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1. Introduction

Micromirrors are optical MEMS mainly adopted in
imaging applications and laser projection displays.
Examples of these applications are AR/VR head-
sets and Light Detection and Ranging (LiDAR). Fig-
ure 1 shows a headset and a micromirror used for
LiDAR. Several actuation schemes can be adopted
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in micromirror manufacturing; among these, piezo-
electric actuation has attracted recent interest due
to its capability of generating large oscillation am-
plitudes with low power consumption. The main
problems that must be faced when piezoelectric ma-
terials are adopted are their hysteretic polarisation
behaviour, which requires the integration of control
loops, and fatigue effects. Micromirrors, as also
many other MEMS, present nonlinearities of me-

chanical and material-caused nonlinearities. These
pose difficulties for the solution of Finite Element
(FE) analyses, which require long computational
times when nonlinear couplings are present in the
equations of motion. To decrease time of simula-
tions, reduced order models are implemented.

2. Scanning techniques

Laser beam projections can scan a surface follow-
ing two different patterns; the scanning techniques
are called raster scanning and Lissajous scanning.
The first pattern is obtained with actuation in quasi-
static regime of one axis to provide scan in the ver-
tical direction, while the second one vibrates at res-
onance and gives fast scanning in the horizontal di-
rection. In this way a rectangular scanned area is
obtained.

3. Dynamics of the system

As starting point for the study of micromirror dy-
namics, linear 1 degree of freedom oscillator can be
introduced. The solution of the equation of motion
of this system yields a sinusoidal response which is
amplified when the external forcing vibrates at the
resonant frequency of the device. Energy dissipation
of such vibrating system is measured through quality
factor Q. This quantity is calculated, by definition,
as the ratio between the maximum energy stored in



the device and the energy lost in each cycle. As
it was previously stated, micromirrors are actually
nonlinear systems; therefore, they are more properly
described by the nonlinear oscillator equation of mo-
tion, of which one of the most common forms is the
Duffing oscillator, presented below:

mil + cit 4+ w?u + kau® = F(t) (1)

In this equation, the first term is the inertial force,
the second term is the damping term, while the third
and fourth terms are related to retraction force. In
linear oscillators, only the linear term is present.
Damping is related to energy dissipation of the os-
cillator. The effects of nonlinearity can be clearly
seen in response curves like the one in Figure 2. As

Figure 2: Response curve with highlighted bifur-
cation point (indicated by the letter b). The curve
presents hardening behaviour

a matter of fact, softening/hardening character, bi-
furcation points and instabilities are very frequently
encountered when frequency response curves are ob-
tained. Moreover, phenomena such as internal res-
onance between vibrational modes of the structure
can take place. Figure 2 shows an ideal response
curve in which hardening (highlighted by the shift
of the maximum amplitude towards higher frequen-
cies than the resonant one), bifurcation points and
unstable solution branches can be seen. Dissipation
must be evaluated with different methods from the
ones adopted for linear systems.

4. Reduced Order Models
(ROM) and continuation

ROMs have been derived to reduce the computa-
tional burden of Finite Element models that describe
nonlinear systems. Several ROMs have been derived,
and in the present work a model based on the di-
rect parametrisation of invariant manifolds (DPIM)
is used. This method exploits linear eigenmodes
to map the real coordinates in normal coordinates.
The starting point is the equation of motion of an
undamped mechanical system affected by geomet-
ric nonlinearities. The first-order formulation of this

equation is:
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With this technique, displacement and velocity are
expressed as polynomials depending on normal co-

ordinates; moreover, reduced dynamics are obtained
[4]:

U= %) (3)
V =T (2) (4)
2= f(z) (5)

Also time derivative of the nonlinear mappings can
be obtained from Equations 3. The mapping coef-
ficients and reduced dynamics are unknown at this
stage, and in order to solve the initial problem they
can be written in form of polynomials. The obtained
expressions are then replaced inside Equation 2 to
derive the final solution. The result of this tech-
nique is a system of differential equations that must
be integrated is equal to the number of linear modes
used to carry out the mapping. All the equations
display the following form:

NP
7+ %f + Qur + f(ri) = > BAH)EP (6)

i=1
In this expression, Qm is the frequency of the mt™
mode, @ is the quality factor, f(r,7) is the nonlin-
ear restoring force, NNy is the number of piezoelec-
tric patches, F; average polarization value of the i-
th piezoelectric patch, and FiP'*%° i-th modal piezo-
electric force. The equations should be solved for
each value of excitation frequency with brute force
approach, but this would increase computational
time considerably. For this reason, the continuation
method is exploited to obtain the simulated response
of the device. This device allows to retrieve solu-
tion branches as frequency varies. In particular, The
ROM under study exploits pseudo-arclength contin-
uation [2].

5. Experimental results

Investigation on the micromirror presented in Fig-
ure 3 is reported in this section. This device presents
strongly nonlinear behaviours such as internal reso-
nance and unstable solution branches in the response
under actuation. The reflective surface is made of sil-
icon and is covered with a thin layer of gold. The sus-
pended mass is connected to the support by means
of four torsional springs that provide torque for ro-
tation. Piezoelectric patches located on the sides
of the reflective surface are used as actuators. The
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