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SUMMARY 

Fatigue degradation is an inevitable phenomenon in engineering structures, where the damage 
can evolve with time or the number of load cycles, and, eventually, safety may no longer be 
guaranteed when the damage state reaches a limit. Regular inspections should be carried out for 
functionality evaluation but require high financial expenses and unwanted system shutdowns. 
One desirable scenario for ensuring structural integrity while keeping maintenance costs at a 
minimum is to schedule the maintenance just before the damage reaches a critical limit. To this 
end, an advanced damage prognosis technology is required to anticipate the future damage state 
through a proper damage evolution model. 
 

Provided with the uncertainties arising from many sources like complex fatigue 
degradation and environmental factors, a probabilistic damage evolution model has to be built 
to take care of those factors. Then, the damage state is quantified through a direct or indirect 
measurement system, and adopted for model updating through a proper state estimation 
technique. Finally, the future state and RUL are predicted by the updated model. Therefore, this 
thesis proceeds with the development of a robust prognostic method towards three paths, i.e., 
damage evolution modeling, damage quantification, and model updating algorithm. 
 

The thesis has three contributions to damage evolution modeling. First, a method for 
predicting the delamination shape growth is proposed and validated by the composite fatigue test 
with ultrasonic C-scan monitoring. Then, a dataset containing sufficiently enough delamination 
images is obtained from some numerical simulation of composite fatigue delamination growth, 
and then adopted for training the delamination shape evolution models. Finally, a method by 
fusing multiple physics-based and data-driven damage evolution models is proposed to enhance 
the prognostic performance, and then validated by an aluminum fatigue test with Lamb wave 
monitoring. 
 

As to damage quantification. Aiming to address the measurement uncertainties arising 
from various sources such as temperature variation, the author developed a bias-based prognostic 
model accounting for those uncertainties. Additionally, a dataset of some numerically simulated 
Lamb waves is used to build the damage quantification model, avoiding the need to collect 
experimental data for modeling. Finally, as the selection of a proper damage-sensitive statistical 
feature is crucial to the performance of the prognostic model, an online bias-based feature fusion 
and selection method is proposed to fuse multiple features and select the best one. All three 
contributions are tested by the same aluminum fatigue test with Lamb wave monitoring. 

 
Targeting high-dimensional model updating, a new particle filter method is proposed to 

simplify the identification of one high-dimensional system into that of multiple 
lower-dimensional systems, and consequently, to allow for more efficient state and parameter 
estimation. This is validated by a numerical simulation of a twenty-story Bouc-wen frame 
structure under seismic excitation. 

 
In conclusion, this thesis has provided the solutions to open problems in current 
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prognostic practices from three paths, which may serve as a solid base for further extensions 
toward a more robust prognostic method. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Engineering structures and mechanical systems are critical components of modern society, used 
in a wide range of applications including aerospace vehicles and civil infrastructure. Over time, 
these structures can experience degradation in their material properties due to harsh operating 
conditions and loading, which can ultimately result in a loss of structural integrity or 
functionality. With many structures nearing the end of their design life, ensuring their ongoing 
safety and functionality has become an increasingly pressing issue in recent years.  
 

Structural health monitoring (SHM) is a process that seeks to address these concerns 
by combining physical knowledge, reliable measurement systems, and advanced signal 
processing algorithms. By providing early detection, localization, and quantification of 
structural damage. timely alerts can be triggered for necessary inspections and maintenance, 
preventing potential catastrophic structural failures.  

 
On the other hand, too early interventions can be wasteful, mainly due to the 

unnecessary replacement of still-functioning components and system shutdowns. To address 
these challenges, predictive maintenance is being developed to schedule maintenance just 
before the damage state reaches a critical limit. This requires the ability to forecast the 
propagation of fatigue damage under a specific mode, from its initial stages to the point of 
structural failure, and to calculate the remaining useful life (RUL) of a structure.  
 

To achieve this, a reliable and accurate prognostic technique must be developed that 
incorporates uncertainties arising from the sources like complex fatigue degradation, 
environmental factors, loading conditions, and material properties. The development of a typical 
damage prognosis method involves four main steps, as shown in Figure 1. First, a deterministic 
damage evolution model is developed to describe the evolution of fatigue damage with time or 
the number of load cycles. Next, its probabilistic form is proposed to include uncertainties 
arising from the degradation process. The third step involves quantifying the damage state 
through a direct or indirect measurement system and updating the damage evolution model 
using a suitable state estimation technique. Finally, the updated model is used to predict the 
future state and RUL of the structure. To improve the robustness of the prognostic method, three 
potential paths are being explored: damage evolution modeling, damage quantification, and 
model updating algorithm. These developments will enable the creation of a more reliable and 
accurate RUL prediction for engineering structures and mechanical systems, ultimately 
contributing to their ongoing safety and functionality. 
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Figure 1 Four main steps in a typical prognostic method 
 
1.2 Research goal and scopes 

The goal of this research is to develop a robust particle filter-based damage prognosis method, 
from the perspectives of damage evolution modeling, damage quantification, and model 
updating algorithm. The scope of this thesis is restricted to the seven issues listed in Table 1.  
 

Table 1 Seven issues to be addressed in this thesis. 

Damage evolution 
modeling 

I1: Selection of a proper damage state for damage prognosis 

I2: No available experimental data for training a data-driven damage 
evolution model 

I3: Fusion of multiple degradation models 

Damage quantification I4: Uncertainties in damage quantification model 

I5: No available experimental data for training a data-driven damage 
quantification model 

I6: Fusion of multiple damage-sensitive statistical features or 
damage quantification models 

Model updating algorithm I7: Curse of dimensionality 

 
The first fundamental question arising from damage evolution modeling, or more 

generally, damage prognosis investigation, is the selection of an appropriate damage state to be 
predicted. Such a state should be predictable and contains lots of information for safety 
evaluation. Provided that many damage evolution models are derived from experimental fatigue 
damage growth data, the second question would be how to build such a model under no 
availability of experimental data. Finally, as there is no universally best model, the fusion of 
multiple models may be one of the possibilities to enhance the prognostic performance. 

 
One of the most significant issues in damage quantification is how to take care of the 

uncertainties arising from multiple sources like sensor error and service conditions. A proper 
damage quantification model accounting for those uncertainties is always highly desirable. Then, 
As most damage quantification investigations would resort to a data-driven model linking the 
damage and measurement (or mostly some sort of damage-sensitive statistical feature), a typical 
issue is how to build such a model in case of no available experimental data from one or some 
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replications of the same structure. Finally, we will explore the potential of fusing multiple 
damage-sensitive features or damage quantification models to improve the overall accuracy. 
 

As to the model updating algorithm, particle filter is a nonlinear and non-Gaussian 
state estimation algorithm. By sequentially providing the estimates of the damage state and its 
growth parameters, it has been widely adopted in the prognostic investigation. One critical 
problem arising is that the computational effort will increase with the state dimension, which is 
also defined as the curse of dimensionality. As the problem with high dimensionality arises in 
real-world applications where tens or even hundreds of unknown variables need to be estimated, 
such an issue deserves investigation. 
 

Targeting the seven issues, this thesis proposes seven contributions, all of which are 
depicted within the solid line rectangle in Figure 2. The conclusion section will present two 
ideas (Dash line rectangle box) that relate to these contributions. The arrow line connecting the 
contributions signifies that the succeeding work takes advantage of the previous one by sharing 
the same model, model updating algorithm, or experimental studies. 
 

 

Figure 2 Summary of the contributions of this thesis 
 

The first contribution to damage evolution modeling considers the delamination shape 
in composites as a damage state to be predicted. A method for predicting the delamination shape 
growth is proposed and validated by the composite fatigue test with ultrasonic C-scan monitoring. 
Then, in order to avoid the need to collect experimental data for modeling, a dataset containing 
sufficiently enough delamination images is created by some numerical simulation of fatigue 
delamination growth in composites, and then adopted for training the delamination shape 
evolution models. Finally, a method by fusing multiple physics-based and data-driven damage 
evolution models is proposed to enhance the prognostic performance, and then validated by an 
aluminum fatigue test with Lamb wave monitoring. 
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As to damage quantification, aiming to address the measurement uncertainties arising 
from various sources such as temperature variation, the author developed a bias-based prognostic 
model accounting for those uncertainties. Additionally, a dataset of some numerically simulated 
Lamb waves is used to build the damage quantification model, avoiding the need to collect 
experimental data for modeling. Finally, as the selection of a proper damage-sensitive statistical 
feature is crucial to the performance of the prognostic model, an online bias-based feature fusion 
and selection method is proposed to fuse multiple features and select the best one. All three 
contributions are tested by the aluminum fatigue test with Lamb wave monitoring mentioned 
above. 

 
Targeting high-dimensional system identification, the author developed a new particle 

filter method of simplifying the identification of one high-dimensional system into that of 
multiple lower-dimensional systems, allowing for more efficient state and parameter estimation. 
This is validated by a numerical simulation of a twenty-story Bouc-wen frame structure under 
seismic excitation. 
 

The discussions presented in this thesis are anticipated to enhance the robustness of 
damage prognosis for metal or composites undergoing fatigue degradation by introducing and 
implementing some improvements towards the three paths. Although the ultimate goal, beyond 
the scope of this thesis, is that the SHM community should strive to provide benefits that 
outweigh the costs and accelerate the adoption of SHM as a transformative engineering 
methodology. 
 
1.3 Thesis outline 

This thesis is composed of 6 chapters:  
 
 Chapter 2 reviews the available literature on the field of damage prognosis from the 

perspectives of damage evolution modeling, damage quantification, and model updating, 
and summarizes some of the open problems.  
 

 Chapters 3, 4, and 5 present the contributions to damage evolution modeling, damage 
quantification, and model updating algorithm, respectively. 

 
 Finally, Chapter 6 summarizes the results of the thesis, draw some conclusions, and 

provides some perspectives for future research in this field. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 Introduction 

This chapter aims to summarize the literature related to the three topics of damage prognosis: 
 Damage evolution modeling 
 Damage quantification 
 Model updating (mainly related to the particle filter method) 
and to provide some perspectives on those issues being or to be studied in current practices. It is 
organized as follows: Section 2.2 discusses the use of a physics-based damage state or data-driven 
health indicator to characterize the damage level in the structure, and the corresponding damage 
evolution modeling. Section 2.3 presents the available work on damage quantification within the 
scope of prognostic studies. Section 2.4 introduces the strategies for updating the damage 
evolution models. Note that some open problems are provided at the end of each section. 
 
2.2 Damage evolution modeling 

The organization of this section follows the schematic diagram depicted in Figure 3. Initially, 
the author introduces the application of physics-based damage state or data-driven health 
indicators (HI) in prognostic investigations. Subsequently, three types of degradation models (or 
damage evolution models) and the probabilistic modeling are reviewed. Finally, the author 
presents a summary of open problems in this field that warrant further exploration. 
 

 

Figure 3 Summary of this section 

 
Current studies on damage prognosis typically involve the description of damage 

occurring during the degradation process as a physics-based damage state [1-3] or a data-driven 
health indicator (HI) [4-7]. For such a damage state or HI to be effective, it must be predictable, 
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exhibiting a specific pattern under fatigue loading. Additionally, there should be a direct 
relationship between the state or HI and structural failure, such that the structure fails when the 
state or HI reaches a predefined threshold. In particular, the damage state should provide 
sufficient information for calculating the threshold through physical laws or numerical 
simulations, while the development of a robust HI under service conditions filled with 
uncertainties usually requires the implementation of advanced machine learning algorithms. 
 

The former includes crack length [8], matrix cracking density [9, 10], delamination area 
or length [11], stiffness reduction [9, 10] in composites, and crack length [1-3] or shape [12] in 
metals. A significant advantage of this approach is its capacity to directly incorporate existing 
knowledge of physical mechanisms, which can contribute to fatigue degradation modeling and 
also the design of a proper threshold of structural failure. Furthermore, a more comprehensive 
understanding of the physical system can lead to further improvements in this regard [13]. HI 
can be viewed as an advanced statistical feature obtained from the SHM data like guided waves, 
fiber Bragg grating, or acoustic emission, and it shows the health (or damage) status of the structure 
or system under monitoring [4, 7]. Despite it can hardly be interpreted and realized in terms of an 
understandable connection to the physical implications, it has the potential to be designed and 
optimized based on the intended purposes, such as a HI evolution function considering the 
monotonicity, trendability and prognosability [5].  
 

Since the evolution of either the damage state or HI under a particular service 
condition can exhibit a specific pattern, a proper model describing this pattern can predict future 
damage conditions. Depending on whether a physical law, fatigue damage data, or SHM data is 
used for modeling, damage evolution models can be classified as physics-based, data-driven, or 
hybrid, as detailed in Table 2. It is worth noting that the physical damage state can be used to 
develop all three types of models, while the HI for data-driven model only. 
 

Table 2 Classification for fatigue damage evolution models. 

Criteria 
Physics-based 

model 
Data-driven model 

(using damage state) 

Data-driven model 

(using HI) 
Hybrid model 

Is a physical law directly used 
in the model? 

Yes No NO Yes 

Is fatigue damage data or SHM 
data from a (or some) 

replication of testing structure 
mandatory for modeling? 

No. But the damage 
data can be used for 

initialization. 
Yes. Damage data Yes. SHM data 

Yes. Damage 
data 

Note: (i) damage data refers to the direct measurement of physics-based damage state, e.g., fatigue 
crack lengths observed by the microscope, fatigue delamination measured by the ultrasonic C-scan; 
(ii) SHM data is taken as the data from any online SHM measurements system like guided waves, 

fiber Bragg grating, or acoustic emission that can indirectly quantify the damage state. 
 

The physics-based model typically falls within the scope of Paris' law or its extensions, 
where the rate of damage evolution is considered as the stress intensity factor (SIF) for metal or 
the strain energy release rate (SERR) for composites. For a simple-shaped structure under a 
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specific loading condition, both the SIF [3, 14] and SERR [9, 10] can be calculated using an 
analytical law including the crack shape function, crack length, and applied fatigue stress. 
However, when dealing with more complex geometries or loading conditions in real-world 
applications, numerical methods like the finite element method are often used for calculation. 
Successful applications are mainly related to SIF calculation in metal, where, for computational 
efficiency, a surrogating model linking the SIF and damage level (mostly crack length) is 
usually built using polynomial fitting [1, 2], support vector regression [12], Gaussian process [8, 
15], or neural networks [16]. Additionally, the degradation parameters like C and m in Paris' law 
can be obtained from literature or some standard tests, as illustrated in [14]. To produce a more 
accurate distribution of these parameters, one may also use fatigue damage data during the 
actual degradation process [2], although this is not always necessary. 
 

When physical knowledge is insufficient to describe the evolution of damage, due to 
factors such as complex fatigue degradation or unknown loading conditions, an alternative is to 
build a data-driven model through a dataset of sufficient fatigue damage data [3, 17, 18] or 
structural health monitoring (SHM) data [4-6, 19]. The former [3, 17, 18] typically involves the 
direct measure of the physical damage state from one or more replications of the testing 
structure, which can then be used for data-driven modeling, such as crack growth [3] and 
stiffness reduction [18] depicted by neural networks, or delamination shape growth modeled by 
polynomial fitting functions [17]. It is important to note that this dataset can be derived from 
numerical simulations or experiments, meaning experimental fatigue damage data is not always 
necessary for data-driven modeling. This will be further elaborated on in Chapter 3. 

 
In contrast, the latter approach [4-6, 19] involves extracting data-sensitive statistical 

features from SHM measurements, such as acoustic emission, strain, or acceleration. These 
features can be used directly as health indicators (HIs) or processed through machine learning 
algorithms to provide a HI, resulting in a database of HIs during the entire run-to-failure process 
for training an HI evolution model.  

 
Hybrid modeling is often required when coupling well-understood and hard-to-model 

physics in fatigue damage propagation, such as in the case of corrosion-induced fatigue crack 
growth [20, 21]. In such cases, the authors have proposed a cumulative damage model that uses 
a physical law and a data-driven function to model the effect of external loading and corrosion 
on crack propagation, respectively. 
 

Since hybrid modeling is still a relatively under-researched area, Table 3 provides a 
summary of the physics-based and data-driven damage evolution models discussed above. The 
table serves to briefly conclude the previous discussions and highlight the key features of each 
model. 
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Table 3 Summary of physics-based and data-driven damage evolution models used in current practices. 

Is that used for modeling? Physics-based model Data-driven model (Damage state) Data-driven model (Health indicator) 

Damage state or health 
indicator 

 Crack length [1-3, 14-16, 22, 23] and shape 
[12] in metal 

 Crack length [8], matrix cracking density [9, 
10], delamination area or length [11], or 
stiffness reduction [9, 10] in composites. 

 Crack length [3], crack depth [24] in metal 
 Matrix cracking density [25], delamination 

shape [17], or stiffness reduction [18, 25] 
in composites. 

 HI can be taken as an advanced feature 
obtained from the SHM data, and it 
shows the health (or damage) status of 
the structure or system under 
monitoring [4, 7]. 

Physical law (Mainly Paris’ 
law or its extension) 

Yes No No 

Another physical 
knowledge 

Optional. Some studies [1, 2, 8, 12, 15, 16, 22, 23] 
resort to numerical simulations to calculate the SIF. 

Optional. Numerical simulation of fatigue 
damage growth can be used for modeling (See 
Chapter 3).  

No 

Fatigue damage data 
Optional. Some studies [1, 2] resort to those data for 
initializing the degradation parameters like C and m 
in Paris’ law. 

Yes. Either experimental or numerical data No 

SHM data 
No. But this is required for indirect damage 
quantification and model updating. 

No. But this is required for model updating. 
Yes. Such as acoustic emission [4, 5], 
acceleration [6], or strain [7]. 

Data-driven algorithm 
Optional. For example, a data-driven surrogating 
model is usually built through the numerically 
simulated SIFs at different crack lengths. 

Yes. Such as polynomial fitting [17], Gaussian 
process, and neural network [3, 18, 25] 

Yes. Such as Gaussian process [7] and neural 
network [4]. 

Note: (i) damage data refers to the direct measurement of physics-based damage state, e.g., fatigue crack lengths observed by the microscope, fatigue delamination 
measured by the ultrasonic C-scan; (ii) SHM data is taken as the data from any online SHM measurements system like guided waves, fiber Bragg grating, or 

acoustic emission that can indirectly quantify the damage state. 
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It is widely recognized that even under the same fatigue test, different specimens of 
the same structure can exhibit similar fatigue degradation behavior, but with different growth 
rates due to uncertainties arising from complex structural degradations and environmental 
effects [26, 27]. Therefore, the deterministic form of the model described above is unlikely to 
provide an accurate prognostic result. To improve their prognostic performance, a 
well-established strategy is to develop a probabilistic model with the model parameters set as 
unknown variables. These parameters can then be updated with the latest damage data through a 
state estimation technique such as the particle filter (PF). 
 

The above discussions describe the procedure of transitioning from a damage state (or 
HI)-based deterministic model to a probabilistic model. The open problems arising from this 
process can be classified into four types, (i) selection of a suitable damage state or HI, (ii) 
insufficient physical knowledge, (iii) insufficient experimental data, and (iv) model fusion. 

 
The first and foremost question is always selecting a proper damage state or HI. 

Regarding the former, the threshold of structural failure is usually predetermined in RUL 
calculation. To ensure safety, this threshold must be less than or at least equal to the smallest 
damage level leading to such failure among repeated tests. Little attention is paid to the 
uncertainties relating to the physics-based threshold. As to the latter, the performance of pure 
data-driven HI may be subjected to the quality of the SHM data. One possibility to enhance its 
performance may be to develop a hybrid HI combining both the damage and SHM data, which 
has yet to be explored. 
 

The second problem relates to the insufficiency of physical knowledge to depict the 
degradation behavior, such as the coupling of multiple cracks in metal, coupling of multiple 
damage modes in composites, and fatigue growth accelerated by corrosion. One possible 
approach is to explore underlying physical knowledge or utilize a data-driven or hybrid model. 
The latter leads to the third issue of limited or no available experimental damage and SHM data. 
While advanced numerical tools may offer a solution, their potential remains largely untapped 
in prognostic investigations. 

 
Finally, there is no universally best model, as each type of model has its pros and cons 

[28]. Even the same model can yield different prognostic performances when applied to 
different specimens of the same structure under the same fatigue test due to the uncertainties 
mentioned above. Therefore, the future of damage evolution modeling lies in an efficient fusion 
scheme containing a sufficient number of damage evolution models, which has received only 
limited attention in prognostic investigations [29, 30]. 

 
In summary, this section first discusses the use of physics-based damage states and 

data-driven health indicators in prognostic studies, then explains the three types of degradation 
models, namely physics-based, data-driven, and hybrid. Finally, the section concludes by 
presenting some open problems that require further investigation. 
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2.3 Damage quantification 

Damage quantification involves measuring the severity of a physics-based damage state, such as 
crack length in metal or stiffness reduction in composites, through direct or indirect 
measurement systems. Note that the HI will not be discussed in this section. While many 
damage quantification methods have been proposed in SHM, this section will only review those 
only used for prognostic studies. Furthermore, the author will highlight three critical issues in 
current practices of indirect damage quantification, namely uncertainties, limited availability of 
experimental data, and feature fusion and selection. 
 

Direct damage quantification involves a direct measure of the damage state. For 
example, the crack length in a metallic structure can be acquired by a caliper [3, 14], and the 
matrix cracking density and delamination length in composites can be measured by X-rays [9, 
10, 31]. The corresponding damage quantification model (or measurement model) is usually a 
straightforward formulation where the measurement equals the damage state, with the 
possibility of additional measurement noise. It is also possible that the measurement system 
may have some deterministic errors. By including a bias parameter in that model, the error can 
be online estimated by a state estimation technique, having little effect on the estimation of 
other state components [32].  
 

In many cases, damage cannot be directly measured and therefore, a damage 
quantification process is implemented through structural health monitoring (SHM) online 
measurement, which may include techniques such as fiber Bragg grating strain sensors [11, 22]  
or Lamb wave-based monitoring systems [23, 33, 34]. The collected data is then processed to 
extract one or more damage-sensitive statistical features, which are used to build a data-driven 
model that describes the relationship between the damage state and the extracted features. This 
approach has been successfully applied using various methods such as neural networks [11, 22], 
polynomial functions [34], the leave-one-out method [33], or Gaussian process regression [23]. 
However, there are still some open problems relating to indirect damage quantification to be 
explored. 
 

Firstly, accounting for uncertainties arising from the sources like environmental effects 
and sensor errors is essential in building a reliable measurement model. A bias can occur 
between the measurements from a test specimen and those predicted by the model, leading to 
inaccurate damage estimation and prognosis. Such a problem is investigated only in a few 
prognostic studies [23, 35, 36], where the measurement model is either offline updated by a few 
direct measures of damage state [23] or online updated by the SHM measurement [2, 36]. 
 

Secondly, the limited availability of experimental data presents a significant challenge 
to data-driven damage quantification. An accurate mapping between the damage state and the 
features extracted from SHM measurements requires a large database of damage states and 
measurements collected during the run-to-failure process. However, due to high costs, such a 
database is rarely available. Only a few studies [1, 22] have explored the use of numerically 
simulated SHM measurements at different damage levels to construct a dataset.  
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Finally, the selection of a proper statistical feature is critical to the prognostic 
performance of the measurement model. Identifying the best feature among multiple features 
may vary in different replications of the same structure or even at different time instants during 
damage progression on the same structure or specimen. Therefore, an integrated framework that 
fuses multiple features (feature fusion) and online selects the best ones (feature selection) for 
identifying the current damage state is necessary. However, this issue has received little 
attention in pure damage quantification studies [37, 38]. 
 

In summary, while direct damage quantification is relatively straightforward, indirect 
damage quantification presents several challenges that need to be addressed to build a reliable 
measurement model for SHM and prognostic studies. Addressing issues such as uncertainties, 
limited availability of experimental data, and feature selection and fusion will be crucial in 
developing accurate and reliable damage quantification schemes in the prognostic study. 
 
2.4 Particle filter-based model updating 

This section presents an overview of the state space modeling in the prognostic application, as 
well as an introduction to the particle filter (PF) and its limitations. Additionally, the section 
discusses the improvements made to the PF algorithm.  
 

Let us consider that a discrete form of damage evolution model can be described as 
 
 𝑥𝑥𝑘𝑘 = 𝑓𝑓(𝑥𝑥𝑘𝑘−1,𝜽𝜽) (1) 
 
where x is the damage state, θ is a vector including the parameters governing the damage 
evolution, the subscript k is the discrete time step, and the function f (·) can be a physics-based 
or data-driven function. The parameters θ can vary in different specimens of the same structure 
due to the uncertainties in the damage evolution process, a deterministic evolution model may 
hardly provide accurate prognosis results. 
  

To overcome this problem, according to the common practices in PF-based prognosis, 
the parameters θ should also be taken as unknown variables to be online updated. If a direct 
damage quantification is pursued, the prognostic model can be built in state space as [14]  
 

 ��
𝜽𝜽𝑘𝑘
𝑥𝑥𝑘𝑘
� = �

𝜽𝜽𝑘𝑘−1 + 𝝎𝝎𝜃𝜃,𝑘𝑘
𝑓𝑓(𝑥𝑥𝑘𝑘−1,𝜽𝜽𝑘𝑘 ,𝜔𝜔𝑘𝑘)�

𝑦𝑦𝑘𝑘 = 𝑥𝑥𝑘𝑘 + 𝜈𝜈𝑘𝑘
 (2) 

 
where the measurement y denotes a direct measure of damage state, ω and 𝝎𝝎𝜃𝜃 are the process 
noises for the damage state and the parameters, respectively, and v represents the measurement 
noise. Eq. (2) also has another version [3, 17], i.e., 
 

 �
𝜽𝜽𝑘𝑘 = 𝜽𝜽𝑘𝑘−1 + 𝝎𝝎𝜃𝜃,𝑘𝑘

𝑥𝑥𝑘𝑘 = 𝑓𝑓(𝑥𝑥𝑘𝑘−1,𝜽𝜽𝑘𝑘) + 𝜈𝜈𝑘𝑘
  (3) 
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The prognostic model in case of indirect damage measurement is usually built as [1, 2, 
36]  
 

 

⎩
⎨

⎧
𝒛𝒛𝑘𝑘 = �

𝜽𝜽𝑘𝑘
𝑥𝑥𝑘𝑘
𝜸𝜸𝑘𝑘
� = �

𝜽𝜽𝑘𝑘−1 + 𝝎𝝎𝜃𝜃,𝑘𝑘
𝑓𝑓(𝑥𝑥𝑘𝑘−1,𝜽𝜽𝑘𝑘 ,𝜔𝜔𝑘𝑘)
𝜸𝜸𝑘𝑘−1 + 𝝎𝝎𝛾𝛾,𝑘𝑘

�

𝑦𝑦𝑘𝑘 = 𝑔𝑔(𝑥𝑥𝑘𝑘 ,𝜸𝜸𝑘𝑘) + 𝜈𝜈𝑘𝑘

 (4) 

 
where the function g (·) describes the relationship between the damage state and the 
measurement, 𝜸𝜸 is a vector of its function parameters, 𝝎𝝎𝛾𝛾 is its process noise, and z is the state 
vector with both the damage state and the model parameters included.  

 
Let us take Eq. (4) as a reference example. In a Bayesian framework, the unknown 

state vector at k-th step 𝒛𝒛𝑘𝑘 is inferred based on a sequence of sensor observations as 
 

 𝑝𝑝(𝒛𝒛𝑘𝑘|𝒚𝒚1:𝑘𝑘−1) = ∫𝑝𝑝(𝒛𝒛𝑘𝑘|𝒛𝒛𝑘𝑘−1)𝑝𝑝(𝒛𝒛𝑘𝑘−1|𝒚𝒚1:𝑘𝑘−1)𝑑𝑑𝒛𝒛𝑘𝑘−1 (5) 

 𝑝𝑝(𝒛𝒛𝑘𝑘|𝒚𝒚1:𝑘𝑘) ∝ 𝑝𝑝(𝑦𝑦𝑘𝑘|𝒛𝒛𝑘𝑘)𝑝𝑝(𝒛𝒛𝑘𝑘|𝒚𝒚1:𝑘𝑘−1)  (6) 

 
where 𝒚𝒚1:𝑘𝑘  are the measurements collected from time step 1 to k, the transition distribution 
𝑝𝑝(𝒛𝒛𝑘𝑘|𝒛𝒛𝑘𝑘−1)  and the likelihood function 𝑝𝑝(𝑦𝑦𝑘𝑘|𝒛𝒛𝑘𝑘)  are obtained from the process and 
measurement equations, respectively, 𝑝𝑝(𝒛𝒛𝑘𝑘|𝒚𝒚1:𝑘𝑘−1)  and 𝑝𝑝(𝒛𝒛𝑘𝑘|𝒚𝒚1:𝑘𝑘)  are the prior and the 
posterior probability distribution functions (PDF) of the variables in the state vector, respectively, 
and ∝ denotes the proportionality. 
 

Eqs. (5) and (6) form the basis for the optimal Bayesian solution, which is however 
difficult to be analytically calculated in a nonlinear and non-Gaussian system as it happens in 
many problems of practical interest. Therefore, the sampling importance resampling (SIR) PF 
[39] is usually used in the prognostic investigation to provide an approximated solution for 
𝑝𝑝(𝒛𝒛𝑘𝑘|𝒚𝒚1:𝑘𝑘), as showed in Figure 4 and Table 4. 
 

 

Figure 4 Sampling importance resampling (SIR) particle filter [40] 
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Table 4 Sampling importance resampling particle filter 

(i) Initialization: draw 𝑁𝑁𝑝𝑝 particles �𝒛𝒛𝑙𝑙,0𝑖𝑖 : 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑝𝑝� from the distribution 𝑝𝑝(𝒛𝒛𝑙𝑙,0) 

For k=1, 2, …, 

 (ii) Prediction in PF: draw 𝑁𝑁𝑝𝑝 particles �𝒛𝒛𝑙𝑙,𝑘𝑘𝑖𝑖 : 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑝𝑝� by 𝒛𝒛𝑘𝑘𝑖𝑖 ~𝑝𝑝(𝒛𝒛𝑙𝑙,𝑘𝑘|𝒛𝒛𝑙𝑙,𝑘𝑘−1𝑖𝑖 ) 

 
(iii) Weight update: calculate the particle weight 𝑤𝑤𝑘𝑘𝑖𝑖  through 𝑤𝑤𝑘𝑘𝑖𝑖 ∝ 𝑝𝑝(𝒚𝒚𝑘𝑘|𝒛𝒛𝑙𝑙,𝑘𝑘𝑖𝑖 ), and 
assign its normalized form 𝑤𝑤�𝑘𝑘𝑖𝑖  to each particle 𝒛𝒛𝑙𝑙,𝑘𝑘𝑖𝑖  

 (iv) Resample for those particles based on the normalized weights 

End 

 
Despite many successful applications of PF in prognostic practices, PF still suffers 

from many drawbacks, as outlined in Table 5. There are very few prognostic studies are 
dedicated to those issues, such as [41] for particle impoverishment and [14] for process noise 
definition.  
 

Table 5 A list of drawbacks of PF in current SHM practices 

Drawback Quote 
Large 
computational cost 

 A significant drawback is the fact that depending on the problem, a large 
number of samples may be required, thus making the PF analysis 
computationally expensive [40].  

 A disadvantage of the PF technique is that it is computationally expensive [42]. 
 The relatively high computational cost of PF is sometimes the major concern 

[43]. 
Curse of 
dimensionality 

 PF is known to behave poorly in high dimensional spaces, especially when 
static parameters are added to the state vector [44]. 

 Number of particles needs to have an acceptable approximation explodes with 
the dimension of the state which makes the standard particle filter inefficient 
for high dimensional systems [45]. 

Particle 
impoverishment 

 This method is faced with what is referred to as the sample impoverishment 
problem, which essentially refers to the loss of diversity among particles as the 
analysis progresses [40]. 

Difficulty in 
calibration for 
process noise 

 Additional uncertainties are artificially added to model parameters, which 
ultimately influences the precision of the state estimation [10].  

 Some process noise formulations might cause inefficiency in the algorithm 
[14]. 
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CHAPTER 3 

DAMAGE EVOLUTION MODELING 

 
Chapter 3 illustrates how the author proceeds with robust damage prognosis from the perspective 
of damage evolution modeling. Targeting the three fundamental questions, namely the selection 
of proper damage state, insufficient experimental damage data, and model fusion, this chapter has 
three corresponding contributions. 
 

Firstly, a method for predicting the delamination shape growth is proposed and 
validated by the composite fatigue test with ultrasonic C-scan monitoring. Then, a dataset 
containing sufficiently enough delamination images is created by some numerical simulation of 
fatigue delamination growth in composites. Finally, a method by fusing multiple physics-based or 
data-driven damage evolution models is proposed to enhance the prognostic performance, and 
validated by an aluminum fatigue test with Lamb wave monitoring. 

 

 



uk.sagepub.com/en-gb/journals-permissions
https://doi.org/10.1177/14759217221116041
journals.sagepub.com/home/shm
http://crossmark.crossref.org/dialog/?doi=10.1177%2F14759217221116041&domain=pdf&date_stamp=2022-08-08
































https://orcid.org/0000-0001-6196-9948


http://ti.arc.nasa.gov/project/prognostic-data-repository
http://ti.arc.nasa.gov/project/prognostic-data-repository
































































































































 

99 

CHAPTER 4 

DAMAGE QUANTIFICATION 

 
Chapter 4 illustrates the use of indirect damage quantification in prognostic investigations. The 
latter can lead to the three fundamental questions, namely uncertainties, insufficient experimental 
damage data, and feature fusion and selection, which correspond to three contributions in this 
chapter. 
 

First, a bias-based prognostic model is proposed to account for those uncertainties. 
Additionally, some numerically simulated Lamb waves are used to build the damage 
quantification model. Finally, a method for online fusing multiple features and selecting the best 
one for prognosis is proposed. All three contributions are tested by the same aluminum fatigue 
test with Lamb wave monitoring. 
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where s is the generic state component to be evaluated, either the crack length or the bias, and T = 197 is the number
of discrete time steps. Lower RMSE and higher CRA represent better estimation and prognosis performances,
respectively.

Figures 12a–c present the RMSEs of crack length, the CRAs of RUL, and the RMSE of bias, respectively, as a
function of the level of bias. Note that the results of the level-one magnitude have already been presented in Section 3.5.
The traditional approach slightly outperforms the new approach under no bias, because the unnecessary bias

FIGURE 10 Predicted future states at 3.6 � 104 load cycles from traditional and new models

FIGURE 11 RUL predictions from traditional and new models
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estimation introduces more uncertainties. By increasing the bias level, the estimation and prognostic performances of
the traditional model significantly decrease, compared with the slight decrease of new model. Meanwhile, the latter
might be difficult to be avoided in practice, because the larger the bias level is, the less accurate its estimation will be,
as given in Figure 12c, but this might be alleviated resorting to the two strategies mentioned Section 3.5,
i.e., (i) adopting a more efficient state estimation technique, e.g., the adaptive PF,45 to estimate the time-varying bias
parameter, and (ii) collecting the true crack length to update the bias parameter at some load cycles.

4 | CONCLUSIONS

The bias between the sensor observation and its prediction by a measurement equation is unavoidable in hybrid
prognostic investigations, leading to inaccurate state and parameter estimations and prognostic results. Inspired by
sensor fault diagnosis and hybrid damage prognosis, this paper has proposed a new hybrid state space model
that includes a bias parameter in the prognostic model for estimation. The experimental study, where an aluminum
lug structure is subject to fatigue cracking and monitored by ultrasonic Lamb waves, has proven that the new model
can provide accurate estimation and prognostic results provided that the bias is correctly estimated. Furthermore,
the estimation and prognostic performances of the new approach have been shown to be noticeably more robust
than those of the traditional model in presence of an increasing bias. The slight performance reduction by increasing
the bias level might not be avoided even in the newly proposed approach, but can be alleviated by combining different
features for damage quantification or by implementing an efficient state estimation technique for time-varying
parameters.

The approach remains valid for more complex scenarios, although the acquisition of sufficient experimental or
in-field data during the entire run-to-failure process might be infeasible, due to unconceivable costs. Thus, one may
resort to simulated data, e.g. from a finite element model, for the definition of the measurement model and the process
equation, surely affected by bias, thus justifying additional effort by the authors in present and future research.
Moreover, with tens or hundreds of sensors installed on large structures, the measurement equation will become
high-dimensional. Although most of the measurements will be unaffected by damage, due to its localized nature, this
may lead to an inaccurate and time-consuming prognosis. Online selection of the most appropriate combination of
observations is another promising field of research in this framework.
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APPENDIX A.

Given the analytical solution for the SIFs at different crack lengths is not available, numerical models of the lug
structure are built by ABAQUS to provide the maximum SIFs Kmax at several crack lengths under the maximum fatigue
load, which are then used to establish the relationship between the SIF range ΔK and the crack length. The numerical
model is plotted in Figure A1.
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A B S T R A C T   

Damage prognosis generally resorts to a damage evolution model and the current damage state to 
predict the future state and the remaining useful life (RUL). As a properly defined damage- 
sensitive statistical feature extracted from the Lamb waves can be used to online quantify the 
damage state, it is here exploited within a particle filter (PF) scheme to perform damage prognosis 
in structural health monitoring. An accurate mapping between the damage state and this feature 
would require a sufficient set of experimental Lamb waves collected in correspondence of 
different damage levels occurring during the run-to-failure process, which, however, is not usu
ally available in real practice due to the high costs and the complex logistics involved in such 
experimental campaigns. In order to deal with this issue, this paper develops a new numerical 
simulation-aided particle filter-based damage prognosis framework, where the process equation is 
still built on the basis of available physical knowledge about the degradation process, whereas the 
measurement equation is built by means of a data-driven modeling approach using the features 
extracted from the numerically simulated Lamb waves. The PF framework serves as the state 
estimation tool which allows to identify the damage state and the parameters in the two equa
tions. The future damage states and the RUL can finally be predicted by projecting the PF esti
mates in the future using the process equation. The proposed framework is demonstrated with 
reference to experimental studies of fatigue crack growth in aluminum lug structures with online 
Lamb wave monitoring.   

1. Introduction 

Engineering structures have to withstand various mechanical and environmental loads during their service life, resulting in fatigue 
damage, e.g., a crack in a metallic structure or a delamination in a composite. The damage may usually evolve in time (or load cycles in 
structural fatigue problems), so that, eventually, the structure fails when the damage state reaches a pre-defined threshold, beyond 
which its functionality cannot be guaranteed any longer. In order to timely avoid this issue, usually inspections are carried out to 
evaluate the structural performance, often requiring quite high financial expenses, also due to unwanted system shutdowns. In order to 
simultaneously ensure structural safety and reduce maintenance costs, one possibility is to schedule the maintenance just before the 
damage state reaches the critical limit. In this context, an advanced damage prognosis technique is desired to estimate the time 
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Paris’ law and the function 𝑔𝑔(∙), and the non-Gaussian noise 𝑒𝑒𝜔𝜔, respectively. Kernel smoothing [35] is 

adopted to improve the accuracy of estimating the time-invariant parameters ln C and m, through Eq. (11) 

 

 �
ln𝐶𝐶𝑘𝑘 = √1 − ℎ2 ln𝐶𝐶𝑘𝑘−1 + �1 − √1 − ℎ2� ln𝐶𝐶� 𝑘𝑘−1 + 𝜔𝜔1,𝑘𝑘

𝑚𝑚𝑘𝑘 = √1 − ℎ2𝑚𝑚𝑘𝑘−1 + �1 − √1 − ℎ2�𝑚𝑚�𝑘𝑘−1 + 𝜔𝜔2,𝑘𝑘
 (11) 

 

where the smoothing parameter h is a value within a range of [0 1], and ln𝐶𝐶�  and 𝑚𝑚�  are the means of 

the samples for the parameters lnC and m, respectively. 

Table 6 shows the values of the PF parameters used in this study, most of which are determined 

based on the previous experiences of the same authors [6, 7]. The four models above share the same PF 

parameters. The effects of these parameters on PF performances can be found in literature [2, 36], thus is not 

discussed hereafter for simplicity.  

 

Table 6 Particle filter parameters. 

Number of particles 𝑁𝑁𝑝𝑝 h in kernel smoothing Standard deviation in likelihood function 

6000 0.1 0.02 

Initial distributions for ln𝐶𝐶 �ln mm

cycle�MPa√mm�
−𝑚𝑚�, m [-] Initial range for x [mm] Initial value for b [-] 

�ln𝐶𝐶0𝑚𝑚0
�~𝒩𝒩��−57.18

8.101 � , � 0.9966 −0.1764
−0.1764 0.0346 �� 𝑥𝑥0 ∼ U(2.5, 3.5) 𝑏𝑏0 = 0 

Distributions of process noises {𝜔𝜔,𝜔𝜔1,𝜔𝜔2,𝜔𝜔𝑏𝑏} for x, ln𝐶𝐶, m, b 

𝜔𝜔~𝒩𝒩�−
0.012

2
, 0.012� 𝜔𝜔1~𝒩𝒩(0, 0.012) 𝜔𝜔2~𝒩𝒩(0, 0.0012) 𝜔𝜔𝑏𝑏~𝒩𝒩(0, 0.0052) 

 

3.5 Target crack growth and features  

The available experimental crack lengths and the Lamb wave signals have been off-line collected over a 

long-time interval (i.e., every several thousand load cycles), resulting in few observations and preventing an 

efficient convergence of the PF, which inevitably demands for a minimum number of observation for an 

efficient state vector identification. To simulate an online SHM application scenario, where the Lamb waves 

can be collected at a higher frequency (or, equivalently, at shorter load cycle intervals) for crack length 

quantification, the crack growth and the features from each of the five experimental specimens are used to 

create the target crack lengths and the corresponding features through the procedure below [6, 7]: 

(i) Linearly interpolate the crack lengths from each specimen to create the target lengths every 300 
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load cycles, and corrupt the crack lengths by white Gaussian noise with a signal-to-noise ratio 

(SNR) of 50 dB to simulate stochasticity in the crack growth process. Notice that, for these 

crack growth trajectories, we consider that no direct measurement has been applied during the 

degradation process, which represents the realistic situation in which the crack length can hardly 

be directly measured. 

(ii) For each specimen, use linear interpolation to assign the four features at each created crack length, 

and corrupt these features by white Gaussian noise with a SNR of 30 dB  to simulate the 

measurement noise.  

Figure 8 shows the target experimental and predicted (by the function 𝑔𝑔𝑙𝑙(∙)) feature measurements 

from specimen S5, confirming that the bias from any feature is time-varying and different. Note that, in this 

study, the true bias at one step is taken as the smallest absolute value of bias at that step and the feature with 

the smallest true bias is taken as the target best feature. Table 7 lists the number of time steps each feature 

results the best in tracking each specimen degradation. Here we remark the best feature for one specimen is 

not guaranteed to be the most performing for another one, indicating that the traditional method resorting to 

one feature may result in different prognostic performances for different specimens. Moreover, each of the 

four features can be the best only at specific steps for the same specimen (and not during the entire 

degradation process), which proves the need for an integrated framework for online fusing and selecting the 

best feature. 
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Figure 8 Experimental and predicted features and bias at each crack length from specimen S5. 

 

Table 7 Number of time steps of each feature being the best feature. 

 
Total number 
of time steps 

Feature 1 Feature 2 Feature 3 Feature 4 

Specimen S1 197 19 15 53 110 

Specimen S2 230 109 5 47 69 

Specimen S3 175 56 10 46 62 

Specimen S4 157 6 19 34 98 

Specimen S5 208 111 14 34 49 

Note: the largest step number of one feature being the best for each specimen is highlighted in grey. 

 

4. Application results  

Results by the new approach based on feature fusion are described hereafter, applied to all five experimental 

specimens and compared to those from the traditional approach based on a single feature. Section 4.1 and 



    18 

4.2 present the results by the traditional method separately resorting to each of the four features and by the 

new approach with feature fusion and selection, respectively, focused on specimen S5. The performances of 

the two methods on all the other specimens are synthetised in Section 4.3. 

 

4.1 Application of traditional method (specimen S5) 

For the traditional method, four particle filter (PF) routines are independently applied to the four prognostic 

models, each based on a single observed feature, thus resulting in four estimates of crack lengths, of 

parameters lnC and m, and of the measurement bias, as plotted in Figures A.1, A.2, and A.3, respectively. In 

general, given the rather satisfactory bias estimation, the posterior PDF of the crack length based on each 

feature has its means remaining close to the target values, and also the samples corresponding to the 

parameters lnC and m are reducing their spread while more observations are processed and finally 

accumulate around some target values. However, their error, though apparently small, will result in a non-

robust prognostic performance, as visible in Figure A.5.   

The predicted future states at 3.6 × 104 load cycles are given in Figure A.4, where the predicted 

future states are distributed around the true crack lengths. This is also apparent in the RUL prediction of 

Figure A.5, where the mean of RUL is close to the target RUL, and the confidence boundaries shrink with 

the increasing load cycle steps. The above observations are the same as those in [3, 6]. However, due to the 

different bias levels among the four features, their overall performances are noted different, especially in 

RUL assessment, thus calling for a strategy of maximizing the use of best features to enhance the prognostic 

accuracy.  

To explore the relation between the bias level and the diagnostic/prognostic performances, the 

results are processed by three metrics, i.e., the root-mean-square error (RMSE) of the crack length estimate, 

Eq. (12), the cumulative relative accuracy (CRA) of the RUL, Eq. (13), and the prognostic horizon (PH), i.e., 

 

 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �1
𝑇𝑇
∑ �𝑥̅𝑥𝑘𝑘 − 𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡,𝑘𝑘�

2𝑇𝑇
𝑘𝑘=1  (12) 

 𝐶𝐶𝐶𝐶𝐶𝐶 = 1
𝑇𝑇−1

∑ �1 − �𝑅𝑅𝑅𝑅𝑅𝑅������𝑘𝑘−𝑅𝑅𝑅𝑅𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡,𝑘𝑘�
𝑅𝑅𝑅𝑅𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡,𝑘𝑘

�𝑇𝑇−1
𝑘𝑘=1  (13) 

 

where 𝑥̅𝑥 and 𝑅𝑅𝑅𝑅𝑅𝑅������ denote the posterior estimates of the crack length and of the RUL, respectively, the 

subscript ‘𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡’ means the true crack length or RUL, and T is the number of discrete load cycle steps required 

by the PF until failure is reached.  

PH is defined as the difference between the load cycle step at which the prediction meets desired 
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criteria [37] and the end-of-life. The end-of-life is considered as the end of the test, i.e., the number of load 

cycles N, and the PH is the distance between the number of load cycles when 60% of the RUL distribution 

falls within a range of ‘true RUL ± 10%𝑁𝑁’ [17] and the end-of-life. Lower RMSE, higher CRA, and larger 

PH indicate better performances. 

Table 8 presents the RMSEs, CRAs, and PHs from all specimens, where, despite the use of online 

estimation for compensating the measurement bias, the four features still yield different performances for 

the same specimen. In general, the feature being the best for the largest number of steps (i.e., the one having 

the smallest true bias) can provide the best prognostic performance. Any of the four features can be the best 

at specific time steps, justifying the effort in developing a scheme to maximise the adoption of the best 

features. 

 

Table 8 Estimation and prognostic performances using one feature (traditional method) for specimen S5. 

 Traditional method using one feature 

Selected feature 1 2 3 4 

Performance metric 

RMSE [mm] 0.863 1.289 0.906 1.091 

PH [Load cycles] 13800 10200 4800 6000 

CRA 0.631 0.413 0.644 0.602 

Number of steps of each feature being the best / 
Number of total steps  

111/208 14/208 34/208 49/208 

Note: (i) the largest step number of one feature being the best feature is highlighted in grey; (ii) the smallest RMSE, largest PH, 
or highest CRA means the ‘best’ performance, and they are highlighted in green. 

 

4.2 Application of feature fusion and selection (specimen S5) 

The newly proposed PF scheme combines the four prognostic models, each with a different observed feature. 

At each step, the best feature is defined as the one with the smallest estimated bias, and then the PF routine 

applies the best samples of crack length and its growth parameters for RUL prediction, and those of crack 

length for the one-step-ahead prediction by each prognostic model. Results are provided in Figures 9 and 10 

and Table 9. A separate PF routine is also considered for reference in Table 9, where the best feature is 

selected according to the true bias (not available in a real application but useful herein to assess the algorithm 

performance), instead of the predicted bias approximated by the PF.  

Figure 9 shows the bias estimates based on the fused features and the best estimates of crack length 

and its growth parameters, while Figure 10 presents the relative future states and RUL predictions. The 

conclusions about the mean values are similar to those arising from the figures in Appendix A.1, thus not 
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repeated here. On the other hand, given that each feature can be the best one at specific time steps, the best 

samples of crack length have been selected among those of different features. As the range of those samples 

that have gone through four features should be smaller than that for one feature, the proposed method 

naturally brings to the narrower CBs of crack length and, consequently, RUL and bias, compared with those 

from the traditional method.  

Table 9 compares the performances of traditional and new methods. By adopting the true bias to 

select the best feature at each time step (note that this can hardly happen in reality and is just used as a 

reference for comparison), the new method always behaves better than the traditional one, confirming that 

the use of the bias-based best feature can improve the prognostic performance. There are still some estimation 

and prognostic errors because the true bias is not taken as a known constant in the state space model. When 

the estimated bias is used to define the best feature, a selection accuracy of 54.8% (114/208) is obtained, i.e., 

the proposed feature selection criterion is capable of finding the target best feature at 114 out of 208 time 

steps. However, the RMSE, PH, and CRA of the proposed method are still more accurate than those of the 

traditional method using any of the four features.  

One may be confused that Feature 1 has the most steps being the target best feature (111/208), and 

the performance of the traditional method resorting to that feature is much less accurate than that of the new 

method. A sudden bias variation from one feature like that of Feature 1 after 6 × 104 load cycles can hardly 

be accurately estimated, thus deteriorating the damage quantification performance, as shown in Figure A.3. 

On the other hand, the new method always relies on different features providing the crack length samples for 

prior calculation at different steps, thus being less sensitive to such variation.  

 

Table 9 Estimation and prognostic performances by adopting one feature (traditional method) and by 

combining multiple features (new method) for specimen S5. 

 Traditional method using one feature New method using four features 

Selected feature 1 2 3 4 
Use true bias to 

define best feature 
Use estimated bias to 

define best feature 

Performance 
metric 

RMSE [mm] 0.863 1.289 0.906 1.091 0.604 0.727 

PH [Load cycles] 13800 10200 4800 6000 36300 45900 

CRA 0.631 0.413 0.644 0.602 0.837 0.835 

Number of steps of each feature being 
the best / Number of total steps 

111/208 14/208 34/208 49/208 - - 

Accuracy of using estimated bias to 
find the target best feature 

- - 114/208 (54.8%) 

Note: (i) the largest step number of one feature being the best feature is highlighted in grey; (ii) the smallest RMSE, largest PH, 
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or highest CRA means the ‘best’ performance, and they are highlighted in green; and (iii) the result from new method is 
highlighted in blue if it is more accurate than that from the traditional method. Same below. 

 

 
Figure 9 Estimation results using new method from specimen S5. 

Note: (i) Figures (a), (c), (d), (e) and (f) share the same legend, (ii) ‘CB’ means the confidence boundary; (iii) ‘Initial’, ‘1.8 × 104’, 
‘3.6 × 104’, and ‘Final’ represent the samples of the three parameters at 0, 1.8 × 104, 3.6 × 104, and last load cycles, respectively. 
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Figure 10 Future state prediction at 3.6 × 104 load cycles and RUL prediction using the new method 

from specimen S5. 
 

4.3 Results from all the other specimens 

The robustness of the proposed framework is tested with the specimens S1 ~ S4. The analyses in Sections 

4.1 and 4.2 are repeated with the same PF parameters given in Section 3.4. The crack length estimation and 

RUL prediction results using the new method are presented in Figures 11 and 12, respectively, which lead to 

the same conclusions drawn from Figures 9 and 10 relatively to Specimen S5, demonstrating the robustness 

of the proposed method over different specimens.  

Tables 10 ~ 13 show the damage quantification and RUL prediction performances for specimens S1 

~ S4, respectively. Similar conclusions from Sections 4.1 and 4.2 can be drawn here. One exception is for 

specimen S4, where the new method has the best crack length estimation but less satisfactory RUL prediction, 

possibly because of the unsatisfactory estimation of the parameters ln C and m, which calls for some sort of 

strategy for fast and robust parameter estimation and also a better initialization of those parameters. 
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Figure 11 Crack length estimations from the new method for specimens S1 ~ S4. 
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Figure 12 RUL predictions from the new method for specimens S1 ~ S4. 

 

Table 9 Estimation and prognostic performances by adopting one feature (traditional method) and by 

combining multiple features (new method) for specimen S1. 

 Traditional method using one feature New method using four features 

Which feature to be used 1 2 3 4 
Use true bias to 

define best feature 
Use estimated bias to 

define best feature 

Performance 
metric 

RMSE [mm] 0.903 1.582 1.011 0.890 0.276 0.505 

PH [Load cycles] 9900 8400 3900 4800 33000 41400 

CRA 0.556 0.112 0.479 0.594 0.798 0.747 

Number of steps of each feature being 
the best one / Number of total steps 

19/197 15/197 53/197 110/197 - - 

Accuracy of using estimated bias to 
find the target best feature 

- - 110/197 (55.8%) 

Note: (i) the largest step number of one feature being the best feature is highlighted in grey; (ii) the smallest RMSE, largest PH, 
or highest CRA means the ‘best’ performance, and they are highlighted in green; and (iii) the result from new method is 

highlighted in blue if it is more accurate than that from the traditional method. Same below. 
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Table 11 Estimation and prognostic performances by adopting one feature (traditional method) and by 

combining multiple features (new method) for specimen S2. 

 Traditional method using one feature New method using four features 

Which feature to be used 1 2 3 4 
Use true bias to 

define best feature 
Use estimated bias to 

define best feature 

Performance 
metric 

RMSE [mm] 0.962 1.744 1.401 1.773 0.853 0.568 

PH [Load cycles] 7500 10500 1800 4800 44700 35700 

CRA 0.606 0.206 0.275 0.289 0.802 0.752 

Number of steps of each feature being 
the best one / Number of total steps 

109/230 5/230 47/230 69/230 - - 

Accuracy of using estimated bias to 
find the target best feature 

- - 176/230 (76.5%) 

 

Table 12 Estimation and prognostic performances by adopting one feature (traditional method) and by 

combining multiple features (new method) for specimen S3. 

 Traditional method using one feature New method using four features 

Which feature to be used 1 2 3 4 
Use true bias to 

define best feature 
Use estimated bias to 

define best feature 

Performance 
metric 

RMSE [mm] 0.597 1.466 1.204 0.973 0.523 0.514 

PH [Load cycles] 6600 600 1200 2100 29400 9300 

CRA 0.267 -0.301 0.043 0.282 0.782 0.605 

Number of steps of each feature being 
the best one / Number of total steps 

56/174 10/174 46/174 62/174 - - 

Accuracy of using estimated bias to 
find the target best feature 

- - 104/174 (59.8%) 

 

Table 13 Estimation and prognostic performances by adopting one feature (traditional method) and by 

combining multiple features (new method) for specimen S4. 

 Traditional method using one feature New method using four features 

Which feature to be used 1 2 3 4 
Use true bias to 

define best feature 
Use estimated bias to 

define best feature 

Performance 
metric 

RMSE [mm] 1.298 1.500 1.349 1.107 0.888 0.934 

PH [Load cycles] 6300 6000 300 3900 4500 4500 

CRA 0.192 0.021 0.054 0.434 0.497 0.361 

Number of steps of each feature being 
the best one / Number of total steps 

6/157 19/157 34/157 98/157 - - 

Accuracy of using estimated bias to - - 75/157 (47.8%) 
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find the target best feature 

 

5. Conclusions 

Damage prognosis methods typically require a data-driven measurement equation to describe the relationship 

between the damage state and some properly chosen damage-sensitive statistical features. As the best feature 

can vary for different specimens, or even, at different time steps for the same specimen, the selection of such 

a feature can hardly be a trivial task but has received little attention in current practices. By combining a 

novel online feature fusion and selection scheme with multiple prognostic models considering measurement 

bias, this work has proposed a new particle filter-based damage prognosis framework, where, at each step, 

the feature with the smallest estimated bias is taken as the best feature providing the best estimates at that 

step.  

The results of the new method have been compared with the traditional approach, where the 

prognostic model resorting to one feature has been processed through one PF for damage quantification and 

RUL prediction. The traditional method has shown performance dependance from the feature choice. The 

smaller bias one feature has, the better performance it can provide, as a smaller bias can be more accurately 

estimated, having less effect on the estimation of the crack length. Any feature can be the best feature at 

specific steps, and the proposed method maximizes the use of the best features, thus yielding more accurate 

estimation and prognostic performances.  

To move towards a more practical and robust application, one may consider three potential paths, 

from the perspectives of degradation modeling, sensor fusion, and feature selection.  

 This method only relies on Paris’s law for degradation modeling. The fusion of multiple 

degradation models, like those arising from physical knowledge and data-driven approaches, 

deserves more investigation. 

 This method only resorts to the bias parameter for selecting the best feature at each step. The 

performance of PF-based estimation can be evaluated by other coefficients like the effective 

sample size, which could be also exploited for selecting the best feature. Furthermore, rather 

than always resorting to the estimates from the best feature, different groups of estimates can 

be weighted by the above coefficients and then applied to prior calculation, improving the 

particle diversity and possibly yielding a more robust prognostic performance.  

 This method is only validated in a case study where features can only be extracted from Lamb 

wave signals, specifically by the same piezoelectrical transducer. Given that multiple 

transducers and different types of sensors, like strain gauges and accelerometers, are often 
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installed for monitoring, the fusion of those sensor signals remains a challenge.  

 

Appendix A.1 

The damage estimation and prognostic results for the traditional method (by using each of the four features 

separately) applied to specimen S5 are shown in Figures A.1 ~ A.5, specifically for crack length estimation, 

crack growth parameter estimation (lnC and m), bias estimation, future state prediction and the RUL 

prediction, respectively. 

 

 
Figure A.1 Crack length estimation using traditional method resorting to one feature for specimen S5. 

Note: ‘CB’ means the confidence boundary. 
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Figure A.2 Parameter estimation using traditional method resorting to one feature for specimen S5. 

Note that ‘Initial’, ‘1.8 × 104’, ‘3.6 × 104’, and ‘Final’ represent the samples of the three parameters at 0, 
1.8 × 104, 3.6 × 104, and last load cycles, respectively. 
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Figure A.3 Bias estimation using traditional method resorting to one feature for specimen S5. 

 



    30 

 
Figure A.4 Future state prediction at 3.6 × 104 load cycles using traditional method resorting to one 

feature for specimen S5. 
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Figure A.5 RUL prediction using traditional method resorting to one feature for specimen S5. 
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CHAPTER 5 

HIGH-DIMENSIONAL PARTICLE FILTER 

 
In Chapter 5, targeting the curse of dimensionality, the author proposes a new particle filter 
method that can simplify a high-dimensional identification into multiple lower-dimensional 
identifications, whose robustness is tested by a toy example and a numerical simulation of 
twenty-story Bouc-wen frame structure under seismic excitation. 
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Abstract 

Various time-domain state estimation algorithms have been developed for nonlinear system identification in 

structural health monitoring (SHM). Particle filter (PF) is one of the successful applications, but it suffers from 

the curse of dimensionality and behaves poorly in high-dimensional structural dynamic systems. The idea of 

state and measurement partitioning has been used in many PF algorithms to simplify high-dimensional 

identification problems into the identification of several lower-dimensional subgroups, but with very few 

applications to SHM problems. In this context, by combining multiple particle filters (MPF) with the decay of 

correlations property, this paper develops a novel multiple local particle filter (MLPF) for high-dimensional 

structural identification problems. One state vector with the components from multiple degrees of freedom 

(DOFs) is partitioned into several state subgroups, each consisting of the component from one DOF and then 

estimated by one PF through a novel likelihood including the local state and measurement vectors. The 

feasibility and efficiency of the proposed method are tested through a benchmark toy example and a case study 

of a twenty-story Bouc-Wen frame structure under ground motion. 

 

Keywords: structural health monitoring, system identification, particle filter, curse of dimensionality, decay 

of correlations. 

 

1. Introduction 

Structural health monitoring (SHM) has seen a lot of research in the field of structural system identification, 

utilizing various time-domain techniques such as the least square method [1], the extended Kalman filter [2, 

3], the unscented Kalman filter [4, 5], and the particle filter (PF) [5-8]. These methods use a state-space models 

to describe the dynamic behavior of a monitored structure, where the parameters such as stiffness or damping, 

and the state variables such as velocity and displacement are combined to form an augmented state vector and 

coupled in both the process and measurement equations, leading to nonlinear identification problems [5]. 
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Particle filter (PF) has been demonstrated successful for nonlinear system identification in SHM. 

However, it suffers from the curse of dimensionality, i.e., as more components (i.e., parameters and variables) 

are added into the state vector for estimation, the number of particles will be exponentially increased with the 

vector dimension, consequently leading to tremendous, or sometimes unaffordable, computation efforts [9, 

10]. On the other hand, the SHM system typically has tens or hundreds of sensors installed for inferring the 

unknown structural parameters and states at multiple locations, possibly resulting in a high-dimensional 

problem. Very few PF modifications [6, 7] are proposed in SHM practices to alleviate the effect of the curse 

of dimensionality on high-dimensional identification. They consist in partitioning the state vector into the two-

state subgroups, namely linear and nonlinear ones, and then combining PF with the marginalization approach 

for estimation. However, the dimensions of either one subgroup or both of them could still be quite large in a 

high-dimensional system, limiting the usage of those methods. 

The curse of dimensionality is a well-known issue when using PF in engineering applications beyond 

SHM, such as multiple target tracking [11], where a whole state vector always consists of the unknown 

components (e.g., the location coordinates) from multiple targets. A common modification in the these 

applications is to partition the whole state vector into several state subgroups, each having the components of 

one target and then estimated through one PF, based on the assumptions of the independent posterior 

distribution and state evolution between the subgroups. By simplifying a problem of high-dimensional 

identification into that of multiple lower-dimensional identifications, this idea has led to the development of 

successful high-dimensional PF algorithms, including multiple particle filter (MPF) [13, 14] and its extensions 

[11, 15], and independent partition particle filter [12] and its extensions [16, 17].  

On one hand, state space models commonly used in structural health monitoring (SHM) practices can 

not always satisfy the assumption of independent state evolution. Specifically, when adopting a state 

partitioning strategy from multiple target tracking [13, 14], a state vector containing multiple degrees of 

freedom (DOFs) can be partitioned into several subgroups, each consisting of components (e.g., velocity and 

displacement) from a single DOF. However, it is possible that one subgroup has to evolve with the state 

components from itself and another subgroup, for example, in the case of calculating the hysteretic 

displacement of top story in a multiple-story Bouc-Wen frame using the velocities from that story and its lower 

story. This violates the aforementioned assumption and restricts the applicability of existing algorithms for 

structural system identification. 

On the other hand, the likelihood calculation in a high-dimensional problem can impose a significant 

computation burden [18], as seen in the PF algorithms mentioned above, where calculating the likelihood of 
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one subgroup involves either all state and measurement components [11, 13-15] or partial state components 

and all measurements [12, 16, 17]. To improve the computation efficiency, a modified likelihood with fewer 

state and measurement components involved is always desirable. The decay of correlations property indicates 

that, as a high-dimensional system is spatially distributed over relatively large distances, the conditional 

distribution of one state subgroup should significantly depend on the collected measurements at its nearby 

location [19]. This allows for estimating the posterior distribution of each subgroup with its nearby 

measurements. Fewer measurements in posterior estimation bring to fewer state and measurement components 

in likelihood, as shown in the use of PF in the application of target tracking [20, 21], providing a mechanism 

to reduce the computational cost.  

In this study, we propose two contributions for high-dimensional structural identification. First, we 

extend the concept of state partitioning to account for dependent state evolution. Specifically, we partition one 

state vector into several state subgroups, each containing the state components of one degree of freedom (DOF) 

and evolving with itself and additional state components. Next, we develop a novel multiple local particle 

filter (MLPF) by combining the decay of correlations property and the idea of state partitioning. The MLPF 

utilizes a novel likelihood function that includes fewer state and measurement components, resulting in 

computational savings. The feasibility of the extension is tested through a numerical simulation of a twenty-

story Bouc-Wen frame structure under the ground motion, and the efficiency of the proposed MLPF over PF 

and MPF is validated by a toy example from [9] and the above numerical study. 

The remainder of this paper is organized as follows: Section 2 describes the particle filter, multiple 

particle filter, the extension about dependent state evolution, and the novel multiple local particle filter. The 

performances of the three algorithms are compared by the toy example in Section 3 and the numerical 

simulation of a twenty-story Bouc-Wen frame structure in Section 4. Finally, Section 5 concludes the paper 

with some topics for further work. 

 

2. Particle filter algorithms 

In this Section, we first review some fundamental concepts related to the particle filter (PF) method, including 

the state space model, analytical calculation of posterior probability density function (PDF), Monte Carlo 

sampling, sequential importance sampling, and standard PF. Then, we introduce the multiple particle filter 

(MPF), which is designed for multiple target tracking, and propose an extension of dependent state evolution 

for MPF. We then develop the multiple local particle filter (MLPF) by introducing a new likelihood into the 

MPF. Finally, we propose a definition of local state and measurement vectors for MLPF and explain why 
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MLPF can be more computationally efficient than MPF. 

 

2.1 Particle filter 

The state space model for the system identification problem can be formulated as 

  ( )1 1 1, ,k k k kf − − −=X X u ω  (1) 

  ( ), ,k k k kh=Y X u η  (2) 

where the subscript k is the time step, X, u, and Y represent the state, input, and measurement vectors, ω and 

η are the process and measurement noise vectors, whose distributions are assumed as zero-mean Gaussian in 

this study, f (·) and h (·) are the process and measurement functions describing the system state evolution and 

the relationship between the states and the measurements, respectively.  

From a Bayesian perspective, the problem of estimating the state vector kX  based on a sequence of 

the available measurements up to time step k 1:kY   is to recursively build the posterior probability density 

function (PDF) ( )1:|k kp X Y  as: 

 ( )1: 1 1 1 1: 1 1| ( | ) ( | )k k k k k k kp p p d− − − − −= ∫X Y X X X Y X  (3) 

 ( ) ( ) ( )1: 1: 1| | |k k k k k kp p p −∝X Y Y X X Y   (4) 

where 1:kY   are the measurements collected from time step 1 to k, ∝   denotes proportionality, and 

1( | )k kp −X X , ( )1: 1|k kp −X Y  , and ( )1:|k kp X Y   are the transition distribution, prior PDF, and likelihood 

function, respectively. 

Obtaining an analytical solution of Eqs. (3) and (4) is rare in a nonlinear and non-Gaussian problem. 

As a result, Monte Carlo sampling is often used to approximate the posterior PDF with N particles 

{ }: 1, 2, ,i
k i N= …X  as 

 ( ) ( )1:
1

1|
N

i
k k k k

i

p
N

δ
=

≈ −∑X Y X X  (5) 

where ( )δ ⋅  is a Dirac-delta function. 

Given the difficulty in sampling from the true posterior PDF, an alternative is to apply importance 

sampling to draw N samples from a properly chosen importance density ( )q X  like ( )1:|k kq X Y  for building 
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the PDF ( )1:|k kp X Y  as 

 ( ) ( )1:
1

|
N

i i
k k k k k

i

p w δ
=

≈ −∑ X Y X X  (6) 

where the weight i
kw  corresponding to the i-th particle i

kX  denotes the normalized form of the weight i
kw  

calculated as: 

 
( )
( )

1:

1:

|

|

i
k ki

k i
k k

p
w

q
∝

X Y

X Y
 (7)  

The computation effort of Eq. (7) will increase over time, as more measurements will be included in the vector 

1:kY . 

In order to improve the efficiency of computing the particle weight, the PDF ( )0: 1:|k kp X Y  should 

be built with N particles { }0: : 1, 2, ,i
k i N= …X  from the density ( )0: 1:|k kq X Y  as 

 ( ) ( )0: 1: 0: 0:
1

|
N

i i
k k k k k

i

p w δ
=

≈ −∑ X Y X X  (8) 

then we have 

 

( )
( )
( ) ( ) ( )

( ) ( )
( ) ( )

( )

0: 1:

0: 1:

0: -1 1: 1 -1

0: -1 1: -1 0: -1 1:

1
1

1

|

|

| | |

| | ,

| |

| ,

i
k ki

k i
k k

i i i i
k k k k k k

i i i
k k k k k

i i i
k k k ki

k i i
k k k

p
w

q

p p p

q q

p p
w

q

−

−
−

−

∝

∝

∝ 

X Y

X Y

X Y X X Y X

X Y X X Y

Y X X X

X X Y

 (9)  

It is often convenient to choose the density ( )1,|k k kq −X X Y  to be the transition distribution, 

 ( ) ( )1 1,| |k k k k kq p− −=X X Y X X  (10) 

which yields 

 ( )1 |i i i
k k k kw w p−∝  Y X  (11) 

Finally, we can obtain the posterior PDF by [22, 23] 
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( ) ( )

( )

( ) ( )

( )

1: 0: 1: 0: 1

0: 1 0: 1 0: 1
1

0: 1 0: 1 0: 1
1

1

| |

,

k k k k k

N
i i i
k k k k k k

i
N

i i i
k k k k k k

i
N

i i
k k k

i

p p d

w d

w d

w

δ

δ δ

δ

−

− − −
=

− − −
=

=

=

≈ − −

= − −

= −

∫

∑∫

∑∫

∑







X Y X Y X

X X X X X

X X X X X

X X

 (12) 

Eqs. (8) ~ (12) give rise to the universally known sequential importance sampling (SIS) algorithm, 

which, however, is shown to suffer from particle degeneracy, i.e., most particles are assigned with a trivial 

weight after a few time steps. This phenomenon can be evaluated by the effective sample size effN  as 

 
( )

, 2

1

1
eff k N

i
k

i

N
w

=

=

∑ 

 (13) 

Once effN  falls below a predefined threshold TN , a resampling technique is adopted to eliminate the small-

weight particles and duplicate the large-weight particles. A standard PF typically has a resampling step inserted 

into an SIS scheme [24, 25], and its pseudo-code is given in Table 1. 

 

Table 1 Pseudo-code of particle filter 

For k=0 

 Initialization: draw N particles { }: 1, 2, ,i
k i N= …X  from the known 0( )p X . 

For k=1, 2, … 

 Prediction: draw N particles { }: 1, 2, ,i
k i N= …X  from 1( | )k kp −X X . 

 
Weight update: calculate the particle weight and the effective sample size ,eff kN  by 

Eqs. (11) and (13), respectively. 

 

If , /eff kN N  is below the threshold NT 

Resample for { }: 1, 2, ,i
k i N= …X   based on the normalized weights 

{ }: 1, 2, ,i
kw i N= …  and then define each weight as 1/N. 

 Approximate the mean ˆ
kX  by 

1

ˆ
N

i i
k k k

i

w
=

=∑ X X . 

 

The PF algorithm is widely recognized as an efficient approach for many nonlinear and non-Gaussian 

engineering problems. However, its practical application is often limited to low-dimensional state spaces due 
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to the curse of dimensionality, which requires the number of particles to increase exponentially with the 

dimension of the state vector [9]. To overcome this challenge, one possible solution is to partition the state 

vector into several subgroups and then use a separate PF for each subgroup, such as that performed in multiple 

particle filter (MPF) [13, 14].  

 

2.2 Multiple particle filter 

MPF was first proposed in [13, 14] for multiple object tracking and then detailed in [11]. First, a whole state 

vector kX  can be partitioned into b state subgroups as 

 1 2 Tb
k k k k = … X x x x  (14) 

where j
kx  denotes the j-th subgroup, i.e., a vector of state components from the j-th target. Each subgroup 

has the same state component as the others. 

MPF always assumes each state subgroup to independently evolve from the rest, i.e., 

 ( )1|j j
k k k

jp −∼x x x  (15) 

Then, by resorting to the assumption of posterior independence between each subgroup, it is possible to write:  

 

( ) ( ) ( )
( ) ( )

( )

1: 1: 1
1 2 2 3

:

1: 1:

1

2

:

1

1

3

| | , ,..., , ,..., |

| , ,..., |

|

k k k k k k k k k k

k

b b

k k k k k

b

b

j
k k

j

p p p

p p

p
=

=

=

=∏

X Y x Y x x x x x Y

x Y x x x Y

x Y

 (16) 

It should be noted that, although the posterior probability density function (PDF) of each subgroup is not 

generally independent due to the correlations arising from the measurement equation, this assumption has been 

shown to be beneficial in high-dimensional particle filters [11]. Therefore, we adopt this assumption in this 

section, as well as in the subsequent analyses. 

The estimation of the posterior PDF for a whole state vector can be consequently simplified into that 

for multiple subgroups. Take the j-th subgroup as a reference example. Let us define: 

 1 1 1 Tj j j b
k k k k k
− − + =   X x x x x  (17) 

The posterior PDF ( )1:|j
k kp x Y  can be obtained through a Bayesian approach as 
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( ) ( )
( ) ( ) ( )

( ) ( ) ( )

1: 1:

1: 1 1: 1

1: 1 1: 1

|

|

| ,|

|

|

| |

j
k k k k k

j j j
k k k k k k k k

j j
k k k k k

j

j
k

j

k

p p d

p p p d

p p p d

−

− − −
− −

− −
− −

=

∝

=

∫
∫

∫

x Y X Y X

Y X X Y x X Y X

x Y Y X X Y X

 (18) 

where  

 ( ) ( ) ( )1: 1 1 1 1: 1 1| | |=j j
k k k

j j
k k

j
k kp p p d− −− −

−
−

− − − −∫X Y X X X Y X  (19) 

Eqs. (18) and (19) are difficult to be analytically calculated in a nonlinear and non-Gaussian problem. 

Thus, similarly to what is performed for PF, the sequential importance sampling is used to estimate the 

posterior PDF ( )0: 1:|j
k kp x Y  through N particles drawn from the importance density ( )0: 1:|j

k kq x Y , i.e., 

 ( ) ( ),
0: 1: 0:

,
0:

1

|
N

j i
k k k k k

i

i

j j jp w δ
=

≈ −∑ x Y x x  (20) 

where ,j i
kw  is the normalized form of particle weight ,j i

kw  corresponding to the i-th particle for the j-th state 

subgroup.  

The sequential calculation of the particle weights ,j i
kw  is demonstrated as follows. First, we have 

 

( ) ( )
( ) ( )
( ) ( ) ( )

0: 1: 0: 1: 0:

0: 1: 1 0:

0: 0: 1: 1 0: 1: 1 0:

| |

| |

| | , |

j
k k k k k

j
k k k k k

j j j
k k k

j

j
k k k k k

p p d

p p d

p p p d

−

−
−

− − −
− −

=

∝

=

∫
∫
∫

x Y X Y X

Y X X Y X

Y X x X Y X Y X

 (21) 

With the assumption of independent state evolution and posterior distribution between each subgroup, we can 

have: 

 ( ) ( )0: 0: 1: 1 0: 1: 1| , |j
k k k

j j
k kp p−

− −=x X Y x Y  (22) 

Eq. (21) then becomes: 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0: 1: 0: 1: 1 0: 1: 1 0:

1 0: 1 1: 1 0: 1 1: 1 0: 1

1 0: 1 1: 1 1: 1

| | | |

| | | , |

| | | |

j j
k k k k k k k k k

j j j j
k k k k k k k k k k k

j j
k k k

j j

j j j

j j j
k k k k k k

p p p p d

p p p p d d

p p p p d

− −
− −

− − − −
− − − − − −

− −
− − − −

∝

=

=

∫
∫ ∫
∫

x Y x Y Y X X Y X

x x x Y Y X X X Y X X

x x x Y Y X X Y X

 (23) 

The prior PDF ( )1: 1|j
k kp −

−X Y  can be defined through the Dirac function as 

 ( ) ( )1: 1
ˆ|j j j

k k k kp δ− − −
− ≈ −X Y X X  (24) 

where   

 1 1 +1ˆ ˆ ˆˆ ˆ− − =  
Tj j j b

k k k k kx x x xX     (25) 
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and  

 , ,
1

1

ˆ −
=

=∑j
k

N
j i j i

k k
i

w xx   (26) 

Eq. (23) can then be written as 

 ( ) ( ) ( ) ( )0: 1: 0: 1 1: 1 1
ˆ| | | | ,j j j j j j

k k k k k k k k kp p p p −
− − −∝x Y x Y x x Y x X  (27) 

which yields  

 

( )
( )
( ) ( ) ( )

( ) ( )
( ) ( )

( )

,
0: 1:,

,
0: 1:

, , , ,
0: -1 1: 1 -1

, , ,
0: -1 1: -1 0: -1 1:

, , ,
1,

1 , ,
1

|

|

ˆ| | | ,

| | ,

ˆ| , |

| ,

j i
k kj i

k j i
k k

j i j i j i j i j
k k k k k k k

j i j i j i
k k k k k

j i j j i j i
k k k k kj i

k j i j i
k k k

p
w

q

p p p

q q

p p
w

q

−
−

−
−

−
−

∝

∝

∝ 

x Y

x Y

x Y x x Y x X

x Y x x Y

Y x X x x

x x Y

 (28) 

With the importance density set as the prior distribution,  

 ( ) ( )1 1| , |j j j j
k k k k kq p− −=x x Y x x  (29) 

the particle weight for each subgroup can be sequentially calculated as 

 ( ), ,
1

, ˆ| ,j i j i j
k k k

j
k k

iw w p −
−∝  Y x X  (30) 

Finally, the posterior PDF ( )1:|j
k kp x Y  can be similarly obtained through Eq. (12). One resampling step is 

implemented for each subgroup. The above summarizes the standard MPF algorithm [13, 14]. 

 

Table 2 Pseudo-code of multiple particle filter 

For k = 0 

        Initialization: same as that in PF. 

For k = 1, 2, … 

 For each subgroup, independently do 

 Prediction: draw N particles { }, : 1, 2, ,j i
k i N= …x  by Eq. (15). 

 Mean calculation: , ,
1

1

ˆ
N

j i j i
k k

j
k

i

w −
=

=∑  xx . 

 For each subgroup, independently do 

 
Weight update: calculate the particle weight and the effective sample size ,

j
eff kN  

by Eqs. (30) and (13), respectively. 
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 Resample for { }, : 1, 2, ,j i
k i N= …x : same as that in PF. 

 Approximate the mean ˆ j
kx  by 

1

, ,ˆ
N

j j j
k k

i
k

i

iw
=

=∑ x x . 

 

The effectiveness of MPF compared to PF has been demonstrated in multiple object tracking, as it 

simplifies the identification of the whole state vector into several lower-dimensional subgroups. However, this 

algorithm has two limitations.  

First, the assumption of independent state evolution cannot always be satisfied, especially in the 

application of structural system identification. Let us consider an application case of estimating the hysteretic 

displacement, velocity, and stiffness in a multiple-story Bouc-Wen frame. When following the state 

partitioning strategy from MPF [13, 14], a state vector containing multiple degrees of freedom (DOFs) can be 

partitioned into several subgroups, each consisting of components (i.e., stiffness, velocity, and displacement) 

from a single DOF. The displacement of each story (except the first story) has to be calculated by the velocity 

from that story and its lower story, violating the assumption of independent state evolution. Second, the 

likelihood for each state subgroup is calculated using all state and measurement components, as shown in Eq. 

(30), which can be computationally expensive [18] and requires modifying the likelihood function to include 

fewer state and measurement components to improve efficiency. 

 

2.3 Extension about dependent state evolution 

This study proposes an extension for the idea of state partitioning for the case of dependent state evolution, 

i.e., the N particles at the prediction step can also be sampled from: 

 ( )1 1| ˆ,k k k
j j j

k
jp − −∼x x x t  (31) 

where jt  is a vector of state components required for the state evolution of the j-th subgroup, i.e., 

 ( )1 1 1 1, , ,j
k k

j
k k

jjj
k f − − − −= x t u ωx  (32) 

The selection of these components will be further elaborated by a numerical example in Section 4.3. 

MPF with Eq. (31) is given below. Provided that each state subgroup in a high-dimensional system 

may have a limited dependence on the rest, Eq. (22) can be considered sound. The prior PDF ( )0: 1: 1| −k
j
kp x Y  

can be obtained by, 
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( ) ( )
( ) ( )
( ) ( ) ( )

( ) ( )

0: 1: 1 0: 1 1 1: 1 1

1: 1 1 0: 1 0: 1 1 1: 1 1

1 1 1 0: 1 1: 1 0: 1 1: 1 1

0: 1 1: 1 1 1 1

| , , |

| , , , |

| , | , |

| | , ˆ

k k k k k k k

k k k k k k k k

k k k k k k k k k

k k

j j j j j

j j j j j j

j j j j j

k k k k

j j

j j j j j

p p d

p p d

p p p d

p p δ

− − − − −

− − − − − − −

− − − − − − − −

− − − − −

=

=

=

= −

∫
∫
∫

x Y x x t Y t

x Y t x x t Y t

x t x t x Y x Y t

x Y x t x t( )
( ) ( )

1 1

0: 1 1: 1 1 1| ˆ| ,

j j

j j j j

k k

k k k k k

d

p p

− −

− − − −=

∫ t t

x Y x t x

 (33) 

Provided with Eqs. (22) and (33), Eq. (21) then becomes, 

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
0: 1: 0: 1 1: 1 1 1 0: 1: 1 0:

0: 1 1: 1 1 1

| ˆ

ˆˆ| | | ,

| | , | |

,

j j
k k k k k k k k k k k k

j
k k k k k k

j j j j j

j j j
k k

j j

p p p p p d

p p p

− −
− − − − −

−
− − − −

∝

=

∫x Y x Y x t x Y X X Y X

x Y x t x Y x X
 (34) 

Following Eqs. (28) ~ (30), the particle weight can be sequentially calculated as 

 

( )
( )

( ) ( )
( )

( )

,
0: 1:,

,
0: 1:

, , ,
1 1,

1 , ,
1

,
1

,

|

|

ˆ ˆ| , |

| ,

ˆ|

,

,

−
− −

−
−

−
−

∝

∝

=

j i
k kj i

k j i
k k

j i j j i j i
k k k k k kj i

k j i j i
k k k

j i

j

j i j
k k k k

p
w

q

p p
w

q

w p

x Y

x Y

Y x X x x t

x x Y

Y x X





 (35) 

where the importance density ( ), ,
1| ,j i j i

k k kq −x x Y  is set as ( ), ,
1 1, ˆ|j i j i

k k k
jp − −x x t .  

 

2.4 Novel multiple local particle filter  

This Section presents the proposed multiple local particle filter (MLPF), which maintains the state partitioning 

approach and all the assumptions from the MPF. The decay of correlations property indicates that, as a high-

dimensional system like a multiple-DOF structure is spatially distributed over relatively large distances, the 

conditional distribution of one state subgroup should be highly correlated to the measurements collected at its 

nearby location [19]. Let us define a vector of the measurements in nearby locations of the j-th state subgroup 

as j
ky . Then, Eq. (16) is modified accordingly, 

 ( ) ( )1: 1: 1
1

| | ,
b

k k k k k
j

j jp p −
=

=∏X Y x Y y  (36)  

The posterior PDF of the j-th state subgroup ( )1: 1| , j
k k
j

kp −x Y y  can be described as 

 
( ) ( )

( ) ( ) ( )
1: 1 1: 1

1: 1 1: 1

| , , | ,

| | , |

j j j j
k k k k k k k k

j j j j
k k k k k k

j j

j j
k k

p p d

p p p d

− −

− −

=

∝

∫
∫

x Y y x q Y y q

x Y y x q q Y q
 (37) 

where 
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 ( ) ( ) ( )1: 1 1 1 1: 1| | |j j
k k k

j
k k k

j j
kp p p d− − − −= ∫q Y q q q Y q  (38) 

and j
kq  is a vector of state components required for calculating the likelihood ( )| ,j j

k k k
jp y x q . For the j-th 

state subgroup j
kx  , the vectors j

kq   and j
ky   are defined as its local state and measurement vectors, 

respectively. The criterion for selecting such vectors will be explained later in Sections 2.4 and 3.3. 

Just like the cases of PF and MPF recalled above, the analytical solution of Eq. (37) can hardly be 

obtained. The sequential importance sampling is therefore used to estimate the posterior PDF 

( )0: 1: 1| ,k k k
j jp −x Y y  as 

 ( ) ( ), ,
0: 1: 1 0: 0:

1

| ,
N

j i j i
k k k k k

i

j j jp w δ−
=

≈ −∑ x Y y x x  (39) 

Following the similar assumptions and procedures in Eqs. (21) ~ (27), we have   

 

( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( ) ( )

0: 1: 1 0: 0: 1: 1 0:

0: 0: 1: 1 0:

0: 1: 1 0: 1: 1 0:

0: 1: 1 0: 1 1: 1 0: 1

| |

| |

| | |

|

, , ,

, ,

,

,| |

|

,

j j
k k k k k k k k

j j j
k k k k k k k

j j j
k k k k k k k k

j j j j j
k k k k k k k k k k

k k

j j j j

j j j

j j j

j j j

j

p p d

p p d

p p p d

p p p d d

p

− −

−

− −

− − − −

=

∝

=

=

=

∫
∫

∫
∫ ∫

x Y y x q Y y q

y x q x q Y q

x Y y x q q Y q

x Y y x q q q Y q q

x x( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )

1 0: 1 1: 1 1: 1

1 0: 1 1: 2 1

1 0: 1 1: 2 1

| | |

ˆ| | |

ˆ|

,

,

| |

,

,,

j j j
k k k k k k k k

j j j j
k k k k k

j j j j

j j j j j
k k k k k k

j
k k k k k k k k

j

j j j j j j

p p p d

p p p d

p p p

δ

− − − −

− − − −

− − − −

= −

=

∫
∫

x Y y x q q Y q

x x x Y y y x q q q q

x x x Y y y x q

 (40) 

Similarly to Eqs. (28) ~ (30), the particle weight can be sequentially calculated as 

 

( )
( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

,
0: 1: 1,

,
0: 1: 1

0: 1 1: 2 1 1

0:

, , , ,

, , ,

, ,

1 1: 1 0: 1 1: 1

0: 1 1: 2 1
, ,

1

|

|

ˆ| | | ,

| |

ˆ| | | ,

,

,

,

, , ,

,

j i
k k kj i

k j i
k k k

j
k k k k k k k k

k k

j

j

j i j j i j i j j i

j i j j i j i
k k k k k

j

j i j j i j i j
k k k k k k k k

j j i

p
w

q

p p p

q q

p p p

q

−

−

− − − −

− − − −

− − − −

∝

∝

=

x Y y

x Y y

x Y y x x y x q

x Y y x x Y y

x Y y x x y x q

x( ) ( )
( ) ( )

( )
( )

, , ,

, , ,
,

0: 1

, ,

1: 2 1 1

1
1

1

, ,
1

| |

ˆ| |

, ,

,

|

ˆ| ,

,

j i j j i j i j

j i j i j j i
i

j i j i j

i j j

k k k k k k

j
k k k k kj

k
k k k

j
k

i j
k k k

q

p p
w

q

w p

− − − −

−
−

−

−

=

∝ 

Y y x x y

x x y x q

x x y

y x q

 (41) 

The posterior PDF ( )1: 1| ,k k k
j jp −x Y y  can finally be obtained by Eq. (12), the same as already performed for 

PF and MPF. In the case where the independent state evolution, i.e., Eq. (15), cannot be satisfied, one can 
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resort to Eq. (31) for calculating the prior, which similar to what has been performed for MPF, thus not detailed 

here. 

By embedding a novel likelihood ( ), ˆ| ,j j j
k k

i
kp y x q  into the MPF scheme, multiple local particle filter 

(MLPF) can be presented as outlined in Table 3. The difference between MPF and MLPF is that the latter uses 

a reduced number of components in its likelihood, resulting in superior computation efficiency. 

 

Table 3 Pseudo-code of novel multiple local particle filter 

For k = 0 

        Initialization: same as that in PF. 

For k = 1, 2, … 

 For each subgroup, independently do 

 Prediction and Mean calculation: same as that in MPF. 

 For each subgroup, independently do 

 
Weight update: calculate the weight and the effective sample size ,

j
eff kN  by Eqs. 

(41) and (13), respectively. 

 Resample and Approximate: same as that in MPF. 

 

2.5 Definition of local state and measurement vectors 

The criterion for selecting the local measurement and state vectors for each state subgroup is presented here. 

Considering that the measurement Y is a d-dimensional vector as 

 1, 2, ,
T

k k k d ky y y = … Y  (42) 

the measurement equation Eq. (2) can be then partitioned into d equations as 

 

( )
( )

( )

1, 1, 1,

2, 2, 2

, ,

2 ,

,

1 ,

,

,

,

, ,

k k k k

k k k k

d k d k k d kdy

h

h

y

y

h

η

η

η

=

=

=











p u

p u

p u

 (43) 

where ,l kp  is a vector of state components required for modeling the l-th equation.  

The components of the state subgroup j
kx  exist in one or some rows of Eq. (43), all of which are 

selected to re-formulate a local measurement equation,  
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 ( ), ,,j j j
k k k

j
k k

jh=y x q u η  (44) 

where j
kq  and j

ky  are the local state and measurement vectors for that subgroup. For example, let us consider 

the components of the first subgroup 1
kx  exist in the first three rows of Eq. (43), i.e., 

 

( )
( )
( )

1, 1, 1,

2, 2, 2,

3, 3

1

3 ,

2

, 3

, ,

,

,

,

,
k k k k

k k k k

k k k k

y

y h

y

h

h

η

η

η







=

=

 =

p u

p u

p u

 (45) 

Thus, the local measurement vector 1
ky  of the first state subgroup consists of the first three measurements. 

All the state components from the three vectors 1,kp , 2,kp , and 3,kp  can be used to build a new vector, which 

can be then divided in two vectors j
kx  and j

kq . This will be explained by a numerical example in Section 4.3.  

When calculating the particle weights for one subgroup, MPF employs a likelihood function that 

requires the samples from that subgroup and the mean values of the samples from some additional state 

components. As a result, the formers are expected to have a significant contribution to the distribution of 

normalized weight compared to the latter. Same observation can be drawn for MLPF, despite using a reduced 

number of components in its likelihood. This indicates that MLPF can provide estimates that are nearly as 

precise as MPF, but with significantly reduced computational efforts. 

 

3. Toy example 

A toy example taken from [9] is adopted for comparing the performances of the three algorithms, i.e., PF, MPF 

and the proposed MLPF, in terms of accuracy and computational time. Its state space model is given as follows, 

 ( )0, Ik ∼X   (46) 

 k k k+Y = X η  (47) 

where ( )0, I   denotes the zero-mean Gaussian distribution with an identity matrix I serving as the 

covariance, and the measurement noise kη  is also sampled from the distribution ( )0, I . The state and 

measurement with a duration of two hundred steps are created through Eqs. (46) and (47). The size of the 

matrix I is increased from 10 to 90 with step 10, thus resulting in nine sets of target states and measurements 

for estimation.  

Similarly to what has been performed in [9], the importance density for PF, MPF, or MLPF is set as 
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( )0, I  and no resampling procedure is applied. The root-mean-square error (RMSE) of the state estimates 

is taken as the performance metric to evaluate the estimation accuracy, 

 ( )2

, , ,
1 1

1 1 ˆ
sDT

l k l k
ls

true
k

XRMSE X
T D= =

= −∑ ∑  (48) 

where lX  denotes the l-th state component of the state vector, and T is the number of total time steps. A 

lower RMSE means a more accurate estimation.  

Similarly with that performed in [9], the number of particles used for each algorithm is determined 

by 

 
10 2

1
1

a
PF

MPF

MLPF

N
N a
N a

 = ×


= +
 = +

 (49) 

where the number a is increased from 0 with a step of 1, until the estimates obtained from PF, MPF, or MLPF 

are no worse than those simply relying on the measurements alone, i.e., the RMSE of the estimates is lower 

than that of the measurements,  

 ( ) ( )2 2
, , , , , ,

1 1 1 1

1 1 1 1ˆ
= = = =

− ≤ −∑ ∑ ∑ ∑
s sT T

l k l k true l k l k true
k l k l

D D

s s

X Y
D D

X X
T T

 (50) 

where lY  denotes the l-th component of the measurement vector. 

Both MPF and MLPF use the same state partitioning, where the state vector is divided into several 

subgroups, each containing an equal number of components. In this analysis, we examine the performance of 

MPF and MLPF under three different subgroup sizes, consisting of two, five, and ten components each. 

Notably, the assumption of independent state evolution for each subgroup is inherently met in this example. 

Furthermore, there is no need to define the local state vector in MLPF, because the likelihood function for each 

subgroup only involves the state components of that subgroup. 

Figure 1 plots the numbers of particles and computational times at increasing state dimensions 

required by PF, averaged from twenty-five independent runs, and they can be formulated as 

 10

10 ,

log 0.053 0.698
log 0.058 2.593

PF s

c PF s

N D
T D

= +
 = −

 (51) 

which leads to the same conclusion from [9], i.e., the required number of particles and computation time appear 

to exponentially increase with the state dimension. 
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Figure 1 Numbers of particles and computation times required by PF for satisfying the criterion 

at increasing state dimensions 
 

Figure 2 plots the numbers of particles at increasing state dimensions required by MPF and MLPF, 

averaged from twenty-five independent runs. The values in the brackets, i.e., 2, 5, and 10, indicate the number 

of state components in each state subgroup. By using state partitioning, both MPF and MLPF require 

significantly fewer particles than PF. Furthermore, the number of particles remains stable as state dimensions 

increase, demonstrating the potential of MPF and MLPF for mitigating the curse of dimensionality. Notably, 

the fewer components a state subgroup possesses, the fewer particles that MPF and MLPF require. 

At the same time, the performances of MPF and MLPF in terms of accuracy are quite similar, i.e., 

they can provide similarly accurate estimates with the same number of particles. The reason has been given in 

Section 2.4 and again explained here. The main difference between MPF and MLPF is that the former requires 

more components for likelihood calculation. The additional components required by the MPF are some 

measurements and the means of specific state components, resulting in limited effect on the weight distribution 

after the normalization procedure, thus ensuring MLPF can provide nearly as precise estimates as MPF. 

 
Figure 2 Numbers of particles required by MPF and MLPF for satisfying the criterion at 
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increasing state dimensions. 
Note: the numbers ‘2’, ‘5’, and ‘10’ within the brackets denote the number of state components 

at each state subgroup. 
 

Figure 3 depicts the average computation times required by the MPF and the MLPF at increasing 

state dimensions, computed from twenty-five independent runs. The values in brackets indicate the number of 

state components in each state subgroup. It is observed that the computation time for both the MPF and the 

MLPF increases with the dimension of the entire state vector, but always remains less than that required by 

PF. Additionally, when the subgroup size is two, the MPF and the MLPF require more computation time 

compared to the other cases, because of the increasing number of PFs used at each step. These results suggest 

that reducing the subgroup size can improve computation efficiency until the subgroup size becomes too small. 

Although both the MPF and the MLPF require almost the same number of particles to produce 

similarly accurate estimates, as expected the MLPF exhibits faster computation time than the MPF due to its 

fewer components in likelihood. By taking the example of defining the subgroup size as 10, the computation 

time as a function of state dimension can be formulated as, 

 
5 2 6 3

,

4 4
,

1.570 10 4.874 10 6.095 10

5.755 10 6.944 10
c MPF s s

c MLPF s

T D D

T D

− − −

− −

 = × − × + ×


= × + ×
 (52) 

which suggests that the advantage of the MLPF over the MPF becomes more evident in a higher-dimensional 

system. This is due to the fact that the number of components required for likelihood calculation in MPF 

increases with the state dimension in this example, whereas the MLPF does not experience such a limitation.  

 
Figure 3 Computation times required by the MPF and the MLPF for satisfying the criterion at 

increasing state dimensions 
Note: the numbers ‘2’, ‘5’, and ‘10’ within the brackets denote the number of state components 

at each state subgroup 
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4. Case study of a twenty-story frame structure 

Sections 4.1 and 4.2 provide details on the development of dynamic responses for a twenty-story Bouc-Wen 

frame under the ground motion and state space modeling, respectively. Section 4.3 explains the process of 

partitioning the state into some subgroups and defining their corresponding local state and measurement 

vectors. In Section 4.4, the accuracy of estimation and computation efforts of the PF, the MPF, and the MLPF 

are compared. Additionally, Section 4.5 presents their performance with a limited number of measurements. 

 

4.1 Data generation 

A twenty-story Bouc-Wen frame structure under the ground motion serves as the numerical example for 

comparing the performances of the three PF algorithms, and its structural dynamic equation can be built as 

  

1 1 1 2 2 1

2 2 2 3 3 2

20 20 20 20

1 2 2 1 1

2 2 3 3 2 2

20 20 20

0

20

2

2

g

m c c c
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where the subscript l denotes the l-th story, 𝑎𝑎𝑔𝑔  means the ground motion, a, v, c, m, and s mean the 

acceleration, velocity, damping, mass, and stiffness, respectively, and the hysteretic displacement z can be 

obtained from  

 ( ) ( )-1 -1 -
1

1l l l l l l l
n n

l l lz v v v v z z v v zβ γ−= − − − − −  (54) 

where β, γ, and n are the Bouc-Wen parameters. 

For simulating the dynamic responses, the mass, damping, and stiffness for each story are 1 kg, 0.25 

Ns/m, and 9 N/m, respectively [5], and the parameters β, γ, and n are 800 m−2, 400 m−2, and 2, respectively 

[26]. The first five-second El-Centro NS earthquake signal serves as the ground motion 𝑎𝑎𝑔𝑔  [m/s2]. The 

structural dynamic responses are calculated at 400 Hz  sampling frequency by the MATLAB ordinary 

differential equation solver ‘ode45’. Both the acceleration of each story and the ground motion are assumed 

to be measured, and they are corrupted by zero-mean Gaussian noises with standard deviations (STDs) equal 

to 1% of the root-mean-square (RMS) value of the acceleration of that story and 1% of the RMS value of the 

ground motion, respectively. 
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4.2 State space modeling 

With the stiffness, velocity, and hysteretic displacement of each story to be estimated, the state space model 

can be formulated as  
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where ∆t   is the time interval, { }: 1, 2, ,60i iω = …  and { }: 1, 2, , 20i iη = …  are the zero-mean Gaussian 

process and measurement noises, respectively. The Bouc-Wen components and the multiplication of the 

unknown stiffness parameter and the displacement result in the nonlinearity of this model [5, 6], and the sixty 

unknown state components to be estimated account for the high dimensionality. 

The numbers of particles for the PF, the MPF, and the MLPF are 80000, 800, and 800, respectively. 

Their other parameters are the same as defined as follows. The threshold TN  for systematic resampling is 0.5. 

The samples for initial stiffnesses are randomly selected within the same uniform distribution, i.e., 

{ }1,0 2,0 20,0, ,..., U(4,12)s s s ∼ . The initial velocity and displacement are zero. The displacement and velocity are 

calculated by trapezoidal integration from the measured acceleration. The STDs of process noises for velocity, 

displacement, and stiffness are 0.01 % of root-mean-square (RMS) values of the calculated velocity and 

displacement, and 0.001, respectively. The STD for each story in the likelihood is taken as 10% of the RMS 

value of the acceleration of that story. 
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4.3 Definition of state subgroup and local vectors 

The application of multiple target tracking considers the state components from one target as one state 

subgroup. This also applies for a multiple-DOF structure. Specifically, the state components from one DOF, 

e.g., stiffness and displacement from one story, can be taken as one subgroup. Thus, for both the MPF and the 

MLPF, this numerical example has twenty state subgroups, 
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As shown by the process equation Eq. (55), the first state subgroup can independently evolve, while 

the other subgroup needs to evolve by resorting to itself and one extra state component jt . Let us take the 

second state subgroup as the reference example. The partial process equation for that subgroup can be selected 

from Eq. (55) as 
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where the evolution of that subgroup has to resort to itself and one additional component 1v . Same procedure 

can be applied to the other state subgroup, and the extra component for the j-th subgroup can be defined as 

 1−=j
jt v  (59) 

The selection of the local state and measurement vectors for each subgroup in MLPF is explained by 

taking the first two state subgroups 1
kx  and 2

kx  as the reference example. The measurement equation Eq. 

(56) can be reformulated as  
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where the three state components of the subgroup 1
kx  exist in the first and second rows only. Thus, the local 

measurement equation for that subgroup can be obtained as  
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and its local state and measurement vectors can then be determined as 

 
1

, 2,

1
, 2, 2, , 3,

1

2 3,3  

T
k k k

T
k k k k k k kv z v z

a a

s s

  =  


  =  

y

q
  (62) 

The same selection procedure applies to the subgroup 2
kx   to determine its local state and 

measurement vectors, 
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4.4 Comparison of PF, MPF, and MLPF 

In Figure 4, typical runs for stiffness estimations using the three algorithms are shown, and it can be observed 

that the three selected stiffness parameters, namely 2s , 9s , and 18s , converge in about three seconds but with 

different rates. Additionally, due to the initial acceleration of the higher story remaining close to zero for a 
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longer time, the measurement calculated by its stiffness weakly contributes to the likelihood at initial time 

steps, resulting in a slower convergence for the stiffness of the higher story compared to the lower story.  

In the case of PF, the resampling procedure eliminates the samples of the two stiffness 9s  and 18s  

at initial steps, with little concern about whether their distributions are around the true values or not, resulting 

in an inaccurate estimation as shown in Figures 4 (b) and (c). However, by partitioning one state vector into 

several state subgroups, both MPF and MLPF algorithms keep the initial diversities of samples for the two 

parameters better, resulting in more accurate estimates than the PF, as shown in Figures 4 (e), (f), (h), and (i). 

Additionally, the accuracy of estimations from the MPF and the MLPF is quite similar. This is because the 

additional components in the likelihood of MPF have a limited effect on the distribution of normalized weight, 

leading to similar estimation results between the two algorithms. 

Finally, the velocity and displacement estimations in Figures 5 and 6, respectively, yield the same 

conclusions as drawn from Figure 4, demonstrating the robustness of both the MPF and the MLPF. 

 



23 

 

 
Figure 4 Stiffness estimations from the three algorithms 

Note: (i) the x and y labels are ‘time [s]’ and ‘stiffness [N/m]’, respectively; (ii) the number within the 
bracket and ‘CB’ means the number of particles used in one run and confidence boundary, respectively. 
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Figure 5 Velocity estimations from the three algorithms 

Note: (i) the x and y labels are ‘time [s]’ and ‘velocity [m/s]’, respectively; (ii) the number within the 
bracket and ‘CB’ means the number of particles used in one run and confidence boundary, respectively. 
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Figure 6 Displacement estimations from the three algorithms 

Note: (i) the x and y labels are ‘time [s]’ and ‘displacement [m]’, respectively; (ii) the number within the 
bracket and ‘CB’ means the number of particles used in one run and confidence boundary, respectively. 

 

To provide a more comprehensive comparison of stiffness estimations from the three algorithms, each 

algorithm is implemented 25 independent times to provide 25 sets of estimates. The Root-mean-square error 

(RMSE) and relative error (RE) serve as the performance metrics to evaluate the estimation accuracy of each 

run, 
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where T is the number of time steps in PF implementation. Note that a lower RMSE or RE indicates a more 
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accurate estimation. Figure 7 presents the RMSE and RE averaged from 25 runs for each algorithm, 

highlighting the observations made in Figures 4-6. 

 

 
Figure 7 RMSE and RE averaged from the 25 runs of each algorithm 

Note: the number within the bracket means the number of particles used for one run. 

 

Table 4 presents the average computation time of one run for each algorithm on an AMD Ryzen 9 

3950X 16-Core Processor. Similar to the observations made in Section 3, both MPF and MLPF require 

significantly less computation time than PF while still providing more accurate estimates. Additionally, it is 

worth noting that MLPF is more computationally efficient than MPF, as the former requires fewer state and 

measurement components for the likelihood calculation. 

 

Table 4 Average computation time of one run for each algorithm 

 PF PF MPF MLPF 

Number of particles 800 80000 800 800 

Computation time [s] 13.7 1354.7 162.1 71.7 

 

4.5 Identification with limited measurements 

The accelerations of all stories were gathered for system identification in the above numerical study. However, 

in-field applications may only have a limited number of sensors installed for monitoring. Some Kalman filter 

algorithms have been adapted to perform system identification with limited measurements [27, 28], while there 

have been few attempts to do the same with PF. Nevertheless, PF algorithms can still function in such scenarios, 

albeit with a modified likelihood calculation.  

The state space model, state and measurement partitioning, and PF initialization for the three 
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algorithms remain unchanged, but the likelihood is calculated using only the collected accelerations. It is 

important to note that, after the resampling step, the accelerations from all stories must be calculated using the 

measurement equation and then used for state evolution. 

Let us consider only accelerations of the 1st, 3rd, 5th, ..., and 19th stories to be measured. The stiffness 

estimations from one typical run are given in Figure 8, and the RMSE and RE averaged from the 25 runs are 

presented in Figure 9. All the estimates converge in about three seconds, the same as Figure 4. On the other 

hand, the estimation accuracies from all three PFs decrease with fewer measurements, especially for the 

stiffnesses at higher stories, thus justifying the importance of sufficient sensors in the SHM system. 

 

 
Figure 8 Stiffness estimations from the three algorithms with limited measurements 

Note: (i) the x and y labels are ‘time [s]’ and ‘stiffness [m/s]’, respectively; (ii) the number within the 
bracket and ‘CB’ means the number of particles used in one run and confidence boundary, respectively. 
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Figure 9 RMSE and RE averaged from the 25 runs of each algorithm with limited measurements 

Note: the number within the bracket means the number of particles used for one run. 

 

5. Conclusion 

The application of particle filter in a high-dimensional system is limited due to the curse of dimensionality. 

By combining multiple particle filter (MPF) and the decay of correlations property, this paper has developed 

a novel multiple local particle filter (MLPF) for structural system identification. One state vector is partitioned 

into several state subgroups, each containing the components from one DOF and then estimated by one PF. 

The superior performances of the MLPF over the MPF and the PF with respect to computation effort and 

estimation accuracy have been proved by the identification results of the toy example and the numerical 

twenty-story Bouc-Wen frame structure under the ground motion. 

The number of particles required by the PF will exponentially increase with the state dimension, while 

the number of particles required by the MPF or the MLPF will remain relatively stable. This proves the abilities 

of the MPF and the MLPF in alleviating the curse of dimensionality. the MLPF can provide similarly accurate 

estimations as the MPF under the same number of particles but requires less computation time due to fewer 

components involved in the likelihood. This advantage of the MLPF over the MPF will be even more apparent 

in a higher-dimensional system, where the number of components within the likelihood of the MPF will 

increase with a higher state dimension, while the number of components for the MLPF may not increase as 

much.  

For the system identification of the twenty-story frame structure, it has been found that the stiffness 

of the story closer to the ground motion shows faster convergence, possibly due to its higher contribution to 

the likelihood calculation at the initial steps. Furthermore, PF algorithms can work with partial acceleration 

measurements but provide less accurate estimates. This justifies the importance of sufficient sensors for the 

SHM system and also calls for an advanced system identification method with a limited number of 
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measurements. 

The state partitioning process for the structural dynamic model used in this study has been found to 

be straightforward. However, it may not be as simple for the other SHM applications, especially those using 

data-driven state space models. To address this challenge, it is recommended that a sensitivity analysis should 

be conducted to determine the appropriate state subgroups and their corresponding local vectors. Alternatively, 

an adaptive state partitioning approach could be developed to more fully explore the potential of this strategy 

for high-dimensional problems. By taking these steps, researchers can better tailor their SHM models to 

specific applications and ensure the most effective use of available data. 

 

Acknowledgment 

This project has received funding from the European Union’s Horizon 2020 research and innovation 

programme under the Marie Skłodowska-Curie grant agreement No. 859957.  

 

References 

[1] S.S. Law, K. Zhang, Z.D. Duan, Structural damage detection from coupling forces between substructures 
under support excitation, Engineering Structures, 32 (2010) 2221-2228. 
[2] S. Pan, D. Xiao, S. Xing, S.S. Law, P. Du, Y. Li, A general extended Kalman filter for simultaneous 
estimation of system and unknown inputs, Engineering Structures, 109 (2016) 85-98. 
[3] J. He, Y.L. Xu, S. Zhan, Q. Huang, Structural control and health monitoring of building structures with 
unknown ground excitations: Experimental investigation, Journal of Sound & Vibration, 390 (2017) 23-38. 
[4] Y. Ding, B.Y. Zhao, B. Wu, X.C. Zhang, L.N. Guo, Simultaneous Identification of Structural Parameter 
and External Excitation with an Improved Unscented Kalman Filter, Advances in Structural Engineering, 18 
(2015) 1981-1998. 
[5] E.N. Chatzi, A.W. Smyth, The unscented Kalman filter and particle filter methods for nonlinear structural 
system identification with non-collocated heterogeneous sensing, Structural Control & Health Monitoring, 16 
(2009) 99-123. 
[6] A. Olivier, A.W. Smyth, Particle filtering and marginalization for parameter identification in structural 
systems, Structural Control and Health Monitoring, 24 (2017) e1874. 
[7] R. Sajeeb, C.S. Manohar, D. Roy, A conditionally linearized Monte Carlo filter in non-linear structural 
dynamics, International Journal of Non-Linear Mechanics, 44 (2009) 776-790. 
[8] F. Cadini, L. Lomazzi, M. Ferrater Roca, C. Sbarufatti, M. Giglio, Neutralization of temperature effects in 
damage diagnosis of MDOF systems by combinations of autoencoders and particle filters, Mechanical 
Systems and Signal Processing, 162 (2022) 108048. 
[9] C. Snyder, T. Bengtsson, P. Bickel, J. Anderson, Obstacles to high-dimensional particle filtering, Monthly 
Weather Review, 136 (2008) 4629-4640. 
[10] C. Snyder, Particle filters, the “optimal” proposal and high-dimensional systems,  Proceedings of the 
ECMWF Seminar on Data Assimilation for atmosphere and ocean, 2011, pp. 1-10. 
[11] L. Úbeda-Medina, J. Grajal, Sigma-point multiple particle filtering, Signal Processing, 160 (2019) 271-
283. 



30 

 

[12] M. Orton, W. Fitzgerald, A Bayesian approach to tracking multiple targets using sensor arrays and particle 
filters, IEEE Transactions on Signal Processing, 50 (2002) 216-223. 
[13] M.F. Bugallo, T. Lu, P.M. Djuric, Target tracking by multiple particle filtering,  2007 IEEE aerospace 
conference, IEEE, 2007, pp. 1-7. 
[14] P.M. Djuric, T. Lu, M.F. Bugallo, Multiple Particle Filtering,  2007 IEEE International Conference on 
Acoustics, Speech and Signal Processing - ICASSP '07, 2007, pp. III-1181-III-1184. 
[15] P. Closas, M.F. Bugallo, Improving Accuracy by Iterated Multiple Particle Filtering, IEEE Signal 
Processing Letters, 19 (2012) 531-534. 
[16] C. Kreucher, K. Kastella, A.O. Hero, Multitarget tracking using the joint multitarget probability density, 
IEEE Transactions on Aerospace and Electronic Systems, 41 (2005) 1396-1414. 
[17] Y. Wei, M.R. Morelande, L. Kong, J. Yang, A Computationally Efficient Particle Filter for Multitarget 
Tracking Using an Independence Approximation, IEEE Transactions on Signal Processing, 61 (2013) 843-856. 
[18] T. Li, S. Sun, J.M. Corchado, T.P. Sattar, S. Si, Numerical fitting-based likelihood calculation to speed up 
the particle filter, International Journal of Adaptive Control and Signal Processing, 30 (2016) 1583-1602. 
[19] P. Rebeschini, R. Van Handel, Can local particle filters beat the curse of dimensionality?, The Annals of 
Applied Probability, 25 (2015) 2809-2866. 
[20] P. Chavali, A. Nehorai, Hierarchical particle filtering for multi-modal data fusion with application to 
multiple-target tracking ☆, Signal Processing, 97 (2014) 207-220. 
[21] J. MacCormick, M. Isard, Partitioned Sampling, Articulated Objects, and Interface-Quality Hand 
Tracking, Springer Berlin Heidelberg, Berlin, Heidelberg, 2000, pp. 3-19. 
[22] L.A. Úbeda Medina, Robust techniques for multiple target tracking and fully adaptive radar= Técnicas 
robustas para seguimiento de múltiples blancos y radar adaptativo, Telecomunicacion, 2018. 
[23] R.N. Bracewell, R.N. Bracewell, The Fourier transform and its applications, McGraw-hill New York, 
1986. 
[24] M.S. Arulampalam, S. Maskell, N. Gordon, T. Clapp, A tutorial on particle filters for online nonlinear/non-
Gaussian Bayesian tracking, IEEE Transactions on Signal Processing, 50 (2002) 174-188. 
[25] N.J. Gordon, D.J. Salmond, A.F.M. Smith, Novel approach to nonlinear/non-Gaussian Bayesian state 
estimation, IEE Proceedings F - Radar and Signal Processing, 140 (1993) 107-113. 
[26] Y. Lei, D. Xia, K. Erazo, S. Nagarajaiah, A novel unscented Kalman filter for recursive state-input-system 
identification of nonlinear systems, Mechanical Systems and Signal Processing, 127 (2019) 120-135. 
[27] Y. Lei, M. He, C. Liu, S.-Z. Lin, Identification of Tall Shear Buildings under Unknown Seismic Excitation 
with Limited Output Measurements, Advances in Structural Engineering, 16 (2013) 1839-1849. 
[28] Y. Li, Y. Luo, H.-P. Wan, C.-B. Yun, Y. Shen, Identification of earthquake ground motion based on limited 
acceleration measurements of structure using Kalman filtering technique, Structural Control and Health 
Monitoring, 27 (2020) e2464. 

 



 

197 

CHAPTER 6 

CONCLUSIONS AND FUTURE WORKS 

6.1 Conclusions 

In conclusion, this thesis has developed several robust and efficient methods for damage 
prognosis, with a focus on three main paths: damage evolution modeling, damage quantification, 
and model updating algorithm. The proposed methods have been evaluated through some 
experimental and numerical studies and have demonstrated their effectiveness in accurately 
predicting the remaining useful life (RUL) in structures. 
 

The first contribution to damage evolution modeling has developed a novel PF-based 
delamination shape prediction method for composites by taking the delamination shape as a 
damage state for damage prognosis. By artificially defining some control lengths (CLs) to 
discretize the delamination contour, the shape prediction problem can be simplified into the 
predictions of these CLs, whose efficiency has been demonstrated concerning experimental tests 
of fatigue delamination growth in composite panels with ultrasonics C-scan monitoring during 
the entire run-to-failure process.  
 

The second contribution proposed a numerical simulation-aided particle filter-based 
shape prediction framework that can save costs and efforts in conducting run-to-failure tests. 
This framework only requires numerically simulated delamination growth for building the 
function and then providing the PF initialization hyperparameters. This method is robust among 
three specimens and takes the model uncertainties into account by online updating their 
parameters. 

 
The third contribution of this work focuses on the fusion of multiple degradation 

models for damage prognosis. The traditional method resorting to only one degradation model is 
not robust among different specimens, as the best degradation model can differ for each 
specimen. To address this, a new particle filter-based prognostic framework is proposed to fuse 
multiple degradation models by using the crossover or mutation operator. The new method 
consistently outperforms the traditional approach of simply combining estimates from multiple 
models, demonstrating its effectiveness and robustness.  
 

As to damage quantification, this thesis has proposed a new prognostic model with a 
bias parameter included for estimation to account for the measurement uncertainties. The 
experimental study, where an aluminum lug structure is subject to fatigue cracking and 
monitored by ultrasonic Lamb waves, has proven that the new model can provide accurate 
estimation and prognostic results provided that the bias is correctly estimated.  
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As the formulation of such a model generally requires sufficiently experimental or 
in-field datasets collected during the run-to-failure process, which, however, may not be 
available due to some causes like the high costs. The author has proposed a new particle 
filter-based damage prognosis framework, which only requires numerically simulated Lamb 
waves for building the measurement equation.  

 
Finally, as the best feature can vary for different specimens, or even, at different time 

steps for the same specimen, the selection of such a feature can hardly be a trivial task but has 
received little attention in current practices. By combining a novel online feature fusion and 
selection scheme with multiple prognostic models considering measurement bias, this work has 
proposed a new particle filter-based damage prognosis framework, where, at each step, the 
feature with the smallest estimated bias is taken as the best feature providing the best estimates 
at that step. The robustness of the proposed method has been demonstrated by the same test 
mentioned above. 

 
In terms of model updating algorithms, the application of particle filter (PF) in a 

high-dimensional system is limited due to the curse of dimensionality. By combining multiple 
particle filter (MPF) and the decay of correlations property, this paper has developed a novel 
multiple local particle filter (MLPF) for high-dimensional identification. By partitioning one 
high-dimensional state vector into several lower-dimensional state subgroups, MLPF exhibits 
superior performance over MPF and PF concerning computation effort and estimation accuracy 
in the toy example and the numerical twenty-story Bouc-Wen frame structure under the ground 
motion. 
 
6.2 Future works 

To move towards a more practical and robust application, one can still consider the three paths 
mentioned above. Some possible questions that the author may continue to work on are listed in 
Table 6. 
 

Table 6 Future works 

Damage evolution 
modeling 

 Coupling of multiple cracks in metal or multiple damage modes 
in composites 

 Fusion and selection of the ‘best’ degradation model 
Damage quantification  Robust feature fusion and selection 

 Sensor fusion 
Model updating algorithm  Auto-calibration particle filter 

Others  Uncertainties in failure threshold 
 Fusion of multiple prognostic methods 

 
In terms of damage evolution modeling, it is very common to have multiple cracks in 

metal or multiple damage modes in composites, therefore it is of great importance to consider 
the coupling of multiple damages in the modeling process. Then, tens of or hundreds of 
available degradation models can be available in real practices, some of those models may 
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consistently provide inaccurate crack length quantification and RUL prediction results, thereby 
compromising the performance of the proposed method if such models are included. 
Consequently, it is necessary to develop an offline or online scheme to select a list of ‘good’ 
degradation models or ‘good’ PF estimates.  

 
As to damage quantification, more coefficients should be fused for selecting a proper 

feature for more robust performance. Moreover, the proposed method is only validated in a case 
study where all the features can only be extracted from the Lamb waves from the same 
piezoelectrical transducer. Given that multiple transducers and different types of sensors like 
strain gauges and accelerometers are installed for monitoring, the fusion of those sensor signals 
remains a challenge. 

 
Additionally, the estimation performance of particle filter (PF) is highly sensitive to 

the hyperparameters used, thus further research on developing an auto-calibration PF method 
may be considered. 

 
Finally, the threshold of structural failure is usually deterministic in current practices, 

while its uncertainties deserve more investigation. Moreover, different categories of prognostic 
methods have been proposed, but separately validated. More attention should be paid to the 
fusion of all the prognostic methods for RUL prediction. 

 
 
 





BIOGRAPHY 

201 

BIOGRAPHY 

Mr. Tianzhi Li was born in Wuhan, China, on 1995/02/13. He obtained the bachelor degree in 
Civil Engineering from Zhejiang University in 2016, and the master degree in Civil Engineering 
from Chongqing University in 2019.  
 
Mr. Li was an early-stage-researcher funded by the ENHAnCE ITN project and also a Ph.D 
student at Politecnico di Milano from 2020/06/01 to 2023/05/31, under the supervisions of Prof. 
Claudio Sbarufatti, Prof. Francesco Cadini, and Ir. David Dumas. 

 

 




	SUMMARY
	CONTENT
	INTRODUCTION
	1.1 Background
	1.2 Research goal and scopes
	1.3 Thesis outline

	LITERATURE REVIEW
	2.1 Introduction
	2.2 Damage evolution modeling
	2.3 Damage quantification
	2.4 Particle filter-based model updating
	References

	DAMAGE EVOLUTION MODELING
	DAMAGE QUANTIFICATION
	HIGH-DIMENSIONAL PARTICLE FILTER
	CONCLUSIONS AND FUTURE WORKS
	6.1 Conclusions
	6.2 Future works

	PUBLICATIONS
	BIOGRAPHY
	ACKNOWLEDGEMENTS



