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1. Introduction
This thesis presents a stochastic optimal control
problem for the management of a dam in the context
of energy production. The problem is formulated
as an optimal regular-switching problem, where the
dam manager has to optimize the timing and volume
of water release (to maximize electricity production
and profits) and has to regulate the water level to
meet safety requirements, avoiding flooding or en-
ergy shortages. Moreover, for hydroelectric produc-
tion it is crucial that the turbines generate electricity
at a fixed frequency to ensure uniformity across the
power grid. This implicitly constraints the electric
unit production to a on-off strategy, with more flex-
ible output achieved by installing multiple units per
dam. In our context, the control variables consist
of the switching times that determine when the tur-
bine’s operational status changes (i.e., whether wa-
ter flows through it or not), and the volume of water
released from the dam during emergency situations.
We have two distinct value functions: one represents
the revenue generated from power production when
water flows through the turbine, and the other rep-
resents the revenue when no water flows through
it. The problem is addressed using the Dynamic
Programming Principle (DPP) and the Hamilton-
Jacobi-Bellman (HJB) equations. Since these tra-
ditional methods assume smooth value functions, we
use the the viscosity solution framework to handle
the lack of smoothness generated by the switching.
This approach allows us to characterize the value
function as the unique viscosity solution for the HJB
system associated to our problem. The thesis follows

the approach outlined in [1]. In particular we exam-
ine all the key steps, from the problem formulation
to the development of the numerical solutions. We
analyze the underlying theory, explicit all the formal
steps and implement using MATLAB a numerical
scheme to explore the numerical results presented in
[1].

2. Dam Management Problem
2.1. Modeling the Water Level and

the Electricity Price
To formulate the stochastic optimal control problem
for the dam, we first need a model for the water
level inside the dam. The water level in the dam
basin depends on various factors. Water extraction
for energy production decreases the level, while ex-
ternal inputs (such as rainfall and river inflows) in-
crease it. Furthermore, when the water level exceeds
a critical threshold, spillways are employed to release
excess water. Here the objective is not energy gen-
eration, but to maintain a safe water level. Tech-
nically speaking, given a filtered probability space
(Ω,F ,F = (Ft)t≥0 ,P) and a Brownian motion Wt,
the water level dynamics when both the turbine and
the spillways are closed is described by the stochastic
process Ht = µt+σWt (i.e., a drifted Brownian mo-
tion with drift µ and volatility σ). Using Tanaka’s
formula1, the stochastic differential equation (SDE)
governing the water level is:

dHt = 1{Ht>0}(µdt+ σdWt) + dZt,

1|Wt| =
∫ t
0 sgn (Wn) dWn +Zt, where sgn is the sign func-

tion and Lt = limε↓0
1
2ε

|{s ∈ [0, t] | Ws ∈ (−ε,+ε)}| .
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where Z is the half-local time of H at 0. In the more
general case with controlled inputs, the water level
dynamics becomes:

dHt = −ItC(Ht)dt− νtdt+

1{Ht>0}(µdt+ σdWt) + dZt,
(1)

where It ∈ {0, 1} is the turbine status at time t (0
= closed, 1 = open), νt ∈ [0,+∞) is the spillways
status (i.e., the amount of water extracted without
producing energy), and C is a deterministic function
describing the amount of water extracted in order to
produce power, defined on [h0,+∞) where h0 is the
level of the turbine. In the mathematical model for
the dam dynamics, several structural assumptions
are essential for defining the optimization problem.
As the zero level of the reference frame is assumed to
be the bottom of the reservoir, note that h0 can be
negative. Changing the turbine status implies a cost
κ, and the turbine must close if the water level drops
below minimum operating threshold h−. Finally, a
penalty, governed by a Lipschitz continuous function
ψ, is applied when the water level exceeds a critical
threshold h+. The control variables of the problem
can then be resumed to be the following: (τk)k≥1,
denoting the switching times for the turbine status,
and νt, representing the status of the extra flow al-
lowing to deplete the dam in emergency situations.
Using physical reasoning, we can derive some of the
terms in (1). In particular, the function C is:

C(h) = Q
v

S
= Q

√
2g (h− h0)

S
, (2)

where g is the gravity constant, Q is the penstock’s
open section, S is the basin’s surface, and v is the
water speed at the conduct entrance. Similarly, the
spillover impact is defined as:

νt = βt
√
2g (Ht − h0), (3)

where βt ∈ [0, β̄] does not depend on Ht. Note
that νt is proportional to the spillover pipe’s cross-
sectional area and to the square root of the free
height (Ht−h0). Furthermore, the power produced,
in terms of energy units, is given by:

Et =
√
2(1− χ)Qt[g(Ht − h0)]

3/2, (4)

where χ is a dispersion coefficient. As a crucial issue
for power production is to keep the frequency of the
alternate electric current constant, the open section
area is regulated by servo-mechanism in such a way
that water flowing per second Qt keeps constant the
rotational frequency of the turbine. That implies
that Et could be considered constant, and will be
simply denoted by E .
We also introduce a model for the spot price of the
power produced by the dam:

dPt = Pt (λdt+ γdBt) , (5)

where Bt is a Brownian motion, correlated with Wt

through the correlation coefficient ρ ∈ (−1, 1), re-
flecting the impact of weather conditions on both
water levels and other power plants such as solar
and thermal plants.

2.2. Problem Formulation
From now on, we use as control variables the se-
quence of turbine switching times (τk)k≥1, and the
regulation of free flow βt. The sequence (τk)k≥1 rep-
resents non-decreasing F-stopping times, at which
the dam manager can switch the turbine status be-
tween closed and open. To track regime changes at
each τk, the turbine status (It) assumes the form of
a controlled Markov chain:

It =
1

2

[
1− (−1)I0+Nt

]
, (6)

where Nt counts the number of status switches by
time t. The second control variable β is an F-
predictable process. Letting B the set of such pro-
cesses, β ∈ B, the set of admissible controls is defined
as:

A = {α = (β, (τk)k≥1)} . (7)

When the water level exceeds the safety threshold
h̄ > h+, the entire problem ends, and the dam be-
comes a nation-wide issue. The time horizon T for
the control problem is T = inf

{
t > 0 | Hα

t ≥ h̄
}
.

The optimization problem in general form aims to
maximize the total expected profit by selecting a
control strategy α = (β, (τk)k≥1) ∈ A, given the
initial state (x, i) ∈ Rn × Im with Im = {1, ....m},
thus the associated value function can be expressed
as:

vi(x) = sup
α∈A

Ei,x,α

[∫ T

0

e−rtf
(
Xx,i,α

t , α, Ii,αt

)
dt

−
T∑

k=1

e−rtgik−1,ik

]
,

(8)

where r > 0 is the discount rate and Xt evolves
according to the SDE:

dXt = b(Xt, α, I
α,i
t ) dt+ σ(Xt, α, I

α,i
t ) dWt, (9)

with Wt being an n-dimensional Brownian motion
and the coefficients b and σ satisfying a uniform Lip-
schitz condition with respect to Xt.
The general value function (8) can be expressed in
terms of the parameters governing the dam and
the optimization problem. The state variable is
Xt = (Ht, Pt). The function f depends on the state
Xt, the control α, and the turbine status It, and
it represents the revenue obtained (computed as the
product of the energy produced E and the price Pt)
and incorporates penalties through ψ for water lev-
els exceeding h+. The cost function g accounts for
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the switching cost k. Making everything explicit, (8)
becomes:

vi(h, p) = sup
α∈A

Ei,h,p,α

[∫ T−

0

e−rtEItPtd

−
∫ T−

0

e−rtκPtdNt

−
∫ T−

0

e−rtPtψ
(
(Ht − h+)

+
)
dt

]
,

(10)

where v0 is defined on D0 = [0, h̄] × R+ and v1 on
D1 =

[
h−, h̄

]
× R+.

2.3. Hamilton-Jacobi-Bellman Equa-
tion

Once the value function has been defined, we can
derive the associated HJB equations which play a
central role in characterizing the optimal policy, as
they provides a necessary condition for optimality
by linking the value function to the dynamics of the
system.
Integrating stochastic control theory with the opti-
mal switching theory presented in [5], we derive the
HJB equations in the form of variational inequalities
for the stochastic optimal control problem with
switching:

min

{
rvi − sup

α∈A
L(i,α)vi − fi, vi−

max
i ̸=j

(vj − gij)

}
= 0 x ∈ Rn, i ∈ Im, α ∈ A,

(11)

where gij is the cost of switching from regime i to
j, f is the revenue function and L is the Lagrangian
differential operator of the underlying process of Xt,
defined as:

L(i,α)f =

[
bi(x, a) ·Dxϕ+

1

2
tr
(
σiσ

′
i(x, a)D

2
xϕ

)]
(12)

In our setting, the variational inequalities incor-
porate both the dynamics of the water level and
electricity price, as well as the discrete switching
between the two regimes, capturing the trade-offs
between revenue generation, switching costs, and
penalties. However, as the two Brownian motions
Wt and Bt are correlated with a coefficient ρ, we
cannot directly apply the previously developed the-
ory. Instead, we have to perform a transforma-
tion, introducing the Brownian motion B̂t such that
Bt = ρWt+

√
1− ρ2B̂t. This ensures that B̂t andWt

are independent . Applying (11) to the dam model

outlined above, we obtain:

min

{
rvi − sup

β∈[0,β̄]

L(i,β)vi + pf
(
(h− h+)

+
)
−

iEp, (vi − v1−i + κp)1h≥h−+

(1− i)1h<h−

}
= 0, on

◦
Di,

where the Lagrangian differential operator L(i,b) be-
comes:

L(i,β)ϕ = [−i E
Sg(1− χ)

1

h− h0
− β

√
2g (h− h0)

+

+µ]
∂ϕ

∂h
+

(
σ2

2

∂2ϕ

∂h2
+ σγρp

∂2ϕ

∂h∂p

)
1h>0

+ λp
∂ϕ

∂p
+ p2

γ2

2

∂2ϕ

∂p2
.

For any p ∈ R+, we also have the following boundary
conditions:

v0(h̄, p) = 0;
∂v0
∂h

(0, p) = 0,

v1(h̄, p) = 0; v1 (h−, p) = v0 (h−, p)− κp.

2.4. Reduced Dimensionality Model
In our model the value functions depend on the price
p and the level h. To simplify, we reformulate the
problem into a single-variable function wi, stream-
lining computations and representation.
Proposition 2.1. Let P∗ be the probability mea-
sure equivalent to P with Radon-Nikodym deriva-
tive Yt = eργWt− 1

2ρ
2γ2t. For i ∈ {0, 1}, we have

wi(h) =
vi(p,h)

p on Di, where we have set

wi(h) = sup
α∈AW

Ei,h,α
∗

[∫ T

0

e−(r−λ)tEItdt

−
∫ T−

0

e−(r−λ)tκdNt

−
∫ T

0

e−(r−λ)tf
(
(Ht − h+)

+
)
dt

]
,

(13)

where Aw is the restriction of the set of admissible
controls to the stopping times with respect to the fil-
tration FW , generated by the Brownian motion W ,
i.e. AW =

{
α =

(
β, (τ̂k)k∈N

)
| β ∈ B and (τ̂k)k∈N is

a non decreasing sequence of FW -stopping times }.
We now present two key properties of wi, which are
crucial for understanding the behavior and stability
of the value function within the framework of the
stochastic optimal control problem.
Proposition 2.2. Assume r > λ, then the reduced
value function wi is finite and wi ≤ E/(r − λ).

Proposition 2.3. For i ∈ {0, 1}, wi is Lipschitz.
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2.5. Dynamic Programming Princi-
ple

While the HJB equation provides necessary con-
ditions for optimality, the DPP offers a recursive
framework to ensure that the policy remains opti-
mal at each stage and decision point. For θ any
F-stopping time,

wi(h) = sup
α∈A

Ei,h,α

[∫ (θ∧T )

0

e−(r−λ)tEItdt−∫ (θ∧T )

0

e−(r−λ)tf
(
(Ht − h+)

+
)
dt−∫ (θ∧T )−

0

e−(r−λ)tκdNt + e−(r−λ)(θ∧T )wIθ∧T
(Hθ∧T )

]
.

(14)

The DPP essentially simplifies the task of finding an
optimal control policy by taking switching into ac-
count and dividing it into smaller and more man-
ageable subproblems. Specifically, at each poten-
tial stopping time θ, the approach involves evaluat-
ing whether to continue with the current regime or
switch to a new one. This decision is made by com-
paring the expected value of rewards and costs accu-
mulated up to θ with the expected value of switching
to a new regime and the future value of the state af-
ter θ.

3. Viscosity Solution
Since our value functions are generally not suffi-
ciently regular, traditional methods cannot be used
to characterize the solution. Consequently, the vis-
cosity solution framework is employed to address the
problem, as it relaxes the smoothness hypothesis.
This approach allows us to characterize the value
functions as the unique viscosity solutions to the sys-
tem of HJB equations associated with the stochastic
control problem with switching.
Proposition 3.1. Let {φi}i=0;1 ∈ C2 on [0, h̄] such
that φ(h̄) ≥ 0 and

0 ≤ min{(r − λ)φ0 − [(µ+ σργ)φ′
0+

β̄
√

2g (h− h0) (−φ′
0)

+
+
σ2

2
φ′′
0

]
+ f

(
(h− h+)

+
)
;

(φ0 − φ1 + κ)1(h≥h−) + 1(h<h−)

}
, on (0, h̄),

0 ≤ min {(r − λ)φ1 − [(µ+ σργ+

E
Sg(1− χ) (h− h0)

)
φ′
1 + β̄

√
2g (h− h0) (−φ′

1)
+

+
σ2

2
φ′′
1

]
− E + f

(
(h− h+)

+
)
;φ1 − φ0 + κ

}
on

(
h−, h̄

)
,

(15)
then we have wi(h) ≤ φi(h), for all h ∈ (0, h̄) and
for i = 0, 1.

We then have the PDE characterization of the value
functions wi(h).
Theorem 3.1. The value functions wi(h), i = 0, 1,
are continuous on (0, h̄) and are the unique viscos-
ity solutions on (0, h̄) with boundary data wi(h̄) =
0, w′

0(0) = 0, to the system of variational inequali-
ties (15).
The proposition provides a criterion to verify the va-
lidity of candidate value functions, while the theo-
rem ensures that these value functions are indeed the
unique solutions to the stochastic control problem,
characterizing them as viscosity solutions. These re-
sults are fundamental to ensure that the solutions
found are well defined and unique.

4. Numerical Approximation
In section 2 we introduced the model analytically.
However, since the model involves complex expres-
sions that cannot be solved in closed form, we need to
rely on numerical approximation techniques to solve
it. To this end, we opt for a deterministic approach
based on a finite difference scheme, which transforms
the problem into a controlled Markov chain. This
approach is commonly used in operational research,
see for example [2, 4].

4.1. Formulation of the Approxima-
tion Problem

Using the discretization method proposed in [1], we
carefully derive the numerical expression that allows
us to explicitly compute the approximate solution.
As first step, we can introduce a discretization grid,
which is fundamental for the formulation of our nu-
merical problem. We define N ∈ N∗ as the number
of iterations that are used to solve the problem iter-
atively, and δ > 0 as the discretization step used to
model the independent variable h of the value func-
tions w0 and w1. Consequently we define the space
grid as Gδ = {0, δ, 2δ, . . . , h̄ − δ, h̄} where 0 and h̄
represent the domain of the HJB equations.
Now we apply a finite difference scheme, considering
the following approximations:

∂w

∂h
(h) ≈ w(h+ δ)− w(h)

δ
1µi

h≥0

− w(h− δ)− w(h)

δ
1µi

h<0,

∂2w

∂h2
(h) ≈ w(h+ δ) + w(h− δ)− 2w(h)

δ2
.

(16)

For sake of readability we introduce the following
quantities:

h1 = h+ δ,

h2 = h− δ,

µi
h = µ+ σγρ− i

E
Sg(1− χ)

1

h− h0
− β

√
2g (h− h0).

4
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Rewriting the operator L(i,β)
⋆ , using the introduced

notations, applying a finite difference scheme and
substituting it into the HJB equations, we obtain
the final discrete formulation of the solution for both
states i ∈ {0, 1}:

wi(h) = max

{
max

β∈{0,β̄}

∑2
j=1 pjwi (hj) +Gi

h∆t
δ

1 + (r − λ)∆tδ
,

w1−i − κ} on Gδ\
{
0, δ, . . . , h− − δ, h̄

}
,

w0(h) = max
β∈{0,β̄}

∑2
j=1 pjw0 (hj) +G0

h∆t
δ

1 + (r − λ)∆tδ

on {δ, 2δ, . . . , h− − δ} ,

(17)

where:

p1 =
σ2/2 + δ

(
µi
h

)+
Qδ

, p2 :=
σ2/2 + δ

(
µi
h

)−
Qδ

,

Gi
h = iE − ψ((h− h+)

+
), Qδ =

∣∣µi
h

∣∣ δ + σ2,

∆tδ =
δ2

Qδ
.

4.2. Numerical Scheme and Numeri-
cal Results

In order to explicitly compute the approximated so-
lution of the discrete problem derived in (17), we
introduce, for i ∈ {0, 1} and n ∈ N, the following
iterative scheme:

w
(n+1)
i (h) = max

{
max

β∈{0,β̄}

∑2
j=1 pjw

(n)
i (hj) +Gi

h∆t
δ

1 + (r − λ)∆tδ
,

w
(n)
1−i − κ

}
on Gδ\

{
0, δ, . . . , h− − δ, h̄

}
,

w
(n+1)
0 (h) = max

β∈{0,β̄}

∑2
j=1 pjw

(n)
0 (hj) +G0

h∆t
δ

1 + (r − λ)∆tδ

on {δ, 2δ, . . . , h− − δ} ,

(18)

w
(0)
i ≡ 0,

w
(n)
0 (h̄) = 0,

∂w
(n)
0

∂h
(0) = 0,

w
(n)
1 (h̄) = 0, w

(n)
1 (h−) = w0 (h−)− κ.

At this point, we have all the necessary components
to implement (18). Algorithm 1 presents the pseudo
code of the numerical scheme, which has been imple-
mented in MATLAB. To simplify the notation, we
introduce the following quantity:

V (n)(i, h, β) =

∑2
j=1 pjw

(n)
i (hj) +Gi

h∆t
δ

1 + (r − λ)∆tδ
. (19)

Algorithm 1 Iterative Scheme
1: Initialize parameters, and set discretization grid
δ = h̄/M , hval = [δ : δ : h̄ − δ], hval_1 = [0 : δ :
h− − δ], hval_2 = [h− : δ : h̄− δ]

2: Initialize w0 and w1 to zero matrices of dimen-
sion M ×N

3: Initialization of Dirichlet and Neumann bound-
ary conditions

4: Iterative Scheme on {δ, 2δ, . . . , h− − δ}
5: for n = 2 to N do
6: for z = 2 to M/2 do
7: h = hval_1[z]

8: m1 = max
{
V (n)(0, h, 0), V (n)(0, h, β̄)

}
9: Update w0[

h·M
h̄
, n] with m1

10: end for
11: Iterative Scheme on Gδ\

{
0, δ, . . . , h− − δ, h̄

}
12: Case of value function w1

13: for z = 2 to M/2 do
14: h = hval_2[z]

15: m1 = max
{
V (n)(1, h, 0), V (n)(1, h, β̄)

}
16: m2 = max

{
m1, w0[

h·M
h̄
, n− 1]− k

}
17: Update w1[

h·M
h̄
, n] with m2

18: end for
19: Case of value function w0

20: for z = 2 to M/2 do
21: h = hval_2[z]

22: m1 = max
{
V (n)(1, h, 0), V (n)(1, h, β̄)

}
23: m2 = max

{
m1, w1[

h·M
h̄
, n− 1]− k

}
24: Update w0[

h·M
h̄
, n] with m2

25: end for
26: Set Dirichlet and Neumann boundary condi-

tions
27: end for

All the involved parameters are summarized in Ta-
ble 1, together with a brief description and the cho-
sen value for the base scenario of the application of
the iterative scheme. Furthermore, the penalization
function ψ is assumed to be quadratic with a coeffi-
cient of 10−3.
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Param Description Value

h̄ max. water level 100

h+ critical water level 80

h− min. water level 50

β̄ max. flow of the spillover 0.01

E energy production 50

h0 turbine position -1

χ standard waste of a turbine 0.05

κ switch cost 0.1

µ expected river flow level 0.1

σ volatility of river flow level 0.05

λ return of price model 0.1

γ volatility of price model 0.05

r discount rate 0.2

ρ Brownian motions correlation 0.04

g gravity acceleration 9.81
S renormalised surface 1

Table 1: Parameters in the base scenario

The above implementation allows to illustrate the
main results of the numerical approach with some
graphical examples, also studying the behavior of the
value functions when changing various model param-
eters.
Figure 1 and Figure 2 show the value functions w0

and w1 in the two operational states of the dam
(closed and open turbine) as functions of the water
level h inside the basin. In Figure 1 we can observe
that w0 remains constant at zero until h− = 50. This
behavior is reasonable, since for values of h below
this threshold no electricity can be generated, con-
sequently leading to zero profit. After that, both w0

and w1 start increasing, indicating that the dam is
operating under optimal conditions. This trend con-
tinues until the water level exceeds a critical value
h+ = 80. At this point the penalty function is intro-
duced, as an incentive to keep the water level under
control (below h̄ = 100). Consequently, the spill-
ways are opened, leading to a decrease in the water
level as water starts flowing out of the reservoir.
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Figure 1: Value function w0
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Figure 2: Value function w1

Figure 3 illustrates the behavior of w0 for different
values of the electricity revenue E . We can observe
that, as the revenue from electricity increases, the
value function also increases accordingly. This oc-
curs because higher revenue makes electricity gener-
ation more valuable, which is reflected in the value
function’s increase. However, when the electricity
revenue rises to 100, the value function stops be-
ing flat and continues to increase, almost up to the
maximum water level h̄. This result highlights the
importance for a fair penalty system to incentivize
the dam manager to keep the water level in a rea-
sonable range, avoiding dangerous proximity to the
maximum limit. When the value function is rela-
tively flat over a large interval within [h−, h+] and
far from h̄, it indicates that the manager is operat-
ing in a safe and controlled range, minimizing risks
while still optimizing for revenue.
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Figure 3: w0 for different values of E

We now focus on the penalization term more in de-
tail. In our model, we assume that this term is
quadratic and governed by two key parameters: the
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coefficient of the quadratic term, which determines
the strength of the penalty, and the critical water
level h+, at which the penalization mechanism is im-
plemented. Figure 4 and Figure 5 zoom in on the
interval [h+, h̄] , allowing a closer comparison of how
the value function changes with different values of
parameters. The key observation is that adjusting
the minimum height h+, which marks the threshold
where penalties begin to apply, has a more signifi-
cant impact on the value function than changes to
the quadratic term of the penalty.
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Figure 4: w0 for different critical water level h+
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Figure 5: w0 for different coefficients of the penalty
function.

5. Conclusions
In the current transition to a low-carbon economy,
one of the most prominent issues is that the most
commonly used renewable energy sources, such pho-
tovoltaic and wind, are non-dispatchable. In this
context, dam management plays a crucial role in
terms of reducing reliance on coal and oil for eco-
logical reasons and addressing the instability of solar
and wind energy production. Additionally, the price
of electricity has substantial economic impacts [3].
This thesis contributes to dam management by de-
termining the optimal strategy for turbine opera-
tion in hydro-power production, and it focuses on
the physical aspects of generation while incorporat-
ing regulatory constraints. Our findings show that,
under reasonable assumptions, fluctuations in elec-
tricity prices do not impact the optimal policy, which
is mainly determined by the water level in the dam.
As previously discussed, one of the key advantages of
hydropower is its dispatchability. This characteristic

opens up additional considerations on the possibil-
ity to store the energy produced when it is available
to use it during periods when it is not. Future re-
search could build upon the analysis presented in [3]
by expanding our model to include multiple intercon-
nected dam-based plants, allowing not only for the
discharge of water to produce electricity but also for
the pumping of water into the higher reservoir. This
would enable optimal use of energy based on fluctu-
ations of the electricity prices. Additionally, climate
change and increased agricultural demand are ex-
pected to impact water levels in artificial lakes, which
may also be considered for more accurate modeling.
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