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Abstract

Loudspeaker design poses numerous challenges, necessitating careful consideration of var-
ious factors to achieve the desired performance. The designer must address parameters
such as material selection, evaluation of mechanical limitations, and production costs.
Gaining an understanding of the vibrational behaviour of a loudspeaker cone can greatly
assist in making informed design choices. Indeed, the behaviour of the vibrating mem-
brane of a loudspeaker, which significantly impacts its radiation characteristics, is intri-
cately linked to the behaviour of its constituent components. An analytical tool capable
of assessing the entire vibrating surface of a loudspeaker, utilizing measurements obtained
through a Laser Doppler Vibrometer, can provide valuable information such as the total
sound pressure level (SPL), accumulated acceleration level (AAL), or the breakdown of
vibrational behaviour into distinct contributions. The objective of this study is to develop
and implement a tool capable of conducting such analyses. Following an examination of
the theoretical aspects necessary for achieving the desired outcomes, the tools, methods,
and constraints involved in their attainment will be thoroughly analyzed. Lastly, results
validating the measurement tool will be presented and compared.

Keywords: Electroacoustics, Loudspeakers, Vibration Analysis, Laser Measurements,
Signal Processing, MATLAB





Abstract in lingua italiana

La progettazione di altoparlanti presenta molte sfide e, al fine di ottenere un risultato
con il comportamento desiderato, è necessario considerare molti aspetti. L’analisi e la
scelta dei materiali, la valutazione dei vincoli meccanici e dei costi di produzione sono
solo alcuni dei parametri con cui il progettista deve confrontarsi. Comprendere il compor-
tamento vibrazionale del cono di un altoparlante può sicuramente aiutare nelle scelte di
progettazione. Infatti, il comportamento della membrana vibrante di un altoparlante, che
influenza anche in modo significativo il suo comportamento di radiazione, è direttamente
legato al comportamento dei singoli componenti di cui è composto. Uno strumento che
può analizzare l’intera superficie vibrante di un altoparlante tramite diverse misurazioni
effettuate con un vibrometro laser e ottenere informazioni come il livello di pressione
sonora (SPL), il livello di accelerazione accumulata (AAL) o la suddivisione del compor-
tamento vibrazionale in diversi contributi si dimostra certamente utile per i progettisti
di altoparlanti. Lo scopo di questo lavoro è progettare e implementare uno strumento in
grado di effettuare questo tipo di analisi. Dopo uno studio degli aspetti teorici necessari
per ottenere i risultati desiderati, saranno analizzati gli strumenti, i metodi e i vincoli per
ottenerli. Infine, saranno presentati e confrontati i risultati volti a convalidare lo stru-
mento di misura.

Parole chiave: Elettroacustica, Altoparlanti, Analisi delle Vibrazioni, Misurazioni con
Laser, Elaborazione dei Segnali, MATLAB
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Introduction

Loudspeaker design is a complex process that requires careful consideration of various
factors to achieve optimal performance. Designers face challenges in selecting appropriate
materials, evaluating mechanical limitations, and managing production costs. Under-
standing the vibrational behaviour of a loudspeaker cone plays a crucial role in making
informed design choices, as it significantly influences the loudspeaker’s radiation character-
istics. Analyzing the behaviour of the vibrating membrane and its constituent components
can provide valuable insights into the overall performance of the loudspeaker.

To assess the entire vibrating surface of a loudspeaker, a robust analytical instrument is
needed. This instrument should utilize measurements obtained through a Laser Doppler
Vibrometer (LDV), a precise instrument capable of capturing detailed vibration data.
By employing this instrument, valuable information such as the total sound pressure level
(SPL), accumulated acceleration level (AAL), and the breakdown of vibrational behaviour
into distinct in-phase, anti-phase and quadrature contributions can be obtained. Such
information can aid designers in understanding the performance limitations and potential
areas for improvement in loudspeaker design.

The objective of this work is to develop and implement a instrument capable of conduct-
ing comprehensive analyses of loudspeaker vibrations. Initially, the theoretical aspects
essential for achieving the desired outcomes will be examined. Subsequently, tools, meth-
ods, and constraints involved in the development and implementation of this analytical
instrument will be thoroughly analyzed. Finally, the study will present and compare
results validating the effectiveness and accuracy of the measurement instrument.

By addressing these objectives, this research aims to contribute to the field of loudspeaker
design by providing a comprehensive and reliable instrument for analyzing the vibrational
behaviour of loudspeaker membranes. This instrument has the potential to enhance the
understanding of loudspeaker performance and guide designers in making informed deci-
sions, leading to improved loudspeaker designs with enhanced sound quality and efficiency.
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1| Root causes of a nonlinear
behaviour in professional
loudspeakers

1.1. Loudspeaker history

The evolution of loudspeakers can be traced back to the late 19th century. The inventor
Alexander Graham Bell is credited with the invention of the first practical telephone in
1876, which included a device called a "loud-speaking telephone" that allowed people to
speak to each other at a certain distance in normal voice, rather than having to shout. It
consisted of a diaphragm made of a thin sheet of metal or paper that was attached to a
magnet and suspended in a coil of wire. When an electrical current passed through the
coil, it would produce a magnetic field that caused the diaphragm to vibrate, producing
sound waves.

Figure 1.1: Alexander Graham Bell, the loudspeaker inventor.

Another important contribution to the modern loudspeaker development is the research
paper of Chester W. Rice and Edward W. Kellogg at General Electric in 1925 that was
important in establishing the basic principle of the direct radiator loudspeaker with a
small coil-driven mass-controlled diaphragm in a baffle with a broad midfrequency range
of uniform response.
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The application of the technology at this time was primarily limited to telephony and
public address systems. It was not until the early 20th century that the use of loudspeakers
began to see wider applications, particularly in the field of radio communications. The
incorporation of loudspeakers into radio sets during the 1920s contributed significantly to
the spreading of the technology, thereby increasing its scope of usage.

The 1930s saw the development of magnetic drivers that significantly improving sound
quality, resulting in more compact and efficient loudspeakers. These developments saw
the widespread use of loudspeakers in various audio equipment such as record players and
Hi-Fi stereos during the mid-20th century. The increasing demand for high-quality audio
equipment asked for innovative materials and designs in loudspeaker technology, which
resulted in more accurate and powerful sound reproduction during the 1970s and 80s.

The popularity of loudspeakers continued to grow, with advancements in technology re-
sulting in the incorporation of cutting-edge innovations such as wireless connectivity and
voice recognition. Today, loudspeakers have become ubiquitous in everyday life, found in
everything from smartphones to concert venues. The advent of digital signal processing
and artificial intelligence has further revolutionized loudspeaker technology, resulting in
more sophisticated and advanced products with unparalleled sound quality.

Currently, professional loudspeakers find widespread usage in various fields, ranging from
live music performances, cinema, and home entertainment to public address systems and
educational settings. In live music events, large-scale loudspeaker systems are deployed to
provide high-quality sound reinforcement for the audience, enabling performers to deliver
their performances with precision and clarity. Similarly, in cinema, powerful loudspeakers
are used to reproduce the film’s soundtrack with a high degree of accuracy, immersing
the audience in the movie’s world.

In educational field, loudspeakers are used in lecture halls and classrooms to amplify the
voice of the lecturer, ensuring that students can hear and understand the content of the
lecture. Public address systems in stadiums and other large venues employ loudspeakers
to provide information and announcements to a large audience, ensuring everyone can
hear and stay informed.

The use of professional loudspeakers has also become increasingly prevalent in the field
of home entertainment, with many people now seeking to recreate the cinema experience
in the comfort of their own homes [1]. High-end home theater systems often feature
powerful loudspeakers that provide exceptional sound quality, immersing viewers in a rich
and dynamic audio experience.
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When attending a modern live concert or event, the immersive experience is shaped by
various factors, but one element that stands out is the quality of the sound. Professional
loudspeakers play a pivotal role in delivering exceptional audio to large audiences, ensuring
that every note, beat, and lyric reaches the listener with precision and impact.

Concerts and events are very demanding environments for loudspeakers. They are sub-
jected to constant transportation, rigorous setups and tear-downs and exposure to varying
weather conditions. Therefore, in the last two decades durability and quality becomes a
paramount consideration for professional loudspeakers to withstand the rigors of touring
and event production.

1.2. Loudspeaker anatomy and fundamental param-

eters

An electrodynamic or moving-coil loudspeaker is an electromagnetic transducer for con-
verting electrical signals into sounds [2]. Beyond the considerations that can be made on
the dimensions of the diaphragm and on the construction techniques, we can classify two
main categories of loudspeakers, depending on whether they are dedicated to the repro-
duction of low or high frequencies. The most general loudspeaker model is represented in
figure 1.2. Each single component contributes to the overall response of the loudspeaker
and the choice of different materials and shapes greatly influences the final result. In gen-
eral, loudspeaker is a highly nonlinear system and its components characteristics strongly
influence its nonlinear behaviour [3].

The diaphragm or cone is a cone made from a suitably light and stiff material (usually
treated paper for low frequency loudspeakers and titanium, aluminium or beryllium for
high frequencies loudspeakers [4]), although most of the stiffness comes from the fact that
it is conical. In the center of the diaphragm there is a dust cap, which guards against
metallic dust fouling the magnetic gap and prevents sound from the back of the diaphragm
leaking through to the outside world.

Attached to the apex of the cone there is a coil former on which the coil is wound. This
coil is located in the gap of a magnetic path, comprising a pole piece and pole plate,
where the magnetic flux is produced by a permanent magnet, which is held in place by
a basket structure. The diaphragm is supported at the perimeter and near the voice coil
respectively by surround and spider 1, preventing it from moving in the radial direction.

1The name “spider” originates from the early electrodynamic loudspeakers in which the cone was
supported by a spider-like slotted disk that was anchored to the pole piece in place of the dust cap.
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Figure 1.2: Cross-sectional sketch of a direct-radiator loudspeaker assumed to be mounted
in an infinite baffle [2].

When an audio signal is applied to the electrical connections, the resulting current inter-
acts with the magnetic field in the air-gap produced by the permanent magnet creating a
magneto-motive force which causes a translatory movement of the voice coil and, hence,
of the cone to which it is attached. The movement of the cone displaces the air molecules
at its surface thus producing sound waves.

At high frequencies, however, vibrations from the center travel outward towards the edge
of the cone in the form of waves. The results of these traveling waves and of resonances
in the cone itself are to produce irregularities in the frequency response curve at the
higher frequencies and to influence the relative amounts of sound radiated in different
directions [2], as shown in chapter 2. Loudspeaker can be modeled as the interaction
between three domains: electrical, mechanical and acoustical. It can be defined as a
mass-spring-damper system from the mechanical point of view [5] and, exploiting the
analogies between electrical, mechanical and acoustical elements [2], can be obtained a
circuit representation of it that takes into account the three domains.
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In order to characterize the equivalent loudspeaker circuit, we must define several elements
involved. The physical parameters of a loudspeaker can be easily translated into the
corresponding Thiele-Small parameters. The Thiele-Small parameters are known as the
valuable specifications that determine the low-frequency performance of loudspeakers.
The parameters are named after two Australian loudspeaker engineers: Richard H. Small
and A. Neville Thiele. All parameters are related to equivalent circuit components as
capacitors, inductors, and resistors. We can divide the Thiele-Small parameters in three
different sets [6–14]:

The Electromechanical parameters:

• Effective diaphragm area SD

• Moving mass MMS

• Suspensions mechanical stiffness KMS, mechanical compliance CMS = 1/KMS and
mechanical resistance RMS = 1/GMS, where GMS is the mechanical conductance

• Voice coil inductance LE and resistance RE

• Force factor Bl where B is the stationary air-gap magnetic field or flux density in
Tesla and l is length of wire in meters on the voice-coil winding

The Small-Signal parameters:

• Resonance Frequency fs

• Acoustic compliance of driver, expressed as an equivalent volume of air VAS

• Electrical quality factor (or electrical damping) Qes

• Mechanical quality factor (or mechanical damping) Qms

• Combined quality factor (or total damping) Qts

The Large-Signal parameters:

• Maximum cone excursion Xmax

• Displacement-limited electrical input power rating in watt PER

• Volume displacement VD = SD ·Xmax

Considering these parameters we can easily retrieve the equivalent loudspeaker electro-
mechano-acoustical analogous circuit model shown in figure 1.3 where the mechanical
radiation admittance YAR and the generator resistance Rg have been included.
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Figure 1.3: Electro-mechano-acoustical analogous circuit of the admittance type [2].

Since the purpose of this work is not to analyze the loudspeaker from a circuital point
of view but to characterize it from a vibrational point of view by designing a reliable
measuring instrument that can provide useful information during the design phase, we
will not dwell beyond the electrical aspect but we will focus on the vibrational aspect.

The important concept to understand is that in any case the vibrational behaviour, the
frequency response and these fundamental parameters necessary to describe the circuit
model of the loudspeaker are closely linked to each other and contribute to the overall
response [15–20].

1.3. Loudspeaker membrane vibrational behaviour

At first glance, we can approximate a loudspeaker membrane to a clamped edge circular
plate by neglecting the dimension of the z-axis. To understand the behaviour of waves
in circular plates, it is essential to grasp the underlying principles. Circular plates, when
struck or excited, exhibit a variety of wave patterns, known as modes or resonant frequen-
cies. These modes arise due to the boundary conditions imposed by the circular shape
and by the clamping.

Each resonant frequency in a circular plate corresponds to a specific mode, representing
the distribution of vibrations across the surface. The simplest and most common mode
is the fundamental mode, which has a single nodal line encircling the center of the plate.
As the frequency increases, additional nodal lines emerge, forming more complex pat-
terns. These nodal lines are stationary points, areas of no vibration, separating regions
of maximal displacement called antinodes. Higher modes exhibit complex nodal patterns,
producing beautiful and complex shapes. The boundary conditions imposed by the circu-
lar shape significantly affect the behaviour of waves in circular plates. The nodal patterns
observed in circular plates are a result of these boundary conditions.
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The outer edge of the plate acts as a fixed boundary, restricting the motion of the waves
and creating stationary points. Due to the radial symmetry of circular plates, the waves
can propagate in all directions. As a result, the nodal patterns exhibit rotational symme-
try, with a nodal line encircling the center. This characteristic distinguishes the behaviour
of waves in circular plates from those in other geometrical shapes.

Resonance plays a crucial role in the behaviour of waves in circular plates.When a plate is
excited at its resonance frequency, it enters a state of harmonic resonance. This resonance
occurs when the natural frequency of the plate matches the frequency of the applied
stimulus, leading to an amplification of the vibrations. Each mode or resonant frequency
of a circular plate corresponds to a specific harmonic. The fundamental mode represents
the first harmonic, while higher modes correspond to higher harmonics. The harmonics
contribute to the complexity of the nodal patterns, creating visually captivating shapes
as the frequency increases.

The equation of motion for a circular plate can be described by the equation 1.1, which
relates the plate’s deflection to its boundary conditions and applied loads. In polar coor-
dinates (r, θ), the equation is given as:

∇4Z(r, θ) + k4Z(r, θ) = 0 (1.1)

where:

• ∇4 is the operator (∂4/∂r4) + (1/r2)(∂4/∂θ4) + (2/r3)(∂4/∂r2∂θ2))

• k is the wave number

• Z(r, θ) is the is the deflection of the plate as a function of r and θ

As explained in [21, 22], the solution to the equation of motion in polar coordinates is:

Z(r, θ) = cos(mθ + α)[AJm(kr) +BIm(kr)] (1.2)

that contains the ordinary Bessel functions Jm(kr) and the hyperbolic Bessel functions
Im(kr) = j−mJm(jkr). Depending on the boundary conditions, the modal frequencies
will change [23, 24] and different patterns of nodal circles and diameters are generated as
shown in figure 1.4.

A plus sign in figure 1.4 means a motion towards the viewer while a minus sign is related
to a motion away from the viewer [25].
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Figure 1.4: Nodal pattern and frequency response of a 200 mm loudspeaker cone in a rigid
infinite baffle. The shaded and dashed lines indicate lines of small amplitude of vibration.
The + and − signs indicate regions moving in opposite directions (opposite phases).
In the frequency response plot are indicated the numbers associated with the correspond-
ing nodal line [2, 26].
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The mechanical properties of the loudspeaker have a big influence on the frequency re-
sponse. In fact, the mechanical vibrations depend on the properties of the cone and
suspension material, such as mass per area, stiffness, damping, and also on the speaker
geometry. At low frequencies the cone is usually sufficiently stiff to move as a whole
(piston mode regime). But above a certain frequency mechanical bending and longi-
tudinal waves appear on the diaphragm (the so-called cone break-up) creating a complex
vibration pattern.

If a certain vibration frequency is observed separately, it is possible to identify more or less
distinctive vibration modes which are superposing on each other. Each vibration mode
is characterized by a certain mode shape which describes the distribution of certain cone
regions vibrating in the same direction (in-phase) or in opposite directions (anti-phase).
The total loudspeaker displacement at each frequency can be decomposed on the sum of
these components, as shown in section 2.4.

Since the goal of this work is to characterize the membrane, in chapter 2 different mea-
surement grids that will take in account this behaviour will be analyzed.

1.3.1. Radial and circumferential modes

For the mechanical analysis of the cone vibrations a decomposition into radial and circular
components can help separating the influence of (certain) vibration modes. An interesting
analysis is to separate vibration components according to their relation regarding the
radiated sound (chapter 2) [27].

Referring to section 1.3, the measured loudspeaker displacement x(r, θ), expressed in polar
coordinates and depending on radius r and angle θ, can be also expressed as decomposition
of radial and circumferential modal components [15]:

x(r, θ) = xcirc(r, θ) + xrad(r) (1.3)

The circular displacement component is the difference between total vibration and the
radial component. The circular component reveals rocking modes [28] and other circum-
ferential modes.

xcirc(r, θ) = x(r, θ)− xrad(r) (1.4)
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The radial displacement component is calculated by averaging the displacement versus
the angle θ.

xrad(r) =
1

2π

2π∑
θ=0

x(r, θ) (1.5)

Circular modes may become dominant in case there is any irregularity at the circumference
(such as wires) although the radial component generates the dominant contribution to the
on-axis SPL. According to [23, 24], circular components have a negligible effect on the
total radiated sound on-axis.
In fact, circular components only contribute significantly to the total SPL off-axis and to
the total sound power at higher frequencies [29].

Figure 1.5: Radial (above) and circumferential (below) modes on a loudspeaker membrane
example [30].

Theoretically, circular vibrations should hardly occur in loudspeaker cones, because they
are not excited by a symmetrically moving voice coil. But in practically small irregularities
will also lead to some circular motions in the cone. This component is usually quite small
in comparison to the radial motion and might therefore be hardly visible looking only at
the total vibration.
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On the other hand, circular vibration components can reveal asymmetric vibrations that
causes nonlinearity in the response which, while not contributing much to the radiated
sound, nevertheless, can introduce distortion due to rubbing of the voice coil in the gap.
The reason for these asymmetric vibrations can be a non-symmetric mass distribution of
the voice coil or the cone as in the rocking modes presence [15, 31, 32].

1.3.2. Rocking modes

Another undesired aspect of loudspeaker membrane vibrational behaviour are rocking
modes that are unwanted tilting movements of the diaphragm. This increases the chance
of voice coil rubbing and impulsive distortion (rub and buzz) [33].

Rocking modes main causes are [16]:

• Mass imbalance caused by asymmetrical mass distribution in the moving parts of
the transducer.

• Asymmetrical distribution of the suspensions stiffness (the asymmetry generates a
moment causing a tilting of the radiator).

• Asymmetrical Force Factor due to the fact that the voice coil is not correctly centered
[34, 35].

Rocking modes characterization is therefore fundamental to check for design or manufac-
turing issues.

1.3.3. Irregular vibrations

Besides radial and circumferential vibrations and rocking modes, there are other irregular
vibrations on the diaphragm which usually cannot be neither predicted by finite element
analysis. Such irregularities may be caused by unbalanced mass distributions, non uniform
density or thickness of the diaphragm caused by intended bracing, and unintended folds
generated during shape forming of the cone.

The contributions of irregularities to the total SPL are usually relatively small, but the
irregular vibrations may cause excessive nonlinear distortion because the displacement
may be much higher at particular points.

Moreover, irregularities in the manufacturing process may cause an uncontrolled vibration
of the diaphragm that thus influence the distortion in the response [15, 30, 31].
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1.4. Aging and environmental conditions

As loudspeakers age, various components such as cone, voice coil, and suspension may
undergo physical changes, leading to a drift in performance. The mechanical properties of
these components can deteriorate over time due to fatigue, resulting in reduced sensitivity
and mechanical performance, distorted sound reproduction, and compromised frequency
response. Moreover, aging can contribute to increased harmonic and intermodulation
distortions, further degrading the audio quality.

Environmental conditions, including temperature, humidity, and exposure to dust and
pollutants, also exert a significant influence on loudspeaker aging. High temperatures
can accelerate the degradation of adhesives and damping materials, leading to decreased
structural integrity and compromised performance. Humidity, particularly in humid or
coastal areas, can contribute to corrosion and rust formation on metal components, af-
fecting electrical conductivity and overall functionality.

One of the first parts that are affected by aging are the suspensions. The suspension
serves the purpose of fixing the voice coil in a well defined resting position during the
forced oscillation. The suspension becomes more and more compliant over time changing
the loudspeaker properties significantly [36].

Although treatments such as waterproof paints are applied, spiders and surrounds are
generally made from materials such as cloth (impregnated with resins) and rubber. The
mechanical stress, combined with the environmental conditions, lead to a change in the
properties of these materials and to a consequent variation of the parameters seen in the
section 1.2 such as the frequency of resonance and the quality factors [37, 38].
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2| Membrane vibrational

behaviour characterization

2.1. Measurement goals

From the analysis carried out in the chapter 1, it is evident how the design of a pro-
fessional loudspeaker can be extremely complex and needs to take many variables into
consideration to obtain the best result [20]. A measuring instrument that can character-
ize the behaviour of the loudspeaker membrane (and therefore its radiation) can certainly
help in the design phase. The purpose of this work is therefore to create an easy-to-use
measuring instrument that can provide useful information on the membrane vibrational
behaviour of a loudspeaker prototype in order to verify the correct design or to highlight
design errors or defects in the used materials.

Loudspeaker membrane nonlinear behaviour introduced in chapter 1 can be analyzed by
this instrument. Vibrational decomposition described in 1.3.1, 1.3.2 and in 1.3.3 can be
easily analyzed and, evaluating the results, the designer can also better understand at what
frequencies the loudspeaker is not working properly and which parts of the loudspeaker
might be affected.

In addiction to the loudspeakers prototype analysis, another important aspect of this
measurement instrument is the possibility to compare the results of the measurements on
a real loudspeaker with the ones of a simulation (e.g. in a software as COMSOL). Since
the simulation of a loudspeaker is complex and the results obtained are often difficult to
compare with experimental measurements [39, 40], in this way, the designer could match
the simulation results with the real loudspeaker behaviour, finding the correct physical
parameters for the software materials library.

The measurement instrument is developed starting from [41–44] but some more improve-
ments and customization have been implemented. Each part of the instrument is designed
to be as versatile and modifiable as possible, allowing for modifications and improvements
both at the mechanical and at the software level.
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Although similar instrumentation already exists on the market, this work is focused on
reproducing this instrument with a higher level of customization (including the possibility
of implementing new features not included in the reference commercial instrument) and
much lower costs.

2.2. Displacement and acceleration measurement

The goal is to analyze the loudspeaker in a certain frequency range, taking into account
the different amplitude response that varies with frequency. The best way to measure
membrane displacement in different points without perturbing the system fixing sensors
(such as accelerometers) which would affect its membrane is to use a laser doppler
vibrometer (LDV), as explained in section 3.1.4. Also important is the stimulus signal
used.

In order to properly characterize the vibrational behaviour of the membrane, it is also
important to choose the measurement grid in which the position of the various points is
defined. As we will see in 2.2.2, it is not trivial to use one grid or another and the results
can significantly change. Eventually, it will finally be necessary to derive the acceleration
from the displacement laser measurements.

2.2.1. Input signal generation and IR computation

Membrane vibrational behaviour analysis starts from acquiring its displacement. In order
to measure it, the exponential sine sweep excitation signal in formula 2.1 (where T is the
duration of the sweep) has been used as stimulus to excite the membrane in a certain
range of frequencies between f1 and f2 [45–47].

x(t) = sin

 2πf1T

ln
(

2πf1
2πf2

) ·
(
e

t
T
·ln( 2πf2

2πf1
) − 1

) (2.1)

Since vibration amplitude decreases as frequency increase, a growing 6 dB/oct amplitude
shaping was applied to the sine sweep [48].

We are using a +6 dB/oct sine sweep excitation signal x(t) in order to have a constant
amplitude in time inverse convolution filter g(t).

In fact, due to the exponential nature of the signal, a constant amplitude in time cor-
responds to a −3 dB/oct frequency dependence. In order to compensate for vibration
amplitude decreasing with increasing frequency, a filter doubling the signal amplitude
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for each doubling of time has been applied to the exponential sine sweep, so that a +3

dB/oct behaviour is shown. With this choice, the inverse convolution filter g(t) ends up
having constant amplitude with time (that is −3 dB/oct in frequency dependence) and
the Transfer Function Impulse Response is correctly equalized.

Loudspeaker is a nonlinear system, so a synchronization procedure is needed for proper
analysis of higher harmonics. According with [49] and [48], the duration time T of the
sine sweep depends on the frequency range and it is computed as:

T = k · ln (f2/f1)
f1

(2.2)

where k ∈ Z̸=0 is an integer number computed by inverting the same equation 2.2 and
considering a different time T of the same non-synchronized sine sweep, f1 is the sine
sweep start frequency and f2 is the sine sweep end frequency.

Moreover, an input and output fading of 1200 samples for a sampling frequency of 48000
Hz has been applied to the sine sweep signal.

Applying the formulas 2.1 and 2.2 and considering f1 = 10 Hz and f2 = 10000 Hz,
for example, the duration time of a synchronized sine sweep starting from a 2 seconds
non-synchronized sine sweep is 2.0723 seconds.

Figure 2.1: Comparison between a constant amplitude and +6 dB/oct amplitude shaped
input sine sweep with a frequency range 10Hz - 10kHz.
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Figure 2.2: Displacement recorded with the laser sensor in a measurement point on the
loudspeaker cone surface. In this case, the stimulus frequency range is 10Hz - 10kHz.

Knowing the displacement on a membrane target point y(t) and the sine sweep input
stimulus signal x(t), the Transfer Function Impulse Response between the measured dis-
placement and the input voltage can be easily calculated by performing a convolution
with the constant amplitude inverse sine sweep filter g(t) derived from x(t) [47].

h(t) = g(t) ∗ y(t) (2.3)

The obtained Transfer Function Impulse Response h(t) will be transformed in the fre-
quency domain and used to compute the acceleration, as shown in section 2.2.3.

Figure 2.3: Transfer Function IR (Displacement/Input Voltage) for a measured point.
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Since for displacement measurements, the laser displacement sensor analog output is
connected to a sound card (see section 3.1.1), latency is not constant among different
measurements1.

Since this condition strongly influences the phase of the Transfer Function2 and would
the measurement data unusable, a cross-correlation between the IRs has been applied to
compensate the latency in post processing step using the finddelay MATLAB function.
The finddelay function uses the xcorr function to determine the cross-correlation be-
tween each pair of signals at all possible lags specified by the user. The normalized
cross-correlation between each pair of signals is then calculated. The estimated delay is
given by the negative of the lag for which the normalized cross-correlation has the largest
absolute value.

In figure 2.4 a comparison between 20 IRs related to 20 different measurement points on
the cone with and without latency compensation is shown.

Figure 2.4: 20 IRs related to 20 different measured points without measurement latency
compensation (on the left) and with latency compensation (on the right).

2.2.2. Measurement grid

As explained in [48] and [30], in order to properly characterize a loudspeaker diaphragm
vibration, hundreds of target points on the cone surface must be measured. Different
measurement grid layouts can be chosen in order to have a different resolution in some
areas of the diaphragm [41, 42].

1Latency can strongly change depending on the used hardware, on the number of active tasks on the
computer, on the used OS and on the sound card model.

2All the measurement phases are not correctly aligned if the latency is not compensated.
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Two types of grid have been designed: a denser one to have a detailed scan and a wider
one to have an exploratory scan. Fixing the stimulus duration according to section
2.2.1, the exploratory measurement duration is about 7 times shorter than the detailed
measurement one.

Regardless of the size of the loudspeaker and its effective radiation area SD [50], the
exploratory scan divides the cone in 30 radii (12 degrees between each radius) of 15

measurement points each for a total of 450 measurement points while the detailed scan
divides the cone in 80 radii (4.5 degrees between each radius) of 40 measurement points
each for a total of 3200 measurement points.

The spacing between the measurement points on the radius depends on the cone size.
Moreover, in order to account for the more intricate vibration behaviour in the outer cone
region, both for the exploratory and the detailed grid, increasing measurement points
density is possible [41, 42].

In this radial irregular grid spacing, starting from the center of the cone, the first 2/3 of
the points have a certain spacing while the last 1/3 in the outer cone region have half of
that spacing.
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Figure 2.5: Regular spacing exploratory measurement grid for a 6 inches woofer

Figure 2.6: Radial irregular exploratory measurement grid for a 6 inches woofer.
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Figure 2.7: Regular spacing detailed measurement grid for a 6 inches woofer.

Figure 2.8: Radial irregular detailed measurement grid for a 6 inches woofer.
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As we will see in chapter 4, there are several differences in the results by choosing different
type of grids. In particular, the choice of the radial irregular spacing one allows to
identify with more precision any anti-phase behaviour of the edge. Moreover, the higher
measurement point spatial density in the outer region of the cone allows the laser sensor
to more accurately measure the irregular profile of that area.

2.2.3. Acceleration computation

For each measurement point, the voltage to displacement Transfer Function X(ω) can be
calculated performing a FFT on the Transfer Function Impulse Response h(t) 2.3. The
voltage to acceleration Transfer Function A(ω) can then calculated from X(ω) with the
following equation:

A(ω) = −ω2 ·X(ω) = −(2πf)2 ·X(ω) (2.4)

where f is the frequency vector used in the analysis.

2.3. Accumulated Acceleration Level (AAL) and Sound

Pressure Level (SPL)

Starting from measured surface displacement, this project aims to predicting the pro-
duced sound pressure, in order to assess the importance of modal behaviour on sound
emission and to establish a quantitative connection between particular kinds of modes
and particular effects in the pressure response.

Approximating the loudspeaker as a flat piston in a rigid infinite baffle, the Kirchhoff-
Helmholtz integral reduces to the Rayleigh integral in formula 2.6.

After displacement measurement and acceleration calculation, the acquired data are used
to compute the total Accumulated Acceleration Level (AAL) and the total Sound
Pressure Level (SPL) [15, 16, 30, 31, 48, 51].

2.3.1. AAL and SPL computation

Considering the acceleration A(ω) for each point and using the Rayleigh integral formu-
lation, which is the approximation of Kirchhoff-Helmholtz integral formula [2] under the
hypothesis that the loudspeaker vibrates in an infinite rigid baffle and its surface is flat,
it is possible to define the sound pressure p(ω, r).
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In fact, starting from the Kirchhoff-Helmholtz integral formula

p(ω, r) =
1

4π

∫
Sc

(
jωρ0V (ω, r)

e−jk|ra−rc|

|ra − rc|
+ ps(ω, r)

∂

∂n

e−jk|ra−rc|

|ra − rc|

)
dSc (2.5)

where V (ω, r) is the sound particle velocity on and normal to the surface Sc and ps(ω, r)

is the sound pressure on Sc.

By applying the hypothesis of infinite rigid baffle we can notice that ps(ω, r) = 0 and
obtain the Rayleigh integral formulation:

p(ω, r) =
ρ0
2π

∫
Sc

A(ω, r)

|ra − rc|
e−jk|ra−rc| dSc (2.6)

where:

• ρ0 = 1.184 [kg/m3] is the standard air density.

• k = 2πf/c is the wave number, where c = 343.21 [m/s] is the standard sound speed
in air.

• ra is the distance from the cone to the point the SPL is calculated in.

• rc is the distance between the measured point and the center of the cone (it depends
on the measurement grid).

• e−jk|ra−rc| is the Green function that takes in account the phase delay due to the
distance between the measured point and the listening point where the total SPL
is computed.

Besides the pressure, we also need a quantity that describes the total mechanical energy
of the loudspeaker but, missing geometrical information and material parameters (such
as the Young’s Modulus3 E), it is not possible to calculate the kinetic and potential
energy of the mechanical vibrations based on measurement results. In order to define the
mechanical energy of the loudspeaker we can use instead the accumulated acceleration
a(ω, r):

a(ω, r) =
ρ0
2π

∫
Sc

|A(ω, r)|
|ra − rc|

dSc (2.7)

3Mechanical parameters such as the Young’s Modulus are often unknown to the loudspeaker designers
because depends on the supplier manufacturing chain and on the manufacturing process to obtain the
finished loudspeaker.
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The accumulated acceleration a(ω, r) and the relative Accumulated Acceleration Level
AAL is a quantity that does not takes in account the phase of the acceleration and its
physical meaning is to represent the ideal maximum total SPL if all the points on the
cone surface move in-phase. In fact, AAL is a quantity introduced by Professor Wolf-
gang Klippel in order to quantify the ideal maximum sound pressure level which could
be produced if all points on the radiating surface ideally moved in-phase [31, 32]. In fact,
considering the modulus of the acceleration |A(ω, r)| and neglecting the Green function, it
is considering as if the acceleration of all measure points is in-phase. The distance |ra−rc|
is computed taking into account the position of the i-th point at disrance rc on the radius
and the distance ra to the reference point where the SPL and the AAL are computed, as
shown in figure 2.9.

Figure 2.9: Distance between the i-th measured point on the radius at a distnace rc from
the cone center and reference point ra where AAL and SPL are computed.

After p(ω, r) and a(ω, r) computation, it is possible to compute the total Accumulated
Acceleration Level AAL and the total Sound Pressure Level SPL as:

AAL(ω, r) = 20 log10

(
a(ω, r)√

2p0

)
[dB] (2.8)

SPL(ω, r) = 20 log10

(
|p(ω, r)|√

2p0

)
[dB] (2.9)

where p0 = 20 µPa is the standard sound pressure in air.
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In figure 2.10 a comparison plot between AAL and SPL on a 6 inches woofer is shown.
Neglecting the technical aspect of the measurement that will be analyzed in detail in
chapter 4, we can immediately see how the two curves start to be increasingly different
above a certain frequency (the break-up frequency introduced in chapter 2).

Below the break-up frequency, the loudspeaker is in the so called piston mode regime:
the cone is sufficiently stiff to move as a whole and all the cone parts move in-phase.
Above the break-up frequency different vibration modes appear and some parts of the
cone start moving out of phase with respect to the others.

This behaviour causes a decrease in the SPL (that, differently from the AAL, takes into
account the phase) with respect to the AAL, which supposes all the vibrations contri-
butions are perfectly in phase at the reference point. In the SPL calculation, 2 effects
prevent this from happening:

1. Not all parts move together due to the surface modal behaviour.

2. Not all points have the same distance from the reference point: this difference causes
phase delay becoming increasingly important with increasing frequency.

Among the two effects, modal behaviour is by far the most relevant one, especially at low
frequency. At high frequency, however, distance difference definitely plays a role.

Figure 2.10: Total Accumulated Acceleration Level (AAL) and total Sound Pressure Level
(SPL) comparison.
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2.3.2. Cone area division for Rayleigh integral computation

In order to compute the Rayleigh integrals 2.6 and 2.7, we need to consider the whole
measured surface Sc. Since the outer region of the loudspeaker cone is not moving and
does not contribute to radiation, we can discard the last millimeters on the edge. Since
we are spatially sampling the cone surface, each measure point has a specific radiating
surface associated to it depending on its position.

In figure 2.11 we can see how the relation between a measure point and its portion of the
cone area is shown. This area has been calculated by dividing the surface in concentric
circular crowns, calculating their area and dividing it for the number of points in each
circular crown (that coincides with the number of radii of the grid).

Figure 2.11: Cone area division with respect measurement points.

2.4. In-phase, anti-phase and quadrature components

In addiction to the decomposition in circular and radial modes seen in 1.3.1, a second
form of decomposition can be used to identify loudspeaker regions effectively contributing
to the total radiated sound pressure level SPL.

Any vibration can be expressed as the sum of three components according to the phase
relation with the total sound pressure as calculated in the reference point.

The in-phase component constructively contributes to the total radiated sound pressure,
the anti-phase component destructively contributes to sound radiation and the quadrature
component does not contribute to sound radiation at all [30].



28 2| Membrane vibrational behaviour characterization

The total complex cone vibration displacement of each point on the cone surface can thus
be decomposed in three components whose relative importance can vary with frequency
[52]:

xtotal = xinPhase + xantiPhase + xquadrature (2.10)

The phase of the displacement at each point on the surface is set in relation to a reference
phase φref starting from the phase φp of the total sound pressure p(ω, r) computed with 2.6
and considering both the time delay of the acoustical wave traveling from the cone surface
to the observation point and the opposite sign between acceleration an displacement.

The reference phase of the in-phase displacement component for each point on the surface
can be calculated as (figure 2.12):

φref = φp + k|ra − rc|+ π (2.11)

where an additional phase shift of π has been added from the phase difference between
the displacement and the acceleration of the surface4.

The vertical displacement on the Z axis of each point of the cone surface expressed in
formula 2.10 can be in-phase, in anti-phase or in quadrature giving a different contribution
to the total SPL.

In piston mode regime, all the points will move in-phase according with φref , so that xtotal

coincides with its xinPhase component contribution on the displacement of formula 2.10.

The more we go up with the frequency and the more there will be points of the cone that
will move in anti-phase so in formula 2.10 the xantiPhase component will increase.

4Since we are considering the acceleration in the Rayleigh formulation.
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Figure 2.12: in-phase, anti-phase and in quadrature components in phasorial domain [30].

The in-phase contribution that describes the positively related component between the
phase of the displacement at each point φx is defined as:

xinPhase = Re+
[
X(ω, r) · e−jφref

]
· ejφref (2.12)

and contributes constructively to the sound pressure. The acceleration level AAL is
identical to the SPL assessing the in-phase component only.

The anti-phase component is defined as:

xantiPhase = Re−
[
X(ω, r) · e−jφref

]
· ejφref (2.13)

and contributes destructively to the SPL.

Eventually, the quadrature component is defined as:

xquadrature = Im
[
X(ω, r) · e−jφref

]
· ej(φref+

π
2
) (2.14)

and it does not contribute to the SPL because the total volume velocity of this component
is always zero whereas the AAL of the quadrature component is usually not negligible.
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In figure 2.13 we can see instead the three components decomposition for a given mea-
surement point. We can notice the in-phase part is dominant in the lower frequency part
because of the piston mode regime.

Figure 2.13: In-phase, anti-phase and quadrature components in frequency.

In figure 2.14 we can see the comparison between the Transfer Function of a given mea-
surement point and the reconstructed complex displacement according to 2.10 of the same
point. As expected, we can notice the two curves coincide.

Figure 2.14: Comparison between the Transfer Function of a given measurement point
and its complex displacement obtained as xtotal = xinPhase + xantiPhase + xquadrature.
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2.4.1. Components AAL and SPL

Once the components has been computed for all the cone surface, it is important to calcu-
late their AAL and the SPL as in section 2.3. We notice that the in-phase and anti-phase
AALs are equal to the in-phase and anti-phase SPLs while the SPL calculated considering
only the quadrature component is null (as definition implies) [30, 31, 52].
The frequency dependence and the relative importance of the three components give pre-
cious information, which can be used to modify the loudspeaker design, improving its
acoustic response over the frequency range of interest.
Moreover, we can notice that components AAL and SPL, and in general the components
computation is closely related to the total AAL and SPL behaviour due to the relation
between the components computation and the phase of the pressure p(ω, r) computed in
2.6. If the total SPL presents a dip and its distance from the AAL grows, means that
there is an acoustical cancellation.
A complete acoustical cancellation generates a zero in the transfer function and, in this
case, the in-phase and the anti-phase components have the same AAL. In general, the
farther the total AAL and SPL curves are, the closer the in-phase and anti-phase compo-
nents AAL and SPL curves are to each other. If we consider the total AAL and SPL plot
in figure 2.10, we can see the corresponding components decomposition AAL and SPL
plot in figure 2.15 and we can notice how the in-phase and anti-phase curves are closer at
the frequencies where the AAL and SPL in figure 2.10 are further away. Finally, we can
also notice both the quadrature and the anti-phase AAL-SPL components are not present
below the cutoff frequency, as the loudspeaker still is in piston mode regime.

Figure 2.15: Components AAL and SPL realated to the same loudspeaker total AAL and
SPL measured in figure 2.10.
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2.4.2. Components graphical visualization

Another important and extremely useful information we can obtain from the components
computation is to understand what are the parts of the cone that are in-phase, in anti-
phase or in quadrature at a given frequency.

According with [52], the real part of the components can be represented and plotted
considering the whole surface or over a specified cone radius or diameter. The visualization
of the components on the loudspeaker cone profile is extremely useful for loudspeaker
designers in order to immediately understand which are the parts of the cone in anti-
phase destructively contributing to the total SPL.

In figure 2.16 we can see an example of the real part of the components at 300 Hz (on
the top), 1500 Hz (in the middle) and 5000 Hz (at the bottom) plotted along a cone
diameter.

We can notice how the components contribution changes with frequency:

At 300 Hz the loudspeaker is moving in piston mode regime, all the points are moving
in-phase with respect to the voice coil displacement and the anti-phase component is null.

At 1500 Hz some points in the loudspeaker cone and on the surround suspension start
moving in anti-phase causing a negative contribution to SPL. Since these plots are related
to the AAL and SPL in figure 2.10 (and therefore to the components plotted in figure
2.13), we can see that SPL is actually lower than AAL at that frequency.

At 5000Hz a more complex behaviour begins and several parts of the cone on the surround
and on the dust cup are moving in anti-phase. In fact, in figure 2.10 we can see a dip in
the SPL curve around this frequency caused by this anti-phase behaviour.
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Figure 2.16: Components real part plot along a 6 inches cone diameter at 300 Hz on the
top, 1500 Hz in the middle and 5000 Hz at the bottom.





35

3| Laser scanning technique for
loudspeaker cone vibration
measurement

3.1. Working principle and experimental setup

After analyzing the usefulness of having a measurement instrument that can characterize
the behaviour of a loudspeaker membrane and explaining the main theoretical concepts
behind it, we will now analyze the structure of the machine and its implementation
highlighting the critical points and the strong points.

The instrument design is inspired on [41, 42] but the idea is to make it more flexible, reli-
able, economical and customizable. Instead of designing a dedicated mechanical structure
including dedicated motors and mechanical constraints, an EPSON Scara T3 industrial
robot [53] has been used. This choice makes the instrument much more customizable and
the robot can also be dedicated and used for other purposes as well.
The operating principle is moving a laser on a cone surface according to the points of a
grid, defined in section 2.2.2, and, by properly varying the distance between the laser and
the surface so that the distance from the sensor always falls into the measurable range,
using it to acquire a measurement of displacement for each grid point. The stimulus
signal (section 2.2.1) that generates the cone vibration is generated in MATLAB and is
then amplified before being sent to the loudspeaker. The acquisition is carried out by
connecting the laser sensor output to a sound card and reading the output voltage value
from it. Both acquisitions and signals post processing are performed in MATLAB.
Finally, the computed total SPL using 2.6 and 2.9 is compared with an SPL measurement
performed in anechoic room with a microphone placed at 1 meter on the loudspeaker axis.
Although we do not expect the computed total SPL to coincide with the measured with
a microphone one, this step is useful to check the correctness of both the computed SPL
behaviour and of the considered pressure phase to calculate the components in section 2.4
[48].
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Figure 3.1: SPL measurement in anechoic room with a free-field pressure microphone.
The loudspeaker is placed in a closed box that is an approximation of the infinite rigid
baffle where acoustic short circuit is not present. As explained in in section 2.3, Rayleigh
total SPL computation refers to an infinite baffle response where acoustic short circuit is
not taken into account. Not being the box infinitely extended, some deviation between
the measured and calculated SPL is expected.

3.1.1. Power and signal routing

To sending the stimulus signal and to recording the laser sensor output signal a MOTU
M4 sound card has been used setting the sampling frequency at 48000 Hz and the buffer
size at 1024 samples. In order to compensate latency, a cross-correlation in post process-
ing has been used, as explained in section 2.2.1. Since measurements are acquired, stored
and processed as double precision variables (that corresponds to 64 bit floating point
.wav files), whose representation interval is between 1 and −1, a sound card calibration is
required to rescale the laser output to a proper value expressed in millimeters. The sound
card calibration has been performed sending to the sound card input a sinusoidal signal
of known amplitude and recording the digital representation in MATLAB. Repeating this
procedure for different amplitudes, the whole amplitude range of the sound card input
can be calibrated and the relation between input signal voltage and the recorded digital
amplitude can be established.
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Sound card calibration was required to rescale digital recorded values (acquired, stored
and processed as double precision 64 bit floating point variables with [−1; 1] representa-
tion interval) to a proper value in mm for the laser displacement sensor output signal. At
the end of the calibration process a sound card calibration constant is found.
Moreover, the MATLAB code is also able to read the sound card input during the robot
movement between two grid points. In order to know when the robot needs to move
the laser displacement sensor in a different position (and thus when it is time to send a
new stimulus to the loudspeaker and to acquire its displacement), an an easily detectable
impulsive movement along the vertical axis is imposed to the robot whenever the sensor
needs to be moved from one point to another. This signal is used in the MATLAB code as
a trigger signal to start a new measure sending the stimulus to the amplifier and recording
the laser output during the cone vibration.
The amplifier used is a Powersoft K20 without any DSP setting, a 0 dB output at-
tenuation and 32 dB gain. The sound card is connected to the amplifier with an XLR
cable and the amplifier is then connected to the loudspeaker with a speakon-faston power
cable. In order to measure and correctly set the amplifier output voltage, a Fluke 289
multimeter has been used. The multimeter is connected to the amplifier output before
starting the measurement to measure and set the desired voltage RMS.
The amplifier output voltage settings depends on many factors such as the loudspeaker
nominal impedance, the loudspeaker size and its parameters but, in general, having an
higher output voltage RMS gives a better SNR. In this work output voltages between
10 and 30 VRMS have been used. This voltage range also ensure a constant voice coil
temperature during the measurement.

Figure 3.2: Amplifier output RMS voltage measurement with a Fluke 289 multimeter.
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3.1.2. Loudspeaker preparation and mechanical constraints

The loudspeaker is fixed on an horizontal surface with a mandrel in order to avoid unde-
sired structural vibrations and to have a fixed central reference point for the measurement
grid.

The cone surface is treated with a white 3D scanning powder in order to improve
light reflection and consequently the laser signal to noise ratio. Several tests have been
performed and a better SNR is obtained whenever a white measured surface is used.

Other treatment materials have been tested, such as face powder and white paint but the
added mass or the grains of dust crumbling and flying through the laser beam make the
measurement unreliable.

Figure 3.3: Loudspeaker cone treated with white 3D scanning powder.

In order to attach the laser sensor to the robot arm, a 3D printed bracket has been
realized starting from a customized Solidworks CAD drawing. The laser sensor has been
fixed to the bracket using two screws and bolts.

The laser sensor-bracket system must be configured as external tool in the EPSON RC+
robot software [53, 54].
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Figure 3.4: EPSON RC+ 7.0 software robot simulator with the laser-bracket system
attached to the robot arm.

3.1.3. MATLAB framework

MATLAB is the software used both for the measurement phase and for the post process-
ing phase. Since there is no a direct communication between MATLAB and the robot,
and the timing to start a new acquisition in different grid points is given by the trigger
signal from sound card as discussed in section 3.1.1.

MATLAB framework is divided in four scripts and two functions:

1. The "Measure Data" script, which must be executed both in the measurement
phase and in the post processing phase, has the following features:

• It reads an Excel .xlsx file where the user inserts parameters such as loud-
speaker diameter, sampling frequency, initial and final sine sweep frequencies
and measurement grid type.

• It creates the measurement folders directory where all the measurements and
data are stored.

• Generates the sine sweep stimulus signal according with section 2.2.1 and it
saves it as .wav file.
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• It generates the measurement grid according to section 2.2.2 generating its
X, Y and Theta coordinates in .txt files which can be directly uploaded on
the EPSON robot script. A specific function that creates the grid, saves the
coordinates and creates also the radius coordinate vector for each measured
point, later used in the post processing phase.

• It generates and saves a .txt datalog file with all the measurement parameters
and settings using a dedicated external function.

2. The "Measure Framework" script is used to perform displacement measurements
on the grid points and to store the .wav files of each measurement from the sound
card. This script uses the variables generates in the "Measure Data" script and has
the following features:

• After detecting all the connected audio devices, it creates a graphical user
interface where the user can select the desired input and output channels.

• In order to calibrate and set the desired amplifier voltage output, it generates
a single tone at 500 Hz for several seconds. At this step the loudspeaker is
not connected to the amplifier yet, the user can connect the multimeter to the
amplifier output to check the voltage value.

• It performs a single test measurement where also noise floor is acquired. Noise
floor is recorded acquiring the laser sensor signal when no stimulus is applied
to the loudspeaker. In this step the measurement SNR is computed and a plot
containing both the measured displacement and noise floor FFT is shown to
the user.

• It performs automatic measurements according to the number of points in the
grid (see section 2.2.2). In this step the code communicates with the input
and output sound card channels, waits for the trigger input signal defined in
section 3.1.1 and starts the acquisition sending the stimulus to the amplifier
and recording from the sound card input at the same time. Eventually all mea-
sured displacements are saved as .wav files in a subfolder of the measurement
directory.

3. The "Measure Import" script is the first post processing step. The aim of this
script is to read, load and prepare measured data for the AAL, SPL and components
computation presented in chapter 2.
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This script:

• Reads the .wav files stored from laser displacement measurement as double
variables and loads them in a matrix where each row corresponds to a single
point measurement.

• Computes the inverse filter and performs the convolution operation in order to
obtain the Transfer Function impulse response h(t) according to section 2.2.1
and with [45, 47]. All the impulse responses are stored in a matrix.

• Starting from Impulse Responses, it computes both the voltage to displacement
and voltage to acceleration Transfer Function for each measurement point as
explained in section 2.2.3. A Transfer Function matrix and an acceleration
matrix are stored to be used in AAL, SPL and components calculation.

• Plots all the processed signals (displacement in time, IR, acceleration etc.) for
each measured point.

4. The "Measure Post Processing" script uses processed data from "Measure Import"

to perform the calculation explained in section 2.3 and 2.4. This script:

• Properly defines the distance between measured points and the reference point
for SPL computation1 and stores them in a vector.
A comparison between SPL calculation using CAD geometry and a "flat disk"
surface approximation for the radiating surface is presented in chapter 4.

• Computes the cone area vector for each measured point as explained in section
2.3.2.

• Performs the Rayleigh integrals for total AAL and SPL computation according
with section 2.3 and plots the results.

• Performs and plots the in-phase, anti-phase and quadrature components and
then computes their AAL and SPL as explained in section 2.4.

• Plots the components on a cone radius according to section 2.4.2.

The MATLAB post processing phase (including the "Measure Import" and the "Measure
Post Processing" scripts elaboration) can last from 5 to 40 minutes depending on the
number of measured points of the grid, on the sampling frequency and on the time of
each single measurement.

1SPL and AAL are computed in a reference point of 1 meter on loudspeaker axis as in figure 2.9.
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3.1.4. Laser Doppler Vibrometer

The used laser head model is Keyence LK-G32 with a 655 nm emission. The laser
sensor controller, needed for a proper signal conditioning, is connected to an external
24 V power supply. The sensor focal range is ±5 mm, the output is set to ±10 V and it
is connected to the sound card input via XLR cable.

The laser sampling frequency is set to 50 kHz and no moving average filter is used. In
order to increase the SNR, a 2V/mm scaling constant is set into the controller.

Keyence LK-Navigator software is used to set the laser controller parameters and check
the head distance from the loudspeaker cone surface.

Figure 3.5: Keyence LK-G32 laser head.

Since the laser must be kept in a certain distance from target surface to perform the
measurement, the robot must move the laser sensor along the Z axis according to the
loudspeaker cone profile. Since the EPSON software, the laser software and MATLAB
does not communicate each other, programming the robot to behave as explained was a
very challenging part of this work. A solution was found calculating the Z axis coordinate
of the robot starting from the loudspeaker CAD drawing.

Another important aspect that we have to take into account is that laser could have
some problems in measuring points along the cone surface that are in an almost vertical
position. When the laser can not properly detect the triangulated light signal on its
lens. In order to avoid it, the laser must be oriented so that the movement is always in
the radial direction and the laser always stays parallel to the loudspeaker edge. For this
reason, the laser orientation must change for every radius (depending on the grid type)
and the angular coordinate Theta must be sent to the robot to to vary the position of
arm 4 (where the laser sensor-bracket system is attached) at each radius.
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3.1.5. EPSON Scara T3 Robot

The machine used to move the laser on the grid points is an EPSON Scara T3 robot.
This is a 4 joints robot ensuring both maximum precision and a practical way to perform
the measurement [53].

Figure 3.6: EPSON Scara T3 robot.

Differently from the machine proposed in [41, 42], the loudspeaker remains fixed to the
mandrel and the robot moves the laser sensor over the grid points.

The robot is coded in EPSON SPEL+ language on the EPSON RC+ 7.0 software
[54, 55] to perform the movements. The RC+ software reads and loads into vectors grid
XY coordinates, the laser angle rotation coordinate Theta and the laser Z axis coordinate
from .txt files. Each point where the robot moves is defined by the coordinates X, Y, Z,
Theta.

The movement time between different points is defined by the user and it must be at
least 1.5 times the length of the stimulus defined in section 2.2.1 to ensure that MATLAB
does not start performing the measurement during the robot movement. At every robot
movement, an impulsive signal triggers to the sound card, allowing MATLAB to start the
measurement, as explained in section 3.1.1.
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4.1. Analyzed loudspeakers

In order to test the measurement instrument, two 6 inches (152 mm) loudspeakers have
been used as test samples. Both the loudspeakers share the same identical components
and design except the spider, which in one case is stiffer.

In fact, looking at the Thiele-Small parameters, they are all almost identical except for
the mechanical stiffness of the suspensions (KMS = 2.65 N/mm for the more compliant
loudspeaker and KMS = 5.65 N/mm for the stiffer one).

Figure 4.1: CAD drawing of the analyzed loudspeaker model.

This loudspeaker has a single roll surround made of rubber and a reversed dust cup. Both
loudspeakers were treated with white 3D scanning powder (as explained in section 3.1.2)
and a decrease in noise floor level of up to 5 dB was achieved. In figure 4.2 we can see the
differences between SPLs measured in a closed box (as in figure 3.1) of both loudspeakers.
They have a very similar behaviour: small differences start to be observed after 2000 Hz.
It can also be observed that lodspeaker with a stiffer spider has a response that drops off
faster after 5000 Hz due to the greater stiffness of the suspension.
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Figure 4.2: Closed box measured SPLs for loudspeakers equipped with stiffer and softer
spider.

4.2. Measurement data and setup

Since the tested loudspeakers are used as mid-low frequency drivers, frequencies in the
10 Hz - 10000 Hz have been analyzed. All measurements lasted 5 seconds and several
grids layouts have been tested.

For the stiffer loudspeaker, all 4 grids in figures 2.5, 2.6, 2.7 and 2.8 have been used for
measurements.

For the more compliant loudspeaker, two measurement were performed, one with the grid
in figure 2.6 and one with another grid pattern with 792 measurement points on 22 radii
(36 points for each radius with 2 mm constant spacing).

Results from these measurements have been compared with those obtained using the
commercial instrument machine [41, 42].

Loudspeaker cone shape plays an important role in the AAL and SPL computation
(and therefore in in-phase, anti-phase and quadrature components computation). Since
Rayleigh integral formulas for pressure and accumulated acceleration 2.6, 2.7 take into
account the distance between the measurement point and the reference point as in figure
2.9, cone geometry becomes important to compute the |ra − rc| quantity.

During the design phase, an ideal drawing of the loudspeaker is created in CAD in software
such as SolidWorks.
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Due to components tolerances and various aspects in the assembly process, the geometry
of the actual loudspeaker can differ from that of the ideal CAD model1.

In order to take into account the real shape of the cone, a laser scan of the surface should
be performed, as foreseen in the commercial machine [41]. Since the sound card used
for this work cannot record DC signals (such as the one that laser displacement sensor
would output while scanning the loudspeaker surface), the geometry from the ideal CAD
drawing was used to perform all the calculations.

Moreover, pressure and accumulated acceleration calculation has been performed also
considering the cone as flat surface and neglecting its real shape2.

4.3. Measurement results

In this section, the different measurement results for each loudspeaker are presented. For
each measurement both the cone as flat surface approximation and the cone as ideal
surface from CAD geometry (figure 4.1) were considered.

In the following figures we can also immediately notice the difference between the SPL
computed with Rayleigh integral 2.6 and the SPL measured with a microphone in a closed
box (figure 3.1). Especially at low frequencies (where the loudspeaker is in piston mode
regime and acoustic short circuit in free air measurement occurs), is shown a different
behaviour: measured SPL has a non linear behaviour and it is lower with respect to the
calculated one. This phenomena occurs because Rayleigh integral formula calculate the
SPL in an ideal infinite baffle, while the closed box in the anechoic room is not ideal and
thus its measurement response have some irregularities.

All the measurement results on the two loudspeakers will be compared and commented
later in section 4.5.

1There could be some differences depending on the materials, gluing points and small manufacturing
irregularities.

2This analysis has been performed in order to compare the results in different cases and to study the
differences between them.
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4.3.1. AAL and SPL computation varying the radii number

In this section is shown how AAL and SPL change in function of the number of radii we are
taking into account (and consequently changing the total number of measurement points).
This analysis is important to show the difference in the results considering different grids.
In figures 4.3 and 4.4 is shown AAL and SPL curves variation depending on the number of
radii under analysis. It is possible to notice how the curves become more detailed around
the "critical points" where resonances and antiresonances occur as the number of radii
under analysis increase. Obviously, a change in AAL and SPL corresponds to a change
in the frequency behaviour of the components too.

Figure 4.3: AAL variation depending on the considered number of radii.

Figure 4.4: SPL variation depending on the considered number of radii.
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4.3.2. Loudspeaker equipped with a stiffer spider (KMS = 5.65 N/mm)

We start the result analysis by looking at the loudspeaker equipped with the stiffer spider.

AAL and SPL in figure 4.5 and components calculation results in figure 4.6 refer to a 450
measurement points grid with constant radius spacing (figure 2.5).

Figure 4.5: AAL and SPL curves of the stiffer spider loudspeaker for a 450 measuring
points grid with constant spacing on the radius.

Figure 4.6: In-phase, anti-phase and quadrature components of the stiffer spider loud-
speaker for a 450 measuring points grid with constant spacing on the radius.



50 4| Analysis of results

Figures 4.7 and 4.8 show AAL and SPL and components calculation results for the 450
measuring points grid with non constant radius spacing (figure 2.6).

Figure 4.7: AAL and SPL curves for a 450 measuring points grid with non constant points
spacing on the radius (higher points density on the edge) for the loudspeaker equipped
with the stiffer spider.

Figure 4.8: In-phase, anti-phase and quadrature components of the loudspeaker equipped
with the stiffer spider for a 450 measuring points grid with non constant points spacing
on the radius (higher points density on the edge).
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Figures 4.9 and 4.10 show AAL and SPL and components calculation results for the
detailed scan grid with 3200 measuring points grid with constant radius spacing (figure
2.7).

Figure 4.9: AAL and SPL curves for a 3200 measuring points grid with constant points
spacing on the radius for the loudspeaker equipped with the stiffer spider.

Figure 4.10: In-phase, anti-phase and quadrature components for the loudspeaker
equipped with the stiffer spider for a 3200 measuring points grid with constant points
spacing on the radius.
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Lastly, figures 4.11 and 4.12 show AAL and SPL and components calculation results for
a 3200 measuring points grid with non constant radius spacing (figure 2.8).

Figure 4.11: AAL and SPL curves for a 3200 measuring points grid with non constant
points spacing on the radius (higher points density on the edge) for the loudspeaker
equipped with the stiffer spider.

Figure 4.12: In-phase, anti-phase and quadrature components for a 3200 measuring points
grid with non constant points spacing on the radius (higher points density on the edge)
for the loudspeaker with the stiffer spider.
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4.3.3. Loudspeaker equipped with a softer spider (KMS = 2.65 N/mm)

Figures 4.13 and 4.14 show AAL and SPL and components calculation results for a 450
measurement points grid with non constant points spacing on the radius (higher points
density on the edge) of the measurements preformed on the loudspeaker with equipped
with a softer spider.

Figure 4.13: AAL and SPL curves for the 450 measuring points grid with non constant
points spacing on the radius (higher points density on the edge) for the loudspeaker
equipped with the softer spider.

Figure 4.14: In-phase, anti-phase and quadrature components for the loudspeaker
equipped with the softer spider for a 450 measuring points grid with non constant points
spacing on the radius (higher points density on the edge).
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Figures 4.15 and 4.16 show the AAL and SPL and components calculation results for the
792 measurement points grid. This grid has 22 radii and 2 mm constant spacing among
measurement points on each radius.

Figure 4.15: AAL and SPL curves for a 792 measuring points grid with constant points
spacing on the radius and 22 radii (36 measurement points spaced 2 mm on each radius).

Figure 4.16: In-phase, anti-phase and quadrature components for the loudspeaker
equipped with the softer spider for a 792 measuring points grid with constant points
spacing on the radius and 22 radii (36 measure points spaced 2 mm on each radius).
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4.4. Results comparison between the experimental

measurement system and the commercial laser

measurement instrument

The measurements results of the loudspeaker with the softer spider have been compared
with the ones of the Klippel instrument machine [41, 42]. Results of this comparison are
shown in this section and some comments on them are presented in section 4.5.

To compare the results obtained with the Klippel hardware as closely as possible with
those obtained with the in-house developed instrument, a 451 measurement points grid
was used to perform the scan with the Klippel hardware and a 450 measurement points
grid with non constant points spacing on the radius (higher points density on the edge)
as in figure 2.6 was used to perform the scan with the in-house developed instrument.

Please, note that some differences could not be eliminated and should be taken into
account in the following analysis:

• In the commercial hardware grid distance among measurement points decreases as
radius increases (following an 1/r relation), while the in-house developed instrument
distance among measurement points is constant (though reduced and become denser
above a certain radial coordinate).

• The commercial hardware considers the real cone geometry in its calculations while
the in-house developed instrument, as already explained, at the current stage re-
trieves loudspeaker geometry from the ideal CAD model (no flat cone surface ap-
proximation was used for this comparison).

Figure 4.17 shows the comparison between the AAL as computed with the Klippel hard-
ware machine and as computed with the in-house developed instrument.
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Figure 4.17: AAL results comparison between the Klippel machine (with a 451 points
grid) and in-house developed instrument (with a 450 points grid).

Figure 4.18 shows a comparison between the SPL as measured in an anechoic room placing
a microphone at 1 m distance, with the loudspeaker in the closed box (as shown in figure
3.1), SPL as computed with the commercial hardware and with the in-house developed
instrument.

Figure 4.18: SPL results comparison between the Klippel machine (with a 451 points
grid) and in-house developed instrument (with a 450 points grid). The blue curve is
the SPL measured in an anechoic room placing a microphone at 1 m distance, with the
loudspeaker in the closed box (as shown in figure 3.1).
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Figure 4.19 shows the the comparison between the components computed with the Klippel
hardware and with the in-house developed instrument.

Figure 4.19: Components results comparison between the Klippel hardware (with a 451
points grid) and the in-house developed instrument (with a 450 points grid).

4.5. Comments on results

The first interesting result is that AALs of the flat cone surface approximation and CAD
geometry surface coincide for each different measurement grid.

This was an expected result because, since AAL does not takes into account the phase,
the distance between the measured points and the observation point |ra − rc| does not
affect the phase3.

Another important observation we can made is how the SPL calculated starting from
the CAD geometry generally fits better the SPL measured with the microphone in a
closed box. Measurements performed with detailed grids (figures 2.7 and 2.8) show better
agreement with the measured SPL than measurements performed with exploratory grids
(figures 2.5 and 2.6) do.

This proves the importance of having a denser grid to account for geometrical details.
Another important aspect relating to the grid choice is the spatial distribution of mea-
surement points on the radius. We can notice an antiresonance in the SPL around 1800Hz

in both loudspeakers.

3The small variations of the distance |ra − rc| due to the differences between the CAD geometry and
the real profile of the cone still influence the phase in a negligible way.
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Decomposing the vibrational behaviour in a modal summation following the analysis
performed on [16], we can suppose behaviour at that frequency depends on the rubber
surround that is oscillating in anti-phase with the other parts of the surface (and therefore
gives a negative contribution to the SPL). We can see how in grids with a denser number
of measurement points on the edge, the calculated SPL at that frequency shows better
the measured one (for example in figures 4.5 and 4.7).

To summarize the results on the loudspeaker with the stiffer spider, the following figures
compare the AALs and SPLs calculated for the four different measurement grids consid-
ering the flat cone profile and CAD geometry approximation. We immediately notice that
the AALs are almost identical to the previously discussed observations.

Furthermore, in the case of both the exploratory grid and the detailed grid, a higher
density of measurement points at the edge allows for a higher level of precision around
the points where resonances and antiresonances occur.

The measurement made with the exploratory grid and the non constant radius spacing
differs from the others: even if the problems of the anti-phase behaviour are evident,
the measurement was performed with a low SNR and thus AALs and SPLs curves differ
greatly from the others, especially at high frequencies.

Figure 4.20: AALs comparison between different measurement grids (figures 2.5, 2.6, 2.7
and 2.8) considering flat cone approximation.
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Figure 4.21: AALs comparison between different measurement grids (figures 2.5, 2.6, 2.7
and 2.8) considering CAD geometry.

Figure 4.22: SPLs comparison between different measurement grids (figures 2.5, 2.6, 2.7
and 2.8) considering flat cone approximation.

Figure 4.23: SPLs comparison between different measurement grids (figures 2.5, 2.6, 2.7
and 2.8) considering CAD geometry.
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The same condition can be retrieved from the analysis of the loudspeaker equipped with
the softer spider: the computed SPL shows a better agreement with the measured SPL
curve at 1800 Hz (antiresonance frequency) with the exploratory 450 points grid with non
constant radius spacing (figure 4.13) with respect to the 792 points grid with a regular
radius spacing (figure 4.15). In the components decomposition figures, the anti-phase
component appears only above a certain frequency. Since components are strictly related
to the AAL and SPL behaviour, as explained in section 2.3 and 2.4, if the SPL computed
with the flat cone surface approximation differs from the SPL computed considering the
CAD geometry, then components calculated basing on this or that approximation differ
too. Looking at the comparison between the commercial hardware and the in-house
developed instrument results, the AALs curves are almost identical. The small differences
between them can be caused by several factors such as:

• Different SNR in the measurement (especially at high frequencies where displace-
ment is limited).

• Different loudspeaker measuring position that could not be properly centered.

• Since both compared grids have 30 radii at 12 degrees each, the two measurements
could be performed on a different rotation angle and thus considering different radii
with a slightly different modal behaviour.

• Different post processing filtering and elaboration.

SPL curves are very close too. Both curves follow the profile of measured one. The biggest
differences between the two computed SPL curves appears at the "critical points" where
resonances and antiresonances occur. Taking also in account the same considerations
made for the AALs differences, the SPLs differences can also be caused by:

• Phase difference at the reference point where AAL and SPL are computed consider-
ing the real (with its irregularities) or the "ideal" CAD geometry in the calculations.

• Phase difference due to the sound card latency. As explained in section 2.2.1,
this latency is compensated only during the post processing step with MATLAB
finddelay function and taking a known measured IR as reference for the cross-
correlations. In this way, small phase delays in the measured displacement due to
the real loudspeaker behaviour could have been erroneously compensated as if they
come from the sound card.

Both the curves from the Klippel measurement instrument and from in-house developed
instrument exhibit a similar behaviour. The differences between them depend on the
different AAL-SPL relations, as previously explained.
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4.5.1. Components visualization comparison

According with section 2.4.2, after computing the in-phase, anti-phase and quadrature
components it is possible to visualize them on the loudspeaker surface by considering
their real part [52]. Considering figure 4.18 and fixing the frequency at 5000 Hz where
a dip in the SPL is visible in results obtained both with the Klippel hardware and with
the in-house developed instrument, we will now compare the components decomposition
results.
It must be kept in mind that results can greatly differ depending on the diameter of the
loudspeaker we are considering. In particular, there may be the possibility that the grid
radii measured with the commercial instrument may not be placed at the same angle as
those measured with in-house developed instrument, thus giving a different result.

Moreover, the component plots amplitude is arbitrarily assigned in order to more easily
visualize moving parts. In figure 4.24 we can see the components decomposition result
of the Klippel instrument for a radius placed at +216 degrees with respect the first one
(in the exploratory grid with 30 radii, the corresponding diameter at this angle takes in
account the fourth and the eighteenth radii).

Looking at the anti-phase component (on the top), we can notice that the points where
the diaphragm is moving in anti-phase lie on the surround and on the dust cup. From the
in-phase component plot (in the middle) we can see that the in-phase moving points lie
on the cone and on the dust cup surface. The quadrature contribution (on the bottom)
is instead spread all over the cone surface.

In figure 4.25 we can see the component decomposition of in-house developed instrument
at the same frequency for a radius that is placed at +180 degrees with respect the first
one (in the exploratory grid with 30 radii, the corresponding diameter at this angle takes
in account the first and the fifteenth radii). We can see in the anti-phase component plot
(on the top) that point moving in anti-phase are very close to the ones identified by the
commercial instrument. Also the in-phase component plot (in the middle) presents several
similarities with the one of the Klippel instrument. The quadrature component (on the
bottom) is the one that most differs from the one obtained with the Klippel instrument,
although, since in both cases it extends over the entire loudspeaker surface.
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Figure 4.24: Components graphical decomposition results from the Klippel instrument
measurement and software at 5000 Hz. Anti-phase component on the top, in-phase
component in the middle and quadrature component at the bottom [41].
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Figure 4.25: Components graphical decomposition results from in-house developed instru-
ment at 5000 Hz. Anti-phase component on the top, in-phase component in the middle
and quadrature component at the bottom.
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5| Further developments and

conclusions

5.1. The importance of the laser scanning technique

in loudspeaker design

The primary objective of this project was to develop a practical and useful instrument that
would assist loudspeaker designers in their work. Laser displacement sensors have gained
significant popularity over the years and are commonly used in commercial measuring
devices. The key emphasis of this endeavor was to demonstrate how vital information for
research and development of new products can be derived from a straightforward laser
measurement. By harnessing the capabilities of this instrument, hundreds of measure-
ments could be effortlessly executed, eliminating the need for time-consuming manual
operations. Moreover, the gathered data could be processed using advanced algorithms
and analytical techniques, enabling comprehensive analysis and interpretation.

The significance of this work extends beyond the mere creation of an instrument. It serves
as a testimony to the transformative potential of laser measurements in generating cru-
cial insights and supporting the advancement of loudspeaker design. By showcasing the
extraction and processing of essential data through this innovative approach, the project
aimed to highlight the broader possibilities that exist in utilizing laser instruments for re-
search and development purposes. The successful implementation of this instrument has
the potential to help the loudspeaker design process, making it more efficient and stream-
lined. By automating measurements and employing data processing techniques, designers
can gain deeper insights into the performance and characteristics of their products. This,
in turn, facilitates the research and development of new and improved loudspeaker designs,
leading to enhanced sound quality and user satisfaction.

The use of simulation and prediction software (such as COMSOL) in loudspeaker design
has been gaining momentum over the past five years, giving rise to new challenges.
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Materials characterization in order to obtain correct simulation results plays an increas-
ingly crucial role. In most cases, the characteristics of materials purchased from suppliers
(located especially in South East Asia) are unknown. An hardware such as the one pre-
sented in this work is therefore of great use for the characterisation of material parameters.

The possibility of estimating material parameters such as density and Young’s modulus
by comparing the results of the laser measurement and those of the simulation software
opens up a new scenario in the world of loudspeaker design and opens up new possibilities
for designers.

Furthermore, the instrument presented in this work could become a turning point and
greatly speed up loudspeaker design process. The ability to decompose the vibrational
behaviour of a loudspeaker cone and graphically visualize which parts have problems
provides the designer with fast and accurate information on how to remedy them.

5.2. Future developments

Several improvements and changes can be implemented to improve the results and relia-
bility of this measurement instrument:

1. An acquisition card or similar hardware with DC-coupled inputs which is able to
read the DC voltage from the laser sensor output could be implemented. In this
way, two operations could be performed:

(a) The real cone surface shape could be obtained by calculating the laser sensor
distance from the cone surface depending on its output voltage. The real
surface shape could then be used to calculate the Rayleigh’s integrals 2.6, 2.7
more accurately (instead of using CAD geometry shape).

(b) Check when the laser sensor goes out of its focal range of measurements and, in
case, sending a voltage signal to a robot input port to modify the laser sensor
Z axis coordinate.

This card could be easily controlled in MATLAB and implemented in the already
existing framework.
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2. The measurement and compensation of the sound card and system latency can be
done in the measurement phase instead of in the post processing phase. Using
the same MATLAB finddelay function introduced in section 2.2.1, the measured
displacement signal could be immediately compared with the stimulus signal that
is acquired by creating a loop between an output channel and an input channel of
the sound card. In this way, only the latency of the sound card and the system are
compensated with no risk of compensating delays due to other causes (such as band-
limited physical behaviour of loudspeaker components). Another possible approach
may be to eliminate or make the measurements latency constant by finding another
suitable acquisition device.

3. Once the latency is properly compensated, multiple measurements can be taken at
the same measurement point and averaged to greatly improve the SNR.

4. Components graphical visualization (section 2.4.2) on the cone surface can be im-
proved by adding a time dependence (and thus looking at how the components
change over time). The total displacement and its time dependence can be imple-
mented and shown on the cone profile too.

5. A 3D total displacement and components displacement decomposition over the loud-
speaker surface could be shown as in the [25] work.
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