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1. Introduction
This thesis presents the modeling and testing of
rare-earth barium copper oxide (REBCO) pan-
cake coils for a 40 T Final Cooling Solenoid
(FCS) of a Muon Collider [1], a proposed par-
ticle accelerator that collides muon beams for
High Energy Physics purposes.
The magnet concept is based on a stack of
non-insulated (NI) High Temperature Super-
conductor(HTS) [3] coils that must carry very
high engineering current densities (exceeding
600 A/mm2) in a compact geometry, represented
in fig. 1.
Traditional mathematical formulations are ac-

curate, but even with the inclusion of homoge-
nization techniques, they are still extremely ex-
pensive when used on large, thin layered HTS
coils for which the full 3D behavior is needed.
The presented efforts constitute a step in that
direction, in parallel with others done at CERN
using newly developed formulations [5].
The goal of this work has been to develop and
validate the foundation of two 3D complete mod-
els for the transient simulation of superconduct-
ing magnets, connected to an extensive experi-
mental program aimed at the realization of a 15

Figure 1: Layout and magnetic field distribution
for the 40 T solenoid[1].

T sub-scale prototype before September 2026.
The research addresses this challenge by devel-
oping two separate tools. A 3D T–A [8] finite
element method (FEM) model for spiral coils,
the first of its kind for this geometry and appli-
cation in COMSOL (see computational domain
in fig. 2). A MATLAB partial element equiva-
lent circuit (PEEC) integral model [6], using an
innovative way to inject a transport current and
a special quadrature rule for the weakly singular
integral.
These two models, currently able to reproduce
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the behaviour of insulated coils, were bench-
marked, and a first comparison between their
predictions and the experimental data was per-
formed.

2. Theoretical Foundation
In order to build numerical models that are more
computationally efficient, it is useful to first re-
formulate the electromagnetic governing equa-
tions in terms of the T-A variables or in an in-
tegral form, suitable for FEM and PEEC imple-
mentation, respectively. Moreover, the specific
problem allows for the use of the thin domain
approximation, exploiting the strong aspect ra-
tio of HTS tapes, additionally assuming that the
represented current flow occurs only on the sur-
face of the tape.

2.1. T–A formulation and thin-sheet
approximation

The T–A formulation introduces the magnetic
vector potential A and the current vector po-
tential T:

B = ∇×A, J = ∇×T.

Given Ω ⊂ R3, the associated electromagnetic
problem for a conductor domain Ωc ⊂ Ω in the
magneto-quasistatic (MQS) regime reads:

∇×
(

1

µ0
∇×A

)
= (∇×T),

E =
∇×T

σ(J,B)
,

∇×E = − ∂

∂t
(∇×A).

(1a)

(1b)

(1c)

Furthermore, the geometry of REBCO tapes,
characterized by a 4 mm width and 80 µm thick-
ness, is suitable for the use of the thin-sheet ap-
proximation. Therefore, the fields are modeled
as uniformly distributed along the smaller di-
mension, and the current is assumed to flow on
the surface of the tape.
In a local frame {r̂, t̂, ẑ} aligned with the radial,
azimuthal, and axial directions, the current vec-
tor potential is reduced to

T = [T, 0, 0] = Tr̂,

so for the electric vector potential the only un-
known is a scalar field T.

2.2. PEEC integral equation
With the imposition of the Coulomb gauge, the
uniquely defined magnetic vector potential can
be expressed as a function of the current den-
sity, i.e., of the other unknown T by means of a
weakly singular integral over the conductor.

A(r) =
µ0

4π

∫
Ωc

J(r′)

|r− r′|
dΩc +A0(r). (2)

where A0 accounts for external sources.
The combination of (2) with Faraday’s law gives
an integral equation for T:

∇×T

σ
+

µ0

4π

∂

∂t

∫
Ωc

∇×T

|r− r′|
dΩc = −∂A0

∂t
. (3)

This equation can be reinterpreted from a cir-
cuital point of view as Kirchhoff’s law, with the
left hand side being a resistive and inductive
voltage drop, respectively.

3. Discretization and Quadra-
ture

The COMSOL environment offered a high level
interface for which the differential form of the
equations and boundary conditions is sufficient
for the implementation. On the other hand,
the resolution of the PEEC equation in MAT-
LAB required a detailed treatment of all the dis-
cretization aspects, such as the quadrature rules
and the translation of a variational problem into
an algebraic one through a standard Galerkin
procedure. In this case, the external current
injection was realized at this level, represented
with the inclusion of an additional basis func-
tion, and the consequent extension of the finite
dimensional form of T.

Figure 2: Mesh discretization of coil and air do-
main in COMSOL.
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3.1. PEEC discretization and current
injection

A standard Galerkin discretization was applied,
and eq. (3) was discretized on Ωc by means of
Q1(K) = {p(x, y) : degx(p) ≤ 1,degy(p) ≤ 1}
shape functions on rectangular mesh elements.
This choice was made as the basis functions can
be expressed analytically in the physical domain,
eliminating the need for a reference domain and
a mapping between the two, which significantly
simplifies the implementation complexity.
Hence, T is computed over the mesh Th, in the
finite dimensional functional space Vh = {vh ∈
C0(Ωc) : vh|K ∈ Q1(K), ∀K ∈ Th}. Moreover,
to address the more interesting excitation sce-
nario of an external current I0 being injected,
an extra degree of freedom TN+1 and a lifting
function wN+1 are introduced, so that T is dis-
cretized as:

Th =

N∑
k=1

Tkwk + TN+1wN+1

with {wi}Ni=1 forming a basis of Vh with N =
dim(Vh) . For simplicity, wN+1 is designed to
satisfy ∇×wN+1

∣∣
∂Ω

= J0/TN+1, correspond to
a uniform imposed current density J0 = I0/S
through the tape cross-section S.
The resulting algebraic system has the form

RT(t) + L
∂T(t)

∂t
= b(t), (4)

where the resistance matrix R is sparse while the
inductance matrix L is full, and b represents the
forcing contribution.

3.2. Quadrature and time integration
The entries of R and L are integrals of the
basis functions and their curls. Regular inte-
grals were computed using Gauss-Legendre(GL)
quadrature, while for self-inductance contribu-
tions, containing a weak singularity 1/|r − r′|,
a generalized Duffy transformation was used [4].
In the case of harmonic excitation scenarios and
linear electric behaviour of the material, the fre-
quency domain form of (4) can be used to elimi-
nate the need for time stepping schemes, solving
directly the associated stationary problem:

(R+ jωL)Tf = f (5)

for the angular frequency ω associated with the
external forcing.

For generic time-domain simulations, an implicit
Backward Euler scheme was used due to his un-
conditional absolute stability, and at each time
step, the solution of a linear system has to be
performed.

3.3. 3D T–A FEM model
A 3D model is built in COMSOL using the same
T–A formulation. The analyzed configurations
are spiral geometries with 9 or 24 turns, sur-
rounded by air.
The magnetic equation (1a) is solved with the
Magnetic Field Currents Only (mfco) module of
COMSOL, using quadratic edge elements for the
computation of A; while equation (1c) is imple-
mented and solved with the General Form PDE
module using linear nodal elements for T.

Turns T–A FEM PEEC

9 570 689 4 325
24 925 271 11 525
50 1 539 455 24 005

Table 1: Number of degrees of freedom (DoF) for
the COMSOL T–A FEM and MATLAB PEEC
models for coils with different numbers of turns.

4. Experimental Work
Several important milestones were pursued while
aiming at enabling the construction of a 15 T
subscale HTS solenoid, an intermediate step in
the FCS project, towards the final 40 T ob-
jective. The major achievements were the op-
timization of a consistent, high quality, repro-
ducible fully soldered REBCO pancake coil pro-
duction process, the successful characterization
of the electromagnetic behavior of single coils in
terms of contact resistance between the layers
and charging time constant, and the generation
of benchmarking data for numerical models.

4.1. Testing setup and experiments
Tests were performed in liquid nitrogen at 77 K
in self-field. The setup consists of a cryostat
where the coil is fully immersed, copper current
leads to inject and extract the current, two Hall
probes and seven voltage taps to measure the
magnetic flux density and the voltage distribu-
tion across the coil, respectively.
The current was supplied by a Delta Elektronika
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Figure 3: Equivalent circuit of an NI supercon-
ducting coil.

SM 30-200 DC power supply; voltages and Hall-
probe signals were acquired with ten Keithley
2001 Digital Multi Meters having a resolution of
O(10−6) V.
Macroscopically, the superconducting coil can
be very well approximated by a simple circuit
having a resistance R in parallel with an induc-
tance L, representing the radial and azimuthal
electrical effects, respectively.
To determine these two main parameters, and
obtain the charging time constant τ = L/R,
two sets of experiments were performed: cur-
rent ramps at fixed rates (0.5 A/min) and cur-
rent steps (5–20 A) in the range 0-150 A.
Moreover, the critical current of the coil Ic can
be obtained. This is macroscopically defined as
the maximum current before an energy dissipa-
tion (hence, a resistance and a voltage) over a
certain threshold appears. For our experiments,
it was defined in line with the standard 1µV/cm
criterion for single samples [7], quantified on the
length of the very first few inner turns, as they
experience the critical state first, giving a refer-
ence voltage of (100–120 µV).

4.2. Main experimental results
When ramping below the critical current Ic, the
measured voltage is dominated by the induc-
tive behavior, however, a resistive component is
also present due to the radial current flow. As
the critical current Ic is approached, an addi-
tional linear resistive component appears, and
the transitions can be sharp or broad depending
on the quality of the fabrication process. For
most coils, Ic at 77 K is consistent with the tape
specifications when the self-field is taken into ac-

count.
The measured data provided a value of radial
resistance R in the range of 20-35 µΩ, an induc-
tance L ≃ 8 mH, and a time constant of 250–
350 s.
In addition, the voltage and magnetic flux den-
sity evolution was monitored as a function of the
injected current to establish the performance of
the fabricated superconducting pancake coils.
In particular, for the voltage measurements, the
coil was instrumented to be split into 6 circular
concentric but distinct sectors, as the voltage
taps were positioned radially. In the case of a
current steps experiment, the obtained voltage
distribution in the different regions of the coil is
represented in fig. 4. In a final experiment, a coil

Figure 4: Measured voltage in different sectors
of the coil, from the innermost (Zone 1) to the
outermost (Zone 6).

was polished. For this test, the copper stabilizer,
as well as the solder on both flat faces of a coil,
was removed by mechanical polishing. This was
done to suppress the normal conducting path be-
tween turns, exploiting the isolating properties
of the buffer layers, embedded in the architec-
ture of the coated conductor. Hence, in first
approximation, the equivalent circuit of such a
coil is constituted only by an inductor, as the
radial resistance has become two orders of mag-
nitude larger than before. As a consequence, the
time constant dropped from about 320 s to just
2 s while the linear B–I dependence below Ic re-
mained unchanged. Therefore, it is reasonable
to assume that the damage to the superconduct-
ing layer was negligible. However, the coil now
behaves effectively as insulated.
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5. Validation
The PEEC implementation was first tested on a
rectangular strip(Lx = Lz = 0.1 m, δ = 3 mm,
σ ≈ 4.7 × 106 S/m) and benchmarked in the
frequency domain against a PEEC Octave and
COMSOL A-V models, for a uniform applied
field and an imposed current I0 = 30 A, respec-
tively. It is worth underlining that the frequency
range of interest for magnet applications is 0.1-
102 Hz.
Current density distributions and Joule losses
were compared. The agreement is within a few
percent from 1 Hz up to 10 kHz, progressively
increasing as the thin domain assumptions break
down for higher frequencies.
Before moving to the transient simulation of
spiral domains, the time stepping scheme was
validated against the frequency domain resolu-
tion, in a scenario with harmonic forcing. A
Fourier transform analysis shows that the Back-
ward Euler time-domain solution converged to
the frequency-domain steady-state one in both
amplitude and phase.
The behavior of 9, 24 and 50-turn spirals was
analyzed and tested on the same experimental
current ramps. The MATLAB PEEC and 3D
COMSOL T–A models match on the local eddy
currents in the winding, the evolution of the to-
tal Joule losses, and of the magnetic flux density
at the center and on-coil as shown in fig. 5.

Figure 5: Magnetic flux density comparison for
a 24-turn coil in the center (c) and on coil (oc)
on the innermost (in) and outermost (out) turn.

The maximum relative discrepancies are around
0.1-1% for current density and Joule losses, and
2–3% for the magnetic flux density during the
ramp and in steady state. This shows that the
thin-sheet PEEC approximation, with the new

current injection method, can reproduce the 3D
response of realistic spiral coils with far fewer
degrees of freedom (see table 1).

6. Model–Experiment Link
The 3D COMSOL T–A model is also suitable
for the simulation of the complete non-linear be-
haviour of an insulated REBCO coil, as the one
mentioned in section 4.2. A power-law E–J re-
lation is used,

E = E0

(
J

Jc

)n

,

with E0 = 100µV/m, Jc(B, T ) critical current
density, taken from manufacturer data, and n
typically being 20-40. The trend of the center
field, as the number of turns is increased, tends
to the distribution that was experimentally mea-
sured in the polished coil (see fig. 6). The depen-
dence of the magnetic flux density from the in-
jected current remains linear, but once the crit-
ical current is reached, the coil quenches, i.e.,
loses its superconducting state. The computa-
tional effort required for the simulation is the
only limitation towards the direct simulation of
a full scale coil. This issue is going to be tackled
by means of memory and assembling optimiza-
tion strategies as the use of Hierarchical Matri-
ces or the Fast Multipole Method [2].

Figure 6: Indirect comparison between numeri-
cal (in blue) and experimental (in green) results
for an insulated coil.

The last necessary step to tackle NI REBCO
coils is to include the radial flow of the current.
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7. Conclusions
The thesis has developed and validated a PEEC
integral model in MATLAB for thin rectangular
and spiral conductors with linear resistivity, us-
ing a new current injection strategy; and a 3D
T–A FEM model in COMSOL for superconduct-
ing insulated coils.
The two numerical models agree within a few
percent on eddy currents, Joule losses and mag-
netic field densities for both 9, 24 and 50-turn
spirals. The thin-sheet PEEC formulation re-
produces the 3D T–A results with far fewer un-
knowns. In addition, the current results show a
very promising consistency with the experimen-
tal data for the magnetic field generated in the
center of an HTS insulated coil.
Experimentally, more than twenty NI REBCO
pancakes were fabricated and tested at 77 K
to measure their electrical properties and ex-
plore their performance, representing an early
but important step in the plan towards a 40 T
for a Muon Collider and providing useful data
to benchmark the numerical models.

8. Future Developments
The very next steps constitute the natural pros-
ecution along the path towards a complete nu-
merical simulation of NI REBCO coils and
the assembly and testing of a 15 T peak field
solenoid. From the numerical point of view,
the main focus is going to be on completing the
implementation of the nonlinear power-law be-
haviour in the PEEC model and benchmarking
it against the COMSOL T–A model, to then ex-
tend both models to include radial current paths
and NI behaviour. On the other hand, the next
experimental goals are also very clear. In fact, a
setup to test single and double pancakes at 4.2 K
is already under development, together with the
design of different possible ways to electrically
joint multiple coils, in order to realize a proper
solenoid. Later on, a testing campaign at 4.2 K
and in background fields up to about 20 T is
foreseen to operate the magnet under realistic
operational conditions.
Overall, the first results at 77 K of the past
months are very promising signs towards a sub-
scale solenoid prototype. Once the performance
is confirmed also at 4.2 K and for a stack of 14
coils, the feasibility of the main critical compo-
nent of a Muon Collider will be one step closer

to its realization.
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