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Abstract

This thesis aims at investigating some theoretical and numerical properties of the 2D Cahn-
Hilliard-Boussinesq equations with logarithmic potential. They consist in the coupling of
the Cahn-Hilliard equation for the concentration di erence ' of two components of a binary
system to the heat-conductive Boussinesqg equations for the (volume averaged) uid veloc-
ity u of the mixture and the temperature . The resulting system models the interactions
between the thermodynamic transition and the hydrodynamic ow of a compressible binary
mixture in a phase separation process. We rst prove the existence of weak solutions, with
standard boundary conditions for' and u (i.e. no- ux and no-slip) and nonhomogeneous
Dirichlet boundary conditions for . Then we establish the existence of more regular solu-
tions. More precisely, the existence of a quasi-strong solution provided that the initial data

1

for' andu are more regular, and the existence of a strong solution if the initial temperature
is enough regular as well. We also obtain some stability estimates in case of more regular
initial data: a continuous dependence estimate on the initial data which yields, in partic-
ular, the weak-strong uniqueness and a stronger stability estimate for strong solutions. In
particular, we also nd the unigueness of quasi-strong solutions. We then study the prob-
lem numerically by discretizing the equations. We rst develop a nhumerical scheme that
we prove to be mass-preserving and stable with respect to the total energy, under suitable
conditions on the parameters. Furthermore, we exploit an adaptive timestep since the time
scales are quite variable over time. Finally, we implement the proposed algorithm and we
numerically simulate some scenarios with various initial temperature elds, by verifying the

stability and mass-preserving properties of the scheme.



Sommario

L'obiettivo di questa tesi € quello di investigare alcune proprieta teoriche e analitiche delle
equazioni di Cahn-Hilliard-Boussinesq in 2D con potenziale logaritmico. Queste consistono
nell'accoppiamento dell'equazione di Cahn-Hilliard, per la di erenza di concentrazione tra
due componenti di un sistema binario, con le equazioni di Boussinesq per la conduzione del
calore, per la velocitau (media sul volume) della miscela e per la temperatura. |l sistema
risultante modellizza le interazioni tra transizione termodinamica e usso idrodinamico di
una miscela binaria comprimibile durante il processo di separazione di fase. Per prima cosa
si dimostra I'esistenza di soluzioni deboli, con condizioni al bordo standard pér e u (i.e.
assenza di usso e no-slip) e condizioni di Dirichlet non omogenee per. In seguito Si
stabilisce I'esistenza di soluzioni piu regolari. Piu precisamente, si prova l'esistenza di una
soluzione quasi-forte, purché i dati iniziali per' e u siano piu regolari, e I'esistenza di una
soluzione forte se anche la temperatura iniziale & su cientemente regolare. Si ottengono
anche delle stime di stabilita in caso di dati iniziali piu regolari: una stima di dipendenza
continua dai dati iniziali che garantisce, in particolare, I'unicita debole-forte e una stima di
stabilita per soluzioni forti. In particolare, si mostra anche I'unicita delle soluzioni quasi-
forti. Si studia poi numericamente il problema, discretizzando le equazioni: si sviluppa uno
schema numerico che si dimostra conservare la massa ed essere stabile rispetto all'energia
totale, sotto opportune condizioni sui parametri. Si sfrutta poi un passo temporale adattivo,
poiché le scale temporali sono piuttosto variabili nel tempo. In conclusione, si implementa
l'algoritmo proposto e si simulano numericamente vari scenari con diversi campi iniziali di

temperatura, veri cando la stabilita e la proprieta di conservazione della massa.
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Introduction

In many scienti ¢, engineering and industrial applications, for instance in hydrodynamics,
the study of the evolution in time of incompressible binary mixtures and their interfacial
dynamics plays an important role to understand the behavior of the systems. We can nd
many applications where the modeling of mixtures of dierent uids is needed, such as
phase separation, liquid crystals, image processing and, more recently, tumor growth (see,
for instance, [19], [33],[135],.136]/138]. 147]. 148]).

One of the oldest approaches to multi-phase problems (i.e., problems with di erent
components of a mixture) is the phase- eld method. According to[[42], as early as 1873, the
work of Gibbs on thermodynamics already served as a foundation[{[59]). The phase- eld
method works with di use interfaces, which means that the transition layer between the
phases has a nite size. There is no tracking mechanism for the interface, but the phase
state is included implicitly in the governing equations. The interface is associated with a
smooth, but highly localized variation of the so-called phase- eld variable.

In this introduction, we introduce the Cahn-Hilliard (CH) equation, which is proba-
bly the most known mathematical model, for phase separation and then we motivate and
formulate the Cahn-Hilliard-Boussinesq equation (CHB), which is the coupling of CH to the
heat-conductive Boussinesq equations, system whose analysis is the object of this thesis.

Consider a mixture of two incompatible substances A and B, which is homogeneously
distributed and isothermal. Under certain circumstances, namely if the temperature is above
a critical threshold T, this con guration is stable; however, if suddenly cooled down and
kept at T < T, the initially (macroscopically) homogeneous alloy evolves in a way such

that A-rich and B-rich regions appear and grow.
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Figure 1. Phase diagram: on thex axis the concentration, on they axis the temperature is

represented, as taken from([84].

We can better describe what happens with the aid of the phase diagram in Figufg 1,
which is in good agreement with experimental evidence (see[12], [70]). On theaxis the
relative concentration of one of the two substances is represented, while temperature is on
the y-axis. The state of the mixture is then e ciently described by the di erent locations
on the graph relatively to the two represented curves.

The coexistence curve, which is the external curve in the graph, separates the diagram
in regions where a homogeneous distribution is the only stable con guration (above the
curve) and where heterogeneous mixtures are allowed (under the curve); on the points along
the curve the mixed and unmixed states are in equilibrium with each other.

On the other hand, the spinodal curve, which is the inner curve in the graph, divides
the area under the coexistence curve in regions where the mixed con guration is metastable
(that is, stable with respect to small perturbations) and unstable. The distinction in these
two cases is due to a di erence in the free energy of the con guration: the central region
is characterized by the spinodal decomposition phenomenon, which is the phenomenon we
want to observe in the numerical simulations of this thesis. It occurs for phases that are
thermodynamically unstable, and thus it is spontaneous. On the contrary nucleation hap-
pens in the metastable regions, but only if an external source is provided which makes it

possible to get over a local maximum in the free energy (see, e.d., [94]).
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Figure 2: Spinodal decomposition in time, as taken from a numerical simulation in’[26].

The evolution in the spinodal decomposition region is that of wave-like concentration
uctuations which in the end form zones of the two phases, with a subsequent coarsening;
the process comes to an end when the concentration lays on the intersection of the spinodal
curve with the line corresponding to the temperatureT (see Figur@). For more information
about the process ofphase separationwe refer the interested reader to, e.g.[[63] and [91],
and references therein.

The CH equation was introduced in [6] and[[21l] to model phase transitions in iron
alloys and the thermodynamic forces driving phase separation, respectively. We now brie y
presentit. Let be abounded domainirR", n =2;3, lled with a binary solution consisting
of A and B atoms. We de ne their relative mass fraction (assumed to be non-uniform) as
"a(x)and " g(x),with " : I [0;1], k= A; B and' o(X)+ 'g(x) 1. Considering

A and relabeling it as' , if the mixture is isothermal and the molar volume is uniform and

independent on pressure, the system evolves in order to minimize the free energy functional
Z

EC )= Ejf'1'2+( 1) dx )

where ( ') is the Helmholtz free energy density
(")=2kgT' (1 ")+ kgT( In()+(@ ")Ind "))

with kg as the Boltzman constant, T; T, the temperature and the critical threshold, respec-

tively. The phase separation process takes place whénh< T, i.e. when is a double-well



function. As described in [85], the term with , a constant called capillary coe cient, was
added in the de nition of free energy in order to add concentration gradients to , which
regularize the problem, otherwise ill-posed in the spinodal region, but it is also consequence
of experimental evidence, since in the experiments there is an intermediate di usive stripe,
whose thickness is proportional top . The capillary coe cient is assumed to be very small,
so the rst term in ({) is not negligible only where strong gradients of concentration, i.e.,
at interfaces, are present, as explained iri [99]. In general for the mathematical treatment
of this kind of equations, it is used theorder parameter, ' (X) = ' aA(X) ' g(X), such that
"¢ I [ 1,1)], instead of the relative concentration. The values 1 and 1 represent
the pure phases. Nevertheless, in the numerical analysis section we shall use the relative
concentration, as done, e.g., in[][64]. It can be shown that, with this substitution, up to a
multiplicative constant which therefore does not change anything in the description of the

problem, @) holds unchanged whereas the function can be rewritten as
()= E((l+ s)in(1+s)+(1 s)in(l s)) 7032 8s2[ 1,1] (2

with  such that 0 < <, constants related to the temperature of the mixture, thus
related to T and T..

The potential de ned in this way is called singular, whereas many authors (see, e.g.,
[51]) considered a proper approximation, which avoids the fact that °is unbounded at the
pure phases 1 and 1: namely, the signi cant potential is considered to be still a double-
well, but with the two local minima coinciding with the pure phases. The most common
choice is polynomial of even degree, like the casg s) = %1(32 1)?, which is compared with
the logarithmic potential in Figure 8] However, in the case of polynomial potentials, it is
worth recalling that it is not possible to guarantee the existence of physical solutions, that
is, solutions for which 1 ' (x;t) 1.

Following again [85], we get a di erential description of the phenomenon of the phase
separation as

@ +divJ=0 in (0;T); )
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Figure 3: Logarithmic and polynomial potentials (the logarithmic potential is vertically
translated to have a more clear graphical representation): we see that the polynomial po-

tential gives rise to nonphysical solutions.

where' is the order parameter andJ is the di usional ux given by Fick's law,

EC)

J= MO === MO+ Y

EC)

where is the variational derivative of E(" ). The function M (' ) is the mobility of the
substances and in this thesis it will be considered as a unitary constant (see, for instance,
[29] and [39] for an analysis of the case of non constant and degenerate, i.e., vanishing at
the pure phases).

In order to simplify the representation, which otherwise must contain the bilaplacian
operator, the equation @,) is usually written introducing the chemical potential , obtaining

the complete CH equation:
8

2@ =dv(M()r ) in

>

(4)

— (. 0(: ) |n

with the initial condition ' ¢ and two boundary conditions, since the system is of fourth
order. In this thesis, as commonly done in the literature, the boundary conditions are the
following:

n M()r =0; @' =0 on@ ; )



with n as the outer normal vector. These conditions are often used, since they guarantee
mass conservation. Since in this thesis we only considered the case of constant mobility, for
the sake of simplicity, from now on we will setM (" ) =1.

As introduced in [Z], a system describing the ow of two viscous incompressible New-
tonian uids of the same density but di erent viscosity can be described by means of the
coupling of CH equation with a hydrodynamic model. Indeed, although it is assumed that
the uids are macroscopically immiscible, the model takes a partial mixing on a small length
scale measured by the aforementioned parameter- 0. Therefore the classical sharp inter-
face between both uids is replaced by an interfacial region and an order parameter related
to the concentration di erence of both uids is introduced, leading to the coupling with
CH equation. The model goes back to[67] and is known amodel H In [66], the authors
gave a continuum mechanical derivation based on the concept of microforces. These have
been successfully used during last years to describe ows of two or more uids beyond the
occurrence of topological singularities of the separating interface (for example, coalescence
or formation of droplets). We refer to [{] for a review on that topic.

This model leads to the so called incompressible Navier-Stokes-Cahn-Hilliard (NSCH)

system 8
%@ +ur' =
=+ Q)
(6)
§@+(u rjou+rp div( (")ru)= r'
“divu=0
in (0; T], subject to the boundary and initial conditions
8
2u=0, @ =0, @ =0 on@ ;1) @

> .
“u(;0)= uog; "(;0)="0 in

Here, u is the volume averaged velocity,p the pressure," the order parameter related to
the concentration of the uids, is the double-well potential de ned in (2), or a suitable
smooth approximation, and R", n = 2:3, is a suitable bounded domain. Moreover,

(" ) > Ois the viscosity of the mixture. We considerT > 0.



Now, assuming that ; and » are the viscosities of the two homogeneous uids, the
viscosity of the mixture is modeled by the concentration dependent term = (' ). In the

unmatched viscosity casg 1 6 »), a typical form for is the linear combination (see, e.g.,

[77]):

1+z 1 z
+ 2
2 2

The particular case ;1 = ; is called matched viscosity case, and is a positive constant.

(2)= 1 8z2[ 1;1] (8)

In this thesis we consider a coupling of the CH equation with a di erent hydrodynamic
model, which is represented by the heat-conductive Boussinesq equations. Such equations

account for the presence of a further variable: the temperature.

%@u+(u Fyu+rp div( (; )ru)= e
divu=0 9)

3

@ +ur div( ()r )=0;

in (0;T], where > 0 is the thermal conductivity, possibly depending on . The
kinematic viscosity could depend on the temperature itself ance, = (0;0;1) if n = 3, and
en=(0;1)ifn=2

System (9) describes the motion of an incompressible two-phase ow subjected to
convective heat transfer under the in uence of gravitational force, which is closely related to
the studies of 3D incompressible ows (see, e.gl, [11] and |88]) and has been widely studied
in the literature. We refer to [22], |24], [25], [72], [[/8] and the references therein for the
Cauchy problem on the whole space, and td [14],_[79], [100] and the references therein for
initial-boundary value problems, where global existence and large time behavior of solutions
to 2D Boussinesq equations with full or partial viscosity terms are investigated, whereas for
a regularity analysis in bounded domains we recall[74].

In a bounded domain R", with n = 2; 3, with smooth boundary @ , the resulting



coupled system reads as follows:

@'+ur'=

)

@u+(u ryu+rp dv( (5 Jru)y= r' + ep (10)

@ +ur div( ()r )=0

- divu=0

in (0; T], equipped with the boundary conditions

u=0 @ =0 @ =0 =g(t) on@ (0;T) (1))

being n the outward normal to @ , and the initial conditions
u@=uo "@="0 ©= o (©O= o in : 12)

where g is a su ciently regular function denedon @ [0;T].
The main focus of this thesis is the analysis of this system, called Cahn-Hilliard-Boussinesq
system (CHB), in a two dimensional bounded domain R2.

We stress again that, as noticed in[[86], hydrodynamic models like the CHB system
play an important role in the mathematical study of multi-phase ows, since the applications
of these systems cover a very wide range of physical objects, such as complicated phenomena
in uid mechanics involving phase transition, two-phase ow under shear through an order
parameter formulation (see, e.g.,[[17]), tumor growth (see, e.g/, [19],[33], [35] arid [38]), cell
sorting ([9]), and two phase ows in porous media (see, e.g/, [30] and_[75]).

We now give another interesting motivation to study system [10): indeed, apart from

the physical relevance of the system itself, it can be regarded as a suitable approximation



of the compressible Navier-Stokes-Cahn-Hilliard system, as obtained in_[85] with a rigorous
physical derivation.

In particular, this system reads: in 0;T), R, n=2;3

@ +ur +dv@u)=0

@u+ (Uur)u+rp div( (()Du) r (divu)= div(r' r ")+ g (13)

WA A CO

@ + ur' = —div(r' )+ 9) ;

with suitable boundary and initial conditions. Here is the uid density, u is the mean
velocity, ' the aforementioned order parameter, is the double-well potential, is the
capillary coe cient, and g = ge, is the gravitational force.

We can now apply a variational method in order to obtain a simpler system of equa-

tions ([62]). We consider the stationary solution:
=const60; u =0;" =0;p
and write the system for the perturbation

(+ ;u5p+p)
From the rst equation in ( we obtain
@ + )tur(+ )= (+ )dvu
implying that
@ +tur = divu div u:

Now, since this equation holds for any = const2 R*, we can decouple the following two
contributions, the rst one which is a rst order equation in , the second one which is a

zero order equation in and
8
2@ +ur = dvu

>
- divu=0



and thus 8
2@ +ur =0
(14)
>
* divu=0:
From the second equation of[(1B), we deduce, after performing the perturbation argument,

that

(+ J@u+( + )Yurju+tr(ptp) dv(()Du) r (divu)
= div(C + )r' r ")+( + o
We recall that, being ( ;u ;' ;p ) a stationary solution of ), it holds the hydrostatic
balance
rp = g:

Thus we get, remembering that we found, in [(1§), divu =0,

(+ J@u+( + )urju+trp dv(()Du)
= div(r' r ') div(r' r ')+ g
Dividing by  we reach
)

@U+(Ur)u+*@u+—(ur)u+irp div Du

= div(r' r ') div —r" r + —0:

Since is arbitrary, we can take it arbitrarily large, such that << , hamely — 0O,
and we can neglect all the terms with this coe cient in front, except the gravitational one,
because it is linear and for an energy budget argument, nding:

@u+(u r)u+ irp div )

Du = div(r' r ")+ —qg: (15)

In conclusion, from the third equation in (L3), we obtain

(+ )@ +( + Jur'= div(( + )+ 1)

+

Dividing by  we get
!
1

1+ — @ + 1+ — ur' = — 7 —dv @+ ) 1 )

10



where we exploited the fact that

1 1 1
+ 1+ —
By using again that — 0, we nd
: 1
@ +ur' = —div(r ")+ = Q) ;
namely
1
@+ur'=( —"+=9Q) (16)

Putting together equations (14), (15) and (18), we are then led to formulate an equivalent

version of system [(1B), always with suitable boundary and initial conditions:
8

§@+ur =0

@u+(u r)u+irp div (l)Du = div(r' r ') —gen

L (17)
§@+ur': — =
Tdivu=0:

Comparing it to the CHB system ), we can nd that, up to multiplicative constants,
irrelevant from the point of view of the mathematical analysis, considering to be the
density , we obtain the same system, for = 0, i.e. for vanishing thermal conductivity.
Actually, the two systems di er for the term  div(r ' r '), which substitutes the term

r'in (@]), with  the chemical potential, but this is just an equivalent formulation, since
we have

re=( B (D)1
and
r=r —jr"j?+ (") div(r' r ")

and then the weak formulations of the systems are the same, as we can see by a simple

integration by parts, taking into account the boundary conditions of ). This is a further

strong motivation to study the CHB system, because it can give information about di erent

11



problems arising from di erent contexts, namely the solution to the system ) could be seen
as the limit of the solutions to the CHB system when ! 0 (considering the temperature as

the density): analyzing the properties of the CHB system solutions could thus give important

information also for this system.

We recall that the literature on the incompressible NSCH system is rather vast. For
instance, the system has been widely studied in the case of a regular approximation of the
logarithmic potential. In the matched viscosity case we refer the reader to [10]/117],-153],
[54], [55] and [[60] (see alsd [16], 23] and [57] for the analysis of similar systems). In the
unmatched viscosity case, the author in[[1/7] proved the global existence of weak solutions
and the existence and unigueness of strong solutions (global if = 2, local if n = 3).
The NSCH system with unmatched viscosities and logarithmic potential has been studied
in [2], where existence of global weak (physical) solutions and existence and uniqueness of
strong solutions (global if n = 2, local if n = 3) are shown (see[]2], Theorem 1 and 2),
and in [61], where in dimension two it is proven the uniqueness of weak (physical) solutions
and the global existence and uniqueness of strong solutions under regular initial conditions,
together with long time behavior properties, whereas in dimension three it is proven the local
existence and uniqueness of strong solutions when the initial data are su ciently regular.
Finally, we refer to [1] for the existence of weak solutions for the corresponding compressible
model of NSCH, like system [(1B).

On the contrary, not so many papers have been devoted so far to the analysis of
the CHB system. In [101] the author proves, in two-dimensional bounded domains, the
global existence and uniqueness of smooth solutions to probler’[{lO) with smooth initial
data ug; 92 H3() and' ¢ 2 H®() , considering constant Dirichlet boundary conditions
for the temperature and no-penetration boundary condition for the velocity @ n =0 on
@ (0;T)), since the uid is considered inviscid ( = 0), together with a regular potential

2 CS(R) (seel[101], Theorem 1.1 for the details). The same author then studied i [102]
the large time asymptotic behavior of the solutions, under the same hypotheses. 1n[46] the
authors considered the vanishing limit for a 2D Cahn-Hilliard-Navier-Stokes system with

a slip boundary condition, and in a similar way they considered the inviscid CHB system

12



in [45], nding some blow-up criteria of smooth solutions for three dimensional bounded
domains, proving that a smooth solution of the 3D CHB system with zero viscosity in a
bounded domain breaks down if a certain norm of vorticity blows up at the same time.

They always consider in the analysis the regular polynomial potential

1 ] .
207 1)% (18)

()=
where' is the order parameter.

Few works dealing with the CHB system with nonzero viscosity are available in the
literature, though: in [86] the existence and uniqueness of a weak solutiofu;’; ), with
no-slip boundary conditions for velocity and homogeneous Neumann conditions for tempera-
ture, in two-dimensional bounded domains with smooth boundary, is established and proved,
together with some further regularity properties when the initial data are su ciently regular
(namely when at least' o 2 H%() together with up and ¢ belonging to suitable spaces,
see [[86], Theorem 1.2) and again the analysis is performed in the case of the polynomial
potential as in ). In conclusion, in [44], vanishing thermal conductivity limit for the
2D CHB system in a bounded domain with no-slip boundary conditions for the velocity and
homogeneous Dirichlet boundary conditions for the temperature is studied, always consid-
ering the potential in the analysis. At this stage we note that so far some important
issues are still unsolved, in particular the analysis of the CHB system with the physically
relevant singular potential (). No results about existence or uniqueness of weak solutions
or strong solutions are available. Moreover the nonhomogeneous Dirichlet conditions for the
temperature eld has not been considered so far.

The aim of this work is to give an answer to the aforementioned open questions.
Namely, our main results for the CHB system in a two-dimensional bounded domain with

singular potential are the following:

(@) The existence of weakphysical solutions in the unmatched viscosity case, with no-
slip boundary conditions for the velocity and nonhomogeneous Dirichlet boundary

conditions for temperature.

(b) The existence, in the matched viscosity case, of more regular solutions, namely of a

13



quasi-strong solution (see De nition[1.2), and of a strong solution (see De nitior] 1.B),

when the initial data are su ciently regular.

(c) In the matched viscosity case, we obtain some stability estimates in di erent norms,
depending on the regularity of the initial data, from which we obtain a weak-strong
uniqueness result and, in particular, the uniqueness of the quasi-strong and strong

solutions.

For what concerns the numerical analysis and approximation of the phase eld model,
in the literature we can nd a large number of studies: we refer to[[8],[[39],[140]141]._[64],
[87] and the references therein. About the NSCH system instead, we refer the reader tol[27],
[28], [49], [50], [[71] and]95]: in particular stability and convergence analysis and numerical
simulations are performed. We then cite [[7I7] for multicomponent uid ows, [7€] for a
multigrid approach applied to CH uids and [L5] for a study on the advective CH equation
by means of Isogeometric Analysis. Nevertheless, to the best of our knowledge, results
concerning and speci cally addressing the numerical approximation of the CHB system are
not available in literature yet. Here we propose a numerical scheme to address this not yet
studied system by means of nite elements, based on an extension of the one employed for
the only CH equation in [64]. Di erently from the scheme in [64], in this scheme we consider
also the velocityu and the temperature . We prove that the scheme is mass-preserving and
energetically stable, under some conditions on the parametersand . The total energy is
de ned as 7

E = Sjjuji?+ 5ji 2+ i i2e ()dx (19)
2 2 2
Energy stability means that the total energy of the system does not increase in time, as it
is physically necessary, at least for the homogeneous Dirichlet boundary conditions for the
temperature. In order to reduce the computation time, we also introduce an adaptive time
step, which should exploit the di erent time scales characteristic of the CHB system. The
time adaptivity does not change the properties of the scheme, since they do not depend on
the size of the timestep. By means of the software FreeFem++ [([69]), we simulate ve dif-

ferent cases, corresponding to ve di erent initial conditions and verify the main properties
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of the scheme: conservation of mass and energy stability.

Thus, the plan of the thesis is the following:

In Chapter 1 we introduce the functional spaces and the main assumptions on the
system, leading to the de nition of weak formulation of the problem. We then conclude

with the de nitions of quasi-strong and strong solutions.

In Chapter 2 we state the theorems of existence of weak, quasi-strong and strong
solutions, together with the stability estimates leading to the uniqueness of the quasi-

strong and strong solutions.
In Chapter 3 we give the proofs of the existence theorems stated in Chapter 2.

In Chapter 4 we give the proofs of the stability estimates, and uniqueness theorems,

stated in Chapter 2.

In Chapter 5 we realize the numerical approximation of the CHB system in space, by
means of Finite Elements Method, and in time. We perform the numerical analysis
of this approximation, concentrating on its stability, in terms of total energy, and

accuracy.

In Chapter 6 we perform and discuss ve simulations in order to verify the numerical

properties highlighted in Chapter 5.

"Conclusions and future work" contains some issues which are worth investigating but

have not been explored in this thesis.

Appendix A reports some basic tools from functional analysis used in the thesis. Ap-
pendix B is devoted to some results on three stationary problems which play a basic

role in the proofs.
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Chapter 1

Weak formulation and notions of

solution

1.1 Functional setup

Here we introduce notation and the functional spaces which are needed to introduce the

weak formulation of problem ). Let be a smooth bounded domain oR?.

For the velocity eld we set:

()2 0?2

|1 2 1
H =fuz CI () 2: div(u)=0g V =fuz CI () 2: diviuy=0g

In the sequel, we denote by ; ) and jj jj the norm and the inner product, respectively,
in H and we consider inV , by means of Poincaré's inequality [(A.1), the inner

product (u;v)y =(r u;r v) and the normjjvjjy = jjr vjj.
For the temperature eld we de ne:
H=L%); V =Hi) VZ=V\H):
We denote by (; ) andjj jj also the norm and the inner product, respectively, inH .

For the concentration eld ' we set:

V=HY(); W=fv2H?%): @=00n@ g
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We also denote by( ; )1 andjj jj1 (or alsojj jjv) the inner product and the norm in

V (iiviit = divii? + iir vii®).

Z
Forany f 2 LY() we de ne its spatial averagef = Jlj fd
We de ne, for any u, v, w 2 [H()] 2
xe £ @
1%
u,v,w)= Ui —w; dx:
b( ) @™

We take a slight generalization of the logarithmic potential , namely a quadratic pertur-
bation of a singular (strictly) convex function in the closed interval [-1, 1].

More precisely, we consider
(9=F(s) ¢ (1.1)

where the convex part F, extended by continuity at 1 and 1, belongs toC([ 1;1])\
Cc3( 1;1) and fullls

S!imlFo(s)z 1 LilmlFO(s):+l F%s) 8s2( 11);

namely we consider a double well potential (see the Introduction), assuming= o > 0.
This means that

Rs) ~ 8s2( L1): (1.2)

We also extendF (s)=+ 1 foranys2[ 1;1]

Notice that the above assumptions imply that there existssg 2 ( 1;1) such that
Fqso) = 0. Without loss of generality, we assume thats, = 0 and that F(sg) = 0 as well.
In particular, this entails that F(s) 0foranys2 [ 1;1]. Moreover we require thatF %is
convex and

F%s) CeCIF gs2 ( 1;1) (1.3)

for some positive constant C. Also, we assume that there exists 2 (0;1) such that F%is
nondecreasing i1 ; 1) and nonincreasing in( 1; 1+ ]. These hypotheses are ful lled

by the potential in (B}, which is

(s)= E((1+ s)in1+s)+(1  s)n(l s)) 7032 8s2[ 11] (1.4)
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with  suchthat0O< < .
We now consider the following properties for the kinematic viscosity and the thermal
conductivity

let :R?’! Rand :R! R two globally Lipschitz functions, such that:
0< (z1;22) 8 (z1;22) 2 R? (1.5)

and

O0<k (z) k 8z2R (1.6)

for some positive values ; ; k andk .

We notice that the viscosity function (B) can be easily extended on the whol& in

such way to comply (1.5).
We are now ready to de ne the weak formulation of the problem.

1.2 Weak formulation

We can now list the assumptions on the thermal conductivity , the kinematic viscosity

the boundary values and the initial conditions.

(H1) and are globally Lipschitz functions ful lling (§.5) and ({.6),

(H,) the boundary value g satis es g2 L*(0; T;H2(@) and @g2 L2(0;T;H¥(@)) ,
(H3) "02 VN LY () with jj' ofjir () L o<1,

(Hg) up2 H ,

(Hs) 02 H.

De nition 1.1. Weak solution

Let hypotheses {H 1)) be satised. Given T > 0, a triple (u, ', ) is a weak solution on
[0,T] if

u2L©;T;H )\ L?0;T;V )and @u 2 L?(0;T;V°);
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" 2L (0;T;V)\ LYO;T; Vo) L?%0;T;V)and @ 2 L%(0;T;V9,
" 2L (0 (0;T)) andj (x;t)j< lae.(xt) 2 (0;T):

2 LY (0;T;H)\ L?0;T;V), = gae on@ (0;T) in the sense of traces and
@ 2L%0;T;VY;

<@Qu;w > +bu;u;w)+( (5 Jrurw)= (r s w)+( ;e w) 8w2V

.7
<@iv> +(r ;rv)+(urtv)=0 8v2V (1.8)
<@; > +( ()r;r )+(ur; )=0 82V (1.9)
for almost everyt 2 (0;T);
= "+ Q' )ae. in (0;T) with 2 L%(0;T;V);
u(0) = uo (O 0= o
Remark 1.2.1 The initial conditions mean that, respectively, in L2 norms,
limjju(t)  uojj =0 lim ji* (t) "ol =0 limii (1) oli =0: (1.10)

Indeed,u 2 C([0; T];H ),' 2 C(0;T];H) and 2 C([0;T];H) by continuous embeddings
of LemmalA.Z.2.

Remark 1.2.2 Notice that any ' ¢ in the class of admissible initial conditions has nite

energyE("' o) < 1 . Indeed, by jj' ojj_1 () 1 we easily infer that ( ' o) 2 LY() , where
Z
EC)= (GIr’ 2+ (" )dx (1.11)

The assumption on the total massj' oj < 1, however, prevents the existence of the pure
phases (i.e.' o lor'yg 1). Besides, we notice that any solution satis es the mass

conservation property (by testing equation {1.8) againstv = 1), namely

“(t)= H(t) 8t O
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Remark 1.2.3 As customary, the pressure term is dropped in the weak formulation. The
pressure can be recovered (up to a constant) thanks to the classical de Rham's theorem (see
[18], [93] or [97]): there exists, up to an additive constant, the pressure ih?(0; T;H) such

that, in the distributional sense, given
S= @ (ur)u+dv( (; )ru+ r' + e2L%0;T;VO; (1.12)
since as will be clear from the proof, all the terms belong td.%(0; T;V°), we have
rp=3S (2.13)
in the distributional sense, meaning that
(@ +(ur)u 1" ey )+( (5 Jruir ) (pdiv)=0 8 2Cj()
due to the fact that

<S;v>([ =0 foreveryv 2V ;

H301 2)°HEO) 2
that is for every v 2 [H3()] 2 such that div v =0.

Remark 1.2.4 Due to regularity estimates, since 2 L2(0;T;V) we deduce from the de -

nition of itself and from (B.7) that ' 2 L2(0; T;W?P()) , where2 p<1.

1.3 More regular solutions

If we require more regularity on the initial data, we are able to de ne other two notions of

solution: the rst one is the quasi-strong solution.

De nition 1.2. Quasi-strong solution
A weak solution in the sense of De nition[1.] is a quasi-strong solution if the CH equation

and the NS system are satis ed almost everywhere and

u2L©O;T;V )\ L%0;T;W )\ HYO;T;H )
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"2 LY 0;T;WEP()) N LY (0;T;V)\ LAO;T; o)\ HY(O;T;V), with 2 p<1.

Remark 1.3.1 Since we have that 2 L* (0;T;V)\ L2(0;T:H3()) \ H(0;T;V9, we also
get@ =0 almost everywhere in@ (0;T).

Further regularity of the initial temperature leads to the notion of:

De nition 1.3. Strong solution
A weak solution in the sense of De nition[1.] is a strong solution if it satis es almost

everywhere all the equations of the CHB system, and

u2L*(;T;V )\ L%0;T;W )\ HY(O;T;H );

* 2 LY 0;T;WZP()) \ LY (0;T;V)\ LYO;T;Vo)\ HYO;T;V) with j' (x;t)j < 1
a.e. (x;t) 2 (0;T), where2 p<1;

2 L1 (0;T;V)\ L?0;T;H?()) , = gae on@ (0;T) in the sense of traces
and @ 2 L?(0;T;H);

with @ =0 almost everywhere in@ (O; T).

In the following chapter we state the existence and uniqueness of solutions theorems,

which are the main results of the analytical part of this thesis.
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Chapter 2

Existence and stability estimates

2.1 Existence results

We can now state the existence theorems for weak and strong solutions, according to the
regularity of the initial and boundary data. Under hypotheses|H1)H(Hs)|we can prove the

existence of a weak solution to the problem.

Theorem 2.1.1. Let hypotheses Ki1)}[Hs)| be satis ed. Given T > 0, there exists a triple
(u, ', ) which is a weak solution on [0,T] according to De nition[1.].

Remark 2.1.2 We notice that the existence of a weak solution can also be obtained in the
case of a bounded domain  R3, with slight changes in the functional setting of the time
derivatives of velocity and temperature and in the proof of the estimates leading to the

exhibition of a solution candidate.

We now consider stronger hypotheses on the initial conditions, namely the additional

hypotheses are the following:

(I1) and are positive constants,

(12) 02 Vo with i* ofjL2 () landj oj <1,
(Is) o= "ot Y02V,

(|4) up2V .
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In this case we can state the existence of a quasi-strong solution as in De nitidn 1.2, with

additional regularity for the velocity eld and the phase eld.

Theorem 2.1.3. Let be fullled. Given T > 0, there exists a triple @, ', ),
which is a quasi-strong solution on [0,T] according to Def[ 1]2, such that

u2 L (©;T;V )\ L%0;T;W )\ HYO;T;H )

C 2 LY 0;T;W2AP() \ LY (O;T:V)\ LAO;T; Vo) \ HYO; T: V) with j* (x;t)j < 1
a.e. (x;t) 2 0;T);

= "+ Q) ae. in (0:T) with 2 LY (0;T;V)\ L?0;T;H3()) \
HY(0;T; V9.

2 LY (0;T;H)\ L%0;T;V), =gae on@ (0;T) in the sense of traces and
@ 2L%0;T;V9,

where2 p<1.

Remark 2.1.4 Due to the regularity of the solutions stated in the above theorem, since
2 LY (0;T;V) we deduce from the de nition of itself and from that
C 2 LY (0;T;W2P()) ; with 2 p<1:
Remark 2.1.5 By the regularity of the solutions, we also have that equations for velocity
u and for' also hold almost everywhere in (0;T) and @ = 0 almost everywhere on
@ (0;T). Moreover there exists a pressure 2 L?(0;T;V) such that ) also holds
almost everywhere in (0; T). Moreover, by the regularity for u and ' we have that
the initial conditions are satis ed pointwise, u(;0) = ugand' (;0)="¢gin . Only the
temperature is not regular enough to retrieve a strong solution according to De nition[1.3.
We now state the last theorem of existence of strong solutions. Since we look for
2 H?() , we ask for a more regular Dirichlet boundary datum:g 2 L2(0; T;H32(@)) \
LYO; T, HY(@) L @92 LX(O;T;HY(@) -
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We also ask for a more regular initial datum, say o 2 V. Then the additional

hypotheses tg H1)H(Hs)|and |(I 1){(I 1) are the following:

(J1) The boundary value g satis es g2 L2(0; T;H3?(@) \ L*0;T;H¥(@) and @g?2
L%0; T;H(@)) |

(J2) 02V and o= g(0) on @ in the sense of traces.

Theorem 2.1.6. Let hypotheses K1){{(14)| and |(J1)H(J2)| be fullled. Given T > 0, there

exists a triple (u, ' , ) which is a strong solution on [0,T] according to Def., such that

u2 L' (O;T;V )\ L20; T;W )V HYO; TS H );

"2 LY 0;T;W2ZP() N LY (O;T:V)\ LAO;T; Vo) \ HYO; T:V) with j* (x;t)j < 1
a.e. (x;t) 2 0;T);

2 LY (0;T;V)\ L%0;T;H?()) , =gae. on@ (0;T) in the sense of traces
and @ 2 L?(0;T;H);

= '+ Q) ae in 0;T) with 2 L* (0;T;V)\ L%0; T;H3()) \
HYO;T;vYand@ =0 ae.on@ (O;T).

where2 p<1.

Remark 2.1.7. We recall that the strong solution satis es the equations of problem [(1D)
almost everywhere in (0;T).
2.2 Stability estimates and uniqueness

We can now state some continuous dependence estimates, according to the regularity of
the initial and boundary data, together with some uniqueness theorems, which are direct

consequence of the aforementioned estimates. We start with a weak-strong uniqueness result,
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which leads to a stability estimate in the dual norms, if we start from a weak solution
(De nition and a strong solution (De nition An immediate consequence is clearly

the uniqueness of a strong solution.

Theorem 2.2.1. Let and positive constants and let(uy;' 1; 1) be a weak solution
according to Def, with initial data ' g1 2 V\ Lt () with jj' o1jj 2 0 landj o1 < 1,
Ups 2 H, 012 H, and let (uy;' 2; 2) be a strong solution according to Def.3, with
Y02 2 Vo \ LY (), i oadiv: landj o2 < 1, o2 = "2+ Y o2) 2V and
@ 02=00n@,up2V , 022V and , = g(t) almost everywhere or@ (0;T). De ne
also the same Dirichlet boundary datung 2 L?(0; T;H3?(@) \ L*0;T;H¥™(@) and
@g 2 L%(0;T;H¥(@) . If ' 01 = ' 02, then there exists a positive constanC depending

on T and on the norms of the initial data such that

jjua(t)  ua(t)iiyo + ji' 2(t) " 2Oiimo+ i 2(t)  2(Dijve
Cjiuor  uozjjyo + Cjj' o1 " o2ino+ Cjj o1 o2jye 8t2[0;T]: (2.1)

Remark 2.2.2 We notice that if also the initial data coincide, we have (u1;' 1; 1) =
(uz;' 2; 2), implying that if the strong solution exists, it coincides with the weak one with
the same initial and boundary data. In particular, this implies the uniqueness of the strong

solution.

If we consider two quasi-strong solutions according to De nitio{ 1.2, we nd a stability
estimate with respect to stronger norms than the previous case: in particular we strengthen
the norms for the velocity eld and the phase eld, which are now the L? norms. Clearly,

as an immediate consequence, we deduce the uniqueness of the quasi-strong solution.

Theorem 2.2.3. Consider two sets of initial data (o1;" o1; 01) and (Uo2;"' 02; o02) satisfy-

ing the assumptiond (2)}{14)] and denote by(us;" 1; 1) and (uz;' 2; 2) the corresponding

quasi-strong solutions, according to De nition[1.2. We have the continuous dependence es-
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timate

jjug(t) w2+ 0t o) 20+ () 2(Djjve

Cliuor  Uo2jj + Cjj" 01 "o02i + Clj 01 o2jve 8t2[0;T]; (2.2)
where C is a positive constant depending o and on the norms of the initial data.

Remark 2.2.4 From this theorem we immediately deduce that the quasi-strong solution is

unique.

As already noticed in Remark{2.2.2, the uniqueness of the strong solutions is a conse-
quence of Theorenj 2.2]1 (and obviously of Theorefn 2.2.3), nevertheless we state the follow-
ing theorem in order to show a continuous dependence estimate with respect to a stronger
norm for the temperature, compared to the one presented in Theore.3, namely the?

norm.

Theorem 2.2.5. Consider two sets of initial data (o1;"' 01; 01) and (uo2;' 02; o2) satisfy-

ing the assumptiond [;)H{14)] and [(J1)}{J2)| and denote by(uy;' 1; 1) and (up;' 2; 2) the

corresponding strong solutions, according to Def[ 1]3. We have the continuous dependence

estimate

jug(®  ua®+ it 2(t) "2+ 0 (1) 2D

Cijuor Ui+ Cjj' o1 "02i+Cjj o1 02 8t2][0;T] (2.3)

where C is a positive constant depending o and on the norms of the initial data.
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Chapter 3

Existence of a weak solution

In order to prove the existence theorems, we rstly consider the same weak form (without
the condition of ' (x;t)j < 1 almost everywhere(x;t) 2 (0; T), which will be required
only for the nal system), but with an approximation of the logarithmic potential , which
will be called , with 2 R*,instead of and then show the convergence of the solutions
of the approximated sequences to the desired solution of the original problem. Thus, before
proving the theorems, we need to make explicit in the next section the construction of the
approximants

Moreover, in another section we introduce the lifting operator technique for the case
of the temperature , which is a standard way to be able to consider a solution with homo-
geneous Dirichlet boundary conditions, instead of nonhomogeneous conditions, which are

more di cult to be treated directly.

3.1 Approximating the logarithmic potential

Let us recall some results in[[56], and then in([34], concerning the existence of a sequence
of regular functions F which approximate the singular function F. First of all, for any

> 0 we introduce the quadratic perturbation of F by (s)= F (s) ?Osz, which is the
approximation on the potential as de ned in (1.1).

Moreover, there exists a familyF : R! R ( > 0) such that F (0)= F°%0)=0 and
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1. F%is Lipschitz on R with constant 1= ,

2. There exist0< < 1, where has been de ned in Sectiol, and® > 0 such
that F (s) os° €;82R;8 2(0; I.

3.As | O F(s)! F(s)foralls2R,jF%s)j!j FYs)jfors2 ( 1;1) and F°
converges uniformly toF°on any (compact) set[a;h] ( 1;1). We have also that

(see[56])jF%s)j! +1 for everyjsj 1. Moreover, we have
F() F(s) 82 1,1]

and
jF%s)i | FAs)j 8s2( L1

4. F%s) 08s2R

Some other properties of the approximationd are the following:

From property (B), we have that, 8 2 (0; Jand8s2 R
(s) 7032 ¢ ¢ (3.1)
From property ([} of F and from the convexity of F we deduce that:
F(s) F(so) (s so)F%s) js soj21 8s2 R;
which implies, sincesp =0, and F (0) = 0, that
F(s) sFYs) j sj21 8s2 R;

then we have the following property for

(s)= F (s) 7032 F(s) Fis?® 8s2R; (3.2)

1
whereF; = —.
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As proved in [52] and [56], there exists a positive constant C such that
z z
JFOCidx  Cj FC)C )dxi+ G (33)

that holds for C = C(' o), independent of 2 (0; ], with the hypothesis that ' ¢ 2
( L1).
From property (E}, we deduce that
Rs) o 8s2R: (3.4)
For the proofs of existence of more regular solutions, namely for the quasi-strong

and the strong solution, we consider a slightly di erent approximation of the logarithmic

potential (see [52]). In particular we de ne

8
X2 . .
% %F(J)(l s @ ) 8s 1
j=o J”
F ()= _F(s) 8s2[ 1+ ;1 ] (3.5)

5 SFOC 1+ )s ( 1+ ) 8 1+
j=o J”
In this case, 2 C2(R), and all the aforementioned properties hold, apart from ), since
F?is not globally Lipschitz anymore. Moreover, property ) holds for su ciently small

> 0.

3.2 The lifting operator

We analyze the case of nonhomogeneous boundary conditions for the temperature and we
follow the method of the lift operator presented in [83] and also used in detail for example

in [14]. We consider the problem
8

2 ,0=01in aa t2(0;T)
> (3.6)
- g(t)=g(t)on@ a.a.t 2 (0;T):

Thus it is well known that if s at least C%!, as in our case, then g(t) 2 V for g(t) 2

H™2(@) and we have the estimatejj 4(t)ji1  Cjjg(t)ji1=.@ - When is smooth, as in
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our case, we can apply a duality argument, as in[83], to conclude thaty(t) 2 H™() for

git) 2 H™ (@) for everym 1. Also, the following estimate holds:
I o®iim  CjigM®)iim 1-2@ 8m L (3.7)

Moreover, @ ¢(t) is a solution of the Dirichlet problem

8
2 @4t)=0 2 aa t2(0T)

" @4(t)= @) on @ aa. t2 (0;T):
Thus @ ¢(t) is a function in V and satis esjj@ ¢(t)jj1  Cjj@y(t)jj1=2.@ for almostanyt in
(0; T). Analogously, we have@ 4(t) 2 H™() for @y(t) 2 H™ (@) for everym 1.
Also, the following estimates hold:

1@ ¢Miim  Cli@IMjjm 120 8mM L (3.8)

Then, from these estimates, it is easy to see that if the original boundary datung sat-
ises g 2 LP(O;T;H™ (@) for somem 1 and somep 2 [1;1], and @g 2
LY0; T;H* ¥2(@)) for somem 1and someq2 [1;1 ], then 42 LP(O;T;H™()) and
@ 42 LIYO;T;H K()) . In the case analyzed in the previous sections, it is thus su cient to

consider the following regularity for the boundary valueg:
g2 L*0;T;H(@) and @2 L*(0;T;H*P(@)) ; (3.9)
implying at least that

g2 LYO0;T;HY()) and @ 42 L2(0;T;H): (3.10)

3.3 Proof of Theorem 2[1.1°]

3.3.1 Galerkin approximations for the approximating problem

We can now prove that a weak solution exists. In order to do that, we rstly consider
the same weak form but with instead of  (without the condition of ' (x;t)j < 1 a.e.
(x;t) 2 (0; T), which will be required only for the nal system).

We say that (u ;' ; ) is a weak solution of the approximating problem if
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u 2LYO;T;H )\ L?0;T;V )and @u 2 L?0;T;V?);

© 2LY(O;T;V)\ LYO;T; Vo) L30;T;V)and @ 2 L%0;T;V9;
" 2LY( (0;T)) andj (x;t)j < 1a.e. (x;t) 2 (0:7T);

2 LY (0;T;H)\ L?0;T;V),
@ 2L%0;T;VY;

gon @ (0;T) in the sense of traces and

<@Qu ;w>+bu;usw)+( (s Jrusrw)= (U Sw)H( e w)
8w2V (3.11)
<@ ;v>+(r ;rv)+(u r' ;v)=0 8v2V (3.12)

<@ ; >+ () ;r)+(u r ;)

1
o

8 2V (3.13)
for almost everyt 2 (0;T);

= + %" )Yae. in  (0;T)with 2L2%0;T;V);
u (0)= uo " 0)="0 0) = o

We then show the convergence in of the solutions of the approximated sequences to the
desired solution of the original problem.
The proof will be carried out by means of a Faedo-Galerkin approximation scheme: we
prove that the solution exists for the approximations and then we extract a converging
subsequence showing that the limit is a solution of the original problem. Then, letting, up
to subsequences, ! 0, we get the desired solution. For simplicity, from now on we omit
the subscript on the variables.

First of all, we de ne the solution of the nonhomogeneous boundary Dirichlet problem
as = + g4, where ( t) belongs toV for almostanyt 2 (0;T) and g(t) is the harmonic

extension of the boundary datum previously de ned. We set = o  ¢(0).
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We then introduce the family fwjgj>1 of the eigenfunctions of the Stokes operator
(see Appendix[B.2 and, e.g.,[[32] and_[97]) as a Galerkin base Wi (orthonormal in H
and orthogonal inV ) and the family f ;gj>1 of the eigenfunctions of the Laplace operator
with homogeneous Neumann boundary conditions as a Galerkin base W (orthonormal in
H and orthogonal inV). In conclusion we introduce the familyfv; gj> 1 of the eigenfunctions
of the Laplace operator with homogeneous Dirichlet boundary conditions as a Galerkin base

in V (orthonormal in H and orthogonal in V).

. p— .
Z, = Span( 1;:::; n) (we consider as 1 1= j j, so that k 1k = 1, since the

(i.e. with respect to L2 norm), respectively, i.e. P, := Py, , Py := Pz, and B, = Pv,. We

then look for four functions of the form

X X
Un(t) = Nwi 2 W, (L) = i(t) i2Zn (3.14)
i=1 i=1
n(t) = i(t) 122y n(t) = (Vi 2 Vp; (3.15)
i=1 i=1
where i, i; i; i are real valued functions of (we will seep1 classand , = n+ g, such

that

Un(0) = Pn(uo); ' n(0)= Pu(' 0); n(0)= P,( o), which means

X X

un(0) = NO)wi 2 W, ' q(0) = i(0) i22Zn n(0) = i(O)vi 2 Vq;
i=1 i=1 i=1

n = Pn( "nt 0(' n)) = "n+ Pn( O(' n));

(@un;w)+ blun;unsw)+( (i n)runsrw)= ("ar ;W) +( nt+ gie2 W)

8w 2 W, (3.17)

(@ n;vV)+(r prv)+(up r'psv)=0  8v2Z, (3.18)
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(@ n; )+ (n)r nyr )+(un r ny )=

<@g > ((n)r gr ) (Ur g ) 8 2V, (3.19)
for everyt 2 (0;T).

We notice that Pj( "n) = ' n because the linear operator commutes with
the orthogonal projector P,. Moreover we recall that, due to regularity theorems and
since the domain is supposed to have a su ciently smooth boundary, the aforementioned
eigenfunctions are smooth functions, seé¢ [97], thus, for example, the duality in the time
derivatives can be considered as ah? inner product.

Since the function °(s)= F9s) osis atleast locally Lipschitzand , are globally
Lipschitz, one can easily see that this system of equations is equivalent to a Cauchy problem
for an ordinary di erential equations system in the unknowns #;; ; ;. The Cauchy-

Lipschitz theorem ensures that this system has a unique solution into an intervdl0; t,); t, >

(2™ @); D) Mo = aMr); M) ):

with G a locally Lipschitz continuous function of [~(M: (M: (M]T and with the initial con-
ditions [~(M(0); (M(0); ™(0)]" as shown in [3.16).

Then, the Cauchy Lipschitz theorem entails the existence of a unique maximal solu-
tion A(M 2 C([0;t,);R"), M 2 C1([0;ty);R"), M 2 C1([0;t,);R").

We now derive some uniform estimates in order to guarantee that, = + 1 . First of
all, we have the mass conservation property: from equati08), considering 1 as test

function (v2 Z, 8n 1) and integrating by parts the third term we get

Z g
. n
= = 2
@n=1]] il (3.20)
Z
thus ' , = const = Pn(' 0)5 j = ' o since the only component of the projectionPr,,

yith respect to the basis, with nonzero mean, is the component with respect to ;, so
("o; 1) 1="0o. Thatis to say that ' , is independent ofn and t and depends only on

the initial datum ' .
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Now, we start from equation (3.18): with the classical procedure of applying the
equation for each element of the basis oE,, then multiplying each equation by ; and
then summing up, we can use , 2 Z, as a test function, integrate by parts applying the

boundary conditions and obtain:

(@ n; n()+(r n;r n) UWa r n;'n)=0: (3.22)
Substituting the value for , in the time derivative we obtain (by construction and orthonor-
X X0
mality of the basis, for everyv =  a ; we have(P,( °C »));v)=  ( (' n)%a ;)=
i=1 i=0
axn 0
( Cn) a i)=( "(n)V)):
i=0
z
d . ' 2 ' . =2 Al —_ .
gl it F ()t it ni® (Uun r ni"n)=0: (3.22)

From now on, for simplicity, we will omit the dependence of and from the variables
"nand q.
We analyze the equation |(3.1B) for the temperature: by the same argument as before,

we can test the equation against = , and, remembering property [1.6):

di. . o
qiall niZ+ 0 i <@g 0> (7 ogr ) (Un T g o) (329)

We then have, by Cauchy-Schwarz's and Poincaré's inequalities, the property of the lift
operator and Young's inequality (we recall thatjj@ 4jj ji @ giin = Cji@I(V)jj1=2.@ ):
<@ g n> Coi@qgiiiir nli  Cli@i(Vii1=2.@ iir  nli
gl ii*+ Cii@Wiiise :
Then we have, by the same properties (in particular, by Young's inequality, we makek
appear and since we havé& > 0 - see hypothesis[(1]6) - the constan€C is well de ned)

(r gr n) gl nii2 + Cjir  gji? <l nji? + Cij gii2

i nii?+ CiigWiife |
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We recall that, for example by Lemma [A.1.4) together with Poincaré's inequality, we obtain

that, given 2 H3() (the same holds for the vectorial case 2 [H3()] 2):
i dieeg  ChiEIr it (3.24)
We can then apply the previous result together with the classical Sobolev embedding
V | L*) , the generalized Young's inequality for three terms and the lift operator's
properties:

(Un T g n) i UniiLay it ol i nlice

i unii i unii e gii jir  nil

it unji?+ it i+ CijunjiZir gli®

i unii®+ it aji® + Ciiunii%io®iitoe -
Remark 3.3.1 If we considered the homogeneous Dirichlet case, the proof of this fact sim-
plies a lot: we can use , as test function in the equation for temperature to get, applying

the boundary conditions and property [(1.5):

;k nk2+ 2k ir a2 o (3.25)

Now, we can apply Poincaré's inequality due to homogeneous Dirichlet boundary conditions:

i i Coiir  nji% with Co= Co() , to get
g nli®+ ol nii® 0 (3.26)

k : . : 4
where ¢ = ZC—. Then, applying Gronwall's inequality (Lemmal A.1.7), we get
0

2 t

i nii? @i n(ii%e " i oii’e °* ji ii® (3.27)

since P, is an orthogonal projector, thusjiPn( o)ii ii ojj. So, we can deduce that ,, is
bounded inL! (0;T;H) forany T t,.
We then look for a uniform estimate forr ,: starting again from equation (3.25), we

multiply by 2!, knowing that

d o
&7 it = e

_O¢.. ..2+ &tg.. .2
27 nll €2 dt” nl)
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we have, using the bound (3.27)

2t ni?+2k e?lr a7 Je?lj ajf? 2 ol

0
dt 2°
Integrating in time the previous inequality, we obtain, remembering thalBn( o)ii i  oij

Z 1
e?Tj aMi®+2k  e¥lr o § of®+j ol*2 e ¥ 2 o

from which we get

jir  aii? e
0 0

Ot..
>t

N 1. .
it aii® i oli*= C?
where C is independent ofn: we have, by Poincaré's inequality orV :
i nliczorvy G (3.28)

obtaining directly the uniform boundedness of the norm i.2(0; T;V ).

Now we can consider equation?): considering, as a test function, knowing that
the trilinear form b( ; ; ) is antysimmetric and applying the boundary conditions, we get:
di. . N N di. .

Groltnii®+ dir unli®+(un ronitn)  GeSliunii®+(r Unir Uun)#(Un Tonit )
=( n;e2 un)+( gi€2 Up): (3.29)

The terms ( g;e2 up) and ( n;€2 Up) can be easily estimated by means of Cauchy-
Schwarz's and Young's inequalities and by lift operator's properties:

1

S T 1.
Sl glif+ Siiunii®  SiigMiine * Sliuni®

(gi€2 un) i giidiunli i olix iiunii 2 >

whereas for the second one we get:
( ni€2 un)  Cojjir njijiunjj giir nli®+ Cjjunjj™

We can then sum up all the terms, obtaining the following inequality, having de ned

the total energy
z

En(t)=§uunuz+ S nji% + S i+ ( ()t C); (3.30)
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where € is the positive constant such that ) holds:

d o o VO
gif En(g+jir aii®+ i unfi®+ kjir afi* v ali®+ Cijunji® + Siigiiie
+ 1"u ji2
Siiunij
+glir i+ Cli@iiize
+glir i+ CligWiitze
+glic i+ v unji®
+ Cjljunji g2 @

then, we obtain, having set:

Dn(t) = jir nji®+ S lir unjj? + —ir nji? (3.31)

d 1 o
gt En(Dg+ Da(t)  Cijunii® + SjigWiiine + Cli@Miiize

+ CligMiitze *+ CiiuniiZigMiitze :
z
In conclusion, changing the constants, since ( (' n)+ €) 0, we can get

SEn(+Dal)  Ki(1+jj0Miitzq) En()* KoL+ 0030 + i @ADL g ) (332)

Thus, due to the regularity hypothesis made on the boundary datumg, we have that Q =
Ki(l+ jigiine) 2 L1O;T)

and alsoR = Ka(1+ jidjii.e *+ @i ) 2 LY(0;T), we can apply Gronwall's Lemma
(A.1.7), since E, is at least continuous in time: for anyt 2 (0;t,), fort, T:

R, Z R, Ry Zr
En(t) En(0)ecQM +  esQR(s)ds eo QAI(E,(0)+ R(s)ds): (3.33)
0 0

We have now to estimate the value ofE,(0): remembering that o= o ¢4(0), we obtain

4
E0(0) = ZiPn(U0li® + ZiPa( )i+ i PC 9+ ( (Pa( o)+ ©);
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Since all the projections are orthogonal in the spacell and V respectively, we can apply
jiPn(uo)ii Ii uoli, iPna( o)ii §i oif andjir Pa( o)ii iir " oij- We also have, form [3.9),
that 7 7

(Pa(' o)) F1(Pa(’ 0))? = FajiPa(’ 0)ii®  Faji' oij?
again becausd?, is an orthogonal projector.

We can conclude that
En(0)  Sliuoi®+ Sii oii®+ iir " oli® + Fajj’ oli*+ Cj J: (3.34)
Thus we can say, de ning askK o a generic constant depending on the initial data and , but
not on t nor n, we obtain:

Siir " oji?+ Fajit oii2+ Cj j+ ko= Ko (3.35)

1. ., 1. .
En(t) 511Uo112+ Sl oli 2 + 5

z
which implies, since  ( (' o)+ €) 0, that

2+ Siir ' aii® Ko

1. ., 1.
Sliunii®+ Sii nji*+ 5

2 2

Now, since from Poincaré's inequality (Lemma A.]) and from conservation of mass previously

shown we get

1Y | T | R Y R T L Y [ | R CoIO Ko+ jj" olj: (3.36)
In conclusion we have that, for a generic constanC independent ofn and t:
I"ni  C diunjj C jionjj C
Since we have thatjj' njj = j ™(t)j, jjunii = j ™M (t)j andji njj = j ™(t)j, by means again
of Gronwall's Lemma (see, e.g.,[|€8] for this kind of arguments) we deduce thdt, = + 1

for everyn 1, i.e. the problem (3.17)-(3.19) has a unique global in time solution.

Furthermore, for every0<T < +1 , we have that:
i nlicr orHy G (3.37)

jiunjjLr otv ) Co (3.38)
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But since we have that
nliv il a0 “alivHiitaliv =10 a0 Taliv 0T ollv o Clir faor Tl it oiv C
for someC independent ofn and t, we deduce:
i nlict @Tv)  Co (3.39)

Also, from (3.32), integrating in time over (0,T) and applying the inequality (8.34) for E(0),
and sinceEn(t) 0O, we obtain that
Z ya 2T
jir njj2+ > jir Unjj2+ 2 jir njj2 C:
0 0 0
Thus, due to Poincaré's inequality for velocity and temperature we also obtain, again for

some constantC independent ofn and T, that

jiunjiLeorv )y C (3.40)

ir nliczorHy C (3.41)
and

i niiczeTvy € (3.42)

forany 0<T < +1.
Coming back to the equation for ,, we can get a further estimate for' ,, testing

by n and integrating by parts, using the boundary conditions:

(r mr )= i et et
Then, remembering property (3.4) of , we have:

i njjz ojr ' njj2 (r nr'n)

entailing, by Cauchy-Schwarz's and Young's inequality:

ioteii® oir

pliZ+0ir njiiit el ke @+ ir ni)
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where we have used the uniform-im bounds onjjr ' ,jj and jj' njj: ki depends only on the

initial data, but not on n. We can then integrate in time from O to T, after elevating to the

square, getting, also using equation[(A.R):
Z, Z Z

i taliteg CY 2 g talt 2aT+2ke jir afi® C(T); (3.43)
0 0 0

2

where C(T) depends on T and initial data (due to (3.43)), but not on n. Thus we can say
I nliceomive)y 1 "0 Unlicaomvey I diteoimivegy  C(T); (3.44)

with C(T) dependent on initial data and T, but not on n. We then nd an estimate for :
multiplying the equation for , by ', ', ad integrating, after an integration by parts,

applying boundary conditions, we get
(nmi'n "n)= J.J.r'njjz"'(Fo(I n)i'n "n) o' ni'n "n):

Then we obtain, since( n;' n ' ) =0 and applying Poincaré's inequality {(A.T)) for zero-

integral-mean functions and as usual Young's inequality:

(FO(I n);'n "n)=( n n'n ' n) jir 'njj2+ o' ;' n "n)
CoGir niidir " wil) dir " aii®+2 ol i+ i " ali®)
C@+jir nii)
by the previous bounds on , in L* (0; T;V) (and by Poincaré's inequality sincejj’ n ' nij
Cojir ' nii), where C is independent ofn. Considering now the mean value of ,,, we obtain,
since( ' n;1) =0 and from property B.3) of F%
z z z
I | . 1 0 1 O N L
Pai=i=(mDi= = j°%Cai = FCai*+ o i)
Jllz ] o ] . 7
ﬁ( jFO(' n)j+ 0 J JJJ' nJJ) ﬁ(c J FO(' n)(' n ' n)j+ C+ C)

C@+iir i)
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due to the previous bounds onF® and ' ,,. The previous estimates entail that, due to
Poincaré's inequality and Young's inequality:
I niitzryy 2 e nliv*+2 i nliv
0Z ; 0 Z

2Co i Wi?+4CH 7 L+ aji®) Ko (3.45)
0 0

from the previous bound onjjr  yjj, we get that K¢ is independent ofn. From the equation
for » we can study, for further use, the following estimate (sinc&.4(0; T;V,) | L2?(0;T; W)
andV ! H=1L?%) for ,):
Z+ Z
) JFoC wii* C . fii nfi®+j 'nai®+i'aii’s C (3.46)
with C independent ofn, implying FO(" ,,) 2 L2(0;T;H).
We have now to address the time derivatives of the variables. We start from the

temperature ,: equation (3.19) can be rewritten as

d
dt

T+ B(un r on+A( )+ CLf+ Un I g+ A(g)=0 inVP° (3.47)

where P, : V) I VCis the adjoint of the orthogonal projector By: sincejiPuji (v v,y 1.
being a projector, alsojj Iﬁnij(Vg vo 1lforeveryn 1, and the linear operatorA = A+ :
Vo ! VO suchthat< A( ,); >=( r n;r ) forevery 2 V.

Then recalling hypothesis [1.6) for , we can start with

I<A( ) >0 Kiir v i
So, by Poincaré's inequality, we can say
BPA(AC aDiive i AC n)iive K i aii: (3.48)

We now consider the transport term in the equation ), applying boundary conditions:
for every 2 V,, applying Holder's inequality

j<un o onp > J=jun o on )i=g (Un ros )i 0 Undicsg D ndiceq dir i
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Thus, applying Cauchy-Schwarz and Young inequality and [(A.1.4), we get

iPaun 1 niive Ji Un 1 niive di Unfiveqy i nliLeq E(JJUnJJE4() +i niifagy)
S (unli it unll + Jjuni=+ i nlliir nli +1inli)
C(@+ jir unji +Jir i)

where, due to uniform bounds (independent of time) oru, and |, (see and|(3.38)),

C is a generic constant independent from.

Furthermore we have
iPa(AC oDiive i A( iive  Kkiir 4ii  Ciidiii=e : (3.49)

We now consider the transport term in the equation [3.47): for every 2 V,, applying
Holder's inequality and Sobolev embeddingy | L*()

J<un 1t g >J=jlun r g )i Qi Uniiceqy Iir ol di liLay  Cliuniicagy dir ol lir i
Thus, applying Cauchy-Schwarz's and Young's inequality and[(3.24) and considering the lift
operator's properties, we get

jir unji*Ziir gl

iPa(un t Qiive i un r giive i Unfisqy it oli i unii®
C(jir unjj +jir gii%iiunii)  CGir unji + jir 4ii?);

since, by previous estimatesjjupjj C.

The last extra term to be estimated is the time derivative of 4: since by Poincare's
inequality j <@ ¢; > | Il @qiiji i Coli@ gij jjr Jj for every 2V,

iPa(@ gliive §i @ giive Coi@ ¢(ii  Cji @12

by the regularity properties of the lift operator.

Considering also the other terms and the lift operator properties, we obtain the fol-
lowing estimate:

d n

gt o, CEHAr un+gr alj +gir oii® + | @dil12@ + lidii12@ )
\%

C(L+ jir unji +jir il + i90iif2e + i@i12e *+ i9M)ii12e)
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then, by Young's inequality we obtain

ZTdn2 Zq

o dt e c ) L+ jir unji®+jir  nii®+ jig®iil2e * i@iize * igbiize )
\%

K(T)

since the right-hand side is bounded, indeeg 2 L*(0; T;H2(@)) | L?©O;T:H¥2(@)) )
and jjunjj_2:1;v ) C. The constantK (T) is independent ofn and t.

Then we obtain that
d n
dt

2 L2(0;T;VY: (3.50)

We now pass to consider an estimate for the time derivative of ,. We can rewrite equation

G19) as:
dq
dt

with the same property as the previous case for the norm of the adjoint of the orthogonal

+P,(up r'n+ A(n)=0 inV° (3.51)

projector. Starting from A( ) : Zp ! Zf,’ such that < A( p); > =(r n;r ) for any
2 7Zn:
J<ACn) > Jdir aidie g el ik
thus we get
P (AC n))iive I AC niizg ir i (3.52)
We now consider the transport term: as before we have, applying the Sobolev embedding

V =HY) | L*) and Poincaré's inequality for velocity eld

j<un rtar > j=glUn ey )i=g 0 (un rq;' )i 0 Unjjay 0 nlicaqy ir i

CZjjunjivii' nijvii fiv  C* CZ+1jir unjiii’ nfivii jiv;
entailing
[iPa(un 1" n)iive di Un T alizg  Cir Uni
by using the uniform bound (independent of time) onjj' njjv obtained before: € is inde-

pendent of n (and t as all the previous constants). So we can nd a constraint for the
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aforementioned time derivative:

n

a i unil i i

applying Young's inequality and integrating in time we get

w267 i wiit+2 i g K (3.53)
0 A 0 0

due to the estimates previously obtained for the terms in the right-hand side (as usua

depends only on initial data and at most T but not on n). So, for everyO<T < +1

1 p —
dn K: (3.54)

dt L2(0;T;VO
We conclude the estimates with the analysis of the time derivative of velocity eld: equation

(B.17) can be rewritten as

Mot P (Bluniun) + AU+ af 0 nes ge)=0 V% (355)

whereA = A ., W, V ! W? such that < A(up);w >= ( 1 up;r w) for every
w2 W,andB: W, W;! Wﬂ, such that < B(up;un);w >= b(un;un;w) for every
w 2 Wp. Now, we have, recalling hypothesis[(1]5) for ,

j<A(un;w) > j iir unjj jir wij
so that, by Poincaré's inequality and, as usual, the property of orthogonal projectoP,
IPaA(un)iive JIA (un)iiwg jir unji: (3.56)

Also for B we obtain, from (A.6) and Poincaré's inequality (Co is the Poincaré's constant),

for any w 2 Wy,
j < B(Un;un);w > i unjizjjunjifijuniiziiunjiziiwiin - C (CE+1)# jir unjjij unjj jir wij
so that always by Poincaré's inequality and from previous bounds omi, in L (0;T:H ):

[iPa(B(un;un)jive jiB (un;un)iiwe C (C§+1)% jjunjijir uaji  Ciir unji; (3.57)
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with C independent oft andn. Then, we have for anyw 2 W ,, using the Sobolev embedding
V ! L%) and Poincaré's inequality forw,
J<'ar w0 ar asw)j i Calicagy ir o aliliwiisg Clitaliviir njidir wij
so that, by the bound on' , in Lt (0;T:;V)

iPaCnr ndiive i " nr nliwg  Cii" nliviir i Clir  alj (3.58)
with C independent ofn and t.

We are left to consider an estimate for the terms of temperature in[(3.55): for every

w 2 W, by Poincaré's inequality
J< nexw>j=j( nie2 W) ji nliliwii Coli niiiir wii;
therefore we get, by the estimate on , in L (0;T;H)
jiPn( nediive ji ne2iwg Cojj nji C (3.59)
with C independent oft and n.
We have now to consider the last remaining term: for everyw 2 W,,, by Poincaré's
inequality
j<  gezw>j=j(gie2 W)j jj giiliwii  Coli gliiir wij:
Therefore we get, using again the lift operator's properties:
IPa( g&2iive i ge2liwg  Coii gli  Cjj gliz  Clig()ii12e (3.60)
with C independent oft and n.
Since by assumptiong 2 L*(0; T;H¥?(@) | L2%0;T;H¥?(@) we do not spoil

the estimate on the derivative of the velocity and we can then conclude that

dun
dt VO

( + C)ir unjj + Cjir  nji + Cligjj12@ + C

which entails, by applying Young's inequality, integrating in time and using the previous

obtained bounds, that:
z
T du, ?

0 dt VO

Zy Zy Zq
K ( ) jir unji?+ i ir nii%+ i jgWiitne +T) K
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with K = K (T) generic constant independent oh and t.

Thus we have:

P —
dun K (3.61)

dt Lorivo)
We are ready to do the last step to conclude the rst part of the proof. From all the
estimates above, which are independent af, we deduce that the sequences,; ' n; n;, n
are bounded in the corresponding spaces, independently of thus, by properties of re exive
spaces (apart from the casek ! (0; T;X), with X general Hilbert space, for which we apply
the Banach-Alaoglu theorem) we obtain the following convergences, up to non relabeled

subsequences: forang T <1

Up* u inLYO:T;H ) (3.62)
Un* u inL%0;T;V ) (3.63)
d;t” * ‘;‘: in L2(0;T;V?) (3.64)
" inL! (0;T;H) (3.65)
"o in L40; T;Vy) (3.66)
d('jt” * dc'jt“ in L2(0;T;V9 (3.67)
n* in L2(0;T;V) (3.68)
n* in L1 (0;T;H) (3.69)
n* in L2(0;T;V) (3.70)
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don, d .,
i G nt (0;T;V9 (3.71)

We recall that the weak convergence of time derivative to the derivative of the weak

limit of the sequence of variables can be easily proven by means of integration by parts in
time and due to the uniqueness of limit in distribution we get the result (see, e.g.,[[58]).
Uniqueness of limit guarantees also that all the weak convergences in di erent spaces are to
the same limit.

We notice that, dening = + g, the solution (u;'; ) has the required regularity,

since, by the above convergences,
u2 L1 (0:;T:H )\ L30;T;V ) and @u 2 L?(0; T;V°);
' 2L (0;T;V)\ LHO;T; Vo) and @ 2 L*(0;T; VO,
2 L1 (0;T;H)\ L20;T;V) and @ 2 L2(0;T;V%+ V9;

and the bounds on the corresponding norms are the same as for the approximating sequences,
thus depending only onT and the initial data. We recall that V°= H () and an element

of V%can be seen, by restriction orlV , as an element ofv® thus we have
@ 2 L?%0;T;VY:

The fundamental step is how to derive strong convergences in order to pass to the limit for
the nonlinear terms in the equations and show that the candidate solution is indeed a real
weak solution to the problem: we exploit Theorem[ A.2.l: since/ | H HO 1 VO
from the previous weak convergences, up to a non relabeled subsequence (furthermore, strong

convergence implies convergence almost everywhere up to another subsequence), we get
u,! u InL%0;T;H )andae.in  (0;T): (3.72)

Also, sinceV | H H?%] VC%and sinceL*(0;T;V,) ! L2%0;T;V,) | L?0;T;V), a
bounded sequence i (0; T V») is also bounded inL?(0; T; V) and then we can deduce by

compactness that

"ol " inL?%0;T;H)andae.in  (0;T): (3.73)
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In conclusion, sinceV | H H°%! V°we deduce, by the same Theoref A.2]1, that

n !l in L2(0;T;H) and a.e. in  (0;T): (3.74)

By standard argument we can now pass to the limit in the weak formulation of the
problem; we start from equation (3.17): multiply the equation by! 2 C§ (0;T) and integrate

in time between 0 and T. We obtain, xing nx n
Zy

(< Un;w > +b(un;un;w)+( rup;rw)+("ar ;W) (nt gie2 W)l (t)=0
0

8w 2 Wp,:

Exploiting the convergences already shown, as done, e.g., in_[18] and by the density of

fWhn,gn, 1inV , equation (3.17) converges to the desired weak form:

Zy

(ww>+bu;u;w)+( rusrw)+('r s w) (e w)l(t)=0
0

8w2V :

We now consider the equation [(3.118): multiply the equation by 2 C} (0;T) and

integrate in time between 0 and T, letting ny  n. We obtain
Z 1
(@' n;v>+(r nrv)+(un r'apv) ()=0 8v2Zp: (3.75)
0
Again, by the density of fZ,, gn, 1inV,asn!1 the entire equation (3.73) converges as

expected to
Z 1
(<@v> +(r ;rv)+(urtv)) (H)=0 8v2V: (3.76)
0
In conclusion, we are left to consider the equation for the temperature[ (3.19): multiply the
equation by 2 C} (0;T) and integrate in time between 0 and T, lettingn,  n. We

obtain

Zq
(<@ n;, >+ r nr)

0

+(Un r A <@gqg >+ (r gr )+(unr g ) (H=0 8 2 Vy,:
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Dening = + 4, by the density of fV, g, 1in V, also this equation, asn! +1,

converges to
Z+
(<@; > +(r;r )+(up r ;) (1)=0 8 2V:
0

We recall that the convergence is possible due to the strong (and almost everywhere) con-

vergences ) and3) to , and thus = + g» and of ' . Indeed, since and
are globally Lipschitz functions, so they are continuous, we can reach the convergence
("n;yn)! (; )ae.in O;T)yand (n)! ()ae.in (0; T) and then exploit,

e.g., Lebesgue Theorem to reach the convergence of the integrals in the weak formulation.

For example, in the case of we obtain, in the temperature equation,

Z 1
i CCa)r o ir )Y O 5r ) ( tdi
2.2
JCn)r nor (n)rr jj(t)jdxdt
7%z
t JCr oo ()rr jj( tjdxdt
and the rst term converges to zero since ( ,) k and ,* , whereas the second one

converges by Lebesgue Dominated Convergence Theorem. The same goes for the kinematic
viscosity in the equation for velocity.

By the arbitrariness of !; ; , since the space of functions of the kind( t;x) =

k(t) k(x), whereN is an integer, y(t) 2 C5 (0;T)and 2 S,with S=V ; V; V
k=1
respectively, is dense inCJ((0; T); S), thus in L2(0;T;S) (see [18], Chap. V, Secs. 1-2, or

[43], Chap. 7, Sec. 7.1), we obtain thau;"; ; satisfy:
<@Qu;w >dt + b(u;u;w) + (ru;rw)dt
o . o, . 0
= (r;wydt+  (;e w)dt 8w2L*0;T;V ) 3.77)
0 0
<@,v>dt + (r ; rv)dt+ (u rsv)dt=0 8v2L20;T;V) (3.78)
0 0 0
Z+ Z; Z;
<@; >dt + (r ;r )dt+ (ur ;)dt=0 8 2L3%0;T;V): (3.79)
0 0 0
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Then, by a standard argument (see, e.g./118] of [93]), we obtain that;"; ; satisfy:

<@Qu;w > +bu;u;w)+( rusrw)= (Cr s w)+( ;e w) 8w2V (3.80)
<@ v> +(r ;rv)y+(urtv)=0 8v2V (3.81)
<@; > +(r;r )+(ur; )=0 8 2V: (3.82)

Since' 2 L?(0;T;V,), we have from the equations, by integration by parts, that
@' 2 H¥@ and @' =0 almost everywhere on@  (0; T).
We now consider the equation for : we multiply the equation by 2 C} (0;T), test
againstv 2 Z, and integrate by parts in time between 0 and T, obtaining
Z1 Zy Z Z;
(V) M= (r'mrv) O+ FA v 0 (o' n:v) (1) (3.83)
0 0 0 0
Since' , ! ' almost everywhere on (0; T), by continuity of F we have alsoF (" ,) !
FO ) almost everywhere on ~ (0;T). But from ( we know that the sequencer (' )
is uniformly bounded in L?(0;T;H) L?(  (0;T)), therefore we can apply the weak
Lebesgue Theoren A.1]8 to get thaF (' ) * F (' ) in L?(0; T;H). We can then pass to
the limit in the equation (, as done above, and then by the arbitrariness of (t) and by
density of fZ,gn 1in H:

(;v)=( “Vv)+(FOC );v) (o5v) 8v2H foraa. t2(0;T) (3.84)

where we could integrate by parts sinceé 2 V, for almost any t 2 (0; T) and then, since the

equality holds 8v 2 H and all the other terms belong at least toH for almost anyt 2 (0;T),
= "+ 0C) ae. in (0:;7T): (3.85)

In conclusion we are left to study the initial conditions.
First of all, due to the embeddings of Lions-Magenes Lemmpa A.2.2, we obtain that

the initial conditions are reached in the strongL? sense:

Imiju(t) u(O)jj =0 im ii' (1) " ()i =0 im ij (1) ()i =0: (3.86)
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Indeed,u 2 C([0; T];H ), 2 C(0;T];H) and 2 C([0;T];H) by continuous embeddings
of the aforementioned lemma. We now study the value of such initial conditions: since the
method is the same for the three conditions, we analyze only one of them, for example the
one for temperature. Multiply equation ) by (t) 2 C([0;T]) such that (0)=1 and
(T) = 0, integrating in time in (0,T) and apply integration by parts (Lemma A.2.2), we

get:
Z
Of (CO+ o), )+ r + 1 gt)r ) O+(u (r ()+r 4);) (g

=(0)+ 40)) 8 2V:
We now recall that the formulation in (B.19) is equivalent to
°
. (@n+@q; N+ n+r gr (O)+(un (r n+r g) () =20 8 2
L2(0; T;Vn). Thus we obtain, from (3.19) applying the same procedure, with (t) as test
function, that
Z 1
Of ( n®+ ot); )+ 1 a®+r1 ot);r ) O+(u (r o(O+r1 o1); ) Dy
=(Pa( 0+ ¢(0);) 8 2V

As done before, we can pass to the limit in the previous equation, then by density of

fVn, Gn, 1inV we obtain
ZOTf ((D+ g )+ 1 + 1 gthir ) ®+(u (r (D+r1 o)) (g
=( o+ ¢0)) 82V
since P, is an orthogonal projector and thus:

Pa( 0);)! (o) forntl

Comparing the two equations, we obtain that( o; )=((0) ; )8 2V, which by density
of V in H implies that
(0;)=(0) ;) 8 2H:

Then, we get (0) = oaein ,ie,since(0)= (0) 4O0)= o= o ¢(0),

(0)= pae.in
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With an analogous argument, we getu(0) = ug and ' (0) = ' o almost everywhere in ,
and this concludes the proof of the existence of a weak solution for any , with 2 (0; ].

From now on, we will call againu ;' ; ; a weak solution to the problem with the

substitution of  with , thus depending on .

3.3.2 Convergence to the original problem

Now we need to nd further estimates in order to pass to the limit as goes to0 (up to a
subsequence). Analyzing the previous proof, we see that the only part in which there is a
dependence on the value of is in the initial approximating energy E,(0) in equation ),
therefore, if we change the estimation of this term we can consider all the other bounds as
valid independently of itself. Proceeding as alregdy done, we reach, changing subscript

2

jiZ+ =jir ' ji’+ ( (¢ )+ &) and we have, exactly as

1
ji 5

with : E (t) = %jju i+ 5

before,

d O T o
& E g+ D () Cjiu ji*+ JiigMiiize + Cli@Miize

+ CiigWjile * Ciiu ji%igM)iil—e ;
where we recall that
D (t)=jr ji?+ i u jiZ+ i i

z
In conclusion, changing the constants, since ( (' )+ ¢) 0, we can get

SEM+D () Kill+iioWitsg) E O+ Ko+ ii6WiiZg + i@V ) (387)

Thus, due to the regularity hypothesis made on the boundary datumg, we have that Q =
K11+ jjgiilmg) 2 LY0;T) and alsoR = Ko(1 + jidiifq + i @i%0q) 2 LY(O;T),
we can apply Gronwall's Lemma (A.1.7), sinceE is at least continuous in time: for any

t2 (0;T):

Rt Z t Rt RT Z T
E(t) E 0o+ esQIR(s)ds eo QI(E (0)+ R(s)ds): (3.88)
0 0
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z

2+ (') and

If we de ne the interface energy functional ask (' ) = %jjr "

EC )= %jjr “ji’+ ('), weobtainthat E (0)= E (* o)+ %jjuojjz"' %JJ 0ii%. If we show
that E (' o) E (' o) we are done, since we have by hypothesis on the initial conditions that
E( 0) < 1 (see Remark 1.2.p) and it does not depend on, clearly. From the property (B)
Section[3.] ofF , we know that F (s) F(s), 8s2 R (we recall that F(s) =+ 1 outside

the interval [ 1;1]). Then we have that
z 1 z 1
E(o= fF (o) > o' 3gdx fF( o) 5 o' 3gdx = E(' o)

as we needed. Thus, we have that
0 E(@) Co (3.89)

where Co depends only on initial conditions, but not on

Since all the other estimates are still valid, by means of this new estimate, we deduce

that the same convergences, up to subsequences, are valid: foraly T<1,as ! O

u* u inLY©O;T;H) (3.90)
u * u inL%0;T;V ) (3.91)

u! u inL%0;T;H )andae.in  (O;T) (3.92)
du * du . 2(in-T-\/0
o g MLAOTVO) (3.93)
toox in L1 (0;T;H) (3.94)
rox in L40; T;Vy) (3.95)

' 1 ' inL%0;T;H)andae.in (O;T) (3.96)
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d dq

el in L2(0; T; V9 (3.97)

* in L%(0;T;V) (3.98)

* inL! (0;T;H) (3.99)

* in L2(0;T;V) (3.100)

! in L2(0;T;H) and a.e. in  (0;T) (3.101)

ddt * (jjt in L2(0;T;V9: (3.102)

We notice again that, dening = + ¢ the solution (u;"; ) has the required

regularity, since, by the above convergences,
u2LY©;T;H )\ L?0;T;V )and @u 2 L?(0;T;V?)

" 2LY(0;T;V)\ L40;T; Vo) and @ 2 L?(0;T;V9Y;
2LY(0;T;H)\ L%0;T;V)and @ 2 L?(0;T;V%+ vO:
We recall that V%= H () and an element ofV°can be seen, by restriction orV , as an

element of V¢ thus we have

@ 2 L%0;T;VY:

Moreover, we get, with the same proof as for obtaining[(3.46), that
Z; Z
. iFC iz . fij §?+i " @*+i ii*e G (3.103)
with C independent of , implying F% ) 2 L2(0;T;L?()) .
We claim that the limit (u,’; + g) is a weak solution of the initial problem with

singular potential. This part is similar to [34]. The boundedness of can be proved by
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a standard argument as follows: for any xed 2 (0;1=2) we can introduce the setE =
f(x;t) 2 [0;T]:j" (x;t)j>1 g From (B.103) we obtain, thanks to the monotonicity
of F° (by the convexity of F ), that, for some constant C independent of ,

C
minfFY%1  );jFO  1)jg’

JE |
By means of a double application of Fatou's lemma, remembering, by property[ (3), that
jF%s)j! +1 foreveryjsi 1, we can pass to the limitas ! Oand ! 0, obtaining
jf(x;t) 2 [0:T]:j" (x;t)] 1gj=0,meaningthat’ 2 L (  (0;T)) with j (x;t)j< 1
for almost any (x;t) 2 0;T).
We now study the convergence for , in a similar way as done in the previous analysis.
From the pointwise convergence of , the previous property on its essential supremum, and

the uniform convergence ofF® to F°%on any compact set of (-1, 1), according to property
@), Section[3.1, we obtain:

IFOC ) FOi 0 FoC) FXI+IF ) R

sup  jF%s) FYs)j+iFoC ) FOC)it o
s2K ( 1,1)

where the second term in the right-hand side vanishes as ! 0 since F° is continuous
(property ([}, Section [3.1), and the rst one because we know thatj' (x;t)j < 1 almost
everywhere in (0; T). This means that exists a compact setK ( 1;1) such that
j" 12 K for every (x;t) in (0; T) (up to rede nitions of ' on a zero Lebesgue measure
set), and then we can apply the uniform convergence oK .

Therefore, this entailsF°" )! FY' ) almost everywhere on (0; T). From weak
Lebesgue theoren A.1]8 we then deduce th&°( ) *F ') in L23(0;T;L2()) . Then we

can conclude as in the previous part of the proof, that
= "+ Q) ae.in (0;T): (3.104)

In conclusion, extracting a subsequencex ! 0, we can pass to the limit exactly as before
for the equations for the velocity, the temperature and' and also the initial conditions can
be obtained in the same way. Therefore, we have concluded the proof of the existence of

weak solutions of the problem in analysis. The regularity of the solutions follows directly
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from the weak convergences above. Finally, it is easily veri ed (by integration by parts) that

@' =0 for almost every(x;t)2 @ (0;T), since’ 2 H?() foralmostanyt?2 (0;T). O

3.4 Existence of more regular solutions

In this section we give the proofs of the existence of quasi-strong and strong solutions

(Theorems[2.1.3 and 2.1)6, respectively).

3.4.1 Proof of theorem 2[1.3]

The properties of regularity of the weak solution, already proven in the previous sections, are
still valid (see De nition 1.1}, but we need to come back again to Galerkin approximation,
in order to prove further regularity estimates, which are needed to obtain a quasi-strong
solution according to De nition [.2] This approximating procedure is necessary in order
to make the proof rigorous, since we need to exploit the regularity of the approximating
functions and then pass to the limit to get the same estimates on the candidate solution.
As explained in [61], we perform a cuto procedure on the initial condition. The idea is
to carry out a three level procedure: the Galerkin approximation, the approximation of the
potential  with and the cut o procedure of the initial concentration. The solution
will be obtained extracting a converging subsequence in all the three levels, showing that it
converges to the solution of the original problem.

To perform the cuto procedure, we introduce the globally Lipschitz function hy :

R! R; k2 N, such that

8
% kiz< ki
3

hk(z) = z2 [ kik]; (3.105)
ki z>k:
We dene ~gx = hy ~o, where ~ = "o+ FY o) = o+ o . Since~ 2V,

the result on compositions in Sobolev space$ [96] yeldsx 2 V, for any k > 0, and

r ok =TI ~0 [ kkj(~0), which in turn gives

i~oxlix I ~olja: (3.106)
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For k 2 N we consider the Neumann problem

8

2 okt FY ox) = ~ox in

) 0k Y ok) = ~ ok (3.107)
" @ oxk=0 on@ :

Thanks to Lemma[B.1.], there exists a unique solution to this problem such that ox 2
Va, FY' 0x) 2 H, which satis es (3.107) almost everywhere in and @' ox = O almost
everywhere on@ . In addition, by (B.3] and from (.106) we get

Ii"okdive  C(L+ ji~ojj): (3.108)

Since ok ! ~o in H, Lemma[B.1.] also entails that' ox ! ' o in V. As a consequence

there exist anm 2 (0; 1), independent ofk, and k su ciently large such that
i"oklin 14" olis; okl m< 1 8k>k (3.109)
In addition, from Theorem [@] with f = ~q,, we obtain
BFY oRdiic: o i ~okiicz g ke

In conclusion, since we know that= °goes to in nite if the argument is greater than or equal

to 1, we can say that there exists = (k) > 0 such that
Imoxicty 1 (3.110)
Now sinceF %is continuous on( 1;1), thus bounded on compact sets (see, e.gL, [92]):
rFY o) = FOU ox)r ' ok 2 H:

Then, being F{' ox) 2 H, we deduce thatFY' gx) 2 V. Dueto 'gx = ~ok +
FY ok) 2 V, we obtain that ' o 2 H3() . Finally, for any 2 (0; ), where =
min % (k); ( dened in the properties of F , Section|3.1), sinceF (z) = F (2) for all

z2[ 1+ ;1 ], we infer from (3.110) that "ok + F(' ok) = ~ ok, Which entails
ii "o+ FOC ox)iin i ~olja (3.111)
We now introduce the Galerkin approximation, having considered = + 4 (s0o o =

o ¢(0) 2 H), as already done in the previous case with weaker assumptions on initial
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conditions. With the same nite dimensional spaces introduced for the previous case, i.e.,

Theorem[2.1.], we obtain the following problem depending on; k;
uR (0)= Pn(uo); 'R (0)= Pa(' ox)i & (0)= Pu( o)
(@ui. ;w)+ blujug. ;w)+ (r ug ;rw)= (3.112)
(kT kW +( g e w+( gex w) 8w2W,

(@} ;v)*+(r g srv)+(ug r'g;v)=0 8v2Z, (3.113)

(@} ;)+ (r Rsr)+(ug r o R;)= (3.114)
<@ gr = (r g r ) (UE; rg ) 8 2Vj,
for everyt 2 (O; T).

n

k=P R+ RS kPR OCR)

Let us notice that the basis chosen folV is still a basis forH3() , then we have that

RO ok InH3()

In turn, by the embedding H3() | L* () , we get

L@ Tox inLt()

Hence there existsn = n(k), such that
i . 1 - 1 .
e @iz 5 0+ 0 odis 1 5 (k) 8n>n: (3.115)

Forany k > Rwe x 2 (0; (k)) and n > n(k). The existence of a solution
and the rst energy estimates are exactly the same as in the less regular case: the only
di erence is the choice of the approximations  (chosen to be [(3.5)) and the choice of the
initial condition for ' §. : not a real problem due to the previous analysis. Indeed, the only
di erence in the proof already shown is in the termE,(0) (see )). This term is now

estimated in the following way: introducing again the approximated energy
z

1. . R
E(v;; )=Ent) C= QJJVJJ2+ S jiZ+ S jiZ+ ( )dx:
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Since (2) (z) 8 2 [ 1;1] and from ) we have that, being the essential
supremum of' §. (0) bounded in a compact set contained irf 1; 1], since the function s
bounded on[ 1:1], (' (0)) ('R (0) K (here we do not exploit the property of
being globally Lipschitz, since this choice of approximations does not enjoy this property).

Thus we have, by the well known properties of the orthogonal projectors, and from (3.109):

E (ug (0);' R (0); & (0)= EJJPn(Uo)JJZJf gur Pa(' ox)ij?
1. . ,
+ é”lﬁn( 0)ji2 + (' & (0))dx
EJJUOJJZ"‘ Sk, jiZ+ S oiZ+ Kij j

1. . A 1. .
Shiuoii® + S olif + Sl oi*+ K1 K:
where K does not depend om; ; k . After this technical passage, the rst part of the proof

goes identical, producing the following results (the constants de ned here do not depend on

n; ;k).

ik icrorHy C (3.116)
jug jict otmy C (3.117)
jjug. iiczervy C (3.118)
'k i otvy C (3.119)
i K iczerv) C (3.120)
iotai® o olir el e nidit el ke @ ir ) (3.121)
entailing

ik Jivservy  Co (3.122)

Then we have
ik liccervy C (3.123)
IR lin C@A+iir g i) (3.124)
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’ C (3.125)
dt  L201v9
Tk Ciir uf ji+iir R i 3.126
at e I+ r g I (3.126)
\VAY
Then
dyp
: C (3.127)
dt L2(0;T;VO
duy.
' C (3.128)

whereC = C(T) forany 0<T < +1 .

We now pass to analyze higher order energy estimates: taking= @ g. , we obtain

1d.. .- 1
Sqll R IPH(@R @k )+(@F suk g )=0: (3.129)

Since' §. is constant in time, by the regularity of the eigenfunctions we have@ ko=
@§ =0,then@ . 2 Voandthus @ . 2 V@forallt2 [0;T], then we can use the
equivalent norm on Vg, jj jj (see the Appendix, [B.18)).
Thus we get by Cauchy-Schwartz's and Young's inequality:
i@k Ji*= ot @ v Ao ‘@R ) oiir @R idir Ao '@ i
2
St @ & 7+ 500 Ao '@ {7
2
= Sir @ | i+ S00@ i

Then, from property (B.4) of , we deduce

jr @k it+C @R @)
jir @ g i* i@ g ii?

(@ @)

2
jir @ ¢ i? Slir @ ii? Zfoii@’ ki

Slir @ iZ Ki@ g i*

Moreover we observe:

=}
N
11
—
—~~
=
o=l
x>
x>
N
e
—~
xS
—
x>
o=l
~
~
c
x>
-
X3S

k)

(3.130)

(@ E; ;UE; r k;
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From Holder's inequality, the embedding ofV | L%() and (3.124), we then have:
( E; ;UE; r @ E; ) i E; ijG() jjUE; ij3() jir @ E; i
2ir @ ¢ 2+ Cii R difey diuR iifs
2 @ i iZ+c@+ii R GPiuR dits)
is equivalent to the natural norm and sincejj jjvo i ii vo,

Since onV{ the norm jj jj
becauseVy V, due to (3.126) we also have that

@ & i Clir ug li+ir g i (3.131)

The overall result, summing up (3.129 and|(3.130), is the following:

.n.n)

SHCR o reRo+ gir Rife=(@if rf R
Hug r@g k) (@ @y)
Zr @ &2+ C+i & iPiiuk its,
I

Slir @ 2+ Ki@ R iit+(@uy rR R

Then we obtain, by (3.131) and Young's inequality forjj@ §. jj*:
d 1. .. .. ..
qif (kU 1R+ Sl & it Siir @ & i®
Co(1+ jjuR. jifsy )@+ jir & %+ ir ug. ji®)

(3.132)

n

H(@Qug TR R
Now, taking w = @uﬂ; in the equation for the velocity we obtain
ji@uy. ji*+ buf juR ;@uR )+ (ruf ;T @uf)
=( kM k@i )+( | e @u)+( giex @Qu):

(3.133)

Now, we have, by ) applied to bothug. and r ug. the Sobolev embeddingv !
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[L*()] 2 and then (B.10):
Jb(ug. sug ;@ui )i i U dieqy dir Uk dice li@ug. i
Cijug §i*iir uf i e uf i uf i @ug i
Ciiug, J§*3ir uR, iiuR iif, i@uE i
Cijug. ji*jjr ug jijjAug ji*%i@ug. ji
Ciir ug. jijAug [i*Pi@ug. jj
si@ui i+ CGir ug ji*+ jiAug §i%);
where in the last two passages we exploited (3.1]L7) and the generalized Young's inequal-
ity. We then analyze, integrating by parts and applying Cauchy-Schwartz's and Young's

inequality and then again (B.10):
(rug 5T @ug )= ( ug i@ug ) Zi@ui ji*+ Cliug lifie
sli@ug ji*+ CijAug, ji*
Then, by Holder's inequality, the Sobolev embeddingv ! L®() andV,! W?%3() and
the estimate (3.124), we have:
(k'@ ) ik diceg Iir "icsg li@ug. i
Cij & dinii" & linzo) i@uy. jj
CQA+jir & "k lineg l@ug; Jj
sl@ui i*+ Kii' & difiz (Wi & 5% (3.134)

We are now left with the terms in temperature: by Cauchy-Schwartz's inequality and Young's

inequality we get, since we know|(3.116):
IC k€2 @Qui )l Eli@uy; | I % gi@uy i : (3.135)
Analogously we obtain, by the regularity of the lift operator:

i(giez @) Gi@uE i+ Ci oi®  Gli@uE 2+ CligMiile: — (3136)
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To sum up, we can estimate:

ji@up. ji2 gi@ug, iiZ+ C(jir uf. ji*+ jiAug. ji?
1

+ Zi@ul, i%+ CilAuf, i

v Si@uL 7+ K B @i kD)
+ Zi@uf, %+ K
+ Zi@u, i+ CilaWitae

implying, that

i@y iz Chir ul it AU 20 DRy @i R D+ iioWitee +10
(3.137)
Let now w = Auy. in the same equation for the velocity. Since we know thatAu ;. 2
L%(0; T;H ) (seel97]): there existp. 2 L(0;T;V) suchthat ul +r pp. = Auj. al-
most everywhere in ~ (0; T). Then, since(@uﬂ; T pE; ) =0, being the velocity divergence
free,

Dir up 2+ bl ul Aul ) (uf Auf )= (

1 N n
2dt rk AU )

xS

+( ki€ up )+( gex up ):

But, since  ug. +rpg = Aup and(r pg ;Aup ) =0 (to see this, it is enough to

integrate by parts and exploit Auy. 2 H for almost any t in (0; T)), we obtain
( uRAUR )= jiAug ji*

For the transport term we apply the same inequalities as the previous case, to reach (3.137)

63



obtaining
jo(ug; sug SAUR )T Uk Bisg dir ug dive BAUg; i
Cijug §i*iir uf i e uf i uf GiTAY g i
Ciiug, §*3ir uR, iuR dife, dAUR i
Cijug, ii*jir u, iijAug, ji*?
Ciir ug; Ji i Aug, ji*?
gliAUK, ii2+ Ciir uf. ji*:
Proceeding in the analysis, as done in the case qf (3.134):
(k"R GAUR ) DTk diesg dir " lis BTAUg, ]
Cii & Wi Q" & linzq) AUE, i
CA+r & "k iz AU i
AUl 5%+ KR dife @+ i § 6%

Again in the case of the terms for temperature we repeat the same analysis as jn (3.135)
and (3.136):

R e AURDI GiAUR 7+ Cii |2 giiAug 2+ K (3.138)
Analogously we obtain, by the regularity of the lift operator:

i(gie2 Aug )i gliAug ji2+ Cjj gii? glAuL ji2+ Ciigiife (3.139)

To sum up we can estimate:

jir uR %+ QAU §i® gllAu ii2+ Ciir ug. i*

+ gliAuL; 2+ KR e @Hiir R 0%

id
2dt

+ AU 2+ K

+ gliAug iZ+ CiigMiif-e ;
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Sl Uk B2+ SiiAuk i® 0 CGir ug 0 & BBz At & 9+ H00ilse 1)
(3.140)
If we then multiply (3.137) by ! = e and then sum up together with (3.140):

1d., o o ) ) 4 n ) )

Sl Uk BF+ SiAUR G+ ti@uk §5F K G ug it R G @i & )
+jjigMiit2e *1):

If we add equation (3.132) and we set

S
Shir & %+ Siie ug i

(D=( kg ug ')+ il

then we get
d } } } } } }
gt (DF SiiAuR %+ Li@ug ji*+ Siir @ & i®
Co(l+ jiuf. jidacy )@+ dir B ji%+iir uf ii?)
+(@ug. TR k)
" n ::4 an 2 " n ::2
KRG ue, 1%+ 0"k DGz @i g 119
+jig®)iiine t1): (3.141)
We are now left to estimate one last term: we have by Holder's inequality, the Sobolev
embeddingV ! L5() andV,] WZX3() and the estimate [3.124):
(@ug. r' ks k)@ diir R dicso ik e
SH@UE 2+ Cii' & fifie) 0 & T
SH@uk Ji%+ K" & ifie @+ dir & %):
Then we reach from [3.14]1):
d } o1 } } }
g ( D+ SiAuR %+ Sii@ug ji*+ Ziir @ & §i°
Co(1+ jjuf. jifs(y YA+ jir & Ji%+ir uf. ji®)
+ K(jr u, i+ 0 R ik @i R 5
+ligMiiine +1): (3.142)
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We now show that is bounded from below: we have, sinceﬂ; 2Lt (0;T;H ) and using

(B.24), the Sobolev embedding/ ! L*() , (8.124) and generalized Young's inequality:

(U riRs k) U s dir TR R dica
Cijug. i =2jjr ug. i 1=2j] kit
Cjjug. iz Ug. 2@+ jir ki)
1, 1. .
2" Uk jiZ+ Ak jjZ+ ct

Then we have

, . , Y 1. .
U Tk k) B R kI gl ug jiZ+ Ak j2+ ct

obtaining
n ' n . n 1 n 2 1 n ..2 Q
(U i) glinug it Zir 17 Co
We now get
200 Ui 17+ 0

and in the end, de ning T t) = ( t)+ C°we obtain
1. .. 1. ..
T i ug i+ e & i* o
Then, from the previous estimates, it easily seen that
Tt C@+jr § %+ iir ug ji?):

Since

n

0% i v i+ 2jr g §%r & it dr k69
and since, by previous estimate[(3.131) and Young's inequality,

iR iR C@+ir R c@+ir Ri? cfu+r R

we are able to deduce, from estimate 3.142,% ()= %’( t)), exploiting the Sobolev em-

bedding[H*()] ! [L3()] ?together with Poincaré's inequality for the term jjug. jifi sy 2,
that

d .. .

G (0 Ka+igWitoe + TV (3.143)
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Moreover, ~ 2 L(0; T), since
) CT+ ir Rt iir up jiz Cc<1 (3.144)
0 0 0

where the last term is due to (3.12B) and|(3.118). We can then apply Gronwall's Lemma
A.L7to (3.143) with a= K ~2 L*(0;T) and b= K (L + jigji{=p. ) 2 L*(0; T) obtaining

Rt ~ Z t Rt ~
T T10) & o ds+ & s K@+ jig)iiZ,e )ds
0
eKC[-(—o)+ KT + ijgijZ(O;T;Hlﬂ(@)) ]: (3145)

Sinceg 2 L?(0;T;H¥2(@) we are only left to estimate T0) : since the projectors are

orthogonal, by Holder's inequality and Sobolev embeddingy ! [L3()] ?andV | L®() :
©=( & O O ' O)+ Hir & O+ 5ir uf @)%+ C°
(% ©):Pa(uc) 1 Pl o)+ it B (O)ii2+ Siir Pauo)ii?+ C°
Ii Pa(uodiisqy i & Oiiveqy dir Pa(" o) + %J'J'r k. (0)ji%+ %jjf Ujj® + C°
it Po(uoliiii i OV ir " oxii + it B )i+ ir uoji®+ C°
it uil i B OV i o + St R O+ ir uojj®+ C
now from (3.109) and by Young's inequality we get
Iir uoii i & Oicdir "oxdi dir ol & (0)ia(1+ Ji oli1)
%er uoli®+ C i & (O)if (1 + ji" oiif):
The only term to be handled is then the last one in the previous inequality. Indeed we have,

by the orthogonality of the projector Py, by de nition of and triangular inequality, using

de nition ~g = Yok + FO o) with ji~oxiiz i ~oii1 (see [3.10p))
i & )iz = jiPn( RO+ °CR ()i
Ii RO+ °C R ()i

S0+ FOC R (ODiin+ i’ R (0)iis
O+ Fo R 0D+ "ok FU oiinti~okiiz* o' & (i

—_—
=
x>

—_—
—
x>

iR O oxiinag +HFCR () FO owiiat C Gi~olix + i olia):
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Since' k. (0) = Pn(’ ox), we know that* . (0) ! ' g in H3() asn!1 |, thusthe rst
term in the right-hand side is bounded andjj' §. (0)jjys3() C 8n 0. For the second

one we have
BFOC R () FOCowiin i FOC R Q) FO oW +iir (FOC R () FO ox))ii:
The second term in the right-hand side (and in a similar way the rst term) can be estimated

as follows, exploiting the fact that F and its rst and second derivatives coincide with F
on[ 1+ ;1 ]:

jir (FC & ) FCoii i FU R ©O)r "k () F oudr " o
i FRar (kO " owli
FHER G ) FR odr ' oxdi

C ma. iF992)j
(22[ max {2)j

L e ) A ORI Pt
The quantity between brackets is nite becauseF 2 C3( 1;1) and it depends only on
and thus only on k. We recall that, even though the maxima ofF °®and F ®°tould explode
ask! +1 ,if I 0, the presence of the normjj’ E; (0) ' okjj1, which goes to zero as
n! +1 (we have convergence itd3() and thus in V), allows the possibility of choosing a
su ciently large n so that the estimated di erencejjr (Fo(" k. (0) For ok))] is arbitrarily
small for everyk.

In conclusion, we can infer that for any xedk > K, 2 (0; ) andn> n (wheren

is su ciently large, as already noticed):
) C(uos'o; 0)<1
In view of (8.145) we deduce that

sup jir ug, ji+ sup jir g i Ci (3.146)
t2[0;T] ’ t2[0;T] '
where C; > 0 depends on T and on initial data, but not onk; ;n . Moreover an integration
in time of the ODE for ( t), leads to

.
. (iAuR jiZ+ji@uy, ji*+jir @} i9dt  Co (3.147)
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whereC, > 0 depends on T and on initial data, but not onk; ; n . Then, we have, besides
the other uniform estimates obtained from the weaker case (which are already enough to

pass to the limit, as we have seen), we have also that
up. is uniformly bounded in L* (0;T;V )\ L%0;T;W )\ H'(0;T;H )
' is uniformly bounded in L* (0; T;V)\ L*(0; T;V2)\ HY(0;T;V)
E; is uniformly bounded in L (0;T;V).

We notice that, de ning = + g, the solution(u;"; ; ) has the required regularity,

since, by the above convergences,
u2LY©;T;H )\ L?0;T;V )and @u 2 L?(0;T;V°);

" 2L (0;T;V)\ LYO;T; Vo) and @ 2 L?(0;T;VY:
2 LY (0;T;H)\ L%0;T;V)and @ 2 L?(©0;T;V°%+ V9,

and the bounds on the corresponding norms are the same as for the approximating sequences,
thus depending only onT and the initial data. We recall that V°= H () and an element

of V%can be seen, by restriction orlV , as an element ofv® thus we have
@ 2 L?%0;T;VY:

By standard methods and by the uniqueness of weak limits, we deduce that the candidate
solution is indeed a solution to the weak problem, passing to the limit ink; andn, up to
subsequences. Clearly, by the same argument, (for small enough,F is convex, seel]52],
Lemma 2) as for the existence of weak solutions (Secti¢n 3.8.2), we deduce tha(x;t)j < 1
almost everywhere in O;T).

By the regularity for u and ' we have also that the initial conditions are reached
in the pointwise sense,u(;0) = ug and' (;0) = 'gin . We can now deduce the last
regularity issues.

Since@ +u r' 2 L%0;T;V), we infer from classical regularity theory of ho-

mogeneous Neumann operator that 2 L2(0;T;H3()) , @ = 0 almost everywhere on
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@ @OT)and@ +u r' = holds almost everywhere in (0; T). Finally we can
recover the pressure, arguing as i [97], since we have (we can use the glohadince by the

regularity of  we deduce its regularity, due to = + )
f=r' @ (ur)u+ e2L?*0T;[L*()] 2;

then we deduce that the pressure satis es
Z. Z.
. i iy K . jifii?< 1
therefore 2 L?(0;T;V)andr = fa.e. in ©;T).

From the regularity 2 L* (0; T;V), Theorem[B.1.2 implies that' 2 L' (0;T; W?2P())
andFY" )2 LY (0;T;LP()) forany2 p< 1. Furthermore, thanks to the growth condi-
tion (IL.3) we deduce, by Theorenj B.1P, thatF%¢' ) 2 L* (0; T;LP()) foranyp2 (2;1).

In conclusion, arguing as in[[61] with the incremental quotients we deduce tha@
exists and belongs toL2(0; T; V9.

Thus by Lemma[A.2.7 we deduce that 2 C([0;T;H). O

3.4.2 Proof of Theorem 2[1.6 ]

To prove the existence of strong solutions, most of the proof is already done in the previous
section. Indeed the hypotheses on the initial data and on boundary datung ful Il the ones
needed in the aforementioned theorem.

Passing again through the Galerkin setting, we can reproduce the proof of that the-
orem, adding further higher-order bounds for the temperature approximation, and then
passing to the limit in k;  (extracting, as usual, a subsequence; ! 0) and n, up to
subsequences, in the same way. In particular, we add the following estimates.

We recallthat o= o ¢(0), therefore o2 V.

Let = @ E; as a test function in the equation for the temperature:
ir Rit+ie Rit= R or @ %) (ot 5@ k)

2dt
(@) (@g@ g ) (3.148)
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Now, E; solves the following elliptic problem:

8

2 k. =f ae.in 0;T)

k =0 on @ ;

wheref summarizes all the terms present in the equation for the temperature. We can then

apply elliptic regularity estimates (see e.gl[20]) and obtain that
ik diwzg Ciifiis
meaning, by Young's inequality, that
i kiR cUi@ RiP+iug v R AFHGUR rogit+ii GiiP+ i@ gii®): (3.149)
By Holder's inequality, a standard Sobolev embedding and from the uniform bound on

r ug, , we have (cf. proof of Theorenj 2.1[3):

w1 i? i ug; jj[2|_4()] oir R ij4() Cijr ug, ji%iir k; ij4() Kijir & ij4() :
(3.150)
From Lemmal[A.1.4, in a similar way as done in[[101] and[102], we deduce by Young's
inequality, fora xed > 0
Kiir R iifsy  KCGir D R ii+ir &% i kG +Cir &%
(3.151)

From this estimate we then deduce, choosing = =, that

NI =

iR A
Ci@ i i*+ir & i*+iuk 1 oi*+ii oli*+ i@ qii*)+ Sii & iz :
We are left to consider only one term, which is estimated by means of Holder's inequality,
Sobolev embedding and estimat4 (which implier gjj sy  Cij giinz() ) and from
the uniform estimate (3.14§) onr uy. , which was derived in Theoren] 2.13 and is still valid

in this context:

up g2 0 uf ey et giZe A ul % giifz  Cli giie
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We are ready to use the regularity of the lift operator, to get

iRk 2cGi@ foit+ir RGPHiuR ot oGit+i ¢’ + i@ gii?)
RG@ {52+ iir & 02+10 difz +ii oli®+ 1@ gii?)
KG@ & i2+ir B 2+ 100 ezgg *I@IWiZizg ) (3152)
Coming back to the equation for temperature ), since, by Young's inequality and the

same estimates as beforgj gjj jj giinz() Ciig(t)jjps=2(@ , We obtain:

Ko L@ Liti oy v L@ L itiu v Gii@ i
@@ kit i i@ F i

2@ [ it cliuf r i
N R [ S

Ji@ & i+ Clivk r § i)

+ K90 Rzq * 1@V ) (3.153)

Considering n (8.151), substituting in (B.150) and then in (3.153) we obtain

—
4CK

d. Lo - 1. N 1. .
Sqdr Kk iPri@ kit Si@ kit acl & G2
K Gr R+ Wi g * i@IWIiF =g )
1. N 1. .
Si@ & %+ i@ & i®
K 2 Wi g + I @UDIE g ):
Rearranging the time derivative, we are left with
Sqr kB2 @ ki Kir &P+ KUeWiifag + I @D g )
Since, by assumption ong, the second term in the right-hand side belongs td_*(0; T), we
can apply Gronwall's inequality (the term in the time derivative is absolutely continuous,
. : 2K 0 2KO N N
indeed) with a(t) = == and b(t) = ——(jjg(t)iifs=2(g * i@IMViif1=g ), to get, by the

orthogonality of the projector on V :
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O ST LRSS (T N [t NG B
(3.154)
with K ®independent ofk; n; . Integrating in time in (O; T) the previous equation we also
obtain that Z .
. i@ ¢ i? K
with K independent ofk; n; . Then we also deduce fron{(3.132) that {. 2 L?(0; T;H?())
and that it is uniformly bounded also in this norm.
To sum up, di erently from the less regular case, we also have these estimates:
®. is uniformly bounded in L* (0;T;V )\ HO; T;H)\ L?(0;T;V?).

Then we can pass to the limit and conclude the proof of the existence of a strong
solution, because we have reached the needed regularity and the equation for temperature
also holds almost everywhere in ~ (0; T). Being the weak limit in the right convergence,
also the limit 2 L* (0;T;V)\ HY0;T;H)\ L?0;T;V?). Since = + 4, the same
regularity holds for , because by construction 4 2 L%(0; T;H?()) and @ 42 L?(0; T;V):
we have 2 LY (0;T;V)\ HYO;T;H)\ L?0;T;H?()) . Thus the solution (u;"; ; ) has

the su cient regularity to be a strong solution. [J
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Chapter 4

Stability estimates and uniqueness

In this chapter we deal with the proofs of the continuous dependence estimates presented in
Chapter 2. These estimates are important to guarantee the stability of the solutions, and
thus the well-posedness of the problem, since from these estimates the uniqueness of the
solution can be derived as an immediate corollary.

The rst estimate proved is the one leading to weak-strong uniqueness, and it gives
the possibility of controlling the norms of u;'; and in the respective dual norms, when
a weak solution in the sense of De nition[1.] and a strong solution (De nition[2.1.§) are
given.

The second estimate can be achieved when dealing with quasi-strong solutions (see
De nition {.2). It controls the L2 norms ofu and ', whereas it controls only the dual norm
of

The third estimate is a higher order estimate and can be achieved when dealing with
strong solutions (see De nition ). This estimate controls theL? norms ofu and ' and

also the L2 norm of .

4.1 Proof of Theorem 2[2.1°]

We now prove the stability estimate (2.1) from which the weak-strong uniqueness is a direct

consequence. Let us consider the weak form also for the strong solution and perform the
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di erence between them.

Wedeneu=u; wupz' ="'1 '2 =1 oand = e Q) q 2.

Then, having ; = g(t) on@ (0;T), we get

<@Qu;w >+ blug;u;w) + blu;uz;w)+  (r u;r w) (4.1)
= (r'2r 5w+ (r'or Toarw)t( ;e w) 8w2V 4.2)
<@v> +r ;rv)+(ug rv)+(ur'ov)=0 8v2V (4.3)
<@; > + (r;r ) (u ;r ) (u zr )=0 82V (4.4)

where in the last term we exploited the fact thatu =0 on @ and divu =0 in to say
(ug r; )= (ug ;r )and(u r 2 )= (U 2r ).
First of all, since
ro=C T Or
we have
rhEroSintEE () div(r ' r ")
therefore the aforementioned weak formulation is equivalent to the one used up to now.

We then recall that, due to the previous regularity properties, we have for =1; 2,
ui®i Co; i iMiv  Cop 0TI 1 Ji 20iiz Co (4.5)

for almost any t 2 (0;T), for some constantCy depending on the initial data energy. We
start with the equation (. Remembering the zero divergence of the velocity and its

no-slip boundary conditions, we rewrite it by integration by parts as
<@“v> +(r ;rv) (ui;rv) (U rv)y=0 8v2yV: (4.6)

We have also, as already noticed many times, that (it is enough testing (4}3) against =1,
remembering that all the integrals apart from the rst one vanish due to boundary conditions
and zero divergence of velocity) (t) = ' (0) = 0 (since by assumption' g1 = ' o2) for all

t 2 [0;T]: then' 2 Vo (see [B.1§)), and then also' 2 V. With this remark in mind, we
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can test the equation withv = A, I which is now well de ned, obtaining (remembering
that, exactly as in (B.14), we have(r ; r Ay™ ) =( ;" )):

o TR ENPERP @)
with

l1=(u1 rAgh)

lo=(u' 21 Agt):
Now by Lagrange theorem, from the properties of regularity of , we have, for some =

(s1;52) 2 ( 1;1), from property ([L.2), that
As2)  Ys)= A )(s2 ) ~(s2 s1) 8sy;:22( 1,1)

which means, since 1;' 2 2 ( 1;1) almost everywhere in (0; T), that, always almost

everywhere,
Ty Y2 ~('1 '2)= %
We then are able to say that, by integrating by parts the rst term, due to homogeneous

Neumann boundary conditions,

Gy= o (v )+C Ty ) i iR A (4.8)
From de nition of Ag we also get, from Cauchy-Schwartz's and Young's inequalities:
~jt P =~ r At Sir iiZ+ Cij" ji* (4.9)

We can now write

d.., .2 Ty i 52 d.., D o _
sgd oo )] Sgih +(3" )=t

implying
2

1d.. . L .
Sal jiZ+ Sir " i* o Cip i+ 1+ 12

We now estimate the last two terms in the inequality, by Cauchy-Schwartz's and Young's
inequalities and the Sobolev embeddingy ! L®) andV ! [L3()] ? and by Poincaré's
inequality:

b 0 " dieeq) Buddies 000 glir i+ Cajir uii?ji" ji*:
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Whereas for the other term, by Cauchy-Schwartz's and Young's inequalities, we obtain,

applying estimates (4.5):

L2 i " 2jier ¢ uiiiit i gjjujj2+ Caji’ ji*:

We now pass to estimate the equationZ): testing it agains = A lu (where A is the

Stokes operator de ned in Appendix) remembering that(r u;r A u) = jjujj? we get

SqllUiif + juii®=1s+ 1+ 1s; (4.10)

with
ls= bugu;A tu) bu;uzA tu)

lg= (r'2r S A+ (' r tur At

Is=( ;e A tu):

By Holder's and Young's inequalities and by Lemma A.1.4 and[(B.1D), sincgr A *u]; 2
H() for each component and by|[(4.5):

ls (juiiieqy +iiuziiceg ) iiuiiic A *uiipagy 2
Cijui*™ir uai® + jjuzii*™ir uzii*®) jjujjjir A fuji'ir A tuji;™

C(juni™=Zir uai™=2 + jjuaii™2jir uzii®) jiuji ir A uji*EA tujiz,
C(ijuaii ™3 uaii®™ + jjuii®2ir w2 jiujjjic A uji*EiA tujjy”

= C(ijudi™Ziir uni®2+ fuzii®Zijr uzii*?) jjuji? jir A ujjt?

uj)

gjjujj2+ Kjjujifdir uaii=+ jir uzji*™2)* gjjujj2+ Kjjujifdir uai®+ jir uzii®):

About | 4, acting in a similar way, we have by Holder's and Young's inequalities and

by Lemma[A.1.4, estimates [(4.5) and Sobolev embedding ! L*4() :
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Lo (it " aiiveqy +ir " adiveq ) dir Ve A tujipegy 2
CGii" alinzq) +ii" 2lineq ) iir iidir A Muiir A tujiy”
CGi" diinaqy + i 2linzy ) ir " dijir A tujitFjujit?
2 P GG e+ 2B it A Ui uj
22 S+ K it * 0 alifreg v
In conclusion, we are left with the last term, estimated again by means of Cauchy-

Schwartz's, Young's and Poincaré's inequalities:
s &l jiZ+ Cjir A tujj®= &l ji®+ Cjjujj: (4.11)
In conclusion, we tackle equation ): substituting = A, 1 where operatorAy is

de ned in Appendix B.3] we get:

1d. ., . .
> gt 2+ Qi Qif=le+ 17 (4.12)

where
le=(u1 ;rAt)
l7=(u 21 Ayt ):
Then, for the last two terms we get, by Holder's and Young's inequalities and by
Lemma[A.1.4 and {B.15), sincer A,* 2 [H()] 2 and by (4.5):
le i didiudiiceq it Aot diLeq
Cii i i uaii i uaii™iir Ag™ i ir Ao iz
Cii i i uadi v uaii™iir Ao i AG " g,
Kij %72 dir uaii*™ jir At ji*? &l i2+ Ciir Ag® ji% jir uajj?
= 5l ji%+ Cii §i* ir ugj®
and in conclusion by similar arguments, remembering Sobolev embedding 2 V ! L*()

andu2V ! [L%)] ? and remembering [4.5), where we exploited the more regularity of

78



the strong solution (it is exactly at this point that we need more regularity for ), we are
left with
L7 i 2livaq diuiiiir Aot dipacy 2
Kii aiiaiiujiir Ag® §*3ir Agt jiy ™
Kii aiadiuii it Ao 5i*™ir Ag® litya,
Kij aljafiuiifir Ag* §i*2i it
giJUJJ'2+ &l i2+ Cij it iir Agt ii?
giluii®+ &ii §i°+ Ci ji? ;
where in the last steps we have used the Young's inequality for three terms (with exponents

2, 4, 4).

We de ne
1., 1., 1. .,
H() = Sliulif + SI7 17+ S0 i (4.13)
and
R(t)= jjuji*+ j jj*+ S " ji? (4.14)
and then sum up all the three inequalities, obtaining
.
i O R T iy L Iy j
j=1

and substituting all the estimates we get

GHO+ RO Cj iz + g ii2+ Cajir udjj?j" ji2
g]
+ gjiUiJ'2+ KJ'J'UJ'J'[Z(J'JF ugji? + jir uzjj?)

juji?+ Caji" jj®

w2 2 K G iz 0 a2 Diuil?
+ il i*+ Cijuji

+ i i+ Cii 2 i ui®

+ Siiuii? + i 2+ Cif 2 ;
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Thus, we can de ne
D(t) =1+ jir ugi®+ jir uzji?+ ji* afifiz, + 1" 2ifiz( (4.15)
and manipulating the constants we are led to

d e TS o TVA .
aH(t)+ SHU=+ Si i+ gl KoD(t)H (1): (4.16)

We now observe thatD 2 L%(0; T), sinceus; u, 2 L2(0;T;V )and' 1;' 22 L*0;T;H?())
andT < +1 . Then 7
.
D(t) C(T):
0

We can now apply Gronwall's Lemma[A.1.7 (indeed, we know by Lemma by[ (B]9),[(B.13)
and (B.19) that H is absolutely continuous anda; b2 L(0; T)) to (4.16), obtaining

H(t) Ke“H(0)

and this implies the desired estimates, since the norms considered are equivalent to the

classical dual norms in the right spaces (see Append|x B.3)

4.2 Proof of Theorem 2[2.37]

To prove the stability estimate stated in Theorem[2.2.3, we deneu = u; Uy, ' =
"1 '2and = 1 2, where(us;' 1; 1) and (up;' 2; 2) are two solutions departing from
(ug1;" 015 o0;1) and (uo2;' 0:2; o2), respectively and satisfyugi 2 V , ' oi 2 V> such that
"ol <LJ 0il<L o= "oit Y 0)2 1and@' o =00n@,and o; 2 H
and ; suchthat ; = gty on@ (0;T). We recall that this means that 2 V = HJ()
for almost anyt 2 (0; T).

We dene = "+ ) Q) and we get

<@u;w >+ b(ug;u;w)+ b(uuz;w)+  (r ujr w)

= (r'10r SrwH+ (' or "arw+( e w) 8w2V

<@, v> +(r ;rv)y+(ug rhv)+(ur'ov)=0 8v2V (4.17)
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<@; >+ (r;r ) (up ;r ) (u 2r )=0 8 2V (4.18)

where in the last term we exploited the fact thatu =0 on @ and div(u) =0 in to say
(up r ; )= (ug ;r )and(u r 2 )= (u 2;r ). Then we can test withw = u,

v="and = AO1 (the operator Ag is de ned in Appendix . Using the property

(B.13) and the property that (r ;r Ay® ) = ji ji? (see [B.14)) and summing up the three
resulting equalities we nd

GO+ ir ujiz+ i it irty= 1y,

having set
M = Siluii? + i 7+ 5 i
Sinceb(uy;u;u)=0:
1= Blujuzu)

o= (r'or Sru+ (r' r "aru)

l3= (U r5v) (U r'av)=(uisr')+(u r")
la=(;e u)

ls=(ur ;rAgh)

le=(u 21 Ayt):
In light of the regularity of the solutions, and since we have proven in Theorenh 2.1]3 that
FOU = %+ 02LY©;T;:L3)) , there exists a positive constantCy such that

uificy 1v ) F lUilier @Tsoy 2) 1" ilict ©13v)
+ it ilic orwezsy +ii % Diis eriey  Co i=1;2  (4.19)

where Cy depends onT, on the initial energy and on the norms of the initial data (indeed,

all the estimates obtained in the Galerkin setting are still valid also for the solutions). Due

to homogeneous Neumann boundary conditions, integrating by parts the ternjjir ' jj, from
we obtain the inequality (already used in [61]):
T TR 1T R I T (4.20)
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wherejj jj represents theL? norm.

Integrating by parts and using the embeddingV ! L®() , together with ( we

observe that
(ror)=C 5 )= dirit (o )+ Tt

SinceF %is convex in( 1;1) and jj' ijj1 < 1,also %= F% 4 is convex, by[4.19 and by
Holder's inequality and the aforementioned Sobolev embedding, we deduce
Z,
(Y Y20 )=W"1 "2 R 1s+(1 9 2ds; ')
Z, 0
¢ fs X )+@ s R ads; )
0
1 1 1 1 1
= 5l G I P )
i) O s it i i
G O iicsoy + i O s i diey i "l
2Cojj" JiLey I " i
Cii* lidi i

now, since obviouslya j aj, we obtain, using [4.20) and Young's inequality twice:

(rsrt) 0 ti? Chitiidi v
i i iz cii'iig
.. ..2 7.. ' 2 - ..2 7.. ' 2 ..y ..2 7.. ' 2 ..y ..2'
TR O T TR N TR oA TR N R oY

We now need to estimate the terms in the right-hand side: by Holder's inequality an then

Young's inequality, together with the Sobolev embeddingv ! [L8()] 2 and from (4.19) :
L1 Jj ujjjir uzlipsqy 2iiuliesoy 2 0 uiidir uzjipesey 2dir ujj ijr ujj+ Cjjuijjjir Uzjj[st()] 2

Then, by (#.19), the embeddingWw?3() | W1 () , valid in dimension two (see, e.g.,
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[20]), Holder's and Young's inequalities and in the last step by[(4.20) we get:

2 (ir " adia + i " 2dja iir " jidir uji o Kigir " i ujj
il ujj? + Cijr " ji?
il ujj® + gl i2+ cjj iz
Then, again by Sobolev embeddings, Holder's and Young's inequality and (4.20) we get,
since for )jjuljj 3y 2 Co

Vs 0 " lieqy Buadipesey 200 "0+ 07 2 uiidie “ g gl 2+ Kt i+ 20if diuii®):

For the next term, by Holder's and Young's inequalities we get
la gl §i%+ Cljujj®:

Then, for the last two terms we get, by Holder's and Young's inequalities and by Lemma

[A.1.4 and (B.18), sincer Ayt 2 [H*()] 2 and by (4.19):

Is ji Jidiuajiceq it AgtiiLag
Cii i i uafi™2ir uaii*ir At i Fir Ag® iz
Cii i i uadi i uaii*iir Ao i iAe " diyz
Kij 5% Agt it ZJ'J' ji2+ Ciir Agt ji?= ZJ'J' i+ Cjj ji?
and in conclusion by similar arguments, remembering Sobolev embedding 2 V | L*()
andu2Vv | [L*)] 2

Lo i aliLaqy liulipey 2dir Ao* i il uji+ Cii 2liiir Ag* ii* = il uji®+Cij 2iifii ii® :
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Then, to sum up we have
GO+ Jr uii?+ i @2+ i i® Gt i® i v+ Ciiujiir ualifi sy 2
+ lir uii?+ gii g%+ clp i
gl KGR 0 i)
+ il 1i%+ Cijuj?
+ LR +Clj i
o uji? + Cjj 2jifij ij?
we then obtain, by rearranging the terms, and considering less constants and setting
Q(t) =1+ jir Uglifisry 2+ ii" 20T + i 2i
EH(t)+ —jir i+ Sii %+ i i KQMH(): (4.21)
dt 4 2 4
We now observe thatQ 2 L*(0;T), because by Sobolev embedding we get by means of

(B.10) sinceuz 2 W (see Appendix for the de nition of this space), jjr uzjif sy, -
Cjir uzjiZs  KijjAugj? and uz 2 L3(0; T;W ), but also jj' 2ji1  ji ' 2jjwz() and' 22
L40;T: Vo) | L?0;T;V,) and in conclusion 5 2 L?(0;T;V). Then
Zt
Q) C
0
We can now apply Gronwall's Lemma[A.1.7 (indeed, we know by Lemma A.2]2 and by

(B.13) that H is absolutely continuous anda; b2 L(0;T)) to (#.21), obtaining
H(t) Ke®H(0)

and this implies the estimates [2.2). From these estimates, clearly we immediately deduce
the uniqueness of the solution. The constants appearing in the stability estimates only

depend onT, the initial energy and on the norms of the initial data. (I

4.3 Proof of Theorem 2[2.57]

Here we show a stability estimate for strong solutions. With respect to the previous one,

the di erence is that a higher order norm of the temperature can be controlled.

84



The proof is similar to the one in the previous section, apart from the following higher

order estimates.

First of all, we test the equation for the temperature against = 2 V . In this way,

we get
Sii i+ ir 7 ar )=0: (422
Then we have only to estimate the following, sinceH?() ! L' () ([4]), by Young's

inequality:
(uzr ) gi 2lin diuiijir

Cli 2linzqy liujiiir i

2lr 0%+ Clui% Zife)
Considering the other equations, the only change is in the term calletl; = ( ; e u) with the
numbering of the proof of Theorem[2.2.3: since 2 V , we can apply Poincaré's inequality
to get

o i vl Coiir iliui v ji?+ Kjjuji*:
If now we sum up all the terms and consider the other ones estimated in the previous proof,
we obtain, setting
Hat) = Jiuii® + ' i+ i i%

that
geH2O+ e uii?+ e % i i Citi® o giie uii® + Cliui®ie ualif sy -

T ..2+ sy D
gl %+ Cii'
gl J2+ K2+ i 20if juii®)
+ i B+ CUB aia

4JJr ujj

4JJIr Il Jjuj)
We then obtain, by rearranging the terms, and considering less constants and setting

R(t) =1+ jir U2jj[2|_3()] 2+ i ZJJ% + ] 2jj|2-12() ;
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that

SHA+ Sir i+ it 7+ 4 7 KROH() (4.23)
We now observe thatR 2 L*(0; T), because by Sobolev embedding we get by means .10)
sinceuz 2 W, jir Ugjifiacy 2 Ciir Uzjifs  KjjAuji® and up 2 L(0; T; W ), but also,
by Sobolev embedding,jj' 2jj1 Cjj" 2linzy and' 2 2 L40;T;V,) | L20;T;V») and
in conclusion » 2 L?(0;T;H?()) , whose regularity is the reason why we need a strong
solution for this estimate. Then .
. R(t) C:
We can now apply Gronwall's Lemma[ A.1.7 (indeed, we know by Lemmp A.2|2 thaH is

absolutely continuous anda; b2 L*(0;T)) to (4.21), obtaining
Hao(t) KeCH2(0)

and this implies the estimates [2.2). All the estimates obtained in the Galerkin setting are
still valid also for the solutions, then the constants appearing in the stability estimates only

depend onT, the initial energy and on the norms of the initial data. [
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Chapter 5

Numerical approximation

5.1 Discretization and numerical scheme

We now discuss a numerical approximation of the Cahn-Hilliard-Boussinesq system. As we
have seen in the Introduction, there are not present any numerical schemes for this kind of
systems, even though there are studies for similar schemes such as the CH equation (e.g.,
[64]) and the NSCH system (see, e.gl, 195]). We start from the space discretization by means
of nite elements, then passing to time discretization. We analyze the properties of the
resulting numerical scheme, in terms of stability. This means that, in case of homogeneous
Dirichlet boundary conditions for the temperature , we obtain that the total energy, de ned
in (L9), does not increase in time. Moreover, we show that the scheme preserves the total
mass of the system, which is a fundamental property of the CHB system with homogeneous
Neumann boundary conditions for' and the chemical potential

In conclusion, the development of an adaptive time step gives the possibility of re-
ducing the number of time steps in the simulations since, for small times, the time step
needed for the solution of the CH equation is very small, whereas it could increase in the
next time steps, since the characteristic time of the NS equation is larger than the former.
We linearize the numerical scheme, by means of the Newton's method and then, in Chapter

6, we perform some numerical tests.
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5.1.1 Semidiscrete formulation

For the discretization of the equations we followed the discretization of the CH equation
proposed in [64]. The semidiscrete formulation reads as follows, by a Galerkin method (see
e.g. [89] for a referenece). We will consider and as positive constants.

Let VP [HAO1 2 Qn L2%() .V HY) andY, HE() be nite dimensional
spaces.

Foreveryt 0, nd (Un;pn;' h; h; h)2Vh Qnh Vh Vi Yh(or h2 Y Hl() ,
Yh nite dimensional space, for the nonhomogeneous Dirichlet boundary conditions) such

that

< @Un;Wh > + b(up;un; W)+ (r up;r wp)  (pn; divwy) =

Car mwh)+( nie2 wp) 8wy 2 VN
(div uh;h) =0 8ch 2 Qn
<@' nhiVa > H(r prve)+(Up 1 pive) =0 8vh 2 Vi
< hth>= < riprg>+< Lakig>  8hm2 W
<@ nh>*+ (r nr o p)+(un 1w n)=0 0 812 Y

Remark 5.1.1 We used the same spaces for the approximate components of the solutiop

and .

Remark 5.1.2 The approximate components of the solution can be expressed by means of

the bases of the nite dimensional spaces adopted:

Xu Xl X
Un(t) = (Wi 2 V" pa(t) = i(t) i2Qn 'n(t)= i(t) i2VW (5.1)
i=1 i=1 i=1
%.
h(t) = i(t) i 2 Vh h(t) = i(DOvi 2 Y, (5.2)
i=1 i=1
where V" := Span(wy;:::;wy,), Qn = Span( 1;::1; n,), Vi i= Span( 1;::1; . ) and
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variables with respect to the corresponding basis of the nite dimensional space they belong

to.

As a particular choice of Galerkin method, we choose the Finite Elements Method
(FEM) and we now de ne the nite dimensional spaces.
Namely, in the sequel we will adopt the following choices for the nite element approx-
imations. We de ne T, as a nite regular triangulation, which is a covering of the domain
h, @ polygonal approximation of the domain 2 R? (if it is not polygonal itself, otherwise

h ). Namely, we de ne 0 1

[
h = int @ A :
K 2ThK
where K is each triangle of the triangulation, and, given a setA, int (A) is the interior of A
(see, for instance,[[89] and references therein, for a more detailed description of FEM).

We then introduce (V"; Qp) = ( Py nite elements; P; nite elements), where
P: nite elements = fvy 2 C%(): whjk 2 P1 8K 2 Th;

representing the space of the globally continuous functions that are polynomials of degrée
on each triangleK of the triangulation T.

Moreover Py, nite elements is the classicalP; bubble space, where the linear velocity
space is enriched by additional degrees of freedom (thieubble$ which are zero at each
element boundary and is either cubic or piecewise linear inside the element (see, e.q.][89]

for a reference).

Remark 5.1.3 We notice that the choice of the previous two spaces is inf-sup stable (see
[23)).
Then we will consider V,, = Py nite elements and Y,, = P; nite elements, in order

to reduce the computational costs.

5.1.2 Fully discrete scheme

Following [64] for the CH equation, we then approximated all the other time derivatives by

means of backward Euler approximation (se€ [37] for a reference).
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For the treatment of the nonlinearities we use a semi-implicit scheme only for the
convective term in the velocity equation and for the term whose indexes are highlighted
with a in the following (they should all be n + 1 if we followed a fully implicit scheme).

Moreover we introduced the trilinear forms cy(u;v;w) = b(u;v;w) + %(u divw;v),
with u, v, w2 [H}()] 2andcx(z;; )= (z r ;) %(divz ;). with z2 [H3()] 2,

X 2 Hl() , in order to obtain antisymmetric trilinear forms, following the ideas, e.g.,
in [81] and [97], which are used to guarantee energy stability (see Theorgm 5]1.4). Clearly,
if w;z 2 V , the forms coincide with the original ones, because the divergence of these
functions is zero. The scheme thus reads: fort, > 0 and for all n such thatt, T, with

T >0 xedvalue, nd (Ul ;pler;' Mags P Ph)2Vvh Qn Vi Wi Yh such that

1

h h. h .,,h .
t (un+1 Un,Wh) + b(U ns Un+a 1Wh)
n

1 . .
+ S(Unsa div Ul wn) + (0 unea T wa) o (Phes s divwn)

= (Mo Mswn)+( Pier wy) 8w 2 VD (5.3)
(div ub,p ;o) =0 80h 2 Qn (5.4)
1 1 1
T( 2+1 tQ?Vh)
n
+(r Pt V) (U M V) =0 8vy 2 Wy (5.5)
|
h 1 h h U L) h.
(n+1; ): ;é 0(I n)+ In+1) T Of)n)
+ (rsr'ne) 8 2W (5.6)
1
—Cha Rt fair )
n
1 .
( neaiUnes T on) 5V UL fai n)=0 812 Y (5.7)

where we chosé " =" u" = ufl and
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with  a real-valued parameter to be chosen and

v h v h

n+ nt (b )
For the case of homaogeneous Dirichlet boundary conditions for temperature, we have

h.. 2 H&() , whereas for a suitable nonhomogeneous daturg at the boundary (see
Chapter 2 for a detailed description of the necessary regularity of the boundary datum) we
ask for M., 2 HY() suchthat M., = gn(th+1) On @ 1 for every time step n, where g,
is a suitable projection or interpolation of g on the nite dimensional space of the traces of
functions in Y, on @ .

For the homogeneous case we propose the following theorem, having xdd> 0 and
N 2 N the maximum value such that the last time stepty T. We dene t, as the time
step at each timet,, in order to highlight its dependence on each stem.

The numerical scheme adopted is the following: for t, > 0 and for all n such that

tn  T,with T>0 xedvalue, nd (ul,;;ple; Py P Pod2Vvh Qn Vi Vi Wh
such that

t
tn

Uy ulwp)+ bufl;ull,swe)

1 . .
+ S(Unadiv ufwn) + (Fufuair wa) o (Phes s divwn)

= (nr peswn)+( feasez wh)  8wp2 VP (5.8)
(div uh15h) =0 8th 2 Qn (5.9)
1 1 1
T( 2+1 E?Vh)
n
+(r Moorve) Wyt Mrv)=0 8vh 2 W (5.10)
I
h 1 h h Tha T )? 0 h.
( n+1; )= ; E O(‘ n)+ ‘n+1) 12 O(]n)
+ (rsr'ne ) 8 2W (5.11)
1
Tn( 2+1 2; h)+ (I’ E+1;r h)
1 .
( neaiUnes T on) 5V UL fai n)=0812 Y (5.12)
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where

1
= -+
2

with  a real-valued parameter to be chosen and
' R+ = '2 + (‘E+1 ")
Theorem 5.1.4. Consider the scheme8) H(5.1R): in case of homogeneous Dirichlet con-

ditions on the temperature and velocity elds, de ning

Y4
En = Sliunii®+ S0l nfi®+ Slir "afi®+ (" n)dx (5.13)
enjoys the following properties8n =0;:::;N 1
Mass conservation;
z Z
thoadx= " fdx

Nonlinear stability condition (for t, su ciently small),with Cgy ad C; the Poincaré's

constants for the homogeneous Dirichlet condition for temperature and velocity respec-

tively:
t,C2
Ena  (1+ ——H)En
c2c?
In particular, if 14 9 we have, independently of tp,
Ensi En 8n=0;:::;;N 1 (5.14)

Proof. The mass conservation property is immediate, substitutingv, = 1 as a test function
for (5.10).

In [64] the following quadrature formula is introduced and proven:

Letf : [a;b! R be a su ciently smooth function. Then

Zy 3
f (x)dx = bz (b 12a)

a

This formula in [64] is then used to show the energy stability of a numerical scheme for

g © %oy 54y (5.15)

2 @+ £ (D) 7

the approximation of CH equation, whereas here we exploit it for the numerical scheme

approximating the CHB system.
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As done in [64], we apply the quadrature formula |(5.1p) to the right-hand side of
the identity =  9(such that °©= 'V 0, as it is for the case of the physically

relevant logarithmic potential () de ned in the Introduction) in integral form, de ning
h

lanll = anv  an: - -

LCm= " Godt= 7 (o (5.16)

>
>

We obtain, for the right-hand side:

Z . n
n+1 I [ | P ' h [ AP og vy [ AI* oop .

, (dt====(C"n)*+ (" nia)) 12 () 24 C); (5.17)
where = "N +@ ) Ph='"_ with 2 (0;1). After some algebraic manipulations,
from ) we can write, dividing by [[' 2]]:

' h Chyp3 " hyp2
Lol 2 o= Scome chay BE XD 6an)

Now we follow a similar proof as in [[64], but in a more general context than the only CH

equation, testing equation (5.10) againstv = ',}+1 and (5.11) against = r Fn]] We obtain
(Uper' it he1) (0 Rait hen)
iy tnn]]; I [(["Rﬁ])]] IR il t'hL]]” 0 (519)
Using the relation' ', _, = %(' h+ N ), we obtain
he = mm=t [

Therefore it follows from (5.19) that

h +h. h h . h
(Unsr" mor ner) (M e’ nea)

[ R0 LC DN, AP 0 h

th * [ R 24 "
' h
Ll i =o
and, making use of the identity,
Z

rRlr s =5 [0 " ni® Ndx
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1 z Z
R R (NG CL CRE R Y
v hé
= ¢ b by BT oRny i 620

Since °° 0in the case of logarithmic potential, all the terms in the right-hand side
of (5.20) are negative, thus
A A
[Lir " A2 Ndx+ [ Ddx (U pir fea) O

th 2
foranyn 0.

Now, we test the equation for the velocity againstwy = uﬂﬂ , the continuity equation

against ¢, = pﬂﬂ and the equation for the temperature against = ﬂ,,l. Since

1
h h . h ~h h . h y_
(Upsr T ne1s net) é(d'V Uns1 n+1s ne1) =0

and
1 )
b(uf;ufeasufe) + S(Ubpdiv ufufy, ) =0;
2

due to homogeneous Dirichlet boundary conditions for velocity and temperature, we obtain,

summing up all the equations, simplifying the term  t,(" °r 1., ;uf,,), which cancels out

in the summation:

(Ul upy) + toji un ii®

+ Sl 2T+ I0C Pldx

I AL Re)+ tafit agdi?

tn( neai€2 URi): (5:21)
To reach the rst stability result, we can apply Cauchy-Schwartz's and Young's inequalities
. 1. 4. 1. . 1. 4. 1. .

(also to obtain (up;unyy)  Siiunii+ Siupaii®and ( [ fa) o Sioal%H i neadi®)
to get for the right-hand side:

taC?
4

tn( Meier uli)  taii Deadidiulgi

i Dadit+ tajir ulgii? (5.22)
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Analyzing the equation for the temperature ), testing it against Hﬂ, we easily get

that ji D..ji ji Nji. Thus substituting it in inequality (5.21) and rearranging the terms,
we get
2
Era (14 —PDE,

Applying Poincaré's inequality also to the temperature in (5.22), we obtain

t,C3C?

tn( feai€2 Una) 0 el talir unai®

C2Cc?
and we observe that if % or, in other words, if

c2c?
10 (5.23)
we have

En+1 En 8n=0;:::;N;

because we exploit the dissipative term related to thermal conductivity in the left-hand side

to compensate the remaining extra term in |(5.2R), and this concludes the proof. O

Remark 5.1.5 The condition ) on the physical parameters, which depends only on the
domain , has a physical interpretation: since in the NS equation a new forcing term due
to temperature, e, which is the gravitational force, is present, either the viscosity in
the NS equation or the thermal conductivity have to be su ciently large to be able to
dissipate in time a su cient amount of the total energy, in order to prevent it from non
physical increase. To quantify this condition on the parameters, we consider the rectangle
(0;2) (0;1), which is used in the simulations of Chapter 6: a computation by means of the
MATLAB command pdeeig shows that the best Poincaré's constants for the mesh chosen
are Cop = C1 0:28 (indeed the rst eigenvalue of the Dirichlet laplacian is 1 1234
and Cop = Cq = 11:2). Therefore we obtain, thanks to Theorem, that the su cient
condition is % 0:0015

We can now pass to analyze the linearization of the above numerical scheme, in order

to solve it, by means of the FreeFem++ software (see |[69] for a reference).
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5.1.3 Linearization

We rst linearize the two coupled problems, i.e. the equations for temperature, the NS
equations and the CH equation, by decoupling them following a xed point iteration scheme.
We x a maximum number of xed point iterations for each time step, indicated by Sy, > 0.
Again we de ne t, the time step at time t,, which can vary at each iteration. The
method thus becomes:
For t, > Oandforallnsuchthatt, T,with T > 0 xed value, solve the following

iterative scheme:
Set the initial condition for n =0:
(ugipB:' 8 8 8)=C(uliphi' hs by D (5.24)
and set the initial time step to.
For every n such thatt, T:

1. Sets =0 and initialize

h . A .1t h . h . h — h.sh.v h. h. h
(un+1;01pn+1;01 n+1;0* n+1;0: n+1;0)_(un'pnv n: n» n)

2. While 0 s<Sy, do:

(@) Compute 1., .., such that

1
T( rr}+1;s+1 H; h)+ (I’ rr}+1;s+1;r h) ( R+1;s+1;u2+1;s r h)
n
1 . h Coy .
E(dlv Un+i;s n+ls+ls h) =0 8 h2 Y (5-25)
(b) Compute (UM, <11 PPty .cr1) SUch that
n+1l;s+1:Mn+l;s+l
1
Tn(UEﬂ;m URiWh) + B(UR; UL i1 3 Wh)
1 .
+ é(un+1;s+1 div UH;Wh)"' (r U2+1;S+1;I‘ Wh)
h E — v h h . h . h
(pn+1;s+1’d|VWh)_ ( nf n+1;saWh)+( n+1;s+1ae2 Wh) 8wh 2 V
(5.26)
and
(div Ul g 5415 CH) =0 8th 2 Qn: (5.27)
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(c) Compute ( fli1.s01;" hi1.s41) by means of Newton's method, such that

1

T(' 2+1;s+1 ' H;Vh)
n
+(I’ 2+1;5+1;I‘ Vh) (U2+1 ;s+1' E;r Vh) =0 8Vh 2 Vh (5-28)
and
!
1 , . (herser 1)
(hersens )= 55 T+ X Nen) e T el )
2 12
+ (r ;e n+ ;s+1) 8 2V (5-29)
3. Sets=s+1

h ..h .+h . h . h y_yoh .h .+h . h . h
Set(Uni1;Pn+1s’ ne1s ne1s ner) =(Us, 3PS, 10 Sm 1) Sm 10 Sm 1)-

Setn = n+1 and compute tpi1.

Remark 5.1.6 Notice that, in step 2.(b), the right-hand side is completely known from the
previous step and can be computed. The same goes for step 2.(c), which is decoupled from
the other equations, sinceuﬂﬂ;_%1 has already been computed in the previous steps. We

can visualize the numerical scheme in the owchart in Figurg 5.]1.

Remark 5.1.7. In the simulations of Chapter 6, we will sistematically useSy, =1, since we
found it enough to get the desired properties of the solution: this means that it is equivalent
to solve the linearized problem without xed point iterations. For further investigations,
the xed point iterations could be implemented, for example with the following stopping
criterion based on the increment, instead of the maximum number of iterations: xed a

tolerancetol, stop the iterations when

. h h . .y h v h . h h .. .
”un+1;s+1 un+1 ;s” + ] n+1;s+1 n+1 ;s” + ] n+1;s+1 n+1 ;s” tol:
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Figure 5.1: Flowchart of the numerical scheme adopted.

Start

n=0, set initial condition (u;pd;* 5; B; B)

s=s+1

t,, compute

tn+1

Stop no th T tn =ty +
yes
s=0
$<Sm no
yesl

v h

h | . . h . h —
Set(un+1;0’pn+1;0’ n+1;0 n+1;0: n+1;0) -

h.-h.ih. h. h
(un7pn’ n: n: n)

Compute 1,1 .:1 from ) givenul,;

Compute (Ufi11 541 ; Phet 51 ) from (5.26)
and ) given 2+1 s+l and 2+1 ;S

Apply Newton's method to (5.28) and (5.29):

h - h i h
compute ( n+l;s+l: n+l ;s+1) gIven Un.q :s+1
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We can now consider the bases for the nite element spaces previously de ned: since we

have chosen the same spaces fpr', and , we have the same number of basis functions,
denoted by M ; therefore we haveV" = Span(wi;:::;wn,), Qn = Span( 1;:::; M),
Vi = Span( 1;:::; m) and Y, = Span(vy;:::;VvMm) and test the previous equations against

each element of the bases.

We obtain
h R h h X h
Un(th) up = Uniwj 2 V Pn(th) Pn = Pni i2Q (5.30)
i=1 i=1
' v h v
h(tn) n— ni i 2 Vh
i=1
h h X!
h(th) o= ni i 2 Vh h(tn) = niVi 2 Y
i=1 i=1

and we dene U, Pn, 'n, n and , as the vectors of coordinates with respect to the
corresponding bases. Therefore we obtain:

For t, > Oandforallnsuchthatt, T,with T > 0 xed value, solve the following

iterative scheme:
Set the initial condition for n = 0:
(UoiPo;" 0; 0; 0)=(UniPni"ni n; n): (5.31)
and set the initial time step to.

For every n such thatt, T:

1. Sets =0 and initialize
(Un+1:0;Pn+1:0;" n+1:0; n+1:0; n+1:0) =(Un;Pn;" n: n; n)

2. While 0 s<S, do:
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(&) Compute 41541 Such that 8i =1;:::; M

1 M
” fon+1se1;) nj 9(Vj Vi) + n+l:s+1; (1 Vi3 Vi)
n . .
j=1 i=1
pd o R -
n+1:s+15 (Vi Uner s T Vi) > n+1;s+1j (diV Upyq sV Vi)=0
ji=1 i=1
(5.32)
(b) Compute (Upn+1:s+1;Pn+1:s+1) such that8i =1;:::;Ny
1 Xu Ku o
fUn+1 s+1 Un;j g(Wj TWi) + Un+1:s+1 i b(Un;Wj ;Wi) (5.33)
"=l i=1
1 R - R
* 5 Un+1;s+1;) (Wjdiv upg;wi) + Un+1:s+1; (F Wi, wi)
j=1 j=1
Wp
Posasen (jdivwi) = (1 DigigiWi) + (0 fhgsseni €2 Wi)
i=1
and
R
Un+1s+1; (divwj; ) =0 8i=1;:::;M: (5.34)
j=1

(c) Compute ( 1., .s+17 n+1:s+1) Dy means of Newton's method, such that they
solve (5.28) and [(5.2D).

3. Sets=s+1

n+tl.pn+l.: n+l. n+l. n+ly _— . o . .
Set(U"™; P, ; ; )=(Us, 1;Psy 1:" Sm 10 Sm 1) Sm 1)

Setn=n+1 and compute tp.1.

We are left to tackle the last nonlinear step 2.(c), whose expanded formulation reads:

1 W pd . o
f' nerserg "nya( g D)t n+ls+ (0 57 i) (Upspser mof i) =0
=1 =1

(5.35)
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M
s+15( js i) (5.36)
j=1
1, 4. , (h,.. ' hy2 X
=5 To+ h+1s+1)) n+l's+112 R e g (051 )
j=1
where’ v j =" nj + (nensray o) 8 =150 Me

We apply Newton's method (see, e.g.,[190]) to linearize the equations: in order to

use it, we rewrite the equations in an algebraic form, introducing the following vectors and

matrices:
1 .
Aij = —Cj ) B =10M (5.37)
n
Ki=(r j;r i), 1 =1,2:5,M (5.38)
gi=fA'ngi+(uﬂ+1;S+1'ﬂ;r i), =10 M (5.39)
Di =( j; i) 0] =1;0:5M ' (5.40)
. _ 1 . h . h (Paasr W h-.-_ ..... .
hi( n+1;s+1)— iﬂé 0( n)+ n+1;s+1) 12 0() n) s I=150Me
(5.41)
In this way, the system of equations becomes
2 3 2 32 3 2 3
(4 "EEy - 4 A Koy nasng 4 9 5=0 (5.42)
n+1;s+1 K D n+1;s+1 h(I n+l;s+1)+ (1 )Kl n

We clearly see in this way that to apply Newton's method we need to linearize the term h.

In particular, the corresponding Jacobian reads:

@ 1 (g 'M .
I (a) = —= 5 Ra)( i o P ) B =1 M (5.43)
@s+1;] 2 6
and we can conclude with another iterative loop indexed by  O:
2 32 3 2 3
4 A “54 5. (4 misirs (5.44)
J (I n+1 ;s+1;r) K D n+l;s+l;r
2 3 2 3 2 3
4I n+1;s+1;r+15 _ 4' n+1;s+1;r5 + 4 ' 5 (5 45)
n+1;s+1;r+1 n+l;s+1l;r
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As a stopping criterion we decided to use the one based on the residual: stop the

iterations when 2 3
. " nHlistlir+l e
i(4 "), tol;

n+1;s+1;r+1
o
with tol =10 # wherejjgjjs= ¢ is the classical Euclidean 2-norm.

For the solution of the Iingzir system we used LinearGMRES as a solver, with a xed
tolerance of10 8, which is 100 times smaller than the tolerance adopted as stopping criterion
for the Newton's method.

In order to reduce the computational e ort, we used a suitable block diagonal precon-
ditioner, namely a Jacobi block preconditioner, for the iterative solver GMRES: in particular

we made use of the following one 2 3

p-a? 05 (5.46)
0 D

where A and D are the matrices introduced in [5.37) and [(5.4D), respectively, used in the
discretization of the CH equation. In this way we reduced the GMRES iterations for the
solution of the linear system to about 4 or 5 and the computational time is sensibly reduced,
whereas the number of Newton's steps needed is about 1 or 2 for each s&p

We can thus restate the nal algorithm to be solved in this way:

For t, > Oandforallnsuchthatt, T,with T > 0 xed value, solve the following

iterative scheme:
Set the initial condition for n = 0:
(UoiPoi" 0i 0 0)=(UniPni"ni ni n): (5.47)
and set the initial time step  tg.

For every n such thatt, T:

1. Sets =0 and initialize

(Un+1:0;Pn+1:0;" n+1:0; n+1:0; n+1:0) =(Un;Pn;" n: ni n)
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2. While 0 s<S, do:

(a) Compute 41541 Suchthat8i =1;:::;M

1 M
fon+1se) nj 9(Vj Vi) + n+l;s+15 (F Vi, T Vi)
n J=1 ]=1
X A 1M -
n+l;s+15 (Vi Upegs T Vi) > n+1;s+15 (diV Uiy sVj; Vi) =0
j=1 j=1
(5.48)
(b) Compute (Upn+1:s+1;Pn+1:s+1) such that 8i =1;:::;Ny
1 %“ %u o
T fUn+1;s+1  Unjo(wj;wi) + Un+1:s+1; (Up;wjswi)  (5.49)
n J:]_ j=1
1 R - R
* 5 Un+1;s+1; (Wjdiv ug;wi) + Un+1;s+1; (F Wy wi)
i=1 j=1
Wp
Pn+1isea; (jidivwi) = ( nr H+1;5;Wi)+( H+1;s+1i92 wi)
j=1
and
Wu
Un+1:s+1; (divwj; ) =0 8i=1;:::;M: (5.50)
j=1
(c) Setr =0 and 2 3 2 3
4' n+1;s+1;05 _ 4' n+1;s5
n+1;s+1;0 n+l;s
While 2 3
i (4 "), > ol
n+1l;s+1;r
repeat iteratively to nd ( n+1:s+1; n+i:s+1):
. 2 32 3 2 3
4 A K54 5 (4 "5 (5 e7)
Jh(' n+l;s+l;r) K D n+1;s+1;r
ii. 2 3 2 3 2 3
4I n+1;s+1;r+15 _ 4' n+1;s+1;r5 + 4 ' 5 (5 52)
n+1l;s+1;r+1 n+l;s+1l;r
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iii. r=r+1
3. Sets=s+1

ntl.pn+l.: n+l. n+l. n+ly — . o . .
Set(U"™; P ; ; )=(Us, 1:Psy, 1" Sw 1) Sm 1) Sm 1)-

Setn=n+1 and compute tp.1.

5.1.4 Time step adaptivity

As we have already noticed, in order to reduce the number of time steps in the simulations,
since at the very beginning of them the time step needed for the solution of the CH equation

is very small, whereas it could increase a bit in the next steps, we used an adaptive time

step in the following iterative procedure, in order to compute tp+1, givenuf,* N

Set

tyo = to

For everyn 0 do:

Forl O

1. Compute' ge. (), solution of equation ) with a Backward Euler scheme (thus

a linear equation):

1

——(Ceeq mva)F(r Drve) (U hrve)=0 8vh2 Wi
the1 ()

2. Compute Eﬂ;(l) (and all the other variables) with the algorithm proposed in

Section[5.1.3 and using t,. ) as time step.

jj' BE; (1) l 2+1;(|)jj2

3. Calculate €y+1y = —h .
] n+1;(|)JJ2
4. Update the time step

s

TOL
€n+1:()

thetgen) = The ;)
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5. Ifenss  TOL thenl = I+1 and return to step 1., otherwise set ., = ' 1.,

(and in the same way all the other variables), th+1 = thiq;0y @and  thiz0 =

th+1:(1+2)
n=n+1.

This kind of update of the time step is frequently used in adaptive time-stepping
algorithms (see, e.g.[[64] and [15]): we chose the safety coe cient= 0:9 and TOL =10 3,
as suggested in[80]. Moreover we setto =6 10 *2. In this way, in the simulations that

we present in Chapter 6, we reach a range of time steps from abod0 2 to 10 °.
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Chapter 6

Numerical tests

In this Chapter we present ve simulations performed implementing the numerical scheme

presented in Chapter 5, by means of FreeFem++. We verify the mass conservation of
property and the stability of the scheme. We observe the phase separation phenomenon
and, in particular, the e ects of di erent initial conditions for the velocity and temperature

elds on the concentration eld.

6.1 Choice of parameters

In the numerical tests performed we decided to consider the concentration eld if0; 1], as
proposed in [64] (the theory obtained for the concentration eld in[ 1;1] is exactly the

same as in this case, up to a rescaling), with the logarithmic potential de ned as
(")=2(" log(")+(@ ")logll ")N+2 o' (1 ")

with ¢ = 2:4, in order to obtain the double well potential in Figure [6.1: it is non-convex,
with two local minima to which the concentration is driven, at about 0:16 and 0:84. The

derivatives necessaries for the computations of the Newton's method are then the following

C)=2(log(') logl ")+2 ol 2)

1

Ry=2at o

) 4o
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Double well potential

-0.05

-0.1¢

-0.15¢}

-0.2¢

-0.25 ' ‘ : ‘
0 0.16 0.4 0.6 084 1

Concentration

Figure 6.1: Double well potential: we can see the two local minima

0 _ 2 1
Oty

2 ]
'V('):43.3(13.-;31

Remark 6.1.1 We can observe that 'V (") 0for' 2 (0;1), thus Theorem[5.1.4 is valid.

The domain  chosen is the open rectangl€0;2) (0;1) R? We then choose
the computational mesh, from which we will derive the value of , the other parameter in
the CH equation: we use a structured mesh with 26'080 triangular cells and 13'041 nodes,
corresponding to a mean diameter of each cell of about 0:009 as we can see in Figure
6.2.

We then chose the parameter tobe =8 10 ° h?. The other parameters to be
chosen are = 0:6, the kinematic viscosity for the velocity and the thermal di usivity
for the temperature. These two coe cients will be chosen in di erent ways, but respecting

the limitation shown in Remark 5.1.5.

Remark 6.1.2 Clearly, being in a continuous nite elements setting and using only regular
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Figure 6.2: Computational mesh

functions, the hypotheses of Theoreni 2.1]6, at a continuous level in in nite dimensional

spaces, are ful lled, thus we expect the existence of a solution.

6.2 Initial conditions

For what concerns the initial conditions to be set, we now focus the attention on the con-
centration eld, since for temperature and velocity the initial conditions will vary between

the di erent numerical tests. We decided to consider two di erent possible initializations:
Symmetric initialization with zero mean perturbation of a uniform eld ' 0:63:
o(X;y) =0:63 +0:1sin(16 x )cog12y )

which leads to the initial condition in Figure .3, with a total initial mass of m =

odx = 1:26000

Nonsymmetric initialization with nonzero mean perturbation of a uniform eld

0:63: we used the FreeFem++ commands
o(X;y) =0:63+0:05( 0:5+ randreall() )

We recall that, since we have set the initial seed for the commandandreall , this

initial condition is actually deterministic and can be reproduced identically at any
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Figure 6.3: Symmetric initialization with zero mean perturbation of '

65e01
— 064

063

coneenfrafion

062

6.1e-01

Figure 6.4: Nonsymmetric initialization with nonzero mean perturbation of "
Yme. This condition is represented in Figure[6.4 and the total initial mass ism =
' odx = 1:26036

The initial condition on ¢ is computed from the initial condition on ' o, by means of

the de nition:
0= "o+ Y o)

We can now pass to analyze the numerical tests.
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Figure 6.5: Test 1. Initial temperature eld in 3D representation.

termmperature

6.3 Numerical test 1

First, we xed the remaining parameters: = 0:01and = 5: in this way the su cient
condition is satis ed, since = 0:05 > 0:0015 As initial condition for ' we chose the
one in Figure[6.3, the symmetric one with zero mean perturbation of , whereas for the

temperature we initialized the eld solving the equation:
z

(r o;r )= 2000dx 8 2 HE()
With homogeneous Dirichlet boundary conditions for . This initial condition simulates
a sudden injection of a source of heat in the system, which acts as a forcing term in the
equation. The resulting symmetric initial condition is shown in Figure[6.5.
We then initialize the last eld, i.e. the velocity eld, by solving a Stokes equation for

(uo;po) 2 [HA()] 2 L2() keeping into account' o, oand o:
8

2 (rugirw) (pordiv(w)=( or (o)iw)+( oiwy) 8w 2 [HE()] 2

7 (div(uo)i) =0 892 L2()
always with no slip boundary conditions, obtaining the velocity eld in Figure .6

For this test we reached T 0:024  The resulting concentration eld in time is
represented in Figured 6]7-6.10, where we can see the spinodal decomposition at the very
beginning and then the phase separation leads to the formation of larger and largéubbles

The advective e ect of the velocity eld is clearly visible: we can see that the motions

in the concentration eld are regulated by the advection of the velocity eld. To see this
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velocity_magnifude

8.3e-05

Figure 6.6: Test 1. Initial velocity eld.

e ect, we can observe Figure[ 6.11, in which two dierent time steps are superimposed
(t=0.018 and t=0.0223, the former in the background, the latter in the foreground) together
with streamlines for the velocity eld: we can see that the droplets follow the streamlines.

As it is physically reasonable, the concentration is driven to the two local minima of
the double well potential previously shown.

For what concerns the velocity eld, in Figure [6.6 we can see the evolution of stream-
lines in time: it is much slower than the evolution of the concentration, having longer
characteristic time, nevertheless we can see a di erence in the shape of the vortices. Indeed
we clearly see the formation of smaller vortices at the corners and in the middle of the
domain.

In conclusion, in Figures[6.7]-6.10, we see the temperature eld in time: the e ect of
the temperature is to generate the convective cells (i.e, the two vortices in the velocity eld)
and as a feedback the temperature tends to become strati ed in time, due to the motion of
the hot uid from bottom to top. Moreover, we can see that the range of values decreases

in time, because most of the energy has been dissipated in time.
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Figure 6.7: Test 1. Timet=6 10 2.
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Figure 6.8: Test 1. Timet = 0:0081
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(a) Temperature eld (b) Velocity eld

@
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(c) Concentration eld

Figure 6.9: Test 1. Timet =0:012
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.10: Test 1. Timet = 0:0223
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Figure 6.11: Test 1. Superimposition of time steps (in the background the old time step

t = 0:018 in the foreground timet = 0:223): we see that the droplets follow the streamlines.

We can now analyze the properties highlighted in Theoreri 5.1]4: rst of all, in Figure
6.13, we see the plot of the total mass in time: it is always constant (up to the fth signi cant
digit) m =1:26000

If we nogw compute the total energy for each time stepE,, = }jjunjjz + %jj nii® +

Ejjr Cajit ( ' n)dx, we obtain, as expected from Theorem 5.1l4, that the energy is

nondecreasing, and in particular it is decreasing, as we can see in Figure 8.14. Indeed, the
su cient condition on and is respected. Moreover, in Figurd 6.15, we computed the
derivative of the total energy by means of backward nite di erences, obtaining that the
derivative is always negative, con rming the decrease of the total energy. In conclusion, the
time step ranges from6 10 12 at the beginning to 3:0224 10 °, as we can see in Figure
[6.18: actually, we can consider it constant, since the oscillations are around approximately

the same mean value.
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velocity_magnitude:

(@) Timet=6 10 *?

velocity_magnitude:

(b) Time t=0.023

Figure 6.12: Test 1. Streamlines in time, a comparison: we clearly see the formation of

smaller vortices at the corners and in the middle of the domain.
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Figure 6.13: Test 1. Total mass of the system: we see that it is constant in time, as expected.
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Figure 6.14: Test 1. Total energyEy: it is always decreasing as expected.
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Figure 6.15: Test 1. Derivative of the total energyE: it is always negative as expected.
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Figure 6.16: Test 1. Semi-log plot of the adaptive time step in time.
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velocity_magnitude

Figure 6.17: Test 2. Initial velocity eld.

6.4 Numerical test 2

We xed the parameters: =0:0land =5: inthis way the su cient condition is satis ed,
since = 0:05> 0:0015 As initial condition for ' we chose the one in Figur¢ 6|4, the
nonsymmetric one with nonzero mean perturbation of , whereas for the temperature we

initialized the eld solving the equation:
z
(r o;r )= 2000dx 8 2H() ;

exactly as in test 1, with homogeneous Dirichlet boundary conditions for ¢. The resulting
symmetric initial condition is already shown in Figure[6.5.

Also the velocity is initialized exactly as in the previous test, obtaining the velocity
eld in Figure ¢.17]

For this test we reachedT  0:03. The resulting concentration eld in time is rep-
resented in Figures[ 6.18-6.21, where we can see the spinodal decomposition at the very
beginning and then the phase separation leads to the formation of larger and largéubbles
The advective e ect of the velocity eld is clearly visible also in this nonsymmetric case:

we can see that the motions in the concentration eld are regulated by the advection of the
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velocity eld. To see this e ect, we can observe, as done in the previous simulation, Figure
[6.22, in which two di erent time steps are superimposed (t=0.021 and t=0.03, the former
in the background, the latter in the foreground) together with the streamlines: we can see
that the droplets follow the streamlines.

As it is physically reasonable, the concentration is driven to the two local minima of
the double well potential previously shown.

For what concerns the velocity eld, in Figure [6.23 we clearly see the formation of
smaller vortices at the corners and in the middle of the domain.

In conclusion, in Figures[6.1§-6.21, we see the temperature eld vs. time: we can see
as in the previous test that the range of values decreases in time, because most of the energy
has been dissipated.

We can now analyze the properties highlighted in Theorerh 5.1]4: rst of all, in Figure
, we see the plot of the total mass in time: it is always constant (up to the fth signi cant
digit) m =1:26036

If we now compute the total energy for each time stepE, = }jjunjjz + %jj njiZ +

5jjr " it ( ' n)dx, we obtain, as expected from Theorem 5.1l4 that the energy is

nondecreasing, and in particular it is decreasing, as we can see in Figure §.25. Indeed, the
su cient condition on and is respected. Moreover, in Figurd 6.6, we computed the
derivative of the total energy by means of backward nite di erences, obtaining that the
derivative is always negative, con rming the decrease of the total energy. In conclusion, the
time step ranges from6 10 *? at the beginning to 6:77 10 °, as we can see in Figure
[6.27: actually, we can consider it constant, since the oscillations are around approximately

the same mean value.
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(a) Temperature eld (b) Velocity eld
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Figure 6.18: Test 2. Timet = 0:0015
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Figure 6.19: Test 2. Timet =0:012
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.20: Test 2. Timet =0:021

(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.21: Test 2. Timet = 0:03.
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Figure 6.22: Test 2. Superimposition of time steps (in the background the old time step
at time t = 0:021, in the foreground time t = 0:03): we see that the droplets follow the

streamlines.

(@) Timet=6 10 2

(b) Time t=0.03
Figure 6.23: Test 2. Streamlines vs. time, a comparison: we clearly see the formation of

smaller vortices at the corners and in the middle of the domain.
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Figure 6.24: Test 2. Total mass of the system: we see that it is constant in time, as expected.

Figure 6.25:; Test 2. Total energyE,: it is always decreasing as expected.
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Figure 6.26: Test 2. Derivative of the total energyE,: it is always negative as expected.

Figure 6.27: Test 2. Semi-log plot of the adaptive time step in time.
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Figure 6.28: Test 3. Initial temperature eld in 3D representation.

6.5 Numerical test 3

We xed the parameters: = 0:05and = 10: in this way the su cient condition is
satis ed, since = 0:5> 0:0015 As initial condition for ' we chose the one in Figure
6.4, the nonsymmetric initialization with nonzero mean perturbation of ' , whereas for the

temperature we initialized the eld solving the equation:
z

(r o;r )= 100Gin(x)(0:5 x?)dx 8 2H()
With homogeneous Dirichlet boundary conditions for . This initial condition simulates
a sudden injection of a source of heat in the system, which acts as a forcing term in the
equation. The resulting nonsymmetric initial condition is shown in Figure 6.28.

We then initialize the last eld, i.e. the velocity eld, by solving a Stokes equation for

(uo;po) 2 [HA()] 2 L?() keeping into account' o, oand o:
8

2 (ruoirw)  (Poidiv(w) = (" or ( ohiw)+( oiwy) 8w 2 [HE()] 2

7 (div(ug)i) =0 82 L¥()
always with no slip boundary conditions, obtaining the velocity eld in Figure 6.29.

For this test we reachedT  0:05, a larger value than before, since the e ect of velocity
eld is less relevant and thus the time step can be a bit larger (in this test it ranges from

6 10 *?to 49 10 % as we can see in Figure 6.38). The resulting concentration eld in
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Figure 6.29: Test 3. Initial velocity eld.

time is represented in Figures 6.31-6.34, where we can see the spinodal decomposition at the
very beginning. The advective e ect of the velocity eld is not clearly visible: indeed the
velocity eld is not so strong and thus the advection is limited. As it is physically reasonable,
the concentration is driven to the two local minima of the double well potential previously
shown.

For what concerns the velocity eld, in Figure 6.30, we can see the evolution in time:
it is much slower than the evolution of the concentration, we can only notice the formation
of smaller secondary vortices in the corners of the domain.

In conclusion, in Figures 6.31-6.34 we see the temperature eld vs. time: the high
value of the thermal di usivity  quickly dissipates most of the energy and it also makes
the eld symmetric, spreading it into the whole domain.

We can now analyze the properties highlighted in Theorem 5.1.4, as done in the
previous tests: in Figure 6.35 we see the plot of the total mass in time: it is always constant
(up to the fth signi cant digit) m = 1:26036

If we ngw compute the total energy for each time stepE, = %jjunjj2 + %J'J' nli% +

Ejjr ' nji? + (' n)dx, we obtain, as expected from Theorem 5.1.4 that the energy is
nondecreasing, and in particular it is decreasing, as we can see in Figure 6.36. Indeed, the

su cient condition on  and is respected. In Figure 6.37 we computed the derivative of the
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(@) Timet=6 10 12

(b) Time t =0:053

Figure 6.30: Test 3. Velocity eld vs. time with streamlines.

total energy by means of backward nite di erences, obtaining that the derivative is always
negative, con rming the decrease of the total energy. We can notice that the decrease in
the energy is more stressed in this test, since both the coe cients and , responsible for

the dissipation, are larger.
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.31: Test 3. Timet =0:0011

(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.32: Test 3. Timet = 0:015
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.33: Test 3. Timet =0:031

(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.34: Test 3. Timet = 0:053
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Figure 6.35: Test 3. Total mass of the system: we see that it is constant in time, as expected.

Figure 6.36: Test 3. Total energyE,: it is always decreasing as expected.
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Figure 6.37: Test 3. Derivative of the total energyE,: it is always negative as expected.

Figure 6.38: Test 3. Semi-log plot of the adaptive time step in time.
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Figure 6.39: Test 4. Initial temperature eld in 3D representation.

6.6 Numerical test 4

We xed the parameters: = 0:02and = 20: in this way the su cient condition is
satised, since = 0:4 > 0:0015 We recall that in this case we have a nonhomogenoeus
boundary condition for the temperature, but the dissipation, as we will notice, is enough to
prevent the energy from increasing also in this case. As initial condition fotr we chose the
one in Figure 6.3, the symmetric initialization with zero mean perturbation of ' , whereas

for the temperature we initialized the eld solving the equation:
z
(r o;r )= 12 10%in(x)(0:5 x?)dx 8 2 H3()

with non homogeneous Dirichlet boundary conditionsg for and o:
g=5 10 *x**on@ (0;T) (6.1)

The initial condition simulates a sudden injection of a source of heat in the system, which
acts as a forcing term in the equation. Moreover, the presence of a boundary datum for
the temperature means that there is a continuous injection of energy also during time. The

resulting nonsymmetric initial condition is shown in Figure 6.39.
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Figure 6.40: Test 4. Initial velocity eld.

We then initialize the last eld, i.e. the velocity eld, by solving a Stokes equation for

(uo;po) 2 [HA()] 2 L?() keeping into account' o, o and o:
8
2 (rugrw) (podiv(w)=( "o ( o)iw)+( ojwy) 8w 2 [HE()] 2

>
© (div(uo);) =0 892 L?()

always with no slip boundary conditions, obtaining the velocity eld in Figure 6.40.

For this test we reachedT  0:02 and the time step can be a bit larger (in this test
it ranges from6 10 2 to 4:99 10 °: actually, we can consider it constant, since the
oscillations are around approximately the same mean value). ). The resulting concentration
eld in time is represented in Figures 6.41-6.44, where we can see the spinodal decomposition
at the very beginning. The advective e ect of the velocity eld is visible, since the bubbles
move during time. The concentration is driven to the two local minima of the double well

potential previously shown.
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.41: Test 4. Timet = 0:0007.

(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.42: Test 4. Timet = 0:007.
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.43: Test 4. Timet = 0:015

(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.44: Test 4. Timet = 0:022
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(@) Timet=6 10 12

(b) Time t =0:022
Figure 6.45: Test 4. Velocity eld vs time with streamlines: we see the formation of a

secondary vortex under the principal one.

For what concerns the velocity eld, in Figure 6.45, we can see the evolution in time:
the principal vortex changes its shape and other secondary vortices appear, di erently from
test 3, since the velocity magnitude is larger.

In Figures 6.31-6.34 we see the temperature eld vs. time: the very high value of
the thermal di usivity quickly dissipates most of the energy and it also makes the eld
symmetric.

Moreover, in Figure 6.46 we see the plot of the total mass in time: it is always constant
(up to the fth signi cant digit) m =1:26000Q

2

If we ngw compute the total energy for each time stepg, = }jjunjjz + }jj nji +

2 2

Ejjr "%+ ( ' n)dx, we obtain that the energy is hondecreasing, and, in particular, it

is decreasing, as we can see in Figure 6.47. In Figure 6.48 we computed the derivative of the
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Figure 6.46: Test 4. Total mass of the system: we see that it is constant in time, as expected.

Figure 6.47: Test 4. Total energyE,: it is always decreasing as expected.

total energy by means of backward nite di erences, obtaining that the derivative is always
negative, con rming the decrease of the total energy. The decrease of the energy is still
observable, even though we have imposed nonhomogeneous Dirichlet boundary conditions
for the temperature. This means that the dissipation is still enough to compensate the extra

energy injected in the system from the boundary of the domain.
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Figure 6.48: Test 4. Derivative of the total energyE: it is always negative as expected,

and it tends to zero as time increases.
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Figure 6.49: Test 5. Initial temperature eld in 3D representation.

6.7 Numerical test 5

We xed the parameters: =0:01and =1: in this way the su cient condition is satis ed,
since =0:01> 0:0015 As initial condition for ' we chose the one in Figure 6.4, the non-
symmetric initialization with nonzero mean perturbation of ' , whereas for the temperature
we initialized the eld solving the following equation, which is completely di erent from all

the previous cases:
z

(r o;r )= 5 10sin(32x)cof(32y)dx 8 2 H3() ;

With homogeneous Dirichlet boundary conditions. The resulting nonsymmetric initial
condition is shown in Figure 6.49: we can observe that the range of values is much larger
than the previous tests. This will lead to much larger velocity in magnitude.

We then initialize the velocity eld, by solving a Stokes equation for (ug;po) 2

[HE()] 2 L?%() keeping into account' g, o and o:
8
2 (rugrw) (pdivw)=( "o (o)iw)+( ojwy) 8w 2 [HE()] 2
7 (div(uo)i) =0 8q2 L¥()

always with no slip boundary conditions, obtaining the velocity eld in Figure 6.50: we

notice that the velocity eld magnitude is much larger than the previous cases, and also the
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Figure 6.50: Test 5. Initial velocity eld.

eld is completely di erent, since it strongly depends on the temperature eld ¢ already
initialized.

For this test we reached T  0:017 and the time step ranges from6 10 2 to
54 10 % as a matter of fact, we can consider it constant, since the oscillations are
around approximately the same mean value. The concentration eld in time is represented
in Figures 6.51-6.54, where we can see the spinodal decomposition at the very beginning.
The advective e ect of the velocity eld is strong, since the bubbles move during time and
their shape is sensibly distorted, since it is very elongated. The concentration is driven to

the two local minima of the double well potential.
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.51: Test 5. Timet =0:0011

(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.52: Test 5. Timet = 0:0088
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(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.53: Test 5. Timet = 0:012

(a) Temperature eld (b) Velocity eld

(c) Concentration eld

Figure 6.54: Test 5. Timet = 0:017.

141



(@) Timet=6 10 *?

(b) Time t=0.017
Figure 6.55: Test 5. Velocity eld vs. time with streamlines: we see the formation of new

vortices and the change of shape of the principal one.

For what concerns the velocity eld, in Figure 6.55, we can see the evolution in time:
the principal vortex completely changes its shape and other secondary vortices appear.
Moreover the range of values of velocity magnitude is reduced.

In Figures 6.31-6.34, and, more in detail, in Figure 6.56, we see the temperature eld
vs. time: the distribution in space completely changes due to two di erent phenomena.
Firstly, the dissipation e ect progressively reduces the range of values and tends to homog-
enize the eld, by consuming energy. Secondly, the strong advective e ect makes the area

with lowest value move quickly across the domain.
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(@) Timet=6 10 2 (b) Time t=0.017
Figure 6.56: Test 5. Temperature eld vs. time: the space distribution completely changes

due to di usion and advection.

Figure 6.57: Test 5. Total mass of the system: we see that it is constant in time, as expected.

Moreover, in Figure 6.57 we see the plot of the total mass in time: it is always constant
(up to the fth signi cant digit) m = 1:26036

2

: 1. . 1. .
If we ngw compute the total energy for each time stepg,, = EJJUnJJ2 + EJJ n]” +

Ejjr it + ( ' n)dx, we obtain that the energy is hondecreasing, and, in particular, it
is decreasing, as we can see in Figure 6.58. We notice that in this test the energy is much
larger than the one in the previous tests. In Figure 6.59 we computed the derivative of the
total energy by means of backward nite di erences, obtaining that the derivative is always
negative. This fact con rms the decrease of the total energy, as we expected from Theorem

5.1.4.
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Figure 6.58: Test 5. Total energyE,: it is always decreasing as expected.

Figure 6.59: Test 5. Derivative of the total energyEy: it is always negative as expected,

and it tends to zero as time increases.
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Conclusions and future issues

In this thesis we have investigated the 2D Cahn-Hilliard-Boussinesq system, characterized
by a logarithmic potential. More precisely, we have proven the existence of a global weak
solution as well as the existence of more regular solutions (quasi-strong and strong). Also, we
have obtained some stability estimates. These estimates yield, in particular, the weak-strong
unigueness and the unigueness of quasi-strong solutions.

However, from the theoretical viewpoint, there are still several issues which deserve
to be analyzed.

First of all, having already found a result of existence of strong solutions, on account of
the dissipativity properties of the system one could prove the regularization of weak solutions
in nite time, that is, any weak solution gets a strong solution instantaneously. Moreover,
following what was done in [61] for the case of NSCH, the regularity of the solutions to the
CHB system when the viscosity is not constant, but depends on both the concentration and
the temperature, could be studied. We recall that here we have proven only the existence
of weak solutions for a non-constant viscosity.

Regularity results should allow us to establish the so-called phase separation property

from the pure phases. This means that for every > 0 there exists = ( ) > 0 such that
fum'j‘ Ojjez 1

This property has already been shown for the NSCH system with logarithmic potential (see
[61]).
On account of the dissipative nature of the system, a further aspect that could be

investigated is the longtime behavior of a given solution, the goal being to establish the
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convergence to a single stationary state (see, e.g., [3] and [54] for the NSCH system). The
longtime behavior can also be studied from a global viewpoint within the theory of dissipative
dynamical systems, proving, for instance, the existence of global and exponential attractors
(see, e.g., [562] and [55] for the NSCH system).

Other challenging theoretical issues are the study of the inviscid CHB system, which
has been studied, e.g., in [102] for a regular potential, but not in case of the logarithmic
potential. Moreover, it could be interesting to see whether the solutions of such a system
could be regarded as the limit of the solutions of the viscous CHB system as! 0.

Furthermore, it would be particularly meaningful to analyze the system with vanishing
thermal conductivity and to establish if the solutions of such a system could be obtained
from the CHB system when ! 0. We stress again that the system with = 0 is the
compressible NSCH system (17), thus it could be a way of nding results about existence
and regularity of the solutions for this completely di erent system of equations, starting from
the analysis of the CHB system. Note that, in this context, the equation for the temperature
becomes a pure transport equation, namely, the continuity equation for the uid density.

Aiming at the numerical solution of the CHB system, we have introduced a discretiza-
tion of the equations in space, by means of nite elements, and in time. We have proved
that the proposed numerical scheme preserves the mass of the system and it is stable, in
the sense that the total energy does not increase in time, which is fundamental from the
physical viewpoint. By means of the simulations that we performed, we have veri ed that
these properties are e ectively respected: namely, the total energy decreases in time and
the mass is conserved. We have also used an adaptive timestep, but in the simulations it
has not presented noticeable variations in magnitude. Thus a possible direction of improve-
ment could be nding a better time step adaptivity algorithm, in order to e ectively exploit
the di erent characteristic times of the equations and investigate numerically the long-time
behavior of the solutions, in particular the possibility of having stationary solutions.

Moreover, in order to better capture the interface phenomena, some kind of mesh
adaptivity could be introduced, together with di erent basis functions for the Galerkin

approximations: Isogeometric Analysis could be a valid alternative, as shown, for instance,
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in [15] and [64].
In conclusion, it could be interesting to study the numerical simulations of some of the
above mentioned systems, namely the vanishing viscosity case and the vanishing thermal

conductivity case, in order to obtain a sort of veri cation of the analytical results.
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Appendix A

Basic tools of Functional Analysis

A.1 Basic tools used in the proofs

In this Appendix we state some results that were often used throughout proofs. In the
following is a bounded domain inR? with a su ciently smooth boundary.

We rst recall the well known Poincaré's inequality (see, e.g., [20], Corollary 9.19).
Lemma A.1.1. Forany' 2V it holds
it v Cojir i (A.1)
Then we state another inequality, consequence of the Poincaré's inequality and the

elliptic regularity (see, e.g., [98], Chap.2).
Lemma A.1.2. Forany' 2 V, it holds
i ke, Gl i (A.2)
From [20], Chap.8, Sec.6, we have the following inequalities, known as Gagliardo-

Nirenberg interpolation inequalities for R2 regular bounded open set:

Theorem A.1.3. Letl g p 1 . Then

juiiey  Cliuiited fiuiifs, 8u2HY) ; wherea=1 (q=p:  (A3)
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A similar classical inequality of Ladyzhenskaya type (see, e.g., [78], Theorem 2.2)

which will be useful is:
Lemma A.1.4. Let R? be any bounded domain with smooth bounda® . Then
ifiitsy  CGifiir fii+ifi®» 8f 2HY) (A.4)
for some constant C = C( ), implying that
iticeg K ETEEfGGS 8f 2 HY() (A.5)
for some constant K=K( ).

We then de ne, for any u, v, w 2 HY() :

from which we obtain the following inequality (from Gagliardo-Nirenberg interpolation in-
equality, see Theorem A.1.3, and from Poincaré's inequality) for a bi-dimensional domain,

as exploited also in [32]:
Lemma A.1.5. Foranyu, v, w2V itholds
b(usviw)j  Ciir ujj 2jjujizjir vij jj wii Zjir wijz (A-6)

and by the antysimmetry of the trilinear formby( ; : ) it also holds, for anyu; v2 H() andw 2

V , that
. R D SN DS S
jb(u;viw)j i ujizjjujizijvii2jiviiziiwiia: (A.7)
We will also make use of the following estimate ([2], Sec.2), which comes from the

Agmon's inequality (see, e.g., [5], Lemma 13.2):

Lemma A.1.6. Foreveryu2 H?() , 2 R?itholds

3
jir ey i uiiEiuiideg
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We also recall the following version of the well known Gronwall's Lemma (see, e.g.,

[65], Sec.2, or [93], Chap.10, Lemma 10.8):

Lemma A.1.7. Let| = [to;t1]. Supposea:1 ! Randb:1 ! R are continuous (or
a;b2 LY(0;T)), and supposeu : I I R is in C(1) (or even in C(l)) and satis es (it is

enough in weak sense)
uqt) a(t)u(t) + bt) for t 2 I; and u(to) = ug:

Then
R Z,

R
ut) e+  esaps)ds: (A8)

to

Another important theorem is the following weak form of Lebesgue theorem (see [82],

Lemma 1.3):

Theorem A.1.8. Letff,gbe asequenceinh?(  (0;T)) such that it is uniformly bounded,

supjjfpjj = M < +1 ,and f, ! f almost everywhere in (0;T). Then fy, *f in
n2N

L2 (0;T)).

A.2 Embedding theorems

Here we recall the Aubin-Lions Lemma (see [82], Lemma 1.2 or [83], Chap.1):

Lemma A.2.1. Let X ,! Y ! Z three Hilbert spaces, and suppose that the embedding of

X into Y is compact.

1. Forany p1; p2 2 (1;;+1 ) the embedding
o

f 2 LPL(O;T;X); a2 LP2(0;T;Z) | LPL(O;T;Y) (A.9)
is compact.
2. For every p > 1 the embedding
f 2L (O;T;X); %2 LP(;T;Z) ! C(0;TLY) (A.10)

is compact.
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We have another important Lemma (see, e.g., [83], Vol.I, Chap.1) for the case of a

Hilbert triplet:
Lemma A.2.2. Let (V,H,V") a Hilbert triplet, with V and H separable spaces. Then
o
HYO T ViVY = f2L%0T;V): 2 LAOiT;VY) 1 C(OTEH):

Moreover it holds the following integration by parts rule:
for everyu;v 2 H(0;T;V; V9, for every s;t 2 [0; T]:
Z t
f<u(r);v(r) >+ <u(r);v(r) >gdr = (u(t);v(t)) (u(s);v(s)):

S
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Appendix B

Further estimates and lemmas

Here we report some well-posedness and regularity results about some stationary problems
related to our system.
B.1 A Neumann problem with logarithmic nonlinearity

We start from the Neumann problem: F is the same logarithmic potential as the potential
de ned in (2):

F(s) = 5((1+ s)in(L+s)+(1 s)in(A s) 8s2( 1;1) (B.1)
8
2 u+FYu)=fin
S (B.2)
" @u=0 on

under the assumptions of the potential made in the previous sections, we have the following

lemmas (see [61], Lemma A.1):

Lemma B.1.1. Let @ be a bounded domain irR?, with smooth boundary. Assume that
f 2 L?() . Then there exists a unique solution u to problem (B.2) such that 2 H?() ,
FQu) 2 L?() and satises u+ FYu) = f for almost everyx 2 and @u = 0 for

almost everyx 2 @ . Moreover we have

iz + iFYWE - c@+ jitii); (B.3)
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wherejj jj is the L2 norm.

Let us assume that the sequendg L2() andf 2 L%() . We consider the solutions
ux and u to the problem (B.2) corresponding tof x and f, respectively. Then,fy ! f in
L%() ,ask!1 ,implies

jjuc  ujpr! 0 as k! O (B.4)

We then report other elliptic estimates, already stated and proven, e.g, in [34], from

Lemma A.1 to Lemma A.6 or in [2], Lemma 2.

Theorem B.1.2. Let be a bounded domain irR? with smooth boundary. Assume that u

is the solution to problem (B.2). We have the following:

Letf 2 LP() ,where2 p 1 . Then we have
FWiiLey i fiieq) :
Letf 2 HY() . Then we have
ioujpdir uijzjie fjje: (B.5)
Letf 2 HY() . Assume thatF satis es
Fs) eCIFISI*C gg2 ( 1:1)

for some positive constant C. Then for anyp 1, there exists a positive constant
C = C(p) such that
iFQWiiLe  C@+ i) (B.6)

In addition, there exists a positive constant C=C(p) such that
fiviiwaey *+ iFAWiLeg  C@+ jifjj) (B.7)

forany p 2.
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B.2 The homogeneous Dirichlet problem for the Stokes equa-
tion
Considering now the Stokes problem

% u+trp="fin
div u = in (B.8)

:

First we introduce the Stokes operator as the mapA :V ! V° such that

on @ :

<Au;v>=<ru;rv> 8u;v2V ;

namely, A is the canonical isomorphism fromV ontoV .
We can denote byA 1:V®1 V the inverse map of the Stokes operator. That is,

givenf 2 V | there exists a uniqueu = A 12V such that
(rA firv)y=<fiv> 8v2V :
It follows that jjfji; == jir A jj =< f;A If > 2 is an equivalent norm onV°. In addition,

for any f 2 H(0; T;V?) we have the chain rule (see [97], Chap.3, Lemma 1.1)

1d
2dtjjf(t)jj[ ae. t2(0;T): (B.9)

After the already mentioned De Rham's theorem, which was already exploited to

< fe(t); A (1) >=

retrieve the existence of pressure, up to a constant, il.2(0; T;L?()) (see Remark 1.2.3
on De nition 1.1), we have more regular properties: we have thatA is also a positive,
unbounded, self-adjoint operator inH , with compact inverse and domainD(A) = fu 2
V :Au 2H g=[H?)] 2\ V := W . Asin [97], Chap.2, Prop.2.2, we have, due to
regularity results, de ning (u;v) =( Au;Av) and jjvjj\z,v =(Av;AV):

9C > 0 sit: jjujjuzy  Cjjujjw 8u2 W : (B.10)
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B.3 The homogenous Dirichlet problem for the Laplace equa-
tion
We need to introduce the classical Riesz isomorphisig from V to V©
<Aou;v>=(rurv) 8u;va2Vv: (B.11)

Then, denoting by AO1 its inverse map, we have thatf 2 V, A, f is the uniqueu 2 V
such that < Agu;v >=<f;v > forall v2 V. On account of the above de nitions, we

observe that that
<f;A ytg>=(r (A, );r (Aytg) 8f;ig2 Ve (B.12)

Owing to (B.12) it can be proved that jif jj = jir Ay jj=<f;A ,f > 7 is a norm onV°
equivalent to the usual and natural one. In addition, for anyu 2 H(0; T;: V9 we have the

chain rule (see [97], Chap.3, Lemma 1.1):

<u(t); Ay tu(t) >= %%jju(t)]jz a.e.t2 (0;T): (B.13)
We also have that, sinceL?() | V°©
(ru;r Agtu)=<Ao(Aytu);u>=<u;u> = jjujj (B.14)

Furthermore, as can be found in [98], Chap.ll, Secs.2.1-2.2, we obtain, due to regularity
theorems, that Ag is an isomorphism also fromD (Ag) = H2() \ V to H = L?() . We
then have that

iAo iine  Ciifii 8f 2 H: (B.15)

B.4 The homogenous Neumann problem for the Laplace equa-
tion
In conclusion, we have to make similar considerations for the Neumann problem as done,
e.g., in the Appendix of [61]): f%r any 0 we consider the system
2 u+ u ="~ in

@Qu=0 on
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We introduce the operatorB 2 L (V;VY de ned by
<B ujv>=(ru rv+ uv) 8u;v2yV:

We consider the space

Vo=fv2V:v=0g (B.16)

and its dual VO The restriction A of Bg to Vo being an isomorphism fromV, onto V), we
denote Ag . VOO! Vp its inverse map. It is well known that for all f 2 VOO, Ao Y s
the unique u 2 Vp such that < Agu;v >=<f;v > forall v2 V. On account of the above

de nitions, we observe that
. 1o 1e. 1 : 0
<f; Ao 'g>=(r Ag f;rAp g 8fig2V, (B.17)
And owing to (B.17) it is straightforward to prove that
e lp.. _ . 1 1
it =ir Ao fjj=<f Ag f>2 (B.18)

is a norm onV_ equivalent to the natural one. In addition, for any u 2 H(0; T; VY we have

the chain rule (see [97], Chap.3, Lemma 1.1)

Ldyuwi2 ae.t2 ©;T): (B.19)

<u(t); Ao tu(t) >= Sdr
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