rad

s
. Tx, Ty and

Tz are the components of the external torque acting on the satellite in Nm.

2.2.2. Drag

The interaction between satellite and upper atmosphere generates aerodynamic forces,
that in turn can generate a torque about the centre of mass. Aerodynamic torques rep-
resent the major disturbance for satellites orbiting at altitudes lower than 400 km. To
have an approximated mathematical model of the forces, it is assumed that air particles
hit the external surface of the satellite and their kinetic energy is totally transferred to
the satellite. The aerodynamic force acting on the elementary area dA defined by its
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perpendicular direction N̂ is [4]:

dF⃗ =
1

2
CDρv⃗

2(N̂ · v⃗)u⃗vdA (2.10)

where dF⃗ is the infinitesimal aerodynamic drag force acting on the surface element dA

of the spacecraft in N. N̂ is the unit vector normal to the surface element, and u⃗v is the
unit vector in the direction of the relative velocity.

Equation (2.11) reports the drag torque expression.

T⃗drag =

∫
s

r⃗surf × dF⃗ (2.11)

where T⃗drag is the drag torque acting on the spacecraft in Nm. The integral is taken over
the spacecraft surface area s. r⃗surf is the position vector from the spacecraft’s centre of
mass to the surface element in m, and dF⃗ is the infinitesimal aerodynamic drag force
acting on the surface element computed in Equation (2.10) in N.

2.2.3. Gravity gradient

The gravity field is not uniform, therefore there could be a torque acting on the satellite.
This is mainly true for large satellites, and even if the resulting torque is small the effect
can be considerable due to the long time of action. This torque is generated by the same
force field that causes the orbital motion, so it is acting continuously, and it depends on
the attitude of the satellite.

Equation (2.11) reports GG torque in LVLH frame.

T⃗gg =
3µ

r3


(Iz − Iy)c2c3

(Ix − Iz)c1c3

(Iy − Ix)c1c2

(2.12)

where T⃗gg is the gravity gradient torque in LVLH frame in Nm. The terms c1, c2, and c3

are the direction cosines of the radial direction in the principal axes.

2.2.4. Solar radiation pressure

When solar radiation illuminates the outer surface of a satellite, it generates pressure,
which in turn produces both a force and a torque about the satellite’s centre of mass. The
primary sources of electromagnetic radiation include direct solar radiation, solar radiation
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reflected by the Earth, and radiation emitted directly by the Earth. The intensity of solar
radiation decreases with the square of the distance from the source. Radiation forces can
be modelled by assuming that a portion of the incident radiation is absorbed, another
portion is reflected, and the last part is diffused. Combining these three components, the
total radiation force is evaluated as in Equation (2.13) [4].

d⃗F srp = −pSR@1AU

∫
s

[
(1− ca)Ŝ + 2(cs cos θ +

1

3
cd)N̂

]
cos θdA (2.13)

where d⃗F srp is the infinitesimal solar radiation pressure force acting on the spacecraft.
The integral is taken over the spacecraft surface area s. ca, cs, and cd are the absorption,
specular reflection, and diffuse reflection coefficients, respectively. Ŝ is the unit vector in
the direction of the incoming sunlight, and N̂ is the unit vector normal to the surface
element. θ is the angle between the sunlight direction and the surface normal, and dA is
the surface area element.

Equation (2.14) reports the SRP torque expression.

T⃗srp =

∫
s

r⃗surf × dF⃗srp (2.14)

where T⃗srp is the SRP torque acting on the spacecraft in Nm. The integral is taken over
the spacecraft surface area s, and dF⃗srp is the infinitesimal SRP force acting on the surface
element computed in Equation (2.13) in N.

2.2.5. Magnetic torque

The magnetic torque is generated according to the general law T⃗ = m⃗ × B⃗, where m⃗

represents the residual magnetic induction caused by parasitic currents in the satellite,
and B⃗ is the Earth’s magnetic field. Typically, m⃗ is an undesired effect, whereas B⃗ is
always present. Various models allow to evaluate the components of B⃗ based on the
satellite’s position. Therefore, magnetic torques acting on a satellite are influenced not
by its inertia properties, but by its position and attitude [4].

2.3. HPOP

High Precision Orbit Propagator, as its name suggests, is a high-fidelity orbital propagator
developed by Meysam Mahooti [23].

Given the satellite’s position and velocity at a specific time, HPOP propagates the object’s
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position by calculating its acceleration and numerically integrating the resulting second-
order ODE. This enables significantly more accurate orbit propagation compared to other
propagators like SGP4 and SDP4, albeit with a substantially higher computational cost.

The forces and effects included in the model encompass Earth’s gravitational attraction,
ocean and solid tide effects, gravitational influences from the Moon, Sun, and planets,
SRP, atmospheric drag, and relativistic effects. Atmospheric density is calculated using
the NRLMSISE-00 model for drag estimation, and the FES2014 model is employed for
Earth geopotential corrections due to ocean tides. Additionally, the central body for the
frame of reference can be the Solar System Barycenter, any major planet, Earth’s Moon,
or Pluto [3].

2.4. Runge-Kutta 4

The RK4 method is a single-step integration scheme highly employed to solve ODEs [1].
Single-step methods combine the state at a given time with rates at several other times,
based on the single-state value at time t0. These rates are directly obtained from the
equations of motion and allow for determining the state at subsequent times, t0 + h,
with h being the time step [32]. This explicit method provides a highly accurate solution
without the need to solve any high-order derivatives.

It utilizes multiple stages: for an N-order Runge-Kutta method, the first N − 1 stages
are defined as "predictors," while the N th stage is known as the "corrector." Referring to
Equation (2.15), we can see that k0, k1 and k2 are the predictors and k3 is the corrector.

k⃗0 = f(x⃗n, tn)

k⃗1 = f

(
x⃗n +

1

2
hk⃗0

)
k⃗2 = f

(
x⃗n +

1

2
hk⃗1

)
k⃗3 = f

(
x⃗n +

1

2
hk⃗2

)
(2.15)

where x⃗ is the state vector in km and km
s

, n is the current step and h is the time-
step in m. To obtain the state vector at the subsequent time step, the final formula of
the RK4 method is derived from the weighted average of the four increments defined in
Equation (2.15) [1]. The expression is presented in Equation (2.16).

x⃗n+1 = x⃗n +
1

6
[⃗k0 + 2k⃗1 + 2k⃗2 + k⃗3]h (2.16)
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where all the k factors are obtained as in Equation (2.15).

2.5. Wiener process and Stochastic Runge-Kutta

A multidimensional SDE is defined as in Equation (2.17).

dx⃗t = ft(x⃗t)dt+G(x⃗t)dWt (2.17)

where t is the continuous time, xt ∈ Rdx is the dx-dimensional state, ft : Rdx × R → Rdx

is the dynamics equation, G is the diffusion factor which is the scale parameter that
gives the intensity of the stochastic perturbation [13] [26] and Wt is the dx × 1 vector of
independent Wiener processes and considers model errors and uncertainties [13].

Every time-continuous process with independent increments and bounded individual vari-
ances is a Wiener Process. This stochastic process is characterized by having variances
equal to the time elapsed between time-steps, making the elemental differential Wiener
process a Gaussian distribution with zero mean, and variance of t2 − t1. It is defined as
dWt =

√
dt and is the cornerstone of what is known as Itô Calculus, which lays out the

foundations of SDE calculus. The equation (2.17) does not have a closed-form solution
for a general non-linear function, as in this case. It must be discretized. This can be
achieved using a fixed step-size h > 0. The discretization scheme leads to the solution
presented in Equation (2.18) [26].

x⃗n+1 = x⃗n + F (x⃗n, h,Gw⃗n) (2.18)

w⃗n is a random variable of dimension dw higher or equal to the dimension of the state
vector, which results from the integration of dw independent Wiener processes. The
function F depends on the discretization scheme chosen. The simplest scheme for the
aforementioned discretization is the Euler-Maruyama method [26]. The final formula is
in Equation (2.17), written in the beginning. For the fourth-order Runge-Kutta method,
as in this case, dw = 4dx, meaning that F corresponds to f applied four times.

Regarding the diffusion factor G, there are various approaches to model it. The assump-
tion made is that G remains constant with respect to both time and the state ⃗x(t). A
potential future development could involve modelling the diffusion factor to depend on
the state or time. It can be modeled as dependent solely on acceleration, which represents
the simpler approach. The models are listed below:

• G = σGI3x3, where σg is a scale parameter and I3x3 is the 3x3 identity matrix;
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• G = σG

∑
(λ, s1, s2) where λ is a shape parameter, si ∈ ±1 determines the type of

correlation and
∑

(λ, s1, s2) is:

∑
(λ, s1, s2) =

 1 s1 exp−λ s2 exp−2λ

s1 exp−λ 1 s1 exp−λ

s2 exp−2λ s1 exp−λ 1

 (2.19)

• G = diag(σx, σy, σz), where σx, σy, σz are scale parameters along the three axes.

• G is modelled as:

G =

G11 0 0

G21 G22 0

G31 G32 G33

 (2.20)

2.6. Monte-Carlo method

The formal definition of Monte Carlo is “representing the solution of a problem as a
parameter of a hypothetical population, and using a random sequence of numbers to
construct a sample of the population, from which statistical estimates of the parameter
can be obtained.” [16]. It is a numerical simulation method employed to derive the
statistical properties of a system’s output, based on the known statistics of the input
variables within a computational model [22]. The Monte Carlo method is estimating the
properties of the highly complex probability distribution p(x), by computing the expected
value as in Equation (2.21) [6].

E[f(x)] =

∫
h(x)p(x)dx (2.21)

where h is supposed to be a useful function for the estimation. Unfortunately, this cannot
be achieved analytically. The approximation problem can be addressed indirectly by gen-
erating N random samples from the distribution p, so xi, with i = 1, ..., N . The function
p(x) is approximated by point masses, so that h(x) results as reported in Equation (2.22)
[6].

E[f(x)] ≈ EN [f(x)] =
1

N

N∑
i=1

h(xi) (2.22)

In this study, the problem to be addressed involves the orbit dynamics of a satellite
during re-entry. This implies that, in determining the trajectory, the MC method requires
generating N samples based on the initial conditions of the satellite at a specific point in
its orbit. Therefore, in this case, the xi in Equation (2.22) represents the state vector. In
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cartesian coordinates assuming the origin to be the centre of the Earth, the altitude over
the Earth surface for the ith sample is defined as:

Hi = ri −R⊕ (2.23)

Here, Hi represents the altitude of the S/C in kilometres, ri is the magnitude of the
position vector r⃗i, also in kilometres, and R⊕ is the Earth’s radius in kilometres. By
setting an altitude threshold beyond which a sample is considered to have decayed and
is no longer propagated, it becomes possible to calculate key statistics, such as the re-
entry time window, the variance related to this estimate, and the mean re-entry time.
Naturally, increasing the number of random samples enhances the approximation, in ac-
cordance with the law of large numbers. In theory, as the number of samples tends to
infinity, the approximation converges to the true posterior distribution [13]. The propaga-
tion for each individual sample is terminated when the altitude falls below the predefined
threshold for re-entry, set at 115 km. In non-linear dynamical scenarios, accurate uncer-
tainty propagation frequently depends on MC simulation to predict the future probability
distribution. Consequently, this method is regarded as reliable and has been extensively
used to validate both linear and non-linear approximation uncertainty propagators. MC
simulation offers a method for propagating non-linear and non-Gaussian uncertainties. It
is also known for its high precision and ease of implementation [21].
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As previously mentioned, two types of algorithms have been implemented and utilized:
one deterministic and one stochastic. Once the theory has been discussed, this section
will address their implementation. Following that, the deterministic algorithm will also
be validated to serve as a baseline.

3.1. Reference Frames

Before proceeding with the discussion, a description of the reference frames used is pro-
vided. The main frames employed are ECI and body frames.

3.1.1. Earth-Centred Inertial reference frame

The Earth-centred inertial reference frame [36] is fixed and inertial and it is centred at
the Earth’s centre. The axes are defined as follows:

• The x-axis points towards the March equinox, occurring when the Sun crosses the
equatorial plane from below. Its unit vector is denoted as îeci.

• The z-axis is directed towards the Earth’s North Pole, with its unit vector repre-
sented by k̂eci.

• The y-axis is orthogonal to both the x- and z-axes, lies within the equatorial plane,
and completes the right-handed coordinate system. Its unit vector is indicated as
ĵeci.

3.1.2. Body frame

The body reference frame [4] is centred at the centre of mass of the S/C. The body frame,
with unit vectors [̂ib, ĵb, k̂b], is an orthonormal frame fixed to the S/C and rotates with
it. This allows the orientation of a rigid body to be represented as the relative attitude
between the body-fixed frame and the ECI frame.
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3.2. Cowell’s formulation

The result of each model is the acceleration generated by each disturbance, and these
accelerations are linearly summed to produce the total perturbation acceleration, a⃗p,
used in Cowell’s formulation as detailed in section 2.1. Given that the dynamics model
is intended to predict a re-entry, not all perturbations were taken into account. The
disturbances that were considered for the propagation of the orbit are listed below.

• NRLMSISE-00 Drag force

• J2

• J3

• J4

J2, J3 and J4 were implemented as section 2.1 describes.

3.2.1. Drag force modelling

Modelling this disturbance is not straightforward, especially when the cross-sectional area
requires accurate representation. In simpler cases, assuming a constant cross-sectional
area may suffice. However, in this work, a more comprehensive approach has been
adopted. The first step is to accurately represent the contribution of the ballistic co-
efficient to the re-entry. This begins by expressing the body axes in the ECI reference
frame, as shown in Equation (3.1).

îbx = 1− 2
(
q23 + q24

)
, ĵbx = 2 (q2q3 − q1q4) , k̂bx = 2 (q2q4 + q1q3)

îby = 2 (q2q3 + q1q4) , ĵby = 1− 2
(
q22 + q24

)
, k̂by = 2 (q3q4 − q1q2)

îbz = 2 (q2q4 − q1q3) , ĵbz = 2 (q3q4 + q1q2) , k̂bz = 1− 2
(
q22 + q23

) (3.1)

îbx , îby , îbz are the components of the vector îb rotated in ECI frame, ĵbx , ĵby , ĵbz are the
components of the vector ĵb rotated in ECI frame, k̂bx , k̂by , k̂bz are the components of
the vector k̂ rotated in ECI frame, q1, q2, q3, q4 are the components of the quaternion
representing the attitude of the body with respect to an ECI frame.

In this case, specifically, B = CDA
m

must be projected onto the axes expressed in Equa-
tion (3.1), allowing for a realistic contribution from each face of the body. Equation (3.2)
shows how this projection is performed.
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Bip = B ·max
(
0, diag

(
îb · ûv

))
Bjp = B ·max

(
0, diag

(
ĵb · ûv

))
Bkp = B ·max

(
0, diag

(
k̂b · ûv

))
Bin = B ·max

(
0, diag

(
−îb · ûv

))
Bjn = B ·max

(
0, diag

(
−ĵb · ûv

))
Bkn = B ·max

(
0, diag

(
−k̂b · ûv

))
(3.2)

where B is the inverse of the ballistic coefficient, Bip, Bjp, Bkp are the components of the
inverse of the ballistic coefficient along the positive directions of the body-fixed reference
frame in m2

kg
. Bin, Bjn, Bkn are the components of the inverse of the ballistic coefficient

along the negative directions of the body-fixed reference frame in m2

kg
. îb, ĵb, k̂b are the

unit vectors along the axes of the body-fixed reference frame projected in ECI frame. ûv

is the unit vector of the relative velocity of the satellite with respect to the atmosphere.

In this way, only three of the six coefficients resulting from Equation (3.2) will be non-
zero. In fact, between the positive and negative directions of the three body axes, only
one will contribute—specifically, the one with a value greater than zero. The other, being
negative, is set to zero and will not influence the final calculation of B. This is to respect
the real physics, since drag does not act on both faces of a panel at the same time. The
value of B is then calculated simply by linearly summing the six coefficients.

The coefficient B is then used to compute a⃗DRAG as reported in Equation (2.3).

3.3. Attitude dynamics

Given that the altitude is not expected to be high, only Gravity Gradient and drag torque
effects on the analysed body are considered.

3.3.1. Angular acceleration from drag torque

A priori, the face(s) directly exposed to the atmosphere are not known. This uncertainty
must be taken into account and the angular acceleration has to be calculated accordingly.
The angular acceleration components due to the drag force acting on the satellite can be
modeled as in Equation (3.3) [4].
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⃗̇ωDRAG = −Bipρ (vrel)
2 /2îb +Binρ (vrel)

2 /2̂ib

−Bjpρ (vrel)
2 /2ĵb +Bjnρ (vrel)

2 /2ĵb

−Bkpρ (vrel)
2 /2k̂b +Bknρ (vrel)

2 /2k̂b (3.3)

where ⃗̇ωDRAG is the angular acceleration due to the drag perturbation acting on the
satellite in rad

s2
, ρ is the atmospheric density at the satellite’s altitude in kg

m3 , vrel is the
relative velocity of the satellite with respect to the atmosphere in m

s
. Bip, Bin, Bjp, Bjn,

Bkp, and Bkn are coefficients related to the drag distribution along the satellite’s surfaces.
All the components of B are the same ones employed to compute the cross-sectional area
exposed to drag in section 3.2.1 (see Equation (3.2)). This means only maximum 3 out 6
components will be contributing to ⃗̇ωDRAG, all the others will be zero.

3.3.2. Angular acceleration from gravity gradient torque

The challenge in modeling the GG torque lies in the fact that it is typically calculated in
the LVLH frame. However, in this case, the moments of inertia are expressed in the body
frame. One approach to derive the equations is by first expressing them in the body axes,
and then rotating them back into the ECI reference frame [4].

The Direction Cosine Matrix using quaternions is reported in Equation (3.4).

Abn =

q
2
1 − q22 − q23 + q24 2(q1q2 + q3q4) 2(q1q3 − q2q4)

2(q1q2 − q3q4) −q21 + q22 − q23 + q24 2(q3q2 + q1q4)

2(q1q3 + q2q4) 2(q3q2 − q1q4) −q21 − q22 + q23 + q24

 (3.4)

where Abn is the DCM that represent the rotation from ECI to body frame, q1, q2, q3,
and q4 are the quaternion components.

The position vector in body axes is then obtained by multiplying the DCM by the position
vector in the inertial frame as in Equation (3.5) [4].

r⃗b = Abnr⃗ (3.5)

where r⃗b is the position vector in m in the body frame, derived from the position vector
r⃗ in ECI reference frame in m.

The GG torque in body axes is calculated using Equation (3.6) [4].
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T⃗ggb =
3µ

r⃗3

[
r⃗b

∥r⃗b∥
×
(
It

r⃗b
∥r⃗b∥

)]
(3.6)

where T⃗ggb is the GG torque in the body frame in Nm and It is the matrix of the satellite’s
moments of inertia in kgm2.

In order to obtain the final angular acceleration due to GG torque, T⃗ggb has to be ro-
tated back in ECI by multiplying it with the transpose of Abn and dividing it by the
corresponding inertia moment.

3.4. SRK4 and diffusion factor modeling

There are several ways to implement the diffusion factor G. The simplest way is to assume
an uncertainty which is independent from time, velocity and acceleration. In this way, the
uncertainty is not increasing while propagating and it is easier to retrieve similar results
compared to the one of the deterministic algorithms.

G = σi, with σi = 1,...,6 (3.7)

Each σ, one per state vector component, is composed of the following components:

• A part that must be adjusted according to the simplifications applied in the model.
In this thesis, the focus has been on adding uncertainty solely to the acceleration.
For instance, if the SRP force is not modelled and the algorithm must compensate
for its absence on the S/C, it is necessary to consider uncertainty equivalent to the
SRP acceleration at the orbiting altitude.

• A randomly generated number representing the randomness in the stochastic prob-
lem.

The implementation of SRK4 results then as reported in Equation (3.8) and Equa-
tion (3.9).

k⃗0 = f(x⃗n, tn)

k⃗1 = f

(
x⃗n +

1

2
hk⃗0 +

1

2
G

)
k⃗2 = f

(
x⃗n +

1

2
hk⃗1 +

1

2
G

)
k⃗3 = f

(
x⃗n +

1

2
hk⃗2 +

1

2
G

)
(3.8)



32 3| Implementation and validation

x⃗n+1 = x⃗n +
1

6
[⃗k0 + 2k⃗1 + 2k⃗2 + k⃗3]h+G (3.9)

The expressions are quite similar to those described in Equation (2.16) and Equation (2.15),
with the only difference being that G is added to the formulas. The time step h is fixed
and set to 10 s.

3.5. Validation

The performance analysis of the stochastic propagator has been conducted in two ways.
In one approach, it is compared with an in-house deterministic propagator. The model is
implemented as described in section 3.2 and is a 6DOF propagator. The uncertainty on
the initial state of the satellite is propagated with MC. Before adopting it as the baseline
for the performance analysis, it needs to be validated. To do so, it is compared with a real
re-entry case. Roseycubesat-[20] is used as the test case. It is an educational mission with
a straightforward objective: taking basic pictures, providing telemetry, and promoting
radio amateur activities.

Table 3.1 reports all the data needed for the propagation.
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CubeSat Specifications

Parameter Value

Initial time of the
propagation [17]

23/08/2024 02:22:51 UTC

Initial state vector
in ECI [17]

[-5208, 4172, 12.3, 0.6, 0.8, 7.7] km and km
s

Estimated date of
re-entry [17]

01/09/2024 at 00:00 UTC

Variance vector in
RTN frame

[300, 600, 300, 10−4, 10−4, 10−4] m and km
s

Dimensions [20] 10 cm x 10 cm x 10 cm

Mass [20] 1 kg

Inertia vector [1, 1, 1] * 0.00167 kgm2

Cd 1.6

Re-entry altitude 115 km

Atmospheric model NRLMSISE-00

Table 3.1: CubeSat specifications for the propagation analysis.

The following points should be underlined:

• The initial time and state of Roseycubesat-1 are retrievable from its TLE available
on the Celestrak website [17].

• Celestrak [17] does not report a precise time of the re-entry. In fact, the TLE data
set contains orbital data only until the 31/08/2024 at 06:11:38 UTC, when Rosey
reached 200 km of altitude. As a consequence, the validation of the algorithm is
done based on this available.

• The variance vector is assumed based on the precision of the TLE format. It was
in RTN frame, but it was properly rotated in ECI.

• The value of CD is assumed according to average literature values [4].

The goal of the validation is first to confirm that the deterministic model’s re-entry pre-
diction aligns with the date reported by Celestrak [17]. Roseycubesat-1 re-entered on
September 1st, 2024, so ideally, the re-entry window should be centred around this date.
To generate an accurate PDF that effectively represents the prediction, the deterministic
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propagator integrates 1000 samples generated using the previously mentioned covariance
matrix. Figure 3.1 displays the re-entry window resulting from this propagation.
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Figure 3.1: Predicted re-entry window from the deterministic algorithm compared to the
actual re-entry time of Roseycubesat-1 reported in Celestrak website [17].

The first step of the validation is successful. Figure 3.1 presents both the PDF of the
propagator’s prediction and the actual re-entry time of the cubesat. Notably, 25 samples
re-enter at exactly the same time as reported by Celestrak [17], and this date represents
the mean of the PDF. The re-entry window spans ±15 hours, influenced by the uncertainty
in Rosey’s initial state vector.

Even though this result appears satisfactory, the validation cannot end here. The re-entry
date is only an estimate, as data beyond August 31 at 6:00 a.m. is unavailable. For the
validation to be acceptable, the orbital representation must also follow the same trends.
To achieve this, a sample that re-enters around September 1st is selected as a baseline for
comparison. The chosen sample re-enters on August 31 at 11:59:10 p.m. The aim of this
analysis is for the chosen sample to reach an altitude of 200 km at the same time as the
real orbit, which is on 31/08/2024 at 6:11 a.m. Figure 3.2 shows the result of the analysis.
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Figure 3.2: Altitude evolution of the selected sample, demonstrating its suitability for
re-entry analysis.

It is immediately evident that the chosen sample is well-suited for this validation, as
it re-enters very close to the hypothetical re-entry date indicated by Celestrak [17] and
reaches the altitude of 200 km precisely at the moment of the last available TLE from the
catalogue (dashed black line).

The final step to complete the validation is to examine the evolution of the orbit as
propagated by the deterministic algorithm. This comparison verifies whether the trends
in the Celestrak TLE dataset [17] align with the deterministic model and checks that
the orbital behaviour resulting from perturbations matches the descriptions provided in
section 2.1.1. This step is essential to ensure the algorithm’s reliability, establishing a
robust baseline for analysing the performance of the stochastic algorithm.

In Figure 3.3, the comparison of the semi-major axis, eccentricity, inclination, and RAAN
is shown. There is no difference between the actual re-entry of Roseycubesat-1 and the
one propagated using the deterministic algorithm. Minor differences do exist, but they
are present from the start, indicating they are due to the MC analysis performed to prop-
agate the uncertainty in Roseycubesat-1’s initial state. It is important to note that this
difference is minimal, with variations in both the inclination (Figure 3.3c) and Ω (Fig-
ure 3.3d) being on the order of a few hundredths of a degree. As a final remark, it is
worth noting that the orbital parameters also follow the expected trends based on the
theoretical effects of orbital perturbations on a satellite, such as the inclination remaining
mostly constant while slowly decreasing, the semi-major axis diminishing, and Ω contin-
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ually increasing. The eccentricity is already quite low, so the circularization effect due to
drag is not noticeable.

Aug 23 Aug 25 Aug 27 Aug 29 Aug 31 Sep 02

2024   

6450

6500

6550

6600

6650

6700

(a) Semi-major axis

Aug 23 Aug 25 Aug 27 Aug 29 Aug 31 Sep 02

2024   

0

0.5

1

1.5

2

2.5

3

3.5
10

-3

(b) Eccentricity

Aug 23 Aug 25 Aug 27 Aug 29 Aug 31 Sep 02

2024   

97.32

97.34

97.36

97.38

97.4

97.42

97.44

(c) Inclination

Aug 23 Aug 25 Aug 27 Aug 29 Aug 31 Sep 02

2024   

140

142

144

146

148

150

152

(d) Right Ascension of the ascending node

Figure 3.3: Keplerian elements evolution of the selected sample compared with the actual
orbit evolution of Roseycubesat-1, extracted from the Celestrak TLE dataset [17].

The x-axis of Figure 3.3 represents the evolution of time by date. Each date shown
corresponds to 00:00 UTC on the specified day. The validation was successful. The result
demonstrates that the orbit is accurately represented and that the in-house propagator
can effectively predict a satellite’s re-entry. In conclusion, this in-house propagator is a
good baseline for testing the performance of the novel stochastic propagator.
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The stochastic propagator is proposed as an alternative to more detailed propagators,
aiming to provide re-entry predictions for satellites that are similarly accurate but sig-
nificantly faster. The stochastic propagator includes all forces acting on the re-entering
object as described in section 3.2, but it only considers a 3DOF model. The uncertainty
in the initial state of the re-entering object is propagated using MC. The uncertainty in-
troduced by the model simplification is constant over time, and independent of the state.
It is incorporated into the integration through SRK4 (refer to section 3.4).

To confirm the hypotheses and address the research question, the performance of the
stochastic propagator must be thoroughly analysed. For this purpose, two approaches are
employed to obtain a comprehensive understanding of the algorithm’s behaviour:

1. Analysis of performance using the same dynamic model to observe how the stochas-
tic propagator compensates for the absence of attitude dynamics modelling. In this
case Roseycubesat-1 is employed as test case.

2. Comparison with a high-fidelity algorithm HPOP that includes all perturbative
forces. In this case instead, GOCE is studied.

The objective of this analysis is clear: it aims to achieve re-entry windows from the com-
pared algorithms that are closely aligned. Additionally, a nice-to-have is to obtain similar
orbital representations, with a matching time-evolution trends in the Keplerian param-
eters. The expected outcome is a broader re-entry window resulting from the increased
uncertainty in the stochastic algorithm. Nevertheless, this wider window will still offer
valuable support for estimating the actual re-entry time. Additionally, orbital element
trends are anticipated to be less smooth, with noisier and more oscillatory behaviour
compared to deterministic propagation. It is also expected to achieve significantly lower
computational time while using the same number of samples.

Instead, what is not considered in studying the performance of the stochastic algorithm
is to maintain a similar state vector between results. Retrieving the exact same orbital
evolution and achieving a perfect re-entry location is nearly impossible. This challenge
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arises even with the most accurate high-fidelity propagator. In fact, prior to re-entry, a
prediction campaign is conducted on the object. Various countries contribute to this effort
by providing updated observations and telemetry data from the satellite. This is due to
numerous uncertainties coming from man-made models, including atmospheric variations,
solar activity predictions, and simplifications of the perturbations acting on the satellite.

This tool could be beneficial during the design phase. It can help to obtain an accurate
re-entry window and provides predictions on orbital evolution, offering a rough estimate
of where the object may ultimately fall.

4.1. 6DOF vs 3DOF - Roseycubesat-1

The first comparison involves evaluating the deterministic validated algorithm against the
stochastic one, with Roseycubesat-1 as the primary focus. The initial conditions match
those presented in Table 3.1. In this analysis, all potential values of σ are explored until
the uncertainty becomes too high. Only a selection of these values is reported in this
section, while the rest will be included in the appendix B.

The results are categorised into three main groups based on intensity level: predictions
that are too late when σ is too low, accurate predictions, and early re-entries when σ is
too high. They are organised in the thesis accordingly.

Table 4.1 summarises all the setups analysed in this chapter.

Roseycubesat-1 test setups

Test setup Diffusion factor

1 0

2 [0, 0, 0, 1, 1, 1] ∗ 10−13

3 [0, 0, 0, 1, 1, 1] ∗ 10−6

4 [0, 0, 0, 1, 1, 1] ∗ 10−5

5 [0, 0, 0, 1, 1, 1] ∗ 2 ∗ 10−5

6 [0, 0, 0, 1, 1, 1] ∗ 10−4

7 [0, 0, 0, 1, 1, 1] ∗ 10−2

Table 4.1: Configuration of test setups for the performance analysis of the stochastic
propagator, in comparison with the deterministic algorithm.
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Finally, all propagations use 1000 samples.

4.1.1. Setup 1 - Null diffusion factor

With this setup, the model reverts to the deterministic case. Observing the effect of the
absence of the attitude dynamics modelling is important to start this performance analysis
properly. The re-entry window span is anticipated to match due to the uncertainty in
Roseycubesat-1’s initial state. However, the re-entry window itself is expected to be
completely inaccurate, causing the satellite to behave differently from its real behaviour.
Figure 4.1 reports the re-entry windows resulting from both the algorithms.
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Figure 4.1: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 1 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a null σ against the deterministic benchmark.

The re-entry windows differ significantly due to the absence of attitude dynamics mod-
elling, which substantially alters the re-entry evolution. Both PDFs show similarities,
with distributions that resemble each other closely and span an identical range, as ex-
pected. The big difference lays on the mean value of the distributions. According to the
stochastic propagation in blue, Roseycubesat-1 reaches re-entry altitude on September 3rd

at around 9 a.m., which does not align with the actual re-entry date. This actual date is,
however, well captured by the deterministic algorithm. This analysis confirms that using
a 6DOF propagator instead of a 3DOF impacts the prediction. The objective remains to
use the ideal σ value that accurately provides results without requiring attitude dynamics
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implementation.

4.1.2. Setup 2 and 3 - Low diffusion factor

The stochastic algorithm requires a diffusion factor intensity that aligns with the sim-
plifications applied to the model, besides the usual uncertainties, such as atmospheric
conditions. If the level of uncertainty is set too low, its results are inaccurate. In this
analysis, all values are explored to evaluate the performance of the stochastic approach.

Starting from zero, all potential values of σ are propagated. Until the correct diffusion
factor for the present problem is identified, the results do not deviate significantly from
those with a null diffusion factor (see section 4.1.1). Since the results are very similar,
only these two cases are reported, while the rest is included in appendix B.

Figure 4.2 illustrates the re-entry window for the second setup, with a diffusion factor
G = [0, 0, 0, 1, 1, 1] ∗ 10−13. It shows again the comparison between the deterministic and
stochastic propagators.
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Figure 4.2: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 2 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a low σ against the deterministic benchmark.

This plot resembles Figure 4.1, as anticipated in the premise. The re-entry prediction
remains centred around the morning of September 3rd, with a similar curve spread.
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With a higher diffusion factor, though still insufficient for this problem type, the results
remain unaltered from previous setups. Figure 4.3 shows no evident changes from the
prior outcomes using G = [0, 0, 0, 1, 1, 1] ∗ 10−6.
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Figure 4.3: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 3 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a low σ against the deterministic benchmark.

However, this value of G is relatively high, meaning it does impact the propagation,
introducing some noise into the Keplerian elements. The trends of these elements are
presented in Figure 4.4, comparing two samples. The deterministic sample shown is the
one closest to actual behaviour, also used to validate the deterministic model in sec-
tion 3.5. Oscillations appear across all components except for RAAN (Figure 4.4d). The
SMA (Figure 4.4a) is slightly affected, while the inclination (Figure 4.4c) and eccentricity
(Figure 4.4b) show the greatest influence.
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Figure 4.4: Keplerian elements evolution of the selected sample compared with the deter-
ministic orbit propagation of Roseycubesat-1

The x-axis of Figure 4.4 represents the evolution of time by date. Each date shown
corresponds to 00:00 UTC on the specified day. To summarise, these two setups confirm
that the stochastic algorithm cannot operate with a σ value that is inappropriate for the
model simplifications, highlighting a limitation of this approach.

4.1.3. Setup 4 and 5 - Well-tuned diffusion factor

With a diffusion factor that is too low, the stochastic propagator fails to perform ef-
fectively. The crucial point, however, is to identify a value that aligns with the model
simplifications to enable accurate predictions. With a σ with an order of magnitude of
10−5, the re-entry prediction of the stochastic propagator is quite closer to the real one.
Starting with G = [0, 0, 0, 1, 1, 1] ∗ 10−5, Figure 4.5 illustrates the re-entry windows for
both algorithms. The two curves show an initial overlap, and some samples even reach
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as far as September 1st. However, this configuration does not yet yield the most accurate
prediction.
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Figure 4.5: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 4 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a proper tuned σ against the deterministic benchmark.

The mean re-entry occurs around August 31st at 7 am, roughly 17 hours before the actual
event. The re-entry window is also somewhat broader and less concentrated than the
deterministic model. When the diffusion factor decreases to an order of magnitude of 10−6,
however, the results deviate significantly. This setup highlights that an accurate prediction
is possible, but careful tuning of the diffusion factor is essential, as an inappropriate value
can lead to substantial inaccuracies.

The best result is obtained when the diffusion factor is set at G = [0, 0, 0, 1, 1, 1]∗2∗10−5.
The result is in Figure 4.6.
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Figure 4.6: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 5 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a proper tuned σ against the deterministic benchmark.

Although the distribution shifts slightly to the right, 50 samples align precisely with the
desired re-entry time.

What poses a greater challenge with high uncertainty is the representation of the orbit.
This aspect becomes increasingly complex as noise impacts the behaviour of the parame-
ters. Greater noise levels result in progressively more pronounced distortions. Figure 4.7
reports the trends of the main Keplerian elements. In the previous case, only two ele-
ments report significant variation, but now all parameters show fluctuations. The RAAN
remains the least affected, as shown in Figure 4.7d, although even here minor oscillations
are present. Both eccentricity (Figure 4.7b) and inclination (Figure 4.7c) display up-and-
down variations, which, although appearing very high, reflect only minor numerical shifts.
The SMA in Figure 4.7a, however, oscillates by several kilometres.

Despite these fluctuations, the selected sample aligns closely with the deterministic algo-
rithm’s results.
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Figure 4.7: Keplerian elements evolution of the selected sample compared with the deter-
ministic orbit propagation of Roseycubesat-1.

The x-axis of Figure 4.7 represents the evolution of time by date. Each date shown
corresponds to 00:00 UTC on the specified day. In summary, accurate results can be
achieved with an appropriately tuned diffusion factor for the problem. However, attention
must be given to orbit representation, which may prove complex.

4.1.4. Setup 6 and 7 - High diffusion factor

Now, the final aspect to address is the scenario when the diffusion factor is excessively
high for the problem. When uncertainty becomes too great, the propagation can diverge
significantly from the real case and initial conditions. This divergence compromises all
predictions, leading to potentially random solutions. If any solution happens to align
with the accurate outcome, it is merely coincidental and should not be considered as the
absolute truth. To demonstrate this, values exceeding those that represent the best fit



46 4| Results

are analysed. The expectation is to observe re-entries occurring randomly, without any
pattern, resulting in orbits that lack coherence. The fluctuations present in the Keplerian
elements should be far from what is feasible in reality. Figure 4.8 shows the result of
setup 6, which does not differ significantly from the optimal diffusion factor setup. Here,
the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]× 10−4.
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Figure 4.8: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 6 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a high σ against the deterministic benchmark.

The results align with expectations. Although the diffusion factor is not excessively
high, most samples re-enter close to the actual date, overlapping with the deterministic
prediction window. However, as anticipated, this overlap is coincidental, and the re-
entry window does not represent a physically realistic scenario. The span of sample re-
entries extends over more than a week, without an identifiable mean that could indicate
a plausible re-entry date.

The resulting orbit from the propagation is in Figure 4.9.
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Figure 4.9: Keplerian elements evolution of the selected sample compared with the deter-
ministic orbit propagation of Roseycubesat-1.

The x-axis of Figure 4.9 represents the evolution of time by date. Each date shown
corresponds to 00:00 UTC on the specified day. None of the Keplerian elements are
accurately represented. The time evolution of the orbit, affected by perturbations on the
satellite, lacks physical meaning. In Figure 4.9a, the SMA oscillates by several kilometres
without any apparent logic, and the inclination, shown in Figure 4.9c, exhibits similarly
behaviour.

Although previous diffusion factor values are affected by noise, they still display trends
that respect astrodynamics principles. Now, this coherence is lost. As a final setup, a
very high diffusion factor with an order of magnitude of 10−2 is chosen. All samples
re-enter quickly due to the high uncertainty, which causes each sample to re-enter almost
immediately after the start of the propagation, as shown in Figure 4.10. Above this value,
any diffusion factor leads to failure.
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Figure 4.10: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 7 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a high σ against the deterministic benchmark.

4.1.5. Summary

Overall, the stochastic algorithm applied to re-entry analysis is a valuable tool. It effec-
tively compensates for the non-modelled attitude dynamics when a 3DOF propagator is
used instead of a 6DOF one. This approach has been tested through the Roseycubesat-1
re-entry analysis, where the cubesat dynamics are propagated using an in-house determin-
istic propagator, which serves as the baseline for the performance study of the stochastic
method. The final days of the orbit were examined up to the re-entry that occurred on
September 1st.

Dealing with stochastic algorithms can be challenging. It is crucial to use the correct
diffusion factor for accurate results. Indeed, having a σ that is too low means that the
stochastic component has no influence on the propagation, leaving it entirely at the mercy
of the simplified model. This results in predictions based solely on the 3DOF algorithm.
Conversely, a σ that is too high leads to a completely random or incorrect evolution,
which cannot be relied upon.

When the optimal diffusion factor is achieved, the prediction is both accurate and reliable.
In this case, the optimal value is around an order of magnitude of 10−5, as it compensates
for the satellite not always being correctly exposed to drag due to the lack of implemented
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attitude dynamics. In general, the effect of drag on the acceleration of the S/C is expo-
nential [8], but in this context, it remains valid since it does not need to compensate for
non-modelled drag, only an average value for that altitude range. However, it is important
to note the noise in the orbital parameters, which complicates accurate predictions of the
satellite’s orbital evolution. The algorithm fulfils its purpose, but it has an additional
strength: computational efficiency.

The deterministic propagator, which incorporates the same perturbations as the stochastic
model but includes additional attitude dynamics, has a computational time of approxi-
mately 2.8 hours. Table 4.2 presents all the computational times for the setups propagated
with the stochastic method.

Computational time analysis for the stochastic propagator

Test setup Computational time

1 1.81 h

2 1.84 h

3 1.89 h
4 1.71 h

5 1.76 h

6 1.73 h

7 1.13 h

Table 4.2: Computational times for the stochastic propagation setups, expressed in hours.

The propagations are executed on a PC equipped with a 13th-generation Intel i5-1335U
processor. This is a significant strength of the model. By adding only a small amount of
code, the computational time rises by more than an hour. This increase occurs because
even minor operations must be repeated across 1000 samples, raising the computational
load. This result highlights the value of using this algorithm for re-entry predictions.

4.2. Dynamical model accuracy - GOCE

The purpose of this analysis is to explore the use of a stochastic propagator for predicting
satellite re-entry using a much simpler dynamical model. Utilizing such a propagator
is expected to accelerate the prediction process. By introducing uncertainties at each
propagation step and processing a large number of samples, it may be possible to achieve
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results comparable to those obtained from a more accurate, high-fidelity propagation
model. The goal is to estimate the re-entry date and time of GOCE, aiming to achieve a
re-entry window that coincides in various setups with the theoretical prediction calculated
using the high-fidelity HPOP propagator and with the recorded real re-entry time. The
initial conditions considered are those in Table 4.3. The analysis window spans 21 days.

GOCE Specifications

Parameter Value

Initial time of the
propagation [10]

21/10/2013 at 01:05:56 UTC

Initial state vector
in ECI [10]

[823.89, -6552.73, 3.48, -1.36, -0.16, 7.70] km and km
s

Estimated time of
re-entry [34]

11/11/2013 at 00:23 UTC

Covariance matrix
in ECI [10]

P0 =



6.35 1.58 −0.81 0 0 0

1.58 19.06 −0.44 0 0 0

−0.81 −0.44 1.57 0 0 0

0 0 0 56.12 −4.01 27.94

0 0 0 −4.01 17.56 2.85

0 0 0 27.94 2.85 223.41


×10−7

km2 and km2

s2

Inertia vector [14] [173, 2750.50, 2723.20] kgm2

Inverse of B 0.03

Re-entry altitude 115 km

Atmospheric model NRLMSISE-00

Table 4.3: GOCE specifications for the propagation analysis.

It is important to note that the date reported in the table is the true re-entry date.
The actual re-entry of GOCE is influenced by attitude dynamics control until its final
hours in orbit. For this reason, it is not possible to obtain results that fully align with
what actually occurred. The inverse of the ballistic coefficient has been estimated by
interpolating various sources from the literature, providing an approximation rather than
an exact value. A mass of 1000 kg [14] and an area of 10 m2 [34] with CD = 3 [34]
were considered. For the HPOP, additional forces accounted for, beyond those in the
stochastic propagation model, include third-body perturbation from the Sun and SRP.
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Regarding the number of samples, 500 are propagated for the stochastic model, while
200 samples are used for HPOP. This choice is based on the computational time required
for the high-fidelity algorithm, as propagating more samples would have required several
days. Given the high accuracy of the algorithm, increasing the sample size would have
minimal impact on the analysis. However, to allow a meaningful comparison, a visible
re-entry window is necessary, making 200 samples optimal for this case.

The various setups analysed are in total 6 and are presented in Table 4.4.

GOCE test setups

Setup Diffusion factor Atmospheric model

1 [03x3, 13x3]× 10−8 nrlmsise-00
2 [03x3, 13x3]× 10−6 nrlmsise-00
3 [03x3, 13x3]× 10−5 nrlmsise-00
4 [03x3, 13x3]× 10−10 nrlmsise-00
5 0 nrlmsise-00
6 [03x3, 13x3]× 10−8 JB

Table 4.4: Setups developed to evaluate the performance of the stochastic propagator, in
comparison with the deterministic algorithm.

4.2.1. Setup 1

As previously mentioned, the stochastic algorithm requires a diffusion factor intensity
that corresponds to the simplifications applied in the model. With the correct level of
uncertainty, accurate re-entry predictions are achievable. The performance analysis begins
with the best-fitting diffusion factor, set as G = [0, 0, 0, 1, 1, 1]∗10−8. Figure 4.11 displays
the re-entry windows generated by both the HPOP and stochastic propagations.
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Figure 4.11: Comparison of re-entry windows between the real re-entry date predicted by
the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 1 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a properly-tuned σ against the deterministic benchmark.

The results are once again promising, with the two re-entry windows overlapping and
displaying similar mean values. As expected, the stochastic window spans wider compared
to the HPOP one. This is primarily due to the higher number of samples used in the
stochastic analysis and the greater level of uncertainty, which results in a broader window.

4.2.2. Setup 2 and 3 - High diffusion factor

An ideal level of uncertainty has been identified—one that is neither too high nor too
low. If the uncertainty is too high, as will be shown, the results will not be meaningful
at all. If it is too low, the outcomes will not differ significantly from those of the high-
fidelity propagator, essentially offering no added value. Too high, because in that case the
curve will no longer resemble a Gaussian distribution, making it impossible to achieve an
accurate prediction. The error would be so large that it could represent entirely incorrect
results, deviating significantly from the actual re-entry scenario and undermining the
purpose of the prediction model. For this reason, a setup involving higher uncertainty
has been also analysed. For this case G equals to σ = [0, 0, 0, 1, 1, 1] ∗ 10−6. As can
be clearly seen in Figure 4.12, the behaviour of the propagator starts to become quite
unusual.
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Figure 4.12: Comparison of re-entry windows between the real re-entry date predicted by
the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 2 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a high σ against the deterministic benchmark.

The mean prediction for re-entry is shifted by 2 days compared to the forecast made in
section 4.2.1, with most of the samples re-entering after 20 days. What’s particularly
strange, however, is that the re-entry window remains the same, between 16 and 20 days
from the initial propagation time. This highlights that the fine-tuning mentioned earlier
has been entirely missed, and the propagation is now diverging significantly from the more
realistic case. This underscores a limitation of the stochastic model.

It might appear from Figure 4.3 that this σ captures the realistic behaviour of GOCE,
almost compensating for the stochastic propagator’s 3DOF model. However, this apparent
agreement is somewhat coincidental. This aspect needs further investigation, but due to
the high propagation time span, it is difficult to fully appreciate its capability to tackle
the issue of the lack of attitude control implementation. In this analysis, the baseline
case is represented by the integration performed by HPOP, meaning that it cannot be
concluded that the stochastic approach is performing well in this setup.

To support the thesis that increasing the uncertainty in the model further degrades the
results of the stochastic propagator, the level of uncertainty has been increased once again.
It is set at σ = [0, 0, 0, 1, 1, 1] ∗ 10−5.

Theoretically, with a higher level of uncertainty, a reliable prediction cannot be made. The
objective here is to demonstrate how excessive uncertainty leads to a complete divergence
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from the expected behaviour, further emphasizing the importance of proper fine-tuning
to achieve reliable predictions. Since the uncertainty is higher, the number of samples has
been doubled to 1000 to achieve a behaviour as closely aligned with reality as possible.
The result is reported in Figure 4.13.
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Figure 4.13: Comparison of re-entry windows between the real re-entry date predicted by
the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 3 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a high σ against the deterministic benchmark.

The distribution of samples re-entering the atmosphere no longer resembles a Gaussian
curve. The somewhat irregular shape is due to the high level of uncertainty, which causes
the orbit to diverge significantly from the actual case. This result aligns well with expec-
tations. The majority of samples re-enter between November 5th—where the peak occurs
with 151 samples—and November 6th. There is also a second peak, consisting of 124 sam-
ples that do not re-enter at all. This highlights that increasing the uncertainty within the
model leads to a result that significantly deviates from reality, thereby completely altering
the prediction. Thus, a fine-tuning process is necessary before utilizing the propagator.

4.2.3. Setup 4 and 5 - Low diffusion factor

To gain a comprehensive understanding of how the propagator behaves under different
levels of uncertainty, the goal is to study the effects of reducing the uncertainty. The
diffusion factor is now σ = [0, 0, 0, 1, 1, 1] ∗ 10−10. The result is reported in Figure 4.14.
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Figure 4.14: Comparison of re-entry windows between the real re-entry date predicted by
the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 4 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a high σ against the deterministic benchmark.

The trend does not change much from the second setup result. This is because, below
a certain threshold that represents the optimal value for the scenario analysed, the per-
formance remains similar and approaches that of the high-fidelity propagation. In fact,
most of the distribution is grouped around the range from November 6th and November
10th. This aligns very well with the results found using HPOP, which range from 18 to
20 days.

Another interesting aspect to study is how the algorithm behaves with zero uncertainty.
Figure 4.15 reports the re-entry windows of both the propagators when the diffusion factor
is set to zero.
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Figure 4.15: Comparison of re-entry windows between the real re-entry date predicted by
the deterministic algorithm and that predicted by the stochastic one, using the diffusion
factor of Setup 5 in Table 4.4. This setup aims to evaluate the performance of the
stochastic algorithm with a high σ against the deterministic benchmark.

This result is quite critical. A narrower window compared to previous cases is expected.
The issue lies in the fact that the uncertainty comes from two sources: one due to the
initial conditions and the other from the model simplification. Using GPS data, the
measurements of the satellite’s state vector are highly precise. The issue arises when we
propagate these conditions for 20 days. Over time, the uncertainty grows significantly,
eventually overshadowing the uncertainty introduced by the model. A shorter time step
would have better highlighted the latter. Further analysis would certainly help confirm
this interpretation.

4.2.4. Setup 6

For the final setup, the algorithm’s behaviour using the NRLMSISE-00 atmospheric model
is studied with a setup using a different model. The atmospheric model in HPOP has been
switched to the JB model, as outlined in section 2.3. All other settings remain consistent
and the uncertainty is set to the best fit for this problem, so to G = [0, 0, 0, 1, 1, 1] ∗ 10−8.
This case may reveal a potential limitation of the model and could provide insight into its
ability to compensate when an alternative atmospheric model is employed. In this case,
HPOP propagates only 25 samples and it is due to computational time reasons. It takes
two days only to run 200 samples.
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The re-entry windows for both propagators are displayed in Figure 4.16.

0
2
-N

o
v 
1
3
:3

6

0
3
-N

o
v 
0
1
:3

6

0
3
-N

o
v 
1
3
:3

6

0
4
-N

o
v 
0
1
:3

6

0
4
-N

o
v 
1
3
:3

6

0
5
-N

o
v 
0
1
:3

6

0
5
-N

o
v 
1
3
:3

6

0
6
-N

o
v 
0
1
:3

6

0
6
-N

o
v 
1
3
:3

6

0
7
-N

o
v 
0
1
:3

6

0
7
-N

o
v 
1
3
:3

6

0
8
-N

o
v 
0
1
:3

6

0
8
-N

o
v 
1
3
:3

6

0
9
-N

o
v 
0
1
:3

6

0
9
-N

o
v 
1
3
:3

6

1
0
-N

o
v 
0
1
:3

6

1
0
-N

o
v 
1
3
:3

6

1
1
-N

o
v 
0
1
:3

6

1
1
-N

o
v 
1
3
:3

6

1
2
-N

o
v 
0
1
:3

6

1
2
-N

o
v 
1
3
:3

6

2013   

0

5

10

15

Figure 4.16: Comparison of re-entry windows between the real re-entry date predicted by
the deterministic algorithm and that predicted by the stochastic one, using two different
atmospheric models. This setup aims to evaluate the performance of the stochastic algo-
rithm against the deterministic benchmark.

Using two entirely different atmospheric models leads to distinct orbital trajectories and
developments, evident in the non-overlapping re-entry windows. The HPOP window,
in particular, is shifted 4 days earlier than the other. This outcome highlights a further
limitation of the model: it does not yield comparable results when alternative atmospheric
models are applied. This is currently a weakness, but a more appropriately tuned σ

could potentially account for differences in the atmospheric model as well. For example,
implementing one that varies with the state.

4.2.5. Summary

This tool once again proves effective for re-entry predictions. In this test, it was evaluated
for its accuracy relative to a more comprehensive model than the one applied in the
stochastic analysis. Both algorithms operate as 3DOF models, allowing the impact of
simplifying the dynamics model to become clearer. Although the results for this case are
less promising than those for Roseycubesat-1, they highlight certain limitations of this
approach and suggest areas for improvement.

First, with the appropriate diffusion factor, a reliable prediction can be achieved. In this
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case, it is around 10−8, as it compensates for the absence of SRP and the Sun’s gravity
effects [8].

As seen previously, an excessively high diffusion factor results in an unrealistic orbital
evolution, leading to predictions that are physically implausible.

This second analysis highlights a limitation of the method. Specifically, with a low dif-
fusion factor, predictions remain unaffected. This result stems from the extended prop-
agation period—20 days in this instance—which significantly amplifies the uncertainty
in GOCE’s initial state, even with GPS-derived data. Consequently, this uncertainty
overshadows the PDF, reducing the visible influence of the stochastic algorithm. An
analysis based on a position closer to the re-entry time would be valuable for observing
the stochastic uncertainty more effectively.

However, computational efficiency is a major strength of this method. HPOP requires
nearly 48 hours of run time, whereas the computational time for the stochastic approach,
shown in Table 4.5, is significantly lower. The difference is substantial, making this
method far more practical, particularly for analyses conducted close to the re-entry period.

Computational time analysis for the stochastic propagator

Test setup Computational time

1 2.21 h

2 2.29 h

3 2.28 h
4 2.25 h

5 2.26 h

6 2.21 h

Table 4.5: Computational times for the stochastic propagation setups, expressed in hours.
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In an era where the number of orbiting objects is increasing exponentially and mega-
constellations are becoming more prevalent, a tool that offers fast and accurate predictions
is essential.

This thesis presents the development and validation of a stochastic algorithm for the
propagation of re-entering objects. This field is complex due to numerous uncertainties,
including atmospheric variability, gravitational perturbations, and aerodynamic effects.

While deterministic propagators are designed to predict re-entries accurately, they often
require extensive computational time. Even the most comprehensive propagators cannot
account for all the uncertainties inherent in the problem.

The application of stochastic propagation to this type of problem addresses the issue of
high computational demands while providing accurate and reliable predictions. This ap-
proach allows for the consideration of uncertainties arising from various factors. Such a
tool is promising for facilitating mission designs that align with current space sustainabil-
ity practices, ensuring safety for the future of space exploration.

The aim was to demonstrate that with a simpler model, applying a process noise term that
accounts for the expected uncertainty can compensate for the model’s lack of accuracy,
resulting in outcomes comparable to those produced by a more comprehensive propagator.
To assess the performance of the stochastic propagator, two real re-entries have been
studied: Roseycubesat-1 and GOCE.

Roseycubesat-1 has been used to investigate how the stochastic algorithm behaves when
the attitude dynamics is simplified. In this case, the deterministic and stochastic prop-
agators share the same dynamic model; however, the stochastic one is a 3DOF model,
meaning that the satellite’s attitude dynamics is not explicitly implemented, whereas the
deterministic model is 6DOF. The deterministic propagator was developed in-house and
validated within this thesis.

GOCE re-entry, on the other hand, has been used to examine the effects when the de-
terministic algorithm’s dynamic model is much more comprehensive than the stochastic
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one. In this case, HPOP is used for the deterministic part. Both algorithms are 3DOF to
better highlight the influence of the dynamic model.

Both analyses yield similar outcomes. When the diffusion factor is finely tuned to suit the
specific problem, the results are promising: the re-entry windows and orbital evolutions
closely align, with only minor differences, such as a broader window span or slight noise in
the propagation. In this thesis, the diffusion factor is used to account for the acceleration
that is not captured due to the simplifications applied to the model. However, with
an excessively high diffusion factor, the results lose reliability, leading to unrealistic and
inaccurate predictions. The re-entry windows become unreasonably wide, and the orbital
evolution shows oscillations that are far from realistic.

On the other hand, using a diffusion factor that is too low results in a propagation almost
identical to the inaccurately simplified dynamic model. These predictions lack accuracy,
potentially providing a misleading information. Thus, a limitation of the method lies in
the need for a well-informed estimation of the model’s simplifications relative to reality.
Additionally, the propagation period cannot be excessively long (20 days in this case), as
the uncertainty in the initial position would overshadow the model-based uncertainty.

The greatest strength of this model is its ability to maintain accuracy while drastically
reducing computational time. Even with a comparable dynamic model, running the sim-
ulation stochastically cuts down the computational time by several hours, making it a
highly efficient alternative.

One outcome of this thesis is a paper published for the 75th IAC 2024. It focuses ex-
clusively on the analysis conducted with GOCE, while covering more or less the same
content presented here. [28]

For future work, a deeper analysis of the GOCE re-entry will involve initial conditions
closer to the re-entry date. Additionally, a diffusion factor that depends on time or state
could be applied, further improving the model’s accuracy to be comparable with high-
fidelity propagators.

In conclusion, stochastic integration proves to be a valuable tool for analysing re-entry
trajectories, especially in operational scenarios where a balance between precision and
computational efficiency is crucial. The capability to use simplified but effective algo-
rithms paves the way for advancements in future space missions and strengthens efforts
to manage the risks related to space debris and satellites re-entry.
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elements

Figure A.1: Keplerian elements that fully characterise the orbit [24]

• The semi-major axis, a, represents half the distance between apogee and perigee.

• Eccentricity, e, describes the orbit’s elongation compared to a circle.

• Inclination, i, indicates the tilt of the orbit relative to the Equatorial plane.

• Ω, known as Right Ascension of the ascending node, is the angle between the Vernal
equinox and the ascending node, which is the point where the orbital plane crosses
the equatorial plane.

• ω, referred to as Argument of perigee, is the angle between the ascending node and
the line joining Earth’s center to the orbit’s perigee.
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• θ, known as the true anomaly, is the angle between the line joining Earth’s center
to the perigee and the satellite’s current position in orbit.
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In this appendix, all test setups not included in the main text are documented. Specif-
ically, it provides additional results from the Roseycubesat-1 analysis, as discussed in
section 4.1.

All remarks made in the main text also apply to the following plots. The number of
samples used for the stochastic propagation are 250, to speed up the runs and to still
have a clear PDF curve.

B.1. Low Diffusion Factors

Figure B.1 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
10−14.

Figure B.1: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one. This setup
aims to evaluate the performance of the stochastic algorithm with a low σ against the
deterministic benchmark.

Figure B.2 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
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10−12.

Figure B.2: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one. This setup
aims to evaluate the performance of the stochastic algorithm with a low σ against the
deterministic benchmark.

Figure B.3 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
10−11.

Figure B.3: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one. This setup
aims to evaluate the performance of the stochastic algorithm with a low σ against the
deterministic benchmark.
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Figure B.4 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
10−10.

Figure B.4: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one. This setup
aims to evaluate the performance of the stochastic algorithm with a low σ against the
deterministic benchmark.

Figure B.5 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
10−9.

Figure B.5: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one. This setup
aims to evaluate the performance of the stochastic algorithm with a low σ against the
deterministic benchmark.
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Figure B.6 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
10−8.

Figure B.6: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one. This setup
aims to evaluate the performance of the stochastic algorithm with a low σ against the
deterministic benchmark.

Figure B.7 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
10−7.

Figure B.7: Comparison of re-entry windows between the real re-entry date [17] predicted
by the deterministic algorithm and that predicted by the stochastic one. This setup
aims to evaluate the performance of the stochastic algorithm with a low σ against the
deterministic benchmark.
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B.2. High diffusion factors

The following plots display only the re-entry window predicted by the stochastic propaga-
tor. This is due to the fact that the re-entry occurs so early that including other elements
in the image obscures the visibility of the data.

Figure B.8 shows the re-entry window when the diffusion factor is set to G = [0, 0, 0, 1, 1, 1]∗
3 ∗ 10−5.

Figure B.8: Re-entry windows predicted by the stochastic algorithm. This setup aims to
evaluate the performance of the stochastic algorithm with a high σ against the determin-
istic benchmark.

In this figure, all the samples re-enter within 30 minutes from the beginning of the
propagation. Figure B.9 shows the re-entry window when the diffusion factor is set to
G = [0, 0, 0, 1, 1, 1] ∗ 10−3.
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Figure B.9: Re-entry windows predicted by the stochastic algorithm. This setup aims to
evaluate the performance of the stochastic algorithm with a high σ against the determin-
istic benchmark.
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