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General Introduction

The present thesis aims to the performance enhancement of the Synchronous Reluctance
Machine (SynRM) by machine design and current harmonics injection. In recent years,
the need to build low-cost yet efficient machines with high performance essential in
several domains especially in the automotive domain [1]. A renewed interest in the
reluctance machines has emerged, and in particular in the SynRM [2, 3]. The SynRM
has a stator similar to that of an Induction Machine (IM). However, the absence of
hard magnetic or conductor material in the rotor makes it robust, cheap and easy
to manufacture. In addition, the absence of winding losses in the rotor makes the
heat management easier in comparison with the IM. Nevertheless, the SynRM has
to overcome several obstacles to become a viable alternative to other AC drives in
Variable Speed Drive (VSD) applications. The most important performance obstacles
are:

• Low power factor

• Low power and torque densities

• High torque ripple

• Low speed range

This thesis handles mainly the torque density and the torque ripple of the SynRM,
and focuses on the machine design and the current harmonics injection and their effect
of the whole machine torque-speed envelope.

Chapter 1 introduces the electrical machine in the traction system of the electric
vehicle and the main challenges encountered and trends. The SynRM will be also
introduced for a VSD application with the several limitations it faces on the whole
operation diagram and in particular on its torque-speed envelope.

Chapter 2 proposes an analytical design procedure of the SynRM rotor that can be
adapted to different rated power. The design procedure is based on the flux lines in a



2 General Introduction

solid rotor and the uniformity of the field in the rotor in order to deliver an important
machine torque density. This design will be applied to a specific case and compared to
another SynRM rotor design. The study of several elements like the ribs and bridges
that hold the structure of the rotor and keeps it mechanically strong will be presented
as well. A final design is proposed at the end of the chapter and Finite Elements (FE)
simulations are used to identify the performance of the SynRM.

Chapter 3 shows a parametric optimization study of the SynRM in order to enhance
its performance, in particular, the torque ripple. Therefore, an optimization problem
is formalized and treated in order to obtain a better performing machine with lower
torque ripple without impacting significantly the other performance criteria of the
machine like the torque density and the saliency ratio. At the end of the optimization
study, a design is proposed and compared with the design obtained from the analytical
procedure in chapter 2.

Chapter 4 deals with the harmonics injection in the phase currents of the SynRM
and their impact on the machine average torque and the torque ripple. A general
m-phase machine will be used to introduce the current harmonics interaction with the
inductance spacial harmonics. Afterwards, the harmonics injection will be applied in
the case 2-phase machine and the results show that the harmonics injection have a
positive impact in reducing the machine torque ripple. Then, the control issues of
injecting harmonics in the phase currents will be presented and the controllers will be
synthesized and evaluated using a developed machine model.

Chapter 5 validates experimentally the analytical design procedure and the para-
metric optimization for the SynRM rotor design. At first, the test bench is presented
and the machine is characterized. The performance envelope is validated afterwards
and the designs based on the analytical procedure and the optimization study are
compared. Finally, the experimental results of the harmonics injection in the phase
current are shown.

Chapter 6 proposes a SynRM design for a traction application. First, the elec-
tromagnetic specifications linked to traction application are shown. Then, a general
optimization method that handles the rotor and the stator is proposed to optimize the
machine torque density at a constant current density. The variation of the machine
length and the number of conductors is studied in order to obtain a machine that
meets the specifications needed.
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1.1 EV Electric Machines: An Overview
Electric machines represent an essential element in Electric Vehicles (EVs). They can be
used in Hybrid Electric Vehicles (HEVs) to operate jointly with an Internal Combustion
Engine (ICE) to propel the vehicle. They can also function with a hydrogen fuel cell
to propel the hydrogen car. In the case of the Battery Electric Vehicle (BEV or mostly
known as the EV), the electric machine uses the energy stored in a battery and provides
all the traction power. Besides the positive effects on pollution emissions, the EV is
interesting by its high power density and good efficiency over a wide speed range.

1.1.1 Electric Traction System

Three main units constitute the traction system of a BEV:

• Battery unit

• Power electronics unit

• Propulsion unit

The battery unit uses battery cells to store the electric energy. The propulsion unit
is made of an electric machine and a reduction gear and converts the electric energy
into mechanical energy to propel the vehicle. In traction operation, the battery unit
feeds the propulsion unit and moves the car forward. In braking operation, the battery
recuperates the electric energy transformed from the excess kinetic energy of the car.

These operations and the corresponding energy flow are controlled by the power
electronics unit which is mainly made of an inverter. The role of this inverter is to
convert the DC voltage in the battery to AC voltage in order to create torque in
the propulsion unit or to convert AC voltage into DC to recharge the battery in the
breaking operation. Figure 1.1 shows the mentioned three units in a Renault ZOE car.

Three main criteria are crucial in the EVs market development:

• Power

• Cost

• Driving range

The maximum required EV power is set by the application and vary from around
50 kW for small highway-capable cars upto 600 kW for performance sports cars. The
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400 V Battery

Electric Machine + Reduction Gear 

Power Electronic Box

Fig. 1.1 Electric traction system in a Renault ZOE architecture.

EV driving range is determined by the battery storage capacity, the efficiency of the
traction system and by the EV traction power. The energy storage capacity of the
battery is typically around 20 kWh for small highway-capable cars and goes up to 85
kWh for bigger cars. EV batteries are expensive and significantly impact the vehicle’s
overall cost, weight an volume. Therefore, many studies have dealt with the issue of the
batteries and how to make them more efficient and less expensive. The technology of
batteries have considerably evolved in the 20 passed years from technologies based on
lead acid in the 1990’s to the lithium-ion that dominates the battery market technology
today [4].

Another research axis deals with the power electronics and the propulsion units.
Four trends are dealt with in order to have a more competitive electric traction system:
cost reduction, weight reduction, volume reduction and energy efficiency increase.

The main aim of the weight reduction of the units is to reduce the energy required
to accelerate the car. This will lead to a decrease of the energy required and to a
better driving range. The energy efficiency increase is achieved by reducing the power
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Fig. 1.2 Power losses in the power electronics and the propulsion units.

losses in both the propulsion unit and the power electronics unit. These losses can be
summarized as shown on figure 1.2 by the switching losses and the conduction losses
for the power electronics unit, and the core losses, the Joule’s losses and the mechanical
losses in the propulsion unit.

1.1.2 Traction System Performance Requirements

In addition to its cost effectiveness and its energy efficiency, the traction system has
performance requirements to respect. Figure 1.3 shows an example of the torque versus
speed performance requirements of an EV traction system. The traction system should
provide a wide speed range since a multiple-ratio gearbox is not desirable. In addition,
a high torque is required to ensure a high acceleration and hill climbing capabilities.
This high torque should be acquired for a short period of time (typically 30s) since the
thermal constraints of the machine limits the use of this torque.

High machine efficiency (above 90%) has to be acquired for the overall operation
zone of the machine. That’s why several driving cycles are introduced to evaluate
a design’s efficiency. A standard used cycle is the New European Driving Cycle
(NEDC) that imposes a speed profile to be able to asses and compare different machine
technologies designs for their efficiency and energy consumption (figure 1.4).

Furthermore, the propulsion unit contributes highly to the acoustic and vibrations
emissions in the EV which has to be limited in an EV application. For instance, the
reduction gear emits an acute sound that should be accounted for. The radial magnetic
excitation in the machine’s airpag (the gap between the stator and the rotor) actively
increases the acoustic noise. Moreover, the machine torque ripple that is transmitted
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through the machine bearings has a direct impact on the noise and the vibrations
emissions. In addition, the torque ripple reduces the bearings’ reliability and is highly
undesirable in the propulsion unit.

The traction system in general and the propulsion unit in particular should follow
the standards instated by the companies or the states to increase the recyclability of
the vehicle. This is achieved through the use of reusable or recyclable material in the
traction system without negatively impacting the system performance.

In [5], the EV electric machine requirements are summarized as the following:

• High instant power and high power density

• High torque at low speeds for starting and climbing, as well as high power at
high speed for cruising

• Very wide speed range including constant-torque and constant-power regions

• Fast torque response

• High efficiency over wide speed and torque ranges

• High efficiency for regenerative braking

• High reliability and robustness for various vehicle operating conditions

• Reasonable cost

The following requirements can be added to have a more complete list:

• Low torque ripple over wide speed and torque ranges

• Low noise and vibrations emissions

• Low electromagnetic interference with other systems

• High recyclability
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1.1.3 Electric Machine Technologies in EVs

The presence of an electric motor in an EV can be traced back to the 1820’s [6].
However, EVs stayed in niche market like urban delivery vehicles, and not until the
1980’s that the interest renewed on the subject after the consecutive oil shocks and the
pollution problems the world faces. For this new generation of EVs, the AC machine is
widely used since there was a considerable evolution in the power electronics to make
the control of the machine possible.

The most adopted technology in propulsion units is the rare-earth Permanent
Magnet Synchronous Machine (PMSM) due to its high power density. Table 1.1 shows
the dominance of the PMSM in highway capable EVs. However, the volatility of
the rare-earth material and their unpredictable cost evolution lead to the search of
alternative solutions [7]. Renault has chosen the Externally Excited Synchronous
Machine (EESM), also known as the synchronous brushed motor, for their fleet of EVs
[4]. Moreover, the Induction Machine (IM), also known as the asynchronous machine
or the squirrel cage machine, has been used by Tesla to equip their model S and the
roadster [4].

Nowadays, for a vehicle manufacturer, the choice has to be made between compact-
ness with the PMSM since it delivers the highest torque and power density, robustness
and cost effectiveness with the IM or controllability and cost effectiveness of the EESM.
However, research attempts are present to find a new alternative of these three present
technologies.

1.1.4 EV Traction Motor Trends

Although AC machines have been discovered more than a century ago, integrating
them in EVs is a recent matter. Therefore, many studies are being made on how to
optimize the AC traction machine for EV usage. Four main axes are dealt with in
these diverse studies:

• Increasing the specific power (kW/kg)

• Reducing cost ($/kW )

• Increasing the power density (kW/l)

• Increasing the system efficiency

Table 1.2 shows the targets set by the US department of energy for electric machines
in EV traction systems for 2020. In order to increase the specific power and the power
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Motor Technology Power (kW) Torque (Nm)
Renault ZOE EESM 65 220
Renault Fluence EESM 70 226
Nissan Leaf PMSM 80 280
BMW i3 PMSM 130 250
Mitsubishi i-MIEV PMSM 47 180
Fiat 500-e PMSM 80 196
Ford Focus e PMSM 107 245
Honda Fit EV PMSM 92 256
Tesla S IM 270 440
Volkswagen e-Golf PMSM 85 270
Volkswagen e-Up PMSM 60 210

Table 1.1 Electric motor technologies and their performance in highway capable EVs.

density of electric machines, an alternative consists of increasing the machine speed.
However, this increase of the machine speed introduces supplementary issues to the
machine design like mechanical strength and system vibrations. In addition, high
speeds presents supplementary challenges in the machine control or can increase the
Pulse Width Modulation (PWM) signal frequency which increases the commutations
losses of the power electronics. Another research axis for increasing the specific power
is to reduce the volume of the machine at a given torque. For that, a higher slot fill is
required as well as better heat management. Figure 1.5 shows the current status of
specific power for machine in diverse applications and their maximal rotation speed.

The losses present in the machine are the core losses in the iron (hysteresis losses
and eddy current losses), the Joule losses in the copper and the mechanical losses
(principally aerodynamic losses). The core losses can be reduced either by reducing the
system frequency or by using low-loss ferromagnetic material. Reducing the system
frequency is somewhat tricky because it can decrease the machine rotation speed
and the output power if the pole pair number stays constant. However, if low-loss
ferromagnetic material are introduced in the automotive industry, it should come
without increasing the cost of the raw material and the manufacturing. Concerning
the mechanical losses in the machine, there are some techniques that reduce the
aerodynamic losses like using smooth rotor and stator surfaces. The reduction gear
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Year Cost Specific Power Power Density Power Electronics
($/kW ) (kW/kg) (kW/l) and Machine Efficiency

2010 11.1 1.2 3.7 >90%
2012 10 1.24 4 >91%
2015 7 1.3 5 >93%
2020 4.7 1.6 5.7 >94%

Table 1.2 EV electric machines technical Targets according the US departement of
energy [8].
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Fig. 1.5 Specific power versus maximum speed for electric machines and ICEs in
different applications [9, 10].

and the machine bearings contribute to the mechanical losses in the propulsion unit,
mainly, due to friction. These losses can be reduced either by using high performance
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ceramic material or optimized dimensions for the bearings, or using a low viscosity oil
in the reduction gear.

Another challenge lies in reducing the machine cost to become more competitive
compared to the ICE vehicle. This can be achieved by several means. The man-
ufacturing cost of machines should be reduced while keeping a precise automated
industrialization. In addition, the material used in the machine is an important element
of the machine cost. For instance, an important axis of the development in the cost
reduction lies on the reduction or the elimination of rare earth permanent magnets.

1.1.5 Comparison of Different Machine Technologies for the
Next Generation of EVs

1.1.5.1 Rare Earth Permanent Magnet Synchronous Machines

The presence of rare earth permanent magnets, like the NeFeB, in the synchronous
machines create a high intensity field in the airgap without the presence of excitation.
Therefore, the specific density of such a machine is high. However, the permanent
magnets are temperature sensitive. Not only does their performance decrease with the
increase of the operating temperature, they risk demagnetizing with high temperatures.
Moreover, in case of machine fault such as a winding short-circuit, the energy stays in
the rotor which in case of continued use could damage the machine winding and could
provoke a system instability.

The permanent magnets in a sinusoidal PMSM can have one of two configurations:

• Internal Permanent Magnet (IPM) (refer to figure 1.6)

• Surface-mounted Permanent Magnet (SPM)

The IPM has shown a better overload capability than that of a SPM, but more
losses at low speed [11]. On the other hand, The Brush-Less DC (BLDC) PMSM has a
trapezoidal magnet excitation and requires a rectangular current waveforms. However,
this configuration has a reduced field weakening zone compared to the IPM, a reason
for which the IPM is widely used in EV applications. However, at high speed, Joules
losses caused by currents needed to reduce the permanent magnet field density increase
and the machine efficiency decreases [12]. The PMSM has several advantages that are
suitable for EV applications, they can be summarized as the following:

• High efficiency
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• Wide speed range

• Low noise

• Absence of Joule losses in the rotor

• Compact

• Fast torque response

Permanent 

Magnets

Rotor Core

Stator Core

Stator 

Winding

Fig. 1.6 Configuration of an IPM synchronous machine.

1.1.5.2 Non Rare Earth Permanent Magnet Synchronous Machines

Substituting the rare earth PMs by non-rare earth ones is a solution to overcome the
volatility and uncertainty of the PM prices. However, the remanent field density of non
rare earth PMs is considerably less than that of rare earth PMs. For instance, Ferrite
PMs, which are good candidates to replace the NeFeB PMs, can have a remanence as
high as 0.47T in comparison to 1.5T of rare earth material. This technology is not yet
used in the automotive market. However, many attempts are being made so that it
can be a viable alternative to rare the earth PMSM [1].
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1.1.5.3 Externally Excited Synchronous Machine

The EESM is a machine with a double excitation. The stator is fed with sinusoidal
currents in order to create a rotating field, while the rotor is fed by a DC current to
create the rotor excitation (refer to figure 1.7). Thus, this machine does not contain
permanent magnets. The coil in the rotor is connected to a slip ring. A DC/DC
converter is required as a supplement with respect to PMSM to ensure the rotor
excitation. This conversion allows the regulation of the flux in the rotor to be able to
better operate at high speeds. From a mechanical point of view, this machine has a
robust structure and can acquire high speeds. However, the rotor windings contributes
to the overall Joules losses where the heat should be evacuated.

Fig. 1.7 Continental EESM for traction applications.

1.1.5.4 Induction Machines

The IM is currently used by Renault to equip the Renault Twizy and by Tesla to
equip the Model S and the Tesla Roadster. The main advantage is that the IM does
not contain permanent magnets. The torque production is ensured by the induced
currents in the rotor cage when the speeds of the rotor and the stator are different.
The cage is usually made of aluminium or of copper for better performance. It has
been reported to give a smaller specific power with respect to PMSM. However, the
cost of the machine and the overall traction system remains cheaper [13].
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1.1.5.5 Switched Reluctance Machines

Switched Reluctance Machines (SRMs)(figure 1.8) are also permanent magnet free and
are considered to be a good candidate for EV traction systems. However, until this
day, this technology has not been used yet in a commercial car. The machine stator is
different from the previously mentioned machine technologies and uses step-by-step
control to create torque. The SRM has recorded a high specific power and high speed
capabilities. Its structure is robust since it contains just steel in its rotor. Nevertheless,
its complex control, its high acoustic noise and its unusual power electronics architecture
have been major obstacles to implement it in EV systems. Many research projects
work on making this technology feasible for EV drive trains [1, 14–20].

Fig. 1.8 Switched reluctance machine in an 8/6 configuration.

1.1.5.6 Synchronous Reluctance Machines

The Synchronous Reluctance Machine (SynRM) (figure 1.9) uses also the reluctance
concept to create motion and torque. Like SRMs, the SynRM does not contain PMs.
It is fed by sinusoidal currents in order to create a rotating field as in the case of the
IM and the PMSM. It has a robust structure where the stator is similar than that of an
IM and the rotor contains neither magnets nor copper windings. Therefore, a higher
efficiency can be obtained with respect to the IM due to the absence of the Joule losses
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in the rotor. Potentially, this machine technology could be a viable alternative for low
cost traction solutions. However, the machine has several main problems: a relative
high torque ripple [21, 22], a low power density, a low power factor and a reduced field
weakening zone.

Fig. 1.9 Synchronous reluctance machine rotor with 4-pole configuration [23].

1.1.5.7 Quantitative Performance Comparison

Comparison between IM, PMSM and SRM Machines

Many literature studies have dealt with the comparison of machine technologies for
HEVs and EVs. In [12], 4 machine technologies are compared for HEV applications: a
DC machine, an IM machine, a PMSM machine and a SRM. The main disadvantage
in a DC machine is its brushes that require maintenance and the hard commutation
it undergoes. This technology is fading away for the next generation EVs. Table 1.3
shows the dimensions and the performance of the IM, PMSM and SRM machines for a
nominal speed of 3000 rpm, a nominal power of 30 kW and a nominal voltage of 400 V.
The power to volume ratio of the PMSM is highly dominant. In addition, the PMSM
is the most efficient. However, in another study [24], the focus is predominantly on the
specific power (power to weight ratio) of the machine technologies. Table 1.4 shows
the comparison done between the IM, the PMSM (used as the 2nd generation Prius
machine) and the SRM’s specific power. The SRM shows a competitive specific power
that is higher than that of a PMSM. In the same study, the torque density (torque to
weight ratio) is examined for the three machines at two operation speeds: 1500 rpm
and 6000 rpm. Table 1.5 shows that the SRM gives the best results at both speeds
with respect to the other two machines.
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p Effmax Dr La Do LT V PV ratio
(%) (mm) (mm) (mm) (mm) (dm3) (kW/dm3)

IM 2 89 162 127 258 232 12.1 2.5
PMSM 6 97 137 141 196 162 4.9 6.1
SRM 12/8 88 159 159 269 207 11.8 2.6

Table 1.3 Analytical comparison of the power to volume ratio from where p: pole
pairs number, Effmax: maximum efficiency, Dr: rotor diameter, La: active length, Do:
outer diameter, LT : total length with end windings, V : machine volume and PV ratio:
power to volume ratio [12].

Do Dshaft Dr g La WT Specific Power
(mm) (mm) (mm) (mm) (mm) (kg) (kW/kg)

IM 269 111 180 1.5 84 36.25 1.38
PMSM 269 111 160.5 0.73 84 31.16 1.6
SRM 269 111 170 0.3 84 26.71 1.88

Table 1.4 Specific power comparison from where Do: outer diameter, Dshaft: shaft
diameter, Dr: rotor diameter, g: airgap length, La: active length and WT : total weight
[24].

SynRM and IM Comparison

Even if the stator of the SynRM and the IM are similar, the absence of the copper
in the SynRM’s rotor makes the two machine different. The IM structure has two
loss sources that the SynRM does not have: the slip losses and the rotor Joules losses.
Many studies have compared the IM to the SynRM that found that the SynRM is
competitive with respect to the IM. For instance, in [25, 26], the authors compared
analytically the performance of the two machines and experimentally tested a 2.2 kW
and a 4 kW machine. The rated torque shown in the study is higher in the case of the
SynRM between 10% upto 15% the IM rated torque. In [2], a heat run test is run on a
90 kW IM and SynRM. The tested machines have a nominal speed of 1500 rpm and a
rated torque of around 570 Nm. No major improvement has been noted in this study
on the rated torque at the same current input. However, the SynRM efficiency is 1.5%
higher on the tested operation point. In addition, the temperature rise of the SynRM
is lower than the case of the IM due to the absence of Joule losses in the rotor. Thus,
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Torque Iron Loss Copper Loss Efficiency Torque Density
(Nm) (W ) (W ) (%) (Nm/kg)

Speed = 1500 rpm
IM 297 148 8591 83.1 8.2
PMSM 303 198 4328 91.3 9.7
SRM 294 404 7653 85.2 11

Speed = 6000 rpm
IM 50.8 439 730 95.2 1.4
PMSM 45.6 953 219 96.1 1.46
SRM 52.1 4074 306 88.2 1.95

Table 1.5 Torque density comparison from for the IM, the PMSM and the SRM for
two speeds: less than the nominal speed and greater than the nominal speed (field
weakening zone) [24].

at the same temperature rise the stator currents in the SynRM can be increased to
lead to more torque.

The SynRM shows competitive performance in comparison with the IM below
nominal speed. However, the traction application requires high field weakening capa-
bilities. Therefore, the whole torque-speed range should be studied in order to have a
broader idea on the SynRM performance. Nevertheless, the SynRM has acquired a
particular interest for Variable Speed Drive (VSD) applications in general and low-cost
traction applications in particular in recent years. For instance, in [27], a SynRM sizing
methodology is proposed for an automotive application.

1.1.5.8 Machine Selection for the Thesis

A main tendency in finding a new solution for EV traction machines is to reduce
or eliminate the rare-earth permanent magnets. In this regard, alternatives of the
rare-earth PMSM are being investigated.

The SynRM can be a good candidate for EV applications. It is a robust machine,
uses no permanent magnets and is easy to control. In addition, it is easy to manufacture.
Compared to the SRM, the SynRM has all of its advantages except the SRM field
weakening capability. Furthermore, the SynRM produces less noise and has a simpler
control than that of a SRM.
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For all these reasons, the SynRM has the capability to be an alternative for traction
machines if better performance is reached on the following levels:

• reducing the SynRM torque ripple,

• increasing the machine power factor to reduce the inverter size,

• increasing its speed range,

• and increasing its power and torque densities.

Therefore, the SynRM will be chosen in this work, and the machine design as well
as its control will be investigated in the goal to improve the machine performance.

1.2 SynRM in a Variable Speed Drive

The electric traction system is a particular VSD drive with a broad speed range.
The aim of this section is to introduce the SynRM concept, properties and operation
diagram for a VSD application in order to build an idea on the SynRM in traction
systems.

1.2.1 SynRM Concept

The SynRM is a machine that uses the reluctance concept to create torque. This
concept can be traced back to the 1830’s [28]. However, with Kostko’s paper in 1923
[29], the fundamentals of the SynRM were introduced. The main idea behind the
machine is to introduce an anisotropic rotor to create saliency. When the stator is
powered, the winding in the stator creates an electromagnetic field and the axis of
minimal reluctance of the anisotropic rotor will have the tendency to align with the
stator field by creating a field distortion.

Figure 1.10(a) shows the flux lines in the case where there is no rotor. The flux lines
are created by the stator windings to be parallel to the y-axis. Figure 1.10(b) shows
that the flux lines in the case where an isotropic rotor is introduced stay parallel to
the y-axis. However, on figure 1.10(c), an anisotropic rotor is introduced and the flux
lines change their tendency towards the the axis of the minimal magnetic reluctance
(the direct axis). When a rotating field is created by injection sinusoidal currents, the
rotor will turn with the same rotation speed of the field and a torque with a non-zero
average value is created.
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Figure 1.11 shows a rotor pole of a 4-pole Transversally Laminated Anisotropy
(TLA) rotor SynRM. The flux segments and the flux segmets are introduced to canalize
the flux in the machine as seen on figure 1.12. Moreover, the ribs and the bridges are
present to ensure the mechanical strength of the rotor.
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Fig. 1.10 Flux lines in: (a) no rotor case, (b) an isotropic rotor and (c) an anistropic
rotor.
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Fig. 1.11 Pole representation of a 4-pole transversally laminated anistropic rotor
SynRM and its different elements.

Fig. 1.12 Flux lines in a 4-pole transversally laminated anistropic rotor SynRM.
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1.2.2 Vector Diagram and Machine Equations in Park’s Ref-
erence

Many studies have dealt with SynRM equations in Park’s dq synchronous reference.
The direct axis (d-axis) is considered as the axis of least reluctance and quadrature
axis (q-axis) is the axis of highest reluctance as shown on figure 1.11 for a TLA rotor
SynRM.

The stator voltage (Vs), the stator induced voltage (IV ), and the stator flux (λ)
can be defined by the following equation in the machine steady state [30]:

Vs = Vd + jVq = IV + RsIs

IV = jωeλ

λ = λd + jλq = LdId + jLqIq

(1.1)

The electromagnetic torque equation derived from the co-energy of the system can
be written as follows:

Tavg = m

2 p(λdIq − λqId)

= m

2 p(Ld − Lq)IdIq

= m

2
p

2(Ld − Lq)I2
s sin2φ

(1.2)

where m is the phase number, p is the pole pair number and φ is the angle between the
current vector and the d-axis. From (1.2), the theoretical angle for Maximal Torque
per Ampere (MPTA) of 45 deg is deduced. However, this angle will be re-evaluated
when saturation and core losses will be taken into account.

The torque ripple can be expressed as the following:

Tripple = max(Torque) − min(Torque)
Tavg

= ∆T

Tavg

(1.3)

The saliency ratio (ξ) of the machine is defined by the following equation:

ξ = Ld

Lq

(1.4)

The maximal machine Power Factor (PF) is shown in [31] and is dependant on the
machine saliency ratio as in following:

cosφ|max = ξ − 1
ξ + 1 (1.5)
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The vector diagram in the dq reference is shown on figure 1.13.
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Fig. 1.13 Vector diagram of a SynRM in steady state and a representation of a
transversally laminated anisotropic (TLA) rotor SynRM.

1.2.3 SynRM Non-Linearities and Core Losses

The SynRM has several magnetic non-linearities. The most prominent non-linearities
are the saturation effects and the cross coupling between the flux of the d-axis and the
q-axis. These two non-linearities influence the direct and quadrature inductances that
can be written using the following form:

Ld = Ld(Id, Iq)
Lq = Lq(Id, Iq)

(1.6)

1.2.3.1 The Saturation Effect

The non-linear BH curve of the ferromagnetic material used in machine leads to a
non-constant inductance in function of the introduced current. This phenomenon is
known as the saturation effect in the machine. Mainly, the saturation will lead to the
decrease in direct and quadrature inductances when the current increases [32].

Figure 1.14 shows the effect of saturation on the stator flux λ. The d-axis is
more involved in the saturation since more flux passes through the ferromagnetic
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material. On the other hand, the q-flux is quasi-linear with respect to the evolution of
Iq. Furthermore, figure 1.15 shows a comparison of a dq model with nominal Ld and
Lq values and FE simulations. This figure shows that at high currents with respect
to the nominal current, the saturation impacts the d-axis and the dq-model becomes
imprecise with respect to the FE simulations.

The saturation impacts the MTPA phase value (refer to equation (1.2)) since the
d-axis saturates more than the q-axis. Thus, when the machine d-axis is partially
saturated, increasing Id doesn’t necessarily mean that the produced torque increases.
The MTPA phase angle tends to increase to have a slightly larger Iq than the Id value.
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Fig. 1.14 Effect of saturation and cross coupling on the stator flux [30].

1.2.3.2 Cross Coupling Effect

The cross coupling effect are also shown on figure 1.14. The cross coupling is due to
the fact that the machine has one core for the d and q axes. Therefore, the passage of
a current will not only impact the magnetic properties of the involved axis but the two
axes simultaneously. Hence, while increasing the d-current, the q-flux decreases.

1.2.3.3 Core Losses

Due to the absence of excitations in the rotor, the only losses present in the rotor are
the core losses. These losses slightly change the operation of the SynRM. In [33], the
core losses where represents by a resistance in the SynRM circuit model. Furthermore,
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Fig. 1.15 Torque comparison between FE simulations and the dq model with Ld and
Lq values at nominal current.

the equivalent vector diagram including core losses is shown on figure 1.16. As shown
in the vector diagram, the angle of the phase current Is increases slightly above θ.
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Fig. 1.16 Vector diagram of a SynRM in steady state including core losses.
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1.2.4 SynRM Operation Diagram in a Variable Speed Drive

As shown on figure 1.3, machines used in traction systems are required to have a
large speed range to insure a wheel speed of 0-130 km/h with a single static gear.
However, machines in a battery system connected via power electronics have two main
limitations: a current limitation and a voltage limitation. In machine design, the
current limitation is mainly due to thermal aspects. A higher current injected in the
machine leads to a higher the Joules losses and the winding heat generation. Table
1.6 shows indicative values of the maximal allowed current density in the stator slots
for different cooling methods in machines. Therefore, for a specific design and a slot
fill factor, a maximal current should not be crossed in order to keep the temperature
acceptable and the conductor insulation intact.

Cooling Method Maximal Current Density (J)

(A/mm2)

Passive Air Cooling 1.5-5

Forced Air Cooling 5-10

Indirect Liquid Cooling 7-10

(Water Jacket)

Direct Liquid Cooling 10-30

(Through Hollow Strands,

Immersion Oil Cooling)

Table 1.6 Maximum current density for different cooling methods in electric machine.
[34]

On the other hand, the voltage limitation is due to the battery’s DC voltage
(VDC). When the machine rotation speed increases, the induced voltage increases.
In consequence, the voltage needed across the stator winding increases to maintain
the phase currents. Nevertheless, the voltage across is limited and for a 3-phase wye
connection as shown on figure 1.17, the limits are the following:

max(Uab(t)), max(Ubc(t)), max(Uca(t)) < VDC (1.7)

where Uij(t) is the instantaneous voltage between phases i and j.
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In addition, if the phase voltages are considered symmetrical, balanced and sinu-
soidal, the voltage limit on the phase-neutral voltage (even if the neutral is a virtual
point as is the case of a delta connection) of a given phase is:

Vrms <
VDC√

6
(1.8)

Finite Elements (FE) simulations are used to determine the maximal performance
envelope in the torque speed plane and the corresponding current and phase angle.
Representative results are shown on figure 1.18. Similar results were found in [35]. 3
operating speed zones can be differentiated:

• The first operation zone begins from zero speed till the nominal speed. In this
zone, the operation limits are defined by the maximal current allowed. Therefore,
the torque is constant as well as the phase current angle of about 51 deg (which
depends on the saturation state of the machine). This angle is bigger than
the theoretical angle of 45 deg found in eqution (1.2) since the core losses and
the saturation are taken into account. This current angle is also known as the
Maximal Torque Per Ampere (MTPA) angle.

• The second operation zone is when the maximal stator voltage is reached. This
occurs starting from the machine nominal speed. Therefore, the field weakening
starts by shifting the angle from its MTPA value while keeping the current
constant. At the end of this zone, the current angle reaches its Maximal Torque
Per Voltage (MTPV) value.

• In the third operation zone, the voltage is not sufficient to maintain the maximal
current in the phases. Therefore, the third phase is just voltage limited. The phase
currents are decreased to be able to maintain a field weakening operation while
keeping the angle to its MTPV value if the performance envelope is respected.
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Fig. 1.17 Circuit connection of a 3-phase machine connection.
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1.3 Conclusion and Scope of the Thesis
Figure 1.19 shows the block representation of a traction system (without the reduction
gear) employing a SynRM. A position sensor sends the position of the throttle pedal to
a microprocessor where the reference torque is calculated from the measured position.
The current reference is imposed as a function of the required torque and is sent the
the current controller to generate the PWM signals for the power electronics. The
power electronics unit converts the DC battery voltage into AC voltage (frequencies
related to the PWM appear in the voltage signal as well). The phase currents of the
machine are sinusoidal as well to create a rotating field and to generate motion.

Many obstacles have to be surpassed for the SynRM to be a viable solution for
traction applications. Two of these obstacles are the low torque density and the high
torque ripple. In this thesis, two study directions are sought in order to enhance the
SynRM performance. The first is the machine design in order to maximize the torque
density and reduce the torque ripple. While, the second is the SynRM current reference
generation from the torque reference. The objectives of the thesis are:

• Developing a design procedure for a SynRM with a high torque per ampere
capacity and low torque ripple (chapter 2 and chapter 3).

• Evaluate harmonics injection in the SynRM in the perspective to increase the
torque per ampere capacity and to reduce the torque ripple and develop the
current control strategy to be able to inject these harmonics (chapter 4).

• Evaluate the design procedure and the current harmonics injection experimentally
(chapter 5).

• Adapt the design procedure to an automotive application (chapter 6).
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Fig. 1.19 Block representation of the traction system with a SynRM.
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The SynRM can be traced back to 1923 when Kostko realized an attempt for the
first SynRM design [29], after which many studies followed to examine several aspects
of the machine.

For instance, from a control point of view, in [36], the basics of the SynRM
control and its operation diagram were presented. In [37], a direct torque control was
investigated for the SynRM and other control strategies were studied like the field
oriented control and other techniques [38–48].

Concerning the SynRM design, the effect of the machine parameters and dimensions
on the machine performance such as the torque, the torque ripple and the saliency
ratio were studied in [31, 32, 49–55]. Moreover, several rotor designs were introduced
like the segmental rotor [56] or the axially laminated anisotropic rotor [57], and
several modelling techniques were proposed to understand more the SynRM behaviour
[58, 59]. The SynRM field weakening behaviour and the electromagnetic and mechanical
performance under high speeds as wwere also treated [23, 35, 60].

The design of the SynRM is a complex task for two main reasons. On one hand,
the relatively complex rotor geometry introduces a large number of parameters whose
small variations impact significantly the performance of the machine. For instance,
the shape of the flux barriers, their number and size must be taken into account [61].
The mechanical bridges and ribs between flux barriers must also be taken into account
because their thickness acts directly on the average torque and the saliency ratio
[62]. On the other hand, the variation of these different parameters impact several
performance criteria simultaneously.

Two of the most prominent performance criteria of the SynRM are the torque per
ampere capability and the torque ripple. Several studies in literature have dealt with
the minimization of the torque ripple in the SynRM. For instance, in [63–67], the
position and the end points of the flux barriers are studied in order to minimize the
torque ripple. Conversely, in [68, 69], asymmetrical flux barriers were introduced where
significant torque ripple reduction has been documented. In [52], not only asymmetrical
flux barriers are introduced, but the skewing impact on the SynRM torque ripple has
also been studied. Moreover, in [49], the impact of the slot per pole number and the
number of barriers have been studied. Other work studied the SynRM design for a
high torque density [50, 70] or for a high saliency ratio [31].

In this study, a novel design procedure of the SynRM’s rotor is proposed to achieve
a high torque density and a low torque ripple design. The procedure will be divided
into two main parts:
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• The first part proposes a procedure that determines the flux barriers geometry,
position and dimensions. On one hand, the barriers’ shape will follow the flux
lines in a solid rotor to facilitate the flux passage in the machine’s d-axis. On the
other hand, the barriers’ dimensions will be determined by the flux that passes
through to obtain a homogeneous flux distribution. This analytical procedure
delivers a SynRM with a high torque density, but does not take into account the
torque ripple.

• The second part of the design procedure (presented in the next chapter) proposes
a direct finite elements optimization methodology an additional means to reduce
the torque ripple of the SynRM.

2.1 Design of the SynRM Rotor: An Overview

2.1.1 Rotor Geometry Classes of the SynRM

Literature presents mainly three types of anisotropic rotor shapes for the SynRM: the
simple saliency rotor, the transversally laminated anisotropic (TLA) rotor, and the
axially laminated anisotropic (ALA) rotor (refer to figure 2.1). The simple saliency
rotor creates a non-uniform airgap in the machine which leads to the pole saliency.
Whereas, the TLA and ALA rotor shapes canalize the flux by introducing the flux
barriers and the flux segments. The flux barriers are the magnetically isolating material,
whereas the flux segments are made up of ferromagnetic steel. The advantage of the
simple saliency motor is the fact that it represents a solid block. There is no need for
bridges to link the material. Therefore, mechanically wise, it is the sturdiest shape.
Moreover, the simple saliency rotor is the simplest to build. However, this shape gives
poor electromagnetic performances with respect to the the TLA and ALA machines
since no flux canalization exists and more leakage flux is present.

The ALA design uses a screw to hold the flux segments together which are non-
laminated massive blocs. However, the TLA design uses bridges and ribs for its
mechanical feasibility. The machine stack is made up of laminated steel which leads to
a reduction of eddy current effects in the rotor core with respect to the ALA structure.
However, the bridges and the ribs act as magnetic short circuit since they let the flux
to pass in the q-axis. Therefore, a minor performance advantage in terms of the torque
density in an ALA rotor with respect to the TLA rotor can be seen. However, in
terms of manufacturing, the ALA rotor requires a more complex process, since a solid
non-magnetic material is required to maintain the space constant between the segments.
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Fig. 2.1 Different rotor designs for a SynRM : (a) simple saliency rotor, (b) transversally
laminated anisotropic rotor, (c) axially laminated anisotropic Rotor.

Consequently, the TLA rotor is the most adopted topology in the construction of
SynRMs.

2.1.2 Barriers Shape in a TLA Rotor

In the case of a TLA rotor, the flux barriers are made by simply punching holes in
the rotor laminations while leaving bridges between the different rotor parts. The
barriers are often made of air without adding any additional isolating material. The
geometry of the flux barriers is essential for the machine since it is the element that
creates the rotor anisotropy. Many shapes have been studied in the literature and
corresponding parameters have been defined to determine the machine geometry. A
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common geometry can be found in [63, 70] and associates straight lines to define the
flux barrier (figure 2.2(a)). Some rounding are added to the edges in some cases in
order to make the flux passage in the rotor smoother. Another adopted geometry uses
arcs for the barrier definition (figure 2.2(b)) [52, 71].

(a) (b)

(c)

Fig. 2.2 Different rotor designs for a 4-pole TLA SynRM : (a) based on straight lines,
(b) based on arcs, and (c) based on the flux lines in a solid rotor.

A more suitable barrier shape can be chosen to follow the flux lines in a solid
rotor. This geometry respects the natural flow of the flux lines and has been shown
to give competitive results compared with other geometries. However, the flux lines
in a solid rotor were rarely put into an equation. It can be noted that in [2], N.E.
Joukowski airfoil potential function [72] was used to determine the equation of the
flux lines. However, an explicit method based on the electromagnetic equations and
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the constitutive principle of the machine materials was never developed and will be
developed in the next section.

2.2 Analytical Approach for the Flux Lines in a
Solid Rotor

When the flux barriers’ contours are placed on the flux lines in this rotor, the smooth
passage of the d-flux will be ensured in normal operation when the stator currents are
not in phase with the d-axis. The quantity of air in the q-axis should be kept to a
maximum to increase the q-axis reluctance as much as possible. However, the increase
in air thickness in the q-axis will increase the saturation in the d-axis. Therefore, there
is an optimal ratio of air-to-steel thickness.

By definition, the flux lines in an element are the iso-values of the vector potential
A⃗ or the iso-potentials. Putting this vector potential into equation in a solid rotor in a
machine while taking into consideration the magnetic non-linearities of the material,
the effect of the stator slots, the machine eccentricity and other machine realistic
factors, can amount to a complex task from an electromagnetic point of view. In
common approaches, some simplifications can be taken into account while maintaining
acceptable results. When the analytical equation is determined with the proposed
simplifications, a comparison study will be done with the FE simulation to see whether
the solution is acceptable. In what follows, two assumptions to simplify the calculation
are presented.

2.2.1 Simplified Machine Structure

The two assumptions that are taken in this study are the following:

• The structure is constituted of three concentric cylinders corresponding to the
shaft, the rotor and the stator armatures. The length of the machine is great
compared to the rotor radius. Consequently, the edge effects are neglected and
the field distribution is represented in a two dimensional coordinates system. The
vector potential varies only in the (r, θ) plane and its direction follows the z axis.
Its expression can be written as follows in the cylindrical coordinates:

A⃗ = A(r, θ)e⃗z (2.1)
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• The stator winding is represented by an equivalent current sheet distribution
over the stator slot opening. Figure 2.3 shows this substitution by a current sheet
where rshaft is the shaft radius, rrotor is the rotor outer radius and rstator is the
stator outer radius. The spatial distribution of the conductor density associated
to the stator windings is thus reduced to a superficial distribution defined by the
following equation in the case of a sinusoidal current:

keq = Keqsin(pθ) (2.2)

where Keq = m
2 INs, I is the current amplitude, Ns is the total number of

conductors per pole and per phase, m is the total phase number, and p is the
number of pole pairs of the machine.
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Fig. 2.3 Substitution of the stator excitation by a current sheet.
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2.2.2 Vector Potential General Equations

In the approximation of the quasi-stationary states, the modelling of the machine can
be made by using Maxwell’s equations and the constitutive principle of the materials in
the machine. In consequence, the equation to solve can be derived from the potential
as follows [73]:

∆A = 0 (2.3)

where ∆ represents the Laplacian operator.
A solution for equation (2.3) is:

A(r, θ) = (V1r + V2r
−1)(V3cospθ + V4sinpθ) (2.4)

where r represents the distance of a given point from the center of the shaft, θ is
the angle of the same point with respect to the x axis, and V1, V2, V3, V4 are to be
determined using the boundary conditions of each sub-domain.

Furthermore, the flux density B and the H field in the structure can be derived
from the vector potential:

B⃗ = r⃗otA⃗ =

∣∣∣∣∣∣∣∣
Br = 1

r
∂A
∂θ

Bθ = −∂A
∂r

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
µ0µrHr

µ0µrHθ

∣∣∣∣∣∣∣∣ (2.5)

where µ0 is the magnetic permeability of vacuum and µr is the relative magnetic
permeability of the material with respect to vacuum.

2.2.3 Fields at Interfaces

Two equations dictate the flow of the B and H fields at interfaces. First, the radial
component of the flux density crosses unchanged through. This is deduced from
Maxwell’s equation (2.6).

divB⃗ = 0 (2.6)

Secondly, the tangential component of the H field undergoes a discontinuity in the
presence of a superficial current distribution. These two phenomena are written as the
following:

|BrDomaine1|r=ri
= |BrDomaine2|r=ri

∀θ (2.7)
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|HθDomaine2|r=ri
− |HθDomaine1|r=ri

= kp(θ) ∀θ (2.8)

where ri ∈ {rshaft, rrotor, rstator}.
Another assumption is carried out at this level in order to reduce the number

of equations to solve and to simplify the vector potential calculation. The airgap is
considered to impact only the amplitude of the vector potential but not its form. This
assumption is considered to be true since the airgap length is constant and negligible
with respect the rotor radius. It will be applied since only the flux lines form is sought
for in the presented study.

2.2.4 Vector Potential in the Case of a Non-Magnetic Shaft

In the case of a non-magnetic shaft, only two expressions of the potential vector
are calculated: the vector in the rotor A1 and the vector in the stator A2. Using
equations (2.7), (2.8), (2.4) and (2.5) for the three interfaces: shaft-rotor, rotor-stator
and stator-exterior, the expression of the vector potential in the rotor is obtained:

A1(r, θ) = µ0µrmNsI

4
r2

stator − r2
rotor

r2
stator − r2

shaft

(r −
r2

shaft

r
)sinpθ

rshaft < r < rrotor

(2.9)

Since the flux lines are found along the iso-potential lines, they are determined by
imposing (2.9) equal to a constant. The analytical equation of the flux lines can be
written as the following:

(r −
r2

shaft

r
)sinpθ = C (2.10)

C is constant for every flux line and it lies in the interval shown in (2.11). When C

tends to zero, the described flux line is close to the shaft. Whereas, when the C tends
to (r2

rotor − r2
shaft)/rrotor, the described flux lines get closer to the rotor periphery. The

values in between these two limits describe all the flux lines in the rotor:

0 < C <
r2

rotor − r2
shaft

rrotor

(2.11)

Figure 2.4 compares the flux lines in a solid rotor between a FE simulation of a
machine containing a typical stator and the obtained analytical solution in a four pole
machine. The analytical solution is representative of the FE simulation that takes
into account the slotting effect and other non-linear aspects. Therefore, the several
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considered assumptions are acceptable from what the results have shown. The flux
lines are shown for different pole pair number on figure 2.5.

Non-Magnetic 
Shaft

Analytical Solution
FE Solution

rshaft rrotor

Fig. 2.4 Comparison between the FE simulation and the analytical solutions of the
flux lines for a 4 pole SynRM.
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(a) (b)

(c)

Fig. 2.5 Flux lines in a solid rotor : (a) for p = 2, (b) p = 3, and (c) p = 4.
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2.3 Rotor Design Based on the Magnetic Flux Uni-
formity

In the previous section the shape of the flux barriers following the flux lines in a
solid rotor has been put into equation. Now, the flux barriers and flux segments’
dimensions (figure 2.6) have to be determined. A novel idea that is based on the
uniform distribution of the flux in the rotor is proposed in this section. The idea behind
the uniformity of the flux is to not saturate locally the rotor. The local saturation
negatively impacts the passage of the flux in the rotor which is penalising for the
machine performance. It leads to a reduction in torque and saliency ratio. In order to
obtain a uniform distribution of the flux, the flux segments’ thickness (Li on figure
2.6) is proportional to the quantity of flux passing through their respective zones.

The procedure follows these macro steps:

• First, the rotor is divided into N zones, where N represents the desired number
of flux barriers.

• Second, the magnetic flux passing through each zone is calculated after the
determination of the flux density in a solid rotor.

• Then, the flux segments’ dimensions are calculated to be proportional to the
quantity of magnetic flux passing through, while imposing an important air-to-
steel ratio in the q-axis to ensure a high saliency ratio.

The flux density in a solid rotor can be derived from (2.5), and is shown in equations
(2.12) and (2.13) for any point that belongs to the rotor having the polar coordinates
(r, θ) in the case of a non-magnetic shaft.

B⃗ = r⃗otA⃗ =

∣∣∣∣∣∣∣∣∣
Br = pV1(1 − r2

shaft

r2 )cospθ

Bθ = V1(1 + r2
shaft

r2 )sinpθ

∣∣∣∣∣∣∣∣∣ (2.12)

where
V1 = µ0µrmNsI

4
r2

stator − r2
rotor

r2
stator − r2

shaft

(2.13)

The rotor will be then divided into N zones (refer to figure 2.7). In order to
determine the quantity of iron in each zone with respect to air, it is assumed that the
magnetic field in the zone passes only through the iron. Furthermore, the quantity of
iron is determined to be proportional to the magnetic flux passing through. For that,
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Fig. 2.6 Positioning of the flux barriers and the flux segments inside the rotor.

the flux passing perpendicular to the axis of θ = π
2p

is considered. Since, at this axis,
the peripheral rotor effects are negligible. The equation of the flux density on this axis
is shown in equation (2.14). The flux density is drawn along the axis of θ = π

2p
of the

rotor on figure 2.8.

B⃗ =
∣∣∣∣∣∣ Br = 0
Bθ = V1(1 + r2

shaft

r2 )

∣∣∣∣∣∣ (2.14)

Since the machine has a constant active length, the proportionality of the flux in
each zone along the q-axis can be written as the following:

Li

Lj

=

∫
Zonei

Bθ(r)dr∫
Zonej

Bθ(r)dr
(2.15)

where (i, j) ⊂ {1, 2, ..., N}2 and Li is the width of the ith flux segment.
An important anisotropy is required to increase the saliency ratio. Therefore, the

flux passage should be limited through the q-axis. This lead to a reduction of iron in
the q-axis [31, 32, 38]. Hence, an insulation ratio Kwq can be defined as the ratio of air
to rotor width (the difference between the exterior and the interior radii of the rotor)
and is shown in (2.16). The quantity of iron is shown in (2.17).

Kwq = 1 −
∑N

i=1 Li

rrotor − rshaft

(2.16)
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.
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N∑
i=1

Li = (rrotor − rshaft)(1 − Kwq) (2.17)

By defining Kwq, (2.15) and (2.17) can be solved in order to determine the width
of the iron part in each zone. This ratio was studied in [53, 70] and the optimal value
is found to be around 0.5 in both studies. In other terms, around half of the rotor in
the q-axis is made up of iron and the other half of air. The width of a flux barrier(Wi)
adjacent to a flux segment of width Li can be determined using the equation (2.18).

Wi = Kwq

1 − Kwq

Li (2.18)

Figure 2.9 shows the flux density distribution in the rotor from the proposed design
procedure. Bridges and ribs are added to insure mechanical strength. Concerning flux
densities, the zones with highest values are the ribs and the bridges. Flux density
values around 2T are found in these elements. The resulting saturation of the ribs and
bridges is desirable since they act as a magnetic short-circuit and increase Lq. On the
other hand, the flux density values is the main rotor structure are quasi-uniform except
a low flux density in the last flux segment on the periphery of the rotor. The presence
of this segment is important since, as will be shown in section 2.4.2, it greatly reduces
the torque ripple. Furthermore, another low flux density is reported around the shaft.
For an electromechanical point of view, this part does not have a major influence.
Therefore, iron can be removed in order to decrease the weight of the machine and
increase its power density.

The design based on flux lines in a solid rotor is compared with a rotor design
based on arc barriers (figure 2.10). The two designs contain 4 flux barriers and the
same stator. The same ribs and bridges are used for both designs to compare correctly
the electromagnetic performance. Table 2.1 presents the FE simulations performance
comparison of the two designs. It shows that the design based on the flux lines in a
solid rotor gives better results in all criteria except the phase induced voltage where it
delivers 1.8% more voltage. The saliency ratio increases by 9.5% and that by mainly
decreasing Lq (−9.1%). Moreover, the average torque increases as well by 5%. The
torque ripple is high in both cases for the reason that a low stator slot number is taken
(16 slots stator).
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Rib

Bridge

Fig. 2.9 Flux density distribution in the rotor in a design based on the proposed
procedure.

(a) (b)

Fig. 2.10 Two designs used for comparison, (a) arc flux barriers and (b) flux barriers
based on flux lines in a solid rotor.
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Arc Barriers Flux Lines Difference
Design Design

Current Amplitude I (A) 10 10 −
Current Angle θ (°) 51 51 −
Rotation Speed (rpm) 500 500 −
Induced Voltage (Vrms) 15.7 16 +1.8%
Ld (mH) 38.4 38.7 +0.7%
Lq (mH) 14.3 13.2 −9.1%
Saliency Ratio (−) 2.69 2.94 +9.5%
Average Torque (Nm) 2.1 2.21 +5%
Torque Ripple (−) 30.5% 28% −8%
Power Factor at MTPA (−) 0.52 0.54 +3.9%

Table 2.1 Comparison between two SynRM rotor designs: the design based on arc
flux barriers and the design based on the flux lines in a solid rotor.

2.4 Proposed Design Procedure in a Practical Case
The proposed design procedure will be applied to a machine with the following specifi-
cations:

• Rated nominal electromagnetic torque = 2.2 Nm

• Rated nominal speed = 3500 rpm

• Maximum speed = 7000 rpm

• No-load maximum speed (for mechanical strength) = 10500 rpm

• Battery voltage = 200 Vdc

Table 2.2 shows the fixed parameters for the design procedure to take into account.
The stator design is fixed. A 2-phase SynRM will be used for harmonics injection
reasons presented in the chapter 4. Concerning the current excitation density, the
maximal accepted value is 5A/mm2 to avoid forced air or liquid cooling (refer to section
1.2.4). The slot filling ratio is 0.5 which represents the ratio of the copper section
to the total slot section. The airpap value is fixed to a minimum value of 0.5mm
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taking into consideration the mechanical constraints (manufacturing constraints and
the expansion due to centrifugal forces). As a result, the rotor external diameter is
fixed at Drotor = Dairgap − 2g = 79mm. Furthermore, the shaft diameter is imposed
by the mechanical requirements. The shaft should be rigid enough to endure the
electromagnetic torque and has to overcome the vibration due to high speeds, the
bending torque, torsion and the corresponding applied stresses. In addition, the rigidity
of the shaft impacts the machine eccentricity at high speeds. All these mechanical
constraints are accounted for and impose a minimal value of shaft diameter of 18mm

considering a mechanical strength security margin as well. Concerning the flux barriers
number, it has been shown in [31] that a number 4 of barriers or above is acceptable for
the SynRM. However, the machine performance stays constant with a barrier number
higher than 5. Therefore, a 4-barriers rotor will be chosen for the study. On the other
hand, a pole pair number (p = 2) is common in SynRMs [27, 69, 74, 75]. In addition,
the slot number (Nslot = 16) is fixed by the stator geometry as well as the phase
number (m = 2). Therefore, a full-pitch winding is possible if p = 2. The resulting
winding configuration will be of one layer and 2 slots/pole/phase. The stator geometry
and the winding configuration are shown on figure 2.11.

Parameter Symbol Value Unit
Stator External Diameter Dstator 123 mm

Stator Internal Diameter Dairgap 80 mm

Active Length La 100 mm

Phase Number m 2 −
Slot Number Nslot 16 −
Slot Section Sslot 140 mm2

Current Excitation Density Js 5 A/mm2

Slot Filling Ratio Kfill 0.5 −
Airgap Length g 0.5 mm

Shaft Diameter Dshaft 18 mm

Flux Barriers Number Nbarriers 4 −
Pole Pairs Number p 2 −

Table 2.2 Fixed parameters for the design procedure of the SynRM.
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Fig. 2.11 Stator geometry and winding configuration of the SynRM used for the
machine design.

2.4.1 Kwq Sensitivity Study

A sensitivity analysis is performed on the SynRM performance when the insulation
ratio (Kwq) varies and is shown on figure 2.12. In order to simplify the study, the ribs
and the bridges are kept with constant dimensions even if the mechanical stress vary
with the variation of Kwq. Figure 2.12 shows that a Kwq value between 0.5 and 0.6 is
optimal for both the average torque value and the torque ripple value. However, they
are not achieved at the exact same value of Kwq.

2.4.2 Cut-Off

The presence of the cut-off in the SynRM TLA rotor means the absence of the rotor
last flux segment towards the rotor periphery (refer to figure 2.13). The last segment’s
weight is around 4% of the total rotor weight. Therefore, its presence affects the
specific power and the torque density of the machine. The cut-off’s impact on the
machine performance is necessary to evaluate a competitive design. Table 2.3 shows
the electromagnetic performance comparison of the rotor with cut-off with the rotor
without cut-off using FE simulations. On all shown performances, the two designs
are similar except on the torque ripple level. The torque ripple in the case of a rotor
without cut-off is 42% less than the case of the presence of the cut-off. The torque
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Fig. 2.12 Sensitivity study on Kwq using FE simulations.

ripple is an important criteria in most applications and in particular the automotive
traction application.

(a) (b)

Fig. 2.13 Cut-off comparison: (a) rotor with cut-off and (b) rotor without cut-off.
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Rotor with Rotor without Difference
Cut-Off Cut-Off

Current Amplitude I (A) 10 10 −
Current Angle θ (°) 51 51 −
Rotation Speed (rpm) 500 500 −
Induced Voltage (Vrms) 16.1 16 −0.4%
Ld (mH) 37.73 38.7 +2.7%
Lq (mH) 12.9 13.2 +1.7%
Saliency Ratio (−) 2.91 2.94 +1%
Average Torque (Nm) 2.23 2.21 −0.1%
Torque Ripple (−) 48% 28% −42.3%
Power Factor at MTPA (−) 0.54 0.54 +0%

Table 2.3 Performance Comparison between two Designs: Rotor without Cut-Off and
Rotor with Cut-Off.

2.4.3 Ribs and Bridges

The ribs and the bridges (figure 2.14) are the only elements that hold the different
flux segments together in a TLA rotor. Therefore, their dimensions are important to
have a mechanically strong rotor. However, from an electromagnetic point of view,
they act as a magnetic short circuit. Hence, they increase the leakage inductance, and
most importantly the quadrature inductance. In this regard, their dimension should
be a small as possible but big enough to keep the structure mechanically strong. It
can be also noted that, at a nominal operation point, the ribs and the bridges are
saturated. Thus, their relative permeability decreases leading to better electromagnetic
performance. Figure 2.9 shows the saturation of the ribs and bridges.

The work presented in literature treats one element at a time. For instance, in
[50], the authors studied the effect of the ribs and showed that the torque difference
is proportional to the rib width. Similar results were presented in [32], but this time
on the bridges. In addition, the simultaneous effects of the ribs and the bridges were
never treated in literature.

On figure 2.15, the effect of the rib width on the machine torque, torque ripple
and machine saliency ratio is plotted. It can be noted that the saliency ratio, the
torque produced by the machine and the torque ripple decrease with the increase of
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Bridges

Ribs

Fig. 2.14 Ribs and bridges in a SynRM.

the ribs width. When the ribs’ width increases, the equivalent air gap of the machine
is smoother. Even if the torque ripple decreases which is beneficial to the machine
performance, the torque and the saliency ratio decrease dramatically, deteriorating the
machine performance.

On figure 2.16, the effect of the bridge width is studied at a constant rib width. The
torque and the saliency ratio have the same tendency as in the case of the ribs varying.
However, the torque ripple could increase or decrease without a uniform tendency.

If the ribs and the bridges are considered simultaneously, it can be noted that the
ribs impact on the saliency ratio and the torque value is more intense than the bridge
width effect. For example, an increase of 20% of the rib width leads to a decrease of
20% of the torque. However, a same decrease of 20% of the bridge width accounts for
the decrease of only 5% of the torque. Therefore, when the mechanical constraints are
considered, it would be preferred to put more importance on decreasing the dimensions
of the ribs than decreasing the bridge width.
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Fig. 2.15 Average torque, torque ripple and saliency ratio of a SynRM in p.u. as a
function of the rib width at a constant bridge width of 1mm.
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Fig. 2.16 Average torque, torque ripple and saliency ratio of a SynRM in p.u. as a
function of the bridge width at a constant rib width of 0.8 mm.
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2.4.4 Final Design and Mechanical Performance Analysis

The chosen parameters for the machine design are shown in table 2.4 and the corre-
sponding machine cross section on figure 2.17. In order to verify that the design is
mechanically viable, an element Von Mises stress test is performed and shown on figure
2.18. The steel used for the study is M400−35A for which the elastic limit is 385 MPa

and the Young’s modulus is of 225000 MPa. The maximal reported stress at 10500
rpm is around 100 MPa which is largely underneath the elastic limit of the machine
and is considered safe at the maximal speed. Moreover, the maximal deformation of
the rotor for the 10500 rpm is 7.77 µm or 1.5 % of the airgap length.

Fig. 2.17 Cross section of the SynRM based on the proposed analytical design procedure
with the design parameters shown in table 2.4.
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Parameter Symbol Value Unit
Stator External Diameter Dstator 123 mm

Stator Internal Diameter Dairgap 80 mm

Active Length La 100 mm

Phase Number m 2 −
Slot Number Nslot 16 −
Slot Section Sslot 140 mm2

Airgap Length g 0.5 mm

Shaft Diameter Dshaft 18 mm

Rotor Diameter Drotor 79 mm

Bridges Width Wbridges 1 mm

Ribs Width Wribs 0.8 mm

Flux Barriers Number Nbarriers 4 −
Pole Pairs Number p 2 −
q-axis Insulation Ratio Kwq 0.52 −

Table 2.4 Final design parameters.

Fig. 2.18 Rotor stress (Von Mises stress) and mechanical deformation for the proposed
design at 10500 rpm.
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2.4.5 Electromagnetic Performance of the Proposed SynRM
Design

The performance of the machine at nominal speed is found in table 2.5, and on the
torque-speed envelope on figure 2.19 obtained from FE simulations using Maxwell 2D
and Matlab for VDC = 200 V . The specifications imposed for the machine are met.
Two main undesirable values can be seen in the machine performance: the power factor
of 0.54 and the torque ripple of 28%. The power factor can be enhanced by reducing
the ribs and bridges dimensions, by optimizing the stator geometry or by introducing
ferrite permanent magnets in the flux barriers [76–78]. Moreover, the torque ripple can
be decreased by displacing the flux barriers since they are the result of the interaction
of the stator slots and the flux barriers. However, a model of these interaction cannot
be easily obtained. The next chapter will present an optimization method that alters
the position of the barriers to decrease the torque ripple without impacting neither the
saliency ratio nor the torque density of the machine.

Symbol Value Unit
Current Amplitude I 10 A

Current Angle φ 51 °
Rotation Speed Ωmec 3500 rpm

Induced Voltage IV 112 Vrms

Direct Inductance Ld 38.7 mH

Quadrature Inductance Lq 13.2 mH

Saliency Ratio ξ 2.94 −
Average Torque Tavg 2.21 Nm

Torque Ripple Tripple 28% −
Power Factor PF 0.54 −
Efficiency η 93 %

Table 2.5 Performance of the proposed design at nominal operation point obtained
from FE simulations.



2.4 Proposed Design Procedure in a Practical Case 57

0 1000 2000 3000 4000 5000 6000 7000
0

2

4

 

 

0 1000 2000 3000 4000 5000 6000 7000
0

50

100

0 1000 2000 3000 4000 5000 6000 7000
0

0.5

1

0 1000 2000 3000 4000 5000 6000 7000
0

100

200

0 1000 2000 3000 4000 5000 6000 7000
0

5

10

0 1000 2000 3000 4000 5000 6000 7000

60

80

Mechanical Rotation Speed [rpm]

Tavg (Nm)

Tripple (%)

 EM Power (kW)

Phase Voltage (Vrms)

Phase Current (Aamp)

Phase Angle (°)

Fig. 2.19 Performance at torque-speed envelope and the current values of the proposed
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Chapter Conclusion
This chapter presents an analytical design procedure of the SynRM rotor. This design
procedure is based on the flux lines and the uniformity of the flux in a solid rotor
and showed better results in comparison with the rotor with arc flux barriers. The
proposed design procedure is applied in a concrete case where the ribs and the bridges’
dimensions, the presence of the cut-off and Kwq are studied. A mechanical study is
shown at the end to verify that the rotor is strong to undergo 10500 rpm and the
electromagnetic performance is shown on the machine torque-speed envelope.
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This chapter presents a supplementary design level to the analytical design procedure
proposed in the last chapter. It is based on the direct finite elements optimization on
the machine. The main goal of this method is to reduce the torque ripple without
reducing the torque density or the saliency ratio of the SynRM.

3.1 Performance Indicators
The torque capability of the machine is an important factor to determine its com-
petitiveness [54, 79]. A common way to evaluate the machine torque capability is by
evaluating the difference between the direct and quadrature inductances (Ld − Lq)
[31, 50, 53]. Nevertheless, the torque capability can be measured by several means:
torque per ampere unit, torque per mass unit or torque per volume unit [54]. In the
current problem, since neither the stator diameter nor the machine active length (La)
change, the machine volume is constant. Therefore, the torque per ampere unit is
directly proportional to the torque per volume unit and will be chosen as the first
Performance Indicator (PI).

The saliency ratio (Ld/Lq) (see equation 1.4) directly influences the power factor
of the machine (see equation 1.5). It has been shown in [38] that the field weakening
capabilities of the SynRM increase with the increase of the machine saliency ratio.
Consequently, the saliency ratio is an important performance indicator that has to be
taken into account.

The machine torque ripple is an important issue for the machine since the interaction
between the flux barriers and the stator slots develop a high torque ripple [49, 68, 71].
Several work have evaluated designs for torque ripple minimization [63, 66, 80].

The three chosen performance indicators are the following:

• PI1 : Torque mean value per ampere
• PI2 : Torque ripple rate
• PI3 : Saliency ratio (Ld/Lq)

3.2 Optimization Variables
A set of parameters have to vary the geometry of the rotor in the parametric optimization
proposed in this chapter. In addition, these following elements should either be identified
by fixed parameters or by the optimization parameters:

• Flux barriers (shape, position, width and number)
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• Ribs and bridges
• Pole pair number
• Shaft diameter
• Rotor diameter
• Cut-off

For the number of flux barriers, the pole pairs number, the shaft diameter and
the rotor diameter, no changes occurs with the initial design method and the values
from table 2.2 are maintained. The absence of the cut-off was proven to be crucial
for lower torque ripple in section 2.4.2. Hence, the last flux segment in the rotor
will be added and the rotor will be without a cut-off. The ribs and the bridges are
determined by a compromise between two considerations: the mechanical strength
and the electromagnetic performance. Section 2.4.3 shows the effect of these elements
on the SynRM electromagnetic performance. When the rotor geometry changes, the
mechanical constraints in the machine change as well. A solution can be to adapt
the ribs and bridges dimensions to achieve optimal performance. However, given the
complexity this adaptation adds to the optimization algorithms (since mechanical
simulations or mechanical models should be used), the variation of their dimensions
will not be added within the rotor optimization. Their form are determined a priori
to ensure the mechanical stability for a maximal rotation speed of 12000rpm for the
initial design. At the end, of the optimization, a mechanical study will ensure that the
rotor structure is still mechanically strong. The values of the fixed rotor parameters
are shown in table 3.1.

Parameter Symbol Value Unit
Rotor Diameter Drotor 79 mm

Air Gap Length e 0.5 mm

Active Length La 100 mm

Shaft Diameter Dshaft 18 mm

Pole Pairs p 2 −
Flux Barrier Number Nbarriers 4 −
Bridges Width Wbridges 1 mm

Ribs Width Wribs 0.8 mm

Table 3.1 Fixed rotor design parameters of the SynRM used in the optimization.
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The flux barriers following the flux lines pattern (equation (2.10)) in a solid rotor
this pattern is used to draw the flux barriers. This automates the drawing of the flux
barriers. Moreover, two main criteria influence the torque and the torque ripple in the
SynRM rotor when the flux barriers’ shape is imposed:

• Insulation ratio Kwq

• Flux barriers endpoints position

Several set of optimization variables can be chosen for the optimization study keeping
in mind that they should be kept to a minimum since the optimization algorithm time
increases exponentially with the number of variables used. The intersection points (Yi)
between the sides of the barriers and the θ = π/2p axis are chosen as the optimization
variables (refer to figure 3.1). This leads to 2 variables per flux barrier. When Yi is
chosen during an optimization algorithm process, a corresponding constant Ci is found
from equation (3.1) which is derived from equation (2.10) for θ = π/2p. Figure 3.2
shows how the flux barrier side is drawn using equation (2.10).

Ci = (Yi −
r2

shaft

Yi

) (3.1)

The advantage of this approach is that only two variables are used to define a
flux barrier unlike in [81] where 3 variables are used for defining a flux barrier. The
decrease of the number of variables will exponentially decrease the computing time of
the optimization. Moreover, adapting the variables Yi, the insulation ratio Kwq will be
automatically adapted and the barriers’ endpoints will change position.

Some geometrical constraints have to be applied to respect the manufacturing
constraints of the machine. These constraints on the rotor variables are shown in the
following equation:

Y1 > Rshaft + ε,

Yj > Yi + ε,

∀i = j − 1 & j ∈ {2, 3, . . . , 8},

Y8 < Rrotor − ε.

(3.2)

where ε is the minimal limit of the width of the flux barriers and the flux segments.
This limit is determined by the manufacturing precision, and by the deterioration of
the magnetic material due to the manufacturing of the rotor. ε = 1mm in the present
case.
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Fig. 3.1 Rotor optimization variables that define the geometry of the rotor.
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Fig. 3.2 Flux line i is drawn when Ci is determined.
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3.3 Optimization Methodology
An optimization algorithm is associated with a FE simulations software in order to find
optimal solutions for the machine design. In a general manner, optimization algorithms
work as shown on figure 3.3. The iterative nature of the optimization problem linked
to the important time of execution of a single FE iteration can be considered as a
disadvantage for the presented method. However, the accurate results this method
ensures, outweigh this disadvantage. Furthermore, a refined design is essential for high
performance machines.
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Fig. 3.3 Optimization methodology schematic for determining the SynRM design.
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3.4 Elementary Finite Element Simulation

The FE simulation delivers the average torque, the torque ripple and the saliency ratio
results to the optimization algorithm in Matlab for the optimization evolution. One
machine pole is sufficient to acquire the simulation results given the symmetries of
the machine. Figure 3.4 shows a drawing in Maxwell 2D simulation software with the
master and the slave axes. A simulation boundary is added to define the simulation
limits. Figure 3.5 shows the meshing adapted for the simulation, and figure 3.6 shows
a zoom on the airgap area. The most critical parts of the simulation are the airgap,
the ribs and the bridges. In the airgap, Maxwell virtual forces are calculated to obtain
the torque and the ribs and bridges undergo a high saturation effect. Therefore, a
fine meshing process is adapted in these parts. For instance, the drawing imposes 4
meshing layers in the airgap and 3 meshing layers in the ribs. Moreover, for the core
losses estimation, the Bertotti model [82] in used.
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Fig. 3.4 Machine drawing in Maxwell 2D software with the simulation boundary and
the master and slave axes.
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Fig. 3.5 Mesh operation of the machine for simulation.

4 Mesh Layers 
in the Airgap 

Fine Meshing in the 
Saturation Zone 

Fig. 3.6 Zoom on the airgap area meshing operation. The ribs zone as well as the
airgap area are mesh finely for accurate results.
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3.5 Cost Function

The optimization problem consists in solving a multi-objective cost function that can be
solved in several manners. For instance, one of the possibilities can be the construction
of a "Pareto Front" [83]. The evaluation of the "Pareto Front" can be a complex task,
especially when the number of the objectives is equal to or greater than three as in the
studied case.

Another possibility consists in transforming the multi-objective problem into a
single-objective problem. In what follows, three possibilities will be considered:

• Normalized quadratic error

• Normalized absolute error

• Transformation of the performance indicators into constraints

3.5.1 Normalized Quadratic Error

Opti is the mono-objective optimal solution for the performance indicator PIi. The
normalized quadrature error nqei of a given solution with respect to the optimal
solution is given by:

nqei =
(

PIi − Opti

Opti

)2

(3.3)

The general cost function F1 that groups the three performance indicators can then
be defined based on the normalized quadrature error as the following:

F1 =
3∑

i=1
ai.nqei =

3∑
i=1

ai

(
PIi − Opti

Opti

)2

(3.4)

where i ∈ {1, 2, 3} and ∑3
i=1 ai = 1. ai is defined according to relative importance of a

criterion to the other two criteria.

3.5.2 Normalized Absolute Error

For a given Opti resulting of a mono-objective optimization of the performance indicator
PIi, a normalized absolute error naei is defined as follows:

naei =
∣∣∣∣∣PIi − Opti

Opti

∣∣∣∣∣ (3.5)
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The cost function F2, grouping the three performance indicators, can be defined
based on the normalized absolute error as:

F2 =
3∑

i=1
bi.naei =

3∑
i=1

bi

∣∣∣∣∣PIi − Opti

Opti

∣∣∣∣∣, (3.6)

where i ∈ {1, 2, 3} and ∑3
i=1 bi = 1.

3.5.3 Transformation of the Performance Indicators into Con-
straints

Among the three performance indicators, two of them could be changed into constraints.
This can be done by multiplying the obtained Opti by a percentage of tolerance. For
instance, when Opti is multiplied by 0.8 and transformed into an inequality constraint,
the algorithm would not except a deterioration of the given PIi for more than 20%
from its optimal value. In this study, the PI related to the torque and the saliency ratio
are transformed into constraints and the cost function F3 will handle the minimization
of the torque ripple:

F3 = PI2,

C1 : PI1 > c1 ∗ Opt1,

C2 : PI3 > c2 ∗ Opt3,

(3.7)

where (c1, c2) ∈ [0, 1]2.
The same optimization algorithm (Fminsearch in Matlab) was performed using

the three different cost functions proposed. The variation of PIi with respect to the
mono-objective optimization Opti is presented in table 3.2. A uniform weight is given
to the performance indicators in F1 and F2, therefore (ai and bi) are equal to 1/3.
Moreover, in F3, {c1, c2} are considered equal to 0.8.

The smaller the absolute value of the variations with respect to the Opti, the better
the cost function is.

F1 and F3 give similar results, and on the torque ripple level, they give better
results than F2. However, F2 gives better results in both average torque and saliency
ratio. In order to change the resulting PI ′s after the optimization, the coefficients ai,
bi and ci can be changed. The condition on the saliency ratio is the most strict in F3,
and by making this constraint more lenient, the torque ripple can be reduced. In that
sense, the performance indicators are better controlled in cost function F3 with respect
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Average Torque
(PI1)

Torque Ripple
(PI2)

Ld/Lq
(PI3)

F1 -7.3% +20% -20%
F2 -5.4% +27% -15%
F3 -7.5% +20.8% -20%

Table 3.2 Variation of the performance indicators (PIi) with respect to the mono-
objective optimum (Opti) for the three proposed cost functions.

to the other two where the user is obliged to evaluate (ai, bi) whose direct influence on
the optimization is hard to evaluate from a performance point of view.

3.6 Optimization Algorithm
For a non-convex mathematical problem like the case in the present study, the local
search based optimization algorithm cannot guarantee a global optimum point. There-
fore, an optimization algorithm can be evaluated upon two criteria : the value of the
cost function on the local optimum point and the time of execution. In the present
case, the cost function is not an explicit algebraic function but a result of a simulation.
This kind of problem is known as a black box optimization problem. The optimization
algorithms makes decisions depending on the evolution of the results of the simulation.
The time of execution ( linked to the number of iterations of the FE simulations) is
a crucial point to study since the simulation iteration costs heavily in terms of CPU
time.

In the goal of evaluating the different algorithms, their families are presented. In
general, optimization algorithms can be divided into 2 large families:

• Gradient based algorithms: This family groups all algorithms that involve a
numerical estimation of the gradient vector or/and the Hessian matrix (example:
Quasi-Newton algorithm).

• Derivative free algorithms: This family groups all the algorithms that do not
compute any derivative, and it can be divided in 2 parts: evolutionary algorithms
and non-evolutionary algorithms:

– Evolutionary algorithms generate numerous random points (known as a
population) and its evolution is inspired by biological phenomena, such as
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reproduction, mutation, recombination, and selection (example: Genetic
algorithms).

– Non-evolutionary algorithms evolves by try-outs on the objective function
directly (example: Nelder-Mead simplex algorithm).

The choice of the algorithm is not obvious, and a comparison of the different
algorithm families is important. The properties of the optimization problem are:

• Number of variables : 8

• Black box optimization

• Long elementary evaluation of the cost function (3 - 5 minutes) due to the FE
simulations.

Table 3.3 gives a basic idea of the behaviour of different algorithms from different
families:

Quasi-Newton
Algorithm

Nelder-Mead
Simplex

Genetic
Algorithm

# of FEM
simulations about 50 about 300 more than 1000

CPU Time around 6 hrs around 20 hrs around 60 hrs

Convergence close to the initial
point

surpasses local
optima

surpasses local
optima

Table 3.3 Comparison of the optimization algorithms for an 8 variables optimization
problem.

The CPU time is directly linked to the number of FE simulation calls multiplied by
the elementary time of each simulation. For our study, the Quasi-Newton algorithm
converges with the minimal CPU time but to an optimum close to the starting point.
Therefore, local minima are hard to overcome using this algorithm in our case. To get a
better optimum point, several initial geometry points should be explored. Nevertheless,
this increases the execution time, and this algorithm becomes comparable in time
consumption to the Nelder-Mead simplex algorithm.
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The genetic algorithm provided by Matlab is heavily time consuming even though
good results could be obtained if a wise choice of the code parameters were made.
In addition, another disadvantage of the genetic algorithm is the fact that it is not
deterministic. In other terms, the solution of two distinct optimizations from the same
initial geometry point give two different results.

The Nelder-Mead Simplex algorithm represents a good candidate for this type
of optimization problem since it has a relatively low iteration number and has the
capability to overcome local optima. In this regard, this algorithm will be adapted to
integrate the mechanical constraints of the problem and will be used to optimize the
machine performance.

Since the Nelder-Mead algorithm provided by Matlab does not allow us to introduce
constraints, the cost will be modified in order to integrate these constraints (refer to
equation (3.8)). An extra term of a high value is added to the cost function which will
penalize it if the constraints are not satisfied. This leads to the automatic elimination
of the solution not satisfying the constraints, and the algorithm will evolve accordingly.

F = F + Penality (3.8)

3.7 Optimization Results
The initial rotor geometry used for the optimization algorithm will be the design
obtained from the analytical design procedure (refer to section 2.4). The stator and
other design parameters are shown in table 2.2.

The first step in the optimization process is to determine Opt1 and Opt3, the
respective mono-objective optimization of the average torque and the saliency ratio.
The values are shown in equation (3.9). c1 and c2 are chosen at 0.9 and 0.8 respectively
(refer to 3.7). In other terms, neither a deterioration of the torque to less than 90%
of its mono-objective optimal value (average torque > 2.16Nm) is accepted, nor a
deterioration of the saliency ratio to less than 80% of its mono-objective optimal value
(saliency ratio > 2.54).

Opt1 = OptTavg = 2.4Nm

Opt3 = OptLd/Lq = 3.17
(3.9)

The overall performance of the optimized machine is shown in table 3.4. The overall
value of the performances has minimally changed except for the torque ripple and Lq.
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The value of Lq has increased (decreasing the saliency ratio) in favour of decreasing
the torque ripple. In other terms, the optimization has put more iron in the rotor
to decrease the torque ripple. The design of the initial and optimized machines is
shown in figure 3.7, and the comparison of their torque evolution is shown in figure
3.8. Finally, a comparison of the torque, torque ripple and machine electromagnetic
power between the initial design and the optimized design from 0rpm up till 7000rpm

is shown on figure 3.9. Even if a slight deterioration in the optimized machine torque
is detected with respect to the initial, an improvement on the torque ripple of the
machine on the whole speed range is observed. Consequently, the optimization on one
operation point of the machine can lead to the minimization of the torque ripple on
the entire performance envelope of the machine.

Analytical Design Optimized Design Difference
Current Amplitude I (A) 10 10 −
Current Angle θ (°) 51 51 −
Rotation Speed (rpm) 3500 3500 −
Phase Induced Voltage (Vrms) 112 111.5 −0.4%
Ld (mH) 38.4 38.0 −1%
Lq (mH) 14.3 14.9 +4.2%
Saliency Ratio (−) 2.69 2.55 5.2%
Average Torque (Nm) 2.21 2.16 −2.2%
Torque Ripple (−) 28% 13% −53.6%
Power Factor (−) 0.52 0.50 −3.8%
Efficiency (η) 93 94 +1.06%
Core Losses (W ) 31 20.8 −32.9%

Table 3.4 Performance comparison between the design based on the analytical approach
and the optimized machine design on nominal operation point.
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(a) (b)

Fig. 3.7 Design optimization of the SynRM :(a) the design based on the analytical
procedure and (b) the optimized design.
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Fig. 3.8 Torque comparison between the initial and the optimized designs.
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3.8 Mechanical Validation of the Optimized Design
The Von Mises element stress test is shown on figure 3.10. The steel used for the design
is M400 − 35A the same as the one used in chapter 2. The elastic limit is 385 MPa

and the Young’s modulus is of 225000 MPa. The maximal reported stress at 10500
rpm is around 90 MPa which is largely underneath the elastic limit of the machine
and is considered safe at the maximal speed. Moreover, the maximal deformation of
the rotor for the 10500 rpm is 5.7 µm or 1.1 % of the airgap length.

Fig. 3.10 Rotor stress (Von Mises stress) and mechanical deformation for the optimized
design at 10500 rpm.

Chapter Conclusion
This chapter presents an optimization study aimed to decrease the torque ripple of
the SynRM keeping the saliency ratio and the average torque at an acceptable level.
The rotor design is automated using 2 variables per flux barriers, and the flux barriers’
border are drawn following the flux lines in a solid rotor. The optimization algorithm
is coupled with transient Maxwell 2D FE simulations to find the form of the machine
torque and deduce the torque ripple and the average torque. Three optimization
algorithms belonging to the optimization algorithms’ main families are discussed are
the Nelder Mead Simplex is found appropriate for this type of optimization. In addition,
several cost functions are proposed and tested to choose the most appropriate one.
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The optimized designs shows a significant decrease in torque ripple with a minimal
impact on the machine torque and saliency ratio.
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Besides design, another way to impact the machine performance can be by altering
the waveforms of the phase currents and injecting non-sinusoidal components. This
concept is not new and is used, for instance, for PMSMs in torque increase [84, 85] or in
torque ripple reduction [86]. The current harmonics impact the machine performance
since the flux linkages seen by the machine phases are non-sinusoidal [59]. Furthermore,
developments in power converters have allowed to easily impose non-sinusoidal current
waveforms [87].

Harmonics injection in the SynRM was treated in several studies. In [88, 89], it
has been proven that injecting a third harmonic current component can increase a
simple saliency rotor SynRM torque per ampere capability. However, adding the third
harmonic into a three phase machine with an ordinary winding cannot lead to this
torque generation. Therefore, different winding topologies or different phase numbers
have to be considered. For instance, in [90, 91], a 3-phase full-pitch 2-pole winding for
12-slots is used for the generation of the fundamental Magneto-Motive Force (MMF)
from the fundamental current component. A 2-phase 6-pole is added to the winding
to add the third harmonic component. The final circuit configuration will impose the
use of a dual 3-phase machine having 6 isolated winding. Moreover, in [87–89, 92–94],
the use of a 5-phase machine is considered. This will reduce the number of windings,
reducing the number of power converter switches used. It is stated in these works
that using a 5-phase machine leads to the minimal number of switches when the use
of the third harmonic is desired. In addition, in [93], it has been revealed that the
3rd harmonic injection in a 5-phase ALA SynRM deteriorates the torque per ampere
capability. However, this chapter will put these hypotheses to the test by developing a
general harmonics injection study.

The aim of this chapter is to evaluate harmonics injection in the phase current in a
general manner (harmonics 3, 5, etc..) for an m-phase machine and the harmonics effect
on torque ripple and average torque. To do that, the torque will be first modelled and
the developed model will be compared to finite elements simulations. The harmonic
injection will be studied on the developed model and will be tested for the 2-phase
SynRM developed in chapter 2. Finally, the adapted control laws are developed and
simulated in order to implement them on the test bench.
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4.1 Model of an m-Phase SynRM

The SynRM can be modelled using three domains: The electric domain, the elec-
tromagnetic domain and the mechanical domain. The electric domain describes the
behaviour of the phase voltages and the phase currents. Whereas, the electromagnetic
domain specifies the behaviour of the developed electromagnetic torque. Finally, the
mechanical domain describes the angular speed (Ωmec) and the angular position (θmec)
of the machine taking into account the torques acting on the SynRM.

4.1.1 Electric Model

In order to develop the electric model of the machine, first the fundamental equation
of the stator voltages can be written under their matrix form as the following:

Vs = RsIs + dλs

dt
(4.1)

where Vs, Rs, Is, λs are the stator phases’ voltages, resistances, currents and flux linkages
respectively. These variables can be written in their matrix form for a m-phase machine:

Vs =
[
Va Vb . . . Vm

]t
Is =

[
Ia Ib . . . Im

]t
λs =

[
λa λb . . . λm

]t (4.2)

Rs = rs.1m (4.3)

where rs is the resistance of each coil as we assume that the coils are identical and 1m

is the identity matrix of dimensions m ∗ m.
The flux linkages of the winding , λs, can be expressed as a function of the stator

currents by using the inductance matrix:

λs = LssIs (4.4)

Lss =


Laa Lab . . . Lam

Lab Lbb . . . Lbm

... ... . . . ...
Lam Lbm . . . Lmm

 (4.5)
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Therefore, substituting (4.4) in (4.1), the stator voltages can be written as:

Vs = RsIs + Lss
dIs

dt
+ Ωmec

dLss

dθmec

Is (4.6)

where Ωmec represents the rotor mechanical speed and is defined as:

Ωmec = dθmec

dt
(4.7)

4.1.2 Co-Energy and Electromagnetic Torque

The electromagnetic torque can be derived from the machine’s co-energy Wco as the
following [95]:

Tem =
∣∣∣∣∣ ∂Wco

∂θmec

∣∣∣∣∣
Isconstant

(4.8)

If the system is considered as magnetically linear, the coenergy can be written as in
(4.9) since there are no excitation in the rotor.

Wco = 1
2I t

sLssIs (4.9)

Hence, by replacing (4.9) in (4.8), the following equation is written:

Tem = 1
2I t

s

∂Lss

∂θmec

Is (4.10)

The angle θe represents the rotor displacement in electrical radians:

θe = pθmec (4.11)

where p is the number of pole pairs. Hence,

Tem = 1
2pI t

s

∂Lss

∂θe

Is (4.12)

4.1.3 Mechanical Model

The mechanical model of the machine can be represented using Newton’s second law
for rotating objects:

∑
Torque = J.

dΩmec

dt
(4.13)
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where J is the system’s angular inertia. The mechanical losses in the system will be
neglected as well as the static friction. Therefore, the mechanical model of the machine
can be written as:

Tem − Tload = J.
dΩmec

dt
+ fvΩmec (4.14)

where fv and Tload represent the mechanical viscous friction and the load torque
introduced to the machine respectively.

4.1.4 Comparison with the Finite Element Simulation

The inductances used for simulating the model are the result of FE simulations at
nominal operation point. The saturation issue is due to the fact that the inductances
are in function of the current amplitudes in addition to the rotor position. This leads to
a non-linear system. In the present chapter, the inductances are considered independent
of the current amplitude and the inductance values at nominal operation point are
obtained from Maxwell 2D FE simulations. For that reason, the developed models have
a domain of validity where the inductances vary slightly with respect to the current
amplitude.

In figure 4.1, the average electromagnetic torque derived from the co-energy theorem
is plotted as well as the average torque from an FE simulation. During model verification,
the current used does not contain harmonic components. The model estimates well the
FE simulation in a good manner until 1.5Inominal after which the models diverges from
the FE solution. This is primarily due to the reason that the model does not take the
saturation into account while the machine highly saturates when the current increase.

In figure 4.2, the torque response of the machine is shown when a voltage excitation
is applied. The value of the voltage is chosen in order to stay in the unsaturated regime.
The model developed in the previous paragraph is shown to be a good approximation
of the finite element simulation in estimating the instantaneous torque. Therefore, the
model can help us estimate the torque ripple of the machine without having to carry
out the FE simulation.
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Fig. 4.2 Comparison of the torque response due to a sinusoidal voltage excitation.

4.2 Torque Production due to Current Harmonics

The average electromagnetic torque is derived from the instantaneous torque using the
following equation:

Tavg = 1
2π

∫ 2π

0

1
2pI t

s

∂Lss

∂θe

Isdθe (4.15)
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In addition, the torque ripple is defined as the following:

Tripple = max(Tem) − min(Tem)
Tavg

= ∆T

Tavg

(4.16)

In order to study the effect of the current harmonics injection, the inductances
should be written under their general form with their spatial harmonic content.

4.2.1 Inductance Matrix Including the nth Harmonic

The inductances in a machine are bi-periodic over an electric period. Figure 4.3 shows
the self-inductance of a phase in a TLA SynRM. Equations (4.17) and (4.18) show
the Fourier series decomposition under its general form of the inductance matrice of
an m-phase SynRM. Matrix L0 include the average value of the inductances, whereas
matrices L2nC and L2nS describe the spatial harmonics components of the inductances.
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Fig. 4.3 Phase self-inductance of a Transversally Laminated Anisotropic (TLA) SynRM.

Lss = L0 +
∞∑

n=1
[L2nC ]cos2nθe +

∞∑
n=1

[L2nS]sin2nθe (4.17)
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where

L0 =


L0

aa L0
ab . . . L0

am

L0
ab L0

bb . . . L0
bm

... ... . . . ...
L0

am L0
bm . . . L0

mm



L2nC =


L2nC

aa L2nC
ab . . . L2nC

am

L2nC
ab L2nC

bb . . . L2nC
bm

... ... . . . ...
L2nC

am L2nC
bm . . . L2nC

mm



L2nS =


L2nS

aa L2nS
ab . . . L2nS

am

L2nS
ab L2nS

bb . . . L2nS
bm

... ... . . . ...
L2nS

am L2nS
bm . . . L2nS

mm



(4.18)

Lij = Lji due to machine symmetries.

4.2.2 Phase Currents Including the (2N − 1)th Harmonic

The m stator currents can be written under their general form as in (4.19). Even
current harmonics do not generate torque, therefore only odd harmonics are introduced.
Moreover, the order of harmonics is limited to 2N − 1 where N ∈ N∗. The current
amplitude of a given harmonic (H) is defined by IH , and its phase with respect to the
rotor d-axis is represented by φH .

Ia =
N∑

k=1
I(2k−1)cos((2k − 1)ωt + φ(2k−1))

Ib =
N∑

k=1
I(2k−1)cos((2k − 1)(ωt − 2π

m
) + φ(2k−1))

...

Im =
N∑

k=1
I(2k−1)cos((2k − 1)(ωt − 2(m − 1)π

m
) + φ(2k−1))

(4.19)
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Furthermore, the SynRM is a synchronous machine where the rotor mechanical
rotation is linked directly to the current frequency by the equation (4.20). If this
equation were not satisfied, the output torque would have a zero average value.

ωt = θe = pθmec (4.20)

4.2.3 Resultant Average Torque for an m-Phase Machine

The resultant average torque, replacing (4.17) and (4.19) in (4.15) and applying the
synchronous condition (ωt = θe = pθmec), is:

Tavg = mp

2 [I2
1
∑

i=1...m
j=1...m

k1
ijL

2
ijsin(2φ1)

+I2
3
∑

i=1...m
j=1...m

k3
ijL

6
ijsin(2φ3)

+I2
5
∑

i=1...m
j=1...m

k5
ijL

10
ij sin(2φ5)

...

+I2
2N−1

∑
i=1...m
j=1...m

k2N−1
ij L

2(2N−1)
ij sin(2φ2N−1)

+I1I3
∑

i=1...m
j=1...m

l13
ij L2

ijsin(φ1 − φ3)

+I1I3
∑

i=1...m
j=1...m

m13
ij L4

ijsin(φ1 + φ3)

+I1I5
∑

i=1...m
j=1...m

l15
ij L4

ijsin(φ1 − φ5)

+I1I5
∑

i=1...m
j=1...m

m15
ij L6

ijsin(φ1 + φ5)

+I3I5
∑

i=1...m
j=1...m

l35
ij L2

ijsin(φ3 − φ5)

+I3I5
∑

i=1...m
j=1...m

m35
ij L8

ijsin(φ3 + φ5)

+ . . . ]

(4.21)
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kij, lij and mij are constants that depend on the machine phase number.
Two non-zero average torque generating mechanisms can be noted from equation

(4.21):

1. The uth current harmonic generates a torque with a non-zero average value when
it interacts with the inductance’s 2uth spatial harmonic. The torque can be
written under the form:

Tavg(u) = 1
2mpI2

u

∑
i=1...m
j=1...m

ku
ijL

2u
ij sin(2φu)

2. The xth current harmonic interacts with the yth harmonic via the two inductance
space harmonics x − y and x + y and the average torque delivered by this
interaction is:

Tavg(xy) = 1
2mpIxIy

∑
i=1...m
j=1...m

[mxy
ij Lx+y

ij sin(φx + φy) + lxy
ij L

|x−y|
ij sin(φx − φy)]

In this section, the general torque equations with harmonic injection for an m-phase
machine are shown. It is proven from the developed model that the harmonics interact
with the machine inductances spatial spectrum in order to obtain a torque with a
non-zero average value. However, this torque depends highly on the amplitudes of the
inductances’ spectrum. Therefore, if theses amplitudes are negligible the harmonic
injection would not have a reasonable advantage.

4.3 Case Study: 2 Phase Machine
The model developed is applied to a 2-phase machine since there are two advantages
in using a 2-phase machine for harmonic injection:

1. All odd current harmonics can be injected in contrast with the 5-phase machine
where the 5th harmonic cannot be injected.

2. The number of required inverter legs is 4 in comparison with 5 legs for a 5-phase
machine.

In this section, the average torque in the presence of current harmonics in a 2-phase
machine will be presented. The machine design presented in chapter 2 will be used
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in order to investigate the developed model after discussing the model in a general
2-phase machine configuration.

4.3.1 General Case

The semi-circuit representation of a 2-phase machine is shown on figure 4.4(a) and
the machine cross section in figure 4.4(b). Moreover, the self and mutual inductances
obtained from a Maxwell 2D FE simulation are shown in figure 4.5. It can be observed
that the self inductances Laa and Lbb are pair as a function of the electric angular
displacement θe, whereas the mutual inductance Lbb is an odd function. Therefore,
the self inductance (Laa) can be written in its general form as in (4.22). Phase b
is in quadrature with respect to phase a. Therefore, self inductance Lbb is linked to
Laa by (4.23). Moreover, Lab is written in its general form as well in (4.24). The
general equation of the matrix Lss is shown in (4.25). The developed expression of the
inductance harmonic component is limited to the 10th harmonic.

 phase a
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d-
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Fig. 4.4 2-phase SynRM: (a) semi-circuit representation, and (b) cross section of a
4-pole TLA SynRM with 2 slots/phase/pole and a full-pitch winding.
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Fig. 4.5 Phase self and mutual inductances in a 2-phase SynRM.

Laa = L0 + L2cos(2θe) + L4cos(4θe) + L6cos(6θe) + L8cos(8θe) + . . . (4.22)

Lbb = Laa(θe − π

2 ) (4.23)

Lab = M2sin(2θe) + M4sin(4θe) + M6sin(6θe) + M8sin(8θe) + . . . (4.24)

Lss =
Laa Lab

Lab Lbb

 =
L0 0

0 L0

+
L2 0

0 −L2

 cos(2θe) +
 0 M2

M2 0

 sin(2θe)

+
L4 0

0 L4

 cos(4θe) +
 0 M4

M4 0

 sin(4θe) +
L6 0

0 −L6

 cos(6θe)

+
 0 M6

M6 0

 sin(6θe) +
L8 0

0 L8

 cos(8θe) +
 0 M8

M8 0

 sin(8θe)

+
L10 0

0 −L10

 cos(10θe) +
 0 M10

M10 0

 sin(10θe)

(4.25)
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On the other hand, the phase currents are also limited to their 5th harmonic
(equation (4.26)). Hence, the developed average torque is shown in equation (4.27).

Ia = I1cos(ωt + φ1) + I3cos(3ωt + φ3) + I5cos(5ωt + φ5)

Ib = I1cos((ωt − π

2 ) + φ1) + I3cos(3(ωt − π

2 ) + φ3) + I5cos(5(ωt − π

2 ) + φ5)
(4.26)

Tavg = p

2[I1
2(L2 + M2)sin(2φ1) + 3I2

3 (L6 + M6)sin(2φ3) + 5I2
5 (L10 + M10)sin(2φ5)

+2I1I3(−L2 + M2)sin(φ1 − φ3) + 4I1I5(−L4)sin(φ1 − φ5)
+ 2I3I5(−L2 − M2)sin(φ3 − φ5) + 4I1I3(L4)sin(φ1 + φ3)

+ 8I3I5(L8)sin(φ3 + φ5) + 6I1I5(L6 + M6)sin(φ1 + φ5)]
(4.27)

The average torque shows the respective contributions of the current fundamental
and harmonics, and the interactions between the various harmonics as in the case
of an m-phase machine. The complexity of this analytical model lies in the high
interdependence of the harmonics. In other terms, the variation of one parameter
(IH or φH) influences many terms of the equation, and the contribution of a current
harmonic depends on the other harmonics injected in the system. In order to evaluate
the model and the harmonic injection concept, the next paragraph studies the machine
design based on the analytical procedure developed in Chapter 2.

4.3.2 Harmonics Injection in a Specific SynRM Design

The first step to evaluate the harmonic injection concept is to determine the inductances
spectrum of the machine. Many attempts were made in literature to find their expression
analytically in the case of simple saliency, TLA or ALA rotors. The most common
approach used is the winding theory [96–103] to determine the stator inductances.
In some cases, the slotting effects are taken into account [104, 105]. Furthermore, in
other cases, a reluctance network is identified in order to evaluated the airgap field
[59]. The airgap field can then be used to find the stator inductances. However, it is a
complex task to determine the stator inductances analytically taking into account the
exhaustive non-linearities in the machine. A complete analytical method determining
the inductances considering the saturation, the cross coupling, the slotting effect
and the leakage inductance is currently non-existent. Therefore, in this work, FE
simulations are used in order to determine the machine inductances.
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The numerical values determined by an FE simulation for the machine developed
in chapter 2 are shown in table 4.1.

L0 = 2.63 × 10−2H

L2 = 1.15 × 10−2H M2 = 1.12 × 10−2H

L4 = 1.41 × 10−4H M4 = −1.42 × 10−4H

L6 = 4.15 × 10−4H M6 = −3.47 × 10−4H

L8 = −3.34 × 10−4H M8 = −1.91 × 10−4H

L10 = 6.18 × 10−5H M10 = −9.75 × 10−5H

Table 4.1 Inductance numerical values found by FE simulations for the studied SynRM.

The inductances’ component higher than the fundamental component are relatively
low in this geometry unlike the simple saliency geometry [89]. Therefore, the proper
effect of the current harmonic is negligible with respect to the fundamental. However,
as seen in (4.27), the 3rd harmonic interacts with the 5th harmonic on the fundamental
spatial harmonic of the inductances as shown in the following equation drawn from
(4.27):

2I3I5(−L2 − M2)sin(φ3 − φ5) (4.28)

This shows that for the TLA geometry, the mere injection of the 3rd harmonic
does not significantly contribute to the machine’s performance at a constant RMS
current. However, the injection of two consecutive current harmonics could be beneficial.
Consequently, the current harmonics considered are the 3rd and the 5th harmonics.
Six parameters that define the phase current shape have to be considered: (I1, φ1),
(I3, φ3) and (I5, φ5). Finding the optimal values from the analytical equation of these
parameters in (4.27) is not a straightforward task. Nevertheless, by simplifying (4.27),
an estimate on the optimal parameters’ values can be obtained.

Using the numerical values of the inductance harmonics in table 4.1, the terms
L6 + M6, L10 + M10, −L2 + M2, L4, L8 are negligible in comparison with L2 + M2

and −L6 − M6. Therefore, equation (4.27) can be simplified and can be written as:

Tavg = p

2[I2
1 (L2 + M2)sin(2φ1) + 2I3I5(−L2 − M2)sin(φ3 − φ5)] (4.29)
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In the ideal case, the phase angle φ1 should be 45° and φ3 − φ5 should be −90° to
achieve the maximal torque per ampere. If these values are considered, the simplified
model will give the following:

Tavg
p
2(L2 + M2)

= I2
1 + 2I3I5 (4.30)

The machine performance should be evaluated at constant RMS current in order
to objectively evaluate harmonic injection compared to conventional fundamental
excitation only. In consequence, the following constraint should be respected:

I2
rms =

(
I1√

2

)2

+
(

I3√
2

)2

+
(

I5√
2

)2

=
(

I1max√
2

)2

(4.31)

In terms of current amplitude, the relation can be written as:

I2
1 + I2

3 + I2
5 = I2

1max (4.32)

Solving (4.30) and (4.32), the maximal torque is obtained when I3 = I5. A constant
torque is obtained when this condition is respected. Therefore, when injecting harmonics
in the SynRM, the same torque as in the case of the conventional sinusoidal currents
can be obtained but not more. The locus of the current fundamental and harmonics
required to achieve a maximal torque per ampere is shown on figure 4.6.

I1

I3, I5

0

Fig. 4.6 Locus of the maximum torque obtained from the simplified model.



92 Harmonics Injection Evaluation for Enhanced Performance

Nonetheless, in order to get a broader perspective of the machine performance under
harmonics injection, the whole electromagnetic model (including a rich inductance
spectrum) should be taken into account. Since the 3rd and the 5th current harmonics
are considered, the inductance spectrum is limited to its 10th component as in (4.25)
in the optimization study presented next, and the model used corresponds to equation
(4.10).

The optimization algorithm uses the model to help determine the six parameters
that define harmonic injection. Two criteria are used to determine the impact of
harmonics injection on the machine performance: Tavg and Tripple.

The mathematical optimization problem is formulated as:

max
I1,I3,I5,φ1,φ3,φ5

Tavg

C1 : Tripple < max(Tripple)

C2 :
√

I2
1 + I2

3 + I2
5 < I1max = 10A

(4.33)

The optimization procedure is presented on figure 4.7. The optimization algorithm
used is the Nelder-Mead Simplex algorithm (Fminsearch in Matlab).

Figure 4.8 shows the maximal Tavg obtained by varying the acceptable Tripple from
its lowest value (10%) to its highest acceptable value (35%). At constant Irms, even
by injecting harmonics, Tavg doesn’t surpass Tavg achieved without harmonic injection.
Nevertheless, for the same Tavg, Tripple is reduced from 25% to approximately 15%
(−40%). The values of I1, I3 and I5 that give the same Tavg and reduce Tripple are
roughly the values found from the locus shown on figure 4.6. This proves that the
inductance spectrum components higher than L2 and M2 do not significantly intervene
in the Tavg generation.

As a conclusion, although currents harmonics injection does not contribute to the
increase of the torque per ampere of the 2-phase TLA SynRM at a constant RMS
current, it has the potential to reduce the machine torque ripple at a constant torque.
This will be tested on the developed test bench in the next chapter. However, before
implementation on the test bench, the control laws for harmonics injection should be
established which will be the subject of the next part of this chapter.
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Fig. 4.7 Optimization algorithm to determine the current harmonics parameters.
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Fig. 4.8 Pareto Front of the Tripple in Function of Tavg for the Harmonic Injection
Optimization Algorithm.

4.4 Phase Current Control

Now that the harmonics injection has been presented from an electromagnetic point of
view, this section will discuss the current control in order to inject current harmonics.
The current control should be dynamic in order to control up to the 5th harmonic, yet
should eliminate the system noise.

4.4.1 Control Reference

The control reference is the first step in developing the controller study of a system.
Conventionally, the dq park reference [106, 107] is used for the control of machines.
The advantage of the park method is that when controlling the direct and quadrature
currents (Id and Iq), the variables are constant in the sinusoidal steady state state.
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However, the direct phase current control (ab control) leads to a control of sinusoidal
variables.

In the studied case, the phase currents are non-sinusoidal so a re-evaluation for the
dq reference is a must. In [89], the 3rd harmonic was injected in a 5-phase machine,
and a (d1, q1, d3, q3, n) reference was used. The fundamental and the third harmonic in
the 5-machine are constant. However, this is not the general case. The next part of
this paragraph will introduce a general approach in determining the (dq) for a m-phase
system with an nth harmonic injection.

The m-phase currents with the injection of harmonic n = 2k + 1 with k ∈ N∗ are
written as the following:

Ia = I1cos(θe + φ1) + I2k+1cos((2k + 1)θe + φ2k+1)
...

Ii = I1cos(θe − 2
(

i − 1
m

)
π + φ1) + I2k+1cos((2k + 1)(θe − 2

(
i − 1

m

)
π) + φ2k+1)

...

Im = I1cos(θe − 2
(

m − 1
m

)
π + φ1) + I2k+1cos((2k + 1)(θe − 2

(
m − 1

m

)
π) + φ2k+1)

(4.34)

The park transform for the direct current (Id) and the quadrature current (Iq) is
written as the following:

Id

Iq

 =
 cos(θe) cos(θe − 2π

m
) . . . cos(θe − 2π(m−1)

m
)

−sin(θe) −sin(θe − 2π
m

) . . . −sin(θe − 2π(m−1)
m

)




Ia

Ib

...
Im

 (4.35)



96 Harmonics Injection Evaluation for Enhanced Performance

The direct current when the current fundamental and the current harmonic are
considered is written as the following:

Id =
√

2
m

I1

Main Term︷ ︸︸ ︷
m∑

i=1

[
cos((θe − 2

(
i − 1

m

)
π)cos((θe − 2

(
i − 1
m

)
π + φ1)

]

+ I2k+1

Residual Term︷ ︸︸ ︷
m∑

i=1

[
cos(θe − 2

(
i − 1

m

)
π)cos((2k + 1)(θe − 2

(
i − 1

m

)
π) + φ2k+1)

]
(4.36)

The main term in equation 4.36 gives
√

m
2 cos(φ1) for a balanced system. On the

other hand, the residual term is zero when 2k ̸= mz and 2k + 2 ̸= mz where z ∈ N∗.
However, in the case of a two phase system (m = 2) and a 3rd harmonic injection
(k = 1) or a 5th harmonic injection (k = 2), the residual term is not zero. Therefore,
in the studies case, the dq transform does not give constant values for the harmonic
injection. This transform does not have benefits in this case and an (ab) direct current
control will be used.

4.4.2 Model of the 2-Phase Machine

This part will deal with the model of a 2-phase machine like what was dealt with in
section 4.1 for an m-phase machine. The model will be implemented on Matlab/Simulink
in order to test the phase current controllers later.

The stator voltages can be written under their matrix form:

Vs = RsIs + dλs

dt
(4.37)

where Vs, Rs, Is, λs are written for a 2-phase machine as the following:

Vs =
[
Va Vb

]t
, Is =

[
Ia Ib

]t
, λs =

[
λa λb

]t
(4.38)

Rs =
rs 0

0 rs

 (4.39)

where rs is the resistance of each coil as it is considered that the coils are identical.
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The flux of the winding , λs, can be expressed as a function of the stator currents
by using the 2-phase inductance matrix as in (4.40) and (4.41).

λs = LssIs (4.40)

Lss =
Laa(θmec) Lab(θmec)

Lab(θmec) Lbb(θmec)

 (4.41)

The electric model block diagram is represented on figure 4.9.

1/s
dλa/dt λa

Lss
-1

Rs

IaVa

1/s
dλb/dt Vb λb

Rs

Ib

Fig. 4.9 Electric model block diagram.

Furthermore, the electromagnetic torque is written as:

Tem = 1
2pI t

s

∂Lss

∂θe

Is = 1
2p
[
Ia Ib

] ∂Laa/∂θe ∂Lab/∂θe

∂Lab/∂θe ∂Lbb/∂θe

Ia

Ib

 (4.42)

The mechanical model’s equations does not change from an m-phase to a 2-phase
machine and the equation is rewritten as:

Tem − Tload = J.
dΩmec

dt
+ fvΩmec (4.43)

Now that the diverse equations that describe the machine behaviour are shown,
the system block diagram can be represented as in figure 4.10. Consequently, the
power electronics that feed the machine have to be introduced to the model to fully
simulate the controlled machine performance. The next paragraph will detail the power
electronics model.
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Fig. 4.10 Machine model block diagram.

4.4.3 Power Electronics

The power electronics module converts the input DC voltage into an AC voltage in
order to feed the machine. The power electronics - machine connection is shown in
figure 4.11 for a 2-phase machine. Two H-Bridge converters are connected to the
machine, each feeding one phase. Moreover, the controller imposes complementary
states on the two legs of one H-bridge. In other terms, when the upper switch of the
first leg is in the ON state the upper switch of the second leg is in the OFF state. For
the complete model, the lag time on the switching of the power electronics is neglected.
Consequently, the voltage equations in function of the switch states are written as the
following:

Va = (2ua − 1).VDC

Vb = (2ub − 1).VDC

(4.44)

where VDC is the DC input voltage and ua and ub are the state of the first switch of
the first leg of each H-bridge. Furhthermore, {ua, ub} ∈ {0, 1}2 where 0 represents the
OFF state and 1 represents the ON state of the switches.

4.4.4 Implementation of the Model on Matlab/Simulink

The model developed previously is implemented on Matlab/Simulink to test the current
control loop afterwards. The complete model’s implementation on Simulink is shown
on figure 4.12. The model is made up of the reference generator that generates the
signals of the two phase currents with the fundamental and their harmonics. The
controller block is to introduce the phase current control loop for the current in the
SynRM to follow the reference current. The PWM block takes the controller outputs
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Fig. 4.11 Interconnection between the power electronics and the machine.
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Fig. 4.12 Model of the SynRM and the controller implemented on Matlab/Simulink.

(ma and mb) as an input and, with the use of the PWM carrier signal it generates
the power electronics switch states (ua, ub). The inverter transforms the switch states
into voltages across the machine windings. The electric model represents the machine
windings and describe the current evolution of the machine with respect to the input
voltages (refer to figure 4.9). This model requires the form and values of the inductances
and their variation with the machine angular position. The torque model describes
the generated torque of the SynRM for the given two phase currents as an input,
and the mechanical model describes the angular speed and position of the machine.
The angular position (ThetaMec on figure 4.12) is used by the reference generator to
generate the reference currents since the required current values depend on the rotor
position. The angular position is also used by the electric model and the torque model
since the inductance values depend on this position.
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Concerning the inductance matrices that are used by both the electric and the
torque models, the values are determined by FE simulations. In other terms, an FE
simulation is performed on the nominal operation point, and the inductance forms are
retrieved. A Fourier series is performed on the self and the mutual inductances, and
the values are grouped by 2 × 2 matrices (A2n) and B2n as the following:

Lss =
Laa Lab

Lab Lbb


= A0 + A2cos(2θe) + B2sin(2θe) + A4cos(4θe) + B4sin(4θe)

+ A6cos(6θe) + B6sin(6θe) + A8cos(8θe) + B8sin(8θe)
+ A10cos(10θe) + B10sin(10θe)

(4.45)

For the electric model, the inverse of the inductance matrix (L−1
ss ) is needed (refer

to figure 4.9). Therefore, at each iteration a numerical matrix inversion is performed
when Lss is determined after acquiring the electrical displacement (θe) value. On the
other hand, the torque model needs the derivative of the inductances with respect to
θe (refer to equation (4.42)). Therefore, the following equation is used in the torque
model:

∂Lss

∂θe

= −2A2sin(2θe) + 2B2cos(2θe) − 4A4sin(4θe) + 4B4cos(4θe)

− 6A6sin(6θe) + 6B6cos(6θe) − 8A8sin(8θe) + 8B8cos(8θe)
− 10A10sin(10θe) + 10B10cos(10θe)

(4.46)

4.4.5 Controller Synthesis

The block diagram of the SynRM electric model, the inverter model, the modulator
model with the controller is shown in figure 4.13. The used controller is a discrete RS
controller with one integral action in the denominator and is written as follows:

R(z−1)
S(z−1) = r0 + r1z

−1 + r2z
−2

(1 + s1z−1)(1 − z−1) (4.47)



4.4 Phase Current Control 101

εa ma

Electric 
Model

IaIaref

εb Ibref mb Ib

)(

)(
1

1





zS

zR

)(

)(
1

1





zS

zR

PWM

PWM

ua

ub

2(ua-1) VDC

Va

Vb

2(ub-1) VDC

InverterModulatorController

Carrier Frequency 

Fig. 4.13 Block diagram of the current controlled machine.

The current controller will be synthesized and tested for the fundamental frequency
and for the 3rd and 5th harmonics. Therefore, the reference currents in the (ab) reference
are written as follows:

Iaref = I1cos(ωet + φ1) + I3cos(3ωet + φ3) + I5cos(5ωet + φ5)
Ibref = I1cos(ωet + φ1 − π/2) + I3cos(3(ωet − π/2) + φ3) + I5cos(5(ωet − π/2) + φ5)

(4.48)

4.4.5.1 Simplified Model for the Controller Coefficient Definition

This part will deal with phase a. However, the same equations are applicable to phase
b. The equation that describes the electrical voltage in phase a can be derived from
equations (4.37 - 4.41) and can be written as the following:

Va = rsIa + Laa
dIa

dt
+ ωe

dLaa

dθe

Ia + Lab
dIb

dt
+ ωe

dLab

dθe

Ib (4.49)

As can be seen from equation 4.49, the studied system is a non-linear system from
a control theory point of view. In addition, the coefficients of the controller in equation
(4.47) are non-adaptive and therefore constant. In this regard, the model has to be
linearised around an inductance value and some values have to be neglected. The
system will be linearised around an inductance L0, and is written as follows:

Va =

Simplified Model︷ ︸︸ ︷
rsIa + L0

dIa

dt
+

Non-Linear Terms︷ ︸︸ ︷
(Laa − L0)

dIa

dt
+ ωe

dLaa

dθe

Ia + Lab
dIb

dt
+ ωe

dLab

dθe

Ib (4.50)
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The simplified model will be used to determine the controller coefficients. However,
the impact of the non-linear terms cannot be considered as negligible since dIa

dt
, dIb

dt

and Ib have the same order of magnitude as Ia. Therefore, a model observer will
be introduced and studied to estimate these terms later in the chapter. First, the
simplified model will be expressed in the discrete domain to be able to determine the
controller coefficients.

Taking into account the mean value of the PWM only, the overall simplified system
is considered as:

maVDC =< Va >= rsIa + L0
dIa

dt
(4.51)

where ma ∈ [−1, 1], is the controller output and can be represented as the following:

ma =< 2ua − 1 > (4.52)

The simplified model with a time delay of the numerical system is represented in
the discrete domain in equation (4.53) with the polynomial representation. A delay is
introduced in the model since when the controller calculation is done, the controller
output is sent in the next sampling period.

Ia(z−1)
ma(z−1) = T (z−1) = B(z−1)

A(z−1) = z−1 b1z
−1

1 + a1z−1

a1 = −e
− Tsrs

L0

b1 = VDC

rs

(1 − e
− Tsrs

L0 )

(4.53)

where Ts is the sampling period for the controller.

4.4.5.2 Definition of a 4th Order RS Controller

In [108], it has been shown that for direct current current control the 4th order RS
controller gives better results in comparison to the 2nd order RS controller. The RS
controller has been chosen since it is one of the simplest to implement in the discrete
domain.

The controller form is shown in equation (4.47) where R(z−1) and S(z−1) are
the controller numerator and denominator respectively. In order to impose a system
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dynamic in the case of an RS controller, the procedure followed is to solve the following
equation:

A(z−1)S(z−1) + B(z−1)R(z−1) = P (z−1) (4.54)

where B(z−1) and A(z−1) are the system model’s numerator and denominator respec-
tively in the discrete domain. P (z−1) is the dynamics equation of the system and can
be written as follows since a 4th order system is desired:

P (z−1) = (1 − e−2πFbwTsz−1)4 = (1 + p1z
−1)4 (4.55)

where Fbw is the bandwidth frequency of the system in closed loop.
Resolving equations 4.54 and 4.55, the expression of the controller coefficients are

obtained as in the following equations:

s1 = 4p1 − a1 + 1

r0 = 6p2
1 + s1(1 − a1) + a1

b1

r1 = −4p2
1 + s1a1

b1

r2 = p4
1

b1

(4.56)

4.4.5.3 Closed Loop Bandwidth Frequency Fbw

In order to define the controller coefficients s1, r0, r1 and r2, the closed loop bandwidth
frequency (Fbw) should be first determined. Fbw should be respect two constraints in
system control theory for an acceptable control performance:

• Fbw should be greater than 1/2 decade (× 3.16) with respect to the maximal
controlled electric frequency in the system.

• The PWM carrier frequency (Fcar) should be greater than 1/2 decade with respect
to Fbw.

Figure 4.14 shows the difference system frequencies, the desired system performance
in closed loop, and the frequency limitations. Femax and Fs are the phase current
maximal fundamental frequency and the sampling frequency respectively. In the studied
case, the PWM carrier frequency is the same as the sampling frequency (Fcar = Fs).
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Fig. 4.14 Asymptotic bode diagram with the different system frequencies and conditions.

In other terms, the controller calculates its output at every PWM period. The carrier
frequency is fixed at 10kHz in the studied case.

In this part, the only current component is the current fundamental frequency,
knowing that when the harmonics are introduced, either Fbw should be increased or the
maximal machine speed should be reduced to be able to control the current harmonics.
The currents harmonics control will be later presented in this chapter.

The maximal rotation speed of the machine is of 7000 rpm (refer to figure 2.19)
which corresponds to p.7000/60 = 233Hz of current fundamental frequency. Fbw will
be chosen at 2000Hz, a frequency that respect both constraints shown on figure 4.14.

4.4.5.4 Model Observer for the Non-Linear Terms

The non-linear terms in equation (4.50) are not used for the controller definition.
However, it is not yet proven that they are negligible in the control system performance.
Figure 4.15 shows a case where the phase current is controlled (complete model
current) and compared it to the simplified model current. Both currents have the same
fundamental frequency but different amplitudes. The difference as seen in the figure is
not negligible and is comparable to the complete model current in amplitude.

A model observer is studied in order to estimate the Non-Linear Terms (NT). The
structure of the observer is shown on figure 4.16. The model observer estimates the
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Fig. 4.15 Currents from the complete model, the simplified model and their difference
in a current controlled case with Iref = 10A.

control variation (∆m) that is required to compensate for the model simplification.
Iamod is acquired by using the simplified model and ma, and is compared to the complete
model current (Ia). An RoSo observer is introduced afterwards in order to estimate
NT
VDC

(the control image of the non-linear voltage terms). A filter is introduced in order
to control which frequencies to introduce to the control system. A dynamic observer is
used with a bandwidth frequency (Fobs) of 4000 Hz. This allows to have an observation
error (ϵmod) as low as possible (nearly zero). The bandwidth is limited by the PWM
frequency since the observer should eliminate the frequencies introduced by the PWM
carrier or else the observer will become unstable. The observer contains one integral
function, and its equation is the following:

Ro(z−1)
So(z−1) = ro0 + ro1z

−1 + ro2z
−2

(1 + so1z−1)(1 − z−1) (4.57)

Figure 4.17 shows a comparison between the current difference of the complete and
simplified models and the current image of ∆m. The current image of ∆m is obtained
by multiplying ∆m by the simplified model (T (z−1)). The comparison shows that the
estimation is satisfactory and the current control is tested next with and without the
model observer.
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Fig. 4.17 Current difference of the complete and simplified models and the current
image of the observed NT for Iref = 10A and Ωmec = 1000rpm.
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The control system parameters used for the current control are shown in table
4.2. L0 is chosen to be 30 mH for the comparison. This value does not affect greatly
the control performance (refer to the next subsection 4.4.5.5). In order to evaluate
the observer and the controller performance, the maximum error between the current
reference and the current (ermax) is used. Moreover, 4 operation points are tested:

1. low speed - low load operation point (Ωmec = 1000rpm − I1 = 5A ),

2. low speed - high load operation point (Ωmec = 1000rpm − I1 = 10A ),

3. nominal speed - low load operation point (Ωmec = 3500rpm − I1 = 5A ),

4. nominal speed - high load operation point (Ωmec = 3500rpm − I1 = 10A ).

Parameter Symbol Value Unit
Pole Pairs Number p 2 −
Nominal Mechanical Speed Ωnom 3500 rpm

Maximal Mechanical Speed Ωmax 7000 rpm

Phase Resistance rs 0.49 Ω
Model Inductance L0 30 mH

DC Voltage VDC 200 V

Closed Loop Bandwidth Freq FBW 2000 Hz

Sampling Time Ts 0.0001 s

Controller Coefficient 1 r0 1.81 −
Controller Coefficient 2 r1 −1.43 −
Controller Coefficient 3 r2 0.01 −
Controller Coefficient 4 s1 0.86 −

Table 4.2 Control system parameters.

Simulation results are shown for these 4 operation points on figure 4.18 using the
the 4th order RS controller without the NT observer, and on figure 4.19 with the NT
observer. The simulation results show a very good control of the current at 100 rpm for
both load points for both cases. The case of 3000 rpm shows a slight current overshoot
on the current maximal value that remains acceptable (1.3 A for the case without the
observer and 1 A for the case with the observer).
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Fig. 4.18 Simulation results using Matlab/Simulink for the 4th order RS controller
without model observer for four operating points.
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Fig. 4.20 Bode diagram of the transfer function between the non-linear terms and the
output current with the presence of the current controller in a closed loop.

The introduction of the observer does not show a significant improvement for the
reason that the control is already satisfactory. Figure 4.20 shows the bode diagram of
the transfer function Ia(z−1)

NI(z−1) when the controller is present and the system is closed
loop. Equation (4.50) that the maximal fundamental frequency of NT is of 3ωe since
Lij have a fundamental frequency of 2ωe and the phase currents of ωe. Therefore,
the maximal frequency is for Ωmax = 7000rpm, and the corresponding 3ωe is 700 Hz.
The magnitude of the bode function on this frequency is −10dB which reduces this
maximal frequency perturbation by 66 %.

4.4.5.5 Choice of L0

L0 is the linearisation inductance value to simplify the model for the controller determi-
nation. In order to evaluate the impact of its value on regulation the Total Harmonic
Distortion (THD) will be used. The THD shows the ratio of the harmonic content of
the signal with respect to its fundamental value ans is expressed as the following:

THD =
∑

I2
harmonics

I2
fundamental

(4.58)

Figure 4.21 shows the variation of the THD versus the value of L0. For L0 values
between 10mH and 43mH, the THD is below 0.05%. These limit values correspond to
approximately the max(Laa) and min(Laa) values of the machine. Therefore, values
in [in(Laa) max(Laa)] deliver acceptable control performance. This is the case on the
whole speed range.
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Fig. 4.21 THD vs model inductance (L0) for low speed full load operation point
(Ωmec = 1200rpm − I1 = 10A − φ1 = 51° ) from Matlab/Simulink simulations.

4.4.5.6 Controller for Harmonics Injection

The injection of current harmonics adds an extra constraint on the closed loop band-
width. The system in closed loop with the controller should be able to inject the current
harmonics in the system. However, the maximum injected frequency is limited by the
PWM carrier frequency (Fcar). Figure 4.22 shows the different system frequencies, the
desired system performance in closed loop, and the frequency limitations in the case
of harmonics injection. In the studied case, the PWM carrier frequency is the same
as the sampling frequency (Fcar = Fs). In other terms, the controller calculates its
output at every PWM period. Fbw should respect a 1/2 decade limitation with respect
to Fcar or else the carrier frequency will affect the system regulation in closed loop. In
addition, the maximum controller frequency (5Fe for 5th harmonic injection) should be
at least 1/2 decade less than the Fbw. Hence, since the carrier frequency is fixed at
10kHz, the maximal current fundamental frequency is 60Hz which corresponds to a
machine speed of 1800rpm. A margin will be kept and the maximal operating speed
(Ωmax) will be chosen at 1500rpm.

This is chosen mainly to be able to evaluate the current harmonics injection in the
three operating zones of the SynRM (refer to 1.2.4). However, in an industrial system
where the maximum speed cannot be reduced the harmonics injection can be limited
to speeds below the nominal speed. Another solution is to increase the PWM carrier
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Fig. 4.22 Asymptotic bode diagram with the different system frequencies and conditions
for 3rd and 5th harmonics injection.

frequency. However, higher PWM frequencies leads to the increase of the commutation
losses in the conventional power electronics.

In order to be able to operate in the three operation zones, the DC voltage should
be limited. For VDC = 30V the performance envelope on figure 4.23 is obtained with
the corresponding fundamental current amplitude and phase angle up to 1500rpm.

From a control point of view, two limits exist in the system: the voltage limit and
the bandwidth limit. The voltage limit is introduced by a saturation on the control
output variables ma and mb. This limit defines the torque limits in operation zones
2 and 3 (refer to section 1.2.4). Therefore, in these two zones, the variation of ma

and mb is approximately between −1 and 1. This can be seen in figure 4.24 for the
maximal speed operation point.

On the other hand, the bandwidth limit determines the maximal frequency after
which the controller cannot follow the reference imposed. This limit determines whether
a current harmonic can be injected or not in the system. In the studied case, the 5th

harmonic is the greatest harmonic injected in the system. In this regard, at the maximal
speed of 1500rpm the fundamental is at 50Hz since p = 2 and the 5th harmonic is at
250Hz. The bandwidth of the system in closed loop is 1500Hz and is 6 times greater
(0.778 decade) than the maximal 5th harmonic frequency. It is known in control theory
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Fig. 4.24 Control output m1 for maximal speed operation point(Ωmec = 1500rpm−I1 =
3.75A − φ1 = 75° ) from Matlab/Simulink simulations.

that a bandwidth of more than 0.5 decade greater than the maximal injected frequency
is acceptable. Figure 4.25 shows the current control for the maximal operation speed
and harmonic injection with I3 = I5 = 10%I1. A good control is observed and figure
4.26 shows that there is no saturation in the control. This proves that the chosen
bandwidth is adapted for the application. However, there is always a voltage limitation
that limit the quantity of the harmonic injection that should be observed on the test
bench.
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Chapter Conclusion
This chapter presents the phase current harmonics injection and its impact on the
SynRM performance. First, the electromagnetic model of a m-phase SynRM is devel-
oped and the interaction between the current time harmonics and the inductance space
harmonics is formalized. It has been shown that there exists two non-zero average
torque generating mechanisms: the proper influence of each current harmonic and the
interaction between the different current harmonics. Later, current harmonics injection
was formulated for a general 2-phase SynRM and was applied to the machine design
developed in Chapter 2. It has been observed that at a constant rms current value, the
average torque does not increase even with current harmonics injection. However, there
exists a locus where the 3rd and the 5th harmonics should be injected simultaneously
and where I3 = I5 that does not theoretically decrease the torque. It has been found
out with the help of an optimization algorithm that on this locus the torque ripple
decreases significantly.

The second part of this chapter discusses the phase current control of the SynRM.
Firstly, the control reference is chosen to be the (ab) reference since park’s (dq) reference
is not beneficial in this case. Secondly, the models of the 2-phase SynRM and the power
electronics are established to be able to synthesize the controller. A first controller is
proposed for the case to reach 7000 rpm with the current fundamental only. An 4th

order RS controller is used, and the controller coefficients are calculated based on a
simplified linearised model. An observer is set up and tested to estimate the non-linear
terms of the model. This observer gave slightly better results in control. However, it is
moderately beneficial since the introduced controller rejects signal variations in the
frequency domain of the non-linear terms. The inductance around which the model is
linearised is then studied and the case of one operation point is discussed later in this
chapter. A second control study is carried out for current harmonics control. Since the
PWM carrier frequency is fixed, the speed of the machine should be limited to be able
to inject harmonics on the whole speed zone. Therefore, the machine speed is limited
to 1500rpm and VDC to 30V to be able to inject the 3rd and the 5th current harmonics
on the whole speed range. Finally, the second controller is tested and the case of the
maximal rotation speed with harmonics injection is shown.
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This chapter validates experimentally the analytical design procedure developed
in chapter 2, the design optimization study presented in chapter 3 and the current
harmonics injection developed in chapter 4.

5.1 SynRM Prototype and Test Bench

5.1.1 Test Bench Description

The different components of the test bench are presented on figures 5.1, 5.2 and 5.3.
The controller is implemented on a DSpace module where two cards are used: the
DS2004 and the DS5101. The DS2004 is used to acquire the data, and the DS5101
is used to generate the PWM. In order to set the system speed, a speed controlled
MAGTROL hysteresis brake (Model HD-710) is used. The MAGTROL provides the
instantaneous torque as an analogue output received by DS2004 to visualize the torque
and to be able to calculate Tavg and Tripple.

Two types of sensors are used on the test bench: the angular position sensor and
the phase current sensors. The angular position sensor is a synchro-resolver (LTN
model RE-15-1-B24). The sensor output is read by DS2004 and converted to acquire
the machine angular position. On the other hand, the current sensors are hall effect
sensors (LEM LTS 6NP) that send a voltage image of the currents to the DS2004 as
well.

The DC voltage is supplied by a 3-phase Graetz bridge rectifier (Model: LANGLOIS
Compak40) that can deliver up to 4kW . The output DC voltage is regulated by an
autotransformer and a capacitor (3300µF − 350V ) is put in parallel to insure the
current reversibility of the test bench (for motor and brake operations).

For the power electronics, 2 H-bridge modules are used to feed the 2 SynRM phases.
The H-bridges use IGBT transistors supplied by Fuji Electric (Model 2MBI 100N-60),
and the drivers are supplied by ARCEL (Model ARCAL 2106). The ON/OFF state of
the power electronics modules is controlled by the DS5101 of DSpace.

The power of the two phases as well as the power delivered by the DC source are
measured by a 4-channel power meter supplied by ZES Zimmer Electronic Systems
(Model LMG450).
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Fig. 5.1 Components of the developed test bench; DSpace is used for the implementing
current controller, reading the mechanical and electrical variables an generating the
PWM signals; 2 H-bridge converters are used for the power electronics.
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Fig. 5.2 Laminations and the different constituents of the initial SynRM design
prototype, M330-35A laminations are used for the prototype.
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Fig. 5.3 Machine Prototype and the Hysteresis Brake.
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5.1.2 Conductors per Slot Number

The number of conductors per slot (Nc) comes at the end of the design process when
the machine cross section is obtained. The main issue in the choice of Nc is to be able
to respect the nominal voltage at nominal speed and nominal torque. The maximum
speed point should be investigated from a general point of view. However, since there is
no torque constraint in this part at maximum speed, only the performance at nominal
point will be evaluated.

FE simulations show that the required torque of 2.2Nm is achieved when A.Nc =
300Atr where A is the current’s amplitude. At nominal speed of 3500rpm, the nominal
voltage should be around 125V rms. Varying the number of conductors, a Nc = 30 is
found to respect the voltage limit with a 10% margin (Phase Induced Voltage = 112
Vrms). The corresponding current amplitude will be Iph = 10A and the phase total
resistance is estimated at 0.5Ω. Therefore, a superior limit of the phase voltage can be
calculated as the following:

Vlimit = Vinduced + RIrms = 115.5Vrms (5.1)

Therefore, a Nc = 30 is chosen for the design. In addition, the maximal current
density is obtained at maximal torque. The current density at nominal torque can be
calculated as the following:

Js = Irms ∗ Nc

Sslot

= 300√
2.140

= 1.515A/mm2 (5.2)

The current density of 1.1515A/mm2 is lower than the maximal 5A/mm2 imposed,
and the current can be increased to obtain more machine torque.

5.2 Characterization of the Initial SynRM Design

5.2.1 Static Characterization

The developed machine is first tested statically to verify its ability to provide the
required torque. A DC current is introduced into two machine phases in order to
simulate a static operation point of the SynRM. An external machine is used to rotate
the SynRM’s rotor and a force sensor attached to the SynRM’s stator is used to deduce
the torque delivered by the machine. Figures 5.4 and 5.5 show the obtained static
torque at IDC = 7A and IDC = 10A respectively in comparison with the FE simulation
torque.
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The direct inductance (Ld) and the quadrature inductance (Lq) are measured by
means of imposing an AC current in a phase while fixing the position of the rotor in
the direct or the quadrature position with respect to the powered phase. The direct
and quadrature inductances are measured as follows:

Ld,q = m

2
Q

2πfeI2
rms

(5.3)

where m is the phase number = 2, Q is the reactive power in V AR, fe is the current
frequency and Irms is the RMS value of the current.

The obtained values of the inductances are shown on figure 5.6. A saturation is
observed on both the direct and the quadrature inductances. The saturation of the
quadrature inductance is observed at low currents which corresponds primarily to the
saturation of the ribs and the bridges. The direct inductance undergoes the saturation
effect staring from Irms ≈ 4A. The full load operation point is at Irms = 7.07A and the
corresponding values of the inductances are Ld = 30mH and Lq = 13mH. Therefore,
the saliency ratio is ξ = 2.3.
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Fig. 5.6 Ld and Lq in function of Irms.
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5.2.2 Torque Characterization

The current controller studied in section 4.4 is put in place. The verification of the
control is shown in the next section. In this part, the current imposed in the 2 phases
are purely sinusoidal and are expressed as the following:

Ia(t) = I1cos(ωet + φ1)
Ib(t) = I1cos(ωet + φ1 − π/2)

(5.4)

The average torque in the steady state as a function of the current amplitude for
different values of φ1 is shown on figure 5.7, whereas the average torque as a function
of φ1 for different values of I1 is shown on figure 5.8. The figures show that the MTPA
phase angle tends to be bigger when the current increases. In other terms, more the
machine is saturated more q-current (Iq) with respect to the d-current (Id) is needed
to ensure maximum torque at the same current magnitude.
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5.3 Current Control Validation

Two RS controllers where studied in section 4.4. The first controller was synthesized
for the case where the maximum speed is Ωmax = 7000rpm, and only the fundamental
current frequency is considered. The corresponding DC voltage (VDC) is 200 V . The
second controller is determined for harmonics injection in the phase currents. The
current harmonics add a complementary constraint on the system frequencies, and the
speed should be reduced in order to keep the PWM carrier frequency at 10kHz. The
maximum considered speed is Ωmax = 1500rpm in this case to be able to inject the 3rd

and 5th current harmonics on the whole speed range. The corresponding DC voltage
(VDC) is 30 V in this case to be able to evaluate the field-weakening zone. This section
will examine experimentally the two developed current control loops.

5.3.1 Current Control Validation for VDC = 200V

The controller studied in this case is a 4th order RS controller with a bandwidth
frequency (Fbw) of 2000 Hz. The parameters of the controller and the system can be
found in table 4.2. In order to evaluate the control performance, 4 operations points
below or at the nominal speed are tested first:
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• low-load low-speed operation point (I1 = 5A and Ωmec = 1000rpm)

• low-load nominal-speed operation point (I1 = 5A and Ωmec = 3500rpm)

• high-load low-speed operation point (I1 = 10A and Ωmec = 1000rpm)

• high-load nominal-speed operation point (I1 = 10A and Ωmec = 3500rpm)

The controller output ma is plotted on figure 5.9 as well as the reference and actual
phase currents. The current control shows acceptable performance for all 4 cases. At
nominal speed, the current shows oscillations at its minimum and maximum values.
This is primarily due to the impact of the saturation on the integral function in the
controller even if the controller contains an anti-windup function. In order to limit
this oscillation, a solution consists of disabling the integral function from the controller
when saturation occurs. However, the current control is considered as acceptable in
the presented case.

Figures 5.10(a,b) show the current control performance in zone 2 for Ωmec =
5000rpm at low-load (Iamax = 5A, φ1 = 68°) and at maximal load (Iamax = 10A,
φ1 = 68°). Similar oscillations to the case of the control at nominal speed are observed
due to controller saturation as well. Furthermore, figure 5.10(c) shows the current
control at the maximum speed operation point on the envelope in zone 3. At this
speed, the current is not able to follow the current reference due to the lack of voltage
input. Although the controller output ma is at its maximal value of 1, the voltage
is not sufficient for the current control. Therefore, a bang bang phenomenon where
the controller output changes values from maximum to minimum value is seen. From
the power of electronics point of view, the phenomenon is called over modulation. To
resolve this issue, VDC should be increased or the current should be decreased.
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Fig. 5.9 Performance of the current controller for the four sample operation points in
zone 1.
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Fig. 5.10 Performance of the current controller for the two sample operation points
in zone 2 Ωmec = 5000rpm : (a) low-load operation point (I1 = 5A, φ1 = 68°), (b)
full-load operation point (I1 = 10A, φ1 = 68°), and (c) for the maximal speed operation
point in zone 3: Ωmec = 7000rpm where I1 = 5A, φ1 = 76°).
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5.3.2 Current Control Validation for VDC = 30V

The DC voltage used in the case of harmonics injection is VDC = 30V in order to limit
the machine speed and have the 3 operation zones as shown in section 4.4.5.6. The
controller studied is a 4th order RS controller with a bandwidth frequency (Fbw) of
1500 Hz. The current injected in the machine contains the 3rd and the 5th harmonics,
and the current references for phase a and b are written as the following:

Iaref = I1cos(ωt + φ1) + I3cos(3ωt + φ3) + I5cos(5ωt + φ5)
Ibref = I1cos(ωt + φ1 − π/2) + I3cos(3(ωt − π/2) + φ3) + I5cos(5(ωt − π/2) + φ5)

(5.5)

In order to evaluate the control performance, 4 operations points are tested:

• low-load low-speed operation point (I1 = 5A and Ωmec = 300rpm)

• low-load nominal-speed operation point (I1 = 5A and Ωmec = 500rpm)

• high-load low-speed operation point (I1 = 10A and Ωmec = 300rpm)

• high-load nominal-speed operation point (I1 = 10A and Ωmec = 500rpm)

For these 4 operation points, the phase angle is 53° which corresponds to the MTPA
angle found experimentally for I1 = 10A (refer to figure 5.8). Furthermore, the current
harmonics amplitude are I3 = I5 = 1A for all the operation points.

The controller output ma is plotted on figure 5.11 as well as the reference and
actual phase currents. At full load, the controller output ma saturates (gives values =
1). Nevertheless, an acceptable current control is observed on these limit points.

Figures 5.12(a,b) show the current control performance in zone 2 for Ωmec =
700rpm at low-load (I1 = 5A, φ1 = 68°) and at maximal load (I1 = 10A, φ1 = 68°).
Furthermore, figure 5.12(c) shows the current control at the maximum speed operation
point on the envelope in zone 3. These figures show better current control than that in
case of VDC = 200V even though a saturation of the control output (ma) is observed
on the performance envelope.
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Fig. 5.11 Performance of the current controller for the four sample operation points
with harmonics injection in zone 1.
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Fig. 5.12 Performance of the current controller for the two sample operation points
in zone 2 Ωmec = 700rpm : (a) low-load operation point (I1 = 5A, φ1 = 68°), (b)
full-load operation point (I1 = 10A, φ1 = 68°) and (c) for the maximal speed operation
point in zone 3 (Ωmec = 1500rpm where I1 = 3.75A, φ1 = 75°). Harmonic amplitudes
I3 = I5 = 1A are defined to test the controller performance.
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5.4 Efficiency Map of the Initial Design
The efficiency map of the initial design of the SynRM is shown on figure 5.13. To
measure the machine input power a ZES Zimmer power meter model LMG450 is used
to measure the voltages, the currents and the power consumed by the two phases of the
machine. The output torque, speed and mechanical power is measured by the Magtrol
hysteresis break (refer to section 5.1.1 for the test bench details).

Since a current amplitude of 10 A is not sufficient to deliver the needed 2 Nm,
an amplitude of 11 A is permitted for the measure of the efficiency map. This will
raise the current density to 1.65 A/mm2 which stays acceptable for cooling by natural
convection. For the efficiency map, the phase angle of each point is determined to
have the maximal torque per ampere. The measurements are done in intervals of 500
rpm and 1 A. Later, a linear interpolation is used to draw the efficiency map. The
efficiency for the operation point below 0.4 Nm are not represented due to the lack of
precision of the torque sensor.

The efficiency map shows that the machine delivers its highest efficiency of 92 %
around the nominal speed at full load. It is indicated by the graph that the highest
efficiency point of the machine is outside the torque-speed envelope. This point will
not be tested since the power is limited by the Magtrol brake.
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Fig. 5.13 Efficiency map of the SynRM using the initial rotor design.
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5.5 Initial Design and Optimal Design Performance
Comparison

The design optimization presented in chapter 3 was aimed to reduce the torque ripple
(Tripple). An optimal rotor design (OD) was obtained that has roughly the same
performance as the initial rotor design (ID), that is obtained from the analytical design
procedure presented in chapter 2, except for Tripple. FE simulations show that the
Tripple of the OD is half (around 13 %) in comparison to the ID (28%) at the maximum
torque operation points. The ID and the OD are shown on figure 5.14.

Fig. 5.14 Initial rotor design (right side) and optimized rotor design (left side).

The performance between the ID and the OD is compared for 4 operation points:

• OP1: low-load low-speed operation point (I1 = 5A and Ωmec = 1000rpm)

• OP2: high-load low-speed operation point (I1 = 10A and Ωmec = 1000rpm)

• OP3: low-load nominal-speed operation point (I1 = 5A and Ωmec = 3500rpm)

• OP4: high-load nominal-speed operation point (I1 = 10A and Ωmec = 3500rpm)

These operation points are either on the nominal speed (3500 rpm) or on a speed
less than the nominal speed (1000 rpm). The field-weakening zones will be treated
later in section 5.7. The results are shown in table 5.1. These experimental results
prove what was concluded by the FE simulations that the two designs give similar
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results except for the torque ripple. The OD shows a significant reduction of the torque
ripple at the two operating points of 1000 rpm. However, this reduction becomes less
apparent for 3000 rpm. This is due to phase current control that introduces current
harmonics. As seen in figure 5.9, the current at nominal speed does not follow perfectly
the fundamental current reference. This introduces current harmonics that reduce the
torque ripple of the machine as will be seen in the next section.

OP1 OP2 OP3 OP4
ID OD ID OD ID OD ID OD

I1 (A) 5 5 10 10 5 5 10 10
Φ1 (°) 50 51 53 54 50 51 53 54
(Ωrpm) 1000 1000 1000 1000 3500 3500 3500 3500
Phase Voltage (Vrms) 20 22.8 36 39 70 69 112 115
Tavg (Nm) 0.325 0.315 1.8 1.83 0.32 0.31 1.55 1.62
Tripple (%) 25 13 22 11 7 5 11 7
Power Factor (−) 0.39 0.36 0.51 0.51 0.32 0.31 0.46 0.45
Efficiency η (%) 64 62 76 79 77 74 88 91

Table 5.1 Experimental performance comparison between the design based on the
analytical approach (ID) and the optimized machine design (ID) for 4 operation points.

5.6 Experimental Validation of Harmonics Injec-
tion

For harmonics injection, the third and the fifth current harmonics are considered and
the currents are expressed as the following:

Ia(t) = I1cos(ωt + φ1) + I3cos(3ωt + φ3) + I5cos(5ωt + φ5)
Ib(t) = I1cos(ωt + φ1 − π/2) + I3cos(3(ωt − π/2) + φ3) + I5cos(5(ωt − π/2) + φ5)

(5.6)

As shown in chapter 4, the harmonics injection in the phase currents can lead to a
reduction of the torque ripple (Tripple) of the machine. Moreover, when the 3rd and
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the 5th harmonic are injected simultaneously with the same amplitudes (I3 = I5), the
torque theoretically does not decrease in comparison with the case of a pure sinusoidal
current. The model that was used to establish this hypothesis does not take into
account the supplementary core losses due to current harmonics. Therefore, the current
harmonic concept will be put to test experimentally in this section. The initial design
of the SynRM rotor is used for the demonstration.

First, current harmonics are injected for an operation point at MTPA. For the
MTPA operation point, the RMS current is Irms = 7.07A and the phase angle of the
fundamental current is φ1 = 53°. When harmonics are injected, the RMS current
should be kept constant and the following equation should be respected:

I2
1rms + I2

3rms + I2
5rms = max(Irms)2 (5.7)

In terms of current amplitude, the relation can be written as:

I2
1 + I2

3 + I2
5 = max(I1)2 (5.8)

Harmonic injection is performed on the test bench, and a comparison between the
case without harmonic injection and the case with harmonic injection (I1rms = 6.93A,

I3rms = I5rms = 1A) is shown on figure 5.15. The graph shows a slight decrease of the
average torque (from 1.77Nm without harmonic injection to 1.75Nm with harmonic
injection). This is mainly due to the increase in core losses in the machine structure
when injecting harmonics. Nevertheless, this decrease is negligible (∼ 1%). On the
other hand, Tripple decreases from 20% to 4% with harmonics injection.

As seen in chapter 4, the individual values of φ3 and φ5 are not important in
contrast to the value of their difference φ3 − φ5. This is proven experimentally by
changing the values of the φ3 and φ5 while keeping their difference constant. The
impact of thies variation on Tavg and on Tripple is negligible. Furthermore, the optimal
φ3 − φ5 value is experimentally found at −135°. On the other hand, figure 5.16 shows
the Tavg, Tripple and ∆T (see equation (4.16)) as a function of I3rms = I5rms for the
locus shown on figure 4.6. The reason for taking directly the locus values (from the
simplified model) and not the optimization values (from the pareto front on figure 4.8)
is that they do not need an optimization procedure to be evaluated. Thus they could
be generalized to any other 2-phase SynRM. The minimal torque ripple obtained is
about 3%. A constant torque is not obtained on the locus of figure 4.6 since the core
losses increase in the machine due to harmonics injection. Figure 5.16 shows also that
without fundamental current (I1rms = 0 and I3rms = I5rms = 5A), Tavg is about 44% of
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the value with the fundamental current only. However, competitive operating points,
where the Tavg decreases slightly and the Tripple is around 3.5% from an initial value of
20%, are documented.
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Fig. 5.15 Torque comparison between the case without harmonics injection (I1rms =
7.07A, I3rms = I5rms = 0A) and the case with harmonic injection (I1rms = 6.93A,
I3rms = I5rms = 1A).
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5.7 Experimental Comparison of Torque Ripple Re-
duction Techniques

This part deals with the experimental comparison of torque ripple reduction between
design optimization and harmonics injection on the whole torque-speed envelope. VDC

is fixed at 30 V . I1 and φ1 evolve according to figure 4.23. The speed is limited to 1200
rpm, and the nominal speed is 400 rpm (refer to figure 4.23). The speed is limited due
to harmonics control issues as seen in section 4.4.5.6.

The average torque and the torque ripple on the torque-speed envelope are shown
on figures 5.17 and 5.18. Concerning the optimized design, the machine shows an
improvement on the whole speed range with respect to the initial design (refer to
figure 5.18). This proves what was found by simulation in section 3.7. The optimized
machine shows a slightly lower torque as was found also by simulation in section 3.7
especially in the field weakening zone.

Even though the harmonics injection where studied in chapter 4 for speeds below
nominal speed, the experimental results show harmonics injection on the whole speed
range to study their effect. The case of the harmonics injection for the initial design
shows a significant reduction of torque ripple on the whole speed range. The torque
ripple with harmonics injection is lower than the optimized design’s torque ripple at
speeds lower than the nominal speed. Furthermore, the average torque in the case
of harmonics injection is roughly the same as the case without harmonics injection
below the nominal speed. However, in the third zone (field weakening zone where the
current amplitude decreases as shown in figure 4.23), the harmonics amplitude that
can be injected satisfying equation (5.8) is higher. In this zone, the torque is shown to
increase with harmonics injection. This is a result of the generation of torque due to
current harmonics that can be added to the fundamental torque generation.

In the case of harmonics injection for the optimized design, it has been found that
more current harmonics are needed in order to decrease the torque ripple significantly.
This leads to a decrease in torque due to excess losses and the reduction of the
fundamental current even if the same locus as shown on figure 4.6. Harmonics injection
leads to a reduction in torque ripple to around 3 % for speeds below the nominal speed
and a maximal torque ripple of 8 % on the whole speed range.
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Fig. 5.17 Torque-speed envelope of the initial design and the optimal design with and
without harmonics injection.

0 200 400 600 800 1000 1200
0

5

10

15

20

25

30

35

40

45

50
Initial Design 
Initial Design + Harmonics Injection   
Optimized Design 
Optimized Design + Harmonics Injection  

To
rq

ue
 R

ip
pl

e 
(%

)

Mechanical Rotation Speed (rpm)
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Chapter Conclusion
This chapter handles the experimental validation of the theoretical and simulation
aspects of the thesis. First, the machine prototype and the test bench are presented
with the different equipment used. Then, the initial SynRM design that is based on
the analytical procedure presented in chapter 2 is characterized. The characterization
shows that a current amplitude of 11 A is needed in order to obtain the desired 2
Nm. In addition, it has been shown the evolution of the MTPA angle with the current
amplitude. Afterwards, the current control loop is tested experimentally and validated
for 2 cases: VDC = 200V and VDC = 30V . The first voltage is used to obtain a speed
of 7000 rpm and the second to be able to inject current harmonics on the whole speed
range. The efficiency map obtained experimentally of the initial design is shown as
well in this chapter. Then, the initial design and the optimal design performances are
compared for 4 operation points below nominal speed. Moreover, the torque ripple
reduction ability of the harmonics injection was proven experimentally and shown in
this chapter. The last part of the chapter compares the torque ripple reduction of the
optimal design and compared it to the torque reduction by harmonics injection. Both
show a significant reduction. The harmonics injection concept reduces the torque ripple
more than the optimization by design but is limited to low speeds since the controller
has a limited bandwidth to control the current harmonics. Torque ripple minimisation
by design shows a better performance on the whole speed range and when associated
with harmonics injection, it gives the best torque reduction capabilities.
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The aim of this chapter is to propose a SynRM design that meets the requirements
set for a mid-power traction application. The design procedure uses computer aided
optimization design acting on the SynRM rotor and stator.

6.1 Machine Electromagnetic Specifications

The specifications of a machine in a general VSD application are defined in several
domains: the mechanical domain where the machine should be mechanically strong and
should withstand the maximal angular speed, the acoustic design where the machine
should not exceed a certain acoustic threshold, the thermal domain where the limit
temperatures of the machine components should be respected, and finally the electro-
magnetic domain. The electromagnetic domain determines the output electromagnetic
torque and power capability with the voltage and the current limitations. Figure 6.1
shows the transient and the continuous torque envelopes. The most demanding from
an electromagnetic perspective is the transient mode and the machine should be sized
accordingly.

The main limits for the machine operation in an EV are the DC voltage (battery
voltage) limit and the current density limit that is determined by the cooling system.
The maximal voltage and the RMS current are also limited by the power electronics
module. In the presented case, a VDC of 300V is used to represent the battery voltage.
Neither the maximal current RMS value nor the current density are limited. They will
be later analysed when the machine cross section is obtained.

There are two volume constraints for this application:

• maximum stator outer diameter (Dstat) = 210mm.

• maximum machine active length (La) = 228mm.

6.2 SynRM Design

6.2.1 Design Approach

The design procedure will rely on an optimization study to define the SynRM cross-
section. The fixed parameters for the optimization are shown in table 6.1. The current
excitation in purely sinusoidal and the winding is a full-pole pitch winding. Dstat and
La are chosen to be the maximal accepted values. When the machine cross-section
is defined, La, the number of conductors per pole per phase (Nc), and the current
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Fig. 6.1 Torque specifications for the transient and the continuous modes for a traction
application.

amplitude will be chosen for that the machine can meet the required torque-speed
specifications.

The variables of the SynRM to be optimized are the following (refer to figure 6.2
for the stator variables):

• Stator yoke height (Ys)

• airgap diameter (stator inner diameter) (Dg)

• slot width (ws)

• slot opening (Os)

• slot opening height (hs)

• rotor q-axis insulation ratio (Kwq)
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Parameter Symbol Value Unit
Slot Number Ns 32 −
Current Density Js 10 A/mm2

Stator Outer Diameter Dstat 210 mm

Active Length La 228 mm

Stator Slot Filling Ratio Rf 50 %
Airgap Width g 0.5 mm

Shaft Diameter Dshaft 30 mm

Phase Number m 2 −
Pole Pair Number p 2 −

Table 6.1 Fixed parameters for the SynRM design optimization.

• current phase angle with respect to the d-axis (φ1)

The optimization variables that define the rotor design are Dg and Kwq. When
Dairgap is defined from the optimization iteration the rotor outer diameter (Drotor) is
calculated as the following:

Drotor = Dg − 2g (6.1)

In addition, the procedure based on the flux lines in a solid rotor and the uniformity of
the magnetic flux is used to draw the rotor (see section 2.3). This procedure requires
the value of the rotor q-axis insulation ratio Kwq which is defined as an optimization
variable.

Furthermore, the stator design is defined by Ys, Dg, ws, Os and hs (refer to figure
6.2). φ1 is the current phase angle with respect to the d-axis. The current equation of
phase a is written as:

Ia(t) = I1cos(ωet + φ1) (6.2)

where ωe is the electric frequency (rd/s) of the current. The value of φ1 varies from
one design to another since it is affected by several non-linearities like the saturation
and the axes cross-coupling.
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Fig. 6.2 Variables defining the stator geometry in the optimization procedure.

6.2.2 Parametric Optimization and Resultant Design

Concerning the optimization objectives, many criteria can be taken into account. For
instance, in [109], six optimization criterion are taken into account for a single SynRM
operation point: maximum torque per current density, maximum torque per Joules
losses, maximum efficiency, maximum torque per kVA for a specified current density
or maximum torque per kVA for with a minimal accepted torque limit. These 6
optimization criteria give different designs each.

Furthermore, in a complete optimization study for a traction application, several
operation points should be taken into account that represent a standard drive cycle
like the NEDC cycle (see chapter 1).

However, this study is merely a preliminary investigation and will optimize on
the basis of the maximal torque per current density on the maximal load operation
point at a speed below nominal speed. The integration of a several operating points
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optimization, and the introduction of a multi-objective optimization can be later
studied in a future work. The optimization algorithm used in the studied case is shown
on figure 6.3 and the optimization problem is defined as the following:

max
Ys,Dg ,ws,Os,hs,Kwq ,φ1

Tavg

C : Js = 10A/mm2
(6.3)

The optimization algorithm used is the Nelder-Mead simplex algorithm. The values
of the initial values are calculated by the homothety of the design found in chapter 2.
These values and the values of the variables after optimization are shown in table 6.2
and the evolution of Tavg in function of the optimization iteration number is shown on
figure 6.4. The obtained design is shown on figure 6.5. At the same current density,
the optimized SynRM design has gained 47% more torque.

The optimization procedure has the following characteristics:

• Number of function evaluations: 212

• Time of optimization: around 13 hours

• 47% more torque than the initial design

Parameter Initial Value Value after Optimization
Ys 14mm 18.5mm

Dg 136.5mm 108mm

ws 9mm 7.4mm

Os 2mm 2.7mm

hs 1mm 0.77mm

Kwq 0.5 0.48
φ1 51° 61°

Table 6.2 Initial and final variable values after optimization for Js = 10A/mm2.
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Fig. 6.5 Final design after the optimization.
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6.2.3 Mechanical Validation

The Von Mises stress test is shown on figure 6.6. The steel used for the design is
M400 − 35A the same as the one used for the prototype. The maximal reported
stress at 10500 rpm is around 210 MPa (a safety margin of 45 % for an elastic limit
of 385 MPa) and is considered safe at the maximal speed. Moreover, the maximal
deformation of the rotor for the 10500 rpm is 21.65 µm or 4 % of the airgap length.

Fig. 6.6 Rotor stress (Von Mises element stress) and mechanical deformation for the
proposed design at 10500 rpm.

6.3 Design Variation and Specification Compari-
son

Now that the machine’s cross-section is obtained, the SynRM active length (La), the
number of conductors per slot (Nc) and the current density can be chosen. In a general
case, the torque of the machine is proportional to La and in the case of the SynRM,
the torque is proportional to the square of the current density:

TSynRM ∝ LaJ2
s

∝ La(IrmsNc)2
(6.4)
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where
Irms = JsRfSslot

Nc

(6.5)

Rf represents the stator slot fill ratio and Sslot the slot area.
In the case of a sinusoidal steady state, the phase induced voltage (Vinduced) is

proportional to the phase flux linkage. In addition, the flux linkage is proportional to
La and the following equation can be written for the sinusoidal steady state:

Vinduced = NcΦelemLa (6.6)

where Φelem is the flux linkage per length unit per elementary coil.
The machine is limited by the current density on the torque-speed envelope below

nominal speed and by the voltage above it. Increasing the number of conductors (Nc)
leads to the increase of the phase induced voltage and leads to the penalization of
the field-weakening zone. However, increasing Nc leads to the decrease of the current
rating which is beneficial for the power electronics. Similarly, the increase of La leads
to the increase of the Vinduced and the decrease of the current rating for a rated torque.
The idea is to chose a combination of these two variables in order to respect the most
demanding machine electromagnetic specifications imposed by the red curve on figure
6.1. The current density will be changed according to the values of La and Nc. However,
the machine design is optimized for a value of Js = 10A/mm2. It will be assumed that
the optimized cross-section is the optimal for different values of Js. This is true when
the machine does not greatly saturate for high Js. In addition, when the choice of a
given design is made, a supplementary optimization run can be done with the value of
the corresponding Js and a more adapted machine design can be obtained.

Three considerations have to be accounted for when choosing these two variables:

• The maximum current density (Js) should be limited to limit the cost and the
complexity of the cooling system associated with the machine.

• La should be as small as possible to reduce the volume of the machine and its
raw material cost.

• The maximal RMS current should be limited because the inverter’s cost increases
with the rated current.

Figures 6.7, 6.8 and 6.9 shows 3 configurations of the SynRM with different values
of La, Nc and Js that meet the electromagnetic specifications of the transient mode.
These three configurations have the following characteristics:
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• Configuration 1: High La (170 mm) - Low Js (8.5 A/mm2) - Nc = 3.

• Configuration 2: Medium La (142 mm)- Medium Js (10 A/mm2) - Nc = 3.

• Configuration 3: Low La (100 mm)- High Js (16 A/mm2) - Nc = 4.

The SynRm delivers a peak power higher than the necessary power in the three
configurations. This is necessary to be able to maintain the power needed at maximum
speed which is the most demanding operation point in the field weakening zone.

Table 6.3 compares the 3 configurations’ volume, weight, specific power, rated
current and current density. The calculated weight includes the steel and the total
copper weight (active copper + end windings). The machine housing and the shaft
are not considered. Configuration 1 needs the least current density and the rated
current, but has a low specific power. In contrast, configuration 3 delivers the highest
specific power but needs more current and current density. Therefore, a bigger inverter
is needed as well as a better heat management system. Configuration 2 delivers an
intermediary solution on the mentioned 3 performance indicators.

Configurations 1 and 2 have a Nc = 3. While, due to the small value La in
configuration 3, Nc could be chosen at 4 keeping the same voltage limit (refer to
eauation (6.6)). Increasing Nc leads to the decrease of Irms (refer to equation (6.5)).
However, in configuration 3 the current density is high and could not lead to a smaller
current rating in comparison to configuration 2.

Volume Weight Specific Rated Current
(m3) (kg) Power Current Density

(kW/kg) (Arms) (A/mm2)
Configuration 1 58.8 × 10−4 47.2 0.87 244 8.5
Configuration 2 49.2 × 10−4 41.3 0.99 287 10
Configuration 3 34.6 × 10−4 32.4 1.27 346 16

Table 6.3 Performance comparison of the different configurations.
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Fig. 6.7 FE simulation performance of SynRM configuration 1: La = 170mm, Nc = 3
and Js = 8.5A/mm2.
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Fig. 6.8 FE simulation performance of SynRM configuration 2: La = 142mm, Nc = 3
and Js = 10A/mm2.
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Fig. 6.9 FE simulation performance of SynRM configuration 3: La = 100mm, Nc = 4
and Js = 16A/mm2.
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6.4 Performance of the SynRM Configuration 2
Design

The performance of the SynRM configuration 2 (La = 142mm, Nc = 3 and Js =
10A/mm2) is studied in this section. Table 6.4 shows the performance of the machine
at nominal speed and full torque operation point obtained from FE simulations. The
power factor (0.76) is significantly higher than the case of the machine prototype
developed in chapter 2. However, this value remains low in comparison with other
machine technologies like the induction machine. A solution for increasing the power
factor relies in introducing ferrite permanent magnets. The torque ripple shown from
the FE simulation (15 %) is relatively high for such application. Nevertheless, a
supplementary optimization procedure to the rotor design can be added to reduce
the torque ripple without impacting the torque capability of the machine like done in
chapter 3. The efficiency of the machine at the nominal point is of 97.5 %. This value
is highly desirable and is comparable with PMSM [9].

Figure 6.10 shows the efficiency map of the 2nd configuration of the SynRM in the
whole torque-speed range of the application specifications obtained from FE simulations.
The core loss model used is Bertotti’s model [82] for the M330-A35 magnetic steel.
The efficiency map shows that the SynRM is highly efficient at high speeds and has a
large zone where the efficiency is more than 98 %.

Chapter Conclusion
This chapter proposes a SynRM design for a traction application that respects the
application’s electromagnetic specifications. The design is based on a combination
of the analytical rotor design presented in chapter 2 and a parametric optimization
study for the SynRM’s rotor and stator to optimize the torque per current density
of the machine. Three configurations of the SynRM design are later presented that
have diverse performances from the maximal rated current, the specific power and the
current density point of view. The performance of one of these configurations on the
nominal operation point is shown. Furthermore, the efficiency map of the machine show
that the machine design is highly efficient, primarily, due to the absence of magnet
losses and rotor Joules losses like in the case of the PMSM and the IM respectively.
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Symbol Value Unit
Current RMS value Irms 287 A

Current Angle φ1 61 °
Rotation Speed Ωmec 3500 rpm

Induced Voltage IV 102 Vrms

Average Torque Tavg 117 Nm

Torque Ripple Tripple 15% −
Power Factor PF 0.76 −
Efficiency η 97.5 %
Joules Losses PJoules 1390 W

Core Losses PCore 250 W

Table 6.4 Performance of the SynRM design under configuration 2 at nominal operation
point obtained from FE simulations.
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Fig. 6.10 Efficiency Map of the Configuration 2 of the SynRM inside the transient
mode torque-speed envelope obtained from FE simulations.



General Conclusion

This work is dedicated to the study and the performance enhancement of the SynRM.
The study concentrates on a mid-power automotive application but can be adapted
to any VSD application of the SynRM. The first chapter of the thesis puts the work
into context. It presents the electric machine in the electric vehicle, the required
machine performance and the motor trends. The reasons for choosing the SynRM
are discussed in the first chapter as well. The SynRM robustness, ease of control and
high efficiency makes it a viable candidate in the next generation of low or mid-power
traction applications. However, the SynRM’s low power factor, its high torque ripple
and its low torque density present obstacles to surmount. The SynRM concept and
its equations are presented to fully understand the machine operation. An operation
diagram of the SynRM depending on the machine speed is shown and discussed.

After a literature study, it has been found that few publications focused on an
explicit method to design the machine rotor which has a complicated topology. The
second chapter of the thesis presents an analytical design procedure of the SynRM rotor.
This design procedure is based on the flux lines and the uniformity of the magnetic
field in a solid rotor. Therefore, an analytical study that uses the electromagnetic
equations and the constitutive properties of the material is performed to obtain the
equation of the flux lines and field in a solid rotor. This procedure is compared to
the circular flux barriers design and shows better results especially on the torque per
ampere level. Several design aspects are also studied for the SynRM like the presence
of the cut-off, the ribs and the bridges’ dimensions and the insulation ratio in the
rotor q-axis. This design shows a high torque ripple rate for which an analytical
model is hard to obtain. In this regard, an optimization study is proposed in the
third chapter to reduce the torque ripple without impacting the machine torque or
the saliency ratio. The optimization problem is formalized and treated as well as the
associated optimization algorithm. The Nelder-Mead simplex algorithm is thought to
be a competitive alternative to evolutionary algorithms like genetic algorithms which
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are highly time consuming. The optimization results are shown in the third chapter
and FE simulations show that the torque ripple is cut to half its initial value.

The second axes of the study is the impact and the control of the SynRM current
harmonics. The current harmonics impact on the machine average torque and the
torque ripple in a general m-phase machine is studied in chapter 4. Then, the harmonics
injection is applied to a 2-phase machine. The two phase machine has the ability to
generate a non-zero average value torque from the 3rd and the 5th current harmonics
which is the main reason for this choice. The harmonics injection applied on the
2-phase machine model shows that the torque ripple can be reduced by 40 % at the
same average torque. This is done by simultaneously injecting two consecutive odd
harmonics at the same amplitude. The third and the fifth harmonics are chosen since
they are easier to control than higher harmonics. The current control is studied also in
the fourth chapter. The current reference is chosen as the (ab) reference since the (dq)
park transformation is found not to have a significant benefit for harmonics control in a
2-phase machine after a study on a general m-phase machine. The SynRM is modelled
in Matlab/Simulink and a 4th order RS controller is synthesized. The machine model
is linearised around an inductance value in order to determine the RS coefficients.
Therefore, the impact of this linearisation is evaluated and a model observer is proposed
to estimate to non-linear terms. This observer showed a slight improvement in the
control. However, since the RS controller is robust enough to eliminate model variations,
the controller shows good results without the model observer as well. Another RS
controller is studied to be able to inject harmonics on the whole speed range which is
reduced in the perspective to not increase the PWM carrier frequency.

The fifth chapter of this thesis validates experimentally wthe findings of the previous
chapters by theory or by simulation. The test bench is shown, and the equipment is
described. Afterwards, the machine design based on the analytical procedure presented
in chapter 2 is characterized. The current control is also validated, and the limitations
are shown and are discussed. Then, the experimental efficiency map of the initial design
is presented, and the inital design is compared to the optimized design in chapter 4 for
4 operation points. Concerning the harmonics injection, the experimental data show
that the torque ripple can decrease as low to as 4 % without impacting significantly
the torque of the machine. An experimental comparison of torque ripple reduction
capabilities between the design optimization and harmonics injection is finally shown in
the fifth chapter. It has been shown as well that combining the two procedure results
in a torque ripple around 3 %.
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The sixth chapter presents a design procedure of a SynRM for a traction application.
First, the electromagnetic specifications for a mid-power traction application are
presented. A design optimization procedure is defined afterwards to optimize the
torque per current density of the machine. The conductors per slot and the machine
active length are studied and 3 configurations with different strong-points are presented.
One configuration requires a low current density while the other has a high power
density. The third configuration has in intermediate values. The performance of this
configuration is shown using FE simulations.

The prospects of this work are the following:

• Firstly, from a design point of view, the optimization algorithm will be evaluated
to include an efficiency constraint and a power factor constraint for the machine
design.

• Secondly, since the interaction of the 3rd current harmonic and the 5th current
harmonic reduce the torque ripple without theoretically impacting the average
torque, this could be extended to 3 phase machines. The harmonics injection will
be tested in a 3-phase machine which represents the vast majority of the SynRM
configurations.

• Finally, a third prospect would be in developing a general control law that
determines the harmonics injection rate (I3 = I5) directly in function of the
operation point without taking into account the machine parameters. This allows
to implement the harmonics injection concept to any SynRM without extensively
studying its parameters.
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