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Abstract: The Fisher-Kolmogorov model is a well-known nonlinear reac-
tion—diffusion equation widely used to describe the interplay between diffusion and
reaction and find important applications across disciplines, e.g., population dynam-
ics, neurodegenerative diseases, cancer growth, epidemiology, and invasive species
expansion. The Fisher-Kolmogorov solutions often exhibit traveling wavefronts,
and - under suitable conditions on the data - a key property at the continuous
level is that the solution is positive (and bounded). The preservation of positivity
is important: if the initial profile is nonnegative, the solution cannot develop neg-
ative values as time evolves. The inherent positivity-preserving mechanism of the

Fisher—Kolmogorov dynamics is crucial from a modeling perspective. Indeed, in

biological and physical applications, the solution to the FK equation typically rep-

resents a density or a concentration, for which negative values make no sense. At
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ments demonstrate that the formulation approach exhibits stability and optimal
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rodegenerative diseases, where the FK equation is used to simulate pathological
protein propagation typical of proteinopathies like Alzheimer’s or Parkinson’s dis-
eases.
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1. Introduction

Neurodegenerative diseases are pathological processes that progressively impair or destroy neuronal function.
Among them, proteinopathies play a central role, as their aetiology involves the misfolding and aggregation
of specific proteins into toxic and insoluble forms [39]. Typical examples include a-Synuclein in Parkinson’s
disease [36] and Amyloid-3 in Alzheimer’s disease [11]. Understanding and predicting the spatial and temporal
spreading of these misfolded proteins is crucial for both clinical and research purposes. While imaging techniques
such as PET scans provide valuable information, they are often invasive, costly, or limited by the availability
of suitable tracers [38, 43]. Consequently, mathematical models have emerged as powerful tools to complement
clinical data and investigate disease progression.

Among these models, the Fisher-Kolmogorov (FK) equation, a nonlinear reaction—diffusion model originally
developed in population dynamics [25, 28], has become widely used to simulate the propagation of misfolded
proteins in the brain [35]. Many different numerical methods have been proposed to compute the approximate
solution of the FK equation, also in the context of brain neurodegeneration. For example, we recall Finite
Element Methods [22, 29, 34, 42|, Boundary Elements Methods [27], and Discontinuous Galerkin (DG) methods
[18]. In this context, the FK solution represents the relative concentration of pathological proteins and often
exhibits traveling wavefronts, capturing the characteristic spreading patterns observed experimentally. It can be
shown that in the continuous formulation, the solution of the FK equation has two equilibrium states: ¢ = 1 and
¢ =0 [4]. However, due to the unstable nature of the second equilibrium, at the discrete level, it is fundamental
to construct a positivity-preserving numerical method to avoid numerical instabilities that lead to unphysical
(negative) solutions. For these reasons, there exist works that analyze suitable schemes both in the context of
finite differences [32] and DG [12].

Previous approaches based on Discontinuous Galerkin (DG) formulations include exponential variable transfor-
mations [12, 17], which enforce positivity at the discrete level. Indeed, the construction of numerical methods
that preserve some structures, such as entropy dissipation [13, 31], other physical constraints [19], or the invari-
ant domain [23, 24], is a fundamental field in the actual research of numerical analysis.

In this work, we introduce the Modified Fisher-Kolmogorov (MFK) model, a variant of the classical FK equation
in which an absolute-value stabilization is applied to the nonlinear reaction term. This modification guarantees
the preservation of positivity at the semi-discrete level, while remaining fully consistent with the original FK
formulation in the physically meaningful range. Motivated by the analysis of the zero-dimensional problem, the
proposed approach ensures that the inherent positivity property of the FK dynamics is retained also in the fully
discrete numerical scheme.

In contrast with alternative strategies, such as exponential variable transformations [17], the MFK model
provides a remarkably simple formulation. Indeed, the latter techniques introduce strong nonlinearities into the
system, requiring dedicated nonlinear solvers and significantly increasing the computational cost of simulations.
The proposed modification, instead, achieves stability and robustness without altering the qualitative behavior
of the solutions and while keeping the scheme computationally efficient.

To approximate the solution, we adopt a high-order Discontinuous Galerkin method on general polygonal and
polyhedral grids (PolyDG) for spatial discretization, combined with the implicit second-order time integration
scheme Crank-Nicolson. This approach naturally preserves positivity, achieves high-order accuracy, and can
handle complex geometries while allowing flexible local mesh refinement.

Another strength of the proposed formulation is its flexibility in mesh generation, due to its applicability to
polygonal /polyhedral meshes. The geometrical complexity of the brain is a challenge in mesh construction.
The possibility of refining the mesh only in some regions [10], handling hanging nodes, and eventually using
arbitrarily shaped elements is easy to implement in our approach. A powerful tool is also offered by mesh
agglomeration [26, 28]. In this setting, starting from an initial very detailed mesh, it is possible to generate
a coarse one composed of generic polygons, which preserves the original detail of the boundary representation
without the need for curved elements and with a reduction of the computational cost. Moreover, the freedom
in the choice of discretization parameters, like the polynomial degree, which might locally change from element
to element, provides another powerful advantage of the scheme [6].

Through numerical experiments, we demonstrate that the proposed formulation preserves positivity, achieves
optimal convergence rates, and provides stable and accurate approximations of wavefront propagation. These
properties make it a reliable computational tool for studying pathological protein spreading in neurodegenerative
diseases, offering a robust and physically meaningful alternative to classical FK-based numerical approaches.
Concerning the application to the modeling of neurodegenerative disorders, the typical solution of the FK model
is a wavefront propagating inside the brain geometry. For this reason, we analyze also the capabilities of our
method in approximating wavefronts, providing also a comparison with the DG method proposed in [18§].

An important remark is that, although we focus on biological processes to have continuity with articles [18] and
[12, 17, 40], the discretizations and numerical validations performed are completely general meaning that the
scheme propose can be applied for all the possible applications of the FK model.



The thesis is organized as follows. Section 2 recalls the Fisher-Kolmogorov equation, its parameters, and
introduces the function spaces and functionals needed in the subsequent sections. Moreover, it presents the
notations that will be used throughout the thesis. Section 3 contains the zero-dimensional analysis of the
basic FK equation, introduces the MFK model, and discusses its positivity-preserving properties as well as
its consistency with the original model. The weak formulation is also proposed in this section. Section 4
presents the PolyDG discretization strategy, detailing the spatial discretization and providing the stability and
error estimates. Section 5 reports numerical experiments, including a manufactured solution in two and three
dimensions, as well as a traveling wave simulation. Finally, Section 6 concludes the thesis with perspectives for
future developments.

2. Background: classical Fisher-Kolmogorov model

In this section we want to present the Fisher-Kolmogorov model to describe the reaction and diffusion of
misfolded proteins.

FK equation models the relative concentration of misfolded proteins ¢ = ¢(x,t) in the time interval ¢ € (0, 7]
for a fixed T > 0 and in the domain x € Q € R?, d = 2,3. The strong formulation of the problem reads:

%ZV-(DVC)—&—ac(l—c)—i—f, in Q x (0,77,

(DVe¢) -n = ¢y, on I'y x (0,7, (1)
c=cp, on I'p x (0,77,

e(x,0) = ¢o(x), in Q.

In equation (1), the parameter & = a(x) > 0 represents the local conversion rate of proteins from the healthy
to misfolded state and is constant with respect to time, while the diffusion tensor D = D(x) denotes the spread
of the misfolded protein inside the domain. The forcing term f = f(x,t) models the external addition/removal
of mass. The boundary conditions imposed consider a flux ¢y, sufficiently regular on the boundary I'y of the
domain meanwhile ¢p represents a value for the concentration on the boundary I'p. We recall that I' yUT'p = 02
and Ty NI'p = 0.

The diffusion tensor is modeled as the superposition of two contributions: an extracellular diffusion component
of magnitude d..¢, and an axonal diffusion component of magnitude d,.,. Formally, it can be expressed as:

D=deu I+ dozn(n®n)

with degt,dazn > 0, and n = n(x) denotes the local axonal fiber direction at the point x € Q. This direction
corresponds to the predominant orientation of neuronal connections (axons) and can be estimated using Diffusion
Tensor Imaging (DTI)[1]. By construction, D is a symmetric positive definite (SPD) tensor. Its precise structure
and parametrization depend on the specific application under consideration. The derivation of these directions
is of primary importance for neurodegenerative diseases simulation, because most of the spreading of the prions
occurs through the axons [42].

We assume that the subset I'p C 99 introduced above has positive measure |I'p| > 0, then we define the
Sobolev spaces

Wo = H{_(Q) ={we H'(Q) :w|r, =0} and Wp:={we H (Q):wlr, =ép} (2)

When I'p = () and T'y = 99, we define Wy = Wp = H(Q). We employ the standard scalar product in L?(),
defined for any u,v € L*(Q) as

(u,v)q = /qudx, (3)

and we denote by
lullo = v/ (u, u)o (4)

the induced norm. Similarly, we indicate as (-,-)aq the scalar product (3) computed along the boundaries.
For vector-valued and tensor-valued functions, the definition extends componentwise [21]. Given k& € N and
an Hilbert space H we use the notation C*([0,T], H) to denote the space of functions ¢ = c(z,t) such that
c is k-times continuously differentiable with respect to time and for each t € [0,T], c(-,t) € H, see e.g. [21].
Adopting standard notation for Sobolev spaces, we make the following assumption on the coefficients’ regularity.

Assumption 1 (Coefficients Regularity). We need the following regularities for the coefficients, the forcing
terms and boundary data appearing in (8):



In the following, we assume that o > 0 is a constant over 2. It can be proved that, under Assumption 1 and if
f=0,¢x =0, and T'p = ), when we consider co(z) € [0, 1] for each = € £, the FK equation admits a travelling
wave solution. Moreover, it can be also proved that under these assumptions: ¢(x,t) € [0, 1] for each x € £ and
t > 0. In this specific setting, the equation admits two steady-state solutions: an unstable equilibrium at ¢ =0
and a stable one at ¢ = 1. This implies:

lim e(x,t) =1 if 3x € Q such that ¢o(x) > 0

t—+o0

By setting:

ale,w) = (\/D7Vc, W)Q, Ye,w e W
(e, w) = (ac,w)q, Ye,we W
N (v,c,u) = (awe,w)q, Yv,c,u € W
F(w) = (f,w)a + (on,w)ry, Ywe W
1

the weak formulation of problem (1) reads:
For each t € [0, 7] find ¢(x,t) € Wp such that:

(ac(a)?t)aw)g + ale(x,t),w) — 7r(c(x,t), w) + Fy(c(x,t), e(x,t),w) = F(w), Yw € Wy, )

e(x,0) = co, in Q,

In the following section, the analysis of the zero-dimensional problem is presented, leading to the formulation
of a positivity-preserving scheme.

3. New Model: From the Analysis of the Dynamical Model to the
Modified Fisher-Kolmogorov Model

3.1. Analysis of the dynamical model

The FK equation possesses strong theoretical properties, ensuring that the solution ¢ remains within the pre-
scribed range under suitable conditions. However, at the numerical level, such a positivity-preserving property
cannot always be guaranteed due to discretization and round-off errors. To better understand this behavior, we
consider the zero-dimensional autonomous system:

Oc
gn =G(c) = ac(l —¢), (6)

where a € RT is constant. By analyzing the derivative of G, it is straightforward to verify that ¢ = 0 is an
unstable equilibrium, while ¢ = 1 is asymptotically stable. Moreover, Equation (6) admits the closed-form
analytical solution:

C eat
C(t) = > )
1 —+ Co (eo‘t — 1)
where the constant Cy = 12"60 depends on the initial condition ¢y = ¢(0). By studying the exact solution, we

observe that if ¢y < 0, we have % < 0 (at least in a neighborhood of ¢ = 0), so the solution decreases until it
reaches a discontinuity point t* defined by:

1+ Co(e* —1) =0,
at which the solution changes sign. With this setting, it is straightforward to verify that:
lim c(t) = 1.

t—+oo
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Figure 1 Analytical solution ¢(t) with ¢p = —1 and o = 1.
In Figure 1, we have an example of the discontinuity point observed when ¢y = —1 and a = 1 that leads to a

discontinuity point in ¢t* = In(3).

The observations above, implies that, although the solution is theoretically bounded within [0, 1] for ¢y > 0,
once it falls below zero (due, for instance, to numerical errors), the dynamics may drive it further into the
negative domain, rendering the model no longer physically meaningful.

To address the instability observed at ¢ = 0, we propose the following modification to the original equation:

5= G(c) = alc|(1 = ¢). (7)
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Figure 2 Simulated concentration profile cp(t) obtained setting 7' = 10, At = 0.01 and o = 1 from
the numerical solution of the classical formulation (6) (left) and the modified (7) (right) when a small
perturbation of ¢g = —0.001 is applied to the system.

This formulation ensures that the instability at the numerical level in ¢ = 0 is eliminated. Specifically, the use
of the absolute value enforces non-negativity of the term c¢, thereby preserving the positivity of the solution
and preventing divergence. Consequently, the equilibrium at ¢ = 0 becomes non-repelling, which improves the
robustness of the model in numerical simulations and guarantees that ¢(t) > 0 for any ¢ > 0, provided ¢(0) > 0.
Figure 2 shows the case with T' = 10, At = 0.01, and a constant « = 1, where the system is perturbed with
a small negative initial condition ¢y = —0.001, simulating a possible error introduced by the discretization.
The approximate solution ¢p,(t) is computed using a Crank—Nicolson scheme. As we can see, in the classical
formulation (6), the error is amplified due to the initial negative derivative, while in the modified version (7),
the model tends to remove the error, bringing the concentration back to zero.

In Figure 3, we compare the simulated solution ¢y (¢) with the exact solution ¢(¢), computed with a time step of
At =1072, o = 1, and ¢y = 0.01, which lies within the meaningful domain. The figure shows that the modified
model does not alter the solution when ¢y € [0, 1], thus ensuring that the model remains consistent.
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Figure 3 (Left) Exact solution ¢(t) over the time interval ¢ € [0, 10] and the approximated cp,(t) with
both FK formulation (left) and MFK (right). The simulation was performed setting o = 1, At = 102
and cg = 0.01.

3.2. Introduction to the Modified Fisher-Komogorov model

More generally, by considering not only the time discretization but also the spatial discretization, the same mod-
ification can be extended to the full problem. Specifically, we propose the following Modified Fisher—Kolmogorov
(MFK) problem:

%zV-(DVc)—!—aM(l—c)—kf, in 2 x (0,77,

(DVe¢) -n = ¢n, on 'y x (0,77, (8)
c=cp, on I'p x (0,77,

c(x,0) = co(x), in Q.

where all the parameters are the one described for problem (1). The replacement of ¢ with |c| in the reaction
term ensures that the growth rate remains non-negative for all ¢. Consequently, the solutions of the classical
FK model and the MFK model coincide for ¢(x,t) > 0, which is fundamental to have a meaningful solution.
This modification introduces minimal changes to the structure of the original PDE but has significant implica-
tions for numerical stability and physical fidelity. In particular, the nonlinearity «|c|(1 —¢) dampens the impact
of small negative oscillations (arising from discretizations errors) and prevents them from being amplified over
time. The modification leaves the model unchanged (at continuous level) when the solution is within the physical
range ¢(x,t) € [0, 1], but adjusts the numerical approximation where necessary to improve accuracy.

We consider the same functional setting introduced in Section 2, in particular the Sobolev spaces W, and Wp
(2), and the scalar product (-, -)q defined in (3). We also assume that Assumptions 1 is satisfied. In this setting,
we define:

alc,w) = (\/ DVe, \/DVw)Q , YeweW
rr(c,w) = (a|c,w)q, Ve,weW
ry(v,c,u) = (awlc|,w)q, Yv,c,u €W

F(w) = (f,w)o + (¢n,w)ry, YweW

the weak formulation now reads:
For each t € (0,7] find ¢(x,t) € Wp such that :

(@%kaﬁw@@ﬁmﬂ—m@@ﬁﬂﬂ+m@kﬁ¢&¢ﬂ@:Fm%\MEW@

e(x,0) = co, in Q.



In the following section our goal is to discretize in space and in time the above problem and verify numerically
the theoretical results that hold for problem (1) when the modification is used.

4. PolyDG Semi-Discrete Formulation and Fully Discrete Problem

The aim of this section is to introduce the PolyDG approximations in space and time for the problem define in

().
4.1. Discrete Settings and Preliminary Estimate

Consider a polytopal mesh partition .7, of the domain 2, composed of disjoint polygonal or polyhedral elements
K. For each element K € 7, let |K| denote its measure and let h = maxge g, hx < 1 denote its diameter
where hj is the diameter of the element K.
For simplicity, we neglect the dependence of the constants in the inequalities on the model parameters, and
write z < y to indicate the existence of a constant C' > 0 such that x < C'y, where C may depend on the model
parameters (possibly on p) but is independent of the discretization parameter h.
An interface is defined as the intersection of the (d — 1)-dimensional facets of two neighboring elements. We
distinguish two cases:

e For d = 2, interfaces are always line segments. The set of all such segments is denoted by .%},.

e For d = 3, interfaces are generally polygons. We further assume that each interface can be decomposed

into planar triangles, and denote the set of all such triangles by .%,.

It is convenient to decompose .7, into the union of interior faces .#] and exterior faces .72
boundary 011, i.e.,

lying on the
Fn=FLUFB.

The set of boundary faces can be further partitioned according to the type of imposed boundary condition:
7B = FP U,

where P and .Z}¥ are the faces contained in I'p and Ty, respectively. We assume that .7, is aligned with
I'p and Iy, i.e., any F € ZP lies entirely in either T'p or I'y.

Assumption 2 (Mesh Regularity [20]). The mesh sequence { T}, satisfies the properties:
1. Shape Regularity: VK € 9, it holds:
ahf SIK| S eah:.

2. Contact Regularity: VF € %), with F C K for some K € 9}, it holds
hi S IF),

where |F| is the Hausdorff measure of the face F.
3. Submesh Condition: There exists a shape-regular, conforming, matching simplicial submesh :7\;: such that:
e VK € %,3K € 7, : K C K.
e The family {%}h is shape and contact regular.
o VK € 7, K € J, with K C K, it holds hie < hj.

Let P,(K) denote the space of polynomials of total degree p > 1 defined on a mesh element K. Based on this
definition, we introduce the discontinuous finite element space

WPC ={we L*(Q) : w|x € P(K) YK € T}

We now recall the definition of the so-called trace operators [9]. Consider a face F € .Z! shared by two
neighboring elements K+, and let n* denote the corresponding outward unit normal vectors. For sufficiently
regular scalar functions v and vector functions g, we define:

e the average operator {-} on F € F}:

1

foh =30 o), fah =3 +a);

e the jump operator [-] on F € F!:

[v]=vnT+vn", [q=q" -n"+q n".



In these definitions, the superscripts + indicate the traces of the functions on F taken from within K*. We
remark that the jump of a scalar quantity is a vector, while the jump of a vector quantity is a scalar.
Analogous operators can be introduced on faces F' € f,? associated with boundary cells K € 7, where n
denotes the outward unit normal on 9€:
e the average operator {-} on F € ZP: {v} =v, {q} = q;
e the jump operator [-] on F € .Z, with Dirichlet conditions g, g:
[v] = (v—g)n, [l =(qa—g)-n.

We recall the following identity that will be useful in the method derivation:
lqo] = [ql{v} + g} - o] VF € 7.
Let us introduce the following broken Sobolev spaces for an integer r > 1:
H™(F) = {wn € L*(Q) : wy|x € H'(K) VK € F,}.

Moreover, we introduce the shorthand notation for the L?-norm || - || := || - [|12¢q) defined in (3) and (4)
respectively and for the L2-norm on a generic set of faces .# as

1/2
I 1le = (Z - Iiw)) :

FeF

We define the DG-norm as:

2
+ IVl 50 Ve € H' (F).

Here, 1 denotes the penalization function, to be introduced in Section 4.2. Furthermore, we recall the discrete
Gagliardo—Nirenberg inequality that it will be used in the following section, [43] :

lelibe = ||VDVae

Vup € WP 3Caq, = Ca,(p) >0 |unllze) < Cayllunllpg llunlliz ), 9)

with s € (0,1] and such that:
Lo (11 1o
¢ “\27 4 2

Remark 1. We remark that most of the analysis remains valid also under weaker assumptions on the mesh
than those stated in Assumption 2, namely when the mesh is only polytopic regular [14]. However, in this case
Gagliardo’s inequality is no longer valid, and therefore the analysis cannot be fully extended.

4.2. PolyDG semi-discrete formulation

To derive the semi-discrete formulation for the FK and MFK problems, we first introduce the penalization

function n : %, — R, defined as

p2

, if Fe Z,
n="o ;Q}H
7 if ¥ e ZP,

where {-} g denotes the harmonic average operator on F € y;f which is equal to the harmonic mean of the
diameters h~ and h* of the two adjacent elements:

2hth~

thin = 355

and 1)y is a user-defined parameter that must be chosen sufficiently large to guarantee stability. On this basis,
we define the bilinear form A : WPE x WPC — R as

Ale,w) = / Ve Viyw
Q

_ /f (nlel - L) ~ {DVne} - ] — [e] - {DVyw} )do, Vew € WP,

FeFluFp



where V), denotes the elementwise gradient [36]. The semi-discrete PolyDG problem related to (5) is then stated
as follows:
Find cp(t) € W,PC such that, for all ¢ > 0,

<8c§t(t) , wh) + A(en(t),wr) — Tr(cn(t), wp) + T (en(t), en(t), wn) = F(wh), Yy, € WhDGa
Q

cn(0) = ¢, in Qp,

(10)

where ¢} € W,? G is a suitable approximation of the initial condition ¢y. The derivation of this formulation

follows the standard DG approach for the Laplace equation (see [33]).
Equivalently, we can write the semi-discrete PolyDG formulation for the MFK model as follows:
Find cp(t) € W,PC such that, for all ¢ > 0,

<5Ch(t)

ot
cn(0) = cg, in Qp,

,wh> + A(en(t),wn) — ri(cn(t), wn) + ra(cn(t), cn(t),wy) = Fwy), Vw, € WP,
Q

where ¢ € WP is a suitable approximation of the initial condition cg, coinciding with the one used in problem
(10). For more details on the definition of numerical fluxes associated with the symmetric interior penalty DG
method considered in this paper, we refer to [9)].

4.3. Stability estimate of the semi-discrete approximation of the Fisher-Kolmogorov
model

In this section we introduce the theoretical results found for the semi-discrete approximation (10). The results
exploit continuity and coercivity of A(7 -) and the proof can be found in [39]. Concerning the well-posedness
of the formulation, we refer to the analysis of semilinear parabolic formulations in FEM [15] and DG [30]. For
simplicity, in both stability and convergence analysis, we assume homogeneous Dirichlet (¢p = 0) and Neumann
(¢n = 0) boundary conditions.

Proposition 4.1. Let assumption 2 be satisfied, then the bilinear form /I(, -) is continuous and coercive:
dM > 0: \fl(vh,wh)| < M”'UhHDG'HwhHDG Yop, wy, € WDG,

>0 Avn,vn) > pllonl|e Yo, € WP,
where M and p are independent from h. Coercivity holds provided that the penalty parameter n is large enough.

Before introducing the Stability Estimate Theorem, we need to introduce the following norm:

Definition 1 (Energy Norm). The energy norm || - || : HY(Z,) — R is defined as:

len ()12 = Hch(t)||2+/0 llen(s) D ds.

Moreover, we recall the Perov inequality [41], which will be used in the theorem below:
Proposition 4.2 (Perov Inequality). Let a, b, ¢ be three positive constants and v > 1 then, let u € Lf((),f) =
{u € L>®(0,1) : u(t) > 0 a.e. in (0,£)} such that:

t t
u(t) <a-+ b/ u(s)ds + c/ u?(s)ds, for almost any t € (0,1),
0 0

where t is such that:

Iy b
by=1)t
e <1+ i (11)

Then for almost any t € (0,1) we have:

aebt

u(t) < —.
(1 —ar—Lteb=1(ebOr—1t —1))5-1



Theorem 4.1 (Stability Estimate). Let Assumptions 1 and 2 be satisfied and, for a sufficiently large penalty
parameter 1, let c,(t) be the solution of Equation (10) for any t € (0,%], with < T introduced in (11). Then:

AN+ [ £(s 245 e %t
len(@)]|2 < llenll® + Jo I1F ()l |

N ac? T d=1 7 2641, a-1
(71 = vt (11 + 47 WFGo)Pas) ™ (5 -1) )

deaC3,

where i = min {1, 2u — M} > 0,e >0 is small enough, & = ||| =, Cg, defined in Equation (9).

The proof of the Theorem 4.1 can be found in [18].

4.4. Error estimate for the semi-discrete approximation of the Fisher-Kolmogorov
model

In this section, we report an a priori error estimate for the solution of the PolyDG semi-discrete formulation
(10).
First of all, we define:

2

lulbe = lulbe + [0~ {DVru}}| Vue HY (7).

Lz(ﬁiuﬁ—‘f’)
We remark that it exists C' > 0 such that
Cllullze < lulpa Yu € WPE.

Let ¢; € WP @ be an interpolant as defined in [18] of a regular enough function c.
Proposition 4.3. Let Assumption 2 be fulfilled. If d > 2, then the following estimates hold:

Vue H (Th),s >2, Jur e WP le—crllhe < S m™ 0 2)c)2, o).
KeTy,

We consider the problem (10) together with the initial condition ¢ = ¢;(0) € WY, provided that co(x) is
sufficiently regular. In this setting, it is necessary that ¢y € W to enable interpolation of the solution.

Let us first denote by ¢, the solution of (10) and by ¢ the solution of (5). To extend the bilinear forms from (10)
to the space of continuous solutions, additional regularity assumptions are required. Specifically, we assume
element-wise H2-regularity of the concentration along with the continuity of the flow across the interfaces
F e ﬁhl for all ¢t € (0,T]. In this framework, it is also necessary to establish boundedness properties for the
functionals involved in the formulation:

Assume that Assumption 2 holds. Then:

IM >0 ¢ | (wwn)| < M ull pg llwnllpe Yu € HX(T:), Yw, € WPC.

where A(:, ) is the bilinear form of the semi-discrete formulation of problem (1) (see [18]).

Theorem 4.2. Consider problem (5) with f =0, ¢, =0, and T'y = 0Q. Let Assumptions 1 and 2 be satisfied,
and let ¢ denote the solution of (5) for all t € (0,T], satisfying the additional regularity:

c € CH[0,T]; H* () N L™(R)),

for s > 2. We further assume sufficient regularity of the initial condition ¢ € W. For a sufficiently large
penalty parameter 1), let ¢, be the solution of (10) for all t € (0,T]. Then, the following estimate holds:

t
2 2 min 1,n}—2
lle(t) = en®)lZ < D mgm e / [le()rn iy + le()nirey| ds vt € (0,7]
KeTh 0
under the additional assumption on the constants:
uC — a1+ M,)Cg + CsCru > 0,

where Cg is the discrete Sobolev embedding constant for L*(Q2), C is the bounding constant between DG-norms,
and Cg is defined in the stability estimates section of [18] as:

)2 e 5

CS(C?L) = 1

a1 _ 800G P2 2akigqy a1
H 27-1(2a+1)e
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deaC?
Here, i = min{1,2u — %} >0, € > 0 is sufficiently small, & = |a| L=, and Cg, is the constant used in

(9).

The proof of Theorem 4.2 can be found in [18].

In the following section, we present the fully discrete formulation, detailing the treatment of the nonlinear term
and the definition of the associated system of linear equations.

4.5. Fully-discrete formulation

Let (goj);y:co be a suitable basis for W’ then ¢y (t) = Z;V:CO C;(t)p;, and denote by C € RN¢ the corresponding

vector of the expansion coefficients, in the chosen basis. We define the matrices, i,7 =1,..., N.:
M];; = (¢5, ¥i)a, (Mass matrix)
[Alij = alwj, i), (Stiffness matrix)
Ra(C(t))]ij = (alen(t)]; i)as (Reaction matrix)
(Mo (C(1)]ij = (alen(®)les, pi)a- (Reaction matrix)

Moreover, we define the forcing term:
[Fl; = F(g;) Vi=1,...,Ne.
By exploiting all these definitions, we rewrite the problem (10) in algebraic form:

MC'(t) + AC(t) — R,C(t) + M, (C(t))C(t) = F(t), te(0,T),
C(0) = Cy.

Let now construct a time discretization of the interval [0,7T] by defining a partition of N intervals 0 = ¢y <
t1 <--- <ty =7T. We assume a constant timestep At =t,,41 —t,, n =0,..., N — 1. We construct the fully
discrete approximation by means of the Crank-Nicolson method. Given C° = C(0), find C"*! ~ C(t,,,1) for
n=0,...,N—1

A
MC"H ¢ ; (A +M,(C*))Ccrtt

At
= MC" - (A + M, (C)C"

1
+ %Ra(c*) +5 (B E

For the nonlinear terms we will consider a semi-implicit treatment where:

lcn—l

«_ 3o
C'=3C"—3

Note that an implicit treatment can also be a good choice, but the computational cost of the simulation increases
significantly due to non linear solvers, and the simplicity of the method is no longer highlighted.

5. Experimental Evaluation

In this section, we aim to validate the model by considering different convergence tests for both a manufactured
solution and a traveling wave solution.

Before starting with the numerical validation, we point out that the meshes used in this work are generated with
PolyMesher [37], a package that allows the generation of general polytopal geometries. Polygonal meshes are
particularly well-suited for DG methods, since the formulation provides complete freedom within each element,
making them highly flexible and efficient for complex geometrical domains. In Figure 4, we have reported some
examples of polygonal meshes.

11



T AT

Figure 4 Mesh configurations considered with increasing number of polygonal elements Ng =
30, 100, 300 for square geometries 2 = (0,1)? (top) and Q = (0,5) x (0,1) (bottom).

5.1. Test Case 1: convergence analysis in a two dimensions

We begin our analysis with a square domain Q = (0,1)? (Figure 4). The solver for the MFK equation is
implemented in MATLAB using lymph [5] library. In this test, we consider a manufactured solution given by:

c(z,y,t) = (cos(rx) cos(ry) + 2)e” " (12)

To simplify the problem, we assume an isotropic diffusion tensor D = d.;I, and we set deze = 1, a = 1
and 79 = 10. The source term and boundary conditions are derived accordingly from the exact solution (12).
We simulate the problem using a fixed time step At = 107° and a final simulation time of 7' = 1073. For
the h-refinement study, we consider meshes with Ng; = 30, 100, 300, 1000 elements, and repeat the test for
polynomial degrees p = 1,...,6. We also perform a p-refinement study using a fixed mesh with a number of
elements N.; = 30.

Figure 5 shows the computed errors in the L2-norm and the DG-norm at the final time T versus the mesh size
for different polynomial degrees p = 1,...,6. The convergence behavior is comparable to that of the original
discretization proposed in [18] and reported in Theorem 4.2. In particular, we observe an order of convergence
of p+ 1 for the L?-norm error and of p for the DG-norm error.

Figure 6 shows the results for p-refinement performed using a mesh of 30 elements and measuring the errors in
the L?, DG, and energy norms. Here, we can observe an exponential decrease of the errors. We remark that
no theoretical results are available for this case, but we can demonstrate numerically that optimal convergence
is achieved.

Finally, in Figure 7 we report a convergence analysis with respect to the time step At. As expected from the
theory [2], a second-order convergence is clearly observed.

5.2. Test Case 2: traveling wave

In this section, we use the PolyDG formulation to simulate the traveling wave solution of the MFK equation in
two dimensions. We consider a solution of the form:

C(xvyvt) = 1/’(55 - Ut) = ¢(§) (13)

By substituting expression (13) into problem (1) with homogeneous forcing term f = 0 and free boundary
conditions, we obtain the following system of equations:

Jren v 1
() = 7 + (O - (), €€0.T) "
P'(€) = X(8), £e[0,7)

12



1072

s
— -5 H
g 10
&
|
Py 10—8,
&~
I

10711,

| |
10-t 107!

| |
10—&8 10—06

h[=]

1e(T) — en(T)l|pa

107107

| | |

10—12 10—1 10—08
hl-]

|
10—06

Figure 5 Test case 1: computed errors at the final time 7" = 10~ and computed convergence rates
in the L?-norm (left) and DG-norm (right) with respect to mesh refinement for different polynomial
degrees p=1,2,3,4,5,6. The data are reported using the log scale for both axes.
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Figure 6 Test case 1: errors computed for a simulation with 7' = 1073, At = 107, and N,; = 30. The
plots show the convergence rates with respect to the polynomial degree.
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Figure 7 Test case 1: errors computed and displayed in a logarithmic scale with respect to the timestep,
using a spatial discretization of N = 1000 and polynomial degree p = 6.
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Table 1 Test case 2: computed L? errors at final time with different mesh refinements (At = 0.01):
p =2 (top) and p = 3 (bottom) for the MFK formulation.

p=2 At=0.01 Formulation: MFK

Refinement DOFs T=5 T=10
Ny =30 180 7.00 x 1072 4.739 x 107!
N =100 600 5.55 x 1073 8.72 x 1072
N, = 300 1800 3.00 x 1073 3.70 x 1073
p=3 At=0.01 Formulation: MFK
Refinement DOFs T=5 T=10
Ny =30 300 1.41 x 1072 2.813 x 1071
N = 100 1000 2.70 x 1073 6.20 x 1073
Ny = 300 3000 2.70 x 1073 5.90 x 1073

Table 2 Computed L? errors at final time with different mesh refinements (At = 0.01): p = 2 (top)
and p = 3 (bottom) for both semi-implicit and implicit treatment of the non linear term in (10).

p=2 At=0.01 Formulation: Classical FK

Semi-Implicit Implicit
Refinement DOFs T=25 T =10 T=5 T =10
Ny =30 180 6.33 x 102 1.03 x 10* 1.63 x 10? 5.36 x 106
Ng =100 600 1.45 x 102 1.12 x 10* 8.24 x 107! 2.18 x 107
N = 300 1800 1.98 x 10! 6.02 x 10* 6.97 x 1072 1.28 x 103

p=3 At=0.01 Formulation: Classical FK

Semi-Implicit Implicit
Refinement DOFs T=5 T =10 T=5 T =10
N, =30 300 9.27 x 107! 6.75 x 10* 1.56 x 1071 7.34 x 107
Ng = 100 1000 5.50 x 1072 7.20 x 107! 8.12 x 1073 1.78 x 1071
N, = 300 3000 6.35 x 10~* 7.80 x 1073 7.71 x 10~* 2.12 x 1073

Table 3 Test case 2: L? errors at final time for different polynomial degrees (N. = 30) with fixed time
steps.

At =0.01 Formulation: MFK

Order DOFs T=5 T =10

p= 180 7.00 x 1072 4.739 x 1071
p= 300 1.41 x 1072 2.813 x 107!
p=4 450 3.60 x 1073 1.687 x 101
p= 630 2.70 x 1073 3.31 x 1072
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Table 4 Computed L? errors at final time with different mesh refinements: At = 0.01 for both semi-
implicit and implicit treatment of the non-linear term .

At =0.01 Formulation: Classical FK

Semi-Implicit Implicit
Order DOFs T=5 T =10 T=5 T =10
p= 180 6.33 x 103 1.03 x 10* 1.63 x 10° 5.36 x 109
p=3 300 9.27 x 107! 6.75 x 107! 1.56 x 107! 7.34 x 107
p=4 450 1.80 x 1072 1.96 x 1071 8.10 x 1073 9.98 x 1072
p= 630 1.40 x 1073 1.80 x 1072 2.25 x 1073 4.54 x 1072

We assume an isotropic diffusion tensor D = d...I. For this test case, we use the parameters de,; = 1072,
a =1, and po = 10 as penalization function. The wave speed is set to v = 0.1, with initial conditions ¢ (0) =1
and v'(0) = —1072. The chosen parameters are taken from [18], enabling a direct comparison between the
proposed model and the reference.

We consider two final simulation times, 7' = 5 and T' = 10 and Q = (0,5) x (0,1) (Figure 4). Since the
exact solution to system (14) is not available in closed form, we compute a reference solution numerically using
MATLAB’s ode45 solver, with a tolerance set to 10712,

The test is divided into two parts. In the first part, we study the solver’s behavior for different mesh sizes
(Ne: = 30,100, 300) with polynomial degrees p = 2 and p = 3. In the second part, we focus on the influence of
the polynomial degree. The results are then combined for the final considerations.

Firstly, we analyze the effect of different mesh sizes, keeping the time step fixed at At = 0.01, and compute
the L2-error at the final simulation time for both p = 2 and p = 3. The results are reported in Table 2, while
Table 2 shows the corresponding results obtained with the classical approach [18]. We observe that the new
model significantly reduces the errors, particularly for coarse meshes with a lower number of degrees of freedom.
Remarkably, our model is able to simulate the traveling wave even for p = 1.

This effect is also visible in Figure 8, where we display the solutions at the final simulation time for both methods.
For T' = 10, the solutions produced by the original model are completely unreliable, whereas our formulation
provides reasonably accurate results in all cases. This behavior is fully consistent with the discussion presented
in Section 3.

The numerical scheme proposed in [18] lacks robustness when the solution approaches negative values, due to
the instability of the equilibrium point at ¢ = 0.

Figure 9 illustrates an example where the error-correction mechanism is active. We report the solution along
the line y = 0.5 for z € [0,5], with p = 2 and N,; = 30, using both schemes. For the positivity-preserving
scheme, when the solution reaches negative values, the model corrects the oscillations after a few iterations. In
contrast, the scheme without positivity preservation amplifies the oscillations around ¢ = 0, eventually leading
to the results shown in Figure 8. Additionally, with the classical formulation we observe oscillations also around
¢ = 1, which are typical in applications with fast variations (high gradients), in addition to those occurring at
¢ = 0. As shown, our method is able to damp the oscillations at ¢ = 1 as well, leading to overall improved
results.

Tables 3 and 4 report the computed L?-norm errors for N.; = 30 with different polynomial degrees. We observe
that, even in this case, our model performs better for lower-degree polynomials, while for higher degrees the
behavior is similar. An important point is that, in our model, increasing the mesh refinement does not reduce
the error, which remains constant. This indicates that the dominant source of error is not related to the spatial
discretization, but rather to other factors, such as the temporal resolution, the intrinsic model assumptions, or
the additional numerical diffusion introduced by the positivity-preserving scheme.

In Figure 10, the left panel shows the error in the energy norm for three different polynomial orders as a function
of the simulation time. We can observe that the behavior for p = 2 is qualitatively similar to the other two
cases. This provides further evidence of the improved stability for long simulations, as no exponential trends
are visible for low order compared to the classical formulation [18], where high degrees are needed to reach a
correct solution. The right panel shows the computed errors at final time 7" = 5 versus the number of umber
of degrees of freedom (DOFs) for three cases: h-refinement with fixed polynomial order p = 2 and p-refinement
on a fixed mesh with N.; = 30. We observe that, for the same number of degrees of freedom (DOFs), higher
polynomial orders yield lower errors compared to h-refinement. This indicates that increasing the polynomial
order is more effective than refining the mesh. This is consistent with findings reported in the literature on
wave simulations [4].
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Figure 8 Test case 2: solutions with different mesh refinements at times T' = 5 and T" = 10, using both
the classical [18] and modified FK formulations. The tests are performed with p = 2.

5.3. Test Case 3: convergence analysis in three dimensions

We continue our numerical tests with a three-dimensional convergence analysis considering a manufactured
exact solution as follow:

c(z,y,2,t) = (cos(mx) cos(my)cos(rz))e "
We consider a cubic domain Q = (0,1)3. The boundary conditions on 9 and the forcing term are derived
accordingly. We set the isotropic diffusion tensor D = deI with dexy = 1 and @ = 0.1. For the time
discretization, we use a time step At = 107% and a final time 7" = 1075, The equation is solved with the
FEniCS finite element software [3] (version 2019) on tetrahedral meshes (see Figure 11).
We perform a convergence test with respect to mesh refinement, using h = 0.5,0.25,0.125,0.0625. The results
are reported in Figure 12, where the polynomial degree is fixed at p = 1,2,3,4. The expected theoretical
convergence rates are achieved for all polynomial degrees, in agreement with Theorem 4.2 and the results of
Section 5.1.
In addition, we carry out a convergence study with respect to the polynomial degree (Figure 12), where an
exponential trend can be observed. As already mentioned in Section 5.1, this behavior is not covered by the
theoretical analysis.

6. Conclusions

In this thesis, we have developed and analyzed a positivity-preserving numerical framework for the Fisher—Kolmogorov
equation. By introducing a modification to the nonlinear reaction term, inspired by a zero-dimensional analysis,

we ensured that the discrete solution remains positive at all times, preventing unphysical negative concentra-
tions and enhancing the stability of long-time simulations. This positivity-preserving property is the central
feature of our approach, as it guarantees that the computed concentrations remain meaningful and consistent
with the underlying physical process.

We discretized the MFK model using a discontinuous Galerkin method on polytopal meshes (PolyDG), coupled
with the Crank—Nicolson scheme, an implicit second-order time integration method. We performed a two-
dimensional numerical validation, first using a manufactured solution and then a traveling wave solution. The
simplicity of the model leads to results equivalent to those obtained with non-positivity-preserving schemes,
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Figure 9 Test case 2: approximated solution ¢y, (z,y, t) at different time snapshots along the line y = 0.5
with z € [0,5] and for ¢ € [0, 10]. The numerical profiles are obtained by post-processing the simulation
results using the Plot Quer Line filter in ParaView. The computations are performed with a mesh of
N¢; = 30 elements and polynomial degree p = 2. Both the MFK model (top row) and the FK model
(bottom row) are reported for comparison. The FK wave fronts are generated using the semi-implicit
treatment for the non linear term that leads to lower errors according to [18].
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Figure 10 Test case 2: computed errors with respect to the simulation time T for Ng; = 30 (left) and
with respect to the number of degrees of freedom (DOFs) considering p-refinement and h-refinement
(right).

Figure 11 Test case 3: mesh with h = 0.0625 (left) and computed approximate solution for A = 0.0625,
p =2, at time T' = 103 (right).

where high-order discretizations and fine meshes are required. Moreover, our method maintains the same
level of accuracy as more complex positivity-preserving schemes, making it particularly suitable for large-scale
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Figure 12 Test case 3: errors computed at the final time 7" = 1076 in the DG-norm. On the left, the
convergence with respect to mesh refinement is shown for h = 0.5,0.25,0.125,0.0625 and polynomial
degrees p = 1,2,3,4. On the right, the convergence with respect to the polynomial order is shown for
a fixed mesh size h = 0.25.
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biological applications.

Future work will focus on extending the current framework in several directions. First, extending the model to
three-dimensional geometries in general, and later applying it to realistic patient-specific brain reconstructions,
will allow for direct validation of the model and potential clinical applications. Second, extending the model to
other proteinopathies, such as Tau or TDP-43 aggregation, will broaden its relevance across neurodegenerative
diseases. Another interesting future development could be the construction of a space-time DG formulation
[7, 8] to achieve higher-order approximations also in time. Moreover, another possibility would be the use of PET
images at different stages of the disease to calibrate the physical parameters of the Modified Fisher—-Kolmogorov
model, for example employing inverse uncertainty quantification methods [16]. Finally, an important extension
would be a theoretical analysis of the method, in particular a rigorous study of convergence and stability
properties as for other positivity-preserving schemes, since the current work is primarily based on experimental
validation.
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Abstract in lingua italiana

11 modello di Fisher—Kolmogorov é una nota equazione non lineare di reazione-diffusione, ampiamente utilizzata
per descrivere I'interazione tra diffusione e reazione, con importanti applicazioni in diversi ambiti, ad esempio la
dinamica delle popolazioni, le malattie neurodegenerative, la crescita tumorale, 'epidemiologia e 1’espansione di
specie invasive. Le soluzioni del modello di Fisher—-Kolmogorov mostrano spesso fronti d’onda propaganti e, sotto
opportune condizioni sui dati, una proprieta chiave a livello continuo ¢ che la soluzione ¢ positiva (e limitata). La
preservazione della positivita é fondamentale: se il profilo iniziale & non negativo, la soluzione non puo sviluppare
valori negativi nel corso del tempo. Il meccanismo intrinseco di mantenimento della positivita delle dinamiche
di Fisher—-Kolmogorov ¢ cruciale dal punto di vista modellistico. Infatti, nelle applicazioni biologiche e fisiche,
la soluzione dell’equazione FK rappresenta tipicamente una densitd o una concentrazione, per la quale valori
negativi non hanno alcun senso. A livello numerico, preservare la positivita é particolarmente complesso, poiché
gli schemi numerici non ereditano automaticamente questa proprieta. Discretizzazioni standard possono portare
a valori negativi della soluzione discreta, che risultano non solo non fisici, ma possono anche compromettere la
stabilita complessiva dello schema.

In questa tesi, proponiamo innanzitutto un modello FK modificato che resta coerente con il modello originale e
introduciamo la sua discretizzazione, basata su un metodo di Galerkin Discontinuo di ordine elevato su griglie
poligonali e poliedriche generali (PolyDG) per la discretizzazione spaziale, combinato con un’integrazione tempo-
rale implicita di secondo ordine. Grazie al modello FK modificato, la corrispondente formulazione semidiscreta
preserva automaticamente la positivita. Gli esperimenti numerici dimostrano che ’approccio proposto garan-
tisce stabilita e accuratezza ottimale sia in caso di raffinamento della mesh sia di approssimazioni polinomiali
di alto ordine. Il metodo numerico proposto pud trovare importanti applicazioni nello studio delle malattie
neurodegenerative, dove ’equazione FK viene utilizzata per simulare la propagazione di proteine patologiche
tipiche di proteinopatie come 1I’Alzheimer o il Parkinson.
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