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Abstract

This thesis is concerned with the analysis of some fluid-structure interaction problems in chan-
nels. The physical motivations mostly stem from the phenomenon of wind interacting with
suspension bridges. In particular, our attention focuses on the instabilities which might affect
the deck, which is the most sensitive part of the structure. Beside inducing on the deck some
static effects, such as lift and drag forces, the wind generates dynamical instabilities, among
which we count vortex-induced vibrations, buffeting, one-degree of freedom instability and flut-
ter. This type of instabilities occurs in general during the interaction between a fluid and a
structure, whenever the fluid’s dynamic loading excites the natural modes of the structure.

While the motivations come from physics, the nature of our analysis is essentially theoretical.
Starting from some models apt to describe the desired phenomena, we investigate their purely
analytical properties.

First, we establish some existence and uniqueness results. Beside serving as a preliminary
step, these results are interesting per se, since we treat the case of fluid-structure problems with
non-homogeneous boundary conditions, still partially unexplored in the existing literature, both
in a stationary framework and in a full evolutionary fluid-structure interaction framework. In
particular, in the static case we study the connection between the multiplicity of solutions gen-
erating under large enough data and the apperance of forces acting on the fixed obstacle. In the
dynamic case, we adapt some existing techniques for well-posedness to the non-homogeneous
case, also dealing with the issue of collisions.

Then, we dig into the longterm dynamics of fluid-structure interaction problems. In this way,
we directly approach through a theoretical strategy fluid-structure instabilities. In this context,
we will use notions from the theory of infinite-dimensional dynamical systems, like the one of
global attractor, showing how it can be extended to the field of fluid-structure interaction. The
purely theoretical description of the long time behaviour is partially combined with a numerical
investigation, aiming at enriching the picture.
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CHAPTER

Introduction

Naturally arising from the description of any physical phenomenon implying the reciprocal
action between a fluid and a solid, fluid-structure interaction (FSI) as a purely mathematical
research field already exhibits remarkable difficulties. The very setup required for the study of
this kind of phenomenon is complex from the beginning. If FSI problems have been widely
studied from the numerical and experimental point of view (see, for instance, [46, 102] and the
literature therein), their rigorous mathematical analysis is quite a recent subject and only in the
last decades ad hoc techniques have been made available to the mathematical community.

Rather than considering a fluid-body system at equilibrium, whose description began with
Archimedes’ principle, we are concerned with the evolution of a viscous fluid interacting with a
structure that is free to move, which results into a coupled problem. Independently of the nature
of the fluid and of the structure, which might be respectively compressible or incompressibile
and rigid or elastic, the coupling between the two media expresses in three aspects. First,
a kinematic condition imposes the fluid velocity to match with the structure velocity at the
interface. The second transmission condition appears in the equation governing the motion of
the body, translating the action-reaction principle. Finally, in the most interesting cases where
the displacements of the structure are not negligible, the fluid domain depends on time through
the solution itself, which makes the variation of the domain part of the unknowns.

In this thesis, we will be concerned with a Newtonian, viscous, incompressible fluid gov-
erned by the Navier-Stokes equations interacting with a rigid body. We are interested in aero-
dynamics modelling. In particular, the physical motivations mostly lie in the phenomenon of
wind interacting with suspension bridges. We will consider problems which are set on channels,
thus representing either wind tunnels or the atmospheric boundary layer surrounding the bridge.
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Chapter 1. Introduction

Since we will discuss ideal models, we could interpret them in the light of other physical frame-
works. In this introduction we focus on the mathematical overview of the problem, leaving
the precise presentation of the physics behind the considered models in the next chapters. The
wind blowing on a bridge gives rise to a miscellaneous lump of effects, producing both static
and dynamics actions.

The introduction has a double purpose. First, we retrace to the best of our knowledge a brief
state of the art of the mathematical study of the motion of a rigid solid inside a viscous fluid,
concerning well-posedness and long time behaviour. Specifically, we highlight which are the
difficulties as well as the open problems concerning both aspects. Then, we present the structure
of the thesis, focusing on our contributions to the subject.

1.1 State of the art

Well-posedness Concerning well-posedness, standard methods ( [[57,/134]) are not of direct ap-
plication due to the fluid domain depending on time. Thus, all efforts are devoted to conceiveing
either new techniques or different ways to apply standard techniques.

A germinal paper is the one by D. Serre [[124], which followed a previous work by H. Wein-
berger [137], where the author proves existence for the falling rigid body problem inside a
viscous incompressible fluid occupying R? (see also [61]). The author invokes a simple change
of coordinates, by considering a reference frame attached to the obstacle so that the fluid domain
consequently loses its dependence on time.

However, it is only after 2000 that we witness a breakthrough in the development of the the-
oretical results concerning fluid-structure problems. In [31]], Conca, San Martin and Tucksnak
adopt the same change of coordinates used in [[124] to prove existence of weak solutions for
a problem describing the interaction of a spherical body with a viscous incompressible fluid
inside a bounded domain of R3, but, since dealing with a bounded domain, the change of refer-
ence frame is combined with a penalty method, first devised by Fujita and Sauer [56] to solve
the Navier-Stokes equations inside a domain moving with a prescribed law. Besides that given
in [31]], several definitions of weak solutions have been adopted, as well as several techniques
to find such solutions. The methods introduced in [41,/42,/81,|87] are all based on approxi-
mating procedures. In [41,42] the authors build a sequence of suitable regularized problems,
while in [87] they approximate the solid bodies by very viscous fluids. Finally, the solutions
in [81]] are approximated by time discretized problems. We emphasize that all of these results
have been shown under the hypothesis that no-collision occurs between the obstacle and the
boundary of the fluid domain.

Moving to the framework of strong solutions, a pioneering result can be found in [79]. The
strategy, anticipated in [[78], consists in several steps and allows to prove existence and unique-
ness, still assuming the absence of collisions. After rewriting the fluid equations in Lagrangian
coordinates, the authors prove, through the contraction mapping principle, the existence of a
solution for a given velocity of the obstacle and small enough time. This gives rise to a new
velocity at the interface, which generates a second fixed point argument allowing to recouple
the problem. A fixed point argument is also used in [[130] to obtain existence and uniqueness of
strong solutions for a fluid-rigid body system in a bounded domain. Here, the author adopts a
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1.1. State of the art

change of variables inspired by [93]], by which he is able to set the equations on a fixed domain.
Solutions are global-in-time provided that the rigid body does not touch the boundary of the
channel. For what concerns strong solutions, we also mention the results in [34,62.|131]], where
the fluid is assumed to fill the whole space. Finally, the no-slip case is treated in [J5].

Collisions are a delicate issue in the context of FSI problems, especially because different
phenomena occur in the context of strong or weak solutions. The above considerations suggest
that collisions are strictly related to well-posedness in the context of FSI problems, affecting
the possibility to obtain solutions with a global-in-time character. Within the realm of weak
solutions, no general results are available on whether collisions do occur in finite time or not.
However, as shown in [[119], weak solutions exist globally even if collisions occur in finite
time, because they are characterized by vanishing relative velocity and acceleration; this result
holds under regularity hypothesis on the boundary of the body and on the fluid domain (see also
[128]). In some particular 2D cases, where the contact surfaces are regular enough, collisions
are outright excluded, as it was indipendently shown in [83] and [84] (see also [128]]). The
method suggested in [84] is based on the construction of a particular test function depending
on the inverse of the distance between the contact surfaces, which is multiplied by the fluid
equations. Suitable estimates are then obtained to some bounds in terms of the inverse of the
distance, which prevent collisions. An extension of [84] to the 3D case was given in [85].
However, this no-collision result appears physically unrealistic both at the macroscopic and
microscopic scales, as pointed out in [72,73|] where it is suggested that the flaw lies in the
modelling. Among the most common explanations to the paradox we find roughness, which
should be included to recover the occurrence of collisions, and the no-slip condition, which is
no longer valid when the interactions between the solids are of the order of micro- or nanoscale
(see [88]). Consequently, in order to let the fluid slip on the boundary of the solids, in literature
different boundary conditions have been explored, such as the Navier slip boundary conditions
(see [251/74,/75,/109,/136]) or, very recently, the Tresca boundary conditions (see [[86]). While
the Navier conditions render the effect of the fluid slipping whatever the size of the shear on the
boundaries might be, the Tresca conditions impose the fluid to stick to the solid interface until
a shear-rate threshold is reached after which purely Navier conditions appear.

Besides deciding on their global-in-time character, collisions also influence uniqueness of
solutions. Again, we need to distinguish between weak and strong solutions. Starovoitov [129]
was able to construct at least two weak solutions admitting collision in finite time; for the first
solution the body goes away from the boundary after the collision, while in the second solution
the body and the boundary remain in contact. Hence, in order to guarantee uniqueness of weak
solutions, one needs to exclude collisions. In particular, while uniqueness of strong solutions
is a known fact both in two and three-dimensions, and both for no-slip case and the slip case
(see [5.,34,79,/130]), in [[76] the authors proved a uniqueness result for weak solutions for a
two-dimensional fluid-rigid body system, and in [19] the author proved it for the slip case. In
both papers, the strategy is based on the application of a suitable change of variables allowing
to compare two different solutions, which a priori would be defined on different domains due
to the time-dependency of the fluid domain.

Although many aspects concerning well-posedness have been investigated in the existing
literature, it is important to mention that these results have been obtained under the assumption
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Chapter 1. Introduction

of homogenous boundary conditions at the boundary of the domain occupied by the fluid and
the body. In all of the existing cases, the motion of fluid is driven by initial conditions and/or
external forces. Although adding further difficulties, assuming that the motion is driven by
boundary conditions is more physical. Moreover, it fits for the purpose to represent phenomena
concerning the action of the wind over bridges. Indeed, already in the case of a stationary fluid
impinging a fixed obstacle, one can study the static effect exerted by the average wind to the
structure; provided that the non-homogeneous boundary conditions driving the flow as well as
the domain satisfy some symmetry assumptions (see [54},55,98,/108]), in [68]] the authors were
able to prove in fact that the appearance of a [ift force acting on the obstacle is connected to the
non-uniqueness of solutions to the corresponding stationary problem.

The general procedure to deal with non-homogeneous boundary conditions implies lifting
them by building a solenoidal extension, which is nothing but a divergence-free function car-
rying along the whole domain the flux imposed by the boundary conditions. After subtracting
this extension to the original solution of the problem, one is led to cope with an homogenous
problem, where the effect of the boundary conditions appears in some extra terms. In order to
let this function effectively act as a flux-carrier, it is fundamental to guarantee that there exists
a separation strip between the rigid body and the boundary of the surrounding domain, whose
width enters in the construction of the solenoidal extension. This is always guaranteed if the
obstacle is fixed, but as soon as the obstacle is free to move as in the case of a full FSI problem,
one needs to prove a no-collision result. However, the solenoidal extension itself appears in the
estimates needed to infer a control on the distance between the contact surfaces, generating a
"looping" problem.

Long time behaviour The natural step after exploring well-posedness is to look at the long time
behaviour of the fluid-body system. Concerning this topic, several questions can be addressed,
belonging to different ways to understand the problem, all borrowed from the theory of dynam-
ical systems. Here, we are interested in three main aspects.

Preliminarily, continuous dependence on the initial data must be established. It is well-
known that, by considering the same initial-value problem, this result also yields uniqueness. If
in the theory of the Navier-Stokes equations in domains with fixed boundaries continuous de-
pendence on the initial data is a standard result (see for instance [[100]), in the case of variable
domains, as for FSI systems, the problem is by far non-trivial, since the two solutions are de-
fined in different domains and an energy identity of perturbations cannot be obtained by taking
the difference between the two weak formulations. This issue is explored in [80] (which pre-
ceeds [76], where a result of uniqueness of weak solutions for a fluid-body system is obtained).
In this paper, the authors prove a result of continuous dependence on the initial data for a FSI
problem, where the structure is supposed to be a viscoelastic thin body, having in mind cardio-
vascular applications. The method consists in applying a suitable coordinate transformations so
as to write both solutions in the same time-dependent domain, thus preserving the problem in
Eulerian coordinates.

A significant information on the asymptotic behaviour of the fluid-structure system can be
gained by establishing whether the rigid body stabilizes around some position in the domain
or not. The issue is well understood in the classical theory of the Navier-Stokes equations (see
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1.2. Structure of the thesis

for instance [114]]), but not many results are available for a moving body inside a Navier-Stokes
fluid. It is worth mentioning the result by Fereisl and Necasové [49]], where the authors consider
the simplest situation of a rigid ball in a viscous fluid occupying a two-dimensional bounded
domain. Introducing the effect of gravity, it is shown that the rigid body approaches in the
asymptotic regime a static state corresponding to the contact with the bottom boundary of the
container. When the fluid fills the whole plane R?, a result has been obtained in [47]], where the
authors obtain some time-decay estimates for the solutions to a Navier-Stokes fluid-rigid disk
system which suggest that the trajectory of the mass centre of the ball is possibly unbounded in
the long term. The same problem is studied in R in [48]], where it is proven that the rigid body
eventually stabilizes around some position at infinite times.

In order to fully reinterpret the problem in the spirit of dynamical systems theory, so as to
draw notions from a further branch of mathematics and characterize the system to a greater
extent, one might view the solution to the fluid-body system as a trajectory in an appropriate
phace space. Well-posedness immediately proves the existence of a map yielding from all initial
data the solution at any positive time. One then usually investigates the existence of small (in
a suitable sense) subsets of the phase space able to confine the longterm dynamics, namely to
substantially reduce the degrees of freedom of the system. To this end, the most effective tool
in the theory of infinite-dimensional dynamical systems is the notion of global attractor, which
is a compact subset of the phase space to which all the solutions to the problem eventually
approach. But since in this context the fluid domain and the phase space for the solutions are
time-dependent, the very definition of such an object introduces a major difficulty: there is no
way to describe the solutions in terms of a semigroup, and not even in terms of a process [27]].

For this reason, the existence of a global attractor for the whole fluid-structure-interaction
problem with a time-dependent fluid domain has not been treated in literature, and, to the best
of our knowledge, only partial results are known. On the one hand, a part of the literature is
devoted to the study of the longtime behaviour of fluid-plate interaction models, see, e.g., [28-
30] with a fixed fluid domain. On the other hand, the longterm dynamics of the Navier-Stokes
equations set on time-varying domains has been studied only when the motion of the domain
is prescribed and sufficiently smooth, see [126]; this allows to reformulate the problem on a

fixed domain by a coordinate transformations and to apply the techniques for non-autonomous
systems, see [22123,95./106].

1.2 Structure of the thesis

The thesis is organized as follows.

In Chapter 2| we present the general characteristics of the FSI models later considered in
Chapter dH{5H6l The first model is a modification of the one introduced in [[15], while the second
model is a natural extension of the first one, considered in [[16]].

In Chapter 3| we study the static effects that the wind produces when interacting with sus-
pension bridges. We consider the behaviour of a fluid governed by the steady Navier-Stokes
equations impinging a fixed obstacle in a three-dimensional bounded domain, assuming that at
the boundary the flow is of Poiseuille type. This problem is not to be considered a FSI problem
in the sense given above. Nonetheless, this configuration allows to predict the appearance of
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Chapter 1. Introduction

a lift force acting on the obstacle. Indeed, in a symmetric configuration, it can be proven that
the occurrence of lift forces is a consequence of non-uniqueness of solutions to the considered
steady problem: obtaining an explicit threshold on the incoming flow ensuring uniqueness gives
the threshold for the appearance of lift. This requires building an explicit solenoidal extension
of the prescribed Poiseuille flow and bounding some embedding and cutoff constants. The
chapter is based on [66].

In Chapter @ we proceed to the description of the dynamic effects induced by the wind
on suspension bridges, focusing on the flutter phenomenon. We consider a FSI problem for a
Poiseuille flow through a bounded two-dimensional channel containing a rectangular rigid body,
which is only free to move in the vertical direction. As explained in Section this model is
suitable to represent the first stage of the flutter phenomenon as in a wind tunnel experiment.
We deal for the first time with the treatment of non-homogeneous boundary conditions in the
context of FSI problems, and we prove the existence and uniqueness of a global-in-time weak
solution, ensuring the absence of collisions by introducing a restoring force in the equation
governing the motion of the body. The chapter is based on [111]].

In Chapter [5] the critical stage of the flutter phenomenon is studied, by extending the FSI
model analyzed in Chapter [ to an unbounded two-dimensional channel. We consider the full
coupled vertical-torsional motion of the body and we prove a global-in-time existence result for
weak solutions, up to collision. The problem is treated by introducing a new technique based
on a double-approximating procedure, which requires building a sequence of strong solutions
for a penalized problem. The chapter is based on [16].

Chapter[6]is concerned with the longterm dynamics of the FSI problem considered in Chap-
ter 4 In this way, we study in mathematical terms the practical problem of which permanent
state will be observed after a transient period in a wind tunnel experiment, where an air flow
interacts with the deck of a bridge. As previously mentioned in Section the fluid domain
being part of the unknowns prevents from borrowing notions from the classical theory of semi-
groups and processes. The main contribution of the chapter is in fact the extension of the notion
of global attractor to the setting of FSI problems, and the proof of its existence and regularity.
Furthermore, when the prescribed inflow is sufficiently small, we are able to prove that the so-
lution to the FSI evolution system converges to the unique stationary solution, corresponding
to a perfectly symmetric configuration. This gives an explicit characterization of the attractor
in a particular case. To complete the study, we intervene through numerical simulations giving
a qualitative description of the attractor for any intensity of the incoming flow. The chapter is
based on [[65,(112]].

In Chapter [/, we draw the concluding remarks and provide some future perspectives to our
study.



CHAPTER

The Fluid-Structure Interaction models

In this chapter, we collect the main features of the two fluid-structure interaction models studied
in Chapters [45H6l to avoid repetitions in the sequel. Here, we only present general character-
istics of the models to be considered later. Chapters {] and [6] deal with the same model. Any
specific hypothesis, depending on the goal of the study to be tackled in a given chapter, will be
detailed in this one.

In both models, we consider a fluid-structure interaction problem for a Poiseuille flow through
a 2D channel containing an obstacle, but in the first model the channel is bounded while in the
second one it is unbounded. The obstacle is a rigid body and it is free to interact driven by the
action of the fluid flow, smooth elastic restoring forces and viscous damping forces.

We denote by B a general rigid body immersed in a channel. According to the chapter, B
can be either a rectangular or an elliptical rigid body, and the channel can be either unbounded
or bounded. In particular, letd < land L > 6,1 > L. In Chapter we have that

B = {(l’l,l’g) c R?

1] < d A o] < 5}

has a rectangular geometry and it is immersed in
R=(-I,I)x(—L,L), (2.0.1)
while in Chapter 3]

B = {<$1,$2> S R2

2 2
L1 | T
ﬁ*ﬁg%
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Chapter 2. The Fluid-Structure Interaction models

has an elliptical geometry and it is immersed in
A=Rx (-L,L). (2.0.2)

The reasons for these choices will be precised in each of the aforementioned chapter. Without
loss of generality, we always take d = 1 so that d is the reference length unit. We denote
by I'r = OR the boundary of the channel R in (2.0.1I). The upper and lower boundaries of
the channel A in (2.0.2)) are instead given by I'y = R x {—L,L}. The parameters h and ¢
respectively denote the vertical displacement of the barycenter of the rigid body and its rotation
from the equilibrium line z, = 0, see Figure 2.1]

1

BT™ Qa,
Vi

pidh o
Y "

Figure 2.1: Above: the unbounded channel with the vertically moving and rotating elliptical obstacle B. Below:
the bounded channel with the vertically moving rectangular obstacle B.

Thus,

cosf —sinf

B, =Q(0)B+ he; = { } B+hey, V(h0) € Ags (2.0.3)

sinf cos6

tracks the position of the body after the vertical translation and rotation. Here, A, s denotes the
set of admissible values for (h, ), that is

Mﬁ:ﬁmmeR2

0] < g and  |h| + d|sing| + 6 cosd < L} , (2.0.4)

which excludes the possibility of collisions between the obstacle and the boundaries of the
channel. Whenever (Q(f) = I, being I the 2 x 2-identity matrix, the obstacle is only free to
move in the vertical direction and

B,=By,=B+he, V|| <L-6.

8



Due to the motion of the rigid body, the domain occupied by the fluid is variable in time and is
given by
Q,(t) = A\ By(t), where b = h(t) and § = 6(t) in (2.0.3)) are functions of time.
Accordingly, when B, = B}, then we will write
Qu(t) = Q) = R\ Bry, (2.0.5)

see Figure [2.1] For simplicity, in the sequel we will sometimes omit emphasizing the depen-
dence on t € (0,7") and, with an abuse of notation, we will denote through a Cartesian product
the non-cylindrical space-time domain given by

Q, x (0,T) = {(z,t) e R* xRy |z € Q,(t), t € (0,T)}.

The same notation is used when €2, = €);,.
Let us denote by vp a stationary Poiseuille flow on the channels with a prescribed pressure
drop py > 0, characterized by the function vy = vy(x2) that solves

vy (xg) = —% Vo, € (=L, L),

so that
UP(QZQ) = Uo(ﬂfg)/él = )\(L2 — x%)@l V.CL’Q < [—L, L] R (206)
with "
A= 22
2p

regulating the intensity of the flow. We notice that vp and the associated pressure 7p(x1, ) =
—po x1, for every (z1,x2) € A and every (z1,x2) € R satisfy the steady-state Navier-Stokes
equations

—MAUP+(UP'V)UP+V7TPZO, V'UP:O
since (vp - V)up = 0 both in A and R.

Let m > 0 and Z > 0 respectively be the mass of the body B and its moment of inertia.
Moreover, we denote by 3; > 0 and 3, > 0 the damping coefficients associated to the viscous
forces acting in the vertical and angular directions. We suppose, without loss of generality, that
the density of the fluid is p = 1.

If the obstacle is only allowed to move in the vertical direction in the bounded channel R,
and if at the inlet and outlet section of the channel the velocity field reproduces the stationary
Poiseuille flow vp, we are lead to consider the first fluid-structure interaction evolution problem
on the time-interval, which will be extensively studied in Chapter (46}

w=pAu—(u-VIu—Vp, V-u=0 1in Q, x (0,7),

u=vp(zy) on I'g x(0,7),

u="he on 9B, x (0,T), (2.0.7)
mh" + f(h) = —€5 - T (u,p)ndo in (0,7),
0B,



Chapter 2. The Fluid-Structure Interaction models

to which we associate the initial conditions
h(0) = h, h’(O) =ko, u(z,0) =up(z) in Q, = Qo) ,

for some hg, ko € R. Here u : ), x (0,7) — R?and p : Q;, x (0,7) — R are, respectively,
the velocity vector field and the scalar pressure, while n denotes the outward normal to 0€2,,
thus directed towards the interior of 0 B),. By compatibility, the initial data is supposed to satisfy

the conditions
div(uo) =0 in Qho s

uy = vp(xz) on I'g x (0,7), (2.0.8)
Uy = k’g /6\2 on thO X (O,T),

where B, = Bj0). The motion of the body is governed by the ordinary differential equation
in (2.0.7)4, where f : R — R is an elastic restoring force, and 7 (u, p) is the strain tensor of
the fluid flow. More precisely,

-
T (u,p) = —pI 4+ 2uD(u) with D(u) = w,

being I the 2 x 2-identity matrix, so that the right-hand sides of the ODE (2.0.7))4 expresses the

lift force exerted by the fluid on the body (see [68]]). Further assumptions on f are collected in

the paragraph below.

In the second problem, which will be studied in Chapter [5] we extend the previous model
by assuming that B is also free to rotate around a pin located at its center of mass, inside
the unbounded channel A. Moreover, some viscous damping forces describing the dissipation
mechanism of the structure are also considered. At infinity, the velocity field of the fluid repro-
duces the prescribed Poiseuille flow. The fluid-structure interaction evolution problem on the
time interval is then described by:

w=pAu—(u-Vu—Vp, V-u=0 in Q,x(0,7),
lim w(zy,x9,t) = vp(xs) Vag € |-L,L], t€[0,T], u=0 on I'x (0,7),

|x1|—00

w=he+0(x—he)" on dB, x (0,T),

mh"” + B b+ F1<h7 9) = —e- T(u,p)/ﬁdO' in (07 T) )
0By
JO0" + 826" + Fy(h,0) = _/ (z —hes)* - T(u,p)iidoin (0,T).
0By

(2.0.9)
to which we associate the initial conditions

h(0) =0, HK(0)=hy, 6(0)=0, €(0) =06, u(z,0)=u(z) in Q=Q,(0),
(2.0.10)
for some hg, 0y € R. Notice that, for the sake of simplicity, we took the initial position /(0)
and rotation 6(0) of the obstacle equal to zero, but all the computations on the model can be

10



easily generalized to a different case. Again, u : 0, x (0,7) — R?andp: Q, x (0,7) — R
are, respectively, the velocity vector field and the scalar pressure, while 7 denotes the outward
normal to 0, thus directed towards the interior of 0B,. Again, by compatibility, the initial
data satisfies

diV(Uo) =0 in Qo,

lm}llgoouo(:pl,mg) =vp(ry) Vag€[-L,L], uy=0 on 'y x (0,7, 2.0.11)

ug = ho € + Opz- on IBy X (0,7),

where By = B,(0) = B. The motion of the body is in this case governed by the ordinary
differential equations in (2.0.9),-(2.0.9)5, where the right-hand sides express, respectively, the
lift force and the torque exerted by the fluid on the body. The forces I, F, : R? — R in the
ODE:s (2.0.9)4-(2.0.9)5 represent smooth elastic restoring forces, which are better characterized
in the following paragraph.

Assumptions on the restoring forces The motion of the body in problem (2.0.7)) is governed by
(2:0.7),, where we assume that

f€CH =L+, L—5;R) isst. f(0)=0 and f'(h)>0Vh€ (—L+5 L-6). (2.0.12)

Thus, we can think about f as the derivative of some (positive) potential F' € C*(—L + 6, L —

J; R, ) given by
h
:/ F(s)ds. (2.0.13)
0

From (2.0.12), it follows that f(h)h > 0 for all 4 # 0 and that there exists p such that f'(h) >
p > 0 for all h. Hence, given (2.0.13)), we obtain

F(h)h > F(h) > gh? (2.0.14)

In problem (2.0.9), the body can also rotate, thus its motion is driven by the action of two
elastic restoring forces in (2.0.9)4-(2.0.9)5. In particular, the restoring force F; and F» might
be thought as a generalization to the extended model in (2.0.9) of the force f. We can think
about these forces as the derivatives, with respect to the first variable and the second variable
accordingly, of some (positive) potential F' € C?(Ays; R, ). In particular, we assume that

OF OF P2F PF

Z(0,0) = —(h,0) =0, 2(0 0) >0, 2(0 0) >0,
agF 90 oh » 90 ©.0.15)
hog(h0) >0 it h#0, 65 (h0)>0 if 670,

We can take F'(0,0) = 0 and, from (2.0.15)), we obtain that the mixed second derivatives vanish
when h = 0 = 0, thus
O*F h*  O*F 62

W(O 05 + 220, 0)5 +olll(h.O)I*) as  (h,0) — (0,0).

F(h,0) = =

11






CHAPTER

An explicit threshold for the appearance of lift on the
deck of a bridge

In the present chapter, we set up the analytical framework for studying the threshold for the
appearance of a lift force exerted by a viscous steady fluid (the wind) on the deck of a bridge.
We model this interaction as in a wind tunnel experiment, where at the inlet and outlet sections
the velocity field of the fluid has a Poiseuille flow profile. Since in a symmetric configuration
the appearance of lift forces is a consequence of non-uniqueness of solutions, we compute an
explicit threshold on the incoming flow ensuring uniqueness.

3.1 The model

The [ift force is the component of the total force exerted by the fluid over an obstacle which is
perpendicular to the stream, see (e.g.) the Introduction in [2] and an updated state-of-the art
in [68]. Since the airplane flight is based on lift, improving the lift characteristics of aircrafts
is highly desirable. Instead, if the fluid interacts with an obstacle representing a structure in
civil engineering (e.g., a bridge or a skyscraper), the lift is an unpleasant factor of instability
which needs to be avoided. In order to evaluate the lift force exerted on a designed structure,
engineers usually exploit wind tunnel tests. We set up our model in the same context; we
intend to compute an explicit threshold for the appearance of lift on the deck of a scaled bridge.
The experiment is illustrated in Figure In the left picture we sketch the wind tunnel with a
bridge within it while the right picture is taken during a wind tunnel experiment at Politecnico di
Milano: the appearance of vortices around the plate (deck) generates a lift due to the asymmetry
of the vortex shedding.

13



Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

Figure 3.1: Left: sketch of a bridge within a wind tunnel. Right: wind tunnel experiment at Politecnico di Milano.

Denoting by €2 the 3D (non simply connected) domain consisting of a right parallelepiped
(the wind tunnel) crossed by the plate, the fluid flow is assumed to be governed by the steady
Navier-Stokes equations

—pnAu+ (u-V)u+Vp=0 V-ou=0 in Q, (3.1.1)

where u : Q0 — R3 is the unknown velocity vector field, p : @ — R is the scalar pressure, /
is the coefficient of kinematic viscosity. We emphasize that we do not consider the action of
any external force, in agreement with the experimental set-up in a wind tunnel where the flow
is driven only by the inflow conditions. These conditions usually reproduce a Poiseuille flow
profile, which we indicate with ¢, at the inlet and outlet sections. This leads to the following
non-homogeneous boundary conditions, that we associate to m

u=gq ondT uw=0 onJdK, (3.1.2)

here 0T represents the boundary of the parallelepiped (tube) while O K represents boundary of
the crossing plate. The velocity profile for the Poiseuille flow through a rectangular section was
first derived by Boussinesq and it correctly reproduces the (imposed) inflow and outflow
conditions in a wind tunnel, if the latter is sufficiently long with respect to the characteristic
length of the bridge (see, e.g. Figure 11]), which justifies assuming the reorganization of
the flow past the obstacle for sufficiently low Reynolds numbers.

Analyzing the well-posedness of (3.1.1)-(3.1.2)), in order to obtain explicit bounds for the
uniqueness of its solutions, is the main purpose of the present chapter; see Section [3.2] that
contains the main result of the chapter, Theorem [3.2.2] It turns out that, under symmetry as-
sumptions on both the domain €2 and the boundary conditions (3.1.2)), the obstacle K may suffer
the action of a lift force exerted by the fluid only in presence of multiplicity of solutions. In
Section [3.2] we also provide quantitative bounds on the Poiseuille flow for the occurrence of
lift on the deck of some bridge models which were tested in the wind tunnel at Politecnico di
Milano.

The subsequent sections are devoted to the proof of Theorem [3.2.2] which is organized in
several steps. Section [3.3]is devoted to computing the bounds for the quantities that appear in
the estimates needed for uniqueness. We then construct a suitable solenoidal extension of the
Poiseuille flow ¢, which overcomes the presence of non-homogeneous boundary conditions in

14



3.2. Appearance of the lift

the problem and of the obstacle K pulled out from the domain. This enables us to obtain the
sought estimates in Section [3.3.2] Then, in Section [3.3.3] we derive bounds for the Sobolev
constants involved in the problem. Finally, in Section [3.4] we conclude the proof of Theorem
[3.2.2} we prove existence and uniqueness for solutions of (3.1.1)-(3.1.2) and give a bound for
uniqueness, which is fully explicit in view of the information derived in the previous sections.
Proposition [3.4.5] aggregates all considerations to give an explicit expression for the bound
which induces the appearance of a lift force over the obstacle.

Nowadays, computers are extremely precise but the importance of having explicit theoretical
bounds remains unchanged. In the case of a suspension bridge subject to the wind, several
different thresholds need to be compared in order to understand which phenomenon first triggers
the instability; besides the appearance of the lift force (as in the present chapter), one is also
interested in thresholds for hangers slackening [[67]], and in the appearance of the so-called
aerodynamic flutter [3]]. The exact (or, at least, the explicit) value of the thresholds in general
problems from mathematical physics is well-explained in the celebrated monograph by Pélya-
Szegd [[117], in particular for problems related to the electrostatic capacity, to the torsional
rigidity, and to the principal frequency of a body; several further geometric inequalities are
contained in the monograph. The techniques vary from symmetrization methods to a priori
bounds and functional inequalities. These tools are also used in shape optimization problems
[82]] and in equimeasurable rearrangements of real-valued functions [[132]], both in calculus of
variations and in partial differential equations. And variational problems within PDE’s, such
as the oco-Laplacian, turn out to be extremely powerful in bounding solenoidal extensions for
non-homogeneous boundary value problems in Navier-Stokes equations [S1]. In this chapter we
derive bounds for some Sobolev embedding constants in a non simply connected 3D domain, a
topic that is already quite involved in 2D domains [69]. Moreover, we need a precise bound on
the solenoidal extension which is used to get rid of the non-homogeneous boundary condition.
Bounds for solenoidal extensions are also needed in different areas of mathematical physics: a
whole bunch of inequalities arises both in fluid mechanics and elasticity [13,32153,90,97]], and
they are all linked to each other. Our approach and bounds may also be fruitfully employed for
these problems.

3.2 Appearance of the lift

We consider a steady fluid filling a three-dimensional cylindrical domain 7" which contains an
obstacle K

_ (3.2.1)

The cross section of the cylinder is w = (—1,1) X (—d, d), L is the length of the cylinder and
the obstacle K represents the deck of a bridge (I < L, h < d). The region of the flow is the
domain €2, see Figure [3.2] for two lateral views of ().
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

-~ X3 -
- -
X3 F— I
I, )
X1
s ——

) q(x) R, ™, q(x)

Figure 3.2: Left: rectangular cross-section w of the cylinder T'. Right: Poiseuille inflow-outflow.

The cylinder T (the space occupied by the wind tunnel) has a rectangular cross-section w,
see the left picture in Figure[3.2] This is the usual shape of a wind tunnel. The obstacle K has
the section (—[, 1) x (—h, h) on the plane z,z3, while the z5-coordinate is confined in (—1, 1).
Note that 2 = T\ K is not simply connected. Around the cross-section of the obstacle we
construct a “technical rectangle” R, where the cut-off function will be supported.

At the inlet and outlet sections of the cylinder the flow is of Poiseuille-type, namely a uni-
directional flow along the axis of the channel and defined on the rectangular cross-section w; to
this end, we define the function, for all (x4, z3) € w,

2 o k QT2

x5 (—1)% cosh( y )
92, 73) = [1 e 42 op  cosh(%) €08
k=1

QRT3
(*E2)] (322)

where a, = (2k — 1)% (k = 1,2...). In the boundary conditions (3.1.2), ¢ is the profile of a
Poiseuille flow, see the right picture in Figure[3.2] More precisely, we take

g

0(e) = {onloa0).0.0} - with vx(az,s) = by
L2 (w)

(3.2.3)

so that
Va2 = Ky,

see Figure @ for the plot; hence, the magnitude of the inflow is measured by the parameter
k, = —-28

p = "o ony d* > 0, the flow itself being driven by a (constant and negative) pressure drop

oP

Figure 3.3: Profile of the Poiseuille flow through a rectangular parallelepiped, together with its velocity contours.
The rectangular cross section is (—1,1) x (—0.5,0.5), the value of the parameter k,, is chosen to be k, ~
0.84-10°
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3.2. Appearance of the lift

We consider the space of vector fields vanishing only on the boundary of the obstacle
H!(Q) ={ve H(Q)|v=0ondK},
and two functional spaces of solenoidal vector fields

V.(Q) = {p € HI(Q)|V-¢ =0in Q},

Note that if u € V,(Q) satisfies (3.1.2), then its trace u|sq is continuous. Then we introduce the
standard trilinear form

Y (u,v,w) = /Q(u -V)v - w, (3.2.5)

which is continuous in H!(Q2) x H}(Q) x H!(Q), see e.g. [60, Lemma IX.1.1]). These tools
enable us to define weak solutions of (3.1.1)-(3.1.2).

Definition 3.2.1. Let 2 be as in (3.2.1). Given q as in (3:2.3)), so that ¢ € W1H>(9T'), a vector
field u : Q — R3 is called a weak solution to (3.1.1)-(3.1.2)) if u € V() satisfies (3.1.2)) in the
trace sense and

w(Vu, Vo) 2 + (u,u, ¢) =0 Vo e V(). (3.2.6)

Let us now define rigorously what is meant by /if force in this context. The stress tensor of an
incompressible viscous fluid, whose velocity and pressure fields obey to the three-dimensional
Navier-Stokes equations (3.1.1)), is expressed through the following 3 x 3 matrix (see [101}
Chapter 2])

T = —pl + p[Vu + (Vu)T], (3.2.7)

which combines the action of both the pressure p and the shear forces. In (3.2.7), I'is the 3 x 3
- identity matrix. Hence, according to (3.2.1)), the force exerted by the fluid over the obstacle K

is
FK:—/ T nds
oK

where 7 is the outward unit normal to €2, therefore directed towards the interior of /K. But since
we merely deal with weak solutions of (3.1.1))-(3.1.2), we need to weaken this definition and,
as in [[68,, Definition 3.3], to redefine F'x by:

Fi=—(T-2,1), (3.2.8)

where (-, -) ;. is the duality between W33 (0K) and W33(9K). Accordingly, since the inflow
velocity (3.2.3)) only has the first component, if & denotes the unit vector along x5, then the lift
force exerted by the fluid on the obstacle K is

Lx = Fx - k. (3.2.9)

‘We can now state our main result :
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

Theorem 3.2.2. Let 2 be as in (3.2.1) and q as in (3.2.3), so that ¢ € Wh>°(9T). For any
ky > 0, there exists a weak solution (u,p) € V.(Q) x L*(Q) of G-I1)-(3-1.2). Moreover, there
exists k, = k,(1, L,d, 1, h) such that, if

0<k,<ky(u,L,d 1 h) (3.2.10)

then the weak solution is unique. Hence, in order to observe a lift force over the obstacle, it
must be k, > k.

Theorem deserves several important comments that explain its possible applications.
The first statement does not come unexpected, existence and uniqueness for a non-homogeneous
problem such as (3.1.1)-(3.1.2)) usually hold under smallness assumptions on the data. The main
novelty of Theorem [3.2.2]is the second statement since it allows to explicitly compute a thresh-
old of stability for the obstacle K in terms of the flux at the inlet and outlet sections of the
wind tunnel. This is possible because we are considering a symmetric framework, both for the
domain and the boundary condition. We can give a quantitative form to k,, after determin-
ing its dependence on the physical parameters i, L, d, [, h; the explicit form of k, is given in
(3.4.8), (see also Proposition [3.4.5). We emphasize that our purpose is not to determine the
optimal (largest) value of l;:p; instead, we aim to provide an effective method to obtain an ex-
plicit expression for l;:p yielding a quantitative sufficient condition for uniqueness of solutions
of GTI)-B12).

We now determine some numerical values of l;:p computed through the final formula (3.4.8)).
We take real geometrical data from the online database [94] by referring to few experiments
which took place in the wind tunnel (GVPM) at Politecnico di Milano. The coefficient of
kinematic viscosity is chosen to be the one of air u = 1.5 - 107°. The first data are taken
from the model of the Izmit bay bridge in Turkey, a 1:30 sectional model. The second data
come from another Turkish bridge: the model of the Third Bosphorus bridge. Finally, we took
data from the model of the Talavera de la Reina Cable-stayed bridge near Toledo, in Spain. All
parameters are made dimensionless with respect to the characteristic length of the problem, half
of the channel’s width, coinciding with half of the obstacle’s length. The results are summarized
in the following table.

bridge model L d l h  k,x 106
[zmit bay 5 0555 0.072 0.011 6.242
Third Bosphorus 5 0.555 0.084 0.008 6.245

Talavera de la Reina Cable-stayed 5 0.555 0.041 0.003  6.258

From a theoretical point of view, we consider the height d, the size of the bridge and the
viscosity / as fixed data for the problem, and we discuss the dependence of k, on L (the length
of the wind tunnel). We give here some qualitative properties on the behaviour of k,, derived
from its explicit form given in (3.4.8). As L diminishes, k, grows, by making condition (3.2.10)
less restrictive. This is as expected since a short channel does not let the velocity of the fluid
deviate from the field prescribed at the inlet and outlet sections; the unique solution would
tend to resemble the imposed Poiseuille flow ¢(x), also fairly close to the obstacle. On the
other hand, as L increases, k, = k,(L) diminishes and tends to an horizontal asympote when
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3.3. Explicit bounds

L — oo. In other words, provided that we impose a sufficiently weak flux at the inlet and outlet
sections, uniqueness is guaranteed even for an arbitrarily long channel (see also Remark[3.3.7).

Although L could tend to infinity, we do not consider an infinitely long channel. This would
not be physically meaningful since our problem models an experimental test in a wind tunnel
and we would also snag on a mathematical issue; existence of solutions for (3.1.1)-(3.1.2) would
not be guaranteed for any value of the parameter k, (as we have when L < +o00), but only for
sufficiently small values. Indeed, the problem would resemble the so-called Leray’s problem
(see [60, XII, Introduction]), for which the question around unconditional existence of solutions
is still an open issue.

Finally, we briefly discuss the regularity of the solutions of (3.1.1)-(3.1.2).

Remark 3.2.3. Weak solutions of (3.1.1)-(3.1.2) are smooth in the interior of the domain 2,
defined as in (3.2.1)), see for instance [60, Theorem IX.5.1]. Regularity up to the boundary is by
far more difficult; although the obstacle K has a Lipschitz boundary, it generates non-convex
corners within 2. The H?-regularity can be obtained for a convex polyhedron-like domain:
see [35H37], where the authors precisely considers this type of domain and [99], where regu-
larity of the Navier-Stokes system in three-dimensional domains with conic points is studied.
However, arbitrary domains of polyhedral types which may possess reentrant corners, as in the
case that we are considering, do not allow to consider solutions exhibiting better regularity than
the minimal H'(2), see for instance [[103].

3.3 Explicit bounds

3.3.1 Determination of the solenoidal extension

Given g as in (3.2.2)), let by and b3 be the following functions, defined over w:

B kp —1) cosh(=£72) QRT3
b2($2,fL’3) = *m$3 |:2 d2 + 62 Ozk COSh(ak) COS( d )] (331)
kp ) sinh( O‘kd” ) RT3 QRT3
bs(z2,z3) = m{m—i—fi; ak m[wgaksm( ] ) + dcos( d )]} (3.3.2)
Observe that
0 bs( ) 2 ba( ) ( )
3(T2,T3) — 2(T2,T3) = V1\T2, T3
81'2 Y a 3 Y Y

where vy (x9, x3) describes the velocity profile of the Poiseuille flow in (3.2.3). Hence, if we
define the vector field

b(z) = {0, ba(x2, x3), b3 (w2, T3) }, (3.3.3)

we obtain that V x (b(x)) = ¢(x), where ¢(z) is as in (3.2.3).

We aim to build a function a(z) that plays the role of a “flux carrier”, i.e. a smooth solenoidal
extension of the prescribed velocity field at the inlet and outlet sections, vanishing on 0f). We
seek a function a(x) equal to ¢(z) far away from the obstacle and equal to zero in a neighbour-
hood of the obstacle. Hence, following the classical procedure by Ladyzhenskaya [100], we
take

a(z) =V x (b(z)(z)) , (3.3.4)
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

where bis as in (3.3.3) and 6(z) is a C! cut-off function equal to 1 at all points of 2 far away from
OK and to 0 near K (we shall later specify what we mean by “near”). Clearly a € H'(Q), a
is solenoidal and it vanishes close to the obstacle whereas it coincides with ¢ far away from it.
In order to give the explicit expression of the solenoidal extension a(z), from (3.3.4), we need
to determine both 0(x) and b(x).

We first proceed in building the cut-off function 6(z), merely depending on z; and x3, whose
profile is “specular” to a function supported in the rectangular region

Ri1={(z1,23) € (=l —a,l+a) x (—=d,d)} (3.3.5)

that fully invades the domain €2 in the x3-direction but not in the z;-direction. In fact, the
parameter « satisfies 0 < a < L — [, is independent of L and is chosen so as to optimize the
estimates for unique solvability of (3.1.1)-(3.1.2)) while the same trick in the x3-direction does
not help because we numerically saw that this would not lead to better estimates. The rectangle
R4, which contains the cross-section of the obstacle K (see the right picture in Figure [3.2)),
enables us to partition the domain €2 in (3.2.1)) as follows

2
Q:UQza QQZR1X(—1,1)\K

i=0 (3.3.6)
Y ={zeR: 1 < -l —aq, (12,73) € W},
Q={zeR®: 21 >+ a, (12,23) € w}.
We consider the functions
1 if z; <1 1 if x5 < h
01(1'1) =<0 ifz; >1l+a, 92(1‘3) =<0 if z3 >d |
¢1(xq1) otherwise ¢o(x3) otherwise
with
227 3x3(a+20)  6x (P+al) —a®+2P+3al?
O1(1) = a3 o3 + o3 - o3 ’
2
) = e Ty
Then we take
9(1’1,.1'3) =1- 01(1’1)61(—1'1)92(1'3)92(—]73). (337)

This function is represented in Figure [3.4]
The above construction enables us to state:

Proposition 3.3.1. Let Q C R3 be as in (3.2.1) and q(z) as in 323). Let a(x) = V x

(b(x)8(x)), where b(x) is as in (3:33) and 6(x) as in 33.7). Then, the vector field a(x) €
HY(Q) is such that

V-a(z)=0 a(z) =q(x) inQ a(r) =0 on 0K. (3.3.8)
with €;, 1 = 1,2 defined in (3.3.6).
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Figure 3.4: Left: restriction of 0 to the x1-axis and to the x3-axis. Right: three-dimensional representation of 0.

3.3.2 Bounds for the solenoidal extension

The aim of this subsection is to provide quantitative estimates for suitable norms of the solenoidal
extension a, defined in Proposition [3.3.1} which will play a role in the uniqueness bound for so-
lutions of (B.T.1)-(3.1.2). This bound will involve the L*-norm of a and the L?-norm of its
gradient in the region )y defined by the partition (3.3.6); these are the quantities that we intend
to estimate here.

To this end, we first prove some technical inequalities that involve the so-called Apéry con-
stant [8]]:

8 1
((3) == > o s 1.202. (3.3.9)
1

o0
k=
The next lemmas provide some estimates for the functions that we have introduced so far.

Lemma 3.3.2. Let by and bz be as in (3.3.1), (3.3.2). Then,

k2 x3 42 2
b P L DM | 3
bo(@2, 25)[" < 91V gll72( <| s d2| i |x3|7T3 @)

2

|b3(l’27$3)’2 < —7r
9 HVgHi'Z(w)

42 ?
(1oal + bl 5 €3+ )

2
kp 2

iy 2 x37
@[Vl 12

k2 242 3 2
b (2+3ﬁ+ §(3)+|i3’),

8b2(1’2, IL‘3) 2
(9:162

' 862(]72, IE3) 2

dus B 9||V9||%2(w) d? d
Wlona)* o Ko (4, 42 g Sl
ox ~9|IVall? 3 d ’
2 | gHLQ(w)

(%3(902, 553)
3x3

2§ ki Gmo%
9Valiow \ d
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The bounds in Lemma [3.3.2] are obtained with some computations, by using (3.3.9) and the
convergence of the series

;2/@—1 TR ;21@—1 %'

Then, we provide some bounds for the cut-off function.

Lemma 3.3.3. Ler 0 be as in (3.3.7). Then, given the partition (3.3.6)), in the region Q) it holds

that
|0(I‘1,l’3>| S 17
80(xy, x3) | _ 36(21—D*(d—a3)*(d—=2h + x3)*(I—21 + )’
011 - ab(d—h)* ’
90(x1, z3)|° _ Aas=h)>* (=21 + )" (2012 + )’
Ox3 - ab(d—h)* ’
820(x1, 23) | _ 36(d — 23)°(d — 2h + 3)*(201 — 21 — @)’
o3 - ab(d — h)* ’
820(x1, 23)|° 4221 — 20 + a)2(l — 21 + @)?
2 ab(d —h)4 ’
920(xy, x3) | _ M4 — (a3 = (I~ a1 + )’
Ox10x3 ab(d — h)* '

Now we are ready to proceed. To begin with, we seek an upper bound for the L*-norm of the
solenoidal extension. We remark that all the integrals that we will encounter are well-defined,
as we are considering smooth bounded functions over bounded domains.

Proposition 3.3.4. Let a = a(x) be the function defined in Proposition Let Q) be defined
as in (3.3.0). Let the constants 0;, i = 1, .., 24 be defined as in the Appendix. Then

lall gy < Aikp, — IVall 2, < Aoky,
where A1 and A5 are defined by
V8
||Vg||L2(w)

1/4
26 + 259} }

2
{[510+511+( d12++/d13) +014+015+(/ 016+ 017)

A1 - {|:51 + 52 + 53 —|— (54 —|— (55 256 -+ 2(57

V8

Ap= Vo
||v.g”L2(w

(51 + 51 51 + (52 52 + (52 + (52 + 52 ] }
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3.3. Explicit bounds

Proof. The curl of the vector field

b(x)0(x) = {0, ba(z2, 23)0(x1, 73), b3 (w2, 23)0 (71, 23) }

reads
00(x1,
V x (b(xs, 23)0(z1, 3)) :{G(xl,xg)vl(xz,xg) - b2($2,x3)_(§; 3)
3
00(z, 90(x,
— b3<l’2,x3>(;’—;1x3)7b2<x27x3>(;l—;1x3)}'

The L*-norm of this quantity involves both the square of each of the three components and the
corresponding double products, as follows:

4

lallZa g0 =||V><(b(%‘)9(96,5))H4L4(QO)=/Q Vx(b(xa, w3) (21, 23))| dv
0

90(z1, z5) |
:/ (9(.%1,3:3)1)1(5132,;53)—@(352,xS)%
Qo s
00 (1, 3) |” 00(x1, 25) | %\ 2
b — a. b —~ 27 dr.
+ |bs (2, 23) o + b2 (w2, 23) 0z, x

The trinomial expansion gives six terms, that we estimate separately. The simplest terms can be
estimated using Lemmas[3.3.2]and [3.3.3| (their use is hidden in the computation of the constants
d;, but it does not appear explicitly here). Notice also that in the computation of the integrals
we exploited the evenness of the function and the symmetries of the domain of integration:

/ ba (2 x3>—89(x1,x3) 4 x L i do
% ’ Oy .
/ b (2 x?’)—@@(xl,xg) 4 —8 kﬁ 1
Q% ’ Oy T IValiaw
90(x1, x3) | 90 (1, 3) | 8k,
2|bo(x9, x3) —5—=| |bs(x2, v3) —5——| do < ———— I3,
/g;o 2( 2 3) 8:161 3( 2 3) axl ||V9||i2(w) 3

while the remaining terms are estimated after an intermediate step which exploits the Minkowski
inequality.

00(x, 4
/ 9(x1’$3)1’1(‘”27“73)—b2($271’3)$ da
! e 4 1/47 4
= K/ 01, 3)ur (s, ) df) +(/bz(x2,x3)w dx) }
i Qo T3
8k 4
||Vg||L2(w)
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

00(z1, 2 00(x1, ?
/QO 2’6(1‘1,953)’01(1'2,953) - b2($2a1’3)(§—;fg) 63(‘7’12’%3)%—;;&3) da
2 1/2
= 2[(/ H(m,xs)%(%,xs)b?)@%x?’)M dm)
Qo 1
90(x1, 3) LG A
+</Qo by (2, x3) Oz b3<$2’x3>8—x1 o
8/€4
<\/_+ \/_>
Nz 122 )
00(z1, 2 00(x1, 2
/QO 2‘9(:61,1’3)111(%2,56’3) - bz<x2ax3)(;—;ﬁ bQ(x2’x3)<;—;1x3) da

81{:4

Iz (o w_)

By combining these estimates, we obtain the L*-bound.

The upper bound for the Dirichlet norm of « is obtained through the very same procedure,
even though it turns out to be slightly more elaborate, since the gradient of the vector field
V x (b0) returns the following 3 x 3 matrix

V(V x (b(z)8(x))) :{v {9(;@1,xg)vl(@,x?,)—bg(xg,xg)%lj@},

T
|ttt |

In order not to burden the writing of equations, we rewrite this term as

V(V x (b(z)0(z))) = {VA, VB,V(J}T.

Thus we obtain
||Va||i2(§zo) = [[V(V x (b(l')e@)))”i?(@o)
= VA2 00 + IVBl 20 + IVC 720y

We start estimating the second and third integral, which are slightly simpler. Analogously to
what has been done before, we obtain, after having exploiting the Minkowski inequality and

Lemmas[3.3.2]and[3.3.3]

829($1 .I'3) 2 8()3(272 Ig) 69(:131 LC3) 2
B 22 _ ) ) )
IVBlwza) /Q ba(@2, T0) =52 d”/go O oy |
8b3($2,:1:3) 69(1'1,1‘3) 829(1}1,{133) 2
+/Qo 81'3 8x1 b3($2, 1’3) 8$18ZE3 dr

8 k2

2
< o) [510 + 011 + (V012 + V/013) ] ;
IV9llz2)
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3.3. Explicit bounds

820($1 ZL’3) 2 8b2($2 Ig) 88(x1 (L’g) 2
vC? —/bx,x—’dm—i—/ ’ ’ dx
H HLQ(QO) . 2( 2 3) 81’% . 8332 8131
abg(.flfg,xg) 89(:61,1:3) 629(1’1,333) 2
b ,I3)—————=| d
* /Q O Oy (22 28) =5 o |
Skﬁ 2
< 5 014 + 015 + (V016 + VO17) |-
||VgI|L2(w)
For what concerns the third integral, we obtain
IV A 720 = /Q V1 (22, 03) 2281 by (5, 23)Lts) e
0
N e e e o
0
+ /Q 9(:)31,3:3)—87”;?3’:53) +v1(a:2,x3)—89(§;;“’
0
2
xTo,T X1 ,T 2 1 ,T
_ 3bzéx23, 3)80(8:;;, 3) b2(x2’x3)3 6(8:;:13: )| do

8k

< — [ Vo1s + 51
IVgl72
2
d19 + (520)2 + (V021 + V022 + /023 + \/024) } .

Thus, if we blend these bounds, we obtain the claimed estimate for the Dirichlet norm of a. [

3.3.3 Bounds for the Sobolev embedding constants

We preliminarily remark that a slight modification of the procedure developed in [68, Theorem
2.2] yields, for all u € H}(w),

f) V2 —V1+d2 (3.3.10)

2 2 .
ol < IVl vt o= V3 (3 )

Note that o, provides a lower bound for the Sobolev constant o of the embedding HJ(w) C
L*(w) in the 2D-rectangle w, see (3.2.1)), defined by

o Ivellzag,
og = —. (3.3.11)
vEHl(w N\ {0} ||v||L4
This section is devoted to computing an explicit lower bound S, for the Sobolev constant
B V0l
eHl \{0} ||U||L4

(3.3.12)
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

for the (compact) embedding H}(Q2) C L*(), appearing in the estimate ensuring uniqueness
or (3.1.1)-(3.1.2). A more significant modification of [68, Theorem 2.3] allows to find a con-
stant ['*, as small as possible, satisfying

2 * 2
||UHL4(Q) <T HVUHL2(Q) Vv € Hy(Q),

so that Sgp > S, = 1/I'"*. We emphasize that ['* is sought as small as possible, in order to obtain
less restrictive conditions ensuring uniqueness of the solutions of (3.1.1I). In order to obtain an
explicit form for S,, we need the following bound for the Poincaré constant.

Lemma 3.3.5. Let Q) be the domain in (3.2.1)). For any scalar function w € H} (), one has

) 2 Ld /6 (Ld — [h)
HwHLQ(Q) < mln{;(dg + 12+ L2d2>1/2 ; 4 } vaHLQ(Q) (3313)

Proof. We start by proving the first bound in (3.3.13)). The least eigenvalue A\; > 0 of —Ain T

under homogeneous Dirichlet boundary conditions is given by

2 w2 72 md?+ L%+ L2d?
M=+ —F+—=— ;
412 442 4 4 L2d?

as it is associated with the eigenfunction cos(757)cos(52)cos( %z ). Hence, the Poincaré con-
stant inequality returns
4 L2d?

2 2
Hw||L2(T) S PdQ +L2 +L2d2 ||vw||L2(T) Vw < H&(T)

Since any function in H{ (€2) can be extended by 0 in K, thereby becoming a function in H} (T),
this inequality proves the first bound in (3.3.13).
For the second bound in (3.3.13)) we invoke the Faber-Krahn inequality (see [[117]) which

states that
[Vl 120 o IVwl e

min —_—
weH;(Q) H"UHL2(Q) weH () ”wHL2 Q*)

Y

where 2* is a ball having the same volume as 2. In order to compute the right-hand side in this
inequality, we recall that the Poincaré constant constant in the unit sphere is given by 7, which
corresponds to the first zero of the spherical Bessel function of order 0, % Then, in the ball
Q*, it holds that

. HVWHL2(Q*) 4
min ———>=—

wEHé(Q*) ||wHL2(Q*) R’
where R is the radius of this ball
o6 (Ld—1h)
T J
and we used the fact that |Q2| = |T'| — | K| = 8 (Ld — [h). Therefore we obtain the second bound
in (3.3.13). [
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3.3. Explicit bounds

Note that equality between the two upper bounds in (3.3.13)) occurs whenever

3/2
%”:(Ld-lh) <1+%+%> ;
therefore which bound is better depends on the relative size of the obstacle K within 7. Now,
we are ready to prove:
Proposition 3.3.6. For any v € H} (), one has
1/2

o) < min{ e e el

This inequality holds both for scalar functions and vector-valued functions.

Proof. We first prove (3.3.14)) for scalar functions w for which del Pino-Dolbeault [38| Theorem
1] obtained the following optimal Gagliardo-Nirenberg inequality in R?:

(3.3.14)

1

Here we exploit the fact that functions in Hj(7T') can be extended by zero outside 7' becoming
functions defined on the whole space R3. To get rid of the L3-norm, we use the Holder inequality

3 2 2
rwmmzﬁmwwmgwmmmmm

which, combined with (3.3.T5)), gives
1
2
w7 < NG

Next, we estimate the term ||w|| 1L/22(T) through Lemma|3.3.5| Using (3.3.13) within leads
to (3:3.14)) (for scalar functions) since H}(Q) C H}(T).

Once we have obtained (3.3.14) for scalar functions, we claim that it also holds for vector-
valued functions. Indeed, let v = (v, vo, v3) € HL(Q); then, applying the Minkowski inequal-

ity, we can consider the L*-norm of each component of this function individually and we use
(3.3.14)) as follows

3/2 1/2
IVl ] (3.3.16)

2
4 2 2 2
WMﬂmSQWﬂmmy+WﬂmmeWﬂmmD

< { Ld 5/3(Ld —lh)
min
= T3 (d2+ L% + L2d2)' 2’ 4 710
5 (3.3.17)
2 2 2
< (190l + 190l + 1900l )
. Ld 3/3(Ld —lh) ol
“m m@E s e\ a1Vl
This proves (3.3.14)) also for vector fields in H}(€2). O
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

We point out that (3.3.17) significantly improves the usual interpolation inequalities in fluid
mechanics [60, (I1.3.10)]. Proposition[3.3.6]yields the lower bound for the Sobolev constant S,
defined in (3.3.12)), which reads as

1/2

1 1\Y? 4 10
Sy > S, = 1+ =4+ = e — . 3.3.18
vz (g ) () o 03

Remark 3.3.7. Once we have fixed the height d of the wind tunnel and the size of the obstacle
K by choosing [ and h, there exists a critical threshold L* where the two bounds within the
maximum in (3.3.18) coincide. If L < L* then S, (L) equals the second bound in (3.3.18) while
if L > L* then S.(L) equals the first bound in and, therefore,

1/4
lim S,(L) = 7*/? (1 + l) .

L—o0 d2

The existence of an horizontal asympote for the function S,(L) is particularly significant in
terms of uniqueness of solutions for the problem (3.1.1)-(3.1.2)). Indeed, S. is part of the ex-
pression of k, which determines the condition for uniqueness of solutions (see Theorem
and is the only parameter in this expression depending on L; however, since S, loses this depen-
dence by virtue of the presence of such an asymptote, we infer that L. does not play a direct role
in terms of uniqueness of the solution. Figure shows the behaviour of the map L — S,.(L)
with the parameters from the model of the Izmit bay bridge (d = 0.555, h = 0.011, [ = 0.072),
see Section[3.2}; in this case, L* =~ 0.0014.
S*

200 ;

D (1+ —

Figure 3.5: Graph of the function L — S, (L) with the parameters from the model of the Izmit bay bridge.

3.4 Proof of Theorem|3.2.2

3.4.1 Existence and uniqueness

The idea of the proof is quite standard but, for our purposes, it is mandatory to fully report it
since we need to emphasize the role played by each of the constants appearing in the a priori
estimates.
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3.4. Proof of Theorem(3.2.2

In order to prove existence of a weak (or generalized) solution of (3.1.1))-(3.1.2)) we look for
velocity fields of the form

u=1u+s (3.4.1)

where s is a sufficiently smooth general solenoidal extension of the prescribed velocity at the
boundary ¢, which reproduces a Poiseuille-flow, while 4 (weakly, see Definition [3.2.1)) solves
the following problem:

—pAu+ (a-V)u+(u-V)s+(s-V)u+Vp=f:=puAs—(s-V)s,

V-a=0 inQ, =0 ondQ. (4.2

It is well-known (see for instance [[60, Theorem IX.4.1]) that the existence of a solution follows
once we find a uniform bound on [[Vil| 2, depending only on the data. On the other hand,
uniqueness of solutions relies on some a priori bound from the data, this is why we need the
following statement.

Lemma 3.4.1. Let Q) be as in 32.1) and ¢ € Wh°(9T) as in (3.23). Let 4 be a weak

solution of (3.4.2)) defined as in (3.4.1). If S, is as in (3.3.18), 0. as in (3.3.10), the constants
A; (1 = 1,2) as in Proposition and if

fLo.
k _— 343

then the following a priori estimate holds:

p Aok, + A 22Ky
kpy  kpAo
o S

IVl 2y <

(3.4.4)

Proof. Consider (3.4.2) where we substitute s with the specific solenoidal extension a from
Proposition Multiply (3.4.2) by @ and integrate by parts over €2 and, recalling that & = 0
on 0f), obtain

with
< fa ﬁ> = —/L(VCL, V,&’)LQ(Q) - w (CL, a, ﬁ)

and ¢ as in (3.2.5). The properties of ¢/ guarantee that the second and fourth terms on the
left-hand side vanish:

PVl ) + ¥ (@, 0,4) = ( f,4) = —p(Va, Vi) 12@) — ¢ (0,0, @) (3.4.5)

For the right-hand side of this equation we first exploit the partition (3.3.6)

(Va,Vi)2 = | Va:Viadr+ | Va:Vidr+ | Va:Vidr

QO Q1 92
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

and we remark that

Vq:Vﬁdx:/ Aq-udx

Q1

k —l-«
Vol L2y /-1 w

as u carries no flux being divergence-free on 2. For the same reason, also the integral over {2,
vanishes and we obtain

Q

|1(Va, Vi) 20| = < ul[Vall 2 [Vl 20

/ Va : Vidx
Qo

where we used the bound in €, given in Proposition [3.3.4] Since ¢ = ¢ in €y U 5 by
Proposition and since (¢ - V)q = 0, we have that

/ (a-V)a-ude
Qo

Using again Proposition [3.3.4] and collecting terms we may then bound the right hand side of

B.-4.5) as

< Aok || V| 2,

v (a,a,

< lall L2 IV all L2 @) |l La(y) -

Vall ;s
()] < | nlVall 2 + llall Vel iz IV,
’ L2(Qo) L4(S0) \/go L2(Q)
A A,

1 ~
< (i, + D22 ¥l

where we also used (3.3.18).
On the other hand, since a obeys (3.3.8]),

[ uau]<‘/ V)q - udx+/ (wa)q-ﬁdx—i—/ (4-V)a-udz
(91 Qo Qo

kpy  IVall 2, 2
< (U_o + S HVUHLQ(Q)

where we used the Holder inequality together with the Sobolev inequalities in (3.3.11) and

(3.3.12)) as follows:

‘/ (4-V)q- udz
951

(3.4.6)

—l—a
< / il 1Vl i o

o |V a; k
< kp/ Vertlliz dry < 2| Vill|72q,),
_ (o)

L 2]

with 2’ = (29, x3), while V indicates the gradient with respect to the three variables (1, z2, T3).
The integral over {2, can be treated analogously. Finally, by exploiting the inequality | V||?, @@t
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3.4. Proof of Theorem(3.2.2

||Vﬂ||%2(92) < HV&H%Q(Q), we see that the left-hand side of (3.4.5) can be lower bounded by

Ak,

k
~ 112 A2
[Val|72 ) < _U—zHVUHm(Q)

(G
_S—OH U||L2(Q)

< ¢ (4, a, ),

kp 2
_O__OHVU’”L?(Q) -

where we used again the bounds in Proposition[3.3.4] Atlast, we exploit the inequalities (3.3.10)

and (3.3.18) to obtain

k . Aok, NN
By plugging (3.4.7) into (3.4.5) and dividing by [|Vi|| ;2 g, we obtain the bound (3.4.4), pro-
vided that (3.4.3) holds. [

We are now in position to prove the following statement, whose major result is the form of
the quantitative bound for uniqueness of solutions of (3.1.1)-(3.1.2)); this bound will be used for
the overall conclusion in Proposition [3.4.5| below.

Proposition 3.4.2. Let ) be as in 3.2.1) and g € Wh>°(9T) as in (32.3). Then, there exists at
least one weak solution u to problem (3.1.1)-(3:1.2) with corresponding p € L?*(Q).

Moreover, if S, is as in (3.3.18)), 0, as in (3.3.10), the constants A\; (i = 1, 2) as in Proposition
and

28, + VS Ao, + 2050, — U*\/(\/EAl +20,)% + %
28, + 2y/S. Ao, + 2M50,

k, < k, == po. (3.4.8)

then the weak solution is unique.

Proof. Existence of u satisfying (3.2.6) follows from [60, Theorem IX.4.1], provided that we
have an a priori bound on || V|| ;2(q,, where @ solves (3.4.1)-(3.4.2) in a weak sense. Multiply
by @ and integrate by parts over {): the two terms v (-, %, @) vanish and we bound the
right-hand side through the Holder inequality and (3.3.12):

V|70 + (i, s, ) @l Vsl ) + 5] s Volley IVl 20 (3.4.9)
V&o

We draw attention to the fact that s is here a sufficiently smooth general solenoidal extension
of ¢; that is why its norms in (3.4.9) live on the whole domain 2, rather than on a component of
the partition (3.3.6).

The flux of ¢ is null across the two connected components of the boundary 02 = 0K U 0T,

i.e.
/q.ﬁ:/ q-n=0.
ar oK



Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

Hence, in view of [60, Lemma IX.4.2], there exists a Hopf extension [89], namely for any n > 0
there exists a solenoidal extension s satisfying

W}(Uv S>U)| S n ||VU||iQ(Q) Vo € V(Q)

By choosing 7 < u and plugging this bound into (3.4.9), we obtain the desired a priori bound
on « ensuring existence of u satisfying (3.2.6) for any given value of 1 > 0. The existence
of a pressure field p € L%*(Q) corresponding to the weak solution u follows, for instance,
from [[60, Lemma IX.1.2].

We now turn to uniqueness. Let us suppose that uo and u; are two weak solutions of (3.1.1)-
(3.1.2). Define w = uy — wy; it satisfies the following identity

w(Vw, Vo) r2a) + ¢ (v, w, @) + ¢ (w,ur, ¢) =0 Vo e V(Q)
where V' (€2) is defined in (3.2.4). Since w € V(£2), we may substitute ¢ with it and obtain
VW[5 ) = = (w, ur, w).

Then, we obtain an upper bound for the right-hand side. If we define u; = u; + a, where a is
the specific solenoidal extension built in Proposition [3.3.1] (not the above Hopf extension), we
can divide this member in two terms:

— (w,ug,w) =Y (w,w,uy) =Y (w,w, 4 +a) =Y (w,w, )+ (w,w,a). (3.4.10)

For the first term, by applying the Holder inequality, the Sobolev inequality in {2 and finally the
lower bound for Sy in (3.3.12), labelled as S., we deduce that

. . vaHi?(Q) .
W (w, w, )| < ||w||L4(Q) ||V7~U”L2(Q) ||U1||L4(Q) = —\/‘?0 HU1||L4(Q)
va‘|i2(g) . vaui?(ﬂ) .
S8 Vil 2i) < —s Vil 2 -

The second term in (3.4.10) can be treated similarly to (3.4.6), after using the property of the
trilinear form ¢ and both the lower bounds (3.3.10) and (3.3.18)):

bl
(w0 = o wa,u)] < (24 20 o, ,

kp ||aHL4(QO) 2
< (a_*+— 5. va”LQ(Q)'

By combining these bounds and using the result of Proposition 3.3.4| we infer

2 ~
2 vaHLQ(Q) ”VU1HL2(Q) Ky \/—
plIVelze < @ (g P+ VS + lalay)

Vw320 Vil 2@k,
<% ( N +U—*\/S*+A1kp).

32




3.4. Proof of Theorem(3.2.2

Then, provided that (3.4.3) holds, we insert the a priori bound (3.4.4)) for the gradient of %; and

we obtain
—k2 (J Y5 Ao ) +kp <¢§A1M+Azu+i"j>
2 *
< [IVwll2 g
which implies w = 0 if the following condition holds:

Su LS. —kphs
\/ WA 28,

_kZ( 5+ ! 2)4—]{:1,( )<u8*.
po? O /w* 0.

This is a condition of negativity on a concave parabola as a function of k,, which crosses the
vertical axis in —uSy. Hence, it is fulfilled if £, is less than the smallest between the two roots
of the second-order polynomial, which reads as (3.4.8)). Some tedious computations show that
the right-hand side of inequality (3.4.8)) is smaller than the right-hand side of inequality (3.4.3),

thus (3.4.8) implies (3.4.3): this proves uniqueness. O

Remark 3.4.3. Notice that Ep > () since the denominator is strictly positive as well as the same
can be easily check to go for the numerator, and it can be rewritten as

_ \/‘?*Alo'* + 0. \/(\/_Al + 2A2) 48*/\2
ky, = po, (1 — i )
28* -+ 2\/_*A10'* + 2A20'*

2
MvaHp(m

Y

3.4.2 Threshold for the appearance of the lift

Before stating the main result of this section, in the spirit of [[68] we recall the following impli-

cations for solutions of (3.1.1)-(3.1.2)

uniqueness =—> symmetry = no [ift exerted over K.

It is a well-know experimental fact that lift vanishes whenever the obstacle is symmetric with
respect to the angle of attack of the fluid; see e.g. [40, Figure 7.21]. We state here a small variant
of [68, Proposition 4.1]:

Proposition 3.4.4. Let Q be as in 3:2.1) and ¢ € W >°(9T) be as in 323). Let u =

(u1, us,usz) € Vi(Q) be a weak solution of problem (3.1.1)-(3.1.2)). Let S. be as in (3.3.18)), 0.
as in (3.3.10), the constants \;, i = 1,2 as in Proposition Then also w = (w1, wy, w3) €

V.(82) defined by

w1($1,$2,953) = u1($1,$2a —$3) w2($17$2,$3) = —U2($1,$2, —$3)

w3($1,$2,$3) = U3($1>$2, —963)

forae. (x1,x9,23) € Q, solves (3.1.1)-(3.1.2) in a weak sense. Moreover, if (3.4.8) is valid,
the weak solution of (3.1.1)-(3.1.2)) is unique and it satisfies the symmetry property

u1($1,$2ax3) = u1($1,$2a —$3) U2(1‘17$2,1’3) = —U2(I1,$27 —$3)
Ug(x1,$2,$3) = u3(x1,x2, _xS)

fora.e. (x1,29,13) € Q
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Chapter 3. An explicit threshold for the appearance of lift on the deck of a bridge

Proposition [3.4.4] stands because () is symmetric with respect to all three axes z1, 2, x3 and
because the boundary datum ¢ is x3-even in its first component v; and null in its other com-
ponents. Proposition [3.4.4] then shows that uniqueness implies symmetry. Then, [[68, Theorem
3.7] shows that symmetry implies no lift exerted on the obstacle K. We recall that we adopt a
generalized definition for the lift force, (3.2.9), since we are considering weak solutions.

In view of [68, Theorem 3.7], we can state the following proposition, which embodies the
explicit realisation of the purpose of this chapter.

Proposition 3.4.5. Let Q) be as in 3.2.1) and g € W1>(9T) as in (3.2.3). Let 6;, i =1,2,..,24
be reported in the Appendix, where we also emphatized the dependence on the parameter «,
used to define the rectangle R, in (3.3.5)). Let Fi be the total force exerted by the fluid over
the obstacle K, given in (3.2.8). For any k, > 0, there exists a weak solution (u,p) € V() x
12(9) of B-LI)-B12).

Moreover, given the constants Ay and A5 in Proposition[3.3.4} given o, as in (3.3.10) and S.
as in (3.3.18)), if the parameter k,, regulating the inlet and outlet flow, is such that k, < k, (see
), then the weak solution is unique and the fluid exerts no lift on the obstacle K, that is

{—pL+ u[Vu+ (V)] } -7, 1), =0

It remains to show how to compute the constants 9;, i = 1,2, .., 24, depending on « (defining
the region R, in (3.3.5))), which come from the explicit estimates for the norms of the solenoidal
extension a(x) given in Proposition

We computed the 9;’s with the software Mathematica, that was also used to compute the
value of o maximizing k,, once we know the structural parameters of the problem, in particular
for the table in Section[3.2] Since the computations are unpleasant, we give their explicit value
in the Appendix.
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CHAPTER

Well-posedness of a FSI problem in a Poiseuille flow:
vertical motion

In the next two chapters, we analyze the well-posedness of the two fluid-structure interaction
models presented in Chapter 2] Chapter [ treats the well-posedness of problem (2.0.7), while
Chapter[]treats that of problem (2.0.9). In the present chapter, after a general introduction to the
purpose of the study, we enter into the details of problem (2.0.7)), which models the interaction
between the cross-section of the deck of a suspension bridge and the wind in the first phase
of the so-called flutter phenomenon. In particular, we obtain a global-in-time existence and
uniqueness result for problem (2.0.7)).

4.1 The flutter instability

Suspension bridges may experience several types of instability phenomena, which affect more
or less critically each component of the structure. Among all components, the deck is the
most sensitive part. When analyzing the dynamic response of the bridge to the wind from the
engineering point of view, we observe that the bridge may suffer from a variety of problems: one
degree and two degrees of freedom instability, buffeting and vortex shedding. Two degrees of
freedom instability, also known as flutter instability, occurs when the vertical and the torsional
motion of the deck synchronize so that aerodynamic forces introduce energy into the system.
However, this only occurs after reaching a critical value of the incoming wind velocity (see
[46], [64], [120]). Thus, the vertical and torsional displacements are decoupled in a regime of
small oscillations.

35



Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

In order to properly study flutter instability, one is lead to consider the two different models
presented in Chapter [2]so as to reproduce the two aforementioned regimes.

We set up the first model precisely under the hypothesis of a small flux for the incoming
flow field. We consider the interaction between an obstacle and a fluid in a 2D bounded channel,
where the flow is of Poiseuille type at the inlet and outlet sections; we analyze a fluid-structure
problem by allowing the obstacle to move in a vertical translation. Physically, this models the
interaction between the wind and the deck of a bridge in a wind tunnel experiment.

In a regime of strong incoming flux, it is necessary to consider the full coupled vertical-
torsional motion, which is taken into account in the second model. Also, here the channel is
unbounded and the Poiseuille flow is imposed at infinity so as to model the experiment at con-
sideration in a real-life framework, where the wind interacts with the bridge in the atmosphere.

4.2 Hypotheses and well-posedness

We refer to Chapter [2] for the notation and the rigorous formulation of problem (2.0.7).

To the purpose of studying the well-posedness of problem (2.0.7), we will assume that the
restoring force f in (2.0.7), satisfies some further conditions besides those given in Chapter
given later in (4.2.1)), which translate the assumption of f being a strong force, preventing
the obstacle from colliding with the boundary of the channel I'z. From the physical view
point indeed, f resumes the action of three kind of forces acting on the deck of a suspension
bridge, as also explained in [15, Introduction]: the upward restoring force due to the elastic
action of both the hangers and the sustaining cables, the weight of the deck acting downwards
and the elastic resistance to deformations of the whole deck, preventing the obstacle to go
too far from its equilibrium horizontal position (see also [[64]). Our model indeed loses its
physical meaning in case of collisions; on the other hand, collisions would be purely virtual in
the physical framework at consideration, because we can not expect the bridge to be subjected to
very large deformations. This justifies the limit in the assumption in (4.2.1)); we emphasize that,
in this context, we are not interested in choosing the optimal growth hypothesis on f ensuring
the absence of collisions.

In [15], the authors prove that for the stationary version of the equilibrium position
of the obstacle is perfectly symmetric under smallness assumption on the imposed flow rate
magnitude of the Poiseuille flow; as a matter of fact, they are able to prove their result with
an assumption on f weaker than (their result holds in an unbounded channel, but it can
be easily extended to a bounded domain). The main purpose of this chapter is to prove the
existence and the uniqueness of a weak solution for the fluid-structure interaction evolution
problem (2.0.7). In order to prove existence we adopt a penalty method devised in a paper by
Fujita and Sauer, see [56]; this technique was later exploited by Conca, San Martin and Tucsnak
in [31] in order to prove existence of solutions for a boundary problem modelling the motion
of a rigid ball in a viscous fluid occupying a bounded domain (see Chapter [I). Among the
several aforementioned techniques, we choose to apply the method by [31], because it enables
to work with a non-global weak formulation, in the sense that the terms concerning the fluid
sub-problem and those concerning the rigid body sub-problem of (2.0.7)), although coupled,
remain distinguished. On the other hand, both the method introduced in [41] and [87,/119]
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4.2. Hypotheses and well-posedness

would require working with global quantities and a global weak formulation, in the sense that
the integrals would be defined on the whole domain R; in this context, the approach by [31]
is more convenient because of the presence of the strong force f in the ordinary differential
equation governing the motion of the obstacle, which makes it non-trivial to define a global
weak form for the original coupled frame. The main difference with the problem considered
in [31] lies in the fact that the domain occupied by both the rigid body and the fluid in (2.0.7)
is an channel where a non-zero velocity field is imposed at the inlet and outlet; this requires
building a solenoidal extension of the Poiseuille flow. Moreover, besides the less affecting
difference of a rectangular shaped obstacle, the introduction of the strong force f in the ordinary
differential equation governing the motion of the obstacle in allows to obtain solutions
with a global character in time, as well as uniqueness of such solutions: indeed, this force
prevents the obstacle from colliding with the boundary of the channel.
The main result of this chapter reads as

Theorem 4.2.1. Assume that f(h) € C'(—L + §, L — 6;R) satisfies the assumptions given in

Chapter 2] and
dr>0 st f'(h) >0Vhe (—L+0,L—9),
lim  [f(h)] = . “.2.1)
|h|—L—¢ expm

Moreover, let |hy| < L — § and uy satisfying ([2.0.8)1-2.0.8) be such that uy - n = koes - o on
OBy, with kg € R. Then, problem (2.0.7) admits a unique weak solution (u, h), defined in a
suitable sense, for any T > 0. Moreover the solution (u, h) satisfies an energy estimate.

Theorem {.2.1] deserves some comments. First, we emphasize that, since is a fluid-
structure interaction problem, one needs to give a suitable definition of weak solutions which
takes into account the presence of the moving obstacle. Because of such difficulty, we adopt
a definition of weak solutions which is a compromise between the one given in [63]] and the
one in [31]]; weak solutions are defined in Definition 4.3.3] after transforming problem (2.0.7)
into an equivalent problem, as we shall see in Section [4.3] Finally, the global-in-time property
of solutions is ensured because of the energy estimate associated to problem (2.0.7), which
guarantees that no collision occurs between the obstacle and the boundary of the channel. Such
energy estimate will be made explicit in Theorem [{4.3.6| for the equivalent problem.

The first part of the chapter is devoted to proving Theorem 4.2.1|and it is organized as fol-
lows. In Section [4.3] we present some notations and preliminary results which are essential to
apply the penalty method and are useful throughout the chapter. Then we reformulate prob-
lem in a reference frame attached to the obstacle; this produces the equivalent problem,
(#@.3.9)-(@.3.10). At the end of Section [4.3] Theorem {.3.6] states the existence and uniqueness
of solutions for the equivalent problem (4.3.9)-(.3.10). Thus, Theorem[4.2.T]is proven once we
develop the proof of such statement, which is addressed in the subsequent sections. In Section
4.4l we introduce an auxiliary problem, at the core of the penalty method, for which we prove
existence of solutions with the Faedo-Galerkin procedure. In Section[4.5] after some additional
results, we conclude the proof of the existence part of Theorem and, consequently, the
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Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

existence part of the main result of the chapter, Theorem Section is devoted to prov-
ing uniqueness of solutions to problem (4.3.9)-(4.3.10), which concludes the proof of Theorem
[4.3.6and thus also of Theorem 4.2.1] The main difficulty of proving uniqueness is that we can-
not simply take the difference between two weak solutions of problem (#.3.9)-(4.3.10) because,
since the fluid domain has moving boundaries, those solutions are not defined on the same do-
main, thus we will adopt a suitable change of variables to solve such issue, following the work
in [76].

4.3 An equivalent formulation

Problem is set in a two-dimensional bounded channel with a prescribed non-zero veloc-
ity field at the inlet and outlet (the Pouseuille flow in (2.0.6)). We begin by capturing the flow
for large values of |x|: we construct a suitable extension of the Poiseuille velocity profile by
using similar arguments to the classical procedure by Ladyzhenskaya [100] (see also [6]). For
this, we divide the channel R as

where

Ro = RN([-3,3]xR), R1=RN((—o0, —3)xR), Re = RN((3,00)xR), (4.3.1)
and then prove the following result:
Lemma 4.3.1. For every €y > 0 there exists a vector field s = s., € W**°(R) N H*(R) such

that
V-s=0 in R, s=1(0,0) in [-2,2] x[-L+¢eo, L —&], s=(0,0) on OR,
s=uwvp in R1UR2a supp(s) :R\((_QaQ) X (_L+€07L_50))7
(4.3.2)
and there hold the estimates
c c
IVsllzem) < =5, Vsll2me) < = (4.3.3)
€0 €0

where c1,co > 0 depend on L and .

Proof. Letb: [—L, L] — R the function defined by

_pOLS ) 1 ) 3
b(x2) = 2 {L 3(L)] Va, € [-L, L],

so that

V(22) = vp(x2) Vay € (=L, L).
As in [70,/127] we take a smooth cutoff function ¢; € W2 (R) acting on the horizontal
direction such that

Gi(z1) =

supp(¢1) = [-2,2]. (4.3.4)

0 if |z >3,
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4.3. An equivalent formulation

Then, let g5 € (0, L). We take a cutoff function (., € W% (R) acting in the vertical direction
such that

1 f oo < L— 2

& €
Gooliw2) = & swp(Gy) = |-+ L= J. (435)
0 if |$2| > L — 4 ,

Furthermore, there exists a constant C' > 0 (independent of ¢() such that

C
1 Ceolle®) =1, 12 | zoem) < o 1€ 1 oo ()

omwl Q

Then we write
Zey(x) =1 —= (i (1) oo (2) Vr € R,

and define the vector field
s(x) = i(b(:cg)Z€ (2)) —i(b<$€2>ZE (2)) Ve eR.
0xo ¢ T 0xy ¢
In view of (#.3.4)-(@.3.3)) we have that s € W2 (R)N H?*(R) and that it verifies the properties

in @32)-E33). 0

As a first step of the penalty method implemented in [31]], we change problem (2 into an
equivalent problem by considering a frame attached to the rigid body, whose origin 001n01des
with its center of mass. Thus we set

y=x — h(t) ey, (4.3.6)
and we denote

v(y,t) = uly + h(t)ext), q(y,t) =py+h(t)es,t),
T(v,q) = —ql + u[Vv + (Vo)

Q(t) = Uy — h(t)ea, Ry =R —h(t)es, Tr(t) =g — h(t)és, (437
B = By, = Bpu) — h(t)es.
The domain of the fluid in the new reference frame ) shall also be partitioned
2
O(t) = UQi(t)7 Qo(t) = Qt) N {-3 <y <3}, 43.8)

Qi) = Q) N {yr < =3}, Qu(t) = Q@) N {y > 3}.

We emphasize that the obstacle is now fixed, while the domain occupied by both the fluid and
the rigid body, R,y = B U 0B U §)(t), changes with time. Then, we notice that

Vo =Vu, divyo=divyu, Apw=A~7Au, v=u+(hey-V,).
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Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

Thus, we obtain the following problem (see also [58]):
vy =pAv—(v-V)o—Vq+ (K{t)éy- Vv (y,t) € Qt) x (0,7),
divo =0 (y,t) € Q(t) x (0,T)
v="1p(y) = AL = (g2 + h(1)*) & (y,t) € Tr(t) x (0,T), (4.3.9)
v="n(t)e; (y,t) € 9B x(0,T),
v(y,0) = vo(y) y € Q(0)

where vy(y) = uo(y + hoez) with ug as in (2.0.8);-(2.0.8),. Notice that all derivatives appearing
in this problem are now taken with respect to the new variable y = (y1, y2). The Poiseuille flow
is obtained by transporting v,, as in (2.0.7) to the new reference frame:

Up(y) = vp(y + h(t)ez).
Its associated pressure in the new reference frame is
7p =mp(y + h(t)es).
The motion of the rectangular body is governed by:

mh'(t) + f(h(t) = —&- | T(aqn  te(0,T) (4.3.10)
0B

The original problem (2.0.7) is equivalent to (4.3.9)-(@.3.10), because we simply adopted a
change in the system of coordinates. Thus Theorem [4.2.1]is proven if we prove existence of

solutions to (4.3.9)-(@.3.10). We look for solutions to the problem (#.3.9)-(4.3.10) of the form
v = 6 + a, q= p + 7?P

where a is the solenoidal extension of the Poiseuille flow in the new reference frame, strongly
depending on % and on the choice of ¢ in Lemma4.3.1

a(y) = anw (y; €0) = s(y + h(t) €&2). (4.3.11)

The function a enjoys the same properties of s stated in Lemma [4.3.1] once we substituted v,
and R with their counterparts in the new reference frame, vp and R}, and we partitioned Ry,
similarly to what we did in (4.3.1). Assume that

ho € [-L+06+&L—05—¢
where £ > 0 small is arbitrarily fixed. Then, the pair (0, p) solves the following problem:
Uy —pu AU+ (0-V)o+Vp— (W (t)ea - V)v — (B (t)ey- V)a
+@-V)a+(a-VYv=79 (y,t) € Q(t) x (0,7),
divi=0 (y,t) € Q(t) x (0,7),
T=0  (g.t) e Trlt) x (0,7),
U(y,0) =o(y) = vo — an,(y;8) vy €

X (4.3.12)
X

T=H(t)e (yt)€Bx(0,T),
(0)7
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4.3. An equivalent formulation

where
g:=pA(a—70p)—(a-V)a. (4.3.13)

0)) is such that vy - n = koés - n on JB. We also point out that

Notice that 7y € L?(€(0)
| < 2AJy2| < L —eo — h}. The vertical translation of the obstacle h

supp(g) € R \ {lm1
responds to

mh"(t)+ f(h(t)) =—€2- | T@+a,p)n te(0,7), (4.3.14)
oB
with initial conditions h(0) = hg, h'(0) = k.

As already mentioned, in order to prove our main result we make use of a procedure which
is similar to the one adopted in [31]]: problem (4.3.12)-(#.3.14) is set in a region with moving
boundaries, (2(t), which makes it impossible to apply the Faedo-Galerkin approximation with
the standard functional spaces of hydrodynamic evolutionary problems. The idea exploited
in [31] is that of a penalty method and it was first elaborated in the paper by Fujita and Sauer
(see [56]]). The crucial idea of the method implies introducing an auxiliary fixed domain R
given by:

R=R-R={z—ylzeR,yeR}, (4.3.15)

such that Q(t) C Runwy C R (see Figure for the new configuration). Actually, R can be
chosen as
R = (=2I,21) x (—2L +6,2L — §) .

Notice that the vertical motion of Q() inside R is confined: dist (9R, I'x(t)) > 4. This is an
obvious consequence of impenetrability of bodies but we will later prove that this inequality
actually holds strictly, thus the obstacle never collides with the boundary of the channel. Inside
the auxiliary fixed domain R, we can naturally extend the velocity field Up(y) outside Ry for
every h(t) through its definition in (4.3.9)), see Figure

We report three facts, that we will later use. First, an estimate for the L?-norm of the gradient
of Up in each one-dimensional section of the domain R

- - /8
V0|2 (—arsson—s < AE with £ = \/g (2L — ) (TL2 — 10L&+ 462).  (4.3.16)

Then, we give the following partition of R:

2
ﬁ:Uﬁ“ 7~€0=7~€ﬂ{—3§y1§3}, ﬁlzﬁﬂ{y1<—3},
=0

7@2:7~€ﬂ{y1 >3}

(4.3.17)

Finally, we comment on the property of f in (4.3.14)) being a strong force. The condition (4.2.T))
may be interpreted in the spirit of [77]. In [77], the author considers systems of the general type
2"+VV(x) =0, with z € R", where the potential V' (z) associated to a conservative dynamical
system, such as a n-body system, is assumed to be C? everywhere except at a closed non empty
set S at which it has infinitely deep wells, i.e. V(z) — —oo as x — S; then, the system is
said to satisfy the strong force condition if and only if there exists a neighborhood N of S and
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Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

U € C? such that U(z) — —ocoasx — S and —V(z) > |[VU(z)]* forallz € N\ S. In
a n-body system the singularities correspond to collisions of the masses and the strong force
condition allows to avoid them (see also [11]). In our case, in the terminology of [77]], f plays
the role of V' and the ODE in (4.3.14) satisfies the strong force assumption, with the singularity
exhibited at |h| = L — 0.

Y

| . %

B ==~ Q) —

=

Figure 4.1: The channel, after the change of variables, moves in the fixed red region R.

v T

Now, we seek a rigorous definition of weak solutions to (4.3.9)-(@.3.10). We introduce some
classical functional spaces from mathematical fluid dynamics (see [134]] for instance):
V(R) = {v € D(R) |divv = 0},
H (7~2) = closure of V w.r.t. the norm || - ||L2(7i)»

V(R) = closure of V w.r.t. the norm ||V - ”Lz(ﬁ)

We emphasize that since R is bounded, there holds the Poincaré inequality, which makes H} (7@)
an Hilbert space with respect to the scalar product (u, v) HI(R) = (Vu, Vo) 2(%)- The presence
of the obstacle B requires introducing some further spaces:

W(R) = {(v.l) € V(R) x R|v|p = l&},
H(R) = closure of W in L?(R) x R,
V(R) = closure of Win H}(R) x R

to which we associate the scalar products

((v1, 1), (v2, b))y = / 1 - V2 dy + mly L,
R\B

<(Ul, gl), (UQ, 62)>V(7~3) =2 } D(’Ul) . D(Ug) dy + m€1€2.
R\B

Finally, the weak formulation of problem (4.3.9)-(4.3.10) will exploit the following spaces,
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4.3. An equivalent formulation

which may be defined for any given function A(t). In particular, for every ¢

Wi = {(v,0) € W(R) | suppv € R }s
Hy,y = closure of Wi, in L*(R) x R, (4.3.18)

Vi) = closure of W,y in Hj(R) x R.

Then, we introduce the standard trilinear form:
Y(u,v,w) = /(u -V)v-w. (4.3.19)
Q

We are ready to state and prove the following proposition. Let us denote by (-, -) the duality
pairing between V" and V.

Proposition 4.3.2. Let the couple (v,h) be a classical solution to (#.3.9)-(@.3.10) such that
|h(t)| < L—6—¢gforallt € [0,T) for some gy > 0. Then, building the extension a = ap,(y; €o)
in @.3.T1) choosing the same &, the function v = v — a satisfies

T T
- / (.60 12y +m W — F(h) O} +2p / (D®), D(6)) 26
T
+ / {0(©,7,0) +¥(0,a,0) +¥(a,0,¢) — V(her, a,d) (4.3.20)
0

T
(WE, T, 6)} = / @, &) +m ko £0) + (70, (0)) 20

for every (¢,0) € C*([0,T7; Vi) such that ¢(-,T) = (T) = 0, with

g:=pnA(a—70p)—(a-V)a.

Proof. Consider the problem satisfied by (v, k), (4.3.12)-@.3.14). In order to obtain (.3.20),
we choose a test couple (¢, £) € C'([0,T], Vy)) such that ¢(-,7) = ¢(T) = 0. We multiply

the first equation in (@3.12) by ¢ and integrate by parts on Qr = Q(t) x [0, T]. All terms may
be treated in a standard manner (see, e.g., [57]]). Though, a particular attention must be devoted
to the diffusive and pressure terms. Indeed, we temporally move the term pAa appearing in g
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in (4.3.12) on the left-hand side and we get:

T T
/0 (—pAV — pAa+Vp, d)12au) = /0 (divT (v + a,p), &) 1200

N _/OT/8B(Tﬁ) . ¢+/OT Q(t)T: Ve

T T
—— & [ mErapaes [ [ TErap:ve
0 oB 0 J)
T T

:/ (mh”+f(h))€+2u/0 (D(©), D(9)) r2@s))

0

+2,u/0 (D(a), D(#)) 2
_ / o / F) O+ 20 / (D@), D()) 126

T ou / (D(a), D(®)) 126y — m kol(0).

Thus, given ¢ in (4.3.19) and
</g\7 ¢> = QN(D((I)? D(¢))L2(Q(t)) - 1/}(@7 a, ¢)
we obtain the weak formulation (4.3.20). O

These tools enable us to define weak solutions of (4.3.9)-(@.3.10). This definition is a com-
promise between the definition given in [31, Definition 1] and the one given in [[63, Definition
3.1], although the extension in [63]] is constructed so as to isolate the obstacle.

Definition 4.3.3. A couple (v, h) is called a weak solution of (4.3.9)-(.3.10) with initial data
(vo, ho, ko) if, given ¥ = v — a, where a = ay, is the extension in (4.3.11)) depending on some
g0 = €o(vo, ho, ko, T') > 0, it satisfies the following requirements:
he Wh(0,T;R)NC([0,T);[~L+ 4+, L — 5 — &),
(0,0') € L*(0,T; Vi) N L=(0,T; Hyp),
(0, h) satisfies (@.3.20) for every (¢,¢) € C*([0,T7; Vi)
such that ¢(-,7") = ¢(T) = 0.

(4.3.21)

Remark 4.3.4. The requirement k. € C([0, T]; [-L+d-+¢q, L—0—¢]) ensures that no collision
occurs between the obstacle and the boundary of the channel as there exists a separation strip
of size ¢y > 0 for all ¢ € [0,7]. This makes the definition of weak solution consistent, since
it also allows to build the solenoidal extension a = a;, in (@.3.11) precisely by choosing such
o > 0. As already mentioned, we will prove that this requirement is satisfied by making
use of the strong force assumption satisfied by f, given in (4.2.1). On the other hand, it is
worth mentioning that, one could prove the no-collisions result without adding the strong force
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4.3. An equivalent formulation

assumption, at least in the case of an obstacle purely translating in the vertical direction, because
the contact surfaces are of the class C* (see [73,/128]]). However, as soon as one allows the
obstacle to rotate, this result does not hold anymore because the contact surfaces are merely
Lipschitz continuous.

Finally, we provide an estimate on the norm of g, defined as in (4.3.13)), on the auxiliary
domain R, which we will exploit later.

Lemma 4.3.5. For any €y > 0, define g = g., € L*(R) N L*(R) as in E313). Then

g € L*(R) and the following estimate holds:
19122y < pllAall p2zg) + lall Lo [V all 2 o)

Proof. Multiply g by a divergence-free vector field p € H; (7%) and integrate by parts over R,
so that

/~/g\-g0dx:—,u/V(a—ﬁp)~V¢dx—/(a-V)a-g0dx. (4.3.22)
R R R

We follow [[66, Lemma 4.1] and we exploit the partition (4.3.17)) together with the properties of
a. In particular, since a = Up in Ry U R, the first term in (4.3.22)) corresponds to:

[V(a—ﬂp)-V<pdx: Va:Ved.
R

Ro

Since (p - V)op = 0 in R, we also have

/ (a-V)a-@dr=0,

R

and in a similar way,

/ (a-V)a-pdr =0.

R

Since a € H*(R) by applying the previous results and Holder’s inequality, we obtain

| /Va : Vedz| = ‘[ Aa-pdr| < [|Adl 2z 1€l 270 » (4.3.23)
R Ro
and also
e Vya-dnl = || (@ Dya-pds| < sy Vel e, - @329
0

From @.3.13)-(.3.23)-(#.3.24) we thus obtain

‘/E-s@dﬂf
%

for every divergence-free field ¢ € H}(R), from which the thesis of the lemma follows. O

< (uHAaIILz(sz) + ||a||L4<7éo)||Va||Lz(7iO)) 1ol 2 2)
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The following theorem states existence and uniqueness of weak solutions to problem (4.3.9))-
#.3.10).
Theorem 4.3.6. Let Q be as in @3.7). Let f € C'(—L + 6,L — 0:R) satisfy conditions

B21). Let hg € [-L+ 6+ &L — 90— &, for some € > 0 small arbitrarily fixed, and
(Vo — any (Y, €), ko) € Hy,, where ay, is as in (4.3.11). Then, problem (4.3.9)-(.3.10) admits a

unique weak solution (v, h), defined as in Definition ‘4.3.31 for any T' > 0. Moreover, let

h
_ / £(s) ds (4.3.25)
0

and let g = £o(vo, ho, ko, T') > 0 be such that |h(t)] < L — 6 —eo for all t € [0,T]. Then,
given v = v — a, where a = ay,(y, €9), the pair (v, h') is almost everywhere equal to a function
continuous from [0, T into Hy ), and (U, h) satisfies the following energy estimate:

1506) 122 g3y +lIH () ooy + 2 (A (2 +4g/nD )2y s

< 5ol e,y +rlol? + 2F (ko) + /w s

4 (4L — 20 )
+ p<7-‘-—2) - max (l|va”L°° (R\B)> (HVCLHL2 _|_ )\252))

r 4(4L — 26
X/Oa(5> exp [;(W—z) maX(IIVaHLoo (R\B)’ (||Va||Lz )+ AT ))s} ds,
(4.3.26)

where o(s) is defined as
a(s) = 1[0l 3z, gy + mlkol* +2 F(ho) + / G ) A7 (4.3.27)

Since the original problem (2.0.7) is equivalent to problem (4.3.9)-(4.3.10), the proof of
Theorem [.2.1]is completed if we prove Theorem #.3.6| We emphasize that Theorem §.3.6|has

a stronger statement than Theorem [4.2.1] because it guarantees the continuity of the (unique)
solution in a suitable sense. The proof of the existence part is developed in Section and
Section and, as previously mentioned, it takes advantage of a penalty method. Uniqueness
is proven in Section 4.6} there, we will consider two weak solutions of problem (4.3.9)-(4.3.10),
(v1, h1) and (v, ho), in the sense of Definition[4.3.3] Given the extensions of the Poiseuille flow
a; = ap, and ay = ay, defined as in (4.3.11)), one can put v; = v; — a; and Uy = vy — as and
do the computations on (v, hy) and (vs, he). As we already pointed out in the introduction,
we are not allowed to take the difference between the equation in weak form satisfied by the
two solutions, (4.3.20), because v; and v, are not defined on the same domain: the definition of
the functional spaces, (4.3.18), depends on h;, h,, and the weak formulation (#.3.20) is set on
two different domains, Q' (¢) and Q?(t). To solve such issue, we follow the procedure devised
in [[76]; here, the authors build a map 1, projecting 2%(¢) on Q!(t), which allows to define a
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4.4. The penalized problem

change of variables, so that they can introduce a solenoidal velocity vector field 15, the pullback
of U, by such map, on Q!(¢). As a consequence, one can define

W=D, — 0y,  h:i=hy — ho. (4.3.28)

Then, one proceeds standardly, obtaining the equation satisfied by (w,ﬁ), providing some
proper estimates, and finally one can conclude by applying a Gronwall’s inequality.

4.4 The penalized problem

After changing problem (2.0.7) into the equivalent problem (4.3.12)-(.3.14), the second step
of the penalty method exactly implies penalizing (#.3.20), which is the weak formulation of
problem (#.3.12)-(.3.14). We denote by Ej, the complementary domain of R, in R, Ej, =
R \ R;, and we introduce its characteristic function xg,. We emphasize that the functions
belonging to W(R) differ from those belonging to W, precisely because their support might
be also in £j. The penalty method eliminates the difficulty induced by the time dependent
domain by allowing to solve the problem in the fixed domain R, so that classical methods can
be applied, by introducing a penalization term which takes care of the remainder in E},.

We extend vy by zero outside R0y, while a(y) is naturally extended outside R to the
whole fixed domain R through its definition @3.11) for every ¢t € [0,7] and we solve the
following problem:

Let n > 1 be fixed. Find
h e Wh(0,T;R)NC([0,T];[~L + 3 + e, L — 6 — £¢])
(0,h) € L*0,T; V(R)) N L>=(0, T; H(R)),
for some £y = €0(vo, ho, ko, T") > 0, satisfying

T

- / (.60 g2y + mHC — F(h) €} + 2 / (D(D), D(6)) 2

0

T
+ /0 {w(av 67 ¢) + ¢(5> a, qb) + w(ajj\: ¢) - ¢(h//€\27 a, ¢) - w(h//e\%@? ¢>} (441)

e [ B = [ @00+ m kb0 + (o 60)
Y (¢, 0) € CH([0,T],V(R)) such that ¢(-,T) = ¢(T) = 0.

We remark that the trilinear forms in (#.4.1)) are defined as in (4.3.19), where the integral is
now on R\ B, but with a little abuse of notation we still use ¢ as a label function. The existence
of a solution to the penalized problem is proven in the following proposition:

Proposition 4.4.1. Let R be a fixed domain defined by @3.13), partitioned as in @3.17). Let
f € C(—=L+06, L—0;R) satisfy conditions @.2.1)). Assume that ho € [~L+6+E, L—0—E] for

some € > 0 small arbitrarily fixed, and (vy, ko) € H(R). Then, there exists at least one solution
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Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

(U, h) to problem (&.4.1)) such that |h(t)| < L — 6 — g for some €y = £o(Vo, ho, ko, T') > 0.
This solution is global in time and, moreover, (v, h') is almost everywhere equal to a function

continuous from [0, T] into H(R); furthermore, given F(h) as in @&3.23), it satisfies the energy
estimate:

t
B2 (I (O o 0,52+ 2F +4u/ ID@E ey ds+2n [ [ o) as
0 h

< [[Boll2 e ) +mlkol® + 2P (ho) + / 1G() 120 1 )

4 (4L — 20
(T) max<\|va||Lw(R\B —(IVal22zy, + A2 ))

W
T 4(4L — 26
x / a(s) exp [;% max(nwnmm\m,—(HVaHLz(RO)+A é )) } s

s

(4.4.2)
_|_ —

with
a(s) = [BollZ2 ) + mlkol? + 2 F(ho) + / 1G22y A

Proof. Since the domain R is fixed, we can apply the Faedo-Galerkin procedure. The space
V(R) is a separable Hilbert space, and YW(R) is dense in V(R), hence we can choose a se-
quence given by a countable set of couples {(w;, 1)}2, belonging to W(R) to be a basis in
V(R), orthonormal in H(7R). For each N > 1 we construct an approximate solution

(i) =20 (1)

where the coefficients c; are determined by the following first-order integro-ordinary differen-
tial system

N

Z(wszj)L2(R\B in( —I—mz cin(t) + f(hn(t))

=1 N .

+ 2p Z(D(wl) D(“’J))L?(R\B)CW +Z¢ w;, wi, wy) ¢y (t)en(t)

i=1 i,l=1

N N N (4.4.3)
+ Z Y(w;, a,w;) ein(t) + Z¢(@> wy, wj) e (t) — Z Y(ez, a, wj) cin(t)
i=1 =1 N =1
- Z V(€2 wi, wy) ein(t)an(t) + Z "(XEthu wj)L2(7i)CiN(t)
il=1 i1

= (g, w;) j=1,..,N

t
hn(t) = ho + Z/ cin(s)ds, cin(0) = the i component of Vo,
0
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The initial conditions are given by the orthogonal projections in H(RR) of (v, ko) onto the space

spanned by {(w;, 1)}, which we call (0 v, ko ). This system has a solution defined on some

interval [0, ¢ y], provided that there exists g > 0 such that
lhv()| <L —6—¢co  Vtel0,ty]. (4.4.4)

In this way, we are allowed to build the function a as in @#.3.T1)), by choosing the same &y.
We shall see that this condition is indeed always guaranteed for any ¢ € [0,7] with T" > 0,
because of the presence of f in (4.3.10). We will prove this claim at the end of the proof of this
proposition.

Our aim is finding an apriori estimate for the approximate solution (v, Hy). To this end,
we multiply (4.4.3) by c;n () and add the equations for j = 1,..., N:

. ~ 2
(Un ON) 2y TMHNHN + f(hn)Hy 420 | D(O8) | 222\ 5

+ (N, a, Un) =Y (Hnes, a,Un) + "||5NH%2(EHN) = (9, Un)

which we rewrite as
1d
2dt

+ ”H@\NH%?(EHN) = (9,0n) — ¥(Un,a,Vn) + Y(Hyez, a,Vn),

(192 + U+ 2 () )+ 20 D)o was

where F' is defined in (4.3.25). Our aim is finding an a priori estimate for the approximate
solution (v, Hy). To this end, we start by estimating the right-hand side of (4.4.5)). The first
trilinear form may be bounded exploiting the Holder inequality and the Young inequality

~ ~ ~ 2
(0N, a,0n) < [|Vall oy 0N | 22020 5)

(4L — 26) ~ N
< T||Va||Loo(7é\B)HUNHL2(7*2\B)||VUN||L2(7Q\B)
2 (4L — 26)? 9 2 o (12
< ;T”vaHLOO(fz\B)”UNHL2(7€\B)+§||VUN||L2(7~2\B)’

where we used the fact that the Poincaré constant in the domain R is 72 /(4L — 26)2. For what
concerns the second trilinear form, we exploit again the definition of a, as we did when proving
Lemma Since a(y) is equal to 0 on the obstacle B, we write

1/J<HN€2, (l,i)\N) = / (HNgg . V)CL . /U\N = / (HNgg . V)CL . i)\N

R\B R

+21 2L—6
= / (/ (HNé\g . V)CL . i}\N dyg) dyl
—21 —2L+6
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Then

—2L+6

+3 2L—6

3 —2L406

21 2L—6
+ / (/ (HN§2 . V)?NJP . @\N dyg) dyl
+3 —2L+6

Consider the partition (4.3.17)). The first term is treated as follows, by using (4.3.16):

-3 2L—6
‘ / (/ (HN/e\Q . V>QNJP . iJ\N dyg) dyl
—21 —2L46

-3
< |HN|/ <||V17P||L2(—2L+5,2L_5)||5N||L2(_2L+5,2L_6)) dy,
—21
_ -3
< |Hn|AE |ON || 2(—22+5,20—5) din1
—21
4L — 26

< [HyAE ol 2z, < - Hy [ AENVON 22y

-3 2L—6
w(HN/@\% a,@\N) < ‘ / (/ (HN€2 : V)ﬁp : @\N dy2) dyl
—2I

The third integral in (4.4.6) can be treated analogously, so that we obtain:

e AL — 26 S
‘ / (/ (Hye, - V)ip - Uy dyQ) dyy| < | HN[AE I VUN p2,)-
+3 \J-2r04s 77
For what concerns the term in the region Ry = [—3, 3] x [-2L + 6, 2L — 4]:

+3 2= R 4L — 20 N
/ (/ (Hyez-V)a - UNd?JQ) dy, < |HN‘“VCLHLW%O)”VUNHHU%\B)-
-3 —2L+6 T

Thus, we finally obtain that:

. - 4L — 26 -
V(Hyez, a,vy) < AN |IVall 270 [IVON 122\ 5)
4L — 26 TN
+ | HN[AEVUN | 220 5)

m
2 (4L — 26)? ~
< 2O B (Ve + XE)

= |

Hyon 12
+ Z||VUN||L2(7%\B)
where we used the Young inequality and the fact that
~ ~ ~ 12
HVUNH;@I) + HVUNH;(@) < VN2 p)-
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Then, we apply again the Young inequality, after the Schwarz inequality, to provide a bound for
the first term on the right-hand side in (4.4.5):

(9, 0n)] < ||9||v' (R\B) ||VUN||L2 R\B) = ||9HV’(R\B) +3 ||VUN||L2(R\B)7

since Lemma guarantees that § € V'(R \ B). Thus, by reordering equation (@.4.5), once
we have plugged these estimates and used the following fact

| ok < [ 19oniay =2 [ 1D@Ed =2 [ D@0
R\B R\B

since Uy is a divergence free vector field vanishing on OR, we obtain

(12 a4 P+ 2 )+ 90+ 200 s
4 (4L — 25)

dt

12
< _HgHV’(ﬁ\B + - ”va”Loo (R\B) ||UN||L2 (R\B) 4.4.7)

4 (4L — 26)?
+ = [Hn [ (IVa]| 72 zy) + AE).

From (4.4.7), by integrating between 0 and ¢, we deduce that

t
[N (1172 00y + Ml Hn ()] +2F (hv (1) + 200 0||V5N(S)||i2(fa\3) ds

—|—2n// [on ()| ds
0J By,

< B0, 172 )+ Ko v 2+ 2F (Ro)

(4L 26)?
/ L e Ry VBT
2)" '
+;ﬂ.—(”val|L2 R0)+)‘ !H s)|*ds
< ||@0”%2 7%\3) +m|k0|2 + 2F(h0)
(4L 26)?
#2186+ 2R Tl oy | 06t
—)(||Va|| + \2¢2 m|H (s)|*ds
u mr? L2(Ro) N
< B0l ol P+ 27 (o) 4 / 105) s
A(4L — 26)?
# 22 (19l oy 7 1Vl + 60

t
x / (uws)uim\g)+mrHN<s>r2)ds
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Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

Since F'(hy) > 0 by (2.0.14)), invoking Gronwall’s lemma, we obtain for any instant ¢ € [0, T':

HEJ\N@)Hi2(7§\3)+m’HN(t)|2

4(4L — 26)?
< a@eww |+ 2 (190l < g -Vl + 2 )]
with
o(t) = [0y + lol? +2 F o) + / 15()112 1 s

Thus, we finally get

t
N (O 0y T HN (O +2 F (b (1)) +2 1 /0 IV ()l 72205 ds

+2n// [On(s)|* ds
0 JEu,

< 1Bl e,y +elol? + 2P (ho) + / [5(5)112 185
4(4L — 25)? )
# 22 (19l oy 1Vl + €0
t A(4L — 20)
< [ats) exp | AHEZ20 max(nwnm\B (Il + 2% ) s

< 1%0l172 0\ 5y +mlkol* + 2F (ho) + ||g vz md
(R\B) \B)

4(4L — 25)2 )
ot max(nwnm vy 1Vl + W))

T 4(4L — 26
< [ ats) exo | T i (19l (1l + €7 )
(4.4.8)

for all t € [0, 7], where the right hand-side is bounded if 7" > 0. In particular, the solution

exists globally in time provided that condition (4.4.4) holds, which we still need to prove;

such condition in the original inertial reference system translates the condition of absence of

collisions occurring between the rectangular obstacle and the boundary of the channel.
Estimate (4.4.8) implies the existence of a couple

(0,h') € L>=(0, T;H(R)) N L*(0,T; V(R))
and of a subsequence, which we denote by (Uy, h'y ), such that, as N — oc:
Oy, hly) — (0, W in L?(0,T; V(R)),

) )
(On, Bly) = (0,h)  inL>=(0,T; H(R)), (4.4.9)
hny — h inC([0, T]; R),
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the latter holding because of the compact embedding of W' (0, T'; R) into C([0, T; R). More-
over, through classical methods (see [31, Section 3] and [[134, Chapter 3, Section 3]), in view of
(#.4.8) together with the fact that f(hy) can be thought to be a bounded function as long as the
rigid obstacle does not touch the boundary of the channel, one can prove a further convergence
property (up to the extraction of a subsequence):

(On, hy) — (@0,h')  inL*(0,T;H(R)). (4.4.10)
By [31, Lemma 1] we also have that
XEj N0 —* XE,n0 in LP(0,7; L*(R)) . 4.4.11)

The convergence results in (4.4.9) together with (4.4.10)-(4.4.11) enable us to pass to the limit
in the system satisfied by (U, h'y ), which is

(Vs wi) oy + mlly + f(Ry) + 20 (D(@n), D(w;)) 127\ p)
+ (N, Un, wy) + YU, a, w;) + P(a, vy, w;)
— Y(hiyes, a,w;) — Y(hiyez, U, wy) + n(Xm, N, W) 127y = (9, wj)

un(0) = Vo.N, Wy (0) = ko,

with j = 1,..., N and to obtain that (v, k) in (¢.4.9) satisfies (4.4.1)), as well as v(0) = v in
the distributional sense, by exploiting classical arguments (see for instance [134, Chapter 3,
Section 3]). To prove that (v, 2') is almost everywhere equal to a function continuous from
[0, 7] into H(R), one can easily proceed as in [[134, Chapter 3, Theorem 3.1] to obtain that
(v',n") € L*(0,T;V'(R)) and then apply [134, Chapter 3, Lemma 1.2], by exploiting the fact
that {V(R),H(R),V'(R)} is an Hilbert triplet. Moreover, the function v obeys the energy
inequality (4.4.2), which is a natural consequence of the convergence results that we have just
proved.

The proof of Proposition 4.4.1| is complete once we prove the following lemma, which,
combined with the last convergence result in (4.4.9)), allows to conclude on the global-in-time
character of the solution.

Lemma 4.4.2. For all T > 0, there exists £g = £o(0g, ho, ko, T') > 0 such that
|hn(t)| < L —0 — e Vit e [0,T].

Proof. By contradiction, let us suppose that there exists 7' > 0 such that hy(f) = L — § for
some ¢ € [0, 7). The same procedure can be applied if hy = —L + 4. Since hy € C([0, T]; R),
for any 1 > 0 small there exist £; > 5 > 0 such that

hn(t)€[L—6—2nL—4§—n), Vte (t—ep,t—eq).

Taking into account the conditions satisfied by f reported in (4.2.1)), one can take 1) small enough
so that there exists a constant C' > ( such that
L—6—n L—6-n _ 1

F(h >/ fsds>/ Cexp ds
( N) L—6—2n ( ) L—0—2n (L —0 - S)4+T

2n 1 B
:/ C’eXp4—+dTZCneXp
n T

X (4.4.12)
(277)4+r ’
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The solenoidal extension a in (4.3.11]) is now built taking €y = 7, thus

a(y) = any (Y;1)-

From the energy estimate (4.4.8) (which is uniform with respect to N), (4.4.12)) and the esti-
mates (4.3.3), we obtain that there exist a positive constant Cy, depending on the initial data
ho, ko, Ug, and two positive constants C, Cy depending on the geometrical and physical param-
eters, i.e. m, A, L, d, i, such that

C, Cy [T Cy Cs

- 1
2Cnexp———< Cy+ —T + — Co+ —s) exp(—-s) ds. (4.4.13)
(2n)*+ o0t Jo ( n' ) (774 )
Integrating by parts the right-hand side of (4.4.13), we obtain that
- 1 4 T O T C Oy T
2C’nexpW<@+Cgepr—@epr F‘FFTGXPF

This immediately yields a contradiction, since r > (0. From the above argument, for all 7" > 0
it must be that |hy(t)| < L — d whent € [0, T]. Since hy € C([0,T];R) and [0, T'] is compact,
the thesis of the lemma follows. []

]

4.5 Existence

We already mentioned how proving Theoremd.2.1]is equivalent to proving Theorem[4.3.6] The
idea of the proof of the first part of Theorem [4.3.6]is exploiting the result of existence for the
penalized problem, given in Proposition {.4.1] Indeed, the next step of the penalty method
implies passing to the limit in (4.4.T)) with respect to n. Again, we will follow the procedure
by [31]], highlighting the differences when it is necessary. Let us label the weak solution to
making the dependence on n explicit as (v,,, h,,); of course Ej, also depends on 7, thus
it may be relabelled as E},, This solution satisfies the energy estimate (4.4.2)), where we should
also make explicit the dependence on n. Let us state and prove two consequences of this fact.

The first consequence is natural: there exists a subsequence, which we denote again by
(Un, h!)) such that

(On, hy) = (U, 1) in L2(0, T; V(R)),
(Un, h') = (@,1))  inL>=(0,T;H(R)), 4.5.1)
h, = h  inC(0,T);R),

where the latter is due to the compact embedding of W*>°(0, T; R) onto C([0, T]; R).
The second consequence is proven in the following lemma.

Lemma 4.5.1. The sequence v,, satisfies

T
lim / [0, |* dy ds = 0. (4.5.2)
0 Ej,

n—o0
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Proof. From (4.4.2), we obtain that

T
lim/ / [0, ? dy ds = 0. (4.5.3)
n—oo 0 Ehn

Following [31], we write

T T
/ / 0,2 dy ds < / / 0,2 dy ds
0 Eh 0 Ehn

T (4.5.4)
+/ / 5, |* dy ds.
0 J{EW\En,}
Then, we use the Holder inequality:
T T
0 J{EW\En,} 0 JR
T o (4.5.5)
< [ It lazco By >0
0

as n — 0o,

where we use the result in [31, Lemma 1] to infer that x{g,\z, } — 0in LP(R x [0, T]) strongly
Vp € [1,00) and that 5, € L*(R x [0, T]) as it is proven in [134, Lemma 3.3]. If we combine

#.5.3), @.5.5), (4.5.4), we obtain the sought result (4.5.2). ]

Now, we introduce, for any 7 > 0

Quy = {(y:t) € R x [0,T] |y € Ruw)}-

In order to develop the proof of Theorem 4.3.6] we need to prove an auxiliary result, i.e. that v,
is relatively compact in L?(QQ), which implies the existence of a subsequence, still labelled as
U, satisfying the following strong convergence result

U, =0 in L*(Q). (4.5.6)

For the moment, let (4.5.6)) be true. We postpone the proof of this result at the end.

We can now proceed to the proof of Theorem [4.3.6] The objective is proving that the limit
(0, h) in (.5.1)) is a solution to the original problem, thus it satisfies (4.3.21)).

We start by proving that (4.3.21))3 is satisfied. In other words, we pass to the limit in (4.4.1).
Take (¢,¢) € C*([0,T]; Wh)- Since there holds the convergence result in (4.3.1))3, there exists
ng € N such that

(¢7 6) € Cl([oa T]7 Whn(t)) Vn > no,

and the penalty term in vanishes for all n > ng, by applying Lemma The con-
vergence results (.5.1)), (4.5.6) together with the density of Wi, in V) prove that (v, /) also
satisfies (4.3.20) for 7' > 0.
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The results of convergence (@#.3.1)) prove that (v, h) € L*(0,T;V(R)) N L>*(0,T;H(R)).
By contradiction, let us suppose that supp(v) invades Fj. Then, we can find KX C R such that
supp(0) C K. However, from (#.5.6) and Lemma[4.5.1] we get a contradiction; thus in particu-
lar we obtain that (v, h) satisfies (#.3.21));- (4.3.21)),. Moreover, with analogous considerations
as those that we did when proving Proposition 4.4.1] we obtain the continuity property of (v, k)
expressed in the statement of Theorem 4.3.6] Finally, the energy estimate (4.3.26) simply fol-
lows from taking the limit as n — oo in (#.4.2)); that explains the expression for «(s) in (4.3.27).
As a consequence of (4.4.2)), we also obtain the global character in time of the solution and the
existence of some £y > 0 such that |h(t)| < L—0—¢q forall ¢ € [0, T], by proceeding precisely
as in Lemma4.4.2]

To conclude the proof, we show how to prove (4.5.6). The procedure implemented in [31]]
in order to prove (4.5.6) implies exploiting an Aubin-Lions type lemma: more precisely, one
wants to apply [56, Lemma 4.6]. However, first we need to build the structure to apply such
lemma. Thus, we introduce an open bounded set D C R? with Lipschitz boundary such that
B C D, and the function spaces

M(D) ={(v,1) € L*(D) x R|divv = 0,v|p = 1 &},
Z(D) ={(v,]) € H(D) x R|v|g =&} c M(D),

where H (D) can be characterized as follows since D is a Lipschitz open bounded set (see [[134,
Theorem 1.4])

H(D) = {ve L*(D)|divv =0, y,u=00ndD}.
We associate to both Z(D) and M (D) the following scalar product:

(01, 02)) = / o1 - vady + L,
D\B

which makes both of them Hilbert spaces. Then, we define the projector P(D),
P(D): M(D) — Z(D).
We will now prove two technical lemmas, starting by a useful property of such projector.
Lemma 4.5.2. There exists a positive constant C' such that
lo = P(D)ollioy < Cllvllizony Yo € M(D) A HY(D).

Proof. We follow step by step the proof of [31, Lemma 4]. We emphasize that even if D is
merely a Lipschitz domain this does not compromise the validity of the proof. [

Then we prove the second technical lemma needed to guarantee (4.5.6)).

Lemma 4.5.3. Let D be defined as above. Then we choose 0 < o < [ < T, so that D x
(ar, B) C Q; let Uy, be the restriction of v, to D x («, ). Then P(D)U,, is strongly convergent
in L*>(D x (a, B)).
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Proof. We introduce an auxiliary function space:
F(D) ={(v,]) € H)(D) x R|divv = 0,v|p = 1&}.

Any element in (D) can be extended by 0 in R \ B, so we can consider (D) C V(R). We
pick as a test function ¢ in #.4.1) ¢ = a(t)p, with ¢ € F(D) and a(t) € D(«, 3) to obtain

d

E{(Unv ©) 2o\t m by, 4 f(ha) L= py (gn, ©) F(D) Voe F(D)

d
E((Una ©)) = r(py {gn, ) r(p) — f(hy) 1 Ve F(D)
where
F(y{Gn, P) 0y == 21(D(Un), D(¢)) r2(D) = (Un, Un, ) = (Un, a, ) — ¥(a, Up, 9)
+b(h,e2,a,0) +Y(h,e2, Un, ) — (G, ©),

provided that n is large enough. Since F'(D) C Z(D), we may rewrite as

4.5.7)

d
(LD, #)) = ry{gn, 9)ro) = f(a) U Vo € F(D). (4.5.8)
From (4.5.8)), we have that
d
2 (BD)Wns )| = [ry{gn, ) roy| + f () U] Vo € F(D). (4.5.9)

Then, we can prove that the right-hand side of can be bounded. Indeed, by exploit-
ing classical estimates (see [134, Chapter 3, Section 3.3]), Lemma the energy estimate
(4.3.26)), we obtain that

|0y (n> )P0y < Mil|VollL2py, Vn>1, (4.5.10)

where M is a constant depending on 7', i1, A, the geometry of the problem and the initial con-
ditions. Also
f(ha) 1] < Mall], Y >1, 4.5.11)

because f(h,,) can be thought to be a bounded function as long as the rigid obstacle does not
touch the boundary of the channel, which has been proven. Bounds (4.5.10) and (.5.11)) imply
that

d
H%P(D>UnHL2(O,T;[F(D)]/) < Ml + MQ, Vn > 1.

This inequality, together with the fact that U,, is a bounded set in L*(0,T; Z(D) N H'(D))
because of the energy estimate (#.4.2), and the compact inclusions Z(D) N HY(D) C Z(D) C

[F(D)]', allow to apply [56, Lemma 4.6] so as to obtain that P(D)U,, forms a compact set in
L2(D X (avﬁ)) D

Finally, one can give the following lemma:

Lemma 4.5.4. The sequence v, is relatively compact in L*(Q), thus there holds (4.5.6)).
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Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

Proof. In order to prove this lemma, one can follow precisely the procedure given in [31} The-
orem 3], once we declare the following notations: given s € N, define «y,aq, ..., a,, real
numbers, and the sets €21, {25, ..., £, such that

O=ap<an<..<a,=T

Qix]ai1, [ C Q, Q\ (QUx]ai1, a;]) C Qi
Then we denote )
In: UQiX]ai—laai[a Qn :Q\[n
i=1
With the help of such definitions, we follow step by step the proof of [31, Theorem 3], which is

divided in two parts. The first part uses Lemma[{.5.3] while the second part aims at exploiting
the classical compactness result by Kolmogorov, [96, Chapter 3, Section 11.3, Theorem 3]. [l

4.6 Uniqueness

We begin by stating the following regularity property on a solution given by Theorem 4.3.6]

Lemma 4.6.1. Let (v, h) be a weak solution to problem (4.3.9)-(@.3.10) in the sense of Defini-
tion Then, given v = v — a, where a = ay, is the extension defined as in @.3.11)), there

holds - ~
tv e L4/3(0,T; W2’4/3(Q(t))), to,0 € L4/3(O,T; L4/3(Q(t))) ,

. (4.6.1)
tVp € LY3(0,T; L*3(Q(1))) .
Moreover, one can estimate the trilinear form as follows, for any w € H&(Q(t)):
| Y(w, v, w)| < 21/2Hw||L2(Q(t))||vw||L2(Q(t))HvaHL?(Q(t))‘ (4.6.2)

Proof. The proof of (4.6.1) follows the proof of [76, Proposition 3], up to some slight modi-
fication. We report here the main steps. We start by deducing, from a classical interpolation
argument [ 134, Chapter 3, Lemma 3.3] and suitable Sobolev embeddings, that

Te L0, T LY3(Q(t), (8- V)5 € LY3(0,T; LY3(Q(t))) .

The same interpolation argument together with the Holder inequality can be used to deduce
@.6.2). For any ¢t € [0,7] and any y € (t), let us undo the change of variables in (4.3.6) and
introduce

Q(a,t) =0(x — h(t)ent), P=p(x—h(t)ernt) Y(z,t) €Uy x[0.T]. (4.63)

Obviously, u inherits the properties satisfied by v. In particular, it satisfies
T T
= [ @00y +m = 1) 20 [ (D@D g

T T
+4{wma@+w@aw+w@a@}=ﬁ<@@+mmam+@@amp@w
(4.6.4)
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for every ¢ € C'([0,T]; Hj(R)) such that ¢(-,t)
¢(T) =0, and

= ((t) ey, with £(t) € Rand ¢(-,T) =

|Bh(t)

g:=puA(s—uvp)—(s-V)s.

Equality (4.6.4) corresponds to (4.3.20) once we undo the change of variables in (4.3.6). The
second step to prove [.6.1] implies introducing the following auxiliary linear system with un-
known (U, H):

ou
E_MAU—]—VQ:]C forxGQh(t),
divU =0 forz € O ,
U= H'e forz € OBy , (4.6.5)
U=0 forz € OI'g ,
mH"(t) = —é5 - TU,Qndo+m fr,
8Bh(t)

where f and f; are given source terms, and {2,y and By, are prescribed and not unknown. In
particular, they are associated to (@, h), where @ is known and it is as in (4.6.3). Following [76,
Definition 2], we say that, given f € L¥3((0,T) x Quq)), f1 € L¥3(0,T;R) and £ > 0, then

(U, H) € [LX0,T; H: Q) 0 LZ(0, T; L2 ()] x C([0, T; [=L + 6 + e0, L — & — &)

is a weak solution to (4.6.5)), with vanishing initial data and source term f, f1, if U is divergence
free, U(0) = 0, H(0) = 0 and

/ 8—U¢dx+2u/ DU : Dédx +m(H" — f1)l, =
Qh(t) R

BT )fgzﬁdx

Qne
for all ¢ € C5°([0,T] x R;R?) such that ¢(-,t)|p,, = £(t)é2, with £(t) € R. The third step
implies showing that weak solutions to (4.6.5)) in the sense given above are unique. This can
be done precisely as in [[76, Lemma 8], by taking the difference between two weak solutions,
which is allowed because the fluid domain is in this case prescribed, thus identical for the two
solutions. Then, by [[76, Lemma 4] and [71, Theorem 4.1] we know that problem has a
unique strong solution with vanishing initial data belonging to

U e LY*0,T; W3 Q). U € LY*(0,T; L**(Qu)),  H € W30, T;R),

VQ < L4/3(O, T L4/3<Qh(t)>> ,
(4.6.6)

and such that
||U”L4/3(0,T;W274/3(Qh(t))) + ||an||L4/3(0,T;L4/3(Qh(t))) + HVQ||L4/3(0,T;L4/3(Qh(t)))
4.6.7)
< C (I lzsmomesm@ney + 1fillmors) -

where C' depends on the geometry of the rigid body and on 7'. Through some integration by
parts, it can be shown that any strong solution to is also a weak solution to (4.6.5)). The
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Chapter 4. Well-posedness of a FSI problem in a Poiseuille flow: vertical motion

last step implies showing that, given
U:=tu, H :=th, Q:=1tp, (4.6.8)
then (tw, th) is a weak solution to in the sense given above, with source term
f:
fi:

Finally, we conclude by the properties of weak-strong uniqueness satisfied by the solutions to
(#.6.5)), that the solution (4.6.8) must be strong, thus it satisfies the regulary in (#.6.6)) and the
estimate in (4.6.7)), which yields the desired result, up to undoing the change of variables in

#.6.3). O

Let us consider two weak solutions of the equivalent problem (@4.3.9)-(4.3.10), (vy, k1) and
(v2, ha), in the sense of Definition |4.3.3] with the same initial conditions, where v; is defined
on the fluid domain Q' (¢) while v, is defined on Q?(¢). Let &g > 0 be such that

U—t@-V)a—ta-V)s—t(s-V)u+tge LY30,T; L**(Quw))

n + AR LY3(0,T;R).
m

in (dist(B, 9Q)) >
tg[lgl’rjlﬂ]( ist(B,08")) > <o

for i = 1, 2; the existence of such £y comes from Theorem Finally, let ¢(y1,y2) be a
smooth cutoff function equal to 0 in a /4 neighbourhood of 9B and to 1 for any (¢,y) such
that dist(y, 0B) > o/ 2. Then, for each of the two solutions, we define a solenoidal velocity
vector field V; : [0, 7] x Q' — R? as

Vi(t,y) == {—y1h;0,,C, Chi + y1hi0,, C}. (4.6.9)
Notice that
0 if dist(y, 0B) > €¢/2
V;(t, y) - I~ g s
—hley, ifdist(y,0B) < eo/4.

We introduce a further domain €2°, which serves as reference configuration, corresponding to the
initial condition (wy, ho). Then, we build the deformation mappings of such domain respectively
into Q' and Q2, X : [0,T] x Q° — Q(¢), i = 1,2 as the flow associated to [#.6.9):

Xi(0,y) = y.

Notice that, since V-V; = 0, X is volume preserving. More precisely, taking y = (y1,v2) € Q°,

(y1,y2 + ho — hy(t)) if dist(y, 0B) > /2
Xi(t,y1,12) = o
(Y1, y2) if dist(y, 0B) < go/4.

The mapping X; is a smooth function of V;. In particular, for some C' > 0

107 Xi(t, Wl erg,, < CIBY| Vi=0,1,  VkeN (4.6.10)

Hck(éi
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For each t € [0, T'| we define the volume preserving diffeomorphisms
Uy QQ(t) — O (1)
y— Ui(y) = Xa(t, X5 ' (1))
o =7 QY ) — Q%(1) (4.6.11)
y— ouly) = Xo(t, X7 ' (t,y)).

Thus for any y = (y1, y2) such that dist(y, 0B) > &¢/2

Ve(y1,y2) = (Y1, Y2 + ha(t) — ha(t)),

er(Y1,y2) = (Y1, y2 + ha(t) — ha(t)).
Given the extensions of the Poiseuille flow associated to each of the two solutions, a; = ap,

and ay = ay,, defined as in (#.3.11)), we put v; = v; — a; and v, = vy — ap. For any given
y = (y1,y2) € Q'(t), we introduce the function

by = Vb (y) - va(t, i (y)),
the pullback of v, by map ; in (4.6.11). Since a; = 0 near the obstacle B, because of (4.3.11)
and the properties of s as in Lemma4.3.T] we obtain that the pullback of a, corresponds to
ay = Vi (y) - az(pi(y)) = aa(yr, yo + hi — he) = s(y1, y2 + h1 — ha + ho) = ay,
which implies that the solenoidal extension a; and a, are equal after the change of variables.
Thus, from now on, a; = a; = a. We remark that b, mantains the property of being solenoidal
since ; is volume preserving. We also define
Ty = Pa(t, pe(y)) -

The weak formulation satisfied by (01, k1) can be obtained from (4.3.20)), after rewriting the

equation by integrating by parts the two first terms. For a.e. ¢ € [0, T, there holds, for every
(p(t),£(t)) € Vp,, such that ¢(-,T) = £(T) =0,

(01 (t), ¢(1)) +m by (t) £(t) + f (ha(£)) €(E) + 2u(D (01 (1)), D(S(2))) 1201 )
+(Ui(t), vi(t), 9(t) + ©(0i(t), a, ¢(t)) + ¥(a, v1(t), ¢(1))
— ¥(hy(t)er, 01(t), ¢) — (R (t)er, a, ¢(t)) = (g, ¢(1)).

We refer to [76, Section 3.2] for the explicit computation of the partial derivatives of v, in terms
of those of b5, o as to obtain that the equation satisfied by v, reads as

(009, 0) +mhy £+ f(h2) €+ 21 (D(02), D(9)) 12(61 sy + ¥ (02,02, ¢)
+w(a27a7 ¢> +w(a,/U\Q,¢)—¢(h/2€2762,¢)—¢(h/2/€\27a,¢):<§a ¢>_<f7 ¢>a

for every (¢(t),£(t)) € V,, suchthat ¢(-,T) = ¢(T) = 0, where, using Einstein’s summation
convention and omitting the index ¢ in ¢/, and ¢y,

=+ (awi — 5ik)(9t/ﬁg + 8k90i316§(8t¢l) + (akatgoi)ﬁg + (0,3190i)(8t¢l)3§
+ 050,05 (D’ — dix) + (") 0505 + Opma (0" — Gire) — 0™ (020" ) D050,
— (Oup' 0™ 0" — 63k Ojm;1) O 0 — i 0,05 (03,0
— 0™ (030" 00105 — (O5.0") 020l — (D7) 00 00 0, 0.
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Now, let (w, ﬁ) be defined as in (4.3.28)). Then, taking the difference of the weak formulations
satisfied by v; and b5, one has

(0w, @) +m B £+ [f(ha) — f(ha)] £ + 2u(D(w), D(9)) 121 o)
+ (01, w, ) + Y (w, 2, 0) + Y(w, a,8) + V(a, w, §) — (hEz,w, )
— (1'e3,0,0) — p(WEr, a,0) = (f, ¢).

Then we take (¢, /) = (w, k') and we obtain
(Ow, w) +m BB+ [f(he) = F(h)] B + 201 D(w) |2 gy = (F0)
— P(w, by, w) — Y(w, a,w) + w(//;'%, a,w).

Thus, using [134, Chapter 3, Lemma 1.2] and that (w', ") € L2(0, T; V},,) (from the properties
of weak solutions to problem (4.3.9)-(4.3.10))), there holds

d ~ &
Iyt m P 2 [ 106 ds | 4 401D ) = 2050

— 24(w, 09, w) — 29(w, a,w) + 2w(ﬁ'€2,a,w).

(4.6.12)

Now, we estimate the right hand side of the above inequality, starting from the trilinear forms.
For what concerns the second term, we exploit Lemma[4.6.1]and the Young inequality:

124 (w, b2, w)| < 2[wlZ4 610 V02| L2 oy
< 22| w|l 2@y IVl L2 ) )HVU2||L2(521 ®)
_ 10
U

The third term can be estimated analogously to what we did in the proof of Proposition @
through the Holder inequality, the Poincaré inequality in the domain Q'(#) and the Young in-
equality:

”wHLz Ql(t)||va2||i2(§21 ||Vw||L2 ©1(1))

4L
2¢(w, a,w)| < —HV@”Loo a1 | VWl 2@ o llwll 2 @1 )
5 16L2
4u 2

< IVl s o 01200y + SNV 20

Then, we consider the domain Q'(¢) to be partitioned as in (#.3.8)) and we recall that the function
a enjoys the same properties of s stated in Lemma4.3.T|once we substituted v, and R, with 0p
as in (4.3.9) (where, instead of h, we consider h;) and Ry, . The last term on the right hand side
of (4.6.12) is bounded following the reasoning developed in the proof of Proposition {.4.1] for
the terms in (4.4.6). Given

- ) 8L3
IVOpllr2-r,py =AE  withg =/ =
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one can write

20 a,0)] < L B E(Vallagg + 2262 + 2 VulPag
2,4, = o 72 L2(925(1)) 5 L2(QY(t))

In order to estimate the first term on the right-hand side of equation (4.6.12), following [76], we
divide f into pieces
f=h+h+tfstfatfs
with
Fi o=(0 00" )05 + (O (00 )05 =) {@W@ims@i)aﬂlﬁ’ﬁ(3fk90i)3fj o3
J
fo =0 0F3(00") — 3 [0,0" Gh 0550, + D005,
J
(00,010,570,
fs = (00" 0505, fa:= 050,05 (9’ — ),
f5 = (8k<p — (5zk)8t3§ -+ 8k7r2((9i¢k — 5zk> — Z(@kwl jl/)majlpl - 5lk5Jm5ﬂ)8§d§’§
J
We have the following estimates, where we use (4.6.10).

* Concerning the first three terms:

f1-wdyds
al(s)
~ t —~
< C||U2||Loo(o,T;L2(§zl))/ (I][%awa( )||L2((zl(s)) ff(l)aﬂ( € )ah,(s))|> ds
0
t
< CHU?HLOO(O,T;L?(@))/ (I[%aXHw( )“iQ(Ql(S))
0
e (o), (5D ) s,

[, v

< O/o ||v/ﬁ2('>s)HL2(Ql(s))(%%XHQU(WS)HLQ(QH )max\( (s )aﬁ/(s))o ds

[0,s]

t
<€ [ 158l s 0 9) g

[0,5]

+ max| (s >,ﬁ'<s>>12) ds,

[0,5]
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t
‘// fs - wdyds
0 JQl(s)

t
<C a8 s 109 o ) s
O sS

t
< Cllosll e orareny / 9820l e e 5)

X max\h( )| ds

[0,s]

t
SCHUzHLw(O,T;La(Ql))/O \IVUz(nS)HLz@l(s»(maXHw( 72 @ (s

[0,s]

+ max \ﬁ(s)|2> ds

t
< Wl | 19800 o () g

[0,s]

+max|h( ), h (s )|2) ds.

* For the fourth and fifth terms, following [76]], thanks to Lemma[4.6.1] we have

fa-wdyds

a1(s)
t N R 1 4
< C/ Hb2('7S)HL“(Ql(s))HtVUQ('aS)HL‘*(Ql(s))“Z(@k@Z_5ik)|’L°0(f21(s))
0
X Hw('as)Hm(Ql(s)) ds
t
SC/ ||02('7S)||L4(ﬁ1(s))||tvn2('7S)’|L4(Ql(5))I{(l]afclh,(sﬂ
0 ,S
X |lw(, $)Il 2 sy ds

< O [ 1T B30 1 T8 i s )

X [lw(-, s )||L2(Ql(s)) ds .
Next we notice that

bi(t) == [ VOs(-, 1) ot V02 ) o o) € L0, T)

L2(Q1(¢)

due to the Holder inequality with exponent p = 4 and ¢ = 4/3. Hence we obtain

t
’// fa-wdyds
0 JQL(s)

t
~ 111/2
< C|]UQ\IL{>O(O’T;L2(S~21(t)))/0 bl(s)<n[%i]wa( )HL2 G1(s )+r[%afc|h( s), h’(s)]Q) ds.
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Next, we introduce

ba(t) ==[16005 | Lass e oy + N0kl ass ey + 1605 y2aso ey € L0, 7).
We deduce that

‘/ /91 (s)) Jo - wdyds) < C/ by(s ) |(E( ), h,(S))|||w(',S)||L4(Q1(s)) ds-.

Next, we apply the Young inequality twice as follows

‘/ /Ql(s f5 - wdy ds <C/ ()% |w(, )”L4 (@ (s))
+C / ()" masx| (h(s), ' (5)) s
<c/ ba(s) (-, ) 2206, o)
+C/ b (s 4/‘°’ma><|( (5), 1/ (s))[* ds

[0,s]

2 IV

where by(1)*/3 € L'(0,T).

If we set
A(t) =182 g0 riz2@ o) (L 19020 )| 2 )
11021172 gz oy 1 (1) + 2 (D € LHO,T),
we obtain

f wdy ds

Ql

< /A( )(%gﬂw(ﬁ)!\p &1(s))
+ o (s >,E'<s>>12) s

[Os

2 IVt

Then, given A(t) as above, we define

5 16L2

- 10
A(t) = A(t) + —IIVU GO @ T a —IValli <@

_ 54L2
B(t) = A1) + 5y (IVal Py + V€)
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We reorder (4.6.12)) once we plugged the above estimates, considering the above definitions and
using that

/\vwwys/ me@=2/ uxwﬁw:z/\Dwmm%
Ot Ap, An, Ot

since w is a divergence free vector field vanishing on 0Ay,. Thus, integrating between 0 and ¢
we obtain, since w(0) = 0 = h'(0),

R ha(t)
[w()[ 721y + mIP ()] +2 f(s)ds
ha(t) (4.6.13)

soA(Mﬁmmm<mpm@+m»mmﬁmhwmﬁm.

[0,s] [0,9]

Then we set

D(t) = A(t) + B(t)
and from (4.6.13)), we infer

t
[Jw(t )HL2(Ql(t)) + m’h/(t)P < /0 CD(s) (maXHw( )HL2 (@1(s))

[0,5]

+ max | (h(s ),E’(s))ﬁ) ds.

[0,5]
As in [76]], we notice that
d ~ ~ ~
%]hﬁ < C(IW ]2+ |h?). (4.6.14)
Using D(t) € L*(0,T) and Gronwall’s lemma, we conclude that
w1721y + IR @) =0,

which, if one uses (4.6.14), implies finishing the proof.

66



CHAPTER

Well-posedness of a FSI problem in a Poiseuille flow:
full motion

In the present chapter, we treat problem (2.0.9) which allows to model the second phase of the
flutter phenomenon, when the vertical and torsional motion of the deck of a suspension bridge
synchronize under the action of the wind (see the introduction in Chapter ). In particular, we
obtain a global-in-time (up to collision) existence result for problem (2.0.9).

5.1 Gilobal existence (up to collision) of weak solutions

We refer to the introduction in Chapter [] for a general presentation of the flutter phenomenon,
and to Chapter [2] for the notation and rigorous formulation of problem (2.0.9). Problem (2.0.9),
analyzed in the present chapter, represents an extension of problem (2.0.7)) which takes into
account a full coupled vertical-torsional motion of the obstacle in an unbounded channel. This
allows to model the interaction between the deck of a suspension bridge and the wind in a regime
of strong oscillations, as in real-life experiment, where the vertical and torsional displacements
are lead to be coupled under the action of the areodynamic forces. In this context, in analogy
to problem (2.0.7), the restoring forces F and F; driving the motion of the obstacle in (2.0.9))4-
(2.0.9)5 can be seen as forces resuming the elastic upward action of both the hangers and the
substaining cables on the deck, the downward action of the weight of the deck and the elastic
resistance to bending and stretching of the whole deck.

The main purpose of this chapter is to prove the global-in-time (up to collision) existence
of weak solutions for the fluid-structure interaction evolution problem (2.0.9)). In order to build
weak solutions, we exploit a penalization technique by allowing the obstacle to also move in the
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horizontal direction and penalizing its motion in such a direction. This produces the penalized
problem (5.3.1))-(5.3.2)-(5.3.3)) such that, in the limit, we recover a purely vertical-torsional
oscillation of the obstacle. Actually, our method is based on a double-limit procedure, since
the initial data of the penalized problem will be approximated by more regular data allowing
to obtain a sequence of strong solutions to the penalized problem. By letting simultaneously
the penalization index go to infinity and the sequence of initial data converge to less regular
initial data, we obtain a weak solution to the original problem. The construction of strong
solutions follows the method in [33./130, 131]], which is based on a change of variables to make
the fluid domain time-independent, and a fixed point procedure. Using strong solutions allows
to circumvent the difficulty of working with a global weak formulation, which would be for
instance required when obtaining directly a weak solution through the methods in [41, 87, 119].
However, due to the coupling with rotation, the change of variables needed to work in a fixed
domain and obtain strong solutions is not of immediate application to the original problem
(2.0.9), where the obstacle has a purely vertical translation. This is why we add an intermediate
step by introducing the penalized problem.

The main result of this chapter reads as

Theorem 5.1.1. Assume that Fy(h,0), Fy(h,0) € C*(Aqs; R) satisfy the assumptions given in
Chapter 2| with Ay s as in (2.0.4). Moreover, let v satisfying (2.0.11),-(2.0.11); be such that

ug -1 = (hos + Ogzt) -1 on OB, with hg, 0y € R. Then, there exists at least one weak solution
(u, h,0) to problem (2.0.9). Moreover, the following alternative holds

(1) T = oo;
(2) T < oo and limy 7 ((k(t), h(t)),0(t)) ¢ Aas.

This chapter is devoted to the proof of Theorem [5.1.1] We emphasize that the statement of
Theorem [5.1.T] has to be understood as a global-in-time existence result up to collision; indeed,
the set A, in (2.0.4)) is the set of admissible values for (%, §), which excludes the possibility of
collisions between the obstacle and the boundary of the channel.

Chapter [5]is organized as follows. Section[5.2]is devoted to presenting the preliminary no-
tions needed to define in a suitable way a weak solution to problem (2.0.9). In particular, we
introduce a solenoidal extension for the Poiseuille flow vp, by which we reformulate the orig-
inal problem (2.0.9)) into an equivalent problem with fully homogeneous boundary conditions,
problem (5.2.3)-(5.2.4)-(5.2.5). In Section we introduced the penalized problem (5.3.1))-
(5.3.2)-(5.3.3) and we prove the existence of a global-in-time strong solution to this problem.
This requires transforming (5.3.1)-(5.3.2)-(5.3.3)) via a change of variables to a fixed domain,
investigating a linearized problem associated to the transformed penalized problem by means of
a semigroup approach, and then applying a fixed point procedure. This only gives local-in-time
existence of a strong solution to problem (5.3.1))-(5.3.2))-(5.3.3)); the global-in-time character is
then obtained through some suitable a priori estimates in Theorem [5.3.12] Finally, in Section
[5.4] we conclude the proof of Theorem[5.1.1] by proving the existence of at least one weak solu-
tion to the equivalent problem ((5.2.3)-(5.2.4)-(5.2.5)) in Theorem As already mentioned,
the proof is based on a diagonal argument, that implies approximating the initial data in
by more regular data and passing to the limit in the penalized problem.
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Remark 5.1.2. One might wonder why the obstacle B considered in Chapter [5|has an elliptical
shape, whereas in Chapter [4]it was a rectangle. The explanation partially lies in Remark 4.3.4]
As soon as the contact surfaces are of the class C*°, one is in the position to extend the result in
Theorem [5.1.T]and prove a no-collision result without using any additional assumptions on the
restoring forces F7 and Fb.

Remark 5.1.3. We observe that we do not expect the penalty method used in the case of transla-
tion in a bounded domain (see Chapter [)) to work also in this case, because the same technique
will generate an infinite energy term. For the purpose of clarifying this observation, we consider
a simplification of problem (2.0.9), by assuming that the obstacle B is only free to rotate around
a fixed pin placed at its center of mass and that any translation is absent. If we aim at using the
penalty method seen in Chapter 4] we must introduce the change of variables allowing to write
the equations of motion in a frame attached to B, whose coordinates are labelled as (y1, y2):

QO)y =, (5.1.1)

where (Q(0) is defined as in (2.0.3). The fluid-structure interaction evolution problem in the new
rotating reference frame is obtained consequently, similarly to what is done in [58,|124]. Let us
just highlight that the Poiseuille flow at infinity after the change of variables (5.1.1)) assumes the
following expression, for each value of 6:

op(y) = (cos[@ A(L?—(y1 sin 0+ys cos 0)?)], — sin[0 A (L*—(y; sin 04y cos 6’)2)]> . (5.1.2)

The auxiliary fixed domain that we built in Section then corresponds to R?; indeed, the
channel is unbounded and it may cover the whole plane when rotating. The velocity field at
infinity vp defined in (5.1.2)) in the new reference frame is then extended outside the rotating
channel to the whole R? if one wants to apply the penalty method, as we did in Section
Thus, the Poiseuille flow is extended to be a parabolic branch diverging to infinity. This implies
that the solenoidal extension would capture a flow to which it is associated an infinite energy,
thus compromising the possibility of proving the existence of a weak solution to the penalized
problem and, consequently, to the original problem, through the penalty method of Chapter A
This is the main justification why we analyze (2.0.9) with a different technique in the present
chapter.

5.2 Some technical tools

5.2.1 Functional spaces

In the sequel, we will be lead to consider the case where the body B is characterized by both a
vertical and an horizontal translation, thus denoting

B;=B,+ké, keR,
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the final position of B, after a full translation and rotation. Then, we define
H(By) ={(v,,a) € L*(A) xR*xR|V-v=0in A, v-7=0 on J4,
v="_+a(x,—kxy—h)" in B},
V(By) ={(v,l,a) € H}(A) x R* xR | V-0 =0 in A4,
v="_+a(x,—kzy—h)" in B;}.

In order to define a weak solution to problem (2.0.9), we introduce two closed subspaces of
respectively #H(By) and V(By), namely

Ho(B,) ={(v,0,a) e *(A) xRxR|V-v=01in A, v-7 =0 on JA,
v="_08+a(z, x5 — h)* in B},

Vo(By) ={(v,f,a) € HY(A) x RxR|V-v =0 in A4,
v="_08+a(xy,z9 —h)" in B,}.

We define an inner product in L?(A) by

(61, o) 1sa) = ¢1~¢2d:c+/ pér-dade Vo, ds € L2(A),

Qy By

where p > 0 is the density of the body and €2y = A\ B;. This product induces a norm equivalent
to the usual norm in L?(A). Moreover, we notice that if ¢, ¢ € L?(A) are such that

Ui(l’l,[L’Q) V(l’l,l‘Q) S Qf
¢i(w1, 1) =
i+ o (ml—k,xg—h)L V(l’l,mg) EBf

for some u; € L*(A), {; € R? and a; € R, i € {1,2}, then

(P1, P2)r2(a) = / uy - ugdr +mily - by + T aran.
Qf

Since the Poincaré inequality holds in V(By), we endow H(B;) and V(B;) with the scalar
products

<Zla22>7-l(Bf):/ Ul'U2d$+m£1'£2+j041042,

v (5.2.1)
<Z1722>V(Bf) = Vu1 : VUQ dx+m€1 -€2+ja1a2,
Ry
where 2; = (u;, l;, ), i € {1,2}. We call || - ||3s;), || - lv(,) the norms induced by the scalar

products in (5.2.1). The integral in the second formula in (5.2.1)) can be defined on the whole
channel A; indeed, Vu; = Vuy; = 0 on By, since any element of V(B) is a rigid motion on

70



5.2. Some technical tools

By. Recalling that D(-) denotes the symmetric part of the gradient, for all u1, us € Hj(A) with
V-u; =V -uy = 0 we have

2/ D(uy) : D(ug) dx = / Vuy : Vugdx .
A A

If k,h,0 : [0,7] — R are functions of time such that (h(t),0(t)) € Ay for every t € [0, 77,
we define the spaces

LP(0,T; V(B;(1))) :{f L [0,T] — V(Bs(t)) sit.

T
I mvisyiom = | 1F o <400

for 1 < p < o0, and also
L>(0,T;H(By(t))) :{f (0,7 = H(Bs(t)) st

[ £l zoe 0, m0B, (1)) = 653[5%3 1 (D)3, < +O°}v
T€|0,

and analogously for
LP(0, T V(By(t))),  L¥(0,T; H(Bu(1))).

In order to define further functional spaces which will be used in the sequel, we suppose that,
given T > 0, there exists a diffeomorphism ¢ : 2y x [0,T] — €4(¢) of class C* such that its
derivatives

(yvt) GQOX (O7T) Hﬁ(y7t) VZ7JGN7

exist, are continuous and compactly supported in {2. Furthermore, for any function g : Q¢(t) x
0,7] — R?, we denote by g, : o x [0,7] — R? the mapping g,(y,t) = g(¢(y,1t),t),
for every y € {2 and ¢ > 0. Then, we can define the following spaces in the time-dependent
domain:

L2(0,T; H*(Q4(1))) = {u: Qo x [0,T] — R* [ u, € L*(0,T; H*(0))}
HY0,T; L*(Q4(t))) = {u: Qo x [0,T] — R? | u, € H'(0,T; L*(Q))}
C([0,T]; Hy(Q(1))) = {u: Qo x [0,T] — R* | u,, € C([0,T]; Hy(Q))}
L2(0,T; H (4 (1)) = {u: Qo x [0,7] — R? [ u, € L*(0,T; H'(Q0))} ,

where we have defined
H'(Q0) = {p € L () | Vp € LX)}

71



Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

5.2.2 Construction of a solenoidal flux carrier

Since problem (2.0.9) is set in a two-dimensional unbounded channel with a prescribed non-zero
velocity field at infinity, we construct a solenoidal extension of the Poiseuille velocity profile at
infinity by following precisely the same procedure of Lemma4.3.1]in Chapter 4] The following
result holds:

Lemma 5.2.1. For every € > 0 there exists a vector field s = s. € W**(A) N HE.(A) such
that
V-s=0 in A, s=1(0,0) in [-2,2] x[-L,L—¢], s=(0,0) on O0A,

s=wvp in A;UAy, supp(s)=A\((—2,2) x (—=L,L—¢)).

Proof. See the proof of Lemma in Chapter {] It sufficies to change the support of the
cutoff function acting in the vertical direction in (4.3.5). We emphasize that the fact that A is
an unbounded domain only changes the regularity of the function. [

Lete € (0, L — 6) and define the vector field s = s. € W>>(A) N HY

ioc(A) as in Lemma
5.2.1l Introduce

g=pA(s—vp)—(s-V)s, (5.2.2)

sothat g € L=(A) N L (A). In fact, by following step-by-step the proof of Lemma4.3.5 we

loc
have

Lemma 5.2.2. For any ¢ € (0,L — §), define g = g. € L>(A) N L, .(A) as in (5:2.2). Then
g € L?(A) and the following estimate holds:

191224y < pllAslz2a0) + I8l 1can) IV 8]l 22 (40)-

5.2.3 Definition of weak solution

Givene € (0, L—¢),let s = s. be as in Lemma Moreover, we define a subset A, . C A5

as
T
= == —§|sing] <
Ay e {(h,&)eRx( 2,2) ‘dcosﬁ dsinf| <2 and
]h|+d|sin9|+5cos€§L—5},
so that

(h,0) € Ay« — B, C[-2,2] x [-L+¢e,L—¢].
We look for solutions to problem (2.0.9) in the form © = w + s and p = p + 7, where (u, D)
solves the problem:

U —puAu+ (u-V)u+Vp+ (u-V)s+(s-V)u=g, div(u)=0 in Q, x(0,7),
lim u(xy,x9,t) =0 Vay€[-L,L], t€]0,T], u=0 on 'y x(0,7),

|z1]—o0

u=he+0(x—he)" on dB, x (0,T).
(5.2.3)
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According to (2.0.9)4-(2.0.9)5, the vertical translation and the rotation of the obstacle B respond
to

mh" + 51 h/ + Fl(h, 9) = —/6\2 . T(’/LL\, ﬁ)ﬁ il’l (O, T) y
OB (5.2.4)

T0"+ 50 + Fy(h,0) = — / (= hey)" - T(@pR in (0.7),
0B,

with the initial conditions

h(0) =0, A'(0)=he, 6(0)=0, 6(0)=6, u(x)=u(x)—s(z) in Qy=Q,(0),
(5.2.5)
for some hg, 0y € R. The properties of s given in Lemma imply that 2, must verify

V'ﬂo =0 in Qo,
lim ’/LL\()(ZL'l,ZEQ) =0 Vi, € [—LjL], ao =0 on I'yx (O,T),

|z1| =00

ao = k’o é\g + 90xl on 830 X (O, T)
Now, let (@, h, ) be a smooth solution to problem (5.2.3))-(5.2.4)). Taking
(¢7 ga Oé) S Cl([ou T}? VU(‘BU(t)))

such that ¢(7') = ¢(T) = a(T) = 0, we multiply (5.2.3), by ¢ and integrate over space and
time to obtain

T T
// [ﬂt—MAﬂJr(ﬂ-V)aJrVﬁJr(@-V)s+(s-v)a]~¢dxdt:// G-odudt.
o Ja,e 0 Jau)

(5.2.6)
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Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

Since ¢(t) € V(B,(t)) for a.e. t € [0,T7], an integration by parts and the boundary conditions

in (5.2.4) yield

T T
/ / (—p A+ V) - dda dt — —/ / div(T(3,p)) - & du dt
0 J() 0 JQu(t)
/ / T(u,p) : Vodxdt — / T(u,p)n-¢drdt
OB, (1)
= 2u/ / D(u (¢) dx dt — / T(u,p)n-¢dedt
OB, (1)
=2u/ / D(@) : Do) dxdt—eaz-/ (5, p)7 do dt
0 JQu(t) 0 JoB,(t)

T
—a/ / (x — hey)* - T (U, p)ndo dt
0 JOB,(t)

T T
= D(w): D(¢)dxd /(mh” h + Fy(h,0))d
o [ /w) (@) D) dwdt+ [ tm "+ 5y + Fa(h.0) d
T
+/ a(T 0" + Bt + Fy(h, 0)) dt
0
T T
=2u/ / D(ﬂ):D(gb)d:cdtJr/ (=m b €+ By W £ + Fy(h, 6) £) dt — m o £(0)
0 Qy 0

T
+/ (—jelO/+ﬁ29/Oé+F2(h,9)Oé)dt—J@()Oé(O).
° (5.2.7)

In a similar way,

T T
/ / Uy - ¢dudt = —/ / -y dudt — T - $(0). (5.2.8)
0 o(?) 0 JOu )
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By inserting (5.2.7)-(5.2.8) into (5.2.6) we deduce

T
—/ </ u- ¢tdx+mh’€’—ﬁlh’f—Fl(h,9)€+.79’0/—629'04—Fg(h,ﬁ)a) dt
Qo (1)

+2u// D@ dxdt+/OT/QU(@[(@V)ﬂ-¢+(ﬁ~V)s~¢

- ¢l dudt

U - @(0) + mho £(0) + J 6 a(0) / / g-odrdt

(5.2.9)
We are now ready to give a definition of weak solution to (5.2.3))-(5.2.4)-(5.2.3)), which is equiv-
alent to the original problem (2.0.9).

Definition 5.2.3. Let 7" > 0. Given (%o, ho,6) € H,(B,(0)) and s = s. as in Lemma |5.2.1]
depending on some € € (0, L — §), we say that a triplet (u, h, #) is a weak solution to problem

G.23)-G.24)-G.2.5) if
(h,0) € WH(0,T;R?*) N C([0,T); Avey)
(@, 1, 0") € L*(0, T Vy(Bu(t))) N L*(0, T3 Ho(Bu(1)))
(@, h, 0) satisfies (5.2.9) for every (¢, ¢, ) € C*([0,T]; Vo(B,(t)))
such that ¢(-,7) = ¢(T) = «(T) = 0.

5.3 The penalized problem

In order to solve problem (5.2.3))-(5.2.4) we will adopt a penalization technique, in the sense that
we will assume that the obstacle is free to move in all directions in the plane, by penalizing its
motion in the horizontal direction so that in the limit we will recover a purely vertical motion.
To this purpose, we introduce a set of admissible values for the three coordinates of the full
motion of B in the plane, that is

Ay, :{(h,k‘,Q) €ER xR x (—%,%) ‘ |k| + dcosf — §|sinf| <2 and
]h!+d!sin6\—|—5cos€§L—5},

so that
(k), h,Q) S Aﬁg - Bf C [—2,2] X [—L+€,L — E] .
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Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

Let n > 1 be a fixed integer. We introduce the following penalized problem:

U — pAT+ (@ V) i+ Vp+ (@ -V)s+(s-V)a=3, divi@=0 in Q x(0,7),
lim @z, 29,t) =0 Vase|-L,L], t€[0,T], @=0 on4x(0,T),

|z1|—o0

u=(k,h)+0(xy—k,xs—h)" on B; x (0,T).

(5.3.1)
In this case, the motion of the obstacle is governed by
mk" + B,k +nk=—¢ - T(u,p)n in (0,7),
dBy
mh” + 61 h, + Fl(hu 0) = _/6\2 : T(aa ﬁ)ﬁ in (07 T) ) (532)
oBy
T+ 60+ Flh0) =~ [ (0= k=0 T@HR in 0.7)
dBy
with the initial conditions
k(0) =0, K(0)=ko, h(0)=0, HK(0)=ho, 6(0)=0, 6(0)=>b,, (5.33)

Uo(r) = up(w) — s(z) in o,

for some ko, hg, 0y € R. The properties of s given in Lemma imply that, in this case,
must verify

V%:O in Qo,
lim ao(l'l,l'z) =0 va € [—L,L], ao =0 on FA X (O,T),

|z1|—00

Uy = (ko, ho) + Oo(x1 — ko, m2 — ho)™ on 0By x (0,T).

Since we will deal with both weak and strong solutions of the penalized problem (5.3.1))-
(5.3.2)-(5.3.3), such definitions are given below.

Definition 5.3.1. Let 7" > 0. Given (uy, (ko, ho),8y) € H(Bs(0)) and s = s, as in Lemma
depending on some ¢ € (0, L — ¢), we say that a quadruplet (u, k, h, 0) is a weak solution

of .3.1)-(5.3.2)-(3.3.3) if

((k, ), 0) € W0, T;R* x R) N C([0, T]; Arsy)
(@, (K',1),0) € L*(0,T; V(By (1)) N L>(0, T3 H(By (1))
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and also (u, k, h, 0) satisfies the identity

T
—/ (/ ﬂ-gbtdx—l—mk’f'l—ﬁﬂc'ﬁl—nk€1+mh’€’2—51h'£2—Fl(h,9)€2
0 Qr(t)
T
+J0 ' — B0 o — Fy(h,6) Oz>dt+2p,/ D(u) : D(¢) dxdt
0 JQ()
T
+// (@-V)U-¢p+(U-V)s- ¢+ (s-V)U- | drdt
0 JQy(t)

T
0 ()

for every (¢, ({1, ¢2), ) € C*([0, T); V(By(t))) such that ¢(T) = 1(T) = €o(T) = a(T) = 0.
Definition 5.3.2. Let 7" > 0. Given (uy, (ko, ho),00) € V(Bf(0)) and s = s. as in Lemma
[5.2.1depending on some ¢ € (0, L — §), a quintuplet (@, p, k, h, §) such that

a € L*0,T; H*(Qp (1)) N H'(0,T; L*(Q(1)) N C([0, T Hy(Q(t)))

pe L0, T; H (1)), (kh) e H0,T;R?), 6c H*0,T;R),

and (k(t), h(t),0(t)) € Ay, for every t € [0, 7], is called a strong solution of (5.3.1)-(5.3.2)-
(5.3.3) if (5.3.1), is satisfied almost everywhere in 2¢(¢) x (0,7'), (5.3.1); is satisfied in the
trace sense and is satisfied almost everywhere in (0, 7"). Moreover, the initial conditions
are attained for every ¢ € [0, T].

5.3.1 The transformed equations

We now transform problem (5.3.1))-(5.3.2))-(5.3.3]). We preliminary state a proposition allowing
to define a change of variables associated to the rigid motion of the obstacle in problem (5.3.T))-
(5.3.2)-(5.3.3)) in order to be able to set the problem on a fixed domain and eventually also to
compare different solutions; indeed since (5.3.1)-(5.3.2)-(5.3.3) is set on a time-dependent fluid
domain, different solutions are defined on different domains. This change of variables depends
on time ¢ through £, h and 0; it was first introduced by Takahashi [130, Section 4.1], inspired
by Inoue-Wakimoto [93]]. For every € € (0, L/2) we write

22

Note that, on one hand,

(95:(—3 3>><(—L—|—25,L—25) and A.=A\([-2,2] x[-L+¢,L—¢]).

0. C {z € A|dist(z,0A) > 2} .

On the other hand, if s is the solenoidal extension of Lemma [5.2.1] with such &, we have that
supp(s) C A, so that
s=0 on A\ A.. (5.3.4)

In [130} Section 4.1], the following result is proved:
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Proposition 5.3.3. Consider a fixed pair (k,h) € H?*(0,T;R?) and a fixed function 0 &
H?(0,T;R) such that k(0) = h(0) = 6(0) = 0. For every t € [0, T] there exist two volume-
preserving diffeomorphisms

P(t, ) Qp(t) — Qo and  p(t,-) : Qo — Qf(1) (5.3.5)
satisfying, for all € € (0, L/2) and t € [0, T), the following properties:
Q)T (x1 — k(t), zo — h(t)) if €O,
Y(t,x) = ,
s lf T e 'A€7

and

QO(t))y + (k(t), h(t)) if y€O.
w@wz{ ,
Y if ye A..

More precisely, we have that ¢ € C*(0,T;C>®(2(¢))) and ¢ € C*(0,T;C>*(Q)). In particu-
lar, for some constant C' > 0 that depends on {, L and ¢, there hold

1073t ) lero oy < C (1KY (@) + [RD ()] + 169 (1)]) Vj e {0,1}, ¢ e N.
and
170, Mleeon) < C (D@ + WD) + 10V (@®)])  Vje{0,1}, L eN.

Proof. We start by noticing that (k, h) € C*([0,T];R?) and 6 € C'([0,T];R) due to a classical
Sobolev embedding theorem. Let ¢ € C*°(R?;R) be a smooth cutoff function equal to 0 in A,
and equal to 1 in O.. Define the rigid motion associated to (k, k) and 6 as

V(x,t) = K (t)er+h (t)ea+0 (1) (z—h(t) &) = Vi(wg, )y +Va(zy, t)ey  V(x,t) € R*x[0,T],
where

Vi(wg,t) = K'(t)—(zo—h(t))0'(t) and Vi(wi,t) = 2,0/ (t)+H (1)  V(z,t) € R*x[0,T].
Notice that V(-,t) € C*(R? R?) for every ¢t € [0,T] and V(z,-) € H'(0,T;R?) for every

r € R%. We introduce now the stream function associated to the rigid velocity field V' as

w(z,t) = — /le Vo(s,t)ds + /012 Vi(s,t)ds = K (t)xy — B (t)x1 — Qlét)

for all (z,t) € R? x [0, T]. We then define the solenoidal vector field A : R? x [0, 7] — R? as

A(z,t) = (—w(m, t)ﬁ(:v)j%(x)vl(:cg, t),w(a:',t);—g(:c)—i-C(x)Vg(xl,t)) V(x,t) € R*x[0,T],

81’2 T

(]3% + I% — 2x9h(t)),

sothat A € C(R*x [0, T); R?), A(+, t) € C*(R?* R?) forevery t € [0,T], A(x,-) € H'(0,T;R?)
for every z € R? and

0 if e A,
Az, t) = vVt e [0,7].
V(z,t) if x €0,
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Then, the deformation map ¢ : Qg x [0, 7] — Q¢(¢) from €2y into Q4(¢) is defined as the flow
associated to the vector field A, that is, the unique solution to the initial-value problem:
Oy

SeW D) =My t),1) Vy.t) € x (0,7),

o(y,0) =y  VyeQ,

see [|130, Lemma 4.2] for further details.

We have that o(z, ) € C!([0,T]; A) for every x € Qq and that, for every ¢ € [0,T], p(-,t) €
C>=(€0; Q2 (t)) is a diffeomorphism. In particular, for some constant C' > 0 that depends on L
and ¢, there holds

107 o(t, Mleeao) < C (KD (O] + [RP(@) +109(1)])  ¥j€{0,1}, LeN.

Furthermore, since A is divergence-free in R?, ¢ is volume-preserving, meaning that the deter-
minant of the Jacobian matrix of ¢(-, ) is constant and equal to 1 in R?, for every ¢ € [0, 7.
Finally, we define ¢ : R" X Q)94 —> Qo by ¢ = ¢! in the space variables. Similarly,
there holds

1070t ) let(@ o) < C (KOO + [RD @) +169(1)]) ¥ €{0,1}, ¢ €N.

for some constant C' > 0 that depends on L, € and /. Obviously, ¥ has the same regularity

properties of ¢, so in particular, ¢ € C*(0,T;C*(Q(t))) for any k € N. O
Through Proposition [5.3.3] we can construct (we use the Einstein convention)
00w (O O Dgy OV O
i = oy oy T T ok ork A =9\ gy T ayk T By ) T 0a ayFay

where g;; defines a metric on R? since det(V,p) = 1.
Now, let (u, p, k, h, 0) a sufficiently smooth solution of problem (5.3.1)-(5.3.2)-(5.3.3)). Call
(now the space variable is ¥)

v(y, 1) = V(e(y,t), ) ule(y, 1), 1) V(y.t) € Qo x [0, 77, (5.3.6)
the pullback of u by ¢, and set
a(y,t) = plely,1),t)  V(y,t) € Qo x [0,T]. (5.3.7)

We follow the procedure in [[130] Paragraph 4.2] to transform problem (5.3.1))-(5.3.2)-(5.3.3) in
the cylindrical domain 2y x (0,7"). Thanks to (5.3.4), for each term involving s, the maps
and ¢ correspond to the identity. Furthermore, as in [|130, Proposition 4.6], it can be proved that

/ T (u,p)ndo(x) = Q(t) ( T(v,q)n da(y)) vt € 10,77,
OB (t)

0By
/ (21 — o — h)* - T(u, p)do(a) = / gt T(o,qRdoy) Vi [0,T].
an(t) 0Bo
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Thus, we obtain the following problem with variable coefficients in the new unknown (v, ¢, k, h, 6):
v+ Muv—pLov+Nv+(v-V)s+(s-V)o+Gg=79, V -v=0 in Qx (0,7),
lim v(yi,y2,t) =0 Vys € [—L,L}, t€0,1], v=0 on I'yx(0,7),

ly1|—o0

v=Q(W)" (K,N)+60y- on 0By x (0,T),

mk B K +nk=—¢-Q) | T(,qndo(y) in (0,7)
630

mh” + B b+ Fi(h,0) = =& - Q) | T(v,q)do(y)n in (0,T)

0By

JW+&9+RWﬁ%@5/ y* - (T(v,q)R) doly) in (0,T).
0By

(5.3.8)
with initial conditions

o(y,0) =dg,  k(0)=0, KO =k, h(0)=0,  K(0)=ho,

0(0)=0,  6'(0) = 0bp. (5.3.9)

The operators M, £, N appearing in (5.3.8) are defined here below (the exponent i stands
for the i-th component, and we use the Einstein notation).

(M) = 0,0 0" + O (OROup" )" + O 07 o' O™ v,
(Lo)" = Ou 0™ (020" 00 050" 4 0™ D2, 0" 000" + D' (03,47)
+ Ot O™ (02,40 ) U V" + Otp (02,0 ) 020" 0" + Otp (02,0") D00 00p ™ D®,
(M) = 0" 00" + Opp™v" (02, 0",
(Ga)' = 9" 05q.
Remark 5.3.4. Note that:
- (0 + M)v corresponds to the original time derivative O,u
- Lv corresponds to Au
- Nv corresponds to (i - V)u ;
- Gq corresponds to Vp.

In particular, in A, these operators coincide with the original ones; the same is true in O, except
for
(0 + M) = (0, — (K, 1) -V = 0'y"-V)v+ v+,

The first equation in (5.3.8)) can be rewritten as
v —pAv+(v- VYo +Vg+ (v-V)s+ (s-V)v=g+ F(v,k,h,0,q),
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where
F(v,k,h,0,q) = u(L — Ao — Mv— (Nv—(v-V)v) — (G —V)g.

Observe that

0 in A

F(U,h,eaQ) {((k,,h/) -v—i-@/yJ"V)U—@/UL in 65;

thus F has compact support in €2y. The introduction of the maps 1 and ¢ allows to remove
the dependence on time from the fluid domain, with a consequent strengthening of the coupling
between the equations governing the motion of the fluid and the one governing the motion of
the obstacle. Such a strengthening appears in the fictitious force F = F (v, k, h, 0, q), where
the dependence on / and 6 is hidden in ¢ and .

The following proposition, which can be proven as Proposition 4.5 and 4.6 in [130], guaran-
tees that the system of equations (5.3.8)-(5.3.9) is equivalent to the original penalized problem

Proposition 5.3.5. A quintuplet (u,p, k, h,0) is a strong solution to (5.3.1)-(5.3.2)-(5.3.3) in
[0, T] in the sense of Definition if and only if the quintuplet (v, q, k, h,0), where v and q

are defined by (5.3.6)-(5.3.7), satisfies
v e L*0,T; H*(Q)) N HY(0,T; L*(p)) N C([0,T]; H ()
g€ L*0,T; H' (%)), (k h) e H*0,T;R?), 6¢c H*0,T;R),

together with (5.3.8)-(5.3.9) in an almost-everywhere sense both in space and in time.

5.3.2 The linearized problem

The operators in depend on the solution v through the map (¢, -), thus they are highly
nonlinear. However, as they correspond to the identity when ¢ = 0, for small times we can think
about them as small perturbations, collecting them in a source term. The same can be said about
the restoring forces F and F5.

Notice that the equations (5.3.8)4-(5.3.8); can be jointly written in vector form as

mi" + B + RBa(n,0) = =Q(0) [ T(v.q)ndo(y) in (0,7),

0By

where n = (k, h) and R, (n,0) = (nk, F1(h,)) is the restoring forces vector. Let the function
A:[0,T] — R2be

ao = | Q)T (R dr Vie,T),
so that
Nt = QM) ) and A1) = QM) () +OONDE  Vee 0T,
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and also .
n(t) = (k(t), h(t)) = / Q)N (r)dr Vi e[0,T].
Then, problem may be re—writtoen as
v —pAv+Vg=f, diviv) =0 in Qy x (0,7,
lim v(y,y2) =0 Yy € [—L, L], v=0 on Ty x(0,7),

[y1|—>00

v=N+0y" on 0By x (0,T),
(5.3.10)

mA" + BN =— [ T(vqndo(y)+ fm in (0,T),
0By

TO 45,0 = — / gt T(o,qido(y) + f7 in (0,T).
830

with initial conditions
v(y,0) =1,  A0)=0,  A(0)=(ko,ho),  0(0)=0,  6(0)=0b,
where
f=9+pL—Av—-—Mv—-Nv—-(G—V)g—(v-V)s—(s-V)u,
fm==Q"(0) R,(N,0) + mO' N+,
f7= —FQ(A’,H).

Problem (5.3.10) can be linearized by thinking of f, f,, and fy as prescribed given forces. In
particular, suppose that

f e L*0,T; L*()), fm € L*(0,T;R?), and f; € L*0,T;R).
From Section[5.2.1] we recall the spaces
H(By) ={(v,£,a) € L*(A) x R* xR |div(v) =0 in A, v-7 =0 on JA,
v=_{+ay" in By}
V(By) ={(v,4,a) € Hy(A) x R? x R|div(v) =0 in A, v=/{+ay" in By}.

As in [33,]130,|131], the linearized problem is solved by exploiting a semi-group approach. For
this, let us define the set

D(S) = {z € V(Bo) | vlo, € H* ()}, (5.3.11)
which is a dense linear subspace of )V, and the (unbounded) linear operator S : D(S) — L?*(A)
by
—pAv in
S(z) =

% (2;1, - D(v)ndo(y)+ 51 E) + % (QM [930 gt D(U)ﬁda(y)JrﬁQa) ytin By,

82



5.3. The penalized problem

forany z = (v, £, ) € D(S). Then, if P denotes the orthogonal projection from L?(A) x R* xR
onto H(By), we define

S(z) =P(S(2)) Vz € D(S),
and prove the following result:

Proposition 5.3.6. The unbounded linear operator S : D(S) — H(DBy) is self-adjoint and
positive. Furthermore, there exists a constant C' > 0 such that

| 52 (00) < Cl(I + S)ullsoy) Vz = (u,l,a) € D(S). (5.3.12)

Proof. We start by proving that S is symmetric and positive. Take z; = (v, 01, 1), 22 =
(’02, 62, 042) € D(S), so that

(S(zl), Z2>H(Bo) = <S(Z1)722>L2(A) = <5(21),2’2>L2(A)

:/ —,uAvl-vg—i-Qu( D(vl)/ﬁda(y)) by + Py - Uy
) 0By

+2u( / yL~D<v1>ﬁdo—<y>)a2+ﬁ2 oace
0By

Notice that
Avy - vy = 2div(D(vy)) - vg = 2div(D(v1)vg) — 2 D(vy) : D(vg),

and thus we obtain

(S(21), 22)m(By) = — 210 /Q div(D(vy)ve) dy + 2p g D(vq) : D(vy) dy

i 2u< D(m)ﬁdaaw) ot Buly b
0By

; 2u< [ oo D<v1>ﬁda<y>)a2 T By,
0By

which, after integration by parts of the first term, yields

(S(21), 22)n(Bo) = — 214 / (D(v1)vs) - udy + 24 D(v1) : D(v2) dy

0By Qo

+ 2M< » D(vl)ﬁda(y)) Sl

+ B ly - by + QM(/ yt- D(Ul)ﬁda(y))QQ + B arycvn.
8Bo
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By the properties of the elements belonging to D(S) in (5.3.11)), we obtain that

(S(21), )iy = — 2 / (D()(la+ 0y)) - Tdo(y)

+ 24 D(vq) : D(Ug)dy+2u<
Qo

D(eido(s)) - b

0By

+ ﬁl 61 . 62 -+ 2“(/83 yL . D(Ul)ﬁdU(y))Oéz + Bg 10
0
so that, for all 21, 2o € D(S),
<S(Zl)7 ZQ)H(BO) == 2,u o D(?}l) . D(’UQ) d’y—f—ﬂl €1'€2+/82 10y = <S(22), Z1>H(Bo) s (5313)

0

thus S is symmetric. Moreover, for all z € D(S), there holds
(5(2), 2)3(Bo) = 210 i ID(2)* dy + B [P + 5267 > 0,
0

which gives that S is positive. The next step is to prove that S is not only symmetric but self-
adjoint; it sufficies to prove that I + S : D(S) — H(DBy) is onto. For any f, € H(By), we
need to show that there exists z = (u, £, a,) € D(S) such that

([ + S)Z = fo
or, equivalently, that
(2, W)a(Be) + (S(2), Wy = (fo, Whrsy — Yw € H(By).
Since V(By) is dense in H(By), by (5.3.13), this is equal to prove
a(z,w) = <z,w>H(BO)+2u/ D(u) : D(v) dy+P1 L. Ly + B 000y = (fo, W)n(py) (5.3.14)
Qo

for all w = (v, £y, ay,) € V(By). By noticing that the bilinear form a : V(By) x V(By) — R
is continuous as well as coercive on the Hilbert space V(By), and that the mapping

w <f07 w>7'[(BO)

defines a linear and continous functional on V(Bj), by Lax-Milgram Theorem we obtain that
there exists a unique z = (u, £, o) € V(By) satisfying (5.3.14). Next, we choose w € V(B)

such that
qb in QQ
w = ,
0 in By

for some divergence-free ¢ € C3°(€)y). Then, from [60, Lemma IV.1.1], we have that there
exists ap € L2 (o) such that

loc
u—pAu+Vp=fo in H Q).
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Moreover, as z € V(B), by definition of such space, we have that v is solenoidal and it is such
that
u="0,+a,y" in By.

As a consequence, the triplet (u, £, «,) is a weak solution of the following Stokes-type problem:

u—pAu+Vp=fy, V-u=0 in €,
lim  w(y,y2) =0 Vyp € [-L, L], u=0 on T4, (5.3.15)

ly1|—>o0
uzfz—i-ozzyL on 0B .
So far we have proved that there exists z € V(By) satisfying (5.3.14). Thus, in order to show

that I + S : D(S) — H(By) is onto, we must prove that z € D(.S). We extend the boundary
data in (5.3.15) to the interior of By, by considering a cut-off function { € C*°(A; R) such that

(=1 on By, supp(¢) = {z € A | |z| <2}.

We then set
V(y) =CW)(l+a.yt) Yy e,

/ Y-ndo(y)=0.
0Bo

Let us denote by C' > 0 a generic constant which might change during the computations. By
combining (through a localization argument) the well known results concerning the regularity
of solutions of the Stokes equations in smooth bounded (see [24]) and unbounded domains
(see [60, Theorem VI.1.3] or [107]), we then obtain that u € H?(€)y) and

[ull2(20) < Cllfoll2(0) + ¥l 2(00))- (5.3.16)

Thus, z € D(S), which, as already mentioned, implies that (1 4 .5) is onto. By choosing w = z
in (5.3.14)), we obtain

so that ¢ € H?(£2) and

1203080y < 1foll30)
by which, through (5.2.1)), we obtain

m|C* + T < | foll3umo)
which implies
[l (0) < Clifollmcso)-
Then, from (5.3.16), we obtain
[ull 2 (0) < Cllfollaecso,
which yields the sought estimate (5.3.12). O

Next, we want to apply [131, Proposition 3.3] and prove well-posedness of the linearized
problem.
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Theorem 5.3.7. Let T' > 0. Suppose that (uy, (ko, ho), 00) € V(By) and
f e L*0,T; L*(Q)), fm € L*(0,T;R?), f7 € L*(0,T;R).
Then the linear problem (5.3.10) admits a unique strong solution (v, q, A, 0) in [0, T, that is
ve L*(0,T; H*(Q)) N H'(0,T; L*()) N C([0,T]; H ()
q € L*(0,T; H'(Qy)), A€ H*0,T;R?*), 6¢c H*0,T;R).
Moreover;, there exists a positive constant K > 0 such that

vl L2 (0,152 (20)) F 1Vl Loo 0,511 (00 )) T+ W E1 (0,152(00)) + IVl L2(0,7;2(00)) + HA/‘|H1(O,T;R2) + HelHHl(O,T;R)

<o (HvaOHLQ(QO) + kol + [ho| + 00| + [ fll L20,7502(020)) + I fmlL2(0,7;m2) + Hf.7||L2(0,T;R)) .
(5.3.17)

The constant Cy depends on g, p, m, J, 51, B2 and T, and it is non-decreasing with respect
toT.

Proof. The proof follows closely [131], Corollary 4.3 ]. We observe that, by (5.3.13)), the graph’s
norm of D(S/?) is
1215172y = (25 2) a0y + (S(2)s 2oy = (25 2)30(80) + 211 D(V)|[72(a) + B [ + B2 02,

thus
D(SY%) = V(By).

Notice that zy = (i, (ko, ho),60) € D(S'/?). We extend f to the whole of A by setting, almost
everywhere in [0, 77,

f(y,t) if y € Qo
f*(yat) = t ¢
fm()_i_fj()yL inyBo,
m J
so that (fs, fm, f7) € L*(0,T; L*(A)) and
1 1
||f*||iZ(O,T;L2(A)) = 112200122000 + E”me%?(O,T;R% + ?Hf]”%?(O,T;R) : (5.3.18)

Consider now the abstract Cauchy problem

{z' + 8z =P(f.) in (0,T), (5.3.19)
2(0) = 2.

Due to Proposition [5.3.6, we can apply [131] Proposition 3.3] so as to deduce that problem
(5.3.19) admits a unique solution
z € L*(0,T; D(S)) N C([0,T]; V(B,)) N H' (0, T; H(Bo))

that satisfies the estimate

||Z||L2(0,T;D(5)) + ||Z||L°°(O,T;V(Bo)) + ”ZHHl(O,T;?-{,(Bo)) < Cy (||20||V(B0) + ||f*||L2(O,T;L2(A))) )
(5.3.20)
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where Cj > 0 is a constant depending on the operator S and on 7', and it is non-decreasing with
respect to T. As z € H'(0,T;H(By)), there exist (unique functions) v € H'(0,T; L*(A)),
V e H'(0,T;R?*) and w € H'(0,T;R) such that z = (v, V,w) and

v(y,t) = V() +wt)y* Vye By, te[0,T].
Then, denoting by

At) = /OTV(T) dr, 0(t) = /OTw(T) dr, vVt € (0,77,

we have that A € H*(0,T;R?), 0 € H*(0,T;R) and v(y,t) = A'(t) + 0'(t)y* for all y € By
and ¢t € [0, T]. Consider w = (u, ¢, o) € H(By) and multiply (5.3.19); with w to obtain
<Zl(t)’ w>H(Bo) + <S(Z(t)), w>H(Bo) = <]P)(f*)> w>H(Bo) = <f*7 w>7—l(Bo) )

which is equal to

<Zl(t), w>7{(30) + <S(Z(t)),’w>7.[(30) = <f*, w>7—[(B0) fora.e. t € [O,T] . (5321)
From the definition of the operator S, and since z € L*(0,T; D(S)), we rewrite (5.3.21) as
/ V(t) - udy+mAN'(t)- 0+ TO"(t) o + / D(v) ﬁda(y)) A

Qo

Qo

(—p Av) -udy—l—Q;L(
2By

+ BN(t) '4@2/!(/83 yL'D(U)ﬁda(y)>a+529'(t)a= ; f@) - udy+ fr - L+ f7a

(5.3.22)
for all w = (u, ¢, a) € H(By). In particular, we can choose
gb in Q()
w = y
0 in By

with ¢ € C2°(€) such that V - ¢ = 0 in €, so as to obtain
| vrodys [ mpdot)-ody= [ s)-ody

forall € C°(€)y) suchthat V- ¢ =0 in €. Thus, by [60, Lemma XIII.1.1] we deduce
the existence of a unique g € L*(0,T’; H'(€)) such that

V'(t) — pAo(t) + Vq(t) = f(t) ae.in Qy, forae.t e [0,7]. (5.3.23)
From (5.3.23) and (5.3.20) we can easily derive the estimate
IVl r20:22(00)) < Co (I120llvisoy + 11 200, 12¢a))) - (5.3.24)

Notice that (5.3.23) is, almost everywhere in [0, 7], an equality between elements of H(By).
Thus, it implies that

/Q (V'(t) — pAv(t) + Vq(t) — f(t) -u=0 Vw = (u,l,a) € H(By) .
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After an integration by parts and in view of (5.3.22)) we obtain
mA"(t) - L+ TO"(t)a+ BN () - 0+ Bl (t) v — fon - £ — fra

= [ atwwqde—2u( [ D@rdsts))-o=2a( [ yt-Dadets) )

for all w = (u, ¢, ) € H(By). By testing with w = (u, ¢, 0), for arbitrary ¢ € R? and w =
(u,0,1) we recover respectively (5.3.10), and (5.3.10)5. In order to state the uniqueness of
(v,q, A, 0), we observe that any strong solution (5.3.10) must necessarily satisfy the abstract
Cauchy problem (5.3.19)), which has a unique solution in virtue of Proposition and [131}
Proposition 3.3]. Finally, notice that now the estimate (5.3.20) implies that

||'U||L2(O,T;H2(QO)) + ||U||Loo(0,T;H1(QO)) + ||"U||H1(0,T;L2(QO)) + ||A,||H1(0,T;R2) + ||0,||H1(0,T;R)
< Co ([[Vtollz2(o) + kol + ol + 160] + 1 fill 20,722 (ay))
which, combined with (5.3.18) and (5.3.24), yields (5.3.17). O

5.3.3 Global existence (up to collision) and uniqueness of strong solutions

The main purpose of this section is to prove a global-in-time (up to collision) existence and
uniqueness result for the penalized system (5.3.1)-(5.3.2)-(5.3.3). From the well-posedness of
the linear problem (5.3.10) we learn that there exists a mapping § from

L*(0,T; L*(Q)) x L*(0,T;R?) x L*(0,T;R) (5.3.25)
into itself, defined by
f Si(f, fms f7)
S| =|Sfifmsf7) | =
7 $3(f, fm: [7)
g+ ulL—ANv—-—Mv—-Nv—(G—-—V)g—(v-V)s—(s-V)v
—QT(0) Ru(N,60) + me' N+ , (5.3.26)
—Fy (M, 0)

where (v, g, A, 0) is the unique strong solution to (5.3.10). Let 7" > 0 and define, for any R > 0,
the ball of radius R (centered at the origin) in the space (5.3.25)), that is

Br(0) ={(f, fm, f7) € L*(0,T; L*(Q)) x L*(0,T;R?) x L*(0,T;R) s.t.
|(fs fons F) | 220,022 000)) x L2 0,75R2) x L2 (0,7m) < R}

We want to show that the map § possesses a unique fixed point in a two-steps procedure.
The first step consists of proving that, provided that 7" is small enough and R is large enough,

then § maps Bg(0) into itself. Following [130], let us denote in the sequel Ky, Cy, Dy, C' as
four positive quantities, respectively, satisfying the following requirements:

(A1) Ko is a function of ko, 0o, || Vol L2(q,), T and R, non-decreasing with respect to T', R, || Viio || .2(q,) [Fol, [6o]-
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(A2) Co is a function of ko, o, || Vol L2 (q,) and T, non-decreasing with respect to T', || Vo || .2(qy)» [kol, [6o]-
(A3) Dy is a function of ko, 6o and ||Viol| 12 (q,)» non-decreasing with respect to ||Vio|| 12 (), [Fo| and |o].

(A4) C is a constant independent of ko, 6o, ||Vﬂ0|\L2(QO), T and R.

Then, the following result can be easily proven:

Lemma 5.3.8. Let § be defined as in (5.3.26). Suppose that (f, fm, f7) € Br(0). Then, there
exist Kq, Cy, Do, C' with the properties respectively stated in (Ay) — (Ag) — (Az) — (Ay) such
that

1§1(fs Fos FO 20722000 < NGl 220y TY? + Co([| V8| ooy + 18] oo (a)) (Do + R) + KT,
18205 fons f7)ll 22 0,7m2) < CCoT"*(Dy + R) (”T1/2 + Do+ R) ,

1Ss(fs fns f7) || L200,mm) < CCYT (Do + R).
(5.3.27)

Proof. From Lemma[5.2.2] we have that

191 2 0,7:22(00)) = 191l 22(00) T2 (5.3.28)

Then, by the properties of the function s in Lemma[5.2.1] estimate (5.3.17), we infer that

T 1/2
10~ Vsl oz < IVsllieclollzzozz@en = 1Vsllieca ( / uv\|%2mo>)
< |Vs| ooy |Vl 20,2020
< [|Vs]| oo (ayCo (|| Vol| £2(09) + |Fol 4 |ho| + |6o]

+ ”f”L?(O,T;L?(QO)) + ||fm||L2(0,T;R2) + ||fj||L2(0,T;R))
< Vs oo (4)Co(Do + R)

(5.3.29)
and

T 1/2
(s - V)oll 20,722 (0)) < NI8llzo0() V0l 2200 752(00)) = ||8||L°°(A>(/ ||W||%2<no>)
0

< |Isllzeoayllvll 20,722 (20))
< Isllzeo(4)Co(l[ Vo || 2oy + Kol + |ol + [6o]

+ 1l 220152200 + 20,02y + | f7 |l 20,0m))

< Isllzoe(ayCo(Do + R).
(5.3.30)
From [[130, Corollary 6.9], the remaining terms in §; can be bounded as

(L — A)v — Mv = Nv — (G = V)qll1207;22(00)) < Ko T, (5.3.31)
By collecting the inequalities in (5.3.28)-(5.3.29)-(5.3.30)-(5.3.31)), we obtain (5.3.27);.
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Since for small times the restoring forces F; and I are of class C' and noticing that | Q|| L= (0, 7.r4) =
1 we have, as a consequence of Jensen’s inequality,

RN (.00 < n” ( [ e dT) LR N0, 00)P
< n2t/0 V()2 dr + C (/0 N (7)] dr + |9<t)y)

< n2t/0t\A'(T)\2dT+C (t/ot IA(7)dr + ]9(t)\2) vt € [0,7].

(5.3.32)
Then, using the embedding H'(0, T; R?) C L>(0, T; R?), by estimate (5.3.17) we have

1/2

T
1QT RN, 0)llz2(0rm2) < ( | [P 8 Bz + CUN B ms + COOF] dt)
2(,.2 /12 2 1/2
< C T2 + DIN s rmey + T 101w 0 2|

1/2
< CT (0 + DIN aorze) + 101202

<nCCT(Dy+ R),
(5.3.33)
and

Im @' A+ || 2o 7m2) < C CoTY2(Dy + R)?. (5.3.34)
A combination of (5.3.33)-(5.3.34)-(5.3.35) yields (5.3.27);. Using the same reasoning, we

infer that

[1F2(A, 0| 20mm) < C CoT (Do + R), (5.3.35)
and thus we obtain (5.3.27)s. O

From Lemma/[5.3.8] it is then clear that
§(Br(0)) C Br(0), (5.3.36)

provided that R is sufficiently large (which depends on ¢ and the initial data) and 7' is suffi-
ciently small.

Once R has been fixed to be large enough so that (5.3.48) holds, the second step consists
in proving that, for 7" small, the mapping § : Br(0) — Bgr(0) is a contraction. We con-
sider (f1, fm1s f7.1)s (f2, fmas f72) € Br(0), as well as the corresponding strong solutions to
(5.3.10), with the same initial data, given by (v, ¢1, A1, 01) and (ve, g2, Ag, 0s). A first simple
consequence of Theorem specifically of estimate (5.3.17), is that the size (in a suitable
sense) of each solution is bounded from above by Cy(Dy + R).
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‘We denote the differences

f=h-1r, Jm = Jm1— fmz2, Jo=Ts1—f72,
v =v1 — V2, q=4q — 42, A=A — Ay, 0 =06, —0,,

so that (v, g, A, 0) satisfies
(v — pwAv+Vg=f, diviv) =0 in Q x (0,7),
lim wv(y,y2) =0 Vys €[—L, L], v=0 on I'yx(0,7),

ly1|—>00

v=A+0y" on dB, x (0,7T),

mA BN == | TaRt fm i (0,T),
0

JQ”+B29’=—/ yt T, i+ f7 in (0,7),
\

0B

with zero initial conditions. From Theorem[5.3.7] we have that

vl 2200752 (00)) + 1Vl Lo 0,711 (920 )) + 10N (0,712 0000)) + IV 200,722 (00)) T+ 1A £ 0,752y + 16| 21 0,738

< Co(llfllz20,m502(00)) + 1 fmllL20,rm2y + 1 f7 1l L2(0,75m))-
(5.3.37)

Notice that each solution (v;, ¢;, A;, 6;), @ € {1,2}, induces the differential operators L;, M;,
N; and G;. According to which of the two solutions is considered, we ought add subscripts to
all quantities involved in the expression of

f
S| fm
fa
given in (5.3.20), say L = L1 — L3, M = M; — My and G = G; — G,. We notice that
f £ Fio(v,A,0,q) — (v-V)s—(s-V)w,
S| foa [ =8 [ frz | = | mOAT —mOAT +Q(62)" Ru(A,02) — Q(01) " Ru(A7,04) |
f7a J72 —F3 (A}, 01) + F3(A, 02)

where
~7:12(U>H,HaQ) = pu(Ly — A)U + p Loy — Mo — Mo, — Nug + Nywg — (G — V)q + Gqo.

In order to prove that the mapping J is a contraction in Bg(0), in the following lemmas we give
component-wise estimates, in view of (5.3.26)).

Lemma 5.3.9. Let (f1, fm1, f71), (fo; fn2s f72) € Br(0). There exist Ko, Cy with the prop-
erties stated in (A1)-(As) such that

IZ1(f1, fnas f71) = F1(f2s fmzs F7.2) lr20.m522(00)) < Co (Ko T 4 ||V s|| poo(a) + [Elr=)
X (HfHL2(0,T;L2(QO)) + HmeL2(0,T;R2) + HfJHLQ(o,T;R)) .
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Proof. From [130, Corollary 6.16] and (5.3.37), we easily infer the following estimates:

| Fi2(v, H, 0, )| 2201:220)) < Colo T (|| fll 207220000 + | fmll 2202y + 1 £ 7] 22008 )
and

[(v- V) s+ (s V) vl 2012000 < Co ([[Vsllze(ay + |5l ze(a))
X (1l 220.7502(00)) + 1 fmll 202y + [ f7 )| 2200.75%) ) -

[]

Lemma 5.3.10. Let (f1, fima1, f7.1): (f2, fim2, f72) € Bgr(0). There exists Cy, Dy, C' > 0 with
the properties stated in (As) — (As) — (Ay) such that

182(f1, fn1s f71) — S2(fos fnzs f72)lz200mm2) S C Co T (Do + R)

(5.3.38)
X (HfHL?(o,T;LZ(QO)) + HmeL2(0,T;R2) + HfJHLQ(O,T;R)) .

Proof. We start by noticing that
m N> —m oA = m O N+ m LN+
Therefore, in view of the embedding H'(0,7T;R?) C C([0, T]; R?) we can estimate the differ-
ence as follows:
Hm ellAllL —m Q/ZA,QJ_ ||L2(O,T;R2) = ||m QIAllL +m %A/J‘HLz(O,T;Rz)
< m (| [z 0w 10l 20,7m2) + 102 ]| oo 0,702 [ H | 22(0,7,%2))
< C (Mo 10l 2,2y + 105l 0.2 1A 20702 ) (5.3.39)
< CCo(Do + R) (101 20,02y + 1A || 22(0.7:22))
< CCo(Do + R)([| fll 2012290 + [ fmll 20, 7322) + 117l 22(0,7:m)) -
In a similar way, we have
Q(92)T RH(A/% 02) - Q(Gl)T Rn(A,lv 01) = Q(el)T[Rn(Alla 01) - Rn(A/27 62)]
= [Q(0)" = Q(02) '] Ru(A3, 602).

In order to estimate the right-hand side of (5.3.40), we start noticing that

(5.3.40)

1Q(61) — Q02)[| 2o ey = [|1Q(61) T — Q(02) [ r2o sy < C T2 || ooy, (5.3.41)
and also, from (5.3.32)),
| R (AL 0)| L o.rmey < nC CoTY? (Do + R) i€ {1,2}. (5.3.42)
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5.3. The penalized problem

Therefore, by (5.3.41)) and arguing similarly to (5.3.32)),
1Q(61) " [Ra (A1, 61) — Ru(Ab, 02)]ll2(0,7m2) < T1Q(01) " | ow 0,7m4) | R (A1, 61) — R (A2, 62)| oo 0,7:22)

1/2

<lerm +1) ( / |Q(01(7))A'1(T)—Q(Ql(f))/\i(f)ldf) +0T||0||ioc<o,T;R>]

<

T T 2 1/2
OT (v + 1) (/ Q)N ar+ [ \Q(fh(r))—sz(rnnAa(rndr) +CT||e|im(o,T;R)}

1/2
<[CT (0 + 1) (TN [720,02) + 1Q(01(7)) = Q(O2(7)) 1 720,720 1A2 1|72 (0,75m2)) + C T10' 1 72(0,7:%)]

1/2
< [CT? (n* +1) (IN 1 Z20,7m2) + 161 2o 0,752 A2 11220, 73m2)) + C T2 61172 0,752

1/2
<[CT? (0 + 1) (IA | 220,7:52) + 1011 0,7:2) |A211 72 0, 7522)) + C T2 1022 00,7,m))

<nCCoT Do+ R) (IIfll2c0,7:0200)) + I fmllzz0. w2y + 1 f7 1200, 7:8))

and also, (5.3.41)-(5.3.42) imply that

1Q(61) " — Q(02)T) Ru(Ny, 02) || r20,7:m2) < || Ri(Ay, 02)|| oo 0,2y [Q(61) T — Q(02) || r20.7:m4
<nCCoT (Do + Rl imors <nCCoT (Do + RO a0

<nCCyT (Dy+ R) (||f||L2(0,T;L2(QO)) + ||fm||L2(o,T;1R2) + ||fJHL2(0,T;R)) .

Combining (5.3.43)-(5.3.44) we infer
1Q(02)" Ru(Ay,605) — Q(61)" Ri(AL, 01)|120,7:22)
<nCCyT (Do + R) (IIfll 2022000 + I fmll 20,5m2) + 1 f 7| 220073m)) -
This last inequality and (5.3.39) yield (5.3.45). O
Finally, by proceeding as in (5.3.43) one can prove

Lemma 5.3.11. Let (f1, fm1, f7.1), (f2, fima2, f72) € Bgr(0). There exists Cy, Dy, C' > 0 with
the properties stated in (As) — (A3) — (Ay) such that

183(f1s frm1s f71) = Bs(f2, fm2s f72) || L200mm) < C Co T (Do + R)
X (I flr20, 5220000 + w202y + 1 f7] 20,mm)) -

(5.3.43)

(5.3.44)

(5.3.45)

The main result of this section reads:

Theorem 5.3.12. Given ¢ € (0, L/2), (o, (ko, ho),60) € V(Bf(0)) and s = s. as in Lemma
there exists Ty > 0 (depending on € and (uy, ko, ho, 0o)) such that the penalized problem
(3.3.1)-(5.3.2)-(5.3.3) admits a unique strong solution (u, p, k, h, 0) such that

ue L*(0,Ty; H*(Q(t))) N H'(0,Ty; L*(Q(t))) N C([0, Th]; Hy (2 (t)))
pe L0, Ty H (1), (kh) € HX0,T1;R?), 6 e H*(0,T1:R),

93
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and

(k(£), h(£),0(t) € A, Yte[0,T1]. (5.3.46)

Moreover, the solution (u, p, k, h, ) satisfies the energy estimate

t
Eu®)+ [ [1IVA) B0 + 2611 G + 2800 (5] ds
0
(5.3.47)
LTy i L7
< = @l + Bu0)+ [ e e Tsllmin) (Tr\gr|iz(A>+En<o>) dr

forallt € [0,T1], where E,, is energy associated to the penalized system, that is,

Eo(t) = [a®)l 72, + mn' (OF + TN0' @O +2F0(t), h(t)) + nk(t)* vt e [0,T1].

Proof. From Lemma [5.3.8] it is clear that
§(Br(0)) C Bgr(0), (5.3.48)

provided that R is sufficiently large (which depends on € and the initial data) and the se 7' is
sufficiently small. A combination of Lemmas [5.3.95.3.1015.3.T1] then allows us to conclude
that § is a contraction in Bg(0) provided that T} is small enough so that

Cy (KO Ty + || Vs|| oo ) + Hs\yLw(A)) +nCCyTy(Dy+R)+CCoTy(Dy+R) < 1.

Notice that, except for n > 1, all the terms on the left-hand of the previous inequality depend
on &, (U, ko, ho,0y) and the prescribed magnitude A for the Poiseuille flow. Therefore, the
mapping § possesses a unique fixed point which, by definition of § in (5.3.26)), corresponds to
the unique strong solution to the penalized problem (5.3.1)-(5.3.2)-(5.3.3) in [0, T5].

In order to prove (5.3.47), we multiply (5.3.1); by u(¢). Integrating by parts over Q¢(t) term
by term and applying the Reynolds Transport Theorem, we obtain

—~ ~ _ li a 2 T — 1 a . ﬁ a 2 o
/Qf(t)m(t)-u(t)d:c— 571 Qf(t)l )" d Q/an(t>( (t)-A)|at))?do,  (5.3.49)
~ ~ Y 1 R o ) ~ ~ B
/Qf(t)(u(t).v)u(t).u(t) dz = é/an(t)(u(t).n)\u(tﬂ do, /Qf(t)(s'v)“(t)'“(t) dz=0,

(5.3.50)

/ [—pAu(t) + Vp(t)]-a(t) de = 2p /
Qy(t)

Qy(t)

D(@(t)[? de— /8 o )T (0o
! (53.51)
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5.3. The penalized problem

By inserting (5.3.1))3-(5.3.2) into (5.3.51)), we infer

/Q [0 + VR0 (0 da

= 2u /Qf(t) | D(a(t)|* do — / [/ (1) + 0t) (@ — ()] - T(@(t), p(t) i do )

9By (t)
= 2u/g) o |D(@(t))]* dx +mn"(t) - (t) + By [n(®)] + Ra(n(t),0(t)) - ' (t)
FTOWY @) + B 0/ (1)2 + Fa(01), h(1)0'(2)

~ N2 1d B oy 2
— M/Qf(t) |Vu(t)]” do + 37 (m|n' (0)]? + T|0' (t)|* + 2F (0(¢), h(t)) + nk(t)?)

+ Bl ()] + Bal6' ()] .
By combining this last identity with (5.3.49)-(5.3.50)-(5.3.51)), we estimate as follows

l1dE, ~ / /
5 O+ HIVEON 2@,y + Biln OF + Bal0 (1)

= q-u(t)dr — u(t) - V)s-u(t) dx
/Wg (t /w( (t)- V)s - at)

(5.3.52)
<91l 220, en 1T 22051y + V5]l oo 0, en 17O |7 200, 0
< L—2||A||2 + Evao|2 + Vs [a ()17
=2 FAITIO)) 9 UL L2 (924 (1)) Slizee (@ MU\ L2(9, (1)) -
Next, from (5.3.55) we get
dE, 2 2 2 < L2
7 () +pl[ VU220, @y T2 0 (0)[+25:16 ()" < 7||g||L2(Qf(t))+2||vs||L°°(Qf(t))En(t)‘
(5.3.53)

An application of the Gronwall lemma yields

L%t
En(t) < exp (2] Vs 10, 7)) (En(0)+7||guisz(t))) Vte[0,Ty), (53.54)

and then, after integrating the inequality (5.3.53) in [0, ¢] and using (5.3.54), we end up with
(.3.47).

To obtain the global-in-time existence (until the obstacle leaves the admissible set, i.e.,
(k(T),MT}),0(Ty)) ¢ Ay, for some T, > 0) of a strong solution (%, D, k, h, §) to problem
(G.3.1)-(5:3.2)-(5.3.3), we observe that, from (5.3.47), a time T; > T, depending on &, A\ and
(o, ko, ho, Bp) can be chosen in such a way that

(k(t),h(t),0(t) € Ays Vi€ [0,T].
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In order to then extend the solution, already defined in [0, 7], to the interval [0, 71], we need
estimates on || V| 2, ). We proceed similarly to [33, Section 4], introducing some aux-
iliary functions. Let { € C*(A;R) be a function with compact support such that ( = 1 in
neighborhood of B (0), and set

Cla,t) = C(QUOM) (x —n(1)  Vl(x,1) € Ax[0,T3],
where we remind 1 = (k, h). We then define the rigid velocity field associated to (7, 0) as
V(e,t) =n'(t) +0(t)(x —n(t)"  V(z.t) eR* x [0,T1],

and its associated stream function

w(z, ) :—/Oxl‘/g(s,t)dst/:le(s,t)ds
(53.55)

= —h(t)z + K (t) v0 — 9,? (23 + 23 — 221k(t) — 222h(2))

for all (z,t) € R2 x [0, T}]. The solenoidal vector ficld A given by

A, 1) = ( w02 (0) + L) Vi, ) ) + Z<x>v2<x1,t>)

for all (z,t) € R? x [0, T;], satisfies the properties reported in [33, Section 4]. In particular,
I llw2ee0,0) < C (B (0] +16'()]) (5.3.56)

where (' is a positive constant depending on the geometry. The following useful identity can be
proven by exactly following the procedure in [33, Lemma 4.3]:

~ ~

- / divT (@, D) - (at +(A-V)a- (@ V)A) do = 1L [ \DaPde+ my?
Qf dt Jo,
+ 51 77/I . 77/ + 77// . Rn(n,e) _|_ ._7 ’9//’2 _|_ B2 0//9/ + 6,/F2(h,9> - m [9/(77/>J_1| . 77//
— B [0 )] -0 = [0 ()] - Ra(n,0) + QM/Q (D) : (Va)(VA) — D((@- V)A)) dx.
! (5.3.57)

We take the inner product of the equation (5.3.1)); with

~ ~

G+ (A-V)a- (@ VA
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and, by using (5.3.57), we obtain

dn'?
dt 2

d ‘9/’2

thS =

5l + gy ] 1Dl T 0+
m [0 )]0+ B [0(0) ] 0+ [0(0) ] - Ra(n,0) — 0" - Ry(n, ) — 0" Fy(h, 0)

_/Q i [R- V)i - @ V)i dm—/ﬂ @ vya- i+ R V- @ V)i do

f

—/Qf(ﬂ-V)s- [at+(K-V)a—(a-V)K] dx—/

(v [at +(A-V)i-(a- V)T\] dz

+/Q G- [@+<K-V)a—(a-vﬁ} dx—zu/g (D7) : (Va)(VA) — D((@- V)A)) da .

(5.3.58)

At this point, some estimates for the terms of the right-hand side of (5.3.58]) are needed, by
exploiting in a suitable way the Holder, the Young and the Poincaré inequalities, together with
the properties of the solenoidal extension s and of the mapping A given in (5.3.56)). By recalling

that, as long as (5.3.46) holds, the restoring forces F; and F; are of class C;, we get the two
following inequalities

m m m
‘m [9/(77,) ] '77”‘ < Z|77”|2 +ml|d' ()P < ZW/F + E(|0,|4 + 171",
and

m 1 m 1
17" - Ry(n,0)] < Z|77"|2 + %|Rn(7l’9)|2 < Z|TI"|2 + %|Rn(7779)|2

m 1 m
< —n"]* + %Wlklz + |Fi(h,0)%) < ZW'|2 to [*|k? + C(|h* +1617)]
Similarly
B B 5
161 [0' ()] -] < é!n'l2 + 31|9’(n’) ? < 1! 12+ 1(!9’\4 + ")
and

! \-7 / /
0" Fo(h, O) < Z10"1° + 5 |F2(h 0)° < |9/|2 j(|h|2 +101%).
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Next, since the Poincaré constant for the strip R x (—L, L) is 72 /4L?, we have

<

<

<

—/ U - (A V)i — (@ V)Adae
Qy

o~

< [[uellz2@p 1A - V)u = (- V)A[ 20

1, . 5, ,~ PN -~

Ll + IR V)i~ (@ V)R e,

1y B 5.~

Ll + IR Vil + ol V)R,

1. 5~ - D 41%
Ll + IRy [Vl + S IV A0y e [Vl
IR 5 4L? .

Tl + 5 max (125 ) 191, [CO P + 102)

For what concerns the trilinear terms, proceeding in a similar way yields

and

—/Q @-Vya-[a+ @& V)i @i

< 1@ - V)ullz@pllae + (A - V)u = (- V)A[ 2@
d .~ N 1, . 1~ ~
< SI@- V)ullza,) + pllEliae,) + 151 (A - V)ilza,)

L A2
+ 161 DAz,

1

< Sl V)aHZm(Qf) + 1—O||atH%2(Qf)

N | Ot

1 4L2 ~112 2 2
g (15 ) 19l [+ 197

—/Q (a-V)s-[m+(K-v>a—(a-V)K]

< @ Vsl + R - V)i - @ V)i,
5, L.
< 2@ sl + 15l
1 4[/2 ~112 2 2
g mex (125 ) 19l OO +1672)

5. o AL% 1, s
< SIVsliay 5 IVl + 7o laga,

1 417 N
g mex (125 ) IVl [COAP +107)]
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as well as

‘—/Q (s-V)a-[at+(K-V)a—(a-V)K]

< ||(s - V)@l g2 T + (A - V)@ — (@ V)A | r2ay)

5

1
~112 ~ 2
< Slits - V)ullzao,) + 5 lellzo@))

1 4L2 ~112 112 /2
10 T
< Slslie@pIVallzz,) + E”at”%z(ﬂf)
1 4172 N
+ — max (1, ?) ||VU||%2(Qf) [C(|77/|2 + |9/|2)} .

The last two terms can be treated using the same arguments to obtain

| 3 [+ G- vy - @ VIR]| < [l o+ G- V)i - @ V)R la,
f

5 ~12 1 ~ 112 1 4L2 ~12 /12 /12
< §||g||L2(Qf) + 1—O||Ut||L2(Qf) + g max (17 7 IVullZ2q,) [C']?+10'1%)]

and

2“/9 (D7) : (V&)(VA) — D((@- V)A)) dz

~ Lo o PN
< Dl + 5I(VEVA) = D(@ - V)M,
20 )12 1 ST A2 1 = A2
< w||Dullzeq,) + 51 (VE) (VA 120 + S I1D((@ - VIA) 2,
~ 1, o~ .
< MQHDUH%%Q” + 5|’VA\’2LOO(Qf)’\VU’|L2(Qf)
1 i~ N ~
+ 5 lI1Dul[VA] + (@[ D(VM)||I720,)
N Lo~ N
< M2||DU||2L2(Qf) + §||VA||%°°(Qf)||Vu||L2(Qf)

1. ~ R ~
+ 51Dl 2@ VAl 0 + Il 20 DV M) 20

_ 1, AL?
<Dz, + 51+ —IIVallza@y) [CUn'[* +10'7)]

Lo~
+ 51Dl 20, [C0'T +16)] -
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Combining the above inequalities and plugging them into (5.3.58)), we obtain that for a.e. ¢t €
[Oa Tl]

Lo A, AP, R
2 11@][2. = | |Dujd "|? 0"
2Hut||L (Qf)+udt/ |Dul” dx + — |77| | | +ﬁ1dt 2 72 S

m a4 nay Lo 2 2&/2&/4 /4£2 2
SE1 4 1)+ o [P+ ORI +16)] + SH P+ S0 + 1114 + o (A7 +16F)

5. N IR
+ 5”(“ : V)UH%%QJC) + §||9||2L2(Qf)

- 29 417 1 417
# IVl 0, { 2o max (125 ) [P + 0] + 50+ 250 [P + 1072
) 417 5 ~
+ 21V S + Sl | + 1Dy (OO 416+ 4]

(5.3.59)

Proceeding step by step as in [33, Theorem 1.2], taking into account for the extra terms, we

arrive to an estimate for the term (u - V)u. For any v > 0, there exists a positive constant C,
depending on B and p such that

1@ D)l < Coll@llz@p [V, ([l 2@p) + [Vl z2(0y)

~ ~ ~ ~ . 4172 N
+ [@lz20p IVl 0 (18l 20 + IV 200)° + 131220, + —Z VSl IVEllZ20))

+ H3||%oo(9f)||VﬁH%2(Qf) +C(I P +10'1%)] + VHat”zﬁ(Qf) :

(5.3.60)

Therefore, by replacing (5.3.60) inside (5.3.59) and choosing v sufficiently small, we infer that
fora.e. t € [0,7}]

112 112 d |17l|2 d |9 ‘2
A1l + G [ 19 G G0 g P g <

m 1
5(|9/\4 + ') + 5 [n?[k|* + C(Ih]* +161)] + |77 ? + B (|9 1"+ '+ (\h|2 +161)
5 . N N . Py . ~ ~
+ §O|:Hu||L2(SZf)”VuHiQ(Qf)(||UHL2(Qf) + IVl L2(0,)) + HUHL‘A‘(Qf)||Vu||L2(Qf)(HUHLZ(Qf) + ||VU||L2(Qf))2

4L 5~
+ ||g||L2(Qf) +— ||VSHLOO(Qf)HVU||L2(Qf) + s ||L°°(Qf)||vu\|L2<Qf +C(n' P +1017) | + 5”9\&2(9”

. 9 412 , 1 417> , 4L2 5
+||Vu||iamf>{10 mas (1,450 ) (OO +16'9)] + 501+ 20 [0 P + 0] + G198l o)) o+ S lslfieca |
s 2 T 2
1,
+5IVallz2 @) [C(n' P +10'1%) + 1°]
Let us define

Lt 9 t L*T 9
Kn(t)ZTHgHLz(A)JrEn(O)Jr i exp (27 Vs| 1)) THQHL2(A)+EH(O> dr,
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5.3. The penalized problem

Then, combining the above inequality and (5.3.47) yields
2 /2

d |n\ ale”

dt 2 —

1,2 W d 2 12 12
ZHut|lL2(Qf)+§£/s;f |Val“ dz + — |77 "+ \9 \ +5 + B2

B

1
mEg 45— [0k + C(IR” +[07)] + 5 Ko + UKL + —(Ih\ +161)

5 ~ ~12 ~ ~ ~ ~112 ~ ~ 2
+ 50|:||UHL2(Qf)”quLz(Qf)(HUHL?(Qf) +IVall20,) + @720 VT2 @, (1l L2 ,) + IVl L2(0)))

5
+H9HL2(Qf)+ 3 HVSHLOO(QJ)”VUHLz(Qf)+||S||L°°(Qf)||vu”L2(ﬂf)+CK 5”9“%?(@)
2 29 412 1 4L 54L°2
+IVallz2(a,) 1o max L — 2 CKn+ 5 1+7 Kn+ 35— HVSHLOO(Qf)ﬂL ||3||Loo(Qf)+ (CK +u) g

2 2w
(5.3.61)

Hence, integrating (5.3.61)) with respect to ¢, and applying (5.3.47), we have that for all ¢ €
[07 Tl]

1 [t T m [t T [
1 [ IOy ands + SIVAO 0,0+ [ ()P + 5 [ 197(s) s
0 0 0

! _ 2
o+ 2wor < ko s [ (B196),0) (21956 ) ds
(5.3.62)

where

1 C

s =90l + 5 Qhol? + o) + 100 + (o + ORAEIT: + 20T+ (o + 57 ) K

Tt

5 N 5 29 4172 1 412
+3(C Il + ORATIT + Ko { B max (1255 ) eruir + 5 (1425 ) ()

5412 5
+ 22 sl ey + ollslix ) + 5 (CKa (T1)+u2)},

2w
and 5L (2L 2L
om0 (2 ) aam (142

™

By applying the Gronwall Lemma to (5.3.62)) and using again (5.3.47), we get that for all
t €[0,7y]

1 [t T m [t T [t
3 [ 1) B s + BIVE0 a0+ 5 [ Io)Pas+ 5 [ 17(s)
0 0 0

B Ba 2 2
+ B OF + Z0 0P < Koexp {1 |7 2IT00) 0,0 ds b < Ko exp (a1}

2 0
(5.3.63)
The estimate (5.3.63) shows that the mapping
t = [Vl 2
is bounded on [0, 7}]. O
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Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

The global-in-time (up to a possible contact) strong solution obtained in Theorem is
also a weak solution to problem (5.3.1)-(5.3.2)-(5.3.3)) in the sense of Definition[5.3.1] Thus, an
immediate consequence of Theorem [5.3.12] which will play a fundamental role in the sequel of
the chapter, is now given.

Corollary 5.3.13. The unique strong solution (u, k, h, 0) to problem (5.3.1)-(5.3.2)-(5.3.3)) given

by Theorem|5.3.12|is a weak solution to problem (5.3.1)-(5.3.2)-(5.3.3)) in [0, T}] with initial da-
tum (o, (ko, ho),00) € V(B(0)). Precisely, we have that

((k,h),0) € W0, T;R* x R)N C([0, T1]; As.)
(@, (K, 1), 8") € L*(0, Ty; V(By(t))) N L=(0, Ty; H(By (1))

satisfies the weak formulation given in Definition and the energy estimate (5.3.47). More-
over, we have the alternative

(2) Ty < oo and limy_,q, ((k(t), h(t)),0(t)) & Af..

5.4 Weak solutions

The purpose of this section is to obtain a global-in-time (up to collision) weak solution to the
problem (5.2.3)-(5.2.4)-(5.2.5)), in the sense of Definition [5.2.3] This concludes the proof of
Theorem [5.1.1], because problem (5.2.3)-(5.2.4)-(5.2.5)) is equivalent to the original one, prob-
lem (2.0.9). Our method is based on a diagonal argument, since the inital data in (5.2.5) is
approximated by more regular data belonging to V(B;(0)) and we also let the penalization
index n go to infinity. The main result of this section reads

Theorem 5.4.1. Assuming (g, ho,00) € H,(By(0)), there exists at least one weak solution
(u, h,0) to problem (5.2.3)-(5.2.4)-(5.2.5). Moreover; the following alternative holds

(1) T'= oo;
(2) T < oo and limy_,r((k(t), h(t)),0(t)) ¢ Aas.
Proof. Given € € (0, L/2), consider an inital datum (g, hg,0y) € H,(B,(0)). Then, there

exists a sequence o
{(aé, h%, 96)}]‘61\1 C VU(BU<O))

such that

W — T in L*(A) as j — oo, lim (R}, 63) = (ho,6y) in R2.
J—00

Notice that A A o
{Z0}jen = { (1w, (0, hg), 6) }jen € V(By(0))
is such that ‘
2y — 2o = (Uo, (0, hg),0p) in H(Bf(0)) as j — 0.
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5.4. Weak solutions

In view of Corollary m for every j,n € N, there exists T] ™ > 0 (depending on ¢ and
(A{), ké, h%, 67)) such that the penalized problem (5.3.1)-(5.3.2))- (]3_3_3'[) admits a weak solution
Zin = (Wjn, kjn, Pjn,0jn,) such that

(K, hjn),05m) € W20, TV R? x RY N C([0, T7™); Ay,
(Wi (K s B ,0).05,) € L2(0, TV V(BY (1)) N L0, T H(BY (1))

Jmr Tgm/oTgm

with initial data 2} € V(B;(0)). Moreover, the solution (T ., kjn, hjn, 0;,) satisfies
t
(Fjin(8): hjn (1), 05n (1)) = / (K5 (7), By (7). 05, (7)) dr - VEE[O,TT], (541
0
and also the energy estimate

t
in ~ 2 2 2
B (1) + / IV ()22 i) + 1 (5) 2 + B2l ()] ds

_ et e
< 19122 +E“‘(0)+/0 eXp(2T”V5HL°°(A))<_H9HL2A)+E (0)) dr

forall t € [0, T{™], where 1, = (kjn, hjn), for every j,n € N, and

EXM () = N8 (012 gm0y + MmO + T @)F + 2F(050(2), hsin(2)) + 1 kyn(t)’
forall t € [0,7{"], j,n € N . Notice that, since {2 };cn converges to z, in H(B;(0)) and
F(0,0) = 0, we have

lim E*"(0) = |[o 720, (o)) + mhi; + T 160l

Jj—o0
and therefore, there exists jo € N such that
ES(0) < Cp = 2 (||a0||igmf(0)) +mh2 o+ j|90|2> Vi > jo,neN.
Since le " depends on the initial data through the approximated initial energy E; ,(0), we de-
duce that there exists 7' > 0, depending only on ¢, such that
((Bjms hjm), 0jn) € WH([0, T]; Ape)
(ajma (k/ h; ) 0; ) € L2(07 T; V(Bf<t))) N LOO(()? T; H(Bf<t))) ’

Jmr gm0 7 gn

are uniformly bounded with respect to j,n € N with

t
(1) + / 11V 0(5) 2y + Bl ()12 + Bl (5)] s
L2

T L2
HgHL2 —I—C’o—i-/ exp (27(|Vs|| o (a)) (—||g||L2 —i-C'o) dr vt € [0,7T].
0
(5.4.2)
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Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

We define, for all j,n € N, the density function p;,, € C([0,T]; L*(A)) by
pin(t) = Xein (1 + PXBim (1) vVt € (0,77, (5.4.3)
so that the approximated energy is equivalent to
EIM(t) = / pi ()0 ()]? dx + 2F(0;,(1), hjn(t)) + nk;n(t)>  Vt€[0,T].
A
Therefore, in view of the compact embedding W1 (0, T; R? x R) C C([0,T]; R* x R), from
(5.4.1) and a diagonal argument, we deduce that there exist
((k,1h),0) € C([0,T); Ae),  ue L*0,T; Hy(A)) 0 L¥(0,T; L*(A))
and subsequences (still denoted in the same way) such that
((Fjns hjn); 05) = (K, h),0) in C([0,TT]; Age)
pin —p in C([0,T]; L*(A)),
Uj, —u in L*(0,T;Hy(A)),
Ujn =0 in L>(0,T;L*(A)),

(5.4.4)

as j,n — oo. From (5.4.2) we easily deduce that & = 0. In fact we have that (h,0) €
H'Y(0,T;R?) and

(K, 05,0, 05.) = ((0,h),0) in L0, T;R*xR) as j,n— oo. (5.4.5)

VR RRAVE YRR K}

To see this, take any ¢ € C>°(0, T’; R), so that

T T T
/ W)/ () dt = lim lim | hy,(6)¢'(£) dt = — lim Tim [ 1), (6)6(t) dt.
0

n—o0 j—oo J n—oco j—oo J

From (5.4.2) we find a constant C' > 0, independent of j and 7, such that

T
/ h;,n<t>¢<t>dt]soucbnm,n VinmeN,
0

thus implying

T
[ H0stra] < Clolown  voecro.rm.
0

The same argument can be applied to 6, so that (h,0) € H'(0,T;R?). In order to prove (5.4.5)
we start by noticing that ~(0) = 0, in view of (5.4.4),. Therefore

t ¢
hin(t) = /0 ;. (7)dr and h(t) = /0 B (7)dr Vt € [0,T], j,n €N,
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5.4. Weak solutions

so that, again in view of (5.4.4)),,

¢ ¢
lim lim i ;. (1) dr :/0 R'(t)dr  Vte|0,T]. (5.4.6)

n—00 j—00

Since (h;,,)jnen is uniformly bounded in L>°(0, T'; R), there exists h € L>(0,T;R) such that
., S hin L2(0, T; R):
T T _
lim T [ (0)6() dt = / M)ty dt Vo e L'0,T:R).
n—o0 j—oo J ’ 0
In particular, the above convergence implies that

¢ ¢
lim lim [ A}, (7)dr = /0 h(t)dr  Vtel0,T]. (5.4.7)

n—+00 j—+00 0

From (5.4.6)-(5.4.77) we deduce that b’ = hae. in [0, T, so that (5.4.3) follows. We emphasize
that

p(t) = Xau) + PXB,y With B,(t) = Q(0(t))B+ (0,h(t))  Vt€[0,T].

Taking ¢ € C°((0,7) x A) such that V- ¢ = 0in A and ¢ = (e + o (z1, 29 — h)*
a neighborhood of B, (t) for some (¢,a) € C(0,T;R?), we can multiply (3.3.1); by ¢ for
J,n € N sufficiently large, say 5 > j. and n > n,, so as to obtain

T
- / (/ Pin g - Gp d — Bl b 0 = Fi(hyn, 050) € — B2 6 @ — Fa(hyn, 650) a) dt

T
—|—2,u/ / (Ujn): D dxdt+/ /n (Wi - V) Uj - &+ (Ujn, - V) S @
0 Qjc Q)

T
+(s~V)ﬂj,n~¢]dazdt:/ / g-¢drdt.
0 Q?’"(t)

(5.4.8)
In order to pass to the limit in the above inequality, the weak convergences in (5.4.4)-(5.4.5)) are
not enough. That is why the next paragraph is devoted to proving L?-compactness.

We closely follow the method devised in [81], later exploited in [85]. This method is based
on the application of Friedrichs Lemma [60, Lemma I1.5.2]: for every bounded set O C A, for
any v > 0, we can choose I = I(~y, O) € N and a sequence of functions {¢; }_, C L>(O;RR?)
such that

2
@0 = @l Z20,1:22(0) <Z/ (/ (1) = a(t»'w’“dx) dt (5.4.9)

+ [V, — VUHL‘Z(O,T;L2(O))-
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Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

Since @, ,, is uniformily bounded in L?(0,T’; Hj(A)), the crucial idea is to prove that the first
term on the right-hand side of (5.4.9) vanishes as j, n — oo, which immediately implies that
. . ~ ~112 o
7}1_)120]151010 180 — Ul 7200, 7:12(0y) = 0- (5.4.10)
This is enough to pass to the limit in (5.4.8), where we take O = supp(¢). By a density

argument, we then conclude that (u, k, h, 0) is a weak solution of (5.2.3)-(5.2.4)-(5.2.5)) in the
sense of Definition Set then

T 2
Lo | (/Op@j,n(t)—a(t»-wdx) @t Wi nEn..

All efforts will be devoted to prove that, for any ¢ € L>(0O), there exists a subsequence,
denoted by u;,, such that
lim I;,, =0. (5.4.11)

7,m—00

In order to prove (5.4.11)), we introduce

Lin = /OT (/Op(ﬂj,n(t) —u(t)) -wdx)Q dt

where %, , is a sequence of functions, to be determined later, which is rigid in B, (¢). Notice
that

il < 2| L] +2lp (Wn — i) - V7200220 VI = Jes 12> (5.4.12)

To the purpose of proving that the first term on the right-hand side of (5.4.12) goes to 0, given
N € N, we split [0, T] into N intervals [t; 1,t;], with At = ¢;—¢,_y =T/N,fori € {1,...., N}.
Then, given a sufficiently small £ < ¢, we “thicken" the elliptical rigid body by denoting

2

L1 L3
<1
dro2 BroEs }

B = {(ml,xg) € R?

and introducing, for any ¢ € [0, T,

B(t) = Q(0(t)) B + h(t) e, .
Giveni € {1, ..., N}, we consider an orthonormal basis (€Y pen C Vu(BE(t;)), where, without
loss of generality, we can assume that each e}; has compact support in A. For every M, r € N
we define the piecewise linear function in time ¢5,,. : [0,7] x A — R? by

_ i1 =1, ;¢ i—1
(6 7) = e o (2) + A (e (@) = ey (2)  V(tx) €[0,T] x A,

r

fori € {1,...,N}and t € [t;_1,t;]. Since (h,#) are uniformly continuous in [0, 7], we can
assure that D(¢5,,.(t)) = 0 in B/ (t) for every t € [0, T], provided that NV is sufficiently large
(i.e., At is sufficiently small). In particular, we can deduce that ¢5,, € C([0, T]; Vy(B,(t))
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5.4. Weak solutions

for every M,r € N, so that they will be employed to approximate functions belonging to
L2(0,T;H,(B,(t)). Due to (5.4.4)1, there exist j; = j;(€),n; = ny(&) € N such that
D(¢5,,(t) =0 in B"(t)  Vte[0,T), Vj>ji,n>n,
for every M, r € N. Taking j > j; and n > ny, we can multiply (5.3.1), by ¢3, . with
() = Vi, () & + iy, (0) (w1 — kjn(t), 32 — hyn(t) " (a1, 22) € BY(1).

Then, after integrating by parts in Qif"(t) and using the Reynolds Transport Theorem we obtain,
forallt € [0,77,

d _
Ty g de = |

4 Oy - Ty + / (@ V)6, - Ty da
it Jospo oy " ,

Q" (1)
n / (@ Vs (5 V)l - 8y e — 20 / D) : (&) de
Q“jf,'”/ (t) Q‘Z“,"L (t)

— V]\e;[’r (m h;ljn + /BQh‘ijn + Fl(hj,n7 Gj,n)) — Oé;fwm (‘79;’7” + 629;-,71 + FQ(hj,n, 9]"”»

+ / . /g\ : ¢§\4,7‘ dx
2" (1)

which, by using the density function p;,, in (5.4.3)), can be rewritten as

d . _ _ N R _ i
< / Py - 5 d = / Ol Wyt / @y V), W da
dt Ja Qi (1) Qi (1)

+/. (@ - V)s + (s V)Ujn] - G, d:r—QM/_ D(tjn) : D(¢y,) da
Q" (1) " (t)

— V]\il,r (62}1;771 + Fl(hj,na 9j7n)) — Oé¢e‘ (ﬁg@ém + F2(hj,n7 9]‘7”))

QF" ()

Fix M, r € N. In view of (5.4.2) and following [81} Section 4], we can prove that there exists a
constant C' = C (M, r) > 0 independent of j, n such that

t=t;+At

|:[4 Pin(t) Wi (1) - Dy (¢) dﬂf} < C(M,r)(At)* forsome a € (0,1).

t=t;

Hence, the sequence

{/ pj7naj,n'¢§\4rdx} : [OaT}%R
A 7 i >

is bounded and equicontinuous, thus, by the Ascoli-Arzeld Theorem and applying the diagonal
Cantor procedure, we obtain that there exists a subsequence (denoted in the same way) such
that

/ DT - B, d — / iy de i C(0,T)R),
A A
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Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

for every M,r € N. Since 4, is uniformly bounded in L>(0,T; L*(A)) N L*(0,T; Hj (A)),
from (5.4.4), we also infer

[ i G [ s dein cloTVR),
A A

By invoking the density results contained in [81, Lemma 4.1, Lemma 4.2] we further deduce
that

/pﬂj,n~¢dx—>/pﬂ'q§dx in C(0.TI:R), Vo e C(0,T]: Hy(Bo(#)),
A A

thus guaranteeing that @ attains the initial conditions, and also

/P@j,n'¢d$—> / pu-¢pde in L*0,T3R), Vo€ L*([0, T Ho(Bu(t)).
A A
(5.4.13)

Next we move to define u;,,. Given ¢ € [0, T], we introduce as in (5.3.5) the functions ¢(t, -) :
Qo — Qu(t) and (2, -) : Qo — QF"(t) which satisfy, for every ¢ € (0, L/2), the properties

Q(O(t))z + h(t)e; if z€0.

o(t, z) = '
z if ze A,.

and
QUOs(1))z + (kyn(t) hyu(D))  if 2 € 0O,
@jan(t’ Z) -

z if ze A..

With this we can introduce the functions X;(t,-) : Qic"(t) — Q,(t) and Y;(t,) : Q,(t) —
Q" (t) respectively by

Xjnlt, ) = @t oja(t,w))  V(t,2) € [0,T] x Q3"(t),

Yin(t,y) = @in(t, 07 (ty))  V(ty) €[0,T] x Qu(t).
In particular, notice that
(t.2) QO(t) = 0jn()[z = (kjn(t), hyn(t))] + h(t)e2) if z € 0.

y ) =
x if v e A..

X

Jsm

and
{Q(Gj,n(t) —0()(y = h(t)ea) + (kjn(t), hin(t))  if y € O;
Yi(t,y) = '
Y if yeA..
We finally set
Uin(t,y) = VXjn(t, Yt y) win(t, Yin(ty)) VYt y) €0, T] x Qu(t).
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5.4. Weak solutions

A simple computation shows that
Tjn(t,y) = Q(O() =05 (1)) (K (1), 1 (1)) 105, (1) (yr, 2= (6)) - V(ty) € [0, T]xBu(t),
so that

(Wjin, QO — 050) (K5 1), 05,) € LP(0, T3 V(By(1))) N L0, T3 H(Bu(1))) -

Then, for every j > j; and n > n; we have

T

10 = gl 20,7222 4)) = /0 /A y VXt Yy ()Tt Yin(t ) — 05t )| dy dt

' 2
<2 / / \ IV X0 (t, Vi (6, )i (6, Yin (8 9) — VX0 (6, Y (6 9)) 0 (t, )| dy dt

0 A\ Ae
! 2
+ 2/ / |VXj,n(t7 y)aj,n(ta Yj,n(ta y)) - aj,n(t, y)| dy dt
0 A\A:

T
~ o~ 2
S T2 M CH / / Bt i 60) = T )y
0 e

+ 2T||aj,n||%°°(0,T;L2(A)) VX0 — I”%OO(O,T;LOO(A))
<20V Xl T o520 ap IV i1 F2 0 1520 [1Y5 — 1l o0 (0,72 ()

+ QTWJ,nH%w(o,T;m(A)) VX0 — IH2L°°(0,T;L°°(A))
(5.4.14)
At this point, we may apply [76, Corollary 1] to estimate

Vi — idalleorizay < C ([Kjnllzeorm) + 1 — hllz=orm) + 1050 — Oll=0rm)
IV X = Ul zoriz(ay < C (Ikjnlli=oriry + hjm = hlle=orm) + 1050 — 0lli=0.rm))
for all j,n € N, for some constant C' > 0 independent of j and n. From (5.4.4); we then get

j}liiﬂoo ||an - idA||Lc><>(o,T;Loc(A)) = j}bigloo ||VXj,n - I||L°°(0,T;L°°(A)) =0, (5.4.15)

which also proves that (VX ,,); nen is bounded in L>°(0,7"; L>(A)). By plugging (5.4.15)) into
(5.4.14) and recalling that (), nen is uniformly bounded in

L*(0,T; Hy(A)) N L>=(0,T; L*(A)),

we finally conclude that

i [@jn — Ujnllz200,m522(4)) = 0.

We are now in the position to prove (5.4.11)) for v € L>°(O). Given t € [0, 7] we denote by
Pinyot)) the orthogonal projection from L?(A, p dx) onto H,(B,(t)) and we introduce

Y(t, ) = Prw o) ().
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Chapter 5. Well-posedness of a FSI problem in a Poiseuille flow: full motion

Thus, we have that _
v e L*(0,T;Hy(By))

and, by the properties of the projection,

We set

and we notice that
‘[_jm’ S 2’f],n’ + 2Hp (aj,n - ﬂj,n) : w”%ﬂ(o,T;[ﬂ(O)) . (5416)

We can choose in (5.4.13)) the function ¢ = 1 to obtain that there exists a subsequence (still
denoted by %, ,,) such that /;,, — 0 as j,n — oo. Finally, a combination of (5.4.12)-(5.4.15)-
(5.4.16) allows to conclude that (5.4.10) holds. O
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CHAPTER

Attractors for a FSI problem in a time-dependent phase
space

The present chapter is concerned with the longterm dynamics of problem (2.0.7), that is a
fluid-structure interaction problem describing a Poiseuille inflow through a 2D bounded channel
containing a rectangular obstacle. Physically, this models the interaction between the wind and
the deck of a bridge in a wind tunnel experiment, as time goes to infinity. We are able to extend
the notion of global attractor to this particular setting, where the solution operator associated
to the system acts on a time-dependent phase space, and prove its existence and regularity.
Moreover, when the inflow is sufficiently small, we give an explicit analytical characterization
of the attractor. Finally, we numerically simulate the case to give a qualitative description of the
attractor for any value of the inflow.

6.1 Longterm dynamics of fluid-structure interaction problems

We study the longterm dynamics of a coupled system describing the motion of a fluid in a 2D
channel with a rectangular obstacle. We aim at modelling the interaction between the cross-
section of the deck of a suspension bridge and the wind as in a wind tunnel experiment where,
at the inlet and outlet sections, the velocity field of the fluid has a Poiseuille flow profile. See
Figure [3.1] on the right for a picture taken during a wind tunnel experiment held at Politecnico
di Milano. The asymmetry of the vortex shedding generates a lift force on the plate (deck) (see
Chapter 3| for a study of the lift phenomenon).

Our analysis is performed on the two-dimensional fluid-structure interaction problem
introduced in Chapter [2| whose well-posedness has been later established in Chapter |4, The

111



Chapter 6. Attractors for a FSI problem in a time-dependent phase space

reason for this choice is that we aim at modelling the framework of a wind tunnel (Figure [3.1]),
where the longtime behaviour may also be studied experimentally. This is clearly impossible in
actual bridges where the wind has a random action on the structure.

Nowadays, the understanding of the dynamic response to turbulent wind is a crucial issue
in the design of long-span bridges. As already mentioned in the Introduction in Chapter {4]
numerous phenomena affect suspension bridges, like vortex-induced oscillations, buffeting and
flutter instabilities (see [46,64, 125]). Specifically, flutter instability occurs at high wind veloc-
ities (> 70 m/s for long-span bridges) at which the vertical and torsional motion of the deck
synchronize, leading the deck to oscillate with growing amplitudes and eventually causing the
bridge to collapse [3,14,/52]]. In engineering terms, the flutter instability onset can be predicted
with different approaches, i.e. experimental, numerical or hybrid methods [43]]. Experimen-
tal methods rely on wind tunnel testing of full-bridge aeroelastic models [[10] while numerical
approaches typically involve Computational Fluid Dynamics (CFD) simulations. Hybrid meth-
ods are widely employed due to the implementation complexity of aeroelastic models, and they
usually combine numerical models of the structure with experimentally identified acrodynamic
coefficients [9,44}45]]. On the other hand, Scanlan’s linearized theory constitutes the most
widely used approach to estimate the flutter limit (see [[120,/121}125]). In the 2D case, a major
contribution is also due to Theodersen’s inviscid flat-plate theory [[135] and the approximate
formula by Selberg [[123]]. These studies are used as a modelling framework to select which ex-
perimental coefficients are to be evaluated during wind tunnel tests, namely the so-called flutter
derivatives.

The crucial (physical and engineering) issue to prevent structural and areodynamic insta-
bilities translates into having a nice behaviour of the body-fluid as time goes to infinity. In
mathematical terms, this can be described by looking for the attractor of the dynamical system
at consideration, which is the natural mathematical object in the theory of infinite-dimensional
system capturing the asymptotic observed nonstationary flow. Indeed, it is the smallest subset
of the phase space to which the trajectories of the system converge in the long term. However,
due to fact that that the fluid domain and the phase space are time-dependent, one cannot apply
neither the theory of semigroups nor that of processes. We refer to Section [I.1]in Chapter|I] for
a more extended discussion on the issue and all related references.

Accordingly, one of the main purposes of the present chapter is to extend the notion of global
attractor to cover the case of maps lacking the concatenation property (typical of semigroups
or processes), referred to in this chapter as semiflows. This allows us to circumvent the main
obstruction, leading to a proper definition of global attractor apt to describe the asymptotics of
our fluid-structure interaction problem acting on a time-dependent phase space. With this notion
at hand, we are able to study the dissipativity properties of (2.0.7)), showing that in the longterm
it indeed admits an attractor. As we will see, this is a compact subset of the (variable-in-time)
phase space to which all the solutions (u, h) of eventually approach. In this respect, the
first step is to characterize explicitly the attractor in some particular situation: we will show that
if the inflow v, is sufficiently small, then the attractor reduces to the unique stationary solution
of (2.0.7)). To provide a description of the global attractor in all other situations and, thus, create
an explicit link between the analytical and experimental framework, we then intervene through
numerical simulations, by which we are able to capture some orbit of the dynamical system at
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consideration. In particular, we simulate the static and dynamic behaviour of the cross-section
of the deck immersed in a fluid flow at different conditions.

The chapter is organized in two parts, one devoted to the purely analytical study and the
second one to the numerical study. In Section[6.2] we introduce the main tools for the analysis of
(2.0.7), and we recall some results about the well-posedness and the existence and uniqueness of
equilibrium solutions, the latter holding under smallness assumptions on the flow. In Section[6.3]
we explain why the classical approach does not apply and, particularly, why the description of
the dynamics of in terms of semigroups or processes seems to be out of reach. In Section
we show that, in case of uniqueness, the equilibrium solution is stable. In Section [6.5] we
define what we mean by semiflow, and we introduce a time-dependent map which enables us to
transform (2.0.7)), which is set in the time-dependent domain (2.0.3)), into a different problem in
a fixed domain. In Section [6.6] we state and prove our final result on the existence of a global
attractor for (2.0.7). Then we proceed to the second part of the chapter, whose main purpose
is giving an explicit characterization of the global attractor for any range of the incoming flow,
through numerical simulations. As far as we are aware, this is the first time that numerics is
used to improve the knowledge on the structure of the attractor associated to a fluid dynamical
system. In Section the numerical strategy adopted 1s described. Section reports and
discusses the numerical results obtained in terms of the main objective of the second part of
chapter.

6.2 Weak solutions and well-posedness

6.2.1 Assumptions on the restoring force

To the purpose of guaranteing the well-posedness of problem (2.0.7)), we assume that the restor-
ing force f in (2.0.7)), satisfies some further conditions besides those given in Chapter 2 In
particular, as in Chapter[d] in order to prevent collisions, we require that f is a strong force, that
is

: 1
dr >0 s.t. |h\1££175|f(h)‘ exp{ T Ioao |h|)4+7“} = +00. (6.2.1)

From a mathematical point of view, (6.2.1) may be probably weakened but, for our purposes, it
is not essential to determine the minimal growth condition for f as |h| — L — §. The simplest

example of function f satisfying (6.2.1) is

F(h) = hexp —

(L= 6= A=

where ¢ > 0 (in this case r = %) Nevertheless, since the restoring force for the deck of

a bridge also involves gravity, the function f may not be odd. Then, we define the function
M :[0,4+00) = (=L +0,L —0)as

M(y) :=sup {|s| : F(s) <y},

where F' is as in (2.0.13). Observe that M is a continuous increasing function with M (0) = 0.
Moreover,
vC >0 Fh)<C = |h <M(C). (6.2.2)
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6.2.2 Definition of a solenoidal extension

In order to be able to capture the non-homogeneous boundary condition in (2.0.7), we build
a solenoidal extension for the Poiseuille flow, by combining some results from [20} |60, 68].
We need an H?-solenoidal extension (and not merely H') because we need some additional
regularity to study the dissipation properties of our system. An alternative construction to that
used in Chapter is here proposed. Let ¢y € (0,L — 0) and consider the “smoothened
rectangle”

Aey = {(331,962) €R?;|wo| < L — e, || < 2+</(L—50)4 —333}’

so that 9A., € C3. Then, we take the non-simply connected domain
Yoo = R\ Aq,, 0%, = OR U0A,,, (6.2.3)
and we state

Lemma 6.2.1. Let X, be as in (6.2.3). Then, for any n > 0, there exists a solenoidal vector
field s = s., = s, (n), depending on €y and 1), such that

s€ HX(R)NL®(R), s =v,on OR, s=0o0n0A,,,

/R(wV)s-u

Moreover, there exist ¢y, co, c3 > 0, depending on 'R and )\, such that

(6.2.4)
<nl[Vulfamy Yue Hy(R).

2/80 4/€O
Y Y

5ll2ry < c1e0e |Vs||L2r) < cagoe |As||z2r) < czeqed/%0. (6.2.5)

Proof. Consider the Stokes system

—Av+Vg=0 inX,,

divv =0 nX,,

(6.2.6)
v =1, ondR,
v=20 on0dA,,.

By [60, Theorem IV.1.1], there exists a unique weak solution (v,q) € H*(3.,) x L*(X,,) to

such that
Vvl 2z, + llallzzs.,) < A,

for some ¢ depending on &y. Although 93, is not globally of class C? (it contains the corners
of R), we may proceed as in [[68, Theorem 3.3] to infer that the regularity of the solution can be
improved to (v,q) € H*(X.,) X H'(X.,). Then, we follow the idea of [20], which is inspired
by [104], that is, we localize the solution of (6.2.6)) in an e-neighborhood of ¥, . More precisely,
let v = (v1, v2) be the solution to (6.2.6)), fix 2o € ¥, and let

g(x) = / (vy dzy — vy dxy) Ve,

Zo
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be the stream function associated to v (see also [60, Lemma IX.4.1]). As a consequence,

% =29 g€ H¥.,). (6.2.7)

V1= 47— 2= "5
81’2’ 8271’

For any sufficiently small e > 0, let¢). € C*°(3.,) be the cut-off function defined in [60, Lemma
I11.6.2] so that

[ (x)| < 1forallz € X, [ (2)| = 1if 6 < 42(2)/2ky, |- (x)] = 0if 6 > 2v(¢e),
IVe(2)] < koe/6(x) forallz € X, | D%, ()| < kse /019 (z) for |a] € {2,3}, (6.2.8)

where 0 = dist(z, 0%.,), v(¢) = exp(—1/¢) while ky, ko, k3 > 0 are some constants. We set

5:( 0 (gwe);—ai(gwe)) in X, s=0 inR\X,.

81'2 I

From (6.2.7)), we see that s satisfies the first two properties in (6.2.4). Moreover, we can proceed
as in [60, Lemma IX.4.2] to find € so as to obtain the third property in (6.2.4). Finally, the
estimates in (6.2.8)) imply that

Vi (z)] < kyee?/s: |D2wg(x)\ < ksee/e; |D3¢g(x)\ < kgeeb/®

for all = such that v*(g)/2k; < dist(z, 0%,,) < 2v(¢), for some constants ky, ks, kg > 0. This

gives (6.2.5). O
6.2.3 Steady states
We denote by (us, hs) the steady solutions to problem (2.0.7)), namely the solutions to

— pAug + (us - V)us + Vps =0, divus, =0 in _,

N (6.2.9)
us = \(L*> — 13)€; on IR, us =0 on 0By,
together with the static fluid-structure interaction condition
f(hg) = —ey - T (us, ps) - 1. (6.2.10)

OBy

Weak solutions (u, hy) € HY(Q,) x (=L + 6, L — §) to (6.2.9)-(6.2.10) represent equilibrium
positions of the body, for a given flow regime of the fluid. In the following theorem we provide

a well-posedness result for (6.2.9)-(6.2.10).

Theorem 6.2.2. Assume that f satisfies and (6.2.1). For any A > 0 the problem
(6.2.9)-(6.2.10) admits a weak solution. Furthermore, there exists \s > 0 such that if A\ < A
the problem (6.2.9)-(6.2.10) admits a unique weak solution (us, hs) € H'(Qp,) x (—L+8, L—0)
given by (uy,0), that is us, with hy = 0. Moreover, there exists C'(\) > 0, with C(\) — 0 as
A — 0, such that

[Vurlloin) < COV.
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Proof. By symmetry of the problem one can assume that B}, entirely lies above the horizontal
line x9 = —L + 0 4+ 7 where 7 > 0 and —L +  + 7 < 0. Given the “smoothened rectangle”

Ar =(-2,2) x (-L+d6+7,L)

U{(:cl,xg)€R2|(m1—2)4+(w2—g—g)4<(L—g—%)4,x122,x2§%+%}
U{(z1,22) ER* (1 +2) 4+ (22— ¢ -2 < (L - ¢ - D) a1 < 2,20 < 2+ 2}
U{(z1,22) €R* (a1 —2—2L+6+7)* + (22— S - 2)* < (L -5 - 2) " 21 > 2,22 > 2 + 3}
U{(z1,22) ER*|(z1 +24+2L -0 —7) '+ (22— S - 2)' < (L -2 - D) o1 <222 > 2 + 2},

take the domain
Y =R\A,, 0¥ =0%,U8%; = (OR\0A,)U(9A\{-2 < 21 < 2Azy = L}). (6.2.11)

Then, by Lemma [6.2.1] in which we replace ., with ¥ as in (6.2.T1), there exists a function s
satisfying (6.2.4)).
The proof of existence is similar to the proof of 15, Theorem 1], with some modifications;
see also [[66]]. We define
Us = Ug + S.

Clearly u, will depend on the particular s chosen, but when we get rid of the solenoidal exten-
sion by undoing the change of unknown, we go back to the solution to the original problem .

Then, we take as weak formulation of (6.2.9)-(6.2.10)
vas.v¢+/ (@s-v>as-¢+/ (ﬁS-V)s-¢+/ (5 V)i, - 6=
Qpg Qg Qp Qp,

/th(s-V)S-gb+/th,uAs-¢

for any solenoidal test function ¢ € C3°(R). We notice that the existence of a weak solution of
(6.2.9)-(6.2.10) follows once we find an apriori bound on ||V 12(q,.) (see for instance [60,
Theorem I1X.4.1]). Take ¢ = w in (6.2.12)). After using the fact that

/ (as-vms-as:/ (5 V)i, - @ = 0,
th th

6.2.12)

we obtain

u||Vﬂs||%z(th) +/ (as . V)S . as = /

Q. 0

(s-V)s-op+ / UAS - Us. (6.2.13)
hs th

The terms on the right-hand side of (6.2.13) can then be bounded as

/Q (8- V)s-us < |8l L2 ) Vsl 2@ ) [1Usl 22 n,) < Cllsllzen,) DIV 2,
hg

where C is the embedding constant for H} () C L*(€2,,), and

/ PAS - Uy = — 1 Vs -Vu, < ,u||VSHL2(QhS) VﬂsHLz(th).
th th
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Finally, by exploiting the third property in (6.2.4) and taking 7 sufficiently small we obtain the
desired uniform bound on ||V || £2(q, ), Which guarantees existence of weak solutions for any
value of the parameter \.

By introducing the (different) specific solenoidal extension s used in [[I15, Theorem 1], here
defined on a bounded domain, we obtain uniqueness of the solution of (6.2.12)) and its specific
form (us, hs) = (uy,0) in a similar way. O

In [15 Theorem 1], the authors impose a bound both on the Poiseuille flow rate A and on the
Reynolds number Re = ¢V/u, where V' is a reference speed and ¢ > 0 a real constant. In the
statement of Theorem|[6.2.2] we joined those two bounds in a unique condition on A by choosing
as reference speed in the Reynolds number precisely the velocity of the Poiseuille flow at the
outlets of the channel. As expected, Theorem [6.2.2] guarantees that the equilibrium position is
unique and symmetric, at least for small flow rate of the incoming Poiseuille flow.

To develop our analysis in the subsequent sections, we rewrite problem (6.2.9)-(6.2.10) in
an equivalent form. For a given gy € (0, L — ¢), let

S = Sey = Sey(M) (6.2.14)

be the function obtained through Lemma The unique solution (us, hs) = (uy,0) to
problem (6.2.9), may be rewritten as

(us, hs) = (Uy + s,0).
Denoting by
g:=puAs—(s-V)s, (6.2.15)
we have that (Us, hs) = (uy, 0) satisfies in a weak sense
—,uAﬂ,\—l—(Q’ZA-V)ﬂ,\+VpA—|—(iZA-V)s+(s-V)iZA:§, leiL\)\ZO iI’lQ(),
uy=0 onJR, uy =0 on 0B,
(6.2.16)
and

0=/f(0)=—c- [ T(@+s,p-n. (6.2.17)
0By

Finally, we prove a property of the function g in (6.2.15]).

Lemma 6.2.3. Let g be as in (6.2.15), s = s., as in Lemma |6.2.1| for some ¢y € (0, L — 0).
Theng € L*(Q,) and

1920y < pllAslzz,) + Isllza@ulIVsllie,)-
Proof. Multiply g by ¢ € C>°(R) and integrate by parts over 2;,. We obtain

/§~<,0dx:u/ As-godx—/(s-V)s-go.
o1 Q o1

We bound the two terms on the right-hand side through the Holder inequality and we get

[ e Vsumh)) lolany Ve €CR(R),
Qp

from which the thesis of the lemma follows. ]

< (NHASHm(ﬂh) +llsllzan
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6.2.4 Weak solutions to the evolution problem

The notions and the results contained in this section as well as those contained in the subsequent
section are analogous to those seen in Chapter However, since in Chapter 4, we treated
problem after imposing a change of reference frame, we report here some results directly
concerning problem in its original formulation. Moving to the evolution problem (2.0.7),
we assume that

u0€L2(Qho)7 hOE[_L+5+aL_5_/\]7

where € € (0, L — ¢) is arbitrarily fixed. If g is as in (6.2.15), the solutions to the problem
(2.0.7) have the form

u=1u-+s,

where s = s, is as in (6.2.14). Again, we point out that u depends on the choice of the
solenoidal extension s built through Lemma [6.2.1] but, by undoing the change of variables, one
recovers the solution to the original problem. Hence,

the solution to the original problem does not depend on the solenoidal extension.
(6.2.18)
We have that u solves the problem:

U —pAu+ (u-V)u+Vp+ @-V)s+(s-V)u=g, divu=0 inQy, x (0,7,
u=0 ondR x (0,7), u=nh'e; ondB, x (0,T),
u(z,0) = ug(x) = up(z) — se(z) forae.z € Qp,.

(6.2.19)
According to (2.0.7)), the vertical translation of the obstacle h responds to
mh” + f(h) = —¢é, - T(u+s,p)-n in (0,7, (6.2.20)

OBy,

with some initial conditions 1(0) = hg, h'(0) = k. Notice that iy € L?*(£2,) is such that
Uy - n = koéy - n on OBy, It is worthwhile to emphasize that the knowledge of /'(t) allows to
reconstruct the position of the body:

t
By = B+ h(t)éy,  with  h(t) = ho + / K () dr. (6.2.21)
0

We now recall the classical functional spaces from fluid mechanics (see, e.g., [60L/134]):
V(R)={veC*(R)|divv =0inR},
H(R) = closure of V w.r.t. the norm || - [ 12z ,

V(R) = closure of V w.r.t. the norm ||V - || 15

Next, we denote by (-, -) the duality pairing between V' and V. Finally, we introduce the product
spaces
H(R) = H(R) x R, V(R)=V(R) x R.
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To define a weak solution to problem (6.2.19)-(6.2.20), for every h € (=L + §, L — ) we
introduce the closed subspaces H;, C H and H; C V of compatible pairs

Hp={z= (u,l) € H(R)|up, = (&}, H; ={z=(u,l) € V(R) |up, =&},
(6.2.22)

endowed with the scalar products
<Zl, 22>Hh = / Uy - U dx + mflfg, <Zl7 ZQ>H%L = / VUl . VUQ dx + m€1€2, (6223)
Qp Qp

where z; = (u;,(;), and m is the mass of the body as in (6.2.20). We call || - ||3,., || - [lg

the norms induced by the scalar products in (6.2.23), and we denote by H,; ' the dual of H;.
The integral in the second formula in (6.2.23)) can be defined on the whole channel R; indeed,
Vu; = Vuy = 0 on By, since any element of "H}L is a rigid motion on Bj,. Recalling that D(+)
denotes the symmetric part of the gradient, for all uq,uy € V'

2/ D(uy) : D(ug) dx = / Vuy : Vug de. (6.2.24)
R R

If h = h(t) is a function from [0, 7| to (—L + ¢, L — ¢), we define the following spaces:

T
Lp<o7T;H:L(t>>:{f:[o,THHz@ st o) = | Hf(t)||§’{;1()dt<+oo}
t 0 t

for1 < p < o0, and

L0, T Huw) = {f D0, T] = Huwy st [ fllz=ori,. = ess[su}p 1f () I3 < —|—oo}.
te[0,T

We can now define weak solutions to (6.2.19)-(6.2.20)).

Definition 6.2.4. A pair (u, h) is called a weak solution of (6.2.19)-(6.2.20) with initial data
(Uo, ho, ko) if there exists g = e¢(Uo, ho, ko, T') € (0,L — §) such that, for s = s., as in

(6:2.14),
he WH(0,T;[~L+8+c0,L— 0 —<o)), (@) € L2(0,T; Hagy) 0 L0, T; Hagy),

(ah h”) € L2(07 T7 H}?&))a
and the pair (u(t), h(t)) verifies, for any (¢(t),((t)) € H}L(t) and almost every ¢t > 0,

(@(t), 6()) +m W (£)E(E) + F(A(E)) €(2) + p /R Vat) : Vo(t) d
+/Q (u(t) - Vyu(t) - o(t) dz —I—/Q
- / G- o(t) da,

Qp

and G(0) = G, h(0) = ho, 1 (0) = ko.

@) - V)s - o(t) do + / (s V)at) - o(t) do (62.25)

Qp
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Remark 6.2.5. The requirement h € W>°(0,T; [~ L + ¢ + &g, L — § — &¢]) makes Definition
[6.2.4]consistent: it ensures that no collision occurs between the obstacle and the boundary of the
channel because there exists a separation strip of size £y € (0, L — ) for all times, by which one
is allowed to build the solenoidal extension s as in (6.2.14) precisely by choosing such an &y.
As the no-collision result is a non trivial issue, it will be recalled explicitly in Corollary [6.2.8]
Also, we point out that the test functions depend on time and on the solution of the problem
itself.

Let us show that any classical solution to (6.2.19)-(6.2.20) is a weak solution according to
Definition [6.2.4] Incidentally, this also confirms (6.2.18).

Proposition 6.2.6. Let g be as in (6.2.15). If a pair (u, h) is a classical solution to (6.2.19)-
(6.2.20) such that |h(t)| < L—0 —eg forallt € [0,T] for some ey € (0, L —0), then it satisfies
(6.2.25) for all t € [0, T] and for every pair of test functions (¢(t),[(t)) € /H,ll(t).

Proof. In order to obtain (6.2.25), we choose a test pair (¢(),/(t)) € V(R) such that (t)|s,,,, =
[(t)es. We multiply the first equation in (6.2.19) by ¢ and integrate by parts over €2;,. All terms
may be treated in a standard manner (see, e.g., [57]). Though, a particular attention must be

devoted to the diffusive and pressure terms. We temporarily move the term pAs appearing in g
in (6.2.19) on the left-hand side and we get, recalling (6.2.24),

(—pAU — uAs + Vp, ¢y = (divT (0 + s,p), ¢) = —/ (T-n)-¢o+ | T:Vo

th Qh

:—52-/ (T@+s.p) A+ | T@+sp):Vé
0By,

Qp

— (mb" + f(W)l+p | Vi:Vé+u [ Vs:Ve

Qp Qp
— "+ f) 1+ [ VT Votu [ VsV,

where the last equality holds because V¢ = 0 on By, since ¢ is a rigid motion on 5},. Thus,
given

/§'¢:_M Vs: Vo — (S.V)5.¢:u/ As- ¢ — (s-V)s-¢
Qp Qp Qp Qp

Qp,

we obtain the weak formulation (6.2.25]). O

6.2.5 Well-posedness of the evolution problem
We provide the following well-posedness result for (6.2.19)-(6.2.20).

Theorem 6.2.7. Let ¢ € (0, L — 0) be fixed. For any initial data hy € [-L+ 6 +&,L — 0§ —
g, (uo, ko) in the space Hp, and every T > 0, there exists a unique weak solution (u,h) to
(6.2.19)-(6.2.20)) for some £y = £¢(ho, Uo, ko, T') € (0, L — &). Moreover (u, h') is equal almost
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everywhere to a continuous function from [0,T] to H, and it satisfies the following energy
estimate, for everyt > (0

t
()20 )+l () +2F (A(E)) 11 ; IVa(T) 12,47 < 0|22, ) +mko® +2F (ho)

2 412
My ||g||L2 (@

(6.2.26)

Proof. The result can be proven following the procedure implemented in Chapter @ up to using
the solenoidal extension s = s., in (6.2.14). In order to prove (6.2.26), it sufficies to take

(¢,1) = (u, 1) in (6.2.25). We obtain
(i, @) +m "W + f(N + pl| Vil 2, :/ @ﬂ—/ (@ V)s-a. (6227
Qp, Qp

We seek bounds for the two terms on the right-hand side. The first term is bounded by Lemma
the Holder inequality, the Young inequality and the Poincaré inequality (here the Poincaré
constant is 412 /7?). This gives

1412 LB
G-ul < - — ZIVa|2a i, -
/th u| < L HQHL? ) 4H U720,

In order to bound the second term we exploit the third property in (6.2.4)), with n = u/4,

/Qh@- V)s

Thus from and the above bounds we obtain

| on
ul < Z||VU||2L2(Qh)-

d /- 2 ~ 24172
i (10, + b 4+ 26 0) + gl Vil < 11200,
where F'(h) is defined as in (2.0.13). Integrating on (0, t), we infer (6.2.26). O
In the sequel, we will use the following consequence of the energy estimate (6.2.26)). It reads
as
Corollary 6.2.8. For all T > 0, there exists g = e¢(ho, Uo, ko, T') € (0, L — 0) such that

lh(t)| < L—86—ey  Vtel0,T). (6.2.28)

Moreover, € decreases as |ho|, ||to||r2(q0), |ko| and T increase. In particular, the solution to

(2.0.7) is global in time.

Proof. To prove (6.2.28)), we can proceed as in [[111, Lemma 3.2]. By contradiction, if the
solution of was not global in time, then a collision would occur at some finite time
t = T. But, according to (6.2.18)), the collision of the solution is independent of the solenoidal
extension and we reach a contradiction by taking s = s, with ¢g = ¢¢(7") ensuring (6.2.28).
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Chapter 6. Attractors for a FSI problem in a time-dependent phase space

6.3 Dissipation of the solution operator

From Theorem we learn that, for every € > 0 small and every hy € [-L+0+E, L—J—E],
problem (6.2.19)-(6.2.20) generates an operator

U(t) : Hpy — Hhw)

defined by the rule

(a(t), n'(t)), (6.3.1)

Z20 = (a(), kﬁo) — U(t)Zo
), h(t)) is the unique weak solution at time ¢

where, reconstructing A as in (6.2.21), the pair (u(¢
to problem (6.2.19))-(6.2.20) with initial data

Q(0) =T, h(0) =hy, 1(0) = k.

Remark 6.3.1. It is worth noting that, although not explicitly written so not to burden the no-
tation, the operator U (¢) depends on the particular ho chosen. Besides, it acts between different
spaces; but this reflects the nature of the fluid-structure interaction problem (6.2.19)-(6.2.20),
where the functional framework is influenced by the evolution itself.

We begin our analysis by introducing the proper notion of dissipation for the dynamical
system under consideration.

Definition 6.3.2. We call Ry > 0 a zero-order absorbing radius if, for any R > 0 and € > 0,
there exists tg = to(R, ), called entering time, such that, for every

ho€[-L+0+EL—-6-2 and |z, <R

it follows that
1
I 2] 2
10 0l = [180) 20, ) +mb 0] < B ¥E> 10,

We call Ry > 0 a first-order absorbing radius if, under the same assumptions, there exists
t, = t1(R, ), such that

1
~ 212
10200y, = [IVAOI e,y + 0 (0] < B Vet

We now address the dissipation properties of the solution operator U(t) in terms of zero-
order and first-order absorptions.

Theorem 6.3.3. There exists a universal constant Ry = Ro(\, L,0,d, m,u) > 0 with the
following property: forany R > 0 and any € € (0, L—90), there is an entering time to = to(R, €)
such that
1U®) 0],y < Bo - VT2 to,
whenever
hoe[-L+d6+&L—06—¢ and 120l14,, < R

In compliance with Definition the constant Ry is a zero-order absorbing radius. More-
over, Rg — 0as A\ — 0.
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6.3. Dissipation of the solution operator

Proof. Define a solenoidal vector field w € C*(R) N Hy(R) such that w = hé, in By, in the
following way:

0 (C(x,t)xl),i(g(a:,t) x1) VereR, Vt>0,

0wy o

w(zx,t) = h(t)
where ¢ is a C* cut-off function equal to 1 in a small neighbourhood of B},(;) and equal to 0
outside a larger neighbourhood. The following estimates hold

|wll2ry < arlhl,  IVwllewy < azlh|,  [[Vwllpemr) < aslh], (6.3.2)

where a1, a; and ag are constants depending on the cut-off function (. We observe that the
function ¢ depends on the width of the separation strip between the obstacle and the channel.
Hence, for all t € (0,7),

w(z,t) = we,(x,t), (6.3.3)

where ¢ is given by Corollary [6.2.8] Our aim is to explore what happens for any ¢ > 0. Given
F(h) as in (2.0.13)), we introduce the energy functional:

E(t) = |[a(t)| 72, ) +mh (1) +2F (h(t),

and, for w € (0, 1) to be fixed later, its perturbation

Eult) = [(8) B, ) + mb (1) + 2F(h(8)) + w h(t) K (£) + / at) - w(t) dr.

Qp(p)

From the Young inequality, we have
wp  cw?

~ W 2 1, .
. d < _h/ i el h2 - 2
/Qhu wdr| < 2 + ( 5 + 5 > + 2||u||L2(Q;L)’
with p as in (2.0.14). Hence, we draw the bounds
alb<E,<ck, (6.3.4)

wlhh'| + w

for some c; > ¢; > 0, provided that w is small enough. So far, we have used an arbitrary ¢, to
build s = s, in (6.2.14)), but in view of (6.2.18), o may be modified. To this end, we claim that

381 = 81()\) >0 and tg= to(R, é\) S.t. |h(t)| <L-—-6-— €1 Vit > to . (635)

By contradiction, suppose that the above statement does not hold. Then, by Corollary
this implies that
limsuph(t) =L —§

t—o00

and/or similarly for liminf = —L + 6. Then, since h € C° (R,), for all £ > 0 there exist two
divergent sequences {t}'} and {¢}} such that

ht)y=L—-6—=  vte | ]t ).

n=1
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Chapter 6. Attractors for a FSI problem in a time-dependent phase space

By (6.2.1)), we can take £ > 0 small enough so that there exists ¢ > 0 such that

h(t) L—b6—¢ L—6—¢ 1
F(h(t))= sds>/ fsds>c/ exp s
( ( )) 0 ( ) L—0—2¢ ( ) L—0—2¢ (L —0 - S)4+r (636)

2e
- Lo > !
=C ; expm T—Cgexp€4+r

whenever ¢ € U, [t7,t5]. By (6.2.18), we can replace the solenoidal extension s = s, to the
solenoidal extension s = s.. Taking (¢, 1) = (4 + w, k' + wh) € H} as a pair of test functions

in (6.2.25)), by omitting (¢) we obtain

1d
——Ew—wh/2—i—wf(h)h—l—uHVﬂH%z(Qh)Z/ §-ﬂd$—/ (u-V)s-udx
th Q;L Qh

— Bw Vﬂ:dem+w/ g-wdx
Qp Qp

—w/ (G-V)s~wdm+w/ (u-Viw-udz.
Qh Qh
(6.3.7)

We proceed to bound each term on the right hand-side of (6.3.7). We control the first term in the
right-hand side of (6.3.7) by exploiting the Holder inequality, Lemma above, the Young
inequality, and the Poincaré inequality (here the Poincaré constant is 4% /72). This gives

A —~ ~ 3 4L% TN
/ §-@de < |[gllz@ @l < 5 —5 [Gllz2@,) + GIVElZ2@,)-
Q BT

Similarly for the fourth term

pAL?

- 3
§?H9H%Q(Qh) + —W2HVU)H%2(R)-

o [ §rwde <wlgleluloo, < ;
Qp H

Concerning the second term in the right-hand side, we make use of the third property in (6.2.4))
with n = /3, to get

—~ - M U
_/ (@-V)s-@de < S| Vilizq,)-
Qp,

The third term is bounded through the the Holder inequality and the the Young inequality as
o [ Vi Vwds < PVt ) + —w?]| V|2
K ' =5 L2(Q) T L2(R):
Q 1%

Again, for the fifth term, we exploit the third property in (6.2.4) with = 1, and the Young
inequality. We obtain

~ ~ [N 3
—W/Q (- V)s - wdr <wn|Val 2o, [Vl 2@, < §||VU||%2(Q,L) +w2@||Vw||%2(R).
h
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6.3. Dissipation of the solution operator

Finally, the sixth term requires exploing w € C*(R) to deduce
N - 417 12
“ (@ V)w-tdde < w— |Vl Vi,
h

At this point, by (6.4.6) and using the fact that |h| < L —§ — e < L — 0, we set

4172 4172 417
w— w—||Vw||Loo (R) >u—a3w|h|— >u—asw(L—90)— =3r>0
72

if w is small enough. Inserting all above inequalities in (6.3.7)) and, recalling that from (2.0.14))
f(h)h > F(h), we arrive at

J R 94+ 2,2 412
— By — 2wk + wF(h) +wF (k) + 30| Vil 32(q,) < o

3 2
- < e e + IVl

We apply the following trace inequality, through which we extract a damping term for the
obstacle By,:
IVl 12, = clll'elli2om,) = clOB||I],

for some positive constant c. Moreover we use (6.4.6) to deduce that

3
WF(h) — pwuvwaiZ( > (wg - a2§ 2R > ch?,

where c is a positive constant, if w is small enough. Thus,

d 2 ~ 9+2u?4L>
B OB = 2 + P (8) + 2 Vil < TSI

where cv|0By|? — 2w > 0 if w is small enough. Finally, applying the Poincaré inequality in the
left-hand side, we find

d 9 9+ 2u?4L?
EEw+(CV|8Bh|2_2w)h/ +wk(h)+ 4L2HUHL2 o VIVl 72, < 6 ||g||L2(Qh)
Defining
. (OB — 2w w vm
B:mln( - ST >0,
we end up with
d ~
—Eo+BE+ VI Vl| 72, < 5 (6.3.8)
having set
9 +2u* 417
e

Then, renaming /¢, as 5, we infer from (6.3.4) that

d
2B, +BE, <n
TR "
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Chapter 6. Attractors for a FSI problem in a time-dependent phase space

The Gronwall Lemma yields
E.(t) < E,(0)e ™ + g
Inequalities (6.3.4) imply that
K

2 2] -pt ™M
HU(t>Z0||Hh<t) <E() < .. E(0)e " + e (6.3.9)

[k
li Ut <, /—. 6.3.10
I?Ligp” ( )ZOHHh(t) = BCI ( )
Then, by using (6.3.6)-(6.3.9) and Lemma[6.2.3]

Therefore,

1 Co _ K Co _ 1 12
2 — <2F(h(t)) < E(t) < = E(0)e P+ — < = E(0)e "' + — =
ce exp o < (h(t)) < ()_C1 (0)e +561_C1 (0)e +6616386Xp5
(6.3.11)
Choose £ > 0 small enough in such a way that
1 1 12
ce exp W > %c;ﬁexp ? .
Then take ty = to(R, £) such that
1 12
QE(O)e_ﬂt < ——c3Eexp — V>t
1 501 €

With these two choices, we contradict (6.3.11)) and we prove (6.3.5)).

We modify once more the solenoidal extension s in (6.2.14)) and the function w in (6.3.3) by
taking s = s.,, w = w,,, with £; given by (6.3.5). This is allowed thanks to (6.2.18). With this
choice, we reach again (6.3.10). Given

~ [ K
R=,/—,
Bei

this tells us the balls in H;, of radius Ry > R are absorbing, namely they contain the dynamics
of (6.2.19)-(6.2.20) for ¢ large. This translates into the existence of the zero-order absorbing
radius Ry in the sense of Definition [6.3.2] Summarizing, for any hg € [-L+ 6 +&,L —§ — £,
given zo = (o, ho) such that [|20[[4;, < R, we have

~ 1 : o
V@20, < VEW) < Ro, Vi > 1o =to(R,8) 1= 5 log (min {1,229 1) .
(6.3.12)
Finally, by Lemma[6.2.3] x — 0 as A\ — 0. This completes the proof of Theorem|[6.3.3]

[]

Note that [6.3.5] allows us to improve the conclusion of Corollary [6.2.8] on the separation
strip between the obstacle and the boundary of the channel. Accordingly, throughout the whole
section, we take s as in by choosing the value &, given (6.3.5) instead of ¢y, i.e., we
take s = s.,. A further consequence of Theorem [6.3.3]is the existence of a suitable dissipation
integral for the solution (u, h) to problem (6.2.19)-(6.2.20).
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6.3. Dissipation of the solution operator

Corollary 6.3.4. Let R > 0 and € > 0 small be arbitrarily given, tq as in (6.3.12)) and Ry as
in Theorem Assume that hg € [~L + 6 + &, L — 0 — €] and ||20||n,, < R. There exists
D = D(Ry) > 0 such that

t+1
[ ||Vﬂ(7’)|’%2(ﬂh(T)) dT S D \V/t Z to.

Moreover, D — 0 as A — 0.

Proof. Integrating inequality (6.3.8) on the time-interval (¢,¢ + 1), and exploiting (6.3.4), we
get

t+1
/ VIV ey AT < K+ Eult) < 5+ 2 ().
t
Hence, in light of (6.3.12)), for ¢ > t, we are led to

t+1 R ) 1 Co s
/t V(0 7 < i+ 2R3

Since we know that x, Ry — 0 as A — 0, we are done. O

We have now all the ingredients to proceed to show the existence of the first-order absorbing
radius, ensuring dissipativity of higher-order.

Theorem 6.3.5. There exists a universal constant Ry = Ry(\, L,0,d,m,u) > 0 with the
following property: for any R > 0, and any € > 0 small, it follows that

||U(t)20||7_[}l(t) S R1 Vit 2 to + 1,

whenever
hoe[-L+d6+¢EL—6—¢ and 120/, < R,

where g is given by (6.3.12). In compliance with Definition the constant R, is a first-
order absorbing radius with entering time t; = ty + 1. Moreover, Ry — 0 as A — 0.

The proof of the theorem will make use of the uniform Gronwall lemma, that we recall for
the sake of convenience (see [|133, §III.2, Lemma 1.1])

Lemma 6.3.6. Let f1, fo, f3 be three positive locally integrable functions on (to, +00) such that
14 is locally integrable on (to, +00), and which satisfy

t+1 i1 1
% < fifst [, /t fi(s)ds < ay, /t fa(s)ds < as, /t f3(s)ds < ag

fort > to, where ay, asy, asg are positive constants. Then
f3(t+1) < (ag + as) exp(ay) Vit > to.
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Chapter 6. Attractors for a FSI problem in a time-dependent phase space

Proof of Theorem[6.3.5] Let (u, h) be the unique weak solution to (6.2.19)-(6.2.20), and p €
L2 (€, the associated pressure field (which can be standardly obtained for instance by apply-

loc

ing [S7, Theorem 2.1]). Then, we denote

Su=-V-T(u,p) =—pAu+ Vp.
As a consequence, after an integration by parts, (6.2.25)) is equivalent to
/ ﬂt-gbdx+/ Sﬂ-¢dx+/ (a-V)a-¢dx+/ (@ V)s - dda
Qp Qp, Qp Qp
+/ (s-V)u-¢dx :/ g-odx.
Qh Qh

We proceed similarly to [33] by starting to define some auxiliary functions. Consider ¢ a smooth
cut-off function with compact support such that ¢ = 1 in a neighborhood of B, and set

(6.3.13)

~

C(t, x1,22) = ((x1, 19 — h(t) + ho). Then, we define the map V (¢, z) : Rt x R* — R? by

~ -~

V(t,x1,9) =V x {0,0, —C(t, 1, 22) 211 (¢)}.

We notice that V (¢, ) € C*(R2, R?) forall t > 0, V(-,z) € L=(0, T;R?) forall 2 = (21, 15) €
R?, and

IV (8, ) lwroe (@) < CIH ()] (6.3.14)

for some C' > 0. At this stage, one proceeds formally (see [57,/133]]) and assumes that Su, u; €
L?(£21,). We choose as test function ¢ in (6.3.13) the following function

Su+(V-V)i— (@ vV,
SO as to obtain

/ G- [ S+ (V-V)ia— (@ V)V| de+ | S |[Sa+ (V- V)i—(@-V)V| do =
Qp

_/ @ V)a- [Sa+ (V- Vya-(@ V)V dx+/(a.V)s- S+ (V- V)a-(@- V)V |de
Qn Qp
+/Q (s V)@ [Si+ (V- V)i (@ V)7] d:zr+/Q G- [sa+(V-vyi- (@ V)V do.

(6.3.15)
Arguing as in [33, Lemma 4.3], we find

~ ~ . -~ ~ > d ~ 1 /
/ Uy - [Su +(V-V)u—(u- V)V} dr = MEHVUH%z(Qh) +mh" + f(h)h"
Qp,

~

+2p /Q (D7) - [(va)(VV) — D((@-V)V)] da.
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6.3. Dissipation of the solution operator

Thus, by plugging the above equality into (6.3.15]), we obtain

d ~ / ~ ~ =5 —~ P =5 /
MEHVUH%Q(Q}J +mh"” + 18812,y = — g Su - [(V -V)u— (u- V)V} dz — f(h)R'
h

_2“/9 (i) (Va) (VD) - D(@- V)V)] da - /Q @-V)a- [Si+ (V- V)a—(@ v)7]ds

h

_/Q @ V)5 [sa+(V - Vya-@ V)V dzL’—/Q(s-V)ﬂ- StV - V)i (@ V)V | da

+/ g [5a+(?-V)a—(a-V)ﬂ da.
Qp,

(6.3.16)
At this point, some estimates for the terms of the right-hand side of (6.3.16) are needed, by

exploiting in a suitable way the Holder, the Young and the Poincaré inequalities, together with
the properties of the solenoidal extension s. We have the two following inequalities

1

+ (M),

h h// < Th//2
DL 2 2m

and

Lo
Qp

Using the renowned Ladyzhenskaya inequality (see [133, p.108, (2.16)]),

‘/uVuSu
Qp

where ¢; and c; are two strictly positive constants. For the remaining terms, we argue in a
similar manner, finding

/ (@ V)s-Si
Qp,

—~ ~ 7~ 1, ..
< N9llz200) STl 2@, < 1161120, + Z1STIZ2(0,)-

Ian
< erl[all o, IVl 20 ST 500, < ISl 0,

+ e[l Z2 ) IVl 220,

~ ~ 7 ~
< Vsllus@ol@lls@n STz < C7IVsIlZa, IVl

1 an
+ ?HSUH%?(Q;LN

where C' > 0 depends on the constant describing the Sobolev embedding H} (Q,) C L*(Q4),
and, exploiting again the Ladyzhenskaya inequality,

‘/ (s-V)u-Su
Qp

for some strictly positive constant c3 > 0. For all terms involving the map 17(x, t), we exploit

1/2
< Isll 5ty I Vall 20, IS5, ) < esllslZa,)

N I on
VUH?}(QH)‘FQ||5U||%2(Qh)’
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Chapter 6. Attractors for a FSI problem in a time-dependent phase space

(6.3.14). Thus, we have
/ Si- (V- V)i - (@-v)V| ‘
Qp

< [Vllwre @ Sl 2000 IV Ell L2(2) + call Vw18l 220, [Vl 2 (@)

=5 o~ 2 ~ 2 ~ 2 -~
< C4||V||€V1,oo(nh) VUH%Q(Q,L) + _HSUH%Q(Q,L) <yl HVUH%Q(Q;L) + _HSUH%Q(Qh)v
7 7

where ¢, > 0 changes from line to line, and it depends on the Poincaré constant. Then,

\ [ (D@) : [(Va)(VV) - D((@- V)7 ] < |V llwr <o IVllEa(a,) < eslb Vil
h

for some strictly positive constant c; > 0. Let cg, 7, cs, cg be some strictly positive constant
that might change from line to line. Arguing by the Ladyzhenskaya inequality again, we obtain

/Qh(a.vm- (Vv @ V7] ‘

1/2 1/2 ~
) o IS 25, IV 32 0

< &1 |[Vllwros o 1]

+all 7w @l 2, IS8, IVl 2,
< collilfa o 17 Wi oy (14 1812e(0,) + 21520
2 (14 1Vl ) V300,
< IVl (coh'* + colliliagan + coll Vil ) + 2ISTlna,)
Then, by similar arguments, we have
[@ s (7900 @ 7] | < el Vsl 1Pl V8,
h

< erl|Vsllaon) IVl 720,

and

/Q (s V)i~ (V- V)i (a-9)V] ] < csllslleon W Vil

For what concerns the last term, we have
‘ | #v-wa-a vy
Qp

Collecting all together, and dividing by u, we finally get

N . 7 2
< ool (191 20 IV £2(0) < ZHgHLQ (Tl V|72,

d o~ ~ €2 |~ 5
*||VU||2LZ(Q,L) < HVU||2LZ(Q,L)(*HU”QL?(Q,L)||VUH%2(Q,1 ||S||L2(Qh)Hvu|lL2(Qh) +C HVSHL4 ()
2
;h +2 \h\+*IIVuIILz<Qh)+ I\UIIL2<Qh>+ =n' +C7HVS|IL4(Q,L>IhI+*H oo ey 11| + <2 Ih’\ )
T~ 1 2
+ @I\gl\mmh) + Tmu”(h)' ~
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6.3. Dissipation of the solution operator

We are now in a position to apply Lemma[6.3.6 with the choice
Co 1~ ~ C3 —~ 7 C4 .2 Cx
fi= ;I\UH%(Q”I\VUH% @+ —HSH%2 @lIVallzaq,) + C@HWH%(Q@ + ;h' + ;W\

Co ~ 4  C7 Cs Cy
+;||Vullizmh ALIIuIILz oyt = h’ ||V3||L4mh>|h’|+Ellsllmmmlh’l+;|h’l2>

[ 1 2
fa= @HQHB(Q;L) + —u’f(h” ;

2m
fs = IVll72(q

Indeed, since t > t, with ¢, as in (6.3.12), from (6.3.12) we have that 2F'(h) < RZ, so that by
(6.2.2)
M (Rg)

2 )
providing in turn a uniform bound for | f(h)|. Therefore, with reference to Lemmal6.3.6] denot-
ing by @ a generic increasing positive function, and exploiting and Corollary we
draw the estimates

t+1 t+1 t+1
/ fi(s)ds < ay, / fa(s) ds < ag, / fa(s)ds <asg  fort>to,
t t t

with

|h] <

(

- C2Ro az + || 172 Q)3 T C ||V3||L4(Q %R?) + %Ro + Cﬂﬁas + Q%Ré
fl!vSHmh)RO + 25| oo () Ro + 2 R2,
az = 51170172, + Q(Ro),
az = D(Ry).

The conclusion is
||Va|‘%2(gh) < (a3 + az) exp(ay) vVt >tg+ 1.

The last step is to add mh’? to both sides of the inequality above, which allows us to reconstruct
the norm of the norm of the solution, to wit,

U (¢t )z0||7_[i<) </(az+az)exp(a;) + R3  Vt > 1o+ 1.

Here, we leaned on the estimate mh'> < RZ2, coming from (6.3.12). By calling R, the right-hand
side, the proof is finished. L]

Remark 6.3.7. Due to the compact embedding
H}ll(t) @ Hh(t)

which holds true for all ¢, the closed ball B;(t) of radius R; in 'H,ll(t) is compact in Hy).
Theorem tells that
U(t)B C Bi(t) Vit >1ty+ 1,
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Chapter 6. Attractors for a FSI problem in a time-dependent phase space

where B is the ball of radius R in H,,,, for R > 0 arbitrarily given. This shows that the solution
operator U (t) defined by the rule (6.3.1)) is not only dissipative in the sense of Definition
but it has also a regularizing effect.

6.4 Stability of the unique steady state

In this section, we investigate the convergence of the solutions of (2.0.7)) to the unique steady
state, if A < A, see Theorem [6.2.2] In particular, we study the convergence of the solutions

of (2.0.7) to those of (6.2.9)-(6.2.10), in terms of the convergence of the solutions of (6.2.19)-
(6.2.20)) to the solution of (6.2.16)-(6.2.17).

Theorem 6.4.1. Let R > 0 be arbitrarily fixed and \s as in Theorem There exists
A= M(R) € (0, A\s) such that if X < Ay, the weak solution (u, h) of problem (6.2.19)-(6.2.20),
with initial position of the obstacle hy = 0 and initial velocities zo = (Ug, ko) € Ho such that

|20l o < R, converges to the solution (uy,0) of (6.2.16)-(6.2.17) in Hy as t — oo.

In order to prove Theorem [6.4.1, we preliminarily state and prove a basic proposition al-
lowing to define a change of variables associated to the rigid motion of the obstacle in prob-
lem (6.2.19)-(6.2.20) in order to be able to compare different solutions; indeed since (6.2.19)-
(6.2.20) is set on a time-dependent fluid domain, different solutions are defined on different
domains. This change of variables depends on time ¢ through h; it was first introduced by
Takahashi ( [130, Section 4.1]), inspired by Inoue and Wakimoto ( [93]]). We denote for all
e>0

0. = {z € R:dist(z,I') > 2 A |zq| < 3}, A. ={z € R:dist(z,T) <& V |z1] > 2},

see Figure [6.1] for a representation. Note that, if we choose £y = ¢, any function s defined in
Lemmal6.2.1lis such that

s(zx)=0 on  R\A.. (6.4.1)
L r
o 311
B = Qh
‘i
-L r

Figure 6.1: The subsets O., A. C R.

Proposition 6.4.2. Consider a fixed h € W'>°(0,T;(—L + §, L — 6)) with h(0) = hg. For
every t € [0, T] there exists a volume preserving diffeomorphism

w(t, ) : Qh(t) — Qho
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satisfying, for all € > 0, the following properties:
w<t,$1,$2) = (I‘l, To + h(t) — ho) Vo= (Il, LEQ) € OE,
W(t, x1,x0) = (1, 22) Vo= (x1,29) € Ae.

Proof. Let ((x1,x2) be a smooth cutoff function equal to 0 in A, and equal to 1 in O.. Then,
we define the solenoidal vector field V : RT x Oy — R? as

V(t,z) =V x {0,0,—C(x1, x2)x1h'}.
Notice that

0 in A,
V(t,x) = W, inO (6.4.2)

and V(-,t) € C>(R* R?) forall t > 0, V(z,-) € L>(0,T;R?) for all z € R? Then we build
the deformation mapping of Q) into Qp,, 1 : RT X Qpy — Q. as the flow associated to

(6.4.2):
{% (t,2) = V(t,9(t, x)),

(0, ) = .
Ot

Since V - V' = 0, ¢ is volume preserving and det(5}*
smooth function of V. In particular, for some C' > 0,

1074, Mer@, ) < CIF (O] ¥i=0,1,Yk=0,1,2.

)ij = 1 forall ¢ > 0. The mapping ¢ is a

Notice that ¢ € W(0,T; C*(Qpy)) for any k = 0,1, 2. O

Through Proposition [6.4.2) we define ¢ : RT x Q,; — Q) by ¢ = ¢~ in the space
variables to be the volume preserving diffeomorphism such that, for any y = (y1,y2) € O,

e(t, y1,92) = (Y1, 92 + ho — h(t))
and, for any y = (y1,42) € Ac, ¢(t, Y1, y2) = (y1,y2). There holds
18/ (t, Mer@,) < CIW ()] Vi=0,1,¥k=0,1,2.
Obviously p € W1°°(0, T;C* (€2, )) for any k = 0,1, 2. We can now give the

Proof of Theorem[6.4.1] Let £; > 0 be given by (6.3.5) and take s = s., from Lemma [6.2.1]
Multiply the fluid equation in (6.2.16)) by a function ¢ € V(R ) such that ¢|5, = €5 and integrate
over €)y. After integration by parts it comes

. ou. . . . . . .
,LL/QOVU)\ : V¢+/8Q0(—u%+psn)~¢+/go(uxV)uxqb—i—/QO(UA-V)S'QH-/QO(S’V)U,\'¢= Qog'¢-

Next, by the coupling condition in (6.2.17)), we have that
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Consequently, we obtain that, for any ¢ € V(R) such that ¢|p, = €3,

i VﬁA:ng—k/ (ﬂ,\-V)a)\-qf)-f-/ (ﬁ,\-V)s-gb—F/ (s-Vur-0o= [ g-¢. (64.3)
Q0 Q0 Qo Qo Qo

Notice that does not see the value of ¢ on By, thus we could have taken ¢|g, = cé; with
¢ € R. Then, let (u, h) be the unique solution to problem (6.2.19)-(6.2.20) given by Theorem
with hg = 0 and some initial velocities zy = (Ug, ko) € Ho such that || 2|3, < R, for any
arbitrary R > 0. In order to be able to subtract the weak formulation satisfied by (u, h) and that
satisfied by (us, hs) = (U, 0), we need to properly map #(t) from €2, to €2y for every ¢ > 0.
We follow [76,/111]]. From (6.3.3), we infer that b € Wh°(0,T;[-L + 8§ — &1, L — § — &1]).
Thus, we can build ¢ as in Proposition with by = 0 and € = ¢;; we also define p = 1p~1.
We introduce

v(y,t) = Vip(e(t,y),t) - ule(t,y), 1)y € o,
to be the pullback of u by ¢, and we set ¢(t,y) = p(t, ¢(y,t)). We refer to [[76, Section 3.2]
(see also [[111, Section 5]) for the explicit computation of the partial derivatives of v in terms of
those of u, so that the equation satisfied by v reads

(O(t), @) +mh" (D)I(t) + f(h())I() + A Vo(t) : V¢+/Q (v(t) - V)u(t) - ¢

(6.4.4)
[ e Vot [ sVl o-

for any test pair (¢, 1) € H{ where, using Einstein’s summation convention,

f' =+ (Oh" — 8i)O0® + 0P’ 0" (0:0") + (R Ope V" + (02,0") (Ot )™
+ 'O (O’ — i) + (O )0V + Org (0" — bur) + o { — O™ (020" ) O 01
— (Ohp' O™ D" — BikGjun 1) O™ — O O™ (970")
— Q"™ Dy )0 0" — (05,0 D50 0" — (Wwi)@jwl@wm@mv’“} :

g-¢— ) flu(t), h(t), q(t)) - ¢,

Qo

(6.4.5)
Then set w(t) = v(t) — u, and subtract (6.4.3) from (6.4.4) to obtain:

(Oyw(t), @) + mh" ()l + f(h(t))l + ,u/ Vuw(t): V¢ +/ (v(t) - Vw(t) - ¢

[ @) Do+ [ @) 9o+ [ (5o
—— [ w1000 -0

We follow the same reasoning of the proof of Theorem|[6.3.3] We define

z(x,t) = h(t) {%(—C(w,t) x1), —aixl(((x,t) xl)} VeeR, Vit >0,
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6.4. Stability of the unique steady state

where ( is a C* cut-off function equal to 1 in a small neighbourhood of the obstacle B, and
equal to 0 outside a larger neighbourhood. We observe that

2 € C®(R)NHy(R), divz =0, z=hey, in By.
The following estimates hold:
122y < arlhl, (IValliaw) < aofhl,  [[V2|Lem) < as|hl, (6.4.6)
where a1, a; and a3 are constants depending on the cut-off function (. We introduce
E(t) = [[w(t)l|72(qq) + mh/(t)" + 2F (h(t)),

and, for w € (0, 1) to be fixed later, its perturbation
Eu®) = [[w(t) [+ mI(2) + 2F(h(0) + 0@ WD) +0 [ w-
Qo

Such functionals satisfy (6.3.4), provided thath w is small enough. Then, choosing (¢,1) =
(w+ wz, h' + wh), we infer

1d o W w
§£Ew— h2+§f(h)h+§f( )+l Vw72, = /fv h,q) /(w V)uy - w

e

—uw/ Vw:Vzdx—w/ (w-V)s-zdx
Qh Qh

—l—w/ (w-V)z-wdz.
Qp,
(6.4.7)

Next, we estimate the right-hand side of (6.4.7). For the last two terms on the first line, we

exploit [68, (2.26)], the Poincaré inequality and the properties of s defined as in Lemma
We obtain

_ ~ 2\"? _
[ w9 < il 98 < (o) 196l ol Voo
0

Sﬁ(%) IVallZ2 00 I VAl L2(00)
and
2\ 1/2 3/2
[ w0 915w < 19sllapllwllaplvliony < (o ) 195l IVl o, ol
0

IN

oI \32/ 9\ /4
(?) (37) HVSHM(QO)HVwH?y(QO)_
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With the same arguments of those in Theorem we estimate the terms involving the func-
tion z as follows

2
—pw [ Vw:Vade < E|Vw|lam + 20 V2 ]2
Q, 8 H

and 9
—w/ (w-V)s-zdr < HHVU}H%Q(R) + —w2||VzH%2(R) ,
o 8 I

and, finally,
4172 9
h

As already mentioned, (6.2.19)-(6.2.20) corresponds to the problem treated in Chapter {4 but
here we do not need to change the reference frame. Reproducing the arguments in Lemma4.6.1]
in Chapter [ we find that

tv e LY3(0, T; W?Y3(Qy)),  tow e LY3(0,T; L*3(Q)),
tVq e LY3(0,T; LY3(Qy)),

and
Htv||L4/3(O,T;W274/3(QO)) + Htatv”L4/3(0,T;L4/3(Qo)) + ||th||L4/3(0,T;L4/3(Qo))

< C(lfllarsorzarsiny + 1 fillasorm)
where
fr=v—tlv-Vv—tv-V)s—t(s-V)v+tge LY30,T; L*3(Q)),
h
fi="n +tM e LY3(0,T;R).
m

This regularity, through the steps in Section [4.6|in Chapter [4 allows to infer the existence of a
function

At) e L0,T), A1) = Q(llvllz2@o), IVv®)llz200): 11z Ry sl o) 1 Vsl w))
with () being positive and increasing with respect to its variables, such that
2 H
| F() (), a(t)) - wt) < A (T () l1Z20q) +m K (6)) + SVl )
0
Let w be small enough so that

5 412 5 412

and, by using (2.0.14),

w 4 w 4 w 4
§f(h)h - w2;||Vz||%2(R) > - F(h) - WQEHVZH%Q(R) = (PZ - ;ang)hQ > ch?,

?Z:V>0,

[\
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6.5. The dynamical system approach

for some c positive. After using the Poincaré inequality and the following trace inequality
IVwl[z200) = cllh'@2ll 25, = clOBol|A],

through which we extract a damping term for the obstacle B}, from £ ||Vw ”%2(90) , we obtain

1d w I ,

S B0+ LA + Vw0 oy + (BelOBo? — W (1P 648)
L (2\*? R L3 2\

<7 (2) 190l IVl + 5 (2) 195l T

4172 9 N2
AR | 5 IVw®)z2qp) +m () ),

with £¢[0By|*> — w > 0 provided that w is small enough. From Theorem we have that,
if A < A (the threshold for uniqueness of solutions for the stationary problem), there exists
Cy = C1(A) > 0 such that C;(A\) — 0as A — 0 and

IVUsllz200) < CL(A)-
On the other hand, from Theorem [6.3.3]and Theorem[6.3.5]
Ay =0 as  A—=0  VE>to+1,

with tg as in (6.3.12)). Thus, with ¢ sufficiently large, every term on the right-hand side of (6.4.8))
multiplying ||Vw(t)||2, () and 1/ (t)? tends to 0 as A\, — 0. As a consequence, one can find
A1 > 0 such that, if A < \q, there exist c3, ¢4 > 0 such that

1d w 2 2

éaEM + §f<h)h + C3HwHL2(Qo) + C4h/ < O,

where we have used implicitely the Poincaré inequality. Multiply by 2, use (2.0.14) and the
definition of £’ to obtain

d
~EB,+~E <0,
B+ B <

with v = min{4w, 2¢5, 24} > 0. Then, renaming y/c, as 7, we find from (6.3.4) that £ E,, +

vE, < 0, which, together with (6.3.4), implies that ¢; E(t) < ¢y E(0)e™"". Thus there exists
¢ > 0 such that

[0(t) = all72 () + P (8) + 2F (h(t)) < c(|[io — TsllF2(0y) + mko®)e ™, (6.4.9)
since F'(0) = 0. From (6.4.9), the convergence of the solutions in #, is established as ¢ — oo,

which proves the claim. [

6.5 The dynamical system approach

6.5.1 Semiflow vs semigroup

We now want to revisit the results of Section within the framework of infinite-dimensional
dynamical systems, where the solution is viewed as a trajectory in a suitable phase space. Let
us begin with the abstract definition of a strongly continuous semiflow.
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Definition 6.5.1. Let (X, d) be a complete metric space. A family of one-parameter maps
S(t) : X — X is called a (strongly continuous) semiflow on X if

(i) S(0) = idy (the identity map in X);
(ii) the map ¢ — S(t)x is continuous for all x € X;
(iii) the map x — S(t)z is continuous for all ¢ > 0.

If in addition the concatenation property holds, that is, S(t + 7) = S(¢)S(7) for all ¢,7 > 0,
then S(t) is called a strongly continuous semigroup (see, e.g., [133]).

Obviously, a semigroup would simplify the analysis of the dynamics but, as already men-
tioned, the evolution maps S(t) of (6.2.19)-(6.2.20) do not satisfy the concatenation property.
The main reason relies on peculiarity of (6.2.19)-(6.2.20), where at each time step the pair
(u(t), h'(t)) belongs to a different functional space Hy (), for the domain of fluid €2y depends
itself on the solution. The key idea to overcome this difficulty, for a given initial position hg of
the obstacle, is to map at every time ¢ the cylindrical domain €y x (0,7") onto €25, x (0,7,
via a suitable change of variables.

Throughout the whole section, let then

ho € (—L+5,L—(5>
be fixed, and denote
H={z=(v,]) e H(R) | VB, = les}, H' ={z=(v,]) € V(R)| U, = les},

to which we associate the norms
= [ bPdetmP, el = [ [VoPdetmE,
Ly Qpyg

where z = (v,1), and m is the mass of the body as in (6.2.20). The spaces H and H' are
exactly the ones defined in (6.2.22)), where the dependence of A is dropped, since the position
hg of the obstacle is now fixed. In particular, we have the compact embedding H! € H. Given
2o = (uo, ko) € H, we consider the solution operator U(t) : H — Hp) of Section
recalling that h(t) is the second component of the weak solution to (6.2.19)-(6.2.20) with initial
data (o, ho, ko). Hence,

U(t)zo = (u(t), h'(t)).
Let g € (0, L — §) be such that

min_dist(0By,), ) > eo. (6.5.1)
t€[0,T]

The existence of such an €, comes from Corollary For this h(t), we can build for any
t > 0 the map (¢, -) of Proposition where we take ¢ = ¢, and define its inverse with
respect to the space variables, that we denote by o(t,-) = 1 ~1(¢,-) . In order to recast our
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results in the semiflow language, the main ingredient is the introduction of the family of maps,
depending on h(t),

P, : Hh(t) — 7‘[,
given by

D (u(t), M'(1)) = (Vib(o(t,y), 1) - ulp(t,y), 1), h'(1),

whose properties will be described later in this section. Then, we define the one-parameter
family of operators

S(t): H— H,

acting by the rule

Roughly speaking, what we do is to think the obstacle as fixed during the whole evolution.
Accordingly, the variable A loses its physical meaning, since it does not represent any longer
the position of the obstacle, but its effects appear inside the equation through the map ;.

Theorem 6.5.2. The map S(t) fulfills the semiflow axioms (i)-(iii) of Definition on the

complete metric space H, endowed with the distance induced by the norm || - || .

As it will be clear, it is however false that S(t) is a semigroup. The proof of Theorem m
is carried out in the remaining of the section. In particular, in the next Subsection we state
and prove some preliminary results in order to properly characterize the action of the map P,
on problem (6.2.19)-(6.2.20). The conclusion of the proof will be given in Subsection[6.5.3] by
verifying the semiflow properties of Definition[6.5.1]

6.5.2 Properties of the map o,

Recalling thath hy € (—L + 0, L — 9) has been fixed once for all, throughout this subsection,
we consider a given € > 0 and a given function

he W (0,T;[~-L+d6+e L—6—¢]) VT>0 (6.5.3)
such that
h(0)=ho,  BuyCO. Vte|0,T)

With this choice, let s = s. be a function obtained through Lemma [6.2.1] Moreover, we
can build the volume preserving diffeomorphism ¢ of Proposition |6.4.2] along with its inverse
¢ = 1p~L. Then, we denote

o agpka_(pk ij _ 3¢’% i il I Ogi _ OGr; _ o aQ(Pl
Jis oyt Oyi’ g Oxk Ok’ ki oyi Oyt Oyl ozl Oykoyt’
(6.5.4)
where g;; defines a metric on R? since det(%)m = 1. Call (now the space variable is ¥)
v(y,t) = Vip(p(t,y),t) - ule(t,y),t)  y € g, (6.5.5)

the pullback of u by ¢, and set
q(y,t) = ple(y, t),1).
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We follow the procedure in [130, paragraph 4.2] to transform the Navier-Stokes equation (6.2.19)
in the cylindrical domain €2, x (0, 7). Thanks to (6.4.1)), for each term involving s, the maps 1
and ¢ correspond to the identity. Thus, we obtain the (weak) problem with variable coefficients
in the new unknown v (at this stage, the function h(t) is prescribed)

v+ Mov—pLlo+Nv+(v-V)s+(s-V)o+Gg=79  inQ x (0,7)

divo =0 in Q, x (0,7
v=>0 onI'x (0,7)

v="he, on OBy, x (0,T) (6.5.6)
lim v(y1,y2) =0

ly1]|—o0

v(0) = 1.

The operators M, £, N appearing in (6.5.6) are defined here below (the exponent i stands for
the i-th component, and we use the Einstein notation).

(M) =0 00" + Okt (000" )0* + Ok O 0" Db,

(Lv) =00 0™ (O O  O0)" + 05 07, 0" " + O (950" + O O™ (Opuip') 00"

+ O (O51.0") 020" 0" + Ok’ (Of1.0") 0! Db ™ D,
(M) =v'o’ + Opp'ot (02,9 )0F,
(Ga)' =g"0sq.
(6.5.7)

Remark 6.5.3. Note that:
- (0; + M)v corresponds to the original time derivative u;;
- Lv corresponds to Au;
- Nv corresponds to (u - V)u;
- Gq corresponds to Vp.

In particular, in A. these operators coincide with the original ones; the same is true in in O,
except for

(0 + M)v = (0 — hey - V).
The first equation in (6.5.6) can be rewritten as
v —pAv+ (v-V)o+Vg+ (v-V)s+ (s-V)v=9+ F(v,h,q),

where

Fv,h,q) =plL —Aw—Mv—(Nv—(v-V)v)—(G—V)g.

Observe that
0 in A,

F(v,h,q) = _
( Q) {h’é\g Vv in Og,
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thus F has compact support in €2;,,. The introduction of the maps 1 and ¢ allows to remove
the dependence on time from the fluid domain, with a consequent strengthening of the coupling
between the equations governing the motion of the fluid and the one governing the motion of
the obstacle. Such a strengthening appears in the fictitious force = F(v, h, q), where the
dependence on / is hidden in ) and ¢. This renders the dynamics structurally non-autonomous,
and this is the reason why we do not end up with a semigroup.

Remark 6.5.4. If h(¢) is not just any prescribed function, but it is exactly the second component
of the weak solution to (6.2.19)-(6.2.20) with initial data (uo, ho, ko), and € = g¢ with g¢ as
in (6.5.1)), we have the equivalence between (6.5.6) and the original equation (6.2.19)), in terms
of strong solutions. This was proven in [[130, Propositions 4.5, 4.6], which in turn refers to [93,
Theorem 2.5]

Here, we are are interested in the construction of weak solutions. To this aim, leaning on
some ideas of [105]], we introduce for any fixed ¢ > 0 the scalar products

<U1,U2>t=/ gij(yat)vi(y)vg(y)dya <DgU17DgU2>t:/ gij(y,t)gkl(y,t)vkvivlvgdy,
Qg Q

ho
(6.5.8)
where

o’

Ve o

+F};jvj,
and we denote by
[volly = (v,v)e  and  [|Dgv[lf = (Dgv, Dyv),

the induced (square) norms. We emphasize that the scalar products in (6.5.8)) explicitely depend
on the choice of the function A in (6.5.3)), that for the moment is understood to be given. Under
the change of variables induced by ¢, for any ¢ > 0 we have the equalities

(v1,v9) = / Uy - Uy du, (Dgv1, Dyvg), = / Vu, : Vs dx.
Qne) Qne)

Moreover, since g;; is a positive definite invertible matrix and the spatial derivatives of (-, ?)
are bounded functions (see also [93, Section 3]), there exist C';, C; > 0 (depending on T" > 0),
such that, for any fixed ¢ € [0, T,

Cillollzang) < ol < Colloll o) (6.59)
Analogously, there exist two positive constants C's and C'y such that

CgHV'UHLQ(QhO) < ||Dgv||: < C4”VU"L2(QhO). (6.5.10)
This allows us to introduce the norms on # and H!

=\l +mi, Jzla = /IDgll} +mi2,

equivalent to the original ones. Again, we point out that such an equivalence is uniform for a
fixed T > 0. Now we give the rigorous definition of a weak solution to problem (6.5.6)).

|z
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Definition 6.5.5. Let the given function h comply with (6.5.3)). A function v is a weak solution
to (6.5.6), with initial value v(0) = wy, if

(v,h') € L*(0,T; H') N L>(0,T;H), (O, W) € L*(0,T; H™Y),

and, for any pair (¢,[) € H' and almost every ¢ > 0,
(B0 (t), 0)i + (Mu(t), d)e +m P (0) + f(h(£)) 1 = p{Lo(t), §): + (Nv(t), §)
—I—/ﬂho(v(t) -V)s- quy—i—/ﬂho(s V) u(t) - ddy = / G- ody.

Qg

(6.5.11)

We are ready to prove the equivalence between problem (6.5.6) and the original problem

(6.2.19)-(6.2.20) in terms of weak solutions.

Proposition 6.5.6. Let (u, h) be the weak solution to problem (6.2.19)-(6.2.20) with initial data
(Uo, ho, ko), and let v be a weak solution to (6.5.6) with the same h and initial datum Uy, in the
sense of Definition Then u and v are related by (6.5.3)), that is,

U('? t) = Vw(éﬂ(ta ')7 t) ) a(@(t? ')7 t)'

Proof. The proposition is proven by establishing a correspondence among each term in (6.5.11))
and in (6.2.25)). The function h is now the second component of the weak solution (u, h) to
problem (6.2.19)-(6.2.20) with initial data (o, ho, ko), and & is as in (6.5.1). Then, we can
build the map v of Proposition [6.4.2] where we take ¢ = ¢y, and define its inverse with respect
to the space variables, ¢ = ¢)~!. From (6.5.5)), we obtain that

u(x,t) = Vo(u(t,z),t) - v((t, x),t). (6.5.12)

Concerning the test function ¢ and ¢ appearing in the two definitions of solution, applying the
change of variable we produce a bijection ¢ <+ ¢ given by

gb(l‘,t) - V¢(1/)(ta $),t) ’ ¢(¢(tv l‘)) (6.5.13)

Indeed, as 1) and ¢ are volume preserving, we do not lose the divergence-free property of
the functions (see for instance [93, Proposition 2.4]). Thus, by plugging (]537%—(]6%1_3'[)

into (6.2.25)), after integrating by parts and using the fact that y = (¢, z) € ,, we obtain

i [Ve(y.t) - v(y,t)] - Veo(y,t) - d(y) dy +m b (#)1(t) + f(h(t)) L(t)

—u | Alp(yt) vy, )] Vely,t) - dy) dy+/Q [(v(y,t) - V) s-d(y) + (s- V)o(y,t) - o) dy  (6.5.14)

Qg ho

+/Q (Veo(y,t) -v(y,t) - V) [Ve(y, t) - v(y, t)] ~V<p(yﬂt)~d~>(y)dy:/Q G- o(y) dy.

ho ho

We remark that in the equality above we have used the properties of a function s of Lemma

6.2.1] which is nonzero whenever ¢, ¢ are the identity, together with the function g of (6.2.15).
From (6.5.7)), we have that

W[Ve(y,t) vy, t)] = D' 0" + Opp O ot + (8k8tg0i)vk + 8,flg0i8t1plvk
= Ol o" + o' (Mw)",
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Alp(y,t) - v(y, t)] = 90 (02,,0") O 0,00 + Oy’ 00 02 0" O + D' O™ (07,401 +
O™ (050" ) 000" + (050" ) 020" 0" + (070") 050 0™ 0, 0" = D (L),
(Ve(y, t) - v(y,t) - V) [Ve(y, t) - v(y, t)] = O v'o* + o' (95,0 )0" = Ok’ (Nv)".

Thus, through the definition of the scalar products in (6.5.8]), we obtain that is equivalent
to (6.5.11)), which completes the proof. O

6.5.3 Proof of Theoremm
On account of (6.5.3), we rewrite the map O, as

&, (u(t), W' (t) = (v(t), K'(t)),

where now v is defined by choosing the function A(t) to be the second component of the weak
solution to (6.2.19)-(6.2.20)) with initial data (uy, ho, ko), and € = &g, with g4 as in (6.5.1).
Then, point (i) of Definition follows directly from the properties of ) and . Point (ii) is a
consequence of Theorem and Proposition from which we learn that (v, i’) is equal
almost everywhere to a continuous function from [0, 7] to H with respect to the norm | - |; 3.
By the equivalence relation between the norms given in (6.5.9)), this implies the continuity with
respect to || - ||3 as well. The next proposition proves point (iii).

Proposition 6.5.7. Let R > 0 be arbitrarily fixed, and let n = 1,2. For any pair of initial
velocities
20m = (Uon, kon) € H such that lzonlln < R,

the estimate
[S(t)z01 — S(t)202lln < K201 — 20.2(|%

holds for every t € [0, T, for some positive constant K = K (R, T).

Proof. Let 2y, = (Uon, ko) € H be such that ||z ,|» < R. Setting further h,,(0) = hy, there
exists a unique weak solution (u,, h,) to problem (6.2.19)-(6.2.20). From Corollary
there is ¢y, depending on R and 7', such that B;,, C O.,. Thus, through Lemma |6.2.1| we
can build s = s, as well as 1, as in Proposition and o, = 1!, where the subscript
n = 1,2 depends on whether we consider h; or hy. In order to estimate the distance between
S(t)z01 = (vi,h1) and S(t)zp2 = (v2, ho) in terms of the distance between zp; and z( 2, we
exploit again the result and the procedure implemented in Section 4.6in Chapter [, where it is
proven the uniqueness for solutions to problem (6.2.19)-(6.2.20). In order to make the proof of
the theorem self-contained, let us briefly describe the procedure: we introduce the two maps

F: RJF X th(t) — th(t) and G: R+ X th(t) — th(t);
defined as
F =it st ) and G = pa(t,i(t, x)).

This is possible since h;(0) = hs(0) = hy. Following Section 4.6 in Chapter {4 (see also [111]
Section 5]), let
fy(r,1) = VF(G(2), £) - @(G(z),£) € Qo
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be the pullback of u5 by G. Next, we call
w:al_ﬁ% h:hl_h27

and we take the difference between the weak formulation satisfied by (uy, h;) and that satisfied
by (uz, hy). We obtain

<3tw,¢>+mh”l+[f(h1)—f(h2)]l+u/R Y : Ve + / (@ Vw6 + / (w- V)i 6

hq Qpq

+/th<s~V>w~¢+/ﬂhl<w-V>s~¢= o

n,

where the expression of f reads as in (6.4.3)), once we substitute v with iy, 2y with Qy,,, ¢ with
G and ¢ with F. Then, we take (¢,1) = (w, ') and we get

1d 5 hq ~
M(leliz(ghl)+mh/ +2 f(s)ds) +My\Vw||i2(th):_/ (w - V)i - w

ha Qpy
- / (w-V)s-w
n,
+ f- 0.
th
(6.5.15)

Next, we estimate each term on the right-hand side. The first two term can be bounded by
suitably exploiting the Holder inequality, [68, (2.26)], the Poincaré inequality and the Young
inequality. We obtain

- - 2\ -
[ | < ol 1l < (5] ol 1 Folo, 9o,
hy

2 =~ 12 2 H 2
< ?||Vu2||L2(Qh1)||w”L2(Qh1) + Z”VU’HH(QM)a

and

9\ /2
[ s < Tl 195l < (5] ol 190l 95,
hy

_2 2 2 I 2
S 3ﬂ_lu||vs||L2(Qh1)||1U||L2(Qh1) + ZvaHLZ(QhI)

For what concerns the last term, analogously to what we did in Section[6.4] we can proceed step
by step as in[4.6]in Chapter ] to obtain the existence of a function

A= A(t) = Q)] 2@, V(B l2(@n)» 1G]l ) 15l () [ V52 (R)) € L0, T),
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the L'-bound depending only on R, such that

2 2
; fro< A(Hw”%Q(th) +mh"”) + §HV’WH%2(QM)7
hy

Then, calling

2 2 ~
A(t) = A(t) + %HVSH%%QMW T ﬁ||vu2(t)”%2(ﬂhl<t>)’

and by inserting all the above inequalities in (6.5.13)), we get

1d hy
2dt (HwH%Q(%) +mh” +2 ., f(s) ds) < A(llwlZ2q,,) + mh'?).
Moreover, defining the functions

Ot) = l[w(z, 1)z, ) + M ()" = [ (,t) = VF(G(2).t) - Gs(G(2), t)l[72(q, )

+m(hy(t) — hy(t))*,

Qny (1)

and observing that
0(0) = [ldo,1 — Topll72(q,, ) + mkor — koz2)*,

we obtain .
O(t) < 0(0) +/ 2A(7)O(7) dr Vtel0,T].
0
The Gronwall Lemma (integral form) then gives

O(t) < KO(0)  Vtelo,T], (6.5.16)

having set K = exp | fOT 2 A(T)dr]. The final step is to rewrite (6.5.16) on {2, by applying
the coordinate transformation z = ¢ (¢, y). Given

vi(y,t) = Vi (er(t,y), ) ui(ei(t,y),t)  and  wa(y,t) = Viba(wa(t, ), 1)-Ua(p2(t, y), 1),
for all ¢ € [0, T] we obtain

IVer(t,y) - vily,t) — Ver(t,y) - va(y, O)ll72, )+ mRL(E) — hy(t))?
< K (Jlfion = Toalliay,) + mlkos — ko2)?),
which in turn can be rewritten as
lon(t) = va(®) 12 + mhi (1) = ho(6))* < K (o, = ToallZaqa,,) +mlkos = ko2)?):

Note that the norm || - ||; above is constructed by taking ¢4 in (6.5.4). Therefore, recalling the
definition of the norm | - |; 3, we arrive at

’S(t)Zo’l - S(t)20,2|t’% S KHZO,I — Z(LQHH Vit e [0, T]
The desired conclusion follows by applying (6.3.9), up to redefining the constant K. O
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6.6 The global attractor of the semiflow

The further step is to translate the dissipative features of our system in the semiflow language.
Let us begin by recalling some classical notions (see, e.g., [12,126,/133]). In what follows, S(t)
is a strongly continuous semiflow acting on a complete metric space (X, d).

Definition 6.6.1. A set By C X is called an absorbing set for S(t) if for every bounded set
B C X there exists an entering time tg > 0 such that

S(t)B C By Vit > tg.

The existence of a bounded absorbing set witnesses the dissipative character of a semiflow,
since the dynamics is eventually confined in a bounded subset of the phase space. And indeed,
in the recent literature, the definition of a dissipative semiflow is exactly the one of a semiflow
possessing a bounded absorbing set. Nonetheless, in spite of its boundedness, an absorbing set
can be to some extent a very large object. For instance, if X is a (closed) subset of a Banach
space, an absorbing set might share the same dimension of the whole space (think to a ball). For
this reason, one would like to exhibit a stronger form of dissipation. The natural way to do that
is to invoke compactness, since this is the correct notion to translate the fact that the dynamics
loses degrees of freedom. Accordingly, the strategy is to look for the existence of compact sets,
hence meager in the space, able to attract (in a suitable sense) all the trajectories of the semiflow
in the longterm. This attraction property is expressed in terms of Hausdorff semidistance in X’
given two (nonempty) sets 3,C C X, their Hausdorff semidistance is defined as

d(B,C) =supd(z,C) = supinf d(z,y).

z€eB zeB YEC

In a completely equivalent manner, we can write
6(B,C)=inf{e>0: BC O.(C)},
where O.(C) = U, cc {z € X : d(z,y) < e} is the e-neighborhood of C.

Definition 6.6.2. A set K C X is called an attracting set for S(t) if, for every bounded set
BcaX,
lim 8(S(t)B, K) = 0.

t—o00

Whenever there exists a compact attracting set the semiflow is said to be asymptotically com-
pact.

Remark 6.6.3. Clearly, an absorbing set is in particular an attracting set. It is also apparent that
if the semiflow is asymptotically compact, then it is dissipative, in the sense that it possesses a
bounded absorbing set.

Once the existence of a compact absorbing set is established, one might ask if there is the
best possible one among those sets. This leads to our last definition.

Definition 6.6.4. The global attractor A of S(t) is the smallest compact attracting set.

146
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In the literature, the notion of global attractor is usually given in the context of semigroups,
and not just semiflows (see, e.g., [12,/133]]). In particular, with the only exception of [26]], the
classical definition differs from the one given above since, besides the attraction property, one
requires also the invariance, that is, S(¢)A = A for all £ > 0. Unfortunately, when dealing
with semiflows (and not semigroups), the invariance seems to be out of reach. Nonetheless, our
definition makes perfectly sense. The only problem is the existence of such a set. To this aim,
we state the following result.

Theorem 6.6.5. An asymptotically compact semiflow possesses the global attractor in the sense
of Definition

Proof. The idea of the proof is somehow already contained in [26], although in that paper S(t)
is a semigroup. In fact, the theorem remains true if S(¢) is a one-parameter selfmap of X,
without requiring any of the axioms (1)-(ii1) of Definition Consider the family of sets

K= {IC C X : K is compact and attracting},

which, due to the hypothesis, is nonempty. Besides, let € be the collection of all possible
sequences of the form

Yn = S(tn>xn7

where z,, is a bounded sequence in X and ¢,, — oo. For any y,, € € we denote
£(y,) = {w € X : y, — w up to a subsequence }.
Note that £(y,,) # (). Indeed, let K € K. Then there exists w,, € K such that
d(Yn, wy,) — 0.
Invoking the compactness of /C, there is w € K and a subsequence w,,; converging to w. Hence,
d(Yn;, w) < d(Yn,, wy,) + d(wy,, w) — 0.

Finally, define the set
A= L.

ynEQ:
We claim that A* is attracting: if not, there exist a bounded set B C X, a sequence t,, — 00
and £ > 0 such that
(S(t,)B, A*) > 2e.

From the definition of Hausdorff semidistance, this implies the existence of a sequence x,, € B,

hence bounded, for which
d(S(tn)zn, A*) > ¢.

But, as we saw, y,, = S(t,)x,, has limit points, which belong to .4* by construction. This yields
the claim. It is also apparent that A* is contained in any closed attracting set. Accordingly, the
set

A= A* (closure in X)
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is the smallest element of K. An equivalent way to define A is to put

A=K

KeK

noting that the (compact) sets K € K fulfill the finite intersection property, for they all contain
A*. ]

We can now go back to our particular semiflow S(t) on H associated to problem (6.2.19))-
(6.2.20), and defined in (6.5.2)). The main result of this section reads as follows.

Theorem 6.6.6. The semiflow S(t) : H — H possesses the global attractor.

Before entering the details of the proof, let us recall once again that we are working under the
hypothesis that hy € (—L + 6, L — ) is fixed. Theorem[6.6.6| makes use of the technical results
of Section In view of the definition of the semiflow S(t), the function h(t) will always
be the second component of the weak solution to (6.2.19)-(6.2.20) with initial data (o, ho, ko)-
Our purpose is to investigate the longtime behaviour of S(t)z as zo = (U, ko) is allowed to
run in a bounded set of H. To this aim, we need to improve (and make uniform) the equivalence
relations between the norms given in (6.5.9) and (6.5.10). This can be done by exploiting the
dissipation properties of the solution operator U(¢) of Section

Proof of Theorem[6.6.6] In the light of Theorem [6.6.5] all we need to do is showing that S(¢)
is asymptotically compact. In fact, we will obtain a stronger result, namely, the existence of
a compact absorbing set B; C H. Indeed, given a bounded set B C H, we know from The-
orem [6.3.3] and Theorem [6.3.5] that there exist two universal constants Ry, B > 0 and two
entering times

to = to(B) and tl = tl (B) = t(] +1
such that, for every 2y € B,

10 (1) 20ll) = ITD) 22 +mb (0 < Ry Wi > 1y, 6.6.1)

and

||U(t)z0||H}L(t) = \/||Vﬁ(t)||L2(Qh<t)) +mh'(t)* <R, Vi >t (6.6.2)

Inequality (6.6.1), together with (6.3.5)), imply the existence of a constant C' = C(Ry) such
that
[1llwo (to,00m) < C-

Thus, for every ¢ > tg, relations (6.5.9)-(6.5.10) improve into

Cillollzz@uy) < [0l < Collvllz2@uy) (6.63)
CgHVU”LQ(QhO) < HDgUHt < C4HV’UHL2(Q}10), (664)

where now the constants C', Cy, C5, C'y depend only on R (and on t,). Invoking the coordinate
transformation ¢, we have the equality

VUl 2@y = 1Dg0 (@) ]2
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Looking at and to the definition of | - |, 31, this yields
1S()Bliar = [[U@)Bllyr - < Ry Vit >t.

R(t) —

Hence, taking t > ¢, > t,, from the (uniform) equivalence of the norms established in (6.6.3)
and (6.6.4)), up to redefining the universal constant R;, we conclude that

ISt)Bllzr < Ry Vit >ty

This means that the ball B; of H; of radius R, which is compact in H in view of the compact
embedding H! € H, is an absorbing set for S(¢). N

6.7 Simulation strategy

In this section, the numerical settings and schemes adopted for the simulations of are
described. The analyses were performed in two stages, labeled as static and dynamic cases.
During the static stage, a Poiseuille flow impinges the fixed obstacle at different flow rates. The
static case was used both as a starting point to validate the chosen numerical setting and to
obtain a description of the flow field at different values of the inlet velocity magnitude. As for
the dynamic stage, the deck cross-section interacts with the fluid through a vertical translation.
Specifically, the global attractor associated with the dynamical system is characterized by de-
scribing the behaviour of the velocity field of the fluid and the position of the obstacle in the
long term.

Following the numerical strategy presented in [39], the simulations were carried out consid-
ering an aspect ratio for the obstacle d/d equal to 5. As shown in Figure the computational
domain was characterized by an along wind length and a height respectively equal to 30 d and
14.2 d. Moreover, the windward edge of the obstacle was located at a distance 8 d from the inlet.

The same mesh was adopted for both the static and the dynamic case. Specifically, the fluid
domain was divided into seven regions with different refinements. Close to the boundaries of the
obstacle, the mesh size is 2.7 x 1073 d, resulting in a dimensionless wall distance 4y < 5 almost
everywhere, and it is coarsened up to a maximum of 0.35d in the wake. Overall, the mesh
consists of 50000 cells, see Figure [6.2] A RANS-based modelling technique was employed,
adopting the well-known (k — w SST) turbulence model. This closure model is one of the most
commonly exploited in the context of RANS simulations [39] since it exhibits a more reliable
behaviour when predicting separating flows with respect to other turbulence models. Second-
order schemes were selected for all quantities both in space and time and a PISO scheme was
used for the velocity-pressure coupling. At the inlet of the computational domain, a parabolic
velocity profile was imposed and Dirichlet boundary conditions were set for both the turbulence
kinetic energy k and the specific dissipation rate w. Moreover, Neumann boundary conditions
were imposed for the pressure. The inlet turbulence intensity was set equal to 1% with a value
of the turbulence viscosity ratio v/, = 2, where v is the turbulence kinematic viscosity. It
is worth pointing out that the £ — w SST turbulence model is quite stable with respect to the
inlet boundaries [39] and thus, with this approach, it is not possible to faithfully reproduce
the experimental wind tunnel inlet conditions. A no-slip condition was imposed on the top
and bottom sides of the domain, to keep the parabolic profile unchanged up to the windward
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edge of the obstacle. Finally, wall functions were employed for the near-wall treatment of the
obstacle. The time step was chosen so as to guarantee a value of the Courant number lower
than 1 almost everywhere, with a maximum of approximately 2 in very small areas around the
corners. The simulations were performed with the open-source software OpenFOAM [1]]. The
next paragraphs treat the specific settings for the static and dynamic simulations.

8d 22d
no slip
U
§ fixed 2 ;3
= zone S <
~ QS —
no slip
deforming
zone . .
rigid zone

L

Figure 6.2: The figure above depicts a sketch of the computational domain while the figure below reports a close
up of the mesh structure adopted near the obstacle.

6.7.1 Static case

Let U = X L? be the maximum velocity of the parabolic profile at the inlet. We define the
Reynolds number as
_Uo

)
14

and thus, given that U = \L?, we consider the variations of Re rather than the variations of \.
Another meaningful dimensionless parameter is the so-called Strouhal number, defined as

Re

fud
St = —
U Y
where f,, is the vortex shedding frequency, as well as the Scruton number
Se— 2mmé ’
pd?
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where m and £ are respectively the linear mass and the damping ratio of the system while p is
the density of the fluid. Let the dimensionless time ¢* be defined as

Figure[6.4shows the time histories, obtained through the simulations, of the dimensionless drag
Cp, lift C;, and moment C); for U = 1, corresponding to Re ~ 1.3 x 10%. As expected, the
lift coefficient oscillates around zero. Indeed, it is well-known both from a theoretical and an
experimental point of view (see [66,/68,/110]) that no lift is exerted on a bluff body immersed
in a viscous fluid whenever its cross-section is symmetric with respect to the angle of attack.
Table [6.1] compares the time-averaged values of the aerodynamic coefficients and the Strouhal
number with the experimental ones taken from the literature [122]. It is worth pointing out
that, in this specific context, if the Reynolds number is not sufficiently large, the values of the
moment are not available, see [122, Section 3]. Figure[6.3|depicts the comparison between the
numerical values of the Strouhal number, as a function of Re, and the experimental data taken
from [[122]. A reasonable agreement between the numerical and the experimental results allows
validating the chosen setting.

CL CD M St
Experimental 0.08 (rms) 1.03 —_— 0.11
Numerical -0.0013 1.004 —1.519x107* 0.118

Table 6.1: Comparison between the numerical and experimental time-averaged aerodynamic coefficients (experi-
mental data taken from [|122|]).

0.2 T T .
0.15¢ &
T L00bmm A A
= 0.1 1
n
0.05¢t A Numerical 4
O Experimental
ol - -
10° 10° 10% 10° 108

Re[—]
Figure 6.3: Numerical and experimental [|122|] Strouhal number as a function of Re.
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Cr,Cpl—]

_0.2 1 1 1
0 100 200 300 400 500

t*[-]

Figure 6.4: Time traces of the numerical lift, drag and moment. The figures report just a portion of the time
histories. The dotted black line indicates the end of the transient stage.

6.7.2 Dynamic case

As previously mentioned, in the dynamic case the obstacle is allowed to move in the vertical
direction. Following the literature [21,/39,92,/113]], the mesh is organized in three regions (see
Figure [6.2): a boundary layer rigid motion region, a deforming region and a non-deforming
region. The first is defined close to the rigid body profile so that all the mesh nodes identically
move through a rigid translation. The mesh in the deforming region is modified by the body
motion at each time step while the non-deforming zone is fixed.

Before discussing the results, we conclude with a remark on the relation between the model
considered to obtain the analytical result in the first part of the chapter (all sections before
Section[6.7)) and the model adopted for the computational analyses.

Remark 6.7.1. The numerical model differs from the analytical one presented in Section [6.1]
in two aspects. Specifically, in the numerical model the obstacle is subjected to a linear elastic
force while, in the analytical one, f(h) satisfies conditions (6.2.1). The introduction of the
restoring force f(h) satisfying (6.2.1) in problem comes from the necessity to avoid
collisions, by which one is able to prove Theorems [6.4.1] [6.2.7|and Theorem|[6.6.6] A posteriori,
we observed that, in the numerical framework, collisions are prevented by the computational
setting itself and thus, it makes sense to substitute f(h) with its first order approximation f(h) ~
—kh, where k > 0. The second difference with respect to problem (2.0.7) lies in the fact
that a viscous damping force is also driving the motion of the obstacle; this only contributes
increasing to the dissipative character of the system, and thus increasing the stable character
of the simulations, while not influencing any of the proofs of the theoretical results. All the
analytical results presented in Section the first part of the chapter still hold for the numerical
problem.

152



6.8. Numerical results and discussion

6.8 Numerical results and discussion

In this section, the numerical results are presented, giving a general discussion and an explicit
characterization of the global attractor associated with the fluid-structure interaction system.

As for the static simulation, a qualitative description of the flow topology varying Re is de-
picted in Figures [6.5] [6.6] and The instantaneous flow fields and streamlines all correspond
to the non-dimensional time t* = 7. ;... + 500, where 7, ;.. has been identified through the
time history of the aerodynamic coefficients. For Re = 30, the streamlines are characterized
by an upstream-downstream symmetry. In particular, it is possible to observe the presence of
two symmetrical eddies in a closed re-circulation zone in the wake of the obstacle and, thus, the

flow can be considered steady.

A different regime is observed at Re ~ 1.3 x 10, see Figures|6.5|and[6.7} The flow becomes
unsteady and time-periodic, and we can observe the appearance of the Von Karman wake, typ-
ically characterizing the vortex shedding phenomenon. From a mathematical point of view,
this implies the occurrence of a so-called Hopf unsteady bifurcation, see [59] for a rigorous
description of the phenomenon. The same regime is observed also for Re = 10°,10°, 107, see
Figure [6.6 and In all cases, the vortexes shed from the obstacle with a specific frequency.
This phenomenon can be also interpreted in the light of Figure Specifically, at sufficiently
high Re, the Strouhal number is non-zero, suggesting the presence of time-periodic flow mech-
anisms. The fact that the flow never becomes unstable, even when considering very high Re,
is probably due to the usage of a RANS-based model. Indeed, it is well-known from the state-
of-the-art [39]] that RANS approaches, although being computationally convenient, mostly lose
capturing the unstable features of the flow. RANS-based models assume a stationary turbulent
regime, which prevents from sizing highly irregular velocity fluctuations. As a consequence,
although capturing the average changes in topology, we do not observe the generation of a
turbulent wake as observed in [[14,91]].

I et
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(b)

u/U Magnitude

Figure 6.5: Instantaneous flow field at t* = t.cgime + 500 for different Reynolds number (a) Re = 30; (b)
Re ~ 1.3 x 10~
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u/U Magnitude

Figure 6.6: Instantaneous flow field at t* = t,cgime + 500 for different Reynolds number (c) Re = 10%; (d)
Re = 10%; (¢) Re = 107.

8 85 9 95 10

Figure 6.7: Instantaneous streamlines obtained with the LIC technique at t* = t,¢g4ime+500 for different Reynolds
number (a) Re = 30; (b) Re ~ 1.3 x 10%; (¢) Re = 10°; (d) Re = 10°; () Re = 107.

Regarding the dynamic case, as observed in the static simulations, increasing Re the flow
pattern makes a transition from a fully symmetrical and steady configuration to an unsteady
periodical one, where it exhibits a vortex shedding phenomenon. This naturally influences the
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dynamics of the body, leading to vortex-induced vibrations whose one of the most relevant
features is the so-called lock-in effect. Figure [6.8] depicts a time history of the dimensionless
vertical displacement, obtained imposing a maximum inlet velocity equal to 1.15m /s, which
leads to a Re approximately equal to 10%. In particular, we observe that the obstacle oscillates
around the equilibrium position h., = 0.

As soon as the vortex shedding frequency becomes equal to the natural frequency of the
structure, a resonance phenomenon occurs and the body may be subjected to large amplitude
oscillations. If f,, is the natural frequency of the body, for the 1-DOF system at consideration,
the onset of resonance occurs when

fnd
U=Ug = —-.
TSt
Defining the reduced velocity U* = %, the vortex shedding synchronizes with the natural fre-

quency of the structure at U* = é Subsequently, the motion of the obstacle starts contributing
to the coherence of the flow eddies, capturing the shedding frequency by locking it to the natural
frequency of the structure and spreading the lock-in effect on a range of velocities around Usg;.

In Figure [6.9(a), it is reported the maximum non-dimensional amplitude of oscillation at
regime as a function of the reduced velocity (h., = 0 is the position of the body given by the
unique stationary solution, see Theorem|[6.4.1)). Figure[6.9(b) shows the non-dimensional vortex
shedding frequency versus the reduced velocity. Both plots are built considering two regimes
for the Reynolds number Re and increasing the stiffness of the system accordingly. It is pos-
sible to observe the synchronization between the vortex shedding and the natural frequency of
the system for a specific range of reduced velocities around the predicted value U* = 1/St,
inducing the body to reach its maximum vibration amplitude. Furthermore, increasing the stiff-
ness of the system, the Scruton number Sc decreases from 256.4 to 7.0 and, as expected, the
maximum non-dimensional amplitude of oscillation increases.

%107
o Re ~ 10*
T
=
<0
|
=
5t ! 1 )
0 100 200 300 400 500

t*[-]

Figure 6.8: Time history of the structural motion for Re ~ 10%.
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Figure 6.9: Figure (a): non-dimensional amplitudes of oscillation of body versus the reduced velocity U*. Figure
(b): vortex shedding frequency over the natural frequency of the system as a function of the reduced velocity

U-.

In the last paragraph of this section, a reinterpretation of the previous results is given in terms
of the main purpose of the chapter, i.e. giving an explicit characterization of the global attractor
associated with the dynamical fluid-structure system. In view of the numerical observations that
we have described, we can identify two (three) different regimes (subregimes) as a function of
Al

o If A is sufficiently small, specifically lower than a critical value A < \., the attractor
reduces to a one-point set in the phase space, corresponding to the unique symmetrical
stationary solution (us, hs) = (uy,0) given by Theorem and thus, the dimension of
the attractor is 0. The flow topology corresponding to this solution is reported in Figures
[0.5(a) and [6.7(a). This is in accordance with the result already proven in Theorem [6.4.1]
and thus, A\, = ).

e As soon as A > ., a Hopf bifurcation occurs and, after a short transient motion, the
dynamics of the problem becomes time-periodic. In other words, given y(-) = (u(-), h(+))
the unique solution to (2.0.7), we have that y(-) converges to a non-symmetrical time-
periodic solution ¢(-) to problem (2.0.7). The global attractor reduces in this case to the
orbit of ¢(-) and therefore, it corresponds to a closed curve. However, we can identify
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two subregimes, A\, < A, < A < A, and A\, < A < A, V A, < A, where the time-
periodic solution to which y(-) converges drastically changes, at least from a quantitative
point of view. Indeed, according to the value of A\, we are inside or outside what we have
previously described as the lock-in range. As shown in Figure [6.9] the structure motion
inside the lock-in range may reach large amplitudes of vibration. As a result, although the
global attractor still corresponds to the orbit of a time-periodic solution, i.e. to a closed
curve, this orbit might deform consistently to the value of A. The threshold values \., and
A, can be defined numerically, as it was done in Figure for two Re regimes.

In principle, we might expect that the structure of the global attractor further complicates as
A increases. Specifically, this would correspond to a chaotic structure for the flow, exhibiting
random variations of velocity and pressure in time and space. However, as already mentioned,
due to the numerical methods adopted, we are able to catch only the average stable features of
the flow.

157






CHAPTER

Conclusions and future developments

This work was devoted to the analysis of some fluid-structure interaction problems in channels,
with a double purpose. On the one hand, we gave a mathematical characterization of some
phenomena concerning areodynamics, in particular those arising when the wind interacts with
suspension bridges. On the other hand, our investigation was driven mostly by mathematical
motivations, which lead us to consider some partially unexplored aspects in the analysis of
fluid-structure problems.

We studied the case of a fixed obstacle impinged by a steady Poiseuille flow. Exploiting the
relation induced by symmetry between non-uniqueness of solutions and the lift force, already
invoked in [68] for a two-dimensional problem, we obtained analytically an explicit threshold
on the prescribed inflow predicting the apperance of the lift force on the obstacle, modelling
in this context the deck of a bridge. This required dealing with non-homogeneous boundary
conditions and to construct a suitable solenoidal extension. A future research line concerns
the generalization of this result to different boundary conditions and shapes of the obstacle,
possibly breaking the symmetry of the problem as well as investigating the apperance of other
solicitations, such as the torque. Some preliminary steps in this direction have already been
made in the two-dimensional case in [[15]].

We imposed a Poiseuille inflow and outflow also in the second problem, aiming to model
the dynamic effect of wind over suspension bridges. In this problem, where the full fluid-
structure interaction takes place, an unsteady flow in an bounded two-dimensional channel hits
a rectangular obstacle that is free to move vertically. We obtained global well-posedness for
this problem, ensuring the absence of collisions thanks to a restoring force. A more involved
version of the same model was obtained including a second-degree of freedom in the motion
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of the obstacle, i.e. rotation, and making the channel unbounded. Since in this case we took
the obstacle to have a smooth boundary, the obtained result of existence up to collision can be
extended by proving no-contact without using any restoring force. This will require extend-
ing the techniques by Hillairet et al. [[72,/84] to the case of a rotating non-spherical obstacle.
Furthermore, with the purpose of representing more accurately the atmospheric boundary layer
in which bridges are immersed, different boundary conditions could be imposed to the general
model, such as a Couette flow.

Besides well-posedness, this work treated the long time behaviour of fluid-structure interac-
tion problems. Our main contribution concerns the extension of the notion of global attractor to
problems where the fluid domain depends on time in an unknown fashion. Since we restricted
our analysis to a bounded domain, it would be interesting to investigate if and how this notion
changes when the domain is unbounded. A further understanding of the long-term dynamics of
fluid-structure problems could be given by studying the finite dimensionality of the attractor, as
done for the classical Navier-Stokes system [133]].

Using the obtained theoretical results, we also presented numerical simulations of the flow
past a rectangular obstacle. Two different simulation strategies were adopted: the static one
considers the obstacle fixed while the dynamic case allows its vertical translation. In order to
give an explicit qualitative characterization of the global attractor associated with the problem,
different Reynolds number regimes were investigated, detecting significant variations of the
system dynamics. The most natural developments of our numerical work would be to perform
Large Eddies Simulations (LES) of the problem, as well as including the torsional degree of
freedom in the motion of the obstacle. Specifically, LES are computationally very expensive
but they would allow to capture some turbulent features of the flow and, thus, have a more
precise knowledge on the characterization of the structure of the global attractor.
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CHAPTER

Appendix

With reference to Chapter [3| in the sequel, we report the values of the constants 9;’s used in
Proposition Notice that the domain of integration has been reduced exploiting the fact that
the cut-off function () in (3.3.7) is equal to 0 in the region I = {(x1, z3) € (—,1)x(—=h, h)}.
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