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Abstract

Reinforcement Learning (RL) is a powerful framework for solving sequential decision-
making problems by maximizing the accumulated sum of a suitable scalar reward signal.
The choice of the reward is fundamental in obtaining good performances on the task,
however, defining such reward is often challenging, requiring lots of task-specific knowl-
edge and often needing to account for different underlying objectives. Several approaches
try to overcome this criticality. Preference-based Reinforcement Learning (PbRL) algo-
rithms learn to solve the task by asking a human expert for preferences over examples
of solutions for the task (called trajectories), instead of requiring a reward; usually, this
is done by learning a surrogate reward (called reward model) from comparison data, and
then utilize standard RL techniques. An additional challenge arises when the agent has
to handle multiple, and often contrasting, objective. In the literature, Multi-Objective
Reinforcement Learning (MORL) enables the specification of multi-dimensional rewards,
allowing to effectively learn several policies for different combinations of the objectives.
When translating the multi-objective problem to PbRL, this corresponds to an expert not
being able to provide an explicit preference since the trajectories may be incomparable,
meaning that neither is better than the other w.r.t. all the objectives. This possibility en-
ables learning a reward model that encodes the various dimensions of the task, ultimately
obtaining a MORL problem instance. In this work, we present the novel setting in which
an algorithm learns a multi-dimensional reward model from preference data. We formalize
this setting, define the desiderata that a preference model needs to satisfy, and present an
important negative result concerning the optimization procedure of such models. We then
define three choices of models that extend the Bradley-Terry (BT) model (a probabilistic
model adopted ubiquitously in standard reward modeling) and that comply, in part or
completely - accounting for optimization guarantees - with the aforementioned desider-
ata. Finally, we validate these preference models through various experiments, focusing

on their ability of learning from small amount of data and from non-optimal experts.

Keywords: Reward Modeling, Preference-based Reinforcement Learning, Multi-Objective

Reinforcement Learning, Bradley-Terry Model.
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Abstract in lingua italiana

I1 Reinforcement Learning (RL) ¢ un potente framework per risolvere problemi di deci-
sione sequenziale massimizzando la somma accumulata di un opportuno segnale di ricom-
pensa scalare. La scelta della ricompensa ¢ fondamentale per ottenere buone prestazioni
sul problema; tuttavia, definirla & spesso difficile, richiedendo molta conoscenza del do-
minio e la necessita di considerare diversi obiettivi sottostanti. Diversi approcci cercano
di superare questa criticita. Gli algoritmi di Preference-based Reinforcement Learning
(PbRL) imparano a risolvere il compito chiedendo a un esperto umano di esprimere pref-
erenze tra esempi di soluzioni del problema (chiamate traiettorie), invece di richiedere
una ricompensa esplicita; solitamente, cid avviene apprendendo una ricompensa surro-
gata (chiamata reward model) da queste preferenze, per poi utilizzare tecniche standard
di RL. Una sfida aggiuntiva emerge quando ’agente deve gestire obiettivi multipli, spesso
in contrasto tra loro. In letteratura, il Multi-Objective Reinforcement Learning (MORL)
consente la specificazione di ricompense multidimensionali, permettendo di apprendere ef-
ficacemente diverse politiche per diverse combinazioni degli obiettivi. Quando si traduce
il problema multi-obiettivo in PbRL, cio corrisponde a un esperto che non ¢ in grado di
fornire una preferenza poiché le traiettorie possono essere incomparabili, ossia, nessuna ¢
migliore dell’altra rispetto a tutti gli obiettivi. Questa possibilita consente di apprendere
un reward model che codifica le varie dimensioni del problema, ottenendo un’istanza di
problema di MORL. In questo lavoro presentiamo un nuovo scenario in cui un algoritmo
apprende un reward model multidimensionale a partire da preferenze. Formalizziamo
questo setting, definiamo i requisiti (desiderata) che il modello di preferenza deve soddis-
fare e presentiamo un importante risultato negativo riguardante I'ottimizzazione di tali
modelli. Definiamo poi tre scelte di modelli che estendono il modello di Bradley-Terry
(BT) — un modello probabilistico ampiamente adottato in reward modeling classico —
e che soddisfano, in parte o completamente (considerando le garanzie di ottimizzazione),
i suddetti requisiti. Infine, validiamo questi modelli tramite diversi esperimenti, focaliz-

zandoci sulla loro capacita di apprendere da dataset limitati e da esperti non ottimali.

Parole chiave: Reward Modeling, Preference-based Reinforcement Learning, Multi-
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Objective Reinforcement Learning, Modello di Bradley-Terry.
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]_ ‘ Introduction

Reinforcement Learning [RL, 55| is a well-known paradigm of Machine Learning [ML, 7] in
which an agent learns to control a dynamic environment by acting on it. "Controlling", in
this sense, means learning a decision-making strategy (namely, a policy) that maximizes
a scalar reward signal that is given to the agent by the environment, and that encodes
the notion of the goal for the task. Due to its strong theoretical foundations, RL has
become a very attractive tool to solve sequential decision-making problems from data,
and has already seen many successful applications, starting from playing board games
such as backgammon [56] and Go [50] at world champions’ level, and spanning to robotics
[32] and medical applications [59, 72].

1.1. Motivation

In real-life applications, a critical and not straightforward task is engineering the reward
function: infinite choices exist, and, in the majority of cases, many objectives, often
conflicting with each other, need to be encoded in the reward. Moreover, the agent’s
learned policy is very sensible to small perturbations of the reward [43], possibly giving
rise to reward hacking issues, i.e., the agent may try to maximize the given reward by
"hacking" it and not pursuing the real goal of the task [3]. Due to these criticalities,

several alternatives have been proposed in the literature.

A framework that tries to cope with such problem is Preference-based Reinforcement
Learning |[PbRL, 68]. PbRL approaches this problem by changing the paradigm of in-
teraction between the agent and the environment: the reward is substituted by a human
expert capable of labeling pairs of interactions (called trajectories) between the agent and
the environment, providing a preference between the two to the agent. In recent years,

PbRL has seen great advances in both theoretical works [49] and practical applications
[27].

Another framework directly dealing with the reward engineering problem is Multi-Objective

Reinforcement Learning [MORL, 25|, a paradigm of RL in which the reward signal is
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multidimensional, therefore taking into account diverse objectives for the task. MORL
algorithms make it possible for the agent to learn a family of behaviors for the agent, each
being optimal for a certain relative importance between the objectives. This approach
is surely more generic than classic RL, however, it still requires a correctly engineered

reward function, that has to be chosen from infinite possibilities.

Learning from preferences is again problematic in the case of multiple underlying task
objectives, since the expert may be asked to label a pair of trajectories in which one
trajectory is better than the other with respect to one objective, and vice versa for some

other objective. This is a scenario that has been widely overlooked in previous literature.

The main approach utilized by PbRL algorithms is to separate the problem in two steps:
(a) learning a reward model from preference feedback, i.e., a numerical, surrogate reward
signal to then (b) learn a policy that is optimal with respect to this learned reward
model. The most employed model and de-facto standard way to learn a reward model is
the Bradley-Terry [BT, 10] model [10], a probabilistic approach that models the expert

behavior in selecting preferences for trajectory pairs.

Recently, [19] analyzed the computational complexity of representing order relations with
multi-dimensional utility signals in PbRL, conjecturing that the problem of assessing
whether a policy is Pareto-optimal with respect to all other policies is NP-hard. This result
motivates shifting to employing numerical reward signals that, at the price of introducing
a bias, provide more friendly computational properties. The idea of learning a multi-
dimensional reward model from preference feedback with the possibility of two trajectories
to be incomparable by the expert remains, to this day, only an interesting unexplored

research direction [68].

Being able to learn a family of Pareto-optimal policies in multi-objective settings when
only comparison feedback from an expert is available would be of paramount importance
as it would simplify the reward engineering problem in multi-objective problems, that are
very frequent in practical applications. A clear example is autonomous driving |71, 26],
in which a human would like to optimize many contrasting objectives, such as quickly
arriving at the destination, preserving safety for herself and the other road users, not
breaking traffic laws, maximizing comfort for the passengers, and many more. However, it
is far from trivial for a human to numerically encode all those objectives in a vector, while
it is much simpler to assess whether two trajectories (i.e., two travels in an autonomous

vehicle) are one preferred to the other or the two maximize contrasting objectives.

Large Language Models [LLMs, 8|, whose popularity and usefulness in everyday life is

constantly increasing, utilize PbRL algorithms in their training process, during the final
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alignment phase [42]. This phase has the objective of avoiding unwanted behaviors from
the LLM, while aligning with desirable objectives such as correctness, completeness, co-
herence, brevity or harmlessness of the LLM responses. All these objectives are in some
way contrasting with some other (for example, completeness and brevity), however, ex-
perts are only able to give a strict preference between trajectories (i.e., LLM responses to

a query) and the incomparable ones are simply discarded.

1.2. Goal

The goal of this research is to address the problem of learning multi-dimensional reward
models in the case of an expert labeler able to, given a pair of trajectories, either express a
preference of one with respect to the other or declare the pair as incomparable. Precisely,
the objectives are formalizing the problem, formalizing what a probabilistic expert model
should achieve in such setting and then designing suitable expert models that are the most
general (for example, that can effortlessly adapt to any dimensionality of the problem at
hand), that reduce to already de-facto standard models in the case of scalar rewards and

that have guarantees on the optimization procedure.

1.3. Original Contributions

The contributions of this work can be summarized as follows:

e We introduce a novel framework in which an agent interacts with an MDP without
explicit reward function, but in presence of an expert capable of, given a trajectory
pair, expressing feedbacks belonging to four distinct classes: two classes for strict
preference, one for indifference and one for incomparability between the pair. The

expert is modeled probabilistically.

e We define the rational multi-objective expert model, i.e., a set of properties that any
expert acting on the difference of utility score U (7)) — U (72) of the two trajectories
must satisfy. These conditions are expressed, without any assumption on the struc-
ture of the probability function, on the 4-categorical probability distribution of the
label.

e We present an important negative result: any model complying with the rational
multi-objective expert model definition has non-convex negative log-likelihood in the
general case. We describe the implications of this result and the way this impacts

the subsequent design choices for expert models.
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e We present three choices of expert model (Model A, Model B and Model C), illus-
trating the choices made, in each case, regarding the trade-off between expressivity
of the model (in terms of degree of compliance with the aforementioned definition)
and optimization guarantees. Moreover, we validate these expert models through
various experiments, analyzing the optimization results on small to considerable-
size datasets and conducting robustness studies in which the expert behaves sub-

optimally.

1.4. Thesis Structure

We start by revising, in Chapter 2, useful concepts from various fields, needed to under-
stand the setting of the problem and our contributions. Then, in Chapter 3, we present
literature works that are related to our contributions, highlighting the differences with
our work. In Chapter 4, we formalize the setting of our problem and present the desider-
ata of a reward model in this setting, discussing a negative result concerning any model
complying with such desiderata. Then, in Chapter 5, we propose three choices of models
complying, totally or partly, with the aforementioned desiderata, highlighting the design
choices made. In Chapter 6, we validate and analyze these models through experiments
on various datasets. Finally, in Chapter 7, we draw the conclusions of our work, and

present some possible future working directions.
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In this chapter, we present the basic notions required to understand the contents of the
following chapters, and in particular to understand the setting of the problem and our
contributions. Firstly, in Section 2.1, we introduce the concept of convex function, then,
in Section 2.2, we present two important statistical distances. In Section 2.3, we revise
useful notions from order relation theory, then, in Section 2.4, we introduce Reinforcement
Learning; in Section 2.5, we present some concepts from its specialization field Preference-
based Reinforcement Learning. Finally, in Section 2.6, we introduce key notions of Multi-

Objective Reinforcement Learning.

2.1. Convex Functions

A set S is convex if the line segment between any two points in S lies in S, i.e., for any

z,y € S and any A € [0, 1] we have:

A+ (1— Ay €S, (2.1)

A function f : R™ — R is convez in its arguments if dom(f) is a convex set and if, for all
x,y € dom(f), and X € [0, 1], the following property holds:

fOx+ (1= Ny) < Af(x)+ (1= A)f(y) (2.2)

Geometrically, it means that the line segment connecting (x, f(x)) to (y, f(y)) lies above
the graph of the function f. A function f is said concave if —f is convex. As an example
consider any linear affine function f : R?, defined as f(x) = a'x + b: it can be trivially
proved that such function is both convex and concave (intuitively, property in Equation
2.2 holds as equality, since the line segment connecting any two points overlaps exactly
with the graph of the f).
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2.2. Statistical Divergences

Given two discrete probability distributions P(x) and Q(z), = € X, the Kullback-Leibler
KL, 33| divergence of P with respect to @, denoted as Dk (P || Q) is defined as:

P(z)

Dgr(P P(z 2.3

k(P Q)= P o) (2.3)
zeX

The Kullback-Leibler divergence is an asymmetric measure of distance between the two

probability distributions, and, informally speaking, quantifies how inefficient it is, on

average, to approximate a (real) distribution P with an approximator distribution Q.

The Jensen-Shannon divergence between two probabilities distributions P(z) and Q(x)

is defined as:

Dys(P 1| Q) = 5 Da(P | M) + 3 Drr (@ || M) 2.4

where M := PLQQ is a mizture distribution of P and (). This measure has the advantage

to be symmetric with respect to P and ). We employ this metric in Chapter 6.

2.3. Order Relations

2.3.1. Pre-orders, Orders, Equivalence Relations

Given two sets A and B, a binary relation between A and B is defined as a subset R of
the Cartesian product between the two sets (i.e., product set). In mathematical terms,
R C A x B. From now on, we will consider, for later convenience, A = B = X. We shall
also make use of the infix notation: we will denote (x,y) € R as zRy. We can define some

properties that a relation R C X x X may satisfy:
(a) reflexivity: Vo € X : vRx
(b) transitivity: Yx,y,z € X : xRy N\yRz — xRz
(c) symmetry: Yx,y € X : xRy — yRx
(d) antisymmetry: Yr,y € X : xRy A\yRr — x =1y

A relation <yC X x X is called a pre-order if it is reflexive and transitive. A relation
<=xC X x X is called a partial order if it is a pre-order and it is also antisymmetric. A
(pre-)order is called total if Yo,y € X : x <=y yVy =x x. We say that two elements
x,y € X are equivalent with respect to <y if <y y Ay <y x, and we denote it by

r <y y. Similarly, we say that z and y are incomparable (and denote it by x ||x y) if
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neither x <y y nor y <y = (otherwise, we say that x and y are comparable). We notice
that a pre-order allows two elements to be equivalent while still being distinct, while this

is not true in an order.

The aforementioned notion of equivalence can be formalized by defining the equivalence
relation as a reflexive, symmetric and transitive relation between elements of X'. It can
be seen that <y is indeed an equivalence relation. Given an element x € X', we denote
its equivalence class as [z] := {y € X :y =<y x}. We define the quotient set X/ =<y as
the set of all the equivalence classes created by =<y over X. <y is an equivalence relation

that induces a partial order over the quotient set X'/ <y, i.e., [2] Sx/=, [y] if  2x v.

As a simple example, one can think of the "less than or equal to" relation between natural
numbers (N). This is an order relation, since it is (trivially) reflexive, antisymmetric and
transitive; moreover, the order is total since each pair of natural numbers is comparable in
terms of which is greater. Another, important example is the component-wise (or Pareto)
partial order between real vectors u,v € R?, defined as follows: u X v <= Vi € [d] :
w <v,andu<v <= Vie[d:u <v A 3Jjeld]:u; <v,.

Other examples on small sets are depicted in Figure 2.1.

) Pre-order, since C < (b) Addmg (B,D) to (c¢) Removing ) To make it total, we
(C # D), and partial, the relation makes the creates an order, since can insert (B, D), elimi-

since B || C' and B | D. pre-order total (now we have noequivalences; nating every incompara-
B <D and B=<C). it is partial since B || C.  bility.

Figure 2.1: Graphs of order relations; nodes represent elements x € X', and arcs x — y

are drawn if (z,y) €<y (reflexive and transitive arcs are omitted for clarity).

2.3.2. Order Dimension, Width

In this Section, we define two important properties of any order relation: order dimension
and width.

Given an order relation <yC X x X and a total order relation <;C X x X, then <y
is said to be a linear extension of <y if 3C<y (ie, z =y y = = <y y). A
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realizer of an order relation <y is a set of total orders {S‘;\{ﬂ'}ie[[d]] s.t. ﬂiem <xi=Z=x.
This concept is fundamental in defining an intrinsic property of any order relation: the
order dimension [20, 58]. The order dimension of an order <y, denoted as dim(=x),
is defined as the least cardinality of a realizer of that order (i.e., d = min{d € N :
I{<x,itierq st ﬂie[[d]] <x.==x}). In the case of a total order relation <y, trivially
dim(<y) = 1. We can extend the concept of order dimension to pre-orders by defining it

as the order dimension of the partial order induced over the quotient set, i.e., dim(=x/=, ).

An antichain is a subset of X such that all elements in the subset are incomparable with
each other. The width of an order relation is the maximum cardinality of an antichain
(i.e., width(Xx) = maz{|Y]| : Y C X st. Ve,y € YV :x £y = z|x y}).

It is known that dim(=<xy) < width(=<x) [18]. From a computational perspective, it is
known that verifying whether the order dimension is at most k£ is NP-hard for £ > 3
[23, 70]; furthermore, unless NP=ZPP, there exists no polynomial-time algorithm to ap-
proximate the order dimension with a factor of O(|X|'~¢), for every € > 0 [14]. Calculating
the width of an order relation is, instead, a problem solvable in polynomial time, and a re-

alizer of size |width(=<y)| can be found solving a minimum path cover problem in O(]X|?).

An illustrative example of width and dimension of a partial order is depicted in Figure
2.2.

~._ Maximum cardinality
antichain

\

N ° °

(a) This is the graph of a par- (b) It is trivial to verify that the intersection of these two total orders

tial order <x. We can see that coincides with the initial order <y. This is indeed a realizer, and
B || C || D, therefore forming one of minimum cardinality; therefore dim(=<y) = 2.

an antichain of length 3; giving

Figure 2.2: Example of partial order, antichain and realizer.
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2.4. Reinforcement Learning

Reinforcement Learning |[RL, 55| is a very well known paradigm of Machine Learning
[ML, 7] in which an agent is placed inside a dynamic environment, and its goal is to learn
to control such environment. The agent does so by learning a behavioral policy, i.e., a
mapping between a particular state of the environment and the action the agent needs to
perform in that state. The ultimate objective of the agent is to maximize a scalar reward

function, that can be observed by the agent during the learning process.

Each practical instance of a sequential decision-making problem needs to be tackled by
modeling the environment and the interaction protocol between the learning agent and
the environment. The modeling choice for the environment that is the most common in
the literature and most frequently used in real-life applications is the Markov Decision
Process [MDP, 46|. In this work, we focus on its finite-horizon version, in which each
interaction between the agent and the MDP is finite and has the same length in terms of
temporal timesteps. In the following, two important models that will be used extensively

throughout the contributions section are defined.

Finite-horizon Markov Decision Process without Reward (MDP\R) A finite-
horizon Markov Decision Process Without Reward [MDP\R, 1] is a tuple M := (S, A, H, P, 119)

where:

S is the (finite) set of states.

A is the (finite) set of actions.

H € N is the time horizon: after this amount of timesteps, the interaction ends.

P is the state transition probability function P : S x A x [H] — A(S), P(s'|s,a,t)

models the probability of going from state s to s’ playing action a at timestep t.

po € A(S) is the initial state distribution, pug(s) specifies the probability that the

environment is initialized at state s.

Finite-horizon Markov Decision Process (MDP) A finite-horizon Markov Deci-
sion Process [MDP, 46] is a tuple M := (S, A, H, P, R, j1o) where:

e (S, A, H,P, ) is a finite-horizon MDP\R.

e R is the scalar reward function R : S x A x [H] — R, R(s,a,t) specifies the

reward that the agent receives from the environment by playing action a in state s

at timestep t.
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A trajectory is an ordered sequence of state-action pairs 7 := (sp, an)refa;- We denote

the space of all possible trajectories as 7 C (S x A)X.

Markov property The MDP model presents one important property, namely the
Markov property for stochastic processes. A stochastic process X; is said to be Markovian

if and only if:
]P(Xt+1 - j‘Xt - Z',thl = ktfl, '-'7X1 - klaXO - ko) - P(XtJrl - j’Xt = Z) (25)

In other words, the current state of the process captures all the information about the
past, and the past history of the process may be "forgotten". One can easily verify that
this property holds for MDPs, since both the transition model P and the reward model

R do not depend on previously visited states and played actions.

In RL, the agent interacts with an environment, usually modelled as MDP, to maximize
the cumulative reward. The interaction proceeds as follows: at each timestep t, the
agent receives the current state s; from the environment, "plays" an action a; € A and,
subsequently, receives the reward r; from the environment. The whole interaction protocol

is sketched in Figure 2.3.

Agent

observation s; T ,
reward r; action ay
(current state)

Environment

Figure 2.3: Sketch of the interaction protocol between an RL agent and the environment.

Policy Given a finite-horizon MDP (S, A, H, P, R, 119) a (Markovian) policy is a collec-
tion m = (7 )neqmy of probability distributions 7 (als) = P(als, h) over the action space

A, given the state s, at timestep h.
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Value functions Given a policy m we define the state-value function as the expected

return obtained starting from s at timestep ¢, and following policy 7:

Vi(s) = E

Z TR|m, s = s] : (2.6)

h=t+1

Similarly, given a policy w, we define the action-value function as the expected return

obtained from s at timestep ¢, playing a; = a and then following policy

Q?(&a) =E

H
Z rh|m, s = s, a; = a] . (2.7)

h=t+1

Note: the expectation in Equations 2.6 and 2.7 is computed with respect to the stochasticity

of the policy and the environment.

Solving a finite-horizon MDP The optimal state-value function V*(s) is the maxi-

mum value function, at ¢t = 0, over all policies:

V*(s) = max Vi (s). (2.8)

The ultimate goal of an agent in an MDP is to learn an optimal policy 7*, i.e., one

maximizing the value function in each state:

T € arg mgx{%”(s)}. (2.9)

Bellman Optimality Equation [6] The Bellman Optimality Equation for V* is an
equation expressing the fact that the value of a state under an optimal policy must equal

the expected return for the best action from that state:

Vi (s) = max Qi (s,a) = max {R(s, a,t) + Z P(s'|s,a,t) V;*(s')} . (2.10)

s'eS

From V* to n* It can be proven that, given an MDP, there always exists a deterministic,
Markovian optimal policy, and it can be easily obtained starting from the optimal value

function V*(s) by selecting, in each state, the action maximizing the expected value of
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the next state:

7 (a|s) = arg max {R(s, a,t) + Z P(s'|s,a,t) Vt*(s')} : (2.11)

s'eS

The main approaches in solving an MDP are (a) finding a fixed point of the Bellman
Optimality Equation (Equation 2.10), for example using Dynamic Programming (DP)
approaches such as Value Iteration (VI), Policy Iteration (PI), any Generalized Policy
Iteration (GPI) algorithm or using RL algorithms such as Q-learning [64]; (b) using op-
timization formulations of the MDP problem, solve Linear Programs (LP) or convex
programs to find an optimal policy. For the specific case of the finite-horizon, Backward
Induction (BI) is usually adopted to obtain the optimal value function in a finite number

of steps, then an optimal policy can be derived using Equation 2.11.

2.5. Preference-based Reinforcement Learning

In this section, we introduce a specialization of Reinforcement Learning, namely Preference-
based Reinforcement Learning. We start by introducing one of the major issues concerning
the typical RL paradigm: the reward engineering phase; then, we define a possible so-
lution to such problem and describe modeling choices, objectives and methodologies of

Preference-based Reinforcement Learning.

Formalizing a problem environment as an MDP requires engineering a suitable reward
function R. It has been noted [43] that the choice of the reward function is a key factor
for the outcome of the learning process, determining the quality of the learned policy.

Many issues can arise due to the choice of the reward signal, such as:

1. Reward hacking: the agent may maximize the given reward, without performing the
intended task [3, 52].

2. Reward shaping: in many applications, the reward does not only define the goal, but
it also guides the agent towards a correct solution. Balancing these two components

is non-trivial and it is usually handled via a trial-and-error process [38|.

3. Infinite rewards: in some applications the most suitable choice for a reward signal
may include infinite-valued rewards. However, this would violate the assumptions

underlying classic RL algorithms, and one must always specify finite values for R.

4. Multi-objective rewards: The Sutton hypothesis states that all of what we mean by

goals and purposes can be well thought of as the maximization of the cumulative
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sum of a received scalar signal (reward). Whether this statement is true is a heated
debate in the AI research community [51, 62|. However, it is clear that in many
practical cases, the agent needs to act pursuing different, contrasting objectives: the
Multi-Objective RL [MORL, 25| framework tackles these problems, by assuming the

reward function R to be multi-dimensional.

The Preference-based Reinforcement Learning [PbRL, 68| paradigm arose to address these
problems using a relative preference-based feedback signal, instead of an absolute, numer-
ical feedback. In this paradigm, the agent selects two trajectories 71,72 (generated by
following policies m; and m3) to be labeled by a human expert, which returns whether 7
is preferred over 75 (11 > 73), or vice versa (13 < 72). It is worth noting that this is not
the only type of human feedback found in the literature, in fact Reinforcement Learning
from Human Feedback [RLHF, 30] is the branch of RL containing PbRL, and dealing with
a myriad of diverse human feedback types (e.g., trajectory critiques, task descriptions,
improvements, emergency stops, etc.). [29| provides a practical framework to unify all

those different feedback types.

Markov Decision Processes with Preferences A finite-horizon Markov Decision
Process with Preferences [MDPP, 68| is a tuple (S, A, H, P, g, p) where:

o (S, A H,P, ) is a finite-horizon MDP\R.

e p:T xT —0,1] is the unknown probability function that the expert uses to label
pairs of trajectories. In MDPPs, incomparabilities are not modelled, and p(71, 72) =
P(7 > 79) denotes the probability that 7 is preferred to trajectory 7. A value of
p(71,72) = 0.5 denotes complete indifference in choosing a preference between the
two trajectories. The following properties must hold for p: (a) complementarity,

Le, Vr,mm €T :p(r,2) =1 — p(1e,71), (b) reflexivity, i.e., VT € T : p(r,7) = 0.5.

Moreover, we denote as ¢ := {G;} = {71 > Tia}icqn] the set of observed preferences,

sampled from p. We usually denote by N the cardinality of such set.

Objective and methods The general objective of a PbRL agent is to find a policy 7*
that is maximally compliant with the observed preferences (, i.e., a policy that maximizes
the probability P, (7) of generating trajectories that appear as preferred in ¢ and minimizes
the probability of generating the non-preferred ones in (. We can say that a preference
T1 = T € ( is satisfied by policy 7 if the agent plays 7 with more probability with respect

to 79:
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T ™= To < Pﬂ-<’7'1) > Pﬂ-<’7'2), (212)

where:
I7|

Pr(7) = p(so) Hﬂ(ai|8i)P(Sz‘+1|Sz‘aaz‘) (2.13)

is the probability of playing 7 under policy .
To learn a policy, each PbRL algorithm in the literature tries to either:

1. directly learn a policy, by assuming a parametric policy and maximizing over the
maximum a posteriori P(7|¢) [65], or maintaining a set of candidate policies II,
ranking them using ¢ and returning the first policy in the ranking [11, 12]. Recently,
many works obtained an optimal policy by expressing a loss over a preference dataset

in terms of the parameters of the (parametric) policy. Some notable examples are
DPO [47], SLiC-HF 73|, ¥PO [4].

2. learn a preference model, i.e., a binary classifier C'(a > a'|s), trained via supervised
learning on (, capable of expressing a preference over a pair of actions played in the
same state s. Once one has such a classifier, a policy can be obtained by selecting,

in each state, the action beating most other actions in that state [24, 66].

3. learn a utility function (also commonly called reward model) U : T — R such that:

T =Ty <= U(m) > U(m), (2.14)

to then be used as reward function by any RL method after retrieving, in a suitable
way, a utility that depends on state-action pairs U(s,a). This is by far the most
popular approach in PbRL [2, 16, 49, 54|. If the dataset does not contain incom-
parable pairs, a scalar utility possessing property in Equation 2.14 always exists

[63].
Most works employ a linear utility function, i.e.:
U(r) =w" - ¢(7), (2.15)

where:

e (1) : T — RFis a known trajectory feature mapping, that needs to be suitably
selected by an expert of the field, and is problem-dependent.
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e w € R¥ is a learnable parameter vector that encodes the weight (importance)

of each trajectory feature in obtaining a high utility value for that trajectory.

One should aim at learning w from preference data, finding a value that minimizes
a suitable loss function: intuitively, it should take into account all preferences in the
dataset and penalize whenever the property in Equation 2.14 is violated. Generally,

the loss function is written as:

I<]
L(w,() = Z%’L(V‘C Gi), (2.16)

where L is the pairwise disagreement loss, and typically L(w, (;) o« —d(w, (;), where
d(w,(;) = U(ri1) — U(mi2) (therefore maximizing the distance in utility between

compared trajectories).

The great advantage of using a reward model is that, once a suitable parameter w
is found, one can evaluate new pairs of trajectories without asking the expert for

explicit feedback. However, a bias is introduced by the estimation of w.

The general scheme of PbRL with utility learning is illustrated in Algorithm 2.1.
Note: the trajectory set (T ) generation strategy illustrated at lines 3-9 of Algorithm
2.1 is only one possible choice. See [68], Section 3.4.1 for an exhaustive summary

of tragectory generation strategies for PbRL.

Algorithm 2.1 Utility-based PbRL [68|

Require: Initial policy 7, iteration limit m, state sample limit &, rollout limit n
1: ¢+ 1)

2: for i =0 tom do

3: T« 0

4: for j =0 to k do

5: s~ u(s)

6: for t=0ton do

7 T « T U RoLLouT(s, m;) > Generate a trajectory
8: end for

9: end for

10: (11, 72) < CREATEQUERY(T) > Choose trajectories to evaluate
11: ¢ + ¢ U OBTAINTRAJECTORY PREFERENCES(Ty, 72) > Ask the expert
12: U™ <— COMPUTEUTILITYFUNCTION(() > Reward learning step
13: mir1 < COMPUTEPOLICY(U™) > Calculate policy using DP or RL methods
14: end for

15: return improved policy m,,




16 2| Preliminaries

Bradley-Terry model Many choices of loss functions for utility learning have been
considered in previous works, such as binary [54], hinge [2| and piecewise linear [67]
losses. However, most of the work [16, 27, 42] employs a smooth, differentiable sigmoidal-
shaped loss. A popular choice is to model the human expert probabilistically using the
Bradley-Terry model [10]:

P(ry =m) =0U(n) —U(n)) = T o (—(Ul(ﬁ) —Um))) (2.17)

This is equivalent to saying that we treat outcomes 7, > 75 as independent Bernoulli
random variable Bernoulli(pi2) where the log-odds corresponding to pyo := P(711 = 73) is
equal to the difference of the utilities:

P12

log T U(r) —U(ma). (2.18)

The Bradley-Terry model is usually optimized via Maximum Likelihood Estimation (MLE),

by considering the minimum point of the negative log-likelihood function:

I<]
1
- MLE _ in— log(P = in{ — 1
W arg min og(P(¢|w)) arg min ;Og<1+exp(—(U(Ti1)—U(Ti2))))

(2.19)

Note: in Equation 2.19, we consider a dataset structured such that all samples belong to
the > class.

Or, alternatively, via a Bayesian approach, using Maximum A Posteriori (MAP), a method

that allows to specify a custom prior distribution for the parameter vector, i.e., P(w):

wWMAP = arg max P(|w)P(w). (2.20)

It can be proved that the log-likelihood is convex in w when the argument of the sigmoid
is linear with respect to w, that is, when the utility function is linear in w. Therefore,
standard methods of convez optimization |9] can be used to obtain an optimal point, and

the set of optimum points is convex.

The model is invariant to translations, in fact, if all the utilities U(7;), i = 1,...,|T| are
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scaled by an additive constant ¢ € R the probability outputs stay the same since:

P(r; = 1) = o(U(n) = U(7;)) = o((U(m1) + ¢) = (U(72) + ¢)). (2.21)

The use of this preference model is motivated by several reasons: firstly, the differentiabil-
ity and convexity of the resulting negative log-likelihood function make it computationally
fast to optimize; then, this model complies with Luce’s axiom of choice [45], which re-
quires that the probability of choosing a specific option from a pool does not depend on
the presence or absence of other options in the pool; moreover [29] prove that it is the
maximum entropy distribution over choices for an expert who is making in expectation a

choice with an optimal reward, up to some slack € > 0.

In the RLHF literature, some works explore the possibility for the expert to choose the
preferred trajectory from a pool {71, 7s,..., 7x }: in this case the probabilistic model that
is consistent with Luce’s axiom of choice and that extends the Bradley-Terry one is the

multinomial logit model [57]:

exp(U(T;)) .
S exp(U(r))

P(7; is chosen as preferred) = (2.22)

If the feedback of the expert consists of a full ranking (total order) from a pool of N > 2
trajectories, the Plackett-Luce [45] model is the natural extension complying with Luce’s

axiom of choice:

D1 D2 PN-1
vaﬂ pi Zf\LQ p; PN-1T PN’

P(ry =Ty ... =7y) = (2.23)

where p; := exp(U(;)).

In other applications, if the set of items for the expert to choose from is continuous, the

Boltzmann distribution [30] is used.

It is worth noticing that the Bradley-Terry model has also been applied in a variety of
other applications, from sports to chess Elo system [21], to comparisons of journals [53|
and LLMs [15].

2.6. Multi-Objective Reinforcement Learning

In the real world, agents often need to tackle sequential decision-making problems in

which many conflicting objectives need to be pursued. For example, in an autonomous
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driving setting, the agent may want to minimize travel time, while ensuring safety and
comfort during the trip, also minimizing the cost and CO2 emissions may well be desirable

objectives.

One could simply approach such problems by combining the different objectives into an
additive scalar reward, inserting penalties for negative events and rewards for positive
events. However, this is typically a "blind" approach in which the engineer needs to iter-
atively try different scalarizations of the objectives, until a good performance is achieved,
but not all choices of scalarization are explored and such scalarization weights may change
over time, requiring model re-training. Moreover, this approach reduces explainability of
the result, since all the objectives are aggregated and we cannot inspect which objectives

are maximized by some policy.

A Markovian environment with a multi-objective reward is formalized by the following

model:

Multi-Objective Markov Decision Process (MOMDP) A finite-horizon, multi-
objective MDP [MOMDP, 25] is a tuple M := (S, A, H, P, R, j1p) where:

o (S, A H, P, ) is a finite-horizon MDP\R.

e R is the d-dimensional reward function R : S x A x [H] — R?, R(s,a,t) specifies

the reward that the agent receives from the environment by playing action a in state

s at timestep t.

Given any scalarization function u : R? — R, a scalar reward MDP can be obtained as

<87A7 HJ P7U(R)7,U’0>

Similarly to the scalar case, the value function is defined as the multi-dimensional expected

reward following a certain policy 7 starting from state s at timestep t:

H
VT(s)=E Z rilm, s = s| € RY, (2.24)
k=t+1
H
VT =E|> rm | € R (2.25)
k=0

Clearly, we can have policies m and 7 such that V™ > V™ and V™ < V™ for i # j,
and therefore neither policy 7 nor my dominates the other. For this reason, usually no

single optimal value vector exists, and one should search for peculiar subsets of the set I1
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of all admissible Markovian stochastic policies, such as:

1. The Pareto Front (PF), i.e., the non-dominated set of policies:

PFI)={ncll |3 cll: V™ =V}, (2.26)

where > is the Pareto dominance pre-order, i.e., V™ > V™ <= (Vi: V™ > V™)A
(Fi : V™ > V™) (the same pre-order translates to a pre-order on corresponding

policies).

2. The Convex Hull (CH) is the set of all policies that are optimal for some choice of

linear scalarization u(V™) = w!V™:

CH(II) = {r el | Jw,Va' €1 : w'V"™ >w'V™}. (2.27)

The majority of methods to solve MOMDPs take either an a priori approach, where the
user needs to specify beforehand a scalarization function, and whose output is a single
optimal policy or an a posteriori approach in which a policy set of interest is retrieved
and presented to the user for selection (a notable example is Convex Hull Value Iteration
[CHVI, 5]). A third category is the interactive approach, allowing the user to specify its

preferences iteratively during the learning process |60, 61].
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3 ‘ Related Works

In this chapter, we present the main works that lay the foundations for developing our
contributions. In particular, in Section 3.1 we present selected works from the PbRL and
RLHF literature that consider, in some way, the possibility for the expert labeler to mark
a pair of trajectories as indifferent or incomparable. Then, in Section 3.2 we introduce a
recent work that, for the first time, approaches the problem of representing (pre-)order
relations with numerical, multi-dimensional utilities from a theoretical perspective, ana-

lyzing what are the computational limits of these operations.

3.1. PDbRL Methodologies for Indifference and Incom-
parability

The vast majority of the literature in PbRL ignores the fact that a human labeler could
not be able to indicate a strict preference between a pair of trajectories. This means that,
given (71, 7Ty), the only considered comparison outcome is often either 71 > 7 or 71 < 7o,
frequently disregarding the possibility for the two trajectories to be indifferent to each
other (i.e., 7 < 7), or, even more frequently, to be incomparable to each other (i.e.,

T || 7'2).

This issue was first noted and discussed by [68], including it among future challenges in
PbRL, pointing out that no algorithm was able to generate a set of Pareto-optimal policies
in the case of incomparabilities in the dataset. Moreover, the authors present a research
direction aimed at solving this particular problem: to use a reward modeling approach in
which the learned utility is non-scalar, allowing it to differ in multiple dimensions, and
then to use MORL on the induced MOMDP to learn a set of Pareto-optimal policies.
Surprisingly, even considering the wide success of this survey paper, to the best of our

knowledge, no work has ever pursued this proposed approach.

Attempts have been made to deal with indifferences in the dataset. One example is [12], in

which the authors assume that, in the case of equally preferred trajectories, both receive
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the same preference probability by the preference model, i.e.:

X7 €C <= p(n <) =p(n =) =05 (3.1)

This idea has then been frequently utilized, and has been, from then on, the most popular

beyond ignoring indifferences in the dataset.

[16] and [27]| parametrize a reward model using a deep neural network, obtaining a highly
non-linear utility function, and their approach is to equally weight indifferences as in
Equation 3.1 and to discard incomparabilities. The choice of ignoring incomparabilities
is nonetheless made blindly, implicitly making the assumption that little information
is carried in such examples. This choice prevents the definition of a multi-dimensional
problem, since, as already discussed, without incomparabilities in the dataset, a scalar

utility is sufficient to represent the pre-order relation.

Albeit PbRL existing for more than a decade, only recently has MORL with preference
feedback gained the attention of the scientific community. [37| trains a multi-dimensional
reward model from trajectory preferences. However, the framework presented in the paper
requires the presence of an oracle P(m; = m|w) able to classify a pair with respect to an
(arbitrary) scalarization of multiple objectives. Although this might be a possibility in
some real-life scenarios, it assumes the oracle to precisely know the dimensions of the
reward model, which, in most of practical cases, is false. As an example, if the same
query is presented to multiple users who are unaware of the model dimensions, each will

provide a feedback with respect to some objectives which may differ between users.

Extensions of the Bradley—Terry model that accommodate ties have been proposed [17,
48|. These models were created to be applied to problems of ranking individual and
distinct items (such as chess players or sports teams) and were almost never utilized
in PbRL. Specifically, the Bradley-Terry with Ties model [48]| introduces a "threshold"
parameter 7, to be jointly estimated with the utilities, in the following way:
P(i=j)=o(U—U; —n),

P < j) = o(U; = Ui ), (3.2
Pixj)=1-0oU —-U;—n)—olU; —U; —n).

It can be seen that, for n = 0, this model is equivalent to the Bradley-Terry model. The
higher 1, and the more the utility values U; and U; are similar, the more the model will

lean towards a tie.
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A similar model is formulated by [17]. The author critiques the aforementioned extension
by debating that such a model does not comply with Luce’s axiom of choice [45], and

proposes a different model:

o eV

P(i>-j) = Ui + eUs + peUitU)/2’
o el

P(l = ]) = Ui + eUi + peUtU;)/2’ (33)
o LeUU))/2

Pli=j)= elVi + eVi + velUitl;)/2°

Where v is again a parameter to be estimated controlling the ties probability (if v = 0,
this model is equivalent to the Bradley-Terry one). In this case, the tie probability is

proportional to the geometric mean of In(U;) and In(U;).

Recently, few works |35, 36] used model in Equation 3.2 in reward modeling, using a
dataset of labeled preferences and indifferences between pair of trajectories. In [36], the
authors claim that the inclusion of ties in reward modeling permits to learn utilities such
that the distributions of AU* := U(7;;) — U(7i2) for indifferent and preferred pairs are
substantially different, allowing the model to clearly distinguish between strict preferences
and indifferences based on AU. However, this was only demonstrated through experiments
and further studies are necessary to understand the theoretical advantages of using such
BT extensions in PbRL.

3.2. Computational Issues in Multi-Objective PbRL

As already discussed in Section 2.5, PbRL methodologies aim at learning a policy either
directly from human preference feedback, from a surrogate preference model or a surrogate
reward model, which can take as argument a trajectory (U : T — R) or a state-action
pair, obtaining a Markovian reward model R : § x A — R. Directly learning a policy is
the most unbiased and general approach, since no numerical signal is ever required and
the learned policy should be able to inherently represent incomparabilities. However, from
a computational point of view, assessing policy dominance (and therefore optimality) is

conjectured to be intractable.

This aspect is explored in depth in [19], a work that analyzes the computational chal-
lenges in learning from preference feedback by only assuming the presence of a (pre-)order
relation as a dataset (and without assuming a probabilistic model p for the expert or an

underlying "true" reward function). In the following, we restate the main contributions
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of [19], that lay the foundations of this work and that we will refer to in Chapter 4.

Definition 3.1 (Compatible Utility - Partial Preorder). Let <7 be a preorder over T and
letw:T — R™ with m € N be a multi-dimensional utility. u is compatible with <+ if for
every 7,7 € T it holds that 7 <7 7" <= u(71) < u(7'), where < is the component-wise

order of the utility vectors. Precisely, we have:
o> = Vi€ [m]: wi(n) >u(m) A 3j€[m]: ui(mn) > u;(m),
o T =XTy —> Vi€ [[m]] : 'Lbl'(Tl) = ui(TQ),

® T H Ty — Ell,j < [[m]] 275] A ui(ﬁ) > ui(Tg) A Uj(Tl) < Uj(T2>.

If the preorder is total, the case is much simpler: a one-dimensional utility that is com-
patible with the preorder can always be constructed by sorting elements with respect to
<7 and assigning a non-decreasing utility value to elements according to this order. In
the case of a partial pre-order, obtaining a compatible utility is not straightforward and
it can be proved that (a) the minimum dimensionality of such utility is equal to the order
dimension of the preorder and that (b) the construction of a minimal dimensionality util-
ity is NP-hard [19, Theorem 4.2, a result that follows from the NP-hardness of computing

the order dimension.

Through the following example, the authors prove that the Pareto optimality of a policy 7
with respect to a compatible utility w4 does not imply Pareto optimality of 7 with respect

to another compatible utility w’:

Example 3.1. Let T = {71, 72,73}, and the total order <+ be defined as:

T >7 To >7 T3. (34)

Let T1 = {m,n'} be the policy space with the corresponding trajectory distributions d, =
(0.5,0.5,0)" and d = (0.8,0,0.2)7; Let the utility values for the three trajectories be
up = (4,2,0)" and uy = (4,2, -2)" (both compatible with < ). Let J(m;u) = Eror[u(7)]
We have:

J(myuy) = J(m;ug) = 3,

(3.5)
J(7'suy) = 3.2, J(7'iug) =2.8 .

Therefore, " uy-Pareto dominates m and m us-Pareto dominates 7',

This can also be seen for partial (pre-)orders. Due to this result, a definition of dominance
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that is independent of the choice of the compatible utility function must be used. To this

end, the authors define the following dominance relation.

Definition 3.2 (Policy Dominance for Partial Orders). Let <7 be an order over T, and
let w, 7" € 11 be two policies. ™ =<p-strictly dominates ©' if, for every utility w : T — R
compatible with <7, it holds that:

J(mu) — J(7';u) = (dy — dp,u) = 0. (3.6)

Clearly, checking this condition for every compatible utility w is infeasible. Through
Theorem 5.2 of [19], this condition is proved to be equivalent to stating that 7 strictly
dominates 7’ if and only if, for every possible realizer {<7;}ic[m) of =<7, it holds that:

Vie[m]: 7" <pim A Jje[m]: " <p, 7. (3.7)

Therefore requiring, equivalently, to check dominance between policies with respect to
all total orders that are linear extensions of <7. Even if checking this condition for a
single total order is as simple as computing a cumulative sum of probabilities of playing
trajectories ordered by <, (which is computable in O(|T)), this operation needs to be

repeated for all linear extensions of <7, i.e., in the worst case, |T|! times.

The authors conjecture the problem of assessing dominance between policies with respect
to partial orders to be indeed computationally hard. Since the notion of optimality of a
policy in II is based on Pareto dominance, even the problem of checking optimality for a

policy may thus be unsolvable in polynomial time.
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4: ‘ Problem Setting and Reward
Model Desiderata

As introduced in Chapter 1, the objective of this work is to explore the overlooked (as
presented in Chapter 3) setting of having incomparabilities in the dataset and its con-
nection to multi-objective sequential decision-making problems. In particular, we want
to address the theoretical issues in defining a suitable multi-dimensional reward learning
method from this type of feedback, and then proposing some reasonable model choices

addressing this problem and facing these issues.

This chapter is organized as the following. In Section 4.1, we introduce the motivations
for developing our contributions, relying on the computational negative results presented
in Section 3.2. Then, in Section 4.2, we formalize the problem we deal with and the
semantic desiderata of a PbRL agent’s preference model acting on such problem. Finally,
in Section 4.3, we present an important negative result concerning all models complying

with our desiderata for a reward model.

4.1. Why the Need for Multi-Dimensional Reward
Models

Multi-dimensional reward models are motivated by both theoretical results and practical
necessities. From a theoretical perspective, as stated in Section 3.2, [19] conjectures the
computational hardness of assessing policy optimality in the case of a partial pre-order
of trajectories <7, i.e., a dataset that contains incomparable pairs of trajectories. This
computational barrier motivates the need to shift towards utilizing numerical utilities
and rewards that allow for more convenient computational properties, at the cost of
introducing a bias (because we need to encode quantitatively how much a trajectory is,
for example, preferred with respect to another, while the feedback is a simple binary

comparison).

Moreover, the need of a reward model approach that can model preference relations that



28 4| Problem Setting and Reward Model Desiderata

are not total orders is strengthened by practical needs: in real cases, the expert might
not be able to indicate a strict preference and would like to mark a pair of trajectories as

incomparable. This can be due to different reasons:

1. The trajectories may be contrasting with respect to multiple objectives, that are
evaluated as a contrasting trade-off by the expert when labeling the pair but such

objectives are not (completely) known to the designer of the learning algorithm.

2. The objectives may be implicit or unknown to the expert, who can nevertheless
solve the task but is unable to express the underlying reasoning - a scenario that is

common in machine learning applications.

3. The trajectories taken into consideration are not comparable for a different, intrinsic
reason. For example, in chess matches, if two trajectories start from different initial
states, they solve problems that may be far apart from each other in terms of

complexity and needed reasoning or problem-solving skills.

On the other hand, indifference is an orthogonal issue: semantically, it means that the
expert was not able to express a strict preference due to the fact that the trajectories
are very similar in terms of underlying objectives (which may be known to him up to a
certain degree). A principled approach should be able to account for both possibilities,

allowing for a partial pre-order dataset ¢ of trajectories.

Finally, to the best of our knowledge, as previously noted in Section 2.5, no work has ever
dealt with this specific setting, and, in particular, the possibility of incomparabilities in
the dataset and the connection to multi-dimensional reward models has been completely

overlooked so far.

4.2. Problem Setting and Model Desiderata

In what follows, we first describe, in Section 4.2.1, the particular setting of the problem,
formalizing it using an extension of the MDPP framework. Subsequently, in Section 4.2.2,
we develop a set of desirable conditions that a reward model should satisfy under this

setting.

4.2.1. Problem Setting

We will make use of a slightly modified version of finite-horizon MDPP (see Section 2.5)
in modeling the problem environment. We will consider, differently from [68] and all

previous works in PbRL, an expert capable of, given a trajectory pair {7y, 2}, providing
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feedback belonging to one of four distinct classes, namely:
e T = Ty, le., 11 is strictly preferred to 7.
e 71 < Ty, i.e., Ty is strictly preferred to 7y.
e 71 X Ty, i.e., the expert is indifferent when it comes to choosing between 7, and 7.
e 7y || 7o, i.e., the expert evaluates the two trajectories to be incomparable.

We choose to model the expert probabilistically, following the PbRL literature, and there-
fore define the unknown probability function that the expert uses to label pairs of trajec-
tories as p: T x T — A(Y), where Y := {>, <, =<, ||}, such that:

p(11,72) = (P p<s s p)) | = (P(11 - 72), P(11 < 72), P(1y < 1), P(1 || 72)) 7. (4.1)

p must possess the reflexivity property: Vr € T : p(r,7) = (0,0,1,0)7, i.e., when two
equal trajectories are compared, the expert assigns all probability mass to the "indiffer-
ence" class. This is intuitively motivated by the fact that the compared trajectories are

equal and therefore the expert is completely indifferent in choosing one or the other.

We will also consider the presence of a dataset of collected feedback from the expert
¢ = {(71, T2, ¥i) }iegny, where each label y;, assigned to the trajectory pair {7;1, 72}, is

sampled according to p, i.e., y; ~ p(7;1, Ti2)-

An alternative interpretation for ¢ is to consider a relation R € 7 x T induced by the
collected preferences and indifferences in (. Such relation is constructed such that the

following property holds:

Vi, meT :(n,n) € Re <= {n,m, >}V {m,n,<}elV

(4.2)
{Tl,TQ,X} € C V {Tz,Tl,X} & C

It can be trivially verified that there exist instances of datasets such that the relation
R¢ is neither reflexive nor transitive. Therefore, differently from the Preference-based
MDP formalism introduced by [19, Section 3|, the relation corresponding to our dataset

of trajectory comparisons is not a pre-order.

4.2.2. Desiderata for a Reward Model

As discussed in Section 2.5, the most popular approach in designing PbRL algorithms is

the use of a reward model, to be used as reward function of a suitably chosen MDP by
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any linear programming, planning-based (DP) or learning-based (RL) method of choice.

This is the approach that will be pursued in our work.

The most novel feature of our problem setting is the possibility for the expert to label
trajectory pairs as incomparable. Theoretical works have proved the existence of a multi-
dimensional numerical utility that represents a partial pre-order relation [22, 41]. The
connection between multi-dimensionality of the reward function and incomparabilities is
also covered in MORL [25] and PbRL [68] literature.

In a multi-objective setting, if two trajectories are to be compared, the natural choice -
the one a human expert would make - is to evaluate the two trajectories with respect to
each single objective individually, and then to reason on this intermediate evaluation to
output a label for the pair. In mathematical terms, we consider, at least for now, the
presence of a true, multi-dimensional, utility function for trajectories U:T — R? that

evaluates trajectories according to d "true" objectives.
The general scheme of the expert’s reasoning then becomes:

1. Given the trajectory pair {71, 72}, obtain the d-dimensional utility scores for 7; and
79, ie., U(n),U(r) € RY,

2. Evaluate the difference between the utility scores AU (11, 73) := U (1y) — U (7).
3. Output a label for the comparison y € ) that depends on Aﬁ(ﬁ, T2).

In our specific setting, since we’ve postulated a probabilistic model for the expert (see
Equation 4.1), the label y is randomly sampled from a 4-categorical distribution p. There-
fore, the mapping from AU (71, T2) to y is non-deterministic. We assume that there exists
a suitable v : RY — A(Y) such that:

A

y ~ p(11,m2) = V(AU (11, 72)). (4.3)

Of course, we do not know p, and neither +. It is worth to note that this is only a
modelization of the expert, and that, in the real world, the expert could output a label
following a procedure that is very different from the one we presented. On top of this
assumption, another choice needs to be made: the modelization of . This modelization
is an arbitrary choice, similarly to the customary choice of the Bradley-Terry model or
the Plackett-Luce model in the literature, and, as such, there are no real guarantees that
the expert would comply with such a model. Assuming that feedbacks are generated

according to Equation 4.3, we can postulate a set of desired properties for ~:
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Definition 4.1 (Rational Multi-Objective Expert Model). A probability function v :
R? — A? is said to be a rational multi-objective expert model if and only if the following

conditions are satisfied:
1. v(AU) = (1,0,0,0)" as AU — (+00, ..., +00) .
2. v(AU) — (0,1,0,0)" as AU — (—o0, ...,—0) .
3. y(AU) — (0,0,1,0)" as AU — 0.
4. Vve{-1,1}¥st. v#£+1;: y(AU) — (0,0,0,1)" as AU = v® (400, ..., +00) .
5. VteR: v(t-1,) =0.

6. Let V. := {(+00,...,+00) "}, V5 1= {(—00,...,—00) "}, Vo := {04}, V| = {v©
(+00,...,+0) T, v € {—1,1}¢ s.t. v # £14}. For all possible choice of vectors ,
y chosen from distinct sets between V.., V<, V= and V), the value of v for the

non-zero components are monotone on the line segment joining x and y, i.e., on

{Az+ (1 =Ny, Ae[0,1]}.

We now provide an intuitive explanation for the conditions above. If the utility difference
vector AU is positive in all the d components, it means that U(r;) > U (1), and that,
therefore, 7 is better than 7 along all objectives. For this reason, the expert should
lean towards a preference (). The extreme case is a positive unbounded value for each
component of AU in this case the expert should allocate all probability mass in class >
(Condition 1). An analogous reasoning can be done for Condition 2, by considering the

< class.

The expert leans towards indifference when U (1) ~ U(72), i.e., when Vi € [d] : U;(11) ~
Ui(1). In other words, this happens when AU is close to the origin in the d-dimensional
space. Condition 3 expresses this reasoning, with the addition that, for values of AU that

tend to the origin, the probability mass is shifted completely towards the indifference class
(=).

Condition 5 is of fundamental importance since it allows the model v to be brought back
to the scalar utility case (therefore the standard PbRL setting, in which incomparabilities
are not considered): in fact, when AU = (¢,...,t)" € RY the case could be modeled
equally using a scalar utility difference AU, therefore, on this line (¢ - 14, t € R), it
is suitable to have a probability value for the incomparability (||) class equal to 0. A
maximum probability mass should be given to incomparability if some components of
AU have large magnitudes and opposite sign, i.e., if the two trajectories have significantly

contrasting objective scores. Condition 5 expresses this property in the case of unbounded
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values of AU.

Condition 6 expresses the fact that « should not "oscillate" between the notable points in
R? mentioned in Conditions 1-5; instead, 7 should have a monotone behavior on the line
segment connecting each pair of extreme points related to different classes, limited to the

components ; and 7y; corresponding to such classes.

4.3. Non-Convexity of Negative Log-Likelihood

After selecting a suitable expert model of the form specified in Equation 4.3, one should
opt for defining a family of reward models U(7; W) parametrized by a parameter W,
and then choosing the value of W such that the probability of generating the dataset ¢
is maximized (this is an instance of supervised learning). In mathematical terms, we aim

to find the maximum likelihood estimate of W, i.e.:

~.MLE

N
= argmax 11 Yy (AU (731, Tiz; W)). (4.4)

The maximization of the likelihood is usually replaced by the minimization of the negative

log-likelihood function, due to numerical issues in evaluating the likelihood:

N
< MLE )
= argmin — Zl log (7, (AU (151, Ti2; W))). (4.5)
In this section, we present an important negative result regarding the complexity of the

optimization procedure of any expert model v complying with the aforementioned prop-

erties.

Theorem 4.1. There ezists no function f : R — [0,1] such that lim,, o f(z) =1 A
lim, 100 f(z) =1 A lim, 0 f(x) = 0 and such that the function g : [0,1] — R defined as

g(x) = —log(f(x)) is convez in x.

Proof. Trivially, we have:

im f(z) =1 = lim _g(z) =0,
lim f(z)=1 = lim g(x)=0, (4.6)

T—+00 T—+400

ili%f(x) =0 = ili%g(x) = +00.
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Let z € RT, A = 1. Then:

Mg(=2) + (1= Ng(@) = 39(~) + 59(3) = ¢
' (4.7)

I, _ _ _ _
< +00 = g(0) = gl5(~7) + 57) = gA(~1) + (1 - N)a),
for a suitable ¢ € R. Therefore, since inequality of Equation 2.2 is violated, the function

g is not convex in its argument x. O

Remark 4.1 (Non-Convexity of Negative Log-Likelihood). Letv € {—1,1}¢ s.t. v # £1,.
We note that f is the restriction ont-v,t € R of the incomparability component of a multi-
objective expert model v : R — A® that is compliant with Conditions 4 and 5 of Definition
4.1. Moreover, we note that g is the restriction on t-v,t € R of the negative log-likelihood

function for the incomparability class, i.e.:

I(AU) := —log(v(AU)),

4.8
g(t) =1t - v). .

Therefore, I(AU) is not convex in AU. Since AU, i.e., the reward model, is a func-
tion of some optimization parameter W, in the general case, | is not convex in W. It
follows from this result that there exists mo model v that is optimizable via MLE with
convex optimization algorithms (differently, for example, from the Bradley-Terry model)

and compliant with Definition 4.1.

This fact implies that optimizing such models is a non-convex optimization [28| problem,
and, as such, it does not exhibit the desirable property of presenting a single minimum
(a global one), that is true for convex functions. Instead, a non-convex function may
present several (possibly infinite) local minima, to which the optimization algorithm may

converge and therefore yield a sub-optimal solution.

It is worth to note that, as demonstrated in the experiments (Chapter 6), in practice,
robust optimizers find, even for models in which the loss function is not convex, the

optimal parameter estimate with high probability.
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5 ‘ Models’ Derivations

In this section, we illustrate some possible choices of the expert model ~ complying -
mostly or entirely - with the definition of rational multi-objective expert model. Since a
trade-off between guarantees on the parameter optimization procedure and expressiveness
of the model exists, we explain, for each model, the design choices made in light of this
trade-off. We begin, in Section 5.1, by presenting the general structure of these models,

then, in Sections 5.1.1, 5.1.2 and 5.1.3, we derive and comment the proposed models.

5.1. Extending the Bradley-Terry Model

In the following, we will consider the presence of a suitable trajectory feature mapping
¢ : T — RF. Moreover, we will study the particular case in which the reward model is
linear in the trajectory feature vector, i.e., U(7) = W-¢(7), W € R%** (see Equation 2.15
for the one-dimensional case), but a non-linear utility extension is nonetheless possible

and its usage is straightforward.

In choosing a suitable v such that it is a rational multi-objective expert model, we focus
on designing a model that extends the Bradley-Terry model (see Equation 2.17), due to
its ubiquity in previous PbRL literature and its desirable properties discussed in Section
2.5. Since, differently from the classical Bradley-Terry model application domain, our
problem setting requires the expert model v to be 4-categorical, the most straightforward

choice is the multinomial logit model [57] with four classes:

exp fy
Y Zy'ey exp fy
where f,,y € ) denote the logits of the four classes. These logits depend on the multi-
dimensional utility difference AU, i.e., f, = f,(AU),y € Y and such functions need to

be carefully chosen to make sure « is compliant with Definition 4.1.
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5.1.1. Derivation of Model A

We start by designing models that present all the properties of the rational multi-objective
expert model, setting aside, for now, the limitations in the optimization procedure high-
lighted by Theorem 4.1. In this Section, we present the first model choice, i.e., Model A,
starting with an intuitive description of the mathematical objects involved in the definition

of this model, and then proceeding to define them in a formal way.

Intuitive Explanation

We decide to reason, for simplicity, in the case d = 2 (therefore the utility is a 2-
dimensional vector U (1) = (U,(7),Ux(7))" ), and consider a single trajectory pair {71, 72}
It is easier to reason in the AU; /AU, plane, as we notice that a point AU in this plane

is exactly the input to an expert model v(AU).

Conditions 1, 2 and 5 of Definition 4.1 prescribe particular values of the v components
along the line 1,-¢, t € R, that, in case d = 2, is the bisector AU; = AUs. In particular,
the projection of the point on the bisector is associated with a measure of strict preference
for the pair (classes = and <), since in (+00,+00) " the norm of such projection is infinite
and the sign is positive, giving probability ~ 1 to the > class. The same, with negative

sign, happens at (—oo, —o0) ", shifting the probability mass to the < class.

For the incomparability class, Condition 5 prescribes the incomparability score to be
minimum along the bisector and Condition 4 places its maximum at (400, —0co0) and
(—00,+00) ", therefore a simple measure of incomparability for a point (AU, AU,) "

would be its distance from the bisector.

The remaining score, i.e., the indifference one, is expected to take its maximum value in
the origin (0,0)". Since all the scores are arguments of a softmax, one can simply put
a constant indifference score S~ such that, when all the other scores are low (and this
happens only around the origin, where £, ((0,0)") = 82((0,0)") = 8-((0,0)T) = 0) the

probability mass is shifted towards =.

The following derivation follows the same steps for deriving the score functions f. (AU),
[<(AU), f<(AU) and f(AU) in the case of a generic dimensionality d. The bisector is
now the standard diagonal in R? and we show that the distance of the point AU from

this line is proportional to the standard deviation of AU.



5| Models’ Derivations 37

Formal Derivation

For notational convenience, we will, in the following, denote the multi-dimensional utility

difference vector as p € R?%. Let v € R? be the vector defined as:

T 1
— 1 1 1 _ d

Then, the standard diagonal in R? can be defined as the span of v: D = {r € Ri|r =
v-t, t € R}.

We can write the projection of the point p onto the standard diagonal in R? as the point

g =t - v such that v is orthogonal to (g — p):

vig-p)=v'(v-t—p)=0, (5.3)
from which, solving for :

1

ﬁ P, (5.4)

obtaining:

g:g.vz(lg.%.p).vz (1;.%).1,.(1[1.%) = 11lp (55)

We note that we can further manipulate g to obtain a vector having all components equal

to the mean of the p vector (denoted as p):
1 1 1 & 1<
=—-.1,1) -p==-1,- (1) -p)==1 = | = . | 1. =p. 5.6
=7 tdla dd(dp) dd;P <d2p>dp (5.6)

We can now write the distance from the bisector as:

d

S (i — ) = Vi - std(p). (5.7)

=1

fitp) = llg = pll, =[P —pll, =

where std(x) = % is the standard deviation of the vector x.
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If we now write the distance of g (the projection) from the origin we obtain:
14

(a sz) 14
i=1

We can define the signed norm of the point g, very similarly to N(p):

(5.8)

d d
>_p >_nif-
i=1 i=1

1 1
N(p) = HgH2: ‘ :3 'HldHQ:ﬁ

1 d
fo(p) = N ;pi = —f<(p). (5.9)

The last quantity of interest is, as already mentioned, a (learnable) constant, that will

act as a measure of indifference for point p:
f=(p) = K. (5.10)

A graphical example in the 2-dimensional case is presented in Figure 5.1.

AU,
L A[/“vl — A[jg

Figure 5.1: Representation of the values f| and f. on the (AU, AU,) plane.

Final Model
Having defined f., f<, f= and f|, the idea is to use these functions applied to AU as

logits for the corresponding 4 classes of our problem. The resulting model is obtained
by simply putting these logits in a 4-class multinomial logit model (or, equivalently, by

applying a softmax function to the logits):

exp f,(AU)
Zy'ey exp f, (AU)’

W(AU) = yel. (5.11)
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Additional Details

Implementation details We notice that f(AU =t-1,) =0, Vt € R, this is contrast-
ing with property 5 of the rational multi-objective expert model definition since we have
Y (t - 14) > 0,Vt € R. However, this problem would be solved only for values of f; on
the standard diagonal equal to —oo. We cannot completely solve this problem without
fundamentally altering the model, but we can subtract a fixed constant a > 0 to f in
such a way that, on the standard diagonal, the value of P(7 || 72) = v (AU) is very close
to 0. For o — 400, we have fj(AU =t-14) = —oo and y becomes compliant to the

rational multi-objective expert model.

In real-life applications, the expert could lean towards a preference even if the multi-
objective real reward difference AU (11, T2) presents very large, positive values on some
objectives and small, negative values on others. In other terms, this is the case in which
71 is much better than 75 on some objectives, but slightly worse on others. This behavior
is highly subjective and cannot be easily formalized. We can visualize these areas in the
d = 2 case in Figure 5.2 . Fortunately, subtracting a > 0 to f has the side effect of
shifting the probability mass towards strict preferences in these regions of the AU-space,

solving both problems.

AU;

Figure 5.2: Visualization of the area in which it is desirable that P(r > 1) >
P(ri y 7),Vy € {<,=,]|}. The point AU = (§,C)" should be given a high proba-
bility of strict preference because § ~ 0 and C' > 0.

From now on, we will consider this slight variation of Model A, in which the logit function
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for the incomparability class is replaced by:
fH(AU) := Vd - std(AU) — a, (5.12)
where « is a parameter to be estimated.

Remark 5.1 (The model reduces to the BT model for d=1). We note that, for scalar

utilities, we are in the case AU € R, and the logit functions become:

>

U
AU
AU
AU

AU,

N

<

kﬁ
I
=

(AU) =
(AU) =

5.13
(AD) = K, (5.13)
[(AU) =

\

i std(AU) —a = ||AU — AU|| —a=—a .

Where K 1is a constant that is directly proportional to the percentage of indifferences in (,
and a s a constant large enough to give a value close to 0 to the || class on the standard

diagonal.

Therefore, the model reduces, in the limit o — +o00, to the BT model with an additional

indifference class, very similarly to the model described in Equation 3.2:

eAU

AU 4 =AU 4 oK

e (5.14)

eAU =AU | K7

P(ri || 75) = v (AU) = 0 .

P(1; = 1) =7 (AU) =

P(1, < 1j) = 7<(AU) =

In the case of K — —o0, i.e., there are no indifference samples in the dataset, the model
15 equivalent to the BT one, except for a scaling factor in the learned utilities:

AU 1

P(r; = 1;) = n(AU) = AU [ ¢-AU ~ 1 4 ¢—2AU ° (5.15)

Optimizing the model In the case of a linear reward model, i.e., U(7) = W¢(7) the
optimizable parameters are the matrix W € R%**, the bias term « for the incomparability
class and the indifference class constant K € R. Therefore, d - k 4+ 2 parameters. One
possible choice - and the one adopted in our experiments - is to find the optimal values

for the parameters using MLE, or, equivalently, minimizing the negative log-likelihood
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HE > class
Bl < class
= class

| class

AL

Figure 5.3: argmax, v, ((AU;, AUs) ") in the case K =1, « = 0 (Model A).

function:

WMLE,KMLE,&MLE = argv{fn}(n (W, K,«; ()

L]

N (5.16)
= arg V{fn}(na {— Z log v, (W(e(7:1) — d)(m)))} :

As already noted in Remark 4.1, this loss function is not convex in W and K for all

possible datasets (. This can be graphically seen by plotting, for example, the graph of

Z(Wm; W1,2)3
Z(Wllawl 2) = l WLl W172 71717< )
’ ’ 0 0 (5.17)

¢ ={(r,7, D}, é(n) = (1,1)7, ¢(r2) = (0,0)".
The graph of z(W; 1, W; ) is shown in Figure 5.4. As it can be seen, the restriction of [

to these two variables is clearly non convex, therefore [(W, K, «; {) is non convex.

Standard methods of non-convex optimization [28| can be employed; however, few theo-
retical guarantees can be provided on the computational complexity and on the goodness

of the found parameter estimates.

5.1.2. Derivation of Model B

In this section, we present another possibility for an expert model complying with all

properties of the rational multi-objective expert model, showing that we get a semantically
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Figure 5.4: Non convexity of negative log-likelihood of Model A.

equivalent model to Model A.

Intuitive Explanation

We now give an intuitive explanation for the mathematical objects involved in the def-
inition of this model’s logit functions. We reason in the case of AU limited to values
in [—1,1] along all of the d dimensions (but the same reasoning applies to the case of
unbounded values for the utility difference). In other words, AU € [0,1]¢, i.e., AU takes
values in the d dimensional hypercube centered in 0; and having edge length equal to
2. We note that we can logically associate the various orthants with a class in ): the
score associated with preference needs to be maximal in the orthants corresponding to
all components of AU being positive or negative, i.e., D, = {AU; > 0, Vi € [d]} and
D. = {AU; <0, Vi € [d]}. In all other orthants, i.e., the ones with some positive and
some negative components, the maximal score should be the one corresponding to the
incomparability class, since it means we are in a situation with contrasting objectives for
the two trajectories. The indifference is maximal around the origin, while the scores for

the other classes are higher the more the point is closer to the vertices of the hypercube.

If we now consider the line segments joining the origin with all the vertices of the hyper-
cube, and project the point AU on those segments, we get an estimate of the class scores

for that point (if we sum all the scores for the incomparability class).
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Formal Definition

We can define the following functions:

d
fo(AU) :==1] - AU =Y AU,

i=1
d
L(AU) = -1, - AU = -y AU,
f<(AU) == —1; ; 5.18)
fx(AU) =K,

d
fﬁj)(AU) — 0T AU = 3 MNIA
=1

where {v0} cppa_gp = {—1,1}%\ {14, =14}, i.c., the set of all vertices of the d-dimensional
hypercube centered in 0; and having edges of length 2, except from the vertices 1, and

—14. The index numbering of such vectors j € [2¢ — 2] is arbitrary.

Final Model

We can now define the expert model v by again utilizing the softmax function applied to
the logits of the classes, but this time considering a class for every function and summing
the logits of the incomparability class to obtain 7 (). For notational convenience, let the

denominator of the softmax be:

2d_9

DEN(AU):= > expf,(AU) + Zexp (AU (5.19)

ye{~,<,x}
Then, we can define the expert model ~ as:

AU
PYy(AU> = %7:9 c {>_7 '<7 X},
> exp f7(AU)
DEN(AU)

(5.20)
Y(AU) =

Additional Details

Implementation Details Similarly to Model A, one issue with this model is that it
doesn’t account for a "margin" in allowing small incomparabilities when one of the two
trajectories is clearly superior along some dimensions of the utility. To solve this issue, we

can add a (learnable) constant a to f. and f.. We will refer to this slight modification
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of the model from now on.

Remark 5.2 (The model reduces to the BT model for d—1). We note that, for scalar
utilities, we, again, obtain a generalization of the Bradley-Terry model with ties formu-

lated by [48]. Since d = 1, we actually have no incomparability functions to consider
({f\\(j)}?:f =), and the other functions become:

F(AU) = AU + a,
F2(AU) = =AU +a, (5.21)
fX(AU) - K7

equivalently to Equation 5.13. Therefore, this model is equivalent to Fquation 5.1/ and,
if K — —o0, it becomes equivalent to the BT model, except for translating and rescaling
the utilities (see Equation 5.15).

Optimizing the model Similarly to Model A, if we employ a linear utility function
U(1t) = We¢(7), the number of parameters to estimate is d - k + 2. Once again, we
can minimize the negative log-likelihood function (see Equation 5.16) to find parameter
estimates WMLE, KMLE gnd 6MLE | Even for this model, the log likelihood is not convex

for every possible dataset (.

Equivalence with Model A and computational complexity This model achieves
the same degree of expressiveness (defined as the degree of compliance with the rational
multi-objective expert model properties) as Model A. Although its construction may result
more intuitive to the reader than that of Model A, we note that computing the model
output for a comparison (i.e., computing v(AU)) requires O(2%) operations due to the
fact that we need to compute the logit function for each of the 2¢ — 2 incomparability
classes. Therefore, from a computational complexity point of view, Model A is to be

preferred as this operation runs in O(d).

5.1.3. Derivation of Model C

In this section, we address a question that may naturally arise after the presentation of
Theorem 4.1 (and in particular of Remark 4.1) and the derivations of Models A and B:
how many (and which) properties of the rational multi-objective expert model (Definition
4.1) must be violated in order to obtain a model that is optimizable via MLE with a

convex loss?
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As can be seen in the proof of Theorem 4.1, the most problematic properties are the ones

regarding the incomparability class, namely property 4 and 5, which we restate:
4. Ve {-1,1}¢st.v£+1,;: v(AU) — (0,0,0,1)" as AU — v© (+o0, ..., +0) T,
5. VEeER :(t-14)=0.

In this section, we illustrate our attempt in deriving a model with convex negative log-
likelihood and such that all properties besides 4 and 5 are respected. We conclude by

outlining its limitations in terms of expressivity.

Theorem 5.1 (Convexity of negative log-likelihood for multinomial logit model). Let
[:RY = R, d>1 be the function defined as:

[(x) := —log ( (5.22)

exp(a; ¢+ by)
Ymiexp(a) z+b:) )

then, 1 is convez in its argument x for all choices of a; € R b; € R,n € N\{0}.

Proof. We can equivalently express [(x) as:

I(x) = —a; x — by + log (i exp(a; x + bz)> : (5.23)

=1

We note that —a; x—by is convex in x since it is a linear affine function of x (therefore, both
convex and concave). log (> ", exp(z;)) is convex and non-decreasing in each argument
z;, therefore log (3" | exp(fi(x))) is convex whenever f;(x) are convex in x, Vi € [n] |9,
Section 3.2.4]. Since the sum of two convex functions is convex [9, Section 3.2.1], [ is

convex in its argument x. O

Given the result of Theorem 5.1, and noticing that [ is the negative log-likelihood function
of a multinomial logit model in which each logit is obtained by an affine transformation
of the input vector x, we can think of a model in which the logit functions f., f-, f=
and f| are affine. Convexity in W is then guaranteed since AU = W(¢(11) — ¢(72)) is a

linear transformation and as such it preserves convexity |9, Section 3.2.2].

As for classes > and <, their corresponding logit functions as defined in Model A and
Model B are already linear functions of AU, therefore, not problematic. The use of the
standard deviation (as in Model A) as the logit function for the incomparability class is
problematic, since this function is not linear on R? and it cannot be linearized without

error. We can visualize this by plotting the graph of std(x) in the case d = 2 (see Figure
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filau)

Figure 5.5: Plot of f(AU) = std(AU) for d = 2

5.5)

Given the function f(x) = std(x), every possible linear affine approximator g(x) = a'x+b
is such that the absolute error J(g,x) = |f(x) — ¢g(x)| is unbounded for some choice of

x € R% We can think of the function ¢ that minimizes the least-squares error in an

hypercube centered in 04 and having edge length of 2T (i.e., D% := [-T,T]4):
a,b=arg mlbn/ (Vd - std(x) — (a"x + b))%dx |, (5.24)
a, ,qui—,

obtaining a = Od,lA) = % We decide, since the utility differences are not bounded in

the general case, to utilize a learnable constant as the indifference class logit function
fi(AU) = a.

This choice is problematic because the indifference (<) class’ logit function was defined
as a constant in Model A and Model B. No other linear f. is such that Condition 3 of
Definition 4.1 is achieved having defined the aforementioned f., f< and f. In fact, we
conjecture that one cannot simultaneously achieve Conditions 3 and Conditions 4, 5 of

the rational multi-objective expert model using linear logit functions f,, f<, f= and f.

Final Model

One possible solution is to discard the possibility of having indifferences in the dataset
and derive an expert model v : R — AZ2, therefore a 3-categorical probability function,
such that v(AU) = (7. (AU),v<(AU),~(AU)) " by, again, applying a softmaz function
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Figure 5.6: Output of Model C along the standard diagonal (o = 1).

to the f. (AU), f<(AU) and f(AU) defined before:

exp f,(AU)

AU) = .
WAY) Lyep-=ly xP fy (AU)

(5.25)

Other possibilities are:

1. Considering samples from the indifference (<) class instead of the incomparability
(]|) one, and swapping 7 with 7~ (since the two classes’ prediction regions overlap

in this model).

2. Consider a class comprising both indifferences and incomparabilities.

Considerations

As proved in Theorem 4.1, and as remarked by the derivation of this model, designing
an expert model v such that: (a) the log-likelihood of v on any dataset  constructed
as described in Section 4.2.1 is convex in its parameters and (b) it complies with the

definition of rational multi-objective expert model, is proved to be impossible.

In fact, this model is equivalent to the Bradley-Terry model with Ties (Equation 3.2), in
which we use as scalar utility U(7) the simple scalarization 1) - U(7) and in which the
incomparability class is swapped with the indifference class. For visualization purposes,
see Figure 5.6 for the output of Model C on the reduction to the d = 1 case and Figure

5.7 for the argmax of the predicted classes over the utility space in the case d = 2.

By employing this model, we are implicitly scalarizing the utility vector with weights 14,

therefore making an assumption on the relative importance of the various objectives of
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AU,

AUy

Figure 5.7: argmax, v, ((AU;, AUs) ") in the case @ = 1 (Model C).

the problem. Even though this is commonly done in previous works, this is a blind choice

that presents many issues, as thoroughly discussed in [25].
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6 ‘ Experiments

In this chapter, we validate the models proposed in Chapter 5 through various exper-
iments. Firstly, in Section 6.1 we describe technical choices that have been done in
implementing and running the code. Then, in Section 6.2, we present the results of opti-
mizing the models’ parameters on a synthetic dataset. Finally, in Section 6.3 we present
and comment various experiments conducted on a gridworld with multi-dimensional true

reward.

6.1. Implementation Details

In this Section, we discuss the choices and details required for implementing and evaluating

the models introduced in Chapter 5.

Linear model As already briefly discussed, we develop our code employing a reward
model that is linear in the feature mapping vectors, i.e., U(1) = W - ¢(7). This is a
simplifying choice made for the sake of easier interpretability of the results, and non-

linear extensions of the reward model are straightforward.

BFGS/L-BFGS optimization algorithm One particular aspect that has been de-
liberately omitted until now is the specific algorithm for the minimization of the negative
log-likelihood function over a specific dataset, in order to obtain the maximum likelihood
estimation for the model’s parameters. We adopt the Broyden—Fletcher—Goldfarb—Shanno
[BFGS, 39, Section 6.1] algorithm for unconstrained minimization, as this method is one
of the state of the art algorithms for settings in which there are no guarantees on the
convexity of the objective function, while providing a lower computation time for solving
the optimization problem with respect to alternative choices. In the cases where the num-

ber of parameters to be estimated is substantial, we employ its limited-memory version,
Limited Memory-BFGS [L-BFGS, 13].

Mini-batch gradient descent Additional implementations of Model A and Model B

were developed in PyTorch [44], which provides efficient tensor computations. Training
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was performed using mini-batch gradient descent with the Adam [31] optimizer.
The optimization parameters were set to the following values:

e learning rate = 1074

e batch_size = 128

e epochs = 150

e 511 =0.9, B, =0.999, ¢ =107% (Adam parameters)

Choice of d In real world applications, the true number of underlying objectives the
expert uses to label pairs of trajectories (cf) is not known in advance to the algorithm
developer. In fact, in some real-world applications, it may happen that the human experts
themselves are not aware of the number of objectives in advance. It is clear that this issue
is out of the scope of these experiments, as the main focus is now the model’s parameters
learning process; therefore, we artificially set the number of dimensions of U to d, ie.,
d=d. We briefly discuss the problem of choosing the value of d in real applications in
Section 7.1.

Evaluation Metrics Since this work focuses solely on the reward modeling step, we
decide to resort to evaluating the learned reward models in isolation, without learning a
policy or a set of policies afterward and evaluating those. We evaluate the reward model by
(a) using the learned W to predict a class for each of the dataset trajectory pair, and
then compare them with the true labels (therefore treating the problem as a classification
one, evaluating precision, recall and Fl-score) and (b) comparing the probability outputs
directly (i.e., ’y(WA(ﬁ) and y(WMLEAP)), by evaluating the average Jensen-Shannon

divergence (see Equation 2.4) over all samples in the dataset.

Hardware and Software specifics The code used for the following experiments has
been run on an Intel(R) Xeon(R) Gold 6238R CPU @ 2.20GHz processor, with 256GB
of RAM. The algorithms are implemented in Python 3.13.9 and run on a machine with
operative system Ubuntu 20.04.6 LTS.

6.2. Preliminary Validation on Synthetic Datasets
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Description

In this experimental setting, we consider an expert model that employs the same model
class that is used to learn the reward model parameter matrix W. A real linear reward
model is employed by the expert (i.e., U (1) = W¢(T)) Of course, the expert also knows
the other real parameters of the models: & for Model C, K and & for Model A and Model
B. Since the focus of these experiments is to verify the correctness of the reconstructed
matrix WYEE we assume that the learner has knowledge of both a and K, thus setting

them to their real values & and K, and keeping them fixed to such values.

We construct the preference dataset as follows. First, we sample Np = 10000 points
{®i}icpny in the trajectory feature mapping space, i.e., R¥, from the uniform distribution
in [0, 1]¥. Then, for N = 5000 times, we randomly select two feature vectors (¢;, ¢;), i, €
[N] and the expert evaluates the pair, obtaining y;; ~ (W (¢h; — ¢;)). Finally, we add
such pairs and labels to the dataset. We employ Nyr = 4000 samples for training the
models and N7g = 1000 samples for testing and displaying results.

For each model, we evaluate the reconstructed linear mapping WMEE ¢ R¥F and plot
the test samples’ reconstructed utility difference AUMEE .= WYEE(p(7)) — (7)) €
R? comparing them and their (sampled) labels to the real ones. Moreover, for each
combination of model employed by the expert and model used to learn W, we analyze

the average Jensen-Shannon divergence metric for the distribution of the labels.

Results

We display experimental results in the case d = 2, k = 3. Let the real parameter matrix
be:
- 1 2 3
W = (6.1)
4 —1 5
We now report the matrices reconstructed by the three models and discuss upon them.

Model A The learned parameter matrix is:

winte o, (1333 2210 3.3 62)
5332 —1.002 —6.163
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(a) Real AU, expert labels. (b) Learned model AUMIE ex-  (¢) Learned model AUMZLE

pert labels. learned model labels.

Figure 6.1: Test set pairs real and learned mappings for Model A in the AU; /AU, space.
Labels: preference (>), inverted preference (<), indifference (=),
Model B The learned parameter matrix is:

e (3313 42064 5.881
10.798 —1.509 —11.502

(a) Real AU, expert labels. (b) Learned model AUMLE ex-  (c) Learned model AUMEE

pert labels. learned model labels.

Figure 6.2: Test set pairs real and learned mappings for Model B in the AU; /AU, space.

Labels: preference (), inverted preference (<), indifference (=),

Model C The learned parameter matrix is:

WS 1.649 0.264 —1.084 (6.4)
2.141 0.471 —0.393
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(a) Real AU, expert labels. (b) Learned model AUMLE  (¢) Learned model AUMEE,

expert labels. learned model labels.

Figure 6.3: Test set pairs real and learned mappings for Model C in the AU; /AU, space.

Labels: preference (), inverted preference (<),

The learned mapping for Model C, along with those obtained in other experimental set-

tings using this model, reflect a broader pattern: it can be seen that the optimal point

W]g LE always tends to a matrix whose rows are all equal to each other. This is expected,

since it can be shown that the gradient of /(W) with respect to any row of the matrix is
AU(W) __ DI(W)

always the same, i.e.: T = Fw, Vi, J € [k].
i j

A scatter plot of the test set pairs’ utility values for Model C is depicted in Figure 6.3.
It can be seen that, once the mapping has been learned, the decision boundaries are
perpendicular to the standard diagonal in R?. Similar rows of the reconstructed W give
points that lie close to the standard diagonal, therefore the model is simply learning a

mapping such that to distinguish strict preferences and a class placed near the origin.

For what concerns Model A and Model B, the scatter plots of the test set pairs’” AU values
are shown in Figure 6.1 (Model A) and Figure 6.2 (Model B). We note how, in both cases,
the learned mapping is such that the majority of sampled labels correspond to the true
labels. We can see how, for both Model A and Model B, the reconstructed WL is very
close to the real W, apart from a scale factor. This behavior is not necessarily required,

however, it is typically obtained for small d and k.

Different model for the expert, Jensen-Shannon divergence We analyzed all
possible (9) cases of model class for the expert and model class for the learner. We have
decided to use the Jensen-Shannon divergence [34] as a metric of distance between the
distributions of the classes labeled by the expert and the learner. Results are presented
in Table 6.1.
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Expert A Expert B Expert C
Learner A 0.0048 0.0072 0.0332
Learner B 0.0082 0.0043 0.0303
Learner C 0.0792 0.1347 0.0032
Table 6.1: Average Jensen-Shannon divergence for all combinations of learner/expert

models (lower is better).

As can be seen in Table 6.1, Model A and Model B can learn their parameters such
that they adapt to a real expert model chosen between Model A and Model B (in other
words, these model are almost interchangeable). As for Model C, this table suggests, once
again, its limitations: the high JS divergence values show that this model is not capable

of learning decision surfaces that match the ones of Model A and Model B.

6.3. Multi-Objective Gridworld

Description

In the following, we evaluate our models on a gridworld environment with multiple, con-
trasting objectives. First, we formalize the environment and discuss the feature mapping
¢ and the trajectory generation process required for constructing a synthetic preference
dataset. Then, we report and discuss the experimental results using the models intro-
duced in Section 5. Finally, we evaluate the robustness of our methods in the cases of

small datasets and incorrect experts.

We consider a square grid composed of G? cells, with each cell (state) s denoted as a
vector (x4, ys)" € {0,..., G — 1}? of its coordinates in the grid. An agent is able to move
freely in this grid, starting from a specific cell (starting cell, denoted as sg) by selecting,
at each time step, an action between going left, right, up, down or staying in the current
cell. Some cells have obstacles in them, which the agent cannot traverse; we denote the
set of obstacle cells as Sp. If the selected action is such that the agent would escape from
the grid or arrive in an obstacle cell, the action is overwritten to stay in the current cell.
Since there is no randomness in the transition model, we can define a function that, given
a state and an action, returns the state in which the agent will deterministically be at the
next timestep, i.e., the function ¢t : § x A — S. One cell acts as the goal cell, denoted
as sg. Note that reaching the goal state does not terminate the trajectory. Instead, the

agent continues to act until H timesteps have elapsed.
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We have defined several real scalar reward functions, that are only dependent on the
state in which the agent would arrive by selecting a specific action in a specific cell. In
mathematical terms, we have R(s,a) = R(s'), with &' = t(s,a). The defined reward

functions are:

1, s = Sq
Rg(S) =
—0.1, otherwise
1
Rr(s) == —5¥s (6.5)
-1, 3 €So:||s—5w <1
Ro(S) =

0, otherwise

Informally, Rs gives a positive reward to the agent in the goal state sg only, while
penalizing it for every step taken outside of that cell (reward of —0.1); Rg penalizes the
agent the more she stays in the lower rows of the gridworld; finally, Ro penalizes the

agent every time she arrives in a cell that is contiguous with an obstacle.

Note that, in the general case, the various rewards could be in contrast with each other
or not. We chose these specific rewards and the layout of the starting cell, goal cell and
obstacles such that there is a trade-off between the different rewards, in order to introduce

a considerable amount of incomparabilities in the dataset.

We can formalize the environment as a MDP\R Mgaw = (S, A, H, P, u19), where:

o S={(z,y), z,y € {0,...,G—1}}

o A= {“up”, “down”, “left”, “right”, “stay”}

1, s =t(s,a)
o P(s'|s,a) =
0, otherwise
1, s=sg
® fuo(s) =

0, otherwise

Given a trajectory T = (s¢, at)ic[n], We consider the trajectory feature mapping ¢ : 7 —
NISI where ¢;(7) := N(s;,7), i € [|S|], and N(s;, ) is the number of times the state s;

is visited in 7.

We consider a dataset of pre-collected trajectories obtained by playing a random policy,
ie., WRND(OJ|S> = ﬁ . 1|.A|7 Vs € §,Va € A.

The expert labels pairs of trajectories using a multi-dimensional real reward function R,
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obtained juxtaposing some of the scalar reward functions defined in Equation 6.5 into a

vector. In particular, we considered the following scenarios:

(6.6)

In our experiments, we consider the case G = 5, sg = (0,4)" (bottom left cell), sq =
(4,4)" (bottom right cell), Sp = {(2,0)7,(2,4)"}. The real objective functions values
over the grid are depicted in Figure 6.4. The datasets, where not specified, were collected
by sampling Ny = 300 trajectories using mryp, and querying the oracle to label each
possible pair, i.e., N = (320) = 44850 pairs.

(a) Rg(s) over the gridworld. (b) Rg(s) over the gridworld. (¢) Ro(s) over the gridworld.

Figure 6.4: True reward functions over the 5 x 5 gridworld.

Results

To assess the variance of the found solution, each experiment was evaluated N, = 10
times, with different initial parameter estimates; the negative log-likelihood minimum,
maximum, mean values and standard deviation over the different runs are shown. To
qualitatively assess the found parameter estimate, we show the single components (rows)
of the learned reward matrix W**¥  reshaped to obtain the shape of the grid (5 x 5), for
one of the runs. This is reasonable because, given the choice of the feature vector ¢, in
which the i-th component is the number of times the state s; is visited in the trajectory,
the component W17*" encodes the relative importance of state s; for the d-th component
of the utility.
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Bradley-Terry model As a preliminary experiment, the Bradley-Terry model (see
Equation 2.17) was fitted to this setting. Clearly, in this case the learned utility is
scalar (U(1) = wMEET ¢(7)). We employed the method used by [16, 27| for dealing with
non-strict preferences: equally weighting indifferences over the preference classes (see
Equation 3.1), and ignoring incomparabilities in the dataset. We note that Model A and
Model B, when ignoring the incomparability class, become exactly equivalent to Model
C and, therefore, to the Bradley-Terry with Ties model (Equation 3.2) in which we use
a scalarization of the reward components with uniform weights. Therefore, we expect to

learn a scalar utility function that is an average of the utility components.

Further experiments were carried on for Model A and Model B only, discarding Model
C because inherently similar to the classic BT model. As already discussed in Section
6.2, Model C becomes useless in learning distinct reward dimensions as it simply tends to

learn the same values for the d rows of W.

Results in the case the expert model is Model A or Model B are shown in Figure 6.5 (real
reward is Rp) and Figure 6.6 (real reward is Rp).

0.6 0.6
0 0

05 05
1 1

0.4 04
2 2

03 03
3 0.2 3 0.2

01 01
4 4

MLE

(a) Reshaped w in the case the ex- (b) Reshaped WM LE in the case the ex-

pert labels samples using Model A. pert labels samples using Model B.

Figure 6.5: Bradley-Terry learned wMZE | true reward is Ro.
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(a) Reshaped w in the case the ex- (b) Reshaped w in the case the expert

pert labels samples using Model A. labels samples using Model B.

Figure 6.6: Bradley-Terry learned wMF_ true reward is Rp.

[(WMEE) mean std min max

BT, expert A (Rp) 20261.764 0.0594 20261.669 20261.856
BT, expert B(Rp) 19296.213 0.1208 19296.026 19296.345
BT, expert A(Rp) 2730.011 0.0384 2729.98  2730.117
BT, expert B(Rp) 3522.936 0.0190 3522.913  3522.974

Table 6.2: Negative log-likelihood statistics for the Bradley-Terry model.

We note that the standard deviation of the optimum values is very low over the re-runs;
this is because the optimization problem is, in this case, convex, and therefore I(wLF)
always tends to the same unique minimum. Qualitatively, we notice that, as previously

hypothesized, the learned reward vector tends to the average of the reward dimensions.

Model B One learned ng LE "in the case the real reward is Rp, is shown in Figure
6.7.
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W_0 (dimension 0) W_1 (dimension 1) W_2 (dimension 2)
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Figure 6.7: Learned W%/[LE, true reward is Rp.

[(WMEE) mean std min max

learner B, expert B (Rp) 13277.834 23.964 13264.598 13345.026

Table 6.3: Negative log-likelihood statistics for Model B.

Even in the case of Model B, the learned parameter estimates over the various re-runs
are very close to each other (see Table 6.3) and all tend to a qualitatively correct reward
function (whose example is depicted in Figure 6.7). This is due to the fact that, even if
the negative log-likelihood function is not convex, if the number of incomparable pairs is
limited with respect to the comparable ones, it displays a convex-like profile, with smooth

curvature and no pronounced local irregularities.

Model A For what concerns Model A, one learned Wf\f LE 'in the case the real reward

is Rp, is shown in Figure 6.8.
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Figure 6.8: Learned WY true reward is Rp.
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I(WMEEY mean  std min max

learner A, expert A (Rp) 5202.656 1.082 5201.780 5204.739

Table 6.4: Negative log-likelihood statistics for Model A.

The same remarks as in the case of Model B apply here. We note that in this case, however,
we obtained, on average, a slightly noisier estimate of W as optimum point. This can be
visually seen in Figure 6.8, in which the reward components are not separated as in the
case of Model B. This could be due to the fact that the negative log-likelihood function

presents more substantial local irregularities than the one of Model B.

In Table 6.5, we show the average classification metrics over the re-runs. These act as a

baseline, to be compared with the robustness studies ones.

Precision Recall F1-Score

Model A 0.932 0.933 0.932
Model B 0.904 0.904 0.904

Table 6.5: Classification metrics for Models A and B (average over re-runs).

Small datasets This series of experiments aims at studying the learned parameter esti-
mate WMEF using, as dataset, an incomplete graph of comparisons between trajectories.
In Figure 6.11, we show results for 100, 500, 1000, 2000 and 5000 trajectory pairs, us-
ing Model B (similar results are obtained for Model A). In Table 6.6, we present the

classification metrics at increasing values of N

Precision Recall F1-Score

N = 500 0.819 0.366 0.314
N = 1000 0.827 0.327 0.280
N = 2000 0.856 0.582 0.609
N = 5000 0.863 0.650 0.676

Table 6.6: Classification metrics at increasing values of N. (average over re-runs)

We note that the reconstructed reward matrix is qualitatively similar to the real W

starting from datasets having size of few thousands samples (this is supported by the
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sudden increase in classification metrics). We note that the reconstruction of the weight
matrix gets progressively better and less noisy with the increasing number of samples
N. The model displays a particular difficulty in reconstructing the Rz component; this
aligns with the intuition that more uniform rewards, and the ones that assume values in
a smaller set are easier to learn with respect to uneven and many-valued ones (Rg and

Ro can assume only 2 values over the grid, while Rg takes values in a set of cardinality

5).

Studying the robustness with respect to the underlying expert model We
considered two alternative scenarios, in which the expert model does not correspond with

a previously defined model. In particular we define the following expert models:

e (1—e¢)-correct expert: chosen an expert model class v, given (71, 75) with probability
(1 — €) it outputs the label y;; ~ v(AU (71, 72)), and with probability €, it outputs

a random (uniformly sampled) class in Y\{y;;}.

e (1 — €)-argmax expert: chosen an expert model class 7, given (71, 7) with proba-
bility (1 — €) it outputs the label y;; = argmax,{7,(AU(m,72)),i € Y}, and with
probability €, it outputs a random (uniformly sampled) class in Y\{y;;}.

We display results for Model B (again, similar results are achieved by Model A). In
Figure 6.12, learned parameter matrices for increasing values of € are shown in the case

of (1 — €)-correct expert, in Figure 6.13 we show the case of (1 — €)-argmaz expert.

We note how, in general, increasing the value of € increases the noise in the reconstructed
WHMLE with respect to the real matrix W; this behavior is expected, since the expert
model progressively deviates from the model employed by the learner, increasingly adding

noise in the dataset’s labels.

In the case of the (1 — €)-correct expert, the performances (in terms of estimate WLE)
degrade more slowly with respect to the case of the (1 — €)-argmax expert. This can
be seen, for example, by looking at the many-valued reward Rg, which, for e = 0.001 is
still well-captured by the model in the case of (1 — €)-correct expert, while it’s already
very noisy for the (1 — €)-argmax expert model. This is an outcome we somehow expect,
since the (1 — €)-argmax expert model is the most pessimistic and far from the learner’s
model between the two (due to both the use of the argmaz operator and the e-probability

behavior).
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Precision Recall F1-Score

e = 0.001 0.749 0.739 0.744
e =0.01 0.786 0.782 0.784
e=0.1 0.702 0.710 0.706
e=0.2 0.651 0.630 0.642

Table 6.7: Classification metrics at increasing values of e. ((1 — €)-correct expert, average

over re-runs).

Precision Recall F1-Score

e=0 0.968 0.962 0.964
e = 0.001 0.959 0.950 0.954
e =0.01 0.911 0.890 0.900
e=0.1 0.729 0.749 0.739

Table 6.8: Classification metrics at increasing values of €. ((1 —€)-argmax expert, average

over re-runs).

We show average classification metrics in both cases in Table 6.7 ((1 — €)-correct expert)
and Table 6.8 ((1 — ¢)-argmax expert). We note, in both cases, a substantial drop in all

classification metrics for increasing values of e.

Mini-batch gradient descent As introduced in Section 6.1, we developed implemen-
tations of Model A and Model B in PyTorch, using mini-batch gradient descent with the
Adam optimizer. We note how even these implementations reach parameter estimates
WHMLE that are qualitatively very close to the true parameter W (see Figure 6.10 and
Figure 6.9). Even if these results are not as good as the ones obtained using the L-BFGS
optimization algorithm, Furthermore, we noticed a substantial speed-up in the optimiza-
tion process, reaching around x10 decrease in runtime, for both Model A and Model
B.
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Precision Recall F1-Score

Model A (PyTorch) 0.810 0.760 0.687
Model B (PyTorch) 0.756 0.761 0.758

Table 6.9: Classification metrics for Models A and B (PyTorch implementation, average

over the re-runs).

We note a slight worsening in all classification metrics (Table 6.9). This is due to the fact
that the mini-batch gradient descent converges to a noisier estimate of W with respect
to BFGS.
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Figure 6.9: WA obtained with mini-batch gradient descent.
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Figure 6.11: Learned reward matrices for increasing dataset size (Model B, true reward
is RB)
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(1 — e)-correct expert, increasing values of ¢ (Model B, true reward is Rp).
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Figure 6.13: (1 — €)-argmax expert, increasing values of € (Model B, true reward is Rp).
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7 ‘ Conclusions

This thesis addressed the problem of learning multi-dimensional reward models from an
expert-submitted feedback consisting of preferences, indifferences and incomparabilities
between pairs of agent trajectories. As already noted in previous works, this setting
is tied to the expert utilizing an underlying reward that is multi-dimensional; this is
a very frequent case in real applications, such as autonomous driving, LLM alignment,
water reservoir operations, etc). However, until now, learning in the presence of this
particular feedback type has been avoided by the literature, by simply discarding the
incomparable pairs. We formalized this setting by slightly modifying the classical PbRL
settings and introduced the rational multi-objective expert model, a set of properties that
the probabilistic model of the expert must adhere to be coherent in the evaluation of
trajectories with respect to multiple underlying objectives. We then proceeded by stating
and proving an important negative result, i.e., the non-convexity, in the general case, of the
negative log-likelihood of any model complying with such properties. We therefore started
illustrating various possible model choices: Model A and Model B, that respect completely
the desiderata on the problem, while having non-convex losses and Model C, a model that
is only partially able to represent incomparabilities but that benefits from a convex loss.
Particular attention, throughout the whole process, has been placed on defining models
that, in the classical one-dimensional case, reduced to the ubiquitous Bradley-Terry model.
Finally, we tested our models throughout diverse experiments, validating the optimization
procedure and conducting studies on datasets having particularly limited cardinality and

verifying the robustness of the model with respect to different, imperfect expert models.

7.1. Future Works

Learning a set of policies The final objective of any classical PbRL algorithm is to
find an optimal policy 7*, and the reward model learning phase is a step in a bigger, more
complex process. Even in the problem setting we defined, the final goal should always be
the one of controlling the environment by learning a suitable policy, or, more precisely,

a set of non-dominated policies since we are dealing with a multi-objective problem.
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An interesting research direction would be the development of such end-to-end learning
algorithm, by (a) learning the multi-dimensional reward model from data and (b) learning
a set of non dominated policies on the MOMDP defined using such reward. In the case
of an online learning setup (i.e., the agent can actively interact with the environment and

query the expert), ulterior issues have to be addressed, such as:

e The dimensionality of the reward model should be increased with the number of
incomparabilities in the dataset (. More specifically, this could be done by iter-
atively updating a sample-based estimate of the width of the preference relation

corresponding to the dataset.

e The preference query generation problem, i.e., selecting the most informative tra-
jectory pair to be submitted for feedback to the expert. In this specific setting, the
learner should take into consideration queries that make it possible to discover new

objectives, while also exploring the already known ones.

Evaluation on real datasets Systematically overlooking the possibility of incompa-
rabilities in the dataset also implies that there exist no datasets for this exact problem
setting. In particular, to the best of our knowledge, no public dataset of preferences com-
prising incomparabilities exists (across any application field). Being able to evaluate the
goodness of expert models with respect to real preference data comprising incomparabil-
ities would be of paramount importance to understand if such models are able to mimic

the decision making strategies of real human labelers.

Sample complexity Sample complexity is a fundamental concept in RL (and ML in
general). The sample complexity analysis of an RL algorithm is focused on obtaining an
asymptotic upper bound on the regret of such algorithm, as a function of the observed
samples. Several works tackled this problem in the PbRL literature [40, 49, 69]. One
possible work direction is studying the sample complexity for an algorithm learning a
set of Pareto-optimal policies from human preferences with incomparabilities, in which a

suitable multi-dimensional reward model is utilized.
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