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Abstract in English

The optimal design of lightweight structural components subjected to single and multiple load-
ing conditions is explored through a multi-scale topology optimization framework. The challen-
ges posed by the incorporation of graded infills and the enforcement of displacement constraints
are addressed.

The methodology relies on the formulation of multi-constrained minimum volume problems of
topology optimization which are solved via an augmented Lagrangian method, as inspired by re-
cent advancements in stress-based structural optimization. The assessment of the structural per-
formances of 2D/3D isotropic microstructures given by hexagonal close-packed arrangements
of circular/spherical holes in a continuous medium is provided. Numerical homogenization is
used to derive the macroscopic elastic properties of several type of isotropic and orthotropic
cells that can play as an infill for lightweight structures. The adoption of suitable interpolation
laws for managing the design of two-material structures made by a full phase and a graded one,
along with void, is investigated. The thesis delves into the design of composite structures not
only by considering deterministic loads, but also by providing a focus on the impact of un-
certainties that may affect the loading amplitude. Sequential convex programming is utilized to
tackle the arising multi-constrained problems, considering both deterministic and probabilistic
displacement enforcements.

The findings highlight the effectiveness and the numerical efficiency of the proposed approaches
in optimizing lightweight structural components composed by a solid phase and an infill one.
The achieved composite layouts leverage on the potential of additive manufacturing in creating
complex porous layouts to gain stiffness and redundancy of the load path. The research contri-
butes insights regarding the optimal design of lightweight components, when the optimization
of both their boundaries and the internal arrangement of the infill is dealt with. The relevance
and impact of these methodologies in practical engineering applications is highlighted, especi-
ally in light of the adoption of additive manufacturing for fabrication.

Keywords: Multi-Scale Topology Optimization, Displacement-Constrained Design, Graded
Infill Structures, Additive Manufacturing, Lightweight Structures.
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Magyar nyelvű absztrakt

A dolgozat a többszintű (mikro illetve makró szinteket magába foglaló) topológiai optimálási
keretrendszer felhasználásával egy illetve több terhelési esetbe integrált terhekkel terhelt mini-
mális súlyú szerkezeti elemek optimális tervezését mutatja be. Megoldást adok az osztályozott
kitöltések (a 0-1 megoldások közötti részek) és az elmozdulási feltételek érvényesítése jelentet-
te kihívásokra.

A módszertan a topológia optimalizálás többszörös feltételű minimális térfogati célfügvénnyel
definiált feltételes szélsőérték problémáinak megfogalmazásán alapul, amelyeket egy kiterjesz-
tett Lagrange-módszerrel oldok meg, a feszültség alapú szerkezeti optimalizálás legújabb fej-
lesztései alapján. A 2D/3D izotróp mikrostruktúrák szerkezeti teljesítményének értékelését kör-
körös/gömb alakú lyukak hatszögletű, szorosan egymásra épülő elrendezése adja folyamatos
közegben. A numerikus homogenizálást számos izotróp és ortotróp cellák makroszkopikus
rugalmas tulajdonságainak származtatására használom, amelyek a könnyűszerkezetek kitölté-
seként szolgálhatnak. Megvizsgáltam a megfelelő interpolációs eljárások alkalmazhatóságát
a két anyagból álló szerkezetek teljes fázisú és fokozatos, az ürességgel együtt történő terve-
zésének kezelésére. A dolgozat nemcsak a determinisztikus terhelések figyelembe vételével,
hanem a terhelési amplitúdót befolyásoló bizonytalanságok hatásával is foglalkozik a kompozit
szerkezetek tervezésénél. A szekvenciális konvex programozást a felmerülő, többszörös felté-
telekkel megfogalmazott szélsőérték problémák kezelésére használom, figyelembe véve mind a
determinisztikus, mind a valószínűségi változókkal leírt elmozdulási feltételeket. Az eredmé-
nyek rávilágítanak a javasolt megközelítések hatékonyságára és numerikus alkalmazhatóságára
a szilárd fázisból és egy kitöltőből álló könnyű szerkezeti elemek optimalizálása terén.

Az elért kompozit elrendezések kihasználják az additív gyártásban rejlő lehetőségeket összetett
porózus elrendezések létrehozásában, a terhelési út merevségének és redundanciájának növelé-
se érdekében. A kutatás betekintést ad a minimális súlyú alkatrészek optimális kialakításába, ha
mind az alak (határvonalak), mind a kitöltés belső elrendezésének optimalizálásával foglalko-
zunk. Ezeknek a módszereknek a relevanciája és hatása a gyakorlati mérnöki alkalmazásokban
kiemelkedik, különösen az additív gyártás alkalmazásának fényében.

Kulcsszavak: Többszintű topológia optimalizálás, elmozdulás korlátozott tervezés, osztályo-
zott kitöltésű szerkezetek, additív gyártás, könnyűszerkezetek.
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Abstract in lingua italiana

La tesi tratta della progettazione ottimale di componenti strutturali alleggeriti, sottoposti a casi
di carico singoli e multipli, tramite tecniche di ottimizzazione topologica multiscala. Il lavoro
si concentra sulla definizione della gradazione ottimale di materiali porosi di rimepimento per
componenti strutturali, in presenza di vincoli per il controllo del campo di spostamento.

Vengono formulati problemi di ottimizzazione topologica per la ricerca di soluzioni di minimo
volume in presenza di vincoli locali, questi ultimi trattati con un metodo di tipo Lagrangiano
aumentato, ispirato ai recenti progressi nel campo dell’ottimizzazione con vincoli di sforzo.
E’ verificata l’adeguatezza delle prestazioni strutturali di microstrutture isotrope 2D/3D la cui
geometria è caratterizzata da disposizioni a base esagonale di fori circolari/sferici a raggio vari-
abile. Vengono impiegati metodi di omogeneizzazione numerica per ricavare le proprietà elas-
tiche alla macroscala per diversi tipi di celle isotrope e ortotrope idonee all’alleggerimento
dei componenti strutturali. Si propongono opportune leggi di interpolazione di materiale per
la gestione della distribuzione di materiale pieno, poroso e vuoto. La tesi approfondisce la
progettazione di strutture in materiale composito non solo considerando carichi deterministici,
ma anche indagando l’impatto delle incertezze che possono influenzare l’intensità dei carichi
applicati. La programmazione sequenziale convessa viene utilizzata per risolvere i problemi
multi-vincolati che ne derivano, sia nel caso di carichi deterministici che probabilistici.

I risultati evidenziano l’efficacia e l’efficienza degli approcci di ottimizzazione di componenti
strutturali composti da materiale pieno e riempimento di tipo poroso. Le soluzioni ottenute
sfruttano il potenziale della produzione additiva nella realizzazione di geometrie complesse per
ottenere rigidezza e ridondanza nel percorso di trasferimento del carico. La ricerca fornisce
spunti per la progettazione ottimale di componenti strutturali alleggeriti, considerando la con-
temporanea definizione del profilo per i bordi esterni e disposizione e gradazione del materiale
poroso di riempimento. L’utilizzo delle tecniche proposte è di rilievo per le applicazioni ingeg-
neristiche, soprattutto alla luce dell’adozione della manifattura additiva per la fabbricazione.

Parole chiave: ottimizzazione topologica multiscala, vincoli sugli spostamenti, strutture in
materiale composito, manifattura additiva, strutture alleggerite.
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1 | Introduction

1.1. History of Topology Optimization

The �eld of structural optimization, particularly topology optimization, has been a focal point

of engineering research for approximately 150 years. This review provides an examination

of key developments within this �eld, highlighting how initial progress, once obscured by se-

crecy, featured signi�cant contributions from researchers at renowned institutions like Cam-

bridge and Oxford Universities during the 1950s. The advent of digitalization in the post-1970s

era transformed the �eld, dramatically enhancing the accessibility and documentation of re-

search. This shift greatly improved the dissemination of knowledge within the optimization

community, marking the evolution of topology optimization from a niche academic area to a

well-established and extensively documented �eld of study.

1.1.1. The Inception of Topology Optimization

Topology optimization is considered a complex computational procedure as it includes the el-

ements of the size and shape optimization. In the case of skeletal structures, it integrates the

layout optimization and the optimal cross-section design simultaneously. While many academic

papers credit Michell's work from 1904 as the �rst in topology optimization, it is worth noting

that the pioneering contribution was actually made by Maxwell [97]. This can be inferred from

Michell's own acknowledgement in his paper, stating that he "only" extended Maxwell's results

after 34 years [101]. Both Maxwell and Michell presented closed-form solutions for designing

structures with minimum volume. Their works laid the foundation for subsequent developments

in the �eld of topology optimization.

Before the history of topology optimization is discussed, one has to mention two important

theories in mathematical programming [55]: the Farkas lemma for linear programming [57]

and the Karush–Khun–Tucker conditions for nonlinear programming [72, 105]. In addition, the

basic idea of multicriteria mathematical programming presented by Pareto [112] also plays a

pivotal role. Without these theorems, the numerical procedures in topology optimization could

not develop so effectively and rapidly.

The selection of the achievements in this �eld is a rather dif�cult task because in the early pe-
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riod of the topology optimization history many meetings were classi�ed and the results were not

available for the public. The optimization community has almost no knowledge about the publi-

cations in topology optimization in the 1950s. Around that time, one can �nd some information

on workshops and meetings connected to the Cambridge University or Oxford University with

researchers such as Foulkes, Cox, Hemp, and Shield, who published signi�cant results and these

communications are generally not known for the reason mentioned above. After the 1970s of

the 20th century, this situation has changed and there were more possibilities to �nd publica-

tions due to the changes and thanks to the digitalization. As indicated earlier, here subjectively

selected works are overviewed from the optimization topology history focusing on the �rst 120

years.

Maxwell [97] in 1870, Cilley [36] in 1900 and Michell [101] in 1904 used the principle of

full stress design (FSD) criteria in the case of statically determinate structures and obtained the

same results as the minimum weight design. It is necessary to mention that for the �nal result

the procedure took one iteration only. They concluded that FSD was the same as minimum

weight design for statically determinate structures.

According to the literature research on the theorem of the optimal design, the topology design

remained unnoticed for some �fty years until the publication of the papers of Foulkes [59], Cox

[44] and Hemp [127]. The years around 1955 can be called the “golden age” of the optimal

layout design of trusses. Independently from the English school, one can �nd several papers

that can be named as original ideas of different topology branches. Among others, the papers

written by Sved [146] and Barta [9] are the most signi�cant ones. These two works have a

lot of similarities in contents and conclusions. Barta's paper discussed the minimum volume

design of plane and space structures (trusses). He proved the following theorem: “by removing

a given number of properly chosen redundant bars from a given network, it was possible to

obtain such a statically determinate structure, which yields a structure with the least weight”.

He also mentioned that “the proof did not guarantee that only the statically determinate structure

could be the least weight solution”.

Sved's paper can be considered as the origin of the stress limited and minimum volume design.

It is also important to note that the minimum weight designs of different types of structures

were studied by Drucker and Shield [51], Mróz [103], Prager and Shield [119] and their results

are signi�cant to understand the optimality in the case of complex problems.

The true surge in layout theory research was in the 1960s and 1970s. In the 1960s, the signif-

icant publications helped to derive optimality conditions for minimum volume designs. Shield

[131] presented optimum design methods for multiple loading. He used variational principles

to prove the optimality. In 1960 Schmit [128] applied FSD to statically indeterminate struc-
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tures and found that FSD provides the exact optimum in a single sizing operation for statically

determinate structures where the internal forces remain constant during resizing. However, for

indeterminate structures, the number of resizing iterations can vary from a few to many as a

function of the sensitivity of internal forces to changes in member sizes. The reason why these

different results were obtained is known now: it mainly depends on the redundancy of struc-

tures or in other words, it depends on whether the internal forces remain almost constant during

resizing, as it happens in most well designed practical structures.

During these years, Cox [44], Hemp [127], Prager and Shield [119], Prager and Taylor [120],

Prager [116], Prager and Rozvany [118] elaborated several theories that can be named as the

origins of the exact structural topologies. Nagtegaal and Prager [104] investigated the optimal

truss layout theory in the case of alternative loads. Prager [117] derived an optimality condi-

tion for beams and frames subjected to alternating loading using the Foulkes mechanism. His

results were based on the extension of the optimality conditions presented by Chan [33]. Prager

and Rozvany [118] extended the existing optimal layout theory originally used for low volume

fraction to grid-like structures.

The origins of the numerical solution technique of the constrained optimality criteria (COC)

methods were presented by Berke and Khot [19] in 1974. This provided the mathematical

background of an effective solution technique in topology optimization. The �rst numerical

procedure for �nite element (FE) based topology optimization was elaborated by Rossow and

Taylor [124] in 1973, but its biggest development started at the end of the 1980s represented by

works of Bendsøe and Kikuchi [17] and Rozvany [126].

It is important to mention the works of Kazinczy – the inventor of the plastic hinge theory [75]

in 1914 – who produced signi�cant results in this �eld but unfortunately his publications have

remained unexplored. He investigated the volume minimization of trusses as an object of the

economical design. Kazinczy was also among the �rst researchers who investigated the prob-

lem of the statically indeterminate trusses in the case of multiple load conditions [76]. Using

the Cremona-type solution procedure, he investigated the case of the pre-stressing technique to

reach the uniform collapse of the member forces in the case of statically indeterminate struc-

tures. With this technique, he used the shakedown theory without naming it, much earlier than

Melan [98] published his work on it in 1936. This Cremona-type solution technique has recently

been used again as a numerical procedure in topology design [155] . Kazinczy also discussed

the questions of safety and reliability designs much earlier than anybody else in the world. Re-

turning to Michell structures and theories connected to them, the recent book of Lewiński et al.

[86] is a very complex and extensive study with new �ndings on this topic.
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1.1.2. Evolution of Solution Techniques

Maxwell's problem [97] can be described as follows: consider a truss which maintains equi-

librium with a set of forces̄Fi acting at the points ¯r i , (i = 1, 2, ..., n). Denote by Tt the load

carried in a typical tension member with length Lt and the section area At while in the case of

typical compression members these variables are Tc, Lc and Ac. The permissible stresses were

denoted by ft and fc, respectively. By the use of the principle of virtual work, Maxwell derived

the optimality condition of the lightest structure, which has the volume given by:

V = Vc

�
1+

fc
ft

�
+

1
ft
å
i

F̄i r̄ i = Vt

�
1+

ft
fc

�
� (1=fc)å

i
F̄i r̄ i ; (1.1)

Here Vt is the volume of all the tension members and Vc is the volume of all the compression

members.

The Michell problem can be described as follows: in addition to Maxwell's problem above, let

us consider a series of external forcesF̄i acting at the points ¯r i , (i = 1, 2, ..., n). Let D be a domain

of space containing the points ¯r i , (it should be noted that D can be the whole of feasible space).

Consider then all possible frameworks (trusses) S, contained in D, which equilibrate the forces

F̄i and satisfy the limiting conditions on stresses. Let us assume that there is a framework S� that

satis�es the following condition of Michell: "There exists a virtual deformation of the domain D

such that the strain along all members of S� is equal to� e, where e is a small positive number,

and where the sign agrees with the sign of the end load carried by the particular member, and

further that no linear element of D has strain numerically greater than e." Michell's theorem

states that the volume V� of S� is less than or equal to the volume V of any of the frameworks

S.

V =
( ft + fc)

2ft fc
å
t

LtTt + å
c

LcTc �
( ft � fc)

2ft fc
å
i

F̄i r̄ i ; (1.2)

The actual value of V� follows from the principle of virtual work. If the virtual displacements

corresponding to Michell's statement above are e ¯vi at r̄ i this volume V� is:

V � =
( ft + fc)

2ft fc
å
i

F̄i v̄i �
( ft � fc)

2ft fc
å
i

F̄i r̄ i ; (1.3)

The character of the deformation e imposes certain restrictions upon the layout of members in

S� . At a node of this framework, the directions of the strains� e, which are along the lines of

members of S� and are principal directions of strain, must satisfy certain orthogonality condi-

tions. In a three-dimensional truss, at a node with three members, there are no restrictions if the

loads in the members have the same sign, since in that case the virtual deformation is a pure

dilatation and therefore isotropic. If one load is of opposite sign to the others, it must be at right
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angles to them. For a node with four members, there is again no restriction if all the loads have

the same sign. If one member has an opposite load to the other three, then it must be orthogonal

to them all and so forces them to lie in a plane. Finally, if the members fall into pairs with

opposite-signed loads, then one of these pairs must be in line and normal to the other two.

Michell also presented a very important property of the optimal structure: the optimum structure

S� has greater stiffness than any other structure of S. He also presented the value of the strain

energy stored in the optimal structure.

It is noted that the original formulas of Michell are not valid for different allowable stresses in

tension and compression. In 1960 A.S.L. Chan [31] and in 1963 H.S.Y. Chan [32], wrote down

correctly Michell's theorem. The validity and the critical examination of Michell's theorem

can be read in Rozvany's work [125] published almost 40 years later, too. One can also �nd

a very speci�c overview of Michell's theorem and its extension in the book of Lewiński et al.

[86]. Different theorems were presented in the book of Brandt [23], where minimum-potential

criterion of Wasiutynski is presented.

Applications of the theorems of Maxwell and Michell to simple design problems have been

made by Cox [45]. He has considered, �rst of all, the problem of three coplanar forces. In the

case where their point of intersection lies within the triangle formed by their points of appli-

cation, the optimum framework can consist of tension or compression members only. Some of

his layouts are given in Figure 1.1. We have to note that all these structures have equal weights.

One can recognize the non-uniqueness of the optimal layout and we can have an in�nite number

of solutions ranging from mechanisms through simple stiff structures to structures of any degree

of redundancy.

Figure 1.1: Simple tension structures by Cox.
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