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Abstract

Starting from the seminal contribution given by JeanJean in [18] in the local context, we

prove existence of ground states for the nonlinear eigenvalue system

(=AYu—gu)=  inRY, N>2kec(0,1), NeR,

/ lul? = 2.
RN

In the equation, (—A)* is the fractional Laplacian in RY of order & € (0,1), which is

having prescribed mass

the prototype of the integrodifferential operators of order 2k and is a natural nonlocal

analogue of the standard Laplacian.

This work handles L?-supercritical nonlinearities for g and looks for critical points for the

energy functional constrained to the L? sphere

Se 1= {uEHk(RN),/ |u|2:cg},
RN

relying on a version of the min-max method valid on curved geometries. As far as we

know, the strategy we adopt was never explored in a nonlocal context.

Keywords: fractional Laplacian, fractional Sobolev Spaces, ground state, L2-supercritical,

min-max approach, nonlinear eigenvalue system, Palais-Smale sequence, prescribed mass.
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Abstract in lingua italiana

A partire dal contributo fornito da JeanJean in [18] in contesto locale, dimostriamo

I'esistenza di soluzioni ad energia minima per il sistema agli autovalori non lineare

(=AYu—gu)=  inRY, N>2kec(0,1), NeR,

/ lul? = 2.
RN

Nell’equazione, (—A)* rappresenta il Laplaciano frazionario in RY di ordine k € (0, 1),

con massa fissata

che ¢ il prototipo degli operatori integrodifferenziali di ordine 2k e costituisce ’estensione

naturale in contesto nonlocale del Laplaciano standard.

In questo lavoro si affrontano nonlinearita L2-supercritiche per g e si ricercano punti critici

per il funzionale energia vincolato alla sfera L?

Se 1= {uEHk(]RN),/ |u|2:c2},
RN

basandosi su una versione del metodo min-max valida su geometrie curve. Per quanto ne

sappiamo, la strategia che proponiamo non ¢ mai stata adottata in contesto non locale.

Parole chiave: energia minima, Laplaciano frazionario, L?-supercritico, massa fissata,
metodo di min-max, sequenza di Palis-Smale, sistema agli autovalori, spazi di Sobolev

frazionari.
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Symbol and formalism

Throughout this paragraph we are going to fix some notations and formalisms.

If N denotes the space dimension, we can set the multi-index a = (aq,...,ay), |a] =

aq + ... + an and refer to the usual notations for derivatives of order «

dloly,

o= ((991;1)0‘1... (8xN)aN ’

Then, we can create the following countable family of semi-norms

pn(u) = sup sup (1+ ]x\2)%|8°‘u(a:)|, n € NU{0}. (1)

|a|]<n zeRN

According to these notations, we define formally the space S(RY), namely the space of

rapidly decaying function as
SRY) :={ue C®R"): p,(u) <ocoVn e NU{0}}.
Moreover, denoting by supp(u) the support of u, we will also use the following space:

D(RY) := {u € C*(R"), supp(u) is compact} .

We will use Fu and F~'u to denote, respectively, the Fourier transform of u and its

inverse.
Fu() := / u(z)e ™ da
RN
Flu(z) = Fu(€) e dg.
RN
For what concerns norms, we use | - | to indicate the euclidean norm (in dimension one it

reduces to the modulus), while in LP(£2) we write

lul, = / ()P d.



2 | Symbol and formalism

We will specify the domain through the notation |lu|/zr) just in case the domain of
integration is not immediate.
In L*(Q), the scalar product will be denoted by

(4, v)g = /Q u(z)o(z) dz.

Moreover, when dealing with the dual space of the fractional Sobolev space H*(RY),

k € (0,1) we are going to denote the norm on this space by || - ||..



]_ ‘ The fractional Sobolev spaces
and the fractional Laplacian

In this first part of the thesis, we are going to analyze some basic properties concern-
ing the fractional Laplacian operator and the fractional Sobolev spaces. With regard to
the fractional Laplacian we are going to offer two different definitions, the first via the
Cauchy principal value, while the second via the Fourier transform, shedding light on its
intrinsic connection with the fractional Sobolev spaces. Then, the main consequences of
the nonlocal nature of this operator will be inspected, paying particular attention to the
fractional heat equation (together with its probabilistic interpretation) and to the nonlo-
cal formulation of the maximum principles and of the Harnack inequality. Finally, aiming
at providing concreteness to the whole chapter, we conclude offering a practical example

of k-harmonic function in one dimension, k € (0, 1).

1.1. Introduction

This paragraph is intended to introduce the reader to the fractional Sobolev spaces and
to the fractional Laplacian operator. In particular, we are going to expose the principal
analytical features of both these topics, offering formal and well-posed definitions as usu-
ally offered in literature. For a more in-depth discussion on this topic, we refer to [6], [7],
[9], [13] and [16].

Let © be an open set in RY k real in (0,1) and p integer in [1,+00). We define the

fractional Sobolev space W"?(€2) as follows:

WhP(Q) = {u e () B =Wl g Q)} . (1.1)

o —y| >t
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We endow this space with the following norm

jufe) —u()” o\
]l wen ) : </ lu(x |pdx—|—/ g |3(U_ |N§rkp| dxdy )

where the term 1
() = (/Q %d d ) (12)

is the so-called Gagliardo seminorm of w.

We now state a proposition that sheds lights on a parallelism matching these spaces with

the classical W*P(2), k being an integer.

Proposition 1.1. Let p € [1,+0), 0 <k <Kk <1, Q open set in RY andu:Q — R a
measurable function. Then WFP(Q) < WHFP(Q), namely

3C >0 fJullwrs@) < Cllullywsqy,
where C' depends on N, k and p.
Proof. We firstly notice that
u(z) —u(y)l” < (u@)] = |u(y)])? < (2 max(ju(z)], |u(y)]))? < 2°(Ju(@)]” + [uly)]")

and that

eyt [(f o)
dxdy < ——dz | lu(z)|P dx
//Q”{I y|>1} |x_ y|Nrke o \Jan{z>1} | 2| N+kp ju()]
1

_/<AmVWW )M””“*%mw$

where z = x — y and we have used the integrability of |z|~(N**P) for |z| > 1. Exploiting

the two previous inequalities we can write

[u(z) = u(y)?
dedy < Cy k.,2P||lu 1.3
//ﬂn{x yl=1} !fc—y!N”ﬂ’ y < Cnnp'lluly, (1.3)

while, on the other hand, it is trivial that 0 < k& < &’ implies

// (z) = ~ k|p d:z:dy<// )_;é(k,”p dzdy. (1.4)
Qn{jz—y|<1} ‘l'— ‘ e QN{|z—y|<1} ’.CC— ’ *
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Combining finally (1.3) and (1.4) we come up with

u(z) — u()
[lyuiey < Cocny? + Dl + [ [ D88 oy

< CN,k,pHUH]I';Vk,’p(Q)
and the proof is complete. O

At this point, we would like to denote the spaces W¥? as intermediate spaces between LP
and WP, In order to get these results we shall show WP as a continuous limit of W*?
as k 1 1, namely we should show that, for any domain € and function f in W?(Q), we

have

lim| f]} = lim Mdmd —C’Np/]Vf\p

k11 M1 Jo Jo |z —y|NThe

but this is not true. What we are going to prove, instead, is that

|f(z) = fy)l
hm/ Q—dd Yy = 400,

i l — gV

while

| @ =P, p
hm(l—k)/Q P drdy = CNp/\Vf]

k1

We start for simplicity with Q = RY and 1 < p < co. By |7, Proposition IX.3], we know
that if f € WHP(RY), then

[t n = a@pas<pp [ 95pds (15)
RN RN
for every h in RY. On the other hand, f € LP(RY) and
/ |f(x+h)— f(x)|Pde < Clh|’P ash—0 (1.6)
RN

imply f € WhP(RY).
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Now we consider a sequence of radial mollifiers (p,)e=o, namely

pe € Lie(0,+00), pe >0

/ pe(r)yrNtdr =1 Ve >0
0

lim pe(r)yrN "t dr =0 Vo > 0.
=0 [

Exploiting these hypotheses on (p.), we can write for any f € WhP(RY)

o+ 1)~ ) .
JI IO (i < [ wiera [ apanse )

R

as € — 0, where we have used (1.5) and

[ pdiuhdn < oBi] [ p.r)rtar = 0B
RN 0

with |0B;| denoting the measure of the surface of the ball of radius 1 in dimension N. By

a change of variables in (1.7), we get

As a consequence, f € WHYP(RY) implies equation (1.8). Nevertheless, the core point
of the discussion is that (1.8) gives a complete characterization of the space W1P(RYN),

which is sharper then (1.6), as the next theorem points out.

Theorem 1.1. Assume f € LP(RY) and that f satisfies (1.8) with p > 1. Let (pc). be
the sequence of radial mollifiers as described above. Then f € WHP(RY) and

: f)P
hm// x —y|)dxdy = C VfIP,
im ([ = e = ) [ v

where C' depends only on N and p.

Since the proof of this theorem is rather long and technical, we decided to show it in the

Appendix.
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At this point we decide to focus on the following choice for p,:

—— O<r«l1

r

0 r> 1.

pe(r) = (1.9)

Thus, we have this immediate corollary.

Corollary 1.2. Assume that f € LP(RY) is such that

p
// \a: |N+p)|€ddy§0 as € — 0,
RQN -

then f € WP (RY) and

. y)P _ P
&%E/Aw»mp-|Nw6 dudy =€ | IVIT

Proof. The proof is trivial since it is an immediate application of Theorem 1.1 to (p). as

defined in (1.9). This choice for (p.). works since it is a sequence of radial mollifiers. [

Now, we set

=p(l—k) = lg%e—légp(l—k)

and finally obtain

1m1—tﬁj Wd@:€/|WV (1.10)
k11 R2N |$_ |N+pk P Jrw ' .

By equation (1.10) we have straightforwardly that the usual Gagliardo seminorm diverges
for k 1+ 1 and that, in order to recover some continuity between the spaces W*P(RY),

1 < p < oo, and WHP(RY) we should use the norm

1 oy = 171G + (L= R)LF IR,

Finally, we should prove these same results for bounded domains and for p = 1. These
proofs require some more technicalities and will not be covered here. For a complete

presentation of the topic we refer to [9, Section 2-3|.

It is worth noticing that, from now on, we will only focus on the fractional Sobolev spaces
WE2(RYN) with k € (0,1), that are usually denoted by H*(RY). Even the Gagliardo

seminorm |u |y o will be denoted, for the sake of simplicity, by |u].
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The spaces H*(RY) indeed, in addition to being Hilbert and not just Banach, are strictly
related to the fractional Laplacian operator, whose definition constitutes the next step of
this paragraph.

To define the fractional Laplacian, denoted by (—A)*, k € (0,1), we start considering a
function u € S(RY) and set

CAYu(n) = Oy Py, [ M W), 1.11
(Al = O Py, [ SOy (111)
. u(z) — u(y)
— Oyl B~ W) g
Ok 250 RN\ B, (z) [T — y|NF T

for any k € (0,1), where B.(x) denotes the the N-dimensional ball of radius e centered
in . Here P.V. denotes the Cauchy principal value, while C'y; a dimensional constant
depending on N and k, defined by

Ot — 1—cos(z1)d - 119
Nk = RNW Z ) (1.12)

where 21 = z - e; and ey denotes the first direction in RY. The reason under the choice of

this constant will be clear later (see Proposition 1.2).

We claim that, for u € S(RY), this operator is defined pointwise in R and indeed, looking
at equation (1.11), we notice that outside a neighbourhood of x the integral converges,

since

u(z) — u(y) / 1
————— dy < 2||ul|s ———dy < ©
/ y| V2 y < 2]|ull o—y[>1 |z — y| N2 Yy

T—y|>1 |CL’ -
and [Jul|~ is well defined thanks to u € S(RY). As a consequence, we are only left to

analyze a possible singularity centred near x, that would justify the use of the principal

value. Studying the integral in a ball of radius 1, we obtain:

|

eyl<1 [T — Y[V jo—y|<1

1
= C/ ly| N dy = 0/ p~Fdp.
lyl<1 0

Thanks to this inequality we can infer that, for £ € (0,1/2), Definition (1.11) is well

posed. On the contrary, if we now exploit the Taylor expansion for u centred in x
u(@ +y) —u(x) = Vu(z)y + o(ly|),

we immediately see that a singularity in z appears in integral (1.11) if & € [1/2,1).
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Thus, the next step consists in proving that the Cauchy principal value for the fractional

Laplacian is well defined for this range of k. We start noticing that

—(=A)fu(z) = Oy PV. uly) — ulz) dy (1.13)

v Tz — "+

u(@ +9) —ul@) .-
= C’NJ€ PV. /RN |g|N+2k dy,

by the simple change of variable y = y —x. Then, to complete this step, we have to prove
that the right hand side of (1.13) is well defined. In this aim, we shall pass through the

fact that -
P.V./ uwy o (1.14)
ly|<1

which is true is true since, if we fix 0 < € < 1, we retrieve that, being the integrand an

odd function of vy,

/ VoY g, 0 Ve = (1.14).
e<yl<1 1Yl

Finally, the combination of (1.13) and (1.14) gives us

u(r +y) —u(x) — Vu(z)y
|y|N+2k

—(—=A)*u(z) = C P-V-/ dy.

RN

Relying again on the Taylor expansion of u, we can write

u(e +y) = u(e) + Vu@)y + 5" Hu()y + ollyP)

2
Y
< u(e) + Vu(e)y + |Hy(2) oo + oflyf?),
where H,(z) denotes the Hessian matrix of u evaluated at point z and ||H,(z)|~ is
well defined thanks to the regularity hypotheses on u. It is now sufficient to insert this

expansion inside the equation of —(—A)* to obtain that the Cauchy principal value in
(1.11) is well defined, since

ulz +y) —u@) = Vu@ly _ [Hu(@)ll |y olyl*)
|y N2k = 9 |y N2k Ty V2R

which is clearly integrable in a neighbourhood of 0.

We now offer an equivalent definition of the fractional Laplacian operator, which will be
often used in the next chapters due to the absence of the principal value that makes it

more manageable.
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Theorem 1.3. Let (—A)¥ be the fractional Laplacian operator, k € (0,1). Then, for any
u € S(RY),

(—A)ru(z) = —Cjzv’k /RN u(x+y) +’Z|(]f+;ky> — 2u(@) dy VxRV (1.15)

Proof. We start the proof relying on equation (1.13) and getting trivially

u(z +y) — u(x) / u(r —g) —u(z) .
PV. dy = P.V. d
/RN |y | N2k Yy - FIRERE Ys

changing the variable § = —y. Thus, we obtained that

(—A)u(z) = _szv’k Py /R i u(a + y) +|Z\(ff+;’fy) - ()

and we are just left to show that the principal value is useless. In this aim we recall again

the Taylor expansion centred in x for v with increment, respectively, +y and —y:

ly|?

(e +9) < ula) + Vu(@)y + |H @)L+ oyl
(e — ) < u(w) ~ Vula)y + | Hu@) D+ oflyl?).

Therefore we deduce that

/ u(w+y) +ule —y) = 2ufe) | / | Hu(@) syl + ollyl?)
ly|<1 ’y‘NHk RS ‘y’NHk

dy < 00,
then the singularity at 0 is removed and the Cauchy principal value can be canceled. [

Remark 1.4. We invite the reader to notice that u € S(RY) is just a sufficient condition
in order to make (—A)*u defined pointwise. If, indeed, we fir a constant ¢ and set u(x) =
¢, we obtain that trivially u ¢ S(RY) but

(—=A)*u(z) =0 Vo e RY.

1.2. Definition via the Fourier transform

In this paragraph, we decided to analyze the fractional Laplacian from a different per-

k

spective via the Fourier transform. Through this transform, we reveal (—A)" as a pseudo-
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differential operator of multiplier €2, gaining also powerful regularity results. Moreover,
we are going to explicit the strict relation matching our operator with the fractional
Sobolev spaces H*(RY), of which we will propose an alternative definition. For a more

in-depth discussion on this topic, we refer to [10] and [13].

In order to apply the Fourier transform we ask for (—A)*u € L'(RY) and, recalling that
this operator is defined pointwise for any u € S(RY), it will be enough to show that it

vanishes at infinity fast enough. In this aim, we state the following theorem.

Theorem 1.5. Let u € S(RY). Then, for every x € RY, |z| > 1 it holds
(=) u(@)] < Cunpla| 20,
where Cy n i depends on Cy . as defined in (1.12) and on py(u), pnio(u), defined in (1).

Proof. Up to normalization constants, if we take Definition (1.15) of the fractional Lapla-

cian, we can separate the integral as follows

(—A)Fu(x) z/RN...dyZ/yKlgl...dy+/y|2|§|...dy. (1.16)

We start focusing on the first integral, exploiting the Taylor’s formula with the Lagrange
form of the reminder, that allows us to find t*, t** € (0, 1) such that

1 1

2u(z) —u(z +y) —ulz —y) = —§yTHu(y*)y — §yTHu(y**)y,

where y* = x + t*y and y** = x + t**y. As a consequence, since both H,(y*) and H,(y**)

are bounded in L>®(RY), we can write

2u(z) —u(r +y) —u(x — y)
Nt2k dy
lyl< 12l ||

< 1/ [ Hu(y") oo + ||Hu(y**)|’oo|y’2 dy
B /a(x) |y |V

|2—(N+2k) N N
7z Ay < Clx|” - pN+2(U)|I|2_2k = Cynik x|_( +2k)
2

< CPN+2(U)/ ly .
Byja(e) (14 |7[?)

For what concerns the second integral of equation (1.16), the next estimate holds

u(z +y)| + [u(z)|
y| < 2/ dy.
pizlel |y[V+2k

lz]
2

/ 2u(z) —u(r +y) — u(x — y) J
[yl

‘y’NJer

>
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We have that both

wlz + 2N+2k‘ C U
[ ey < 2 [ e pldy < SnEe
lyl> 13! =15l

|y| N2k = |w| N2k || V2R
" ) i C o)
u(x Y o
dy < < .
/lylz”é' e =) /|y|z;?' (1+ [w[2) = [y[V+2e = faf2t
The proof is completed. -

We let the reader notice that this theorem also shows that the fractional Laplacian decays

at infinity as a kernel of the type |z|~(V+2%),

Once proved that (—A)*u € LY(RY) for any u € S(RY), we are ready to prove that the
fractional Laplacian can be viewed as a pseudo-differential operator of multiplier |£|?*.

Explicitly, once considered the operator as set in (1.15), its multiplier is defined to be a
function M : RY — R such that

(—Aeu = F~Y(M - Fu).

Thus, we want to prove that

M(€) = [¢]*

and we rely on the following proposition.

Proposition 1.2. For any u € S(RY) it holds

(=A)Yru = FH|¢)* Fu) Ve € RY.

Proof. We start applying the Fourier transform in the variable z in (1.15), obtaining

_CN,k Flu(z +y) +u(z —y) — 2u(z))

M(E)Fu(&) = 2 Jon |y |2k dy
_ (%Y —i§y
= ([ ) Pt
= Cy (/RN %ﬂ;w dy> Fu(©), (1.17)

where the last equality comes from the famous Euler identity
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We immediately notice that, in a neighbourhood of the origin, it holds

1 —cos(§ - y)

o [y|2—(N+2K)
|y N2k [yl ’

which is clearly integrable; thus the integral in (1.17) is finite and positive.
Moreover, in order to complete the proof we would like to explicit that integral as a

function of Cy and |£]; in this aim, then, we denote

1 — .
f(&)z/ﬂ@%icy)dy

and try to show that it is rotationally invariant, namely

1(&) = I([¢]eq),

e; denoting the first direction vector in RY. If in dimension 2 it is trivial that I(£) = I(—¢),
in dimension N > 2 we are required to set a generic rotation matrix R such that £ = R||e;

and to compute

1 —cos(R[¢|er - y) 1 —cos([€|e; - R"y)
o= = v

|y|N+2k |y’N+2k

1— .
YRS R

where we have used § = RTy, . We are finally able to compute
1 — cos(er - [€]y)
I([¢ler) = /RN |y N2k dy

1 — .
- ([, s ac) i~ oe

exploiting the change of variable ¢ = and Definition (1.12). Thus, if we finall
p g g Y ) y

consider (1.17) we can conclude

M(E)Ful€) = Cn I (§)Fu(€) = [€[* Fu(€)
and the proof is completed. m

The next step of our analysis wants to make clear the relation between the fractional
Laplacian operator (—A)* and the fractional Sobolev spaces H*(R™) and we start stating

and important proposition concerning the Gagliardo seminorm.
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Proposition 1.3. Let k € (0,1). For any u € HF(RY)

ol =205 [ 1€PFuCe)Pds
where C . is defined in (1.12).

Proof. By direct calculations:

et = ]
dxdy =
/AzN ‘iIZ‘— ‘N+2k v R2N

:/ u(z + ) —u() ? ]:(“(z+')_“(')> 2
RN |z|g+k

dz =
Elkas /RN )
where the last equality is justified by the Plancherel formula. If we now follow the same

2
u(z +y) — u(y)
| | -‘rk

dxdy

dz,

2

passages used in Proposition 1.2, we obtain

L <U<ZE|'§;U(')) e [ (2 s ) iruer ae

2
— 203 [ 1EPIFue) de

]

Remark 1.6. Proposition 1.8 implicitly proves that H*(RY) admits the alternative defi-
nition with respect to (1.1):

HYRY) = {u € L*(RY) : /RN(l + €M) | Fu(é)? d¢ < oo} :

Indeed we just claim
[ arliFu@pde <o = [ IeFuoR de < o
RN RN

since u € HFRYN) implies u € L*(RY) which, in turn, implies Fu € L*(RN). This
definition moreover, unlike the one in (1.1), admits a continuous match between WP

and WP as k 1 1, without the need for a norm "correction”.

We are finally able to state the connection relating (—A)* to the fractional Sobolev spaces
H*(RM).
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Proposition 1.4. Let k € (0,1) and let u € H*(RY). Then
[ufi = 20531 (~2)=ul,
where C . is defined in (1.12).
Proof. Relying on Proposition 1.2 and on Proposition 1.3, we obtain

k k 1
1(=A)2 (5 = [F(=A)2ull5 = [[|]*Full; = §CN,kLUJi-

1.3. Random Walk with long jumps

In this section, we propose an interesting interpretation of the fractional Laplacian oper-
ator, describing the evolution of a probabilistic process that arises from a particle moving
randomly in the space RY, N being the space dimension. This particle will be subject
to a probability law that allows long jumps and the peculiarity of its motion will allow
us to strictly relate this phenomenon to the nonlocal effects induced by the fractional
Laplacian, to the point of inferring the heat equation driving the fractional diffusion. For

a more in-depth discussion on this topic, we refer to [32] and [10].

We start modelling a discrete random walk for the particle; in this aim, we define A > 0,
t > 0, respectively the space and time steps and consider both a lattice hZ" to discretize
space and 77 to discretize time.

Now, we reason as follows: at each time step 7, the particle, which is supposed to be in
a generic point o, randomly selects a point x € hZ" according to a probability law P;
then, it moves from zq to .

The probability law P is defined in order to let the whole process be homogeneous and
isotropic, meaning that it does not depend on either position or direction of displacement,
but only on the distance travelled. As a consequence, at each time step, the probability
of moving from a starting point zy to a new one y = zo + ha € hZ", x € Z" , which is
h|z| away from z, is

1
P(lzo —yl) = P(|z[h) = kT Nk Liao):

where k£ € (0,1) and the constant ¢, is set in order to normalize P to be a probability
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measure. Namely, if we set a system where the origin coincides with xg, we ask for

> Plalh)=ca > ﬁ:L (1.18)
|z

z€ZN\{0} z€ZN\{0}

where xh represents the coordinate vector of each grid point in AZ". Then, we obtain

-1

B 1
o= 2 PIRRRL

2€ZN\{0}

We stress that, in our model, the particle is not supposed to stand still, since P(0) = 0 and
that the polynomial tails of the distribution lead to a small probability of long jumps.
Moreover, it is worth noticing that in a standard diffusion process the probability law
avoids long jumps, imposing P(jh) =0 Vj # 1.

At this point, we call u(z,t) the probability for the particle to be at x € hZ" at time
t € 7Z. Thus, the quantity u(x,t + 7) can be calculated summing, on all y € Z~, the
probability for the particle to be at = + yh at time ¢ times the probability of travelling

from x + yh to x. In formulae, we obtain

u(z + yh,t)
u(t+7r)=c Y W (1.19)
yeZN\{0}
If we subtract u(x, 7) from (1.19) and make use of (1.18) to infer that
u(z,t)
u(z,t) = e Z |y V2k
yeZN\{0}
we finally gather
h,t) — t
u(x, t+7) —u(z,t) = ¢ Z ulx +yh.t) — u(, ) (1.20)

N+2k
yeZN\{0} vl
The next step requires us to approximate the first order derivative in time of u(z,t)

applying a forward difference discretization, which takes the form

Syl 1) ~ T Tl —u@,), (1.21)

Indeed, combining (1.20) and (1.21), we can fix the incremental time step 7 = h?* in order



1| The fractional Sobolev spaces and the fractional Laplacian 17

to retrieve the following formula:

u(z + yh,t) —u(x,t)

N
|yh’N+2k h.

Juu(x,t) = ¢ Z

yeZN\{0}

We recall here, for the reader’s convenience, that if we consider a continuous function
f R — R and we divide a generic interval [a, b] according to the partition (z;); into n

subintervals

. , b
(zj-1,2;) = (a+ (j — Dh,a+ jh) h=

the following approximation regarding the area under the graph of f holds:
n b
> fla+ jn)h z/ f(x) da. (1.22)
Jj=1 a

Generalizing, then, (1.22) to dimension N > 1, we can claim

u(x h,t) —u(x,t u(x t) —u(x,t
Ckz (+y7) <7)hN%Ck/ (+y7) (,)d,
|yh| V2, RV |y V2
yeZN\{0}
where the cancellation of y = 0 from the sum is mirrored by the singularity of the integrand
at that specific value for y.
It is now clear that the choice 7 = h?* has provided us with nice asymptotic results since,

exploiting the previous approximation, we have obtained:

o+ C(=A)*u =0,

for a suitable C > 0.

1.4. Maximum principles and nonlocal effects

In this section, we are going to give some practical clarifications on the concept of non-
locality, as it is associated to the fractional Laplacian operator. In order to make this
concept clear, we considered a good idea to carry on an explicit comparison between this
operator and the classical Laplacian, whose local nature is well known in literature.

In particular, we will firstly examine two specific examples where the application of either

one or the other operator will lead us to dramatically different conclusions, enlightening
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in this way the nonlocal nature of the fractional Laplacian. Then, we will state and prove
appropriate versions of the weak and strong maximum principles for (—A)*, different from
the ones valid for sub and superharmonic functions. Finally, we are going to analyze why
the classical version of the Harnack inequality for harmonic functions (see B.9 from the
Appendix) fails to hold in a fractional setting. For a more in-depth discussion on this
topic, we refer to [20], [21] and [28].

Our first example considers a generic function u € D(Bsy) such that

1 ZL‘GBl

ulw) = 0 x¢ By,

while, in By\ By, u(z) connects smoothly 1 to 0 and it holds 0 < u(z) < 1, Vz € By\B.
If we pick ¢ Bs, for which it trivially holds that —Au(Z) = 0, we aim at computing
(—A)*u(Z) and showing that it is different from 0.

We start making (—A)*u(z) explicit:

—(=AYu(z) = Cy 4 PV. /RN % dy

where the principal value in the first line disappeared since it is useless; outside B, indeed,
the function vanishes while, inside, it holds that |y — | > 1. Then, since the integrand

differs from 0 just in By, we keep computing:

(~AYu(z) = Oxa / ) g,

B, |y _ j|N+2k

1
>(C —
= N,k/Bl |y_55|N+2k Y

dy
> C —
= / (1+ |z[)N+2e

where the last inequality comes naturally if we expand
ly — 2] <yl +[z] <1+ |zl

Finally, we have shown that

| B |

SN 2 (e

> 0,
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where |B;| denotes the volume of the N-dimensional sphere of radius 1.

In the second example, we want to discuss how the nonlocal properties of the fractional

Laplacian affect the wavefront spread dynamic associated to the following system:

u + (—A)fu=au RN t>0

(1.23)
u(0) = 6(0),

where a > 0 and 6(0) represents the Dirac delta centred in 0. In particular, we will study

that system both for s = 1 and s = % in order to explore, respectively, the local and

nonlocal case.

We will proceed as follows: once computed the solution, by means of the Fourier transform,
we will consider one of its contour lines and study the properties of its evolution in the
time-space dimension.

We start asking for u(z,t) = e v(z,t) and write system (1.23) in terms of v:

v+ (=A)v =0

(1.24)
v(0) = 5(0).

Now, defining o(t,§) = Fluv(t,-)](§) the Fourier transform of v, we apply the Fourier
transform to (1.24), that results in

B+ €2 = 0

0(0) = 1.
The solution to the system is

o(, 1) = eI,

The first scenario we examine is the one of the Laplacian, with £ = 1 and we immediately

notice that:
~ —‘£|2t _@ _N at—ﬁ _N
(g, t) =e — v(x,t) =Ce 1t 2 < u(x,t)=Ce" Tt 2.
At this point, asking for u(z,t) to be constant means asking for

IQ
¢ = Ot = |2 = 4at® — 2NtInt + Ct,

which finally becomes

= 2at(1+0(1)) ast— oo. (1.25)
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Now we examine the scenario where the fractional Laplacian appears, with k = % Again,

the following chain of co-implications holds

1 at
b(Et) = et = w(x,t) = W — u(z,t) = W-
Asking for the solution to be constant leads us to:
N+
2\ 3o at
(1+‘f—2) = C— — |2|? = CeViTtntT — ¢2
and, finally, to
x = Cevh tNL(l +o(1)) ast— oc. (1.26)

Thus, we have proved that, if we consider system (1.23) with & = 1, the wavefront of the
solution evolves linearly in time, while, studying (1.23) with k& = 3, the nonlocal effects
of the fractional Laplacian play a central role and they are responsible for the wavefront

travel in space to be faster, in particular exponentially in time.

At this point, we carry on our study stating the weak and strong maximum principles
valid for the fractional Laplacian. We stress here that, differently from the Laplacian

case, here the "boundary values" for u must be prescribed globally in RV\ and not just
on 0f).

Theorem 1.7 (Weak maximum principle). Assume that u € C®(RY) U L*(RY) and
that  C RY is a bounded domain. Then, the weak mazimum principle holds for (—A)*,
namely

—AYru(z) >0 2€Q

(Z&) ul@) 2 = u(x) >0 in Q.

u(x) >0 r € RM\Q

Proof. We will prove the theorem by contradiction, assuming that u(z) #? 0 in Q. As a

consequence, we can consider x,, = argmin,p~ u(x), such that z,,, € Q and

=6 = u(x,y,) = ménu(x) < 0. (1.27)
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Thus, the following inequality hold

(—8)*u(wn) = dz

Cnk / 2u(Tm) — u(@m + 2) — w(@y, — 2)

2 |Z‘N+2k

< Cn.k / 2u(y) — WXy, + 2) — (T — 2) i
> s B

where B := {z € RN : (z,, +2) ¢ Q, (v, — 2) ¢ Q} and the inequality is due to
2u(y) — u(
z € B and (

T+ 2) — u(z,, — 2) <0 Vz € RY by definition of x,,. Moreover, exploiting
1.27), we state

Cnr —26
—A)* < = . 1.2
(—A)*u(z,y,) < 5 /B EL=x dz <0 (1.28)

Finally, assuming u # 0 in 2, we have concluded that

where the first line comes from data while the second from (1.28), and the contradiction
is immediate.

An alternative and more direct proof exists and notices that 2u(z,,) — u(x, +2) — u(z, —
z) <0Vz € RY and (—A)*u(z,,) > 0 respectively imply

Cni / 2u(L,) — w(Tm + 2) — WXy — 2) 42 <0
2 Jan 2|V +2k (1.29)
Cnk / 2u(Zp) — (T + 2) — u(zy, — 2) ds >0 '
2 Jan 2| N2k <
From (1.29) we infer that
2u( L) — WXy +2) — (2 —2) =0 = u= —6in RY

and we fall into a clear contradiction if we consider, by data, that u(z) > 0 in RM\Q. O

Theorem 1.8 (Strong maximum principle). Assume that u € C*(RY) U L>®°(RYN) and
that Q C RY is a bounded and connected domain. Then, the strong mazimum principle
holds for (—A)%, namely

(=A)u(z) >0 xe _
= u(x) >01in Q oru=0.
u(z) >0 r € RM\Q
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Proof. We already know from Theorem 1.7 that u > 0 in R¥. If there exists 2y € ,
u(zg) = 0, it holds that

u(zo) — u(y) u(y)
0< /R y| V2 dy = _/R y| V2 dy.

N |ZL‘[)— N|x0_

The only chance not to fall into contradiction is that u = 0 since, if it were not true, the
last integral would be strictly negative, contradicting the data information (—A)*u(zy) >
0. O

Finally, the last part of this section aims at showing that the classical Harnack inequality
for harmonic functions (see B.9 from the Appendix) can be false if we try to rigidly shift
its frame to a fractional setting. Indeed, if we consider Corollary B.10, we deduce that for
a non-negative harmonic function in By, its minimum and its maximum are comparable
in B, r in (0,1). Nevertheless it is not always the case when speaking of k-harmonic

functions, as the following theorem points out.

Theorem 1.9. Letk € (0,1), R > 0. Then, there exists a function u € L=(RYN)UC?(Bg)

such that
(=A)*u(x) =0 forx € Br

u(z) >0 for x € BR\{0}
lu(z)| <1 for x € RN
and u(0) = 0.
Relying on Theorem 1.9, if we fix R = 1 and consider any r € (0,1), it is no more true

that
u(z) < cu(y) Vr,y € B,.

Indeed, if we consider y = 0, since u(0) = 0 we should have that
u(x) <0 Vze B,

which clearly contradicts the datum u(x) > 0 for any x € B,\{0}.

Proof of Theorem 1.9. We are going to prove the theorem for dimension N = 2. The
same idea and method can be applied then for any dimension N. In this proof we are
going to construct two functions, g : R*\ Bg — R and @ : Br — R, where a(y) will be

computed by means of the Poisson formula for k-harmonic functions over balls and, at
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the end,
u(y) = a(y)lyepy + 9W) e, Yy € R?

will be the desired function.

We choose ¢(y) defined as follows

1 R<|y <S8
gly) =4 -1 S<ly<T
0 T <lyl,

where S > R and T > S will be explicitly set later. Now, we focus on 4(y) that, exploiting

the Poisson formula on Bg, is
. —k _
i) = Cul B = P [ gle) [B = o] o — gl 2o
R2\Bp
= Ci(R* — |y|2)k[/ |R? — |2 " |2 — y| 2 da
Bs\Br
[ Rl s
Br\Bs
=: Ips(y) — Isr(y) Vy € Bg,
with C;, = —Sinfr;“’“). Now we define
—k _
A= [ B = ooy P
Br\Bs

and we study it in polar coordinates, remembering that

>+ (rsin(f) — y2)?
0) + |y2|” — 2rsin(0)ys

v —y> = (21— 91)* + (22 — 42)* = (rcos(d) —
=12 cos?(0) + |y1|* — 2r cos(0)y, + r*sin

=7+ |y]* — 2rly| (ﬂ cos(f) + 23 sin(&))

o~ —

and we obtain

T r 21 de
Aly) = / TR — 2k / dr.
s IR =r2M \ o 2 2 — o)y (f_l cos(6) + 2 Sin(0)>

yl ly
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We assume now y # 0 and select v € [0, 27] such that cos(y) = &5 it holds that

2 2
.2 2 Y1 Y2
sin“(y) =1—cos™(y) =1— =5 = (—)
ly|? Y]

and, as a consequence, if sin(y) = 0 there exists just one possible  such that cos(y) = lyy—l‘;

if instead sin(y) # 0, we chose 7 such that sin(y) = % Then, we define ¢ = v — 6 and,

remembering

cos(y — 6) = cos(7y)cos(#) + sin(7y) sin(6),

[t g do
Aly) = /S 7~ 2k (/ P E =2y COS(cb)) ar

At this point we set t|y| = r, dt|y| = dr and write

vty ( g do )
Aly) = S )
=/, e / YE@ 1 ateosia)) ) Y

[yl

_ W t o d¢
N /S W (/0 t?+1-—2t COS(¢)) at, (1.30)

[yl

we have

where we have exploited R < S < r to get rid of the modulus and the periodicity of
the integrand with respect to ¢ to relabel the extrema of the inner integral. Moreover, it
should be noticed that R < S < r also implies that ¢ > 1.

It is possible to provide an explicit solution for the inner integral of (1.30), namely, setting

0 = 243, 6 < 1, we have

_ [ do _ L e
5) "/0 (t2+1)—(2t005(¢))_1+t2/0 1 —dcos(g)’

Indeed, we can make use of Lemma B.2 to infere

Bl) = 2m 27 1 4¢2 2 2r 2w
VI8 ) (1412 1+)2) - £2-1

where we have used the definition of § and ¢ > 1.

N[

Therefore, we came up with

Tul t 27 2m Tl t
A :/ dt = / dt,
R B R R P ey ST

[yl
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using p = ‘—1;'. Thus, we finally get

T

Tul t
Isr(y) = 2nC(p* — 1)k/ s dt.
s @ ArE-)
If we put o = t2 — p?, t = \Ja + p?, dt = 2\/% we can develop Igr in the following
way:

2 52
Isr(y) = 2nCi(p? — 1)* T Jat g do
sr\y) = kP —

S ofla+p*—1)2\/a+ p?

72_R2
]2 do

s2- 2 akla+p2—1)

[yl

= ch(pZ — 1)’“

If then we apply the substitution a = 7(p* — 1), we get

2 52
RZ-Jy[? (p* —1)
(o) =meul? -1 [ dr
) _ _ +k
Sem T (p? = 1)1 +7)
)
_ 524};2 dr
= Tl s2_pg2 Tk(]-—i_’r—).
RZ—|y|2

The case with y = 0 is pretty similar, indeed, again relying on the polar coordinates, we

obtain

- T dr
[ST CkRZk/ 2— |3§2 F $|_2d$:27TCkR2k/ — 5
T\BS | } | g r(r? — R2)F

v=F R dv
= 27er/ (ﬁ - QWCk/I% S D)
(%

R2
= c/ )2“ 1 dw C/(£)2+1 e
G _
g (5)+1 WVwt+lvw+1 g (5)’+1 wk(w+1)

Collecting all the results we have obtained we finally end up with
2_p2 2 p2
i(y) C /521:2 dr /1:21;2 dr
u(y) =m _ — —_— | .
V=T P+ S T

To make all these terms more manageable we define F = fz_z -1, F= g—i —1,qg= RQ}_Z—TW
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and J(a,b) = ff % in such a way that

J(0,qE) — J(qE,qF) y#0

u(y) = mCx
J,E)—J(E,F) y=0.

Therefore, our aim will be finding £* > 0, F* > 0 such that

=0 ifg=1
J(0,9F) — J(qE,qF) =
>0 ifg>1.

We start studying the function ¢ — J(0,¢FE) — J(¢F,qF), ¢ > 1, and by definition we get

d 2K F
ag 7 (0:4B) = J(aE, ¢F)] = BB~ GEF AT (1.31)

Then we see that (1.31) is positive if and only if
Ek—l o 2Fk—1 S q(sz o Ek),

In particular, the function ¢ — J(0,qF) — J(¢E,qF), ¢ > 1 is non-decreasing under
F>FEif
EF(1+ E™Y) <2FF(1+F™. (1.32)

To be ready to complete the proof we need a last result:

k<

—  J(0,4+00) > 2J(0,1)

k>5 = J(0,+00) <2J(0,1).

NI= D=

We just prove the first case, the second can be proved in the same way:

& dr & dr
J(1,+00) :/1 (14 7) Z/1 VT(147)
ii/l Vo _do _/1—d9
o (Mg Sy Vo +0)
L a6
2/0 m:J(O,l).

Then, it is trivial that

J(0,00) = J(0,1) + J(1,00) > 2J(0,1).
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Now we are ready to find the explicit values for S and T, studying the two different cases,
k>1and k<1

Starting with & > %, we fix F > 1. Since J(0,z) is non decreasing in z, J(0,0) = 0
and J(0, F') < 2J(0,1) we can rely on the intermediate value theorem and say that there
exists £ < 1 such that J(0, F) = 2J(0, ), meaning that J(0, F) = J(E, F'). Moreover
we notice that for £ € (0, 1] the left hand side of (1.32) is non increasing in F, while for
F > 1 its right hand side goes to +00. Then we can fix F* > 0 large enough such that
(1.32) is satisfied and E* € [E, 1] such that J(0, E*) = J(E*, [™*).

If, instead, k < i we can proceed as follows. Since (1.32) is valid for £ = 1 and F > 1,
we fix E* = 1. Then, exploiting J(0,4+00) > 2J(0,1), we know that there exists some
F* > 1 satisfying J(0, E*) = J(E*, F*).

Finally, if we set S = RVE*+1 and T = RV F* + 1, g takes an explicit form and, as a

consequence,

u(y) = W(y) Lyenn + 9(Y)Lyeny Yy € R?

is well defined. Moreover, (—A)*u(z) = 0 for any € Bg and |u(z)| < 1 thanks to the

weak maximum principle. The proof is complete. O

1.5. A k-harmonic function

Once we have dealt with maximum principles and k-harmonic functions, in the next lines
we would like to present an explicit example of a k-harmonic function in one dimension.
This function is z; = max{z,0}* k € (0,1) and it satisfies the following theorem. For a

more in-depth discussion on this topic, we refer to [10].

Theorem 1.10. Let k € (0,1) and wi(z) = ;7. Then wy satisfies

i —cplz|™F 2 <0
(—A) wy(x) =
0 x>0,

with ¢ constant depending on k.

In particular, we are going to offer an alternative probabilistic interpretation of the frac-
tional Laplacian, arising from a payoff approach and we will exploit this different point
of view in order to justify Theorem 1.10. At the end of the paragraph, then, this theorem

will be formally proved.

We start describing how the payoff approach works. This model aims at describing the
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expected payoff received by a particle moving over the real line and earning money de-
pending on the points it moves to. For what concerns the discretization of the domain
and the probabilistic law of its motion, we rely on the same assumptions of Section 1.3.
In this case, however, we define a domain Q C R and, for any = in Q, u(x) represents
the expected payoff received starting from position x. Reaching some point y outside 2,
means earning ug(y), with uy defined a-priori. Therefore, u(x) can be computed summing,
on all y € 7Z, the probability for the particle to reach x + yh times the expected payoff
u(z + yh); namely

(a: + yh u(z — yh
u(@) = c Z |y|N+2k Ck Z |y|N+2k :
y€Z\{0} y€Z\{0}

Thus, if we recall equation (1.18), we can trivially infer

u(z + yh) + u(x — yh) — 2u(zx)
P> T |

Passing to the limit as in Section 1.3 we notice that this model describes the following
system

(—A)fu=0 z€Q

u = g x ¢ Q.

Now, we want to make use of the previous approach in order to give an heuristic inter-

pretation of Theorem 1.10. In particular we justify the fact that

(=Arwp=0 0<z<1

wg =0 x <0 (1.33)

wy, = T} r>1
admits as solution wy(z) = x} and we will show this before for & = 1 and then for
ke (0,1).
We start fixing & = 1 and discretizing the real line with h = 1/2; then, we try to deduce
the value of wy in z = 1/2 in terms of expected payoff. Since k = 1, our random walk does
not allow any jump and, with the same probability, we can either reach x = 0 or z = 1.
Since wy(0) = 0 and w;(1) = 1, our expected earn from = = 1/2 is the average between
the two, namely w;(1/2) = 1/2. If we keep discretizing with h = 1/4, we can follow the
same procedure, considering w;(0) and w(1/2) and we obtain w;(1/4) = 1/4. Repeating

these passages over and over, we find that the linear function is harmonic, which is true,
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even if not surprising.

If instead we consider k£ € (0, 1) the random walk we are asking for admits long jumps;
then, starting from =z = 1/2, with A = 1/2 we have the same probability to finish in
A:={1/2-y/2; y e N\{0}} or in B := {1/2 +y/2; y € N\{0}}. If the expected payoff
in A is equal to 0 by data, the one in B is strictly bigger then 1, since wy(1/2 +y/2) > 1
for any y > 1, again by data. As a consequence, we expect a payoff wg(1/2) > 1/2.
Even in this case, we can repeat the procedure and notice that our solution w satisfies
a concavity property. Therefore, it makes sense for wy = z; 1z>0) to be the solution to
system (1.33).

We now move on to a formal proof for Theorem 1.10. This will come through two pre-

liminary lemmas.

Lemma 1.11. Let wy, = x,j Then

(—A)Fwi(1) = 0.

Proof. Since t + (14 t)* + (1 — ¢)¥ — 2 is even, it holds that

/1 (1+t)’f+(1—t)'f—2dt:2/1 (1+t)"/’+(1—t)”“—2dt.

|t|1+2k ’t|1+2k

Moreover, by the change of variable t = —¢ we have

-1 k [e'e) Nk
1—8)"—-2 1+ -2 -~
a-t)-2, %dt;

ITIEEE ) |12k

then we can claim

oowk 1+t —l—wk(l—t)—ka(l)d
( . |t‘1+2k t
L A+ +(1—t)k -2
= 2 it + 2 dt
/OO ‘t|1+2k + /0 ‘t|1+2k
(1+t)k -2
+[ ‘t’lJer dt
B ©(1+t)k—2 AR+ (1 -tk -2
=2 |:/1 |t’1+2k dt + 0 |t|1+2k dt| .

If now we integrate by parts t — t~172* we get

007172’6 . 1 2k 1
/175 dt = — 2k|t }1_%
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and we can conclude by

" B ©(1+t)F PA4+P+ (-t -2 1]

where we have used Lemma B.3 for the last equality. [
Lemma 1.12. Let wy, = :13;; Then

—(=A)*wp(=1) > 0.

Proof. The proof is immediate since
wp(=1+1) +wp(=1 —¢) = 2wi(~=1) = (=1 + )" + (-1 -t)% >0
and is not identically null. O

Proof of Theorem 1.10. We start defining o € {—1;1} to denote the sign of some = € R.
Then we see that

/°° wp(o(1 +1)) +wp(o(1 — 1)) — 2wlo) o /°° wi(0 +1) +wi(o =) = 2wi(0)

. |[1+2k . |¢[1+2F dt,
since, if ¢ = 1 is obvious, while, when o = —1 we can put ¢t = —t and we see
© wi(o(1+1t)) + wr(o(l —t)) — 2wi(o) @t
- |¢[1+2k

_ /OO wk(—l — t) + wk(—l + t) - 2wk(—1) dt

o |t|1+2k

B /°° wWi(=1+1) + wp(=1 —1) — 2w (—1) i = /°° wr(o +1) +wp(o — 1) — 2wp(o) -

- |ﬂ1+2k - |ﬂ1+2k dt.

At this point, since it holds that for any r € R
wi(lzlr) = (|z|r)§ = l2*r] = |2 fwr(r),
we can state the following:

wi(2r) = wi(olz|r) = |z wp(or).
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Finally, we end up with

|y|1+2k ’x‘2k|t|1+2k

—00

ek [Twk(o(X4t) +wr(o(1 —t)) — 2wi(o)
= |z| /_OO |[1+2k dt

e [Twk(o ) Fwr(o —t) = 2wi(o)
[ i it

As a consequence, we can observe that

lz|7F(=A)*wp(=1) ifz <0

(~A) wla) = 47T T |
2| F(—A)rw(1) itz > 0,

Relying now on Lemma 1.11 and Lemma 1.12, thesis is proved, defining

C = —(—A)kwk(—l).

/°° Wi+ y) + Wiz —y) = Anlz) | /°° wi(z (L + 1)) + wi(e(l = 1)) = 2wk (x)

31
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2 ‘ Existence theorem for nonlocal

Schrodinger type equations

2.1. Introduction
We fix N > 2, N being the space dimension and consider the following system:

(=AYu + M= |[uff~?u  inRY

(2.1)
ue H*RY), p € (2,2;),

where k € (0,1) and 2j = 2.

Consider now the following problem:

Problem 2.1. To find a couple (u., \.) € (H¥(RY) x R), u.(x) being a weak solution to
(2.1) for A = \., such that |ju.|3 = .

A classical solution to our system would be some function u € H*(RY) solving (2.1)
pointwise and vanishing at infinity. To this end, we could for example look for u € C’ifz*e.
However, Problem 2.1 asks for a weak solution to our system, thus in order to deal with
a well posed problem, we have to analyze its formal definition and to define a correct

variational framework.

Theorem 2.2. The weak formulation of system (2.1) can be read as follows: look for a
function u € HE(RN) such that

for any v € H*RY) and p € (2,2}).

Proof. We suppose that u € H*(RY) is a classical solution to equation (2.1), multiply the
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equation by v € D(RY) and integrate. We retrieve that

/RN(—A)ku(a:)v(a:) dx :/ {CN;CPV /RN %dy] v(z) da

u(z) —u(y)
=Cpyyl dzdy.
Nkﬁl_r)%//RQNﬂ{x yl>e} fﬂf—y’N”k () dedy

Then, we can exploit the domain symmetry in the following way:

/— L N R
AT L L NV =

u(y) — u(x)
= ———(y) dxdy.
//R?Nm{|z—y>e} |z — y|N T2 )

This chain of equalities is true; indeed, on one side, by v € H¥(RY) and v € D(RY) we

can use Hélder, obtaining

//R?Nm{x_mze} %W( )| dedy < HUHoo// lu—|N£2k)|d5L‘dy < o0.

Thus, the Fubini theorem can be applied and switching the order of integration is allowed.
On the other side, then, if we define

L ule) —u(y)
f( 7y)_ ‘x_y‘N+2k7

we notice that f(z,y) = —f(y,z). Moreover, if we consider that our double integral fixes
x and integrates over y taking values in the complementary space of B.(x), we obtain the

aforementioned result. Exploiting the previous equality we easily obtain

// —u(g? _]ggg v(x) dxdy

RN {[z—y[>e} [T~ Y]
1 (u(r) —u(y))(v(z) —v(y)) .
2 //me{x—mze} — Y|k ddy

|z

and we are just left to show that

// ) ~ o) 4

. y| N2k
i (u(x) — u()(o(x) —o(w) ;.
B 1%0 //RQNﬂ{kryze} |z — y|N+2k ey
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and this is possible exploiting the fact that both u,v are asked to be at least in H*(RY),
then

[ A [ ) 1=t

< lufilv]e

As a consequence, the integral over the whole R?V is well defined and we are allowed to
pass to the limit.
The thesis comes straightforwardly, noticing that D(R”) is dense in H*(RY). O

Definition 2.3. We define weak solution to system (2.1), a function u € H*(RY) satis-
fying (2.2).

Once we have clarified the meaning of weak solution, we are ready to solve Problem
2.1. Indeed, even if it can be proved that, for any A > 0 fixed, a weak and positive
u € H*(RY) solving our original system exists (as shown in [14]), we are interested in a

particular family of solutions, namely u € H*(RY) with fixed mass |[ul|3 = ¢*.

2.2. The rescaling argument approach

Problem 2.1 can be solved applying a rescaling argument.

To apply this argument, we start considering a weak solution to system (2.1) for A = 1;
such a function, as already noticed, exists and we call it u. Then, we set ¢§ = [pn u® and
Wa,q(r) = a?u(ax). The method aims at finding both @ € R and ¢ > 0 depending on
¢, such that w, 4(x) solves Problem 2.1 for some A. > 0. Since, as just said, both o and
q depend on ¢, we will make this dependence explicit denoting w, 4(x) by w.(z). At the
end, (w.(x), \.(«)) will be a solution to Problem 2.1. To avoid heavy notations, in the

next calculations, we will denote w.(z) just as w(zx).

The first step consists in studying (—A)*w(z):

(—A)kw(a:) _ ON,k /RN w(m) — w(l‘ — y) — w(m + y) dy

2 e
_ Cni aq/ u(ar) — ular — ay) — u(ax + ay) d
5 o [y | V2%

C B T -
_ s [ wlow) —ulos —§) —ulor +5) o
9 N || N2k o~ (N+2K)

= a?F(—A)ru(ax),
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where we have used § = ay and dij = o’¥dy. We can proceed to say

(=A)fw(z) = a®?*(—A)ru(ax)

+2k vV —2
=l (—u(ozx) + m|u(am)|p u(ozx))

= —a*w(z) + 2T (z) P 2w ().

Now we ask for a?4+?#=P4 = 1 and fRN w? = %, where

w? = o u?(ar) = a*Ne,
RN RN

so that the system becomes
2q+ 2k —pqg=0

4k
Ak
ar2" " =2

This system admits one solution under the hypothesis £ — N = 0 and, in particular, it
p—2

: 2k c P ne)
is solved by ¢ = =5, o= ()™ ">~ and then

4k 2(p—2)
c\ F—NG-2) ¢\ F-NG-2)
we(x) = alu(ax) = | — ul [ — x
Co Co

4k(p—2)

cC 4k—N(p—2)
M=ok = = .
c ‘o

It is clear that (w., A.) solves our problem.

If instead ];‘% — N = 0, we are in the so called L2-critical case, namely p = % + 2. In
this scenario, we notice that ¢ = ¢y Vo, meaning that, even if we allow the free parameter
A to vary, the mass is still constant. In this scenario Problem 2.1 is solved just in case

¢ = ¢p and admits infinite solutions of the form (afu(ax), a®*) Va € R.

To briefly recap these lines, we recall that solving Problem 2.1 through a rescaling argu-
ment approach, coincides with searching for solutions to system (2.1) without the mass
constraint. However, this possibility is strictly connected to the homogeneity of the second
term in (2.1).
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2.3. The variational approach

In this section, we decide to face the same system (2.1), adopting a variational approach,
which requires the introduction of an energy functional whose critical points coincide
with the solutions to our original problem. The geometry of the functional will be a core
aspect in our analysis, since it is the geometrical structure itself to define the nature of
the critical points under investigation and to determine, as a consequence, the method to

be used in order to show its existence.

Before starting the discussion, we recall here an important preliminary result, whose proof

can be found in Appendix B.

Theorem 2.4. Let k be in (0,1) and N be greater then 2k. There exists a positive constant
C(N, k) such that, for any measurable and compactly supported function f: RN — R, it
holds

I/

Moreover, the embedding H*(RY) — LP(RY) is continuous Vp € [2,2}].

. < C(N,K)Lf I} (2.3)

We refer the reader to [10, Theorem 3.2.1] for a more general result.

We now define the energy functional F : H*(RY) — R

_ Cni
4

() = 2 }Jnunz, pe .2, (2.4)

where Cly, is defined in (1.12).

Lemma 2.5. Let k € (0,1) and A : H*(RY) — R be the functional defined by

Then A is a C' functional with

<dAu,U> _ 2//RQN (U($) B u(y))(v(:v) B U(y)) dl’dy, (25)

|l’ _ y|N+2k

for any u,v € HF(RN).

Proof. We start proving that, for any v € H*(RY), dA, € (H*(R"))*, where dA, is



38 2| Existence theorem for nonlocal Schrédinger type equations

defined in (2.5). Its linearity is trivial and we verify definition of continuity as follows:

dA, |« = dA,,v)| <2 dxd
I I sup [{ )| Sup //RzN ‘x_y‘N/QJrk |x_y‘N/2+k ray

loll grre=1 loll grie=1

<2 sup |v]|glulr <2 sup ||v|grlulr < oo.

o]l =1 l[o]] e =1
At this point, we would like to show that

[A(u+v) = Au) = (dAy, v)|

1
[ — ]| g

=0.

Directs calculations yield to

Lt vJ2 = [uf? = (dAu,v)] _ /] M_|M§%my

1
0[] 75 —0 ]| g nvnHwo ||vHHk

o]

nvnHwo vl g

This limit exists and equals 0, indeed

2 2
0< lim Lv]i < lim % = lim |v]x=0.
ol k=0 [[0]| e = Iollge—0 (V)& llollze—0

The proof is complete. n

Lemma 2.6. Let k € (0,1) and J : H*(RY) — R be the functional defined by

ﬂ@z%/ WP pe(2,2)).

Then J is a Ct functional with
(dJuv) = / P~ 2uw, (2.6)
RN
for any u,v € H*(RY).

Proof. We start the proof showing that the Gateaux derivative for J exists and coincides
with (2.6). The first step consists in proving that, for any v € H*(RY), d.J, € (H*(RY))*.
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We call t :=25(p—1)/(2; — 1) and apply Holder with o = % and B = 2; as follows

21
1/a
ldJyu|l« = sup [(dJ,,v)| < sup / lulP~'v < sup (/ |u|t) l|v]l2:
lloll e=1 loll =1 JRN loll gr=1 \JRN

1/a
< s o ([ ) el
l[oll g =1 RN

where we have used (2.3) and the density of D(RY) in H*(RY). We remark that the

integral in the parenthesis is finite since

oON  2:(2-1)

2 < =
N+2k 211

<t<2 Wpe(2,2), YN >2

and by Theorem 2.4 we have that H*(RY) < LP(R") is continuous Vp € [2,2;]. We

shall now obtain that
J(u+tv) — J(u)

lim
t—0

= (dJy,v),

with dJ, as in (2.6). By the Lagrange theorem we know that there exists some 6 € R,
0] < |t| <1 such that

|u + tv|P — |ulP
t

< plu+ vP~2(u + Ov)v

and, as a consequence, dominated convergence can be applied again with exponents

« and (3, in order to obtain

lim J(u+tv) — J(u) :%/R lim(]u~|—zﬁv|p—|u]”) ' (2.7)

t—0 t N t—0 t

Since the limit at the right hand side of (2.7) defines a classical derivative, we infer that
J is the Gateaux derivative we are looking for.

At this point we would like to show that J' : w € H*(RY) — J! € (H*(RY))* is contin-
uous. In this aim, we consider (u,), C H*(RY) such that u — u for some u € H*(RY)

and we shall prove that

lim (|7, — Ju]l. =0, (2.8)
n—o0o

where

1., = Julle =sup {| (J.,, = J) vl, v € H*RY), [[v[le =1} .
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We notice that

25

1/a
‘(Jén - Jlli) U‘ - ‘/ (|un|p72un - |U’p72U> v| < </ (uﬁ’%n — |u|p2u)a> HU
RN RN
1/
<o ([, =) bl
RN

where we have used Theorem 2.4. If we are able to show that the integral in the parenthesis

vanishes as n — 0o, we have proved the continuity in the dual space of J'. Exploiting
the continuous embedding of H*(RY) in LP(RY), p € (2,2}), we can rely on the inverse
dominated convergence theorem (|8, Theorem 4.9]) to obtain that, up to a subsequence,
there exists a function h € LP(R") such that

lu, ()| < h(z) a.e. in RY, Vn.
Thus we retrieve

/ (tnP 2t — [uP2u)" < c/ [+ [u]” < c/ BJ° + ul® < oo.
RN RN RN

Moreover, since, again up to subsequence, u,(z) — u(z) a.e. in RV, and f: 2 € RY
|u(z)|P~2u(x) is continuous, then (2.8) is true. Finally, we want to show (2.8) for the

whole sequence (u,,),, and not just for a subsequence. By contradiction we assume that
In; — 00, € > 0 such that HJ;nj J|l« > € Vn,. (2.9)

Since, instead, we know that w,, — u in H F(RY) we can repeat the aforementioned
reason in order to show a subsequence on n; contradicting (2.9). Exploiting finally the
famous total differentiation lemma, since we have shown that J is Gateaux differentiable
in H*(RY) and that J’ is continuous for any u € H*(RY), we obtain that J is Fréchet

differentiable and .J’ coincides with the Fréchet derivative. The theorem is proved. O
Theorem 2.7. Let E be the functional defined in (2.4). Then E € C(H*(RY)).

Proof. This proof is a trivial corollary of Lemma 2.5 and Lemma 2.6. [

Since F is differentiable with continuous derivatives, we can adopt a variational approach.
In particular, if we define the L2(R") sphere

S, :={ve H*R"): / lv|* = ¢*},
RN
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we aim at showing that solutions to our original system coincide with critical points for
the energy functional E constrained to S.. In particular, if we set K : H¥(RY) — R,
— 22

K() =15 5, we are ready to prove this result through the following theorem.

Theorem 2.8. u € H*(RYN) weakly solves the problem if and only if u is a constrained

critical point for E on S..

Proof. We start the proof defining the Lagrangian:
L(v,\) = E(v) + AK(v)

and we would like to show that a function u is a critical point for F constrained to S,
if and only if w is a free critical point for the Lagrangian. In other words, if we define
the tangent space to u in S, (see Definition (A.1) for a general introduction to tangent
spaces) as

T, = {ve H*RY) : (u,v), = 0},

we are going to prove that

(dE,,v) =0 Yo €T, < 3\: (dE, + ) dK,,¢) =0 VYo c H*RMY). (2.10)

We start focusing on the left-to-right implication and we notice that, for any ¢ € H*(RY),
we can define ¢ € T,

<¢7 u>2

lull3

0=0¢-

From this definition, remembering (dK,, ¢) = (¢, u)s by definition of K, we can reason

as follows:

0 = (dBw, @) = (dBw, ) — (dBw,u) (0102

 dE0) + (—W) (K, 6) Vo € HYR).

Then thesis comes immediately fixing A as the quantity in the parentheses and noticing
that it just depends on wu.
For what concerns the right-to-left implication in (2.10), it is proved by

<dEu,v>:—>\/ w Yo € HY(RY) = (dE,,v) =0 YveT,

RN

To complete the proof then, it is now sufficient to explicit the meaning for (u, ;) to be a
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free critical point for L(v, A) and this actually means solving

that explicitly becomes, for any v € H¥(RY),

”UHLZ(RN) = C.

It is clear that this problem coincides with the weak formulation of the original system. [

What we are left to study now, is the nature of the critical points of E. Depending on
the value of p indeed, E can be bounded from below or not. If E is bounded from below,
we can adopt minimization techniques while, if not, we must rely on min-max methods.
To study the geometry of the functional, we exploit both Theorem B.4 with ¢ = 2 and
r = 27 and Theorem 2.4, that still holds true for our weak solution since D(R”) is dense
in H*(RY). The combination of these two theorems leads us to the fractional Gagliardo-

Niremberg inequality:

Lemma 2.9 (Fractional Gagliardo-Niremberg inequality). Let N be the space dimension,
p € (2,2;) and u € H¥(RY), with k € (0,1). Then

lully < Cllullz: llully™ < Clufillull™,

0
2
with § = 2N

2pk

Proof. The proof is direct if we make use of Theorem B.4 with ¢ = 2, » = 2} and of
Theorem 2.4. O

Lemma 2.9 allows us to bound from below our functional E(u) on S, in this way:

E(u) > % ul? — Clu)?. (2.11)

At this point, we can look for conditions on p that ensure infg, F(u) > — oo and these are

—2)N 4k
u<2 — p< —+2

0 <2
p<<:>2k N
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On the other side, let p € (3 +2,2;) and set H(u, s) : (S. x R) — S, where H(u, s)(z) =

sN . .
ez u(e’r). Its values are in S, since

1) = [ el ds
RN
e [ By =

g - [ 0 Bu0E
//W i

[u(z) —u(@)* , .
R2N |Z— ’N+2k ~aw

— 2ks LU

and

If then, we fix u € S, and study FE(H (u,s)), with s varying in R, we obtain

2ks 1 sNp
E(H(u,s)) = CNk—eLuji - —/ "2 uP(e’x) dx
RN

4 p
CN,k €2ks esgp—sN
= O gy

Exploiting Theorem 2.4, we know that, if u € S, then u € LP(RY), since p € (2,2}) by
definition of E. Since p > & —I— 2, we obtain

sNp 4k\ sN
—— —sN> |24+ —]| ——sN =2
5 S <+N) 5 s ks

and it is immediate that E(H (u,s)) — — 00 as s — 00 .

Therefore, we can recap what we showed in this paragraph through the following scheme:

4k
2<p< N + 2 — igle > —o00 — minimization techniques
4k . . .
N +2<p<2; - 1g1fE = —00 = min-max methods.

We just remark that, in the first line, we used an arrow and not an implication symbol
since, in order to use minimization techniques, we should prove that the infimum for F

is effectively reached, but we will not address this topic here.
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If finally p = % + 2, meaning that pf = 2, then infg, F depends on c. In particular, in
this case we want to name 7' the product of the constants coming from Theorem 2.4 and
Theorem B.4, in order to make the mass value ¢ appear explicitly. Then, equation (2.11)

takes the following form

CNk

E(u) > Luli = T =D ),

that, with pf = 2, becomes

E(u) > (Cgk - ) 2.

From this inequality it is trivial that we can guarantee that E is bounded from below

1
only for small masses and, more precisely, for ¢ < ( NT aY=S

2.4. Problem dissertation and resolution

In the introduction of this chapter we considered the homogeneous forcing term |u|P~u ,

with p € (2,25). Then, analyzing the variational approach, we proved how p € (w, 27)

implies that the functional E is not bounded from below. From now on, we will consider
4k+2N
N

the unique case of p in ( ,27), but we propose to face a more general case, where
the forcing term is no more homogeneous. As a consequence, the rescaling technique
previously adopted becomes unsuitable in order to solve problems of the type of (2.1) and
we have to search for new methods.

In particular, throughout this section, we will face a nonlinear eigenvalue system of the

form
(=AY u(r) — g(u(z)) = du(z) xRV, N>2 ke (0,1), \€R (2.12)

with v € S, and where the function g is asked to satisfy the following hypotheses:
(Hl) g:R—>R

(H2) there exists («, 8) € (R x R) satisfying

WL2N < B <28 N>3

N < 3 N=2
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such that aG(s) < g(s)s < BG(s), with G(s) := [ g(7).
(H3) if we define G(s) = g(s)s — 2G(s), we ask for the existence of G’(s) such that

~ 2N + 4k ~
G (s)s > T+G(s).

An example of admissible ¢ is of the type:

= 4k + 2N
g(u) = ;ai|u|m_2u p;i € (—i_T,QZ) Vi, (2.13)

for some m € N.

We now state the main theorem we are going to prove in the remainder of this thesis:

Theorem 2.10. There exists a couple (uq,\.) € (HF(RY) x R) weakly solving (2.12),

such that ||u.||3 = 2.

Here H*(RY™) denotes the space of radially symmetric function in H*(RY). We will firstly
work in H*(RY) and just at a later stage, for reasons that will be specified, we will restrict

our domain to H*(RY).

Similarly to the previous case, the weak formulation of system (2.12) set in H*(RY) reads

as follows: look for a function u € H*(R") such that

Cnk (u(z) — u(y))(v(z) —v(y)) -
2 //RQN |z — y|N+2* dxdy + )\/RN u(z)v(z) de = /RN g(u(x))v(x)ds

(2.14)

for any v € H*(RM).
If we consider g as in (2.13), the energy functional F'(u) : H*(RY) — R used in the

variational approach is

Flu) = D 2 S Hulz pie (W%) Vi.

Let now pass to a general description of the strategy we are going to adopt in order to
prove Theorem 2.10. Firstly, as in the motivational example, solutions to equation (2.12)
are critical points for I constrained to the L? sphere S.. Thus, again, the nature of its
critical points depends on the geometrical properties of the functional, which change as
the values of p; change. It holds true that, if 0 < p; < 4“% Vi, we have infg, F' > —o0

and the problem can be solved proving that the infimum for F' is reached.
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In this study, instead, we focus on nonlinearities of the kind

4k + 2N 4k + 2N
+T<p<2; ifNZB,p>+T if N=2,

since, if this is the case, the geometry for F' changes, with infg, /' = —oo. Thus, it is no
more possible to look for a minimum for ' on S.. Intuition leads us to think that, if F’
owns some kind of mountain pass geometrical structure on S., we can look for its critical
points at some level y(c).
As a consequence, at first, we analyze the geometry of this functional and prove that exist
Uy, us € S, satisfying

)= inf | max Fg(s) > max{F(u), F(u)},
with

I'(c) = {g € C([0,1],5.), 9(0) = u1, g(1) = uz}.

Relying on these information on F', we could apply a standard version of the mountain
pass theorem on F|g, to guarantee the existence of a Palais-Smale sequence at level y(c)
(see [1]). However, since we work on S, standard methods used to prove boundedness of
a Palais-Smale sequence in superlinear problems, do not work. To overcome this issue,
we introduce the auxiliary functional F(u, s) : (H¥(RN) x R) = R

CN,k €2ks

F(u,s) = |ul? — e N G(e%u(x)) dx

4 RN

with G(t) = fotg(T) dr and we show that F on (S. x R) has the analogue geometri-
cal properties as F' on S.. Through these information, we extract a Palais-Smale se-
quence (up, 5p)n C (Se x R) for F. The fact that %F(un,sn) — 0 and that F(uy, s,)
is bounded, imply that (v,), := (H(uy,s,)), is bounded in H*(RY). The fact that
2 (Un, Sn)|(s.xr) — 0, impies that (v,), is a bounded Palais-Smale sequence for F' on S,

0s
at level v(c). Namely, (vy,), is such that

n

F(on) = 7(¢)
F/

Se (vn> — OJ

where F'|g, denotes the constrained differential of F' on S..
At this point we wish to prove that v, — v in H*(RY), for some v € H*(RY). The last
difficulty we face is the unboundedness of the domain, that causes an apparent lack of com-

pactness. The invariance under the group of translation in RY prevents the embeddings
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HF(RYN) — LP(RY) from being compact for any p. To overcome this obstacle, instead
of working in H*¥(RY), we frame our variational procedure into the subspace HF(R").
Exploiting Theorem B.6, we will recover HF(RY) << LP(RY), for any 2 < p < 2} if
N >3 orp>2if N =2. Once compactness is recovered, we proceed to prove that (v,),

converges in HF(RY).

2.4.1. Existence of solutions with prescribed norms

In this section we assume ¢ > 0 to be fixed and recall, for the reader’s convenience, the

problem we are investigating, which is

(=A)fu(z) — g(u(z)) = du(r) 2eRY, N>2 ke (0,1), \€R,

/ lu|? = 2.
RN

We start listing some properties of GG that come up from our hypotheses.

under the constraint

Lemma 2.11. From (H1) and (H2), it follows that, for allt € R and s >0

sPG(t)
s*G(t)

IA

G(ts) < s*G(t) ifs<1 (2.15)
G(ts) < s°G(t) ifs>1.

IN

Proof. We define the following function
oi(s) = s"G(t) — G(ts) VteR

and stress that ¢;(1) = 0. Studying its derivative, we obtain

61(s) = 5760 — gles)t = [ Gl — 9009
> é[sﬁG(t) —G(ts)] = §¢t<8)'

S

This implies that (s™#¢:(s))’ > 0 and, as a consequence, that

s<1 = s°G(t) — G(ts) <
s>1 = $°G(t) — G(ts) >
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The reverse inequality for « comes considering ¥y(s) = s*G(t) — G(ts) and noticing that
(s~ *y(s)) < 0. O

Lemma 2.12. G(s) is even and G(v) > 0 for any v € S, .

Proof. G(s) is trivially even, since it is the primitive of an odd function. To prove posi-

tivity, exploit G(s) = G(—s) to take a generic v € S,, v > 0 and write v as follows:
v = ﬂ[vgl] + ]l[le] = V1 + Vs.

It is clear that
G(U) = G(Ul) + G(Ug).

Exploiting G(v) = G(1 - v) and (2.15) we obtain
G(v) > G} + 5] > 0,

since v; > 0, v, > 0 and G(1) > 0. The positivity of G(1) can be checked exploiting
(2.15) with t = 1 and e.g. s = 2, that give us

2°G(1) < 2°G(1).
This inequality, recalling av < 3, can be true only if G(1) > 0. m

Lemma 2.13. From (H1), (H2) and from the definition of G, we get for any s € R

)

(5) < G(s) < —

- a—2

G(s) < g(s)s < a G(s).

T a—2

G(s)

=
[\)

= |

(2.16)

=
|
)

Proof. We are just going to prove the inequalities with 3, the ones with v can be retrieved

in the same way. Consider that

1 - 1 2 3 9
EG(S) = mg(s)s - EG(S) < mG(S) - EG@ = G(s)
Concerning the second inequality, we write
~ 2 2
560 = a5 = 256 < g0l = S als)s = glo)s
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From now on, we will call H = L?*(RY) while E = H*(RY), where we use

- [ DO ) 4y, gy
o ‘x_y‘N+2k » U/ H

as scalar product. Moreover, we consider the spaces (H, (-,-)g) and (F, (-, -)g) equipped

with the induced norms

2
u\x
= / @) Pde [l = // Ll lml‘ddwuun%{.

Thus, the main definitions we need, adapted to these new formalisms, are :

1. Se:={u€EFE, |ullg=c}

2. F: FE—=R

3. Hi:ExXxR—=FE

4. F:ExR >R

Recalling that | H(u, s)|? = e**|u]? and ||H (u, s)||2 = |Jul|2, we can explicitly write

~ CNkek

F(u,s) = “2EZ ]2 — ¢ oV /R i G(e? u(x)) da. (2.17)

Finally, we have already noticed that H(u,s) is a transformation from (S, x R) to S..

Before closing this section, we state and prove a lemma that allows us to express F as

function of H(u,s).
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Lemma 2.14. If we set v = H(u, s), we have

Plus) = S0~ [ G

Proof. Starting from equation (2.17), we can write

2ks 2
€ 2 )|
dzd
R2N ’Z—M‘N+2k =W
1 [ [H(u,s)(x) — H(u,s)(y)” Loy
== dedy = =
4/RN g =gl

and

e /R i Ge? u(z)) do = /R ) G(e? u(e’r)) do = /R _Gl).

2.4.2. The mountain pass geometrical structure

In this section we proceed to prove that F (u, s) possesses a mountain pass geometrical

structure on (S. x R).
In this aim, we start the discussion stating two preliminary lemmas.
Lemma 2.15. Under (H1) and (H2), if u € S., then

(a) |H(u,s)|x — 0, F(u,s) =0 ass— — oo

(b) |H(u,s)|r — + o0, Flu,s) — — 0o as s — + oo.
Proof. To handle (a), we consider s < 0 so that ez < 1 and apply (2.15) to obtain

B 2ks .
|F(u,s)| < ON]jTeLuJi +e” SN/ G(eTNu(x))dx

Cf ers s
< LLUJ%—F@‘SN?/ Glulz
1 v

where we use (H2) to state

sN (O‘ > 2) > sN (%) = 2sk. (2.18)
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This proves that |F(u, s)| — 0 as s — — co.
At the same time, also | H(u, s)|? = e***|u]? — 0 as s — — oo and (a) is proved.

For what concerns point (), we fix s > 0 so that e > 1 to infer

~ Cyre®s o ye2 sN
F(U,S) < Tl_qu —€ ? N G(e ? u(:v))da:,

where we have used (2.15).
Exploiting again (2.18), we immediately gather F'(u,s) — — oo as s — + oo. Finally,
| H(u,s)]3 = e***|u]? = + oo as s — + oo and point (b) is proved. O

Lemma 2.16. Under (H1) and (H2), there exists T'(c) > 0 such that, setting
A={uesS,. : |u]; <T(c)}
B={uels, : |u
we have

0 < sup F(u) < inf F(u).

uEA u€B

Proof. Our first aim is to estimate G(v) from above.

To achieve it, we consider that for any u € S., we have
u = ﬂ[ugl]u + ]l[uzl]u =: U] + U2

and the following chain of inequalities, that rely on (2.15), holds:

G(u) = G(uy) + G(uz) = G(up - 1)+ G(ug - 1)

<G [ (" + 1) <60 [ (ul" + 1l
= Gl + )

At this point, relying on Lemma 2.9, we consider « as defined in (H2) and write

— 2N
lullo < Cluffuli?, o= 2=2N

a—2)N

(
Moreover, exploiting u € S., we obtain ||ull, < C|u], *** . This leads straightforwardly
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to

[ e <o (= =),

Moreover, we use 8 > « to get that, for |u]; small enough, it is still true that

(a—2)N
/ Glu) < Clu), .
]RN

At this point, we have bounded G(u) from above and we can proceed to prove the theorem
through this strategy.
If we fix T > 0 and suppose that u,v € S, |ul? =T, |v]2 = 2T, it holds for T small

enough

F(o) = F(w) = (ol - L) - [

> CN,kT_/ Gl) > ONkp _ oplec2
4 o 4

Cnk
> —
8

We stress that, for the previous inequalities, we have used

a—2> 4I<:+2N_2 1 4kl k
4 N 4 N4 N’

meaning that N(Z‘IZQ) > 1 and hence, that T goes to 0 faster than T', as T" — 0. So,

we have proved that sup,c4 F'(u) < inf,cp F(u), but we still miss 0 < sup,c4 F(u).
To complete the proof, we consider @ € A such that [u]3 = T, T small. Thus, it satisfies

P = Al - [ 6@

> Ok oplep®

>0
and the thesis is proved. O

We are now ready to state the proposition that ensures the existence of a mountain pass

geometrical structure for F(u, s) on (S, x R) .

Proposition 2.1. Assume (H1) and (H2) and let T' = T(c) be fized as in Lemma 2.16.

There exist uy, us € S, such that:
(a) \ui|?2 <T (ie. uy € A)

(b) |uz)3 > 2T
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(¢c) F(uy) >0 > F(us).

Moreover, defining

f(c) = {B € C([Ov 1]? Sc X R)’ iL(()) = (u170)7 ﬁ(l) = (UQaO)}
i(e) = inf max F(h(t)),

we have, with 3o(c) := max{F(uy,0), F(uy,0)}, that

7(e) > o(e)-

Proof. Combining both Lemma 2.15 and Lemma 2.16, we can reason as follows, starting
from a generic u € S..

By Lemma 2.15, we can find s < 0, with |s| large enough such that, defining @ := H (u, s),
@ belongs to A, since | @], approaches 0 as s approaches —oo. In particular, since @ € A,
A is non empty. Thanks to Lemma 2.16 then, being sup,c 4 F'(u) strictly positive, there
exists u; € A with F(u;) > 0.

Studying instead H (u,s) for s big enough, it is trivial by Lemma 2.15 that there exists
Uz, with [ug]? > 2T and F(uy) < 0.

So, we have proved points (a), (b), (¢), while we miss the last statement of the theorem

and we start setting

D(c) == {h € C([0,1], 5.), h(0) =1, h(1) = us}

= inf F(h(t)).
v(c) it | macc (h(t))

We can study v(c) and say that, for any h(t) € T'(c), by continuity there exists ¢ such
that |h|? = 2T, namely h(f) € B; thus, thanks to Lemma 2.16, we have that

F(h(D) > F(h(0)) = F(uy).

This leads us to F(h(t)) > max{F(u), F(us)} = F(u;) for any h(t) € I'(c) and, exploiting

Lemma 2.16, we can infer that

v(e) > inf F(h(t)) > sgpF > max{F(uy), F(uz)}. (2.19)

" hel(e)
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Moreover, we recall the following chain of equalities:

F(uy,0)
F(UQ,O).

=

5
I
=

(H (u1,0))

(2.20)
(H(UQJ O))

=

S
I
e

Therefore, combining (2.19) and (2.20) we deduce that J(c) = max{F(u1), F'(us)} and
v(c) > Ao(c). Thus, if we are able to gather (c) = v(c), then we have completed the
proof.

We want to prove the equality 7(c) = v(c), showing that both 5(c) > v(c¢) and Y(c¢) < v(c¢);

this is true since

—
=

2.4.3. The min-max approach

In the previous section, we have shown how F (u, s) possesses a mountain pass geometrical
structure on (S, x R) and we would like to exploit this information in order to rely on
some version of the mountain pass theorem. In this way, we could guarantee the existence
of a Palais-Smale sequence at level v(c). Nevertheless the standard hypotheses at the
basis of this theorem do not apply in our framework since the sphere S, is not a Banach
space. In fact, in this section, we will state and prove a more general result, the min-max
theorem, valid also on differential manifolds. In order to do this, we will implicitly refer
to some basic notions of differential geometry, whose formal definitions and statements

are collected in Section A of the appendix.

Before starting our analysis we state here an important definition.

Definition 2.17. Let B be a closed subset of X. A class F of compact subsets of X is an
homotopy-stable family with boundary B if

(a) every set in F' contains B

(b) for any set A in F and any n € C([0,1] x X, X) that satisfies n(t,x) = x for all
(t,x) in ({0} x X) U ([0,1] x B), we have n({1} x A) € F.

Our first step consists in the statement of an important deformation lemma valid on

Finsler manifolds; this lemma will be crucial in the formulation of the main theorem of
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this section.

Theorem 2.18 (Deformation lemma). Let ¢ be a C functional on a completed connected
C! - Finsler manifold X and let B and C be two closed and disjoint subsets of X. Assume
that C is compact and that ||d¢.|| > 2¢ > 0 for every x € C. Then, for each k > 1, there
exists a positive and continuous function g on X and a deformation o in C([0,1] x X; X)

such that, for some ty > 0, the following holds for every te [0,t):
i. a(t,z) =z for every v € B
it. pla(t,x),z) < kt for every x € X
iti. ¢(a(t,x)) — ¢(x) < —eg(x)t for every x € X
9(

. g(x) =1 for every x € C.

Proof. We fix k > 1 and use Definition (A.3) and Theorem A.8 from the appendix to find,
for any z; € C, a neighbourhood U; of x;, a chart f; : U; — T,,(X) such that

e < e < Bl forallz e U (221)
and
(00 F7 25 ) 2 ldota] for il y € fi(00) (2.22)

For each U; we set V; C U;, V; open neighbourhood of z;, such that, for some d; > 0, we
have

denoting with B(.J,9) the d-neighbourhood of the set J in the appropriate metric.
We notice that, since C is compact, it is possible to select a finite covering (V;), and a
suitable partition of unity (y;), conditioned to (V;),.

We now set a continuous function [ : X — [0, 1]:

1 fzedC
0 ifze (X\U",Vi)UB.

l(x) =

If we name 0y = min{dy,ds, ..., 0, } and tg = we can start setting the continuous

do
1+k2>
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deformation a(t,z) = x and define, by induction on j, 1 < j < m, the deformations

157 (Flam(to) — @))€ U,

a;_1(t,x) otherwise.

a;j(t,x) =

We will now prove by induction the following properties, valid for ¢ € (0, y):

filaja(t ) — fl(ﬂf)x(l")uz—in € [;(U;) if aja(t,z) €U (2.23)
plaj1(t, x), o (t ) < kl(z)x;(z)t (2.24)
P(a;(t,z)) — dlaj-1(t, x)) < —el(x)x (@)t (2.25)

We start with 7 = 1 and recall that

it (hle) - t@pa(e)py)  deen

T otherwise.

a(t,z) =

Property (2.23) is true indeed, assuming x € Uy, if it holds that x;(z) # 0, then z € V}
but ||tl($)X1($)HZ—1||H <t < §p and, as a consequence

filx) — ﬁ<x>xl<x>Hz—1H € B(fi(V1),81) C fi(U7).

If instead x1(x) = 0 then, obviously, since by hypothesis x € Uy, property (2.23) is true.
For what concerns property (2.24) with j = 1, we must study p(z, a4 (¢, z)) and we consider
the path o1(s) = ai(s,z), s € [0,t] that connects x = 01(0) to ay(t,x) = o1(t). We have
that

ds

et < [ loi(lds < [ Al

xr1

< E @ (®) — Hor(O) e = b H () = ttapaaa) ) = o

4l
= kl(z)x1(x)t.

1

Finally, again with j = 1, we miss to show (2.25) and, in this aim, we notice that if
x ¢ Uy, then ag(t,z) = ay(t,z) = x and (2.25) is trivially satisfied; if instead = € U;, we



2| Existence theorem for nonlocal Schrédinger type equations 57

can apply the mean value theorem with 6 € [0, 1] and write

dlon(tsa)) — o(x) = dlan(t, ) — do f (fu(x))
=¢ofT1(h@)— () ()

) = o0 £ )
= —ti(z)x1 (@) <(¢ o fity <f1(x) — th(x)Xl(x)HZ—iv ,£> .

[l
It now follows from equation (2.22) that z € U; implies that ¢(ai(t,x)) — ¢(z) <
—el(x)x1(z)t and (2.25) is proved.
Now, we proceed with our proof by induction assuming that (2.23), (2.24), (2.25) are
verified up to a;_; and prove them for o;(¢, x).
We start with property (2.23) and, before going on, we stress that, (2.24) being valid up

to a;_1, leads to

P 23-(6:)) = lawlts st 2) (2.26)
Z a;1(t, ), a;(t, x))
< ktl(x) Jz_:xl(a:) < kt. (2.27)

i=1
It is worth noticing that, if « ¢ UJ ! U;, then x;(z) = 0 for any 1 < i < j — 1, leading us
to Y27~ yi(z) = 0 and, as a consequence, to p(x, ;1 (t, x)) = 0.

Thus, from (2.26) and from ¢, < 1+k2,
allows us to say that, for any x € supp(x;) and a;_;(t,z) € Uj, it is true the following:

we infer that p(z, a;_1(¢,z)) < 2. This information

p(x,a-1(t,x)) = inf{L(0); o joining x to a;;_1(¢,x) and o C U,}. (2.28)

Indeed, if we suppose that previous proposition is false, we fall into contradiction because
we would have to choose a path o leaving U; and force, in this way, the existence of a
point & ¢ U, Z € o such that

,0(513',(36];1@,%)) Z p(iC,ZZ') Z 507

ending to L(o) > dp.
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If now we consider a generic o joining = to o;_1(¢,x), 0 C U; and study L(o) we obtain

L) - | (sl ds = X / b / " o(s)) ds

_ % 1£;(e () = file(@)]l,,
= £ Iesa(t.0) = Ho,

1
ds > —

d
Shels)| sz

Zj

Since, as stated, this inequality is valid for any path in U; joining that two points, it is
valid also for the infimum of L on that paths, that is, by (2.28), the definition of p(x, o;_1)
and we finally get

1fi(ej—a(t,2)) = fi(@)ll,, < kp(x,aj-i(t,2)) < KL

Hence

Yl < B2t < 6.
ol

We have proved that f;(o;_1(t,2)) — tl(a:)x(x)”%” € f;(U;) if both a;_4(t,x) € U; and

x € supp(x;) and, as a consequence, (2.23) is proved.

filaja(t, @) — fi(z) —tl(x)x;(x)

The next step consists in proving (2.24) and we just consider the path o;(s), for 0 < s <'t,
such that 0,(0) = a;_1(t,x) and 0;(t) = o;(t, x), defining it as

(6 = £ (Blag-atta) ~ sltano) 2y )

v

It is straightforward then

plaj-1(t,z), a;(t, ) < L(0;) S/O loj(s)'ll ds

< k| fi(a;(t,2) — filaj-1(t, )]l
< El(x)x;(x)t,

where the last inequality holds since, for any x € U;, we have that o; C U; by definition
and a;_q(t,x) =z Vo € U;.

We finally have that also (2.25) is true, exploiting the mean value theorem between
aj_1(t,z) and «;(t,x) and recalling that o;_1(t,2) = « Vo € U;. The induction is com-
plete.

We are now ready to set a(t,z) = a.,(t,z) and g(z) = I(z) > -, x;(z). We immediately
see that (7) is satisfied by definition of x,,(z) , (i) is true thanks to (2.26) with j —1 = m,
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(#i) comes from

Pam(t,x)) = ¢lao(t, 7)) = Z ¢lay(t, 2)) = dlaj(t, )
< —etl(x) ij(x) = —eg(x)t,

j=1
whereas the definition of (y;); partition of unity and of [(x) lead immediately to (iv). O
Theorem 2.19. Let ¢ be a C' functional on a completed connected C* Finsler manifold X

and consider an homotopy-stable family F' of compact subsets of X with a closed boundary

B. Name c¢= ¢(¢, F) = }‘1612 max o(z) and suppose that

sup ¢(B) < c. (2.29)

Then, for any min-maxing sequence A,, for ¢, meaning lim HilaX¢ = ¢, there exists (z,), €
X such that: !

(a) lim,, ¢(x,) =c
(b) lim,, ||dé,, || =0

lim inf nsYn) = 0.
(¢) lim inf p(zn, yn)
Proof. We start considering a set A € F such that:
¢ <sup ¢p(A) < c+ €.

Then let L be the subspace of C(]0, 1] x X; X), consisting of all continuous deformations

n satisfying:
n(t,z) =z for all (t,z) € ({0} x X)U ([0,1] x B)
00

sup (p(n(t, =), 2); (t,2) € ((0,1] x X)) < oo.
If we equip L with the following metric:

o(n,m') =sup(p(n,n), (t,x) € ([0,1] x X)) Vn,n' € L,

the space L becomes a complete metric space.
We define now the functional I : L — R, by I(n) = sup,.;(¢(n(1,z))) and notice that
n(t,z) = x for any (t,z) € ([0,1] x X) is the identity in L.
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Before proceeding, we stress that F being homotopy-stable inside X and A € F, imply
that (1, A) € F ¥n € L and leads to

{I(n), n € L} = {sup ¢(n(1, A)), n € L} C {sup $(A), A € F}. (2.30)

In other words, we could say that, naming A, := n(1, fl), the fact that F' is homotopy-
stable inside X and A € F, imply that {A,,ne L} CF.

Exploiting this inclusion and the definition of I, we write

I(7}) = sup ¢(x) < c+ € < inf I(n) + €.
zeA nel

The last inequality allows us to apply the variational Ekeland’s principle’s Corollary B.8,

with € = €2 and \ = ¢, to retrieve that there exists 7y € L such that:

(o) < 1(n) (2.31)
(1m0, 1) < € (2.32)
I(n) > I(ny) — €d(n,no) for all nin L. (2.33)

If we set C' := {z € ny(1, A); ¢(z) = I(ny)} and make use of hypothesis (2.29) together
with (2.30), we can state

$(C) > ¢ > ¢(B),

which means C' N B = ().

We now claim the following proposition: there exists z. € C' such that ||d¢,. | < 4e.

We want to prove this proposition by contradiction, relying on the deformation lemma
2.18 applied with 1 < k < 2. We start noticing that, if we suppose ||d¢,, || > 4e and recall

CNB = (), the hypotheses of the deformation lemma are verified and, as a consequence, we

obtain «(t, z) satisfying the conclusions of that lemma, together with a suitable function
g and a time tg > 0.
If we fix 0 < A < tg, we can construct the deformation (¢, z) := a(tA, no(t, z)) and prove
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that it belongs to L since
m(t, z) € C([0,1] x X))

a(0,70(0,2)) =2 V(t,z) € ({0} x X)
a(th,z) =z V(t,z) € ([0,1] x B),

nk(tﬂ JI)
nk(t’ l‘)

where in the first line we used that « is continuous V(¢,z) € ([0,t] x X) , in the second
we exploit point (7i) of Lemma 2.18 and 1y € L, while in the third we rely on point (7)
of Lemma 2.18 and again on 7y € L, that implies ny(t,x) = x Vo € B. Now, from point
(1) of Lemma 2.18 and t < 1, we retrieve that

pla(Mt,no(t,z)), no(t,x)) < kXt < kX V(t,x) € ([0,1] x X)

and this allows us to write d(nx,n0) < kt.

Finally, combining this result with equation (2.33), we have, since n) € L
I(ny) > 1(no) — €d(nx,mo) = L(no) — €kA > ¢(no(1,z)) — ek Vax € A.

Exploiting compactness of F', we can say that sup ¢(n(1, A)) is a supremum of ¢, which
is continuous, on the compact set 7, (1, A) € F and, as a consequence, is a maximum and
there exists x € A such that ¢(nx(1,2,)) = I(7,). Then, we can explicit the equation as

follows:
¢(m(1,22)) — ¢ (1, 7)) > —ekX Va € A. (2.34)

But, exploiting (77) and ¢(na(1,zy)) = ¢(a(A, (1, zy))), we obtain

P(a(1,22)) = @(no(L, 22)) < —€eAg(no(1, 21))- (2.35)

If we now combine (2.34) with z = x, and (2.35), we retrieve the following expression

—ekA < ¢<77>\(17x)\)) - ¢(770(17x>\)) < _6)‘9(770(17‘77>\)>7

that can be simplified into

DO | T

g(no(1,xy)) < for any k > 1. (2.36)

We want now to let A — 0, from which it is trivial limy_,o 7\ (¢, ) = no(¢, z) and we define

xo any cluster point of z) as A — 0. It must be noticed that, if we study (2.34) with
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A — 0, we have
o(no(1,x0)) > d(no(1,x)) for any x € /1,

meaning that 7o(1,z9) = I(no) and so z( € C.

Since g € C, (iv) ensures us that g(no(1,z¢)) = 1 and the contradiction is clear: choose,
as said, 1 < k < 2,egk = % and compare this last equality with (2.36) as A\ — 0. It
becomes:

that is a clear contradiction.
Now that we have proved by contradiction that there exists x. € C such that ||d¢,, || < 4e,
which corresponds to point (b) of the theorem, we still miss to show that both ¢ < ¢(z.) <

¢+ € and 6(z,, A) < e. But they are trivial, indeed, exploiting (2.31), by the Ekeland’s

principle we obtain
$(xe) = I(no) < I() < c+ ¢

and, moreover, ¢ < I(n) is true by definition of c.

Finally, taking into account (2.32), we have the following chain of inequalities:

inf p(z.,y) <supp(no(1,y),y) < sup  p(no(t, z), )
yE€A yEA tel0,1],zeX

= sup p(no(t7$)vﬁ(t’x)) = 5(770>77>
tel0,1],xeX

< €.

The proof of the theorem is complete. m

2.4.4. Existence of a bounded Palais-Smale sequence

In this chapter, we want to prove that there exists a Palais-Smale sequence for F restricted
to S. at level v(c) and that it is bounded in E.

We start naming E := (E x R) and equipping it with the scalar product

<.’ >E = <.’ >E + <.7 '>R,

associated with its induced norm

-1 =11 1%+ 1 - %
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For convenience, moreover, we state here two definitions valid, respectively, Vv € E and
V(u,s) € E:
T,:={2€FE: (v,2)y =0}

T(u,s):={(z1,2) € E, (u,z1)g =0},

where T, is the tangent space to v with respect to the manifold 5., while f(u, s) is the
tangent space to (u, s) with respect to (S, x R).
Before continuing the discussion, we now state two lemmas that will be important through-

out this section.

Lemma 2.20. Let (v,), be a bounded sequence in E and g a function satisfying (H1) and
(H2); then it holds:

1 fong(vn)z = [erngv)z VzeE

2. Jan 9(Wn)vn = fon g(v)v

8. Jan 9(0)n = [on g(v)v.
Proof. In this proof we are going to apply the Corollary B.5, since E' is Hilbert and (v,,),
is bounded in E by hypothesis . We will name v the limit in F of v, and h(x) the

dominating function.

If we are able to prove
lim g(vy)z :/ g(limv,)z VzeE,
RN RN

then, since g is continuous and v,, — v a.e, then point (1) holds.

We start relying on (H2) to see

[ o=z [ Gl
RN RN Up

Now we consider v,, = 1y, (2)|<1]Vn and vy, = L{jy,(2)>1]Vn SO that

U () = Vp1 () 4 vpa(z).
Moreover, being G even and linear, it is true that

G(vn) = G(vn1 + Vn2) = G(vn1) + G(Vn2) = G([vm]) + G(|vnzl).
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We can use (H2) to say that
o B 4k *
G(vn) < G()(vpy +v,,) V24 v <@ < B <2
If we now develop calculations, we obtain
G(v, _
[ 8 <) [ o+
RN RN
< G(l)/ (S P
RN

=/ f
RN

where f := G(1)(h®~ + h?~1)2. Moreover, f € L'(RY) indeed, applying Hélder with

p:ﬁ,q:aandp:%,qzﬁ,weretrieve

[ = Gomax{lal 121} [(/ ) (] hﬂ)%l] ,

that is well defined quantity thanks to Lemma B.
At this point, it is possible to apply dominated convergence on f = 8f and (1) is proved.
To prove point (2), we an follow the same reasoning to apply dominated convergence and

thesis comes from

19(vn)vn —g(v)v] < [g(vn)vn—g(vn)v]+|g(va)v—g(v)v] < [g(vn)l[on—v|+[v]lg(vn) —g(v)],

where |v, —v| — 0 and |g(v,) — g(v)| — 0, thanks to Lemma B and to the continuity of

g.
Finally, point (3) comes straight forward applying dominated convergence in the same

way. ]
Lemma 2.21. F € C'(E; R).

Proof. We want to show that F admits continuous partial derivatives. In particular, we
will look for dF(u) : E — R, dF(s) : R — R linear and continuous such that

|F(u+v,s)— F(u,s) — (dF,,v)|

lim =0VseR
ol =0 ]| &
lim |F(u,s+ h) — F(u,s) — (dFs, h)| OVueE.

|h|—0 ||
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To compute dF(u), we should rely on (2.17) and perform the same calculations as for

Theorem 2.7 to retrieve:

- e2ks u(z) —u v(z) —v SN SN
(dF(u),v> _ C(]V%//R?N( ( ) ’x(y))( ( ) (y)) dedy — e~ 2 /RNg(e2u)U'

— y’NJer

Now, if we notice that u, — u in FE implies that (e%un)n is bounded, applying Lemma
2.20 together with Lemma 2.21 we can conclude that ||u, — u||g — 0 and we are finally
led to ||dF(u,) — dF (u)]], — 0.

Focusing then on dF(s), we see that it is a function of real variable with values in R, then
the derivative with respect to s can be computed trivially as

~ CN,k: €2ks

S N S S
(dF(s),h) = h Elul? + he NN G(eTNu) - hge_TN /N g(eTNu)u.
R

RN

It should be clear that |s,, — s| — 0 implies e u— e uin E so that, if we recall (H2)
to state G(e%u) < a‘lg(e%u)e%u , we can exploit again Lemma 2.20 to obtain that
|$n — s| — 0 implies ||dF(s,) — dF(s)||, — 0.

Finally, the proof is complete remembering

(dF (u,s), (v,h)) = (dF(u),v) + (dF(s), h).
0

The following part of this section will be devoted to make explicit that hypotheses of
Theorem 2.19 are valid in this context. It is possible to make the following analogies with

the notations used in Section 2.4.3:

X = (5. x R)
¢ = Fls.xr) = R
F =0(c) :={h[0,1] C (S. x R); Vh € ['(c)}.

We can apply Dini’s implicit function theorem to ensure that X admits a Finsler structure,
indeed (S, x R) is a regular hypersurface, meaning that it is a Riemannian manifold and,
as a consequence, admits a Finsler structure (see [22] for further details).

We also notice that ¢ is the restriction of £ to (S, x R) and we can exploit Lemma 2.21
to gather that ¢ € C*.

Lemma 2.22. O(c) is a family of compact sets.
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Proof. We want to prove that A := h[0,1], A € ©(c) is compact for any h € I'(c).

Let (x,), be a sequence in A and we ask if there exists a subsequence (z,, ), such
that (z,,)n, — T € A. This is true, since z,, = h(t,,), tn, € [0,1] and thanks to
Bolzano—Weierstrass theorem t,, — ¢ € [0,1]. The lemma is proved relying on the
continuity of h setting * = h(f) O

Lemma 2.23. ©(c) is an homotopy-stable family of compact sets in X, with boundary

B = {(u1,0), (ug,0)}.

Proof. To prove this lemma, we immediately see that any (c) € I'(c) contains the bound-
ary by definition. Then, we notice that any continuous deformation (¢, x), t € [0,1],z €
X that is identity at t = 0 in X and in B for 0 <t < 1, if applied to any element of F', at
t = 1 results in a continuous curve connecting (uq,0) to (ug,0), which, as a consequence,
is still an element of O(c). O

Then, if we set ((c) := infypeg () MaxX,ep F(x), exploiting the trivial equality ¢(c) = 7(c) ,
together with Proposition 2.1, we notice that sup F(B) < ((c). As a consequence Theorem

2.19 can be applied in order to enunciate the following proposition.

Proposition 2.2. Assume (H1) and (H2) hold and let (g,), C T'(c), such that

tgl[gff]F( gn(t)) < i(0)+%~

Then, there ezists a sequence (Up, Sp)n C (Se X R) such that
(@) F(up,s,) € [3(c) = 1, 7(c) + ;]
(b) mingep,l|(tn, s0) = gu(t)llE < 75

(c) HF/|(SC><R)(unasn)

2
*S\/_ﬁ;

where point (¢) can be reformulated as

|(}~7'(un, Sn), 2) z|lg forall z € T(un, Sn)-

mxE| < \/—||

Proof. This proof is a corollary of Theorem 2.19, since we have already shown that its

hypotheses are satisfied. It has just to be recalled that Theorem 2.19 would ensure for
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the existence of (A4,), C O(c) such that

sup F'(A,) < A(e) + l

Ap, n
It is possible, however, to notice that any A € ©(c) represents the image of a curve h
in (S. x R), then to any (A,), C O(c) corresponds a (g,), C I'(c) defining g, such that
A, = gn[0,1] for any n. As a consequence taking sup , F is the same as considering the
SUDye[o,1] F(gn(t)). Then, we also recall that the distance on (S, x R) is induced by the
norm || - ||[g and has no more to be generally defined as p. This leads to the following
equality:

inf Un, Sn )y Yn) = inf Uny Sn )y Yn
Yn€An p(< ) y ) yneg’n[ovl]p<< ) y )

e ] nsSn)s Yn - i n,’n7nt .
ynQ;ﬁBJ]H(U Sn); YnllE ;ggg]H(u sn), gn(t) e

]

We shall use these results in order show that there exists a Palais-Smale sequence (v,,), €

S. for F|g,, which is to say
F(va) = 7(c)
1E"]s. ()] = 0.

(2.37)

At this stage of the discussion, we are going to list four lemmas, that will be used frequently

in this section.

Lemma 2.24. The following formula holds:

(P (0 = S [ (ol) =) =0 o,

|I _ y|N+2k

e » g(e%u(x))v(m) dx.

Proof. This lemma can be seen as a corollary of Lemma 2.21, isolating the partial deriva-

tive with respect to u, without any increment in the s direction. O

Lemma 2.25. Setting 0,F(u, s) :== (F'(u,s),(0,1)) and v = H(u,s) we have that

- Cnvi k N
0,F (u,s) = NQ’“ N[ G = [ gl
RN RN
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Proof. Taking equation (2.17), we study 0, ( 2:5 |ul? )

e2ks ) e2k e2ks )|2
0s (T I_qu) = //RZN E _w|N+2k dzdw
k62ks 2sN|u U( )‘2 drd
- y|N+2k€sN+25k ray
e?ks |e2uea:—e2u(ey)|dd
R?N |:v — [Nk Y

|2
//]RQN |.CL'— |N+2k dx dy

_2 k'

Finally, we consider that

0, (e- oN /R ) G(esévu(x))dx>

= 0y(e M) /R i Gle? u(z))dr + e *No, ( /R i G(e? u(z)) da:)

=—N G(v) + N /RN g(v)v.

RN 2

O

Lemma 2.26. Let s € R be fized. If we set h € E, h(z) = e~ 2 h(e™*z) and v = H(u, s),
it holds

(h,0) € T(u,s) <= heT,

Proof.
/ hu = / -7 h(e *z)u(z)dx = esév/ h(y)u(ety)e™ dy
RN RN RN
sN

/RN ) (e u(e'a)) do = /RN h

and then [py hu=0 < Jan hv = 0.

Lemma 2.27. Setting h € E, h = e~ 2 h(e™*x), then

(7, 0)[1% = [IR]13 + e~ 3.
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Proof. This proof is just a matter of calculating the following quantities:

1R = / e N|h(e*z) do = / ()P dy = A2
RN RN

e *Mh(e~*x) — h(e~*y)[?
th—//Rw |x_y|N+2k dady

7SN’h ( )|2 ZSNdZdw . efQSkLhJQ
RIN 65N+251€|Z _ w|N+2k - k:

and

]

Exploiting these results and naming v,, = H (uyp, sp,), with (4, s,), defined in Proposition

2.2, our first step consists in showing that |v, |, and fRN G(v,) are bounded.

In this aim, we exploit Proposition 2.2 point (¢) to retrieve that, since (0,1) € T'(uy,, 5n) V0,
then 8SF(un, $n) — 0, where 8515(%, sn) has been defined in Lemma 2.25. We also get,

from point (a) of the same proposition, that F(u,, s,) is bounded, obtaining

INE(ty, 5n) + OsF (tn, 5,)| < C Vn.

Now, if we expand calculations and make use of Lemmas 2.14 and 2.25, we get

N + 2k N
|NF(tn, $p) + OsF (un, Sy 1 Crxlvnli — ) g(vp)v
RN
N + 2k Na
<— Cnlonly — N / G(vn)
RN
and we deduce that
C N
(N -+ 2k) 0, 7 - 2 / Gv,) > - C. (2.38)
RN

Since F(v,) = F(uy, $,) is bounded, meaning that CJZ”“ lvn ]2 — / G(v,) < C, we have
RN

the following:

CNk

St <o+ [ 6w, (2.39)

Combining then equations (2.38) and (2.39), it arises

(N + 2k — @) G(v,) > — C.
2 RN
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If we are able to show that 0 > (N + 2k — %) G(v,) > — C, then we have proved
RN
the boundedness of [,y G(v,) and indeed

(N+2k—%) < <N+2k—g(%)> N 42%k- N —2=0.

As a consequence, we are finally allowed to write
3C >0 : 0< / G(v,) <C Vn, (2.40)
RN
which, exploiting equation (2.39), gives

3C >0 : 0< [v,]i<C Vn (2.41)

and so step one is completed.

Summarizing our results, we are now ready to enounce the following two theorems.

Theorem 2.28. (vy,), is bounded in E.
Proof. The proof is trivial if we combine v,, € S, and equation (2.41). O

Theorem 2.29. These two points are true:
(a) F(va) € [y(c) — 5, 7(c) + 5]

(b) I1IF"|s.(va)ll, < 5, meaning [(F(vn), 2)pex| < Jl2lle Vz € T,

Proof. Point (a) is immediate, since F(v,) = F(H (uy,s,)) and v(c) = F(c). For what
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concerns point (b) instead, we set h,, € T, , h, generic and consider
C Un - /Un n - hTL y
<F/(’Un n N,k //2N ( ))(|N+(2k) ( )) dl’dy
R

- [ ot <x>>h<>

ONke“%” //RN () = (e y)) () = n®) 0

o =y

- / 90 () ()

szke 5 (W) (hn(e™*2) — hy(e™*"w))
R2N |Z—W|N+2k€ snN—2s,k
—/ g(e 2 u(e nx))h,(x) de
CNke an

e / e alg)hale o) dy,

that finally becomes

e / /RQN ))|(Zhi(z_,;f2)k_ hn(e”*"w))

<F’<Un); hn> = C’N’k—esn //RQN (U(Z> — u(w))[ef 5 (hn<e—snz) N hn<€_s”w))]

2 |Z—W|N+2k

snIN sn N sn N

_ e / (T ) ey dy.

snN

2 hp(e *"x), we can state

If we now define h,(z) = e~

o hggen = D4 [ O8N = 1)

e /RN gNu(:c))ﬁn(a:) dx

and we can exploit Lemma 2.24 to recognize

<F/(Un)’hn> = <F/(un73n>7 (hmo))'

71

e 25N dzdw

dzdw

dzdw

Since then Lemma 2.26 holds true, we can rely on Proposition 2.2, point (¢), to write

[(F" (vn), hn) | = |<F/(una3n)> (iLnaO)H < (Enao)HE

2
\/ﬁ
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At this point, we would like to explicit ||(/,,0)||g as a function of ||h,||z and, to do this,
we have to show firstly that s, — 0 as n — oo.
In this aim, we notice that Proposition 2.2 does not loose of generality if, instead of a

generic (g,), € T'(c), as minimizing sequence we consider §, = (H(gy),0), because

F(gn) = F((H(gn),0)) = F(H(gn)) = F(gn),

where we exploited that H((H(g,),0)) = H(gs). As a consequence, maxie(o1) F(gn(t)) =
MaXe[o,1] F (gn(t)) and Proposition 2.2 does not loose of generality.

According to point (b) of that proposition, then, we have :

N

1
< mi — H(g i —0))* <—=
Van < min (lun = H@a ) + s, —0)* <

and we have shown that s, — 0 as n — oo.
Now, we rely on Lemma 2.27, ensuring that ||(hy, 0)|% = [|hnl|3 + e 27| h, |2 and ask for

n large enough such that e=2*"* < 4, meaning that

| (s O < 4llAan -

Finally, we can conclude the proof writing :

[(F (vn), hn)| < (BnaO)HE <

2 Ll
\/ﬁ \/ﬁ mn E'

2.4.5. Further properties of the Palais-Smale sequence

At this stage of the analysis, we just miss to prove the convergence of (v,), in F, asking
for some compact embeddings of E into spaces LP. Since it is possible to show that these
embeddings are not compact in unbounded domains, due to translation invariance, we will
restrict our domain to H¥(RY), which, we recall, denotes the space of radially symmetric
function in E. We remark that this choice is possible since our problem is invariant under
rotations. Therefore, thanks to Theorem B.6, compactness can be recovered. Moreover,
it is clear that the variational procedure employed so far does not change if we work in
the subspace HF(RY). From now on, then, £ = H*(RY).

Proposition 2.3. There exists (A,), C R such that, up to a subsequence:
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(a) G(v,) = C, C >0
RN

(b) (—=A)*v, — \vn, — g(v,) — 0 in E*

(c) Ay — Ao < 0.

Proof. We start proving (a), recalling Lemma 2.25, namely that 0,F (uy, 5,) — 0 means

lim {Cfvé’f’“wz _ g (/RN g(vn)on — Q/RN G(vn))l 0.

Moreover, since g(v,)v, < BG(v,), we obtain

/RN 9(vn)0n =2 /RN G(un) < (B—2) /R Glw)

and we finally infer that

lim
n

[(JN,,C k
(%

Expanding calculation we have

NB 2%k N
PR TR
so that, exploiting (2.40), we can write
Cnik N(B—2
0< Nk lim|v, |7 < #lim G(vp).
n n RN

As a consequence if, by contradiction, [px G(v,) — 0 then also |v,|; — 0, leading to

F(v,) — 0, which is clearly false since we know F'(v,) — v(c) > 0.
Now, we are going to prove (b), recalling that T,,, = {z € E : (z,v,)yg = 0}.
We firstly define the orthogonal projector in H to T, , P,, : H — T, , so that

z2=P, 24+ 2 Vze H
P, z=z—{(z, Un>HU_n2

lon I
Un,

29 = <Z>Un>HW~
nll g
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We notice that, if z € F, then P, z € T,,, since

>H <Un7 Un>H
[[on|%

<PUnZ7Un>H = <zavn>H - <Z7vn =0.

In particular, from now on, we will consider P, operating only on element of E and, for
any z € E, we can name z; := P, z and get that z = z; + 25. It is clear that (z1, z0)y = 0,

meaning z; L 2o in H. We now proceed to notice that, for any z € E,

v

g (F'(vy), 2 — m@n, 2H)E
= (F'(vn), 21+ 22) — W(vm 2y

= (F'(va), 21) + <F’(Un)>vn>% — (F'(vn), vn) ﬁ&ﬁ%}[

= <F,(Un)7 z1)
and remembering that (F'(v,), z1) < \/iﬁ||z1||%, we get immediately

n 4
ot {2} < =l

g (F'(vy), 2 —
anH%{

Since we want to explicit the previous inequality as a function of ||z]|%, we are just left to

control from above ||z1]|% using ||z]|% and indeed

Iz1llz < llzlle + (leall ) lonll2)12] 2

lvnlle = ¢, (|vn||g)n bounded,

imply that ||z1||g < C||z||r and allow us to state

Up, C
5 (Un, ) i) B < %HZHE Vz e E.

e (F'(v,), 2 —
[[vnll%

To end the proof of point (), we would like to develop the operator at the left hand side

of the previous equation, from now on named ¢(v,) : £ — R, since we have just proved

¢ (vn)l

(F'(vp),2) = Cwi //RQN (vn () _‘Zniy;)‘](é(i) — () dxdy —/ g(vn(2))2(x) d.

2 RN

g+ — 0. In this aim we recall that
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Hence, we finally obtain, for any z € E:

o) o) — Co // (va(@) = v y;ﬁffffk)_z(y)) dady~ [ glun(w)(o) do

RN

Naming then

~lenll? | <Ll = to(en) | (2.42)

we get this final formula:

_ Cwa v (@ —vn y)(z(z) — 2(y))
G //RZN — [Nk dzdy — (9(vn), 2) i — An{vn, 2)

= E* (_ Un - )\nvn g(”“) Z>E

for any z € E, that proves point (b).

In order to show point (¢), we start recalling that ||v,[|%\, = [012” lvn )3 — (g(vn), vn)H]

and, from this equality, we retrieve

Cnik
k:”Un”?{)‘n: N2k Lan /g(vn)vn

(CN’“k +N/ (vn) N g(vn)vn>

— N G(vn) + T/ (U )Un,
RN RN

where the term in the parenthesis coincides with GSF’ (Up, Sp), that vanishes as n — 0.

Exploiting (H2) then, we can state

N -2
ol < (8552 =) [ 6t

N —2
k||vn||fq)\n > (a 5 —N) G(vn),
]RN

where, again from (H2)
N -2 <N(N—2)_N:2N(k;—1)
- N -2k N — 2k

— N >(Cy  for some Cy < 0.

:Cl<0




76 2| Existence theorem for nonlocal Schrédinger type equations

As a consequence, we are now able to bound ()\,), away from 0, both from below and
above, since we already know that [,y G(v,) and [jv,||3; are positive and bounded away
from 0. Therefore, setting Cy = Cy(k[v,||%) ™" < 0 and Cy = Cy(k[jv,||%) " < 0, we can

write

RN RN

Thus, it is true that, at least up to a subsequence, A, — A. < 0. O

2.4.6. Convergence of the Palais-Smale sequence for N >1

Exploiting these results, it is possible to show that the Palais-Smale sequence (v,,), con-
verges in E.

In particular, we start stressing that Theorem 2.28 has an important implication on v,,
since it allows us to exploit Corollary B.5, from which we will borrow the notation of the
limit function v. We now rely on Proposition 2.3 point (b), taking the same notation

¢(vy,) used in the proof, in order to claim that

O(vp)[vn —v] =0
¢(v)[vn —v] =0,

(2.43)

where the first line exploits ||¢(v,,)||« — 0 and

|6(vn)[vn = ]| < [l@(vn)[[]lvn — vl < Cllé(vn) ]l =0,

thanks to Theorem 2.28, while the second holds true combining v, — v in E with ¢(v) €
E*. System (2.43) implies (¢(vy,) — ¢(v)) [v, — v] — 0, so that

Cn ik
2

o =0l = [ (o= 0P = [ (al0) = g0)on = 0) = o(1)

and thanks to Lemma 2.20 it holds that

Cg’k lvn —v]2 — A, /RN(vn —v)? =o(1). (2.44)

To end the analysis, we need to refer to a basic analytical result saying that if (a,)n, (by)n
are two numerical sequences such that (a,), is bounded and (b,),, is infinitesimal, then it
results that

lim a,b, = 0.
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If we remember that (v,), C S, then we can infer that v, — v is bounded in L?, since, to
be specific, ||v, —v]|3 < 2%

Relying on the previous information, we can therefore set
an = |[vn — 0|3, bp = Ay — A
and the information we retrieve is
O — A / (=0 0, (2.45)
R

Finally, making use of (2.45) in equation (2.44), we obtain the following:

Cg’k lvn — V]2 — A /RN(vn — )% =o(1).

Lemma 2.30. Let {-,-) be the usual scalar product in H*(RY).

Then (-,-). is an equivalent scalar product in H*(RYN), where

O (f(x) = F)(9(x) — 9(y)) - o
2 //Rw |w — y|N+2k dxdy )‘C/RN f(z)g(x)dz,

<f7g>c =
for any f,g € HE(RY).

Proof. Tt is trivial for (-, -). to be positive, symmetric and linear with respect to the first

argument. If, finally, we define C := min{1, %, |Ael}, Co := max{1, %, |Ac|}, then

Cl<f7f> < <faf>c < CZ(faf) erHk(RN)
[

Making use of Lemma 2.30, we retrieve that (v,, — v, v, —v). — 0 in H*(RY) implies that
(U — v, v, —v) — 0 in H¥(RY), meaning that

v, = v in HF(RY).

Theorem 2.10 is finally proved.
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2.4.7. Additional characterization of 7(c)

In the following lines, once that the main theorem of this chapter has been proved, we
proceed by drawing an important variational characterization of v(c). In particular, we

are going to prove the following theorem.

Theorem 2.31. It results that

1) = int F(u), (2.46)

with
W(c) :={u € S, Fls (u) =0}

This characterization will allow us to describe the solution we have found as a ground
state, namely a function minimizing the energy functional ' among the set W(c) of all

possible solutions to Problem 2.1.

At first, we present a nonlocal version of the celebrated Pohozaev identity. The proof can
be found in [12, Proposition 4.1].

Lemma 2.32. Let u € HF¥(RY) be a weak solution of
(=A)Yu = f(u) inRY,

with N > 2, k € (0,1) and f : R — R continuous function such that f(0) = 0. Moreover,
define F(t) = fot f(s)ds. Then, u satisfies

RN

Proposition 2.4. Assume that (H1) and (H2) hold true. Then, each weak solution
(u, Ae) € (Se X R) to (2.12) belongs to the set

N 3
V. = {u S SC, CN,kLUJi = ? . G(u)}

Proof. We apply Proposition 2.4 to f(u) = Au + g(u). Thus, we consider u solution to

(2.12) and develop calculations as follows:
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(N — 2k) [}

_ éTNk [ Pu@)da éTNk {/RN [/Ou(m) Asds + g(s) ds] dx}
|

:%{AN {)\u;-FG(U) } %{§||ul|z+ANG<u>}
N
(u

~ o Aombut =2 [ atwuf+ g [ 6w
N

= vr {CNkLuJ /R lo(u)u— 2G(u)]}

= s {CNkLUJ /RN G(U)},

where we have used the definition of A in (2.42). The lemma is straightforwardly proved.
[

2

Lemma 2.33. Let (H1) and (H2) be true and fix T'(c) as given in Lemma 2.16. Then,
A={u€S., |uli <T(c)} and
C={uecs., |ul} >2T(c), F(u) <0}

are arc-connected.

Proof. To prove this lemma, we start defining a function h(u,v,s,t) : Ex ExRx[0, 5] —

E, with
h(u,v,s,t)(x) = cos(t)H (u, s)(z) + sin(t) H (u, s)(z).

Now, we fix two distinct points uy, ug in S, that satisfy (uj,us)g # —c* and |ui|; =

lu1 |} = 2d°Cy}, . Direct calculations prove the following identities:

| H (uq, s)||az = [|[H(ug, s)||g = c Vs € R
| H (uy,s) |7 = [H(ug, s)|7 = 24> Oy, Vs e R
(H(u1,s), H(ug,8))g = (u1,u2) Vse R

(CA)EH(ur,8). (-0 Huz)) = e ((~A)bu, (~A)bu) Vs e R

The first three identities are trivial and have already been proved, whereas the fourth one
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is proved in Lemma B.11. Therefore, we gain
1R (ur, u, s, 1) |3 = ¢ + sin(2t)(uy, uz) o
and we want to compute |h(uy,ug, s, t)]% developing the calculations in this way:
| h(uy,ug, s,t)]3

] Lo ) - Hl )+ sin ) H ) = 4 DO

|z —y| N

— coc2 (ur, s)(x) — H(uy, s)(y)|?
= cos”(t) //RZN |x EpYEE dxdy

e |H (ug, s)(x) — H(uz,5)(y)]
+ sin(t) //RQN = g dxdy
nn [ C1000) = 0 ) (T, 06) — 00 o,

|z —y[ V2R

— 2ks9 g2 C&lk + sin(2t)2 C&}k / (_A>kH(u1, s)(z)H (uz, s)(x) dz
RN
— e2ks9 C’J;}k {d2 + sin(2t) <(—A>gu1> (—A>§“2>H} :

Then, we deduce that there exist two positive constants a(uy,us) > 0, b(uy,us) > 0 such
that, for all s € R and ¢ € [0,7/2],

a S ||h’(u17u2787t)||%{ S 202
920 0b < [h(uy, ug, 5,1) |7 < M 4d?Cr.

Thus, we want to define h(u, v, s,t) : E X E x R x [0,7/2] — S., where

- h(u,v, s,t)
h(u,v,s,t) =c .
00 = s Ol
We immediately notice that, for any u,v in S, such that (u,v) g # —c* and |u)? = [v]? =
24°C L
C—l 62ksb R e2ks4d2 C_l
e < h(u,v,5,1)]F < —— (2.47)
c a

and that
/ G(h(u, v, s,t)(x)) dz > Ce'z (72, (2.48)
RN
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Indeed, we can write
/ G(h(u,v, s,t)(z)) dx
RN

—o| [ o (= 0pr ||H> Lo (0, )|

>C | G(H(u,s))+G(H C/RN (e u(ez)) + G(e?v(esx))} dx

RN

> CG(l)emr“a/ (Ju(e"z)|* + [v(e*x)|*) dz = CG(1)e > N = Ce™> 2,
RN

We are now ready to prove that A is arc-connected. We start fixing vy, v5 in A such that
|v1]2 = |ve]i = QdZC'X,’IIC < T(c) and (vy,v2) g # —c*. Then, we notice that

e2ks2 a

1
<1l <<= s<—In-
a o 2k:n

and we fix

‘—ln—

In this way, we can ensure that h(vl,vg,so,t) € AVt e [0, g], we can construct the

connection I'y : [0,2]so| + 1] — S, defined in the following way

h(vy,0, —r,0) 0<r <]sol
Iy(r) = B(vl,vg,som — |s0]) lso| <7 <|so| +1

h(0,v9,7 — (2|s0| + 1), 7/2) |so| +1 <r < 2|so| + 1.

It is immediate that I'(0) = v; and I'(1) = vy. Moreover, I'1(r) € A; if 0 < r < |s¢]
indeed, we obtain

h(v1,0,—r,0)(x) = H(vy,—7)(z) € S,

since v; € S, by hypothesis. Moreover,
| H(vy, —7)]7 = e***d?*2 Cyk <T(c) = h(v1,0,—r,0) € A.

For the same reasons, if |so|+1 < r < 2|so|+1, ['1(r) € A. Obviously, h(vy, vs, s, 7—s0) €
A by definition of sg.

If instead |v1]} # |va2]} = 2d* CyY, we can proceed as follows. Consider H (v, s), with
s € (0,s1),

1= (o)) + o Lo i),
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such that
H(vy,0) = v, and | H(vy,81)]3 = 21 = |vy]3.

In this way, exploiting the continuity of H (vy, -), we can firstly join v; to H(vy, s1) (without
exiting A) and then join H(vy, s1) to vy relying on the aforementioned path.

If finally (vy,ve) = —c?, we can introduce v3 € A and construct a new path that joins v;
to vs and v3 to vs.

The proof that C'is arc-connected is almost analogous to the previous one. Let vy, vy € C
be two arbitrary points such that |v1|? = |v]7 = 2d? C’;,}k and (v, v9)g # —c*. If we

remember that

Cn
Plu) = ult - [ 6w
RN
and inequality (2.48), we immediately get that there exists some so > 0 that guarantees
Lﬁ(vl,vg,s,t)ﬁ > 2T'(c) and F(ﬁ(vl,vg, s,t)) < 0.

As a consequence, we can define I'y : [0,259 + 1] — S, as

h(vy,0,7,0) 0<r<sg
La(r) = § h(vr,v2, 80,7 — S0) So <1 <s+1
h(0,v9,7 — (so+1),7/2) so+1<1r<2s9+ 1.

Clearly I'2(0) = vy and I'y(1) = v,. Following the same reasoning as before, we can show

that C is arc-connected. O

Corollary 2.34. For any v1 € A, vy € C, it holds that

c)= inf max F(g(s)),
v(e) 9ET (1 10y SE[0,1] (9(s))

where

Lia) = {9 € C([0,1], 5c), 9(0) = v1,9(1) = va}

and y(c) has been originally defined in Proposition 2.1.

Proof. By Proposition 2.1, we know that there exist u; € A, us € C such that

= inf F(n(t
v(e) =, Inf max F(h(t)),
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with
I'(c) ={h € C([0,1], 5c), h(0) = u1, h(1) = ua};

exploiting now the fact that A and C are arc-connected, we reason as follows.
We start consider a generic path g € I',, .,) connecting v; to vy; then there exists a path

h € T'(¢) joining uy to v, v1 to vy and vy to up. The generality of g implies

inf F(h(t)) < inf F .
W max F(h(t) < jnf - max Flg(s))

On the other hand reasoning in the opposite way, we obtain

inf F < inf F(h(t)).
sy 00 T = 2, R OO

]

Lemma 2.35. Assume that (H1), (H2), (H3) hold true and fix an arbitrary point u € S..
Then, the function f, : R — R such that

fuls) = F(H(u,s))
has just one mazimum point at s(u) € R, such that H(u,s(u)) € V..

Proof. Before starting the proof we recall equation 2.25:

fuls) = 2L v [ o) -3 [ g

RN 2 RN

where v = H(u,s). We shall now prove that there exists some sy such that f!(so) = 0.

We start noticing that
k
fi(0) = S Lof2 > 0.

Then, since by (H2) we know that g(v)v > aG(v), we write

, CNka 2 Na ONka 2 (0]
fuls) < S lE 4 N |Gy =S5 [ G < = wi-nN(5-1) [ G)

— 2%k CZ”“ w2 =N (% - 1) /RN G(v) < 2k (Cg’f lv]2 — /RN G(fu))
= 2kF(H(u, s)).

By Lemma 2.15 we know that there exists at least one s; > 0 such that f!(so) = 0.
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Moreover, by

fuls) =
we obtain that f(so) = 0 implies H(u, s¢) € V..
Now we make clear the following equations:

sN

/RN G(v) = /RN Gle? u(e*z))dr = e N /RN G ulx)) da
/RN gv)v = /RN Q(G%U(esx))e%u(esx) dr = e~ 2 /RN g(e%u(a:))u(x) de.

Then, we deduce that

9 G(v) =—N G(v) + g /RN g(v)v

and that

2 RN 2
N / 2
=5 [+ [ g
Moreover, we have that
Cnik 0, , Cnipk O o Onkk O ore 1o
2 88 LUJk - 2 as (LH(U, S)Jk) - 2 88 (6 Lujk)
0 (e 2 2 2
= QkCNJﬂ% T"qu =k ON,k'_UJk;-

Combining all together we obtain that, naming v = H (u, o),

2
Fitso) = K Cxaloli =N [ 60)+ 5 [ gton

N? N?
w5 o= [ g
RN RN

_ kN [ANg(v)v—ANza(v>} —N;/RNQG(UHN;/RNg(v)v

N2

N2 / 2
+ [ Lowo=" [ g
2

:Nk/RNé@HN;/RNé(v)—NT/RN(;'(U)U

- g {(N + 2k) G(H(u, s0)(z)) dx — N é’(H(u, so)(x))H (u, so)(z) dz| ,

RN 2 RN
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where we have used the fact that f(sq) = 0. Now we are ready to show that f, (s¢) < 0,

which holds true since

£ (s0) < g (V+28) [ Gl s0) (@) o g /R ) %é(ﬁ[(u, 50)(x)) dz
= %[(N + 2k) — (N + 2k)] /RN G(H(u, o) (7)) dx
= 0.

As a consequence, we have shown that each possible critical point for f, has negative
second derivative. This is enough to infer that sy is the unique critical point and, in

particular, that it is a maximum. O

Lemma 2.36. If (H1), (H2), (H3) hold, then we can claim that

v(c) = inf F(u).

UEVC

Proof. This proof relies on a contradiction argument, supposing that there exists some
v € V. such that F'(v) < y(c). Then we define the map T, : R — S, such that

Ty(s) = H(v,s).

Exploiting Lemma 2.15 we obtain that Jsy > 0 such that T,(—s¢) € A and T,(s¢) € C.
If then we ask for 7, : [0,1] — S, to be the path defined by

T,(s) = H(v,(2s — 1)sp),
where T,,(0) = T,(—s¢) and T,(1) = T,(so). By Lemma 2.35 we know that F(T,(s))

reaches its unique maximum in s = 1/2, since v € V. by hypothesis. This information,

combined with Corollary 2.34, means that

v(e) < F(T,(1/2)) = F(v). (2.49)
This is a clear contradiction. O

Proof of Theorem 2.31. By Lemma 2.4 we know that the set of all weak solutions to
(2.12), denoted by W(c) is a subset of V.. Thus, relying on Lemma 2.36, we can write

v(c) = inf F(u) < inf F(u).

ueVe ueW(c)
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Moreover, by characterization (2.37) of our mountain pass solution, we have that v(c) is

the value achieved by at least one element of W(c). As a consequence, we also get

Combining these two inequalities, equation (2.46) is immediate. m
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A_ ‘ Basic notions of differential
geometry

In this section we propose to expound some basic notions of differential geometry which
will be often referred to throughout the whole thesis. For a more in-depth discussion on
this topic, we refer to [5], [17, Chapter 3|, [22], [24] and [27] .

Let X be a differential manifold, z € X and ¢ : U — R" a coordinate chart, with U open
subset of X containing x.

If we consider 71, 72 : (—1,1) — X such that ~,(0) = 12(0) = 0, then we can compose the
chart with the curves into ¢ oy, poyy: (=1,1) — RY.

We say that 7, v, are differentiable if their relative composition with ¢ is differentiable,
in the ordinary sense.

Moreover, if we impose an equivalence relation among all differentiable curves

= Lo

d
N=E7 £(¢071)(t) o

the equivalence classes of such curves are named tangent vectors of X in x.

Definition A.1. The set of all tangent vectors at x is known as tangent space of X in x

and goes under the symbol T,(X).

We notice that, to introduce any kind of vector space operations on T, (X), we may be
able to transfer RY to T}(X) and we require again a chart ¢ : U — R to define the map:
Vet Tp(X) = RY

022) 1= (60O

for any ~ tangent vectors, v € T,.(X).

In particular, it is true that both this construction does not depend on the coordinate
chart chose and that 1), is bijective, allowing us to pass from R” to the tangent space.
Once we have stated the previous definition, the next comes natural, again under the

hypothesis of X being a differential manifold.
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Definition A.2. We call tangent bundle of X a manifold T(X) assembling all tangent
vectors in X. More precisely, T(X) is defined as a disjoint union of all the tangent spaces
of X.

For the reader’s convenience, we recall here the explicit definition of disjoint union, used
to the define the tangent bundle T(X):

T(X) = Ugex To(X)
= Uzex ({2} x To(X))
= Usex {(z,9)y € To(X)}
={(z,y)|v € X,y € T,(X)},

where T, (z) is the tangent space to X at point x.

Definition A.3. Let X a C' — Banach manifold, T,,(X) and T(X) as previously defined.

We define a Finsler structure on T(X) a continuous function || - | : T(X) — [0, +o0),
such that
(a) for any x € X, the restriction of || - || to T,,(X), named | - ||, is a norm on the latter

(b) for any xy € X, k > 1, there exists a trivializing neighbourhood U of xq, such that

1
2hlle < lleg < Kl -l Vo eU.

Consistently with the topology of X, we can proceed to set a Finsler metric p : X x X — R
on each connected component of the manifold. In particular, if we define o : [a,0] — X a
C'! path in X and L(o) = ff llo(t)|| dt its length, then we can set

p(x,y) :=inf L(0), (A1)

over all ¢ joining x,y and for all x,y in the same X connected component.
Moreover, if we consider ¢ € C1(X,R), its differential at point z € X is an element of
the cotangent space of X, meaning that it is a functional d¢, € T,(X)*. We recall here

that d¢, is the linear functional satisfying:

[0(x + h) — ¢(x) — (dda, h)]

|| —50 |h]] 2

=0 VheT,(X).

We give here a useful definition in order to introduce the next topic of this discussion, i.e.
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the construction of a pseudo-gradient vector field for a generic ¢ € C'(X,R) at the set of
its regular points R,
R:={z € X :d¢, #0}.

Definition A.4. Let X be a topological space; we define partition of unity a set I of

continuous functions x defined on X with values in [0, 1], such that, for every point v € X

e there exists at least one neighbourhood of x where all but a finite number of functions

m I are null
> ax(@)=1VreX.

In particular, it can be shown that for any open cover (V;);cx of the topological space
considered, there exists a partition of unity (x;):cx indexed over the same set K and such

that supp(x;) C V;; in this case we say that (x;)icx is conditioned to (V;);ek-

Before closing this paragraph we decided to deal with another topic: the pseudo-gradient
vector and of pseudo-gradient vector field.

We start with their formal definitions.

Definition A.5. Let X be a Finsler manifold and let ¢ : X — R be differentiable at some
r € X. Then we call v, € T,(X) pseudo-gradient vector for ¢ at x if

(a) ||lv2]l < 2[|de|.
(b) {dpg,va) > ||da]]?.

Definition A.6. Let X be a Finsler manifold and let ¢ : X — R be differentiable at each
point of S C X. LetV : S — T(S), V() = v, be a C*-vector field in S. Then 'V, is called
a CF pseudo-gradient vector field for ¢ on S if, for any x € S, v, is a pseudo-gradient

vector for ¢ at x.

Looking at Definition (A.5), we immediately notice that, if x is a critical point for ¢,
namely d¢, = 0, then only v, = 0, v, € T,(X) is a pseudo-gradient vector for ¢ in x. If,
instead, x is not a critical point we can find a non-trivial v, as follows.

We start setting w, € T,(X) such that |w| = 1 and (d¢,, w,) > (1 — €)||dp.||«. This
choice of w, is possible starting by the definition of norm for d¢, in T,(X)*

lyll=1

and selecting, as a consequence, a maximizing sequence (y,), for (dd., yn).
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Now we set v, € T,.(X) as follows:

1+9 1+0
Uy = L’|d¢x“*wxa o> 07 1 i

<2 <— 0<d<1-—2e
— €

It is clear that point (a) from Definition (A.5) is satisfied; point (b) is satisfied too, since

146
(6, v2) = (A, |0, L)

)
- 1indszswn (dra, w3)

> (1+0)|ldeu|I2.

As a consequence, we can allow ||v.|| to be as close as we wish to ||d¢,||«, having still

point (b) satisfied and v, is a pseudo-gradient vector for ¢ at point z.

Lemma A.7. If X is a Finsler manifold and ¢ : X — R s differentiable at point x, the

set of pseudo-gradient vectors for ¢ at x is a convex subset of T,(X).

Proof. Let {v;, i = 1,...,n}, n € N be a set of pseudo-gradient vectors for ¢ at z. We

Uzlzn:)\ivi, >\Z>O, zn:)\lzl,
i=1 =1

is again a pseudo-gradient vectors for ¢ at x. Indeed, it holds true that

want to show that

|lv]] = |Avr + oo 4+ Aon|
< Mol + 4 Anlvnll

<2 Ada. = 2] db.l.

Moreover, we also have that
(dpy, v) ZA A, v;)
> S A6l = a2
i=1

O

Proposition A.1. Let X be a C**' Finsler manifold, s > 0 and let ¢ : X — R be a

C! functional. If we ask for x € X not to be a critical point for ¢, there exists an open
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neighbourhood U centred in x and a C*° pseudo-gradient vector field for ¢ in U.

Proof. We already showed how to construct v, € T,(X) pseudo-gradient vector for ¢ at
x. Now we extend v, to be a C*¥ constant vector field, equal to v, in a neighbourhood N
of x. We finally define the set U

U= {g €N : ||l <2||doylls, (dg,vq) > [ldeg|Z}-
Exploiting the continuity in N of ||d¢||., ||v||, (d¢,v), U is open. O

Relying on the previous proposition, we are now ready to ensure the existence of a pseudo-

gradient vector field for ¢ at the set of its regular points R through the next theorem.

Theorem A.8. Let X be a C? Finsler manifold and let ¢ : X — R be a C* functional.
Then, there exists a C' pseudo-gradient vector field for ¢ in R.

Proof. For any x in R, we set a neighbourhood U, of x satisfying Proposition A.1 and
we recover, as a consequence, a C'! pseudo-gradient vector field V, for ¢ in U,. Moreover,
since we already noticed that the definition of the Finsler metric (A.1) is consistent with
the topology of X and makes X metrizable, then R is paracompact. Thus, since (U,).cr
is an open cover of R we can find a finite subcover of R, (U,).ep. Then, recalling the
aforementioned properties of partitions of unity, there exists a partition of unity (x.)zen

subordinated to (U,)zer such that supp(x,) C U,. Finally, we have that

zeB

is a C! vector field and, thanks to Lemma A.7, it is the pseudo-gradient vector field we

are looking for. m
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B Proofs and useful results

Lemma B.1. Let g € C*(RY) and (p.)c sequence of radial mollifiers as described in
Subsection 1.1 such that

p
// y\P lot@) = 9(v)” pe(|lz —y|)dedy < C ase— 0. (B.1)
R2N

Then, it holds that

Ll - g _ ;
iy [ IO e~ g dody = Ky [ 1990 da

with the constant
Kp,N:/ lo-elPdo e € 0B;.
0B,

Proof. Let K be a compact subset of RY. For 2 € K and |h| < 1 we have that
l9(x + h) = g(z) — hVg(x)| < Cylhl*,

where Cx = max,er {||Hy(2)||oo} Which exists and is well defined since K is compact and

g € C?(K). This inequality implies
[hVg(2)| < lg(z + h) — g(x)| + Ck|h]*
and we can finally retrieve, for any 6 > 0, that
hVg(@)? < (L+0)]gle +h) — ()P + Cox|h[>. (B.2)

Inequality (B.2) is not immediate but comes from the following reasoning, under a > 0,
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b> 0 and 6 > 0 fixed:

11— (1406)|a

op
(a+Db)P <2071 (a? 4 b°) < (1 + 0)a? + | w WP 4 2P~ 1pp
-1 _ (1 P
§(1+9)ap+2max{‘ ép+9)’a’2p_1}bp

= (1+0)a” + CIP.

Inserting this result in (B.2) we obtain

// V9@ (hp) dhde < (1 + 0) // 9w+ 1) = 9, (1h)) dhda
Ih|<1 ‘h‘ |h|<1 Al

+ Co x| K| |1[”pe(|R]) dh, (B.3)

Ihl<1

where | K| denotes the dimension of the set K. Since it is obvious that

lim [ |h[Pp(|h])dh =0,

we can study (B.3) as € — 0. If we recall that, for any vector V' € R” it holds

h-V)P ! _
[l dn = KtV [ oty
<1 [P 0

we immediately find

p
KpN/ V()P dz < (1+60) // gleth) = 9@ n dnds. (B.4)
Ih|<1 AP

Moreover, (B.4) is true for any K compact set and 6 > 0 and we know, by hypothesis,
that the double integral at the right hand side is well defined on any real domain. As a

consequence, we can write

)P
prN/ |Vg(x)|P dz < liminf // lo(x) = gw)” pe(|h]) dxdy. (B.5)
RN R2N

e—0 y’p

Conversely, if we consider g € CZ(R") we obtain again

lg(z + h) — g(x)| < |hVg(z)| + C'|h]* Vz € RY, Vh € RY.
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Thus, we infer that
l9(@ + 1) = g(@)” < (14 0)|hVg ()" + Cyl[*.

Multiplying the last inequality by p(|h|)/|h|P and integrating over the set {(x, h) € R*" :
xorx+h € supp g} we conclude

J O g an <

(140) [ KonlVo(@)P dz+ 2C5isuwp ol [ [Po()dn
R R

Asking for both ¢ — 0 and 6 — 0, we finally get

h)
limsup// ” y|p( N (k) dh < KP,N/ Vo(z)Pdr.  (B.6)
RQN RN

e—0

We can conclude the proof combining (B.5) and (B.6) to gather

. l9(x) — g(y)I? _ p
15% //RQN ng(h: —y|) dxdy = K, n N |Vg(z)P dx.
Just notice that the proof is completed since CZ(R”) is dense in WP(RY). O

Proof of Theorem 1.1. We start the proof considering any sequence of smooth mollifiers

(7s) and setting
fs=rs*]

We immediately notice that (1.8) is verified by fs with the same constant C', namely

J[ IR, o~ g asay < (B.7)

ylp

thanks to stability of (1.8) with respect to translations and convex combinations. More-

over, since fs € C?(RY), hypotheses of Lemma B.1 are satisfied and we retrieve

lim//RQN ‘fé Ol pe(|lz —y|) dedy = K, n /RN |V fs(x)|P dz.

e—0 y|p

Both the theses of the theorem come straightforwardly if we consider the limit as 6 — 0.

For what concerns f € W1P(RY) it is true since we have showed that

C
éN |V fs(x)|P doe < 7

o, N
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]

Lemma B.2. Let § < 1, then

/2“ 1 d6 — 2
o l—06cos(p) = 1-02

Proof. To solve this integral we rely on the Weierstrass substitution ¢ = tan (%) and

notice

cos(¢) = cos” <?) — sin? (9) _ o8’ (é) —sin® (é) _l-tan?(5) 1-2
2 2

2 2

By ¢ = arccos (1’t2> and by % arccos(zr) = —\/1177 we obtain

1-+¢2

1 4t 4t

do = dt = dt

P e ar e T ireyvie
(1+t2)

2
= dt.
1+ t2

Moreover, before starting with the computations, we notice that #Osw) in [0,27] is

symmetric with respect to 7. Then, naming a = %, we write

o 1 27 de 2 [T 1 2

/0 1—5cos(¢)d¢_5/o a—cos(¢)_5/0 (a—}jr—g)(l—l—t?)dt
_4_1/+°° dt 4 /+°° dt
S0y Blat+D)+(e-1) da+1) )y (F+e)

1
[

and exploit the substitution ¢ = Atan(0), dt = Asec®0df to infer

1 1 1 1
— A 2 I 2
/ e / A1 (Atan() e )= 7 / T+ tan?(g) "¢ (O) 40

1 1 1 [t

Now we study
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Then, we can solve

4 /+°° dt _ 4 VarT | (\/a + 1t> =
da+1) /) (\/Z})2+t2 da+1)va—-1 Va—1 /1,
a+
2 1 2T 27
Ve —10 [1 1 VI
m
Lemma B.3. For any k € (0,1), we have that
1 k k o0 k
(1+t)"+(1—-t)"—2 (1+1) 1
/0 142k dt + 142k dt = s
Proof. 1f we fix € > 0, we can integrate by parts
! (1+t)’“+(1—t)’“—2d
. t1+2k t
- AT S W ) Lo § L
2k . 2. 2k
I [T+ +(1—e)F -2 N 1/1 (14 t)F=1 — (1 —t)+?
= — 2—-2 — dt.
2k ( €2k + * 2 /. 12k

Now we focus on the following Taylor expansions centred in € = 0

(1+e) =1+ke—
(1—eF =1—ke—

— k) + o(e?)

k)e? + o(€?).

(1
(1

NI N

k
k
This allows us to write

(I+af+(1—-¢F ~ 20K

2(1—k)
2% + o(e )

€

that vanishes as € — 0. Therefore we have

1 k k
(I+t)*+(1—-t)" -2 1
/6 2k dt = %(0(1
1
2

P! Pk
+ (/ o dt—/e — dt>.

) +2—2%)
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If now we consider the change of variables, t = li;f, dt = ﬁdf it is immediate

/1 (-pt /°° (1= ) (14 B e /OO a+o

t2k e t2k (141)2 ‘ t2k
1—e 1—e
Summing up what we have shown till now and assuming = < 1, such that ¢ < %, we
obtain
LA+t 4+ (1 -t -2 1 .
/6 e dt = o (o(1) +2 — 2)
L[ [P (1+)+t  (14t)k!
+§</ o dt—/E o dt
€ 1—e

Then we notice the following

T k—1 k—1 k—1_2(1—k)
/1 (1+1) dt§<1+€) (e _6) (14¢€)" e

2k g2k 1—c¢ - 1—¢ ’

vanishing as € — (0. Passing to the limit we can write

YA+ +1—-0)F—-2 292k 1 [®°(1+4t)k1
/<+>+< Fo2, /<+> "
0 1

142k 2% o § 12k

If we integrate by parts the last element of the previous equation we get

A4+ | ()R
/1 o=t 2

+2/ S CEEALY 7
1 1

so that we finally retrieve

1 k k k k 00
1+8)"+(1—-t)" =2 2—2 2
0

142k 2 o6 )
1 (14 t)*
== — a+o dt
k 1 t1+2k
and the theorem is proved. O

Theorem B.4. Suppose that a function f € LARN) N L™(RY), for 1 <qg<oo,1<r <
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0o, q < r.

Then f € LP(RY) for any q < p < r and, more precisely :

(r—p) r(p—q)

q
LA < I A

Proof. We call
_q(r—p) 5:7“(19—61)
(r—aq)’ (r—q)’

in such a way that o+ = p and [ou |ul? = [on [u|*|ul’.

Now, applying Holder with

the theorem is proved. O
Corollary B.5. Let (v,), be a bounded sequence in HF(RYN). Then, there exist v, h in
HE(RYN) such that, up to a subsequence:

(a) v, = v in E

(b) v, »vinLP V2 <p<2;

(c) v, = v a.e.

(d) 3 h(x) € LP: |v,(x)] < h(z) Vn, V2 <p < 2.
Proof. Point (a) follows directly from the Banach-Alaoglu theorem, noticing that H*(R™)
is Hilbert and then both Banach and reflexive. Point (b) is a consequence of (a) and of

Theorem B.6. Finally point (¢) and (d) are famous results in literature, nevertheless, for
(d) we refer to [8, Theorem 4.9]. O

Proof of Theorem 2.4. We start fixing r > 0, o > 0 and € RY. Thus, for any y € RY
u(z)| < Ju(z) = u(y)] + [u(y)]

and, if we integrate over B, (z) we get

1B, |u(x)] < / () — uy)] dy + / fu(y)| dy

B (1‘) B, (x)

o u(z) — u(y
< | de/ u(y)| dy,
By (x) |z —y By (x)
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with B, denoting the volume of the N-dimensional sphere of radius r. At this point we

fix a = % and apply Holder to both the terms in the previous sum, respectively with
p=q=2andp=2], q:%.

u\r) —u
Bl < [ MOy [ qug)ay
Br() |z =yl By ()

1 (2*)71
N+2k |u(x) — u(y)]Q ) 2 1 o k N+2k
r -y ) |B[? + |u(y)|* dy | B, | 2~
(/B,.(x) |l‘ - y|N+2k B, (z)

Cw N\ o™
< C T‘N+k (/ M dy) + TNEQIC (/ uly 2 dy) ;
{ B (z) ’x _ y’NJer B (z) | ( )

where we have exploited |B,| ~ r". Now we divide by 7V to obtain

Ju(@) —u@)P , \? | _x 2\
|u(x|§C’7"k (/ dy) +r 2 / lu(y) |+ dy )
) Br(z) |z — y|N 2 Br(z) (

At this point we denote as

IN

2
u\xr) —u
am [ D=L,
B, (z) ‘l’—y‘

B = Ju(y) % dy
By ()

and rise everything to the power 27,
%

lu(z) > < C r2F {Oz% + 7“_%/8(273)71}

At this point we fix r := BNJQQ% o~ ~ such that

T_%B@Z)_l = B_Nz_ﬁkaéﬁ(%)_l = a%

x 2k 2k
2k — BN o N-2,

Therefore, the following inequalities hold

*

Ju(z) — u(y)l? o
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Finally, if we integrate over x we get

Ju(z) —u(y)?
2*k<0// ‘x_y‘NHk dxdy

and the first part of the theorem is proved.
We are left to show that the embedding H*(RY) < LP(RY) is continuous Vp € [2,2;],

but this is a direct consequence of Definition (1.1), since, combined with the result we

* 4k
2 N—ok _
. =
2k

lu

have just proved, gives us that
u € WH(RY) = u e L*RY)n L% (RY)
and, recalling Theorem B.4, our proof is complete. ]
Theorem B.6. For 1 < q < 2}, the embedding
HFNRY) ¢ LYRY)
is compact for any k > 0.

Proof. To prove the theorem, we want to define a bounded sequence (u,), in HF(RY)
and show that it converges strongly in L4(RY).
According to famous results of harmonic analysis, we start defining the classical potential

spaces H*?(RY), where
H?RN) = {u= (I — A)"?f with f € L*(R)}.

We recall here, that the fractional power (I — A)~*/2 can be defined by means of the

Fourier transform
(I—=A)*Pf=F N1+ )" F(f) = G * f,

where

Gk(w>=f—1<<1+|w|2)—k/2>:—(1@2) [ (B5)

is called the Bessel potential. At this point, we notice that

lz|F=Nif 2] <2

3 if o] > 2
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constitutes the asymptotic approximation of the Bessel potential for £ < N and remember
that for some f,, radial it holds
Uy = G * fn.

Moreover, if we name M the constant of equiboundedness of the sequence (uy)n, i.e.
|wn|lx < M Vn, then f, is bounded in L?(R"™) by the same constant. Since we know
that any metric space is compact if and only if it is complete and totally bounded and
that H*(RY) is complete, we proceed to show that H¥(RY) is a totally bounded subset
of LI(RY).

We rely on the Kolmogorov-Riesz theorem of compactness and check that its hypotheses

are satisfied. These are the hypotheses:
(a) (up), is bounded in L4(RY)

(b) for every e > 0, there exists some d(€) > 0 such that

/ |un(z + h) — u,(z)|%dz <,
RN

for |h| < d(e)

(c) for every e > 0, there exists some R > 0 such that:

/ (@) odz < .
|z|>R

Point (a) is trivial, exploiting the continuous embedding of H*(RY) in LI(RY).
Point (), instead, can be retrieved through the definition of 7u(x) = u(x + h) and
noticing
Imhw = ullg = 17(G % fn) = G * fullg
= [|(mnGr = Gi) * fully < |(TaGr = Gi)llr [ fall2,

where the last inequality makes use of Young’s convolution inequality with % = % + %,

that explicitly becomes

Since, however, Gy € LY(RY), then we infer

€

170G = Gl < 57
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We conclude, thanks to ||f,|l2 < M Vn, point (b) stating
1 Thttn — tnlly < €,

with |h| < 4.

For what concerns point (c¢), we finally notice that we have 0 < k < 1 and N > 2.

2(N+c)

Moreover, we can set ¢ = (N —1)(5 — é) and it holds 2 < ¢ < 7=,

indeed developing

calculation we obtain

oVt 2(N+aN-1E-1)

N -2k N — 2k
24+ Ng—q 2 qg(N —1)
~ N—-2k N-2k N-2k°

Then, q < 27 + q](vN:l) if and only if

N-2k 2k
L_N-1Y (1%
g N_o2r) I\ N2k

g(N-1)

As a consequence, q¢ < 25 + N—2k

N—2k
q < 2; and we are led to

2N N N 1 1 1 1
k<= k>N(=—= ——

— k> % — %, which is necessarily true since

Therefore, we can state that
HERY) € LIRY, [o|“da),
for € > 0 small and, fixing € and ¢ = ¢ — ¢, we can apply the theorem to this case and we

W/ wms/ 2lunl® < Cllunll?,
|z|>R |z|>R

where for the first inequality we trivially exploit that R® < |z|¢ for any |z| > R and
R>1. []

write

Theorem B.7 (Ekeland’s variational principle). Let (X, d) be a complete metric space
and f: X — RU{oo} be a proper, lower semicontinuous functional, bounded from below.
Set € > 0 and xo € X such that f(xg) # oco. Then, there exists some v € X such that
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(a) f(v) < f(xo) — ed(xo, v)
(b) f(v) < f(x) +ed(x,v) VrelX,z#o.

Proof. We start defining G,(z) : X — R
G.(z) = f(x) + ed(, 2)

and the first step consists in proving that G,(z) is lower semicontinuous. If we are
able to show that the distance function d,(-) : X — R, d,(z) = ||z — z| is lower
semicontinuous, then we gather the lower semicontinuity for G., since it would be the
sum of two semicontinuous functions. Distance function is even uniformly continuous,

indeed, fixing € > 0, we can put J. = € and notice that

[z =yl <de =€ = [d:(2) = d=(y)| = [[lx = 2] = lly = =]l|
<lz—yll <e

Defining now
Flx)={ye X: Gi(y) < fla)} ={y e X: f(y) +ed(y,z) < fz)},

we want to highlight three important properties that this set possesses. The first one is

its closure, indeed we have two cases:

f(x) =00 = F(X)=X
flz)=teR = {ye X :G,(y) <t} teR,

where X is closed by hypothesis and, in the second line, an equivalent definition of semi-
continuity for G, ensures that {y € X : G,(y) <t} is closed.
The second property reads as y € F(z) = F(y) C F(z) and is true indeed, if we take

a generic z € F(y) and recall

z€F(y) = f(2)+ed(z,y) < fy)
yeF(xr) = f(y) ted(y,z)<f

we can combine these equalities into
f(2) +ed(z, 2) < f(2) +e(d(z,y) + d(y, v)) < f(z)

and we obtain immediately that z € F(z).
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Finally, the third one is that F'(z) is not empty, trivial since at least z € F(x).
At this point, we proceed to set

so=inf f(x), @€ F(x): flx1) <so+277,
z€F (x0)

where we stress that sy € R, since f is bounded from below. Then, we define recursively
S, = infuep(e,) f(x) and z,11 € F(z,) such that f(zn41) < s, + 2=+ Moreover,
Tpi1 € F(x,) implies that f(x,41) > s, and the following chain holds

Tpi1 € F(z,) = F(zp41) C F(r,) = Snt1 > Sn.
Thus, combining together:

f(xn+2) > Sn+1, Sn+1 > Sn,

we retrieve that f(z,42) > Su.
Now we are ready to provide calculations and start explicating x,,1 € F(x,), which

becomes
f(anrl) + Ed(xmx —n+ 1) < f(xn>7

that finally provides
€d(Tn, Tn41) < f@n) = f@ne) <277

Since then d(xp, Tn4p) — 0Vp > 0 as n — oo, we obtain that (z,), is a Cauchy sequence
in F(zy), hence (z,), is a Cauchy sequence in a closed set.

As a consequence, there exists some v € F(zg) such that z, — v in X and moreover
v e F(x,)¥n > 0.

Considering now F'(v), with v = lim,, z,, and setting a generic z € F(v), we can exploit
that F'(v) is not empty. We have that

F(zg) D ... DF(xp_1)D F(x,) D F(xpi1) D ... D F(v)

and we deduce that x € F(x,)Vn implying ed(x, z,,) < 27" and as a consequence z,, — &;

but it holds that both

Ty — U
Ty, — T

and, by uniqueness of the limit, we have shown that x = v, or, more profoundly, we have
shown that F'(v) = {v}. Changing perspective, we have that x € F(v)® Vz # v.
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Expliciting v € F(x) and z € F(v)¢ Vo # v, we get the theses of the theorem, respectively

f(v) < f(zo) — ed(z0,v)
f(v) < f(z) +ed(z,v) VreXax#w.

]

Corollary B.8. Let (X, d) be a complete metric space and f : X — RU{oc} be a proper,
lower semicontinuous functional, bounded from below.

Set € > 0 and xo € X, such that f(zo) < e+ inf.ex f(x).

Then, for any A > 0 , there exists v € X such that:

f) < f(zo) and d(xg,v) <A\
Moreover, for any x € X, x # v it holds

f@) > f(v) = {d(,v).

Proof. Once chosen xy as in the hypotheses, we apply the Ekeland’s principle fixing a

generic A on xg and, from f(v) < f(xzo) — Md(zo,v), we retrieve

fv) < 1£)f(f(x) + e — M(z0,v) = d(x0,v) <

> o

Instead, from f(v) < f(z) + Ad(z,v), for any = € X, = # v we have

f(a) > f(v) = Md(z,v) Voo
Theses come straightforwardly fixing A = - m

Theorem B.9 (Harnack inequality). Let w an harmonic and non-negative function in
Br CRY for some R > 0. Then, for any v € Bg it holds

RY2(R — |a]) RY=(R + |z])
(R + [z u(0) < u(z) < (B— )V u(0).

Proof. To carry on this proof we will refer to the Poisson formula for harmonic functions

and to the mean value property as treated in detail in [29, Chapter 3.3|. From the Poisson
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formula we have that

where wy denotes the surface area of the N-dimensional sphere. It is trival that R — |z| <
lo — x| < R+ |z| and that R* — |z|*> = (R + |z|)(R — |x|). Thus, we can compute

(R + |z]) 1-N
wN—R(R_ |z|) /833 u(o) do

i (7 [, 10

_ (R+|z)RN2
R

u(x) <

where the last equality makes use of the mean value property. Analogously we have that

RY2(R |
B P A

and the theorem is proved. ]

Corollary B.10. For any non-negative harmonic function v : By — R, for any r in

(0,1), there exists a constant ¢, > 0 depending only on r such that

u(z) < c uly) Ve,y € B,.

Proof. Directly from Theorem B.9 we retrieve

oY)

1+r
= Cp,
= (1= r)NT
for any x,y € B,. Just notice that ¢ does depend neither on x nor on y. O

Lemma B.11. Let uy, us be two functions in S.. Let H(u,s) the map defined in Section
2.4.1. Then
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Proof. We start exploiting [16, Corollary 5.3 and [16, Lemma 5.4] to write

H(u2,s)>H — /RN(—A)
::éJ—Aﬁmeﬁﬂﬁwﬁ)

MBS

<(_A) H(uq,8)H (usg, s)

H(uy,s), (=A)
We now rely to the rescaling result shown in Section 2.2, according to which
(=AY (atu(ar)) = a?T? (= A)ru(az).
Thus, we fix @ = e*, ¢ = N/2 and obtain
(=AY H (uy, s) = e2 T*5(— Ay, (e°x).
We can now conclude the proof

/RN(_A)]CH(U/I,S>H(U2,S) = 68N+2k5/ (—=A)*uy (e*z) ug(e’z) da

RN

— (s /RN(—A)kul(:c) us () de = <(—A)%u1, (—A)%u2>

- .
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