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Abstract

A numerical investigation concerning axisymmetric underexpanded turbulent �ow issuing

from a convergent-divergent nozzle is carried out by means of Reynolds averaged Navier-

Stokes (RANS) equations and is contained in this work. The numerical computations

are performed making use of the in-built axisymmetric solver of the open-source CFD

software SU2 and regard the out�ow expansion in case of jet release in a quiescent envi-

ronment and in case of jet impingement on a �at plate. By doing so, this work proposes to

investigate if the free-�ow and impinging �ow structures are sensitive to the shape of the

nozzle used to accelerate the �uid, and if yes, to which extent. This is accomplished by

considering three di�erent nozzles: one contoured and two conical nozzles with di�erent

lengths. To cover a wider range of con�guration, the nozzle-pressure-ratio (NPR) and

the nozzle-to-plate distance are also varied. From the investigation of the �ow �eld, it is

found that the intensity of the shocks contained in both the core region and the imping-

ing region of the jet are a�ected by the nozzle geometry, while the evolution of the radial

wall-jet generated by the jet impingement is instead found to have rather small sensitivity.

Validation and veri�cation of the code is also performed in advance by replicating real

experimental tests and comparing the obtained results with other numerical simulations

found in literature.

Keywords: Underexpanded jets, Impinging jets, CFD, SU2





Abstract in lingua italiana

Un'indagine numerica relativa a �ussi turbolenti assial-simmetrici sottoespansi rilasciati

da un ugello convergente-divergente è stata e�ettuata mediante equazioni di Navier-Stokes

mediate (RANS) ed è contenuta in questo lavoro. I calcoli numerici sono stati eseguiti

utilizzando il risolutore assial-simmetrico integrato nel software CFD open-source SU2 e

riguardano l'espansione esterna del �usso in caso di rilascio in ambiente quiescente e in

caso di impatto a velocità supersonica su una super�cie piana. In questo modo, questo

lavoro si propone di indagare se le strutture del getto sottoespanso e del getto impattante

su una super�cie piana sono sensibili alla forma dell'ugello utilizzato per accelerare il �u-

ido e, in caso a�ermativo, in quale misura. Ciò è stato realizzato considerando tre diversi

ugelli: uno sagomato e due ugelli conici di diverse lunghezze. Per coprire una più ampia

gamma di con�gurazioni, sono stati variati anche il rapporto pressione ugello e la distanza

ugello-super�cie. Dall'indagine del campo di �usso, è stato ottentuto che l'intensità degli

urti contenuti sia nella regione centrale che in quella di impatto del getto sono in�uen-

zati dalla geometria dell'ugello, mentre l'evoluzione del getto radiale sulla super�cie piana

consequenza dall'impatto del �usso risulta invece essere meno in�uenzato dalla geome-

tria. La validazione e la veri�ca del codice sono state preventivamente realizzate provando

l'indipendenza dei risultati dalla griglia di calcolo e replicando prove sperimentali reali e

confrontando i risultati ottenuti con altre simulazioni numeriche presenti in letteratura.

Parole chiave: Flussi sottoespansi, impatto supersonico su una parte piana, CFD, SU2





v

Contents

Abstract i

Abstract in lingua italiana iii

Contents v

1 Introduction 1

2 Theory 5

2.1 Research and applications . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3 Underexpanded free jet structure . . . . . . . . . . . . . . . . . . . . . . . 8

2.3.1 Near�eld zone . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3.2 Transition and far�eld zone . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Impinging �ow structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Method 19

3.1 Numerical method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.1.1 Governing equations for compressible �ow . . . . . . . . . . . . . . 19

3.1.2 RANS approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Numerics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.3 Mesh set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 Veri�cation and validation 29

4.1 Free �ow validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.1.1 Case description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.1.2 Grid independence analysis . . . . . . . . . . . . . . . . . . . . . . 31

4.1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.1.4 Numerical Uncertainties . . . . . . . . . . . . . . . . . . . . . . . . 37

4.2 Impinging �ow validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38



4.2.1 Case description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.2.2 Grid independence analysis . . . . . . . . . . . . . . . . . . . . . . 40

4.2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.2.4 Numerical uncertainties . . . . . . . . . . . . . . . . . . . . . . . . 45

4.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

5 Tests and Results 49

5.1 Test Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.2.1 Free �ow con�guration . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.2.2 Impinging �ow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

6 Conclusion and improvements 71

Bibliography 73

List of Figures 79

List of Tables 83

Acknowledgements 85



1

1| Introduction

The interaction of a high-speed jets with the ground is nowadays of great interest be-

cause of the numerous engineering application where it is involved and plays a key role.

Indeed, such interaction, commonly referred asground e�ect, has strong implications on

many �uid-dynamic and thermodynamic critical aspects of the technologies where it is

involved, not only in aerospace applications but also in several other industrial �elds.

Among others, jet impingement can be observed in contexts such as control of heat trans-

fer (enhancing or suppressing the heat) in gas turbines materials or cooling of electric

components [1�3], various manufacturing processes like thermal sprays [4], as well as in

many aerospace applications like STOVL (Short Take-O� and Vertical Landing) aircraft

hovering near the ground [5, 6] and, last but not least, launching and landing of aircraft

and spacecrafts [7�9].

Indeed, the ground e�ects has a remarkable importance when a rocket launches or lands,

due to the high loads exerted on impinged structures. Indeed, during rocket ascending

or descending operations, the engine exhaust gases impact on the launch structure, con-

sisting of di�erent parts like the launch platform and the jet de�ectors, leading to the

generation of a complex �ow �eld. The jet impacting on the platforms lying beneath

the rocket is consequently responsible for large aerodynamic and thermodynamic loads,

that have to be carefully predicted during design phase. Indeed, the possible overload

consequence of the impinging jet can undermine safe launch/landing operations. Hence,

become of fundamental importance the correct prediction of the �ow �eld.

The main features concerning the risk prediction and control are linked to the overall

structures of the jet, especially pressure, temperature and velocity levels attained in the

surrounding. It is well know that it exists a strong connection between all of this factors

and the developed shock waves pattern, which hence necessitate an in-depth analysis.

Furthermore, the interaction of the �ow issuing from a nozzle with the ground (or an

o�-shore platform) is nowadays of great interest for stability reasons not only concerning

take-o� but also for landing manoeuvres and even re-usability purposes, which is now

proposed as a viable technical solution.

For all the above-mentioned reasons, the physics of free and impinging supersonic jets
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has been widely investigated by many researches throughout the years, both numerically

and experimentally. Much e�ort has been made in the direction of understanding the

characterising features of such phenomena, in order to have a complete picture of the

physics and of the critical aspects.

However, this kind of �ow are rather complex and far from being completely understood.

Indeed they include many interesting phenomena concerning �uid-dynamics such as co-

existence of subsonic and supersonic regions, shock/shock interactions, shock/boundary

layer interactions and embedded shear layer, among others. Moreover, multiple shocks

structures consisting of barrel, plate and re�ected shocks are generated, as well as the

instability of what is known as stagnation bubble, a recirculation region which may be

observed in the impingement region in some conditions.

Additionally, the �ow �eld generated by the exhaust gases impingement on a surface be-

haves di�erently with respect to the height, which is commonly de�ned as the distance

between the nozzle exit section and the beneath platform. As a consequence, �ow �eld

properties and loads change dynamically during the rocket operations.

It is also known empirically that localized pressure peaks are observed under certain con-

ditions on the impingement surface over which might cause cracks.

In this regard, it becomes of paramount importance for the design phase to fully ac-

cess the information on the �ow �eld of engine exhaust impingement and predict the

loads accurately. Direct �eld measurements can provide the needed information on the

interaction of the impinging �ow with the actual structures in the surroundings in real

conditions. However, it can be di�cult and expensive to perform such measurements in

detail, especially whether di�erent con�guration have to be investigated and numerous

�ow parameters have to be estimated. Also, model experiments with reduced scale can

represent a solution. Nevertheless, to preserve the similarity in this cases may constitute

a di�culty.

In this context, Computational Fluid Dynamics (CFD) is settling as an established real-

ity in modern engineering applications involving �uids. Indeed, it has been used widely

and successfully in several areas of research. In the speci�c, concerning supersonic jets,

Reynolds-Average Navier-Stokes (RANS) solvers are already been proven to be a reliable

tool to accomplish numerical simulations.

CFD is also generally more economical compared to experimental methods when one's

aim is to investigate a wide range of con�gurations and obtain measurements of numerous

quantities regarding the entire �ow �eld.

However, although a signi�cant number of researches evolved in the direction of better

understanding the supersonic impinging jet, there is still a lack of studies using a CFD

solvers and experimental setup to investigate the e�ect of di�erent nozzle geometries on
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the shock structures. Also, some critical aspects concerning the �ow �eld are yet to be

fully understood, such as the formation of the above-mentioned supersonic bubbles.

In this framework, this work inscribes itself in a joint e�ort between the laboratory An-

dré Jaumotte of the Université Libre de Bruxelles and the University of Liège, aiming to

develop an experimental setup to study the ground e�ect at small scale.

In the speci�c, one of the main focuses of this study is to further investigate the shock

structures within the �ow, with particular attention to the nozzle pressure ratio (NPR)

and the nozzle-to-wall distance and especially if, and if so, to which extent the nozzle

geometry has an impact on the development of the �ow �eld of the supersonic impinging

jet. With this regard, three di�erent converging-diverging axisymmetric nozzle have been

numerically investigated in ground e�ect. The �rst nozzle, indicated as N1, is a contoured

nozzle obtained exploiting the theory of characteristics. The remaining nozzles (N2 and

N3) have instead a conical divergent section with di�erent di�usive angle and length.

With this purpose, this work proposes to clarify some peculiar aspects of the �ow �eld,

and, speci�cally, the coupling between the phenomena and the kind of devices used to

accelerate the �ow.

In particular, the mean properties of the �ow �eld related with the inner jet region and,

thus, what is generally considered as a strongly steady region, will be at the center of

the e�ort. Also, beside the jet in real applications may be either axisymmetric or present

asymmetries, the present work will concentrate on the former con�guration, focusing in

particular on round axisymmetric underexpanded turbulent jets.

Additionally, in order to assess the most suitable set-up needed in this kind of computa-

tions, the performances of two popular turbulence models will be evaluated in this work.

The study hereafter reported has been performed exploiting the CFD open-source code

SU2 (C++ based software capable of solving PDE). This tool has already been validated

and shows successfully performances in a wide range of �uid-dynamic instances. To per-

form numerical simulation of high-quality grids, the NIC5 High Performance Computing

(HPC) cluster of the University of Liège has been employed.

Thesis outline:

This work is organised as following:

ˆ in Chapter 2 is presented an overview on the physics involved, including the de-

scriptions of both supersonic �ows expanding in a open environment and impinging

jet issuing from a convergent-divergent nozzle on a �at plate. Additionally, some
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interesting applications and researched made in the same context will be brie�y

described;

ˆ Chapter 3 will then report the numerical method chosen and strategy followed to

accomplish the analysis contained in the ensuing sections;

ˆ Chapter 4 is dedicated to the validation and veri�cation of the code and also contains

the assessment of the performances of the employed turbulence models;

ˆ in Chapter 5 in contained the �nal investigation regarding the in�uence that the

nozzle shape may have on the evolution of the �ow �eld in ground e�ect, depending

on di�erent nozzle pressure ratios and nozzle-to-wall distances.
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Aim of this chapter is to review several features of the physics involved during out-�ow

supersonic expansion in cases of free and impinging supersonic �ow, in order to provide

an exhaustive basis to understand the analysis performed in the following.

Firstly, an overview of previous works and applications is reported. Then, the phenom-

ena involved in these kinds of �ows are discussed in their most important features. In

particular, the steady state structures of a free underexpanded jet will be discussed in its

general characteristics and behaviour depending on the nozzle pressure ratio. Finally, a

discussion on the structures that are expected to form during a supersonic impingement

is contained in the last section.

2.1. Research and applications

The �ow �eld of impinging jet is of practical importance on several engineering technolo-

gies and has been widely investigated throughout the years. The wide range of application

where it is involved, directly or not, makes its full comprehension of crucial importance

for aspects such as reliability, safety and optimization of performances.

However, although several studies focused on �ow impingement, this research area is still

active today and comprehends many critical aspects which are far to be completely under-

stood. This is due to the complexity of such �ows which, among others, includestand-o�

or plate shocks (in front of the impinged surface), co-existence of supersonic and sub-

sonic region, presence of embedded shear layers, radial wall-jets, potential formation of

recirculation area and furthermore shock-shock, shock-boundary layer or shock-shear layer

interactions. Additionally, under for high nozzle pressure ratios a normal shock, commonly

referred asMach disk, can form in the free underexpanded jet, which has an impact on

the �ow-ground relationship and further increases its complexity.

Among the extensive amount of available literature, Donaldson and Snedeker [10] in a

classic study lay the foundations for the underexpanded jet impingement study, inves-

tigating the behavior for a range of nozzle pressure ratio (NPR) and the nozzle-plate

distance. They measured the stagnation region pressure distributions, revealing the po-
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tential presence of separated �ow regions, often calledstagnation bubbles, under speci�c

conditions of impingement distance and Mach number. Gummer and Hunt [11] experi-

mentally investigated the near-wall �ow generated by axisymmetric jets impacting of a

�at surface, while Carling and Hunt [12] further explored the results focusing on the near

wall jet, being this one the most critical region for practical reasons. A relevant research

has been accomplished by Iwamoto [13], which assessed the interaction between nozzle-

plate spacing, height of the plate shock and shock-cells length.

Similarly, the ground e�ect concerning inclined �at plate has found wide interest in the

past. Lamont and Hunt [14] performed a well-know experiment analysing the impact of

the angle of the plate on the pressure distribution. Goto et. al. [15] replicated numerically

the same study, further investigating the formation of pressure peaks on the surface. The

classi�cation of the �ow with respect to the impingement angle has instead been made by

Nakai et. al [16].

Further renowned studies on jet impingement have been performed by Krothapalli et.

al. [17], which conducted experiments concerning the loads generated on a plate by an

axisymmetric supersonic jet, while Alvi et. al. [18] performed similar studies both nu-

merically and experimentally.

In a more recent research, the formation of stagnation bubble with respect to the noz-

zle pressure ratio has been numerically predicted and discussed by Kim and Park [19].

A number of numerical studies on this topic have also been published, for instance the

computations performed by Chin et. al. [20], which investigated the �ow impingement

varying the distance and angle of impact, along with the assessment of some popular

turbulence models performances.

An additional area of interest concerns acoustic issues related to jet impingement. A

consistent number of studies dealt with noise generations, among others B. Henderson et.

al. [21] examined the correlation between �ow unsteadiness and acoustic tones generation

for di�erent con�gurations.

Interest in ground e�ects machines as STOVL has also attracted wide research to this

�eld. Indeed, high structural an acoustic loads generate together with down-wash ero-

sion, which can represent an issue needed to be accounted during design phase. Moreover,

the out-wash radial �ow is of practical concern in cases where hovering happens above

con�ned spaces, as on o�-shore platforms. In this area, researchers as Harmon et. al.

[6] and Myers et. al. [5] performed experimental investigation aiming to gain a better

understanding of the complex dual jet impingement.

The study of ground erosion has then been extended to problems relative to launching

rockets or landing devices on lunar or planetary surfaces. In a recent study, Kagenov et.

al. [9] investigated the e�ect of the ExoMars propulsion system con�guration of the Mars
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surface in order to predict potential surface erosion.

Even the e�ect of nozzle geometry on the structure of supersonic free jet has been ex-

amined throughout the years. As instance, Hatanaka et. al. [22] and Otobe et. al.

[23] investigated their correlation, both numerically and experimentally. Additionally, by

means of the schlieren method they studied the relation between the Mach disk diameter

and the nozzle pressure ratio, concluding that the nozzle geometry can have an impact

on the Mach disk height, while the same is not true for its axial position. Despite the the

wide number of publications dealing with impinging jets, the e�ect of the nozzle shape

on this kind of �ows is apparently yet to be investigated.

2.2. Physics

An underexpanded jet is observed whenever a supersonic �ow issuing from a device has

an outlet pressure greater than the surrounding medium. In this condition, the pressure

balance occurs in the open space, where the �ow must undergo an expansion at the imme-

diate downstream of the device exit section to match the back pressure. This happens in

order to satisfy the boundary condition at the jet edge, being this one the �uid-�uid inter-

face across which the pressure on both the sides must be equal. The distinctive structures

generated by this out-�ow expansion are dominated by compressible and viscous e�ects,

which compete together in order to de�ne the overall �ow pattern.

It is common knowledge that this kind of �ow is likely to happen with convergent and

convergent-divergent nozzles, as extensively discussed in literature [24, 25]. In particular,

in a convergent-divergent device this can happen only when the feeding pressure is such

that the throat is sonic so that the �ow can evolve in the divergent section as supersonic.

In this circumstances, the mass �ow depends only on the total conditions, under the as-

sumption of ignoring the small e�ects due to viscous phenomena inside the device.

The external evolution of the �ow �eld issuing from a nozzle depends, instead, also on the

external conditions. In order to quantitatively assess the behaviour of an underexpanded

jet based on the pressure ratio, the following quantities are de�ned:

� 0 =
P0

P1
; (2.1)

whereP0 is the total pressure feeding the nozzle,P1 is the ambient pressure, and

� e =
Pe

P1
; (2.2)
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being in this casePe the pressure at the nozzle outlet section.

From the above discussion, the condition needed in order to observe an underexpanded

jet is � e > 1. The structure of such �ows will be detailed in the following section.

Nevertheless, the exit Mach number and the divergence angle of the jet at the outlet

section also may have some in�uence on the �nal structure of the jet.

On the other hand, while the behavior of a free jets can be described on the basis of

pressure, the full parameter range a�ecting the impingement of supersonic jets is shown

to be wide. The major parameters in�uencing the phenomena include the initial pattern

of the jet (depending on� e even in this case), the stage of the expansion at the outlet

section, the jet Reynolds number (Rej ) and the impingement angle. Anyway, while the

former parameters will be discussed in the following, the impact of the impingement angle

on the �ow is actually out of the purposes of this work and hence will not be detailed.

Moreover, the �ow �eld generated by the exhaust-wall interaction behaves di�erently de-

pending on the nozzle-to-wall distance, generally normalised with respect to the nozzle

outer diameter (z=D, where D is the nozzle exit diameter andz is the distance from

the wall). Indeed, the interaction with the ground changes dynamically and can be more

or less relevant during ascension/descending phase. In particular, the length of the core

region plays an important role in this case: when the distance is large enough, the in-

teraction is weak and the jet can be assumed as a free jet, while at smaller distances

the impingement of the �ow has critical consequences on the �uid-dynamic and thermo-

dynamic of the phenomena involved.

2.3. Underexpanded free jet structure

The overall structure of a supersonic jet expanding in a free environment has been ex-

tensively investigated and is today very well-know. In this section, a review on its steady

state is reported, together with a brief description concerning other secondary aspects.

Commonly, the �ow �eld of an underexpanded jet is divided into three regions [26]:

ˆ near�eld zone;

ˆ transition zone;

ˆ far�eld zone.

A schematic representation of the �ow �eld zones can be observed in Figure 2.1.

The near�eld zone is, in turn, composed of a potential core and a mixing layer. The

core region (also know as gas-dynamic region) is dominated by compressible e�ects and is



2| Theory 9

Figure 2.1: Schematic illustration of the �ow �eld zones of an underexpanded jet.

largely considered stable. The viscous e�ects instead are generally assumed non relevant

in this area and hence have no impact on the �ow pattern. In this inner part, the �uid is

initially iso-entropically expanded and then compressed again by a system of embedded

compression waves that will be detailed better afterwards. On the other hand, the mixing

layer, or free shear layer, is the region where the discontinuity in gas velocity at the jet

edge gets smooth down [27]. This is achieved by means of viscous e�ects that, contrarily

to what happens in the potential core, have here an important in�uence on the �ow

development. They are indeed responsible especially for the generation of instabilities

that in turn, promoting entrainment from the environment, re�ect on the width of the

mixing layer and �nally on the diameter of the jet, which grows moving downstream. The

free shear layer is, then, composed of a supersonic -the inner part- and a subsonic region

-the outer part- and basically consists of the transition area between the two regimes. The

equilibrium at the jet edge is achieved by means of large-scale eddies, viscous e�ects that

play the relevant role in the spreading rate and the associated decay of �uid characteristics.

The behaviour is in this case dependent on the Reynolds number at the exit section.

Anyway, the most often encountered case in practical situation is whenRe > 104, where

the mixing layer is initially turbulent and its width increases almost linearly with the

distance to the exit plane [26]. Further downstream, thetransition region and the far�eld

region -both brie�y described in the following- accomplish the complete dissipation of the

jet energy.
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Figure 2.2: Structure of a moderately underexpanded jet.

2.3.1. Near�eld zone

The near�eld �ow, as mentioned above, is governed by compressible e�ects and is rather

steady. Here, the behaviour is primarily determined by the exit-to-ambient pressure ratio

� e, and to a lesser extent by the exit mach number and the divergence angle of the diver-

gent section of the nozzle employed to accelerate the �ow.

Depending on the nozzle pressure ratio� 0, the supersonic jet issuing from a nozzle shows

di�erent shocks pattern, so it is in turn classi�ed based on the stage of expansion. With

growing pressure ratio, the �ow is initially overexpanded, when the outlet pressure is

lower than the surrounding medium; then, it becomes ideally expanded when the �uid

pressure in correspondence of the outlet exactly matches the ambient one; �nally, at fur-

ther higher nozzle pressure ratios, the �ow becomes underexpanded. In the last situation

the shock pattern is commonly distinguished inmoderately underexpandedand highly un-

derexpanded. The values of pressure ratio separating these �ow regimes are dependent on

the physical properties of the gas issuing from the nozzle, although the variation from one

gas to another is shown to be rather small.

Moderately underexpanded �ow:

When the under-expansion stage is low, the jet resemble the well-known "diamond" or

"X" structures, as shown in Fig. 2.2. At the exit plate the �ow must suddenly expand to

adapt to the external pressureP1 . Thus, at the device lip, a Prandtl-Meyer expansion
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fan is generated to match the pressure balance at the constant pressure line (CPL), being

this one the line at P1 which separates the subsonic and the supersonic regions of the

mixing layer. The expansion waves prolong toward the jet axis, where they get re�ected.

The �ow is then forced to cross the expansion fan once again, hence reaching a pressure

lower than P1 . However, since the pressure balance must be always ensured at the CPL,

the re�ected expansion waves turn into compression waves after reaching the CPL and

after getting redirected inward. In turn, the compression waves eventually coalescence to

form an oblique shock which is generally known asbarrel or intercepting shock. This one,

subsequently, reaches the axis and get re�ected radially outward, forming a new oblique

shock called in this casere�ected shock. During this process, the �ow is compressed

passing through the barrel shock and once again trough the re�ected shock, reaching a

pressure greater thanP1 . Finally, to balance again the sudden rise in pressure, the �ow

undergoes again an expansion process, replicating therefore the structure. This pattern

continues until the viscous forces predominate su�ciently away from the nozzle exit plane.

For the case of air, moderately underexpanded jets are shown to exits in a range of� e

spanning from' 1:1 to 2:1 [10, 28].

Highly underexpanded �ow:

As the pressure ratio increases (for air� e > 2:1, [10, 29]), the regular re�ection of the

intercepting shock on the axis can no longer happen. This is due to the strong expansion

of the jet, that causes the pressure along the axis to be too low with respect the ambient

value. In this case the compression through an oblique shock would not be su�cient.

Instead, the necessary strong compression takes place through a normal shock disk or

Mach disk [30] and the ensuing �ow �eld structure is known ashighly underexpanded

�ow , schematized in Fig. 2.3.

The re�ection of the intercepting shock occurs on the edge of the Mach disk, in corre-

spondence of the point in which the three shocks (intercepting, re�ected and Mach disk)

meet, which is calledtriple point, forming the so-calledlambda structure. The �ow sudden

downstream the Mach disk is necessarily subsonic, while supersonic �ow persists in its

surrounding, downstream the re�ected shocks. Thus, an embedded shear layer, named

slipstreamor slipline forms at the interface between this two concentric domains. In other

words, a slipstream is a portion of the �ow that separates the �ow into two segments with

identical pressure and �ow direction but di�erent velocity.

When the pressure ratio is high enough, the subsonic core of the jet is quickly accelerated

and becomes supersonic once again, thus replicating the structure. For further increase in

pressure ratio, the �ow �eld may instead be dominated by the presence of a unique shock

cell, as shown in the Fig. 2.4. In this case, the �rst Mach disk has grown in both strength
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Figure 2.3: Structure of a highly underexpanded jet.

and diameter to prevent the formation of other normal shocks. In both the cases, down-

stream of these normal shock structures the �ow then decays through a series of oblique

shocks, even though such structures are distorted by the instabilities of the �ow. Further

downstream, these jets decelerate in the usual subsonic manner.

Overexpanded �ow:

For completeness, a brief description of an overexpanded �ow is here reported.

This �ow regime occurs every time the �uid, passing through the divergent section of the

nozzle, gets expanded beyond the needed level to adapt to the external pressure. Under

these circumstances, an oblique shock is formed to adjust the pressure with the external

one as the �ow leaves the device. The oblique shock is then re�ected at the center line and

crossed again by the �ow, this one being hence forced through a second compression. At

this stage, the �uid has then a pressure higher than the ambient value. As a consequence,

the re�ected shock, impacting on the jet edge, is turned in an expansion fan. The latter

is subject to some re�ections similar to what happens in an underexpanded jet, �nally

converging into an oblique shock. The shock cell is therefore repeated continuously until,

even in this case, the viscous e�ect dissipate completely the core region. A picture of an

overexpanded �ow can be seen in Figure 2.5.



2| Theory 13

Figure 2.4: Structure of a very highly underexpanded jet.

Figure 2.5: Overexpanded jet during a SpaceX Raptor Engine Test.
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2.3.2. Transition and far�eld zone

The mixing layer grows during its downstream development due to the viscous e�ects,

gradually di�using inward and therefore reducing the energy of the core region, eventually

totally replacing the inner part. When the mixing layer reaches the axis, this is said to be

the beginning of thetransition region, where the variation of the �ow �eld characteristics

are small both axially and radially and the �ow �eld is mainly characterised by turbulence.

Here, the radial di�usion is responsible to make the pressure �eld homogeneous, since the

�uid entrainment from the external �eld takes place everywhere. Finally, in thefar�eld

region, the �ow is ideally expanded and its characteristic (mean pressure, velocity and

temperature) are self-similar, i.e. the area of interest is far enough downstream so that ve-

locity and shear stress are function of a similarity parameter. Here, the �ow is considered

to be fully developed. The jet is in this region considered in pressure equilibrium with

the environment even thought it may still have a velocity such that compressible e�ects

cannot be neglected (i.e.Ma > 0:3). The velocity then decays moving farther down-

stream. In this case, useful information can be obtained without solving the equations of

motion. Also, it has been shown analytically that the radial normalised pro�les obey to

the same law, which is a Gaussian. Furthermore, this area is basically not dependent on

the near�eld structure, so is not important to have a detailed description of how the �uid

arrived to the status it has in the far�eld region.

2.4. Impinging �ow structure

The typical �ow structure generated by the supersonic jet impingement on a �at surface

displays some relevant di�erences with respect the free jet case and will be detailed in

this section.

As discussed in the following, the shock pattern that can be formed is, similarly to the case

of free jet, a�ected relevantly by the exit-to-ambient pressure ratio. However, as mentioned

above, this is not su�cient to completely describe its overall structure. Indeed, the �ow

�eld is strongly in�uenced also by other parameters such as the Mach number in the

proximity of the impinging area, the impingement angle and the nozzle-to-wall distance.

Such distance is generally normalised with respect to the nozzle exit diameter. It is then

impossible to classify the �ow �eld on the basis of one parameter as has been done for a free

jet. Furthermore, the �ow �eld pattern that generates after the impingement is relevantly

a�ected by the stage of underexpansion, i.e. moderately or highly underexpanded jet.

To identify the most important features of an underexpanded impinging jet, it is common

practise to divide the �ow �eld into three zones : the free-jet region, the impingement
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region and the radial-jet or wall-jet region [5, 31, 32].

Possible schemes for a moderately and highly underexpanded impinging jets are illustrated

in Fig. 2.6, where the three above-mentioned zones can be recognised.

In proximity of the nozzle exit section the �ow features are similar in both the free

and impinging jet cases. The free-jet region structures, indeed, depend primarily on the

operational conditions of the nozzle, and hence on the exit-to-ambient pressure ratio� e.

Such zone can evolve as a moderately or highly underexpanded jets and strongly in�uences

the ensuing �ow �eld evolution.

The �ow successively impacts on the wall, forming what is known as impingement region.

In this area, predominantly due to the presence of the wall, large pressure gradients exist,

which force the �uid to a net change in �ow direction. The interaction is in this case more

or less relevant depending on the nozzle-plate distance, being more important when the

potential core is closer to the impinged surface.

In the impingement region, a detached shock or recirculation region may form under

certain Mach number condition, impingement distance and stage of underexpansion of

the �ow. If the �ow is moderately underexpanded, the �ow downstream the oblique

shock re�ection on the axis would be still supersonic and, if the wall is placed su�ciently

close such thatM > 1 during the impact with the surface, a detached shock orthogonal to

the jet �ow - the stand-o� or plate shock- usually appears to meet the pressure balance

close to the surface. This can lead to an o�-axis peak of pressure along the plate with

respect the surrounding, which consequence could be the formation of astagnation or

recirculation bubblewith a conical shape in front of the plate.

Contrarily, when the shock cell close to the plate contains a Mach disk, it induces a

total pressure loss higher than the one caused by the re�ected shock. Downstream the

normal shock the �ow would then be subsonic, resulting in the absence of the stand-o�

shock -which is generated only if the impingement is supersonic. Nevertheless, the Mach

disk introduces anyway a local total pressure loss which, once again, may lead to the

presence of a recirculation region as above explained. The peak in pressure is believed to

be generated by the impingement of the slipstream [19] illustrated in Figure 2.6b. As a

general outcome, one may say that the presence of a strong discontinuity in proximity of

the impinged wall can result in the formation of the recirculation region.

Anyway, these bubbles are shown to not signi�cantly in�uence the development of the

subsequent wall-jet region [12]. Although such recirculation regions have been detected in

a number of studies, the conditions by which they are formed are still not entirely clear.

Moreover, if a Mach disk is formed in the �ow �eld, a slip stream separating a subsonic

-behind the disk- and a surrounding supersonic region coexist, similarly to the free jet

con�guration. The expansion waves generated downstream the re�ected shock re�ect on
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(a)

(b)

Figure 2.6: Moderately underexpanded (a) and highly underexpanded (b) impinging jet

schemes.
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Figure 2.7: Positions of shock structures at varying impingement distances [31], wherehs1

and hs2 are the distances of the re�ected shock intersection with the constant pressure

line and hs is the one of the plate shock from the nozzle exit plane.

such slip line as compression waves in the supersonic �ow that eventually may merge to

form what is known asannular shock[21, 31, 33].

Additionally, although Mach disks appear in free jets only for highly underexpanded jets,

they may occur at lower exit-to-ambient pressure ratio when the nozzle-to-wall distance

is short enough. In this situations, the jet structure of the impinging jet at moderate

and high underexpansion are rather similar and show more or less the same behavior [33].

Furthermore, it is worth mentioning that under �xed operational conditions, the length

of the fully developed shock cells as well as the stand-o� distance (the plate shock-to-wall

distance) are shown to be insensitive to the varying impingement distance [13], as shown

in Figure 2.7.

Finally, the region where the wall jet emerges is called wall jet region. The jet here

moves radially outward and therefore through an expansion that causes the �ow to be re-

accelerated to supersonic. A trains of shock cells similar to the quasi-periodic structures

in a free jet may form along the wall jet in this case. The pattern of compression and

expansion in this region can endure for many jet diameters depending on the nozzle

pressure ratio [12]. The wall-jet gets eventually dissipated by the viscous e�ects of the

shear layer on the constant pressure surface of the wall jet and the boundary layer which

develops along the wall. These two layers �nally merge to reduce the �ow at subsonic,

similarly at what happens in a free jet case.
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This chapter contains a description of the numerical method and the strategy employed

to perform the analysis of the successive sections concerning both the validation and the

�nal tests and results.

Initially, the numerical method is roughly delineated together with the descriptions of

the RANS approach and the turbulence models employed in the numerical computations.

Then, the numerical schemes chosen are reported. Finally, the strategy and set-up to

realise the computational grid is also described.

3.1. Numerical method

3.1.1. Governing equations for compressible �ow

The numerical computations contained in this work are performed making use of the

open-source software SU2, a software able to solve partial di�erential equation on general

unstructured meshes. An extensive description of the architecture of the software and

V&V (veri�cation and validation) of the code can be found at [34, 35].

In this case, the governing equations for a compressible �ow are [35]:

8
>>>>>><

>>>>>>:

R(u) =
@u
@t

+ r � Fc � r � (� vkFvk ) = 0 in 
 ; t > 0;

v = 0 on S;

@nT = 0 on S;

(W )+ = W1 on � 1 :

(3.1)

Where 
 is the domain of integration,S an adiabatic wall boundary and� 1 the far�eld

boundary. In system 3.1, the �rst equation represent the set of PDE needed to be solved,

the second and the third are respectively the the no-slip and the adiabatic condition along

the solid walls, while the last one represent the far�eld boundary condition.

The equations are solved foru = f �; � v ; �e gT , which is the vector containing the conser-

vative variables, while the convective and the viscous �uxes are, respectively:
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where � is the density, v is the velocity vector, E the total energy per unit mass, p the

static pressure,cp is the speci�c heat at constant pressure and T is the static temperature

of the �uid. The �uid is modeled as perfect gas, hence the constitutive equations are:

p = �RT; e = cvT h = cpT; (3.3)

beingR the speci�c gas constant,cv the speci�c heat at constant volume andh the speci�c

enthalpy.

Additionally, �� is the viscous stress tensor, de�ned as:

�� = � (r v + r v T ) �
2
3

� I (r � v ): (3.4)

where� is the viscosity of the �uid, which is modeled by the Sutherland's law [36].

3.1.2. RANS approach

When turbulent �ows are considered, the simulations must be solved exploiting the well-

known Reynold-Averaged Navier-Stokes (RANS) approach. These equations are time-

averaged Navier-Stokes (NS) where, on the basis of the Favre decomposition, the instan-

taneous velocities and temperatures are split in their density weighted average~u and a

�uctuation around that value u" . Using the simple average�q, one de�nes the density

weighted average as

~q =
�q
��

(3.5)

Hence, the RANS equations are:
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being ~ui the density weighted average ofu in the i-direction and u" i its �uctuation [37].

The time-averaging of the complete NS generates therefore an additional term�u "
i u"

j which

is known asReynold stress tensor (RST), that needs to be appropriately modeled - by
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turbulence models - for the closure of the problem. There are several models available in

literature. An exhaustive list and description can be found at [38].

In most cases, the Reynolds term is de�ned on the basis of the Boussinesq assumption,

which relates theRST to the mean-�ow strain tensorS by means of theturbulent or eddy

viscosity � t , being this one an additional term to the dynamic viscosity� d of the �uid.

The Boussinesq assumption then gives [39] :

� �u " i u" j =̂ � t
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�
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@~uk

@xk
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!

�
2
3

���� ij ; (3.7)

where� is the turbulent kinetic energy (TKE), needed for two-equations turbulence model.

The turbulent viscosity is an additional unknown quantity and, in turn, need to be mod-

eled by means of one or more transport equations. Models based on Eq. 3.7 are generally

referred asEddy viscosity models (EVM).

Alternatively, the Reynolds stress can be also more generally modeled byReynolds stress

models (RSM), which either solve new separate transport equations per each component of

the RST. An intermediate approach areExplicit Algebraic RSM (EARSM) which provide

a more elaborate modeling of the RST on the basis of �ow conditions and 2 turbulence

transport equations. The RSM approach is nevertheless not often used in the industry so

far.

In the context of this work, the choice of the turbulence model is relevant not only for the

overall properties of the �ow �eld, but also on the reliability of the numerical solution.

Indeed shocks may have an impact on the production of the eddy viscosity, which would

be non-physical.

Two of the most widely used EVM turbulence models in this kind of applications are

the standardSpalart-Allmaras (SA) [40] and theShear Stress Transport by Menter (SST)

[41]. Both of them are available in SU2 and brie�y described in the following.

The Spalart-Allmaras model (SA):

The Spalart-Allmaras model is the most simple EVM as it only consists on solving a single

transport equation for the turbulent viscosity� t . For this reason, it is generally referred to

as a one-equation model. The SA has been successfully applied to external aerodynamic

�ows in many applications. On the other hand, it could result to be too simple and can

leads to not accurate results. While in this section only a rough description is provided,

the full treatise of the model can be found at [40, 42]. The transport equation is in this
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case solved for the turbulent kinematic viscositŷ� and is:
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needed to compute the eddy viscosity as� t = � �̂f v1, where

f v1 =
� 3

� 3 + C� 1
3 ; � =

�̂
�

; � =
� d

�
: (3.9)

The terms cbi; cw1; f w ; f t2 present in Eq. 3.8 are constant and are not here reported.

The production term Ŝ is de�ned as

Ŝ = 
 +
�̂

� 2d2
f v2 (3.10)

where d is the distance to the nearest wall,� a constant and 
 =
p

2Wij Wij is the

magnitude of the vorticity, being

Wij =
1
2

� @ui
@xj

�
@uj
@xi

�
: (3.11)

Hence, the turbulent viscosity is generated by the presence of vorticity, thus any time vis-

cosity e�ects are produced, such as in boundary layers or shear layers; but not in shocks.

Additionally, the SA has a non-zero source term also in the free-stream, even when the

vorticity is zero. Despite this, its dependence decays with1=d2.

The imposed boundary conditions are such that there is no production of turbulent viscos-

ity at the wall, while its far�eld value is typically chosen as a fraction of the corresponding

laminar quantity.

Finally, should be recall that the formulation presented here is the original SA model,

referred asstandard [42]. However, further improvements of this work can account for a

compressible correction available for the SA model which re�nes the �ow behavior in the

mixing layer. This is accomplished by including an additional term on the right side of

the equation which depends on the local speed of sounda [43]. Anyway, the SA standard

version is still applicable for both incompressible and compressible �ows [44], in particular

for lower values of TKE.

The Menter Shear Stress Transport model (SST):
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The SST is instead an eddy viscosity two-equation model. The variant here reported

is the version formulated by Menter [41] of the standard� � ! model. The turbulent

viscosity is in this case modeled by means of two transport equation: one for theturbulent

kinetic energy � and the other for the speci�c dissipation rate ! . The SST is commonly

used for applications such as turbulent round jets, and in many applications has shown

better performances with respect to the SA in terms of physics prediction and numerical

robustness [37, 45].

In this case, the governing equations are [46]:
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(3.12)

where

P = � ij
@ui
@xj

(3.13)

and constants all the other quantities which are not reported here but can be found at

[46]. The eddy viscosity is this time computed as:

� t =
��a 1�

max(a1!; kwkF2)
: (3.14)

The SST source terms depend, other then on the vorticity, also on the velocity gradient

in a non-direct manner. Indeed, the production termP contains the viscous shear stress

tensor, that in turn depend on the gradient of the velocity. In particular, in presence of

velocity gradient the SST produces turbulent viscosity. Also (isolated) shocks generate

turbulence whereas in real conditions they should not. This sensitivity to the velocity

gradient can hence have an impact on the �ow �eld and negatively in�uence the solution.

Regarding the boundary conditions for the transport equations 3.12, the value of� must

be zero and the value of! is set to be constant on the walls. On the far�eld instead the

value of� has to be contained among two constants de�ned by a Reynolds number related

to the laminar viscosity and the free-stream velocity, and the same is true for the value of
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the dissipation rate! . The idea is that the turbulent viscosity at the far�eld must have a

value much smaller than the one of the free-stream laminar viscosity (among 1E-02 and

1E-05).

A relevant issue related with this models is the non-physical decay (sometimes dramatic)

of the turbulence variables from their set values in the far�eld for external aerodynamic

problems. This problem can be solved by theSST_SUST [47] version of the SST which

eliminates the non-physical decay in the free-stream through the addition of sustaining

terms to the equations. Nevertheless, also the SA shows similar performances in predicting

the decay of characteristics in turbulent round jets.

3.2. Numerics

SU2 provides the possibility to solve an axisymmetric three-dimensional problem on a

two-dimensional grid by exploiting its in-built axisymmetric solver. This feature allows a

dramatic reduction in the number of cells - and consequently the run-time - that would

be required to complete a fully three-dimensional simulation.

The axisymmetric solver necessitate the de�nition of an axis of symmetry, which is de�ned

by setting the corresponding boundary condition. In this context, it is the bottom edge

of the domain, being this one the center line of the �ow.

In all the simulations, the �uid is modelled as perfect gas and the Sutherland's law [36]

is used for the estimation of the dynamical viscosity� d.

The numerical method is aFinite Volume Method (FVM) with reconstruction of gradi-

ent. Concerning the numerical schemes, theRoe Riemann solver (ROE)has been adopted

for the integration of the convective �uxes while the gradients of the �ow variables are

computed using theGreen-Gaussmethod. Second-order accuracy is achieved via re-

construction of variables on the cell interfaces by using aMonotone Upstream-centered

Schemes for Conservation Laws (MUSCL)approach. Since �ow discontinuities are phys-

ically expected during a supersonic expansion, a gradient limiter, such as the the Barth

et. Jespersen [48] or the Venkatakrishnan [49], is required to prevent spurious oscillations

across those discontinuities. The application of the limiter is case-dependent. The former

has been initially preferred because of its accuracy. However, in some cases it failed to

reach convergence due to its non-di�erentiability (no smooth transition between limiting

and not limiting). Hence, the latter has been employed, providing this one better overall

convergence [50].

The system is solved using an damped inexact Newton iteration, which solves, using a
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Newton iteration, the implicit pseudo-time integration

un+1 � un

� �
+ Res(un+1 ) = 0 (3.15)

with the pseudo time step� � determined by theCourant-Friedrichs-Lax (CFL) number:

� � =
CFL � x

u
; (3.16)

where � x is a local characteristic length for the cell. For stability reasons, the solver

is generally initiated with a small CFL, which increases as the method converges. Con-

sequently, the pseudo time step increases and the method gradually switches to a pure

newtonian one. The maximum CFL number hence depends on the convergence perfor-

mance of the speci�c simulation.

The corresponding linear system is solved using theFlexible Generalized Minimal Residual

(FMGRES) method with high linear solver iteration (100) to improve the accuracy of the

solution. The turbulence model employed are the SA and the SST models (together with

its alternative version SST_SUST). A scalar upwind method is a standard choice for the

turbulent convective �uxes and has been employed even in this case. No reconstruction

is used concerning the turbulence solution.

Finally, the convergence criterion is based on the residual of the density and is ful�lled

when it reaches the value of10� 11.

3.3. Mesh set-up

The numerical grids employed to perform all the simulations described further on have

been realised making use of the mesh-generator software Gmsh [51]. The meshes are

two-dimensional and unstructured and consist of the assembly of the nozzle and the open

boundary in all the cases. Taking advantage of the axis-symmetry of the problem, only

half of the domain has been modeled.

A �ner grid is employed at the nozzle throat and across the zones where stronger gradient

are expected, i.e. the region of free expansion of the jet and, in case of impingement, above

the wall of the impinged surface. Re�nement boxes are useful for this purpose and have

been exploited. The mesh becomes then gradually coarser with rising distance from the

axis. Furthermore, an additional local re�nement is considered whether boundary layers

have to be computed, i.e. on the internal wall of the nozzle and over the �at plate in case

of impinging jet. The thickness of the �rst cell corresponding to such wall mesh is in all

the cases chosen in order to ensure that the value of the dimensionless wall coordinatey+
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[52] is su�ciently small to avoid numerical instabilities. The mesh algorithm employed is

the Frontal-Delaunay for 2D meshes.

The domain size changes from case to case. As a general criteria, the axial extension is such

that the supersonic core is always totally contained into the computational space in order

to avoid instabilities related to blended subsonic and supersonic outlet in correspondence

of the outlet boundary (which is always the right boundary in the numerical computations

contained in this work).

A parameterh is used to parameterise the spacing among cells and suitable multiplication

factors are used to scale the value ofh and, hence, to set the actual size of the cells within

the domain. In this way the mesh re�nement can be varied by simply adjusting the

parameter h, which actually represents the average size of the cells at the nozzle exit

section and in the re�nement boxes.

In order to obtain numerical results which are independent on the mesh re�nement, a grid

independence analysis was performed. This is however compulsory in order to validate

the code. Object of this study is to de�ne the lowest re�nement that the mesh can have,

provided that it ensures the most accurate results.

The grid independence analysis has been achieved taking as reference the experimental

results obtained by Troutt and McLaughlin [53] and has been performed following the

hereafter described strategy. Firstly, the most suitable value ofh is found concerning

the free �ow set-up. This has been accomplished by progressively lowering the value of

h until the results predicted by two di�erent re�nements were enough similar. Indeed,

as the grid is re�ned (cells become smaller and the number of cells in the �ow domain

increases), the spatial discretization error should asymptotically approaches zero. Then,

in order to assess if the chosen grid was su�ciently �ne for all the simulations, the same

criterion -considering the three lower values ofh- has been applied also in case of �ow

issuing on a �at plate. In this case, the nozzle-to-wall distance has been arbitrarily chosen

to be z=D = 6.

Finally, to preserve the same mesh quality in cases of di�erent nozzle size, the value ofh

has been scaled on the basis of the ratio between the two throat diameters.

The results of this analysis are discussed in the next chapter.
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