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1. Introduction
In acoustics, the propagation phenomenon is
modeled by the wave equation, that reduces to
the Helmholtz equation in the frequency do-
main. In this framework, standard Finite Ele-
ment Methods with linear basis functions suf-
fer from the numerical pollution effect which de-
teriorates the numerical solution. Several ap-
proaches have been studied to deal with it. The
two main classes of methods include: local high-
order polynomial methods and Trefftz methods.
We focus on Trefftz methods with wave-based
basis functions and more specific on the Ultra
Weak Variational Formulation (UWVF). They
rely on the largely accepted intuition that the
use of shape functions that are local solutions of
Helmholtz equation allows to incorporate physi-
cal characteristics of the problem and to require
a number of degrees of freedom that is smaller
than that required by polynomial methods ([1]).
Although most of wave propagation problems
are defined in the whole space, namely an un-
bounded domain, numerical solutions computed
with finite elements demand computational do-
mains that are as small as possible. Hence, they
are retrieved with modified problems defined on
truncated domains with artificial boundaries.

Even though the latter are not physical, these
boundaries must be carefully modeled in or-
der to recover the solution corresponding to the
original physical problems. Hence, finite ele-
ment methods must be coupled with domain
truncation techniques, which simulate the out-
ward propagation of waves at the boundary of
the computational domain ([2, 3]), for exam-
ple by imposing Absorbing Boundary Condi-
tions (ABCs) in such a way that all outgoing
waves are allowed to pass the artificial bound-
ary unaffected, in particular without being re-
flected, while no incoming wave is allowed into
the domain from outside.
In this thesis, we focus on the coupling of the
UWVF with ABCs and, in particular, we study
its continuous and high-order formulation. The
latter represents a novelty that, to the best of
our knowledge, has never been studied before.
Therefore, the goal of this work is to investigate
the behaviour of numerical solutions obtained
in this new framework in order to study the ef-
ficiency of the method.
After introducing the model (Sec. 2), we de-
scribe the UWVF with ABCs (Sec. 3), its dis-
cretization (Sec. 4) and conclude by presenting
some numerical results (Sec. 5).
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2. Helmholtz problem
Let Ω ⊂ R2 be a domain as shown in Fig. 1. For
u : Ω → C with an implicit time dependence
e−ıωt, where ω is the angular frequency and ı
is the imaginary unit, we consider the following
boundary-value model problem set in terms of
Helmholtz equation

∆u+ κ2u = 0, x ∈ Ω,

∂nu = Bu, x ∈ Γext,

∂nu = g, x ∈ Γint,

(1)

where κ = ω/c is the wavenumber, c is the speed
of sound, Γext and Γint are the external and in-
ternal boundary of Ω, respectively, n is the out-
ward unit normal on ∂Ω and B is a suitable op-
erator that permits to model absorption on Γext.

Figure 1: Example of truncated domain Ω with
artificial boundary Γext.

We review three kinds of ABCs. In [2], the ex-
act absorbing boundary condition is derived in
the case of straight boundary. In particular, the
pseudo-differential operator B that appears in
(1) is written in terms of the Laplace–Beltrami
operator ∆Γ as follows

B ≡ Bsqrt = ıκ
√
1 + ∆Γ/κ2, ∆Γ = ∆− ∂nn .

(2)
Besides its explicit form, it is possible to ap-
proximate the square root in (2) in order to
derive High-Order Absorbing Boundary Condi-
tions (HABCs). A family of HABCs was intro-
duced in [2] by using the Padé approximation of
the square root. In particular, the (2N + 1)th-
order Padé approximation of the square root
(with a rotation of the branch cut by an angle
ϕ) leads to the condition

∂nu = BPadéu, x ∈ Γext,

with the pseudo-differential operator BPadé de-
fined as

BPadé = ıκeıϕ/2

[
1 +

2

M

N∑
n=1

cn

(
1−

eıϕ(cn + 1)

(eıϕcn + 1) + ∆Γ/κ2

)]
,

with cn = tan2(nπ/M) and M = 2N + 1.
Taking N = 0 and ϕ = 0, we get the lowest-
order boundary condition

∂nu = Bıκu, x ∈ Γext,

with Bıκ = ıκ.

3. UWVF with ABCs
Considering a non-overlapping triangulation Th
composed of K elements Ti with i = 1, ...,K, we
take the space of solutions

V =

K∏
i=1

{vi ∈ H1(Ti) : ∆vi + κ2vi = 0}. (3)

To build the approximation space, we consider a
set of P plane waves as basis functions for each
element.
To be the solution of problem (1), a field u ∈
V must satisfy compatibility conditions on each
interface. For a given interface F ij = ∂T i∩∂T j ,
where Ti and Tj are two neighboring elements
(Fig. 2), they read

ui = uj , x ∈ Fij ,

∂niui + ∂njuj = 0, x ∈ Fij ,

(4)
(5)

where n i is the outward unit normal on ∂Ti and
ui is the restriction of u on Ti. Notice that the
previous conditions guarantee the continuity of
the acoustic pressure and normal particle veloc-
ity, respectively, across the element interfaces.
The matching conditions on the interfaces and
the boundary conditions can be written in terms
of proper outgoing and incoming traces. For the
boundary ∂Ti of any element Ti ∈ T , we in-
troduce the outgoing operator Oi and incoming
operator Ii defined as

Oi =
1

2

(
1

ıκ

∂

∂n i
+ 1

)
, Ii =

1

2

(
− 1

ıκ

∂

∂n i
+ 1

)
.

(6)

The applications of Oi and Ii on ui can be con-
sidered approximations of the outgoing and in-
coming fields, respectively.
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The matching conditions (4) and (5) can be
equivalently written as

Oiui = Oiuj , Ojui = Ojuj .

Figure 2: Notation regarding two adjacent tri-
angular elements Ti, Tj ∈ T .

Taking into account the Helmholtz equation ap-
pearing in (1) and (3), multiplying both sides of
the equations by the conjugate of v, that is v,
and u, respectively, integrating by parts and ex-
ploiting the definitions of outgoing and incoming
traces (6), it is possible to derive the UWVF of
the problem, that is given in the following theo-
rem.
Theorem 3.1. If the solution u ∈ H1(Ω) of
problem (1) is regular enough in Ω (that is all
its required derivatives are in L2(∂Ti) for any
i = 1, ...,K), then u satisfies∑

i

∫
∂Ti

OiuiOivi −
∑
i

∫
Γext
i

− 1

2ıκ
BuiIivi

−
∑
i

∑
j ̸=i

∫
Fij

OjujIivi −
∑
i

∫
Γi

1

2
uiIivi

=
∑
i

∫
Γint
i

− 1

2ıκ
gIivi (7)

for all v ∈ V .
This formulation is an extension of the one pre-
sented in [4], indeed we consider a more general
ABC operator B with respect to the one taken
into account in [4], which is B = ıκ.

4. Plane-wave discretization
We apply the Galerkin wave-based method con-
sidering a plane-wave basis, that is

{vp}1≤p≤P , vp(x ) = exp(ıκdp · x ), (8)

where dp with p = 1, ..., P belongs to a finite
subset

SP2 = {d1, ...,dP },

consisting of P different directions of the unit
circle S2 of R2 and x is a generic point of the
plane. The parameter P refers to the number of
plane waves used in each Ti ∈ Th.
Using this basis, the solution in Ti has the fol-
lowing discretized form

uPi =

P∑
p=1

αi,pvp, (9)

where αi,p ∈ C are the coefficients of the linear
combination of the plane-wave basis elements.
On each element Ti ∈ Th we can define a dif-
ferent set of shape functions, which means that
P may depend on the element, as well as the
distribution of the directions over S2. This re-
mark lets directional adaptivity possible for the
present method.
Finally, for the moment, we consider a system
of directions for the plane-wave basis uniformly
distributed over S2, i.e.

dp = (cos θp, sin θp),

θp = θ1 + (p− 1)(2π/P ), p = 1, ..., P.

The first angle θ1 is called shift. An example is
shown in Fig. 3.

Figure 3: Example of P = 6 uniformly spaced
directions, with θ1 = π/6.
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The use of the numerical solution (9) and the
plane waves (8) as test functions in formulation
(7) leads to a linear system whose unknown vec-
tor corresponds to the coefficients αi,p. In order
to give an explicit form to the matrix and the
right hand side vector, we consider their blocks
related to an element Ti and summing on all the
elements we get the final result. Taking into ac-
count each integral that appears in (7), we can
rewrite it in terms of plane wave discretization
using (9).
Each outgoing Oiui and incoming trace Iiui can
be written as

Oiu
P
i =

P∑
p=1

αi,p
1

2

(
1

ıκ
∂nivp + vp

)
,

IiuPi =

P∑
p=1

αi,p
1

2

(
− 1

ıκ
∂nivp + vp

)
.

Substituting the previous discrete expressions
of the outgoing and incoming traces into (7),
we are able to retrieve the matrix form of the
discretized problem as the following proposition
claims
Proposition 4.1. Formulation (7) is associated
to the following algebraic linear system

(M − E)α = c,

where the matrices M , E = E1 + E2 + E3 and
the vector c read

Mii,pq = Λ+
i,qΛ

+
i,p

∫
∂Ti

vpvqds,

E1,ij,pq = Λ−
i,qΛ

+
j,p

∫
Fij

vpvqds,

E2,ii,pq = − 1

2ıκ
Λ−
i,q

∫
Γext
i

Bvpvqds,

E3,ii,pq =
1

2
Λ−
i,q

∫
Γi

vpvqds,

ci,q = − 1

2ıκ
Λ−
i,q

∫
Γint
i

gvqds,

where Λ±
i,p = 1

2(1 ± dp · ni), the indexes i, j =
1, ...,K identify the block related to the bound-
ary of an element Ti or the face shared by two
elements Ti, Tj and the indexes p, q = 1, ..., P
identify one of its elements.

5. Numerical results
We briefly present the main results regarding the
two most important numerical experiments that
have been carried out.

5.1. Case with one square element
Let Ω = (0, 1)× (0, 1) be a domain. We consider
the following model boundary-value problem set
in terms of Helmholtz equation for u : Ω → C

∆u+ κ2u = 0, x ∈ Ω,

∂nu = Bu, x ∈ ΓABC,

∂nu = ∂nu
ref, x ∈ ΓN.

where ΓABC stands for the portion of bound-
ary of Ω where ABCs are applied, ΓN for its
complementary where Neumann boundary con-
ditions are applied, so that ∂Ω = ΓABC ∪ ΓN .
The exact solution reads uref(x ) = eıκ(d̂ ·x ),
d̂ = (cosα, sinα)T , α ∈ [0, 2π] and it is shown
in Fig. 4.

Figure 4: Real part of the exact solution uref

(α = π/4, κ = 20).

We consider two settings that we denote ‘case 1’
and ‘case 2’ as displayed below in Fig. 5.

Figure 5: Case 1 (left) and case 2 (right).
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We consider a single numerical element and show
in Fig. 6 and Fig. 7 the L2-error plots with
respect to the number P of basis functions uni-
formly distributed in the quarter [0, π/2].
The case with Bıκ is the one that presents the
largest error, since it incorporates the source of
error associated to the approximate model of the
ABC. The case with Bsqrt has a smaller error
and close to the Neumann case since the ABC
is exact. We can observe that increasing the or-
der of the Padé approximation, we are able to
retrieve an increasingly smaller error until a cer-
tain threshold, that is the one established by the
error obtained in the case with Bsqrt. Once the
sqrt-threshold is achieved, it is no longer possi-
ble to decrease the error, indeed Padé approxi-
mates the exact formulation of the ABC given
by Bsqrt. Increasing too much the number P of
basis functions leads to conditioning issues ([5])
and unreliable results. Finally, a first investiga-
tion regarding the error plots shows no evident
particular anomaly in the corner areas, contrary
to polynomial methods ([3]) that require a spe-
cific corner treatment.
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Figure 6: Relative L2-error w.r.t. P with α = π
4 ,

κ = 20 and several types of B.C.
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Figure 7: Relative L2-error w.r.t. P with α = π
4 ,

κ = 20 and several types of B.C. (case 2).

5.2. Case with unstructured mesh
Let Ω = Ωsquare \ Ωcircle = (−1.2, 1.2) ×
(−1.2, 1.2)\{(x, y) ∈ R2 : x2+y2 ≤ 1}. We con-
sider the scattering of the incident plane wave
uinc(x) = eıκk·x, where k is its direction, by the
circular cylinder of unit radius centered at the
origin generates a scattered field uref which can
be explicit expressed in a closed form by polar
coordinates. It is shown in Fig. 8. We consider
the following (sound-hard) scattering problem
for u : Ω → C

∆u+ κ2u = 0, x ∈ Ω,

∂nu = Bu, x ∈ Γext,

∂nu = −∂nu
inc, x ∈ Γint.

Figure 8: Real part of the exact solution uref

with k = (1, 0) and κ = 20.

The numerical simulations have been performed
by using an unstructured mesh. We show in
Fig. 9, Fig. 10, Fig. 11. and Fig. 12 the
L2-error plots in both case of h and P refine-
ments. The considerations regarding the cases
with Bıκ and Bsqrt, as well as the conditioning,
are still valid. A problem concerning Padé ap-
proximation arises. Indeed, we expect the error
to decrease in a significant way increasing the or-
der of the approximation N . It may be caused
by a combination of different sources of error:
• Modeling error: no corner treatment has

been taken into account.
• Conditioning: it leads to the deterioration

of the numerical solution.
• Numerical error: related to the numerical

scheme we use.
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Figure 9: Relative L2-error w.r.t
√
#nodes

with k = (1, 0), κ = 20, P = 8 and several types
of B.C.
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Figure 10: Relative L2-error w.r.t P
with k = (1, 0), κ = 20, h = 0.1 and several
types of B.C.

5 10 15 20 25 30 35 40 45

#nodes

10 -2

10 -1

R
e
la

ti
v
e
 L

2
-e

rr
o
r

Padé N=0

Padé N=1

Padé N=2

Padé N=3

Padé N=4

Padé N=5

sqrt

Figure 11: Relative L2-error w.r.t
√
#nodes

with k = (1, 0), κ = 20, P = 8 and several types
of B.C.
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Figure 12: Relative L2-error w.r.t P
with k = (1, 0), κ = 20, h = 0.1 and several
types of B.C.

6. Conclusions
We have investigated the combination of the Ul-
tra Weak Variational Formulation with Absorb-
ing Boundary Conditions in the framework of a
Trefftz method applied to Helmholtz equation.
In particular, we have extended the formulation
derived in [4] and we have implemented a finite
element solver to perform numerical simulations.
The simulations show a better behaviour of the
absorbing boundary condition based on Bsqrt
rather than its zeroth-order approximation Bıκ.
Moreover, the use of Padé approximation BPadé
presents some issues and unexpected effects.
However, we can confirm its converging be-
haviour to the exact formulation given by the
operator Bsqrt with respect to the order N of
the Padé approximation.
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