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Abstract

Trajectories design in chaotic environments, such as the Didymos—Dimorphos binary as-
teroid system, is challenging as it requires the use of high-fidelity models in which periodic

solutions vanish.

Lagrangian descriptors are investigated in this work as a tool for finding regions of bounded
motion around the secondary Dimorphos, for a certain period of time. To this end, distant
retrograde orbits are calculated in the simplified planar circular restricted three-body
problem, and their initial conditions are inspected against the Lagrangian descriptors

fields for classification of the behavior of the regions that is a priori unknown.

The same procedure is repeated for the spatial case, in which the periodic planar orbits
are continued out of the plane to generate resonant periodic three-dimensional orbits:
their initial conditions will belong to areas of the scalar field containing similarly evolving
orbits. On the other hand, other regions will contain orbits that escape the vicinity of
Dimorphos or likely impact with it. Once classified, their evolution is observed in more
representative models, and an attempt is made to find bounded solutions through phase

space sampling.

Bounded orbits exist, for the selected search space, in all cases but at the pericenter of
the heliocentric orbit, where the solar radiation pressure contribution is so high to sweep

away the vast region of bounded motion.

The results, therefore, confirm the capability of Lagrangian descriptors to organize the
phase space into regions of qualitatively different motion and are more convenient than

other chaos indicators as they do not require the propagation of the variational equations.

Keywords: Bi-elliptic restricted 4-body problem, Lagrangian descriptors, Didymos bi-

nary asteroid, bounded motion region
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1ii

Sommario

La progettazione di traiettorie in ambienti caotici, come nel caso del sistema di asteroidi
binari Didymos-Dimorphos, risulta impegnativa in quanto richiede 'uso di modelli ad

alta fedelta in cui soluzioni periodiche svaniscono.

I descrittori Lagrangiani sono analizzati in questo lavoro come strumento per trovare re-
gioni dello spazio delle fasi in cui il movimento di un satellite risulta confinato attorno
a Dimorphos, per un certo periodo di tempo. A tal fine, orbite retrograde distanti at-
torno a Dimorphos sono calcolate nel modello planare circolare ristretto a tre corpi e le
loro condizioni iniziali sono confrontate rispetto al campo scalare generato dai descrittori
Lagrangiani, per la classificazione del comportamento delle varie regioni che, a priori,
sconosciuto. La stessa procedura viene ripetuta per il caso tridimensionale, in cui le orbite
planari periodiche vengono continuate fuori dal piano per generare orbite tridimensionali
periodiche risonanti: le loro condizioni iniziali apparterranno ad aree del campo scalare
contenenti orbite con evoluzione simile. D’altro canto, altre regioni contengono orbite che
fuggono dalle vicinanze di Dimorphos o probabilmente impattano con esso. Una volta
classificate, se ne osserva l’evoluzione in modelli pit rappresentativi e si tenta di trovare
soluzioni confinate attorno a Dimorphos attraverso il campionamento dello spazio delle

fasi.

Orbite confinate esistono, per lo spazio di ricerca selezionato, in tutti i casi tranne che al
pericentro dell’orbita eliocentrica, dove il contributo della pressione di radiazione solare é

cosi alto da spazzare via la vasta regione di movimento confinato.

I risultati, quindi, confermano la capacita dei descrittori lagrangiani di organizzare lo
spazio delle fasi in regioni di moto qualitativamente diverso e sono pitl convenienti di al-

tri indicatori di caos in quanto non richiedono la propagazione delle equazioni variazionali.

Parole chiave: Problema biellittico dei quattro corpi ristretto, descrittori Lagrangiani,

asteroide binario Didymos, regioni di movimento confinato
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1 ‘ Introduction

1.1. Context

Small solar system objects, such as asteroids and comets, are residual debris from the
creation of the inner solar system, including our planet. As their chemical structure has
remained unchanged since their formation, such objects are thought to have a composi-
tion that is very similar to that of the Earth during its early stages of formation. For this
reason, they are thought to hold the key to a better understanding of the origins of life.

In the upcoming years, two missions part of the Asteroid Impact and De ection As-
sessment (AIDA) international collaboration are scheduled to visit the (65803) Didymos
binary system to investigate and demonstrate the kinetic e ects of an impactor colliding
with the minor body Dimorphos: NASA's DART, and ESA's Hera.

The present work aims at nding regions of the phase space in which the motion of the
spacecraft remains in the vicinity of Dimorphos, regardless of the perturbations. These re-
sults can be useful to ful Il a variety of science objectives, for instance, the global mapping
of gravitational elds as well as the study of their chemical compaosition.

1.2. Motivation

Bounded motion can be achieved through periodic or quasi-periodic orbits. The latter
have many of the same advantages as periodic orbits, as well as a few additional bene ts.
Five-dimensional stable and unstable manifolds exist for two-dimensional hyperbolic in-
variant tori with quasi-periodic motion on their surfaces. Periodic orbit families, on the
other hand, typically have three-dimensional stable and unstable manifolds [28]. As a
result, including quasi-periodic orbits in space missions design greatly expands the design
space to meet mission constraints and science objectives. Solving a system of partial di er-
ential equations or shooting algorithms using surfaces of section or a stroboscopic map are
two common methods for computing invariant tori [1]. In the phase space, quasi-periodic
motions are much more prevalent, but their computation entails additional complexities.
For this reason, a novel methodology based on Lagrangian descriptors (LDs) is presented,
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which allows for a straightforward, indirect method of searching for quasi-periodic orbits
in highly chaotic environments by separating the phase space in regions with qualitatively
di erent behavior.

1.3. Objectives and research gquestions

Research Questions. Didymos is a sub-kilometer asteroid and, together with its small
minor companion Dimorphos, forms a binary system orbiting the Sun. Due to the nu-
merous disturbances, the environment in its vicinity is highly chaotic, making it di cult
to identify regions of space where the satellite's motion remains bounded.

The present work aims to answer the following research question:

" To what extent do Lagrangian descriptors provide insight into the highly chaotic
environment by revealing the structures that organize the phase space into regions
of di erent behavior?

Research Objective. The nal objectives of this dissertation are:

" Find regions of bounded motion around the Didymos-Dimorphos binary system for
a certain amount of time.

" Investigate the capability of the di erent Lagrangian descriptors to reveal organizing
structures in astrodynamics systems

" Classify the identi ed regions according to their qualitative behavior.

1.4. Structure of the thesis

The remainder of this work is organized as follows

1. Chapter 1 presents the motivation, as well as the objectives and the research ques-
tion;

2. Chapter 2 o ers an overview of the literature on the investigated topics, providing
a background for a complete understanding;

3. Chapter 3 introduces and models the dynamical environment in the vicinity of the
Didymos Dimorphos binary system;

4. Chapter 4 shows the adopted methodology and the algorithms to nd and classify
the regions of the scalar LD eld;

5. Chapter 5 explains and discusses the results;
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6. Chapter 6 draws conclusions and presents insight to further expand this work.
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2 ‘ Literature review

One of the oldest problems in the eld of dynamical systems is the three-body problem.
Indeed, Isaac Newton rst formulated it in 1687 in thePhilosophise Naturalis Principia
Mathematica He did not solve the problem: the knowledge of a general solution would be
required to solve it, which is impossible to obtain as it turned out. Euler later considered
the problem of three bodies lying on the same line in hi3e motu rectilineo trium corporum

se mutuo attrahentium in 1767. He also studied the problem in a co-rotating reference
frame with the origin at the barycentre. This promoted the development of the circular
restricted three-body problem (CR3BP).

Several authors, including Lagrange, Laplace, Jacobi, Poincaré, Birkho, and others,
contributed to the extension and analysis of such a problem. Lagrange demonstrated, in
particular, that for any two masses in circular orbits, there are ve equilibrium points,
now known asLagrangian points these are special locations where the gravitational forces
of the bodies balance the centrifugal forces. Small objects in orbit at Lagrange points
remain in equilibrium relative to the large bodies, the so-callegrimaries.

In 1836, Jacobi proved the existence of a quantity conserved throughout motion: the
integral of motion, also known as thelacobi integral George William Hill later used this
knowledge to introduce the zero-velocity curves (ZVC), which are regions where the body
is allowed to move. A feature of the CR3BP, an autonomous dynamical system (i.e., it
does not explicitly depend on time) when modeled in a rotating frame, is the presence of
channelsin the phase space that allow global transport mechanismsivariant manifolds.
These structures can be obtained by analyzing stable and unstable manifolds of a periodic
solution. Their importance lies in the possibility of exploiting such space channels to
design space missions that use very little fuel.

If the primaries move in an elliptical orbit, this model no longer works, and the eccen-
tricity of the orbit must be accounted for in a more complex model, namely the elliptic
restricted three-body problem (ER3BP). Because the distance between the primaries is
no longer constant and the reference frame does not rotate uniformly, the system is no
longer autonomous.
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2.1. The circular restricted three-body problem

2.1.1. Equations of motion

Problem Description. Consider the motion of an object P moving in a gravitational
eld generated by two bodies,m; and m,, respectively theprimary and the secondary
This problem can be simpli ed if the following two conditions are met, restricting the
analysis to the circular restricted three-body problem:

1. the mass of the object is signi cantly smaller than that of the other two: its in uence
on their motion is negligible;

2. primary and secondary orbit around their barycentre on circular orbits.

Let's consider two coordinates systems, one inerti@X; Y;Z) and the other one(x;y; z)
as rotating, with constant speed, around the rst (Fig. 2.1). Massem; and m, refer to
the largest and smallest mass, respectively. They are located on xed positions on the
rotating x axis. The system is made non-dimensional selecting units of time, length, and
mass. It can be fully described through thenass parameter , de ned as follows

mo

= ——: 2.1
—_—— (2.1)

The unit of length is the constant distance betweemm; and m,: the positions of the
primary and secondary on the rotatingk axis are( ; 0;0)and (1 ; 0;0), respectively.
The time unit is such that one orbital period corresponds t@ . Finally, the unit of mass
is taken as the sum ofmy; and m,.

Y

® g

m» t

mj

Figure 2.1: Reference systems: inertial and rotating. They share the samaxis position.
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When derived in the inertial frame(X;Y;Z), the total energy of the system is not con-
served therefore the system of di erential equations is not Hamiltonian, and the energy
integral is time-varying . If the motion of P is instead expressed in the rotating frame
(x;y; z), the equations of motion (EoM) are autonomous and yield eonstant integral of
motion. The Euler Lagrange equation is applied to derive the set of the three di erential
equations governing the motion of P [20]

X ZL: X1
y+2x= (2.2)
¥ = Z
where
(xy)= 02+y) 2 2 1o, (2.3)
’ 2 rhrs 2 1 2 '

is the e ective potential . The subscript () denotes the derivative with respect to the
variable (). The magnitudes of the position vectors; and r, are the distances of P in
the rotating frame from m; and m,, respectively, given by

r1=p(x+ )2+ y?+ 2% and r2=p(x 1+ )2+ y2+ 72 (2.4)

2.1.2. Energy integral and Jacobi constant

In the CR3BP, the energy integral is the only known integral of motion and represents
a very e ective tool for characterizing the regions of space in which, once the initial
conditions have been xed, motion is possible or not. Its expression reads [20]:

E(x;y;z;&w2)=%(>§+x2+;2)+ = %v2+ : (2.5)

It is strictly related with the Jacobi integral C, beingC = 2E.

2.1.3. Hill's region

The motion of the object P is always con ned to the Hill's region of the corresponding
Jacobi energy C. Considering Eq. (2.5), if the velocity is set to zero for a certain initial
condition, then the value of the critical energyE is obtained [2]. In the same way, the
critical Jacobi constantC is obtained by setting to zero the velocity inC = v 2
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Allowed regions: C C orE E asv? 0 (2.6)
Forbidden regions: C>C or E<E asVv?<O: (2.7)

Depending on the value of the Jacobi constant (or, equivalently, of the energy), ve
scenarios can be laid out, de ning the so-callegalms of possible motion. As an example,
these regions are obtained for the Earth Moon case and shown in Fig. 2.2: the area in
grey is the forbidden one, where the motion of the spacecraft is not physically possible.

(a) E<Ea (b) E1<E< E2 (c) E2<E<E 3

(d) Es<E<E 4 (e) E<Eq4

Figure 2.2: The ve cases of the Hill's region.

2.1.4. Equilibrium points

Lagrange found out the presence of ve specic regions in space, calledgrangian
points : an object placed there would have zero velocity and zero acceleration, meaning
that small objects would permanently appear at rest relative to the primaries. Let's
consider the planar case. Rearranging Eqs. 2.2 in their rst-order form would lead to

[20]:
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X = Vx
=V
=% (2.8)
Vx = 2Vy X
V¥ = 2VX y
To nd the equilibrium point of the system it is required that x = 0, that is:
Ve = Vy = Ve = vy =0: (2.9)

As an example calculation, these points are computed for the Earth Moon system and
shown in Fig. 2.3. Positions L1, L2, and L3 are unstable: any object orbiting these regions
will tend to fall out the orbit; this trend, for spacecraft populating these areas, must be

actively counter-acted with maneuvers. On the other hand, points L4 and L5 are stable:
objects are beingpulled into them so that no station-keeping would be needed.

Figure 2.3: Lagrangian points for the Earth Moon system.

2.1.5. Motion near the collinear equilibrium points

Let's investigate, for the planar case, the ow near the collinear equilibrium points. After
the linearization of the equations around the equilibrium solution, it is possible to compute
the eigenvalues and corresponding eigenvectors [20].

To better visualize the orbit structure on the 4-dimensional phase space, a change of
coordinate system is carried out: the eigenvectors;( ; 1; ») are used as the new axes
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for the reference frame. After the coordinates change, the energy integral of the linearized
system takes the form [20]

EN = + 5( 1+ 2); (2.10)

where the eigenvalues of the linearized system are and i .
Solutions such thatgE; = > 0 correspond to the case in which the Hill's region includes
a neck around the Lagrangian point. By imposind, = , Eq. (2.10) becomes:

Z( + )2+ E( i+ H= o+ Z( )% (2.11)

Equation (2.11) corresponds to a three-dimensional object embedded in a 4-dimensional
space. Let's callequilibrium region R the one such that

E = j i<c; (2.12)

with and c positive values. R is then homeomorphic to the product of awo-sphere
and aninterval | =[ c¢;c]. For each value inl the equilibrium region is a two-sphere:
from one side it is bounded by = cand from the other by =+c

Its projection in the plane is shown in Fig. 2.4. Each point in thg ; ) plane
corresponds to a circles! in R and the line segments ( ) represent the bounding
spheres. With reference to Fig. 2.4, four types of orbits are classi ed:

" the origin = =0 representsperiodic orbits called Lyapunov orbits

" Non-transit orbits emanate and arrive to the same bounding sphere. They corre-
spond to the blue branches of hyperbola;

" Transit orbits emanate from one bounding sphere and arrive to the other. They
correspond to the red branches of hyperbola;

" The line segments =0 or =0, passing through the origin, correspond tasymp-
totic orbits. They are pieces of stable and unstable manifolds separating two dif-
ferent kinds of motion: transit and non-transit orbits.
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Figure 2.4: Flow in the equilibrium region -n; represent the bounding sphere = cC
and n, corresponds to =+c

It is interesting to visualize these orbits in the position space, wheRR appears as the neck
region connecting two realms. The general solution to the linearized system comprises -
among others - two coe cients, ; and ,, whose values, depending on the sign, change
the type of solution obtained, as shown in Fig. 2.5.

Figure 2.5: Flow in the position region.

In particular, with reference to Fig. 2.5:



18 2| Literature review

1= 2 =0 the Lyapunov periodic orbit is obtained,;

1 2 =0 correspond to asymptotic orbits, marked in green;
1 2 < 0 correspond to transit orbits, marked in red;

1 2> 0correspond to non-transit orbits, marked in blue.

More information on the topic are available in [20].

2.1.6. Trajectory design

Space mission design is a challenging task and minimizing fuel consumption is nowadays
a prerequisite for the feasibility of most missions. Before getting into the actual mission
design, some mathematical tools used in this dissertation are presented.

State transition matrix

Let x be the six-dimensional vector composed by=[X;y; z;X;y;z]”. Its variation X can
be expressed as followsx = [X; y; z; X; Y; z]”. The state transition matrix (STM),
de ned as |, relates the variation of the state at timety with the variation of the state
at later times t

()= (tto) X(to): (2.13)

(t;to) is a time changing matrix composed of thirty-six scalar di erential equations.
Its dynamics reads:

—(tto) = A(t) (tto): (2.14)

This set of equations represents the so-calledriational equations . The matrix A (t)
Is the Jacobian of the system dynamics and must be evaluated along the path, therefore
Eq. (2.14) must be numerically propagated with the equations of motion.

Monodromy Matrix

The monodromy matrix is simply the STM evaluated after a full periodM = (T;to).

It is symplectic since associated with an autonomous Hamiltonian system: from the
property of symplectic matrices, it is known that if ; is an eigenvalue, then ; * is also an
eigenvalue. Being aeal matrix, it also possesses another feature: complex eigenvalues
of real matrices always come in conjugate pairs. AdditionallyM is associated with a
periodic solution, so two unitary eigenvalues - because of the symplectic property - are
always present. Finally, these eigenvalues, also known E®quet multipliers , provide



2| Literature review 19

information regarding the stability of the solution [16, 40]:

A

i > 1 is associated to an unstable solution;

N

i < 1is associated to a periodic stable solution;

A

i = 1 no information concerning stability of the solution.

A complex eigenvalue of unit magnitude associated with a periodic orbit indicates the
presence of quasi-periodic motion in its vicinity: in fact, an in nite nhumber of quasi-
periodic solutions exist as families of invarianh-dimensional tori. In the CR3BP, there

Is only one fundamental frequency, that is the one associated with the orbital period, so
only O0- and 1-dimensional (1D) tori can be found [24].

Symmetry of the CR3BP

The equations of motion of the CR3BP exhibit two types of symmetries: for instance,
type A requires that the trajectory passes perpendicular to the&-axis, while type P
dictates it to pass perpendicularly to thexz plane [32].
In particular,

Type A (Xy;Z; Yz ) = (% Y, Z; z; 1)
z; t):

XY
Type P (X y;Z;x ¥iZi) = (X ¥iZ; XY

(2.15)

The state vectors showing symmetries of the form in Eq. (2.15) are calledrror con gu-
rations . Applying the di erential correction process means propagating the trajectory
from one mirror con guration until another one is reached since two mirror con gurations
are necessary for symmetric periodic solutions to exist [33].

Once the symmetric periodic solution and the state transition matrix are available, in-
variant manifolds can be computed. The STM can be evaluated at time= T to get
the monodromy matrix, whose eigenvalues provide information on the stability of the
solution. In particular, for the planar case, it is known that:

1>1 2:—<1 3= 4:1: (216)

Therefore, ; corresponds to an unstable direction and, to a stable one. The eigenvectors
are, respectively,Y!(Xo) and Y3(Xg), being X, the state at which the eigenvalues are
computed. Let's also select a small displacemenfrom Xy, whose magnitude comes from
a trade-o between preserving the linearity and the integration time.



20 2| Literature review

W# (Xo) WU (X o)

W*S* (X o)
W (Xo)

Figure 2.6: Globalization of the manifolds.

To get the full manifolds WS (Xo) and WY (X,), the two vectors X (X o) and X, (Xo)
must be integrated both forward and backward in time, in a process callgdlobalization
of the manifolds

Xs(Xo) = Xo+ Y 3(Xo);

(2.17)
Xu(Xo) = Xo+ Y "(Xo);

WS (Xo) andW! (Xg) correspond to theasymptotic solutions  investigated in Section
2.1.5 if the periodic orbit under analysis is around one of the collinear equilibrium points.
Especially in trajectory optimization algorithms, where the optimal manifold insertion
point is sought, this procedure may represent a computational burden. Invariant manifolds
can be approximated adopting a two-dimensional interpolation, followed by a nonlinear
correction, so reducing the computational burden [39].

Poincaré Map

The Poincaré map is a useful tool to reduce the problem dimension, presenting the in-
tersections between orbits in the phase space with a certain lower-dimensional subspace,
transversal to the ow, called Poincaré section . Its importance is revealed when in-
variant manifolds and their intersections are used to compute orbits of desired itineraries
with respect to some realms of the phase space [29]. In the case of planar systems, models
are four-dimensional: using a Poincaré section, in addition to a constraint on the value of
the Jacobi constant, allows a reduction in dimension such that the system is reduced to
two dimensions, and the state space is completely de ned through a planar projection.

Di erential Correction

The di erential correction technique, which exploits the CR3BP symmetric features,
proved e ective in identifying periodic solutions [17]. The integration starts at one of the
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mirror con gurations, i.e, Xo = [Xo; 0; Zo; O; Yo; O] (type P) or Xo = [Xo; 0; 0; O; yo; Zo]

(type A) and propagates to another, as the initial statexq is continuously adjusted in one

or more parameters, to satisfy the periodicity criteria.

For instance, if periodic solutions of type A are sought at a particular statiorxy, then
o = [Yo; Zo] represents thefree-variablesvector, containing variables that are allowed to

change. The periodicity condition is then:

F( )= )Z( =0 (2.18)
= T=2

In Eq. (2.18), the constraintyr—, = 0 is not present since this condition is enforced by
terminating the propagation when the solution crosses thez-plane att = % with T the
orbital period. Using Newton's methodF( ) can be expanded around g

FO)=F( o)+ o ( 0)=0 (2.19)

0

From Eq. (2.19) the recursive formula can be derived:
k1= kI ) RO W; (2.20)

whereJ (' k) is the matrix collecting the derivatives of the constraints with respect to the
free variables:

2
@z @Z 2 3

E Z - 4 3,5 3;65 : (221)
@g @n T2

where ; is the element(i;j ) of the state transition matrix evaluated att = T=2. When
a good initial guess is provided, this method converges quickly to the solution. To nd
the next orbit in the family, a numerical continuation procedure is required [35].

Numerical continuation

The result of the di erential correction process is the desired periodic orbit corrected
within a certain tolerance. The orbit just found may becontinued which means that one
can leverage this solution to nd the next one in the family. The idea is to iteratively
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vary one of the parameters while performing the di erential correction. The eccentricity,
mass ratio, or one of the state vector components are examples of typical parameters,
here called . If F(xo; o) = 0 is a known solution, then the system to be solved would
be: 8
< . .
F(x; = 0;
_ (i ) (2.22)

1= ot
Newton's method can be used to solve the rst equality in Eq. (2.22) using as an initial
guessxy, that, if is small enough, is su ciently close to the solution for the algorithm
to converge. This procedure, known asatural parameter continuation may fail when
the solution branch is at a fold point because the number of solutions goes from zero to
two as the parameter is changed. In this case, a more robust algorithm is required to
recover the solution branch, such as thpseudo arc-length continuation [9].

2.2. Elliptic restricted three-body problem

The elliptic restricted three-body problem is the model that best describes the motion
of a test particle P in a gravitational eld generated by two massive bodies moving in
elliptical orbits. The model is made non-dimensional by using the variable distanciéf )
between the primaries as the unit of length; the unit of time is chosen so that the orbital
period equals2 ; the sum of the massem; and m, gives the unit of mass [18].

The motion of P is expressed in the synodic reference frame centered at the primaries
barycenter, which rotates and pulsates to keep their distance equal to one [18]. The true
anomalyf replaces the time variable of the CR3BP, as illustrated in Fig. 2.7.

Y

jv)

~

Figure 2.7: Primary and Secondary on elliptical paths.
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Therefore, by designating the true anomaly as the independent variable, the EoM of
the ER3BP are given by [38]:

8

%XOO 2y0: IX

§y°°+ 2%’ = Ly (2.23)
A I,

Here ()" and ()™ denote the rst and second derivative with respect to the true anomaly
and! (y indicates the derivative of the potential function with respect to(:), de ned as
[10]

I
' 1 + e cosf

%(x2+ y? z%ecosf) + t . (2.24)

i 2

Unlike the CR3BP, Egs. (2.23) are non-autonomous di erential equations. For this
reason, invariant manifolds are time-dependent: they are an extension to the case in
which the velocity eld depends on time. To identify those that have the greatest impact
on the system dynamics, non-traditional techniques (for instance, variational theory of
LCSs, FTLE, and Lagrangian descriptors) should be exploited.

Nevertheless, the ve Lagrangian points still exist [15]. As for the circular case, a high
number of studies have been devoted to the search for periodic orbits [4, 21, 31]: in the
ER3BP, the entire dynamics must be replicated to have periodicity. Hence, the time-
dependent positions of the primaries must also be replicated: the time dependence of the
problem is due to their motion, so periodic orbits must have a periodommensurable

to that of the primaries.

2.3. Chaos Indicators

2.3.1. Finite-time Lyapunov exponents

The traditional Lyapunov exponents of a dynamic system give a measure of the sen-
sitivity of the orbits of the system to the initial conditions, indicating the presence of
chaotic dynamics. They quantify the asymptotic behavior of in nitesimally close parti-
cles, separated by a small distanceZy:

Z(t)= Ce' Zo; (2.25)
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If is positive, the distance between the particles wilhsymptotically diverge, and the
system is said to be sensitive to the initial conditions. This means that even small errors
in the initial conditions or some of the parameters can have signi cant impact on
the trajectory's future evolution: this is what chaos is all about, that is when the long-
term prediction of a system is impossible in general [19]. This unpredictability exists at
the trajectory level, which means that organizing structures that separate regions with
di erent ow behavior can appear. The nite-time Lyapunov exponent (FTLE) eld
and, more speci cally, its ridges have been proposed as one method for detecting these
structures, also known as Lagrangian coherent structures [36].
Consider a dynamic system of the fornx = f(x;t). Its ow map ' ; (Xo) takes points
from their position X, at time tq to their position at time t. From the gradient of the ow
map, the Cauchy-Green strain tensoris obtained as:

ce'l=[r"Ir'i; (2.26)
To compute the FTLE eld from initial time ty to nal time tq+ T at the position X,
one has to apply the following formula [36]:

q___
1 ¥
6(X) = Ty max (C15™1); (2.27)

where nax IS the maximum eigenvalue of the Cauchy Green strain tensor. Equation
(2.27) measures the average separation between trajectories during a speci c interval of
time.

Based on the de nition given by Shadden et al. [36], a Lagrangian coherent structure
(LCS) is the second-derivative ridge of the scalar eld (x). Later works revealed that,

in general, observable LCSs need not be FTLE ridges, and FTLE ridges need not mark
observable LCSs [13].

2.3.2. \Variational theory

The variational theory was proposed by G. Haller to resolve the aforementioned inconsis-
tencies in the theory of LCSs, due to the direct identi cation of the ridges of the FTLE
eld with Lagrangian coherent structures. Indeed, several counterexamples revealed that
FTLE ridges do not mark the presence of coherent structures [13].

The variational approach aims at locating LCSs as material surfaces that pointwise ex-
tremize the normal repulsion rate among all close material surfaces. Let's consider a
material surfaceM (t) R" and an arbitrary point X, that belongs to it (see Fig. 2.8).
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Figure 2.8: Material surface, tangent, and normal spaces; image taken from [13].

The two unitary vectors e, and no are such thatey 2 Ty M (tp) and no 2 Ny,M (to),
l.e., the tangent space and the normal space at poirt, respectively. The linearized ow
map, here represented as Fi_, carries these two vectors from time, to time t. While the
tangent vector e, is being mapped to the tangent spac&, M (t) due to the invariance of
M (t) under the ow map, the normal vectorny generally does not belong tiN,, M (t)
but would have a general orientation [13]. As a result, to estimate the growth in the
direction normal to M (t), the evolution of ng under the ow map r F{O(xo)no must be

projected onto the the unit normal vector at timet, n;:
t,(XoiNo) = My;r Fi (Xo)Noi (2.28)

t,(X0;No) is the normal repulsion rate if { (Xo;ng) > 1 then M (t) has been overall
repelling betweent, andt. Similarly, | (Xo;no) < 1indicates that M (t) has been overall
attracting betweent, and t. For this material surface to be arepelling LCS , its normal
repulsion rate has to admit a pointwise maximum aloni! (t,) among all su ciently close
material surfaces. The su cient and necessary conditions for a general material surface
to be a repelling LCS can be then summerized itheorem 1 [26].

Theorem 1 Consider a compact material surfacé (t) U over the interval fo,to+ T].
M (t) is a repelling LCS if and only if all the following hold for alkqg 2 M (t):

1. 1 1(Xo;to;T) & n(Xosto; T) > 1,
2. n(Xo;to; T) ? Ty, M (to);
3. hr ((Xo;to; T); n(Xo;to; T)i =0;

4. The Matrix L(Xo;to; T), EqQ. (2.29), is positive de nite for allxo 2 M (t)
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The rst condition states that the largest eigenvalue of the Cauchy Green tensor has to
be greater than one. Moreover, its multiplicity one guarantees that the normal growth
iIs dominant with respect to the tangential one. The second condition requires that the
eigenvector ,(Xo;to; T), associated with the largest eigenvalue,(xo;to; T) and direction

of maximum stretch, must be perpendicular to the tangent space M (t). The stationary
requirement for the normal repulsion rate is expressed through both the second and third
conditions. Finally, the fourth condition ensures that the normal repulsion rate admits a
non-degenerate maximum  along the normal direction ofM (t).

The Matrix L is given by [26]:

) 1
r 2C l[n; n; n; n] 2 nn llhl;r n n| B 2 nn lnnlhn 1;I’ n nI
L= 2“n 11h1;r nonli 2"n 11 Dl 0 E
2"n 1”n1hn1;r n nl 0 T 2”n—1”n1
(2.29)

2.3.3. Lagrangian descriptors

The aim of LDs, as with FTLE ridges, and the variational theory of LCSs, is to identify
phase space structures that organize the ow into di erent regions with di erent behavior.
They were rst introduced and applied to an altimetric ocean dataset to reveal the hidden
geometry of the ocean ow [25].

To unveil these structures, this method requires the calculation of tharc-length of
particle trajectories in a time interval [t ;t + ] if two close initial conditions are
considered and their evolution during the time interval is similar, then the two arc-lengths
are expected to be similar. On the other hand, if the two trajectories evolve in di erent
ways, the arc lengths will di er: this may indicate the presence of boundaries between
di erent regions [22].

Consider a dynamical systenx = v(x;t) with x 2 R" andt 2 R. In its simplest case,
M, can be obtained integrating the modulus of the velocitkv (x(t);t)k starting from t ,
with x(t ) = x , in the time interval [t 't o+ ][22]:
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<

Zi, Uy 2 Z,,
My(x ;t) = t d);'lt(t) dt = kv (x(t); t)kdt: (2.30)
t t

i=1

Families of LDs exist, depending on the integrand and on the norm adopted (See Ta-
ble 2.1). Indeed, to further expand this technique, the arc-length is replaced with a
geometrically or physically positive relevant quantityjF (x(t))j.

Table 2.1: Families of LDs [22].

LD Integrand Norm
M Magnitude of velocity L1
M, Magnitude of acceleration Lt
M3 Magnitude of acceleration or velocity L2 or L2
M4 Magnitude of the time derivative of the acceleration L?
Mg Positive quantity related to curvature L1

A generalization of Eg. (2.30) is provided, depending on the norin [22]:
Z

t +

t JF (x(1)j dt
Z..

If 1 M(x;t)

(2.31)

=

f > 1 M(x;t)

JF(x()j dt

t

Although this method works successfully in various contexts [6, 8, 27, 30] it has been
shown to have somdimitations in detecting invariant manifolds in some cases [34].
Another issue is the choice of the integration time. Depending on its selection, one
obtains di erent results: the organizing structures revealed by LDs generally contain
more details for longer integration times. In some cases, small values aictually do not
reveal the features associated with stable and unstable manifolds [22].

2.3.4. Qualitative trade-o

Table 2.2 shows a qualitative analysis of the chaos indicators based on the following
criteria: the capability of identifying LCSs, computational e ciency, and ease of imple-
mentation. Although the variational theory is the most rigorous out of all the techniques
and thus the most capable of capturing Lagrangian coherent structures, it lacks the ease of
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use and computational e ciency that belong to Lagrangian descriptors. The propagation
of the variational equations is required for both FTLE and variational theory but not for
the LDs, making them the most computationally e cient option. The FTLE scalar eld,

on the other hand, is simple to implement but often ine ective at identifying LCSs, as it
represents a necessary but not su cient condition [13].

As a result of this qualitative trade-o, LDs represent the best compromise out of all
the presented techniques. Consequently, they will be extensively used to study chaotic
motion in the phase space for the problem at hand.

Excellent Good Poor Not acceptable

Capturing LCSs | Comp. e ciency Ease of implementation

FTLE

Variational theory

LDs

Table 2.2: Qualitative comparison of chaos indicators.
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3 ‘ Modeling of the dynamical
environment

3.1. Didymos Dimorphos binary system

In 1996, the Spacewatch project, an astronomical survey that specializes in the study of
minor planets, discovered the asteroi@5803 Didymos . More studies, seven years later,
used a lightcurve analysis to con rm the presence of another body, that of its 160-metre
minor-planet moon, Dimorphos. Table 3.2 outlines the physical parameters associated
with the binary system, as well as the heliocentric and binary orbit characteristics.

3.2. Dynamical regimes

The dynamical environment of the Didymos-Dimorphos binary system is characterized
by low accelerations owing to the weak and irregular gravity elds. As a result, small
disturbances can induce signi cant changes in the dynamics of small spacecraft, especially
CubeSats. Fabio Ferrari et al. [12] studied the magnitude of the accelerations acting on
the Milani CubeSat as a function of the distance from the primary Didymos barycentre.
For convenience, results are reported in Fig. 3.1. Close to Didymos, the gravity of the
primary prevails over the solar radiation pressure (SRP) and the Sun's fourth-body e ect.
At approximately 10 km away, the contribution of the SRP becomes the most signi cant
one. The Keplerian shift gradually dominates the dynamics at >1000 km from Didymos
due to the Sun's fourth-body in uence [12].



30 3| Modeling of the dynamical environment

Figure 3.1: Main accelerations in the vicinity of the Didymos Dimorphos system; image
taken from [12].

3.3. Equations of motion

In the Didymos Dimorphos chaotic environment, di erent contributions concur to the
motion of the Spacecraft, as shown in Fig. 3.1. Consequently, the most appropriate
model to describe the dynamics is the perturbed bi-elliptic restricted four-body problem
(PBER4BP), which asks for the motion of a particle in a gravitational eld generated by
three massive bodies moving in elliptical orbits and exposed to the SRP perturbation.
The following model is based on the dimensionless equations of motion of the ER3BP,
with gravitational and SRP perturbations due to the Sun added to the dynamics. The
non-dimensional EoM are written in a barycentric, rotating, pulsating coordinate frame,
where the positions of the primaries are at rest on the x-axis. They read

2 3
0 20 , X
00 0 I's r s r I's
+ = | + + 1
' 25 8 gz)r ' krsk®  Kr + roke kr + 1oK3 (3.1)

o_ (l+escos)® (1 €)*?

(1 €)% (1+epcosf) 82

The subscriptsD and S in what follows refer to the binary and heliocentric orbit, respec-
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tively. Equations (3.1), and (3.2) are di erential equations written with respect to the
true anomalyf . Perturbations due to the Sun are individually analyzed in Sections 3.3.1
and 3.3.2. The potential function! is the same as that of the ER3BP and is given by
[10]:

1 1 1
= — = Z(x®+vy? Z%pcosf)+ + — 3.3
1+ ep cosf 2( y ® ) b1 b2 (3:3)

Whererp; and rp, are the distances from the spacecraft to the primary and secondary,
respectively. The two normalization factors are

S

3
. ox (1 &) _ a(l &),
TU= — ; and LU= ———=: 3.4
o (1 + ep cosf)? 1 + ey cosf (34)
The parameters , and are computed as follows
S 3
TU? TU? Podz, C;A +

=1 = TEREA g o st B g

LU LU m D ds

The parameter considers the gravitational in uence of the Sun. The SRP contribution
IS, instead, expressed through the parameter. In particular, the cannonball model was
implemented for the simulations: it is, after all, the simplest and most widely used SRP
model. In Eq. (3.5), C; is the re ectivity coe cient, m is the spacecraft massgay is
the astronomical unit, Py = 4:56 Nkm ? is the solar radiation pressure afl AU, A is the
projected area, a function of the actual area illuminated by the Sun. By denoting the
mass of the Sun asns and Didymos and Dimorphos masses asp, and mp,, the two
gravitational constants in Egs. (3.5) are s = Gmgs and p = G(mp; + Mmpy), where
G is the universal gravitational constant. The evaluation of the position vector of the
Didymos Dimorphos barycenter to the Sun indicated as s requires the knowledge of the
heliocentric true anomaly , whose value is propagated in the EoM in Eq. (3.2). Indeed,
rs is computed as

2 3

s @) ¢
— S ; .
rS—AlAzmmgsm g, (3.6)

whereA ; is the rotation matrix from the heliocentric perifocal to the ecliptic frame and
A 1 maps the rotation from the ecliptic to the rotating pulsating reference system. They
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are computed as follows [7]

2 3
S sGsSig+ C Gy S sGsGs CsSig S sSi
A=24cC _GSIo+SCs C.CGCs S S C .Sis (3.7)
SigSig SigCi g G
and [7]
2 32 3
G st 0 S pGpSip, ¥ C Gy CLGyS, +S G, Si;S,

A1=2 St G Ogﬁ S ,G,C, CyS, C,G,C, S, S, siDc!D%; (3.8)

0 0 1 S . Sip C ,Sip Cip

in which ¢y and s¢y are the sin() and cos(), respectively. The EoM were integrated in
a Matlab environment with a variable-step, variable-order Adams Bashforth Moulton
predictor-corrector solver of orders 1 to 13 with a tolerance df0 2. Values of the
parameters used for the simulations are summarized in Tables 3.1, and 3.2.

Table 3.1: Parameters cannonball model.

SRP Parameter Symbol Value Unit
Spacecraft mass m 10 kg
Projected Area A 1.8 m?
Re ectivity coe cient C, 0.2

Astronomical unit dau 149597870.700 km

3.3.1. Fourth-body perturbation

The Didymos Dimorphos binary system barycentre orbits the Sun in an elliptical orbit,
inclined with respect to the ecliptic. The presence of the Sun in the model requires the
addition of the fourth-body acceleration to the EoM [12]:

s r+rg
3 3
krsk kr + rgk

arB = s (3.9)

The nondimensional distance between the Didymos-Dimorpos barycenter and the Sug,
is retrieved through Eqg. (3.6). To fully nondimensionalize, the parameter in Eq. (3.5)
is introduced, and Eqg. (3.9) becomes:
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(\ND) _ s r+rs
as Krsk® kI + roke (3.10)

where the superscript( )N?) means that the quantity () is dimensionless.

3.3.2. Solar radiation pressure

As shown in Fig. 3.1, the contribution of the solar radiation pressure is not marginal. If
anything, it generates one of the most signi cant accelerations to the overall dynamics,
and as such, it must be accurately predicted. Traditionally, thecannonball model is
used for preliminary assessments in spacecraft trajectory design. The magnitude of the
acceleration is given by [37]:

P1(1+ Cr)A r+rg

= 3.11
Asrp m kr + rgk ( )
P, is the solar pressure, which may be computed using its value atAU, Py :
diu
P. = P 3.12
T k4 gk (3.12)

The radiation intensity ~ at Earth's orbit is S = 1367 W=m?, which is the energy ow
transported by photons across a surface normal to the radiation direction. To determine
the solar pressuré?y at 1 AU the energy ux is divided by the speed of lightc:

=4:56 10 8 N. (3.13)

PO =
m2

olwn

By substituting (3.12) into (3.11), asgp becomes:

SRP ™ m kr + rgk®’

(3.14)

Again, the non-dimensional distance s between the Didymos Dimorpos barycenter and
the Sun is retrieved through Eq. (3.6). The parameter in Eq. (3.5) is introduced to fully
nondimensionalize, so Eq. (3.14) becomes:

(ND) _ r+rs

e T (3.15)
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Symbol Value Unit
Physical Parameters
primary mass Mp1 52294 104 kg
primary mean diameter Dp, 0.78 km
primary density D, 2170 kg=m?
secondary mass Mp > 4:8633 10 kg
secondary mean diameter Dp, 0.170+ 0.030 km
secondary density D 2170 kg=m?3
Heliocentric Orbit
eccentricity €s 0.38384
semi-major axis as 1.64420 AU
inclination is 3.40795 deg
longitude of the ascending node s 73.19580 deg
argument of perihelion l's 319.32295 deg
sidereal orbital period Ts 770.07519 days
gravitational parameter s 132712439940 km?3=s?
Binary Orbit
eccentricity €p 0.03
semi-major axis ap 1.19+ 0.03 km
inclination to the ecliptic ip 174 deg
longitude of the ascending node D 40 deg
argument of pericenter 'p 0 (assumed) deg
secondary orbital period Tp 11.920+0.004/-0.006  hours
ecliptic longitude 310 deg
ecliptic latitude -84 deg
mass ratio CR3BP 0.009214 -
gravitational parameter D 3:522601 108 km3=s?

Table 3.2: Physical parameters of the Didymos Dimorphos systenPrimary : Didymos,
Secondary Dimorphos [12, 41].
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4 ‘ Methodology

4.1. Application of Lagrangian descriptors to astro-
dynamics

Lagrangian descriptors were rst introduced in Section 2.3.3 as a tool for revealing phase
space organizing structures in dynamical systems that depend explicitly on the inde-
pendent variablet. In the bi-elliptic restricted four-body problem (BER4BP), the inde-
pendent variable is no longer represented by time, but rather it is replaced by the true
anomaly of the systenf . For this reason, a revised version of LDs is here introduced
Z ff
it 1 M(Xo;ft) = JF (x(f))j df
0
Z ff

> 1 Meif)= R () df

(4.1)

=

The integration is carried out only for positive values of as only the future evolution of
the initial conditions (ICs) is here studied. Table 4.1 lists the family of LDs used in this
work: they were numerically computed by extending the state vector = [r;r°]” with the
selected integrand having a zero initial value. According to the heuristic argument they
are based on, the LDs eld divides the space of initial conditions into regions where the
spacecraft motion is similar. If a stable orbit is identi ed in a speci c region of the LD
eld, then every initial condition in that region will behave similarly .

It should be clari ed that stablein this context refers to orbits that do not escape or
impact the system for a certain amount of time.
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Table 4.1: List of LDs.

LD Integrand Norm
M1 kx 'k L1
M kx“k Lt
M, kx°k or kx“k Lz or L2
Y kx 'k L1
Ms Positive ql%]antity related to curvature Lt
M, l%vl X%+ y? + 7% L1
M, k-I X% + y*Z + 7% L1

4.2. Finding regions of bounded motion

The process of nding bounded orbits about Dimorphos is made of two stages:

1. classi cation of the regions of the LD eld through spatial resonant periodic solu-
tions in the simpli ed, autonomous CR3BP starting from a planar family of distant
retrograde orbits (DROS);

2. computation of the LD eld within more representative, non-autonomous dynamical
models, and phase space sampling to nd bounded orbits.

Stage 1 is intended to educate the method about the location of bounded and unbounded
regions of motion. Indeed, the behavior of the discovered areas of the LD eld is, a priori,
unknown. To this purpose, initial conditions of DROs were inspected against the LD eld
in the planar CR3BP: as they are bounded orbits, their ICs are expected to lie within
regions of stable motion. This procedure is repeated for the spatial problem, with the ICs
of spatial resonant periodic orbits acting as identi ers.

In stage 2, the LD eld is computed within non-autonomous models of increasing degree
of delity, and the phase space is sampled to nd bounded orbits. These models are
examinedone at a time : rst, the ER3BP. Second, the Sun's presence is considered in
the BER4BP, and, eventually, the SRP perturbed BER4BP.

The LD eld is expected to evolve as the delity and complexity of the system are in-
creased. Regions of stable motion found in stage 1 may appear stretched and compressed
into small regions or even disappear, while large regions of unstable motion take over. If
stable regions still exist, then bounded orbits are expected to be inside of them.
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4.3. Periodic orbit research

4.3.1. Distant retrograde orbits

DROs are a class of orbits obtained from the analysis of simple-periodic symmetrical
orbits in Hill's limiting case of the restricted three-body problem, i.e., when the mass of
the secondary tends to zero [14]. DROs exhibretrograde motion , as opposed to the
rotation of the secondary around the primary [3].

This class of orbits may be generated in the CR3BP (=0, =0,¢e =0 in Eg. (3.1))

by starting from a mirror con guration Xq =[Xo; 0; 0; 0; yo; 0] and applying di erential
correction and numerical continuation  procedures.

Di erential correction

The integration starts from a mirror con guration and terminates once the trajectory
crosses thexz-plane. For the orbit to be symmetric, the orbital state at the crossing,
occurring att = % where T is the orbital period, should bex; = [X1; 0; O; O; y;; O]
The free variableis = yg, and the constraint is specied asF( ) = x; = 0, while the
condition y; = 0 is automatically enforced by stopping the integrator at the crossing. The

recursive formula can be derived through Newton's method as:

1
(k+1) _ (k) (k) (k)
Yo =Y 45 X712 (4.2)

If the initial guess is appropriate, the algorithm usually converges t&6( ) < =10 *?
after a few iterations. A continuation procedure is then required to nd more periodic
orbits in the family.

Numerical continuation

The numerical continuation procedure uses as a natural parameter the initial statiom,.
Let Xg = [Xo; 0; 0; O; yg; 0] be the outcome of the di erential correction process, that is,
a periodic orbit corrected within a certain tolerance. To nd the next orbit in the family,
the natural parameter is slightly increased tax;, while the value ofyjy is retained. The
new initial guess is therx; =[xy; 0; 0; 0; yg; 0], and the di erential correction process is
iteratively repeated. The full algorithm can be outlined as follows:
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Algorithm 4.1 Building of DROs family
for i=11t0i= N¢gmiy do
while jX7=] < ; K<K qax do
Integrate till xz-plane crossing
Apply recursive formula . Di erential correction
end while
Store Yy for continuation
if jXy=2j < then . If a solution is found
Increment xq . Continuation
Build new initial guess
end if
end for

whereNsamiy is the number of DROs to be computed ani o provides an exit condition
in case of failure.

4.3.2. Spatial resonant periodic orbits

Spatial resonant periodic orbits in the CR3BP are based on vertical bifurcations from a
family of planar periodic solutions [5]. The monodromy matrix plays a key role in deter-
mining resonant orbits, and it is calculated for each DRO. Indeed, let's denote agand

j the two complex conjugate eigenvalues and as;{ €;} the corresponding eigenvectors.
As the system is Hamiltonian, the relationship ; ; holds for each pair of eigenvalues
and, therefore, they can be written as; = cos( )+ isin( ) and ; =cos( ) isin(),
wherei is the imaginary unit. An in nitesimal displacement in the span {e;, ¢} will
rotate by an angle per period [5]. The construction of a spatial orbit with a specic
resonance requires the ful llment of two conditions:

1. the two eigenvectors §;, e} must have components both in thez and z directions;

2. the accumulated phase di erence aften revolutions on the reference orbit should
ben =2k , wheren andk are positive integers.

The value of can be inferred from ;, in particular:

-+1 o cos +isin + ! !
20 cos +isin 2
. cos isin 1 1
= cos +isin + — — =
cos isin  cos +isin 2 (4.3)
. R |
=(cos +isin +cos isin )5

= COos
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Finally, the value of is:

= arccos i+ (4.4)

_ e
NI =

The relationn =2k may be rewritten as:

n= h2K P

arccos ;+ L

(4.5)

NI

Positive integers ofn and k can be determined for each DRO, resulting in a di erent
resonance for each planar periodic solution. If the eigenvectors form a span in thand
z directions, the vertical family of multiplicity * n intersects with the generating family.
Once the values oh=k are determined, the di erential correction and numerical contin-
uation procedures can be applied.

Di erential correction

In contrast to the DROs case, the integration starts at the mirror con gurationx, =
[Xo; O; Zo; O; Yo; O] and stops when the trajectory crosses thez-plane for the n-th time.
At that crossing, t = % The initial values of X, and y, are obtained from the 2D DROs,
while zo must be su ciently small for xq to be an appropriate initial guess.

By selecting as free variables vector = [ Xo; Yp] and as constraints vectoiF ( ) = [ Xo; Zo],
the recursive formula reads:

n #(k+1) n #(k) n #(k) n #(k)
Xo Xo 41 45 Xo . (4.6)

Yo Yo 61 65 Z

As before, a continuation procedure is required to nd the next orbits in the family.

Numerical continuation

The numerical continuation procedure uses as a natural parameter the initial position on
the z-axis zq, resulting in orbits with increasing z-amplitude. To nd the next orbit in
the family, the natural parameter is slightly updated while the values ok, and yp are
retained. The full algorithm can be outlined as follows:

The multiplicity of a periodic orbit is de ned as the number of consecutive intersections with the
planey = 0 in the same direction during one period.
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Algorithm 4.2 Building of periodic spatial resonant orbits
for i=11t0i= N¢gmiy do
while jxr=] < ; jzrj < ; K<K ma do
Integrate till the n-th xz-plane crossing
Apply recursive formula . Di erential correction
end while
Store X, for continuation
Store y, for continuation

if jXy=0] < ; jzr=j < ; then . If a solution is found
Increment z,
Build new initial guess . Continuation
end if
end for

whereN¢amiy is the number of resonant orbits to be computed anl{ max provides an exit
condition in case of failure.
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5 ‘ Results

5.1. Investigation in the circular restricted three-body
problem

The LDs scalar elds for the planar problem are calculated on the Poincaré sectign=

x =0 (x’ = 0 for the elliptic case), using a grid enclosing the span of the DROs' ICs.
The number of points (ICs) used for grid generations depends upon the nal purpose.
In particular, a small number of ICs is used for investigations on the capability of the

di erent LDs in revealing organizing structures and on the e ect of the nal true anomaly.
Conversely, an elevated number of points is used for the phase space sampling since higher
resolutions let smaller structures emerge. Finally, the grid width is equal for all the
simulations: when the system is two-dimensional, only the parametexs and y, (Yo = 0

for the elliptic case) are considered (See Table 5.1).

Table 5.1: Grid width. The parameters are expressed in the nondimensional reference
system.

Parameter Lower Bound Upper Bound
Xo 0.75 0.95
Yo: Yo 0.328296 0.6045280
Z 0 0.03

5.1.1. Lagrangian descriptors comparison

All the LDs listed in Table 4.1 are used, but only the more capable one in giving insightful
dynamical information is retained. In order to compare them, the dierent LDs are

computed in the planar CR3BP for a nal true anomaly off; =5 ; they are shown for

comparison in Fig. 5.1, on a grid o200 200ICs.
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(@) Mg, ff =5 . (b) Mo, fy =5 .
(c) Mg, fr =5 . (d) My, fs =5 .
(€) Ms, f; =5 . (f) Ma, fs =5 .

Figure 5.1: LD in comparison for & =5 .
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(@) My, fs =5 .

Figure 5.1: LD in comparison for & =5 .

Almost all of the LDs proved to be e ective in revealing phase space structures. In fact,
they unveil the same dynamical patterns at di erent scalesM ,, on the other hand, seems
not to catch enough dynamical information. The Lagrangian descriptorsl; and M, are
the most computationally e cient options since they require only the evaluation of the
state derivative. Conversely, other LDs demand the evaluation of higher-order derivatives.
As a result, M; and M, are temporarily selected: only the one showing more features for
longer integration time will be kept.

5.1.2. Final true anomaly dependence

The selection of the nal true anomaly depends on the problem at hand. In general, short
integration times do not reveal a clear distinction among regions with di erent dynamics.
Similar trajectories evolution for small values of s can highly diverge in the future, that is,
for a higher value of the nal true anomaly. Three di erent choices of¢, namely5 , 10 ,
and 20 , are compared to select the value that results in richer dynamical information
while preserving a reasonable integration time. Once again, the underlying dynamics is
the planar CR3BP. Results are shown in Fig. 5.2.
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(a)Ml,ff=5 . (b) My, fsf =5 .
(c) My, f+ =10 . (d) My, f+ =10 .
(e) My, ff =20 . (f) My, ft =20 .

Figure 5.2: M1 and M, in comparison for di erent values off; .
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Starting from the lowest value, it appears that increasing the value df; causes the dy-
namical structures to evolve and mature into smooth areas isolated by many separatrices:
this comes at the expense of longer integration times, which are still manageable.

The nal selection is then dictated by the longest integration timef; =20 , that is, ten
revolutions of the primaries. Although in the rsttwo cases{; =5 andf; =10 ) M,
brings out sharper separatricesM, outperforms M, for the selected integration span: it
exhibits more features associated with the di erent regions of motion. Accordingly,
will be used for the rest of the work.

5.1.3. Classi cation of regions in the planar case

One hundred DROs revolving about Dimorphos are computed in the planar circular re-
stricted three-body problem (PCR3BP) in the nondimensional sparg 2 [0:8; 0:9], with

a distance among them of xo =10 3. Figure 5.3 shows the family of DROs, which will
act as an identi er for the regions of the 2D LD eld.

Figure 5.3: Family of DROs. The blue dot represents Dimorphos. The two blue crosses
are the Lagrangian pointsL; and L.

The set of ICs of the 2D DROs is inspected against the LD scalar eld in Fig. 5.4, to
classify the regions of bounded and unbounded motion.

The red curve represents the set of DROs' ICs, and it lies in the smooth region that extends
from the bottom-right to the top-left of the graph, narrowing as velocity and distance from
Dimorpohos increase. The smooth region is then thought to contain ICs that persistently



46 5| Results

Figure 5.4: M scalar eld. The red curve is the Family of DROs.

revolve about Dimorphos. On its sides, on the other hand, chaotic regions appear: they
are well-separated from the smooth region and are expected to contain only unbounded
orbits.

The smooth region is at thecore of this investigation: the aim is to track how it changes as
more representative models are used; if it still exists, then bounded solutions are expected
not to vanish.

5.1.4. Classi cation of regions in the three-dimensional case

The three-dimensional resonant periodic solutions are built by studying the vertical bifur-
cations of the family of planar DROs [23]. The study of vertical bifurcations requires the
monodromy matrix, whose eigenvalues and eigenvectors provide information regarding
periodic solutions in the vicinity of the reference orbit. In particular, eigenvectors having
components in thez and z directions are used to obtain the resonance ratios=k, through
EqQ. (4.5). The resultis shown in Fig. 5.5, as a function of the dimensionlessoordinate.



5| Results a7

Figure 5.5: n=k as a function of the dimensionlesg coordinate. The four red crosses
represent the selected ratios.

The four red crosses illustrate the values=k chosen to continue the 2D family: these
ratios are selected to be rational numbers, so as to have integersnoénd k. Table 5.2
lists the resonances along with the correspondingand y coordinates.

Table 5.2: Resonances selected to continue the 2D family of DROs.

X y n=k n Kk
0.814 0.485515 4.4 22
0.8 0.504528 4.6 23
0.885 0.428743 4.8 24
0.891 0.469735 5 5

=01 O (O

The resonance of the corresponding spatial periodic orbits (g8 k) : n, wheren Kk
denotes the number of vertical revolutions [5]. The techniques of di erential correction
and numerical continuation can now be applied using as initial guesses thand y values
listed in Table 5.2. The continuation parameter is the dimensionlesscomponent, whose
value is progressively increased with az =10 3, from z=0 to z = 0:03.

The orbits with the highest z component are shown in Fig. 5.6.
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(a) n=k=5 (b) n=k =4:8

(c)n=k=4:6 (d) n=k=4:4

Figure 5.6: Resonant orbits around Dimorphos witlz = 0:03, for di erent values of n=k.
For a better orbits representation, data units are not the same along each axis.

5.2. Bounded orbits through phase space sampling

The second stage in the search for bounded orbits about Dimorphos plans to sample the
phase space, progressively considering an increasing degree of model delity. Moreover,
Didymos and Dimorphos are considered to be point masses, and physical collisions with
them are not checked. The grid width is the same for all the simulations (see Table 5.1), as
well as the nal true anomaly off; =20 . As the grid is three-dimensional, the evolution

of the LD eld is rst observed at di erent non-dimensional z slices. The highest z slice

of the scalar eld is afterward sampled to search for bounded orbits that could potentially
map the whole surface of Dimorphos. The implemented grid consists400 400 5
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