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Abstract

Symmetric and positive definite (SPD) matrices arise in many scientific contexts, and
one is often confronted with the challenge of finding a meaningful explanation for the
interaction between two sets of SPD matrix-valued data. A prominent example comes
from neuroscience, where it is desirable to understand the relationship between structural
connectivity and functional connectivity, two complementary ways of characterizing the
brain [21].

A powerful approach to this problem is generative modeling: by viewing the two different
types of data as samples from two different distributions, one can learn an interpolation
between them, which can then be inspected to identify interpretable interactions.

In this work, we introduce and study, from a theoretical point of view, Schrödinger bridges
over the manifold of SPD matrices endowed with the so-called log-Cholesky Riemannian
metric [16]. The motivation for using Schrödinger bridges to study relationships between
distributions is that they admit a physical interpretation, making them particularly suit-
able for scientific inspection. Moreover, the simple structure of this Riemannian manifold
allows us to develop a simple strategy for learning Schrödinger bridges between distribu-
tions on it by leveraging [SF ]2M , an existing framework for fitting Schrödinger bridges
in Euclidean space [20].

Achieving this goal first requires a different formulation of [SF ]2M , together with a proof
of its correctness under suitable assumptions. We then provide a precise characteriza-
tion of the SPD manifold endowed with this geometry; in particular, we show that it is
globally isometric to Euclidean space through an isometric diffeomorphism. Finally, we
study concepts central to the Schrödinger bridge framework, such as Brownian motion
and Brownian bridges on the SPD manifold, before concluding with the proposed frame-
work for learning Schrödinger bridges under this geometry.

Keywords: Symmetric and Positive Definite (SPD) matrices, Schrödinger bridge, log-
Cholesky metric, [SF ]2M , Markov projection





Abstract in lingua italiana

Le matrici simmetriche e definite positive (SPD) emergono in numerosi contesti scientifici
ed è spesso necessario affrontare il problema di individuare una spiegazione significativa
dell’interazione tra due insiemi di dati costituiti da matrici SPD. Un esempio rilevante
proviene dalle neuroscienze, dove è di particolare interesse comprendere la relazione tra
connettività strutturale e connettività funzionale, due modalità complementari di carat-
terizzare il cervello [21].

Un approccio efficace a questo problema è rappresentato dalla modellazione generativa:
considerando i due tipi di dati come campioni estratti da due distribuzioni differenti, è
possibile apprendere un’interpolazione tra di esse, analizzabile per individuare interazioni
interpretabili.

In questo lavoro introduciamo e studiamo i ponti di Schrödinger sulla varietà delle matrici
SPD dotata della metrica riemanniana log-Cholesky [16]. La motivazione alla base del loro
impiego nello studio delle relazioni tra distribuzioni risiede nella loro interpretazione fisica,
che li rende particolarmente adatti all’analisi scientifica. Inoltre, la struttura semplice di
questa varietà consente di sviluppare una strategia per apprendere ponti di Schrödinger
tra distribuzioni definite su di essa, sfruttando [SF ]2M , un framework esistente per il caso
euclideo [20].

Il raggiungimento di questo obiettivo richiede innanzitutto una riformulazione di [SF ]2M ,
accompagnata da una dimostrazione della sua correttezza sotto opportune ipotesi. For-
niamo quindi una caratterizzazione della varietà delle matrici SPD dotata di questa ge-
ometria, mostrando che essa è globalmente isometrica allo spazio euclideo tramite un dif-
feomorfismo isometrico. Infine, studiamo alcuni concetti fondamentali del formalismo dei
ponti di Schrödinger, quali il moto browniano e i ponti browniani sulla varietà SPD, e con-
cludiamo presentando il framework proposto per l’apprendimento di ponti di Schrödinger
in questa geometria.

Parole chiave: matrici Simmetriche e Definite Positive (SDP), ponte di Schrödinger,
metrica di log-Cholesky, [SF ]2M , proiezione di Markov
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1

Introduction

Symmetric and positive definite (SPD) matrices arise across a wide range of scientific
disciplines, spanning computer vision ([4]), medical imaging ([7]), neuroscience ([9]), and
finance ([3]). A prominent example comes from neuroscience, where two complementary
descriptions of the brain are encoded as SPD matrix-valued data. Specifically, if the brain
is parcellated into distinct regions, one can measure the strength of physical anatomical
pathways connecting pairs of regions, yielding structural connectivity (SC), or measure
the functional fluctuations across these regions, producing functional connectivity (FC).
As these data are intrinsically graph-valued, they can be represented by means of SPD
matrices.

When working with two related data modalities, such as functional and structural connec-
tivities, it is often valuable to characterize the underlying mapping or connection between
them. A powerful paradigm to achieve this is generative modeling.

Generative models, such as diffusion models ([12]) or continuous normalizing flows ([6]),
aim in this context to map two distributions Q0 and Q1 through a learned transformation
pushing the former forward to the latter. This way, they essentially represent an inter-
polation between two probability distributions. The mathematical nature of this trans-
formation distinguishes different generative architectures; it can be either deterministic
(where an initial sample x0 ∼ Q0 maps uniquely to a final state x1 ∼ Q1) or probabilistic
(where x0 evolves to some x1 that may change across different realizations). Furthermore,
instead of treating the model as a “black box” that merely pairs endpoints, it is often de-
sirable to construct a continuous transformation from one datum to another. This yields
a trajectory over the data space that can offer meaningful domain-specific interpretations.

This trajectory-based approach is highly relevant for uncovering interpretable connections
between SCs and FCs. By viewing observed SCs and FCs as empirical samples from
distinct distributions, we can train a continuous generative model to transform a structural
connectome into a functional one (or vice versa). The resulting SPD-valued trajectory
can provide insights into the biophysical interplay between these two modalities of brain
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organization.

Though conceptually clear, this approach yields the difficulty of handling trajectories
over the space of SPD matrices, which in turn requires to look at the geometry of such
space. It can in fact be assigned the structure of a smooth manifold, and endowed with
a Riemannian metric making it a Riemannian manifold. As we will see, the choice of the
metric is fundamental, and has to be balanced between its descriptive power of the space
and the simplicity of the model.

The strategy of looking for interpretable interactions between SCs and FCs leveraging
learned trajectories is precisely the one adopted by Zhou et al. [21], where Riemannian
flow matching, introduced in [5] as an extension to Euclidean flow matching, is deployed
to train a continuous normalizing flow over the SPD manifold, mapping structural con-
nectivities directly to functional connectivities.

In Zhou et al. [21], the chosen geometry is associated with the log-Cholesky metric, in-
troduced by Lin [16]. The clear advantage of it is that it linearizes, in some sense, the
manifold geometry, turning the SPD manifold into a flat space similar to Rd, where
d = n(n+1)

2
and n is the size of the matrices. Specifically, the log-Cholesky metric is just

the usual Euclidean scalar product on Rd mapped through a diffeomorphism between the
SPD manifold and Rd (this makes of such map an isometric diffeomorphism). This nature
implies, at least at an intuitive level, that objects residing over the log-Cholesky manifold
can easily be obtained as the image through this isometry of their Euclidean counterparts.

While standard flow matching frameworks (both Euclidean and Riemannian) construct de-
terministic mappings between samples, the stochastic interpolant method [SF ]2M (Sim-
ulation Free Schrödinger bridges via Score and Flow Matching) developed by Tong et al.
[20] generalizes this paradigm to stochastic dynamics within Euclidean space. Specifically,
this method aims to learn mixtures of processes, each solving a stochastic differential equa-
tion; processes with this form encompass the solution to the Schrödinger bridge problem
between two endpoint distributions. Conceptually, a Schrödinger bridge identifies the
stochastic process that interpolates two target marginals while minimizing the relative
entropy (Kullback-Leibler divergence) with respect to a reference process, such as Brown-
ian motion. This physical and information-theoretic grounding makes Schrödinger bridges
highly appealing for generative modeling.

Unlike deterministic flow matching, stochastic interpolants can capture uncertainty in
the transport by modeling a distribution over paths rather than a single trajectory. As a
result, they provide greater flexibility for connecting complex or multimodal distributions
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and naturally recover entropy-regularized optimal transport solutions such as Schrödinger
bridges.

The primary objective of this thesis is to extend the [SF ]2M framework to data residing
on the SPD manifold endowed with the log-Cholesky Riemannian metric. Beyond its
clear applicability to modeling brain connectomes, the log-Cholesky metric simplifies this
geometric extension. Because it establishes a global isometry between the SPD manifold
and Rd, generalizing [SF ]2M becomes considerably more tractable than on generic Rie-
mannian manifolds. We will demonstrate that fundamental stochastic objects—including
Brownian motion and Brownian bridges—on the log-Cholesky manifold are simply the
images of their Euclidean counterparts under this isometric diffeomorphism.

Although our theoretical extensions apply to general mixtures of SDE solutions, we focus
primarily on parameterizing Schrödinger bridges. Consequently, significant emphasis is
placed on formalizing Brownian motion and Brownian bridges within the log-Cholesky
geometry, as these objects are indispensable for defining and solving the underlying
Schrödinger problem.

Before moving on with the explanation of how the thesis is organized, let us look at a
high-level formulation of the two models mentioned so far: Riemannian Flow Matching
(for fitting Riemannian Continuous Normalizing Flows) and [SF ]2M .

Riemannian Flow Matching

Formally, given two manifold-valued distributions Q0 and Q1 supported on a manifold N ,
Riemannian flow matching aims to learn a time-dependent vector field (the continuous
flow) u(t, x) for t ∈ [0, 1] and x ∈ N . If a trajectory (xt)t∈[0,1] ⊆ N satisfies the ordinary
differential equation:

dxt = u(t, xt)dt, ∀t ∈ (0, 1]

x0 ∼ Q0

(1)

then the terminal state x1 follows the distribution Q1. A key constraint is that the
trajectory must remain on the manifold, meaning xt ∈ N for all t ∈ [0, 1].

If g(·, ·) denotes the Riemannian metric on N and (X0, X1) is a pair of initial-final data-
point, so that X0 ∼ Q0 and X1 ∼ Q1 , Riemannian flow matching typically estimates the
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continuous normalizing flow by minimizing the expected error:

L(θ) = Et∼U [0,1],(x0,x1)∼Π(Q0,Q1)

[
∥ẋ(x0,x1)

t − vθ(t, x)∥2g
]

where x(x0,x1)
t is the geodesic (under the adopted metric) from x0 to x1, U [0, 1] is the

uniform distribution over [0, 1] and Π(Q0,Q1) is the set of transport plans between Q0

and Q1. Here vθ(t, x) is a family of flows parametrized by θ, which is the parameter we
optimize for. In practice, this will most of the time consist of a neural network, and θ is
the vector made of its weights.

It is clear that the choice of the Riemannian metric g(·, ·) is fundamental, as it entirely
dictates the geometry of the geodesics and the explicit form of the target velocity ẋ(x0,x1)

t .

Notice that ẋ(x0,x1)
t can be interpreted as a flow conditioned on initial and final data-

points. This choice of conditional information is typical, though the framework handles
general ones (i.e. conditioning on a possibly latent general random variable Z).

[SF]2M

Given an initial distribution Q0 and a target distribution Q1 on Rd, the objective is to
learn a stochastic process (Xt)t∈[0,1] ⊆ Rd such that X0 ∼ Q0 and X1 ∼ Q1, structured as
a mixture of diffusion processes. Specifically, let us assume that the conditional process
X(x0,x1) = (X|(X0, X1) = (x0, x1)) satisfies an SDE of the form:

dX(x0,x1) = b(t,X(x0,x1), (x0, x1))dt+ g(t)dWt, t ∈ (0, 1) (2)

where Wt is a d-dimensional standard Brownian motion. The law of the full process can
be written as the mixture:

P((Xt)t ∈ ·) =
∫
Rd×Rd

P(X(x0,x1)
t ∈ ·)q(dx0, dx1) (3)

where q ∈ Π(Q0,Q1) is a transport plan between the two distributions. As demonstrated
by Tong et al. [20], the framework does not directly simulate X, but rather identifies its
Markov projection ξ (i.e. a Markov process sharing the same time-marginal distributions,
ξt ∼ Xt for all t ∈ [0, 1]). This is achieved by fitting a drift field b(t, x) such that:
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dξt = b(t, ξt)dt+ g(t)dWt, t ∈ (0, 1]

ξ0 ∼ Q0

(4)

This formulation extends standard Euclidean flow matching to stochastic regimes, reduc-
ing to the deterministic case when the diffusion coefficient g(t) = 0.

Once again, notice that in the general case the conditional information will not necessarily
be (X0, X1), but rather any random variable Z. However, the former choice encompasses
the form of the Schrödinger bridge.

Though clear and conceptually simple, extending [SF ]2M to the SPD manifold endowed
with the log-Cholesky metric reveals several subtle difficulties. On the one hand, the
method introduced by Tong et al. [20] does not recover the target process itself, but
rather its Markovization; consequently, we must provide an alternative interpretation of
this concept that is amenable to an extension to manifolds. On the other hand, the
log-Cholesky manifold must be characterized through an isometric diffeomorphism with
Euclidean space, yielding a perspective that differs from the characterization given by Lin
[16]. Furthermore, stochastic analysis concepts such as Brownian motion and Brownian
bridges on Riemannian manifolds must be understood and adapted to this specific setting.

The thesis is organized as follows. Chapter 1 is dedicated to introducing [SF ]2M over
the Euclidean space and summarizing the main results in Tong et al. [20]. While the
first two sections of the chapter are just a summary/rephrasing of [20], in Section 1.3
we define the concept of Markov projection in a different way than what is done in the
work, which mimics the projection introduced by Gyöngy [10]; we show how, and under
what assumptions, we can actually obtain the Markovization of a mixture of processes.
Not only, but we prove that in the case of a mixture of Brownian bridges (relevant for
the Schrödinger problem) such assumptions are satisfied. We conclude the chapter by
explaining, in Section 1.4, how to practically fit [SF ]2M , as explained in Tong et al. [20].

Chapter 2 provides a rigorous overview of the geometry of the SPD manifold under the
log-Cholesky metric. This analysis is organized into two primary sections. Section 2.2
studies an intermediate space: the Cholesky manifold composed of lower triangular ma-
trices with positive diagonal entries. As shown by Lin [16], an isometric diffeomorphism
exists between the SPD manifold and this Cholesky space. We extend this by explic-
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itly constructing an isometric diffeomorphism between the Cholesky manifold and Rd (or
equivalently, the space of lower triangular matrices L equipped with the standard Frobe-
nius inner product). This intermediate step allows us to treat the log-Cholesky manifold
as the image of a flat Euclidean space, which we formalize in Section 2.3. Because this
perspective differs slightly from the presentation in Lin [16], we validate our geometric
characterization in Section A.2 by providing alternative, isometry-based proofs for several
results contained in that work. Additionally, we characterize the tangent spaces of these
manifolds, emphasizing their representations in natural bases, which is vital since the
coefficients of manifold-valued SDEs are elements of these tangent spaces.

Chapter 3 develops the necessary tools for stochastic analysis on manifolds, which are
required to define SDEs, Brownian motion, and Brownian bridges on the log-Cholesky
space. Section 3.2 introduces general manifold SDEs and classical path measures, while
Section 3.3 specializes these concepts to manifolds admitting an isometric diffeomorphism
to Euclidean space. Within this setting, we characterize the Levi-Civita connection, hor-
izontal vector fields, and the stochastic horizontal lift, proving that Brownian motions,
Brownian bridges, and Schrödinger bridges on the log-Cholesky manifold are simply the
pushed-forward images of their classical Euclidean counterparts.

We synthesize these geometric and stochastic foundations in Chapter 4 to construct the
formal extension of [SF ]2M to the log-Cholesky manifold. After defining the model ar-
chitecture and proving that its Markov projection solves a valid manifold-valued SDE in
Section 4.3, we analyze the explicit, entry-wise behavior of these matrix-valued SDEs in
Section 4.4.

In Chapter 5, we explore an extension of [SF ]2M to infinite-dimensional Hilbert spaces
(e.g., L2(Ω) functions over a compact domain Ω ⊂ RN). Since our primary interest lies in
parameterized Schrödinger bridges—which manifest as mixtures of Brownian bridges un-
der a Wiener reference measure—we derive representations of infinite-dimensional Brow-
nian bridges as solutions to abstract stochastic evolution equations. This establishes the
mathematical framework required to formally extend the Markov projection calculations
of Section 1.3 to infinite dimensions.

We conclude in Chapter 6 by giving an overview of the work. We state our contributions
as well as their limitations, and suggest some possible future directions.
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While each chapter contributes to the core thesis goal realized in Chapter 4, a reader
interested primarily in the final model may focus on Chapter 1, the geometric summary
in Figure 2.1, and the high-level concepts presented in sections 3.3.3, 3.3.4, and 3.3.5.

The novel contributions of this work are distributed as follows: Chapter 1 contains the
formalization and sufficiency proofs for the Markov projection of mixture processes; Chap-
ter 4 provides the complete mathematical framework for [SF ]2M on the log-Cholesky
manifold, and Chapter 5 derives the SDE formulations for infinite-dimensional Brownian
bridges. Additionally, while Chapter 2 and Chapter 3 cover background material, they
feature alternative proofs and geometric derivations not found in the existing literature.
All original proofs and derivations throughout this text are explicitly denoted with an
asterisk (∗).
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In this chapter, we summarize some of the results obtained in Tong et al. [20], and provide
a path to prove some of them that is different from the one leveraged by the authors, but
more suited to our purposes.

In the paper, the authors introduce a framework to parametrize Schrödinger bridges (but
more in general mixtures of SDE solutions) mapping an initial distribution to a target
one, as illustrated by an example in Figure 1.1. Since this method extends both score
and flow matching models, both of which can be trained in a simulation-free manner, it
is referred to [SF ]2M (Simulation-Free Schrödinger bridges via Flow and Score Matching).

In Section 1.2, we define the starting problem that the paper aims to solve, describe
the model leveraged to do it and discuss its link to the well-known problem of finding
Schrödinger bridges (see [17] for a detailed survey on the argument).

After, in Section 1.3 we define what is meant by Markov projection of a process, and take
a different path than [20] to the problem of finding the Markov projection of a Schrödinger
bridge. We thus show that under suitable assumptions on the involved distributions we
can actually find one.

We conclude in Section 1.4, where the more practical issue of fitting the proposed model
is addressed.

1.1. Notations

In the following of the chapter, we will use the following notations. Let (Ω,F ,P) be
a probability space, with filtration (Ft)t∈[0,T ]. All considered processes are adapted to
such filtration. A stochastic process X with values in Rd will be denoted as X =

(Ω,F , (Ft)t, (Xt)t,P). Rd is always endowed with the Borel σ-algebra B(Rd) (generated
by all open sets in Rd). A process X can equivalently be viewed as a random variable
from (Ω,F ,P) to W (Rd), the space of continuous paths [0, T ] → Rd, endowed with its
Borel σ-algebra B(W (Rd)). The law of a random variable X on (Ω,F ,P) will be denoted
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Figure 1.1: Example of trajectories for the learned process. Starting distribution is a two
moons, final distribution is a mixture of eight gaussians. Figure taken from Tong et al.
[20].

by PX = P ◦X−1.

Notice that, when needed, Rd can be replaced, in the above conventions, with any topo-
logical space E (e.g. a smooth manifold M). Though the framework described in Tong
et al. [20] puts the focus on Rd, we will introduce some concepts in a more general setting,
substituting the Euclidean space with smooth manifolds or general measurable spaces, in
order to better exploit them later in our extension effort.

1.2. Problem and Model Definition

The following is the motivating problem

Problem 1.1. Let us consider two probability measures on the probability space (Rd,B(Rd)),
Q0 and QT . We look for a stochastic process X = (Ω,F , (Ft)t, (Xt)t ⊆ Rd,P) such that
X0 ∼ Q0 and XT ∼ QT .

In order to address Problem (1.1), in Tong et al. [20] the search is restricted to a specific
type of processes. Loosely, we can define these as a mixture of solutions to stochastic
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differential equations, and formally write them in the general form:

P((Xt)t∈[0,T ] ∈ ·) =
∫
Q
P((Xt)t∈[0,T ] ∈ ·|Z = z)q(dz) (1.1)

where Q is some (possibly latent) space over which the conditioning variable Z ∼ dq takes
values.

In the following, we make this definition more precise.

Let Z : (Ω,F ,P) → (Q,A) be a random variable with law dPZ(z) = q(dz), where (Q,A)

is a measurable space.

Recall the definition of conditional law:

Definition 1.1. Let X : (Ω,F ,P) → (E, E) and Z : (Ω,F ,P) → (Q,A) be random
variables. We say that, if it exists, n(z, dx) is the conditional law of X given Z = z if:

• ∀A ∈ E , the function z 7→ n(z, A) is A-measurable;

• ∀A ∈ E and ∀B ∈ A:

P(X ∈ A,Z ∈ B) =

∫
B

n(z, A)q(dz) (1.2)

being dq the law of Z.

We assume that the conditional law of X given Z = z exists for all z ∈ Q, and we denote
it with n(z, dx) or equivalently with P(dx|Z = z). Then by definition:

P(X ∈ A) =

∫
Q
P(X ∈ A|Z = z)q(dz) ∀A ∈ B(W (Rd))

Assume also that for all z ∈ Q, there exists:

• A filtered probability space (Ωz,F z, (F z
t )t,Pz);

• A process Y z on it, with values in Rd such that it is the solution to an SDE with
properly chosen initial condition (we will come back later to this choice):

dY z
t = b(t, Y z

t , z)dt+ g(t)dWt (1.3)

where b : [0, T ] × Rd ×Q → Rd, g : [0, T ] → Rd×m are measurable functions, W is
an m-dimensional Brownian motion and the law of Y z is n(z, ·).
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This way, we are always justified to write for all A ∈ B(W (Rd)):

P(X ∈ A) =

∫
Q
Pz(Y z ∈ A)dq(z)

recovering what we roughly defined through Equation (1.1).

Once X is defined this way, we need to force it to achieve the right start and end distri-
butions, in order for it to solve problem 1.1.

Recall that a Brownian bridge in Rd with starting point a ∈ Rd and end point b ∈ Rd at
times, respectively, 0 and T > 0, is essentially a Brownian motion that is conditioned to
equal a at time 0 and b at time t. A way to achieve what we want is summarized in the
following

Proposition 1.1. Under the above notations, let Q = Rd × Rd, q ∈ Π(Q0,Q1) (i.e. a
transport plan from the initial to the final distribution) and Y z

t = Y
(z0,zT )
t be a Brownian

bridge from z0 to zT at times, resp., 0 and T . Then X0 ∼ Q0 and XT ∼ QT .

Proof*. Let A ∈ B(Rd): we want to show that P(X0 ∈ A) = Q0(A).

P(X0 ∈ A) =

∫
Rd×Rd

Pz(Y
(z0,zT )
0 ∈ A)dq(z0, zT ) =

=

∫
Rd×Rd

1A(z0)dq(z0, zT ) =

=

∫
Rd

1A(z0)dQ0(z0) = Q0(A)

where in the third passage we used the definition of transport plan.

In the exact same way, one proves P(XT ∈ A) = QT (A).

From now on, unless stated otherwise, we will consider the conditional processes to be
Brownian bridges.

The reason for choosing as model a mixture of Brownian bridges weighted by a transport
plan is not only that it provides a simple and interpretable way to tackle Problem 1.1,
but it allows us to choose the transport plan so that we can obtain the solution to a well
studied problem: the Schrödinger bridge.

First, recall the definition of Radon-Nikodym derivative:
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Theorem 1.1 (Radon-Nikodym). Let (X,M ) be a measurable space and let µ, ν be two
σ-finite measures on it. Then if ν << µ, there exists a µ-a.e. unique, M -measurable
function f : X → [0,+∞) such that:

ν(A) =

∫
A

fdµ (1.4)

for all A ∈ M . This is often denoted by dν
dµ

Definition 1.2 (Schrödinger Bridge). Let E be a smooth manifold, q0 and qT be two
probability distributions on (E,B(E)). A Schrödinger bridge between q0 and qT is
defined as a probability measure P∗ on (W (E),B(W (E))) such that:

P∗ = arg min
p0=q0;pT=qT

KL(P|T) (1.5)

where we define:

KL(P|T) =
∫
W (E)

log

(
dP
dT

)
dP (1.6)

T is some reference measure on (W (E),B(W (E))) and p0 and pT are the time marginals
at times 0 and T , respectively, for P.

Now the following result makes precise what has been explained before, and clarifies the
reason for choosing the above form for process X

Proposition 1.2 (Proposition 2.1. in [20]). The unique solution to the Schrödinger bridge
problem in Rd with reference process a Brownian motion with diffusion rate σ is given by:

P∗ =

∫
Rd×Rd

Px0,xT
dπ∗

2σ2(x0, xT ) (1.7)

where Px0,xT
is the law of a Euclidean Brownian bridge from x0 to xT with diffusion rate

σ and π∗
2σ2(x0, xT ) is the entropic OT plan between q0 and qT , meaning:

π∗
ϵ (q0, qT ) = arg min

π∈Π(q̂0,q̂T )

∫
Rd×Rd

d(x0, xT )
2dπ(x0, xT ) + ϵKL(π|q0 ⊗ qT ) (1.8)

So far, we constructed a process solving Problem 1.1 by considering a mixture of Brownian
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bridges weighted by a suitable transport plan, and saw that in the particular case where it
happens to be the (entropically regularized) optimal one, the obtained process is actually a
Schrödinger bridge. However, we still need a way to practically simulate it. The strategy
is as follows: find a process ξ that is Markov and solves an SDE problem whose one-
dimensional marginals are the same as X for all t ∈ [0, T ]; then, fit the parameters of
such an SDE using available data. In the end, we will be able to simulate paths sampled
from ξ, with the guarantee that 1D marginals coincide with the ones of X, and the
computational advantage of having to simulate a Markov process.

1.3. Markov Projection

In this section we address the problem of starting with a process that is not necessarily
Markovian, and ending up with one that is Markov and has the same one-dimensional
marginals as the first one. From a computational perspective, simulating a Markov pro-
cess is easier, since one-dimensional marginals do not depend on the whole past history of
the process, meaning that at simulation time we only need to have access to the previous
time state, rather than all states from the beginning. In our context, though, there is
a second advantage: we will see that the Markov projection of the original process is
the solution to an SDE, meaning we can leverage any scheme for numerical solution of
stochastic differential equations to simulate it (e.g. Euler-Maruyama, which details can
be found in Baldi [1]).

As stated in Léonard [17], when we make the particular choice for the mixture weights be-
ing the entropy-regularized optimal transport plan, thus obtaining a Schrödinger bridge,
the process is itself Markov. In such a case, we still get the advantage of expressing it as
the solution to a stochastic differential equation.

Let us first recall the definition of Markov transition function and Markov process.

Definition 1.3 (Markov transition kernel). Let (E, E) be a measurable space. A Markov
transition function on (E, E) is a function p(s, t, x, A) for s, t ∈ [0,+∞), x ∈ E and
A ∈ E such that the following hold true:

1. For all s, t ∈ [0,+∞), A ∈ E fixed, the function x 7→ p(s, t, x, A) is E-measurable;

2. For all s, t ∈ [0,+∞), x ∈ E fixed, the map A 7→ p(s, t, x, A) is a probability
measure on (E, E);
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3. Chapman-Kolmogorov equation holds true for all s ≤ u ≤ t:

p(s, t, x, A) =

∫
E

p(u, t, y, A)p(s, u, x, dy) (1.9)

Definition 1.4 (Markov Process). Let p be a Markov transition function on the measur-
able space (E, E), and let µ be a probability measure on it. An (E, E)-valued stochastic
process X = (Ω,F , (Ft)t≥u, (Xt)t≥u,P) is a Markov process associated to p and with
initial distribution µ if:

1. Xu ∼ µ;

2. Markov property holds true: for any bounded and Borel f : E → R:

E[f(Xt)|Fs] =

∫
E

f(x)p(s, t,Xs, dx) (1.10)

almost surely.

The definition of Markov projection is as follows

Definition 1.5. Let X be a stochastic process on a smooth manifold M . We say that
a stochastic process ξ on M is the Markovian projection of X if for all A ∈ B(M),
P(Xt ∈ A) = P(ξ ∈ A) for all t ∈ [0, T ]. Equivalently, we say Xt = ξt in distribution.

We now turn our attention back to process X as defined in Section 1.2, and prove the
following result

Theorem 1.2. Under the above notations, define the following function (measurable by
standard results in probability theory):

b̄(t, x) = E[b(t,Xt, Z)|Xt = x]

Suppose moreover that b̄ and g satisfy the following regularity conditions on [0, T̃ ] for all
T̃ < T :

• They are both measurable in (t, x);

• b̄ has sublinear growth, i.e. there exists M > 0 such that for all x ∈ Rd and t ∈ [0, T̃ ]

|b̄(t, x)| ≤M(1 + |x|)

and g is bounded in [0, T̃ ];
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• b̄ is locally or globally Lipschitz in space. The (weaker) local condition reads: for all
N > 0 there exists LN > 0 such that if |x|, |y| ≤ N and t ∈ [0, T̃ ], then

|b̄(t, x)− b̄(t, y)| ≤ LN |x− y|

and that X0 is square integrable.

Then process ξ solving the following SDE problem is the Markov projection of X on [0, T̃ ]

for all T̃ < T . Moreover, ξt −−→
t→T

XT in distribution (equivalently, Pξt −−→
t→T

QT weakly,
being XT ∼ QT ):

dξt = b̄(t, ξt)dt+ g(t)dWt t ∈ [0, T̃ ]

ξ0 ∼ X0

(1.11)

Proof*. First, notice that under the assumptions of X0 being square integrable and the
required regularity conditions on the coefficients, there exists a unique strong and Markov
solution to (1.11) (see Baldi [1]). This means that if we prove ξt

d
= Xt for all t ∈ [0, T̃ ], ξ

is actually the Markovian projection of X on such an interval.

In order to find a Markov projection for processX, we start by considering ϕ ∈ C∞
C ([0, T̃ ]×

Rd), and compute E[φ(t,Xt)]. This way, we will obtain a weak partial differential equa-
tion for the marginals PXt , which is the Fokker-Planck equation for the solution to the
claimed SDE.

We first compute E[ϕ(t,Xt)] by using conditional expectations:

E[φ(t,Xt)] = E[E[φ(t,Xt)|Z]] =

=

∫
Q
E[φ(t,Xt)|Z = z]dq(z) =

=

∫
Q
E[φ(t, Y z

t )]dq(z)

(1.12)

Now, since Y z
t solves an Ito SDE, we can apply Ito formula (we drop the superscript z for

ease of reading, since now z is fixed):
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dφ(t, Yt) =

(
∂φ

∂t
(t, Yt) + b(t, Yt, z) · ∇φ(t, Yt) +

1

2
σ(t) : ∇2φ(t, Yt)

)
dt+

+∇φ(t, Yt)Tg(t)dWt

(1.13)

where σ(t) = g(t)g(t)T and ∇2φ ∈ Rd×d such that ∇2φij = ∂φ
∂xi∂xj for i, j = 1, 2, ..., d.

Being this true for all t ∈ [0, T̃ ], we let t = T̃ . Now, if we write Equation (1.13) in the
integral form, since φ has compact support and g(t) depends only on time:

0 = E[φ(T̃ , YT̃ )]− E[φ(0, Y0)] = E
[ ∫ T̃

0

∂φ

∂t
(t, Yt)dt

]
+

+ E
[ ∫ T̃

0

b(t, Yt, z) · ∇φ(t, Yt)dt
]
+

+ E
[ ∫ T̃

0

1

2
σ(t) : ∇2φ(t, Yt)dt

]
+ 0

(1.14)

We now focus on the term involving b(t, Yt), and plug it into Equation (1.12):

∫
Q
E
[ ∫ T̃

0

b(t, Y z
t , z) · ∇φ(t, Y z

t )dt

]
dq(z) =

∫ T̃

0

∫
Q
E[b(t, Y z

t , z) · ∇φ(t, Y z
t )]dq(z)dt =

=

∫ T̃

0

E[b(t,Xt, Z) · ∇φ(t,Xt)]dt

(1.15)

where in the first equality we used Fubini’s theorem (|b(t, x, z)| is integrable on Q× [0, T̃ ]

being linear in z ∈ Q - being the drift of a Brownian bridge - and bounded in t ∈ [0, T̃ ]),
and in the second one the tower property for conditional expectations.
But notice that:
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E[b(t,Xt, Z) · ∇φ(t,Xt)] = E[E[b(t,Xt, Z) · ∇φ(t,Xt)|Xt]] =

=

∫
Rd

E[b(t,Xt, Z) · ∇φ(t,Xt)|Xt = x]dPXt(x) =

=

∫
Rd

∇φ(t, x) · E[b(t,Xt, Z)|Xt = x]dPXt(x) =

=

∫
Rd

∇φ(t, x) · b̄(t, x)dPXt(x)

(1.16)

where we defined b̄(t, x) = E[b(t,Xt, Z)|Xt = x]. But then Equation (1.15) equals:

∫ T̃

0

∫
Rd

b̄(t, x) · ∇φ(t, x)dPXt(x)dt (1.17)

Reasoning the same way for all other terms in (1.14), we get:

∫ T̃

0

∫
Rd

{
∂

∂t
+ b̄(t, x) · ∇+

1

2
σ(t) : ∇2

}
φ(t, x)dPXt(x)dt = 0 (1.18)

But being φ arbitrary, we have that this is just the weak (distributional) Fokker-Planck
equation for p(t, dx) = PXt(dx):

∂pt
∂t

= −div(b̄(t, x)pt) +
1

2
∇2(σ(t)pt) (1.19)

for t ∈ [0, T̃ ]. Notice that here ∇2 (applied to a matrix-valued field) has to be interpreted
as the double divergence (i.e. ∇2 = div(div)). Now, under the assumed conditions for b̄
and σ, once we choose an initial distribution p(0, dx), Equation (1.19) uniquely determines
the 1D marginals. Moreover, its solution p(t, dx) is also the 1D marginals path of the
solution to the following SDE:

dξt = b̄(t, ξt)dt+ g(t)dWt , t ∈ [0, T̃ ]

ξ0 ∼ PX0

(1.20)

and, being T̃ < T arbitrary:

dξt = b̄(t, ξt)dt+ g(t)dWt , t ∈ [0, T )

ξ0 ∼ PX0

(1.21)
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Let us now show the claimed distributional limit. Consider a space test function φ: we
want to show that

∫
Rd φ(x)dPξt(x) =

∫
Rd φ(x)dPXt(x) →

∫
Rd φ(z1)dQ̂T (x).

Notice that:

∫
Rd

φ(x)dPXt(x) =

∫
Rd

φ(x)

∫
Q
dPY z

t (x)dq(z) =

=

∫
Q

∫
Rd

φ(x)dPY z
t (x)dq(z)

where we used the definition of X and Fubini-Tonelli theorem for exchanging integrals.
Now, recall that Y z

t is a Brownian bridge, for which it is known that PY z
t → δz1 weakly

as t → T . Notice also that we can apply dominated convergence theorem to the pre-

vious integral, where the family of integrands is given by
(∫

Rd φ(x)dPY z
t (x)

)
t∈[0,T )

, and∫
Rd φ(x)dPY z

t (x) → φ(z1) as t→ T :

∣∣∣∣ ∫
Rd

φ(x)dPY z
t (x)

∣∣∣∣ ≤ ∫
Rd

|φ(x)|dPY z
t (x) ≤ ∥φ∥L∞ · 1

Then:

∫
Q

∫
Rd

φ(x)dPY z
t (x)dq(z) →

∫
Q
φ(zT )dq(z0, zT ) =

∫
Rd

φ(zT )dQ̂T (z1)

which concludes the proof.

Remark 1.1. Notice that the first part of the above theorem holds true even when condi-
tioned processes are general solutions to SDE problems, not necessarily Brownian bridges
(provided |b(t, x, z)| is integrable on Q× [0, T̃ ]). For our purposes, we are however inter-
ested in the latter case.

Next theorem, instead, gives us a way to guarantee that the conditions on b̄ in Theorem
1.2 are satisfied.

Theorem 1.3. Under the usual notations, if Z is almost surely bounded and admits
density fZ with respect to the d-dimensional Lebesgue measure, then b̄(t, x) satisfies the
assumptions in Theorem 1.2.

Proof*. We will make use of the fact that a Brownian bridge from z0 to z1 in Rd solves:
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dY z
t =

z1−Y z
t

T−t
dt+ dWt

Y z
0 = z0

so in particular:

b(t,Xt, Z) =
Z1 −Xt

T − t

We restrict to any interval [0, T̃ ] with T̃ < T . Notice that, if Z has a density with respect
to the Lebesgue measure in Rd × Rd, and since Xt|Z = z is a Brownian bridge at time t,
so admits a density with respect to the Lebsegue measure on Rd, then Xt has a density
too, and so do Z|Xt = x (with respect to the Lebesgue measure on Rd × Rd), Z0|Xt = x

and Z1|Xt = x (with respect to the Lebesgue measure on Rd). Indeed:

PXt(A) =

∫
Q
PY z

t (A)fZ(z)dz =

=

∫
Q

∫
A

fY z
t
(x)fZ(z)dxdz =

=

∫
A

(∫
Q
fY z

t
(x)fZ(z)dz

)
dx, ∀A ∈ B(Rd)

showing that Xt admits density; but also (Xt, Z) admits density, by:

P(Xt ∈ A,Z ∈ B) =

∫
A

∫
B

fXt|Z(x|z)fZ(z)dzdx

from which we get fZ|Xt(z|x) by Bayes rule. Finally, if Z|Xt = x has a density, then
Z0|Xt = x and Z1|Xt = x must have it.

Since t < T̃ , the time dependence does not give any trouble, since T − t ≥ T − T̃ . It
is clear that E[b(t,Xt, Z)|Xt = x] = − x

T−t
+ E[Z1|Xt=x]

T−t
. Thus, everything amounts to

understanding what the dependence of E[Z1|Xt = x] is with respect to x.

We can compute such expectation by leveraging Bayes rule:
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E[Z1|Xt = x] =

∫
Rd

z1fZ1|Xt(z1|x)dz1 =

=

∫
Rd

z1

∫
Rd

fZ|Xt(z0, z1|x)dz0dz1 =

=

∫
Rd

z1

∫
Rd

fXt|Z(x|z)fZ(z)∫
Rd×Rd fXt|Z(x|η)fZ(η)dη

dz0dz1 =

=

∫
Rd×Rd

z1
fXt|Z(x|z)fZ(z)∫

Rd×Rd fXt|Z(x|η)fZ(η)dη
dz =

=
1∫

Rd×Rd fXt|Z(x|η)fZ(η)dη

∫
Rd×Rd

z1fXt|Z(x|z)fZ(z)dz

Now, recall that Xt|Z = z is just a Brownian bridge from z0 to z1, so that Xt|Z = z ∼
N (tz1 + (1 − t)z0, g(t)

Tg(t)t(1 − t)). Let us, for the sake of clarity and without loss of
generality, assume that g(t) = I. Then we have that the above expression is:

(∫
Rd×Rd

fZ(η)
1

(2πt(1− t))
d
2

exp

{
− 1

2
(t(1− t))−2|x− tη1 + (1− t)η0|2

}
dη

)−1

·∫
Rd×Rd

z1fZ(z)
1

(2πt(1− t))
d
2

exp

{
− 1

2
(t(1− t))−2|x− tz1 + (1− t)z0|2

}
dz =

=

(∫
Rd×Rd

fZ(η) exp

{
− 1

2
(t(1− t))−2|x− tη1 + (1− t)η0|2

}
dη

)−1

·∫
Rd×Rd

z1fZ(z) exp

{
− 1

2
(t(1− t))−2|x− tz1 + (1− t)z0|2

}
dz

If we could show that this has a dependence on x fulfilling the requirements of Theorem
1.2, we would be done.

In order to do these computations, let us define the following quantities:

s(t) =
1

2
(t(1− t))−2

k(t, z) = tz1 − (1− t)z0

A(t, x, z) = exp

{
− s(t)|x− k(t, z)|2

}
D(t, x) =

∫
Rd×Rd

fZ(η) exp

{
− s(t)|x− k(t, η)|2

}
dη

w(t, x, z) =
A(t, x, z)

D(t, x)

We are then interested in knowing the dependency on x of
∫
Rd×Rd z1w(t, x, z)fZ(z)dz.
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Being Z almost surely bounded, fZ has compact support. This way, linear growth bound
is achieved through boundedness: |E[Z1|Xt = x]| ≤ ∥Z1∥L∞ .

Then, let us consider the Lipschitz condition. Notice first that w(t, x, z), as a function of
x is continuous and infinitely differentiable. Moreover, fixed x, D(t, x) > 0, so we can, for
a fixed x, compute the gradient of E[Z1|Xt = x] as

∫
Rd×Rd z1∇xw(t, x, z)fZ(z)dz.

∇xw(t, x, z) =
D∇A− A∇D

D2
=

=
−2s(t)(x− k(t, z))A(t, x, z)D(t, x)− A(t, x, z)

∫
Rd×Rd fZ(η)(−2s(t))(x− k(t, η))A(t, x, η)dη

D(t, x)2
=

=

−2s(t)

(
− k(t, z)A(t, x, z)D(t, x) + A(t, x, z)

∫
Rd×Rd fZ(η)k(t, η)A(t, x, η)dη

)
D(t, x)2

=

= 2s(t)w(t, x, z)

(
k(t, z)−

∫
Rd×Rd k(t, η)fZ(η)A(t, x, η)dη

D(t, x)

)
=

= 2s(t)w(t, x, z)k(t, z)− 2s(t)

∫
Rd×Rd k(t, η)fZ(η)A(t, x, η)dη

D(t, x)

Notice that, using the exact same computations as before,
∫
k(t,η)fZ(η)A(t,x,η)dη

D(t,x)
= E[k(t, Z)|Xt =

x] which is bounded if Z is, being essentially a linear transformation of Z. But then the
following quantity is bounded provided Z has bounded first moment (which is satisfied
necessarily being Z bounded):

∫
Rd×Rd

s(t)z1

∫
Rd×Rd k(t, η)fZ(η)A(t, x, η)dη

D(t, x)
fZ(z0, z1)dz1dz0 (1.22)

For the first term, once again leveraging boundedness of Z:
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∣∣∣∣ ∫
Rd×Rd

s(t)z1k(t, z)w(t, x, z)fZ(z)dz

∣∣∣∣ ≤ ∫
Rd×Rd

∣∣∣∣s(t)z1k(t, z)w(t, x, z)fZ(z)∣∣∣∣dz ≤
≤ ∥Z∥L∞(Rd)∥k(t, ·)∥L∞(R)|s(t)|

∫
Rd×Rd

A(t, x, z)fZ(z)

D(t, x)
dz =

= ∥Z∥L∞(Rd)∥k(t, ·)∥L∞(R)|s(t)|
∫
Rd×Rd exp{−s(t)|x− k(t, z)|2}fZ(z)dz∫
Rd×Rd exp{−s(t)|x− k(t, η)|2}fZ(η)dη

=

= ∥Z∥L∞(Rd)∥k(t, ·)∥L∞(R)|s(t)|((((((((((((((((((((∫
Rd×Rd exp{−s(t)|x− k(t, z)|2}fZ(z)dz

((((((((((((((((((((∫
Rd×Rd exp{−s(t)|x− k(t, η)|2}fZ(η)dη

=

= ∥Z∥L∞(Rd)∥k(t, ·)∥L∞(R)|s(t)|

We thus get that the gradient of b̄(t, x) is uniformly bounded in x for t ∈ [0, T̃ ], T̃ < T ,
concluding Lipschitz continuity.

1.4. Fitting SDE coefficients

In this section, we explain how to obtain the SDE coefficients from available data, as
explained in Tong et al. [20].

By definition, the probability flow ODE associated to an SDE like (1.3) is:

dXt = b◦(t,Xt, z)dt (1.23)

where:

b◦(t, x, z) = b(t, x, z)− 1

2
g(t)Tg(t)∇x log fXt|Z(x|z) (1.24)

Provided with a suitable initial distribution, the solution to Equation (1.23) will have the
same one-dimensional distributions to the solution of Equation (1.3) (as explained, for
example, in [20]).

We can now make the following definitions:
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b◦(t, x) = E
[
b◦(t, x, Z)fXt|Z(x|Z)

fXt(x)

]
(1.25)

∇x log fXt(x) = E
[
fXt|Z(x|Z)
fXt(x)

∇x log fXt|Z(x|Z)
]

(1.26)

b̄(t, x) = b◦(t, x) +
1

2
g(t)Tg(t)∇x log fXt(x) (1.27)

and, as shown in Tong et al. [20], b̄(t, x) = E[b(t,Xt, Z)|Xt = x], ensuring that the so-
lution to the SDE problem with b̄ as drift and g as diffusion is the Markov projection of X.

Now, given definitions 1.25 and 1.26, it makes sense to define the following objectives for
training two neural networks vθ and sθ:

L[SF ]2M(θ) =E(t,z,x)∼Q′

[
∥vθ(t, x)− b◦t (x|z)∥2

]
+

+E(t,z,x)∼Q′

[
∥sθ(t, x)−∇x log fXt|Z(x|z)∥2

] (1.28)

where Q′ = U [0, 1]⊗Q⊗ fXt|Z(·|z).

In Tong et al. [20], they actually prove correctness of this formulation proving its gradient
is equivalent to the objective for directly learning b̄t(x) and ∇x log fXt(x).

Notice that one could ideally fit a single neural network vθ(t, x) by defining the objective:

L[SF ]2M(θ) = E(t,x,z)∼Q′

[
∥vθ(t, x)− b(t, x, z)∥2

]
directly learning the drift b̄(t, x). However, this is not convenient from a practical point of
view, since such neural network would be constrained to a unique diffusion g(t). Fitting a
separate model for the flow and for the score gives the flexibility of changing at inference
time the diffusion rate for the Brownian bridges.
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2| Geometry of the log-Cholesky

Manifold

The goal of the present chapter is to study the geometry of two closely related smooth
manifolds. The first one, which is mostly of our interest, is the one of SPD matrices,
endowed with the log-Cholesky Riemaniann metric, introduced in [16]; the second one is
a sort of intermediate manifold which is useful to describe the former, and is the one of
lower triangular matrices with strictly positive diagonal entries (called Cholesky space),
endowed with a Riemaniann metric g̃(·, ·).

The main result of this chapter is that there exists an isometric diffeomorphism (denoted
with θ) between the SPD manifold with the log-Cholesky metric (so called log-Cholesky
manifold) and Rd with its usual scalar product (or, equivalently, the space of lower tri-
angular matrices with the Frobenius inner product). In particular, such a map is the
composition of two isometries: one between the log-Cholesky manifold and the Cholesky
manifold (that is well explored in Lin [16], and is briefly described in Section 2.3), and one
between the Cholesky manifold and Rd (or the lower triangular matrices space), which
we will better characterize in Section 2.2, since it is not discussed in these terms in the
paper introducing the log-Cholesky metric.

Figure 2.1 provides an exhaustive picture of the relations between the manifolds of inter-
est that we are going to describe. The schema is enough to understand the rest of the
work without need to read the detailed derivation of such relationships.

As we will see in the rest of the work, having such a strong map between the log-Cholesky
space and the Euclidean one allows us to essentially get stochastic objects that are typi-
cally complicated to describe in smooth manifolds (e.g. Brownian motion) as a composi-
tion of the same objects in the Euclidean setting and the isometry.
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2.1. Notations and Preliminaries

We will always deal with n-dimensional matrices, and denote by S the space of symmetric
matrices, S+ the one of symmetric positive definite matrices, by L the space of lower
triangular matrices and by L+ the so called Cholesky space of lower triangular matrices
with positive diagonal elements. If X ∈ S+, we can uniquely decompose it using Cholesky
decomposition asX = LLT , being L ∈ L+. On the other hand, if L ∈ L+, then LLT ∈ S+,
meaning that the following map is a bijection: L : S+ → L+. Actually we can say more:
L is a diffeomorphism between these manifolds [16] (in particular, notice that S+ is
a smooth submanifold of S, which is identifiable with R

n(n+1)
2 , while L+ is a smooth

submanifold of L, which is also identifiable with R
n(n+1)

2 ). In the following, we will denote
with d the value n(n+1)

2
, so that R

n(n+1)
2 is Rd. Also, we will denote Cholesky manifold by

M and the one of SPD matrices by N .

In order to make these manifolds Riemaniann, we will endow them with a Riemaniann
metric. On N , we put the so called log-Cholesky metric g(·, ·), and we will refer to the
couple (N, g(·, ·)) as log-Cholesky space. g̃(·, ·) is the Riemaniann metric we put on the
Cholesky space M , whereas L is endowed with the usual Frobenius inner product ⟨·, ·⟩F .
Notice that also Rd is a Riemaniann manifold with the usual euclidean scalar product
⟨·, ·⟩.

When dealing with matrixes, we will adopt the two following notations, as used in Lin
[16]. For a matrix B, we let D(B) denote its diagonal part (meaning, the matrix with
same dimensions of B but equal to B only on the diagonal, null elsewhere), and ⌊B⌋ be
its strictly lower triangular part.

2.2. Cholesky Manifold

The aim of this section is to characterize the Cholesky manifold M , endowed with the
Riemaniann metric g̃(·, ·). The main goal of it is to show there exists an isometric diffeo-
morphism between (M, g̃(·, ·)) and (Rd, ⟨·, ·⟩), which will be denoted by φ.

We begin by making explicit the smooth manifold structure of M in Section 2.2.1, and
then give a convenient global chart for it that provides a bijection between M and Rd in
Section 2.2.2. We then describe the tangent space to M in Section 2.2.3, and finally show
that there exists a such an isometric diffeomorphism in Section 2.2.4.
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2.2.1. Smooth Manifold Structure

We claimed M is a smooth submanifold of L, which implies the latter must be a smooth
manifold. As explained in Section A.1, in order for it to have the structure of a smooth
manifold, we need to find a smooth structure on it. That is, a maximal smooth atlas
on L. Being L a finite-dimensional vector space, we can simply choose the standard
smooth structure on it (see Example A.1). In particular, among the charts contained in
this smooth structure, we have the most intuitive one. Specifically, let L = [Lij]i≥j ∈
L be a lower triangular matrix: we can define a global chart by (L, ψ) with ψ(L) =

(L11, L22, ..., Lnn, L21, ..., Ln(n−1))
T . Most of the times, the vectorization of L provided

by ψ will be written as (L1, L2, ..., Ln, ..., Ld)
T with natural notation. Now that we have

a smooth structure on L, M is an open subset of it, inheriting its smooth structure.
However, the very same global chart will be denoted by (M, η) in order not to make
confusion. So η(L) is a simple vectorization (with the above convention on indices) for
L ∈M .

2.2.2. Global Chart

One of the starting observations that is key in Lin [16] is that elements of M can be
parametrized through a map ϕ̄ : M → L as ϕ̄(L) = [Nij]i≥j such that Nij = Lij if i ̸= j,
else Nii = logLii.

But now we can define another function on M that is the simple composition of ϕ̄ and
ψ, which we will call ϕ : M → Rd, so that ϕ = ϕ̄ ◦ ψ. Explicitely, this means ϕ(L) =

(logL1, ..., logLn, Ln+1, ..., Ld)
T .

Such function can be seen as a global chart for M , though it is not derived from any chart
in the standard smooth structure on L.

This other chart will be further inspected in Section 2.2.3, and in particular we will see
how components of tangent vectors with respect to (the basis of the tangent space in-
duced by) η transform when considering their components with respect to (the basis of
the tangent space induced by) ϕ.

Also, we define ϕ̂ : Rd → Rd by ϕ̂ = ψ◦ ϕ̄◦η−1 (i.e. the translation of ϕ̄ at the level of Rd).

In Figure 2.1 a schema summarizing the geometric relationships is provided.
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Figure 2.1: Relations Between Manifolds. Dashed arrows represent charts or maps
between them; continuous arrows represent isometric diffeomorphisms. N is the manifold
of SPD matrices, endowed with the log-Cholesky metric g(·, ·); M is the one of lower
triangular matrices with positive diagonal entries, with the metric g̃(·, ·); L the one of
lower triangular matrices, with the usual Frobenius norm ⟨·, ·⟩.
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2.2.3. Tangent Space

As stated in Proposition 3.13 in Lee [15], the tangent space to a vector space can be
identified with the space itself, meaning we can identify the tangent space of L with L
itself. Also, since by what explained in Section A.1 the tangent space to M , as a smooth
submanifold of L, can be identified with the tangent space to L, it makes sense that TpM
is identified with L for all p ∈M .

Here notice the following: when seeing M as a submanifold of L, it inherits the standard
smooth structure of L, and with that structure we can say M is a smooth manifold and
define its tangent spaces. At the same time, when treating M per se, we can consider the
two charts η (which in the previous scenario is one of the inherited ones from L) and ϕ:
the two are smoothly compatible and so we can consider the smooth structure on M con-
taining them. Since, by the first scenario, M with the smooth structure containing η has
L as tangent spaces, we can at least intuitively deduce that M with the smooth structure
containing ϕ (thus η too) has L as tangent spaces. This is not a concern, because the
thing is just that ϕ is not a global chart for L, and it is not even extendable to one (we
take logarithms on the diagonal).

Now, we proceed to characterize the tangent space to M leveraging results obtained in
Section A.1.3. In particular, we see what is the form of the basis induced by η for TLM
for some L ∈ M . We know indeed that a basis for TLM is provided by elements of the

kind ∂
∂xi

∣∣∣∣
L

, which for f ∈ C∞(M) act as:

∂

∂xi

∣∣∣∣
L

f =
∂

∂xi

∣∣∣∣
η(L)

(f ◦ η−1) =

=
∂

∂xi

∣∣∣∣
x=(L1,L2,...,Ld)T

f̂ =

=
∂f̂

∂xi
(L1, L2, ..., Ld)

where f̂ = f ◦ η−1.

Then, if V ∈ TLM , there exists a set of d components (Vi)
d
i=1 ⊆ R such that:

V f = Vi
∂f̂

∂xi
(L1, L2, ..., Ld)
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for all f ∈ C∞(M). We will denote these components, being them induced by η, V η
i .

It is clear that one can take the elements Vi and put them in a matrix form adopting
the above convention (i.e. the first n elements on the diagonal, the remaining ones filling
orderedly the off-diagonal part), to obtain an element of L in general (indeed, there is
no restriction on the sign of the components). This actually makes sense of the above
intuition that the tangent space to M is L.

We are now interested in knowing the components induced by ϕ. We do the exact same
computations.

∂

∂xi

∣∣∣∣
L

f =
∂

∂xi

∣∣∣∣
x=ϕ(L)

(f ◦ ϕ−1) =

=
∂

∂xi

∣∣∣∣
x=ϕ(L)

(f ◦ η−1 ◦ ϕ̂−1) =

=
∂

∂xi

∣∣∣∣
x=ϕ(L)

(f̂(ϕ̂−1)) =

=
∂f̂

∂xi
(ex

1

, ex
2

, ..., ex
n

, xn+1, ..., xd)

∣∣∣∣
x=ϕ(L)

=

=
∂f̂

∂yj
dϕ̂−1

j (x)

dxi

∣∣∣∣
x=ϕ(L)

but

dϕ̂−1
j (x)

dxi
=


ex

i if i = j ≤ n

ex
i if i = j > n

0 if i ̸= j

Now, since x = ϕ(L) means x = (logL1, logL2, ..., logLn, Ln+1, ..., Ld)
T , we finally get

that the new element of the basis are:

∂

∂xi

∣∣∣∣
L

f =

Li
∂f̂
∂xi (L1, ..., Ld) if i ≤ n

∂f̂
∂xi (L1, ..., Ld) if i > n

Now, calling V ϕ
i the ith element of the basis induced by ϕ, we have that if V ∈ TLM :
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V f =
n∑

i=1

V ϕ
i Li

∂f̂

∂xi
(L1, ..., Ld) +

d∑
i=n+1

V ϕ
i

∂f̂

∂xi
(L1, ..., Ld) =

=
n∑

i=1

V η
i

∂f̂

∂xi
(L1, ..., Ld) +

d∑
i=n+1

V η
i

∂f̂

∂xi
(L1, ..., Ld)

from which we get the transformation between components:

V
η
i = V ϕ

i Li if i ≤ n

V η
i = V ϕ

i if i > n
(2.1)

or, equivalently, being Li > 0 for i ≤ n:

V
ϕ
i = 1

Li
V η
i if i ≤ n

V ϕ
i = V η

i if i > n
(2.2)

If we write elements in TLM as lower triangular matrices, we can rewrite these transfor-
mations more compatly as explained in the following

Proposition 2.1. Let B ∈ L be an element of TLM with respect to the chart ϕ, and let
B̂ ∈ L the same tangent vector written in terms of the chart η. Then:

B̂ = D(L)D(B) + ⌊B⌋ (2.3)

2.2.4. Isometric Diffeomorphism from M to L (and Rd)

We already saw what the map ϕ̄ : M → L is. It is actually a diffeomorphism bewteen
smooth manifolds (as stated in Proposition 9 of Lin [16]). Also, we obtained in Sec-
tion 2.2.3 the transformation of the components of a tangent vector V ∈ TLM from a
basis induced by ϕ = ϕ̄ ◦ ψ to the one induced by η (which is ψ but on M). We will
leverage this to prove that φ̄, as well as φ are isometric diffeomorphisms.

In particular, we consider M with its global chart η (simply vectorizing the entries of
elements in M), and L with its chart ψ (simply vectorizing the entries of elements in L).
Moreover, ϕ̄ is a diffeomorphism between these two smooth manifolds. Naturally, such
diffeomorphism, by what we said in Section A.1.3, has a differential mapping tangent
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spaces. Leveraging the results obtained in Section 2.2.3, we see that if V ∈ TLM , dϕ̄L(V )

has components with respect to the basis of Tϕ̄(L)L induced by ψ that are:

(dϕ̄L(V ))i =

 1
Li
V η
i if i ≤ n

V η
i if i > n

Now, if we endow L with the standard Riemaniann structure having ⟨·, ·⟩F (Frobenius
inner product) as Riemaniann metric, the induced Riemaniann structure on M is precisely
the log-Cholesky one. Indeed, by definition, if X, Y ∈ TLM

g̃(X,Y ) =
∑
i≤n

1

L2
i

XiYi +
∑
i>n

XiYi =

=
∑
i≤n

(
1

Li

Xi)(
1

Li

Yi) +
∑
i>n

XiYi =

= ⟨dϕ̄L(X), dϕ̄L(Y )⟩F

So we can interpret the action of putting log-Cholesky metric on M as the one of trans-
forming it through a diffeomorphism ϕ̄ to L, using the usual Frobenius metric on L and
mapping back the Riemaniann structure using ϕ̄−1. By the very definition of g, we get
that the map ϕ̄ : (M, g̃(·, ·)) → (L, ⟨·, ·⟩F ) is an isometry between smooth Riemaniann
manifolds, thus all geometric properties from one can be easily transported to the other.

In the very same way, one obtains that ϕ : (M, g̃(·, ·)) → (Rd, ⟨·, ·⟩) is an isometry, where
⟨·, ·⟩ is the usual Euclidean scalar product. Notice indeed that if V ∈ TLM , then dφL(V )

is an element of Tφ(L)Rd consisting of the vectorization of dφ̄L(V ), and that the Frobenius
scalar product of two elements X,Y tangent to L is just the Euclidean scalar product of
their vectorized forms.

As a by-product of this, and a confirmation that this approach to describe the Cholesky
manifold is actually consistent with the one provided by Lin [16], we re-derive some of
the results present in that work in a slightly different way leveraging this isometry. These
can be found in Section A.2.

2.3. Log-Cholesky Manifold

Now that we have characterized the Cholesky space with g̃, it is easy to describe geo-
metrically the manifold of SPD matrices, endowed with the log-Cholesky metric g(·, ·).
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Indeed, the map θ : N → Rd defined by θ = ϕ ◦L can be seen both as a global chart for
N and as a diffeomorphism. By what explained in Lin [16], L : (N, g(·, ·)) → (M, g̃(·, ·))
is an isometry, thus θ : (N, g(·, ·)) → (Rd, ⟨·, ·⟩) is an isometric diffeomorphism (being the
composition of isometric diffeomorphisms).

Let ϵ : N → Rd denote the global chart of N obtained by vectorizing its lower triangular
part. As done for the Cholesky space, we might be interested in knowing how tangent
vectors transform if expressed in terms of one or the other chart.

First, we will need a result from Lin [16]

Proposition 2.2. Let S ∈ N , L (S) = L and let w ∈ TSN with W ∈ L its expression as
a lower triangular matrix in terms of the global chart ϵ. Then the differential of L at S,
evaluated at w, is given by:

dLS(W ) = L(L−1WL−T ) 1
2

(2.4)

where X 1
2
= ⌊X⌋+ D(X)/2.

Denoting by S :M → N the inverse, we have that if z ∈ TLM with Z ∈ L its expression
as a lower triangular matrix in terms of the global chart η, then the differential of S at
L evaluated at z is given by:

dSL(Z) = LZT + ZLT (2.5)

By simply putting together Equation (2.3) and Proposition 2.2, we obtain the following:

Proposition 2.3. Let B ∈ L be an element of TSN with respect to the chart θ, and let
B̂ ∈ L the same tangent vector written in terms of the chart ϵ. Then:

B = D(L)−1D
(
L(L−1B̂L−T ) 1

2

)
+ ⌊L(L−1B̂L−T ) 1

2
⌋ (2.6)

where S 1
2
= ⌊S⌋+ 1

2
D(S).

Whereas:

B̂ = D(L)D(LBT +BLT ) + ⌊LBT +BLT ⌋ (2.7)
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3| Stochastic Analysis on

Manifolds

This chapter is dedicated to the study of stochastic analysis concepts defined over certain
smooth manifolds. We first fix some notations in Section 3.1.

The rest of the chapter is divided into two parts. Section 3.2 provides an introduction to
stochastic analysis on smooth (Riemaniann) manifolds, especially focusing on the notion
of stochastic differential equation, Brownian Motion (BM) and Brownian bridge (BB) on
them.

In Section 3.3 we focus our attention on those Riemaniann manifolds that satisfy similar
properties to the SPD manifold endowed with the log-Cholesky Riemaniann metric (see
Chapter 2). In particular, we will assume the existence of an isometric diffeomorphism
between the manifold and a Euclidean space. This will essentially allow us to study ob-
jects defined on the manifold through their Euclidean counterparts. Though all results
from this part are stated and obtained in a general setting, unrelated to the log-Cholesky
manifold, one should notice that it relies on quite strict assumptions that are typically
not fullfilled on general Riemaniann manifolds.

In this chapter, many differential geometry and stochastic differential geometry concepts
are given for granted. However, Section A.1 provides a sufficiently extended overview of
the main differential geometry concepts, whereas in Chapter B the basics of stochastic
differential geometry are explained.

3.1. Notations and Preliminaries

We will adopt the following notations, unless otherwise specified. Let (Ω,F ,P) be a
probability space, with a filtration (Ft)t∈[0,+∞), which will be denoted by F∗. The filtered
probability space is sometimes written as (Ω,F∗,P).
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With M we denote a general smooth manifold (not necessarily Riemaniann), and with
W (M) all the continuous paths with values in M with their corresponding explosion time.
The space W (M) can be endowed with its Borel σ-algebra B(W (M)), and the Borel
filtration (B(W (M))s)s: for brevity, we let Bs = B(W (M))s. Notice that in some cases
M will be substituted with Rd, whenever we mean the Euclidean space as a Riemaniann
manifold, endowed with its usual scalar product. For an element x ∈ M , we let TxM be
the tangent space to M at x, TM its tangent bundle and Γ(TM) the space of all vector
fields over M . The frame bundle for M is F (M), whereas the orthonormal frame bundle
is O(M) (see Section A.1.4 for an introduction to the concept of frame bundle). We will
also denote with π the canonical projection of the frame bundle onto M .

From Section 3.2.3 on, we assume (M, g(·, ·)) is a Riemaniann manifold, being g its Rie-
maniann metric, endowed with the Levi-Civita connection ∇ and the Laplace-Beltrami
operator ∆M . For two vector fields V and W over M , ∇VW is the derivation (according
to the Levi-Civita connection) of W with respect to V .

In Section 3.3, we will assume there exists an isometric diffeomorphism from M to Rd,
which we will call θ. In particular, θ : M → Rd is a diffeomorphism such that for all
V,W ∈ TSM (S ∈M), it holds g(V,W ) = ⟨dθSV, dθSW ⟩, being dθS : TSM → Tθ(x)Rd the
differential of θ at S, and denoting with ⟨·, ·⟩ the usual Euclidean inner product.

Since θ can be seen as a global chart for M , we will denote for a general S ∈ M its
coordinates with respect to such a global chart by x(S) = {xi(S)}di=1, often omitting the
S dependency. With this convention, we let Xi =

∂
∂xi be the fundamental vector field over

M , i = 1, 2, ..., d.

3.2. Introductive Elements

In this section we give some background material that is needed to study stochastic
processes on smooth manifolds. We are in particular interested in defining the concept of
stochastic differential equation on a smooth manifold and studying Brownian motion and
Brownian bridges on a Riemaniann manifold.

Much of the material for this part has been taken from Hsu [13].

In Section 3.2.1, we recall some basic concepts in stochastic analysis on simple euclidean
spaces. We define the concept of semi-martingale, stochastic differential equations and
provide an existence and uniqueness result for those. Moreover, we clearify the difference
between Ito and Stratonovich form for expressing stochastic differential equations. The
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latter is indeed more suited to introduce this concept over smooth manifolds.

After this, in Section 3.2.2 we actually introduce SDEs on manifolds, whereas Section 3.2.3
and Section 3.2.4 are about Brownian motion and Brownian bridges on Riemaniann man-
ifolds.

3.2.1. Stochastic Differential Equations on Euclidean Space

Though it is a more general setting than what we need, here we will assume the processes
are driven by l-valued semimartingales.

Definition 3.1. Consider the filtered probability space (Ω,F∗,P). Z is an Rl-valued,
F∗-adapted semimartingale if Z = M + A, being M a local F∗-martingale and A an
F∗-adapted process with locally bounded first variation such that A0 = 0.

Typically, one deals with Zt = (Wt, t), where Wt is an m = (l− 1)-dimensional Brownian
motion.

Now, let X̂0 be an F0-measurable variable (F0-random variable) with values on Rd, and
let τ be an F∗-stopping time. Also, let σ : Rd → M(d, l) (matrices with d rows and l

columns). We denote the stochastic differential equation on Rd with SDE(σ, Z,X0) such
that:

dXt = σ(Xt)dZt

X0 = X̂0

(3.1)

In the more typical case when Zt = (t,Wt) it becomes the usual:

dXt = b(Xt)dt+ Vα(Xt)dW
α
t

X0 = X̂0

(3.2)

where we used Einstein notation on α = 1, 2, ...,m, and b is the last column of σ, while
V are the first m = l − 1 ones.

The following theorem is a cornerstone for SDEs on Euclidean spaces:

Theorem 3.1. Suppose σ is globally Lipschitz and X0 square integrable. Then SDE(σ, Z,X0)

has a unique solution Xt.
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On the other hand, if we only assumed σ locally Lipschitz, we would have the same result
but up to an explosion time e(X).

When working with SDEs on manifolds, it is typically easier to leverage Stratonovich
formulation of SDEs, since formulations have a more familiar form than standard calculus
(Ito formula for Stratonovich formulation is just the standard chain rule).

Stratonovich SDE will be denoted as follows:

dXt = σα(Xt) ◦ dZα
t (3.3)

or, in the integral formulation:

Xt = X0 +

∫ t

0

σα(Xs) ◦ dZα
s (3.4)

This is equivalent to Ito SDE:

Xt = X0 +

∫ t

0

σα(Xs)dZ
α
s +

1

2

∫ t

0

∇σβ
σα(Xs)d⟨Zα, Zβ⟩s (3.5)

Now, if Xt solves Equation (3.4) and f ∈ C2(Rd), we have that (Ito formula):

f(Xt) = f(X0) +

∫ t

0

σαf(Xs) ◦ dZα
s (3.6)

where σαf is the application of σα (as a vector field) to f (i.e. σα · ∇xf).

3.2.2. Stochastic Differential Equations on Manifolds

We now give the definition of an SDE on a manifold M .

Definition 3.2. Let σα, with α = 1, 2, ..., l be l vector fields on M (so σα(Xt) ∈ TXtM),
X0 an F0-random variable on M and Z an Rl-valued F∗-semimartingale. An M -valued
semimartingale solves the SDE(σ1, σ2, .., σl;Z;X0) denoted by dXt = σα(Xs) ◦ dZα

s up to
an F∗-stopping time τ if:

f(Xt) = f(X0) +

∫ t

0

σαf(Xs) ◦ dZα
s , 0 ≤ t < τ (3.7)
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for all R-valued functions f ∈ C∞(M).

The following proposition will be useful in our case.

Proposition 3.1. Let M be a closed submanifold of Rd, and let f 1, f 2, ..., fd denote the
coordinate functions. Then X solves SDE(σ1, σ2, ..., σl;Z;X0) up to a stopping time τ if
and only if for all i = 1, 2, ..., d:

f i(Xt) = f i(X0) +

∫ t

0

σαf
i(Xs) ◦ dZα

s (3.8)

Proof. One implication is trivial, being coordinate functions C∞(M), using the definition
of solution to SDE(σ1, σ2, ..., σl;Z;X0). Now, suppose that Equation (3.8) holds. Being
M closed, for any f ∈ C∞(M) we can find an extension f̃ ∈ C∞(Rd) of f . Then
f(Xt) = f̃(f 1(Xt), f

2(Xt), ..., f
d(Xt)). Applying Ito formula:

df(Xt) = f̃xi
(f 1(Xt), f

2(Xt), ..., f
d(Xt)) ◦ df i(Xt) =

= f̃xi
(f 1(Xt), f

2(Xt), ..., f
d(Xt))σαf

i(Xt) ◦ dZα
t =

= σαf(Xt) ◦ dZα
t

Remark 3.1. Though in Hsu [13] it is required for M to be a differentiable manifold
without boundary, so that one can leverage Whitney’s embedding theorem to regard M as
a closed submanifold of some Rd, one can take a different path under some assumptions.
Indeed, suppose there exists a diffeomorphism θ : M → Rd, so that M can essentially be
regarded as Rd itself through θ. Then θ(M) = Rd, and Rd is a closed submanifold of itself.

We could also use another argument for the result to work under the diffeomorphism
assumption. Considering the proof, we can establish its result as long as we are able to
find an extension f̃ to a function f (no matter M to be closed or not). If in particular
we have θ :M → Rd as above, given f ∈ C∞(M) we can always extend it as:

f̃(x1, x2, ..., xd) = f(θ−1(x1, x2, ..., xd))

and get the same conclusion.

An important question is of course the one of solvability of SDE(σ1, σ2, ..., σd;Z;X0).



40 3| Stochastic Analysis on Manifolds

Supposing M can be regarded as a closed submanifold of Rd, each vector field σα is
extendable to a vector field σ̃α on Rd (i.e. an element of Rd itself). One can then consider
the extended SDE on the ambient space Rd:

Xt = X0 +

∫ t

0

σ̃α(Xs) ◦ dZα
s (3.9)

and this, by standard SDE theory on Euclidean spaces, has a unique solution up to its
explosion time e(X).

Now, next result tells us that if we start on M with X0, we are guaranteed to stay on
M until explosion time (provided M is a closed submanifold of Rd). The fact that Xt

stays on M makes sense, being the coefficients of SDE(σ1, σ2, ..., σd;Z;X0) tangent to
the manifold at every point: this is exactly what happens for standard ODEs (if xt is a
continuous curve, dxt = ẋtdt, being the velocity ẋt tangent to xt).

Proposition 3.2. If X solves Equation (3.9) up to its explosion time e(X) and X0 ∈M ,
having the possibility of regarding M as a closed submanifold of Rd, then Xt ∈ M for all
0 ≤ t < e(X).

The following is an important result which is another justification for using Stratonovich
formalism when studying SDEs on manifolds. In a nutshell, it tells us Stratonovich SDEs
transform consistently under diffeomorphisms between manifolds.

A diffeomorphism Φ : M → N between two manifolds induces a map Φ∗ : Γ(TM) →
Γ(TN) by:

(Φ∗V )f(y) = V (f ◦ Φ)(x), y = Φ(x), f ∈ C∞(N)

Proposition 3.3. Let Φ :M → N be a diffeomorphism and X solution to SDE(σ1, σ2, ..., σl;Z;X0).
Then Φ(X) solves SDE(Φ∗σ1,Φ∗σ2, ...,Φ∗σl;Z; Φ(X0)) on N .

3.2.3. Brownian Motion on Manifolds

It is known that given a probability measure µ on M , there exists a unique ∆M

2
-diffusion

measure starting at µ on (W (M),B∗), denoted by Pµ. Any measure of this kind is called
a Wiener measure on W (M). Roughly speaking, a Brownian motion (BM) on M is an
M -valued stochastic process X which law is a Wiener measure. The formal definition is
provided in the following:
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Proposition 3.4. Let X : Ω →W (M) be a measurable map defined on a probabilty space
(Ω,F ,P), and let µ = P ◦X−1

0 be its initial distribution. The following three statements
are equivalent:

1. X is a ∆M

2
-diffusion measure, i.e. a solution to the martingale problem for ∆M

2
,

meaning:

M f (X) = f(Xt)− f(X0)−
1

2

∫ t

0

∆Mf(Xs)ds

is an FX
∗ -local martingale for all f ∈ C∞(M) and 0 ≤ t < e(X);

2. The law PX = P ◦X−1 is a Wiener measure on (W (M),B(W (M)));

3. X is a FX
∗ -semimartingale on M whose anti-development is a standard euclidean

Brownian motion.

Any X satisfying the above is a Brownian motion on M .

In the particular case where the Riemaniann manifold (M, ⟨·, ·⟩) (⟨·, ·⟩ is the Riemaniann
metric) is a submanifold of Rd with the induced Riemaniann metric, then there is a very
easy way to obtain a BM on M as solution to an SDE:

Proposition 3.5. Let (M, ⟨·, ·⟩) be a submanifold of RN with the induced Riemaniann
metric. Let Pα(x) : RN → TxM be the orthogonal projection of eα (αth element of the
canonical basis) onto TxM , seen as a subspace of RN , for α = 1, 2, ..., N . Also, let Wt

denote the N -dimensional Brownian motion. Then X solving the following SDE is a
Brownian motion on M :

dXt = Pα(Xt) ◦ dWα
t (3.10)

Next, we define the concept of transition density function for a Brownian motion.

Let Px denote the Wiener measure starting at x ∈M on (W (M),B(W (M))∗). The coor-
dinate process on this path space is a RVX : (W (M),B(W (M))∗,Px) → (W (M),B(W (M))∗)

defined by Xt(ω) = ωt for ω ∈ W (M).

Definition 3.3. Let X be the coordinate process on W (M) with the usual Borel filtration
and under Px. The transition density function of BM on M is a function pM :

(0,+∞)×M ×M → R such that:

Px(Xt ∈ C) =

∫
C

pM(t, x, y)dM(y) (3.11)
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for all C ∈ B(M) and t < e. Here dM(y) is the volume measure on M .

It is known that if M = Rd:

pM(t, x, y) =

(
1

2πt

) d
2

exp

{
− ∥x− y∥2

2t

}
(3.12)

3.2.4. Brownian Bridge on Manifolds

Roughly speaking, a Brownian bridge (denoted as BB from now) is just a process obtained
by conditioning BM to have some value at the terminal time T . The bridge space is:

Lx,y;T (M) = {ω ∈W (M)s.t.ω0 = x ∈M ;ωT = y ∈M}

so that the law of a BB is just a Wiener measure starting at x, restricted to Lx,y;T . In this
section, we consider the measurable space (W (M),B(W (M))) with the usual filtration
Bs for all s ∈ [0, T ]. Moreover, we define X : (W (M),B(W ),Px) → (W (M),B(W )) to
be the coordinate process on W (M) under Px. Denoting by Px,y;T the BB measure on
W (M), we would like it to be something like:

Px,y;T (C) = Px(C|XT = y) ∀C ∈ B(W )

To proceed more formally, we will need to pass through conditional expectation. Recall
that if K : (W (M),B(W ),Px) → (R,B(R)) is a R.V., E[K|XT ] : (W (M),B(W ),Px) →
(R,B(R)) is the unique (up to negligible sets) σ(XT )-measurable function (call it Z) such
that for any f : (M,B(M)) → (R,B(R)) function:

E[f(XT )Z] = E[f(XT )K] (3.13)

Moreover, there exists g : (M,B(M)) → (R,B(R)) such that E[K|XT ] = g(XT ). Then,
we will let Ex,y;T [K] = g(y). Now, the idea to define Px,y;T is to treat Ex,y;T as if it was
the expectation of the coordinate function (i.e. the identity function on W (M)) under
Px,y;T , i.e.

Ex,y;T [h(Y )] =

∫
W (M)

h(y)dPx,y;T (y) ∀h : (W (M),B(W )) → (R,B(R)) (3.14)
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where Y : (W (M),B(W ),Px,y;T ) → (W (M),B(W )) is the coordinate function under
Px,y;T . So, for any C ∈ B(W ):

Px,y;T (C) = Ex,y;T [1C ] (3.15)

Defined as in Equation (3.15), Px,y;T does not need to be a probability measure on
(W (M),B(W )). Instead of checking it directly, we will do something more construc-
tive: we assume it actually is a probability measure on the right space, and derive its
finite dimensional marginals; if one proves that a probability exists on (W (M),B(W ))

with the same finite dimensional marginals, then it is necessarily the one we were looking
for (because such marginals uniquely determine the measure).

Let s < T , and consider F : (W (M),Bs) → (R,B(R)) and f : (M,W (M)) → (R,B(R)).
By definition of conditional expectation:

E[f(XT )F (X)] = E[f(XT )Ex,XT ,T [F (X)]] (3.16)

The left hand side can be rewritten by leveraging the strong Markov property of Wiener
measure. In particular, let EXs denote the expectation when the probability measure on
(W (M),B(W )) is PXs :

E[f(XT )F (X)] = E[F (X)EXs [f(XT−s)]] (3.17)

which equals, being pM the infinitesimal transition density for BM on M :

E[F (X)

∫
M

pM(T − s,Xs, y)f(y)dM(y)] =

∫
M

E[F (X)pM(T − s,Xs, y)]f(y)dM(y)

(3.18)

The right hand side can be written as:

∫
M

Ex,y;T [F (X)]pM(T, x, y)f(y)dM(y) (3.19)

(simply see Ex,XT ;T [·] as a function of XT and use transition density again).

By arbitrarity of f , this means that for all F Bs-measurable, and s < T :
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Ex,y;T [F (X)] =
E[F (X)pM(T − s,Xs, y)]

pM(T, x, y)
(3.20)

i.e. as a measure on (W (M),Bs), Px,y;T is absolutely continuous with respect to Px and
its Radon-Nikodyn derivative is given by:

dPx,y;T

dPx

∣∣∣∣
Bs

=
pM(T − s,Xs, y)

pM(T, x, y)
= es (3.21)

Now, if Px,y;T exists (as a probability measure on (W (M),B(W ))), the joint density
function of Ys1 , Ys2 , ..., Ysl with 0 = s0 < s1 < ... < sl < sl+1 = T is:

pM(T, x, y)−1

l∏
i=0

pM(si+1 − si, yi, yi+1) (3.22)

with y0 = x and yl+1 = y. The following finally establishes the existence of Px,y;T :

Theorem 3.2. Let M be a compact Riemaniann manifold. Then there is a probability
measure Px,y;T on (W (M),B(W )) (which can be seen also as a probability on the bridge
space with Borel sets over it) whose finite-dimensional marginal distributions are given by
(3.22).

Once existence is established, we would like to know whether there is an SDE whose
solution provides a BB onM . Recall indeed that in Rd a BBX from x to y is characterized
by:

dXt = bt − Xt−y
T−t

dt

X0 = x
(3.23)

where bt is a Euclidean BM on (W (Rd),B(W (Rd))∗,Px,y;T ).

On a Riemaniann manifold we cannot, in general, characterize the process itself, but
rather its horizontal lift.

Proposition 3.6. Let Px,y;T be the law of a BB from x ∈ M to y ∈ M at time T . Then
there is a euclidean Brownian motion bs such that the horizontal lift of the Brownian
bridge X, U , to the orthonormal frame O(M) satisfies the following SDE:
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dUs = Hi(US) ◦ {dbis +Hi log p̃M(s, Us, y)ds} (3.24)

where p̃M(s, u, y) = pM(s, πu, y).

3.3. (Stochastic) Differential Geometry Under Iso-

metric Diffeomorphism

In this section we state some results that hold true an isometric diffeomorphism with
Rd exists. We will consider a general Riemaniann manifold (M, g(·, ·)), and denote by
θ : M → Rd the isometric diffeomorphism we assume to exist. It is quite natural to
expect that, under such a strong assumption, all (stochastic) differential geometric prop-
erties are simply “transferred” from a manifold to the other. This is very convenient,
because on Rd many objects (such as Brownian motion) are very well understood.

In Section 3.3.1, we see what the local form of the Levi-Civita connection is, how parallel
transport on M is achieved and how to obtain the horizontal lift of a curve on it to the
(orthonormal) frame bundle. Then, we will study stochastic horizontal lift in Section 3.3.2,
to finally discuss Brownian motion and Brownian bridge in Section 3.3.3 and Section 3.3.4
respectively.

3.3.1. Levi-Civita Connection, Parallel Transport and Horizon-

tal Lift

Recall that we can see θ : M → Rd as a global chart for M , and if S ∈ M , then
x(S) = {xi(S)} are the coordinates with respect to this global chart. With this convention,
we let Xi =

∂
∂xi .

Proposition 3.7. The basis for TSM provided by {Xi}di=1 is orthonormal with respect to
the Riemaniann metric g(·, ·).

Proof. Remember that on TSM , Xi =
∂
∂xi = dθS(ei) where ei is the ith element of the

canonical basis in Rd. Then simply using the definition of isometry:

gS(Xi, Xj) = g(dθS(ei), dθS(ej)) = ⟨ei, ej⟩ = δij
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Since g(·, ·) is essentially the metric induced through θ by the usual Riemaniann metric
on a flat Euclidean space, it is quite natural to expect that (M, g(·, ·)) is, in some sense,
flat. This is made precise in the following:

Proposition 3.8. Let ∇ be the Levi-Civita connection for the Riemaniann manfiold
(M, g(·, ·)). Then its Christoffel symbols are all null:

Γk
ij = 0 ∀i, j, k ∈ {1, 2, ..., d}

Proof. Recall that, from Section A.1.4, we know how to find Christoffel symbols of the
Levi-Civita connection as:

Γi
jk =

1

2
gim(gjm,k + gmk,j − gjk,m) (3.25)

where gij = g(Xi, Xj) and denoting by {gij} the corresponding matrix, {gij} is its inverse.

By Proposition 3.7, we know that gij = δij (being δ the Kroncker delta), so both {gij}
and {gij} are the identity matrix, and gjm,k = 0 for all j,m, k ∈ {1, 2, ..., d}. It is then
clear from Equation (3.25) that Christoffel symbols are all zero.

Direct consequence of this and the local ODE defining parallel transport in Section A.1.4 is
that parallel transport of a vector is obtained by simply maintaining the vector unchanged.

Proposition 3.9. Let {xt}t∈[0,T ] ⊆ M be a differentiable curve in M , and let Vt ∈ TxtM

be a sequence of tangent vectors, and suppose Vt can be written as Vt = vi(t)Xi. Then Vt

is the parallel transport of V0 if and only if:

v̇k(t) = 0 ∀k = 1, 2, ..., d (3.26)

with initial condition vi0 (where V0 = vi0Xi). This is equivalent to:

Vt = vi0Xi ∀t ∈ [0, T ] (3.27)

Recall now that any frame u ∈ F (M) can be globally described (globally in our specific
case being θ a global chart) by couples (x, e) = (xi, eji ) ∈ Rd+d2 such that uei = ejiXj.

Now, take a curve {ut}t∈[0,T ] ⊆ F (M). We know it is horizontal, by definition, if {ute}
is transported parallelly along {πut}. From the above, this means that, if we denote
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ut = (xt, et) and if (x0, e0) is the initial condition, then uta = u0a for all a ∈ Rd. But
since uta = eta, we have that e0a = eta for all a ∈ Rd, meaning et = e0 for all t ∈ [0, T ].
This is a proof of the following:

Proposition 3.10. On (M, g(·, ·)) the horizontal lift of a differentiable curve xt must be
necessarily of the form ut = (xt, e0) if written with respect to the above defined global
chart. In particular, u0 = (x0, e0).

So, essentially, if we have a curve xt, to get its horizontal lift we choose the initial basis
for Tx0M and we keep it unchanged over time.

From Proposition A.5 we know how to write the fundamental horizontal vector fields in
terms of a (global) chart for M . In this specific case, we have that:

Proposition 3.11. Let u ∈ F (M), and let (xi, eji ) be its expression in terms of the above
defined global chart. Then the fundamental horizontal vector fields at u, Hi(u), are:

Hi(u) = ejiXj = uei (3.28)

Proof. This is straightforward. Recall that uei = ejiXj and that:

Hi(u) = ejiXj − ejie
l
mΓ

k
jl(x)Xkm

But since Christoffel symbols are zero by Proposition 3.8, we have the required expression.

Remark. Can we make sense of Hi(u) = uei when Hi(u) ∈ HuF (M) and uei ∈ TπuM?
Take f ∈ C∞(F (M)): we can write f(u) = f̂((x, e) where (x, e) is the expression of u in
terms of the usual global chart for F (M). Now, explicitely:

Hif(u) = ejiXjf(u) = eji (u)
∂f̂

∂xj
(x, e)

meaning that Hi(u) acts on f as uei, properly extended to act on functions C∞(F (M)),
would do.

3.3.2. Stochastic Horizontal Lift

First of all, let us prove the stochastic counterpart of Proposition 3.10:
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Proposition 3.12. On (M, g(·, ·)) the stochastic horizontal lift of a semimartingale Xt

must be necessarily of the form Ut = (Xt, E0) if written with respect to the above defined
global chart. In particular, U0 = (X0, E0).

Proof*. Recall that M can be regarded, through θ, as Rd itself, so, based on Section B.1,
if Xt is an M -valued semimartingale, we obtain its horizontal lift Ut by:

dUt = P ∗
α(Ut) ◦ dXα

t (3.29)

that is, explicitely, for all f ∈ C∞(F (M)):

df(Ut) = P ∗
αf(Ut) ◦ dXα

t (3.30)

where Xt is seen as an Rd-valued semimartingale. Now, let f̂(x, e) = f(u) where u = (x, e)

in the usual global chart for F (M). Then, since M seen as a closed submanifold of Rd (so
technically speaking θ(M)) is Rd itself, and since we know from Lee [15] that the tangent
space at each point to a euclidean space is identifiable with the space itself, Pα(x) = eα

for each x ∈ M and α = 1, 2, ..., d. Now, P ∗
α(x) = (Pα(x))

∗, so P ∗
α(x) = (eα)

∗, but by
Section 3.3.1 (eα)

∗ = eα. This means that:

P ∗
αf(u) =

∂f̂

∂xα
(x, e) (3.31)

Now, recall that Equation (3.29) is equivalent to testing it on the coordinate functions
when seeing F (M) as Rd+d2 (thanks to the global chart (x, e)).

First, let f = xi(Ut):

dxi(Ut) =

= df(Ut) = P ∗
αf(Ut) ◦ dXα

t =

=
∂xi

∂xα
(x(Ut), e(Ut)) ◦ dXα

t =

= dX i
t

that is quite obvious.

On the other hand, the very same calculations for f(u) = eij(u) shows that it must hold

deij(Ut) = 0, since ∂eij
∂xα = 0 for all i, j, α = 1, 2, .., d.
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A natural and straightforward consequence of this fact is that when Assumption 4.3 holds
true, an SDE for the horizontal lift of a semimartingale Xt is equivalent to a properly
defined SDE on Xt. This will be of particular interest when dealing with Brownian bridge.
For general Riemaniann manifolds, an SDE for BB can only be given for its horizontal
lift. In such case, however, this will be equivalent to an SDE for the process itself.

Proposition 3.13. Let Xt be a semimartingale on M , and Ut its horizontal lift starting
at U0. Moreover, denote Ut = (Xt, E0) in terms of the usual global chart. Then an SDE
on Ut:

dUt = V̄α(t, Ut) ◦ dZα
t (3.32)

is equivalent to an SDE on Xt:

dXt = Vα(t,Xt) ◦ dZα
t (3.33)

where Zt is an m-dimensional semimartingale, and where we define the relation between
V̄ and V as follows. Take f̄ ∈ C∞(F (M)), and, with an abuse of notation, let f̄(u) =
f̄(x, e). Let f ∈ C∞(M) defined by f(x) = f̄(x,E0). Then:

V̄αf̄(x,E0) = Vαf(x) (3.34)

Proof*. First, start from an SDE for Ut:

dUt = V̄α(t, Ut) ◦ dZα
t (3.35)

Let f̄(x, e) = xi, so that f̄(Ut) = f(x(Ut)) = X i
t (ith coordinate function for Xt). Then

we can test the SDE with f to get an SDE for the ith coordinate function for Xt:

dX i
t = V̄αf̄(Ut) ◦ dZα

t =

= Vαf(Ut) ◦ dZα
t

that is equivalent to the SDE on Xt:

dXt = Vα(t,Xt) ◦ dZα
t (3.36)
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Now, let us start with an SDE on M :

dXt = Vα(t,Xt) ◦ dZα
t (3.37)

Chosen U0 = (X0, E0), we know that its horizontal lift must be of the form (Xt, E0). Now,
let f̄ ∈ C∞(F (M)). Since f̄ is always evaluated on elements (Xt, E0), we can restrict it
to f ∈ C∞(M) as stated in the proposition. By definition of SDE on M :

df̄(Ut) =

= df(Xt) = Vαf(Xt) ◦ dZα
t =

= V̄αf̄(Ut) ◦ dZα
t

by arbitrarity of f̄ ∈ C∞(F (M)), the following holds true:

dUt = V̄α(t, Ut) ◦ dZα
t (3.38)

Example 3.1 (Vectorization of Coefficients). Suppose we start with an SDE on Ut, hor-
izontal lift of Lt, of the type:

dUt = V̄α(t, Ut) ◦ dWα
t + b(t, Ut)dt (3.39)

Recall that Vα(u) = V̄ j
αHj(u) = V̄ j

α (E0)
i
jXi. We then look for the components with

respect to the basis {Xi} of Vα as defined in Proposition 3.13. Take f ∈ C∞(M) and let
f̄(x,E0) = f(x). Then:

Vαf(L) = V̄αf̄(L,E0) =

= V̄ i
α(E0)

j
iXj

so that V j
α = V̄ i

α(E0)
j
i (one can write Vα = V̄ T

α E0), and similarly for b.

So the equivalent SDE is:

dLt = Vα(t, Lt) ◦ dWα
t + b(t, Lt)dt (3.40)

where we gave above expressions of Vα and b in terms of the global basis. In particular,
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this can be recasted as an SDE on Rd leveraging the global chart xi(L) = θi(L) = X i.
This leads to:

dX i
t = V j

α (t, Lt)
∂xi

∂xj
(Lt) ◦ dWα

t + bj(t, Lt)
∂xi

∂xj
(Lt)dt =

= V i
α(t, θ

−1(Xt)) ◦ dWα
t + bi(t, θ−1(Xt))dt

3.3.3. Brownian Motion on M

In order to understand what the form of a Brownian motion on (M, g(·, ·)) is, we will
leverage once again the fact that θ provides a way to see M as a closed submanifold
of Rd (i.e. Rd itself) and the fact that endowing M with g(·, ·) is equivalent to simply
endowning it with the usual Riemaniann structure of Rd, once it is seen as a submanifold.
Now, since Pα = eα, Proposition 3.5 directly gives us the SDE that a BM on M (seen
as a submanifold of Rd) solves. If Bt is a Brownian motion on M and Wt the standard
d-dimensional one:

dθ(Bt) = eα ◦ dWα
t = dWt (3.41)

so essentially we can obtain a Brownian motion on M by Bt = θ−1(Wt).

Thanks to this, we can easily obtain the transition density function PM(t, x, y) on M . Let
indeed C ∈ B(M), Bt the BM on M and Px the Wiener measure on W (M) starting at
x ∈M . Then:

∫
C

pM(t, x, y)dM(y) = Px(Bt ∈ C) =

= Px(θ(Wt) ∈ C) =

= Pθ(x)(Wt ∈ θ(C)) =

=

∫
θ(C)

pRd(t, θ(x), z)dz =

=

∫
C

pRd(t, θ(x), θ(y))|detJθ(y)|dy =

=

∫
C

pRd(t, θ(x), θ(y))dM(y)

Which by arbitarity of C gives:
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pM(t, x, y) = pRd(t, θ(x), θ(y))

3.3.4. Brownian Bridge on M

We will address two things: first, we discuss the construction of BB over M . Secondly,
we express Brownian bridges as solutions to a proper M -valued SDE.

The construction of Brownian bridge on M follows what has been explained in Sec-
tion 3.2.4. Though Theorem 3.2 assumes M is a compact manifold to prove existence of
Px,y;T , we can avoid requiring compactness under Assumption 4.3, and obtain existence of
the law of the BB in a slightly different way, that of course leverages the fact that we can,
in some sense, think of M as Rd itself. What we can do is construct such a measure by
specifying its finite-dimensional joint distributions, and directly showing that there actu-
ally exists a probability measure having such finite-dimensionals, without passing through
Kolmogorov extension theorem (as done in Hsu [13]).

Given x, y ∈ M and a final time T , we want to show that there exists a probability
measure (which we will denote as Px,y;T ) such that, if Y : (W (M),B(W ),Px,y;T ) →
(W (M),B(W )) is the coordinate process, the joint density of Ys1 , Ys2 , ..., Ysl (0 = s0 <

s1 < ... < sl < sl+1 = T ) is:

pM(T, x, y)−1

l∏
i=0

pM(si+1 − si, yi, yi+1) (3.42)

where y0 = x, yl+1 = y and pM is the transition density for the BM on M , which we
derived in Section 3.3.3.

Let Asi ∈ B(M) for i = 1, 2, ..., l, and define Px,y;T by:

Px,y;T (Ys1 ∈ As1 , Ys2 ∈ As2 , ..., Ysl ∈ Asl) =

=

∫
M

∫
M

...

∫
M

pM(T, x, y)−1

l∏
i=0

pM(si+1 − si, yi, yi+1)dM(y1)dM(y2)...dM(yl)

Now, by what we already saw, this can be rewritten as follows:
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∫
M

∫
M

...

∫
M

pM(T, x, y)−1

l∏
i=0

pM(si+1 − si, yi, yi+1)dM(y1)dM(y2)...dM(yl) =

=

∫
θ(M)

∫
θ(M)

...

∫
θ(M)

pRd(T, x, y)−1

l∏
i=0

pRd(si+1 − si, yi, yi+1)dy1dy2...dyl =

= P̂θ(x),θ(y);T (θ(Ys1) ∈ θ(As1), θ(Ys2) ∈ θ(As2), ..., θ(Ysl) ∈ θ(Asl))

where the last expression is just the finite-dimensional joint probability for the Euclidean
d-dimensional BM starting at θ(x) in 0 and ending at θ(y) at time T (denoted with
P̂θ(x),θ(y);T ). Since this last probability is well known to exist, we have that Px,y;T exists
as a measure on (W (M),B(W )) and is specified by the above relation.

In shorthand, we can summarize this result by saying that if Px,y;T is the BB on M from
x to y and P̂θ(x),θ(y);T the BB on Rd from θ(x) to θ(y), it holds:

P̂θ(x),θ(y);T = Θ#Px,y;T (3.43)

or equivalently, by invertibility of θ:

Px,y;T = Θ−1
# P̂θ(x),θ(y);T (3.44)

Now that we have dealt with existence, we look for an SDE on M describing BB. In
Proposition 3.6, we saw how one can obtain a Brownian bridge on M by solving an SDE
for its horizontal lift. As stated in Section 3.3.2, under Assumption 4.3, an SDE for the
horizontal lift Ut of a semimartingale Xt is equivalent to an SDE for Xt and the choice of
a fixed frame. Our goal is now to rewrite the BB equation for Ut as an SDE for Xt, i.e.
the Brownian bridge on M . Since it is relevant for the practical purpose of simulating a
BB, we will be interested in writing an SDE for the coordinate functions of Xt. To do so,
we essentially follow what has been done in Example 3.1.

Recall that Hi(Us) = (E0)
j
i

∂
∂xj , so that:

Hα log p̃M(T − s, Us, y) = −(E0)
j
α

1

2(T − s)

∂

∂xj

( d∑
β=1

(xβ(Ls)− xβ(y))2
)

=

= −(E0)
j
α

xj(Ls)− xj(y)

T − s
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Now, if we let V̄α = Hα, it is clear that, using the notations in Example 3.1, we obtain
V j
α = (E0)

j
α, so that the set of equations we are looking for is just:

dX i
t = (E0)

i
α ◦ dbαt − (E0)

i
α(E0)

α
j

xj(Lt)− xj(y)

T − t
dt (3.45)

Now, a question is what (E0) to consider. Recall that Ut must be an orthonormal frame.
Since U0ei = (E0)

j
iXj and g(Xi, Xj) = δij, we can actually choose E0 to be the identity

matrix, so that the Brownian bridge on M is:

dX i
t = dbit −

1

T − t
(X i

t − xi(y)) (3.46)

i.e. the usual euclidean Brownian bridge for the process on Rd given by Xt = θ(St).
This makes sense, since θ, as an isometry between (M, g(·, ·)) → (Rd, ⟨·, ·⟩2), induces all
geometric properties from the euclidean space to M .

3.3.5. Schrödinger Bridge on M

In this section, we study how Schrödinger bridges, which we defined in Definition 1.2,
change between manifolds under an isometric diffeomorphism. More specifically, we will
see that the Schrödinger bridge problem stated in one manifold is in some sense equivalent
to the same problem stated in the second one. The solution to the latter is essentially the
push-forward of the solution to the former through the diffeomorphism, and vice-versa.
This fact will be made precise in Section 3.3.5.

In Section 3.3.5, instead, we restrict our attention to the case one of the two manifolds is
Rd. As already seen in Chapter 1, the SB problem has a closed solution on the Euclidean
space, and is basically a mixture of Brownian bridges. We will prove that the solution
to the SB problem in a smooth manifold isometrically diffeomorphic to Rd is once again
a mixture of manifold-valued Brownian bridges, weighted by an entropically regularized
optimal transport plan.

Mapping Schrödinger Bridge

Let us consider two smooth manifolds E and M , endowed with the corresponding Borel
sets, so that we have two measurable spaces (E,B(E)), (M,B(M)). Also, let us consider
the path spaces on the two manifolds: (W (E),B(W (E))) and (W (M),B(W (M))). We
consider a diffeomorphism θ : M → E, which inverse is denoted by g : E → M , and we
define another invertible function Θ : W (M) → W (E) by:
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Θ(ω)t = θ(ωt) ∀t ∈ [0, T ], ∀ω ∈W (M)

with inverse G : W (E) → W (M). Moreover, let Q be a reference probability mea-
sure on (W (M),B(W (M))), and denote by Q̂ the pushforward trough Θ of Q, i.e.
Q̂ = Θ#Q is a probability measure on (W (E),B(W (E))). Let q0, q1 be probability
measures on (M,B(M)) and let q̂0 = θ#q0 and q̂1 = θ#q1. We denote by p0 and p1

the initial and final marginals of P, general probability measure on (W (M),B(W (M)))

(e.g. P(Y0 ∈ A) = p0(A) where Y : (W (M),B(W (M))) → (W (M),B(W (M))) are the
coordinate processes on W (M)). Similarly, the starting and end marginals for the general
probability measure on (W (E),B(W (E))) are p̂0 and p̂1.

First of all, recall a result in measure theory:

Proposition 3.14. Let X and Y be separable metric spaces, and µ ∈ P(X) (i.e. space
of probability measures on X). Let r : X → Y be a µ-measurable function and denote with
ν = r#µ ∈ P(Y ) the push-forward of µ through r. Then for any φ : Y → R, ν-integrable
function, we have:

∫
Y

φ(y)dν(y) =

∫
X

φ(r(x))dµ(x) (3.47)

For the definition of Schrödinger bridge, see Definition 1.2.

Before showing that the SB problem on W (E) and on W (M) are equivalent, we prove
some intermediate lemmas.

First, we notice that probability measures on the two probability spaces can essentially
be identified through Θ

Lemma 3.1. Under the above introduced notation, there exists a bijective correspon-
dence between probability measures on (W (E),B(W (E))) and probability measures on
(W (M),B(W (M))) provided by Θ.

Proof*. Let P be a probability on W (M), then it is clear that P̂ = Θ#P is a probability
on W (E). On the other hand, let P̂ be a probability measure on W (E). Then P̂ =

(Θ ◦ Θ−1)#P̂ = Θ#((Θ
−1)#P̂). Define P = (Θ−1)#P̂ (well defined by invertibility of Θ),

and thus P̂ = Θ#P, being P a probability measure on W (M).
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From now on, whenever P is a probability measure on W (M), we will denote by P̂ the
unique probability measure on W (E) such that P̂ = Θ#P and viceversa.

A very straightforward result is the following on change of marginals:

Lemma 3.2. Under the usual notations, P̂ has initial and final marginals p̂0 and p̂1 if
and only if P has as inital and final marginals p0 and p1.

Proof*. Suppose P̂ has the said marginals. Take B ∈ B(M), and let Y be the coordinate
process on (W (M),B(W (M)),P) and X the one on (W (E),B(W (E)), P̂):

P(Y0 ∈ B) = P̂(G−1((Y0 ∈ B))) =

= P̂(X0 ∈ g−1(B)) =

= p̂0(g
−1(B)) =

= p0(B)

where with a small but widespread abuse of notations we denote by (Y0 ∈ B) the subset
of W (M) given by Y −1

0 (B).

Similarly for end marginals, and if we begin with known marginals to be p0 and p1.

As it is natural to expect, absolute continuity is preserved by push-forward:

Lemma 3.3. Under the above notations, P̂ << Q̂ if and only if P << Q.

Moreover, denoting the Radon-Nikodym derivative of P̂ wrt Q̂ by ê(x) for x ∈ W (E) and
the one of P wrt Q as e(y) for y ∈W (M), then:

e(y) = ê(Θ(y)) ∀y ∈W (M) (3.48)

or, equivalently:

ê(x) = e(G(x)) ∀x ∈W (E) (3.49)

Proof*. Suppose P̂ << Q̂, i.e. if Q̂(A) = 0, then P̂(A) = 0. Suppose Q(B) = 0, then
Q̂(G−1(B)) = 0. But this means P̂(G−1(B)) = P(B) = 0. The opposite implication can
be proved in the same way.



3| Stochastic Analysis on Manifolds 57

Now, let B ∈ B(W (M)):

P(B) = P̂(G−1(B)) =

=

∫
G−1(B)

ê(x)dQ̂(x) =

=

∫
X

1G−1(B)(x)ê(x)dQ̂(x) =

=

∫
X

1G−1(B)(x)e(G(x))dQ̂(x) =

=

∫
X

1B(G(x))e(G(x))dQ̂(x) =

=

∫
Y

1B(y)e(y)dQ(y) =

=

∫
B

e(y)dQ(y)

where we used Proposition 3.14, the fact that 1Be is Q-integrable function and the claimed
form for e. Notice that since the Radon-Nikodym derivative is Q (or Q̂)-a.e. unique, e(y)
is actually the RN derivative of P wrt Q. Once again by uniqueness, ê(x) must have the
claimed form.

The following is instead about the equality of objective functions:

Lemma 3.4. Under the usual notations:

KL(P̂|Q̂) = KL(P|Q)

Proof*. By Lemma 3.3, the Radon-Nikodym derivative of P̂ wrt to Q̂, denoted by dP̂
dQ̂ ,

exists if and only if dP
dQ exists.

Then let us assume they exist, and denote RN derivatives as in Lemma 3.3. Then:

KL(P̂|Q̂) =

∫
X

log(ê(x))dP̂(x) =

=

∫
X

log(e(G(x)))dP̂(x) =

=

∫
Y

log(e(y))dP(y) =

= KL(P|Q)
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We can now state the main result of this section.

Proposition 3.15. Under the above notations, P̂∗ is the Schrödinger bridge between q̂0

and q̂1 on W (E) with reference process Q̂ if and only if P∗ is the one between q0 and q1
on W (M) with reference process Q.

Proof*. Suppose by contraddiction that, e.g., P̂∗ is optimal on W (E) but that there exists
P̃ on W (M) such that KL(P̃|Q) < KL(P∗|Q). Necessarily there must exist ˆ̃P on W (E)

such that P̃ = G#
ˆ̃P. But we know that in such case ˆ̃P has q̂0 and q̂1 as initial and final

marginals. Also, we know that KL(ˆ̃P|Q̂) = KL(P̃|Q). But then:

KL(ˆ̃P|Q̂) = KL(P̃|Q) <

< KL(P∗|Q) =

= KL(P̂∗|Q̂)

which is a contraddiction, being P̂∗ optimal for SB problem on W (E).

In the very same way one can argue that if P∗ is optimal on W (M), then P̂∗ must be
optimal on W (E).

Mapping Solutions

We now focus on the case E = Rd with its usual Euclidean scalar product.

We know that the solution to the Schrödinger bridge problem in Rd with reference process
a Brownian motion with diffusion rate σ is given by:

P̂∗ =

∫
Rd×Rd

P̂x0,x1dπ̂
∗
2σ2(x0, x1) (3.50)

where P̂x0,x1 is the law of a Euclidean Brownian bridge from x0 to x1 with diffusion rate
σ and π̂∗

2σ2(x0, x1) is the entropic OT plan between q̂0 and q̂1, meaning:

π∗
ϵ (q0, q1) = arg min

π∈Π(q0,q1)

∫
Rd×Rd

d(x0, x1)
2dπ(x0, x1) + ϵKL(π|q0 ⊗ q1) (3.51)

Let us now define ḡ : Rd × Rd → M × M by ḡ(x0, x1) = (g(x0), g(x1)). Then take
B ∈ B(W (M)):
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P∗(B) = P̂∗(G−1(B)) =

=

∫
Rd×Rd

P̂x0,x1(G
−1(B))dπ̂∗

2σ2(x0, x1) =

=

∫
Rd×Rd

G#P̂x0,x1(B)dπ̂∗
2σ2(x0, x1) =

=

∫
Rd×Rd

G#P̂θ(g(x0)),θ(g(x1))(B)dπ̂∗
2σ2(x0, x1) =

=

∫
M×M

G#P̂θ(y0),θ(y1)(B)d(ḡ#π̂
∗
2σ2)(y0, y1) =

=

∫
M×M

Py0,y1(B)d(ḡ#π̂
∗
2σ2)(y0, y1)

where in the last passage we used Equation (3.44) and Proposition 3.14.

This way, we show that the Schrödinger bridge on M with reference the M -valued Brow-
nian motion has the form of a mixture of M -valued Brownian bridges weighted by ḡ#π̂∗

ϵ .

The obvious question now is: is ḡ#π̂∗
ϵ the entropic OT plan between q0 and q1? We will

proceed in a very similar way as done in Section 3.3.5. Being ḡ clearly invertible, we have
a bijective correspondence between transport plans between q̂0 and q̂1 and transport plans
between q0 and q1: π ∈ Π(q0, q1) if and only if π̂ ∈ Π(q̂0, q̂1), where π = ḡ#π̂ (equivalently,
π̂ = θ̄π). We will then prove the equality of the objective functions for the two entropic
OT problems, establishing equivalence of these.

Let us take B ∈ B(M), then:

π(B ×M) = π̂(θ̄(B ×M)) =

= π̂(θ(B)× θ(M)) =

= q̂0(θ(B)) =

= q0(B)

Similarly for q1. Thus we have that π̂ ∈ Π(q̂0, q̂1) if and only if π ∈ Π(q0, q1).

Let us prove that the first part of the objectives coincide:
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∫
Rd×Rd

d(x0, x1)
2dπ̂(x0, x1) =

∫
M×M

d(θ(y0), θ(y1))
2dπ(y0, y1) =

=

∫
M×M

dM(y0, y1)
2dπ(y0, y1)

where the second passage is due to the fact that f is an isometry between Riemaniann
manifolds (thus geodesic distances map accordingly).

The second part of the objective is the same for the very same arguments used in Sec-
tion 3.3.5:

KL(π|q0 ⊗ q1) = KL(π̂|q̂0 ⊗ q̂1)

Then the two entropic OT problems are equivalent.
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4| Model on SPD Manifold

This chapter is devoted to the gathering of all relevant results obtained in the previous
ones and the definition of a generative model over the SPD manifold endowed with the
log-Cholesky metric. Such model is essentially the extension to this specific manifold of
the framework introduced in Tong et al. [20].

In Section 4.2, we state three assumptions that hold true for our setting, and prove that
they are actually satisfied over the log-Cholesky manifold. Though Assumption 4.3 implies
Assumption 4.2, which itself implies Assumption 4.1, we prefer to state them separately,
so that we can make precise which passages require stricter assumptions and which ones
are still valid under looser hypothesis.

We then define the claimed stochastic generative model in Section 4.3, and show that we
can obtain its Markovization as done in Section 1.3. Essentially, we define a mixture of
SDE solutions and show (see Proposition 4.1 and Proposition 4.2) that this model corre-
sponds to a model defined on the Euclidean space (i.e. one is a bijective transformation
of the other). Since we explained in Chapter 1 how to obtain the Markov projection
and how to fit such mixture models on Rd, we show in Proposition 4.3 that the trans-
formed Markov projection of the Euclidean process is actually the Markov projection of
the manifold-valued process, and we can thus simulate it by simulating the former and
transforming it.

We finally do, in Section 4.4, a small detour about the interpretation of our model at
the matrix entries’ level (meaning, the component-wise behaviour of the matrix-valued
process we simulate).

4.1. Notations and Preliminaries

In this chapter, N denotes the manifold of SPD matrices, and g(·, ·) is the log-Cholesky
Riemaniann metric we endow it with (see Chapter 2 for a detailed discussion on this
Riemaniann manifold). L is instead the manifold of lower triangular matrices, endowed
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with the Frobenius norm. θ : N → Rd is the isometric diffeomorphism which maps N
to a Euclidean space, endowed with the usual scalar product. We let TN be the tangent
bundle, TSN the tangent space to N at S ∈ N and Γ(TN) the set of vector fields over
N . Recall, as explained in Chapter 2, that N can be described by two global charts: one
is θ itself, the other is ϵ : N → Rd, consisting of the vectorization of the lower triangular
part of SPD matrices. If S is a matrix, we write its strict lower triangular part (without
the diagonal) as ⌊S⌋, whereas its diagonal part as D(S). Moreover, in Section 4.4 we let
E = ⌊S⌋+ D(S) (i.e. lower triangular part of S with its diagonal).

We denote with W (N) the space of continuous maps [0, T ] → N with their explosion
time (similarly for W (Rd)), and define Θ : W (N) → W (Rd) by Θ(ω)t = θ(ωt) for all
ω ∈W (N). Wt denotes the d-dimensional Brownian motion, andWα

t is its αth component,
α = 1, 2, ..., d.

(Ω,F , (Ft)t∈[0,T ],P) is a filtered probability space, whereas (Q,A) is a measurable space.
If a process S is defined over (Ω,F , (Ft)t∈[0,T ],P) and takes values in N , then we write
S = (Ω,F , (Ft)t, (St)t ⊆ N,P). Finally, for any topological space E, we denote by B(E)

its Borel σ-algebra.

4.2. Assumptions On SPD Manifold

In this section we define three assumptions (in order of strength) and check that all three
are satisfied for the manifold of SPD matrices (with the log-Cholesky Riemaniann metric).

Assumption 4.1. An SDE on N of the type:

dSt = b(t, St)dt+ vα(t, St)dW
α
t (4.1)

is satisfied if and only if an SDE on Rd is satisfied:

dXt = b̄(t, Lt)dt+ v̄α(t, Lt)dW
α
t (4.2)

being b(t, ·), vα(t, ·) vector fields on N , b̄(t, ·), v̄α(t, ·) elements in Rd for any t, Wt an
m-dimensional Brownian motion, and having used Einstein notation on α = 1, 2, ...,m.

Assumption 4.2. There exists a homeomorphism θ : N → Rd (continuous, invertible
and with continuous inverse).
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Assumption 4.3. The homeomorphism θ in Assumption 4.2 is also an isometric diffeo-
morphism between the two Riemaniann manifolds (N, g(·, ·)) and (Rd, ⟨·, ·⟩), where g(·, ·)
is the Riemaniann metric on N and ⟨·, ·⟩ the usual scalar product in Euclidean spaces.

First of all, notice that, as explained in Section 2.3, the function θ : N → Rd is a homeo-
morphism (continuous, invertible and with continuous inverse) mapping N into the whole
Rd, establishing that Assumption 4.2 holds true.

This allows us to see θi : N → R as coordinate functions when seeing N as a closed
submanifold of Rd (as explained in Remark 3.1). Then, considering Proposition 3.1, we
get the following result. Let:

b, vα : [0,+∞)×N → TN

b(t, St), vα(t, St) ∈ TStN

b(t, ·), vα(t, ·) ∈ Γ(TN)

denoting with TN the tangent bundle to N and with Γ(TN) the set of vector fields on
N , and α ∈ {1, 2, ...,m}.

An SDE on N :

dSt = b(t, St)dt+ vα(t, St) ◦ dWα
t

is equivalent to a set of d real SDEs (i.e. an SDE on Rd):

dθi(St) = bθi(t, St)dt+ vαθ
i(t, St) ◦ dWα

t

for all i = 1, 2, ..., d (here bθi denotes the application of the vector field b to θi). We thus
established Assumption 4.1. Notice that it is not necessary for θ to be a homeomorphism
in order for this result to hold, but only that it is a chart, meaning Assumption 4.2 is
stronger than Assumption 4.1.

Finally, in Section 2.2, we already saw that θ : (N, g(·, ·)) → (Rd, ⟨·, ·⟩) is an isometry. So
also Assumption 4.3 is true in the SPD manifold with log-Cholesky metric.
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Figure 4.1: Schema of Stochastic processes and their Markov projections.

4.3. Model Definition

Under the same notations used above, we define a model on the smooth manifold N to
map the distribution Q0 to QT through a stochastic process entirely lying on N . The idea
is to reconduct the problem to the much more familiar Euclidean setting. In particular, we
will see how we can naturally reobtain the same setting as the one tackled by Tong et al.
[20] and described in Chapter 1; moreover, we will establish that the properly transformed
Markovization of the process on Rd is actually the Markovization of the process we define
on N .

We schematically illustrate this situation in Figure 4.1.

Consider the following stochastic processes and random variables:

S = (Ω,F , (Ft)t, (St)t ⊆M,P)

Z : (Ω,F ,P) → (Q,A)

X = Θ(S)

Assume the conditional law of S given Z = z, n(z, dx), exists and that we have Y z =

(Ωz,F z, (F z
t )t, (Y

z
t )t ⊆ Q,Pz) having n(z, ·) as law and solving:

dY z
t = b(t, Y z

t , z)dt+ g(t)dWt (4.3)

Loosely, we can then write the law of process S in a way that mimicks (1.1) as:
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P(S ∈ ·) =
∫
Q
Pz(Y z ∈ ·)q(dz)

A reason for choosing to parametrize this kind of model is that Schrödinger bridges over
N have this form, provided we let Z = (S0, ST ), the conditional processes be Brownian
bridges and the transport plan between initial and final distributions be the optimal for
the entropy-regularized optimal transport problem (as explained in Section 3.3.5).

The following result allows us to get back to the Euclidean setting

Proposition 4.1. P(X|Z = z) exists, we write it as n̂(z, dx) and is given by:

n̂(z, ·) = Θ#n(z, ·) ∀z ∈ Q

Proof. Let A ∈ B(W (Rd)) and B ∈ A.

P(X ∈ A,Z ∈ B) = P(S ∈ Θ−1(A), Z ∈ B) =

=

∫
B

n(z,Θ−1(A))dq(z) =

=

∫
B

(Θ#n)(z, A)dq(z) =

=

∫
B

n̂(z, A)dq(z)

Moreover, if we take A ∈ B(W (Rd)), then n̂(y, A) = n(y,Θ−1(A)). But Θ is measurable
(e.g. by continuity), so Θ−1(A) ∈ B(W (M)), thus the map z 7→ n̂(z, A) = n(z,Θ−1(A))

is A-measurable by definition of conditional law.

Now, recall that by fullfillment of Assumption 4.1, Equation (4.3) is equivalent to the
following SDE for Ŷ z = Θ(Y z):

dŶ z
t = b̂(t, Ŷ z

t , z)dt+ g(t)dWt (4.4)

Proposition 4.2. Ŷ z has law n̂(z, ·).

Proof. Let us consider A ∈ B(W (Rd)):
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Pz(Ŷ z ∈ A) = Pz(Y z ∈ Θ−1(A)) =

= n(z,Θ−1(A)) = n̂(z, A)

In Section 1.3, we saw that we can find ξ̂ being the Markov projection of X fulfilling:

dξ̂t = b̂(t, ξt)dt+ ĝ(t)dWt (4.5)

so that, once again by Assumption 4.1, ξ = Θ−1(ξ̂) solves:

dξt = b(t, ξt)dt+ g(t)dWt (4.6)

In the following, we prove such ξ is actually the Markov projection of S

Proposition 4.3. ξ constructed as above is the Markov projection of S.

Proof. It is easy to see that the one-dimensional marginals of S and ξ actually coincide:
let A ∈ B(M)

P(St ∈ A) = P(Xt ∈ Θ(A)) =

= P(ξ̂t ∈ Θ(A)) =

= P(ξt ∈ A)

Now we need to show that actually ξ is Markov. To do it, we need to show that for
any bounded borel f : W (M) → Rd, E[f(ξt)|Fs] =

∫
W (M)

f(x)p(s, t, ξs, dx) for a Markov
transition function p.

Let p̂ be the Markov transition function associated to ξ̂, and let us define, for all s, t ∈ [0, T ]

and x ∈M :

p(s, t, x, ·) = (θ−1
# p̂)(s, t, θ(x), ·) (4.7)

Then:
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E[f(ξt)|Fs] = E[(f ◦ θ−1)(ξ̂t)|Fs] =

=

∫
Rd

(f ◦ θ−1)(z)p̂(s, t, ξ̂s, dz) =

=

∫
M

f(y)(θ−1
# p̂)(s, t, ξ̂s, dy) =

=

∫
M

f(y)p(s, t, ξs, dy)

We only need to show that actually p, defined as above, is a Markov transition function.
It is clear that x 7→ p(s, t, x, A) is measurable, being composition of z 7→ p̂(s, t, z, θ(A))

and θ, both of which are measurable. Also, it is clear that p(s, t, x, ·) is a valid probability
measure, being the pushforward through θ−1 of a probability measure. We show that p
fulfills the Chapman-Kolmogorov equation:

p(s, t, x, A) = p̂(s, t, θ(x), θ(A)) =

=

∫
Rd

p̂(u, t, y, θ(A))p̂(s, u, θ(x), dy) =

=

∫
M

p̂(u, t, θ(z), θ(A))(θ#p̂)(s, u, θ(x), dz) =

=

∫
M

p(u, t, z, A)p(s, u, x, dz)

That is precisely the Chapman-Kolmogorov equation.

To summarize, if we start with process (St)t, with "conditional processes" Y z, we can
define X = Θ(S), obtaining that its "conditional processes" are precisely Ŷ z = Θ(Y z),
leverage [SF]2M on X to obtain its Markov projection ξ̂ in terms of the solution to an
SDE problem, and have the guarantee that ξ = Θ−1(ξ̂) is the Markovization of S.

As done in Tong et al. [20], we might consider the important case where Y z = Y (z0,zT )

is a Brownian bridge from z0 ∈ N and zT ∈ N . In such case, we already showed in
Section 3.2.4 that Ŷ z = Θ(Y z) is just the usual Euclidean Brownian bridge from θ(z0) to
θ(zT ), and thus X = Θ(S) is a mixture of Euclidean Brownian bridges.

Not only, but if we require S to be a Schrödinger bridge from Q0 to QT with N -valued
Brownian motion as reference, by what has been explained in Section 3.3.5 this amounts to
ask that X is the Schrödinger bridge from Q̂0 to Q̂T , which is exactly the setting of Tong
et al. [20]. Thus, in order to simulate the Markovization of an N -valued Schrödinger
bridge, it is enough to obtain the Markov projection of its mapping through Θ (i.e.
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processes X and ξ̂, resp.), and simulate ξ = Θ−1(ξ̂).

4.4. Entry-wise Behaviour

We make here a small detour that is useful to interpret SDEs on the manifold of SPD
matrices. As we have established that an SDE on N is essentially an SDE on Rd, a con-
venient way to think of it is as a set of SDEs stacked on a lower triangular matrix. Recall
that, if we have an element tangent to N , this can be represented in terms of the manifold
charts as lower triangular matrices (see Section 2.2.3 for details). If B(t, St), Vα(t, St) ∈ L
are the expression of b(t, St) and vα(t, St) in terms of the chart for TStN induced by θ,
bθi(t, St) = Bi(t, St) and vαθ

i(t, St) = V i
α(t, St). So, if Θt ∈ L is the stacking of θi(St) as

lower triangular matrix, we have:

dΘt = B(t, St)dt+ Vα(t, St) ◦ dWα
t (4.8)

meant as:


dθ1t = B1(t, St)dt 0 0 ... 0

dθn+1
t = Bn+1(t, St)dt dθ2t = B2(t, St)dt 0 ... 0

... ... ... ... ...

... ... ... ... dθnt = Bn(t, St)dt

 (4.9)

where we omitted the diffusion component for space reasons.

Though this form is confortable to work with, it is not really telling us how the single
entries of the matrix are evolving, but rather how their transformation is. In order to
better interpret Equation (4.8), we only need to use Proposition 2.3. Indeed, if B̂, V̂α ∈ L
are lower triangular matrix representations of the vector fields in terms of the (simpler)
chart ϵ, Equation (4.8) is just:

dEt = B̂(t, St)dt+ V̂α(t, St) ◦ dWα
t (4.10)

where now Et is simply the lower triangular part of St. More explicitely:
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dEt =

{
D(Lt)D

(
LtB

T (t, St) +B(t, St)L
T
t

)
+

⌊
LtB

T (t, St) +B(t, St)L
T
t

⌋}
dt+

+

{
D(Lt)D

(
LtV

T
α (t, St) + Vα(t, St)L

T
t

)
+

⌊
LtV

T
α (t, St) + Vα(t, St)L

T
t

⌋}
◦ dWα

t

where LtL
T
t = St.
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5| Extension to Infinite

Dimensional Hilbert Spaces

Once achieved an extension of [SF ]2M to the log-Cholesky manifold, we aim in this
chapter at extending the framework to the case of infinite-dimensional Hilbert spaces.
Originally, Tong et al. [20] formulated the method in finite-dimensional Euclidean spaces;
our previous extension was carried out on a manifold where the choice of the metric made
it, in some sense, flat. Another case of interest where curvature is absent is precisely the
one of infinite dimensional Hilbert spaces (e.g. L2(Ω) functions over some compact set
Ω ⊂ RN).

To begin with, we will focus our attention to the restricted problem of finding the Markov
projection (as the solution to a stochastic differential problem) of a mixture of Brownian
bridges. The importance of this particular processes resides in the fact that, as explained
in Föllmer and Gantert [8], also in infinite dimensions solutions to the Schrödinger bridge
problem with Brownian motion as reference process are mixtures of Brownian bridges
(meant as the very same Brownian motion conditioned on initial and final condition).
More specifically, as a first attempt towards the declared goal, we properly define Brownian
bridge over an infinite dimensional Hilbert space H, and look for its characterization as the
solution to a stochastic differential equation over the same space. This is a fundamental
step for reproducing what has been done in Tong et al. [20] and explained in Section 1.3.

The idea to do it is essentially the following: we first state, in Section 5.1.1, the Karhunen-
Loève expansion for H-valued Wiener processes, and exploit it to write an infinite-
dimensional Brownian bridge as the expansion of an infinite number of independent
one dimensional Brownian bridges. Since it is known that 1D Brownian bridges solve
a stochastic differential equation, we leverage this to show that formally the H-valued BB
solves a stochastic differential problem, which we will later make more precise. Moreover,
we show that BB is the unique solution to the obtained equation, and that it satisfies a
continuity condition for the final time. All of this is done in Section 5.1.3

All the material that this chapter assumes is explained in Prato and Zabczyk [19] and
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Hairer [11].

5.1. Brownian Bridge on Infinite Dimensional Hilbert

Space

Let us denote by H an infinite-dimensional Hilbert space, and denote by Q a positive-
definite, trace class operator on it. Let W̃ be a Q-Wiener process on H, and defineW to be
the H-valued stochastic process defined as W (t) = W̃ (t)+W0, where W0 is some element
of H (of course W (0) = W0 almost surely). Let us denote by U0 the Cameron-Martin
space of W (indeed, W can be realized as a Gaussian measure on some path space, since
W̃ can, and W0 is essentially a delta distribution, thus Gaussian, so its Cameron-Martin
space is well defined).

Our goal is to study the properties of a Brownian bridge, meaning the process having the
same law of W (t)|(W (0) = a,W (T ) = b) being a, b ∈ H. Without loss of generality, we
will let the final time always be T = 1.

5.1.1. Karhunen-Loève Expansion

By standard results in infinite-dimensional Wiener processes, we can write W̃ as:

W̃ (t) =
∞∑
j=1

√
λjβj(t)ej (5.1)

where
{
(λj, ej)

}∞

j=1

are eigenvalues and eigenvectors of Q forming an orthonormal basis

for H and βj(t) are one dimensional independent Brownian motions. Now, since this is
a basis, we can write W0 =

∑∞
j=1W

j
0 ej (all these sums converge in the L2 sense). This

means that:

W (t) =
∞∑
j=1

(
W j

0 +
√
λjβj(t)

)
ej =

∞∑
j=1

cj(t)ej (5.2)

where now cj(t) are independent Brownian motions on R with diffusion rate
√
λj and

starting at W j
0 .
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5.1.2. One Dimensional Brownian Bridge

In one dimension, one can characterize Brownian bridges as solutions to a specific SDE:

dX
j
t = uj(t,Xj

t )dt+
√
λjdB

j
t , t ∈ (0, 1)

Xj
0 = aj

(5.3)

and Xj
t → bj as t→ 1− in L2. Here we defined uj(t, x) as:

uj(t, x) =
bj − x

1− t

and Bj
t is a Brownian Motion on R.

5.1.3. Deduction of an H-SDE

Now consider l ∈ H and let Xt be the Brownian bridge over H, which is expressible as:

Xt =
∞∑
j=1

Xj
t ej (5.4)

being Xj
t a one dimensional Brownian bridge from aj to bj at times 0 and 1 respectively.

We will let An(t) be the partial sum defining X(t) up to the nth component. We test Xt

against l:

⟨l, Xt⟩ =
∞∑
j=1

⟨lj, Xj
t ⟩ =

=
∞∑
j=1

lj(a
j +

∫ t

0

uj(s,X
j
s )ds+

√
λjB

j
t ) =

=
∞∑
j=1

ljaj +
∞∑
j=1

ljB
j
t +

∞∑
j=1

lj

∫ t

0

uj(s,X
j
s )ds =

= ⟨l, a⟩+ ⟨l, Bt⟩+
∫ t

0

⟨l, uj(s,Xj
s )⟩ds

at least formally, this is the weak solution to an equation on H:
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dXt = dBt + u(t,Xt)dt, t ∈ (0, 1)

X0 = a
(5.5)

where we define:

u(t, x) =
b− x

1− t

for x ∈ H.

The following issues arise:

1. Does the above written equation make sense?

2. Does it have a unique weak solution? In Prato and Zabczyk [19], they claim existence
and uniqueness of mild solutions for this type of equations, but in this particular
case we can prove equivalence of the two;

3. Do we still have Xt → b as t→ 1− in L2?

First of all, let us recall the following theory from Prato and Zabczyk [19].

Consider the general nonlinear equation:

dX = (AX + F (t,X))dt+B(t,X)dW (t) , t ∈ (0, T ]

X(0) = ξ
(5.6)

Assume that we are given a filtered probability space (Ω,F , (Ft)t,P), call PT the pre-
dictable σ-algebra on ΩT = [0, T ] × Ω. Moreover, for any T > 0, define PT = λT ⊗ P,
being λT the Lebesgue measure on [0, T ]. Also, we denote by U0 the Cameron-Martin
space of the Q-Wiener process W , and L0

2 the space of Hilbert-Schmidt operators from
U0 to H.

We assume the following assumptions hold true:

Assumption 5.1. 1. A is generator of a C0-semigroup S(t) in H;

2. The map
F : [0, T ]× Ω×H → H, (t, ω, x) 7→ F (t, ω, x)

is measurable from (ΩT ×H,PT × B(H)) to (H,B(H));
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3. The mapping

B : [0, T ]× Ω×H → L0
2, (t, ω, x) 7→ B(t, ω, x)

is measurable from (ΩT ×H,PT × B(H)) to (L0
2,B(L0

2));

4. F and B are Lipschitz and satisfy a linear growth bound condition.

We now define what we mean by solution to this problem.

Definition 5.1 (Weak Solution). We say that the predictable process X is a weak so-
lution if

∫ T

0
∥X(s)∥Hds < +∞ and for all l ∈ H and all t ∈ [0, T ] the following holds

true:

⟨l, X(t)⟩ = ⟨l, ξ⟩+
∫ t

0

⟨A∗l, X(s)⟩ds+
∫ t

0

⟨l, F (s,X(s))⟩ds+
∫ t

0

⟨B∗(s,X(s))l, dW (s)⟩

P-a.s.

Definition 5.2 (Mild Solution). We say that the predictable process X is a mild solu-
tion if

∫ T

0
∥X(s)∥2Hds < +∞ and for all t ∈ [0, T ] we have:

X(t) = S(t)ξ +

∫ t

0

S(t− s)F (s,X(s))ds+

∫ t

0

S(t− s)B(s,X(s))dW (s)

P-a.s.

The following is a result about the existence and uniqueness of mild solutions to the
problem.

Theorem 5.1 (Theorem 7.2 in [19]). Assume ξ is an F0-measurable H-valued random
variable and that Assumption 5.1 are satisfied. Then there exists a mild solution X that is
unique, up to equivalence, among the processes such that

∫ T

0
∥X(s)∥2Hds < +∞ P-almost

surely. Moreover, X possesses a continuous modification.

In our specific case of interest, A = 0, so that S(t) = IdH, F (t, x) = b(t, x) = b−x
1−t

, B is
simply the embedding J : U0 → H, which is Hilbert-Schmidt (i.e. once we choose Q to be
the covariance operator, the Cameron-Martin space U0 is uniquely determined, and there
exists a bigger Hilbert space H such that the embedding of U0 on H is Hilbert-Schmidt
and the Q-Wiener process is supported on H). Furthermore, ξ = a P-almost surely. It
is then clear that Assumption 5.1 is satisfied, and that Equation (5.5), which we derived
only formally, falls under the described general framework.
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In this case, a weak solution will satisfy:

⟨l, X(t)⟩ = ⟨l, a⟩+
∫ t

0

⟨l, u(s,X(s))⟩ds+
∫ t

0

⟨J∗l, dW (s)⟩

whereas a mild solution must satisfy:

X(t) = a+

∫ t

0

u(s,X(s))ds+

∫ t

0

JdW (s)

In the following, we will prove (in Lemma 5.1 and Proposition 5.1) that if (5.5) admits
a weak solution, this is unique, and that X(t) (defined through the expansion) has time-
integrable squared norm.

From this, we will conclude that X(t) is the unique weak solution to (5.5). Indeed, notice
that, by how we derived Equation (5.5), X(t) must solve it weakly (once again, as ∥X(t)∥2H
is integrable, also ∥X(t)∥H must be because L2([0, 1]) ⊂ L1([0, 1])). But then X(t) is the
unique weak solution to Equation (5.5). This means that on a separable Hilbert space,
Brownian bridges are unique weak solutions to certain stochastic differential equations on
the space.

Lemma 5.1. If a weak solution to (5.5) exists, then it is the unique one, up to equivalence,
among the processes such that

∫ T

0
∥X(s)∥Hds < +∞ P almost surely.

The proof is very similar to the proof of the uniqueness of mild solutions in Prato and
Zabczyk [19].

Proof*. Suppose X1(t) and X2(t) are predictable processes on H solving (5.5). We will
prove that P(X1(t) = X2(t)) = 1 ∀t ∈ [0, T ].

First, let R > 0 be fixed, and define the stopping times:

τi = sup

{
t ≤ T :

∫ T

0

|⟨l, b(s,X(s))⟩|ds ≥ R

}
, i = 1, 2

τ = min(τ1, τ2)

Now, define:

X̂i(t) = 1[0,τ ](t)Xi(t), i = 1, 2
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This way, P-a.s.

⟨l, X̂i(t)⟩ = 1[0,τ ](t)⟨l, a⟩+ 1[0,τ ](t)

∫ t

0

⟨l, b(s, X̂i(s))⟩ds+ 1[0,τ ](t)

∫ t

0

⟨J∗l, dW (s)⟩

We now show that E[|⟨l, X̂1(t)⟩ − ⟨l, X̂2(t)⟩|] for every t ∈ [0, T ] and every l ∈ H.

Indeed:

⟨l, X̂1(t)⟩ − ⟨l, X̂2(t)⟩ = ⟨l,
∫ t

0

1

1− s
(X̂2(s)− X̂1(s))ds⟩ =

=

∫ t

0

1

1− s
⟨l, (X̂2(s)− X̂1(s))⟩ds

From which:

E[|⟨l, X̂1(t)⟩ − ⟨l, X̂2(t)⟩|] ≤
1

1− T

∫ T

0

E[|⟨l, X̂1(s)− X̂2(s)⟩|]ds

Since the expectation is bounded by the definition of X̂i(t) and the one of stopping times,
using Gronwall inequality we conclude that E[|⟨l, X̂1(t)⟩−⟨l, X̂2(t)⟩|] = 0 for all t and all l.

From this, we get that for all l ∈ H and all t ∈ [0, T ], P(⟨l, X̂1(t)⟩ = ⟨l, X̂2(t)⟩) = 1. Fixed
l ∈ H, this implies that ⟨l, X̂1⟩ = ⟨l, X̂2⟩ PT -a.s., and since R is arbitrary, ⟨l, X1⟩ = ⟨l, X2⟩
PT -a.s.. Now, since ⟨l, Xi⟩ satisfies the integral equation of the definition of weak solution,
we conclude that:

P(⟨l, X1(t)⟩ = ⟨l, X2(t)⟩) = 1, ∀t ∈ [0, T ], ∀l ∈ H

Notice that, if we choose any basis {ej}∞j=1 ⊂ H, this implies:

P(⟨ej, X1(t)⟩ = ⟨ej, X2(t)⟩) = 1, ∀t ∈ [0, T ], ∀j = 1, 2, ...

But then, let Nj = {ω ∈ Ω : Xj
1(t) ̸= Xj

2(t)} where we defined Xj
i (t) to be the jth

component of Xi(t) with respect to ej. Now, P(Nj) = 0, and thus:

P(Xj
1(t) = Xj

2(t), ∀j = 1, 2, ...) = 1, ∀t ∈ [0, T ]
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which is equivalent to:

P(X1(t) = X2(t)) = 1, ∀t ∈ [0, T ]

which is the claim.

Proposition 5.1. P-almost surely, the following holds:

∫ T

0

∥X(s)∥2Hds < +∞ (5.7)

Proof*. First of all, let us show that the function t 7→ E[∥X(t)∥2H] is integrable on [0, T ].

Since convergence in L2 implies convergence of the norms, we know that E[∥X(t)∥2H] =
limn

∑n
j=1 E[∥X(t)j∥2H] =

∑∞
j=1 E[∥X(t)j∥2H] =

∑∞
j=1 tλj = tM , which is integrable.

Then, by Fubini theorem, we get:

E
[ ∫ T

0

∥X(t)∥2Hdt
]
=

∫ T

0

E[∥X(t)∥2H]dt < +∞

meaning that almost surely
∫ T

0
∥X(t)∥2Hdt < +∞, as claimed.

For the last of the three questions, let us show that the following limit holds in the L2

sense:

lim
t→1−

lim
n→∞

An(t) = b

Now:

∥An(t)− b∥L2 ≤ ∥An(t)− bn∥L2 + ∥bn − b∥L2

where bn is the nth partial sum for the expansion of b. Being b the L2 limit of (bn)n, the
second element converges to 0 as we take the limits (being independent of t, in this case
the limit reduces to one limit).

For the first one, recall that being Xj a 1D Brownian bridge, E[(Xj
t − bj)2] = (1− t)2(aj−

bj)
2 + t(1− t)λj, which converges to 0 as t goes to 1. Thus:
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E
[ n∑

j=0

(Xj
t − bj)

2

]
=

n∑
j=1

E
[
(Xj

t − bj)
2

]
=

= (1− t)
n∑

j=1

[(1− t)(aj − bj)
2 + tλj]

But:

n∑
j=1

(aj − bj)
2 →

∞∑
j=1

(aj − bj)
2 = ∥a− b∥2H ≤M1 < +∞

and

n∑
j=1

tλj = t
n∑

j=1

λj → t
∞∑
j=1

λj ≤M2 < +∞

And finally:

E
[
∥An(t)− bn∥2H

]
→n (1− t)M →t 0

as required.

We can summarize as follows:

Theorem 5.2. Under the above notations, the Brownian bridge X(t) over H is the unique
weak solution to:

dXt = dBt + u(t,Xt)dt, t ∈ (0, 1)

X0 = a

where we define:

u(t, x) =
b− x

1− t

Moreover, Xt → b as t→ 1− in L2.





81

6| Overview

This thesis developed a mathematical extension of the [SF ]2M framework to the manifold
of symmetric positive definite matrices endowed with the log-Cholesky metric. To achieve
this goal, we first revisited the notion of Markov projection for mixtures of stochastic pro-
cesses, providing a formulation that is suitable for manifold-valued settings and establish-
ing sufficient conditions under which the Markovization can be recovered. In particular,
these conditions were shown to hold for mixtures of Brownian bridges, which are central
to the Schrödinger bridge problem.

Building upon this foundation, we characterized the log-Cholesky manifold through its
global isometric diffeomorphism with Euclidean space and exploited this structure to
develop the necessary stochastic analysis tools on the manifold. This allowed us to
establish manifold analogues of Brownian motion, Brownian bridges, and Schrödinger
bridges, and ultimately to construct a complete mathematical framework for [SF ]2M

on the log-Cholesky manifold. Finally, we investigated an extension of the theory to
infinite-dimensional Hilbert spaces by deriving stochastic evolution equation formulations
for infinite-dimensional Brownian bridges, laying the groundwork for a future infinite-
dimensional version of the model.

Despite the advantages offered by the log-Cholesky geometry, the present work is con-
strained by the choice of metric. The log-Cholesky metric provides a particularly conve-
nient setting because it induces a global isometric diffeomorphism with Euclidean space,
greatly simplifying both the geometric and stochastic analysis. However, this simplicity
may come at the cost of expressive power when compared with alternative geometries on
the SPD manifold.

In particular, metrics such as the log-Euclidean metric ([14]) or the Bures–Wasserstein
metric (see Bhatia et al. [2]) may provide more meaningful descriptions of the underly-
ing structure of SPD-valued data. The latter is especially appealing because of its close
connection to optimal transport and its potential compatibility with infinite-dimensional
extensions (see Pigoli et al. [18]). Nevertheless, extending the present framework to such
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geometries would require a substantially more sophisticated treatment of manifold-valued
stochastic analysis, since the convenient Euclidean correspondence available under the
log-Cholesky metric would no longer be directly exploitable.

Several natural directions emerge from this work. A first objective is to complete the
infinite-dimensional extension outlined in Chapter 5 by fully generalizing the Markov pro-
jection framework and the associated Schrödinger bridge constructions to Hilbert spaces.
Such an extension would considerably broaden the range of applications of [SF ]2M , al-
lowing the model to operate on functional data and other infinite-dimensional objects.

A second direction consists of investigating alternative geometries on the SPD manifold,
including the log-Euclidean and Bures–Wasserstein metrics, and studying how the result-
ing stochastic dynamics differ from those obtained under the log-Cholesky metric.

Finally, from an applied perspective, it would be valuable to implement and evaluate the
proposed framework on structural and functional connectivity data. Such experiments
would require substantial computational resources, as these connectivities are typically
derived from time series associated with large neuroimaging datasets, but they would
provide an important assessment of the practical relevance of the theoretical developments
presented in this thesis.
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A.1. Review of Differential Geometry concepts

In this section, we review some basic concepts of differential geometry that will be useful
in the following. All the material is taken from Lee [15].

In Section A.1.1, we introduce the notion of smooth manifold, starting from topological
manifolds. In Section A.1.2, we define smooth functions/maps, which are central objects
in the study of differential geometry. We conclude with Section A.1.3, where tangent
vectors are introduced, and the specific example of Cholesky space is considered.

A.1.1. Smooth Manifolds

A smooth manifold is simply a topological manifold with a supplementary structure that
lets us do calculus (in particular, take derivatives).

Definition A.1. Let M be a topological space. M is an n-dimensional topological
manifold if:

• M is Hausdorff (∀p, q ∈M , we have U, V open sets such that p ∈ U and q ∈ V );

• M is second-countable (there is a countable basis for its topology);

• M is locally euclidean of dimension n (∀p ∈ M , there is U ⊂ M open such that
p ∈ U and ϕ : U → Rn is a homomorphism; denote ϕ(U) = Û).

Note that even though M,N are only topological manifolds, the notion of continuous
function exists, because f :M → N is continuous iff ∀O ⊂ N open, f−1(O) ⊂M is open.
However, we cannot say what smooth function means (i.e. C∞(M)). For this, we need
some more structure.

Definition A.2. A couple (U, ϕ) as described above is called local chart.

The idea of differential geometry is to use local charts to move all computations on (open
subsets of) Rn, where everything is well defined. However, we need to ensure charts are
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compatible one with the other.

Definition A.3. Let (U, ϕ) and (V, ψ) be two local charts.

• If U ∩ V = ∅, the two charts are smoothly compatible;

• If U ∩ V ̸= ∅, they are smoothly compatible if the transition map ψ ◦ ϕ−1 :

ϕ(U ∩ V ) → ψ(U ∩ V ) is a diffeomorphism.

Of course, we need to be able to describe all M . That is why we need the notion of atlas.

Definition A.4. A is an atlas of M if it is a collection of local charts covering M . It is
a smooth atlas if taken any two of its charts, they are smoothly compatible.

In general, a smooth atlas is not enough to make of a topological manifold a differential
one. In some sense, we want the atlas to contain all the possible smoothly compatible
charts.

Definition A.5. A is a smooth structure if it is a maximal smooth atlas (any chart
smoothly compatible with all charts in A is already in A).

Definition A.6. Let M be a topological manifold, and let A be a smooth structure on
it. (M,A) is a smooth manifold. If the smooth structure is understood, then we just
write M .

Example A.1 (Finite Dimensional Vector Space). Let V be a finite dimensional vector
space. We want to make a smooth manifold out of it.

First of all, we need to make of it a topological manifold. Take any norm on V : it will
yield a topology that is independent of its choice. With such topology, V is a topological
manifold.

Now we define charts. Take an ordered basis E1, ..., En, and define an isomorphism by
E : Rn → V as:

E(x) = xiEi (A.1)

for x ∈ V . Being a homeomorphism, (V,E−1) is a (global) chart.
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What charts are compatible with this? Take any other basis Ẽ1, ..., Ẽn, and let Ẽ be the
corresponding isomoprhism. There exists an invertible matrix (Aj

i ) such that:

Ei = Aj
i Ẽj (A.2)

and the transition map is x̃ = Ẽ−1 ◦ E(x), from which we get that x̃j = xiAj
i . This is

linear, thus it is a diffeomorphism.

The collection of all such charts is a maximal atlas, and is a smooth strcuture on V . It is
called the standard smooth structure on V and it makes of V a smooth manifold.

Example A.2 (Lower Triangular Matrices). Denote with Ln the space of n×n matrices
that are lower triangular. It is a vector space, and thus is a smooth manifold with the
standard smooth structure on it.

A.1.2. Smooth Functions and Smooth Maps

Notation We denote with the word function an object f : M → Rk for some k ∈ N,
while we say f is a map in all other cases (e.g. f : M → N , being M and N smooth
manifolds).

Definition A.7. Let M be a smooth manifold, and f : M → Rk be a function. f is
a smooth function if ∀p ∈ M , there exists a chart containing p, (U, ϕ), such that the
function f ◦ ϕ−1 : Û → Rk is smooth in the classical sense (i.e. C∞(Û)).

Often it is useful to view functions on M as (locally) functions on the open sets of Rn

provided by the local charts.

Definition A.8. If f : M → Rk is a smooth function,its coordinate representations
are f̂ = f ◦ ϕ−1 : Û → Rk, for all local charts (U, ϕ).

Notice that the definition of smooth function is independent of the choice of the chart on
each point, being charts smoothly compatible in the smooth structure that makes of M
a smooth manifold.

We now pass to the case of maps between manifolds, and get a definition of diffeomorphism
between smooth manifolds.
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Definition A.9. Let M , N be smooth manifolds, and F : M → N a map. F is a
smooth map if ∀p ∈M , and chosen any charts (U, ϕ) containing p and (V, ψ) containing
F (p) ∈ N , the map ψ ◦ F ◦ ϕ−1 : Û → V̂ is smooth in the usual sense of maps Rm → Rn

(recall indeed that Û ⊆ Rm and V̂ ⊆ Rn if M is m-dimensional and N is n-dimensional).

Since M and N are topological manifolds, the notion of continuous function exists. A
natural question arising is: if F is a smooth map, is it also going to be continuous in the
topological sense? The answer is yes.

Proposition A.1. A smooth map is also continuous in the topological sense.

We now give the definition of diffeomorphism.

Definition A.10. A smooth map between smooth manifolds F : M → N is a diffeo-
morphism if it is invertible and its inverse F−1 : N →M is a smooth map.

Note. To check whether F : M → N is smooth, one has, by definition, to check that
coordinate representations ψ ◦F ◦ ϕ−1 : Û → V̂ are smooth. But for functions Rm → Rn,
checking smoothness amounts to check that the component functions are C∞.

Example A.3 (Diffeomorphism between S+
n and L+

n ). As explained in Lin [16], the map
between the smooth manifold of n × n SPD matrices S+

n and the one of n × n lower
triangular matrices with positive diagonal entries L+

n is a diffeomorphism. Such map is
denoted by L . In order to prove it, they leverage precisely the above note.

In particular, call ϕ : S+
n → Rd the global chart for S+

n assigning to each SPD matrix the
vectorization of its lower triangular part (d = n(n+1)

2
), and let ψ : L+

n → Rd denote the
global chart for L+

n (referred to as Cholesky space) doing the exact same thing. Now, take
P = [Pij]i≥j ∈ S+

n , with:

ϕ(P ) = (P1, P2, ..., Pn, Pn+1, ..., Pd)
T =

= (P11, P22, ..., Pnn, P21, ..., Pn(n−1))
T

and L (P ) = L = [Lij]i≥j ∈ L+
n , with:

ψ(L) = (L1, L2, ..., Ln, Ln+1, ..., Ld)
T =

= (L11, L22, ..., Lnn, L21, ..., Ln(n−1))
T

we can prove L is a diffeomorphism by proving that the map is invertible and (us-
ing the more agile and intuitive notation Li(P1, P2, ..., Pd) instead of ψ(L (ϕ−1(P )))i)
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that Li(P1, P2, ..., Pd) ∈ C∞(ϕ(S+
n )) for all i ∈ 1, 2, ..., d and that Pi(L1, L2, ..., Ld) ∈

C∞(ψ(L+
n )) for all i ∈ 1, 2, ..., d.

A.1.3. Tangent Vectors

The idea behind defining and working with tangent vectors is the one of linear approx-
imation. In some sense, the tangent space to a manifold represents a linear model for
it close to a point. Not only, but once we define the tangent space, we can extend the
concept of total derivative of a function (defined for functions Rm → Rn) to the case of
functions between manifolds, introducing the concept of differential.

This part is organized as follows. In Section A.1.3, we consider the more simple case of
geometric tangent vectors in Rn, being the most intuitive objects one can always have
in mind as a conceptual model for more abstract tangent vectors; in Section A.1.3 we
introduce the notion of derivation in euclidean spaces: these are objects that can be
generalized to get tangent vectors to manifolds. In Section A.1.3, we claim that the set
of geometric tangent vectors and the one of derivations are isomorphic and thus deduce
a basis for the latter (being a basis of the former very easy to obtain). We then proceed
to define tangent vectors on smooth manifolds in Section A.1.3, and discuss the notion of
differential of a function in Section A.1.3. Finally, in Section A.1.3 we see how all these
objects can be described in local coordinates.

Geometric Tangent Vectors

Geometric tangent vectors are thought of as rows attached to points in some euclidean
space Rn.

Definition A.11. Let a ∈ Rn. A geometric tangent vector to Rn at a is an element
of {a} × Rn = {(a, v), v ∈ Rn}. Such space is denoted with Rn

a , and its elements will be
written as va or v|a.

Under the following natural operations, Rn
a is a vector space:

(v + w)a = va + wa

and
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(cv)a = c(va)

for c ∈ R.

Example A.4 (Spherical Surface in R3). Take a spherical surface S in R3 and a point p
at “the top” of the surface. Essentially, R3

p is just a copy of R3 whose vectors have tail in
p. One can think of the tangent space to S in p simply as a subspace (the (x, y)-plane)
of R3

p.

Derivations

The question is: how can we generalize the concept of tangent vectors to smooth man-
ifolds. It is quite clear that a construction as the one of Example A.4 cannot be easily
carried out in a general smooth manifold. The idea is that on smooth manifolds we only
know what smooth maps/functions are, so we want to come up with an action that ge-
ometric tangent vectors do on smooth functions in Rn, in order to generalize it to the
smooth manifold case. Such action is essentially the directional derivative, and is ex-
pressed by the notion of derivation.

Take a geometric tangent vector of Rn
a , v|a, and define the functional Dv|a : C∞(Rn) → R

that takes the directional derivative along v at a, i.e.

Dv|a(f) = Dvf(a) =
d

dt

∣∣∣∣
t=0

f(a+ tv) (A.3)

or, in components:

Dv|a(f) = vi
∂f

∂xi
(a) (A.4)

where of course vi is the ith component of v with respect to the canonical basis on Rn.

Definition A.12. Let a ∈ Rn. A map w : C∞(Rn) → R is a derivation at a if both the
following hold true:

• w is R-linear;
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• w satisfies the product rule:

w(fg) = f(a)wg + g(a)wf (A.5)

for all f, g ∈ C∞(Rn).

We denote with TaRn the set of all derivations of C∞(Rn) functions at a.

Once again, TaRn is an R-vector space under the operations of sum of maps and multi-
plication of a map by a scalar.

Isomorphism

The reason why we can intuitively think of elements of TaRn as rows attached to a point
is the following result.

Proposition A.2. The map va → Dv|a is an isomorphism from Rn
a to TaRn.

Let a ∈ Rn. The following n derivations are a basis for TaRn (thus its dimension is n):
∂
∂xi

∣∣
a
.

The previous result simply follows from the fact that ei|a is a basis for Rn
a , and through

the isomorphism we can get the claimed basis for the tangent space.

Tangent Vectors on Smooth Manifolds

We are now ready to give the definition of tangent space for smooth manifolds, by simply
generalizing the concept of derivation.

Definition A.13. Let p ∈M , being M a smooth manifold. A map v : C∞(M) → R is a
derivation at p if the two following conditions hold true:

• v is R-linear;

• v(fg) = f(a)vg + g(a)vf for all f, g ∈ C∞(M) (i.e. smooth functions).

The set of derivations at p is the tangent space to M at p, and is denoted by TpM .
Finally, its elements are called tangent vectors to M at p.

Differential of a Function

Before introducing the differential of a function on smooth manifolds, let us recall the
situation in Rn.
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What happens in Rn. Take a function f : Rm → Rn. Its total derivative at a ∈ Rm is a
linear function that is the best linear approximation of f close to a (and it is represented
by the Jacobian of f at a). In particular, the domain of the total derivative is (a subset
of) Rm itself. In the case of a smooth manifold, however, it does not make sense to talk
about linear functions on (a subset of) M itself. The solution is to define a function
between two tangent spaces, that are actually vector spaces, so it makes perfectly sense
to talk about linear maps. In this sense, the differential is a generalization of the total
derivative.

Definition A.14. Let M and N be smooth manifolds with or without boundary, and
F : M → N a smooth map. Let p ∈ M . The differential of F at p, denoted by dFp is
a map:

dFp : TpM → TF (p)N

defined by:

dFp(v)(f) = v(f ◦ F )

for all v ∈ TpM , f ∈ C∞(N).

Though its properties are much more, we state two of them in the following

Proposition A.3. The following two properties hold true:

• dFp is linear;

• if F is a diffeomorphism, then dFp is a homeomorphism between TpM and TF (p)N

(so the two can be identified) and (dFp)
−1 = d(F−1)F (p).

Local Coordinates

In this section, we leverage what introduced in Section A.1.3 in order to obtain a local
basis of the tangent space of a smooth manifold by using the basis of the tangent space
to the euclidean space it is mapped to through local charts. In particular, if M is a
smooth manifold, and (U, ϕ) is some local chart containing p ∈ M , we can view ϕ as a
diffeomorphism between U and Û = ϕ(U) ∈ Rn (denote ϕ(p) with p̂). The idea is that
if we could substitute U with whole M and Û with whole Rn, we could simply say that
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dϕp : TpM → Tp̂Rn is an isomorphism (by Proposition A.3), and thus obtain a basis of
TpM by leveraging the basis we know of Tp̂Rn.

The problem is that tangent vectors are defined globally, while charts are only local. That
is why we first need the following

Proposition A.4. Let M be a smooth manifold, and let p ∈ M , v ∈ TpM and f, g ∈
C∞(M). If f and g agree on a neighbourhood of p, then vf = vg.

This in particular tells us that we can identify the tangent space at p ∈ M to an open
submanifold of M U ⊆M with the one to M itself.

We can now see how to obtain such a claimed basis for TpM . As explained in Section A.1.3,
a basis for Tp̂Rn is given by

(
∂
∂xi

∣∣
p̂

)n
i=1

. The isomorphism provided by dϕp defines a basis
on TpM which is

(
∂
∂xi

∣∣
p

)n
i=1

, which is explicitely:

∂

∂xi

∣∣∣∣
p

= (dϕp)
−1

(
∂

∂xi

∣∣∣∣
p̂

)
=

= d(ϕ−1)p̂

(
∂

∂xi

∣∣∣∣
p̂

)
In terms of actions on functions, this is:

∂

∂xi

∣∣∣∣
p

f =
∂

∂xi

∣∣∣∣
p̂

(f ◦ ϕ−1) (A.6)

for all f ∈ C∞(U).

A.1.4. Frame Bundle and Connection

In Section A.1.3 we showed how one can obtain a basis of TpM , which is thus identifiable
with Rn. It is natural that such a basis for the tangent space is not unique. Roughly
speaking, the set of basis that we can choose for TpM , for any p ∈ M , builds the frame
bundle FM . The reason for introducing this concept is that, when moving along M on a
curve, we might want to describe the curve as the solution to an ODE which coefficients
are tangent vectors to the curve xt: we might want to write these vectors in coordinates
that are somehow moving with the manifold. In some sense, we want to choose an initial
basis on Tx0M and move it along xt only according to the curvature M prescribes, without
introducing artificial rotations. Since the concept of moving the basis only according to
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what the curvature of M prescribes depends on how we define curvature on M , we will
first need to introduce the concept of connection. All the material for this section has
been taken from Hsu [13].

Conncetion and Parallel Transport

Let M be a smooth manifold of dimension d. We denote by Γ(TM) as the set of vector
fields on M . A connection is a rule for differentiating a vector field along another vector
field.

Definition A.15 (Connection). A connection is a map ∇ : Γ(TM)×Γ(TM) → Γ(TM)

such that for each X, Y, Z ∈ Γ(TM) and f, g ∈ C∞(M) the following properties hold true:

1. ∇fX+gYZ = f∇XZ + g∇YZ

2. ∇X(Y + Z) = ∇XY +∇XZ

3. ∇X(fY ) = f∇XY +X(f)Y

We call ∇XY the covariant differentiation of Y along X.

A connection can be expressed in terms of local coordinates through the so called Christof-
fel symbols. Let x = {x1, x2, ..., xd} be a local chart on an open subset O ⊆M . We know
that the vector fields Xi =

∂
∂xi are a basis for TxM for all x ∈ O. Christoffel symbols

are functions Γk
ij : O → R defined by:

∇Xi
Xj = Γk

ijXk (A.7)

where Einstein convention on sums has been used.

Now that we have the notion of connection, we can define parallel transport of a vector
field along a curve.

Definition A.16 (Parallel Transport of a Vector Field Along a Curve). Let M be a
smooth manifold equipped with a connection ∇. A vector field V along a curve {xt}t∈[0,T ] ⊂
M is parallel along the curve if:

∇ẋtV = 0 ∀t ∈ [0, T ] (A.8)

In such a case, we say that Vxt (the vector field evaluated at xt) is the parallel transport
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of Vx0 along the curve.

Under the same notations of the definition, if we write xt = {xit} in local coordinates,
then we can express Vxt = vi(t)Xi. We can thus impose a system of ODEs that vi(t) have
to fulfill in order to have parallel transport:

v̇k(t) + Γk
jl(xt)ẋ

j
tv

l(t) = 0 (A.9)

We conclude this paragraph with the definition of geodesic:

Definition A.17 (Geodesic). A curve {xt}t∈[0,T ] ⊆M is a geodesic if its tangent vector
is transported parallelly along the curve itself, i.e.

∇ẋt ẋt = 0 (A.10)

Writing locally ẋt = ẋitXi, we get the ODE for the geodesics:

ẍkt + Γk
jl(xt)ẋ

j
t ẋ

l
t = 0 ∀k = 1, 2, ..., d (A.11)

Frame Bundle

Definition A.18 (Frame). Let M be a smooth d-dimensional manifold and let x ∈ M

with its tangent space TxM . A frame at x is a linear isomorphism u : Rd → TxM .

Equivalently, one can see u as an ordered basis for TxM : that is why sometimes we will
say frame to denote the ordered basis itself, though based on the above definition it is
the linear isomorphism inducing it. To check this, let v ∈ TxM and recall that u is bijec-
tive, so there exists w ∈ Rd such that u(w) = v. If we now consider the canonical basis
(ei)

d
i=1 ⊂ Rd, we have that w = wiei, so that v = u(w) = u(wiei). By linearity of u,

v = wiu(ei), meaning that any vector v ∈ TxM can be expressed uniquely (because w is
uniquely written in terms of the canonical basis) as linear combination of (ue1, ue2, ..., ued),
where we write uei for u(ei). Sometimes we denote by (ui)

d
i=1 ⊂ TxM such induced basis.

The set of all frames at x ∈ M is denoted by F (M)x, whereas the frame bundle is
F (M) =

⋃
x∈M F (M)x. The frame bundle can be endowed with the structure of a

smooth manifold of dimension d+ d2, and the canonical projection π : F (M) →M such
that for u ∈ F (M)x, π(u) = πu = x is a smooth map. The tangent space to u ∈ F (M),
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TuF (M) is a vector space of dimension d+ d2.

Horizontal Vectors and Horizontal Lift

Assume M is equipped with a connection ∇. A curve {ut} ⊆ F (M) is essentially a
smooth choice of frame for the tangent space at each point of the underlying curve on M
{πut} = {xt}.

Definition A.19 (Horizontal Curve). A curve {ut} ⊆ F (M) is a horizontal curve if
for each e ∈ Rd the vector field {ute} is parallel along {πut}.

Essentially, a horizontal curve is the choice of basis described at the beginning of this sec-
tion: we fix a basis for Tx0M and we parallelly transport it along {xt} without introducing
artificial rotations.

Definition A.20 (Horizontal Vector). A vector X ∈ TuF (M) is horizontal if it is the
tangent vector to a horizontal curve starting at u. The space of horizontal vectors at u is
denoted by HuF (M).

On the opposite side, vertical curves are curves on the frame bundle that “maintain x0

fixed, and just rotate the basis chosen for Tx0M ”. A vertical vector is just a tangent vector
to such curve. Formally:

Definition A.21 (Vertical Vector). X ∈ TuF (M) is vertical if it is tangent to the fibre
F (M)πu. The space of vertical vector fields is denoted by VuF (M).

As one would expect by the interpretation we gave, VuF (M) is a vector subspace of
TuF (M) of dimension d2, whereas HuF (M) is a subspace of dimension d. Not only, but
actually we have the following decomposition:

TuF (M) = VuF (M)⊕HuF (M)

From this, it follows (DIMOSTRA) that the canonical projection π : F (M) →M induces
an isomorphism π∗ : HuF (M) → TπuM . This way, the following definition makes sense:

Definition A.22 (Horizontal Lift of Vector). Let X ∈ TxM and u ∈ F (M) such that
πu = x. The horizontal lift of X to u is the unique X∗ ∈ HuF (M) such that π∗X∗ = X.

Definition A.23 (Horizontal Lift of Curve). Given a curve {xt}t∈[0,T ] ⊆M and an initial
frame u0 at x0, there is a unique curve {ut}t∈[0,T ] ⊆ F (M) that is horizontal and such
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that πut = xt for all t ∈ [0, T ]. This is the horizontal lift of xt from u0.

Notice that, even though the horizontal lift of a curve needs to be found by solving an
ODE, one can prove that this solution exists and does not blow up.

A question that may arise is whether we can define a basis for HuF (M). Let e ∈ Rd, we
can define a vector field He on F (M) by:

He(u) = (ue)∗ ∀u ∈ F (M)

where X∗ is the horizontal lift of X. If e1, e2, ..., ed is the canonical basis in Rd, we call
Hi = Hei the fundamental horizontal vector fields, and (Hi(u))i is a basis for HuF (M).

From a practical perspective, most of the times we are interested in working in local
coordinates. The next result tells us how to write Hi in local coordinates.

Let x = {xi} be a local chart on an open subset O ⊆ M , and let Õ = π−1(O) ⊆ F (M).
We know tangent vectors Xi =

∂
∂xi form a basis for TxM for each x ∈ O. Now, for each

u ∈ Õ, we have that uei = ejiXj for some matrix eji . Then (x, e) = (xi, eij) ∈ Rd+d2 is a
local chart for Õ. Notice how it makes sense that u can be seen as a couple (x, e) where
x ∈ M and e is some d × d matrix. Indeed, u ∈ F (M) is uniquely characterized by the
x ∈M such that TxM is the codomain of u and the effect it has on the basis e1, e2, ..., ed,
since it is a linear map (such effect is given by the columns of e).

Now, if we defineXkj =
∂

∂ekj
,Xkj span the vertical subspace VuF (M), whereas {Xi, Xij, 1 ≤

i, j ≤ d} span TuF (M) on Õ. The following result gives us, in local coordinates, a basis
for HuF (M).

Proposition A.5. With the notation introduced above, at u = (x, e) = (xi, ekj ) ∈ F (M),
we have:

Hi(u) = ejiXj − ejie
l
mΓ

k
jl(x)Xkm (A.12)

A final definition is the one of anti-development. Intuitively, if we have a curve on a
smooth manifold and we choose a frame for the tangent space that moves with the curve
only according to the curvature of the manifold at each point, the curve that it “prints”
on the euclidean space is the anti-development.
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Definition A.24 (Anti-development). Let {ut} be horizontal lift of a differentiable curve
{xt} on a smooth manifold M . We define the anti-development {wt} ⊆ Rd by:

wt =

∫ t

0

u−1
s ẋsds ∀t ∈ [0, T ] (A.13)

or equivalently:

ẋt = utẇt ∀t ∈ [0, T ]

w0 = 0 ∈ Rd
(A.14)

It makes sense that the process of passing from {wt} to {xt} is called rolling-without-
slipping.

Orthonormal Frame Bundle

Of particular interest is the case when we want to restrict ourselves to orthonormal basis
of TxM . In order for the concept of orthogonality (and of normality) to be defined we
need the notion of inner product on tangent spaces. That is roughly the structure that a
Riemaniann manifold has. On this section, we assume M is a Riemaniann manifold with
Riemaniann metric ⟨·, ·⟩. In general, parallel transport according to a connection ∇ does
not guarantee that an initially orthonormal frame is transported to an orthonormal one.
This happens if and only if for any X, Y, Z ∈ Γ(TM):

∇X⟨Y, Z⟩ = ⟨∇XY, Z⟩+ ⟨Y,∇XZ⟩

in which case we say the connection is compatible with the Riemaniann metric. Given
a Riemaniann metric, there is only one compatible, torsion-free connection: this is called
the Levi-Civita connection.

If we denote by O(M) the orthonormal frame bundle, everything we said so far for
F (M) can be applied the same way provided the connection is compatible with the
Riemaniann metric (so, in particular, if it is the Levi-Civita connection).

If one defines gij = ⟨Xi, Xj⟩, {gij} the corresponding matrix and {gim} its inverse,
Christoffel symbols for the Levi-Civita connection are given by:

Γi
jk =

1

2
gim(gjm,k + gmk,j − gjk,m) (A.15)
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where gjk,m =
∂gjk
∂xm .

A.2. Alternative Proofs to Lin [16]

We first consider Proposition 3 of Lin [16], claiming the geodesics structure on M .

Proposition A.6. On (M, g̃(·, ·)), the geodesic starting at L ∈ M with direction X ∈
TLM is given by:

γ̃L,X(t) = ⌊L⌋+ t⌊X⌋+ D(L) exp(tD(X)D(L)−1) (A.16)

where ⌊A⌋ denotes the matrix with same strictly lower diagonal part of A (zero the rest),
and D(A) its diagonal matrix.

Proof. By the above construction, being ϕ̄ an isometry, we have that γ̃L,X(t) = ϕ̄−1(γϕ̄(L),dϕ̄L(X)(t)),
being γϕ̄(L),dϕ̄L(X)(t) the geodesic on L from ϕ̄(L) with direction dϕ̄L(X).

Being L linear, it is easy to get such a geodesic: γP,W (t) = P + tW . Now, recall that in
our case:

dϕ̄L(X) =


1

L11
X11 0 0 ... 0

X21
1

L22
X22 0 ... 0

... ... ... ... ...

Xn1 Xn2 Xn3 ... 1
Lnn

Xnn


Then:

γ̃L,X(t) = ϕ̄−1(⌊L⌋+ t⌊X⌋+ log(D(L)) + tD(X)D(L)−1) =

= ⌊L⌋+ t⌊X⌋+ D(L) exp(tD(X)D(L)−1)

which concludes the proof.

This in particular tells us that the geodesic distance between L and K on M can be
obtained as:

dM(L,K) = {∥⌊L⌋ − ⌊K⌋∥2F + ∥ logD(L)− logD(K)∥2F}
1
2 (A.17)
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Figure A.1: Schema for Parallel Transport on Cholesky Space

which is precisely the Frobenius distance of the transformations.

Proposition 7 of Lin [16] deals with parallel transport on (M, g̃(·, ·)). The way of showing
the form of parallel transport leverages the Lie group structure with which one can endow
M . We can however obtain it by exploiting once again the fact that ϕ̄ : (M, g̃(·, ·)) →
(L, ⟨·, ·⟩F ) is an isometry between Riemaniann manifolds.

Proposition A.7. A tangent vector X ∈ TLM , being L ∈M , is parallelly transported to
the tangent vector ⌊X⌋+ D(K)D(L)−1D(X) at K ∈M .

Proof. We will adopt the following notation: L,K ∈ M , X ∈ TLM and Y ∈ TKM

is X parallelly transported to K. dϕ̄L : TLM → Tϕ̄(L)L is the differential at L, while
dϕ̄K : TKM → Tϕ̄(K)L is the one at K. Denote L̄ = ϕ̄(L), X̄ = dϕ̄L(X) and Ȳ = dϕ̄K(Y ).
For a visual representation of this, see Figure A.1.

As L is a vector space, with the usual Frobenius norm some V̄ ∈ TL̄L is transported to
V̄ ∈ TK̄L (recalling the identification between the tangent spaces of L and itself, V̄ is
simply identified as the same element in the two tangent spaces). In such case, we can
easily obtain Y as:

Y = (dϕ̄K)
−1(X̄) (A.18)

Now, recall that the differential transforms X by:
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X̄ = ⌊X⌋+ D(L)−1D(X) (A.19)

We simply need a closed form for (dϕ̄K)
−1 now. Take W ∈ TK̄L, and suppose dϕ̄K(Z) =

W for some Z ∈ TKM (Z exists and is unique, because being ϕ̄ a diffeomorphism its
differential is an isomorphism, thus in particular an invertible map). We want to find Z.
Writing explicitely the differential and separating W into its diagonal and off-diagonal
part:

⌊W ⌋+ D(W ) = ⌊Z⌋+ D(K)−1D(Z) (A.20)

which implies that:

⌊Z⌋ = ⌊W ⌋

D(Z) = D(K)D(W )
(A.21)

Now, putting everything together into Equation (A.18), we get that:

Ȳ = (dϕ̄K)
−1(⌊X⌋+ D(L)−1D(X)) =

= ⌊X⌋+ D(K)D(L)−1D(X)

that is the claim.

Another result obtained in Lin [16] is the form of the Frechet mean of a finite number of
elements of M .

Proposition A.8. Let L be a random variable with values in M and suppose for some
fixed A ∈ M it holds that E[d2M(A,L)] < ∞. Then the Frechet mean of L, denoted by
E[L], is given by:

E[L] = E[⌊L⌋] + exp{E[logD(L)]} (A.22)

where E[⌊L⌋] is the Frechet mean of the strictly lower triangular matrix of L and E[logD(L)]
is the one of the log-transformed diagonal.

Proof. Since ϕ̄ is an isometry, we have that:
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E[L] = (ϕ̄)−1(E[ϕ̄(L)]) (A.23)

Now, if G is a random variable with values in L and there is some element R ∈ L such
that E[∥G−R∥2F ] <∞, then the Frechet mean of G exists. We denote it with E[G] ∈ L.

The above equation is:

E[L] = (ϕ̄)−1(E[⌊L⌋+ logD(L)]) =

= (ϕ̄)−1(E[⌊L⌋] + E[logD(L)]) =

= E[⌊L⌋] + exp{E[logD(L)]}

where in the first passage we used linearity of expectation, and in the second one the
fact that: E[⌊L⌋] is a strictly lower triangular matrix, being the space of strictly lower
triangular matrixes a vector space, and thus being the Frechet mean well defined in such
space,E[logD(L)] is a diagonal matrix for the same reason, and that if A is strictly lower
triangular and B is diagonal:

(ϕ̄)−1(A+B) = A+ expB

We thus get the claimed formula for the Frechet mean.
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B.1. Stochastic Differential Geometry

Everything we said in Section A.1.4 can be extended to the case of curves on a smooth
manifold M that are not differentiable, but are M -valued semimartingales. Specifically,
the notions we are interested in generalizing are the ones of horizontal lift, development
and anti-development. Intuitively, this is useful because it gives us the possibility to
generate semimartingales on M by starting from semimartingales on Rd, developing them
as horizontal semimartingales on the frame bundle and finally projecting them onto M ,
essentially obtaining a curve on M starting from an Rd curve and rolling without slipping.

We will be particularly interested in properly defining Brownian Motion (BM) and Brow-
nian bridge (BB) on M .

In the following, all processes are defined on a fixed filtered probability space (Ω,F∗,P).

Definition B.1 (Horizontal Semimartingale). Let U be an F (M)-valued semimartingale.
It is a horizontal semimartingale if there exists an Rd-valued process W , called the
anti-development of U (or of πU), such that:

dUt = Hi(Ut) ◦ dW i
t (B.1)

where Hi are the fundamental horizontal vector fields.

Definition B.2 (Stochastic Development). Let W be an Rd-valued semimartingale and
U0 an F (M)-valued, F0-random variable. The solution U of Equation (B.1) with initial
condition U0 is called stochastic development of W in F (M). Its projection πU is the
stochastic development of W in M .

Definition B.3 (Stochastic Horizontal Lift). Let X be an M -valued semimartingale. Let
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U be an F (M)-valued semimartingale such that Equation (B.1) holds true (i.e. U is
horizontal) and X = πU . Then U is called a stochastic horizontal lift of X.

Suppose M can be seen as a closed submanifold of RN , and for any x ∈ M , let P (x) :

RN → TxM be the orthogonal projection onto TxM , seen as a subspace of RN . Also, let
Pα(x) = P (x)eα, where eα is the αth element of the canonical basis for RN , α = 1, 2, ..., N .
Then one can prove that, given a semimartingale X on M with coordinates Xα, its
stochastic horizontal lift U is given by:

dUt = P ∗
α(Xt) ◦ dXα

t (B.2)

where Einstein notation on sums has been adopted and P ∗
α(Xt) is the horizontal lift of

Pα(Xt) as defined in Section A.1.4.
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