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Introduction
To achieve stability, most modern fixed-wing
aircraft use a Flight Control System (FCS)
which relies on Gain-Scheduling (GS), which is
a way to account for varying system dynamics
by switching between multiple tuned controller
parameters, based on some scheduling variables.
Although there are techniques which can speed
up the process of scheduling[1], significant ef-
fort may be required, and the full capabilities
of the aircraft may not be exploited, which is
especially relevant in high-performance applica-
tions. The objective of this work is to prove
that an Incremental Nonlinear Dynamic Inver-
sion (INDI) controller is a valid alternative to
a gain-scheduled controller, and to verify that
the proven good robustness of INDI to model
mismatches[2] can be further reduced by the ad-
dition of an L1 adaptive controller[3]. An intro-
duction to the basic theory of the two control
methods is presented in Section 1 and Section 2,
respectively, while in Section 3 the application
to a case study and a performance evaluation is
presented.

1. Incremental Nonlinear Dy-
namic Inversion

Consider a general nonlinear system of the fol-
lowing form:

ẋ = f(x, u),

y = h(x),

(1)
(2)

where x ∈ Rn is the state, u ∈ Rm is the input
vector, y ∈ Rp is the controlled output, and f :
Rn × Rm → Rn and h : Rn → Rp are smooth
vector fields. The output dynamics is obtained
differentiating equation (2) with respect to time

ẏ =
∂h

∂x
ẋ =

∂h

∂x
f(x, u). (3)

where equation (1) has been used. From equa-
tion (3), a Taylor expansion about the current
condition (denoted by subscript 0) is computed.
A linearization of the dynamics is then obtained
by neglecting higher order terms, so that:

ẏ = ẏ0 +A(x0, u0)∆x+B(x0, u0)∆u (4)
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with ∆x = x− x0, ∆u = u− u0, and

A(x0, u0) =
∂h

∂x

∣∣∣∣
x0

∂f

∂x

∣∣∣∣
(x0,u0)

B(x0, u0) =
∂h

∂x

∣∣∣∣
x0

∂f

∂u

∣∣∣∣
(x0,u0)

,

(5)

where ∂h
∂x ∈ Rp×n, ∂f

∂x ∈ Rn×n and ∂f
∂u ∈ Rn×m

represent the Jacobians of h(x) and f(x, u) with
respect to their arguments. Under the assump-
tion that the input changes faster than the
states of the system, the term involving the state
increment ∆x in equation (4) can be neglected,
so that:

ẏ = ẏ0 +B(x0, u0)∆u. (6)

The actuator dynamics is also neglected in the
control law, so that ∆u ≈ ucmd − u0 =: ∆ucmd,
and the pseudo control ν ∈ Rp is then defined
as

ν = ẏ0 +B(x0, u0)∆ucmd, (7)

so that by inverting equation (7), it is possible
to compute the incremental command ∆ucmd

which realizes ẏ = ν:

∆ucmd = B(x0, u0)
−1 (ν − ẏ0). (8)

The total command can then be retrieved as
ucmd = ∆ucmd + u0. For output tracking of a
reference r ∈ Rp, ν can therefore be designed as
a linear feedback controller which ensures that
the tracking error e = r − y remains small.

2. L1 piecewise constant aug-
mentation of INDI

Adaptive controllers adjust their control param-
eters in real time through an automated process
of adaptation based on measurements, with the
objective to compensate for system uncertain-
ties and variations. An adaptive controller in an
augmentation scheme is such that its control law
is summed to the output of a baseline controller,
which is designed to achieve the control objec-
tive in nominal conditions. The adaptive input
should provide compensation only when the sys-
tem is in off-nominal conditions. To augment
an INDI baseline controller, an uncertainty is
considered in the incremental dynamics of the
controlled output, so that:

ẏ = ẏobm +B (Λ0∆ucmd + σm)

∆ucmd = ∆ubl +∆uad,
(9)

where ẏobm can be obtained either through a
model or through sensors, and represents an es-
timate of the current output time derivative ẏ0,
Λ0 ∈ Rm×m is the a priori estimate of the con-
trol effectiveness and σm ∈ Rm is the unknown
matched uncertainty, in which all of the uncer-
tainties entering the control channel are lumped.
The predictor of the L1 adaptive controller is
then defined following the parameterization of
the plant in equation (9):

˙̂y = ẏobm +B (Λ0∆ucmd + σ̂m)

− L(ŷ − y)
(10)

where ŷ ∈ Rp is the state of the predictor, L ∈
Rp×p is a positive definite matrix and σ̂m ∈ Rm

is the estimate of the matched uncertainty. The
prediction error is then defined as ỹ = ŷ−y and
its dynamics is given by:

˙̃y(t) = −L ỹ +B σ̃m, (11)

where σ̃m = σ̂m − σm. In the L1 piecewise con-
stant (PwC) adaptive controller [3], a non-null
prediction error triggers an automatic process
for the update of the uncertainty estimate. The
update law is given, ∀t ∈ [iTs, (i + 1)Ts) with
i ∈ N0, by

σ̂m(t) = KL1(Ts)ỹ(iTs) (12)

where KL1(Ts) = −B−1(Ip − e−LTs)−1Le−LTs ,
Ts is a tunable sampling time and Ip ∈ Rp×p is
the identity matrix. The adaptive control law is
given by:

∆uad(s) = −C(s) Λ0 σ̂m(s) (13)

where s is the Laplace variable and C(s) ∈
Rm×m is a stable, unit DC-gain transfer func-
tion, which must be chosen so that ||G(s)||L1 <
k is satisfied, where k is a small positive value,
and the transfer function matrix G(s) ∈ Rp×m

is defined as:

G(s) = (sIp + L)−1B (Im − C(s)). (14)

Remark 1. Figure 1 represents the adaptation
process of the L1 PwC controller. Note that the
speed of the update law, determined by KL1 ,
can be virtually unlimited, and the filter in the
control law is designed to prevent the system
from being forced above its available bandwidth.
This allows fast adaptation with a limited effect
on the robustness of the system [3].
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Remark 2. The predictor stabilizing gain L is
needed to ensure that the prediction dynamics
is asymptotically stable. However, the steady
state gain of the closed-loop transfer function
from σm to σ̂m in Figure 1 benefits from L be-
ing as small as possible. In fact, the predictor
should follow the plant by adapting the estimate
of the uncertainty σ̂m. Since the source of adap-
tation is a mismatch between the predictor and
the plant, a large L which damps out the pre-
diction error too fast would prevent a proper
estimation of the uncertainty.

-
++

Figure 1: Feedback loop of the L1 update law.

3. Case study application
To prove the effectiveness of INDI control,
the gain-scheduled longitudinal autopilot imple-
mented in[1] is modified by substituting the in-
ner loop linear controller with an INDI con-
troller. The controller is then augmented with
an L1 PwC adaptive controller, to compensate
for matched uncertainties in the input channel.
Finally, a Monte Carlo analysis with parametric
uncertainty is performed to evaluate the effec-
tiveness of the augmentation.

3.1. Model description
The longitudinal motion of the aircraft is repre-
sented by the following set of differential equa-
tions:

U̇ = −g sin(θ) + q w + (Fx + T )/m

ẇ = g cos(θ)− q U + Fz/m

q̇ = My/Iyy

θ̇ = q

ḣ = U sin(θ)− w cos(θ),

(15a)
(15b)
(15c)

(15d)

(15e)

where U and w are the velocity components
along the first and third axis in the body frame,
q is the pitch rate, θ the pitch angle, h the al-
titude, g is the gravitational acceleration, Fx,
Fz, and My are the aerodynamic forces and
moments, T is the thrust which is assumed
constant, as the control of equation (15a) is

not investigated, m = 204 kg is the mass, and
Iyy = 247.4 kgm2 is the moment of inertia along
the second axis of the body frame with respect
to the center of gravity.
The airframe is controlled with a deflection of
the elevator δ, which is the output of a second
order actuator model with nominal bandwidth
ωa = 150 rad/s and nominal damping ratio ζ̄ =
0.7. Saturation effects are also present in the
actuator, with position limits of ±uM = 30deg
and rate limits of ±u̇M = 500 deg/s.

3.2. INDI controller design
The INDI controller is designed to track a pitch
rate setpoint qref . The pitch rate dynamics from
equation (15c) is therefore expanded by consid-
ering the aerodynamic model for the moment
My, so that:

q̇ =
1

2Iyy
ρ(h)V 2Srefdref (Cm,α(α,M)

+Cm,qq + Cm,δδ),

(16)

where ρ(h) is the air density, function of the al-
titude through the ISA model, V =

√
U2 + w2,

Sref and dref are reference surface and length,
Cm,α is a nonlinear aerodynamic contribution
which depends on the angle of attack α and
the Mach number M , Cm,q is the “damping-in-
pitch” and Cm,δ is the control derivative relative
to the elevator deflection δ. An On-Board
Model is employed in the architecture, which
computes q̇obm and Bobm with the nominal
values of the aerodynamic model for the mo-
ment, given by: C̄m,α = (0.000 215 deg−3) α3 −
(0.0195 deg−2) |α|α − (0.051 deg−1) (7 −
8/3M) α , C̄m,q = −1.719 (rad/s)−1 and
C̄m,δ = −0.206 deg−1. Additionally, the On-
Board Model contains the nominal model of the
actuator including saturation, which is used to
retrieve the current input to the airframe u0. In
the nominal case, it is equivalent to measuring
the actuator position. The incremental elevator
command is therefore given by:

∆ucmd = B−1
obm (ν − q̇obm) (17)

where q̇obm is an estimate of q̇0 (equation (16))
and Bobm is an estimate of B, the gain from
the elevator deflection to the pitch acceleration,
which is given by:

B =
1

2Iyy
ρ(h)V 2 Sref dref Cm,δ, (18)
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Figure 2: Structure of the cascaded autopilot with the inner loop INDI controller.

while the pseudo control ν was designed with a
simple a PI error controller:

ν = Kp(qref − q) +Ki
1

s
(qref − q), (19)

with Ki and Kp positive gains.
The INDI controller is used as the inner loop in
a cascaded autopilot which controls the angle of
climb γ = θ−α of the airframe, as shown in Fig-
ure 2. In the autopilot, a middle loop computes
the reference pitch rate qref = Ka (az,ref − az),
and an outer loop computes the reference verti-
cal acceleration az,ref = Kg (γref − γ), where
Ka and Kg are negative gains, az = ẇ and
γref is the climb angle setpoint. The tuning
of the gains was performed using the MAT-
LAB function systune, for a single flight con-
dition. The obtained values were Kg = −1323,
Ka = −0.0093, Kp = 18.51, Ki = 67.57.
Figure 3 shows a comparison in nominal con-
ditions between the designed autopilot and the
gain-scheduled autopilot implemented on the
same model by Gahinet et al. [1], which featured
the same cascade structure but with a linear PI
controller in the inner loop instead of the de-
signed INDI. The simulations are initialized at
V = 700m/s, h = 3048m (10 000 ft), and γref
is such that the system span a large area of its
envelope. The response of the INDI autopilot is
slightly slower, but definitely adequate, consid-
ering that it was tuned a single time and that
the airframe dynamics is highly variable.
Furthermore, Figure 4 shows the same two con-
trollers, but with a degradation of 40% in the
control derivative Cm,δ. The designed INDI au-
topilot shows good robustness and a relatively
small “wind-up” during saturation, while the GS
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Figure 3: Comparison between INDI and GS
autopilots in nominal condtions.

autopilot does not achieve satisfactory perfor-
mance.

3.3. L1 controller design
For the augmentation of the inner loop INDI
controller of the designed autopilot, the incre-
mental command is now denoted as the baseline
∆ubl. The formulation presented in Section 2,
which is taken from [4], is modified to include
the presence of the actuator in the plant:

q̇ = q̇obm +Bobm (Λ0∆ûact + σm), (20)

where ∆ûact is given by:

∆ûact = Ḡact(t) ∗ satuM

{
∫ t

0
satu̇M

[ d

dt

(
ucmd(τ)

)]
dτ

}
− u0,

(21)
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Figure 4: Comparison between INDI and GS
autopilots with control derivative Cm,δ degra-
dation.

and ucmd = ∆ubl+∆uad+u0, Ḡact(t) is the nom-
inal actuator impulse response, ∗ is the convolu-
tion integral, satM (·) is the saturation function
defined as:

satM (u) =


M, if u > M,

u, if −M ≤ u ≤ M,

−M, if u < −M,

(22)

The predictor can then be written as:

˙̂q = q̇obm +Bobm(Λ0∆ûact + σ̂m)

− L(q̂ − q),
(23)

where a form of hedging is being included, so
that during active saturation the prediction er-
ror will not grow out of bounds given that the
plant is not really experiencing the incremental
command. The adaptive incremental elevator
command ∆uad can be expressed using equa-
tion (13), considering Λ0 = 1, Ts = 0.01 equal
to the time step of the simulations, L = 0.1 and
C(s) =

ωf

s+ωf
. The value of L was chosen to

yield a steady state estimation error σ̃(s = 0)
of 0.1%, while ωf = 50 rad/s was selected con-
servatively with respect to the nominal actuator
bandwidth.
To validate the design, a constant disturbance
d = −10 deg is injected at t = 10 s at the
actuator level. The standalone baseline con-
troller is compared to the L1-augmented con-
troller with and without the proposed hedging

form. Figure 5 proves that in the event of sat-
uration the adaptive controller without hedging
becomes unstable, while the inclusion of the ac-
tuator effects in the predictor keeps the estima-
tion of the disturbance bounded, and most im-
portantly, correct.
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Figure 5: Comparison of performance with an
injected constant disturbance, with and without
active hedging.

Note that the compensation of the baseline con-
troller is good, albeit slower than the compensa-
tion obtained with the augmentation. This can
be traced back to the fact that there is a rel-
evant integral contribution in the tuned inner
loop PI, and that in a cascade structure an in-
ner loop which is fast enough can compensate
for most of the disturbances which may affect
the outer loops.

3.4. Monte Carlo analysis
A Monte Carlo study is performed to compare
the baseline and the L1-augmented controllers
under off-nominal conditions with uncertainty
on the plant. In particular, a 25% uncertainty
with a uniform distribution is considered on the
aerodynamic coefficients affecting the pitch rate
dynamics.
For a comparison of the response obtained with
the two controllers, the time histories of the
tracking errors eγ = γref − γ and eq = qref − q
are scaled. Considering that the L∞-norm of a
signal z(t) is defined as

||z||L∞ = sup
t≥0

|z(t)|,
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the relative tracking errors are given by

eγ,rel =
eγ

||γref ||L∞
, eq,rel =

eq
||qref ||L∞

.

Note that qref is different for each simulation, as
it is computed by the az middle loop controller.
The Monte Carlo analysis was performed using
100 samples of the uncertainty. The simulations
were initialized in V = 700m/s, h = 3048m,
and the same γref of the nominal simulation
(Figure 3) was used. The saturation in the ac-
tuators was disabled to allow for a comparison
on the unconditioned performance obtained by
the two controllers.
Figure 6 shows the obtained time histories of
eγ,rel, while Figure 7 shows the obtained time
histories of eq,rel. In both figures the response
obtained in nominal conditions is also shown.
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Figure 6: Monte Carlo envelope of the rela-
tive climb angle error with Baseline and L1-
augmented controllers.

Note that the considered uncertainties directly
affect the pitch rate dynamics, and the fast
and precise compensation obtained with L1-
augmented controller results in increased pitch
rate tracking performance, if compared to the
baseline controller. In particular, it is observed
that in some simulations with the baseline con-
troller, an unstable oscillatory motion starts to
build up, while with the L1-augmented con-
troller the oscillations are slightly amplified with
respect to the nominal case, but always stable.
From the comparison of the time histories of
eγ , it can be seen that the L1-augmented con-
troller shows a more consistent response in the
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Figure 7: Monte Carlo envelope of the rela-
tive pitch angle error with Baseline and L1-
augmented controllers.

event of uncertainties, while the baseline con-
troller may even exhibit, for some simulations,
a slightly lower error. This can be attributed
to the nature of the augmentation with the L1

PwC controller, where any off-nominal behav-
ior is identified and compensated for, regardless
of the effect it would have on the climb angle
tracking performance. In general, for both con-
trollers the uncertainties are not causing a ma-
jor variation in the climb angle response with
respect to the nominal response, since the cas-
caded structure allows for an overall good level
of robustness.
For a more quantitative performance assessment
across the simulations, the following metrics are
defined:

ML2,γ =
||eγ ||L2

||γref ||L2

, ML∞,γ =
||eγ ||L∞

||γref ||L∞
,

ML2,q =
||eq||L2

||qref ||L2

, ML∞,q =
||eq||L∞

||qref ||L∞
,

considering that for a signal z(t) defined over
the interval [0, tf ], the L2-norm of z is defined
as

||z||L2 =

√∫ tf

0
|z(t)|2 dt.

Box plots are used to show the statistics of the
obtained values of the metrics in the Monte
Carlo analysis. Figure 8 shows once more that
the L1-augmented controller achieves a lower
spread of the responses, although the influence
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of the augmentation on the climb angle error
remains limited. Figure 9 shows that in addi-
tion to a reduction in the variability of the re-
sponse, the performance in terms of pitch rate
tracking is much better with the L1-augmented
controller, coherently with what was observed
in the time histories of the simulations.
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Figure 8: Comparison between baseline and L1-
augmented controllers with obtained values of
the climb angle performance metrics.
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Figure 9: Comparison between baseline and L1-
augmented controllers with obtained values of
the pitch rate performance metrics.

4. Conclusions and future de-
velopments

It was demonstrated that a traditional longitu-
dinal autopilot can benefit from the use of an
INDI controller. In fact, good performance were
achieved throughout the whole envelope of a sys-
tem which has highly variable dynamics. Addi-
tional robustness with respect to a GS autopilot
with a linear controller in the inner loop was ob-
served. The augmentation with an L1 piecewise
constant adaptive controller has demonstrated
fast and precise compensation of disturbances.
Thanks to the proposed modification to the
incremental predictor, the L1 controller main-
tained the desired behavior even during satura-
tion, without the use of any active saturation

management in the baseline controller. Consid-
ering an uncertain aerodynamic model, the ad-
dition of the L1 controller showed an increased
performance in tracking the pitch rate setpoint,
and ensured a more predictable response. The
climb angle tracking was less influenced by the
augmentation, although it still showed improve-
ment. Future work could include a rigorous eval-
uation of robustness through simulation with
time delay and gain variations, as presented in
[5]. After that, a natural step forward is the
implementation on a complete aircraft dynamic
model, which could include sensor dynamics, as
well as input redundancy, which can be used to
investigate different allocation methods.
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