
P♦❧✐t❡❝♥✐❝♦ ❞✐ ▼✐❧❛♥♦

▼✳ ❙❝✳ ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣

▼❛st❡r ❚❤❡s✐s

▼❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧
♠♦❞❡❧✐♥❣ ♦❢ ❛ ❈❛❤♥✲❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq

s②st❡♠ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧

❆❞✈✐s♦r ✿ Pr♦❢✳ ▼❛✉r✐③✐♦ ●❘❆❙❙❊▲▲■

❈♦✲❛❞✈✐s♦r ✿ Pr♦❢✳ ▲✉❝❛ ❉❊❉❊✬

❙t✉❞❡♥t ✿ ❆♥❞r❡❛ P❖■❆❚❚■

▼❛tr✳ ✾✶✾✼✻✹
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❆ ♠✐♦ ♥♦♥♥♦ ❆❧❞♦✱ ♠❛t❡♠❛t✐❝♦✿

❝♦♠❡ ❛✈r❡st✐ ✈♦❧✉t♦✱ s♦♥♦ ❣✐✉♥t♦ ❛❧ tr❛❣✉❛r❞♦



❘✐♥❣r❛③✐❛♠❡♥t✐

❆ ❝♦♥❝❧✉s✐♦♥❡ ❞✐ q✉❡st♦ ❧❛✈♦r♦✱ ♠✐ s❡♥t♦ ✐♥ ❞♦✈❡r❡ ❞✐ r✐♥❣r❛③✐❛r❡ ❛❧❝✉♥❡ ♣❡rs♦♥❡✱ s❡♥③❛ ❧❡

q✉❛❧✐ t✉tt♦ ❝✐ò ♥♦♥ s❛r❡❜❜❡ st❛t♦ ♣♦ss✐❜✐❧❡✳

■♥♥❛♥③✐t✉tt♦ r✐♥❣r❛③✐♦ ✐ Pr♦❢❡ss♦r✐ ▼❛✉r✐③✐♦ ●r❛ss❡❧❧✐ ❡ ▲✉❝❛ ❉❡❞è✱ ❣✉✐❞❡ ❝♦♠♣❡t❡♥t✐ ❡

s♦❧❡rt✐✱ ♣❡r ✐ ♣r❡③✐♦s✐ ❝♦♥s✐❣❧✐✱ ♣❡r ✐❧ ❝♦♥t✐♥✉♦ s♦st❡❣♥♦ ❡ s♦♣r❛tt✉tt♦ ♣❡r ✐❧ ❞✉r♦ ❡ ♠❡t✐❝♦❧♦s♦

❧❛✈♦r♦ ❞✐ r❡✈✐s✐♦♥❡✱ ♥♦♥♦st❛♥t❡ ✐ ♥✉♠❡r♦s✐ ❡ ♣r❡ss❛♥t✐ ✐♠♣❡❣♥✐✳

❯♥ ❣r❛③✐❡ ✈❛ ♣♦✐ ❛✐ ♠✐❡✐ ❣❡♥✐t♦r✐ ❡ ❛ ♠✐♦ ③✐♦✱ ❝❤❡ ❝♦♥ ✐❧ ❧♦r♦ s✉♣♣♦rt♦ ♠♦r❛❧❡ ♠✐ ❤❛♥♥♦

s♦st❡♥✉t♦ ✐♥ q✉❡st✐ ♠❡s✐ ❞✐ ❧❛✈♦r♦ ❡ ❣r❛③✐❡ ❛ ♠✐♦ ❢r❛t❡❧❧♦ ❋r❛♥❝❡s❝♦✱ ❝❤❡ ♠✐ ❤❛ s♦♣♣♦rt❛t♦

♥❡✐ ♠♦♠❡♥t✐ ❞✐ ❛♥s✐❛ ❡ ♣r❡♦❝❝✉♣❛③✐♦♥❡ ❝❤❡ ❤❛♥♥♦ ❝♦st❡❧❧❛t♦ ✐❧ ♠✐♦ ♣❡r❝♦rs♦✳

❘✐♥❣r❛③✐♦ t✉tt✐ ❣❧✐ ❛♠✐❝✐ ❡ ✐ ❝♦♠♣❛❣♥✐ ❝❤❡ ♠✐ s♦♥♦ r✐♠❛st✐ ✈✐❝✐♥♦ ✐♥ q✉❡st✐ ♠❡s✐✱

♥♦♥♦st❛♥t❡ ✐❧ s❡r✐♦ ♣r♦❜❧❡♠❛ ❞❡❧ ❝♦♥t❛❣✐♦✱ ❞❛♥❞♦♠✐ s✉❣❣❡r✐♠❡♥t✐ ❡ ❝♦♥s✐❣❧✐ ❝❤❡ ♠✐ s♦♥♦ st❛t✐

♠♦❧t♦ ✉t✐❧✐✳ ■♥ ♣❛rt✐❝♦❧❛r❡✱ ❣r❛③✐❡ ❛ ●✐♦r❣✐♦✱ ♣❡r ❧❡ ❧✉♥❣❤❡ ❝❤✐❛❝❝❤✐❡r❛t❡ ❛❧ t❡❧❡❢♦♥♦✱ ❝❤❡ ♠✐

❤❛♥♥♦ s♦st❡♥✉t♦ ❡ ♠♦t✐✈❛t♦ ❛ ❝♦♥t✐♥✉❛r❡ ✐❧ ❧❛✈♦r♦ ❝♦♥ ♣❛ss✐♦♥❡ ❡ ✐♥t❡r❡ss❡✳

❊✱ ✐♥✜♥❡✱ ❣r❛③✐❡ ❛✐ ♠✐❡✐ ♥♦♥♥✐✿ ❛ ♠✐❛ ♥♦♥♥❛ ▲❛✉r❛♥♥❛✱ ❝❤❡ t❛♥t♦ ❛s♣❡tt❛✈❛ q✉❡st♦

♠♦♠❡♥t♦✱ ❡ ❛ ♠✐♦ ♥♦♥♥♦ ❆❧❞♦✱ ❝❤❡ ❛✈r❡❜❜❡ ❞✐ ❝❡rt♦ ✈♦❧✉t♦ ❛❝❝♦♠♣❛❣♥❛r♠✐ ✜♥♦ ❛ q✉❡st♦

tr❛❣✉❛r❞♦ ✜♥❛❧❡✿ s❡♥③❛ ❞✐ t❡✱ ♥♦♥♥♦✱ ♥♦♥ s❛r❡✐ ♥❡♠♠❡♥♦ r✐✉s❝✐t♦ ❛ ✐♥✐③✐❛r❡ q✉❡st♦ ♣❡r❝♦rs♦✳

❆♥❝♦r❛ ❣r❛③✐❡ ❞✐ ❝✉♦r❡✳

✐



✐✐



❆❜str❛❝t

❚❤✐s t❤❡s✐s ❛✐♠s ❛t ✐♥✈❡st✐❣❛t✐♥❣ s♦♠❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✷❉ ❈❛❤♥✲

❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧✳ ❚❤❡② ❝♦♥s✐st ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢

t❤❡ ❈❛❤♥✲❍✐❧❧✐❛r❞ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐✛❡r❡♥❝❡ ϕ ♦❢ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❜✐♥❛r②

s②st❡♠ t♦ t❤❡ ❤❡❛t✲❝♦♥❞✉❝t✐✈❡ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✭✈♦❧✉♠❡ ❛✈❡r❛❣❡❞✮ ✢✉✐❞ ✈❡❧♦❝✲

✐t② u ♦❢ t❤❡ ♠✐①t✉r❡ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ θ✳ ❚❤❡ r❡s✉❧t✐♥❣ s②st❡♠ ♠♦❞❡❧s t❤❡ ✐♥t❡r❛❝t✐♦♥s

❜❡t✇❡❡♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ tr❛♥s✐t✐♦♥ ❛♥❞ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ✢♦✇ ♦❢ ❛ ❝♦♠♣r❡ss✐❜❧❡ ❜✐♥❛r②

♠✐①t✉r❡ ✐♥ ❛ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ♣r♦❝❡ss✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s✱ ✇✐t❤

st❛♥❞❛r❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ϕ ❛♥❞ u ✭✐✳❡✳ ♥♦✲✢✉① ❛♥❞ ♥♦✲s❧✐♣✮ ❛♥❞ ♥♦♥❤♦♠♦❣❡♥❡♦✉s

❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r θ✳ ❚❤❡♥ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦r❡ r❡❣✉❧❛r s♦❧✉✲

t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❞❛t❛

❢♦r ϕ ❛♥❞ u ❛r❡ ♠♦r❡ r❡❣✉❧❛r✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str♦♥❣ s♦❧✉t✐♦♥ ✐❢ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡

✐s ❡♥♦✉❣❤ r❡❣✉❧❛r ❛s ✇❡❧❧✳ ❲❡ ❛❧s♦ ♦❜t❛✐♥ s♦♠❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s ✐♥ ❝❛s❡ ♦❢ ♠♦r❡ r❡❣✉❧❛r

✐♥✐t✐❛❧ ❞❛t❛✿ ❛ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ❡st✐♠❛t❡ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✇❤✐❝❤ ②✐❡❧❞s✱ ✐♥ ♣❛rt✐❝✲

✉❧❛r✱ t❤❡ ✇❡❛❦✲str♦♥❣ ✉♥✐q✉❡♥❡ss ❛♥❞ ❛ str♦♥❣❡r st❛❜✐❧✐t② ❡st✐♠❛t❡ ❢♦r str♦♥❣ s♦❧✉t✐♦♥s✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✇❡ ❛❧s♦ ✜♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥s✳ ❲❡ t❤❡♥ st✉❞② t❤❡ ♣r♦❜✲

❧❡♠ ♥✉♠❡r✐❝❛❧❧② ❜② ❞✐s❝r❡t✐③✐♥❣ t❤❡ ❡q✉❛t✐♦♥s✳ ❲❡ ✜rst ❞❡✈❡❧♦♣ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ t❤❛t

✇❡ ♣r♦✈❡ t♦ ❜❡ ♠❛ss✲♣r❡s❡r✈✐♥❣ ❛♥❞ st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t♦t❛❧ ❡♥❡r❣②✱ ✉♥❞❡r s✉✐t❛❜❧❡

❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❡①♣❧♦✐t ❛♥ ❛❞❛♣t✐✈❡ t✐♠❡st❡♣ s✐♥❝❡ t❤❡ t✐♠❡

s❝❛❧❡s ❛r❡ q✉✐t❡ ✈❛r✐❛❜❧❡ ♦✈❡r t✐♠❡✳ ❋✐♥❛❧❧②✱ ✇❡ ✐♠♣❧❡♠❡♥t t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❛♥❞ ✇❡

♥✉♠❡r✐❝❛❧❧② s✐♠✉❧❛t❡ s♦♠❡ s❝❡♥❛r✐♦s ✇✐t❤ ✈❛r✐♦✉s ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ ✜❡❧❞s✱ ❜② ✈❡r✐❢②✐♥❣ t❤❡

st❛❜✐❧✐t② ❛♥❞ ♠❛ss✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❝❤❡♠❡✳

✐✐✐



❙♦♠♠❛r✐♦

▲✬♦❜✐❡tt✐✈♦ ❞✐ q✉❡st❛ t❡s✐ è q✉❡❧❧♦ ❞✐ ✐♥✈❡st✐❣❛r❡ ❛❧❝✉♥❡ ♣r♦♣r✐❡tà t❡♦r✐❝❤❡ ❡ ❛♥❛❧✐t✐❝❤❡ ❞❡❧❧❡

❡q✉❛③✐♦♥✐ ❞✐ ❈❛❤♥✲❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq ✐♥ ✷❉ ❝♦♥ ♣♦t❡♥③✐❛❧❡ ❧♦❣❛r✐t♠✐❝♦✳ ◗✉❡st❡ ❝♦♥s✐st♦♥♦

♥❡❧❧✬❛❝❝♦♣♣✐❛♠❡♥t♦ ❞❡❧❧✬❡q✉❛③✐♦♥❡ ❞✐ ❈❛❤♥✲❍✐❧❧✐❛r❞✱ ♣❡r ❧❛ ❞✐✛❡r❡♥③❛ ❞✐ ❝♦♥❝❡♥tr❛③✐♦♥❡ ϕ tr❛

❞✉❡ ❝♦♠♣♦♥❡♥t✐ ❞✐ ✉♥ s✐st❡♠❛ ❜✐♥❛r✐♦✱ ❝♦♥ ❧❡ ❡q✉❛③✐♦♥✐ ❞✐ ❇♦✉ss✐♥❡sq ♣❡r ❧❛ ❝♦♥❞✉③✐♦♥❡ ❞❡❧

❝❛❧♦r❡✱ ♣❡r ❧❛ ✈❡❧♦❝✐tà ✉ ✭♠❡❞✐❛ s✉❧ ✈♦❧✉♠❡✮ ❞❡❧❧❛ ♠✐s❝❡❧❛ ❡ ♣❡r ❧❛ t❡♠♣❡r❛t✉r❛ θ✳ ■❧ s✐st❡♠❛

r✐s✉❧t❛♥t❡ ♠♦❞❡❧❧✐③③❛ ❧❡ ✐♥t❡r❛③✐♦♥✐ tr❛ tr❛♥s✐③✐♦♥❡ t❡r♠♦❞✐♥❛♠✐❝❛ ❡ ✢✉ss♦ ✐❞r♦❞✐♥❛♠✐❝♦ ❞✐

✉♥❛ ♠✐s❝❡❧❛ ❜✐♥❛r✐❛ ❝♦♠♣r✐♠✐❜✐❧❡ ❞✉r❛♥t❡ ✐❧ ♣r♦❝❡ss♦ ❞✐ s❡♣❛r❛③✐♦♥❡ ❞✐ ❢❛s❡✳ P❡r ♣r✐♠❛ ❝♦s❛

s✐ ❞✐♠♦str❛ ❧✬❡s✐st❡♥③❛ ❞✐ s♦❧✉③✐♦♥✐ ❞❡❜♦❧✐✱ ❝♦♥ ❝♦♥❞✐③✐♦♥✐ ❛❧ ❜♦r❞♦ st❛♥❞❛r❞ ♣❡r ϕ ❡ ✉ ✭✐✳❡✳

❛ss❡♥③❛ ❞✐ ✢✉ss♦ ❡ ♥♦✲s❧✐♣✮ ❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ ❉✐r✐❝❤❧❡t ♥♦♥ ♦♠♦❣❡♥❡❡ ♣❡r θ✳ ■♥ s❡❣✉✐t♦ s✐

st❛❜✐❧✐s❝❡ ❧✬❡s✐st❡♥③❛ ❞✐ s♦❧✉③✐♦♥✐ ♣✐ù r❡❣♦❧❛r✐✳ P✐ù ♣r❡❝✐s❛♠❡♥t❡✱ s✐ ♣r♦✈❛ ❧✬❡s✐st❡♥③❛ ❞✐ ✉♥❛

s♦❧✉③✐♦♥❡ q✉❛s✐✲❢♦rt❡✱ ♣✉r❝❤é ✐ ❞❛t✐ ✐♥✐③✐❛❧✐ ♣❡r ϕ ❡ ✉ s✐❛♥♦ ♣✐ù r❡❣♦❧❛r✐✱ ❡ ❧✬❡s✐st❡♥③❛ ❞✐ ✉♥❛

s♦❧✉③✐♦♥❡ ❢♦rt❡ s❡ ❛♥❝❤❡ ❧❛ t❡♠♣❡r❛t✉r❛ ✐♥✐③✐❛❧❡ è s✉✣❝✐❡♥t❡♠❡♥t❡ r❡❣♦❧❛r❡✳ ❙✐ ♦tt❡♥❣♦♥♦

❛♥❝❤❡ ❞❡❧❧❡ st✐♠❡ ❞✐ st❛❜✐❧✐tà ✐♥ ❝❛s♦ ❞✐ ❞❛t✐ ✐♥✐③✐❛❧✐ ♣✐ù r❡❣♦❧❛r✐✿ ✉♥❛ st✐♠❛ ❞✐ ❞✐♣❡♥❞❡♥③❛

❝♦♥t✐♥✉❛ ❞❛✐ ❞❛t✐ ✐♥✐③✐❛❧✐ ❝❤❡ ❣❛r❛♥t✐s❝❡✱ ✐♥ ♣❛rt✐❝♦❧❛r❡✱ ❧✬✉♥✐❝✐tà ❞❡❜♦❧❡✲❢♦rt❡ ❡ ✉♥❛ st✐♠❛ ❞✐

st❛❜✐❧✐tà ♣❡r s♦❧✉③✐♦♥✐ ❢♦rt✐✳ ■♥ ♣❛rt✐❝♦❧❛r❡✱ s✐ ♠♦str❛ ❛♥❝❤❡ ❧✬✉♥✐❝✐tà ❞❡❧❧❡ s♦❧✉③✐♦♥✐ q✉❛s✐✲

❢♦rt✐✳ ❙✐ st✉❞✐❛ ♣♦✐ ♥✉♠❡r✐❝❛♠❡♥t❡ ✐❧ ♣r♦❜❧❡♠❛✱ ❞✐s❝r❡t✐③③❛♥❞♦ ❧❡ ❡q✉❛③✐♦♥✐✿ s✐ s✈✐❧✉♣♣❛ ✉♥♦

s❝❤❡♠❛ ♥✉♠❡r✐❝♦ ❝❤❡ s✐ ❞✐♠♦str❛ ❝♦♥s❡r✈❛r❡ ❧❛ ♠❛ss❛ ❡❞ ❡ss❡r❡ st❛❜✐❧❡ r✐s♣❡tt♦ ❛❧❧✬❡♥❡r❣✐❛

t♦t❛❧❡✱ s♦tt♦ ♦♣♣♦rt✉♥❡ ❝♦♥❞✐③✐♦♥✐ s✉✐ ♣❛r❛♠❡tr✐✳ ❙✐ s❢r✉tt❛ ♣♦✐ ✉♥ ♣❛ss♦ t❡♠♣♦r❛❧❡ ❛❞❛tt✐✈♦✱

♣♦✐❝❤é ❧❡ s❝❛❧❡ t❡♠♣♦r❛❧✐ s♦♥♦ ♣✐✉tt♦st♦ ✈❛r✐❛❜✐❧✐ ♥❡❧ t❡♠♣♦✳ ■♥ ❝♦♥❝❧✉s✐♦♥❡✱ s✐ ✐♠♣❧❡♠❡♥t❛

❧✬❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ❡ s✐ s✐♠✉❧❛♥♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ✈❛r✐ s❝❡♥❛r✐ ❝♦♥ ❞✐✈❡rs✐ ❝❛♠♣✐ ✐♥✐③✐❛❧✐ ❞✐

t❡♠♣❡r❛t✉r❛✱ ✈❡r✐✜❝❛♥❞♦ ❧❛ st❛❜✐❧✐tà ❡ ❧❛ ♣r♦♣r✐❡tà ❞✐ ❝♦♥s❡r✈❛③✐♦♥❡ ❞❡❧❧❛ ♠❛ss❛✳
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❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ✐ss✉❡s ✶✹✺

❆♣♣❡♥❞✐❝❡s ✶✹✽

❆ ❇❛s✐❝ t♦♦❧s ♦❢ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ✶✹✾

❆✳✶ ❇❛s✐❝ t♦♦❧s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

❆✳✷ ❊♠❜❡❞❞✐♥❣ t❤❡♦r❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✈✐✐



❇ ❋✉rt❤❡r ❡st✐♠❛t❡s ❛♥❞ ❧❡♠♠❛s ✶✺✸

❇✳✶ ❆ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♥♦♥❧✐♥❡❛r✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

❇✳✷ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤❡ ❙t♦❦❡s ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

❇✳✸ ❚❤❡ ❤♦♠♦❣❡♥♦✉s ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

❇✳✹ ❚❤❡ ❤♦♠♦❣❡♥♦✉s ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

❇✐❜❧✐♦❣r❛♣❤② ✶✺✽

✈✐✐✐



■♥tr♦❞✉❝t✐♦♥

■♥ ♠❛♥② s❝✐❡♥t✐✜❝✱ ❡♥❣✐♥❡❡r✐♥❣ ❛♥❞ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❤②❞r♦❞②♥❛♠✐❝s✱

t❤❡ st✉❞② ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❜✐♥❛r② ♠✐①t✉r❡s ❛♥❞ t❤❡✐r ✐♥t❡r❢❛❝✐❛❧

❞②♥❛♠✐❝s ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠s✳ ❲❡ ❝❛♥ ✜♥❞

♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♠✐①t✉r❡s ♦❢ ❞✐✛❡r❡♥t ✢✉✐❞s ✐s ♥❡❡❞❡❞✱ s✉❝❤ ❛s

♣❤❛s❡ s❡♣❛r❛t✐♦♥✱ ❧✐q✉✐❞ ❝r②st❛❧s✱ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❛♥❞✱ ♠♦r❡ r❡❝❡♥t❧②✱ t✉♠♦r ❣r♦✇t❤ ✭s❡❡✱

❢♦r ✐♥st❛♥❝❡✱ ❬✶✾❪✱ ❬✸✸❪✱ ❬✸✺❪✱ ❬✸✻❪✱ ❬✸✽❪✱ ❬✹✼❪✱ ❬✹✽❪✮✳

❖♥❡ ♦❢ t❤❡ ♦❧❞❡st ❛♣♣r♦❛❝❤❡s t♦ ♠✉❧t✐✲♣❤❛s❡ ♣r♦❜❧❡♠s ✭✐✳❡✳✱ ♣r♦❜❧❡♠s ✇✐t❤ ❞✐✛❡r❡♥t

❝♦♠♣♦♥❡♥ts ♦❢ ❛ ♠✐①t✉r❡✮ ✐s t❤❡ ♣❤❛s❡✲✜❡❧❞ ♠❡t❤♦❞✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✹✷❪✱ ❛s ❡❛r❧② ❛s ✶✽✼✸✱ t❤❡

✇♦r❦ ♦❢ ●✐❜❜s ♦♥ t❤❡r♠♦❞②♥❛♠✐❝s ❛❧r❡❛❞② s❡r✈❡❞ ❛s ❛ ❢♦✉♥❞❛t✐♦♥ ✭❬✺✾❪✮✳ ❚❤❡ ♣❤❛s❡✲✜❡❧❞

♠❡t❤♦❞ ✇♦r❦s ✇✐t❤ ❞✐✛✉s❡ ✐♥t❡r❢❛❝❡s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❧❛②❡r ❜❡t✇❡❡♥ t❤❡

♣❤❛s❡s ❤❛s ❛ ✜♥✐t❡ s✐③❡✳ ❚❤❡r❡ ✐s ♥♦ tr❛❝❦✐♥❣ ♠❡❝❤❛♥✐s♠ ❢♦r t❤❡ ✐♥t❡r❢❛❝❡✱ ❜✉t t❤❡ ♣❤❛s❡

st❛t❡ ✐s ✐♥❝❧✉❞❡❞ ✐♠♣❧✐❝✐t❧② ✐♥ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛

s♠♦♦t❤✱ ❜✉t ❤✐❣❤❧② ❧♦❝❛❧✐③❡❞ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ♣❤❛s❡✲✜❡❧❞ ✈❛r✐❛❜❧❡✳

■♥ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❈❛❤♥✲❍✐❧❧✐❛r❞ ✭❈❍✮ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ♣r♦❜❛✲

❜❧② t❤❡ ♠♦st ❦♥♦✇♥ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✱ ❢♦r ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ❛♥❞ t❤❡♥ ✇❡ ♠♦t✐✈❛t❡ ❛♥❞

❢♦r♠✉❧❛t❡ t❤❡ ❈❛❤♥✲❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥ ✭❈❍❇✮✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ❈❍ t♦ t❤❡

❤❡❛t✲❝♦♥❞✉❝t✐✈❡ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s✱ s②st❡♠ ✇❤♦s❡ ❛♥❛❧②s✐s ✐s t❤❡ ♦❜❥❡❝t ♦❢ t❤✐s t❤❡s✐s✳

❈♦♥s✐❞❡r ❛ ♠✐①t✉r❡ ♦❢ t✇♦ ✐♥❝♦♠♣❛t✐❜❧❡ s✉❜st❛♥❝❡s ❆ ❛♥❞ ❇✱ ✇❤✐❝❤ ✐s ❤♦♠♦❣❡♥❡♦✉s❧②

❞✐str✐❜✉t❡❞ ❛♥❞ ✐s♦t❤❡r♠❛❧✳ ❯♥❞❡r ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s✱ ♥❛♠❡❧② ✐❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ❛❜♦✈❡

❛ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ Tc✱ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✐s st❛❜❧❡❀ ❤♦✇❡✈❡r✱ ✐❢ s✉❞❞❡♥❧② ❝♦♦❧❡❞ ❞♦✇♥ ❛♥❞

❦❡♣t ❛t T̄ < Tc ✱ t❤❡ ✐♥✐t✐❛❧❧② ✭♠❛❝r♦s❝♦♣✐❝❛❧❧②✮ ❤♦♠♦❣❡♥❡♦✉s ❛❧❧♦② ❡✈♦❧✈❡s ✐♥ ❛ ✇❛② s✉❝❤

t❤❛t ❆✲r✐❝❤ ❛♥❞ ❇✲r✐❝❤ r❡❣✐♦♥s ❛♣♣❡❛r ❛♥❞ ❣r♦✇✳

✶



❋✐❣✉r❡ ✶✿ P❤❛s❡ ❞✐❛❣r❛♠✿ ♦♥ t❤❡ ① ❛①✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✱ ♦♥ t❤❡ ② ❛①✐s t❤❡ t❡♠♣❡r❛t✉r❡ ✐s

r❡♣r❡s❡♥t❡❞✱ ❛s t❛❦❡♥ ❢r♦♠ ❬✽✹❪✳

❲❡ ❝❛♥ ❜❡tt❡r ❞❡s❝r✐❜❡ ✇❤❛t ❤❛♣♣❡♥s ✇✐t❤ t❤❡ ❛✐❞ ♦❢ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✉r❡ ✶✱

✇❤✐❝❤ ✐s ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ✭s❡❡ ❬✶✷❪✱ ❬✼✵❪✮✳ ❖♥ t❤❡ ① ✲❛①✐s t❤❡

r❡❧❛t✐✈❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♦♥❡ ♦❢ t❤❡ t✇♦ s✉❜st❛♥❝❡s ✐s r❡♣r❡s❡♥t❡❞✱ ✇❤✐❧❡ t❡♠♣❡r❛t✉r❡ ✐s ♦♥

t❤❡ ②✲❛①✐s✳ ❚❤❡ st❛t❡ ♦❢ t❤❡ ♠✐①t✉r❡ ✐s t❤❡♥ ❡✣❝✐❡♥t❧② ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s

♦♥ t❤❡ ❣r❛♣❤ r❡❧❛t✐✈❡❧② t♦ t❤❡ t✇♦ r❡♣r❡s❡♥t❡❞ ❝✉r✈❡s✳

❚❤❡ ❝♦❡①✐st❡♥❝❡ ❝✉r✈❡✱ ✇❤✐❝❤ ✐s t❤❡ ❡①t❡r♥❛❧ ❝✉r✈❡ ✐♥ t❤❡ ❣r❛♣❤✱ s❡♣❛r❛t❡s t❤❡ ❞✐❛❣r❛♠

✐♥ r❡❣✐♦♥s ✇❤❡r❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ♦♥❧② st❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭❛❜♦✈❡ t❤❡

❝✉r✈❡✮ ❛♥❞ ✇❤❡r❡ ❤❡t❡r♦❣❡♥❡♦✉s ♠✐①t✉r❡s ❛r❡ ❛❧❧♦✇❡❞ ✭✉♥❞❡r t❤❡ ❝✉r✈❡✮❀ ♦♥ t❤❡ ♣♦✐♥ts ❛❧♦♥❣

t❤❡ ❝✉r✈❡ t❤❡ ♠✐①❡❞ ❛♥❞ ✉♥♠✐①❡❞ st❛t❡s ❛r❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♣✐♥♦❞❛❧ ❝✉r✈❡✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥♥❡r ❝✉r✈❡ ✐♥ t❤❡ ❣r❛♣❤✱ ❞✐✈✐❞❡s

t❤❡ ❛r❡❛ ✉♥❞❡r t❤❡ ❝♦❡①✐st❡♥❝❡ ❝✉r✈❡ ✐♥ r❡❣✐♦♥s ✇❤❡r❡ t❤❡ ♠✐①❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ♠❡t❛st❛❜❧❡

✭t❤❛t ✐s✱ st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s✮ ❛♥❞ ✉♥st❛❜❧❡✳ ❚❤❡ ❞✐st✐♥❝t✐♦♥ ✐♥ t❤❡s❡

t✇♦ ❝❛s❡s ✐s ❞✉❡ t♦ ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❢r❡❡ ❡♥❡r❣② ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥✿ t❤❡ ❝❡♥tr❛❧ r❡❣✐♦♥

✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣❤❡♥♦♠❡♥♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✇❡

✇❛♥t t♦ ♦❜s❡r✈❡ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤✐s t❤❡s✐s✳ ■t ♦❝❝✉rs ❢♦r ♣❤❛s❡s t❤❛t ❛r❡

t❤❡r♠♦❞②♥❛♠✐❝❛❧❧② ✉♥st❛❜❧❡✱ ❛♥❞ t❤✉s ✐t ✐s s♣♦♥t❛♥❡♦✉s✳ ❖♥ t❤❡ ❝♦♥tr❛r② ♥✉❝❧❡❛t✐♦♥ ❤❛♣✲

♣❡♥s ✐♥ t❤❡ ♠❡t❛st❛❜❧❡ r❡❣✐♦♥s✱ ❜✉t ♦♥❧② ✐❢ ❛♥ ❡①t❡r♥❛❧ s♦✉r❝❡ ✐s ♣r♦✈✐❞❡❞ ✇❤✐❝❤ ♠❛❦❡s ✐t

♣♦ss✐❜❧❡ t♦ ❣❡t ♦✈❡r ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ✐♥ t❤❡ ❢r❡❡ ❡♥❡r❣② ✭s❡❡✱ ❡✳❣✳✱ ❬✾✹❪✮✳

✷



❋✐❣✉r❡ ✷✿ ❙♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t✐♠❡✱ ❛s t❛❦❡♥ ❢r♦♠ ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✐♥ ❬✷✻❪✳

❚❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡❣✐♦♥ ✐s t❤❛t ♦❢ ✇❛✈❡✲❧✐❦❡ ❝♦♥❝❡♥tr❛t✐♦♥

✢✉❝t✉❛t✐♦♥s ✇❤✐❝❤ ✐♥ t❤❡ ❡♥❞ ❢♦r♠ ③♦♥❡s ♦❢ t❤❡ t✇♦ ♣❤❛s❡s✱ ✇✐t❤ ❛ s✉❜s❡q✉❡♥t ❝♦❛rs❡♥✐♥❣❀

t❤❡ ♣r♦❝❡ss ❝♦♠❡s t♦ ❛♥ ❡♥❞ ✇❤❡♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❧❛②s ♦♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ s♣✐♥♦❞❛❧

❝✉r✈❡ ✇✐t❤ t❤❡ ❧✐♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❡♠♣❡r❛t✉r❡ T̄ ✭s❡❡ ❋✐❣✉r❡ ✷✮✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥

❛❜♦✉t t❤❡ ♣r♦❝❡ss ♦❢ ♣❤❛s❡ s❡♣❛r❛t✐♦♥✱ ✇❡ r❡❢❡r t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦✱ ❡✳❣✳✱ ❬✻✸❪ ❛♥❞ ❬✾✶❪✱

❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳

❚❤❡ ❈❍ ❡q✉❛t✐♦♥ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✻❪ ❛♥❞ ❬✷✶❪ t♦ ♠♦❞❡❧ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✐♥ ✐r♦♥

❛❧❧♦②s ❛♥❞ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❢♦r❝❡s ❞r✐✈✐♥❣ ♣❤❛s❡ s❡♣❛r❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♥♦✇ ❜r✐❡✢②

♣r❡s❡♥t ✐t✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
n✱ n = 2, 3✱ ✜❧❧❡❞ ✇✐t❤ ❛ ❜✐♥❛r② s♦❧✉t✐♦♥ ❝♦♥s✐st✐♥❣

♦❢ ❆ ❛♥❞ ❇ ❛t♦♠s✳ ❲❡ ❞❡✜♥❡ t❤❡✐r r❡❧❛t✐✈❡ ♠❛ss ❢r❛❝t✐♦♥ ✭❛ss✉♠❡❞ t♦ ❜❡ ♥♦♥✲✉♥✐❢♦r♠✮ ❛s

ϕA(x) ❛♥❞ ϕB(x)✱ ✇✐t❤ ϕk : Ω → [0, 1]✱ k = A, B ❛♥❞ ϕA(x) + ϕB(x) ≡ 1✳ ❈♦♥s✐❞❡r✐♥❣

ϕA ❛♥❞ r❡❧❛❜❡❧✐♥❣ ✐t ❛s ϕ✱ ✐❢ t❤❡ ♠✐①t✉r❡ ✐s ✐s♦t❤❡r♠❛❧ ❛♥❞ t❤❡ ♠♦❧❛r ✈♦❧✉♠❡ ✐s ✉♥✐❢♦r♠ ❛♥❞

✐♥❞❡♣❡♥❞❡♥t ♦♥ ♣r❡ss✉r❡✱ t❤❡ s②st❡♠ ❡✈♦❧✈❡s ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ❢r❡❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

E(ϕ) =
∫

Ω

(α

2
|∇ϕ|2 +Ψ(ϕ)

)

dx ✭✶✮

✇❤❡r❡ Ψ(ϕ) ✐s t❤❡ ❍❡❧♠❤♦❧t③ ❢r❡❡ ❡♥❡r❣② ❞❡♥s✐t②

Ψ(ϕ) = 2kBTcϕ(1− ϕ) + kBT (ϕ❧♥(ϕ) + (1− ϕ)❧♥(1− ϕ))

✇✐t❤ kB ❛s t❤❡ ❇♦❧t③♠❛♥ ❝♦♥st❛♥t✱ T, Tc t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞✱ r❡s♣❡❝✲

t✐✈❡❧②✳ ❚❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ♣r♦❝❡ss t❛❦❡s ♣❧❛❝❡ ✇❤❡♥ T < Tc✱ ✐✳❡✳ ✇❤❡♥ Ψ ✐s ❛ ❞♦✉❜❧❡✲✇❡❧❧

✸



❢✉♥❝t✐♦♥✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❬✽✺❪✱ t❤❡ t❡r♠ ✇✐t❤ α✱ ❛ ❝♦♥st❛♥t ❝❛❧❧❡❞ ❝❛♣✐❧❧❛r② ❝♦❡✣❝✐❡♥t✱ ✇❛s

❛❞❞❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢r❡❡ ❡♥❡r❣② ✐♥ ♦r❞❡r t♦ ❛❞❞ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥ts t♦ Ψ✱ ✇❤✐❝❤

r❡❣✉❧❛r✐③❡ t❤❡ ♣r♦❜❧❡♠✱ ♦t❤❡r✇✐s❡ ✐❧❧✲♣♦s❡❞ ✐♥ t❤❡ s♣✐♥♦❞❛❧ r❡❣✐♦♥✱ ❜✉t ✐t ✐s ❛❧s♦ ❝♦♥s❡q✉❡♥❝❡

♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡✱ s✐♥❝❡ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts t❤❡r❡ ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❞✐✛✉s✐✈❡ str✐♣❡✱

✇❤♦s❡ t❤✐❝❦♥❡ss ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦
√
α✳ ❚❤❡ ❝❛♣✐❧❧❛r② ❝♦❡✣❝✐❡♥t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✈❡r② s♠❛❧❧✱

s♦ t❤❡ ✜rst t❡r♠ ✐♥ ✭✶✮ ✐s ♥♦t ♥❡❣❧✐❣✐❜❧❡ ♦♥❧② ✇❤❡r❡ str♦♥❣ ❣r❛❞✐❡♥ts ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✐✳❡✳✱

❛t ✐♥t❡r❢❛❝❡s✱ ❛r❡ ♣r❡s❡♥t✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✾✾❪✳ ■♥ ❣❡♥❡r❛❧ ❢♦r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ tr❡❛t♠❡♥t

♦❢ t❤✐s ❦✐♥❞ ♦❢ ❡q✉❛t✐♦♥s✱ ✐t ✐s ✉s❡❞ t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r✱ ϕ(x) = ϕA(x) − ϕB(x)✱ s✉❝❤ t❤❛t

ϕ : Ω → [−1, 1]✱ ✐♥st❡❛❞ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡ ✈❛❧✉❡s −1 ❛♥❞ ✶ r❡♣r❡s❡♥t

t❤❡ ♣✉r❡ ♣❤❛s❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s s❡❝t✐♦♥ ✇❡ s❤❛❧❧ ✉s❡ t❤❡ r❡❧❛t✐✈❡

❝♦♥❝❡♥tr❛t✐♦♥✱ ❛s ❞♦♥❡✱ ❡✳❣✳✱ ✐♥ ❬✻✹❪✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱ ✇✐t❤ t❤✐s s✉❜st✐t✉t✐♦♥✱ ✉♣ t♦ ❛

♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ t❤❡r❡❢♦r❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❛♥②t❤✐♥❣ ✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡

♣r♦❜❧❡♠✱ ✭✶✮ ❤♦❧❞s ✉♥❝❤❛♥❣❡❞ ✇❤❡r❡❛s t❤❡ ❢✉♥❝t✐♦♥ Ψ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

Ψ(s) =
ᾱ

2
((1 + s)❧♥(1 + s) + (1− s)❧♥(1− s))− α0

2
s2 ∀s ∈ [−1, 1] ✭✷✮

✇✐t❤ ᾱ s✉❝❤ t❤❛t 0 < ᾱ < α0✱ ❝♦♥st❛♥ts r❡❧❛t❡❞ t♦ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ♠✐①t✉r❡✱ t❤✉s

r❡❧❛t❡❞ t♦ T ❛♥❞ Tc✳

❚❤❡ ♣♦t❡♥t✐❛❧ ❞❡✜♥❡❞ ✐♥ t❤✐s ✇❛② ✐s ❝❛❧❧❡❞ s✐♥❣✉❧❛r✱ ✇❤❡r❡❛s ♠❛♥② ❛✉t❤♦rs ✭s❡❡✱ ❡✳❣✳✱

❬✺✶❪✮ ❝♦♥s✐❞❡r❡❞ ❛ ♣r♦♣❡r ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤✐❝❤ ❛✈♦✐❞s t❤❡ ❢❛❝t t❤❛t Ψ′ ✐s ✉♥❜♦✉♥❞❡❞ ❛t t❤❡

♣✉r❡ ♣❤❛s❡s −1 ❛♥❞ ✶✿ ♥❛♠❡❧②✱ t❤❡ s✐❣♥✐✜❝❛♥t ♣♦t❡♥t✐❛❧ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ st✐❧❧ ❛ ❞♦✉❜❧❡✲

✇❡❧❧✱ ❜✉t ✇✐t❤ t❤❡ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ t❤❡ ♣✉r❡ ♣❤❛s❡s✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥

❝❤♦✐❝❡ ✐s ♣♦❧②♥♦♠✐❛❧ ♦❢ ❡✈❡♥ ❞❡❣r❡❡✱ ❧✐❦❡ t❤❡ ❝❛s❡ Ψ(s) =
1

4
(s2−1)2✱ ✇❤✐❝❤ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤

t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ ✐♥ ❋✐❣✉r❡ ✸✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣♦❧②♥♦♠✐❛❧ ♣♦t❡♥t✐❛❧s✱ ✐t ✐s

✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❤②s✐❝❛❧ s♦❧✉t✐♦♥s✱ t❤❛t

✐s✱ s♦❧✉t✐♦♥s ❢♦r ✇❤✐❝❤ −1 ≤ ϕ(x, t) ≤ 1✳

❋♦❧❧♦✇✐♥❣ ❛❣❛✐♥ ❬✽✺❪✱ ✇❡ ❣❡t ❛ ❞✐✛❡r❡♥t✐❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ t❤❡ ♣❤❛s❡

s❡♣❛r❛t✐♦♥ ❛s

∂tϕ+ ❞✐✈ ❏ = 0 ✐♥ Ω× (0, T ), ✭✸✮
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❋✐❣✉r❡ ✸✿ ▲♦❣❛r✐t❤♠✐❝ ❛♥❞ ♣♦❧②♥♦♠✐❛❧ ♣♦t❡♥t✐❛❧s ✭t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ ✐s ✈❡rt✐❝❛❧❧②

tr❛♥s❧❛t❡❞ t♦ ❤❛✈❡ ❛ ♠♦r❡ ❝❧❡❛r ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✮✿ ✇❡ s❡❡ t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧ ♣♦✲

t❡♥t✐❛❧ ❣✐✈❡s r✐s❡ t♦ ♥♦♥♣❤②s✐❝❛❧ s♦❧✉t✐♦♥s✳

✇❤❡r❡ ϕ ✐s t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r ❛♥❞ ❏ ✐s t❤❡ ❞✐✛✉s✐♦♥❛❧ ✢✉① ❣✐✈❡♥ ❜② ❋✐❝❦✬s ❧❛✇✱

❏ = −M(ϕ)∇δE(ϕ)
δϕ

= −M(ϕ)∇(−α∆ϕ+Ψ′(ϕ)),

✇❤❡r❡
δE(ϕ)
δϕ

✐s t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ E(ϕ)✳ ❚❤❡ ❢✉♥❝t✐♦♥ M(ϕ) ✐s t❤❡ ♠♦❜✐❧✐t② ♦❢ t❤❡

s✉❜st❛♥❝❡s ❛♥❞ ✐♥ t❤✐s t❤❡s✐s ✐t ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✉♥✐t❛r② ❝♦♥st❛♥t ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱

❬✷✾❪ ❛♥❞ ❬✸✾❪ ❢♦r ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝❛s❡ ♦❢ ♥♦♥ ❝♦♥st❛♥t ❛♥❞ ❞❡❣❡♥❡r❛t❡✱ ✐✳❡✳✱ ✈❛♥✐s❤✐♥❣ ❛t

t❤❡ ♣✉r❡ ♣❤❛s❡s✮✳

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❤✐❝❤ ♦t❤❡r✇✐s❡ ♠✉st ❝♦♥t❛✐♥ t❤❡ ❜✐❧❛♣❧❛❝✐❛♥

♦♣❡r❛t♦r✱ t❤❡ ❡q✉❛t✐♦♥ ✭✸✮ ✐s ✉s✉❛❧❧② ✇r✐tt❡♥ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ✱ ♦❜t❛✐♥✐♥❣

t❤❡ ❝♦♠♣❧❡t❡ ❈❍ ❡q✉❛t✐♦♥✿










∂tϕ = ❞✐✈ (M(ϕ)∇µ) ✐♥ Ω

µ = −α∆ϕ+Ψ′(ϕ) ✐♥ Ω.

✭✹✮

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ϕ0 ❛♥❞ t✇♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ s✐♥❝❡ t❤❡ s②st❡♠ ✐s ♦❢ ❢♦✉rt❤

♦r❞❡r✳ ■♥ t❤✐s t❤❡s✐s✱ ❛s ❝♦♠♠♦♥❧② ❞♦♥❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡

❢♦❧❧♦✇✐♥❣✿

♥ ·M(ϕ)∇µ = 0, ∂nϕ = 0 ♦♥ ∂Ω, ✭✺✮

✺



✇✐t❤ ♥ ❛s t❤❡ ♦✉t❡r ♥♦r♠❛❧ ✈❡❝t♦r✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❢t❡♥ ✉s❡❞✱ s✐♥❝❡ t❤❡② ❣✉❛r❛♥t❡❡

♠❛ss ❝♦♥s❡r✈❛t✐♦♥✳ ❙✐♥❝❡ ✐♥ t❤✐s t❤❡s✐s ✇❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ ♦❢ ❝♦♥st❛♥t ♠♦❜✐❧✐t②✱ ❢♦r

t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ s❡t M(ϕ) = 1✳

❆s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷❪✱ ❛ s②st❡♠ ❞❡s❝r✐❜✐♥❣ t❤❡ ✢♦✇ ♦❢ t✇♦ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❡✇✲

t♦♥✐❛♥ ✢✉✐❞s ♦❢ t❤❡ s❛♠❡ ❞❡♥s✐t② ❜✉t ❞✐✛❡r❡♥t ✈✐s❝♦s✐t② ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡

❝♦✉♣❧✐♥❣ ♦❢ ❈❍ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧✳ ■♥❞❡❡❞✱ ❛❧t❤♦✉❣❤ ✐t ✐s ❛ss✉♠❡❞ t❤❛t

t❤❡ ✢✉✐❞s ❛r❡ ♠❛❝r♦s❝♦♣✐❝❛❧❧② ✐♠♠✐s❝✐❜❧❡✱ t❤❡ ♠♦❞❡❧ t❛❦❡s ❛ ♣❛rt✐❛❧ ♠✐①✐♥❣ ♦♥ ❛ s♠❛❧❧ ❧❡♥❣t❤

s❝❛❧❡ ♠❡❛s✉r❡❞ ❜② t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣❛r❛♠❡t❡r α > 0✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝❧❛ss✐❝❛❧ s❤❛r♣ ✐♥t❡r✲

❢❛❝❡ ❜❡t✇❡❡♥ ❜♦t❤ ✢✉✐❞s ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ✐♥t❡r❢❛❝✐❛❧ r❡❣✐♦♥ ❛♥❞ ❛♥ ♦r❞❡r ♣❛r❛♠❡t❡r r❡❧❛t❡❞

t♦ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐✛❡r❡♥❝❡ ♦❢ ❜♦t❤ ✢✉✐❞s ✐s ✐♥tr♦❞✉❝❡❞✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❝♦✉♣❧✐♥❣ ✇✐t❤

❈❍ ❡q✉❛t✐♦♥✳ ❚❤❡ ♠♦❞❡❧ ❣♦❡s ❜❛❝❦ t♦ ❬✻✼❪ ❛♥❞ ✐s ❦♥♦✇♥ ❛s ♠♦❞❡❧ ❍✳ ■♥ ❬✻✻❪✱ t❤❡ ❛✉t❤♦rs

❣❛✈❡ ❛ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠✐❝r♦❢♦r❝❡s✳ ❚❤❡s❡ ❤❛✈❡

❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ❞✉r✐♥❣ ❧❛st ②❡❛rs t♦ ❞❡s❝r✐❜❡ ✢♦✇s ♦❢ t✇♦ ♦r ♠♦r❡ ✢✉✐❞s ❜❡②♦♥❞ t❤❡

♦❝❝✉rr❡♥❝❡ ♦❢ t♦♣♦❧♦❣✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ s❡♣❛r❛t✐♥❣ ✐♥t❡r❢❛❝❡ ✭❢♦r ❡①❛♠♣❧❡✱ ❝♦❛❧❡s❝❡♥❝❡

♦r ❢♦r♠❛t✐♦♥ ♦❢ ❞r♦♣❧❡ts✮✳ ❲❡ r❡❢❡r t♦ ❬✼❪ ❢♦r ❛ r❡✈✐❡✇ ♦♥ t❤❛t t♦♣✐❝✳

❚❤✐s ♠♦❞❡❧ ❧❡❛❞s t♦ t❤❡ s♦ ❝❛❧❧❡❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s✲❈❛❤♥✲❍✐❧❧✐❛r❞ ✭◆❙❈❍✮

s②st❡♠










































∂tϕ+ ✉ · ∇ϕ = ∆µ

µ = −α∆ϕ+Ψ′(ϕ)

∂t✉+ (✉ · ∇)✉+∇p− ❞✐✈(ν(ϕ)∇✉) = µ∇ϕ

❞✐✈ ✉ = 0

✭✻✮

✐♥ Ω× (0, T ]✱ s✉❜❥❡❝t t♦ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s











✉ = ✵, ∂♥ϕ = 0, ∂♥µ = 0 ♦♥ ∂Ω× (0, T )

✉(·, 0) = ✉0, ϕ(·, 0) = ϕ0 ✐♥ Ω.

✭✼✮

❍❡r❡✱ ✉ ✐s t❤❡ ✈♦❧✉♠❡ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t②✱ p t❤❡ ♣r❡ss✉r❡✱ ϕ t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r r❡❧❛t❡❞ t♦

t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ✢✉✐❞s✱ Ψ ✐s t❤❡ ❞♦✉❜❧❡✲✇❡❧❧ ♣♦t❡♥t✐❛❧ ❞❡✜♥❡❞ ✐♥ ✭✷✮✱ ♦r ❛ s✉✐t❛❜❧❡

s♠♦♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ Ω ⊂ R
n✱ n = 2, 3✱ ✐s ❛ s✉✐t❛❜❧❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ▼♦r❡♦✈❡r✱

ν(ϕ) > 0 ✐s t❤❡ ✈✐s❝♦s✐t② ♦❢ t❤❡ ♠✐①t✉r❡✳ ❲❡ ❝♦♥s✐❞❡r T > 0✳

✻



◆♦✇✱ ❛ss✉♠✐♥❣ t❤❛t ν1 ❛♥❞ ν2 ❛r❡ t❤❡ ✈✐s❝♦s✐t✐❡s ♦❢ t❤❡ t✇♦ ❤♦♠♦❣❡♥❡♦✉s ✢✉✐❞s✱ t❤❡

✈✐s❝♦s✐t② ♦❢ t❤❡ ♠✐①t✉r❡ ✐s ♠♦❞❡❧❡❞ ❜② t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡♣❡♥❞❡♥t t❡r♠ ν = ν(ϕ)✳ ■♥ t❤❡

✉♥♠❛t❝❤❡❞ ✈✐s❝♦s✐t② ❝❛s❡ (ν1 6= ν2)✱ ❛ t②♣✐❝❛❧ ❢♦r♠ ❢♦r ν ✐s t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱

❬✼✼❪✮✿

ν(z) = ν1
1 + z

2
+ ν2

1− z

2
∀z ∈ [−1, 1] ✭✽✮

❚❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ν1 = ν2 ✐s ❝❛❧❧❡❞ ♠❛t❝❤❡❞ ✈✐s❝♦s✐t② ❝❛s❡✱ ❛♥❞ ν ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳

■♥ t❤✐s t❤❡s✐s ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❈❍ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❤②❞r♦❞②♥❛♠✐❝

♠♦❞❡❧✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❤❡❛t✲❝♦♥❞✉❝t✐✈❡ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s✳ ❙✉❝❤ ❡q✉❛t✐♦♥s

❛❝❝♦✉♥t ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❢✉rt❤❡r ✈❛r✐❛❜❧❡✿ t❤❡ t❡♠♣❡r❛t✉r❡ θ✳



























∂t✉+ (✉ · ∇)✉+∇p− ❞✐✈(ν(ϕ, θ)∇✉) = θ❡n

❞✐✈ ✉ = 0

∂tθ + ✉ · ∇θ − ❞✐✈(κ(θ)∇θ) = 0,

✭✾✮

✐♥ Ω × (0, T ]✱ ✇❤❡r❡ κ > 0 ✐s t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t②✱ ♣♦ss✐❜❧② ❞❡♣❡♥❞✐♥❣ ♦♥ θ✳ ❚❤❡

❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ν ❝♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡ ✐ts❡❧❢ ❛♥❞ ❡n = (0, 0, 1) ✐❢ n = 3✱ ❛♥❞

❡n = (0, 1) ✐❢ n = 2✳

❙②st❡♠ ✭✾✮ ❞❡s❝r✐❜❡s t❤❡ ♠♦t✐♦♥ ♦❢ ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ t✇♦✲♣❤❛s❡ ✢♦✇ s✉❜❥❡❝t❡❞ t♦

❝♦♥✈❡❝t✐✈❡ ❤❡❛t tr❛♥s❢❡r ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡✱ ✇❤✐❝❤ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦

t❤❡ st✉❞✐❡s ♦❢ ✸❉ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s ✭s❡❡✱ ❡✳❣✳✱ ❬✶✶❪ ❛♥❞ ❬✽✽❪✮ ❛♥❞ ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞

✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ r❡❢❡r t♦ ❬✷✷❪✱ ❬✷✹❪✱ ❬✷✺❪✱ ❬✼✷❪✱ ❬✼✸❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r t❤❡

❈❛✉❝❤② ♣r♦❜❧❡♠ ♦♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡✱ ❛♥❞ t♦ ❬✶✹❪✱ ❬✼✾❪✱ ❬✶✵✵❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r

✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s✱ ✇❤❡r❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ❧❛r❣❡ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s

t♦ ✷❉ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s ✇✐t❤ ❢✉❧❧ ♦r ♣❛rt✐❛❧ ✈✐s❝♦s✐t② t❡r♠s ❛r❡ ✐♥✈❡st✐❣❛t❡❞✱ ✇❤❡r❡❛s ❢♦r

❛ r❡❣✉❧❛r✐t② ❛♥❛❧②s✐s ✐♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ✇❡ r❡❝❛❧❧ ❬✼✹❪✳

■♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ R
n✱ ✇✐t❤ n = 2, 3✱ ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r② ∂Ω✱ t❤❡ r❡s✉❧t✐♥❣

✼



❝♦✉♣❧❡❞ s②st❡♠ r❡❛❞s ❛s ❢♦❧❧♦✇s✿



















































































































∂tϕ+ ✉ · ∇ϕ = ∆µ

µ = −α∆ϕ+Ψ′(ϕ)

∂t✉+ (✉ · ∇)✉+∇p− ❞✐✈(ν(ϕ, θ)∇✉) = µ∇ϕ+ θ❡n

∂tθ + ✉ · ∇θ − ❞✐✈(κ(θ)∇θ) = 0

❞✐✈ ✉ = 0

✭✶✵✮

✐♥ Ω× (0, T ]✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✉ = ✵ ∂♥ϕ = 0 ∂♥µ = 0 θ = g(t) ♦♥ ∂Ω× (0, T ) ✭✶✶✮

❜❡✐♥❣ ♥ t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ t♦ ∂Ω✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

✉(0) = ✉0 ϕ(0) = ϕ0 µ(0) = µ0 θ(0) = θ0 ✐♥ Ω. ✭✶✷✮

✇❤❡r❡ g ✐s ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ∂Ω× [0, T ]✳

❚❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤✐s s②st❡♠✱ ❝❛❧❧❡❞ ❈❛❤♥✲❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq

s②st❡♠ ✭❈❍❇✮✱ ✐♥ ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ R
2✳

❲❡ str❡ss ❛❣❛✐♥ t❤❛t✱ ❛s ♥♦t✐❝❡❞ ✐♥ ❬✽✻❪✱ ❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s ❧✐❦❡ t❤❡ ❈❍❇ s②st❡♠

♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ♦❢ ♠✉❧t✐✲♣❤❛s❡ ✢♦✇s✱ s✐♥❝❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s

♦❢ t❤❡s❡ s②st❡♠s ❝♦✈❡r ❛ ✈❡r② ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❤②s✐❝❛❧ ♦❜❥❡❝ts✱ s✉❝❤ ❛s ❝♦♠♣❧✐❝❛t❡❞ ♣❤❡♥♦♠❡♥❛

✐♥ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ✐♥✈♦❧✈✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ t✇♦✲♣❤❛s❡ ✢♦✇ ✉♥❞❡r s❤❡❛r t❤r♦✉❣❤ ❛♥ ♦r❞❡r

♣❛r❛♠❡t❡r ❢♦r♠✉❧❛t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❬✶✼❪✮✱ t✉♠♦r ❣r♦✇t❤ ✭s❡❡✱ ❡✳❣✳✱ ❬✶✾❪✱❬✸✸❪✱ ❬✸✺❪ ❛♥❞ ❬✸✽❪✮✱ ❝❡❧❧

s♦rt✐♥❣ ✭❬✾❪✮✱ ❛♥❞ t✇♦ ♣❤❛s❡ ✢♦✇s ✐♥ ♣♦r♦✉s ♠❡❞✐❛ ✭s❡❡✱ ❡✳❣✳✱ ❬✸✵❪ ❛♥❞ ❬✼✺❪✮✳

❲❡ ♥♦✇ ❣✐✈❡ ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♠♦t✐✈❛t✐♦♥ t♦ st✉❞② s②st❡♠ ✭✶✵✮✿ ✐♥❞❡❡❞✱ ❛♣❛rt ❢r♦♠

t❤❡ ♣❤②s✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ s②st❡♠ ✐ts❡❧❢✱ ✐t ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥

✽



♦❢ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s✲❈❛❤♥✲❍✐❧❧✐❛r❞ s②st❡♠✱ ❛s ♦❜t❛✐♥❡❞ ✐♥ ❬✽✺❪ ✇✐t❤ ❛ r✐❣♦r♦✉s

♣❤②s✐❝❛❧ ❞❡r✐✈❛t✐♦♥✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s s②st❡♠ r❡❛❞s✿ ✐♥ Ω× (0, T )✱ Ω ⊂ R
n✱ n = 2, 3



























∂tρ+ ✉ · ∇ρ+ ❞✐✈(✉) = 0

ρ∂t✉+ ρ(✉ · ∇)✉+∇p− ❞✐✈(ν(ϕ)D✉)−∇(❞✐✈ ✉) = −❞✐✈(ρ∇ϕ⊗∇ϕ) + ρ❣

ρ∂tϕ+ ρ✉ · ∇ϕ = ∆

(

−α
ρ
❞✐✈(ρ∇ϕ) + Ψ′(ϕ)

)

,

✭✶✸✮

✇✐t❤ s✉✐t❛❜❧❡ ❜♦✉♥❞❛r② ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❍❡r❡ ρ ✐s t❤❡ ✢✉✐❞ ❞❡♥s✐t②✱ ✉ ✐s t❤❡ ♠❡❛♥

✈❡❧♦❝✐t②✱ ϕ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♦r❞❡r ♣❛r❛♠❡t❡r✱ Ψ ✐s t❤❡ ❞♦✉❜❧❡✲✇❡❧❧ ♣♦t❡♥t✐❛❧✱ α ✐s t❤❡

❝❛♣✐❧❧❛r② ❝♦❡✣❝✐❡♥t✱ ❛♥❞ ❣ = −g❡n ✐s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡✳

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② ❛ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ s✐♠♣❧❡r s②st❡♠ ♦❢ ❡q✉❛✲

t✐♦♥s ✭❬✻✷❪✮✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✿

ρ∗ = const 6= 0, ✉∗ = 0, ϕ∗ = 0, p∗

❛♥❞ ✇r✐t❡ t❤❡ s②st❡♠ ❢♦r t❤❡ ♣❡rt✉r❜❛t✐♦♥

(ρ+ ρ∗, ✉, ϕ, p+ p∗).

❋r♦♠ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✶✸✮ ✇❡ ♦❜t❛✐♥

∂t(ρ+ ρ∗) + ✉ · ∇(ρ+ ρ∗) = −(ρ+ ρ∗)❞✐✈ ✉,

✐♠♣❧②✐♥❣ t❤❛t

∂tρ+ ✉ · ∇ρ = −ρ∗❞✐✈ ✉− ρ❞✐✈ ✉.

◆♦✇✱ s✐♥❝❡ t❤✐s ❡q✉❛t✐♦♥ ❤♦❧❞s ❢♦r ❛♥② ρ∗ = const ∈ R
+✱ ✇❡ ❝❛♥ ❞❡❝♦✉♣❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦

❝♦♥tr✐❜✉t✐♦♥s✱ t❤❡ ✜rst ♦♥❡ ✇❤✐❝❤ ✐s ❛ ✜rst ♦r❞❡r ❡q✉❛t✐♦♥ ✐♥ ρ✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ✇❤✐❝❤ ✐s ❛

③❡r♦ ♦r❞❡r ❡q✉❛t✐♦♥ ✐♥ ρ ❛♥❞ ρ∗✿











∂tρ+ ✉ · ∇ρ = −ρ❞✐✈ ✉

❞✐✈ ✉ = 0

✾



❛♥❞ t❤✉s










∂tρ+ ✉ · ∇ρ = 0

❞✐✈ ✉ = 0.

✭✶✹✮

❋r♦♠ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✶✸✮✱ ✇❡ ❞❡❞✉❝❡✱ ❛❢t❡r ♣❡r❢♦r♠✐♥❣ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛r❣✉♠❡♥t✱

t❤❛t

(ρ+ ρ∗)∂t✉+ (ρ+ ρ∗)(✉ · ∇)✉+∇(p+ p∗)− ❞✐✈(ν(ϕ)D✉)−∇(❞✐✈ ✉)

= −❞✐✈ ((ρ+ ρ∗)∇ϕ⊗∇ϕ) + (ρ+ ρ∗)❣.

❲❡ r❡❝❛❧❧ t❤❛t✱ ❜❡✐♥❣ (ρ∗,✉∗, ϕ∗, p∗) ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ✭✶✸✮✱ ✐t ❤♦❧❞s t❤❡ ❤②❞r♦st❛t✐❝

❜❛❧❛♥❝❡

∇p∗ = ρ∗❣.

❚❤✉s ✇❡ ❣❡t✱ r❡♠❡♠❜❡r✐♥❣ t❤❛t ✇❡ ❢♦✉♥❞✱ ✐♥ ✭✶✹✮✱ ❞✐✈ ✉ = 0✱

(ρ+ ρ∗)∂t✉+ (ρ+ ρ∗)(✉ · ∇)✉+∇p− ❞✐✈ (ν(ϕ)D✉)

= −ρ∗❞✐✈(∇ϕ⊗∇ϕ)− ❞✐✈(ρ∇ϕ⊗∇ϕ) + ρ❣.

❉✐✈✐❞✐♥❣ ❜② ρ∗ ✇❡ r❡❛❝❤

∂t✉+ (✉ · ∇)✉+
ρ

ρ∗
∂t✉+

ρ

ρ∗
(✉ · ∇)✉+

1

ρ∗
∇p− ❞✐✈

(

ν(ϕ)

ρ∗
D✉

)

= −❞✐✈(∇ϕ⊗∇ϕ)− ❞✐✈

(

ρ

ρ∗
∇ϕ⊗∇ϕ

)

+
ρ

ρ∗
❣.

❙✐♥❝❡ ρ∗ ✐s ❛r❜✐tr❛r②✱ ✇❡ ❝❛♥ t❛❦❡ ✐t ❛r❜✐tr❛r✐❧② ❧❛r❣❡✱ s✉❝❤ t❤❛t ρ << ρ∗✱ ♥❛♠❡❧②
ρ

ρ∗
≈ 0✱

❛♥❞ ✇❡ ❝❛♥ ♥❡❣❧❡❝t ❛❧❧ t❤❡ t❡r♠s ✇✐t❤ t❤✐s ❝♦❡✣❝✐❡♥t ✐♥ ❢r♦♥t✱ ❡①❝❡♣t t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♦♥❡✱

❜❡❝❛✉s❡ ✐t ✐s ❧✐♥❡❛r ❛♥❞ ❢♦r ❛♥ ❡♥❡r❣② ❜✉❞❣❡t ❛r❣✉♠❡♥t✱ ✜♥❞✐♥❣✿

∂t✉+ (✉ · ∇)✉+
1

ρ∗
∇p− ❞✐✈

(

ν(ϕ)

ρ∗
D✉

)

= −❞✐✈(∇ϕ⊗∇ϕ) + ρ

ρ∗
❣. ✭✶✺✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❢r♦♠ t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥ ✐♥ ✭✶✸✮✱ ✇❡ ♦❜t❛✐♥

(ρ+ ρ∗)∂tϕ+ (ρ+ ρ∗)✉ · ∇ϕ = ∆

(

− α

ρ+ ρ∗
❞✐✈ ((ρ+ ρ∗)∇ϕ) + Ψ′(ϕ)

)

.

❉✐✈✐❞✐♥❣ ❜② ρ∗ ✇❡ ❣❡t

(

1 +
ρ

ρ∗

)

∂tϕ+

(

1 +
ρ

ρ∗

)

✉ · ∇ϕ = ∆

(

− α

ρ∗
1

1 + ρ
ρ∗
❞✐✈

(

(1 +
ρ

ρ∗
)∇ϕ

)

+
1

ρ∗
Ψ′(ϕ)

)

✶✵



✇❤❡r❡ ✇❡ ❡①♣❧♦✐t❡❞ t❤❡ ❢❛❝t t❤❛t

− 1

ρ+ ρ∗
= − 1

ρ∗
1

1 + ρ
ρ∗

❇② ✉s✐♥❣ ❛❣❛✐♥ t❤❛t
ρ

ρ∗
≈ 0✱ ✇❡ ✜♥❞

∂tϕ+ ✉ · ∇ϕ = ∆

(

− α

ρ∗
❞✐✈(∇ϕ) + 1

ρ∗
Ψ′(ϕ)

)

,

♥❛♠❡❧②

∂tϕ+ ✉ · ∇ϕ = ∆(− α

ρ∗
∆ϕ+

1

ρ∗
Ψ′(ϕ)). ✭✶✻✮

P✉tt✐♥❣ t♦❣❡t❤❡r ❡q✉❛t✐♦♥s ✭✶✹✮✱ ✭✶✺✮ ❛♥❞ ✭✶✻✮✱ ✇❡ ❛r❡ t❤❡♥ ❧❡❞ t♦ ❢♦r♠✉❧❛t❡ ❛♥ ❡q✉✐✈❛❧❡♥t

✈❡rs✐♦♥ ♦❢ s②st❡♠ ✭✶✸✮✱ ❛❧✇❛②s ✇✐t❤ s✉✐t❛❜❧❡ ❜♦✉♥❞❛r② ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿















































∂tρ+ ✉ · ∇ρ = 0

∂t✉+ (✉ · ∇)✉+
1

ρ∗
∇p− ❞✐✈

(

ν(ϕ)

ρ∗
D✉

)

= −❞✐✈(∇ϕ⊗∇ϕ)− ρ

ρ∗
g❡n

∂tϕ+ ✉ · ∇ϕ = ∆

(

− α

ρ∗
∆ϕ+

1

ρ∗
Ψ′(ϕ)

)

❞✐✈ ✉ = 0.

✭✶✼✮

❈♦♠♣❛r✐♥❣ ✐t t♦ t❤❡ ❈❍❇ s②st❡♠ ✭✶✵✮✱ ✇❡ ❝❛♥ ✜♥❞ t❤❛t✱ ✉♣ t♦ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥ts✱

✐rr❡❧❡✈❛♥t ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✱ ❝♦♥s✐❞❡r✐♥❣ θ t♦ ❜❡ t❤❡

❞❡♥s✐t② ρ✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ s②st❡♠✱ ❢♦r κ = 0✱ ✐✳❡✳ ❢♦r ✈❛♥✐s❤✐♥❣ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t②✳

❆❝t✉❛❧❧②✱ t❤❡ t✇♦ s②st❡♠s ❞✐✛❡r ❢♦r t❤❡ t❡r♠ −❞✐✈(∇ϕ ⊗ ∇ϕ)✱ ✇❤✐❝❤ s✉❜st✐t✉t❡s t❤❡ t❡r♠

µ∇ϕ ✐♥ ✭✶✵✮✱ ✇✐t❤ µ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧✱ ❜✉t t❤✐s ✐s ❥✉st ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥✱ s✐♥❝❡

✇❡ ❤❛✈❡

µ∇ϕ = (−α∆ϕ+Ψ′(ϕ))∇ϕ

❛♥❞

µ∇ϕ = ∇
(α

2
|∇ϕ|2 +Ψ(ϕ)

)

− α ❞✐✈(∇ϕ⊗∇ϕ)

❛♥❞ t❤❡♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ s②st❡♠s ❛r❡ t❤❡ s❛♠❡✱ ❛s ✇❡ ❝❛♥ s❡❡ ❜② ❛ s✐♠♣❧❡

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ✭✶✵✮✳ ❚❤✐s ✐s ❛ ❢✉rt❤❡r

str♦♥❣ ♠♦t✐✈❛t✐♦♥ t♦ st✉❞② t❤❡ ❈❍❇ s②st❡♠✱ ❜❡❝❛✉s❡ ✐t ❝❛♥ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❞✐✛❡r❡♥t

✶✶



♣r♦❜❧❡♠s ❛r✐s✐♥❣ ❢r♦♠ ❞✐✛❡r❡♥t ❝♦♥t❡①ts✱ ♥❛♠❡❧② t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠ ✭✶✼✮ ❝♦✉❧❞ ❜❡ s❡❡♥

❛s t❤❡ ❧✐♠✐t ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❈❍❇ s②st❡♠ ✇❤❡♥ κ→ 0 ✭❝♦♥s✐❞❡r✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ❛s

t❤❡ ❞❡♥s✐t②✮✿ ❛♥❛❧②③✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❈❍❇ s②st❡♠ s♦❧✉t✐♦♥s ❝♦✉❧❞ t❤✉s ❣✐✈❡ ✐♠♣♦rt❛♥t

✐♥❢♦r♠❛t✐♦♥ ❛❧s♦ ❢♦r t❤✐s s②st❡♠✳

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❙❈❍ s②st❡♠ ✐s r❛t❤❡r ✈❛st✳ ❋♦r

✐♥st❛♥❝❡✱ t❤❡ s②st❡♠ ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❣✉❧❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧✳ ■♥ t❤❡ ♠❛t❝❤❡❞ ✈✐s❝♦s✐t② ❝❛s❡ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✵❪✱ ❬✶✼❪✱ ❬✺✸❪✱

❬✺✹❪✱ ❬✺✺❪ ❛♥❞ ❬✻✵❪ ✭s❡❡ ❛❧s♦ ❬✶✻❪✱ ❬✷✸❪ ❛♥❞ ❬✺✼❪ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ s✐♠✐❧❛r s②st❡♠s✮✳ ■♥ t❤❡

✉♥♠❛t❝❤❡❞ ✈✐s❝♦s✐t② ❝❛s❡✱ t❤❡ ❛✉t❤♦r ✐♥ ❬✶✼❪ ♣r♦✈❡❞ t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s

❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ✭❣❧♦❜❛❧ ✐❢ n = 2✱ ❧♦❝❛❧ ✐❢ n = 3✮✳

❚❤❡ ◆❙❈❍ s②st❡♠ ✇✐t❤ ✉♥♠❛t❝❤❡❞ ✈✐s❝♦s✐t✐❡s ❛♥❞ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ ❤❛s ❜❡❡♥ st✉❞✐❡❞

✐♥ ❬✷❪✱ ✇❤❡r❡ ❡①✐st❡♥❝❡ ♦❢ ❣❧♦❜❛❧ ✇❡❛❦ ✭♣❤②s✐❝❛❧✮ s♦❧✉t✐♦♥s ❛♥❞ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢

str♦♥❣ s♦❧✉t✐♦♥s ✭❣❧♦❜❛❧ ✐❢ n = 2✱ ❧♦❝❛❧ ✐❢ n = 3✮ ❛r❡ s❤♦✇♥ ✭s❡❡ ❬✷❪✱ ❚❤❡♦r❡♠ ✶ ❛♥❞ ✷✮✱

❛♥❞ ✐♥ ❬✻✶❪✱ ✇❤❡r❡ ✐♥ ❞✐♠❡♥s✐♦♥ t✇♦ ✐t ✐s ♣r♦✈❡♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ ✭♣❤②s✐❝❛❧✮ s♦❧✉t✐♦♥s

❛♥❞ t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ✉♥❞❡r r❡❣✉❧❛r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱

t♦❣❡t❤❡r ✇✐t❤ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♣r♦♣❡rt✐❡s✱ ✇❤❡r❡❛s ✐♥ ❞✐♠❡♥s✐♦♥ t❤r❡❡ ✐t ✐s ♣r♦✈❡♥ t❤❡ ❧♦❝❛❧

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r✳

❋✐♥❛❧❧②✱ ✇❡ r❡❢❡r t♦ ❬✶❪ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣r❡ss✐❜❧❡

♠♦❞❡❧ ♦❢ ◆❙❈❍✱ ❧✐❦❡ s②st❡♠ ✭✶✸✮✳

❖♥ t❤❡ ❝♦♥tr❛r②✱ ♥♦t s♦ ♠❛♥② ♣❛♣❡rs ❤❛✈❡ ❜❡❡♥ ❞❡✈♦t❡❞ s♦ ❢❛r t♦ t❤❡ ❛♥❛❧②s✐s ♦❢

t❤❡ ❈❍❇ s②st❡♠✳ ■♥ ❬✶✵✶❪ t❤❡ ❛✉t❤♦r ♣r♦✈❡s✱ ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✱ t❤❡

❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♠♦♦t❤ s♦❧✉t✐♦♥s t♦ ♣r♦❜❧❡♠ ✭✶✵✮ ✇✐t❤ s♠♦♦t❤ ✐♥✐t✐❛❧

❞❛t❛ ✉0, θ0 ∈ H3(Ω) ❛♥❞ ϕ0 ∈ H5(Ω)✱ ❝♦♥s✐❞❡r✐♥❣ ❝♦♥st❛♥t ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♥♦✲♣❡♥❡tr❛t✐♦♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❡❧♦❝✐t② ✭✉ · ♥ = 0 ♦♥

∂Ω× (0, T )✮✱ s✐♥❝❡ t❤❡ ✢✉✐❞ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥✈✐s❝✐❞ ✭ν = 0✮✱ t♦❣❡t❤❡r ✇✐t❤ ❛ r❡❣✉❧❛r ♣♦t❡♥t✐❛❧

Ψ ∈ C6(R) ✭s❡❡ ❬✶✵✶❪✱ ❚❤❡♦r❡♠ ✶✳✶ ❢♦r t❤❡ ❞❡t❛✐❧s✮✳ ❚❤❡ s❛♠❡ ❛✉t❤♦r t❤❡♥ st✉❞✐❡❞ ✐♥ ❬✶✵✷❪

t❤❡ ❧❛r❣❡ t✐♠❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥s✱ ✉♥❞❡r t❤❡ s❛♠❡ ❤②♣♦t❤❡s❡s✳ ■♥ ❬✹✻❪ t❤❡

❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞ t❤❡ ✈❛♥✐s❤✐♥❣ ❧✐♠✐t ❢♦r ❛ ✷❉ ❈❛❤♥✲❍✐❧❧✐❛r❞✲◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ ✇✐t❤

❛ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❛♥❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② t❤❡② ❝♦♥s✐❞❡r❡❞ t❤❡ ✐♥✈✐s❝✐❞ ❈❍❇ s②st❡♠

✶✷



✐♥ ❬✹✺❪✱ ✜♥❞✐♥❣ s♦♠❡ ❜❧♦✇✲✉♣ ❝r✐t❡r✐❛ ♦❢ s♠♦♦t❤ s♦❧✉t✐♦♥s ❢♦r t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❜♦✉♥❞❡❞

❞♦♠❛✐♥s✱ ♣r♦✈✐♥❣ t❤❛t ❛ s♠♦♦t❤ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✸❉ ❈❍❇ s②st❡♠ ✇✐t❤ ③❡r♦ ✈✐s❝♦s✐t② ✐♥ ❛

❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❜r❡❛❦s ❞♦✇♥ ✐❢ ❛ ❝❡rt❛✐♥ ♥♦r♠ ♦❢ ✈♦rt✐❝✐t② ❜❧♦✇s ✉♣ ❛t t❤❡ s❛♠❡ t✐♠❡✳

❚❤❡② ❛❧✇❛②s ❝♦♥s✐❞❡r ✐♥ t❤❡ ❛♥❛❧②s✐s t❤❡ r❡❣✉❧❛r ♣♦❧②♥♦♠✐❛❧ ♣♦t❡♥t✐❛❧

Ψ(ϕ) =
1

4
(ϕ2 − 1)2, ✭✶✽✮

✇❤❡r❡ ϕ ✐s t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r✳

❋❡✇ ✇♦r❦s ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❈❍❇ s②st❡♠ ✇✐t❤ ♥♦♥③❡r♦ ✈✐s❝♦s✐t② ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡

❧✐t❡r❛t✉r❡✱ t❤♦✉❣❤✿ ✐♥ ❬✽✻❪ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ (✉, ϕ, θ)✱ ✇✐t❤

♥♦✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ✈❡❧♦❝✐t② ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥s ❢♦r t❡♠♣❡r❛✲

t✉r❡✱ ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r②✱ ✐s ❡st❛❜❧✐s❤❡❞ ❛♥❞ ♣r♦✈❡❞✱

t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ❢✉rt❤❡r r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r

✭♥❛♠❡❧② ✇❤❡♥ ❛t ❧❡❛st ϕ0 ∈ H4(Ω) t♦❣❡t❤❡r ✇✐t❤ ✉0 ❛♥❞ θ0 ❜❡❧♦♥❣✐♥❣ t♦ s✉✐t❛❜❧❡ s♣❛❝❡s✱

s❡❡ ❬✽✻❪✱ ❚❤❡♦r❡♠ ✶✳✷✮ ❛♥❞ ❛❣❛✐♥ t❤❡ ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧

♣♦t❡♥t✐❛❧ ❛s ✐♥ ✭✶✽✮✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐♥ ❬✹✹❪✱ ✈❛♥✐s❤✐♥❣ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② κ ❧✐♠✐t ❢♦r t❤❡

✷❉ ❈❍❇ s②st❡♠ ✐♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ♥♦✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞

❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ✐s st✉❞✐❡❞✱ ❛❧✇❛②s ❝♦♥s✐❞✲

❡r✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ✭✶✽✮ ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❆t t❤✐s st❛❣❡ ✇❡ ♥♦t❡ t❤❛t s♦ ❢❛r s♦♠❡ ✐♠♣♦rt❛♥t

✐ss✉❡s ❛r❡ st✐❧❧ ✉♥s♦❧✈❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❈❍❇ s②st❡♠ ✇✐t❤ t❤❡ ♣❤②s✐❝❛❧❧②

r❡❧❡✈❛♥t s✐♥❣✉❧❛r ♣♦t❡♥t✐❛❧ ✭✷✮✳ ◆♦ r❡s✉❧ts ❛❜♦✉t ❡①✐st❡♥❝❡ ♦r ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s

♦r str♦♥❣ s♦❧✉t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ▼♦r❡♦✈❡r t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡

t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ❤❛s ♥♦t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ s♦ ❢❛r✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❣✐✈❡ ❛♥ ❛♥s✇❡r t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♦♣❡♥ q✉❡st✐♦♥s✳

◆❛♠❡❧②✱ ♦✉r ♠❛✐♥ r❡s✉❧ts ❢♦r t❤❡ ❈❍❇ s②st❡♠ ✐♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤

s✐♥❣✉❧❛r ♣♦t❡♥t✐❛❧ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❛✮ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ ♣❤②s✐❝❛❧ s♦❧✉t✐♦♥s ✐♥ t❤❡ ✉♥♠❛t❝❤❡❞ ✈✐s❝♦s✐t② ❝❛s❡✱ ✇✐t❤ ♥♦✲

s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ❢♦r t❡♠♣❡r❛t✉r❡✳

✭❜✮ ❚❤❡ ❡①✐st❡♥❝❡✱ ✐♥ t❤❡ ♠❛t❝❤❡❞ ✈✐s❝♦s✐t② ❝❛s❡✱ ♦❢ ♠♦r❡ r❡❣✉❧❛r s♦❧✉t✐♦♥s✱ ♥❛♠❡❧② ♦❢ ❛
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q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✮✱ ❛♥❞ ♦❢ ❛ str♦♥❣ s♦❧✉t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✸✮✱

✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r✳

✭❝✮ ■♥ t❤❡ ♠❛t❝❤❡❞ ✈✐s❝♦s✐t② ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ s♦♠❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s ✐♥ ❞✐✛❡r❡♥t ♥♦r♠s✱

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ❛ ✇❡❛❦✲str♦♥❣

✉♥✐q✉❡♥❡ss r❡s✉❧t ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ q✉❛s✐✲str♦♥❣ ❛♥❞ str♦♥❣

s♦❧✉t✐♦♥s✳

❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❤❛s❡ ✜❡❧❞ ♠♦❞❡❧✱

✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✇❡ ❝❛♥ ✜♥❞ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ st✉❞✐❡s✿ ✇❡ r❡❢❡r t♦ ❬✽❪✱ ❬✸✾❪✱ ❬✹✵❪✱ ❬✹✶❪✱ ❬✻✹❪✱

❬✽✼❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❆❜♦✉t t❤❡ ◆❙❈❍ s②st❡♠ ✐♥st❡❛❞✱ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✷✼❪✱

❬✷✽❪✱ ❬✹✾❪✱ ❬✺✵❪✱ ❬✼✶❪ ❛♥❞ ❬✾✺❪✿ ✐♥ ♣❛rt✐❝✉❧❛r st❛❜✐❧✐t② ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧

s✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞✳ ❲❡ t❤❡♥ ❝✐t❡ ❬✼✼❪ ❢♦r ♠✉❧t✐❝♦♠♣♦♥❡♥t ✢✉✐❞ ✢♦✇s✱ ❬✼✻❪ ❢♦r ❛

♠✉❧t✐❣r✐❞ ❛♣♣r♦❛❝❤ ❛♣♣❧✐❡❞ t♦ ❈❍ ✢✉✐❞s ❛♥❞ ❬✶✺❪ ❢♦r ❛ st✉❞② ♦♥ t❤❡ ❛❞✈❡❝t✐✈❡ ❈❍ ❡q✉❛t✐♦♥

❜② ♠❡❛♥s ♦❢ ■s♦❣❡♦♠❡tr✐❝ ❆♥❛❧②s✐s✳ ◆❡✈❡rt❤❡❧❡ss✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ r❡s✉❧ts

❝♦♥❝❡r♥✐♥❣ ❛♥❞ s♣❡❝✐✜❝❛❧❧② ❛❞❞r❡ss✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❈❍❇ s②st❡♠ ❛r❡

♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥ ❧✐t❡r❛t✉r❡ ②❡t✳ ❍❡r❡ ✇❡ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ t♦ ❛❞❞r❡ss t❤✐s ♥♦t ②❡t

st✉❞✐❡❞ s②st❡♠ ❜② ♠❡❛♥s ♦❢ ✜♥✐t❡ ❡❧❡♠❡♥ts✱ ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦♥❡ ❡♠♣❧♦②❡❞ ❢♦r

t❤❡ ♦♥❧② ❈❍ ❡q✉❛t✐♦♥ ✐♥ ❬✻✹❪✳ ❉✐✛❡r❡♥t❧② ❢r♦♠ t❤❡ s❝❤❡♠❡ ✐♥ ❬✻✹❪✱ ✐♥ t❤✐s s❝❤❡♠❡ ✇❡ ❝♦♥s✐❞❡r

❛❧s♦ t❤❡ ✈❡❧♦❝✐t② ✉ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ θ✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ s❝❤❡♠❡ ✐s ♠❛ss✲♣r❡s❡r✈✐♥❣ ❛♥❞

❡♥❡r❣❡t✐❝❛❧❧② st❛❜❧❡✱ ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs κ ❛♥❞ ν✳ ❚❤❡ t♦t❛❧ ❡♥❡r❣② ✐s

❞❡✜♥❡❞ ❛s

E =
1

2
||✉||2 + 1

2
||θ||2 + α

2
||∇ϕ||2 +

∫

Ω
Ψ(ϕ)dx. ✭✶✾✮

❊♥❡r❣② st❛❜✐❧✐t② ♠❡❛♥s t❤❛t t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ✐♥ t✐♠❡✱ ❛s ✐t

✐s ♣❤②s✐❝❛❧❧② ♥❡❝❡ss❛r②✱ ❛t ❧❡❛st ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡

t❡♠♣❡r❛t✉r❡✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✱ ✇❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❛♣t✐✈❡ t✐♠❡

st❡♣✱ ✇❤✐❝❤ s❤♦✉❧❞ ❡①♣❧♦✐t t❤❡ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❈❍❇ s②st❡♠✳ ❚❤❡

t✐♠❡ ❛❞❛♣t✐✈✐t② ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❝❤❡♠❡✱ s✐♥❝❡ t❤❡② ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥

t❤❡ s✐③❡ ♦❢ t❤❡ t✐♠❡st❡♣✳ ❇② ♠❡❛♥s ♦❢ t❤❡ s♦❢t✇❛r❡ ❋r❡❡❋❡♠✰✰ ✭❬✻✾❪✮✱ ✇❡ s✐♠✉❧❛t❡ ✜✈❡ ❞✐❢✲

❢❡r❡♥t ❝❛s❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✜✈❡ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ ✈❡r✐❢② t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s
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♦❢ t❤❡ s❝❤❡♠❡✿ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ❛♥❞ ❡♥❡r❣② st❛❜✐❧✐t②✳

❚❤✉s✱ t❤❡ ♣❧❛♥ ♦❢ t❤❡ t❤❡s✐s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ■♥ ❈❤❛♣t❡r ✶ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ❛♥❞ t❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡

s②st❡♠✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❲❡ t❤❡♥ ❝♦♥❝❧✉❞❡

✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ q✉❛s✐✲str♦♥❣ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s✳

• ■♥ ❈❤❛♣t❡r ✷ ✇❡ st❛t❡ t❤❡ t❤❡♦r❡♠s ♦❢ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦✱ q✉❛s✐✲str♦♥❣ ❛♥❞ str♦♥❣

s♦❧✉t✐♦♥s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s ❧❡❛❞✐♥❣ t♦ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ q✉❛s✐✲

str♦♥❣ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s✳

• ■♥ ❈❤❛♣t❡r ✸ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❡①✐st❡♥❝❡ t❤❡♦r❡♠s st❛t❡❞ ✐♥ ❈❤❛♣t❡r ✷✳

• ■♥ ❈❤❛♣t❡r ✹ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s✱ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠s✱

st❛t❡❞ ✐♥ ❈❤❛♣t❡r ✷✳

• ■♥ ❈❤❛♣t❡r ✺ ✇❡ r❡❛❧✐③❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❈❍❇ s②st❡♠ ✐♥ s♣❛❝❡✱ ❜②

♠❡❛♥s ♦❢ ❋✐♥✐t❡ ❊❧❡♠❡♥ts ▼❡t❤♦❞✱ ❛♥❞ ✐♥ t✐♠❡✳ ❲❡ ♣❡r❢♦r♠ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s

♦❢ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ ❝♦♥❝❡♥tr❛t✐♥❣ ♦♥ ✐ts st❛❜✐❧✐t②✱ ✐♥ t❡r♠s ♦❢ t♦t❛❧ ❡♥❡r❣②✱ ❛♥❞

❛❝❝✉r❛❝②✳

• ■♥ ❈❤❛♣t❡r ✻ ✇❡ ♣❡r❢♦r♠ ❛♥❞ ❞✐s❝✉ss ✜✈❡ s✐♠✉❧❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡ ♥✉♠❡r✐❝❛❧

♣r♦♣❡rt✐❡s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

• ✧❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ✇♦r❦✧ ❝♦♥t❛✐♥s s♦♠❡ ✐ss✉❡s ✇❤✐❝❤ ❛r❡ ✇♦rt❤ ✐♥✈❡st✐❣❛t✐♥❣ ❜✉t

❤❛✈❡ ♥♦t ❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ t❤✐s t❤❡s✐s✳

• ❆♣♣❡♥❞✐① ❆ r❡♣♦rts s♦♠❡ ❜❛s✐❝ t♦♦❧s ❢r♦♠ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s✳ ❆♣✲

♣❡♥❞✐① ❇ ✐s ❞❡✈♦t❡❞ t♦ s♦♠❡ r❡s✉❧ts ♦♥ t❤r❡❡ st❛t✐♦♥❛r② ♣r♦❜❧❡♠s ✇❤✐❝❤ ♣❧❛② ❛ ❜❛s✐❝

r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢s✳

✶✺



❈❤❛♣t❡r ✶

❲❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ♥♦t✐♦♥s ♦❢

s♦❧✉t✐♦♥

✶✳✶ ❋✉♥❝t✐♦♥❛❧ s❡t✉♣

❍❡r❡ ✇❡ ✐♥tr♦❞✉❝❡ ♥♦t❛t✐♦♥ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ✇❤✐❝❤ ❛r❡ ♥❡❡❞❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡

✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✵✮✳ ▲❡t Ω ❜❡ ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R2✳

• ❋♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✇❡ s❡t✿

❍σ = {✉ ∈ C∞
0 (Ω)2 : ❞✐✈(✉) = 0}L

2(Ω)2

❱σ = {✉ ∈ C∞
0 (Ω)2 : ❞✐✈(✉) = 0}H

1(Ω)2

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ ❜② (·, ·) ❛♥❞ || · || t❤❡ ♥♦r♠ ❛♥❞ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✱ r❡s♣❡❝t✐✈❡❧②✱

✐♥ ❍σ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ✐♥ ❱σ✱ ❜② ♠❡❛♥s ♦❢ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭❆✳✶✮✱ t❤❡ ✐♥♥❡r

♣r♦❞✉❝t (✉,✈)❱σ = (∇✉,∇✈) ❛♥❞ t❤❡ ♥♦r♠ ||✈||❱σ = ||∇✈||✳

• ❋♦r t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✇❡ ❞❡✜♥❡✿

H = L2(Ω), Vθ = H1
0 (Ω) V 2

θ = Vθ ∩H2(Ω).

❲❡ ❞❡♥♦t❡ ❜② (·, ·) ❛♥❞ || · || ❛❧s♦ t❤❡ ♥♦r♠ ❛♥❞ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ H✳

• ❋♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ϕ ✇❡ s❡t✿

V = H1(Ω), V2 = {v ∈ H2(Ω) : ∂♥v = 0 ♦♥ ∂Ω}.
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❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② (·, ·)1 ❛♥❞ || · ||1 ✭♦r ❛❧s♦ || · ||V ✮ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛♥❞ t❤❡ ♥♦r♠ ✐♥

V ✭||v||21 = ||v||2 + ||∇v||2✮✳

• ❋♦r ❛♥② f ∈ L1(Ω) ✇❡ ❞❡✜♥❡ ✐ts s♣❛t✐❛❧ ❛✈❡r❛❣❡ f̄ =
1

|Ω|

∫

Ω
f dΩ✳

• ❲❡ ❞❡✜♥❡✱ ❢♦r ❛♥② ✉✱ ✈✱ ✇ ∈ [H1(Ω)]2✿

b(✉,✈,✇) =

2
∑

i,j=1

∫

Ω
uj
∂vi
∂xj

wi dx.

❲❡ t❛❦❡ ❛ s❧✐❣❤t ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ Ψ✱ ♥❛♠❡❧② ❛ q✉❛❞r❛t✐❝ ♣❡rt✉r✲

❜❛t✐♦♥ ♦❢ ❛ s✐♥❣✉❧❛r ✭str✐❝t❧②✮ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ ❬✲✶✱ ✶❪✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥s✐❞❡r

Ψ(s) = F (s)− α0

2
s2 ✭✶✳✶✮

✇❤❡r❡ t❤❡ ❝♦♥✈❡① ♣❛rt ❋✱ ❡①t❡♥❞❡❞ ❜② ❝♦♥t✐♥✉✐t② ❛t −1 ❛♥❞ 1✱ ❜❡❧♦♥❣s t♦ C([−1, 1]) ∩
C3(−1, 1) ❛♥❞ ❢✉❧✜❧❧s

lim
s→−1

F ′(s) = −∞ lim
s→1

F ′(s) = +∞ F ′′(s) ≥ ᾱ ∀ s ∈ (−1, 1),

♥❛♠❡❧② ✇❡ ❝♦♥s✐❞❡r ❛ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ✭s❡❡ t❤❡ ■♥tr♦❞✉❝t✐♦♥✮✱ ❛ss✉♠✐♥❣ α̃ = α0− ᾱ > 0✳

❚❤✐s ♠❡❛♥s t❤❛t

Ψ′′(s) ≥ −α̃ ∀s ∈ (−1, 1). ✭✶✳✷✮

❲❡ ❛❧s♦ ❡①t❡♥❞ F (s) = +∞ ❢♦r ❛♥② s /∈ [−1, 1]✳

◆♦t✐❝❡ t❤❛t t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ✐♠♣❧② t❤❛t t❤❡r❡ ❡①✐sts s0 ∈ (−1, 1) s✉❝❤ t❤❛t

F ′(s0) = 0✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t s0 = 0 ❛♥❞ t❤❛t F (s0) = 0 ❛s ✇❡❧❧✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❡♥t❛✐❧s t❤❛t F (s) ≥ 0 ❢♦r ❛♥② s ∈ [−1, 1]✳ ▼♦r❡♦✈❡r ✇❡ r❡q✉✐r❡ t❤❛t F ′′ ✐s

❝♦♥✈❡① ❛♥❞

F ′′(s) ≤ CeC|F ′(s)| ∀s ∈ (−1, 1) ✭✶✳✸✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❈✳ ❆❧s♦✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts γ ∈ (0, 1) s✉❝❤ t❤❛t F ′′ ✐s

♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ [1− γ, 1) ❛♥❞ ♥♦♥✐♥❝r❡❛s✐♥❣ ✐♥ (−1,−1+ γ]✳ ❚❤❡s❡ ❤②♣♦t❤❡s❡s ❛r❡ ❢✉❧✜❧❧❡❞

❜② t❤❡ ♣♦t❡♥t✐❛❧ ✐♥ ✭✷✮✱ ✇❤✐❝❤ ✐s

Ψ(s) =
ᾱ

2
((1 + s)❧♥(1 + s) + (1− s)❧♥(1− s))− α0

2
s2 ∀s ∈ [−1, 1] ✭✶✳✹✮

✶✼



✇✐t❤ ᾱ s✉❝❤ t❤❛t 0 < ᾱ < α0✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ν ❛♥❞ t❤❡ t❤❡r♠❛❧

❝♦♥❞✉❝t✐✈✐t② κ✿

❧❡t ν : R2 → R ❛♥❞ κ : R → R t✇♦ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✱ s✉❝❤ t❤❛t✿

0 < ν∗ ≤ ν(z1, z2) ≤ ν∗ ∀ (z1, z2) ∈ R
2 ✭✶✳✺✮

❛♥❞

0 < k∗ ≤ κ(z) ≤ k∗ ∀z ∈ R ✭✶✳✻✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ν∗, ν
∗, k∗ ❛♥❞ k∗✳

❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ✈✐s❝♦s✐t② ❢✉♥❝t✐♦♥ ✭✽✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ ♦♥ t❤❡ ✇❤♦❧❡ R ✐♥

s✉❝❤ ✇❛② t♦ ❝♦♠♣❧② ✭✶✳✺✮✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

✶✳✷ ❲❡❛❦ ❢♦r♠✉❧❛t✐♦♥

❲❡ ❝❛♥ ♥♦✇ ❧✐st t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② κ✱ t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ν✱

t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳

✭H1✮ κ ❛♥❞ ν ❛r❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ❢✉❧✜❧❧✐♥❣ ✭✶✳✺✮ ❛♥❞ ✭✶✳✻✮✱

✭H2✮ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ g s❛t✐s✜❡s g ∈ L4(0, T ;H1/2(∂Ω)) ❛♥❞ ∂tg ∈ L2(0, T ;H1/2(∂Ω))✱

✭H3✮ ϕ0 ∈ V ∩ L∞(Ω) ✇✐t❤ ||ϕ0||L∞(Ω) ≤ 1✱ |ϕ̄0| < 1✱

✭H4✮ ✉0 ∈ ❍σ✱

✭H5✮ θ0 ∈ H✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ❲❡❛❦ s♦❧✉t✐♦♥

▲❡t ❤②♣♦t❤❡s❡s ✭H1✮✲✭H5✮ ❜❡ s❛t✐s✜❡❞✳ ●✐✈❡♥ T > 0✱ ❛ tr✐♣❧❡ ✭✉✱ ϕ✱ θ✮ ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦♥

❬✵✱❚❪ ✐❢

• ✉ ∈ L∞(0, T ;❍σ) ∩ L2(0, T ;❱σ) ❛♥❞ ∂t✉ ∈ L2(0, T ;❱′
σ)❀

✶✽



• ϕ ∈ L∞(0, T ;V ) ∩ L4(0, T ;V2) ⊂ L2(0, T ;V ) ❛♥❞ ∂tϕ ∈ L2(0, T ;V ′)✱

ϕ ∈ L∞(Ω× (0, T )) ❛♥❞ |ϕ(x, t)| < 1 ❛✳❡✳ (x, t) ∈ Ω× (0, T )❀

• θ ∈ L∞(0, T ;H) ∩ L2(0, T ;V )✱ θ = g ❛✳❡✳ ♦♥ ∂Ω × (0, T ) ✐♥ t❤❡ s❡♥s❡ ♦❢ tr❛❝❡s ❛♥❞

∂tθ ∈ L2(0, T ;V ′
θ );

< ∂t✉,✇ > +b(✉,✉,✇) + (ν(ϕ, θ)∇✉,∇✇) = −(ϕ∇µ,✇) + (θ, ❡2 ·✇) ∀✇ ∈ ❱σ

✭✶✳✼✮

< ∂tϕ, v > +(∇µ,∇v) + (✉ · ∇ϕ, v) = 0 ∀v ∈ V ✭✶✳✽✮

< ∂tθ, ξ > +(κ(θ)∇θ,∇ξ) + (✉ · ∇θ, ξ) = 0 ∀ξ ∈ Vθ ✭✶✳✾✮

❢♦r ❛❧♠♦st ❡✈❡r② t ∈ (0, T )❀

• µ = −α∆ϕ+Ψ′(ϕ) ❛✳❡✳ ✐♥ Ω× (0, T ) ✇✐t❤ µ ∈ L2(0, T ;V )❀

• ✉(0) = ✉0 ϕ(0) = ϕ0 θ(0) = θ0✳

✳

❘❡♠❛r❦ ✶✳✷✳✶✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♠❡❛♥ t❤❛t✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ L2 ♥♦r♠s✱

lim
t→0

||✉(t)− ✉0|| = 0 lim
t→0

||ϕ(t)− ϕ0|| = 0 lim
t→0

||θ(t)− θ0|| = 0. ✭✶✳✶✵✮

■♥❞❡❡❞✱ ✉ ∈ C([0, T ],❍σ)✱ ϕ ∈ C([0, T ], H) ❛♥❞ θ ∈ C([0, T ], H) ❜② ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣s

♦❢ ▲❡♠♠❛ ❆✳✷✳✷✳

❘❡♠❛r❦ ✶✳✷✳✷✳ ◆♦t✐❝❡ t❤❛t ❛♥② ϕ0 ✐♥ t❤❡ ❝❧❛ss ♦❢ ❛❞♠✐ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❤❛s ✜♥✐t❡

❡♥❡r❣② E(ϕ0) <∞✳ ■♥❞❡❡❞✱ ❜② ||ϕ0||L∞(Ω) ≤ 1 ✇❡ ❡❛s✐❧② ✐♥❢❡r t❤❛t Ψ(ϕ0) ∈ L1(Ω)✱ ✇❤❡r❡

E(ϕ) =
∫

Ω
(
α

2
|∇ϕ|2 +Ψ(ϕ))dx. ✭✶✳✶✶✮

❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ t♦t❛❧ ♠❛ss |ϕ̄0| < 1✱ ❤♦✇❡✈❡r✱ ♣r❡✈❡♥ts t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♣✉r❡

♣❤❛s❡s ✭✐✳❡✳ ϕ0 ≡ 1 ♦r ϕ0 ≡ −1)✳ ❇❡s✐❞❡s✱ ✇❡ ♥♦t✐❝❡ t❤❛t ❛♥② s♦❧✉t✐♦♥ s❛t✐s✜❡s t❤❡ ♠❛ss

❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ✭❜② t❡st✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✽✮ ❛❣❛✐♥st v = 1✮✱ ♥❛♠❡❧②

ϕ(t) = ϕ0(t) ∀t ≥ 0.

✶✾



❘❡♠❛r❦ ✶✳✷✳✸✳ ❆s ❝✉st♦♠❛r②✱ t❤❡ ♣r❡ss✉r❡ t❡r♠ ✐s ❞r♦♣♣❡❞ ✐♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡

♣r❡ss✉r❡ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ✭✉♣ t♦ ❛ ❝♦♥st❛♥t✮ t❤❛♥❦s t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡ ❘❤❛♠✬s t❤❡♦r❡♠ ✭s❡❡

❬✶✽❪✱ ❬✾✸❪ ♦r ❬✾✼❪✮✿ t❤❡r❡ ❡①✐sts✱ ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t✱ t❤❡ ♣r❡ss✉r❡ ✐♥ L2(0, T,H) s✉❝❤

t❤❛t✱ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✱ ❣✐✈❡♥

S = −∂t✉− (✉ · ∇)✉+ ❞✐✈(ν(ϕ, θ)∇✉) + µ∇ϕ+ θ❡2 ∈ L2(0, T ;❱′
σ), ✭✶✳✶✷✮

s✐♥❝❡ ❛s ✇✐❧❧ ❜❡ ❝❧❡❛r ❢r♦♠ t❤❡ ♣r♦♦❢✱ ❛❧❧ t❤❡ t❡r♠s ❜❡❧♦♥❣ t♦ L2(0, T,❱′
σ)✱ ✇❡ ❤❛✈❡

∇p = S ✭✶✳✶✸✮

✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✱ ♠❡❛♥✐♥❣ t❤❛t

(∂t✉+ (✉ · ∇)✉− µ∇ϕ− θ❡2, χ) + (ν(ϕ, θ)∇✉,∇χ)− (p, ❞✐✈χ) = 0 ∀ χ ∈ C∞
0 (Ω)

❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t

< S,✈ >([H1
0
(Ω)]2)

′

,[H1
0
(Ω)]2

= 0 ❢♦r ❡✈❡r② ✈ ∈ ❱σ,

t❤❛t ✐s ❢♦r ❡✈❡r② ✈ ∈ [H1
0 (Ω)]

2 s✉❝❤ t❤❛t ❞✐✈ ✈ = 0✳

❘❡♠❛r❦ ✶✳✷✳✹✳ ❉✉❡ t♦ r❡❣✉❧❛r✐t② ❡st✐♠❛t❡s✱ s✐♥❝❡ µ ∈ L2(0, T ;V ) ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❞❡✜✲

♥✐t✐♦♥ ♦❢ µ ✐ts❡❧❢ ❛♥❞ ❢r♦♠ ✭❇✳✼✮ t❤❛t ϕ ∈ L2(0, T ;W 2,p(Ω))✱ ✇❤❡r❡ 2 ≤ p <∞✳

✶✳✸ ▼♦r❡ r❡❣✉❧❛r s♦❧✉t✐♦♥s

■❢ ✇❡ r❡q✉✐r❡ ♠♦r❡ r❡❣✉❧❛r✐t② ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡✜♥❡ ♦t❤❡r t✇♦ ♥♦t✐♦♥s ♦❢

s♦❧✉t✐♦♥✿ t❤❡ ✜rst ♦♥❡ ✐s t❤❡ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳ ◗✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥

❆ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶ ✐s ❛ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥ ✐❢ t❤❡ ❈❍ ❡q✉❛t✐♦♥

❛♥❞ t❤❡ ◆❙ s②st❡♠ ❛r❡ s❛t✐s✜❡❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❛♥❞

• ✉ ∈ L∞(0, T ;❱σ) ∩ L2(0, T ;❲σ) ∩H1(0, T ;❍σ)

✷✵



• ϕ ∈ L∞(0, T ;W 2,p(Ω)) ∩ L∞(0, T ;V ) ∩ L4(0, T ;V2) ∩H1(0, T ;V )✱ ✇✐t❤ 2 ≤ p <∞✳

✳

❘❡♠❛r❦ ✶✳✸✳✶✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ t❤❛t µ ∈ L∞(0, T ;V )∩L2(0, T ;H3(Ω))∩H1(0, T ;V ′)✱ ✇❡ ❛❧s♦

❣❡t ∂nµ = 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ ∂Ω× (0, T )✳

❋✉rt❤❡r r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ ❧❡❛❞s t♦ t❤❡ ♥♦t✐♦♥ ♦❢✿

❉❡✜♥✐t✐♦♥ ✶✳✸✳ ❙tr♦♥❣ s♦❧✉t✐♦♥

❆ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶ ✐s ❛ str♦♥❣ s♦❧✉t✐♦♥ ✐❢ ✐t s❛t✐s✜❡s ❛❧♠♦st

❡✈❡r②✇❤❡r❡ ❛❧❧ t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❈❍❇ s②st❡♠✱ ❛♥❞

• ✉ ∈ L∞(0, T ;❱σ) ∩ L2(0, T ;❲σ) ∩H1(0, T ;❍σ)❀

• ϕ ∈ L∞(0, T ;W 2,p(Ω)) ∩ L∞(0, T ;V ) ∩ L4(0, T ;V2) ∩ H1(0, T ;V ) ✇✐t❤ |ϕ(x, t)| < 1

❛✳❡✳ (x, t) ∈ Ω× (0, T )✱ ✇❤❡r❡ 2 ≤ p <∞❀

• θ ∈ L∞(0, T ;V ) ∩ L2(0, T ;H2(Ω))✱ θ = g ❛✳❡✳ ♦♥ ∂Ω × (0, T ) ✐♥ t❤❡ s❡♥s❡ ♦❢ tr❛❝❡s

❛♥❞ ∂tθ ∈ L2(0, T ;H)❀

✇✐t❤ ∂nµ = 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ ∂Ω× (0, T )✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✇❡ st❛t❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s t❤❡♦r❡♠s✱

✇❤✐❝❤ ❛r❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣❛rt ♦❢ t❤✐s t❤❡s✐s✳

✷✶



❈❤❛♣t❡r ✷

❊①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❡st✐♠❛t❡s

✷✳✶ ❊①✐st❡♥❝❡ r❡s✉❧ts

❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ ❡①✐st❡♥❝❡ t❤❡♦r❡♠s ❢♦r ✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡

r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❞❛t❛✳ ❯♥❞❡r ❤②♣♦t❤❡s❡s ✭H1✮✲✭H5✮ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠✳

❚❤❡♦r❡♠ ✷✳✶✳✶✳ ▲❡t ❤②♣♦t❤❡s❡s ✭H1✮✲✭H5✮ ❜❡ s❛t✐s✜❡❞✳ ●✐✈❡♥ T > 0✱ t❤❡r❡ ❡①✐sts ❛ tr✐♣❧❡

✭✉✱ ϕ✱ θ✮ ✇❤✐❝❤ ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦♥ ❬✵✱❚❪ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✳✶✳

❘❡♠❛r❦ ✷✳✶✳✷✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡

❝❛s❡ ♦❢ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ R
3✱ ✇✐t❤ s❧✐❣❤t ❝❤❛♥❣❡s ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❡tt✐♥❣ ♦❢ t❤❡ t✐♠❡

❞❡r✐✈❛t✐✈❡s ♦❢ ✈❡❧♦❝✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡ ❛♥❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡st✐♠❛t❡s ❧❡❛❞✐♥❣ t♦ t❤❡

❡①❤✐❜✐t✐♦♥ ♦❢ ❛ s♦❧✉t✐♦♥ ❝❛♥❞✐❞❛t❡✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r str♦♥❣❡r ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ♥❛♠❡❧② t❤❡ ❛❞❞✐t✐♦♥❛❧

❤②♣♦t❤❡s❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭I1✮ κ ❛♥❞ ν ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱

✭I2✮ ϕ0 ∈ V2 ✇✐t❤ ||ϕ0||L∞(Ω) ≤ 1 ❛♥❞ |ϕ̄0| < 1✱

✭I3✮ µ0 = −α∆ϕ0 +Ψ′(ϕ0) ∈ V ✱

✭I4✮ ✉0 ∈ ❱σ✳

✷✷



■♥ t❤✐s ❝❛s❡ ✇❡ ❝❛♥ st❛t❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✱ ✇✐t❤

❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐t② ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ t❤❡ ♣❤❛s❡ ✜❡❧❞✳

❚❤❡♦r❡♠ ✷✳✶✳✸✳ ▲❡t ✭I1✮✲✭I4✮ ❜❡ ❢✉❧✜❧❧❡❞✳ ●✐✈❡♥ T > 0✱ t❤❡r❡ ❡①✐sts ❛ tr✐♣❧❡ ✭✉✱ ϕ✱ θ✮✱

✇❤✐❝❤ ✐s ❛ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥ ♦♥ ❬✵✱❚❪ ❛❝❝♦r❞✐♥❣ t♦ ❉❡❢✳ ✶✳✷✱ s✉❝❤ t❤❛t

• ✉ ∈ L∞(0, T ;❱σ) ∩ L2(0, T ;❲σ) ∩H1(0, T ;❍σ)

• ϕ ∈ L∞(0, T ;W 2,p(Ω)) ∩ L∞(0, T ;V ) ∩ L4(0, T ;V2) ∩ H1(0, T ;V ) ✇✐t❤ |ϕ(x, t)| < 1

❛✳❡✳ (x, t) ∈ Ω× (0, T )❀

• µ = −α∆ϕ + Ψ′(ϕ) ❛✳❡✳ ✐♥ Ω × (0, T ) ✇✐t❤ µ ∈ L∞(0, T ;V ) ∩ L2(0, T ;H3(Ω)) ∩
H1(0, T ;V ′)✳

• θ ∈ L∞(0, T ;H) ∩ L2(0, T ;V )✱ θ = g ❛✳❡✳ ♦♥ ∂Ω × (0, T ) ✐♥ t❤❡ s❡♥s❡ ♦❢ tr❛❝❡s ❛♥❞

∂tθ ∈ L2(0, T ;V ′
θ )✱

✇❤❡r❡ 2 ≤ p <∞✳

❘❡♠❛r❦ ✷✳✶✳✹✳ ❉✉❡ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s st❛t❡❞ ✐♥ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ s✐♥❝❡

µ ∈ L∞(0, T ;V ) ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ µ ✐ts❡❧❢ ❛♥❞ ❢r♦♠ ✭❇✳✼✮ t❤❛t

ϕ ∈ L∞(0, T ;W 2,p(Ω)), ✇✐t❤ 2 ≤ p <∞.

❘❡♠❛r❦ ✷✳✶✳✺✳ ❇② t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t ❡q✉❛t✐♦♥s ❢♦r ✈❡❧♦❝✐t②

✉ ❛♥❞ ❢♦r ϕ ❛❧s♦ ❤♦❧❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × (0, T ) ❛♥❞ ∂♥µ = 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥

∂Ω × (0, T )✳ ▼♦r❡♦✈❡r t❤❡r❡ ❡①✐sts ❛ ♣r❡ss✉r❡ π ∈ L2(0, T, V ) s✉❝❤ t❤❛t ✭✶✳✶✸✮ ❛❧s♦ ❤♦❧❞s

❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × (0, T )✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ r❡❣✉❧❛r✐t② ❢♦r ✉ ❛♥❞ ϕ ✇❡ ❤❛✈❡ t❤❛t

t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ♣♦✐♥t✇✐s❡✱ ✉(·, 0) = ✉0 ❛♥❞ ϕ(·, 0) = ϕ0 ✐♥ Ω✳ ❖♥❧② t❤❡

t❡♠♣❡r❛t✉r❡ θ ✐s ♥♦t r❡❣✉❧❛r ❡♥♦✉❣❤ t♦ r❡tr✐❡✈❡ ❛ str♦♥❣ s♦❧✉t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✳✸✳

❲❡ ♥♦✇ st❛t❡ t❤❡ ❧❛st t❤❡♦r❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s✳ ❙✐♥❝❡ ✇❡ ❧♦♦❦ ❢♦r

θ ∈ H2(Ω)✱ ✇❡ ❛s❦ ❢♦r ❛ ♠♦r❡ r❡❣✉❧❛r ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❞❛t✉♠✿ g ∈ L2(0, T ;H3/2(∂Ω)) ∩
L4(0, T ;H1/2(∂Ω))✱ ∂tg ∈ L2(0, T ;H1/2(∂Ω))✳

✷✸



❲❡ ❛❧s♦ ❛s❦ ❢♦r ❛ ♠♦r❡ r❡❣✉❧❛r ✐♥✐t✐❛❧ ❞❛t✉♠✱ s❛② θ0 ∈ V ✳ ❚❤❡♥ t❤❡ ❛❞❞✐t✐♦♥❛❧

❤②♣♦t❤❡s❡s t♦ ✭H1✮✲✭H5✮ ❛♥❞ ✭I1✮✲✭I4✮ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭J1✮ ❚❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ g s❛t✐s✜❡s g ∈ L2(0, T ;H3/2(∂Ω))∩L4(0, T ;H1/2(∂Ω)) ❛♥❞ ∂tg ∈
L2(0, T ;H1/2(∂Ω))✱

✭J2✮ θ0 ∈ V ❛♥❞ θ0 = g(0) ♦♥ ∂Ω ✐♥ t❤❡ s❡♥s❡ ♦❢ tr❛❝❡s✳

❚❤❡♦r❡♠ ✷✳✶✳✻✳ ▲❡t ❤②♣♦t❤❡s❡s ✭I1✮✲✭I4✮ ❛♥❞ ✭J1✮✲✭J2✮ ❜❡ ❢✉❧✜❧❧❡❞✳ ●✐✈❡♥ T > 0✱ t❤❡r❡

❡①✐sts ❛ tr✐♣❧❡ ✭✉✱ ϕ✱ θ✮ ✇❤✐❝❤ ✐s ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦♥ ❬✵✱❚❪ ❛❝❝♦r❞✐♥❣ t♦ ❉❡❢✳ ✶✳✸✱ s✉❝❤ t❤❛t

• ✉ ∈ L∞(0, T ;❱σ) ∩ L2(0, T ;❲σ) ∩H1(0, T ;❍σ)❀

• ϕ ∈ L∞(0, T ;W 2,p(Ω)) ∩ L∞(0, T ;V ) ∩ L4(0, T ;V2) ∩ H1(0, T ;V ) ✇✐t❤ |ϕ(x, t)| < 1

❛✳❡✳ (x, t) ∈ Ω× (0, T )❀

• θ ∈ L∞(0, T ;V ) ∩ L2(0, T ;H2(Ω))✱ θ = g ❛✳❡✳ ♦♥ ∂Ω × (0, T ) ✐♥ t❤❡ s❡♥s❡ ♦❢ tr❛❝❡s

❛♥❞ ∂tθ ∈ L2(0, T ;H)❀

• µ = −α∆ϕ + Ψ′(ϕ) ❛✳❡✳ ✐♥ Ω × (0, T ) ✇✐t❤ µ ∈ L∞(0, T ;V ) ∩ L2(0, T ;H3(Ω)) ∩
H1(0, T ;V ′) ❛♥❞ ∂nµ = 0 ❛✳❡✳ ♦♥ ∂Ω× (0, T )✳

✇❤❡r❡ 2 ≤ p <∞✳

❘❡♠❛r❦ ✷✳✶✳✼✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ str♦♥❣ s♦❧✉t✐♦♥ s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♣r♦❜❧❡♠ ✭✶✵✮

❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω× (0, T )✳

✷✳✷ ❙t❛❜✐❧✐t② ❡st✐♠❛t❡s ❛♥❞ ✉♥✐q✉❡♥❡ss

❲❡ ❝❛♥ ♥♦✇ st❛t❡ s♦♠❡ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ❡st✐♠❛t❡s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢

t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❞❛t❛✱ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠s✱ ✇❤✐❝❤ ❛r❡ ❞✐r❡❝t

❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❡st✐♠❛t❡s✳ ❲❡ st❛rt ✇✐t❤ ❛ ✇❡❛❦✲str♦♥❣ ✉♥✐q✉❡♥❡ss r❡s✉❧t✱

✷✹



✇❤✐❝❤ ❧❡❛❞s t♦ ❛ st❛❜✐❧✐t② ❡st✐♠❛t❡ ✐♥ t❤❡ ❞✉❛❧ ♥♦r♠s✱ ✐❢ ✇❡ st❛rt ❢r♦♠ ❛ ✇❡❛❦ s♦❧✉t✐♦♥

✭❉❡✜♥✐t✐♦♥ ✶✳✶✮ ❛♥❞ ❛ str♦♥❣ s♦❧✉t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✶✳✸✮✳ ❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ✐s ❝❧❡❛r❧②

t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ str♦♥❣ s♦❧✉t✐♦♥✳

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ▲❡t κ ❛♥❞ ν ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ ❧❡t (✉1, ϕ1, θ1) ❜❡ ❛ ✇❡❛❦ s♦❧✉t✐♦♥

❛❝❝♦r❞✐♥❣ t♦ ❉❡❢✳✶✳✶✱ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ϕ01 ∈ V ∩L∞(Ω) ✇✐t❤ ||ϕ01||L∞(Ω) ≤ 1 ❛♥❞ |ϕ̄01| < 1✱

✉01 ∈ ❍σ✱ θ01 ∈ H✱ ❛♥❞ ❧❡t (✉2, ϕ2, θ2) ❜❡ ❛ str♦♥❣ s♦❧✉t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❉❡❢✳ ✶✳✸✱ ✇✐t❤

ϕ02 ∈ V2 ∩ L∞(Ω)✱ ||ϕ02||L∞(Ω) ≤ 1 ❛♥❞ |ϕ̄02| < 1✱ µ02 = −α∆ϕ02 + Ψ′(ϕ02) ∈ V ❛♥❞

∂♥ϕ02 = 0 ♦♥ ∂Ω✱ ✉02 ∈ ❱σ✱ θ02 ∈ V ❛♥❞ θ2 = g(t) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ ∂Ω×(0, T )✳ ❉❡✜♥❡

❛❧s♦ t❤❡ s❛♠❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❞❛t✉♠ g ∈ L2(0, T ;H3/2(∂Ω)) ∩ L4(0, T ;H1/2(∂Ω)) ❛♥❞

∂tg ∈ L2(0, T ;H1/2(∂Ω))✳ ■❢ ϕ̄01 = ϕ̄02✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣

♦♥ ❚ ❛♥❞ ♦♥ t❤❡ ♥♦r♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ s✉❝❤ t❤❛t

||✉1(t)− ✉2(t)||❱′

σ
+ ||ϕ1(t)− ϕ2(t)||H′ + ||θ1(t)− θ2(t)||❱′

θ

≤ C||✉01 − ✉02||❱′

σ
+ C||ϕ01 − ϕ02||H′ + C||θ01 − θ02||❱′

θ
∀t ∈ [0, T ]. ✭✷✳✶✮

❘❡♠❛r❦ ✷✳✷✳✷✳ ❲❡ ♥♦t✐❝❡ t❤❛t ✐❢ ❛❧s♦ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❝♦✐♥❝✐❞❡✱ ✇❡ ❤❛✈❡ (✉1, ϕ1, θ1) =

(✉2, ϕ2, θ2)✱ ✐♠♣❧②✐♥❣ t❤❛t ✐❢ t❤❡ str♦♥❣ s♦❧✉t✐♦♥ ❡①✐sts✱ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✇❡❛❦ ♦♥❡ ✇✐t❤

t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❞❛t❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♠♣❧✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ str♦♥❣

s♦❧✉t✐♦♥✳

■❢ ✇❡ ❝♦♥s✐❞❡r t✇♦ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✳✷✱ ✇❡ ✜♥❞ ❛ st❛❜✐❧✐t②

❡st✐♠❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ str♦♥❣❡r ♥♦r♠s t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✿ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ str❡♥❣t❤❡♥

t❤❡ ♥♦r♠s ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ t❤❡ ♣❤❛s❡ ✜❡❧❞✱ ✇❤✐❝❤ ❛r❡ ♥♦✇ t❤❡ L2 ♥♦r♠s✳ ❈❧❡❛r❧②✱

❛s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥✳

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ❈♦♥s✐❞❡r t✇♦ s❡ts ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✭✉01, ϕ01, θ01) ❛♥❞ (✉02, ϕ02, θ02) s❛t✐s❢②✲

✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ✭I2✮✲✭I4✮ ❛♥❞ ❞❡♥♦t❡ ❜② (✉1, ϕ1, θ1) ❛♥❞ (✉2, ϕ2, θ2) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥s✱ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❲❡ ❤❛✈❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ❡s✲

✷✺



t✐♠❛t❡

||✉1(t)− ✉2(t)||+ ||ϕ1(t)− ϕ2(t)||+ ||θ1(t)− θ2(t)||V ′

θ

≤ C||✉01 − ✉02||+ C||ϕ01 − ϕ02||+ C||θ01 − θ02||V ′

θ
∀t ∈ [0, T ], ✭✷✳✷✮

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ T ❛♥❞ ♦♥ t❤❡ ♥♦r♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳

❘❡♠❛r❦ ✷✳✷✳✹✳ ❋r♦♠ t❤✐s t❤❡♦r❡♠ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❛t t❤❡ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥ ✐s

✉♥✐q✉❡✳

❆s ❛❧r❡❛❞② ♥♦t✐❝❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✷✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ str♦♥❣ s♦❧✉t✐♦♥s ✐s ❛ ❝♦♥s❡✲

q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶ ✭❛♥❞ ♦❜✈✐♦✉s❧② ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸✮✱ ♥❡✈❡rt❤❡❧❡ss ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✲

✐♥❣ t❤❡♦r❡♠ ✐♥ ♦r❞❡r t♦ s❤♦✇ ❛ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ❡st✐♠❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ str♦♥❣❡r

♥♦r♠ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ ♥❛♠❡❧② t❤❡ L2

♥♦r♠✳

❚❤❡♦r❡♠ ✷✳✷✳✺✳ ❈♦♥s✐❞❡r t✇♦ s❡ts ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✭✉01, ϕ01, θ01) ❛♥❞ (✉02, ϕ02, θ02) s❛t✐s❢②✲

✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ✭I1✮✲✭I4✮ ❛♥❞ ✭J1✮✲✭J2✮ ❛♥❞ ❞❡♥♦t❡ ❜② (✉1, ϕ1, θ1) ❛♥❞ (✉2, ϕ2, θ2) t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ str♦♥❣ s♦❧✉t✐♦♥s✱ ❛❝❝♦r❞✐♥❣ t♦ ❉❡❢✳ ✶✳✸✳ ❲❡ ❤❛✈❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡

❡st✐♠❛t❡

||✉1(t)− ✉2(t)||+ ||ϕ1(t)− ϕ2(t)||+ ||θ1(t)− θ2(t)||

≤ C||✉01 − ✉02||+ C||ϕ01 − ϕ02||+ C||θ01 − θ02|| ∀t ∈ [0, T ], ✭✷✳✸✮

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ T ❛♥❞ ♦♥ t❤❡ ♥♦r♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳

✷✻



❈❤❛♣t❡r ✸

❊①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ t❤❡♦r❡♠s✱ ✇❡ ✜rst❧② ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ✇❡❛❦ ❢♦r♠ ✭✇✐t❤♦✉t

t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ |ϕ(x, t)| < 1 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ (x, t) ∈ Ω × (0, T )✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ r❡q✉✐r❡❞

♦♥❧② ❢♦r t❤❡ ✜♥❛❧ s②st❡♠✮✱ ❜✉t ✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ Ψ✱ ✇❤✐❝❤

✇✐❧❧ ❜❡ ❝❛❧❧❡❞ Ψλ✱ ✇✐t❤ λ ∈ R
+✱ ✐♥st❡❛❞ ♦❢ Ψ ❛♥❞ t❤❡♥ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s

♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s❡q✉❡♥❝❡s t♦ t❤❡ ❞❡s✐r❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❚❤✉s✱ ❜❡❢♦r❡

♣r♦✈✐♥❣ t❤❡ t❤❡♦r❡♠s✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ ❡①♣❧✐❝✐t ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡

❛♣♣r♦①✐♠❛♥ts Ψλ✳

▼♦r❡♦✈❡r✱ ✐♥ ❛♥♦t❤❡r s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r t❡❝❤♥✐q✉❡ ❢♦r t❤❡ ❝❛s❡

♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ θ✱ ✇❤✐❝❤ ✐s ❛ st❛♥❞❛r❞ ✇❛② t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♥s✐❞❡r ❛ s♦❧✉t✐♦♥ ✇✐t❤ ❤♦♠♦✲

❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✐♥st❡❛❞ ♦❢ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡

♠♦r❡ ❞✐✣❝✉❧t t♦ ❜❡ tr❡❛t❡❞ ❞✐r❡❝t❧②✳

✸✳✶ ❆♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ Ψ

▲❡t ✉s r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ✐♥ ❬✺✻❪✱ ❛♥❞ t❤❡♥ ✐♥ ❬✸✹❪✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡

♦❢ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s Fλ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡ t❤❡ s✐♥❣✉❧❛r ❢✉♥❝t✐♦♥ F ✳ ❋✐rst ♦❢ ❛❧❧✱ ❢♦r ❛♥②

λ > 0 ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ q✉❛❞r❛t✐❝ ♣❡rt✉r❜❛t✐♦♥ ♦❢ Fλ ❜② Ψλ(s) = Fλ(s)−
α0

2
s2✱ ✇❤✐❝❤ ✐s t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♦♥ t❤❡ ♣♦t❡♥t✐❛❧ ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✳✶✮✳

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② Fλ : R → R (λ > 0) s✉❝❤ t❤❛t Fλ(0) = F ′
λ(0) = 0 ❛♥❞

✷✼



✶✳ F ′
λ ✐s ▲✐♣s❝❤✐t③ ♦♥ R ✇✐t❤ ❝♦♥st❛♥t 1/λ✱

✷✳ ❚❤❡r❡ ❡①✐st 0 < λ̄ < γ ≤ 1✱ ✇❤❡r❡ γ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✱ ❛♥❞ Ĉ > 0 s✉❝❤

t❤❛t Fλ(s) ≥ α0s
2 − Ĉ, ∀s ∈ R, ∀λ ∈ (0, λ̄]✳

✸✳ ❆s λ → 0✱ Fλ(s) → F (s) ❢♦r ❛❧❧ s ∈ R✱ |F ′
λ(s)| → |F ′(s)| ❢♦r s ∈ (−1, 1) ❛♥❞ F ′

λ

❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② t♦ F ′ ♦♥ ❛♥② ✭❝♦♠♣❛❝t✮ s❡t [a, b] ⊂ (−1, 1)✳ ❲❡ ❤❛✈❡ ❛❧s♦ t❤❛t

✭s❡❡ ❬✺✻❪✮ |F ′
λ(s)| → +∞ ❢♦r ❡✈❡r② |s| ≥ 1✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

Fλ(s) ≤ F (s) ∀s ∈ [−1, 1]

❛♥❞

|F ′
λ(s)| ≤ |F ′(s)| ∀s ∈ (−1, 1).

✹✳ F ′′
λ (s) ≥ 0 ∀s ∈ R

❙♦♠❡ ♦t❤❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s Fλ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❋r♦♠ ♣r♦♣❡rt② ✭✷✮✱ ✇❡ ❤❛✈❡ t❤❛t✱ ∀λ ∈ (0, λ̄] ❛♥❞ ∀s ∈ R

Ψλ(s) ≥
α0

2
s2 − Ĉ ≥ −Ĉ. ✭✸✳✶✮

• ❋r♦♠ ♣r♦♣❡rt② ✭✶✮ ♦❢ Fλ ❛♥❞ ❢r♦♠ t❤❡ ❝♦♥✈❡①✐t② ♦❢ Fλ ✇❡ ❞❡❞✉❝❡ t❤❛t✿

Fλ(s)− Fλ(s0) ≤ (s− s0)F
′
λ(s) ≤ |s− s0|2

1

λ
∀s ∈ R,

✇❤✐❝❤ ✐♠♣❧✐❡s✱ s✐♥❝❡ s0 = 0✱ ❛♥❞ Fλ(0) = 0✱ t❤❛t

Fλ(s) ≤ sF ′
λ(s) ≤ |s|2 1

λ
∀s ∈ R,

t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❢♦r Ψλ✿

Ψλ(s) = Fλ(s)−
α0

2
s2 ≤ Fλ(s) ≤ F1s

2 ∀s ∈ R, ✭✸✳✷✮

✇❤❡r❡ F1 =
1

λ
✳

✷✽



• ❆s ♣r♦✈❡❞ ✐♥ ❬✺✷❪ ❛♥❞ ❬✺✻❪✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❈ s✉❝❤ t❤❛t
∫

Ω
|F ′

λ(ϕ)|dx ≤ C |
∫

Ω
F ′
λ(ϕ)(ϕ− ϕ̄)dx|+ C, ✭✸✳✸✮

t❤❛t ❤♦❧❞s ❢♦r C = C(ϕ̄0)✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ ∈ (0, λ̄]✱ ✇✐t❤ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ϕ̄0 ∈
(−1, 1)✳

• ❋r♦♠ ♣r♦♣❡rt② ✭✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

Ψ′′
λ(s) ≥ −α0 ∀s ∈ R. ✭✸✳✹✮

❋♦r t❤❡ ♣r♦♦❢s ♦❢ ❡①✐st❡♥❝❡ ♦❢ ♠♦r❡ r❡❣✉❧❛r s♦❧✉t✐♦♥s✱ ♥❛♠❡❧② ❢♦r t❤❡ q✉❛s✐✲str♦♥❣

❛♥❞ t❤❡ str♦♥❣ s♦❧✉t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✐❝

♣♦t❡♥t✐❛❧ ✭s❡❡ ❬✺✷❪✮✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❞❡✜♥❡

Fλ(s) =







































2
∑

j=0

1

j!
F (j)(1− λ)[s− (1− λ)]j ∀s ≥ 1− λ

F (s) ∀s ∈ [−1 + λ, 1− λ]
2
∑

j=0

1

j!
F (j)(−1 + λ)[s− (−1 + λ)]j ∀s ≤ −1 + λ.

✭✸✳✺✮

■♥ t❤✐s ❝❛s❡✱ Ψλ ∈ C2(R)✱ ❛♥❞ ❛❧❧ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣r♦♣❡rt✐❡s ❤♦❧❞✱ ❛♣❛rt ❢r♦♠ ✭✸✳✷✮✱ s✐♥❝❡

F ′
λ ✐s ♥♦t ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❛♥②♠♦r❡✳ ▼♦r❡♦✈❡r✱ ♣r♦♣❡rt② ✭✸✳✹✮ ❤♦❧❞s ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧

λ > 0✳

✸✳✷ ❚❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r

❲❡ ❛♥❛❧②③❡ t❤❡ ❝❛s❡ ♦❢ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ✇❡

❢♦❧❧♦✇ t❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ❧✐❢t ♦♣❡r❛t♦r ♣r❡s❡♥t❡❞ ✐♥ ❬✽✸❪ ❛♥❞ ❛❧s♦ ✉s❡❞ ✐♥ ❞❡t❛✐❧ ❢♦r ❡①❛♠♣❧❡

✐♥ ❬✶✹❪✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠










−∆θg(t) = 0 ✐♥ Ω ❛✳❛✳ t ∈ (0, T )

θg(t) = g(t) ♦♥ ∂Ω ❛✳❛✳ t ∈ (0, T ).

✭✸✳✻✮

❚❤✉s ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐❢ Ω ✐s ❛t ❧❡❛st C0,1✱ ❛s ✐♥ ♦✉r ❝❛s❡✱ t❤❡♥ θg(t) ∈ V ❢♦r g(t) ∈
H1/2(∂Ω) ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡ ||θg(t)||1 ≤ C||g(t)||1/2,∂Ω✳ ❲❤❡♥ Ω ✐s s♠♦♦t❤✱ ❛s ✐♥

✷✾



♦✉r ❝❛s❡✱ ✇❡ ❝❛♥ ❛♣♣❧② ❛ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✱ ❛s ✐♥ ❬✽✸❪✱ t♦ ❝♦♥❝❧✉❞❡ t❤❛t θg(t) ∈ Hm(Ω) ❢♦r

g(t) ∈ Hm−1/2(∂Ω) ❢♦r ❡✈❡r② m ≥ −1✳ ❆❧s♦✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s✿

||θg(t)||m ≤ C||g(t)||m−1/2,∂Ω ∀m ≥ −1. ✭✸✳✼✮

▼♦r❡♦✈❡r✱ ∂tθg(t) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠











−∆∂tθg(t) = 0 ∈ Ω ❛✳❛✳ t ∈ (0, T )

∂tθg(t) = ∂tg(t) ♦♥ ∂Ω ❛✳❛✳ t ∈ (0, T ).

❚❤✉s ∂tθg(t) ✐s ❛ ❢✉♥❝t✐♦♥ ✐♥ V ❛♥❞ s❛t✐s✜❡s ||∂tθg(t)||1 ≤ C||∂tg(t)||1/2,∂Ω ❢♦r ❛❧♠♦st ❛♥② t ✐♥

(0, T )✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❤❛✈❡ ∂tθg(t) ∈ Hm(Ω) ❢♦r ∂tg(t) ∈ Hm−1/2(∂Ω) ❢♦r ❡✈❡r② m ≥ −1✳

❆❧s♦✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✿

||∂tθg(t)||m ≤ C||∂tg(t)||m−1/2,∂Ω ∀m ≥ −1. ✭✸✳✽✮

❚❤❡♥✱ ❢r♦♠ t❤❡s❡ ❡st✐♠❛t❡s✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐❢ t❤❡ ♦r✐❣✐♥❛❧ ❜♦✉♥❞❛r② ❞❛t✉♠ g s❛t✲

✐s✜❡s g ∈ Lp(0, T ;Hm−1/2(∂Ω)) ❢♦r s♦♠❡ m ≥ −1 ❛♥❞ s♦♠❡ p ∈ [1,∞]✱ ❛♥❞ ∂tg ∈
Lq(0, T ;Hk−1/2(∂Ω)) ❢♦r s♦♠❡ m ≥ −1 ❛♥❞ s♦♠❡ q ∈ [1,∞]✱ t❤❡♥ θg ∈ Lp(0, T ;Hm(Ω)) ❛♥❞

∂tθg ∈ Lq(0, T ;Hk(Ω))✳ ■♥ t❤❡ ❝❛s❡ ❛♥❛❧②③❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✐t ✐s t❤✉s s✉✣❝✐❡♥t t♦

❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ❢♦r t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ g✿

g ∈ L4(0, T ;H1/2(∂Ω)) ❛♥❞ ∂tg ∈ L2(0, T ;H1/2(∂Ω)), ✭✸✳✾✮

✐♠♣❧②✐♥❣ ❛t ❧❡❛st t❤❛t

θg ∈ L4(0, T ;H1(Ω)) ❛♥❞ ∂tθg ∈ L2(0, T ;H). ✭✸✳✶✵✮

✸✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✶

✸✳✸✳✶ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣r♦❜❧❡♠

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❛t ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❡①✐sts✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ✇❡ ✜rst❧② ❝♦♥s✐❞❡r

t❤❡ s❛♠❡ ✇❡❛❦ ❢♦r♠ ❜✉t ✇✐t❤ Ψλ ✐♥st❡❛❞ ♦❢ Ψ ✭✇✐t❤♦✉t t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ |ϕ(x, t)| < 1 ❛✳❡✳

(x, t) ∈ Ω× (0, T )✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ r❡q✉✐r❡❞ ♦♥❧② ❢♦r t❤❡ ✜♥❛❧ s②st❡♠✮✳

❲❡ s❛② t❤❛t (✉λ, ϕλ, θλ) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣r♦❜❧❡♠ ✐❢
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• ✉λ ∈ L∞(0, T ;❍σ) ∩ L2(0, T ;❱σ) ❛♥❞ ∂t✉ ∈ L2(0, T ;❱′
σ)❀

• ϕλ ∈ L∞(0, T ;V ) ∩ L4(0, T ;V2) ⊂ L2(0, T ;V ) ❛♥❞ ∂tϕ ∈ L2(0, T ;V ′)❀

ϕ ∈ L∞(Ω× (0, T )) ❛♥❞ |ϕ(x, t)| < 1 ❛✳❡✳ (x, t) ∈ Ω× (0, T )❀

• θλ ∈ L∞(0, T ;H) ∩ L2(0, T ;V )✱ θλ = g ♦♥ ∂Ω × (0, T ) ✐♥ t❤❡ s❡♥s❡ ♦❢ tr❛❝❡s ❛♥❞

∂tθλ ∈ L2(0, T ;V ′
θ );

< ∂t✉λ,✇ > +b(✉λ,✉λ,✇) + (ν(ϕλ, θλ)∇✉λ,∇✇) = −(ϕλ∇µλ,✇) + (θλ, ❡2 ·✇)

∀✇ ∈ ❱σ ✭✸✳✶✶✮

< ∂tϕλ, v > +(∇µ,∇v) + (✉λ · ∇ϕλ, v) = 0 ∀v ∈ V ✭✸✳✶✷✮

< ∂tθλ, ξ > +(κ(θλ)∇θλ,∇ξ) + (✉λ · ∇θλ, ξ) = 0 ∀ξ ∈ Vθ ✭✸✳✶✸✮

❢♦r ❛❧♠♦st ❡✈❡r② t ∈ (0, T )❀

• µλ = −α∆ϕλ +Ψ′
λ(ϕλ) ❛✳❡✳ ✐♥ Ω× (0, T ) ✇✐t❤ µ ∈ L2(0, T ;V )❀

• ✉λ(0) = ✉0 ϕλ(0) = ϕ0 θλ(0) = θ0✳

❲❡ t❤❡♥ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ λ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s❡q✉❡♥❝❡s t♦ t❤❡

❞❡s✐r❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳

❚❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ❜② ♠❡❛♥s ♦❢ ❛ ❋❛❡❞♦✲●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡✿ ✇❡

♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❡①✐sts ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ t❤❡♥ ✇❡ ❡①tr❛❝t ❛ ❝♦♥✈❡r❣✐♥❣

s✉❜s❡q✉❡♥❝❡ s❤♦✇✐♥❣ t❤❛t t❤❡ ❧✐♠✐t ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❚❤❡♥✱ ❧❡tt✐♥❣✱ ✉♣

t♦ s✉❜s❡q✉❡♥❝❡s✱ λ → 0✱ ✇❡ ❣❡t t❤❡ ❞❡s✐r❡❞ s♦❧✉t✐♦♥✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ♦♠✐t

t❤❡ s✉❜s❝r✐♣t λ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❞❡✜♥❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠

❛s θ = Θ+ θg✱ ✇❤❡r❡ Θ(t) ❜❡❧♦♥❣s t♦ Vθ ❢♦r ❛❧♠♦st ❛♥② t ∈ (0, T ) ❛♥❞ θg(t) ✐s t❤❡ ❤❛r♠♦♥✐❝

❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✳ ❲❡ s❡t Θ0 = θ0 − θg(0)✳
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❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ❢❛♠✐❧② {✇j}j>1 ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❙t♦❦❡s ♦♣❡r❛t♦r

✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✷ ❛♥❞✱ ❡✳❣✳✱ ❬✸✷❪ ❛♥❞ ❬✾✼❪✮ ❛s ❛ ●❛❧❡r❦✐♥ ❜❛s❡ ✐♥ ❱σ ✭♦rt❤♦♥♦r♠❛❧ ✐♥ ❍σ

❛♥❞ ♦rt❤♦❣♦♥❛❧ ✐♥ ❱σ✮ ❛♥❞ t❤❡ ❢❛♠✐❧② {ψj}j>1 ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r

✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛s ❛ ●❛❧❡r❦✐♥ ❜❛s❡ ✐♥ V ✭♦rt❤♦♥♦r♠❛❧ ✐♥

H ❛♥❞ ♦rt❤♦❣♦♥❛❧ ✐♥ V ✮✳ ■♥ ❝♦♥❝❧✉s✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢❛♠✐❧② {vj}j>1 ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s

♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛s ❛ ●❛❧❡r❦✐♥ ❜❛s❡

✐♥ Vθ ✭♦rt❤♦♥♦r♠❛❧ ✐♥ H ❛♥❞ ♦rt❤♦❣♦♥❛❧ ✐♥ Vθ✮✳

❲❡ ❞❡✜♥❡ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s Wn := Span(✇1, . . . ,✇n)✱

Zn := Span(ψ1, . . . , ψn) ✭✇❡ ❝♦♥s✐❞❡r ❛s ψ1 ≡ 1/
√

|Ω|✱ s♦ t❤❛t ‖ψ1‖ = 1✱ s✐♥❝❡ t❤❡

✜rst ❡✐❣❡♥s♣❛❝❡✱ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ1 = 0✱ ✐s ♠❛❞❡ ♦❢ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✮✱ Vn :=

Span(v1, . . . , vn) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦rs ♦♥ t❤❡s❡ s✉❜s♣❛❝❡s ✐♥ ❍σ ❛♥❞ H

✭✐✳❡✳ ✇✐t❤ r❡s♣❡❝t t♦ L2 ♥♦r♠✮✱ r❡s♣❡❝t✐✈❡❧②✱ ✐✳❡✳ Pn := PWn ✱ P̃n := PZn ❛♥❞ P̂n := PVn ✳ ❲❡

t❤❡♥ ❧♦♦❦ ❢♦r ❢♦✉r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠

✉n(t) =
n
∑

i=1

α̂i(t)✇i ∈ Wn ϕn(t) =
n
∑

i=1

βi(t)ψi ∈ Zn ✭✸✳✶✹✮

µn(t) =
n
∑

i=1

γi(t)ψi ∈ Zn Θn(t) =
n
∑

i=1

δi(t)vi ∈ Vn, ✭✸✳✶✺✮

✇❤❡r❡ α̂i, βi, γi, δi ❛r❡ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦❢ ✭✇❡ ✇✐❧❧ s❡❡✮ C1 ❝❧❛ss ❛♥❞ θn = Θn + θg✱ s✉❝❤

t❤❛t

• ✉n(0) = Pn(✉0), ϕn(0) = P̃n(ϕ0), Θn(0) = P̂n(Θ0)✱ ✇❤✐❝❤ ♠❡❛♥s

✉n(0) =
n
∑

i=1

α̂i(0)✇i ∈ Wn ϕn(0) =

n
∑

i=1

βi(0)ψi ∈ Zn Θn(0) =

n
∑

i=1

δi(0)vi ∈ Vn,

✭✸✳✶✻✮

• µn = P̃n(−α∆ϕn +Ψ′
λ(ϕn)) = −α∆ϕn + P̃n(Ψ

′
λ(ϕn))❀

(∂t✉n,✇) + b(✉n,✉n,✇) + (ν(ϕn, θn)∇✉n,∇✇) = −(ϕn∇µn,✇) + (Θn + θg, ❡2 ·✇)

∀✇ ∈ Wn ✭✸✳✶✼✮

(∂tϕn, v) + (∇µn,∇v) + (✉n · ∇ϕn, v) = 0 ∀v ∈ Zn ✭✸✳✶✽✮
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(∂tΘn, ξ) + (κ(θn)∇Θn,∇ξ) + (✉n · ∇Θn, ξ) =

− < ∂tθg, ξ > −(κ(θn)∇θg,∇ξ)− (✉ · ∇θg, ξ) ∀ξ ∈ Vn ✭✸✳✶✾✮

❢♦r ❡✈❡r② t ∈ (0, T )✳

❲❡ ♥♦t✐❝❡ t❤❛t P̃n(−α∆ϕn) = −α∆ϕn ❜❡❝❛✉s❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r −∆ ❝♦♠♠✉t❡s ✇✐t❤

t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r P̃n✳ ▼♦r❡♦✈❡r ✇❡ r❡❝❛❧❧ t❤❛t✱ ❞✉❡ t♦ r❡❣✉❧❛r✐t② t❤❡♦r❡♠s ❛♥❞

s✐♥❝❡ t❤❡ ❞♦♠❛✐♥ ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❛r②✱ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞

❡✐❣❡♥❢✉♥❝t✐♦♥s ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✱ s❡❡ ❬✾✼❪✱ t❤✉s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❞✉❛❧✐t② ✐♥ t❤❡ t✐♠❡

❞❡r✐✈❛t✐✈❡s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ L2 ✐♥♥❡r ♣r♦❞✉❝t✳

❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ Ψ′
λ(s) = F ′

λ(s)−α0s ✐s ❛t ❧❡❛st ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❛♥❞ κ✱ ν ❛r❡ ❣❧♦❜❛❧❧②

▲✐♣s❝❤✐t③✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t t❤✐s s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❈❛✉❝❤② ♣r♦❜❧❡♠

❢♦r ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s s②st❡♠ ✐♥ t❤❡ ✉♥❦♥♦✇♥s α̂i, βi, δi✳ ❚❤❡ ❈❛✉❝❤②✲

▲✐♣s❝❤✐t③ t❤❡♦r❡♠ ❡♥s✉r❡s t❤❛t t❤✐s s②st❡♠ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥t♦ ❛♥ ✐♥t❡r✈❛❧ [0, tn), tn >

0✿ ✐♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✉♥❦♥♦✇♥s α̂(n)(t) = [α̂1(t), . . . , α̂n(t)]✱

β(n)(t) = [β1(t), . . . , βn(t)]✱ δ
(n)(t) = [δ1(t), . . . , δn(t)]✱ s♦❧✈✐♥❣ t❤❡ s②st❡♠ ♦❢ ❖❉❊✿

[ ˙̂α(n)(t), β̇(n)(t), δ̇(n)(t)]T = G(α̂(n)(t), β(n)(t), δ(n)(t)).

✇✐t❤ G ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ [α̂(n), β(n), δ(n)]T ❛♥❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✲

❞✐t✐♦♥s [α̂(n)(0), β(n)(0), δ(n)(0)]T ❛s s❤♦✇♥ ✐♥ ✭✸✳✶✻✮✳

❚❤❡♥✱ t❤❡ ❈❛✉❝❤②✕▲✐♣s❝❤✐t③ t❤❡♦r❡♠ ❡♥t❛✐❧s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ♠❛①✐♠❛❧ s♦❧✉✲

t✐♦♥ α̂(n) ∈ C1([0, tn),R
n)✱ β(n) ∈ C1([0, tn),R

n)✱ δ(n) ∈ C1([0, tn),R
n)✳

❲❡ ♥♦✇ ❞❡r✐✈❡ s♦♠❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❛t tn = +∞✳ ❋✐rst ♦❢

❛❧❧✱ ✇❡ ❤❛✈❡ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt②✿ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✽✮✱ ❝♦♥s✐❞❡r✐♥❣ v ≡ 1 ❛s t❡st

❢✉♥❝t✐♦♥ ✭v ∈ Zn ∀n ≥ 1✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t❤❡ t❤✐r❞ t❡r♠ ✇❡ ❣❡t
∫

Ω
∂tϕn = |Ω|dϕ̄n

dt
= 0 ✭✸✳✷✵✮

t❤✉s ϕ̄n = const =

∫

Ω
P̃n(ϕ0)/|Ω| = ϕ̄0 s✐♥❝❡ t❤❡ ♦♥❧② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ P̃n✱

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜❛s✐s✱ ✇✐t❤ ♥♦♥③❡r♦ ♠❡❛♥✱ ✐s t❤❡ ❝♦♠♣♦♥❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ψ1✱ s♦
∫

Ω
(ϕ0, ψ1)ψ1 = ϕ̄0✳ ❚❤❛t ✐s t♦ s❛② t❤❛t ϕ̄n ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t ❛♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥

t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ ϕ0✳

✸✸



◆♦✇✱ ✇❡ st❛rt ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✽✮✿ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♣r♦❝❡❞✉r❡ ♦❢ ❛♣♣❧②✐♥❣ t❤❡

❡q✉❛t✐♦♥ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛s✐s ♦❢ Zn✱ t❤❡♥ ♠✉❧t✐♣❧②✐♥❣ ❡❛❝❤ ❡q✉❛t✐♦♥ ❜② γi ❛♥❞

t❤❡♥ s✉♠♠✐♥❣ ✉♣✱ ✇❡ ❝❛♥ ✉s❡ µn ∈ Zn ❛s ❛ t❡st ❢✉♥❝t✐♦♥✱ ✐♥t❡❣r❛t❡ ❜② ♣❛rts ❛♣♣❧②✐♥❣ t❤❡

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♦❜t❛✐♥✿

(∂tϕn, µn(t)) + (∇µn,∇µn)− (✉n · ∇µn, ϕn) = 0. ✭✸✳✷✶✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ✈❛❧✉❡ ❢♦r µn ✐♥ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✇❡ ♦❜t❛✐♥ ✭❜② ❝♦♥str✉❝t✐♦♥ ❛♥❞ ♦rt❤♦♥♦r✲

♠❛❧✐t② ♦❢ t❤❡ ❜❛s✐s✱ ❢♦r ❡✈❡r② v =

n
∑

i=1

aiψi ✇❡ ❤❛✈❡ (P̃n(Ψ
′
λ(ϕn)), v) =

n
∑

i=0

(Ψλ(ϕn)
′, aiψi) =

(Ψλ(ϕn)
′,

n
∑

i=0

aiψi) = (Ψ′
λ(ϕn), v)✮✿

d

dt
(
α

2
||∇ϕn||2 +

∫

Ω
Ψλ(ϕn)) + ||∇µn||2 − (✉n · ∇µn, ϕn) = 0. ✭✸✳✷✷✮

❋r♦♠ ♥♦✇ ♦♥✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ κ ❛♥❞ ν ❢r♦♠ t❤❡ ✈❛r✐❛❜❧❡s

ϕn ❛♥❞ θn✳

❲❡ ❛♥❛❧②③❡ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✿ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❜❡❢♦r❡✱

✇❡ ❝❛♥ t❡st t❤❡ ❡q✉❛t✐♦♥ ❛❣❛✐♥st ξ = Θn ❛♥❞✱ r❡♠❡♠❜❡r✐♥❣ ♣r♦♣❡rt② ✭✶✳✻✮✿

d

dt

1

2
||Θn||2 + κ∗||∇Θn||2 ≤ − < ∂tθg,Θn > −(κ∇θg,∇Θn)− (✉n · ∇θg,Θn). ✭✸✳✷✸✮

❲❡ t❤❡♥ ❤❛✈❡✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③✬s ❛♥❞ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❧✐❢t

♦♣❡r❛t♦r ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✭✇❡ r❡❝❛❧❧ t❤❛t ||∂tθg|| ≤ ||∂tθg||1 ≤ C||∂tg(t)||1/2,∂Ω✮✿

− < ∂tθg,Θn >≤ C0||∂tθg|| ||∇Θn|| ≤ C||∂tg(t)||1/2,∂Ω||∇Θn||

≤ k∗
8
||∇Θn||2 + C̃||∂tg(t)||21/2,∂Ω.

❚❤❡♥ ✇❡ ❤❛✈❡✱ ❜② t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ❜② ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♠❛❦❡ k∗

❛♣♣❡❛r ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ k∗ > 0 ✲ s❡❡ ❤②♣♦t❤❡s✐s ✭✶✳✻✮ ✲ t❤❡ ❝♦♥st❛♥t C ✐s ✇❡❧❧ ❞❡✜♥❡❞✮

−(κ∇θg,∇Θn) ≤
k∗
8
||∇Θn||2 + C||∇θg||2 ≤

k∗
8
||∇Θn||2 + C||θg||21

≤ k∗
8
||∇Θn||2 + C̄||g(t)||21/2,∂Ω.

✸✹



❲❡ r❡❝❛❧❧ t❤❛t✱ ❢♦r ❡①❛♠♣❧❡ ❜② ▲❡♠♠❛ ✭❆✳✶✳✹✮ t♦❣❡t❤❡r ✇✐t❤ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

t❤❛t✱ ❣✐✈❡♥ χ ∈ H1
0 (Ω) ✭t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ✈❡❝t♦r✐❛❧ ❝❛s❡ χ ∈ [H1

0 (Ω)]
2✮✿

||χ||L4(Ω) ≤ C||χ||1/2||∇χ||1/2. ✭✸✳✷✹✮

❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣

Vθ →֒ L4(Ω)✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❢♦r t❤r❡❡ t❡r♠s ❛♥❞ t❤❡ ❧✐❢t ♦♣❡r❛t♦r✬s

♣r♦♣❡rt✐❡s✿

−(✉n · ∇θg,Θn) ≤ ||✉n||L4(Ω)||∇θg|| ||Θn||L4(Ω)

≤ ||✉n||1/2||∇✉n||1/2||∇θg|| ||∇Θn||

≤ ν∗
2
||∇✉n||2 +

k∗
8
||∇Θn||2 + C||✉n||2||∇θg||4

≤ ν∗
2
||∇✉n||2 +

k∗
8
||∇Θn||2 + C̄||✉n||2||g(t)||41/2,∂Ω.

❘❡♠❛r❦ ✸✳✸✳✶✳ ■❢ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝❛s❡✱ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t s✐♠✲

♣❧✐✜❡s ❛ ❧♦t✿ ✇❡ ❝❛♥ ✉s❡ Θn ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❡♠♣❡r❛t✉r❡ t♦ ❣❡t✱ ❛♣♣❧②✐♥❣

t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt② ✭✶✳✻✮✿

d

dt
‖Θn‖2 + 2k∗||∇Θn||2 ≤ 0. ✭✸✳✷✺✮

◆♦✇✱ ✇❡ ❝❛♥ ❛♣♣❧② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❞✉❡ t♦ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

||Θn||2 ≤ C0||∇Θn||2✱ ✇✐t❤ C0 = C0(Ω)✱ t♦ ❣❡t

d

dt
||Θn||2 + β0||Θn||2 ≤ 0 ✭✸✳✷✻✮

✇❤❡r❡ β0 = 2
k∗
C0

✳ ❚❤❡♥✱ ❛♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ✐♥❡q✉❛❧✐t② ✭▲❡♠♠❛ ❆✳✶✳✼✮✱ ✇❡ ❣❡t

||Θn||2 ≤ ||Θn(0)||2e−β0t ≤ ||Θ0||2e−β0t ≤ ||Θ0||2 ✭✸✳✷✼✮

s✐♥❝❡ P̂n ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r✱ t❤✉s ||P̂n(Θ0)|| ≤ ||Θ0||✳ ❙♦✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t Θn ✐s

❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;H) ❢♦r ❛♥② T ≤ tn✳

❲❡ t❤❡♥ ❧♦♦❦ ❢♦r ❛ ✉♥✐❢♦r♠ ❡st✐♠❛t❡ ❢♦r ∇Θn✿ st❛rt✐♥❣ ❛❣❛✐♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✷✺✮✱ ✇❡

♠✉❧t✐♣❧② ❜② e
β0
2
t✱ ❦♥♦✇✐♥❣ t❤❛t

d

dt
e

β0
2
t||Θn||2 =

β0
2
e

β0
2
t||Θn||2 + e

β0
2
t d

dt
||Θn||2

✸✺



✇❡ ❤❛✈❡✱ ✉s✐♥❣ t❤❡ ❜♦✉♥❞ ✭✸✳✷✼✮

d

dt
e

β0
2
t||Θn||2 + 2k∗ e

β0
2
t||∇Θn||2 ≤

β0
2
e

β0
2
t||Θn||2 ≤

β0
2
e−

β0
2
t||Θ0||2.

■♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥✱ r❡♠❡♠❜❡r✐♥❣ t❤❛t ||P̂n(Θ0)|| ≤ ||Θ0||

e
β0
2
T ||Θn(T )||2 + 2k∗

∫ T

0
e

β0
2
t||∇Θn||2 ≤ ||Θ0||2 + ||Θ0||2(1− e−

β0
2
t) ≤ 2||Θ0||2,

❢r♦♠ ✇❤✐❝❤ ✇❡ ❣❡t
∫ T

0
||∇Θn||2 ≤

∫ T

0
e

β0
2
t||∇Θn||2 ≤

1

k∗
||Θ0||2 = C̄2

✇❤❡r❡ C̄ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✿ ✇❡ ❤❛✈❡✱ ❜② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ♦♥ Vθ✿

||Θn||L2(0,T ;Vθ) ≤ C̄, ✭✸✳✷✽✮

♦❜t❛✐♥✐♥❣ ❞✐r❡❝t❧② t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ♥♦r♠ ✐♥ L2(0, T ;Vθ)✳

◆♦✇ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❡q✉❛t✐♦♥ ✭✸✳✶✼✮✿ ❝♦♥s✐❞❡r✐♥❣ ✉n ❛s ❛ t❡st ❢✉♥❝t✐♦♥✱ ❦♥♦✇✐♥❣ t❤❛t

t❤❡ tr✐❧✐♥❡❛r ❢♦r♠ b(·, ·, ·) ✐s ❛♥t②s✐♠♠❡tr✐❝ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❣❡t✿

d

dt

1

2
||✉n||2 + ν∗||∇✉n||2 + (✉n · ∇µn, ϕn) ≤

d

dt

1

2
||✉n||2 + (ν∇✉n,∇✉n) + (✉n · ∇µn, ϕn)

= (Θn, ❡2 · ✉n) + (θg, ❡2 · ✉n). ✭✸✳✷✾✮

❚❤❡ t❡r♠s (θg, ❡2 ·✉n) ❛♥❞ (Θn, ❡2 ·✉n) ❝❛♥ ❜❡ ❡❛s✐❧② ❡st✐♠❛t❡❞ ❜② ♠❡❛♥s ♦❢ ❈❛✉❝❤②✲

❙❝❤✇❛r③✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❜② ❧✐❢t ♦♣❡r❛t♦r✬s ♣r♦♣❡rt✐❡s✿

(θg, ❡2 · ✉n) ≤ ||θg|| ||✉n|| ≤ ||θg||1 ||✉n|| ≤
1

2
||θg||21 +

1

2
||✉n||2 ≤

1

2
||g(t)||21/2,∂Ω +

1

2
||✉n||2,

✇❤❡r❡❛s ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡ ✇❡ ❣❡t✿

(Θn, ❡2 · ✉n) ≤ C0||∇Θn|| ||✉n|| ≤
k∗
8
||∇Θn||2 + C||✉n||2.

❲❡ ❝❛♥ t❤❡♥ s✉♠ ✉♣ ❛❧❧ t❤❡ t❡r♠s✱ ♦❜t❛✐♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✱ ❤❛✈✐♥❣ ❞❡✜♥❡❞

t❤❡ t♦t❛❧ ❡♥❡r❣②

En(t) =
1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 +

∫

Ω
(Ψλ(ϕn) + Ĉ), ✭✸✳✸✵✮

✸✻



✇❤❡r❡ Ĉ ✐s t❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t ✭✸✳✶✮ ❤♦❧❞s✿

d

dt
{En(t)}+ ||∇µn||2 + ν∗||∇✉n||2 + k∗||∇Θn||2 ≤

k∗
8
||∇Θn||2 + C||✉n||2 +

1

2
||g(t)||21/2,∂Ω

+
1

2
||✉n||2

+
k∗
8
||∇Θn||2 + C̃||∂tg(t)||21/2,∂Ω

+
k∗
8
||∇Θn||2 + C̄||g(t)||21/2,∂Ω

+
k∗
8
||∇Θn||2 +

ν∗
2
||∇✉n||2

+ C̄||✉n||2||g(t)||41/2,∂Ω

t❤❡♥✱ ✇❡ ♦❜t❛✐♥✱ ❤❛✈✐♥❣ s❡t✿

Dn(t) = ||∇µn||2 +
ν∗
2
||∇✉n||2 +

k∗
2
||∇Θn||2 ✭✸✳✸✶✮

d

dt
{En(t)}+Dn(t) ≤ C̄||✉n||2 +

1

2
||g(t)||21/2,∂Ω + C̃||∂tg(t)||21/2,∂Ω

+ C̄||g(t)||21/2,∂Ω + C̄||✉n||2||g(t)||41/2,∂Ω.

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❝❤❛♥❣✐♥❣ t❤❡ ❝♦♥st❛♥ts✱ s✐♥❝❡

∫

Ω
(Ψλ(ϕn) + Ĉ) ≥ 0✱ ✇❡ ❝❛♥ ❣❡t

d

dt
En(t)+Dn(t) ≤ K1(1+||g(t)||41/2,∂Ω) En(t)+K2(1+||g(t)||21/2,∂Ω+||∂tg(t)||21/2,∂Ω). ✭✸✳✸✷✮

❚❤✉s✱ ❞✉❡ t♦ t❤❡ r❡❣✉❧❛r✐t② ❤②♣♦t❤❡s✐s ♠❛❞❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ g✱ ✇❡ ❤❛✈❡ t❤❛t Q =

K1(1 + ||g||41/2,∂Ω) ∈ L1(0, T )

❛♥❞ ❛❧s♦ R = K2(1 + ||g||21/2,∂Ω + ||∂tg||21/2,∂Ω) ∈ L1(0, T )✱ ✇❡ ❝❛♥ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ▲❡♠♠❛

✭❆✳✶✳✼✮✱ s✐♥❝❡ En ✐s ❛t ❧❡❛st ❝♦♥t✐♥✉♦✉s ✐♥ t✐♠❡✿ ❢♦r ❛♥② t ∈ (0, tn)✱ ❢♦r tn ≤ T ✿

En(t) ≤ En(0)e
∫ t
0
Q(r) +

∫ t

0
e
∫ t
s Q(r)R(s)ds ≤ e

∫ T
0

Q(r)(En(0) +

∫ T

0
R(s)ds). ✭✸✳✸✸✮

❲❡ ❤❛✈❡ ♥♦✇ t♦ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ En(0)✿ r❡♠❡♠❜❡r✐♥❣ t❤❛t Θ0 = θ0 − θg(0)✱ ✇❡ ♦❜t❛✐♥

En(0) =
1

2
||Pn(✉0)||2 +

1

2
||P̂n(Θ0)||2 +

α

2
||∇P̃n(ϕ0)||2 +

∫

Ω
(Ψλ(P̃n(ϕ0)) + Ĉ).

✸✼



❙✐♥❝❡ ❛❧❧ t❤❡ ♣r♦❥❡❝t✐♦♥s ❛r❡ ♦rt❤♦❣♦♥❛❧ ✐♥ t❤❡ s♣❛❝❡s ❍σ ❛♥❞ V r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❝❛♥ ❛♣♣❧②

||Pn(✉0)|| ≤ ||✉0||✱ ||P̂n(Θ0)|| ≤ ||Θ0|| ❛♥❞ ||∇P̃n(ϕ0)|| ≤ ||∇ϕ0||✳ ❲❡ ❛❧s♦ ❤❛✈❡✱ ❢♦r♠ ✭✸✳✷✮✱

t❤❛t
∫

Ω
Ψλ(P̂n(ϕ0)) ≤

∫

Ω
F1(P̂n(ϕ0))

2 = F1||P̂n(ϕ0)||2 ≤ F1||ϕ0||2

❛❣❛✐♥ ❜❡❝❛✉s❡ P̂n ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r✳

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

En(0) ≤
1

2
||✉0||2 +

1

2
||Θ0||2 +

α

2
||∇ϕ0||2 + F1||ϕ0||2 + Ĉ|Ω|. ✭✸✳✸✹✮

❚❤✉s ✇❡ ❝❛♥ s❛②✱ ❞❡✜♥✐♥❣ ❛s K0 ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ λ✱ ❜✉t

♥♦t ♦♥ t ♥♦r n✱ ✇❡ ♦❜t❛✐♥✿

En(t) ≤
1

2
||✉0||2 +

1

2
||Θ0||2 +

α

2
||∇ϕ0||2 + F1||ϕ0||2 + Ĉ|Ω|+ k0 = K0 ✭✸✳✸✺✮

✇❤✐❝❤ ✐♠♣❧✐❡s✱ s✐♥❝❡

∫

Ω
(Ψλ(ϕn) + Ĉ) ≥ 0✱ t❤❛t

1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 ≤ K0.

◆♦✇✱ s✐♥❝❡ ❢r♦♠ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭▲❡♠♠❛ ❆✳✶✮ ❛♥❞ ❢r♦♠ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ♣r❡✈✐♦✉s❧②

s❤♦✇♥ ✇❡ ❣❡t

||ϕn|| ≤ ||ϕn − ϕ̄n||+ ||ϕ̄n|| ≤ C0||∇ϕn||+ ||ϕ̄0|| ≤ C0

√

K0 + ||ϕ̄0||. ✭✸✳✸✻✮

■♥ ❝♦♥❝❧✉s✐♦♥ ✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t✿

||ϕn|| ≤ C̄ ||un|| ≤ C̄ ||Θn|| ≤ C̄

❙✐♥❝❡ ✇❡ ❤❛✈❡ t❤❛t ||ϕn|| = |β(n)(t)|✱ ||un|| = |α(n)(t)| ❛♥❞ ||Θn|| = |δ(n)(t)|✱ ❜② ♠❡❛♥s ❛❣❛✐♥

♦❢ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ✭s❡❡✱ ❡✳❣✳✱ ❬✻✽❪ ❢♦r t❤✐s ❦✐♥❞ ♦❢ ❛r❣✉♠❡♥ts✮ ✇❡ ❞❡❞✉❝❡ t❤❛t tn = +∞
❢♦r ❡✈❡r② n ≥ 1✱ ✐✳❡✳ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✼✮✲✭✸✳✶✾✮ ❤❛s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ✐♥ t✐♠❡ s♦❧✉t✐♦♥✳

❋✉rt❤❡r♠♦r❡✱ ❢♦r ❡✈❡r② 0 < T < +∞✱ ✇❡ ❤❛✈❡ t❤❛t✿

||Θn||L∞(0,T ;H) ≤ C̄, ✭✸✳✸✼✮

||✉n||L∞(0,T ;❍σ) ≤ C̄. ✭✸✳✸✽✮

✸✽



❇✉t s✐♥❝❡ ✇❡ ❤❛✈❡ t❤❛t

||ϕn||V ≤ ||ϕn − ϕ̄n||V + ||ϕ̄n||V = ||ϕn − ϕ̄n||V + ||ϕ̄0||V ≤ C̃||∇ϕn −∇ϕ̄n||+ ||ϕ̄0||V ≤ C̄

❢♦r s♦♠❡ C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t✱ ✇❡ ❞❡❞✉❝❡✿

||ϕn||L∞(0,T ;V ) ≤ C̄. ✭✸✳✸✾✮

❆❧s♦✱ ❢r♦♠ ✭✸✳✸✷✮✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ♦✈❡r ✭✵✱❚✮ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✸✹✮ ❢♦r En(0)✱

❛♥❞ s✐♥❝❡ En(t) ≥ 0✱ ✇❡ ♦❜t❛✐♥ t❤❛t

∫ T

0
||∇µn||2 +

ν∗
2

∫ T

0
||∇✉n||2 +

k∗
2

∫ T

0
||∇Θn||2 ≤ C̃.

❚❤✉s✱ ❞✉❡ t♦ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❢♦r ✈❡❧♦❝✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡ ✇❡ ❛❧s♦ ♦❜t❛✐♥✱ ❛❣❛✐♥ ❢♦r

s♦♠❡ ❝♦♥st❛♥t C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ T ✱ t❤❛t

||✉n||L2(0,T ;❱σ) ≤ C̄ ✭✸✳✹✵✮

||∇µn||L2(0,T ;H) ≤ C̄ ✭✸✳✹✶✮

❛♥❞

||Θn||L2(0,T ;Vθ) ≤ C̄ ✭✸✳✹✷✮

❢♦r ❛♥② 0 < T < +∞✳

❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ❡q✉❛t✐♦♥ ❢♦r µn✱ ✇❡ ❝❛♥ ❣❡t ❛ ❢✉rt❤❡r ❡st✐♠❛t❡ ❢♦r ϕn✱ t❡st✐♥❣ µn

❜② −∆ϕn ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✉s✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

(∇µn,∇ϕn) = α||∆ϕn||2 + (Ψ′′
λ(ϕn)∇ϕn,∇ϕn).

❚❤❡♥✱ r❡♠❡♠❜❡r✐♥❣ ♣r♦♣❡rt② ✭✸✳✹✮ ♦❢ Ψλ✱ ✇❡ ❤❛✈❡✿

α||∆ϕn||2 − α0||∇ϕn||2 ≤ (∇µn,∇ϕn)

❡♥t❛✐❧✐♥❣✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✿

α||∆ϕn||2 ≤ α0||∇ϕn||2 + ||∇µn|| ||ϕn|| ≤ k1 · (1 + ||∇µn||)

✸✾



✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ✉♥✐❢♦r♠✲✐♥✲n ❜♦✉♥❞s ♦♥ ||∇ϕn|| ❛♥❞ ||ϕn||✿ k1 ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡

✐♥✐t✐❛❧ ❞❛t❛✱ ❜✉t ♥♦t ♦♥ n✳ ❲❡ ❝❛♥ t❤❡♥ ✐♥t❡❣r❛t❡ ✐♥ t✐♠❡ ❢r♦♠ ✵ t♦ ❚✱ ❛❢t❡r ❡❧❡✈❛t✐♥❣ t♦ t❤❡

sq✉❛r❡✱ ❣❡tt✐♥❣✱ ❛❧s♦ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭❆✳✷✮✿

α2

∫ T

0
||ϕn − ϕ̄n||4H2(Ω) ≤ C4α2

∫ T

0
||∆ϕn||4 ≤ 2k1T + 2k1

∫ T

0
||∇µn||2 ≤ C(T ), ✭✸✳✹✸✮

✇❤❡r❡ C(T ) ❞❡♣❡♥❞s ♦♥ ❚ ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ✭❞✉❡ t♦ ✭✸✳✹✶✮✮✱ ❜✉t ♥♦t ♦♥ n✳ ❚❤✉s ✇❡ ❝❛♥ s❛②

||ϕn||L4(0,T ;V2) ≤ ||ϕn − ϕ̄n||L4(0,T ;V2) + ||ϕ̄0||L4(0,T ;V2) ≤ C̄(T ), ✭✸✳✹✹✮

✇✐t❤ C̄(T ) ❞❡♣❡♥❞❡♥t ♦♥ ✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ ❚✱ ❜✉t ♥♦t ♦♥ n✳ ❲❡ t❤❡♥ ✜♥❞ ❛♥ ❡st✐♠❛t❡ ❢♦r µ̄n✿

♠✉❧t✐♣❧②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❢♦r µn ❜② ϕn − ϕ̄n ❛❞ ✐♥t❡❣r❛t✐♥❣✱ ❛❢t❡r ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

❛♣♣❧②✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❣❡t

(µn, ϕn − ϕ̄n) = α||∇ϕn||2 + (F ′
λ(ϕn), ϕn − ϕ̄n)− α0(ϕn, ϕn − ϕ̄n).

❚❤❡♥ ✇❡ ♦❜t❛✐♥✱ s✐♥❝❡ (µ̄n, ϕn − ϕ̄n) = 0 ❛♥❞ ❛♣♣❧②✐♥❣ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭❆✳✶✮ ❢♦r ③❡r♦✲

✐♥t❡❣r❛❧✲♠❡❛♥ ❢✉♥❝t✐♦♥s ❛♥❞ ❛s ✉s✉❛❧ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✿

(F ′
λ(ϕn), ϕn − ϕ̄n) =(µn − µ̄n, ϕn − ϕ̄n)− α||∇ϕn||2 + α0(ϕn, ϕn − ϕ̄n)

≤ C2
0 (||∇µn|| ||∇ϕn||)− α||∇ϕn||2 + 2α0(||ϕn||2 + ||ϕn − ϕ̄n||2)

≤ C̃(1 + ||∇µn||)

❜② t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞s ♦♥ ϕn ✐♥ L∞(0, T, V ) ✭❛♥❞ ❜② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② s✐♥❝❡ ||ϕn−ϕ̄n|| ≤
C0||∇ϕn||✮✱ ✇❤❡r❡ C̃ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❈♦♥s✐❞❡r✐♥❣ ♥♦✇ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ µn✱ ✇❡ ♦❜t❛✐♥✱

s✐♥❝❡ (∆ϕn, 1) = 0 ❛♥❞ ❢r♦♠ ♣r♦♣❡rt② ✭✸✳✸✮ ♦❢ F ′
λ✿

|µ̄n| = | 1

|Ω|(µn, 1)| =
1

|Ω|

∫

Ω
|Ψ′

λ(ϕn)| ≤
1

|Ω|(
∫

Ω
|F ′

λ(ϕn)|+ α0

∫

Ω
|ϕn|)

≤ 1

|Ω|(
∫

Ω
|F ′

λ(ϕn)|+ α0

√

|Ω| ||ϕn||) ≤
1

|Ω|(C · |
∫

Ω
F ′
λ(ϕn)(ϕn − ϕ̄n)|+ C + C̄)

≤ Ĉ(1 + ||∇µn||)

✹✵



❞✉❡ t♦ t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞s ♦♥ F ′
λ ❛♥❞ ϕn✳ ❚❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ❡♥t❛✐❧ t❤❛t✱ ❞✉❡ t♦

P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭❆✳✶✮ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✿

||µn||2L2(0,T ;V ) ≤ 2

∫ T

0
||µn − µ̄n||2V + 2

∫ T

0
||µ̄n||2V

≤ 2C0

∫ T

0
||∇µn||2 + 4Ĉ2|Ω|2

∫ T

0
(1 + ||∇µn||2) ≤ K̄0, ✭✸✳✹✺✮

❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞ ♦♥ ||∇µn||✱ ✇❡ ❣❡t t❤❛t K̄0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❋r♦♠ t❤❡ ❡q✉❛t✐♦♥

❢♦r µn ✇❡ ❝❛♥ st✉❞②✱ ❢♦r ❢✉rt❤❡r ✉s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✭s✐♥❝❡ L4(0, T ;V2) →֒ L2(0, T ;V2)

❛♥❞ V →֒ H = L2(Ω) ❢♦r µn✮✿

∫ T

0
||F ′

λ(ϕn)||2 ≤ C

∫ T

0
{||µn||2 + ||∆ϕn||2 + ||ϕn||2} ≤ C̄ ✭✸✳✹✻✮

✇✐t❤ C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✱ ✐♠♣❧②✐♥❣ F ′
λ(ϕn) ∈ L2(0, T ;H)✳

❲❡ ❤❛✈❡ ♥♦✇ t♦ ❛❞❞r❡ss t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❲❡ st❛rt ❢r♦♠ t❤❡

t❡♠♣❡r❛t✉r❡ Θn✿ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

dΘn

dt
+ P̂ ∗

n(✉n · ∇Θn + Ā(Θn) +
dθg
dt

+ ✉n · ∇θg + Ā(θg)) = 0 ✐♥ V ′
θ ✭✸✳✹✼✮

✇❤❡r❡ P̂ ∗
n : V′

n → V ′
θ ✐s t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r P̂n✿ s✐♥❝❡ ||P̂n||L(Vθ,Vn) ≤ 1✱

❜❡✐♥❣ ❛ ♣r♦❥❡❝t♦r✱ ❛❧s♦ ||P̂ ∗
n ||L(V′

n,V
′

θ )
≤ 1 ❢♦r ❡✈❡r② n ≥ 1✱ ❛♥❞ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r Ā = Āϕn :

Vn → V
′
n✱ s✉❝❤ t❤❛t < Ā(Θn), ξ >= (κ∇Θn,∇ξ) ❢♦r ❡✈❡r② ξ ∈ Vn✳

❚❤❡♥ r❡❝❛❧❧✐♥❣ ❤②♣♦t❤❡s✐s ✭✶✳✻✮ ❢♦r κ✱ ✇❡ ❝❛♥ st❛rt ✇✐t❤

| < Ā(Θn), ξ > | ≤ k∗||∇Θn||||∇ξ||.

❙♦✱ ❜② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❝❛♥ s❛②

||P̂ ∗
n(Ā(Θn))||V ′

θ
≤ ||Ā(Θn)||V′

n
≤ k∗||∇Θn||. ✭✸✳✹✽✮

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ tr❛♥s♣♦rt t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✹✼✮✱ ❛♣♣❧②✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

❢♦r ❡✈❡r② ξ ∈ Vn✱ ❛♣♣❧②✐♥❣ ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t②

| < ✉n · ∇Θn, ξ > | = |(✉n · ∇Θn, ξ)| = | − (✉n · ∇ξ,Θn)| ≤ ||✉n||L4(Ω)||Θn||L4(Ω)||∇ξ||.

✹✶



❚❤✉s✱ ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❛♥❞ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭❆✳✶✳✹✮✱ ✇❡ ❣❡t

||P̂ ∗
n(✉n · ∇Θn)||V ′

θ
≤ ||✉n · ∇Θn||V′

n
≤ ||✉n||L4(Ω)||Θn||L4(Ω) ≤

1

2
(||✉n||2L4(Ω) + ||Θn||2L4(Ω))

≤ C

2
(||✉n|| ||∇✉n||+ ||✉n||2 + ||Θn|| ||∇Θn||+ ||Θn||2)

≤ C̄(1 + ||∇✉n||+ ||∇Θn||)

✇❤❡r❡✱ ❞✉❡ t♦ ✉♥✐❢♦r♠ ❜♦✉♥❞s ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡✮ ♦♥ ✉n ❛♥❞ Θn ✭s❡❡ ✭✸✳✸✼ ❛♥❞ ✭✸✳✸✽✮✮✱

C̄ ✐s ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ n✳

❋✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡

||P̂ ∗
n(Ā(θg))||V ′

θ
≤ ||Ā(θg)||V′

n
≤ k∗||∇θg|| ≤ C||g||1/2,∂Ω. ✭✸✳✹✾✮

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ tr❛♥s♣♦rt t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✹✼✮✿ ❢♦r ❡✈❡r② ξ ∈ Vn✱ ❛♣♣❧②✐♥❣

❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ Vθ →֒ L4(Ω)

| < ✉n · ∇θg, ξ > | = |(✉n · ∇θg, ξ)| ≤ ||✉n||L4(Ω) ||∇θg|| ||ξ||L4(Ω) ≤ C||✉n||L4(Ω) ||∇θg|| ||∇ξ||.

❚❤✉s✱ ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✸✳✷✹✮ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧✐❢t

♦♣❡r❛t♦r✬s ♣r♦♣❡rt✐❡s✱ ✇❡ ❣❡t

||P̂ ∗
n(✉n · ∇θg)||V ′

θ
≤ ||✉n · ∇θg||V′

n
≤ ||✉n||L4(Ω)||∇θg|| ≤ ||✉n||1/2||∇✉n||1/2||∇θg||

≤ C̄(||∇✉n||+ ||∇θg||2||✉n||) ≤ C(||∇✉n||+ ||∇θg||2),

s✐♥❝❡✱ ❜② ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ||✉n|| ≤ C✳

❚❤❡ ❧❛st ❡①tr❛ t❡r♠ t♦ ❜❡ ❡st✐♠❛t❡❞ ✐s t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ θg✿ s✐♥❝❡ ❜② P♦✐♥❝❛ré✬s

✐♥❡q✉❛❧✐t② | < ∂tθg, ξ > | ≤ ||∂tθg|| ||ξ|| ≤ C0||∂tθg|| ||∇ξ|| ❢♦r ❡✈❡r② ξ ∈ Vn✱

||P̂ ∗
n(∂tθg)||V ′

θ
≤ ||∂tθg||V′

n
≤ C0||∂tθg(t)|| ≤ C||∂tg||1/2,∂Ω

❜② t❤❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐❢t ♦♣❡r❛t♦r✳

❈♦♥s✐❞❡r✐♥❣ ❛❧s♦ t❤❡ ♦t❤❡r t❡r♠s ❛♥❞ t❤❡ ❧✐❢t ♦♣❡r❛t♦r ♣r♦♣❡rt✐❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ❡st✐♠❛t❡✿
∥

∥

∥

∥

dΘn

dt

∥

∥

∥

∥

V ′

θ

≤ C̄(1 + ||∇✉n||+ ||∇Θn||+ ||∇θg||2 + ||∂tg||1/2,∂Ω + ||g||1/2,∂Ω)

≤ C̄(1 + ||∇✉n||+ ||∇Θn||+ ||g(t)||21/2,∂Ω + ||∂tg||1/2,∂Ω + ||g(t)||1/2,∂Ω)

✹✷



t❤❡♥✱ ❜② ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✇❡ ♦❜t❛✐♥

∫ T

0

∥

∥

∥

∥

dΘn

dt

∥

∥

∥

∥

2

V ′

θ

≤ C̃

∫ T

0
(1 + ||∇✉n||2 + ||∇Θn||2 + ||g(t)||41/2,∂Ω + ||∂tg||21/2,∂Ω + ||g(t)||21/2,∂Ω)

≤ K(T )

s✐♥❝❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❜♦✉♥❞❡❞✱ ✐♥❞❡❡❞ g ∈ L4(0, T,H1/2(∂Ω)) →֒ L2(0, T,H1/2(∂Ω))✮

❛♥❞ ||✉n||L2(0,T ;❱σ) ≤ C̄✳ ❚❤❡ ❝♦♥st❛♥t K(T ) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t✳

❚❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❛t
dΘn

dt
∈ L2(0, T, V ′

θ ). ✭✸✳✺✵✮

❲❡ ♥♦✇ ♣❛ss t♦ ❝♦♥s✐❞❡r ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ϕn✳ ❲❡ ❝❛♥ r❡✇r✐t❡ ❡q✉❛t✐♦♥

✭✸✳✶✽✮ ❛s✿
dϕn

dt
+ P̃ ∗

n(✉n · ∇ϕn + Ã(µn)) = 0 ✐♥ V ′ ✭✸✳✺✶✮

✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❛s t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ❢♦r t❤❡ ♥♦r♠ ♦❢ t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧

♣r♦❥❡❝t♦r✳ ❙t❛rt✐♥❣ ❢r♦♠ Ã(µn) : Zn → Z
′
n s✉❝❤ t❤❛t < Ã(µn), ψ >= (∇µn,∇ψ) ❢♦r ❛♥②

ψ ∈ Zn✿

| < Ã(µn), ψ > | ≤ ||∇µn|| ||∇ψ|| ≤ ||∇µn|| ||ψ||H1 ,

t❤✉s ✇❡ ❣❡t

||P̃ ∗
n(Ã(µn))||V ′ ≤ ||Ã(µn)||Z′

n
≤ ||∇µn||. ✭✸✳✺✷✮

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ tr❛♥s♣♦rt t❡r♠✿ ❛s ❜❡❢♦r❡ ✇❡ ❤❛✈❡✱ ❛♣♣❧②✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣

V = H1(Ω) →֒ L4(Ω) ❛♥❞ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❢♦r ✈❡❧♦❝✐t② ✜❡❧❞

| < ✉n · ∇ϕn, ψ > | = |(✉n · ∇ϕn, ψ)| = | − (✉n · ∇ψ, ϕn)| ≤ ||✉n||L4(Ω)||ϕn||L4(Ω)||∇ψ||

≤ C2||✉n||V ||ϕn||V ||ψ||V ≤ C2
√

C2
0 + 1||∇✉n|| ||ϕn||V ||ψ||V ,

❡♥t❛✐❧✐♥❣

||P̃ ∗
n(✉n · ∇ϕn)||V ′ ≤ ||✉n · ∇ϕn||Z′

n
≤ Ĉ||∇✉n||

❜② ✉s✐♥❣ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞ ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡✮ ♦♥ ||ϕn||V ♦❜t❛✐♥❡❞ ❜❡❢♦r❡✿ Ĉ ✐s ✐♥❞❡✲

♣❡♥❞❡♥t ♦❢ n ✭❛♥❞ t ❛s ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❝♦♥st❛♥ts✮✳ ❙♦ ✇❡ ❝❛♥ ✜♥❞ ❛ ❝♦♥str❛✐♥t ❢♦r t❤❡

✹✸



❛❢♦r❡♠❡♥t✐♦♥❡❞ t✐♠❡ ❞❡r✐✈❛t✐✈❡✿

∥

∥

∥

∥

dϕn

dt

∥

∥

∥

∥

V ′

≤ Ĉ||∇✉n||+ ||∇µn||;

❛♣♣❧②✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ✇❡ ❣❡t

∫ T

0

∥

∥

∥

∥

dϕn

dt

∥

∥

∥

∥

2

V ′

≤ 2Ĉ2

∫ T

0
||∇✉n||2 + 2

∫ T

0
||∇µn||2 ≤ K̄, ✭✸✳✺✸✮

❞✉❡ t♦ t❤❡ ❡st✐♠❛t❡s ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞ ❢♦r t❤❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✭❛s ✉s✉❛❧ K̄

❞❡♣❡♥❞s ♦♥❧② ♦♥ ✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ ❛t ♠♦st ❚ ❜✉t ♥♦t ♦♥ n✮✳ ❙♦✱ ❢♦r ❡✈❡r② 0 < T < +∞
∥

∥

∥

∥

dϕn

dt

∥

∥

∥

∥

L2(0,T ;V ′)

≤
√

K̄. ✭✸✳✺✹✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ❡st✐♠❛t❡s ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ✈❡❧♦❝✐t② ✜❡❧❞✿ ❡q✉❛t✐♦♥

✭✸✳✶✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

d✉n
dt

+ P ∗
n(B(✉n,✉n) +A(✉n) + ϕn∇µn −Θn❡2 − θg❡2) = 0 ✐♥ ❱′

σ, ✭✸✳✺✺✮

✇❤❡r❡ A = Aϕn,θn : Wn ⊂ ❱σ → W
′
n s✉❝❤ t❤❛t < A(✉n),✇ >= (ν∇✉n,∇✇) ❢♦r ❡✈❡r②

✇ ∈ Wn ❛♥❞ B : Wn × Wn → W
′
n✱ s✉❝❤ t❤❛t < B(✉n,✉n),✇ >= b(✉n,✉n,✇) ❢♦r ❡✈❡r②

✇ ∈ Wn✳ ◆♦✇✱ ✇❡ ❤❛✈❡✱ r❡❝❛❧❧✐♥❣ ❤②♣♦t❤❡s✐s ✭✶✳✺✮ ❢♦r ν✱

| < A(✉n,✇) > | ≤ ν∗||∇✉n|| ||∇✇||

s♦ t❤❛t✱ ❜② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❛♥❞✱ ❛s ✉s✉❛❧✱ t❤❡ ♣r♦♣❡rt② ♦❢ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r Pn

||P ∗
nA(✉n)||❱′

σ
≤ ||A(✉n)||W′

n
≤ ν∗||∇✉n||. ✭✸✳✺✻✮

❆❧s♦ ❢♦r B ✇❡ ♦❜t❛✐♥✱ ❢r♦♠ ✭❆✳✻✮ ❛♥❞ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭C0 ✐s t❤❡ P♦✐♥❝❛ré✬s ❝♦♥st❛♥t✮✱

❢♦r ❛♥② ✇ ∈ Wn

| < B(✉n,✉n),✇ > | ≤ ||✉n||
1

2 ||✉n||
1

2

1 ||✉n||
1

2 ||✉n||
1

2

1 ||✇||1 ≤ C (C2
0 +1)

3

4 ||∇✉n|| ||✉n|| ||∇✇||

s♦ t❤❛t ❛❧✇❛②s ❜② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❢r♦♠ ♣r❡✈✐♦✉s ❜♦✉♥❞s ♦♥ ✉n ✐♥ L∞(0, T ;❍σ)✿

||P ∗
n(B(✉n,✉n))||❱′

σ
≤ ||B(✉n,✉n)||❲′

n
≤ C (C2

0 + 1)
3

4 ||✉n|| ||∇✉n|| ≤ C̄ ||∇✉n||, ✭✸✳✺✼✮

✹✹



✇✐t❤ C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ❛♥❞ n✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥②✇ ∈❲n✱ ✉s✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣

V →֒ L4(Ω) ❛♥❞ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❢♦r ✇✱

| < ϕn∇µn,✇ > | = |(ϕn∇µn,✇)| ≤ ||ϕn||L4(Ω)||∇µn|| ||✇||L4(Ω) ≤ C̃||ϕn||V ||∇µn|| ||∇✇||

s♦ t❤❛t✱ ❜② t❤❡ ❜♦✉♥❞ ♦♥ ϕn ✐♥ L∞(0, T ;V )

||P ∗
n(ϕn∇µn)||❱′

σ
≤ ||ϕn∇µn||W′

n
≤ C̃||ϕn||V ||∇µn|| ≤ C̄||∇µn|| ✭✸✳✺✽✮

✇✐t❤ C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t✳

❲❡ ❛r❡ ❧❡❢t t♦ ❝♦♥s✐❞❡r ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ t❡r♠s ♦❢ t❡♠♣❡r❛t✉r❡ ✐♥ ✭✸✳✺✺✮✿ ❢♦r ❡✈❡r②

✇ ∈ Wn✱ ❜② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t②

| < Θn❡2,✇ > | = |(Θn, ❡2 ·✇)| ≤ ||Θn|| ||✇|| ≤ C0 ||Θn|| ||∇✇||;

t❤❡r❡❢♦r❡ ✇❡ ❣❡t✱ ❜② t❤❡ ❡st✐♠❛t❡ ♦♥ Θn ✐♥ L∞(0, T ;H)

||P ∗
n(Θn❡2)||❱′

σ
≤ ||Θn❡2||W′

n
≤ C0||Θn|| ≤ C̄ ✭✸✳✺✾✮

✇✐t❤ C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ❛♥❞ n✳

❲❡ ❤❛✈❡ ♥♦✇ t♦ ❝♦♥s✐❞❡r t❤❡ ❧❛st r❡♠❛✐♥✐♥❣ t❡r♠✿ ❢♦r ❡✈❡r② ✇ ∈ Wn✱ ❜② P♦✐♥❝❛ré✬s

✐♥❡q✉❛❧✐t②

| < −θg❡2,✇ > | = |(θg, ❡2 ·✇)| ≤ ||θg|| ||✇|| ≤ C0 ||θg|| ||∇✇||.

❚❤❡r❡❢♦r❡ ✇❡ ❣❡t✱ ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ❧✐❢t ♦♣❡r❛t♦r✬s ♣r♦♣❡rt✐❡s✿

||P ∗
n(θg❡2)||❱′

σ
≤ ||θg❡2||W′

n
≤ C0||θg|| ≤ C||θg||1 ≤ C̃||g(t)||1/2,∂Ω ✭✸✳✻✵✮

✇✐t❤ C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ❛♥❞ n✳

❙✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ g ∈ L4(0, T,H1/2(∂Ω)) →֒ L2(0, T,H1/2(∂Ω)) ✇❡ ❞♦ ♥♦t s♣♦✐❧

t❤❡ ❡st✐♠❛t❡ ♦♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ✇❡ ❝❛♥ t❤❡♥ ❝♦♥❝❧✉❞❡ t❤❛t
∥

∥

∥

∥

d✉n
dt

∥

∥

∥

∥

❱
′

σ

≤ (ν∗ + C̄)||∇✉n||+ C̄||∇µn||+ C̃||g(t)||1/2,∂Ω + C̄

✇❤✐❝❤ ❡♥t❛✐❧s✱ ❜② ❛♣♣❧②✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s

♦❜t❛✐♥❡❞ ❜♦✉♥❞s✱ t❤❛t✿
∫ T

0

∥

∥

∥

∥

d✉n
dt

∥

∥

∥

∥

2

❱
′

σ

≤ K(

∫ T

0
||∇✉n||2 +

∫ T

0
||∇µn||2 +

∫ T

0
||g(t)||21/2,∂Ω + T ) ≤ K̄

✹✺



✇✐t❤ K̄ = K̄(T ) ❣❡♥❡r✐❝ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t✳

❚❤✉s ✇❡ ❤❛✈❡✿
∥

∥

∥

∥

d✉n
dt

∥

∥

∥

∥

L2(0,T ;❱′

σ)

≤
√

K̄ ✭✸✳✻✶✮

❲❡ ❛r❡ r❡❛❞② t♦ ❞♦ t❤❡ ❧❛st st❡♣ t♦ ❝♦♥❝❧✉❞❡ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ❋r♦♠ ❛❧❧ t❤❡

❡st✐♠❛t❡s ❛❜♦✈❡✱ ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s❡q✉❡♥❝❡s ✉n, ϕn, µn, Θn

❛r❡ ❜♦✉♥❞❡❞ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ n✿ t❤✉s✱ ❜② ♣r♦♣❡rt✐❡s ♦❢ r❡✢❡①✐✈❡

s♣❛❝❡s ✭❛♣❛rt ❢r♦♠ t❤❡ ❝❛s❡s L∞(0, T ;X)✱ ✇✐t❤ X ❣❡♥❡r❛❧ ❍✐❧❜❡rt s♣❛❝❡✱ ❢♦r ✇❤✐❝❤ ✇❡ ❛♣♣❧②

t❤❡ ❇❛♥❛❝❤✲❆❧❛♦❣❧✉ t❤❡♦r❡♠✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡s✱ ✉♣ t♦ ♥♦♥ r❡❧❛❜❡❧❡❞

s✉❜s❡q✉❡♥❝❡s✿ ❢♦r ❛♥② 0 ≤ T <∞

✉n
∗
⇀ ✉ ✐♥ L∞(0, T ;❍σ) ✭✸✳✻✷✮

✉n ⇀ ✉ ✐♥ L2(0, T ;❱σ) ✭✸✳✻✸✮

d✉n
dt

⇀
d✉

dt
✐♥ L2(0, T ;❱′

σ) ✭✸✳✻✹✮

ϕn
∗
⇀ ϕ ✐♥ L∞(0, T ;H) ✭✸✳✻✺✮

ϕn ⇀ ϕ ✐♥ L4(0, T ;V2) ✭✸✳✻✻✮

dϕn

dt
⇀

dϕn

dt
✐♥ L2(0, T ;V ′) ✭✸✳✻✼✮

µn ⇀ µ ✐♥ L2(0, T ;V ) ✭✸✳✻✽✮

Θn
∗
⇀ Θ ✐♥ L∞(0, T ;H) ✭✸✳✻✾✮

Θn ⇀ Θ ✐♥ L2(0, T ;Vθ) ✭✸✳✼✵✮

✹✻



dΘn

dt
⇀

dΘ

dt
✐♥ L2(0, T ;V ′

θ ) ✭✸✳✼✶✮

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t✐♠❡ ❞❡r✐✈❛t✐✈❡ t♦ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✇❡❛❦

❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❡❛s✐❧② ♣r♦✈❡♥ ❜② ♠❡❛♥s ♦❢ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✐♥

t✐♠❡ ❛♥❞ ❞✉❡ t♦ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❧✐♠✐t ✐♥ ❞✐str✐❜✉t✐♦♥ ✇❡ ❣❡t t❤❡ r❡s✉❧t ✭s❡❡✱ ❡✳❣✳✱ ❬✺✽❪✮✳

❯♥✐q✉❡♥❡ss ♦❢ ❧✐♠✐t ❣✉❛r❛♥t❡❡s ❛❧s♦ t❤❛t ❛❧❧ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s ✐♥ ❞✐✛❡r❡♥t s♣❛❝❡s ❛r❡ t♦

t❤❡ s❛♠❡ ❧✐♠✐t✳

❲❡ ♥♦t✐❝❡ t❤❛t✱ ❞❡✜♥✐♥❣ θ = Θ+ θg✱ t❤❡ s♦❧✉t✐♦♥ (✉, ϕ, θ) ❤❛s t❤❡ r❡q✉✐r❡❞ r❡❣✉❧❛r✐t②✱

s✐♥❝❡✱ ❜② t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡s✱

✉ ∈ L∞(0, T ;❍σ) ∩ L2(0, T ;❱σ) ❛♥❞ ∂t✉ ∈ L2(0, T ;❱′
σ),

ϕ ∈ L∞(0, T ;V ) ∩ L4(0, T ;V2) ❛♥❞ ∂tϕ ∈ L2(0, T ;V ′),

θ ∈ L∞(0, T ;H) ∩ L2(0, T ;V ) ❛♥❞ ∂tθ ∈ L2(0, T ;V ′
θ + V ′),

❛♥❞ t❤❡ ❜♦✉♥❞s ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠s ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ s❡q✉❡♥❝❡s✱

t❤✉s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ T ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳ ❲❡ r❡❝❛❧❧ t❤❛t V ′
θ = H−1(Ω) ❛♥❞ ❛♥ ❡❧❡♠❡♥t

♦❢ V ′ ❝❛♥ ❜❡ s❡❡♥✱ ❜② r❡str✐❝t✐♦♥ ♦♥ Vθ✱ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ V ′
θ ❀ t❤✉s ✇❡ ❤❛✈❡

∂tθ ∈ L2(0, T ;V ′
θ ).

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ st❡♣ ✐s ♥♦✇ t♦ ❞❡r✐✈❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡s ✐♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❢♦r

t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠s ✐♥ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥ ✐s ✐♥❞❡❡❞ ❛ r❡❛❧

✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠✿ ✇❡ ❡①♣❧♦✐t ❚❤❡♦r❡♠ ❆✳✷✳✶✿ s✐♥❝❡ ❱σ →֒ ❍σ ≡ ❍′
σ →֒ ❱′

σ

❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s✱ ✉♣ t♦ ❛ ♥♦♥ r❡❧❛❜❡❧❡❞ s✉❜s❡q✉❡♥❝❡ ✭❢✉rt❤❡r♠♦r❡✱ str♦♥❣

❝♦♥✈❡r❣❡♥❝❡ ✐♠♣❧✐❡s ❝♦♥✈❡r❣❡♥❝❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✉♣ t♦ ❛♥♦t❤❡r s✉❜s❡q✉❡♥❝❡✮✱ ✇❡ ❣❡t

✉n → ✉ ✐♥ L2(0, T ;❍σ) ❛♥❞ ❛✳❡✳ ✐♥ Ω× (0, T ). ✭✸✳✼✷✮

❆❧s♦✱ s✐♥❝❡ V →֒ H ≡ H ′ →֒ V ′ ❛♥❞ s✐♥❝❡ L4(0, T ;V2) →֒ L2(0, T ;V2) →֒ L2(0, T, V )✱ ❛

❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ L4(0, T ;V2) ✐s ❛❧s♦ ❜♦✉♥❞❡❞ ✐♥ L2(0, T, V ) ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❜②

❝♦♠♣❛❝t♥❡ss t❤❛t

ϕn → ϕ ✐♥ L2(0, T ;H) ❛♥❞ ❛✳❡✳ ✐♥ Ω× (0, T ). ✭✸✳✼✸✮

✹✼



■♥ ❝♦♥❝❧✉s✐♦♥✱ s✐♥❝❡ Vθ →֒ H ≡ H ′ →֒ V ′
θ ✇❡ ❞❡❞✉❝❡✱ ❜② t❤❡ s❛♠❡ ❚❤❡♦r❡♠ ❆✳✷✳✶✱ t❤❛t

Θn → Θ ✐♥ L2(0, T ;H) ❛♥❞ ❛✳❡✳ ✐♥ Ω× (0, T ). ✭✸✳✼✹✮

❇② st❛♥❞❛r❞ ❛r❣✉♠❡♥t ✇❡ ❝❛♥ ♥♦✇ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡

♣r♦❜❧❡♠❀ ✇❡ st❛rt ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✼✮✿ ♠✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ ❜② ω ∈ C∞
0 (0, T ) ❛♥❞ ✐♥t❡❣r❛t❡

✐♥ t✐♠❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ❚✳ ❲❡ ♦❜t❛✐♥✱ ✜①✐♥❣ nk ≤ n

∫ T

0
(< ✉̇n,✇ > +b(✉n,✉n,✇) + (ν∇✉n,∇✇) + (ϕn∇µn,✇)− (Θn + θg, ❡2 ·✇))ω(t) = 0

∀✇ ∈ Wnk
.

❊①♣❧♦✐t✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ❛❧r❡❛❞② s❤♦✇♥✱ ❛s ❞♦♥❡✱ ❡✳❣✳✱ ✐♥ ❬✶✽❪ ❛♥❞ ❜② t❤❡ ❞❡♥s✐t② ♦❢

{Wnk
}nk≥1 ✐♥ ❱σ✱ ❡q✉❛t✐♦♥ ✭✸✳✶✼✮ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❞❡s✐r❡❞ ✇❡❛❦ ❢♦r♠✿

∫ T

0
(< ✉̇,✇ > +b(✉,✉,✇) + (ν∇✉,∇✇) + (ϕ∇µ,✇)− (θ, ❡2 ·✇))ω(t) = 0

∀✇ ∈ ❱σ.

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✶✽✮✿ ♠✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ ❜② χ ∈ C∞
0 (0, T ) ❛♥❞

✐♥t❡❣r❛t❡ ✐♥ t✐♠❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ❚✱ ❧❡tt✐♥❣ nk ≤ n✳ ❲❡ ♦❜t❛✐♥

∫ T

0
(< ∂tϕn, v > +(∇µn,∇v) + (✉n · ∇ϕn, v))χ(t) = 0 ∀v ∈ Znk

. ✭✸✳✼✺✮

❆❣❛✐♥✱ ❜② t❤❡ ❞❡♥s✐t② ♦❢ {Znk
}nk≥1 ✐♥ V ✱ ❛s n→ ∞ t❤❡ ❡♥t✐r❡ ❡q✉❛t✐♦♥ ✭✸✳✼✺✮ ❝♦♥✈❡r❣❡s ❛s

❡①♣❡❝t❡❞ t♦

∫ T

0
(< ∂tϕ, v > +(∇µ,∇v) + (✉ · ∇ϕ, v))χ(t) = 0 ∀v ∈ V. ✭✸✳✼✻✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❛r❡ ❧❡❢t t♦ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✱ ✭✸✳✶✾✮✿ ♠✉❧t✐♣❧② t❤❡

❡q✉❛t✐♦♥ ❜② ψ ∈ C∞
0 (0, T ) ❛♥❞ ✐♥t❡❣r❛t❡ ✐♥ t✐♠❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ❚✱ ❧❡tt✐♥❣ nk ≤ n✳ ❲❡

♦❜t❛✐♥

∫ T

0
(< ∂tΘn, ξ > +(κ∇Θn,∇ξ)

+ (✉n · ∇Θn, ξ)+ < ∂tθg, ξ > +κ(∇θg,∇ξ) + (✉n · ∇θg, ξ))ψ(t) = 0 ∀ξ ∈ Vnk
.

✹✽



❉❡✜♥✐♥❣ θ = Θ + θg✱ ❜② t❤❡ ❞❡♥s✐t② ♦❢ {Vnk
}nk≥1 ✐♥ Vθ✱ ❛❧s♦ t❤✐s ❡q✉❛t✐♦♥✱ ❛s n → +∞✱

❝♦♥✈❡r❣❡s t♦

∫ T

0
(< ∂tθ, ξ > +(κ∇θ,∇ξ) + (✉n · ∇θ, ξ))ψ(t) = 0 ∀ξ ∈ Vθ.

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♣♦ss✐❜❧❡ ❞✉❡ t♦ t❤❡ str♦♥❣ ✭❛♥❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✮ ❝♦♥✲

✈❡r❣❡♥❝❡s ✭✸✳✼✹✮ ❛♥❞ ✭✸✳✼✸✮ t♦ Θ✱ ❛♥❞ t❤✉s θ = Θ + θg✱ ❛♥❞ ♦❢ ϕ✳ ■♥❞❡❡❞✱ s✐♥❝❡ κ ❛♥❞

ν ❛r❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✱ s♦ t❤❡② ❛r❡ ❝♦♥t✐♥✉♦✉s✱ ✇❡ ❝❛♥ r❡❛❝❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡

ν(ϕn, θn) → ν(ϕ, θ) ❛✳❡✳ ✐♥ Ω× (0, T ) ❛♥❞ κ(θn) → κ(θ) ❛✳❡✳ ✐♥ Ω× (0, T ) ❛♥❞ t❤❡♥ ❡①♣❧♦✐t✱

❡✳❣✳✱ ▲❡❜❡s❣✉❡ ❚❤❡♦r❡♠ t♦ r❡❛❝❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧s ✐♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✳

❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ κ ✇❡ ♦❜t❛✐♥✱ ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❡q✉❛t✐♦♥✱

|
∫ T

0
(κ(θn)∇Θn,∇ξ)Ψ(t)− (κ(θ)∇Θ,∇ξ)Ψ(t)dt|

≤
∫ T

0

∫

Ω
|κ(θn)∇Θn · ∇ξ − κ(θn)∇Θ · ∇ξ| |Ψ(t)|dxdt

+

∫ T

0

∫

Ω
|κ(θn)∇Θ · ∇ξ − κ(θ)∇Θ · ∇ξ| |Ψ(t)|dxdt

❛♥❞ t❤❡ ✜rst t❡r♠ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ s✐♥❝❡ κ(θn) ≤ k∗ ❛♥❞ Θn ⇀ Θ✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♦♥❡

❝♦♥✈❡r❣❡s ❜② ▲❡❜❡s❣✉❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✳ ❚❤❡ s❛♠❡ ❣♦❡s ❢♦r t❤❡ ❦✐♥❡♠❛t✐❝

✈✐s❝♦s✐t② ν ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r ✈❡❧♦❝✐t②✳

❇② t❤❡ ❛r❜✐tr❛r✐♥❡ss ♦❢ ω, χ, ψ✱ s✐♥❝❡ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❦✐♥❞ Φ(t, x) =
N
∑

k=1

ηk(t)ψk(x)✱ ✇❤❡r❡ N ✐s ❛♥ ✐♥t❡❣❡r✱ ηk(t) ∈ C∞
0 (0, T ) ❛♥❞ ψk ∈ S✱ ✇✐t❤ S = ❱σ, V, Vθ

r❡s♣❡❝t✐✈❡❧②✱ ✐s ❞❡♥s❡ ✐♥ C0
0 ((0, T );S)✱ t❤✉s ✐♥ L2(0, T ;S) ✭s❡❡ ❬✶✽❪✱ ❈❤❛♣✳ ❱✱ ❙❡❝s✳ ✶✲✷✱ ♦r

❬✹✸❪✱ ❈❤❛♣✳ ✼✱ ❙❡❝✳ ✼✳✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✉, ϕ, µ, θ s❛t✐s❢②✿

∫ T

0
< ∂t✉,✇ > dt+

∫ T

0
b(✉,✉,✇) +

∫ T

0
(ν∇✉,∇✇)dt

= −
∫ T

0
(ϕ∇µ,✇)dt+

∫ T

0
(θ, ❡2 ·✇)dt ∀✇ ∈ L2(0, T ;❱σ) ✭✸✳✼✼✮

∫ T

0
< ∂tϕ, v > dt+

∫ T

0
(∇µ,∇v)dt+

∫ T

0
(✉ · ∇ϕ, v)dt = 0 ∀v ∈ L2(0, T ;V ) ✭✸✳✼✽✮

∫ T

0
< ∂tθ, ξ > dt+

∫ T

0
(κ∇θ,∇ξ)dt+

∫ T

0
(✉ · ∇θ, ξ)dt = 0 ∀ξ ∈ L2(0, T ;Vθ). ✭✸✳✼✾✮

✹✾



❚❤❡♥✱ ❜② ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ✭s❡❡✱ ❡✳❣✳✱ ❬✶✽❪ ♦r ❬✾✸❪✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✉, ϕ, µ, θ s❛t✐s❢②✿

< ∂t✉,✇ > +b(✉,✉,✇) + (ν∇✉,∇✇) = −(ϕ∇µ,✇) + (θ, ❡2 ·✇) ∀✇ ∈ ❱σ ✭✸✳✽✵✮

< ∂tϕ, v > +(∇µ,∇v) + (✉ · ∇ϕ, v) = 0 ∀v ∈ V ✭✸✳✽✶✮

< ∂tθ, ξ > +(κ∇θ,∇ξ) + (✉ · ∇θ, ξ) = 0 ∀ξ ∈ Vθ. ✭✸✳✽✷✮

❙✐♥❝❡ ϕ ∈ L2(0, T ;V2)✱ ✇❡ ❤❛✈❡ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥s✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❤❛t

∂♥ϕ ∈ H1/2(∂Ω) ❛♥❞ ∂♥ϕ = 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ ∂Ω× (0, T )✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ❢♦r µ✿ ✇❡ ♠✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ ❜② χ ∈ C∞
0 (0, T )✱ t❡st

❛❣❛✐♥st v ∈ Zn ❛♥❞ ✐♥t❡❣r❛t❡ ❜② ♣❛rts ✐♥ t✐♠❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ❚✱ ♦❜t❛✐♥✐♥❣

∫ T

0
(µn, v)χ(t) =

∫ T

0
(α∇ϕn,∇v)χ(t) +

∫ T

0
(F ′

λ(ϕn), v)χ(t)−
∫ T

0
(α0ϕn, v)χ(t). ✭✸✳✽✸✮

❙✐♥❝❡ ϕn → ϕ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ Ω× (0, T )✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ Fλ ✇❡ ❤❛✈❡ ❛❧s♦ F ′
λ(ϕn) →

F ′
λ(ϕ) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ Ω× (0, T )✳ ❇✉t ❢r♦♠ ✭✸✳✹✻✮ ✇❡ ❦♥♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ Fλ(ϕn)

✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(0, T ;H) ≈ L2(Ω × (0, T ))✱ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ✇❡❛❦

▲❡❜❡s❣✉❡ ❚❤❡♦r❡♠ ❆✳✶✳✽ t♦ ❣❡t t❤❛t F ′
λ(ϕn)⇀ F ′

λ(ϕ) ✐♥ L
2(0, T ;H)✳ ❲❡ ❝❛♥ t❤❡♥ ♣❛ss t♦

t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✽✸✮✱ ❛s ❞♦♥❡ ❛❜♦✈❡✱ ❛♥❞ t❤❡♥ ❜② t❤❡ ❛r❜✐tr❛r✐♥❡ss ♦❢ χ(t) ❛♥❞ ❜②

❞❡♥s✐t② ♦❢ {Zn}n≥1 ✐♥ H✿

(µ, v) = (−α∆ϕ, v) + (F ′
λ(ϕ), v)− (α0ϕ, v) ∀v ∈ H ❢♦r ❛✳❛✳ t ∈ (0, T ) ✭✸✳✽✹✮

✇❤❡r❡ ✇❡ ❝♦✉❧❞ ✐♥t❡❣r❛t❡ ❜② ♣❛rts s✐♥❝❡ ϕ ∈ V2 ❢♦r ❛❧♠♦st ❛♥② t ∈ (0, T ) ❛♥❞ t❤❡♥✱ s✐♥❝❡ t❤❡

❡q✉❛❧✐t② ❤♦❧❞s ∀v ∈ H ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r t❡r♠s ❜❡❧♦♥❣ ❛t ❧❡❛st t♦ H ❢♦r ❛❧♠♦st ❛♥② t ∈ (0, T )✱

µ = −α∆ϕ+Ψ′
λ(ϕ) ❛✳❡✳ ✐♥ Ω× (0, T ). ✭✸✳✽✺✮

■♥ ❝♦♥❝❧✉s✐♦♥ ✇❡ ❛r❡ ❧❡❢t t♦ st✉❞② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳

❋✐rst ♦❢ ❛❧❧✱ ❞✉❡ t♦ t❤❡ ❡♠❜❡❞❞✐♥❣s ♦❢ ▲✐♦♥s✲▼❛❣❡♥❡s ▲❡♠♠❛ ❆✳✷✳✷✱ ✇❡ ♦❜t❛✐♥ t❤❛t

t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ r❡❛❝❤❡❞ ✐♥ t❤❡ str♦♥❣ L2 s❡♥s❡✿

lim
t→0

||✉(t)−✉(0)|| = 0 lim
t→0

||ϕ(t)−ϕ(0)|| = 0 lim
t→0

||θ(t)−θ(0)|| = 0. ✭✸✳✽✻✮

✺✵



■♥❞❡❡❞✱ ✉ ∈ C([0, T ],❍σ)✱ ϕ ∈ C([0, T ], H) ❛♥❞ θ ∈ C([0, T ], H) ❜② ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣s

♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❧❡♠♠❛✳ ❲❡ ♥♦✇ st✉❞② t❤❡ ✈❛❧✉❡ ♦❢ s✉❝❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿ s✐♥❝❡ t❤❡

♠❡t❤♦❞ ✐s t❤❡ s❛♠❡ ❢♦r t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❛♥❛❧②③❡ ♦♥❧② ♦♥❡ ♦❢ t❤❡♠✱ ❢♦r ❡①❛♠♣❧❡ t❤❡

♦♥❡ ❢♦r t❡♠♣❡r❛t✉r❡✳ ▼✉❧t✐♣❧② ❡q✉❛t✐♦♥ ✭✸✳✽✷✮ ❜② χ(t) ∈ C1([0, T ]) s✉❝❤ t❤❛t χ(0) = 1 ❛♥❞

χ(T ) = 0✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ✐♥ ✭✵✱❚✮ ❛♥❞ ❛♣♣❧② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✭▲❡♠♠❛ ❆✳✷✳✷✮✱ ✇❡

❣❡t✿
∫ T

0
{−(Θ(t) + θg(t), ξ)χ̇(t) + (κ∇Θ+∇θg(t),∇ξ)χ(t) + (✉ · (∇Θ(t) +∇θg(t)), ξ)χ(t)}

= (Θ(0) + θg(0), ξ) ∀ξ ∈ Vθ.

❲❡ ♥♦✇ r❡❝❛❧❧ t❤❛t t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ✭✸✳✶✾✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
∫ T

0
(∂tΘn + ∂tθg, ξ(t)) + (κ∇Θn + ∇θg,∇ξ(t)) + (✉n · (∇Θn + ∇θg), ξ(t)) = 0 ∀ξ ∈

L2(0, T ;Vn)✳ ❚❤✉s ✇❡ ♦❜t❛✐♥✱ ❢r♦♠ ✭✸✳✶✾✮ ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ ✇✐t❤ χ(t)ξ ❛s t❡st

❢✉♥❝t✐♦♥✱ t❤❛t
∫ T

0
{−(Θn(t) + θg(t), ξ)χ̇(t) + (κ∇Θn(t) +∇θg(t),∇ξ)χ(t) + (✉ · (∇Θn(t) +∇θg(t)), ξ)χ(t)}

= (P̂n(Θ0) + θg(0), ξ) ∀ξ ∈ Vnk
.

❆s ❞♦♥❡ ❜❡❢♦r❡✱ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ t❤❡♥ ❜② ❞❡♥s✐t② ♦❢

{Vnk
}nk≥1 ✐♥ Vθ ✇❡ ♦❜t❛✐♥

∫ T

0
{−(Θ(t) + θg(t), ξ)χ̇(t) + (κ∇Θ+∇θg(t),∇ξ)χ(t) + (✉ · (∇Θ(t) +∇θg(t)), ξ)χ(t)}

= (Θ0 + θg(0), ξ) ∀ξ ∈ Vθ

s✐♥❝❡ P̂n ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r ❛♥❞ t❤✉s✿

(P̂n(Θ0), ξ) → (Θ0, ξ) ❢♦r n→ ∞.

❈♦♠♣❛r✐♥❣ t❤❡ t✇♦ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❛t (Θ0, ξ) = (Θ(0), ξ) ∀ξ ∈ Vθ✱ ✇❤✐❝❤ ❜② ❞❡♥s✐t②

♦❢ Vθ ✐♥ H ✐♠♣❧✐❡s t❤❛t

(Θ0, ξ) = (Θ(0), ξ) ∀ξ ∈ H.

❚❤❡♥✱ ✇❡ ❣❡t Θ(0) = Θ0 ❛✳❡ ✐♥ Ω✱ ✐✳❡✳✱ s✐♥❝❡ Θ(0) = θ(0)− θg(0) = Θ0 = θ0 − θg(0)✱

θ(0) = θ0 ❛✳❡✳ ✐♥ Ω.

✺✶



❲✐t❤ ❛♥ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥t✱ ✇❡ ❣❡t ✉(0) = ✉0 ❛♥❞ ϕ(0) = ϕ0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω✱

❛♥❞ t❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r ❛♥② Ψλ✱ ✇✐t❤ λ ∈ (0, λ̄]✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ❛❣❛✐♥ ✉λ, ϕλ, µλ,Θλ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡

s✉❜st✐t✉t✐♦♥ ♦❢ Ψ ✇✐t❤ Ψλ✱ t❤✉s ❞❡♣❡♥❞✐♥❣ ♦♥ λ✳

✸✳✸✳✷ ❈♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠

◆♦✇ ✇❡ ♥❡❡❞ t♦ ✜♥❞ ❢✉rt❤❡r ❡st✐♠❛t❡s ✐♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❛s λ ❣♦❡s t♦ 0 ✭✉♣ t♦ ❛

s✉❜s❡q✉❡♥❝❡✮✳ ❆♥❛❧②③✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ ✇❡ s❡❡ t❤❛t t❤❡ ♦♥❧② ♣❛rt ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ❛

❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ λ ✐s ✐♥ t❤❡ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❡♥❡r❣② En(0) ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✸✸✮✱

t❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❝❤❛♥❣❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤✐s t❡r♠ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ ♦t❤❡r ❜♦✉♥❞s ❛s

✈❛❧✐❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ λ ✐ts❡❧❢✳ Pr♦❝❡❡❞✐♥❣ ❛s ❛❧r❡❛❞② ❞♦♥❡✱ ✇❡ r❡❛❝❤✱ ❝❤❛♥❣✐♥❣ s✉❜s❝r✐♣t n

✇✐t❤ λ✿ Eλ(t) =
1

2
||✉λ||2 +

1

2
||Θλ||2 +

α

2
||∇ϕλ||2 +

∫

Ω
(Ψλ(ϕλ) + Ĉ) ❛♥❞ ✇❡ ❤❛✈❡✱ ❡①❛❝t❧② ❛s

❜❡❢♦r❡✱

d

dt
{Eλ(t)}+Dλ(t) ≤ C̄||✉λ||2 +

1

2
||g(t)||21/2,∂Ω + C̃||∂tg(t)||21/2,∂Ω

+ C̄||g(t)||21/2,∂Ω + C̄||✉λ||2||g(t)||41/2,∂Ω,

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t

Dλ(t) = ||∇µλ||2 +
ν∗
2
||∇✉λ||2 +

k∗
2
||∇Θλ||2.

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❝❤❛♥❣✐♥❣ t❤❡ ❝♦♥st❛♥ts✱ s✐♥❝❡

∫

Ω
(Ψλ(ϕλ) + Ĉ) ≥ 0✱ ✇❡ ❝❛♥ ❣❡t

d

dt
Eλ(t)+Dλ(t) ≤ K1(1+||g(t)||41/2,∂Ω) Eλ(t)+K2(1+||g(t)||21/2,∂Ω+||∂tg(t)||21/2,∂Ω). ✭✸✳✽✼✮

❚❤✉s✱ ❞✉❡ t♦ t❤❡ r❡❣✉❧❛r✐t② ❤②♣♦t❤❡s✐s ♠❛❞❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ g✱ ✇❡ ❤❛✈❡ t❤❛t Q =

K1(1 + ||g||41/2,∂Ω) ∈ L1(0, T ) ❛♥❞ ❛❧s♦ R = K2(1 + ||g||21/2,∂Ω + ||∂tg||21/2,∂Ω) ∈ L1(0, T )✱

✇❡ ❝❛♥ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ✭❆✳✶✳✼✮✱ s✐♥❝❡ Eλ ✐s ❛t ❧❡❛st ❝♦♥t✐♥✉♦✉s ✐♥ t✐♠❡✿ ❢♦r ❛♥②

t ∈ (0, T )✿

Eλ(t) ≤ Eλ(0)e
∫ t
0
Q(r) +

∫ t

0
e
∫ t
s Q(r)R(s)ds ≤ e

∫ T
0

Q(r)(Eλ(0) +

∫ T

0
R(s)ds). ✭✸✳✽✽✮

✺✷



■❢ ✇❡ ❞❡✜♥❡ t❤❡ ✐♥t❡r❢❛❝❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❛s Eλ(ϕ) =
1

2
||∇ϕ||2 +

∫

Ω
Ψλ(ϕ) ❛♥❞

E(ϕ) = 1

2
||∇ϕ||2+

∫

Ω
Ψ(ϕ)✱ ✇❡ ♦❜t❛✐♥ t❤❛t Eλ(0) = Eλ(ϕ0)+

1

2
||✉0||2+

1

2
||Θ0||2✳ ■❢ ✇❡ s❤♦✇

t❤❛t Eλ(ϕ0) ≤ E(ϕ0) ✇❡ ❛r❡ ❞♦♥❡✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❜② ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t

E(ϕ0) <∞ ✭s❡❡ ❘❡♠❛r❦ ✶✳✷✳✷✮ ❛♥❞ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ λ✱ ❝❧❡❛r❧②✳ ❋r♦♠ t❤❡ ♣r♦♣❡rt② ✭✸✮

❙❡❝t✐♦♥ ✸✳✶ ♦❢ Fλ✱ ✇❡ ❦♥♦✇ t❤❛t Fλ(s) ≤ F (s)✱ ∀s ∈ R ✭✇❡ r❡❝❛❧❧ t❤❛t F (s) = +∞ ♦✉ts✐❞❡

t❤❡ ✐♥t❡r✈❛❧ [−1, 1]✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❛t

Eλ(ϕ0) =

∫

Ω
{Fλ(ϕ0)−

1

2
α0ϕ

2
0}dx ≤

∫

Ω
{F (ϕ0)−

1

2
α0ϕ

2
0}dx = E(ϕ0)

❛s ✇❡ ♥❡❡❞❡❞✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❛t

0 ≤ Eλ(t) ≤ C̄0 ✭✸✳✽✾✮

✇❤❡r❡ C̄0 ❞❡♣❡♥❞s ♦♥❧② ♦♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ❜✉t ♥♦t ♦♥ λ✳

❙✐♥❝❡ ❛❧❧ t❤❡ ♦t❤❡r ❡st✐♠❛t❡s ❛r❡ st✐❧❧ ✈❛❧✐❞✱ ❜② ♠❡❛♥s ♦❢ t❤✐s ♥❡✇ ❡st✐♠❛t❡✱ ✇❡ ❞❡❞✉❝❡

t❤❛t t❤❡ s❛♠❡ ❝♦♥✈❡r❣❡♥❝❡s✱ ✉♣ t♦ s✉❜s❡q✉❡♥❝❡s✱ ❛r❡ ✈❛❧✐❞✿ ❢♦r ❛♥② 0 ≤ T <∞✱ ❛s λ→ 0

✉λ
∗
⇀ ✉ ✐♥ L∞(0, T ;❍σ) ✭✸✳✾✵✮

✉λ ⇀ ✉ ✐♥ L2(0, T ;❱σ) ✭✸✳✾✶✮

✉λ → ✉ ✐♥ L2(0, T ;❍σ) ❛♥❞ ❛✳❡✳ ✐♥ Ω× (0, T ) ✭✸✳✾✷✮

d✉λ
dt

⇀
d✉

dt
✐♥ L2(0, T ;❱′

σ) ✭✸✳✾✸✮

ϕλ
∗
⇀ ϕ ✐♥ L∞(0, T ;H) ✭✸✳✾✹✮

ϕλ ⇀ ϕ ✐♥ L4(0, T ;V2) ✭✸✳✾✺✮

ϕλ → ϕ ✐♥ L2(0, T ;H) ❛♥❞ ❛✳❡✳ ✐♥ Ω× (0, T ) ✭✸✳✾✻✮

✺✸



dϕλ

dt
⇀

dϕn

dt
✐♥ L2(0, T ;V ′) ✭✸✳✾✼✮

µλ ⇀ µ ✐♥ L2(0, T ;V ) ✭✸✳✾✽✮

Θλ
∗
⇀ Θ ✐♥ L∞(0, T ;H) ✭✸✳✾✾✮

Θλ ⇀ Θ ✐♥ L2(0, T ;Vθ) ✭✸✳✶✵✵✮

Θλ → Θ ✐♥ L2(0, T ;H) ❛♥❞ ❛✳❡✳ ✐♥ Ω× (0, T ) ✭✸✳✶✵✶✮

dΘλ

dt
⇀

dΘ

dt
✐♥ L2(0, T ;V ′

θ ). ✭✸✳✶✵✷✮

❲❡ ♥♦t✐❝❡ ❛❣❛✐♥ t❤❛t✱ ❞❡✜♥✐♥❣ θ = Θ + θg t❤❡ s♦❧✉t✐♦♥ (✉, ϕ, θ) ❤❛s t❤❡ r❡q✉✐r❡❞

r❡❣✉❧❛r✐t②✱ s✐♥❝❡✱ ❜② t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡s✱

✉ ∈ L∞(0, T ;❍σ) ∩ L2(0, T ;❱σ) ❛♥❞ ∂t✉ ∈ L2(0, T ;❱′
σ)

ϕ ∈ L∞(0, T ;V ) ∩ L4(0, T ;V2) ❛♥❞ ∂tϕ ∈ L2(0, T ;V ′),

θ ∈ L∞(0, T ;H) ∩ L2(0, T ;V ) ❛♥❞ ∂tθ ∈ L2(0, T ;V ′
θ + V ′).

❲❡ r❡❝❛❧❧ t❤❛t V ′
θ = H−1(Ω) ❛♥❞ ❛♥ ❡❧❡♠❡♥t ♦❢ V ′ ❝❛♥ ❜❡ s❡❡♥✱ ❜② r❡str✐❝t✐♦♥ ♦♥ Vθ✱ ❛s ❛♥

❡❧❡♠❡♥t ♦❢ V ′
θ ❀ t❤✉s ✇❡ ❤❛✈❡

∂tθ ∈ L2(0, T ;V ′
θ ).

▼♦r❡♦✈❡r✱ ✇❡ ❣❡t✱ ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ❢♦r ♦❜t❛✐♥✐♥❣ ✭✸✳✹✻✮✱ t❤❛t

∫ T

0
||F ′

λ(ϕλ)||2 ≤ C

∫ T

0
{||µλ||2 + ||∆ϕλ||2 + ||ϕλ||2} ≤ C̄, ✭✸✳✶✵✸✮

✇✐t❤ C̄ ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ✱ ✐♠♣❧②✐♥❣ F ′
λ(ϕλ) ∈ L2(0, T ;L2(Ω))✳

❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❧✐♠✐t ✭✉✱ϕ,Θ + θg✮ ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ✇✐t❤

s✐♥❣✉❧❛r ♣♦t❡♥t✐❛❧✳ ❚❤✐s ♣❛rt ✐s s✐♠✐❧❛r t♦ ❬✸✹❪✳ ❚❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ϕ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜②

✺✹



❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ❛s ❢♦❧❧♦✇s✿ ❢♦r ❛♥② ✜①❡❞ η ∈ (0, 1/2) ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ s❡t Eλ
η =

{(x, t) ∈ Ω× [0, T ] : |ϕλ(x, t)| > 1−η}✳ ❋r♦♠ ✭✸✳✶✵✸✮ ✇❡ ♦❜t❛✐♥✱ t❤❛♥❦s t♦ t❤❡ ♠♦♥♦t♦♥✐❝✐t②

♦❢ F ′
λ ✭❜② t❤❡ ❝♦♥✈❡①✐t② ♦❢ Fλ✮✱ t❤❛t✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ✱

|Eλ
η | ≤

C

min{F ′
λ(1− η), |F ′

λ(η − 1)|} .

❇② ♠❡❛♥s ♦❢ ❛ ❞♦✉❜❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋❛t♦✉✬s ❧❡♠♠❛✱ r❡♠❡♠❜❡r✐♥❣✱ ❜② ♣r♦♣❡rt② ✭✸✮✱ t❤❛t

|F ′
λ(s)| → +∞ ❢♦r ❡✈❡r② |s| ≥ 1✱ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❛s λ → 0 ❛♥❞ η → 0✱ ♦❜t❛✐♥✐♥❣

|{(x, t) ∈ Ω×[0, T ] : |ϕλ(x, t)| ≥ 1}| = 0✱ ♠❡❛♥✐♥❣ t❤❛t ϕ ∈ L∞(Ω×(0, T )) ✇✐t❤ |ϕ(x, t)| < 1

❢♦r ❛❧♠♦st ❛♥② (x, t) ∈ Ω× (0, T )✳

❲❡ ♥♦✇ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r µ✱ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s✳

❋r♦♠ t❤❡ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ϕλ✱ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt② ♦♥ ✐ts ❡ss❡♥t✐❛❧ s✉♣r❡♠✉♠✱ ❛♥❞

t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ F ′
λ t♦ F ′ ♦♥ ❛♥② ❝♦♠♣❛❝t s❡t ♦❢ ✭✲✶✱ ✶✮✱ ❛❝❝♦r❞✐♥❣ t♦ ♣r♦♣❡rt②

✭✸✮✱ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ♦❜t❛✐♥✿

|F ′
λ(ϕλ)− F ′(ϕ)| ≤ |F ′

λ(ϕ)− F ′(ϕ)|+ |F ′
λ(ϕλ)− F ′

λ(ϕ)|

≤ sup
s∈K⊂(−1,1)

|F ′
λ(s)− F ′(s)|+ |F ′

λ(ϕλ)− F ′
λ(ϕ)| → 0,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ❛s λ → 0 s✐♥❝❡ F ′
λ ✐s ❝♦♥t✐♥✉♦✉s

✭♣r♦♣❡rt② ✭✶✮✱ ❙❡❝t✐♦♥ ✸✳✶✮✱ ❛♥❞ t❤❡ ✜rst ♦♥❡ ❜❡❝❛✉s❡ ✇❡ ❦♥♦✇ t❤❛t |ϕ(x, t)| < 1 ❛❧♠♦st

❡✈❡r②✇❤❡r❡ ✐♥ Ω × (0, T )✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡①✐sts ❛ ❝♦♠♣❛❝t s❡t K ⊂ (−1, 1) s✉❝❤ t❤❛t

|ϕ| ∈ K ❢♦r ❡✈❡r② (x, t) ✐♥ Ω × (0, T ) ✭✉♣ t♦ r❡❞❡✜♥✐t✐♦♥s ♦❢ ϕ ♦♥ ❛ ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡

s❡t✮✱ ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ K✳

❚❤❡r❡❢♦r❡✱ t❤✐s ❡♥t❛✐❧s F ′
λ(ϕλ) → F ′(ϕ) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ Ω× (0, T )✳ ❋r♦♠ ✇❡❛❦

▲❡❜❡s❣✉❡ t❤❡♦r❡♠ ❆✳✶✳✽ ✇❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t F ′
λ(ϕλ)⇀ F ′(ϕ) ✐♥ L2(0, T ;L2(Ω))✳ ❚❤❡♥ ✇❡

❝❛♥ ❝♦♥❝❧✉❞❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✱ t❤❛t

µ = −α∆ϕ+Ψ′(ϕ) ❛✳❡✳ ✐♥ Ω× (0, T ). ✭✸✳✶✵✹✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❡①tr❛❝t✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡ λk → 0✱ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❡①❛❝t❧② ❛s ❜❡❢♦r❡

❢♦r t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t②✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ϕ ❛♥❞ ❛❧s♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❝❛♥

❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❝♦♥❝❧✉❞❡❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢

✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ ❛♥❛❧②s✐s✳ ❚❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❢♦❧❧♦✇s ❞✐r❡❝t❧②

✺✺



❢r♦♠ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡s ❛❜♦✈❡✳ ❋✐♥❛❧❧②✱ ✐t ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ ✭❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✮ t❤❛t

∂νϕ = 0 ❢♦r ❛❧♠♦st ❡✈❡r② (x, t) ∈ ∂Ω× (0, T )✱ s✐♥❝❡ ϕ ∈ H2(Ω) ❢♦r ❛❧♠♦st ❛♥② t ∈ (0, T )✳

✸✳✹ ❊①✐st❡♥❝❡ ♦❢ ♠♦r❡ r❡❣✉❧❛r s♦❧✉t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ q✉❛s✐✲str♦♥❣ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s

✭❚❤❡♦r❡♠s ✷✳✶✳✸ ❛♥❞ ✷✳✶✳✻✱ r❡s♣❡❝t✐✈❡❧②✮✳

✸✳✹✳✶ Pr♦♦❢ ♦❢ t❤❡♦r❡♠ ✷✳✶✳✸

❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥✱ ❛❧r❡❛❞② ♣r♦✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ❛r❡

st✐❧❧ ✈❛❧✐❞ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✮✱ ❜✉t ✇❡ ♥❡❡❞ t♦ ❝♦♠❡ ❜❛❝❦ ❛❣❛✐♥ t♦ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥✱

✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ❢✉rt❤❡r r❡❣✉❧❛r✐t② ❡st✐♠❛t❡s✱ ✇❤✐❝❤ ❛r❡ ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ❛ q✉❛s✐✲str♦♥❣

s♦❧✉t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r

t♦ ♠❛❦❡ t❤❡ ♣r♦♦❢ r✐❣♦r♦✉s✱ s✐♥❝❡ ✇❡ ♥❡❡❞ t♦ ❡①♣❧♦✐t t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣

❢✉♥❝t✐♦♥s ❛♥❞ t❤❡♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t t♦ ❣❡t t❤❡ s❛♠❡ ❡st✐♠❛t❡s ♦♥ t❤❡ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥✳

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✻✶❪✱ ✇❡ ♣❡r❢♦r♠ ❛ ❝✉t♦✛ ♣r♦❝❡❞✉r❡ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s

t♦ ❝❛rr② ♦✉t ❛ t❤r❡❡ ❧❡✈❡❧ ♣r♦❝❡❞✉r❡✿ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

♣♦t❡♥t✐❛❧ Ψ ✇✐t❤ Ψλ ❛♥❞ t❤❡ ❝✉t ♦✛ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡ s♦❧✉t✐♦♥

✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ❡①tr❛❝t✐♥❣ ❛ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡ ✐♥ ❛❧❧ t❤❡ t❤r❡❡ ❧❡✈❡❧s✱ s❤♦✇✐♥❣ t❤❛t ✐t

❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳

❚♦ ♣❡r❢♦r♠ t❤❡ ❝✉t♦✛ ♣r♦❝❡❞✉r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ hk :

R → R, k ∈ N✱ s✉❝❤ t❤❛t

hk(z) =



























−k, z < −k,

z, z ∈ [−k, k],

k, z > k.

✭✸✳✶✵✺✮

❲❡ ❞❡✜♥❡ µ̃0,k = hk ◦ µ̃0✱ ✇❤❡r❡ µ̃0 = −α∆ϕ0 + F ′(ϕ0) = µ0 + α0ϕ✳ ❙✐♥❝❡ µ̃0 ∈ V ✱

t❤❡ r❡s✉❧t ♦♥ ❝♦♠♣♦s✐t✐♦♥s ✐♥ ❙♦❜♦❧❡✈ s♣❛❝❡s ❬✾✻❪ ②❡❧❞s µ̃0,k ∈ V ✱ ❢♦r ❛♥② k > 0✱ ❛♥❞

∇µ̃0,k = ∇µ̃0 · χ[−k.k](µ̃0)✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❣✐✈❡s

||µ̃0,k||1 ≤ ||µ̃0||1. ✭✸✳✶✵✻✮

✺✻



❋♦r k ∈ N ✇❡ ❝♦♥s✐❞❡r t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠










−α∆ϕ0,k + F ′(ϕ0,k) = µ̃0,k ✐♥ Ω

∂♥ϕ0,k = 0 ♦♥ ∂Ω.

✭✸✳✶✵✼✮

❚❤❛♥❦s t♦ ▲❡♠♠❛ ❇✳✶✳✶✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ s✉❝❤ t❤❛t ϕ0,k ∈
V2✱ F

′(ϕ0,k) ∈ H✱ ✇❤✐❝❤ s❛t✐s✜❡s ✭✸✳✶✵✼✮ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω ❛♥❞ ∂♥ϕ0,k = 0 ❛❧♠♦st

❡✈❡r②✇❤❡r❡ ♦♥ ∂Ω✳ ■♥ ❛❞❞✐t✐♦♥✱ ❜② ✭❇✳✸✮ ❛♥❞ ❢r♦♠ ✭✸✳✶✵✻✮ ✇❡ ❣❡t

||ϕ0,k||V2
≤ C(1 + ||µ̃0||). ✭✸✳✶✵✽✮

❙✐♥❝❡ µ̃0,k → µ̃0 ✐♥ H✱ ▲❡♠♠❛ ❇✳✶✳✶ ❛❧s♦ ❡♥t❛✐❧s t❤❛t ϕ0,k → ϕ0 ✐♥ V ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡

t❤❡r❡ ❡①✐st ❛♥ m̃ ∈ (0, 1)✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ k✱ ❛♥❞ k̄ s✉✣❝✐❡♥t❧② ❧❛r❣❡ s✉❝❤ t❤❛t

||ϕ0,k||1 ≤ 1 + ||ϕ0||1, |ϕ̄0,k| ≤ m̃ < 1 ∀k > k̄. ✭✸✳✶✵✾✮

■♥ ❛❞❞✐t✐♦♥✱ ❢r♦♠ ❚❤❡♦r❡♠ ❇✳✶✳✷ ✇✐t❤ f = µ̃0,k✱ ✇❡ ♦❜t❛✐♥

||F ′(ϕ0,k)||L∞(Ω) ≤ ||µ̃0,k||L∞(Ω) ≤ k.

■♥ ❝♦♥❝❧✉s✐♦♥✱ s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t F ′ ❣♦❡s t♦ ✐♥✜♥✐t❡ ✐❢ t❤❡ ❛r❣✉♠❡♥t ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧

t♦ ✶✱ ✇❡ ❝❛♥ s❛② t❤❛t t❤❡r❡ ❡①✐sts δ = δ(k) > 0 s✉❝❤ t❤❛t

||ϕ0,k||L∞(Ω) ≤ 1− δ. ✭✸✳✶✶✵✮

◆♦✇ s✐♥❝❡ F ′′ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ (−1, 1)✱ t❤✉s ❜♦✉♥❞❡❞ ♦♥ ❝♦♠♣❛❝t s❡ts ✭s❡❡✱ ❡✳❣✳✱ ❬✾✷❪✮✿

∇F ′(ϕ0,k) = F ′′(ϕ0,k)∇ϕ0,k ∈ H.

❚❤❡♥✱ ❜❡✐♥❣ F ′(ϕ0,k) ∈ H✱ ✇❡ ❞❡❞✉❝❡ t❤❛t F ′(ϕ0,k) ∈ V ✳ ❉✉❡ t♦ α∆ϕ0,k = −µ̃0,k +

F ′(ϕ0,k) ∈ V ✱ ✇❡ ♦❜t❛✐♥ t❤❛t ϕ0,k ∈ H3(Ω)✳ ❋✐♥❛❧❧②✱ ❢♦r ❛♥② λ ∈ (0, λ∗)✱ ✇❤❡r❡ λ∗ =

min

{

1

2
δ(k), λ̄

}

✭λ̄ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ Fλ✱ ❙❡❝t✐♦♥ ✸✳✶✮✱ s✐♥❝❡ F (z) = Fλ(z) ❢♦r ❛❧❧

z ∈ [−1 + λ, 1− λ]✱ ✇❡ ✐♥❢❡r ❢r♦♠ ✭✸✳✶✶✵✮ t❤❛t −α∆ϕ0,k + F ′
λ(ϕ0,k) = µ̃0,k✱ ✇❤✐❝❤ ❡♥t❛✐❧s

|| − α∆ϕ0,k + F ′
λ(ϕ0,k)||1 ≤ ||µ̃0||1. ✭✸✳✶✶✶✮

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❤❛✈✐♥❣ ❝♦♥s✐❞❡r❡❞ θ = Θ + θg ✭s♦ Θ0 =

θ0 − θg(0) ∈ H✮✱ ❛s ❛❧r❡❛❞② ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✇✐t❤ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥s ♦♥ ✐♥✐t✐❛❧

✺✼



❝♦♥❞✐t✐♦♥s✳ ❲✐t❤ t❤❡ s❛♠❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s ✐♥tr♦❞✉❝❡❞ ❢♦r t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✐✳❡✳✱

❚❤❡♦r❡♠ ✷✳✶✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ❞❡♣❡♥❞✐♥❣ ♦♥ n, k, λ

• ✉n
k,λ(0) = Pn(✉0), ϕ

n
k,λ(0) = P̃n(ϕ0,k), Θ

n
k,λ(0) = P̂n(Θ0)

(∂t✉
n
k,λ,✇) + b(✉,✉n

k,λ,✇) + ν(∇✉n
k,λ,∇✇) = ✭✸✳✶✶✷✮

− (ϕn
k,λ∇µnk,λ,✇) + (Θn

k,λ, ❡2 ·✇) + (θg, ❡2 ·✇) ∀✇ ∈ Wn

(∂tϕ
n
k,λ, v) + (∇µnk,λ,∇v) + (✉n

k,λ · ∇ϕn
k,λ, v) = 0 ∀v ∈ Zn ✭✸✳✶✶✸✮

(∂tΘ
n
k,λ, ξ) + κ(∇Θn

k,λ,∇ξ) + (✉n
k,λ · ∇Θn

k,λ, ξ) = ✭✸✳✶✶✹✮

− < ∂tθg, ξ > −κ(∇θg,∇ξ)− (✉n
k,λ · ∇θg, ξ) ∀ξ ∈ Vn

❢♦r ❡✈❡r② t ∈ (0, T )✳

• µnk,λ = P̃n(−α∆ϕn
k,λ +Ψ′

λ(ϕ
n
k,λ)) = −α∆ϕn

k,λ + P̃n(Ψ
′
λ(ϕ

n
k,λ))

▲❡t ✉s ♥♦t✐❝❡ t❤❛t t❤❡ ❜❛s✐s ❝❤♦s❡♥ ❢♦r V ✐s st✐❧❧ ❛ ❜❛s✐s ❢♦r H3(Ω)✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t

ϕn
k,λ(0) → ϕ0,k ✐♥ H3(Ω).

■♥ t✉r♥✱ ❜② t❤❡ ❡♠❜❡❞❞✐♥❣ H3(Ω) →֒ L∞(Ω)✱ ✇❡ ❣❡t

ϕn
k,λ(0) → ϕ0,k ✐♥ L∞(Ω)

❍❡♥❝❡ t❤❡r❡ ❡①✐sts n̄ = n̄(k)✱ s✉❝❤ t❤❛t

||ϕn
k,λ(0)||∞ ≤ 1

2
δ(k) + ||ϕ0,k||∞ ≤ 1− 1

2
δ(k) ∀n > n̄. ✭✸✳✶✶✺✮

❋♦r ❛♥② k > k̃ ✇❡ ✜① λ ∈ (0, λ∗(k)) ❛♥❞ n > n̄(k)✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥

❛♥❞ t❤❡ ✜rst ❡♥❡r❣② ❡st✐♠❛t❡s ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❧❡ss r❡❣✉❧❛r ❝❛s❡✿ t❤❡ ♦♥❧②

❞✐✛❡r❡♥❝❡ ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s Ψλ ✭❝❤♦s❡♥ t♦ ❜❡ ✭✸✳✺✮✮ ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ϕn
k,λ✿ ♥♦t ❛ r❡❛❧ ♣r♦❜❧❡♠ ❞✉❡ t♦ t❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s✳ ■♥❞❡❡❞✱ t❤❡ ♦♥❧②

❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♣r♦♦❢ ❛❧r❡❛❞② s❤♦✇♥ ✐s ✐♥ t❤❡ t❡r♠ En(0) ✭s❡❡ ✭✸✳✸✵✮✮✳ ❚❤✐s t❡r♠ ✐s ♥♦✇

❡st✐♠❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ✐♥tr♦❞✉❝✐♥❣ ❛❣❛✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❡♥❡r❣②

Ẽλ(✈, ψ, θ) = En(t)− Ĉ =
1

2
||✈||2 + α

2
||∇ψ||2 + 1

2
||θ||2 +

∫

Ω
Ψλ(ψ)dx.

✺✽



❙✐♥❝❡ Ψλ(z) ≤ Ψ(z) ∀z ∈ [−1, 1] ❛♥❞ ❢r♦♠ ✭✸✳✶✶✺✮ ✇❡ ❤❛✈❡ t❤❛t✱ ❜❡✐♥❣ t❤❡ ❡ss❡♥t✐❛❧

s✉♣r❡♠✉♠ ♦❢ ϕn
k,λ(0) ❜♦✉♥❞❡❞ ✐♥ ❛ ❝♦♠♣❛❝t s❡t ❝♦♥t❛✐♥❡❞ ✐♥ [−1, 1]✱ s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ Ψ ✐s

❜♦✉♥❞❡❞ ♦♥ [−1.1]✱ Ψλ(ϕ
n
k,λ(0)) ≤ Ψ(ϕn

k,λ(0)) ≤ K ✭❤❡r❡ ✇❡ ❞♦ ♥♦t ❡①♣❧♦✐t t❤❡ ♣r♦♣❡rt② ♦❢

❜❡✐♥❣ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③✱ s✐♥❝❡ t❤✐s ❝❤♦✐❝❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥sΨλ ❞♦❡s ♥♦t ❡♥❥♦② t❤✐s ♣r♦♣❡rt②✮✳

❚❤✉s ✇❡ ❤❛✈❡✱ ❜② t❤❡ ✇❡❧❧ ❦♥♦✇♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦rs✱ ❛♥❞ ❢r♦♠ ✭✸✳✶✵✾✮✿

Ẽλ(✉
n
k,λ(0), ϕ

n
k,λ(0),Θ

n
k,λ(0)) =

1

2
||Pn(✉0)||2 +

α

2
||∇P̃n(ϕ0,k)||2

+
1

2
||P̂n(Θ0)||2 +

∫

Ω
Ψλ(ϕ

n
k,λ(0))dx

≤ 1

2
||✉0||2 +

α

2
||∇ϕn

k,λ||2 +
1

2
||Θ0||2 +K|Ω|

≤ 1

2
||✉0||2 +

α

2
||ϕ0||21 +

1

2
||Θ0||2 +K1 ≤ K̄.

✇❤❡r❡ K̄ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ n, λ, k✳ ❆❢t❡r t❤✐s t❡❝❤♥✐❝❛❧ ♣❛ss❛❣❡✱ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢

❣♦❡s ✐❞❡♥t✐❝❛❧✱ ♣r♦❞✉❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ✭t❤❡ ❝♦♥st❛♥ts ❞❡✜♥❡❞ ❤❡r❡ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥

n, λ, k✮✳

||Θn
k,λ||L∞(0,T ;H) ≤ C̄ ✭✸✳✶✶✻✮

||✉n
k,λ||L∞(0,T ;❍σ) ≤ C̄ ✭✸✳✶✶✼✮

||✉n
k,λ||L2(0,T ;❱σ) ≤ C̄ ✭✸✳✶✶✽✮

||ϕn
k,λ||L∞(0,T ;V ) ≤ C̄ ✭✸✳✶✶✾✮

||Θn
k,λ||L2(0,T ;Vθ) ≤ C̄ ✭✸✳✶✷✵✮

α||∆ϕn||2 ≤ α0||∇ϕn||2 + ||∇µn|| ||ϕn|| ≤ k1 · (1 + ||∇µn||) ✭✸✳✶✷✶✮

❡♥t❛✐❧✐♥❣

||ϕn
k,λ||L4(0,T ;V2) ≤ C̄. ✭✸✳✶✷✷✮

❚❤❡♥ ✇❡ ❤❛✈❡

||µnk,λ||L2(0,T ;V ) ≤ C̄ ✭✸✳✶✷✸✮

||µnk,λ||1 ≤ C(1 + ||∇µnk,λ||) ✭✸✳✶✷✹✮

✺✾



∥

∥

∥

∥

dΘn
k,λ

dt

∥

∥

∥

∥

L2(0,T ;V ′

θ )

≤ C̄ ✭✸✳✶✷✺✮

∥

∥

∥

∥

dϕn
k,λ

dt

∥

∥

∥

∥

V ′

≤ C̃||∇✉n
k,λ||+ ||∇µnk,λ||. ✭✸✳✶✷✻✮

❚❤❡♥
∥

∥

∥

∥

dϕn
k,λ

dt

∥

∥

∥

∥

L2(0,T ;V ′)

≤ C̄ ✭✸✳✶✷✼✮

∥

∥

∥

∥

d✉n
k,λ

dt

∥

∥

∥

∥

L2(0,T ;❱′

σ)

≤ C̄ ✭✸✳✶✷✽✮

✇❤❡r❡ C̄ = C̄(T ) ❢♦r ❛♥② 0 < T < +∞✳

❲❡ ♥♦✇ ♣❛ss t♦ ❛♥❛❧②③❡ ❤✐❣❤❡r ♦r❞❡r ❡♥❡r❣② ❡st✐♠❛t❡s✿ t❛❦✐♥❣ v = ∂tµ
n
k,λ✱ ✇❡ ♦❜t❛✐♥

1

2

d

dt
||∇µnk,λ||2 + (∂tµ

n
k,λ, ∂tϕ

n
k,λ) + (∂tµ

n
k,λ,✉

n
k,λ · ∇ϕn

k,λ) = 0. ✭✸✳✶✷✾✮

❙✐♥❝❡ ϕ̄n
k,λ ✐s ❝♦♥st❛♥t ✐♥ t✐♠❡✱ ❜② t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✇❡ ❤❛✈❡ ∂tϕn

k,λ =

∂tϕ̄
n
k,λ = 0✱ t❤❡♥ ∂tϕ

n
k,λ ∈ V0 ❛♥❞ t❤✉s ∂tϕ

n
k,λ ∈ V ′

0 ❢♦r ❛❧❧ t ∈ [0, T ]✱ t❤❡♥ ✇❡ ❝❛♥ ✉s❡ t❤❡

❡q✉✐✈❛❧❡♥t ♥♦r♠ ♦♥ V ′
0 ✱ || · ||∗ ✭s❡❡ t❤❡ ❆♣♣❡♥❞✐①✱ ✭❇✳✶✽✮✮✳

❚❤✉s ✇❡ ❣❡t ❜② ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✿

α0||∂tϕn
k,λ||2 = α0(∇∂tϕn

k,λ,∇Ā0
−1
∂tϕ

n
k,λ) ≤ α0||∇∂tϕn

k,λ|| ||∇Ā0
−1
∂tϕ

n
k,λ||

≤ α

2
||∇∂tϕn

k,λ||2 +
α2
0

2α
||∇Ā0

−1
∂tϕ

n
k,λ||2

=
α

2
||∇∂tϕn

k,λ||2 +
α2
0

2α
||∂tϕn

k,λ||2∗.

❚❤❡♥✱ ❢r♦♠ ♣r♦♣❡rt② ✭✸✳✹✮ ♦❢ Ψλ✱ ✇❡ ❞❡❞✉❝❡

(∂tµ
n
k,λ, ∂tϕ

n
k,λ) = α||∇∂tϕn

k,λ||2 + (Ψ′′
λ(ϕ

n
k,λ)∂tϕ

n
k,λ, ∂tϕ

n
k,λ)

≥ α||∇∂tϕn
k,λ||2 − α0||∂tϕn

k,λ||2

≥ α||∇∂tϕn
k,λ||2 −

α

2
||∇∂tϕn

k,λ||2 −
α2
0

2α
||∂tϕn

k,λ||2∗

=
α

2
||∇∂tϕn

k,λ||2 −K||∂tϕn
k,λ||2∗.

▼♦r❡♦✈❡r ✇❡ ♦❜s❡r✈❡✿

(∂tµ
n
k,λ,✉

n
k,λ ·∇ϕn

k,λ) =
d

dt
[(✉n

k,λ ·∇ϕn
k,λ, µ

n
k,λ)]− (∂t✉

n
k,λ ·∇ϕn

k,λ, µ
n
k,λ)− (✉n

k,λ ·∇∂tϕn
k,λ, µ

n
k,λ).

✭✸✳✶✸✵✮

✻✵



❋r♦♠ ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢ V →֒ L6(Ω) ❛♥❞ ✭✸✳✶✷✹✮✱ ✇❡ t❤❡♥ ❤❛✈❡✿

(µnk,λ,✉
n
k,λ · ∇∂tϕn

k,λ) ≤ ||µnk,λ||L6(Ω) ||✉n
k,λ||L3(Ω) ||∇∂tϕn

k,λ||

≤ α

4
||∇∂tϕn

k,λ||2 + C||µnk,λ||2L6(Ω) ||✉n
k,λ||2L3(Ω)

≤ α

4
||∇∂tϕn

k,λ||2 + C(1 + ||µnk,λ||2)||✉n
k,λ||2L3(Ω).

❙✐♥❝❡ ♦♥ V ′
0 t❤❡ ♥♦r♠ || · ||∗ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥❛t✉r❛❧ ♥♦r♠ ❛♥❞ s✐♥❝❡ || · ||V ′

0
≤ || · ||V ′ ✱

❜❡❝❛✉s❡ V0 ⊂ V ✱ ❞✉❡ t♦ ✭✸✳✶✷✻✮ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t

||∂tϕn
k,λ||∗ ≤ C̄(||∇✉n

k,λ||+ ||∇µnk,λ||). ✭✸✳✶✸✶✮

❚❤❡ ♦✈❡r❛❧❧ r❡s✉❧t✱ s✉♠♠✐♥❣ ✉♣ ✭✸✳✶✷✾ ❛♥❞ ✭✸✳✶✸✵✮✱ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

d

dt
{(µnk,λ,✉n

k,λ · ∇ϕn
k,λ) +

1

2
||∇µnk,λ||2} = (∂t✉

n
k,λ · ∇ϕn

k,λ, µ
n
k,λ)

+ (✉n
k,λ · ∇∂tϕn

k,λ, µ
n
k,λ)− (∂tµ

n
k,λ, ∂tϕ

n
k,λ)

≤ α

4
||∇∂tϕn

k,λ||2 + C(1 + ||µnk,λ||2)||✉n
k,λ||2L3(Ω)

− α

2
||∇∂tϕn

k,λ||2 +K||∂tϕn
k,λ||2∗ + (∂t✉

n
k,λ · ∇ϕn

k,λ, µ
n
k,λ).

❚❤❡♥ ✇❡ ♦❜t❛✐♥✱ ❜② ✭✸✳✶✸✶✮ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❢♦r ||∂tϕn
k,λ||2∗✿

d

dt
{(µnk,λ,✉n

k,λ · ∇ϕn
k,λ) +

1

2
||∇µnk,λ||2}+

α

4
||∇∂tϕn

k,λ||2

≤ C2(1 + ||✉n
k,λ||2L3(Ω))(1 + ||∇µnk,λ||2 + ||∇✉n

k,λ||2)

+ (∂t✉
n
k,λ · ∇ϕn

k,λ, µ
n
k,λ). ✭✸✳✶✸✷✮

◆♦✇✱ t❛❦✐♥❣ ✇ = ∂t✉
n
k,λ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❡❧♦❝✐t② ✇❡ ♦❜t❛✐♥

||∂t✉n
k,λ||2 + b(✉n

k,λ,✉
n
k,λ, ∂t✉

n
k,λ) + ν(∇✉n

k,λ,∇∂t✉n
k,λ)

= (µnk,λ∇ϕn
k,λ, ∂t✉

n
k,λ) + (Θn

k,λ, ❡2 · ∂t✉) + (θg, ❡2 · ∂t✉).
✭✸✳✶✸✸✮

◆♦✇✱ ✇❡ ❤❛✈❡✱ ❜② ✭✸✳✷✹✮ ❛♣♣❧✐❡❞ t♦ ❜♦t❤ ✉n
k,λ ❛♥❞ ∇✉n

k,λ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❱σ →֒

✻✶



[L4(Ω)]2 ❛♥❞ t❤❡♥ ✭❇✳✶✵✮✿

|b(✉n
k,λ,✉

n
k,λ, ∂t✉

n
k,λ)| ≤ ||✉n

k,λ||L4(Ω)||∇✉n
k,λ||L4(Ω) ||∂t✉n

k,λ||

≤ C||✉n
k,λ||1/2||∇✉n

k,λ||1/2||∇✉n
k,λ||1/2||∇✉n

k,λ||
1/2
1 ||∂t✉n

k,λ||

≤ C||✉n
k,λ||1/2||∇✉n

k,λ|| ||✉n
k,λ||

1/2
H2(Ω)

||∂t✉n
k,λ||

≤ C̄||✉n
k,λ||1/2||∇✉n

k,λ|| ||❆✉n
k,λ||1/2||∂t✉n

k,λ||

≤ C̃||∇✉n
k,λ|| ||❆✉n

k,λ||1/2||∂t✉n
k,λ||

≤ 1

6
||∂t✉n

k,λ||2 + C(||∇✉n
k,λ||4 + ||❆✉n

k,λ||2),

✇❤❡r❡ ✐♥ t❤❡ ❧❛st t✇♦ ♣❛ss❛❣❡s ✇❡ ❡①♣❧♦✐t❡❞ ✭✸✳✶✶✼✮ ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✲

✐t②✳ ❲❡ t❤❡♥ ❛♥❛❧②③❡✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ❛♥❞ ❨♦✉♥❣✬s

✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡♥ ❛❣❛✐♥ ✭❇✳✶✵✮✿

−ν(∇✉n
k,λ,∇∂t✉n

k,λ) = ν(∆✉n
k,λ, ∂t✉

n
k,λ) ≤

1

6
||∂t✉n

k,λ||2 + C||✉n
k,λ||2H2(Ω)

≤ 1

6
||∂t✉n

k,λ||2 + C̄||❆✉n
k,λ||2.

❚❤❡♥✱ ❜② ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ V →֒ L6(Ω) ❛♥❞ V2 →֒ W 1,3(Ω) ❛♥❞

t❤❡ ❡st✐♠❛t❡ ✭✸✳✶✷✹✮✱ ✇❡ ❤❛✈❡✿

(µnk,λ∇ϕn
k,λ, ∂t✉

n
k,λ) ≤ ||µnk,λ||L6(Ω)||∇ϕ||L3(Ω)||∂t✉n

k,λ||

≤ C||µnk,λ||1 ||ϕn
k,λ||H2(Ω)||∂t✉n

k,λ||

≤ C̄(1 + ||∇µnk,λ||) ||ϕn
k,λ||H2(Ω)||∂t✉n

k,λ||

≤ 1

6
||∂t✉n

k,λ||2 +K||ϕn
k,λ||2H2(Ω)(1 + ||∇µnk,λ||2). ✭✸✳✶✸✹✮

❲❡ ❛r❡ ♥♦✇ ❧❡❢t ✇✐t❤ t❤❡ t❡r♠s ✐♥ t❡♠♣❡r❛t✉r❡✿ ❜② ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❨♦✉♥❣✬s

✐♥❡q✉❛❧✐t② ✇❡ ❣❡t✱ s✐♥❝❡ ✇❡ ❦♥♦✇ ✭✸✳✶✶✻✮✿

|(Θn
k,λ, ❡2 · ∂t✉n

k,λ)| ≤
1

6
||∂t✉n

k,λ||2 + C||Θn
k,λ||2 ≤

1

6
||∂t✉n

k,λ||2 +K. ✭✸✳✶✸✺✮

❆♥❛❧♦❣♦✉s❧② ✇❡ ♦❜t❛✐♥✱ ❜② t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❧✐❢t ♦♣❡r❛t♦r✿

|(θg, ❡2 · ∂t✉n
k,λ)| ≤

1

6
||∂t✉n

k,λ||2 + C||θg||2 ≤
1

6
||∂t✉n

k,λ||2 + C||g(t)||21/2,∂Ω. ✭✸✳✶✸✻✮

✻✷



❚♦ s✉♠ ✉♣✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡✿

||∂t✉nk,λ||2 ≤
1

6
||∂t✉nk,λ||2 + C(||∇✉nk,λ||4 + ||❆✉nk,λ||2)

+
1

6
||∂t✉nk,λ||2 + C̄||❆✉nk,λ||2

+
1

6
||∂t✉nk,λ||2 +K||ϕn

k,λ||2H2(Ω)(1 + ||∇µnk,λ||2)

+
1

6
||∂t✉nk,λ||2 +K

+
1

6
||∂t✉nk,λ||2 + C||g(t)||21/2,∂Ω,

✐♠♣❧②✐♥❣✱ t❤❛t

||∂t✉nk,λ||2 ≤ Ĉ{||∇✉nk,λ||4 + ||❆✉nk,λ||2 + ||ϕn
k,λ||2H2(Ω)(1 + ||∇µnk,λ||2) + ||g(t)||21/2,∂Ω + 1}.

✭✸✳✶✸✼✮

▲❡t ♥♦✇ ✇ = ❆✉nk,λ ✐♥ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❡❧♦❝✐t②✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ❆✉nk,λ ∈
L2(0, T,❍σ) ✭s❡❡ ❬✾✼❪✮✿ t❤❡r❡ ❡①✐sts p

n
k,λ ∈ L2(0, T ;V ) s✉❝❤ t❤❛t −∆✉nk,λ+∇pnk,λ = ❆✉nk,λ ❛❧✲

♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω×(0, T )✳ ❚❤❡♥✱ s✐♥❝❡ (∂t✉
n
k,λ,∇pnk,λ) = 0✱ ❜❡✐♥❣ t❤❡ ✈❡❧♦❝✐t② ❞✐✈❡r❣❡♥❝❡

❢r❡❡✱

1

2

d

dt
||∇✉nk,λ||2 + b(✉nk,λ,✉

n
k,λ,❆✉

n
k,λ)− ν(∆✉nk,λ,❆✉

n
k,λ) = (µnk,λ∇ϕn

k,λ,❆✉
n
k,λ)

+ (Θn
k,λ, ❡2 · ✉nk,λ) + (θg, ❡2 · ✉nk,λ).

❇✉t✱ s✐♥❝❡ −∆✉nk,λ +∇pnk,λ = ❆✉nk,λ ❛♥❞ (−∇pnk,λ,❆✉nk,λ) = 0 ✭t♦ s❡❡ t❤✐s✱ ✐t ✐s ❡♥♦✉❣❤ t♦

✐♥t❡❣r❛t❡ ❜② ♣❛rts ❛♥❞ ❡①♣❧♦✐t ❆✉nk,λ ∈ ❍σ ❢♦r ❛❧♠♦st ❛♥② t ✐♥ (0, T )✮✱ ✇❡ ♦❜t❛✐♥

(−ν∆✉nk,λ,❆✉nk,λ) = ν||❆✉nk,λ||2.

❋♦r t❤❡ tr❛♥s♣♦rt t❡r♠ ✇❡ ❛♣♣❧② t❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t✐❡s ❛s t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ t♦ r❡❛❝❤ ✭✸✳✶✸✼✮

✻✸



♦❜t❛✐♥✐♥❣

|b(✉n
k,λ,✉

n
k,λ,❆✉

n
k,λ)| ≤ ||✉n

k,λ||L4(Ω)||∇✉n
k,λ||L4(Ω) ||❆✉n

k,λ||

≤ C||✉n
k,λ||1/2||∇✉n

k,λ||1/2||∇✉n
k,λ||1/2||∇✉n

k,λ||
1/2
1 ||❆✉n

k,λ||

≤ C||✉n
k,λ||1/2||∇✉n

k,λ|| ||✉n
k,λ||

1/2
H2(Ω)

||❆✉n
k,λ||

≤ C̄||✉n
k,λ||1/2||∇✉n

k,λ|| ||❆✉n
k,λ||3/2

≤ C̃||∇✉n
k,λ|| ||❆✉n

k,λ||3/2

≤ ν

8
||❆✉n

k,λ||2 + C||∇✉n
k,λ||4.

Pr♦❝❡❡❞✐♥❣ ✐♥ t❤❡ ❛♥❛❧②s✐s✱ ❛s ❞♦♥❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✭✸✳✶✸✹✮✿

(µnk,λ∇ϕn
k,λ,❆✉

n
k,λ) ≤ ||µnk,λ||L6(Ω)||∇ϕ||L3(Ω)||❆✉n

k,λ||

≤ C||µnk,λ||1 ||ϕn
k,λ||H2(Ω)||❆✉n

k,λ||

≤ C̄(1 + ||∇µnk,λ||) ||ϕn
k,λ||H2(Ω)||❆✉n

k,λ||

≤ ν

8
||❆✉n

k,λ||2 +K||ϕn
k,λ||2H2(Ω)(1 + ||∇µnk,λ||2).

❆❣❛✐♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ t❡r♠s ❢♦r t❡♠♣❡r❛t✉r❡ ✇❡ r❡♣❡❛t t❤❡ s❛♠❡ ❛♥❛❧②s✐s ❛s ✐♥ ✭✸✳✶✸✺✮

❛♥❞ ✭✸✳✶✸✻✮✿

|(Θn
k,λ, ❡2 ·❆✉n

k,λ)| ≤
ν

8
||❆✉n

k,λ||2 + C||Θn
k,λ||2 ≤

ν

8
||❆✉n

k,λ||2 +K. ✭✸✳✶✸✽✮

❆♥❛❧♦❣♦✉s❧② ✇❡ ♦❜t❛✐♥✱ ❜② t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❧✐❢t ♦♣❡r❛t♦r✿

|(θg, ❡2 ·❆✉n
k,λ)| ≤

ν

8
||❆✉n

k,λ||2 + C||θg||2 ≤
ν

8
||❆✉n

k,λ||2 + C||g(t)||21/2,∂Ω. ✭✸✳✶✸✾✮

❚♦ s✉♠ ✉♣ ✇❡ ❝❛♥ ❡st✐♠❛t❡✿

1

2

d

dt
||∇✉n

k,λ||2 + ν||❆✉n
k,λ||2 ≤

ν

8
||❆✉n

k,λ||2 + C||∇✉n
k,λ||4

+
ν

8
||❆✉n

k,λ||2 +K||ϕn
k,λ||2H2(Ω)(1 + ||∇µnk,λ||2)

+
ν

8
||❆✉n

k,λ||2 +K

+
ν

8
||❆✉n

k,λ||2 + C||g(t)||21/2,∂Ω,

✻✹



1

2

d

dt
||∇✉nk,λ||2+

ν

2
||❆✉nk,λ||2 ≤ C̄(||∇✉nk,λ||4+ ||ϕn

k,λ||2H2(Ω)(1+ ||∇µnk,λ||2)+ ||g(t)||21/2,∂Ω+1).

✭✸✳✶✹✵✮

■❢ ✇❡ t❤❡♥ ♠✉❧t✐♣❧② ✭✸✳✶✸✼✮ ❜② ω̄ =
ν

4Ĉ
❛♥❞ t❤❡♥ s✉♠ ✉♣ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✶✹✵✮✿

1

2

d

dt
||∇✉nk,λ||2 +

ν

2
||❆✉nk,λ||2 + ω̄||∂t✉nk,λ||2 ≤ K̃(||∇✉nk,λ||4 + ||ϕn

k,λ||2H2(Ω)(1 + ||∇µnk,λ||2)

+ ||g(t)||21/2,∂Ω + 1).

■❢ ✇❡ ❛❞❞ ❡q✉❛t✐♦♥ ✭✸✳✶✸✷✮ ❛♥❞ ✇❡ s❡t

Λ(t) = (µnk,λ,✉
n
k,λ · ∇ϕn

k,λ) +
1

2
||∇µnk,λ||2 +

1

2
||∇✉nk,λ||2,

t❤❡♥ ✇❡ ❣❡t

d

dt
Λ(t) +

ν

2
||❆✉nk,λ||2 + ω̄||∂t✉nk,λ||2 +

α

4
||∇∂tϕn

k,λ||2

≤ C2(1 + ||✉nk,λ||2[L3(Ω)]2)(1 + ||∇µnk,λ||2 + ||∇✉nk,λ||2)

+ (∂t✉
n
k,λ · ∇ϕn

k,λ, µ
n
k,λ)

K̃(||∇✉nk,λ||4 + ||ϕn
k,λ||2H2(Ω)(1 + ||∇µnk,λ||2)

+ ||g(t)||21/2,∂Ω + 1). ✭✸✳✶✹✶✮

❲❡ ❛r❡ ♥♦✇ ❧❡❢t t♦ ❡st✐♠❛t❡ ♦♥❡ ❧❛st t❡r♠✿ ✇❡ ❤❛✈❡ ❜② ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ t❤❡ ❙♦❜♦❧❡✈

❡♠❜❡❞❞✐♥❣ V →֒ L6(Ω) ❛♥❞ V2 →֒W 1,3(Ω) ❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✸✳✶✷✹✮✿

(∂t✉
n
k,λ · ∇ϕn

k,λ, µ
n
k,λ) ≤ ||∂t✉nk,λ|| ||∇ϕn

k,λ||L3(Ω)||µnk,λ||L6(Ω)

≤ ω̄

2
||∂t✉nk,λ||2 + C||ϕn

k,λ||2H2(Ω)||µnk,λ||21

≤ ω̄

2
||∂t✉nk,λ||2 +K||ϕn

k,λ||2H2(Ω)(1 + ||∇µnk,λ||2).

❚❤❡♥ ✇❡ r❡❛❝❤ ❢r♦♠ ✭✸✳✶✹✶✮✿

d

dt
Λ(t) +

ν

2
||❆✉nk,λ||2 +

ω̄

2
||∂t✉nk,λ||2 +

α

4
||∇∂tϕn

k,λ||2

≤ C2(1 + ||✉nk,λ||2L3(Ω))(1 + ||∇µnk,λ||2 + ||∇✉nk,λ||2)

+ K̃(||∇✉nk,λ||4 + ||ϕn
k,λ||2H2(Ω)(1 + ||∇µnk,λ||2)

+ ||g(t)||21/2,∂Ω + 1). ✭✸✳✶✹✷✮

✻✺



❲❡ ♥♦✇ s❤♦✇ t❤❛t Λ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✿ ✇❡ ❤❛✈❡✱ s✐♥❝❡ ✉nk,λ ∈ L∞(0, T ;❍σ) ❛♥❞ ✉s✐♥❣

✭✸✳✷✹✮✱ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ V →֒ L4(Ω)✱ ✭✸✳✶✷✹✮ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✿

(✉nk,λ · ∇ϕn
k,λ, µ

n
k,λ) ≤ ||✉nk,λ||L4(Ω)||∇ϕn

k,λ|| ||µnk,λ||L4(Ω)

≤ C||✉nk,λ||1/2||∇✉nk,λ||1/2||µnk,λ||1

≤ C̄||✉nk,λ||1/2||∇✉nk,λ||1/2(1 + ||∇µnk,λ||)

≤ 1

4
||∇✉nk,λ||2 +

1

4
||∇µnk,λ||2 + C ′.

❚❤❡♥ ✇❡ ❤❛✈❡

−(✉nk,λ · ∇ϕn
k,λ, µ

n
k,λ) ≤ |(✉nk,λ · ∇ϕn

k,λ, µ
n
k,λ)| ≤

1

4
||∇✉nk,λ||2 +

1

4
||∇µnk,λ||2 + C ′,

♦❜t❛✐♥✐♥❣

(✉nk,λ · ∇ϕn
k,λ, µ

n
k,λ) ≥ −1

4
||∇✉nk,λ||2 −

1

4
||∇µnk,λ||2 − C ′.

❲❡ ♥♦✇ ❣❡t

Λ(t) ≥ 1

4
||∇✉nk,λ||2 +

1

4
||∇µnk,λ||2 − C ′

❛♥❞ ✐♥ t❤❡ ❡♥❞✱ ❞❡✜♥✐♥❣ Λ̃(t) = Λ(t) + C ′ ✇❡ ♦❜t❛✐♥

Λ̃(t) ≥ 1

4
||∇✉nk,λ||2 +

1

4
||∇µnk,λ||2 ≥ 0.

❚❤❡♥✱ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ✐t ❡❛s✐❧② s❡❡♥ t❤❛t

Λ̃(t) ≤ C̃(1 + ||∇µnk,λ||2 + ||∇✉nk,λ||2).

❙✐♥❝❡

Λ̃(t)2 ≥ 1

16
(||∇✉nk,λ||4 + 2||∇✉nk,λ||2||∇µnk,λ||2 + ||∇µnk,λ||4)

❛♥❞ s✐♥❝❡✱ ❜② ♣r❡✈✐♦✉s ❡st✐♠❛t❡ ✭✸✳✶✷✶✮ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱

||ϕn
k,λ||2H2(Ω) ≤ C(1 + ||∇µnk,λ||) ≤ C(1 + ||∇µnk,λ||)2 ≤ C ′′(1 + ||∇µnk,λ||2),

✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡❞✉❝❡✱ ❢r♦♠ ❡st✐♠❛t❡ ✸✳✶✹✷✱ ✭
d

dt
Λ(t) =

d

dt
Λ̃(t)✮✱ ❡①♣❧♦✐t✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ❡♠✲

❜❡❞❞✐♥❣ [H1(Ω)]2 →֒ [L3(Ω)]2 t♦❣❡t❤❡r ✇✐t❤ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ t❡r♠ ||✉nk,λ||2[L3(Ω)]2 ✱

t❤❛t
d

dt
Λ̃(t) ≤ K(1 + ||g(t)||21/2,∂Ω + Λ̃(t)2). ✭✸✳✶✹✸✮

✻✻



▼♦r❡♦✈❡r✱ Λ̃ ∈ L1(0, T )✱ s✐♥❝❡
∫ T

0
Λ̃(t) ≤ C̃T +

∫ T

0
||∇µnk,λ||2 +

∫ T

0
||∇✉nk,λ||2 ≤ C̄ <∞ ✭✸✳✶✹✹✮

✇❤❡r❡ t❤❡ ❧❛st t❡r♠ ✐s ❞✉❡ t♦ ✭✸✳✶✷✸✮ ❛♥❞ ✭✸✳✶✶✽✮✳ ❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ▲❡♠♠❛

❆✳✶✳✼ t♦ ✭✸✳✶✹✸✮ ✇✐t❤ a = KΛ̃ ∈ L1(0, T ) ❛♥❞ b = K(1 + ||g||21/2,∂Ω) ∈ L1(0, T ) ♦❜t❛✐♥✐♥❣

Λ̃(t) ≤ Λ̃(0)eK
∫ t
0
Λ̃ds+

∫ t

0
eK

∫ t
s Λ̃K(1 + ||g(t)||21/2,∂Ω)ds

≤ eKC̄ [Λ̃(0) +KT +K||g||2
L2(0,T ;H1/2(∂Ω))

]. ✭✸✳✶✹✺✮

❙✐♥❝❡ g ∈ L2(0, T ;H1/2(∂Ω)) ✇❡ ❛r❡ ♦♥❧② ❧❡❢t t♦ ❡st✐♠❛t❡ Λ̃(0)✿ s✐♥❝❡ t❤❡ ♣r♦❥❡❝t♦rs ❛r❡

♦rt❤♦❣♦♥❛❧✱ ❜② ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s❱σ →֒ [L3(Ω)]2 ❛♥❞ V →֒ L6(Ω)✿

Λ̃(0) = (µnk,λ(0),✉
n
k,λ(0) · ∇ϕn

k,λ(0)) +
1

2
||∇µnk,λ(0)||2 +

1

2
||∇✉nk,λ(0)||2 + C ′

≤ (µnk,λ(0), Pn(✉0) · ∇P̃n(ϕ0,k)) +
1

2
||∇µnk,λ(0)||2 +

1

2
||∇Pn(✉0)||2 + C ′

≤ ||Pn(✉0)||L3(Ω)||µnk,λ(0)||L6(Ω)||∇P̃n(ϕ0,k)||+
1

2
||∇µnk,λ(0)||2 +

1

2
||∇✉0||2 + C ′

≤ ||∇Pn(✉0)|| ||µnk,λ(0)||1 ||∇ϕ0,k||+
1

2
||∇µnk,λ(0)||2 +

1

2
||∇✉0||2 + C ′

≤ ||∇✉0|| ||µnk,λ(0)||1 ||∇ϕ0,k||+
1

2
||∇µnk,λ(0)||2 +

1

2
||∇✉0||2 + C ′;

♥♦✇ ❢r♦♠ ✭✸✳✶✵✾✮ ❛♥❞ ❜② ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✇❡ ❣❡t

||∇✉0|| ||µnk,λ(0)||1 ||∇ϕ0,k|| ≤ ||∇✉0|| ||µnk,λ(0)||1(1 + ||ϕ0||1)

≤ 1

2
||∇✉0||2 + C ||µnk,λ(0)||21 (1 + ||ϕ0||21).

❚❤❡ ♦♥❧② t❡r♠ t♦ ❜❡ ❤❛♥❞❧❡❞ ✐s t❤❡♥ t❤❡ ❧❛st ♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t②✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡✱

❜② t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❥❡❝t♦r P̃n✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Ψλ ❛♥❞ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱ ✉s✐♥❣

❞❡✜♥✐t✐♦♥ µ̃0,k = −α∆ϕ0,k + F ′
λ(ϕ0,k) ✇✐t❤ ||µ̃0,k||1 ≤ ||µ̃0||1 ✭s❡❡ ✭✸✳✶✵✻✮✮

||µnk,λ(0)||1 = ||P̃n(−α∆ϕn
k,λ(0) + Ψ′

λ(ϕ
n
k,λ(0)))||1

≤ || − α∆ϕn
k,λ(0) + Ψ′

λ(ϕ
n
k,λ(0))||1

≤ || − α∆ϕn
k,λ(0) + F ′

λ(ϕ
n
k,λ(0))||1 + α0||ϕn

k,λ(0)||1

≤ || − α∆ϕn
k,λ(0) + F ′

λ(ϕ
n
k,λ(0)) + α∆ϕ0,k − F ′

λ(ϕ0,k)||1 + ||µ̃0,k||1 + α0||ϕn
k,λ(0)||1

≤ ||ϕn
k,λ(0)− ϕ0,k||H3(Ω) + ||F ′

λ(ϕ
n
k,λ(0))− F ′

λ(ϕ0,k)||1 + C (||µ̃0||1 + ||ϕ0||1).

✻✼



❙✐♥❝❡ ϕn
k,λ(0) = P̃n(ϕ0,k)✱ ✇❡ ❦♥♦✇ t❤❛t ϕn

k,λ(0) → ϕ0,k ✐♥ H3(Ω) ❛s n → ∞✱ t❤✉s t❤❡ ✜rst

t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ||ϕn
k,λ(0)||H3(Ω) ≤ C ∀n ≥ 0✳ ❋♦r t❤❡ s❡❝♦♥❞

♦♥❡ ✇❡ ❤❛✈❡

||F ′
λ(ϕ

n
k,λ(0))− F ′

λ(ϕ0,k)||1 ≤ ||F ′
λ(ϕ

n
k,λ(0))− F ′

λ(ϕ0,k)||+ ||∇(F ′
λ(ϕ

n
k,λ(0))− F ′

λ(ϕ0,k))||.

❚❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✭❛♥❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② t❤❡ ✜rst t❡r♠✮ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞

❛s ❢♦❧❧♦✇s✱ ❡①♣❧♦✐t✐♥❣ t❤❡ ❢❛❝t t❤❛t Fλ ❛♥❞ ✐ts ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ❝♦✐♥❝✐❞❡ ✇✐t❤ F

♦♥ [−1 + λ∗, 1− λ∗]✿

||∇(F ′
λ(ϕ

n
k,λ(0))− F ′

λ(ϕ0,k))|| ≤ ||F ′′
λ (ϕ

n
k,λ(0))∇ϕn

k,λ(0)− F ′′
λ (ϕ0,k)∇ϕ0,k||

≤ ||F ′′
λ (ϕ0,k)∇(ϕn

k,λ(0)− ϕ0,k)||

+ ||(F ′′
λ (ϕ

n
k,λ(0))− F ′′

λ (ϕ0,k))∇ϕ0,k||

≤ C( max
z∈[−1+λ∗,1−λ∗]

|F ′′(z)|

+ max
z∈[−1+λ∗,1−λ∗]

|F ′′′(z)|)||ϕn
k,λ(0)− ϕ0,k||1.

❚❤❡ q✉❛♥t✐t② ❜❡t✇❡❡♥ ❜r❛❝❦❡ts ✐s ✜♥✐t❡ ❜❡❝❛✉s❡ F ∈ C3(−1, 1) ❛♥❞ ✐t ❞❡♣❡♥❞s ♦♥❧② ♦♥ λ∗

❛♥❞ t❤✉s ♦♥❧② ♦♥ k✳ ❲❡ r❡❝❛❧❧ t❤❛t✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♠❛①✐♠❛ ♦❢ F ′′ ❛♥❞ F ′′′ ❝♦✉❧❞ ❡①♣❧♦❞❡

❛s k → +∞✱ ✐❢ λ∗ → 0✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♥♦r♠ ||ϕn
k,λ(0) − ϕ0,k||1✱ ✇❤✐❝❤ ❣♦❡s t♦ ③❡r♦ ❛s

n→ +∞ ✭✇❡ ❤❛✈❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ H3(Ω) ❛♥❞ t❤✉s ✐♥ V ✮✱ ❛❧❧♦✇s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝❤♦♦s✐♥❣ ❛

s✉✣❝✐❡♥t❧② ❧❛r❣❡ n s♦ t❤❛t t❤❡ ❡st✐♠❛t❡❞ ❞✐✛❡r❡♥❝❡ ||∇(F ′
λ(ϕ

n
k,λ(0))−F ′

λ(ϕ0,k))|| ✐s ❛r❜✐tr❛r✐❧②
s♠❛❧❧ ❢♦r ❡✈❡r② k✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t ❢♦r ❛♥② ✜①❡❞ k > k̃✱ λ ∈ (0, λ∗) ❛♥❞ n > n̄ ✭✇❤❡r❡ n̄

✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ❛s ❛❧r❡❛❞② ♥♦t✐❝❡❞✮✿

Λ̃(0) ≤ C(✉0, ϕ0,Θ0) <∞

■♥ ✈✐❡✇ ♦❢ ✭✸✳✶✹✺✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

sup
t∈[0,T ]

||∇✉nk,λ||+ sup
t∈[0,T ]

||∇µnk,λ|| ≤ C1 ✭✸✳✶✹✻✮

✇❤❡r❡ C1 > 0 ❞❡♣❡♥❞s ♦♥ ❚ ❛♥❞ ♦♥ ✐♥✐t✐❛❧ ❞❛t❛✱ ❜✉t ♥♦t ♦♥ k, λ, n✳ ▼♦r❡♦✈❡r ❛♥ ✐♥t❡❣r❛t✐♦♥

✐♥ t✐♠❡ ♦❢ t❤❡ ❖❉❊ ❢♦r Λ(t)✱ ❧❡❛❞s t♦
∫ T

0
(||❆✉nk,λ||2 + ||∂t✉nk,λ||2 + ||∇∂tϕn

k,λ||2)dt ≤ C2 ✭✸✳✶✹✼✮

✻✽



✇❤❡r❡ C2 > 0 ❞❡♣❡♥❞s ♦♥ ❚ ❛♥❞ ♦♥ ✐♥✐t✐❛❧ ❞❛t❛✱ ❜✉t ♥♦t ♦♥ k, λ, n✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✱ ❜❡s✐❞❡s

t❤❡ ♦t❤❡r ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✇❡❛❦❡r ❝❛s❡ ✭✇❤✐❝❤ ❛r❡ ❛❧r❡❛❞② ❡♥♦✉❣❤ t♦

♣❛ss t♦ t❤❡ ❧✐♠✐t✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥✮✱ ✇❡ ❤❛✈❡ ❛❧s♦ t❤❛t

• ✉nk,λ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;❱σ) ∩ L2(0, T ;❲σ) ∩H1(0, T ;❍σ)

• ϕn
k,λ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;V ) ∩ L4(0, T ;V2) ∩H1(0, T ;V )

• µnk,λ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;V )✳

❲❡ ♥♦t✐❝❡ t❤❛t✱ ❞❡✜♥✐♥❣ θ = Θ+θg✱ t❤❡ s♦❧✉t✐♦♥ (✉, ϕ, µ, θ) ❤❛s t❤❡ r❡q✉✐r❡❞ r❡❣✉❧❛r✐t②✱

s✐♥❝❡✱ ❜② t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡s✱

✉ ∈ L∞(0, T ;❍σ) ∩ L2(0, T ;❱σ) ❛♥❞ ∂t✉ ∈ L2(0, T ;❱′
σ),

ϕ ∈ L∞(0, T ;V ) ∩ L4(0, T ;V2) ❛♥❞ ∂tϕ ∈ L2(0, T ;V ′),

θ ∈ L∞(0, T ;H) ∩ L2(0, T ;V ) ❛♥❞ ∂tθ ∈ L2(0, T ;V ′
θ + V ′),

❛♥❞ t❤❡ ❜♦✉♥❞s ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠s ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ s❡q✉❡♥❝❡s✱

t❤✉s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ T ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳ ❲❡ r❡❝❛❧❧ t❤❛t V ′
θ = H−1(Ω) ❛♥❞ ❛♥ ❡❧❡♠❡♥t

♦❢ V ′ ❝❛♥ ❜❡ s❡❡♥✱ ❜② r❡str✐❝t✐♦♥ ♦♥ Vθ✱ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ V ′
θ ❀ t❤✉s ✇❡ ❤❛✈❡

∂tθ ∈ L2(0, T ;V ′
θ ).

❇② st❛♥❞❛r❞ ♠❡t❤♦❞s ❛♥❞ ❜② t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ ❧✐♠✐ts✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡

s♦❧✉t✐♦♥ ✐s ✐♥❞❡❡❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ✇❡❛❦ ♣r♦❜❧❡♠✱ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ k, λ ❛♥❞ n✱ ✉♣ t♦

s✉❜s❡q✉❡♥❝❡s✳ ❈❧❡❛r❧②✱ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t✱ ✭❢♦r λ s♠❛❧❧ ❡♥♦✉❣❤✱ Fλ ✐s ❝♦♥✈❡①✱ s❡❡ ❬✺✷❪✱

▲❡♠♠❛ ✷✮ ❛s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✭❙❡❝t✐♦♥ ✸✳✸✳✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t |ϕ(x, t)| < 1

❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω× (0, T )✳

❇② t❤❡ r❡❣✉❧❛r✐t② ❢♦r ✉ ❛♥❞ ϕ ✇❡ ❤❛✈❡ ❛❧s♦ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ r❡❛❝❤❡❞

✐♥ t❤❡ ♣♦✐♥t✇✐s❡ s❡♥s❡✱ ✉(·, 0) = ✉0 ❛♥❞ ϕ(·, 0) = ϕ0 ✐♥ Ω✳ ❲❡ ❝❛♥ ♥♦✇ ❞❡❞✉❝❡ t❤❡ ❧❛st

r❡❣✉❧❛r✐t② ✐ss✉❡s✳

❙✐♥❝❡ ∂tϕ + ✉ · ∇ϕ ∈ L2(0, T ;V )✱ ✇❡ ✐♥❢❡r ❢r♦♠ ❝❧❛ss✐❝❛❧ r❡❣✉❧❛r✐t② t❤❡♦r② ♦❢ ❤♦✲

♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ♦♣❡r❛t♦r t❤❛t µ ∈ L2(0, T ;H3(Ω))✱ ∂♥µ = 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥

✻✾



∂Ω× (0, T ) ❛♥❞ ∂tϕ+ ✉ · ∇ϕ = ∆µ ❤♦❧❞s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω× (0, T )✳ ❋✐♥❛❧❧② ✇❡ ❝❛♥

r❡❝♦✈❡r t❤❡ ♣r❡ss✉r❡✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❬✾✼❪✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ✭✇❡ ❝❛♥ ✉s❡ t❤❡ ❣❧♦❜❛❧ θ✱ s✐♥❝❡ ❜② t❤❡

r❡❣✉❧❛r✐t② ♦❢ Θ ✇❡ ❞❡❞✉❝❡ ✐ts r❡❣✉❧❛r✐t②✱ ❞✉❡ t♦ θ = Θ+ θg✮

❢ = µ∇ϕ− ∂t✉− (✉ · ∇)✉+ θ❡2 ∈ L2(0, T ; [L2(Ω)]2);

t❤❡♥ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♣r❡ss✉r❡ π s❛t✐s✜❡s

∫ T

0
||π||2W 1,2 ≤ K

∫ T

0
||❢||2 <∞,

t❤❡r❡❢♦r❡ π ∈ L2(0, T ;V ) ❛♥❞ ∇π = ❢ ❛✳❡✳ ✐♥ Ω× (0, T )✳

❋r♦♠ t❤❡ r❡❣✉❧❛r✐t② µ ∈ L∞(0, T ;V )✱ ❚❤❡♦r❡♠ ❇✳✶✳✷ ✐♠♣❧✐❡s t❤❛t ϕ ∈ L∞(0, T ;W 2,p(Ω))

❛♥❞ F ′(ϕ) ∈ L∞(0, T ;Lp(Ω)) ❢♦r ❛♥② 2 ≤ p <∞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❛♥❦s t♦ t❤❡ ❣r♦✇t❤ ❝♦♥❞✐✲

t✐♦♥ ✭✶✳✸✮ ✇❡ ❞❡❞✉❝❡✱ ❜② ❚❤❡♦r❡♠ ❇✳✶✳✷✱ t❤❛t F ′′(ϕ) ∈ L∞(0, T ;Lp(Ω)) ❢♦r ❛♥② p ∈ (2,∞)✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❬✻✶❪ ✇✐t❤ t❤❡ ✐♥❝r❡♠❡♥t❛❧ q✉♦t✐❡♥ts ✇❡ ❞❡❞✉❝❡ t❤❛t ∂tµ

❡①✐sts ❛♥❞ ❜❡❧♦♥❣s t♦ L2(0, T ;V ′)✳

❚❤✉s ❜② ▲❡♠♠❛ ❆✳✷✳✷ ✇❡ ❞❡❞✉❝❡ t❤❛t µ ∈ C([0, T ];H)✳

✸✳✹✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻

❚♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s✱ ♠♦st ♦❢ t❤❡ ♣r♦♦❢ ✐s ❛❧r❡❛❞② ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥✳ ■♥❞❡❡❞ t❤❡ ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ ♦♥ ❜♦✉♥❞❛r② ❞❛t✉♠ g ❢✉❧✜❧❧ t❤❡ ♦♥❡s

♥❡❡❞❡❞ ✐♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ t❤❡♦r❡♠✳

P❛ss✐♥❣ ❛❣❛✐♥ t❤r♦✉❣❤ t❤❡ ●❛❧❡r❦✐♥ s❡tt✐♥❣✱ ✇❡ ❝❛♥ r❡♣r♦❞✉❝❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❛t t❤❡✲

♦r❡♠✱ ❛❞❞✐♥❣ ❢✉rt❤❡r ❤✐❣❤❡r✲♦r❞❡r ❜♦✉♥❞s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ t❤❡♥

♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ k, λ ✭❡①tr❛❝t✐♥❣✱ ❛s ✉s✉❛❧✱ ❛ s✉❜s❡q✉❡♥❝❡ λj → 0✮ ❛♥❞ n✱ ✉♣ t♦

s✉❜s❡q✉❡♥❝❡s✱ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛❞❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✳

❲❡ r❡❝❛❧❧ t❤❛t Θ0 = θ0 − θg(0)✱ t❤❡r❡❢♦r❡ Θ0 ∈ Vθ✳

▲❡t ξ = ∂tΘ
n
k,λ ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✿

k

2

d

dt
||∇Θn

k,λ||2 + ||∂tΘn
k,λ||2 =− (✉n

k,λ · ∇Θn
k,λ, ∂tΘ

n
k,λ)− (✉n

k,λ · ∇θg, ∂tΘn
k,λ)

+ κ(∆θg, ∂tΘ
n
k,λ)− (∂tθg, ∂tΘ

n
k,λ). ✭✸✳✶✹✽✮

✼✵



◆♦✇✱ Θn
k,λ s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠✿











−κ∆Θn
k,λ = f ❛✳❡✳ ✐♥ Ω× (0, T )

Θn
k,λ = 0 ♦♥ ∂Ω,

✇❤❡r❡ f s✉♠♠❛r✐③❡s ❛❧❧ t❤❡ t❡r♠s ♣r❡s❡♥t ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✳ ❲❡ ❝❛♥ t❤❡♥

❛♣♣❧② ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ❡st✐♠❛t❡s ✭s❡❡ ❡✳❣✳❬✷✵❪✮ ❛♥❞ ♦❜t❛✐♥ t❤❛t

||Θn
k,λ||H2(Ω) ≤ C||f ||,

♠❡❛♥✐♥❣✱ ❜② ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ t❤❛t

||Θn
k,λ||2H2(Ω) ≤ C(||∂tΘn

k,λ||2+ ||✉n
k,λ ·∇Θn

k,λ||2+ ||✉n
k,λ ·∇θg||2+ ||∆θg||2+ ||∂tθg||2). ✭✸✳✶✹✾✮

❇② ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ❛ st❛♥❞❛r❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❛♥❞ ❢r♦♠ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞ ♦♥

∇✉n
k,λ✱ ✇❡ ❤❛✈❡ ✭❝❢✳ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸✮✿

||✉n
k,λ·∇Θn

k,λ||2 ≤ ||✉n
k,λ||2[L4(Ω)]2 ||∇Θn

k,λ||2L4(Ω) ≤ C||∇✉n
k,λ||2||∇Θn

k,λ||2L4(Ω) ≤ K||∇Θn
k,λ||2L4(Ω).

✭✸✳✶✺✵✮

❋r♦♠ ▲❡♠♠❛ ❆✳✶✳✹✱ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ❞♦♥❡ ✐♥ ❬✶✵✶❪ ❛♥❞ ❬✶✵✷❪✱ ✇❡ ❞❡❞✉❝❡ ❜② ❨♦✉♥❣✬s

✐♥❡q✉❛❧✐t②✱ ❢♦r ❛ ✜①❡❞ δ > 0

K||∇Θn
k,λ||2L4(Ω) ≤ KC(||∇Θn

k,λ|| ||D2Θn
k,λ||+ ||∇Θn

k,λ||2) ≤ δ||Θn
k,λ||2H2(Ω) + C̃||∇Θn

k,λ||2.
✭✸✳✶✺✶✮

❋r♦♠ t❤✐s ❡st✐♠❛t❡ ✇❡ t❤❡♥ ❞❡❞✉❝❡✱ ❝❤♦♦s✐♥❣ δ =
1

2
✱ t❤❛t

||Θn
k,λ||2H2(Ω)

≤ C̄(||∂tΘn
k,λ||2 + ||∇Θn

k,λ||2 + ||✉n
k,λ · ∇θg||2 + ||∆θg||2 + ||∂tθg||2) +

1

2
||Θn

k,λ||2H2(Ω).

❲❡ ❛r❡ ❧❡❢t t♦ ❝♦♥s✐❞❡r ♦♥❧② ♦♥❡ t❡r♠✱ ✇❤✐❝❤ ✐s ❡st✐♠❛t❡❞ ❜② ♠❡❛♥s ♦❢ ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱

❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❛♥❞ ❡st✐♠❛t❡ ❆✳✶✳✹ ✭✇❤✐❝❤ ✐♠♣❧✐❡s ||∇θg||L4(Ω) ≤ C||θg||H2(Ω)✮ ❛♥❞ ❢r♦♠

t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡ ✭✸✳✶✹✻✮ ♦♥ ∇✉n
k,λ✱ ✇❤✐❝❤ ✇❛s ❞❡r✐✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✸ ❛♥❞ ✐s st✐❧❧ ✈❛❧✐❞

✐♥ t❤✐s ❝♦♥t❡①t✿

||✉n
k,λ · ∇θg||2 ≤ ||✉n

k,λ||2[L4(Ω)]2 ||∇θg||2L4(Ω) ≤ ||∇✉n
k,λ||2||θg||2H2(Ω) ≤ C||θg||2H2(Ω).

✼✶



❲❡ ❛r❡ r❡❛❞② t♦ ✉s❡ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❧✐❢t ♦♣❡r❛t♦r✱ t♦ ❣❡t

||Θn
k,λ||2H2(Ω) ≤ 2C̄(||∂tΘn

k,λ||2 + ||∇Θn
k,λ||2 + ||✉n

k,λ · ∇θg||2 + ||∆θg||2 + ||∂tθg||2)

≤ K̂(||∂tΘn
k,λ||2 + ||∇Θn

k,λ||2 + ||θg||2H2(Ω) + ||∆θg||2 + ||∂tθg||2)

≤ K̃(||∂tΘn
k,λ||2 + ||∇Θn

k,λ||2 + ||g(t)||2
H3/2(∂Ω)

+ ||∂tg(t)||2H1/2(∂Ω)
). ✭✸✳✶✺✷✮

❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❡♠♣❡r❛t✉r❡ ✭✸✳✶✹✽✮✱ s✐♥❝❡✱ ❜② ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡

s❛♠❡ ❡st✐♠❛t❡s ❛s ❜❡❢♦r❡✱ ||∆θg|| ≤ ||θg||H2(Ω) ≤ C||g(t)||H3/2(∂Ω)✱ ✇❡ ♦❜t❛✐♥✿

k

2

d

dt
||∇Θn

k,λ||2 + ||∂tΘn
k,λ||2 ≤||✉n

k,λ · ∇Θn
k,λ|| ||∂tΘn

k,λ||+ ||✉n
k,λ · ∇θg|| ||∂tΘn

k,λ||

+ ||∂tθg|| ||∂tΘn
k,λ||+ κ||∆θg|| ||∂tΘn

k,λ||

≤ 1

2
||∂tΘn

k,λ||2 + C(||✉n
k,λ · ∇θg||2

+ ||✉n
k,λ · ∇Θn

k,λ||2 + ||∂tθg||2 + ||∆θg||2)

≤ 1

2
||∂tΘn

k,λ||2 + C(||✉n
k,λ · ∇Θn

k,λ||2)

+ K̄(||g(t)||2
H3/2(∂Ω)

+ ||∂tg(t)||2H1/2(∂Ω)
). ✭✸✳✶✺✸✮

❈♦♥s✐❞❡r✐♥❣ δ =
1

4CK̃
✐♥ ✭✸✳✶✺✶✮✱ s✉❜st✐t✉t✐♥❣ ✐♥ ✭✸✳✶✺✵✮ ❛♥❞ t❤❡♥ ✐♥ ✭✸✳✶✺✸✮ ✇❡ ♦❜t❛✐♥

κ

2

d

dt
||∇Θn

k,λ||2 + ||∂tΘn
k,λ||2 ≤

1

2
||∂tΘn

k,λ||2 +
1

4K̃
||Θn

k,λ||2H2(Ω)

+ ¯̄K(||∇Θn
k,λ||2 + ||g(t)||2

H3/2(∂Ω)
+ ||∂tg(t)||2H1/2(∂Ω)

)

≤ 1

2
||∂tΘn

k,λ||2 +
1

4
||∂tΘn

k,λ||2

+K ′(||∇Θn
k,λ||2 + ||g(t)||2

H3/2(∂Ω)
+ ||∂tg(t)||2H1/2(∂Ω)

).

❘❡❛rr❛♥❣✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤

κ

2

d

dt
||∇Θn

k,λ||2 +
1

4
||∂tΘn

k,λ||2 ≤ K ′||∇Θn
k,λ||2 +K ′(||g(t)||2

H3/2(∂Ω)
+ ||∂tg(t)||2H1/2(∂Ω)

).

❙✐♥❝❡✱ ❜② ❛ss✉♠♣t✐♦♥ ♦♥ g✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❜❡❧♦♥❣s t♦ L1(0, T )✱ ✇❡

❝❛♥ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ✐♥❡q✉❛❧✐t② ✭t❤❡ t❡r♠ ✐♥ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✱

✐♥❞❡❡❞✮ ✇✐t❤ a(t) =
2K ′

κ
❛♥❞ b(t) =

2K ′

κ
(||g(t)||2

H3/2(∂Ω)
+ ||∂tg(t)||2H1/2(∂Ω)

)✱ t♦ ❣❡t✱ ❜② t❤❡

♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❥❡❝t♦r ♦♥ Vθ✿

✼✷



||∇Θn
k,λ(t)||2 ≤ e

2K′

κ
T [||∇Θ0||2 +

2K ′

κ
(||g||2

L2(0,T ;H3/2(∂Ω))
+ ||∂tg||2L2(0,T ;H1/2(∂Ω))

] ≤ K ′′,

✭✸✳✶✺✹✮

✇✐t❤ K ′′ ✐♥❞❡♣❡♥❞❡♥t ♦❢ k, n, λ✳ ■♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ✐♥ (0, T ) t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✇❡ ❛❧s♦

♦❜t❛✐♥ t❤❛t
∫ T

0
||∂tΘn

k,λ||2 ≤ K,

✇✐t❤K ✐♥❞❡♣❡♥❞❡♥t ♦❢ k, n, λ✳ ❚❤❡♥ ✇❡ ❛❧s♦ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✺✷✮ t❤❛tΘn
k,λ ∈ L2(0, T ;H2(Ω))

❛♥❞ t❤❛t ✐t ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛❧s♦ ✐♥ t❤✐s ♥♦r♠✳

❚♦ s✉♠ ✉♣✱ ❞✐✛❡r❡♥t❧② ❢r♦♠ t❤❡ ❧❡ss r❡❣✉❧❛r ❝❛s❡✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡s❡ ❡st✐♠❛t❡s✿

Θn
k,λ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;Vθ) ∩H1(0, T ;H) ∩ L2(0, T ;V 2

θ )✳

❚❤❡♥ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str♦♥❣

s♦❧✉t✐♦♥✱ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ r❡❛❝❤❡❞ t❤❡ ♥❡❡❞❡❞ r❡❣✉❧❛r✐t② ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❡♠♣❡r❛t✉r❡

❛❧s♦ ❤♦❧❞s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × (0, T )✳ ❇❡✐♥❣ t❤❡ ✇❡❛❦ ❧✐♠✐t ✐♥ t❤❡ r✐❣❤t ❝♦♥✈❡r❣❡♥❝❡✱

❛❧s♦ t❤❡ ❧✐♠✐t Θ ∈ L∞(0, T ;Vθ) ∩ H1(0, T ;H) ∩ L2(0, T ;V 2
θ )✳ ❙✐♥❝❡ θ = Θ + θg✱ t❤❡ s❛♠❡

r❡❣✉❧❛r✐t② ❤♦❧❞s ❢♦r θ✱ ❜❡❝❛✉s❡ ❜② ❝♦♥str✉❝t✐♦♥ θg ∈ L2(0, T ;H2(Ω)) ❛♥❞ ∂tθg ∈ L2(0, T ;V )✿

✇❡ ❤❛✈❡ θ ∈ L∞(0, T ;V )∩H1(0, T ;H)∩L2(0, T ;H2(Ω))✳ ❚❤✉s t❤❡ s♦❧✉t✐♦♥ (✉, ϕ, µ, θ) ❤❛s

t❤❡ s✉✣❝✐❡♥t r❡❣✉❧❛r✐t② t♦ ❜❡ ❛ str♦♥❣ s♦❧✉t✐♦♥✳

✼✸



❈❤❛♣t❡r ✹

❙t❛❜✐❧✐t② ❡st✐♠❛t❡s ❛♥❞ ✉♥✐q✉❡♥❡ss

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ❡st✐♠❛t❡s ♣r❡s❡♥t❡❞ ✐♥

❈❤❛♣t❡r ✷✳ ❚❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ✐♠♣♦rt❛♥t t♦ ❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s✱ ❛♥❞

t❤✉s t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✱ s✐♥❝❡ ❢r♦♠ t❤❡s❡ ❡st✐♠❛t❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡

s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❛s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r②✳

❚❤❡ ✜rst ❡st✐♠❛t❡ ♣r♦✈❡❞ ✐s t❤❡ ♦♥❡ ❧❡❛❞✐♥❣ t♦ ✇❡❛❦✲str♦♥❣ ✉♥✐q✉❡♥❡ss✱ ❛♥❞ ✐t ❣✐✈❡s

t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ♥♦r♠s ♦❢ ✉, ϕ, ❛♥❞ θ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❞✉❛❧ ♥♦r♠s✱ ✇❤❡♥

❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶ ❛♥❞ ❛ str♦♥❣ s♦❧✉t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✷✳✶✳✻✮ ❛r❡

❣✐✈❡♥✳

❚❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥s ✭s❡❡

❉❡✜♥✐t✐♦♥ ✶✳✷✮✳ ■t ❝♦♥tr♦❧s t❤❡ L2 ♥♦r♠s ♦❢ ✉ ❛♥❞ ϕ✱ ✇❤❡r❡❛s ✐t ❝♦♥tr♦❧s ♦♥❧② t❤❡ ❞✉❛❧ ♥♦r♠

♦❢ θ✳

❚❤❡ t❤✐r❞ ❡st✐♠❛t❡ ✐s ❛ ❤✐❣❤❡r ♦r❞❡r ❡st✐♠❛t❡ ❛♥❞ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤

str♦♥❣ s♦❧✉t✐♦♥s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✸✮✳ ❚❤✐s ❡st✐♠❛t❡ ❝♦♥tr♦❧s t❤❡ L2 ♥♦r♠s ♦❢ ✉ ❛♥❞ ϕ ❛♥❞

❛❧s♦ t❤❡ L2 ♥♦r♠ ♦❢ θ✳

✹✳✶ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡ ✭✷✳✶✮ ❢r♦♠ ✇❤✐❝❤ t❤❡ ✇❡❛❦✲str♦♥❣ ✉♥✐q✉❡♥❡ss ✐s ❛ ❞✐r❡❝t

❝♦♥s❡q✉❡♥❝❡✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✇❡❛❦ ❢♦r♠ ❛❧s♦ ❢♦r t❤❡ str♦♥❣ s♦❧✉t✐♦♥ ❛♥❞ ♣❡r❢♦r♠ t❤❡

✼✹



❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡♠✳

❲❡ ❞❡✜♥❡ ✉ = ✉1 − ✉2✱ ϕ = ϕ1 − ϕ2✱ θ = θ1 − θ2 ❛♥❞ µ = −α∆ϕ+Ψ′(ϕ1)−Ψ′(ϕ2)✳

❚❤❡♥✱ ❤❛✈✐♥❣ θi = g(t) ♦♥ ∂Ω× (0, T )✱ ✇❡ ❣❡t

< ∂t✉,✇ >+ b(✉1,✉,✇) + b(✉,✉2,✇) + ν(∇✉,∇✇) ✭✹✳✶✮

= α(∇ϕ1 ⊗∇ϕ,∇✇) + α(∇ϕ⊗∇ϕ2,∇✇) + (θ, ❡2 ·✇) ∀✇ ∈ ❱σ ✭✹✳✷✮

< ∂tϕ, v > +(∇µ,∇v) + (✉1 · ∇ϕ, v) + (✉ · ∇ϕ2, v) = 0 ∀v ∈ V ✭✹✳✸✮

< ∂tθ, ξ > +κ(∇θ,∇ξ)− (✉1 · θ,∇ξ)− (✉ · θ2,∇ξ) = 0 ∀ξ ∈ Vθ ✭✹✳✹✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st t❡r♠ ✇❡ ❡①♣❧♦✐t❡❞ t❤❡ ❢❛❝t t❤❛t ✉ = 0 ♦♥ ∂Ω ❛♥❞ ❞✐✈ ✉ = 0 ✐♥ Ω t♦ s❛②

(✉1 · ∇θ, ξ) = −(✉1 · θ,∇ξ) ❛♥❞ (✉ · ∇θ2, ξ) = −(✉ · θ2,∇ξ)✳
❋✐rst ♦❢ ❛❧❧✱ s✐♥❝❡

µ∇ϕ = (−α∆ϕ+Ψ′(ϕ))∇ϕ,

✇❡ ❤❛✈❡

µ∇ϕ = ∇
(α

2
|∇ϕ|2 +Ψ(ϕ)

)

− α ❞✐✈(∇ϕ⊗∇ϕ);

t❤❡r❡❢♦r❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♥❡ ✉s❡❞ ✉♣ t♦ ♥♦✇✳

❲❡ t❤❡♥ r❡❝❛❧❧ t❤❛t✱ ❞✉❡ t♦ t❤❡ ♣r❡✈✐♦✉s r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s✱ ✇❡ ❤❛✈❡ ❢♦r i = 1, 2✱

||✉i(t)|| ≤ C0, ||ϕi(t)||V ≤ C0, ||ϕi(t)||L∞(Ω) ≤ 1 ||θ2(t)||1 ≤ C0. ✭✹✳✺✮

❢♦r ❛❧♠♦st ❛♥② t ∈ (0, T )✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C0 ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❡♥❡r❣②✳ ❲❡

st❛rt ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✸✮✳ ❘❡♠❡♠❜❡r✐♥❣ t❤❡ ③❡r♦ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ✐ts

♥♦✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ r❡✇r✐t❡ ✐t ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛s

< ∂tϕ, v > +(∇µ,∇v)− (✉1ϕ,∇v)− (✉ϕ2,∇v) = 0 ∀v ∈ V. ✭✹✳✻✮

❲❡ ❤❛✈❡ ❛❧s♦✱ ❛s ❛❧r❡❛❞② ♥♦t✐❝❡❞ ♠❛♥② t✐♠❡s✱ t❤❛t ✭✐t ✐s ❡♥♦✉❣❤ t❡st✐♥❣ ✭✹✳✸✮ ❛❣❛✐♥st v = 1✱

r❡♠❡♠❜❡r✐♥❣ t❤❛t ❛❧❧ t❤❡ ✐♥t❡❣r❛❧s ❛♣❛rt ❢r♦♠ t❤❡ ✜rst ♦♥❡ ✈❛♥✐s❤ ❞✉❡ t♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❛♥❞ ③❡r♦ ❞✐✈❡r❣❡♥❝❡ ♦❢ ✈❡❧♦❝✐t②✮ ϕ̄(t) = ϕ̄(0) = 0 ✭s✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ ϕ̄01 = ϕ̄02✮ ❢♦r ❛❧❧

t ∈ [0, T ]✿ t❤❡♥ ϕ ∈ V0 ✭s❡❡ ✭❇✳✶✻✮✮✱ ❛♥❞ t❤❡♥ ❛❧s♦ ϕ ∈ V ′
0 ✳ ❲✐t❤ t❤✐s r❡♠❛r❦ ✐♥ ♠✐♥❞✱ ✇❡

✼✺



❝❛♥ t❡st t❤❡ ❡q✉❛t✐♦♥ ✇✐t❤ v = Ā−1
0 ϕ✱ ✇❤✐❝❤ ✐s ♥♦✇ ✇❡❧❧ ❞❡✜♥❡❞✱ ♦❜t❛✐♥✐♥❣ ✭r❡♠❡♠❜❡r✐♥❣

t❤❛t✱ ❡①❛❝t❧② ❛s ✐♥ ✭❇✳✶✹✮✱ ✇❡ ❤❛✈❡ (∇µ,∇Ā−1
0 ϕ) = (µ, ϕ)✮✿

1

2

d

dt
||ϕ||2∗ + (µ, ϕ) = I1 + I2 ✭✹✳✼✮

✇✐t❤

I1 = (✉1ϕ,∇Ā−1
0 ϕ)

I2 = (✉ϕ2,∇Ā−1
0 ϕ).

◆♦✇ ❜② ▲❛❣r❛♥❣❡ t❤❡♦r❡♠✱ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ r❡❣✉❧❛r✐t② ♦❢ Ψ✱ ✇❡ ❤❛✈❡✱ ❢♦r s♦♠❡ ξ =

ξ(s1, s2) ∈ (−1, 1)✱ ❢r♦♠ ♣r♦♣❡rt② ✭✶✳✷✮✱ t❤❛t

Ψ′(s2)−Ψ′(s1) = Ψ′′(ξ)(s2 − s1) ≥ −α̃(s2 − s1) ∀s1, s2 ∈ (−1, 1)

✇❤✐❝❤ ♠❡❛♥s✱ s✐♥❝❡ ϕ1, ϕ2 ∈ (−1, 1) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × (0, T )✱ t❤❛t✱ ❛❧✇❛②s ❛❧♠♦st

❡✈❡r②✇❤❡r❡✱

Ψ′(ϕ1)−Ψ′(ϕ2) ≥ −α̃(ϕ1 − ϕ2) = −α̃ϕ.

❲❡ t❤❡♥ ❛r❡ ❛❜❧❡ t♦ s❛② t❤❛t✱ ❜② ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t❤❡ ✜rst t❡r♠✱ ❞✉❡ t♦ ❤♦♠♦❣❡♥❡♦✉s

◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱

(µ, ϕ) = −α(∆ϕ,ϕ) + (Ψ′(ϕ1)−Ψ′(ϕ2), ϕ) ≥ α||∇ϕ||2 − α̃||ϕ||2. ✭✹✳✽✮

❋r♦♠ ❞❡✜♥✐t✐♦♥ ♦❢ Ā0 ✇❡ ❛❧s♦ ❣❡t✱ ❢r♦♠ ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s✿

α̃||ϕ||2 = α̃(∇ϕ,∇Ā−1
0 ϕ) ≤ α

2
||∇ϕ||2 + C||ϕ||2∗. ✭✹✳✾✮

❲❡ ❝❛♥ ♥♦✇ ✇r✐t❡

1

2

d

dt
||ϕ||2∗ + α||∇ϕ||2 − α̃||ϕ||2 ≤ 1

2

d

dt
||ϕ||2∗ + (µ, ϕ) = I1 + I2

✐♠♣❧②✐♥❣
1

2

d

dt
||ϕ||2∗ +

α

2
||∇ϕ||2 ≤ C||ϕ||2∗ + I1 + I2.

❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ ❧❛st t✇♦ t❡r♠s ✐♥ t❤❡ ✐♥❡q✉❛❧✐t②✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ❛♥❞ ❨♦✉♥❣✬s

✐♥❡q✉❛❧✐t✐❡s ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s V →֒ L6(Ω) ❛♥❞ ❱σ →֒ [L3(Ω)]2 ❛♥❞ ❜② P♦✐♥❝❛ré✬s

✐♥❡q✉❛❧✐t②✿

I1 ≤ ||ϕ||L6(Ω)||✉1||L3(Ω)||ϕ||∗ ≤
α

8
||∇ϕ||2 + C1||∇✉1||2||ϕ||2∗.

✼✻



❲❤❡r❡❛s ❢♦r t❤❡ ♦t❤❡r t❡r♠✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥✱

❛♣♣❧②✐♥❣ ❡st✐♠❛t❡s ✭✹✳✺✮✿

I2 ≤ ||ϕ2||L∞(Ω)||✉|| ||ϕ||∗ ≤
ν

8
||✉||2 + C2||ϕ||2∗.

❲❡ ♥♦✇ ♣❛ss t♦ ❡st✐♠❛t❡ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✷✮✿ t❡st✐♥❣ ✐t ❛❣❛✐♥st ✈ = ❆−1✉ ✭✇❤❡r❡ ❆ ✐s t❤❡

❙t♦❦❡s ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✷✮ r❡♠❡♠❜❡r✐♥❣ t❤❛t (∇✉,∇❆−1✉) = ||✉||2✱ ✇❡ ❣❡t

1

2

d

dt
||✉||2♭ + ν||✉||2 = I3 + I4 + I5, ✭✹✳✶✵✮

✇✐t❤

I3 = −b(✉1,✉,❆
−1✉)− b(✉,✉2,❆

−1✉)

I4 = α(∇ϕ1 ⊗∇ϕ,∇❆−1✉) + α(∇ϕ⊗∇ϕ2,∇❆−1✉)

I5 = (θ, ❡2 ·❆−1✉).

❇② ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❜② ▲❡♠♠❛ ❆✳✶✳✹ ❛♥❞ ✭❇✳✶✵✮✱ s✐♥❝❡ [∇❆−1✉]ij ∈
H1(Ω) ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❛♥❞ ❜② ✭✹✳✺✮✿

I3 ≤ (||✉1||L4(Ω) + ||✉2||L4(Ω)) ||✉|| || ∇❆−1✉||[L4(Ω)]2

≤ C(||✉1||1/2||∇✉1||1/2 + ||✉2||1/2||∇✉2||1/2) ||✉|| ||∇❆−1✉||1/2||∇❆−1✉||1/21

≤ C̄(||✉1||1/2||∇✉1||1/2 + ||✉2||1/2||∇✉2||1/2) ||✉|| ||∇❆−1✉||1/2||❆−1✉||1/2
H2(Ω)

≤ C̃(||✉1||1/2||∇✉1||1/2 + ||✉2||1/2||∇✉2||1/2) ||✉|| ||∇❆−1✉||1/2||❆−1✉||1/2
❲σ

= C̃(||✉1||1/2||∇✉1||1/2 + ||✉2||1/2||∇✉2||1/2) ||✉||
3

2 ||∇❆−1✉||1/2

≤ ν

8
||✉||2 +K||✉||2♭ (||∇✉1||1/2 + ||∇✉2||1/2)4 ≤

ν

8
||✉||2 + K̄||✉||2♭ (||∇✉1||2 + ||∇✉2||2).

❆❜♦✉t I4✱ ❛❝t✐♥❣ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❤❛✈❡ ❜② ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞

❜② ▲❡♠♠❛ ❆✳✶✳✹✱ ❡st✐♠❛t❡s ✭✹✳✺✮ ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ V →֒ L4(Ω)✿

✼✼



I4 ≤ (||∇ϕ1||L4(Ω) + ||∇ϕ1||L4(Ω)) ||∇ϕ|| ||∇❆−1✉||[L4(Ω)]2

≤ C(||ϕ1||H2(Ω) + ||ϕ2||H2(Ω)) ||∇ϕ|| ||∇❆−1✉||1/2||∇❆−1✉||1/21

≤ C̄(||ϕ1||H2(Ω) + ||ϕ2||H2(Ω)) ||∇ϕ|| ||∇❆−1✉||1/2||✉||1/2

≤ α

4
||∇ϕ||2 + Ĉ(||ϕ1||2H2(Ω) + ||ϕ2||2H2(Ω))||∇❆−1✉|| ||✉||

≤ α

4
||∇ϕ||2 + ν

8
||✉||2 +K(||ϕ1||4H2(Ω) + ||ϕ2||4H2(Ω))||✉||2♭ .

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❧❛st t❡r♠✱ ❡st✐♠❛t❡❞ ❛❣❛✐♥ ❜② ♠❡❛♥s ♦❢ ❈❛✉❝❤②✲

❙❝❤✇❛rt③✬s✱ ❨♦✉♥❣✬s ❛♥❞ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t✐❡s✿

I5 ≤
κ

6
||θ||2 + C||∇❆−1✉||2 = κ

6
||θ||2 + C||✉||2♭ . ✭✹✳✶✶✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ t❛❝❦❧❡ ❡q✉❛t✐♦♥ ✭✹✳✹✮✿ s✉❜st✐t✉t✐♥❣ ξ = A−1
0 θ✱ ✇❤❡r❡ ♦♣❡r❛t♦r A0 ✐s

❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✸✱ ✇❡ ❣❡t✿

1

2

d

dt
||θ||2∗ + κ||θ||2 = I6 + I7 ✭✹✳✶✷✮

✇❤❡r❡

I6 = (✉1 · θ,∇A−1
0 θ)

I7 = (✉ · θ2,∇A−1
0 θ).

❚❤❡♥✱ ❢♦r t❤❡ ❧❛st t✇♦ t❡r♠s ✇❡ ❣❡t✱ ❜② ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❜②

▲❡♠♠❛ ❆✳✶✳✹ ❛♥❞ ✭❇✳✶✺✮✱ s✐♥❝❡ ∇A−1
0 θ ∈ [H1(Ω)]2 ❛♥❞ ❜② ✭✹✳✺✮✿

I6 ≤ ||θ|| ||✉1||L4(Ω)||∇A−1
0 θ||L4(Ω)

≤ C||θ|| ||✉1||1/2||∇✉1||1/2||∇A−1
0 θ||1/2||∇A−1

0 θ||1/21

≤ C̄||θ|| ||✉1||1/2||∇✉1||1/2||∇A−1
0 θ||1/2||A−1

0 θ||1/2
H2(Ω)

≤ K||θ||3/2 ||∇✉1||1/2 ||∇A−1
0 θ||1/2 ≤ κ

6
||θ||2 + C̃||∇A−1

0 θ||2 ||∇✉1||2

=
κ

6
||θ||2 + C̃||θ||2∗∗ ||∇✉1||2

❛♥❞ ✐♥ ❝♦♥❝❧✉s✐♦♥ ❜② s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ r❡♠❡♠❜❡r✐♥❣ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ θ2 ∈ V →֒ L4(Ω)

❛♥❞ ✉ ∈ ❱σ →֒ [L4(Ω)]2 ❛♥❞ r❡♠❡♠❜❡r✐♥❣ ✭✹✳✺✮✱ ✇❤❡r❡ ✇❡ ❡①♣❧♦✐t❡❞ t❤❡ ♠♦r❡ r❡❣✉❧❛r✐t② ♦❢

✼✽



t❤❡ str♦♥❣ s♦❧✉t✐♦♥ ✭✐t ✐s ❡①❛❝t❧② ❛t t❤✐s ♣♦✐♥t t❤❛t ✇❡ ♥❡❡❞ ♠♦r❡ r❡❣✉❧❛r✐t② ❢♦r θ2✮✱ ✇❡ ❛r❡

❧❡❢t ✇✐t❤

I7 ≤ ||θ2||L4(Ω)||✉|| ||∇A−1
0 θ||[L4(Ω)]2

≤ K||θ2||1||✉|| ||∇A−1
0 θ||1/2||∇A−1

0 θ||1/21

≤ K||θ2||1||✉|| ||∇A−1
0 θ||1/2||∇A−1

0 θ||1/2
H2(Ω)

≤ K||θ2||1||✉|| ||∇A−1
0 θ||1/2 ||θ||1/2

≤ ν

8
||✉||2 + κ

6
||θ||2 + C||θ2||41 ||∇A−1

0 θ||2

≤ ν

8
||✉||2 + κ

6
||θ||2 + C̄||θ||2∗∗,

✇❤❡r❡ ✐♥ t❤❡ ❧❛st st❡♣s ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❢♦r t❤r❡❡ t❡r♠s ✭✇✐t❤ ❡①♣♦♥❡♥ts

✷✱ ✹✱ ✹✮✳

❲❡ ❞❡✜♥❡

H(t) =
1

2
||✉||2♭ +

1

2
||ϕ||2∗ +

1

2
||θ||2∗∗ ✭✹✳✶✸✮

❛♥❞

R(t) = ν||✉||2 + κ||θ||2 + α

2
||∇ϕ||2 ✭✹✳✶✹✮

❛♥❞ t❤❡♥ s✉♠ ✉♣ ❛❧❧ t❤❡ t❤r❡❡ ✐♥❡q✉❛❧✐t✐❡s✱ ♦❜t❛✐♥✐♥❣

d

dt
H(t) + ν||✉||2 + κ||θ||2 + α

2
||∇ϕ||2 ≤ C||ϕ||2∗ +

7
∑

j=1

Ij

❛♥❞ s✉❜st✐t✉t✐♥❣ ❛❧❧ t❤❡ ❡st✐♠❛t❡s ✇❡ ❣❡t

d

dt
H(t) +R(t) ≤ C||ϕ||2∗ +

α

8
||∇ϕ||2 + C1||∇✉1||2||ϕ||2∗

+
ν

8
||✉||2 + C2||ϕ||2∗

+
ν

8
||✉||2 + K̄||✉||2♭ (||∇✉1||2 + ||∇✉2||2)

+
α

4
||∇ϕ||2 + ν

8
||✉||2 +K(||ϕ1||4H2(Ω) + ||ϕ2||4H2(Ω))||✉||2♭

+
κ

6
||θ||2 + C||✉||2♭

+
κ

6
||θ||2 + C̃||θ||2∗∗ ||∇✉1||2

+
ν

8
||✉||2 + κ

6
||θ||2 + C̄||θ||2∗∗.

✼✾



❚❤✉s✱ ✇❡ ❝❛♥ ❞❡✜♥❡

D(t) = 1 + ||∇✉1||2 + ||∇✉2||2 + ||ϕ1||4H2(Ω) + ||ϕ2||4H2(Ω) ✭✹✳✶✺✮

❛♥❞ ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ❝♦♥st❛♥ts ✇❡ ❛r❡ ❧❡❞ t♦

d

dt
H(t) +

ν

2
||✉||2 + κ

2
||θ||2 + α

8
||∇ϕ||2 ≤ K0D(t)H(t). ✭✹✳✶✻✮

❲❡ ♥♦✇ ♦❜s❡r✈❡ t❤❛tD ∈ L1(0, T )✱ s✐♥❝❡ ✉1, ✉2 ∈ L2(0, T ;❱σ) ❛♥❞ ϕ1, ϕ2 ∈ L4(0, T ;H2(Ω))

❛♥❞ T < +∞✳ ❚❤❡♥
∫ T

0
D(t) ≤ C̄(T ).

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ❆✳✶✳✼ ✭✐♥❞❡❡❞✱ ✇❡ ❦♥♦✇ ❜② ▲❡♠♠❛ ❜② ✭❇✳✾✮✱ ✭❇✳✶✸✮

❛♥❞ ✭❇✳✶✾✮ t❤❛t H ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ a, b ∈ L1(0, T )✮ t♦ ✭✹✳✶✻✮✱ ♦❜t❛✐♥✐♥❣

H(t) ≤ K0e
C̄H(0)

❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡s✱ s✐♥❝❡ t❤❡ ♥♦r♠s ❝♦♥s✐❞❡r❡❞ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❝❧❛ss✐❝❛❧ ❞✉❛❧ ♥♦r♠s ✐♥ t❤❡ r✐❣❤t s♣❛❝❡s ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✸✮✳

✹✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸

❚♦ ♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡ st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ ✇❡ ❞❡✜♥❡ ✉ = ✉1 − ✉2✱ ϕ =

ϕ1−ϕ2 ❛♥❞ θ = θ1− θ2✱ ✇❤❡r❡ (✉1, ϕ1, θ1) ❛♥❞ (✉2, ϕ2, θ2) ❛r❡ t✇♦ s♦❧✉t✐♦♥s ❞❡♣❛rt✐♥❣ ❢r♦♠

(✉0,1, ϕ0,1, θ0,1) ❛♥❞ (✉0,2, ϕ0,2, θ0,2)✱ r❡s♣❡❝t✐✈❡❧② ❛♥❞ s❛t✐s❢② ✉0i ∈ ❱σ✱ ϕ0i ∈ V2 s✉❝❤ t❤❛t

||ϕ0,i||∞ < 1✱ |ϕ̄0,i| < 1✱ µ0,i = −α∆ϕ0,i+Ψ′(ϕ0,i) ∈ Ψ1 ❛♥❞ ∂♥ϕ0,i = 0 ♦♥ ∂Ω✱ ❛♥❞ θ0,i ∈ H

❛♥❞ θi s✉❝❤ t❤❛t θi = g(t) ♦♥ ∂Ω× (0, T )✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤✐s ♠❡❛♥s t❤❛t θ ∈ Vθ = H1
0 (Ω)

❢♦r ❛❧♠♦st ❛♥② t ∈ (0, T )✳

❲❡ ❞❡✜♥❡ µ = −α∆ϕ+Ψ′(ϕ1)−Ψ′(ϕ2) ❛♥❞ ✇❡ ❣❡t

< ∂t✉,✇ >+ b(✉1,✉,✇) + b(✉,✉2,✇) + ν(∇✉,∇✇)

= α(∇ϕ1 ⊗∇ϕ,∇✇) + α(∇ϕ⊗∇ϕ2,∇✇) + (θ, ❡2 ·✇) ∀✇ ∈ ❱σ

< ∂tϕ, v > +(∇µ,∇v) + (✉1 · ∇ϕ, v) + (✉ · ∇ϕ2, v) = 0 ∀v ∈ V ✭✹✳✶✼✮

✽✵



< ∂tθ, ξ > +κ(∇θ,∇ξ)− (✉1 · θ,∇ξ)− (✉ · θ2,∇ξ) = 0 ∀ξ ∈ Vθ ✭✹✳✶✽✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st t❡r♠ ✇❡ ❡①♣❧♦✐t❡❞ t❤❡ ❢❛❝t t❤❛t ✉ = 0 ♦♥ ∂Ω ❛♥❞ ❞✐✈(u) = 0 ✐♥ Ω t♦ s❛②

(✉1 · ∇θ, ξ) = −(✉1 · θ,∇ξ) ❛♥❞ (✉ · ∇θ2, ξ) = −(✉ · θ2,∇ξ)✳ ❚❤❡♥ ✇❡ ❝❛♥ t❡st ✇✐t❤ ✇ = ✉✱

v = ϕ ❛♥❞ ξ = A−1
0 θ ✭t❤❡ ♦♣❡r❛t♦r A0 ✐s ❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✸✮✳ ❯s✐♥❣ t❤❡ ♣r♦♣❡rt②

✭❇✳✶✸✮ ❛♥❞ t❤❡ ♣r♦♣❡rt② t❤❛t (∇θ,∇A−1
0 θ) = ||θ||2 ✭s❡❡ ✭❇✳✶✹✮✮ ❛♥❞ s✉♠♠✐♥❣ ✉♣ t❤❡ t❤r❡❡

r❡s✉❧t✐♥❣ ❡q✉❛❧✐t✐❡s ✇❡ ✜♥❞

d

dt
H(t) + ν||∇✉||2 + κ||θ||2 + (∇µ.∇ϕ) =

6
∑

j=1

Ij ,

❤❛✈✐♥❣ s❡t

H(t) =
1

2
||✉||2 + 1

2
||ϕ||2 + 1

2
||θ||2∗∗.

❙✐♥❝❡ b(✉1,✉,✉) = 0✿

I1 = −b(✉,✉2,✉)

I2 = α(∇ϕ1 ⊗∇ϕ,∇✉) + α(∇ϕ⊗∇ϕ2,∇✉)

I3 = −(✉1 · ∇ϕ, v)− (✉ · ∇ϕ2, v) = (✉1ϕ,∇ϕ) + (✉ϕ2,∇ϕ)

I4 = (θ, ❡2 · ✉)

I5 = (✉1 · θ,∇A−1
0 θ)

I6 = (✉ · θ2,∇A−1
0 θ).

■♥ ❧✐❣❤t ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s✱ ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✸ t❤❛t

F ′′(ϕi) = Ψ′′(ϕi) + α0 ∈ L∞(0, T ;L3(Ω))✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C0 s✉❝❤ t❤❛t

||✉i||L∞(0,T ;❱σ) + ||✉i||L∞(0,T ;[L3(Ω)]2) + ||ϕi||L∞(0,T ;V )

+ ||ϕi||L∞(0,T ;W 2,3(Ω)) + ||Ψ′′(ϕi)||L∞(0,T ;L3(Ω)) ≤ C0 i = 1, 2 ✭✹✳✶✾✮

✇❤❡r❡ C0 ❞❡♣❡♥❞s ♦♥ T ✱ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣② ❛♥❞ ♦♥ t❤❡ ♥♦r♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✭✐♥❞❡❡❞✱

❛❧❧ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ●❛❧❡r❦✐♥ s❡tt✐♥❣ ❛r❡ st✐❧❧ ✈❛❧✐❞ ❛❧s♦ ❢♦r t❤❡ s♦❧✉t✐♦♥s✮✳ ❉✉❡

t♦ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t❤❡ t❡r♠ ||∇ϕ||✱ ❢r♦♠
✭❆✳✹✮ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥❡q✉❛❧✐t② ✭❛❧r❡❛❞② ✉s❡❞ ✐♥ ❬✻✶❪✮✿

||ϕ||21 ≤ ||∆ϕ||||ϕ||+ ||ϕ||2, ✭✹✳✷✵✮

✽✶



✇❤❡r❡ || · || r❡♣r❡s❡♥ts t❤❡ L2 ♥♦r♠✳

■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ✉s✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣ V →֒ L6(Ω)✱ t♦❣❡t❤❡r ✇✐t❤ ✭✹✳✶✾ ✇❡

♦❜s❡r✈❡ t❤❛t

(∇µ,∇ϕ) = (−µ,∆ϕ) = α||∇ϕ||2 − (Ψ′(ϕ1),∆ϕ) + (Ψ′(ϕ2),∆ϕ).

❙✐♥❝❡ F ′′ ✐s ❝♦♥✈❡① ✐♥ (−1, 1) ❛♥❞ ||ϕi||∞ < 1✱ ❛❧s♦ Ψ′′ = F ′′ − α0 ✐s ❝♦♥✈❡①✱ ❜② ✹✳✶✾ ❛♥❞ ❜②

❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ❞❡❞✉❝❡

(Ψ′(ϕ1)−Ψ′(ϕ2),∆ϕ) = ((ϕ1 − ϕ2)

∫ 1

0
Ψ′′(ϕ1s+ (1− s)ϕ2)ds,∆ϕ)

≤ (ϕ

∫ 1

0
{sΨ′′(ϕ1) + (1− s)Ψ′′(ϕ2)}ds,∆ϕ)

=
1

2
(Ψ′′(ϕ1)−Ψ′′(ϕ2), ϕ∆ϕ)

≤ ||Ψ′′(ϕ1)−Ψ′′(ϕ2)||L3(Ω)||ϕ||L6(Ω)||∆ϕ||

≤ (||Ψ′′(ϕ1)||L3(Ω) + ||Ψ′′(ϕ2)||L3(Ω))||ϕ||L6(Ω)||∆ϕ||

≤ 2C0||ϕ||L6(Ω)||∆ϕ||

≤ C||ϕ||1||∆ϕ||

♥♦✇✱ s✐♥❝❡ ♦❜✈✐♦✉s❧② a ≥ −|a|✱ ✇❡ ♦❜t❛✐♥✱ ✉s✐♥❣ ✭✹✳✷✵✮ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② t✇✐❝❡✿

(∇µ,∇ϕ) ≥ α||∆ϕ||2 − C||ϕ||1||∆ϕ||

≥ α||∆ϕ||2 − α

4
||∆ϕ||2 − C̄||ϕ||21

≥ α||∆ϕ||2 − α

4
||∆ϕ||2 − ||ϕ||2 − α

4
||∆ϕ||2 − C||ϕ||2 ≥ α

2
||∆ϕ||2 − Ĉ||ϕ||2.

❲❡ ♥♦✇ ♥❡❡❞ t♦ ❡st✐♠❛t❡ t❤❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✿ ❜② ❍♦❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥ t❤❡♥

❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❱σ →֒ [L6(Ω)]2 ❛♥❞ ❢r♦♠ ✭✹✳✶✾✮ ✿

I1 ≤ ||✉|| ||∇✉2||[L3(Ω)]2 ||✉||[L6(Ω)]2 ≤ ||✉|| ||∇✉2||[L3(Ω)]2 ||∇✉|| ≤
ν

4
||∇✉||2+C||✉||2||∇✉2||2[L3(Ω)]2 .

❚❤❡♥✱ ❜② ✭✹✳✶✾✮✱ t❤❡ ❡♠❜❡❞❞✐♥❣ W 2,3(Ω) →֒ W 1,∞(Ω)✱ ✈❛❧✐❞ ✐♥ ❞✐♠❡♥s✐♦♥ t✇♦ ✭s❡❡✱ ❡✳❣✳✱

✽✷



❬✷✵❪✮✱ ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✐♥ t❤❡ ❧❛st st❡♣ ❜② ✭✹✳✷✵✮ ✇❡ ❣❡t✿

I2 ≤ (||∇ϕ1||∞ + ||∇ϕ2||∞)||∇ϕ|| ||∇✉|| ≤ K||∇ϕ|| ||∇✉||

≤ ν

4
||∇✉||2 + C̄||∇ϕ||2

≤ ν

4
||∇✉||2 + α

8
||∆ϕ||2 + C̃||ϕ||2.

❚❤❡♥✱ ❛❣❛✐♥ ❜② ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s✱ ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✹✳✷✵✮ ✇❡ ❣❡t✱

s✐♥❝❡ ❢♦r ✭✹✳✶✾✮ ||✉1||[L3(Ω)]2 ≤ C0✱

I3 ≤ ||ϕ||L6(Ω)||✉1||[L3(Ω)]2 ||∇ϕ||+ ||ϕ2||∞||✉|| ||∇ϕ|| ≤ α

8
||∆ϕ||2 + K̄(||ϕ||2 + ||ϕ2||2∞||✉||2).

❋♦r t❤❡ ♥❡①t t❡r♠✱ ❜② ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ✇❡ ❣❡t

I4 ≤
κ

4
||θ||2 + C||✉||2.

❚❤❡♥✱ ❢♦r t❤❡ ❧❛st t✇♦ t❡r♠s ✇❡ ❣❡t✱ ❜② ❍♦❧❞❡r✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❜② ▲❡♠♠❛

❆✳✶✳✹ ❛♥❞ ✭❇✳✶✺✮✱ s✐♥❝❡ ∇A−1
0 θ ∈ [H1(Ω)]2 ❛♥❞ ❜② ✭✹✳✶✾✮✿

I5 ≤ ||θ|| ||✉1||L4(Ω)||∇A−1
0 ||L4(Ω)

≤ C||θ|| ||✉1||1/2||∇✉1||1/2||∇A−1
0 θ||1/2||∇A−1

0 θ||1/21

≤ C̄||θ|| ||✉1||1/2||∇✉1||1/2||∇A−1
0 θ||1/2||A−1

0 θ||1/2
H2(Ω)

≤ K||θ||3/2||∇A−1
0 θ||1/2 ≤ κ

4
||θ||2 + C̃||∇A−1

0 θ||2 = κ

4
||θ||2 + C̃||θ||2∗∗

❛♥❞ ✐♥ ❝♦♥❝❧✉s✐♦♥ ❜② s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ r❡♠❡♠❜❡r✐♥❣ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ θ2 ∈ V →֒ L4(Ω)

❛♥❞ ✉ ∈ ❱σ →֒ [L4(Ω)]2

I6 ≤ ||θ2||L4(Ω)||✉||[L4(Ω)]2 ||∇A−1
0 θ|| ≤ ν

4
||∇✉||2+C||θ2||21||∇A−1

0 θ||2 = ν

4
||∇✉||2+C||θ2||21||θ||2∗∗.
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❚❤❡♥✱ t♦ s✉♠ ✉♣ ✇❡ ❤❛✈❡

d

dt
H(t) + ν||∇✉||2 + κ||θ||2 + α

2
||∆ϕ||2 − Ĉ||ϕ||2 ≤ ν

4
||∇✉||2 + C||✉||2||∇✉2||2[L3(Ω)]2

+
ν

4
||∇✉||2 + α

8
||∆ϕ||2 + C̃||ϕ||2

+
α

8
||∆ϕ||2 + K̄(||ϕ||2 + ||ϕ2||2∞||✉||2)

+
κ

4
||θ||2 + C||✉||2

+
κ

4
||θ||2 + C̃||θ||2∗∗

+
ν

4
||∇✉||2 + C||θ2||21||θ||2∗∗

✇❡ t❤❡♥ ♦❜t❛✐♥✱ ❜② r❡❛rr❛♥❣✐♥❣ t❤❡ t❡r♠s✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❧❡ss ❝♦♥st❛♥ts ❛♥❞ s❡tt✐♥❣

Q(t) = 1 + ||∇✉2||2[L3(Ω)]2 + ||ϕ2||2∞ + ||θ2||21
d

dt
H(t) +

ν

4
||∇✉||2 + κ

2
||θ||2 + α

4
||∆ϕ||2 ≤ K̄Q(t)H(t). ✭✹✳✷✶✮

❲❡ ♥♦✇ ♦❜s❡r✈❡ t❤❛t Q ∈ L1(0, T )✱ ❜❡❝❛✉s❡ ❜② ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ✇❡ ❣❡t ❜② ♠❡❛♥s ♦❢

✭❇✳✶✵✮ s✐♥❝❡ ✉2 ∈❲σ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s s♣❛❝❡✮✱ ||∇✉2||2[L3(Ω)]2 ≤
C||∇✉2||2❍1 ≤ K||❆✉2||2 ❛♥❞ ✉2 ∈ L2(0, T ;❲σ)✱ ❜✉t ❛❧s♦ ||ϕ2||∞ ≤ ||ϕ2||H2(Ω) ❛♥❞ ϕ2 ∈
L4(0, T ;V2) →֒ L2(0, T ;V2) ❛♥❞ ✐♥ ❝♦♥❝❧✉s✐♦♥ θ2 ∈ L2(0, T ;V )✳ ❚❤❡♥

∫ T

0
Q(t) ≤ C̄

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ❆✳✶✳✼ ✭✐♥❞❡❡❞✱ ✇❡ ❦♥♦✇ ❜② ▲❡♠♠❛ ❆✳✷✳✷ ❛♥❞ ❜②

✭❇✳✶✸✮ t❤❛t H ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ a, b ∈ L1(0, T )✮ t♦ ✭✹✳✷✶✮✱ ♦❜t❛✐♥✐♥❣

H(t) ≤ K̄eC̄H(0)

❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❡ ❡st✐♠❛t❡s ✭✷✳✷✮✳ ❋r♦♠ t❤❡s❡ ❡st✐♠❛t❡s✱ ❝❧❡❛r❧② ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡

t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡ ❝♦♥st❛♥ts ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s ♦♥❧②

❞❡♣❡♥❞ ♦♥ T ✱ t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣② ❛♥❞ ♦♥ t❤❡ ♥♦r♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳

✹✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✺

❍❡r❡ ✇❡ s❤♦✇ ❛ st❛❜✐❧✐t② ❡st✐♠❛t❡ ❢♦r str♦♥❣ s♦❧✉t✐♦♥s✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱

t❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ❛ ❤✐❣❤❡r ♦r❞❡r ♥♦r♠ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞✳
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❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❛♣❛rt ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤✐❣❤❡r

♦r❞❡r ❡st✐♠❛t❡s✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ t❡st t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ❛❣❛✐♥st ξ = θ ∈ Vθ✳ ■♥ t❤✐s ✇❛②✱

✇❡ ❣❡t
d

dt
||θ||2 + κ||∇θ||2 − (✉θ2,∇θ) = 0. ✭✹✳✷✷✮

❚❤❡♥ ✇❡ ❤❛✈❡ ♦♥❧② t♦ ❡st✐♠❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✱ s✐♥❝❡ H2(Ω) →֒ L∞(Ω) ✭❬✹❪✮✱ ❜② ❨♦✉♥❣✬s

✐♥❡q✉❛❧✐t②✿

(✉θ2,∇θ) ≤ ||θ2||∞ ||✉|| ||∇θ||

≤ C||θ2||H2(Ω)||✉|| ||∇θ||

≤ κ

4
||∇θ||2 + C̄||✉||2||θ2||2H2(Ω).

❈♦♥s✐❞❡r✐♥❣ t❤❡ ♦t❤❡r ❡q✉❛t✐♦♥s✱ t❤❡ ♦♥❧② ❝❤❛♥❣❡ ✐s ✐♥ t❤❡ t❡r♠ ❝❛❧❧❡❞ I4 = (θ, ❡2 ·✉) ✇✐t❤ t❤❡

♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸✿ s✐♥❝❡ θ ∈ Vθ✱ ✇❡ ❝❛♥ ❛♣♣❧② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t②

t♦ ❣❡t

I4 ≤ ||θ|| ||✉|| ≤ C0||∇θ|| ||✉|| ≤
κ

4
||∇θ||2 +K||✉||2.

■❢ ♥♦✇ ✇❡ s✉♠ ✉♣ ❛❧❧ t❤❡ t❡r♠s ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♦t❤❡r ♦♥❡s ❡st✐♠❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱

✇❡ ♦❜t❛✐♥✱ s❡tt✐♥❣

H2(t) =
1

2
||✉||2 + 1

2
||ϕ||2 + 1

2
||θ||2,

t❤❛t

d

dt
H2(t) + ν||∇✉||2 + κ||∇θ||2 + α

2
||∆ϕ||2 − Ĉ||ϕ||2 ≤ ν

4
||∇✉||2 + C||✉||2||∇✉2||2[L3(Ω)]2

+
ν

4
||∇✉||2 + α

8
||∆ϕ||2 + C̃||ϕ||2

+
α

8
||∆ϕ||2 + K̄(||ϕ||2 + ||ϕ2||2∞||✉||2)

+
κ

4
||∇θ||2 + C̄||✉||2||θ2||2H2(Ω)

+
κ

4
||∇θ||2 +K||✉||2.

❲❡ t❤❡♥ ♦❜t❛✐♥✱ ❜② r❡❛rr❛♥❣✐♥❣ t❤❡ t❡r♠s✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❧❡ss ❝♦♥st❛♥ts ❛♥❞ s❡tt✐♥❣

R(t) = 1 + ||∇✉2||2[L3(Ω)]2 + ||ϕ2||2∞ + ||θ2||2H2(Ω),
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t❤❛t
d

dt
H2(t) +

ν

2
||∇✉||2 + κ

2
||∇θ||2 + α

4
||∆ϕ||2 ≤ K̄R(t)H2(t). ✭✹✳✷✸✮

❲❡ ♥♦✇ ♦❜s❡r✈❡ t❤❛tR ∈ L1(0, T )✱ ❜❡❝❛✉s❡ ❜② ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ✇❡ ❣❡t ❜② ♠❡❛♥s ♦❢ ✭❇✳✶✵✮

s✐♥❝❡ ✉2 ∈❲σ✱ ||∇✉2||2[L3(Ω)]2 ≤ C||∇✉2||2❍1 ≤ K||❆✉2||2 ❛♥❞ ✉2 ∈ L2(0, T ;❲σ)✱ ❜✉t ❛❧s♦✱

❜② ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✱ ||ϕ2||∞ ≤ C||ϕ2||H2(Ω) ❛♥❞ ϕ2 ∈ L4(0, T ;V2) →֒ L2(0, T ;V2) ❛♥❞

✐♥ ❝♦♥❝❧✉s✐♦♥ θ2 ∈ L2(0, T ;H2(Ω))✱ ✇❤♦s❡ r❡❣✉❧❛r✐t② ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ♥❡❡❞ ❛ str♦♥❣

s♦❧✉t✐♦♥ ❢♦r t❤✐s ❡st✐♠❛t❡✳ ❚❤❡♥
∫ T

0
R(t) ≤ C̄.

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ❆✳✶✳✼ ✭✐♥❞❡❡❞✱ ✇❡ ❦♥♦✇ ❜② ▲❡♠♠❛ ❆✳✷✳✷ t❤❛t H2 ✐s

❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ a, b ∈ L1(0, T )✮ t♦ ✭✹✳✷✶✮✱ ♦❜t❛✐♥✐♥❣

H2(t) ≤ K̄eC̄H2(0)

❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❡ ❡st✐♠❛t❡s ✭✷✳✷✮✳ ❆❧❧ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ●❛❧❡r❦✐♥ s❡tt✐♥❣ ❛r❡

st✐❧❧ ✈❛❧✐❞ ❛❧s♦ ❢♦r t❤❡ s♦❧✉t✐♦♥s✱ t❤❡♥ t❤❡ ❝♦♥st❛♥ts ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s ♦♥❧②

❞❡♣❡♥❞ ♦♥ T ✱ t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣② ❛♥❞ ♦♥ t❤❡ ♥♦r♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳
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❈❤❛♣t❡r ✺

◆✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥

✺✳✶ ❉✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡

❲❡ ♥♦✇ ❞✐s❝✉ss ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❈❛❤♥✲❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq s②st❡♠✳ ❆s ✇❡

❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡ ♥♦t ♣r❡s❡♥t ❛♥② ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r t❤✐s ❦✐♥❞ ♦❢

s②st❡♠s✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡r❡ ❛r❡ st✉❞✐❡s ❢♦r s✐♠✐❧❛r s❝❤❡♠❡s s✉❝❤ ❛s t❤❡ ❈❍ ❡q✉❛t✐♦♥ ✭❡✳❣✳✱

❬✻✹❪✮ ❛♥❞ t❤❡ ◆❙❈❍ s②st❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❬✾✺❪✮✳ ❲❡ st❛rt ❢r♦♠ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❜② ♠❡❛♥s

♦❢ ✜♥✐t❡ ❡❧❡♠❡♥ts✱ t❤❡♥ ♣❛ss✐♥❣ t♦ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

r❡s✉❧t✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ ✐♥ t❡r♠s ♦❢ st❛❜✐❧✐t②✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s

❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ θ✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ t♦t❛❧ ❡♥❡r❣②✱ ❞❡✜♥❡❞

✐♥ ✭✶✾✮✱ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ✐♥ t✐♠❡✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s❝❤❡♠❡ ♣r❡s❡r✈❡s t❤❡ t♦t❛❧

♠❛ss ♦❢ t❤❡ s②st❡♠✱ ✇❤✐❝❤ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ❈❍❇ s②st❡♠ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s

◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ϕ ❛♥❞ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛♥ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣ ❣✐✈❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r❡✲

❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s s✐♥❝❡✱ ❢♦r s♠❛❧❧ t✐♠❡s✱ t❤❡ t✐♠❡ st❡♣

♥❡❡❞❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❍ ❡q✉❛t✐♦♥ ✐s ✈❡r② s♠❛❧❧✱ ✇❤❡r❡❛s ✐t ❝♦✉❧❞ ✐♥❝r❡❛s❡ ✐♥ t❤❡

♥❡①t t✐♠❡ st❡♣s✱ s✐♥❝❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ♦❢ t❤❡ ◆❙ ❡q✉❛t✐♦♥ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❢♦r♠❡r✳

❲❡ ❧✐♥❡❛r✐③❡ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ ❜② ♠❡❛♥s ♦❢ t❤❡ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❛♥❞ t❤❡♥✱ ✐♥ ❈❤❛♣t❡r

✻✱ ✇❡ ♣❡r❢♦r♠ s♦♠❡ ♥✉♠❡r✐❝❛❧ t❡sts✳

✽✼



✺✳✶✳✶ ❙❡♠✐❞✐s❝r❡t❡ ❢♦r♠✉❧❛t✐♦♥

❋♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✇❡ ❢♦❧❧♦✇❡❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❈❍ ❡q✉❛t✐♦♥

♣r♦♣♦s❡❞ ✐♥ ❬✻✹❪✳ ❚❤❡ s❡♠✐❞✐s❝r❡t❡ ❢♦r♠✉❧❛t✐♦♥ r❡❛❞s ❛s ❢♦❧❧♦✇s✱ ❜② ❛ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ✭s❡❡

❡✳❣✳ ❬✽✾❪ ❢♦r ❛ r❡❢❡r❡♥❡❝❡✮✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ν ❛♥❞ κ ❛s ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳

▲❡t ❱h
σ ⊂ [H1

0 (Ω)]
2✱ Qh ⊂ L2(Ω)✱ Vh ⊂ H1(Ω) ❛♥❞ Yh ⊂ H1

0 (Ω) ❜❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧

s♣❛❝❡s✳

❋♦r ❡✈❡r② t ≥ 0✱ ✜♥❞ (✉h, ph, ϕh, µh,Θh) ∈ ❱h
σ×Qh×Vh×Vh×Yh ✭♦rΘh ∈ Ỹh ⊂ H1(Ω)✱

Ỹh ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ❢♦r t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮ s✉❝❤

t❤❛t

< ∂t✉h,✇h >+ b(✉h,✉h,✇) + ν(∇✉h,∇✇h)− (ph, ❞✐✈✇h) =

− (ϕh∇µh,✇h) + (Θh, ❡2 ·✇h) ∀✇h ∈ ❱h
σ

(❞✐✈ ✉h, qh) = 0 ∀qh ∈ Qh

< ∂tϕh, vh > +(∇µh,∇vh) + (✉h · ∇ϕh, vh) = 0 ∀vh ∈ Vh

< µh, qh >= α < ∇ϕh,∇qh > + < Ψ′(ϕh), qh > ∀qh ∈ Vh

< ∂tΘh, ξh > +κ(∇Θh,∇ξh) + (✉h · ∇Θh, ξh) = 0 ∀ξh ∈ Yh.

❘❡♠❛r❦ ✺✳✶✳✶✳ ❲❡ ✉s❡❞ t❤❡ s❛♠❡ s♣❛❝❡s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥ ϕh

❛♥❞ µh✳

❘❡♠❛r❦ ✺✳✶✳✷✳ ❚❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ♠❡❛♥s ♦❢

t❤❡ ❜❛s❡s ♦❢ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s ❛❞♦♣t❡❞✿

✉h(t) =

Nu
∑

i=1

ζi(t)✇i ∈ ❱h
σ ph(t) =

Np
∑

i=1

ρi(t)φi ∈ Qh ϕh(t) =

Nϕ
∑

i=1

βi(t)χi ∈ Vh ✭✺✳✶✮

µh(t) =

Nϕ
∑

i=1

γi(t)χi ∈ Vh Θh(t) =

NΘ
∑

i=1

δi(t)vi ∈ ❨h, ✭✺✳✷✮

✇❤❡r❡ ❱h
σ := Span(✇1, . . . ,✇Np)✱ Qh := Span(φ1, . . . , φNp)✱ Vh := Span(χ1, . . . , χNϕ) ❛♥❞

Yh := Span(v1, . . . , vNΘ
)✱ ❛♥❞ {ζi}i✱ {ρi}i✱ {βi}i✱ {γi}i ❛♥❞ {δi}i ❛r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡
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✈❛r✐❛❜❧❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s✐s ♦❢ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ t❤❡② ❜❡❧♦♥❣

t♦✳

❆s ❛ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥ts ▼❡t❤♦❞

✭❋❊▼✮ ❛♥❞ ✇❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳

◆❛♠❡❧②✱ ✐♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡s ❢♦r t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✲

✐♠❛t✐♦♥s✳ ❲❡ ❞❡✜♥❡ Th ❛s ❛ ✜♥✐t❡ r❡❣✉❧❛r tr✐❛♥❣✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❝♦✈❡r✐♥❣ ♦❢ t❤❡ ❞♦♠❛✐♥

Ωh✱ ❛ ♣♦❧②❣♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ Ω ∈ R
2 ✭✐❢ ✐t ✐s ♥♦t ♣♦❧②❣♦♥❛❧ ✐ts❡❧❢✱ ♦t❤❡r✇✐s❡

Ωh ≡ Ω✮✳ ◆❛♠❡❧②✱ ✇❡ ❞❡✜♥❡

Ωh = int





⋃

K∈ThK



 ,

✇❤❡r❡ K ✐s ❡❛❝❤ tr✐❛♥❣❧❡ ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✱ ❛♥❞✱ ❣✐✈❡♥ ❛ s❡t A✱ int(A) ✐s t❤❡ ✐♥t❡r✐♦r ♦❢ A

✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✽✾❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✱ ❢♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❋❊▼✮✳

❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ (❱h
σ, Qh) = (P1b ✜♥✐t❡ ❡❧❡♠❡♥ts, P1 ✜♥✐t❡ ❡❧❡♠❡♥ts)✱ ✇❤❡r❡

P1 ✜♥✐t❡ ❡❧❡♠❡♥ts = {vh ∈ C0(Ω) : vh|K ∈ P1 ∀K ∈ Th},

r❡♣r❡s❡♥t✐♥❣ t❤❡ s♣❛❝❡ ♦❢ t❤❡ ❣❧♦❜❛❧❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ 1

♦♥ ❡❛❝❤ tr✐❛♥❣❧❡ K ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ Th✳
▼♦r❡♦✈❡r P1b ✜♥✐t❡ ❡❧❡♠❡♥ts ✐s t❤❡ ❝❧❛ss✐❝❛❧ P1 ❜✉❜❜❧❡ s♣❛❝❡✱ ✇❤❡r❡ t❤❡ ❧✐♥❡❛r ✈❡❧♦❝✐t②

s♣❛❝❡ ✐s ❡♥r✐❝❤❡❞ ❜② ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭t❤❡ ❜✉❜❜❧❡s✮ ✇❤✐❝❤ ❛r❡ ③❡r♦ ❛t ❡❛❝❤

❡❧❡♠❡♥t ❜♦✉♥❞❛r② ❛♥❞ ✐s ❡✐t❤❡r ❝✉❜✐❝ ♦r ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ✭s❡❡✱ ❡✳❣✳✱ ❬✽✾❪

❢♦r ❛ r❡❢❡r❡♥❝❡✮✳

❘❡♠❛r❦ ✺✳✶✳✸✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t✇♦ s♣❛❝❡s ✐s ✐♥❢✲s✉♣ st❛❜❧❡ ✭s❡❡

❬✶✸❪✮✳

❚❤❡♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r Vh = P1 ✜♥✐t❡ ❡❧❡♠❡♥ts ❛♥❞ Yh = P1 ✜♥✐t❡ ❡❧❡♠❡♥ts✱ ✐♥ ♦r❞❡r

t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts✳

✺✳✶✳✷ ❋✉❧❧② ❞✐s❝r❡t❡ s❝❤❡♠❡

❋♦❧❧♦✇✐♥❣ ❬✻✹❪ ❢♦r t❤❡ ❈❍ ❡q✉❛t✐♦♥✱ ✇❡ t❤❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❛❧❧ t❤❡ ♦t❤❡r t✐♠❡ ❞❡r✐✈❛t✐✈❡s ❜②

♠❡❛♥s ♦❢ ❜❛❝❦✇❛r❞ ❊✉❧❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✭s❡❡ ❬✸✼❪ ❢♦r ❛ r❡❢❡r❡♥❝❡✮✳

✽✾



❋♦r t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✇❡ ✉s❡ ❛ s❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ ♦♥❧② ❢♦r t❤❡

❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐♥ t❤❡ ✈❡❧♦❝✐t② ❡q✉❛t✐♦♥ ❛♥❞ ❢♦r t❤❡ t❡r♠ ✇❤♦s❡ ✐♥❞❡①❡s ❛r❡ ❤✐❣❤❧✐❣❤t❡❞

✇✐t❤ ❛ ∗ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭t❤❡② s❤♦✉❧❞ ❛❧❧ ❜❡ n+ 1 ✐❢ ✇❡ ❢♦❧❧♦✇❡❞ ❛ ❢✉❧❧② ✐♠♣❧✐❝✐t s❝❤❡♠❡✮✳

▼♦r❡♦✈❡r ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ tr✐❧✐♥❡❛r ❢♦r♠s c1(✉,✈,✇) = b(✉,✈,✇) +
1

2
(✉ ❞✐✈✇,✈)✱

✇✐t❤ ✉✱ ✈✱ ✇∈ [H1
0 (Ω)]

2 ❛♥❞ c2(③, θ, ξ) = −(③ · ∇ξ, θ) − 1

2
(❞✐✈③ θ, ξ)✱ ✇✐t❤ ③∈ [H1

0 (Ω)]
2✱

θ, ξ ∈ H1(Ω)✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥t✐s②♠♠❡tr✐❝ tr✐❧✐♥❡❛r ❢♦r♠s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s✱ ❡✳❣✳✱

✐♥ ❬✽✶❪ ❛♥❞ ❬✾✼❪✱ ✇❤✐❝❤ ❛r❡ ✉s❡❞ t♦ ❣✉❛r❛♥t❡❡ ❡♥❡r❣② st❛❜✐❧✐t② ✭s❡❡ ❚❤❡♦r❡♠ ✺✳✶✳✹✮✳ ❈❧❡❛r❧②✱

✐❢ ✇, ③ ∈ ❱σ✱ t❤❡ ❢♦r♠s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡s✱ ❜❡❝❛✉s❡ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡

❢✉♥❝t✐♦♥s ✐s ③❡r♦✳ ❚❤❡ s❝❤❡♠❡ t❤✉s r❡❛❞s✿ ❢♦r ∆tn > 0 ❛♥❞ ❢♦r ❛❧❧ n s✉❝❤ t❤❛t tn ≤ T ✱ ✇✐t❤

T > 0 ✜①❡❞ ✈❛❧✉❡✱ ✜♥❞ (✉h
n+1, p

h
n+1, ϕ

h
n+1, µ

h
n+1,Θ

h
n+1) ∈ ❱h

σ ×Qh × Vh × Vh × Yh s✉❝❤ t❤❛t

1

∆tn
(✉h

n+1 − ✉h
n,✇h) + b(✉h

∗,n,✉
h
n+1,✇h)

+
1

2
(✉h

n+1❞✐✈ ✉
h
∗,n,✇h) + ν(∇✉h

n+1,∇✇h)− (phn+1, ❞✐✈✇h)

= −(ϕh
∗,n∇µhn+1,✇h) + (Θh

n+1, ❡2 ·✇h) ∀✇h ∈ ❱h
σ ✭✺✳✸✮

(❞✐✈ ✉h
n+1, qh) = 0 ∀qh ∈ Qh ✭✺✳✹✮

1

∆tn
(ϕh

n+1 − ϕh
n, vh)

+ (∇µhn+1,∇vh)− (✉h
n+1ϕ

h
∗,n,∇vh) = 0 ∀vh ∈ Vh ✭✺✳✺✮

(µhn+1, φ) =

(

φ,
1

2

(

Ψ′(ϕh
n) + Ψ′(ϕh

n+1)
)

− (ϕh
n+1 − ϕh

n)
2

12
Ψ′′′(ϕh

n)

)

+ α(∇φ,∇ϕh
n+β) ∀φ ∈ Vh ✭✺✳✻✮

1

∆tn
(Θh

n+1 −Θh
n, ξh) + κ(∇Θh

n+1,∇ξh)

− (Θh
n+1,✉

h
n+1 · ∇ξh)−

1

2
(❞✐✈ ✉h

n+1Θ
h
n+1, ξh) = 0 ∀ξh ∈ Yh ✭✺✳✼✮

✇❤❡r❡ ✇❡ ❝❤♦s❡ ϕh
∗,n = ϕh

n✱ ✉
h
∗,n = ✉h

n ❛♥❞

β =
1

2
+ η,

✾✵



✇✐t❤ η ❛ r❡❛❧✲✈❛❧✉❡❞ ♣❛r❛♠❡t❡r t♦ ❜❡ ❝❤♦s❡♥ ❛♥❞

ϕh
n+β = ϕh

n + β(ϕh
n+1 − ϕh

n).

❋♦r t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❡♠♣❡r❛t✉r❡✱ ✇❡ ❤❛✈❡

Θh
n+1 ∈ H1

0 (Ω)✱ ✇❤❡r❡❛s ❢♦r ❛ s✉✐t❛❜❧❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❞❛t✉♠ g ❛t t❤❡ ❜♦✉♥❞❛r② ✭s❡❡

❈❤❛♣t❡r ✷ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♥❡❝❡ss❛r② r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠✮ ✇❡

❛s❦ ❢♦r Θh
n+1 ∈ H1(Ω) s✉❝❤ t❤❛t Θh

n+1 = gh(tn+1) ♦♥ ∂Ωh ❢♦r ❡✈❡r② t✐♠❡ st❡♣ n✱ ✇❤❡r❡ gh

✐s ❛ s✉✐t❛❜❧❡ ♣r♦❥❡❝t✐♦♥ ♦r ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ g ♦♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ t❤❡ tr❛❝❡s ♦❢

❢✉♥❝t✐♦♥s ✐♥ Ỹh ♦♥ ∂Ωh✳

❋♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ❤❛✈✐♥❣ ✜①❡❞ T > 0 ❛♥❞

N ∈ N t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ s✉❝❤ t❤❛t t❤❡ ❧❛st t✐♠❡ st❡♣ tN ≤ T ✳ ❲❡ ❞❡✜♥❡ ∆tn ❛s t❤❡ t✐♠❡

st❡♣ ❛t ❡❛❝❤ t✐♠❡ tn✱ ✐♥ ♦r❞❡r t♦ ❤✐❣❤❧✐❣❤t ✐ts ❞❡♣❡♥❞❡♥❝❡ ♦♥ ❡❛❝❤ st❡♣ n✳

❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛❞♦♣t❡❞ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ∆tn > 0 ❛♥❞ ❢♦r ❛❧❧ n s✉❝❤ t❤❛t

tn ≤ T ✱ ✇✐t❤ T > 0 ✜①❡❞ ✈❛❧✉❡✱ ✜♥❞ (✉h
n+1, p

h
n+1, ϕ

h
n+1, µ

h
n+1,Θ

h
n+1) ∈ ❱h

σ×Qh×Vh×Vh×Yh
s✉❝❤ t❤❛t

1

∆tn
(✉h

n+1 − ✉h
n,✇h) + b(✉h

n,✉
h
n+1,✇h)

+
1

2
(✉h

n+1❞✐✈ ✉
h
n,✇h) + ν(∇✉h

n+1,∇✇h)− (phn+1, ❞✐✈✇h)

= −(ϕh
n∇µhn+1,✇h) + (Θh

n+1, ❡2 ·✇h) ∀✇h ∈ ❱h
σ ✭✺✳✽✮

(❞✐✈ ✉h
n+1, qh) = 0 ∀qh ∈ Qh ✭✺✳✾✮

1

∆tn
(ϕh

n+1 − ϕh
n, vh)

+ (∇µhn+1,∇vh)− (✉h
n+1ϕ

h
n,∇vh) = 0 ∀vh ∈ Vh ✭✺✳✶✵✮

(µhn+1, φ) =

(

φ,
1

2

(

Ψ′(ϕh
n) + Ψ′(ϕh

n+1)
)

− (ϕh
n+1 − ϕh

n)
2

12
Ψ′′′(ϕh

n)

)

+ α(∇φ,∇ϕh
n+β) ∀φ ∈ Vh ✭✺✳✶✶✮

1

∆tn
(Θh

n+1 −Θh
n, ξh) + κ(∇Θh

n+1,∇ξh)

− (Θh
n+1,✉

h
n+1 · ∇ξh)−

1

2
(❞✐✈ ✉h

n+1Θ
h
n+1, ξh) = 0 ∀ξh ∈ Yh ✭✺✳✶✷✮

✾✶



✇❤❡r❡

β =
1

2
+ η,

✇✐t❤ η ❛ r❡❛❧✲✈❛❧✉❡❞ ♣❛r❛♠❡t❡r t♦ ❜❡ ❝❤♦s❡♥ ❛♥❞

ϕh
n+β = ϕh

n + β(ϕh
n+1 − ϕh

n).

❚❤❡♦r❡♠ ✺✳✶✳✹✳ ❈♦♥s✐❞❡r t❤❡ s❝❤❡♠❡ ✭✺✳✽✮✲✭✺✳✶✷✮✿ ✐♥ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝♦♥✲

❞✐t✐♦♥s ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞s✱ ❞❡✜♥✐♥❣

En =
1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 +

∫

Ω
Ψ(ϕn)dx ✭✺✳✶✸✮

❡♥❥♦②s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✱ ∀n = 0, . . . , N − 1✿

• ▼❛ss ❝♦♥s❡r✈❛t✐♦♥✿

∫

Ω
ϕh
n+1dx =

∫

Ω
ϕh
0 dx

• ◆♦♥❧✐♥❡❛r st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭❢♦r ∆tn s✉✣❝✐❡♥t❧② s♠❛❧❧✮✱✇✐t❤ C0 ❛❞ C1 t❤❡ P♦✐♥❝❛ré✬s

❝♦♥st❛♥ts ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ❢♦r t❡♠♣❡r❛t✉r❡ ❛♥❞ ✈❡❧♦❝✐t② r❡s♣❡❝✲

t✐✈❡❧②✿

En+1 ≤ (1 +
∆tnC

2
1

4ν
)En

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ κν ≥ C2
1C

2
0

4
✱ ✇❡ ❤❛✈❡✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ∆tn✱

En+1 ≤ En ∀n = 0, . . . , N − 1 ✭✺✳✶✹✮

Pr♦♦❢✳ ❚❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ✐s ✐♠♠❡❞✐❛t❡✱ s✉❜st✐t✉t✐♥❣ vh = 1 ❛s ❛ t❡st ❢✉♥❝t✐♦♥

❢♦r ✭✺✳✶✵✮✳

■♥ ❬✻✹❪ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ ✐s ✐♥tr♦❞✉❝❡❞ ❛♥❞ ♣r♦✈❡♥✿

▲❡t f : [a, b] → R ❜❡ ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❢✉♥❝t✐♦♥✳ ❚❤❡♥
∫ b

a
f(x)dx =

b− a

2
(f(a) + f(b))− (b− a)3

12
f ′′(a)− (b− a)4

24
f ′′′(χ) χ ∈ (a, b). ✭✺✳✶✺✮

❚❤✐s ❢♦r♠✉❧❛ ✐♥ ❬✻✹❪ ✐s t❤❡♥ ✉s❡❞ t♦ s❤♦✇ t❤❡ ❡♥❡r❣② st❛❜✐❧✐t② ♦❢ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❈❍ ❡q✉❛t✐♦♥✱ ✇❤❡r❡❛s ❤❡r❡ ✇❡ ❡①♣❧♦✐t ✐t ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡

❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❈❍❇ s②st❡♠✳

✾✷



❆s ❞♦♥❡ ✐♥ ❬✻✹❪✱ ✇❡ ❛♣♣❧② t❤❡ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ ✭✺✳✶✺✮ t♦ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢

t❤❡ ✐❞❡♥t✐t② Φ = Ψ′ ✭s✉❝❤ t❤❛t Φ′′′ = ΨIV ≥ 0✱ ❛s ✐t ✐s ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣❤②s✐❝❛❧❧②

r❡❧❡✈❛♥t ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ ✭✷✮ ❞❡✜♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✮ ✐♥ ✐♥t❡❣r❛❧ ❢♦r♠✱ ❞❡✜♥✐♥❣

[[ahn]] = ahn+1 − ahn✿

[[Ψ(ϕh
n)]] =

∫ ϕh
n+1

ϕh
n

Ψ′(t)dt =

∫ ϕh
n+1

ϕh
n

Φ(t)dt. ✭✺✳✶✻✮

❲❡ ♦❜t❛✐♥✱ ❢♦r t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✿

∫ ϕh
n+1

ϕh
n

Φ(t)dt =
[[ϕh

n]]

2
(Φ(ϕh

n) + Φ(ϕh
n+1))−

[[ϕh
n]]

3

12
Φ′′(ϕh

n)−
[[ϕh

n]]
4

24
Φ′′′(ξ̄), ✭✺✳✶✼✮

✇❤❡r❡ ξ̄ = ξϕh
n+1 + (1− ξ)ϕh

n = ϕh
n+ξ✱ ✇✐t❤ ξ ∈ (0, 1)✳ ❆❢t❡r s♦♠❡ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s✱

❢r♦♠ ✭✺✳✶✻✮ ✇❡ ❝❛♥ ✇r✐t❡✱ ❞✐✈✐❞✐♥❣ ❜② [[ϕh
n]]✿

[[Ψ(ϕh
n)]]

[[ϕh
n]]

+
[[ϕh

n]]
3

24
Φ′′′(ϕh

n+ξ) =
1

2
(Φ(ϕh

n) + Φ(ϕh
n+1))−

[[ϕh
n]]

2

12
Φ′′(ϕh

n). ✭✺✳✶✽✮

◆♦✇ ✇❡ ❢♦❧❧♦✇ ❛ s✐♠✐❧❛r ♣r♦♦❢ ❛s ✐♥ ❬✻✹❪✱ ❜✉t ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t t❤❛♥ t❤❡ ♦♥❧② ❈❍

❡q✉❛t✐♦♥✱ t❡st✐♥❣ ❡q✉❛t✐♦♥ ✭✺✳✶✵✮ ❛❣❛✐♥st v = µhn+1 ❛♥❞ ✭✺✳✶✶✮ ❛❣❛✐♥st φ =
[[ϕh

n]]

∆tn
✳ ❲❡ ♦❜t❛✐♥

(✉h
n+1ϕ

h
n,∇µhn+1)− (∇µhn+1,∇µhn+1)

−
(

[[ϕh
n]]

∆tn
,
[[Ψ(ϕh

n)]]

[[ϕh
n]]

+
[[ϕh

n]]
3

24
Φ′′′(ϕh

n+ξ)

)

− α

(

∇ [[ϕh
n]]

∆tn
,∇ϕh

n+β

)

= 0 ✭✺✳✶✾✮

❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥ ϕh
n+1/2 =

1

2
(ϕh

n + ϕh
n+1)✱ ✇❡ ♦❜t❛✐♥

ϕh
n+β = ϕh

n+1/2 + η[[ϕh
n]].

❚❤❡r❡❢♦r❡ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✾✮ t❤❛t

(✉h
n+1ϕ

h
n,∇µhn+1)− (∇µhn+1,∇µhn+1)−

(

[[ϕh
n]]

∆tn
,
[[Ψ(ϕh

n)]]

[[ϕh
n]]

+
[[ϕh

n]]
3

24
Φ′′′(ϕh

n+ξ)

)

− α

(

∇ [[ϕh
n]]

∆tn
,∇ϕh

n+1/2

)

− α

(

∇[[ϕh
n]],

η

∆tn
∇[[ϕh

n]]

)

= 0

❛♥❞✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✱

α
(

∇[[ϕh
n]],∇ϕh

n+1/2

)

=
α

2

∫

Ω
[[ |∇ϕh

n|2 ]]dx

✾✸



✇❡ ❣❡t

1

∆tn

{

α

2

∫

Ω
[[ |∇ϕh

n|2 ]]dx+

∫

Ω
[[Ψ(ϕh

n)]]dx

}

− (✉h
n+1ϕ

h
n,∇µhn+1)

= −(∇µhn+1,∇µhn+1)−
(

[[ϕh
n]]

4

∆tn
,
1

24
Φ′′′(ϕh

n+ξ)

)

− α

(

∇[[ϕh
n]],

η

∆tn
∇[[ϕh

n]]

)

. ✭✺✳✷✵✮

❙✐♥❝❡ Φ′′′ ≥ 0 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧✱ ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡

♦❢ ✭✺✳✷✵✮ ❛r❡ ♥❡❣❛t✐✈❡✱ t❤✉s

1

∆tn

{

α

2

∫

Ω
[[ |∇ϕh

n|2 ]]dx+

∫

Ω
[[Ψ(ϕh

n)]]dx

}

− (✉h
n+1ϕ

h
n,∇µhn+1) ≤ 0

❢♦r ❛♥② n ≥ 0✳

◆♦✇✱ ✇❡ t❡st t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛❣❛✐♥st ✇h = ✉h
n+1✱ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥

❛❣❛✐♥st qh = phn+1 ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ❛❣❛✐♥st ξh = Θh
n+1✳ ❙✐♥❝❡

−(✉h
n+1 · ∇Θh

n+1,Θ
h
n+1)−

1

2
(❞✐✈ ✉h

n+1Θ
h
n+1,Θ

h
n+1) = 0

❛♥❞

b(✉h
n,✉

h
n+1,✉

h
n+1) +

1

2
(✉h

n+1❞✐✈ ✉
h
n,✉

h
n+1) = 0,

❞✉❡ t♦ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ✈❡❧♦❝✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡✱ ✇❡ ♦❜t❛✐♥✱

s✉♠♠✐♥❣ ✉♣ ❛❧❧ t❤❡ ❡q✉❛t✐♦♥s✱ s✐♠♣❧✐❢②✐♥❣ t❤❡ t❡r♠ ∆tn(ϕ
h
n∇µhn+1,✉

h
n+1)✱ ✇❤✐❝❤ ❝❛♥❝❡❧s ♦✉t

✐♥ t❤❡ s✉♠♠❛t✐♦♥✿

([[✉h
n]],✉

h
n+1) + ν∆tn||∇✉h

n+1||2

+
α

2
[[ ||∇ϕh

n||2 ]] +

∫

Ω
[[Ψ(ϕh

n)]]dx

([[Θh
n]],Θ

h
n+1) + κ∆tn||∇Θh

n+1||2

≤ ∆tn(Θ
h
n+1, ❡2 · ✉h

n+1). ✭✺✳✷✶✮

❚♦ r❡❛❝❤ t❤❡ ✜rst st❛❜✐❧✐t② r❡s✉❧t✱ ✇❡ ❝❛♥ ❛♣♣❧② ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s

✭❛❧s♦ t♦ ♦❜t❛✐♥ (✉h
n,✉

h
n+1) ≤

1

2
||✉h

n||2 +
1

2
||✉h

n+1||2 ❛♥❞ (Θh
n,Θ

h
n+1) ≤

1

2
||Θh

n||2 +
1

2
||Θh

n+1||2✮
t♦ ❣❡t ❢♦r t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✿

∆tn(Θ
h
n+1, ❡2 · ✉h

n+1) ≤ ∆tn||Θh
n+1|| ||✉h

n+1|| ≤
∆tnC

2
1

4ν
||Θh

n+1||2 + ν∆tn||∇✉h
n+1||2 ✭✺✳✷✷✮

✾✹



❆♥❛❧②③✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ✭✺✳✶✷✮✱ t❡st✐♥❣ ✐t ❛❣❛✐♥st Θh
n+1✱ ✇❡ ❡❛s✐❧② ❣❡t

t❤❛t ||Θh
n+1|| ≤ ||Θh

n||✳ ❚❤✉s s✉❜st✐t✉t✐♥❣ ✐t ✐♥ ✐♥❡q✉❛❧✐t② ✭✺✳✷✶✮ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡ t❡r♠s✱

✇❡ ❣❡t

En+1 ≤ (1 +
∆tnC

2
1

4ν
)En

❆♣♣❧②✐♥❣ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❛❧s♦ t♦ t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ ✭✺✳✷✷✮✱ ✇❡ ♦❜t❛✐♥

∆tn(Θ
h
n+1, ❡2 · ✉h

n+1) ≤
∆tnC

2
0C

2
1

4ν
||∇Θh

n+1||2 + ν∆tn||∇✉h
n+1||2

❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐❢ κ ≥ C2
1C

2
0

4ν
♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐❢

κν ≥ C2
1C

2
0

4
✭✺✳✷✸✮

✇❡ ❤❛✈❡

En+1 ≤ En ∀n = 0, . . . , N,

❜❡❝❛✉s❡ ✇❡ ❡①♣❧♦✐t t❤❡ ❞✐ss✐♣❛t✐✈❡ t❡r♠ r❡❧❛t❡❞ t♦ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡

t♦ ❝♦♠♣❡♥s❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ ❡①tr❛ t❡r♠ ✐♥ ✭✺✳✷✷✮✱ ❛♥❞ t❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✺✳✶✳✺✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✺✳✷✸✮ ♦♥ t❤❡ ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡

❞♦♠❛✐♥ Ω✱ ❤❛s ❛ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✿ s✐♥❝❡ ✐♥ t❤❡ ◆❙ ❡q✉❛t✐♦♥ ❛ ♥❡✇ ❢♦r❝✐♥❣ t❡r♠ ❞✉❡

t♦ t❡♠♣❡r❛t✉r❡✱ θ❡2✱ ✇❤✐❝❤ ✐s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡✱ ✐s ♣r❡s❡♥t✱ ❡✐t❤❡r t❤❡ ✈✐s❝♦s✐t② ν ✐♥

t❤❡ ◆❙ ❡q✉❛t✐♦♥ ♦r t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② κ ❤❛✈❡ t♦ ❜❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ t♦ ❜❡ ❛❜❧❡ t♦

❞✐ss✐♣❛t❡ ✐♥ t✐♠❡ ❛ s✉✣❝✐❡♥t ❛♠♦✉♥t ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✱ ✐♥ ♦r❞❡r t♦ ♣r❡✈❡♥t ✐t ❢r♦♠ ♥♦♥

♣❤②s✐❝❛❧ ✐♥❝r❡❛s❡✳ ❚♦ q✉❛♥t✐❢② t❤✐s ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❝t❛♥❣❧❡

(0, 2)× (0, 1)✱ ✇❤✐❝❤ ✐s ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❈❤❛♣t❡r ✻✿ ❛ ❝♦♠♣✉t❛t✐♦♥ ❜② ♠❡❛♥s ♦❢ t❤❡

▼❆❚▲❆❇ ❝♦♠♠❛♥❞ ♣❞❡❡✐❣ s❤♦✇s t❤❛t t❤❡ ❜❡st P♦✐♥❝❛ré✬s ❝♦♥st❛♥ts ❢♦r t❤❡ ♠❡s❤ ❝❤♦s❡♥

❛r❡ C0 = C1 ≈ 0.28 ✭✐♥❞❡❡❞ t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❧❛♣❧❛❝✐❛♥ ✐s λ1 ≈ 12.34

❛♥❞ C0 = C1 = λ
−1/2
1 ✮✳ ❚❤❡r❡❢♦r❡ ✇❡ ♦❜t❛✐♥✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✺✳✶✳✹✱ t❤❛t t❤❡ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ✐s κν ≥ C2
1C

2
0

4
≈ 0.0015✳

❲❡ ❝❛♥ ♥♦✇ ♣❛ss t♦ ❛♥❛❧②③❡ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ ✐♥ ♦r❞❡r

t♦ s♦❧✈❡ ✐t✱ ❜② ♠❡❛♥s ♦❢ t❤❡ ❋r❡❡❋❡♠✰✰ s♦❢t✇❛r❡ ✭s❡❡ ❬✻✾❪ ❢♦r ❛ r❡❢❡r❡♥❝❡✮✳

✾✺



✺✳✶✳✸ ▲✐♥❡❛r✐③❛t✐♦♥

❲❡ ✜rst ❧✐♥❡❛r✐③❡ t❤❡ t✇♦ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠s✱ ✐✳❡✳ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❡♠♣❡r❛t✉r❡✱ t❤❡ ◆❙

❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❈❍ ❡q✉❛t✐♦♥✱ ❜② ❞❡❝♦✉♣❧✐♥❣ t❤❡♠ ❢♦❧❧♦✇✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t ✐t❡r❛t✐♦♥ s❝❤❡♠❡✳

❲❡ ✜① ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣♦✐♥t ✐t❡r❛t✐♦♥s ❢♦r ❡❛❝❤ t✐♠❡ st❡♣✱ ✐♥❞✐❝❛t❡❞ ❜② Sm > 0✳

❆❣❛✐♥ ✇❡ ❞❡✜♥❡ ∆tn t❤❡ t✐♠❡ st❡♣ ❛t t✐♠❡ tn ✇❤✐❝❤ ❝❛♥ ✈❛r② ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❚❤❡

♠❡t❤♦❞ t❤✉s ❜❡❝♦♠❡s✿

❋♦r ∆tn > 0 ❛♥❞ ❢♦r ❛❧❧ n s✉❝❤ t❤❛t tn ≤ T ✱ ✇✐t❤ T > 0 ✜①❡❞ ✈❛❧✉❡✱ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

✐t❡r❛t✐✈❡ s❝❤❡♠❡✿

• ❙❡t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r n = 0✿

(✉h
0 , p

h
0 , ϕ

h
0 , µ

h
0 ,Θ

h
0) = (✉h

n, p
h
n, ϕ

h
n, µ

h
n,Θ

h
n). ✭✺✳✷✹✮

❛♥❞ s❡t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ∆t0✳

• ❋♦r ❡✈❡r② n s✉❝❤ t❤❛t tn ≤ T ✿

✶✳ ❙❡t s = 0 ❛♥❞ ✐♥✐t✐❛❧✐③❡

(✉h
n+1,0, p

h
n+1,0, ϕ

h
n+1,0, µ

h
n+1,0,Θ

h
n+1,0) = (✉h

n, p
h
n, ϕ

h
n, µ

h
n,Θ

h
n)

✷✳ ❲❤✐❧❡ 0 ≤ s < Sm ❞♦✿

✭❛✮ ❈♦♠♣✉t❡ Θh
n+1,s+1 s✉❝❤ t❤❛t

1

∆tn
(Θh

n+1,s+1 −Θh
n, ξh) + κ(∇Θh

n+1,s+1,∇ξh)− (Θh
n+1,s+1,✉

h
n+1,s · ∇ξh)

− 1

2
(❞✐✈ ✉h

n+1,sΘ
h
n+1,s+1, ξh) = 0 ∀ξh ∈ Yh. ✭✺✳✷✺✮

✭❜✮ ❈♦♠♣✉t❡ (✉h
n+1,s+1, p

h
n+1,s+1) s✉❝❤ t❤❛t

1

∆tn
(✉h

n+1,s+1 − ✉h
n,✇h) + b(✉h

n,✉
h
n+1,s+1,✇h)

+
1

2
(✉h

n+1,s+1❞✐✈ ✉
h
n,✇h) + ν(∇✉h

n+1,s+1,∇✇h)

− (phn+1,s+1, ❞✐✈✇h) = −(ϕh
n∇µhn+1,s,✇h) + (Θh

n+1,s+1, ❡2 ·✇h) ∀✇h ∈ ❱h
σ

✭✺✳✷✻✮

❛♥❞

(❞✐✈ ✉h
n+1,s+1, qh) = 0 ∀qh ∈ Qh. ✭✺✳✷✼✮

✾✻



✭❝✮ ❈♦♠♣✉t❡ (µhn+1,s+1, ϕ
h
n+1,s+1) ❜② ♠❡❛♥s ♦❢ ◆❡✇t♦♥✬s ♠❡t❤♦❞✱ s✉❝❤ t❤❛t

1

∆tn
(ϕh

n+1,s+1 − ϕh
n, vh)

+ (∇µhn+1,s+1,∇vh)− (✉h
n+1,s+1ϕ

h
n,∇vh) = 0 ∀vh ∈ Vh ✭✺✳✷✽✮

❛♥❞

(µhn+1,s+1, φ) =

(

φ,
1

2

(

Ψ′(ϕh
n) + Ψ′(ϕh

n+1,s+1)
)

−
(ϕh

n+1,s+1 − ϕh
n)

2

12
Ψ′′′(ϕh

n)

)

+ α(∇φ,∇ϕh
n+β,s+1) ∀φ ∈ Vh ✭✺✳✷✾✮

✸✳ ❙❡t s = s+ 1

• ❙❡t (✉h
n+1, p

h
n+1, ϕ

h
n+1, µ

h
n+1,Θ

h
n+1) = (✉h

Sm−1, p
h
Sm−1, ϕ

h
Sm−1, µ

h
Sm−1,Θ

h
Sm−1)✳

• ❙❡t n = n+ 1 ❛♥❞ ❝♦♠♣✉t❡ ∆tn+1✳

❘❡♠❛r❦ ✺✳✶✳✻✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ st❡♣ ✷✳✭❜✮✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❝♦♠♣❧❡t❡❧② ❦♥♦✇♥ ❢r♦♠ t❤❡

♣r❡✈✐♦✉s st❡♣ ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳ ❚❤❡ s❛♠❡ ❣♦❡s ❢♦r st❡♣ ✷✳✭❝✮✱ ✇❤✐❝❤ ✐s ❞❡❝♦✉♣❧❡❞ ❢r♦♠

t❤❡ ♦t❤❡r ❡q✉❛t✐♦♥s✱ s✐♥❝❡ ✉h
n+1,s+1 ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣s✳ ❲❡

❝❛♥ ✈✐s✉❛❧✐③❡ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐♥ t❤❡ ✢♦✇❝❤❛rt ✐♥ ❋✐❣✉r❡ ✺✳✶✳

❘❡♠❛r❦ ✺✳✶✳✼✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❈❤❛♣t❡r ✻✱ ✇❡ ✇✐❧❧ s✐st❡♠❛t✐❝❛❧❧② ✉s❡ Sm = 1✱ s✐♥❝❡ ✇❡

❢♦✉♥❞ ✐t ❡♥♦✉❣❤ t♦ ❣❡t t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥✿ t❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ❡q✉✐✈❛❧❡♥t

t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✇✐t❤♦✉t ✜①❡❞ ♣♦✐♥t ✐t❡r❛t✐♦♥s✳ ❋♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✱

t❤❡ ✜①❡❞ ♣♦✐♥t ✐t❡r❛t✐♦♥s ❝♦✉❧❞ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✱ ❢♦r ❡①❛♠♣❧❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦♣♣✐♥❣

❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ✐♥❝r❡♠❡♥t✱ ✐♥st❡❛❞ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✿ ✜①❡❞ ❛

t♦❧❡r❛♥❝❡ tol✱ st♦♣ t❤❡ ✐t❡r❛t✐♦♥s ✇❤❡♥

||✉h
n+1,s+1 − ✉h

n+1,s||+ ||ϕh
n+1,s+1 − ϕh

n+1,s||+ ||Θh
n+1,s+1 −Θh

n+1,s|| ≤ tol.

✾✼



❋✐❣✉r❡ ✺✳✶✿ ❋❧♦✇❝❤❛rt ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛❞♦♣t❡❞✳

❙t❛rt

n❂✵✱ s❡t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ (✉h
0 , p

h
0 , ϕ

h
0 , µ

h
0 ,Θ

h
0)

tn ≤ T❙t♦♣ tn = tn +∆tn✱ ❝♦♠♣✉t❡ ∆tn+1

s❂✵

s < Sm

❙❡t (✉h
n+1,0, p

h
n+1,0, ϕ

h
n+1,0, µ

h
n+1,0,Θ

h
n+1,0) =

(✉h
n, p

h
n, ϕ

h
n, µ

h
n,Θ

h
n)

s❂s✰✶

❈♦♠♣✉t❡ Θh
n+1,s+1 ❢r♦♠ ✭✺✳✷✺✮ ❣✐✈❡♥ ✉h

n+1,s

❈♦♠♣✉t❡ ✭✉h
n+1,s+1, p

h
n+1,s+1✮ ❢r♦♠ ✭✺✳✷✻✮

❛♥❞ ✭✺✳✷✼✮ ❣✐✈❡♥ Θh
n+1,s+1 ❛♥❞ µhn+1,s

❆♣♣❧② ◆❡✇t♦♥✬s ♠❡t❤♦❞ t♦ ✭✺✳✷✽✮ ❛♥❞ ✭✺✳✷✾✮✿

❝♦♠♣✉t❡ ✭µhn+1,s+1, ϕ
h
n+1,s+1✮ ❣✐✈❡♥ ✉

h
n+1,s+1

♥♦

②❡s

♥♦

②❡s

✾✽



❲❡ ❝❛♥ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❜❛s❡s ❢♦r t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✿ s✐♥❝❡ ✇❡

❤❛✈❡ ❝❤♦s❡♥ t❤❡ s❛♠❡ s♣❛❝❡s ❢♦r p✱ ϕ✱ µ ❛♥❞ θ✱ ✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❜❛s✐s ❢✉♥❝t✐♦♥s✱

❞❡♥♦t❡❞ ❜② M ❀ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❱h
σ = Span(✇1, . . . ,✇Nu)✱ Qh = Span(φ1, . . . , φM )✱

Vh = Span(χ1, . . . , χM ) ❛♥❞ Yh = Span(v1, . . . , vM ) ❛♥❞ t❡st t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ❛❣❛✐♥st

❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛s❡s✳

❲❡ ♦❜t❛✐♥

✉h(tn) ≈ ✉hn =

Nu
∑

i=1

Un,i✇i ∈ ❱h
σ ph(tn) ≈ phn =

M
∑

i=1

Pn,iφi ∈ Qh ✭✺✳✸✵✮

ϕh(tn) ≈ ϕh
n =

M
∑

i=1

ϕ̄n,iχi ∈ Vh

µh(tn) ≈ µhn =
M
∑

i=1

µ̄n,iχi ∈ Vh Θh(tn) ≈ Θh
n =

M
∑

i=1

Θ̄n,ivi ∈ ❨h.

❛♥❞ ✇❡ ❞❡✜♥❡ ❯n✱ Pn✱ ϕ̄n✱ µ̄n ❛♥❞ Θ̄n ❛s t❤❡ ✈❡❝t♦rs ♦❢ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s❡s✳ ❚❤❡r❡❢♦r❡ ✇❡ ♦❜t❛✐♥✿

❋♦r ∆tn > 0 ❛♥❞ ❢♦r ❛❧❧ n s✉❝❤ t❤❛t tn ≤ T ✱ ✇✐t❤ T > 0 ✜①❡❞ ✈❛❧✉❡✱ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

✐t❡r❛t✐✈❡ s❝❤❡♠❡✿

• ❙❡t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r n = 0✿

(❯0,P0, ϕ̄0, µ̄0, Θ̄0) = (❯n,Pn, ϕ̄n, µ̄n, Θ̄n). ✭✺✳✸✶✮

❛♥❞ s❡t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ∆t0✳

• ❋♦r ❡✈❡r② n s✉❝❤ t❤❛t tn ≤ T ✿

✶✳ ❙❡t s = 0 ❛♥❞ ✐♥✐t✐❛❧✐③❡

(❯n+1,0,Pn+1,0, ϕ̄n+1,0, µ̄n+1,0, Θ̄n+1,0) = (❯n,Pn, ϕ̄n, µ̄n, Θ̄n)

✷✳ ❲❤✐❧❡ 0 ≤ s < Sm ❞♦✿

✾✾



✭❛✮ ❈♦♠♣✉t❡ Θ̄n+1,s+1 s✉❝❤ t❤❛t ∀i = 1, . . . ,M

1

∆tn

M
∑

j=1

{Θ̄n+1,s+1,j − Θ̄n,j}(vj , vi) + κ

M
∑

j=1

Θ̄n+1,s+1,j(∇vj ,∇vi)

−
M
∑

j=1

Θ̄n+1,s+1,j(vj ,✉
h
n+1,s · ∇vi)−

1

2

M
∑

j=1

Θ̄n+1,s+1,j(❞✐✈ ✉
h
n+1,svj , vi) = 0

✭✺✳✸✷✮

✭❜✮ ❈♦♠♣✉t❡ (❯n+1,s+1,Pn+1,s+1) s✉❝❤ t❤❛t ∀i = 1, . . . , Nu

1

∆tn

Nu
∑

j=1

{Un+1,s+1,j − Un,j}(✇j ,✇i) +

Nu
∑

j=1

Un+1,s+1,jb(✉
h
n,✇j ,✇i) ✭✺✳✸✸✮

+
1

2

Nu
∑

j=1

Un+1,s+1,j(✇j❞✐✈ ✉
h
n,✇i) + ν

Nu
∑

j=1

Un+1,s+1,j(∇✇j ,∇✇i)

−
Np
∑

j=1

Pn+1,s+1,j(φj , ❞✐✈✇i) = −(ϕh
n∇µhn+1,s,✇i) + (Θh

n+1,s+1, ❡2 ·✇i)

❛♥❞
Nu
∑

j=1

Un+1,s+1,j(❞✐✈✇j , φi) = 0 ∀i = 1, . . . ,M. ✭✺✳✸✹✮

✭❝✮ ❈♦♠♣✉t❡ (µ̄hn+1,s+1, ϕ̄
h
n+1,s+1) ❜② ♠❡❛♥s ♦❢ ◆❡✇t♦♥✬s ♠❡t❤♦❞✱ s✉❝❤ t❤❛t t❤❡②

s♦❧✈❡ ✭✺✳✷✽✮ ❛♥❞ ✭✺✳✷✾✮✳

✸✳ ❙❡t s = s+ 1

• ❙❡t (❯n+1,Pn+1, ϕ̄n+1, µ̄n+1, Θ̄n+1) = (❯Sm−1,PSm−1, ϕ̄Sm−1, µ̄Sm−1, Θ̄Sm−1)✳

• ❙❡t n = n+ 1 ❛♥❞ ❝♦♠♣✉t❡ ∆tn+1✳

❲❡ ❛r❡ ❧❡❢t t♦ t❛❝❦❧❡ t❤❡ ❧❛st ♥♦♥❧✐♥❡❛r st❡♣ ✷✳✭❝✮✱ ✇❤♦s❡ ❡①♣❛♥❞❡❞ ❢♦r♠✉❧❛t✐♦♥ r❡❛❞s✿

∀i = 1, . . . ,M

1

∆tn

M
∑

j=1

{ϕ̄n+1,s+1,j − ϕ̄n,j}(χj , χi) +

M
∑

j=1

µ̄n+1,s+1,j(∇χj ,∇χi)− (✉hn+1,s+1ϕ
h
n,∇χi) = 0

✭✺✳✸✺✮

✶✵✵



❛♥❞

M
∑

j=1

µ̄s+1,j(χj , χi) ✭✺✳✸✻✮

= (χi,
1

2
(Ψ′(ϕh

n) + Ψ′(ϕh
n+1,s+1))−

(ϕh
n+1,s+1 − ϕh

n)
2

12
Ψ′′′(ϕh

n)) + α

M
∑

j=1

ϕ̄n+β,j(∇χj ,∇χi)

✇❤❡r❡ ϕ̄n+β,j = ϕ̄n,j + β(ϕ̄n+1,s+1,j − ϕ̄n,j) ∀j = 1, . . . ,M.

❲❡ ❛♣♣❧② ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✭s❡❡✱ ❡✳❣✳✱ ❬✾✵❪✮ t♦ ❧✐♥❡❛r✐③❡ t❤❡ ❡q✉❛t✐♦♥s✿ ✐♥ ♦r❞❡r t♦

✉s❡ ✐t✱ ✇❡ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ❛♥ ❛❧❣❡❜r❛✐❝ ❢♦r♠✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦rs ❛♥❞

♠❛tr✐❝❡s✿

❆ij =
1

∆tn
(χj , χi), i, j = 1, . . . ,M ✭✺✳✸✼✮

❑ij = (∇χj ,∇χi), i, j = 1, . . . ,M ✭✺✳✸✽✮

❣i = {❆ϕ̄n}i + (✉h
n+1,s+1ϕ

h
n,∇χi), i = 1, . . . ,M ✭✺✳✸✾✮

❉ij = (χj , χi), i, j = 1, . . . ,M ✭✺✳✹✵✮

❤i(ϕ̄n+1,s+1) =

(

χi,
1

2

(

Ψ′(ϕh
n) + Ψ′(ϕh

n+1,s+1)
)

−
(ϕh

n+1,s+1 − ϕh
n)

2

12
Ψ′′′(ϕh

n)

)

, i = 1, . . . ,M.

✭✺✳✹✶✮

■♥ t❤✐s ✇❛②✱ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❜❡❝♦♠❡s

Φ(





ϕ̄n+1,s+1

µ̄n+1,s+1



) =





❆ ❑

−αβ❑ ❉









ϕ̄n+1,s+1

µ̄n+1,s+1



−





❣

❤(ϕ̄n+1,s+1) + α(1− β)❑ϕ̄n



 = ✵ ✭✺✳✹✷✮

❲❡ ❝❧❡❛r❧② s❡❡ ✐♥ t❤✐s ✇❛② t❤❛t t♦ ❛♣♣❧② ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✇❡ ♥❡❡❞ t♦ ❧✐♥❡❛r✐③❡ t❤❡ t❡r♠ −❤✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❏❛❝♦❜✐❛♥ r❡❛❞s✿

❏hij(q) = − ∂❤i

∂ϕ̄s+1,j
= −1

2
Ψ′′(q)(χi, χj)+

(q− ϕh
n)

6
Ψ′′′(ϕh

n)(χi, χj), i, j = 1, . . . ,M ✭✺✳✹✸✮

❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ✇✐t❤ ❛♥♦t❤❡r ✐t❡r❛t✐✈❡ ❧♦♦♣ ✐♥❞❡①❡❞ ❜② r ≥ 0✿





❆ ❑

❏h(ϕ̄n+1,s+1,r)− αβ❑ ❉









δϕ̄

δµ̄



 = −Φ(





ϕ̄n+1,s+1,r

µ̄n+1,s+1,r



) ✭✺✳✹✹✮





ϕ̄n+1,s+1,r+1

µ̄n+1,s+1,r+1



 =





ϕ̄n+1,s+1,r

µ̄n+1,s+1,r



+





δϕ̄

δµ̄



 ✭✺✳✹✺✮

✶✵✶



❆s ❛ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✇❡ ❞❡❝✐❞❡❞ t♦ ✉s❡ t❤❡ ♦♥❡ ❜❛s❡❞ ♦♥ t❤❡ r❡s✐❞✉❛❧✿ st♦♣ t❤❡

✐t❡r❛t✐♦♥s ✇❤❡♥

||Φ(





ϕ̄n+1,s+1,r+1

µ̄n+1,s+1,r+1



)||2 ≤ tol,

✇✐t❤ tol = 10−4✱ ✇❤❡r❡ ||q||22 =
Nϕ
∑

i=1

q2i ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❊✉❝❧✐❞❡❛♥ ✷✲♥♦r♠✳

❋♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ✇❡ ✉s❡❞ ▲✐♥❡❛r●▼❘❊❙ ❛s ❛ s♦❧✈❡r✱ ✇✐t❤ ❛ ✜①❡❞

t♦❧❡r❛♥❝❡ ♦❢ 10−6✱ ✇❤✐❝❤ ✐s ✶✵✵ t✐♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡ t♦❧❡r❛♥❝❡ ❛❞♦♣t❡❞ ❛s st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥

❢♦r t❤❡ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳

■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt✱ ✇❡ ✉s❡❞ ❛ s✉✐t❛❜❧❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♣r❡❝♦♥✲

❞✐t✐♦♥❡r✱ ♥❛♠❡❧② ❛ ❏❛❝♦❜✐ ❜❧♦❝❦ ♣r❡❝♦♥❞✐t✐♦♥❡r✱ ❢♦r t❤❡ ✐t❡r❛t✐✈❡ s♦❧✈❡r ●▼❘❊❙✿ ✐♥ ♣❛rt✐❝✉❧❛r

✇❡ ♠❛❞❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

P =





❆ ✵

✵ ❉



 ✭✺✳✹✻✮

✇❤❡r❡ ❆ ❛♥❞ ❉ ❛r❡ t❤❡ ♠❛tr✐❝❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✺✳✸✼✮ ❛♥❞ ✭✺✳✹✵✮✱ r❡s♣❡❝t✐✈❡❧②✱ ✉s❡❞ ✐♥ t❤❡

❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❈❍ ❡q✉❛t✐♦♥✳ ■♥ t❤✐s ✇❛② ✇❡ r❡❞✉❝❡❞ t❤❡ ●▼❘❊❙ ✐t❡r❛t✐♦♥s ❢♦r t❤❡

s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ t♦ ❛❜♦✉t ✹ ♦r ✺ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐s s❡♥s✐❜❧② r❡❞✉❝❡❞✱

✇❤❡r❡❛s t❤❡ ♥✉♠❜❡r ♦❢ ◆❡✇t♦♥✬s st❡♣s ♥❡❡❞❡❞ ✐s ❛❜♦✉t ✶ ♦r ✷ ❢♦r ❡❛❝❤ st❡♣ s✳

❲❡ ❝❛♥ t❤✉s r❡st❛t❡ t❤❡ ✜♥❛❧ ❛❧❣♦r✐t❤♠ t♦ ❜❡ s♦❧✈❡❞ ✐♥ t❤✐s ✇❛②✿

❋♦r ∆tn > 0 ❛♥❞ ❢♦r ❛❧❧ n s✉❝❤ t❤❛t tn ≤ T ✱ ✇✐t❤ T > 0 ✜①❡❞ ✈❛❧✉❡✱ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

✐t❡r❛t✐✈❡ s❝❤❡♠❡✿

• ❙❡t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r n = 0✿

(❯0,P0, ϕ̄0, µ̄0, Θ̄0) = (❯n,Pn, ϕ̄n, µ̄n, Θ̄n). ✭✺✳✹✼✮

❛♥❞ s❡t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ st❡♣ ∆t0✳

• ❋♦r ❡✈❡r② n s✉❝❤ t❤❛t tn ≤ T ✿

✶✳ ❙❡t s = 0 ❛♥❞ ✐♥✐t✐❛❧✐③❡

(❯n+1,0,Pn+1,0, ϕ̄n+1,0, µ̄n+1,0, Θ̄n+1,0) = (❯n,Pn, ϕ̄n, µ̄n, Θ̄n)

✶✵✷



✷✳ ❲❤✐❧❡ 0 ≤ s < Sm ❞♦✿

✭❛✮ ❈♦♠♣✉t❡ Θ̄n+1,s+1 s✉❝❤ t❤❛t ∀i = 1, . . . ,M

1

∆tn

M
∑

j=1

{Θ̄n+1,s+1,j − Θ̄n,j}(vj , vi) + κ
M
∑

j=1

Θ̄n+1,s+1,j(∇vj ,∇vi)

−
M
∑

j=1

Θ̄n+1,s+1,j(vj ,✉
h
n+1,s · ∇vi)−

1

2

M
∑

j=1

Θ̄n+1,s+1,j(❞✐✈ ✉
h
n+1,svj , vi) = 0

✭✺✳✹✽✮

✭❜✮ ❈♦♠♣✉t❡ (❯n+1,s+1,Pn+1,s+1) s✉❝❤ t❤❛t ∀i = 1, . . . , Nu

1

∆tn

Nu
∑

j=1

{Un+1,s+1,j − Un,j}(✇j ,✇i) +

Nu
∑

j=1

Un+1,s+1,jb(✉
h
n,✇j ,✇i) ✭✺✳✹✾✮

+
1

2

Nu
∑

j=1

Un+1,s+1,j(✇j❞✐✈ ✉
h
n,✇i) + ν

Nu
∑

j=1

Un+1,s+1,j(∇✇j ,∇✇i)

−
Np
∑

j=1

Pn+1,s+1,j(φj , ❞✐✈✇i) = −(ϕh
n∇µhn+1,s,✇i) + (Θh

n+1,s+1, ❡2 ·✇i)

❛♥❞
Nu
∑

j=1

Un+1,s+1,j(❞✐✈✇j , φi) = 0 ∀i = 1, . . . ,M. ✭✺✳✺✵✮

✭❝✮ ❙❡t r = 0 ❛♥❞




ϕ̄n+1,s+1,0

µ̄n+1,s+1,0



 =





ϕ̄n+1,s

µ̄n+1,s





❲❤✐❧❡

||Φ(





ϕ̄n+1,s+1,r

µ̄n+1,s+1,r



)||2 > tol

r❡♣❡❛t ✐t❡r❛t✐✈❡❧② t♦ ✜♥❞ (µ̄n+1,s+1, ϕ̄n+1,s+1)✿

✐✳




❆ ❑

❏h(ϕ̄n+1,s+1,r)− αβ❑ ❉









δϕ̄

δµ̄



 = −Φ(





ϕ̄n+1,s+1,r

µ̄n+1,s+1,r



 ✭✺✳✺✶✮

✐✐✳




ϕ̄n+1,s+1,r+1

µ̄n+1,s+1,r+1



 =





ϕ̄n+1,s+1,r

µ̄n+1,s+1,r



+





δϕ̄

δµ̄



 ✭✺✳✺✷✮

✶✵✸



✐✐✐✳ r = r + 1

✸✳ ❙❡t s = s+ 1

• ❙❡t (❯n+1,Pn+1, ϕ̄n+1, µ̄n+1, Θ̄n+1) = (❯Sm−1,PSm−1, ϕ̄Sm−1, µ̄Sm−1, Θ̄Sm−1)✳

• ❙❡t n = n+ 1 ❛♥❞ ❝♦♠♣✉t❡ ∆tn+1✳

✺✳✶✳✹ ❚✐♠❡ st❡♣ ❛❞❛♣t✐✈✐t②

❆s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♥♦t✐❝❡❞✱ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱

s✐♥❝❡ ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡♠ t❤❡ t✐♠❡ st❡♣ ♥❡❡❞❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❍ ❡q✉❛t✐♦♥

✐s ✈❡r② s♠❛❧❧✱ ✇❤❡r❡❛s ✐t ❝♦✉❧❞ ✐♥❝r❡❛s❡ ❛ ❜✐t ✐♥ t❤❡ ♥❡①t st❡♣s✱ ✇❡ ✉s❡❞ ❛♥ ❛❞❛♣t✐✈❡ t✐♠❡

st❡♣ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ∆tn+1✱ ❣✐✈❡♥ ✉
h
n✱ ϕ

h
n✱ µ

h
n✿

• ❙❡t

∆t1,(0) = ∆t0

• ❋♦r ❡✈❡r② n ≥ 0 ❞♦✿

❋♦r l ≥ 0✿

✶✳ ❈♦♠♣✉t❡ ϕBE,(l)✱ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✺✳✺✮ ✇✐t❤ ❛ ❇❛❝❦✇❛r❞ ❊✉❧❡r s❝❤❡♠❡ ✭t❤✉s

❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥✮✿

1

∆tn+1,(l)
(ϕBE,(l) − ϕh

n, vh) + (∇µhn,∇vh)− (✉hnϕ
h
n,∇vh) = 0 ∀vh ∈ Vh.

✷✳ ❈♦♠♣✉t❡ ϕh
n+1,(l) ✭❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s✮ ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥

❙❡❝t✐♦♥ ✺✳✶✳✸ ❛♥❞ ✉s✐♥❣ ∆tn+1,(l) ❛s t✐♠❡ st❡♣✳

✸✳ ❈❛❧❝✉❧❛t❡ en+1,(l) =
||ϕBE,(l) − ϕh

n+1,(l)||2
||ϕh

n+1,(l)||2
✳

✹✳ ❯♣❞❛t❡ t❤❡ t✐♠❡ st❡♣

∆tn+1,(l+1) = ρ

√

TOL

en+1,(l)
∆tn+1,(l)

✶✵✹



✺✳ ■❢ en+1 ≥ TOL t❤❡♥ l = l+1 ❛♥❞ r❡t✉r♥ t♦ st❡♣ ✶✳✱ ♦t❤❡r✇✐s❡ s❡t ϕh
n+1 = ϕh

n+1,(l)

✭❛♥❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛❧❧ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s✮✱ ∆tn+1 = ∆tn+1,(l) ❛♥❞ ∆tn+2,0 =

∆tn+1,(l+1)

• n = n+ 1✳

❚❤✐s ❦✐♥❞ ♦❢ ✉♣❞❛t❡ ♦❢ t❤❡ t✐♠❡ st❡♣ ✐s ❢r❡q✉❡♥t❧② ✉s❡❞ ✐♥ ❛❞❛♣t✐✈❡ t✐♠❡✲st❡♣♣✐♥❣

❛❧❣♦r✐t❤♠s ✭s❡❡✱ ❡✳❣✳ ❬✻✹❪ ❛♥❞ ❬✶✺❪✮✿ ✇❡ ❝❤♦s❡ t❤❡ s❛❢❡t② ❝♦❡✣❝✐❡♥t ρ = 0.9 ❛♥❞ TOL = 10−3✱

❛s s✉❣❣❡st❡❞ ✐♥ ❬✽✵❪✳ ▼♦r❡♦✈❡r ✇❡ s❡t ∆t0 = 6× 10−12✳ ■♥ t❤✐s ✇❛②✱ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s t❤❛t

✇❡ ♣r❡s❡♥t ✐♥ ❈❤❛♣t❡r ✻✱ ✇❡ r❡❛❝❤ ❛ r❛♥❣❡ ♦❢ t✐♠❡ st❡♣s ❢r♦♠ ❛❜♦✉t 10−12 t♦ 10−5✳

✶✵✺



❈❤❛♣t❡r ✻

◆✉♠❡r✐❝❛❧ t❡sts

■♥ t❤✐s ❈❤❛♣t❡r ✇❡ ♣r❡s❡♥t ✜✈❡ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡

♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺✱ ❜② ♠❡❛♥s ♦❢ ❋r❡❡❋❡♠✰✰✳ ❲❡ ✈❡r✐❢② t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ♦❢

♣r♦♣❡rt② ❛♥❞ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡✳ ❲❡ ♦❜s❡r✈❡ t❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥

❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡✛❡❝ts ♦❢ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡

✜❡❧❞s ♦♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞✳

✻✳✶ ❈❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs

■♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts ♣❡r❢♦r♠❡❞ ✇❡ ❞❡❝✐❞❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐♥ [0, 1]✱ ❛s

♣r♦♣♦s❡❞ ✐♥ ❬✻✹❪ ✭t❤❡ t❤❡♦r② ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐♥ [−1, 1] ✐s ❡①❛❝t❧② t❤❡

s❛♠❡ ❛s ✐♥ t❤✐s ❝❛s❡✱ ✉♣ t♦ ❛ r❡s❝❛❧✐♥❣✮✱ ✇✐t❤ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ ❞❡✜♥❡❞ ❛s

Ψ(ϕ) = 2(ϕ ❧♦❣(ϕ) + (1− ϕ) ❧♦❣(1− ϕ)) + 2α0ϕ(1− ϕ)

✇✐t❤ α0 = 2.4✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ✐♥ ❋✐❣✉r❡ ✻✳✶✿ ✐t ✐s ♥♦♥✲❝♦♥✈❡①✱

✇✐t❤ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛ t♦ ✇❤✐❝❤ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞r✐✈❡♥✱ ❛t ❛❜♦✉t 0.16 ❛♥❞ 0.84✳ ❚❤❡

❞❡r✐✈❛t✐✈❡s ♥❡❝❡ss❛r✐❡s ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❛r❡ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣

Ψ′(ϕ) = 2( ❧♦❣(ϕ)− ❧♦❣(1− ϕ)) + 2α0(1− 2ϕ)

Ψ′′(ϕ) = 2(
1

ϕ
− 1

ϕ− 1
)− 4α0

✶✵✻



❋✐❣✉r❡ ✻✳✶✿ ❉♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧✿ ✇❡ ❝❛♥ s❡❡ t❤❡ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛

Ψ′′′(ϕ) = 2
2ϕ− 1

ϕ2(1− ϕ)2

ΨIV (ϕ) = 4
3ϕ2 − 3ϕ+ 1

ϕ3(1− ϕ)3

❘❡♠❛r❦ ✻✳✶✳✶✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ΨIV (ϕ) ≥ 0 ❢♦r ϕ ∈ (0, 1)✱ t❤✉s ❚❤❡♦r❡♠ ✺✳✶✳✹ ✐s ✈❛❧✐❞✳

❚❤❡ ❞♦♠❛✐♥ Ω ❝❤♦s❡♥ ✐s t❤❡ ♦♣❡♥ r❡❝t❛♥❣❧❡ (0, 2) × (0, 1) ⊂ R
2✳ ❲❡ t❤❡♥ ❝❤♦♦s❡

t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡s❤✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡r✐✈❡ t❤❡ ✈❛❧✉❡ ♦❢ α✱ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡r ✐♥

t❤❡ ❈❍ ❡q✉❛t✐♦♥✿ ✇❡ ✉s❡ ❛ str✉❝t✉r❡❞ ♠❡s❤ ✇✐t❤ ✷✻✬✵✽✵ tr✐❛♥❣✉❧❛r ❝❡❧❧s ❛♥❞ ✶✸✬✵✹✶ ♥♦❞❡s✱

❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♠❡❛♥ ❞✐❛♠❡t❡r ♦❢ ❡❛❝❤ ❝❡❧❧ ♦❢ ❛❜♦✉t h ≈ 0.009✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡

✻✳✷✳

❲❡ t❤❡♥ ❝❤♦s❡ t❤❡ ♣❛r❛♠❡t❡r α t♦ ❜❡ α = 8× 10−5 ≈ h2✳ ❚❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs t♦ ❜❡

❝❤♦s❡♥ ❛r❡ β = 0.6✱ t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ν ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ t❤❡r♠❛❧ ❞✐✛✉s✐✈✐t② κ

❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✳ ❚❤❡s❡ t✇♦ ❝♦❡✣❝✐❡♥ts ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❜✉t r❡s♣❡❝t✐♥❣

t❤❡ ❧✐♠✐t❛t✐♦♥ s❤♦✇♥ ✐♥ ❘❡♠❛r❦ ✺✳✶✳✺✳

❘❡♠❛r❦ ✻✳✶✳✷✳ ❈❧❡❛r❧②✱ ❜❡✐♥❣ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥ts s❡tt✐♥❣ ❛♥❞ ✉s✐♥❣ ♦♥❧② r❡❣✉❧❛r

✶✵✼



❋✐❣✉r❡ ✻✳✷✿ ❈♦♠♣✉t❛t✐♦♥❛❧ ♠❡s❤

❢✉♥❝t✐♦♥s✱ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻✱ ❛t ❛ ❝♦♥t✐♥✉♦✉s ❧❡✈❡❧ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧

s♣❛❝❡s✱ ❛r❡ ❢✉❧✜❧❧❡❞✱ t❤✉s ✇❡ ❡①♣❡❝t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥✳

✻✳✷ ■♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s t♦ ❜❡ s❡t✱ ✇❡ ♥♦✇ ❢♦❝✉s t❤❡ ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ❝♦♥✲

❝❡♥tr❛t✐♦♥ ✜❡❧❞✱ s✐♥❝❡ ❢♦r t❡♠♣❡r❛t✉r❡ ❛♥❞ ✈❡❧♦❝✐t② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ✈❛r② ❜❡t✇❡❡♥

t❤❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ t❡sts✳ ❲❡ ❞❡❝✐❞❡❞ t♦ ❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧✐③❛t✐♦♥s✿

• ❙②♠♠❡tr✐❝ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ❛ ✉♥✐❢♦r♠ ✜❡❧❞ ϕ̄ ≡ 0.63✿

ϕ0(x, y) = 0.63 + 0.1s✐♥(16πx)❝♦s(12πy)

✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ ✇✐t❤ ❛ t♦t❛❧ ✐♥✐t✐❛❧ ♠❛ss ♦❢ m =
∫

Ω
ϕ0dx = 1.26000✳

• ◆♦♥s②♠♠❡tr✐❝ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ♥♦♥③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ❛ ✉♥✐❢♦r♠ ✜❡❧❞ ϕ̄ ≡
0.63✿ ✇❡ ✉s❡❞ t❤❡ ❋r❡❡❋❡♠✰✰ ❝♦♠♠❛♥❞s

ϕ0(x, y) = 0.63 + 0.05(−0.5 + r❛♥❞r❡❛❧✶✭✮)

❲❡ r❡❝❛❧❧ t❤❛t✱ s✐♥❝❡ ✇❡ ❤❛✈❡ s❡t t❤❡ ✐♥✐t✐❛❧ s❡❡❞ ❢♦r t❤❡ ❝♦♠♠❛♥❞ r❛♥❞r❡❛❧✶✱ t❤✐s

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❛❝t✉❛❧❧② ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❝❛♥ ❜❡ r❡♣r♦❞✉❝❡❞ ✐❞❡♥t✐❝❛❧❧② ❛t ❛♥②

✶✵✽



❋✐❣✉r❡ ✻✳✸✿ ❙②♠♠❡tr✐❝ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ϕ̄

❋✐❣✉r❡ ✻✳✹✿ ◆♦♥s②♠♠❡tr✐❝ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ♥♦♥③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ϕ̄

t✐♠❡✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✹ ❛♥❞ t❤❡ t♦t❛❧ ✐♥✐t✐❛❧ ♠❛ss ✐s m =
∫

Ω
ϕ0dx = 1.26036✳

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ µ0 ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ ϕ0✱ ❜② ♠❡❛♥s ♦❢

t❤❡ ❞❡✜♥✐t✐♦♥✿

µ0 = −α∆ϕ0 +Ψ′(ϕ0)

❲❡ ❝❛♥ ♥♦✇ ♣❛ss t♦ ❛♥❛❧②③❡ t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts✳

✶✵✾



❋✐❣✉r❡ ✻✳✺✿ ❚❡st ✶✳ ■♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✐♥ ✸❉ r❡♣r❡s❡♥t❛t✐♦♥✳

✻✳✸ ◆✉♠❡r✐❝❛❧ t❡st ✶

❋✐rst✱ ✇❡ ✜①❡❞ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs✿ ν = 0.01 ❛♥❞ κ = 5✿ ✐♥ t❤✐s ✇❛② t❤❡ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ s✐♥❝❡ κν = 0.05 > 0.0015✳ ❆s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ϕ ✇❡ ❝❤♦s❡ t❤❡

♦♥❡ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ t❤❡ s②♠♠❡tr✐❝ ♦♥❡ ✇✐t❤ ③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ϕ̄✱ ✇❤❡r❡❛s ❢♦r t❤❡

t❡♠♣❡r❛t✉r❡ ✇❡ ✐♥✐t✐❛❧✐③❡❞ t❤❡ ✜❡❧❞ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥✿

κ(∇Θ0,∇ξ) =
∫

Ω
2000ξdx ∀ξ ∈ H1

0 (Ω)

❲✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r Θ0✳ ❚❤✐s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ s✐♠✉❧❛t❡s

❛ s✉❞❞❡♥ ✐♥❥❡❝t✐♦♥ ♦❢ ❛ s♦✉r❝❡ ♦❢ ❤❡❛t ✐♥ t❤❡ s②st❡♠✱ ✇❤✐❝❤ ❛❝ts ❛s ❛ ❢♦r❝✐♥❣ t❡r♠ ✐♥ t❤❡

❡q✉❛t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ s②♠♠❡tr✐❝ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✺✳

❲❡ t❤❡♥ ✐♥✐t✐❛❧✐③❡ t❤❡ ❧❛st ✜❡❧❞✱ ✐✳❡✳ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❜② s♦❧✈✐♥❣ ❛ ❙t♦❦❡s ❡q✉❛t✐♦♥ ❢♦r

(✉0, p0) ∈ [H1
0 (Ω)]

2 × L2(Ω) ❦❡❡♣✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ϕ0✱ µ0 ❛♥❞ Θ0✿










ν(∇✉0,∇✇)− (p0, ❞✐✈(✇)) = (−ϕ0∇(µ0),✇) + (Θ0,✇y) ∀✇ ∈ [H1
0 (Ω)]

2

(❞✐✈(✉0), q) = 0 ∀q ∈ L2(Ω)

❛❧✇❛②s ✇✐t❤ ♥♦ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♦❜t❛✐♥✐♥❣ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ ❋✐❣✉r❡ ✻✳✻✳

❋♦r t❤✐s t❡st ✇❡ r❡❛❝❤❡❞ T ≈ 0.024✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐♥ t✐♠❡ ✐s

r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✻✳✼✲✻✳✶✵✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❡ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛t t❤❡ ✈❡r②

❜❡❣✐♥♥✐♥❣ ❛♥❞ t❤❡♥ t❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❧❛r❣❡r ❛♥❞ ❧❛r❣❡r ❜✉❜❜❧❡s✳

❚❤❡ ❛❞✈❡❝t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡✿ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♠♦t✐♦♥s

✐♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ❛r❡ r❡❣✉❧❛t❡❞ ❜② t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚♦ s❡❡ t❤✐s

✶✶✵



❋✐❣✉r❡ ✻✳✻✿ ❚❡st ✶✳ ■♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞✳

❡✛❡❝t✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ ❋✐❣✉r❡ ✻✳✶✶✱ ✐♥ ✇❤✐❝❤ t✇♦ ❞✐✛❡r❡♥t t✐♠❡ st❡♣s ❛r❡ s✉♣❡r✐♠♣♦s❡❞

✭t❂✵✳✵✶✽ ❛♥❞ t❂✵✳✵✷✷✸✱ t❤❡ ❢♦r♠❡r ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞✱ t❤❡ ❧❛tt❡r ✐♥ t❤❡ ❢♦r❡❣r♦✉♥❞✮ t♦❣❡t❤❡r

✇✐t❤ str❡❛♠❧✐♥❡s ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✿ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❞r♦♣❧❡ts ❢♦❧❧♦✇ t❤❡ str❡❛♠❧✐♥❡s✳

❆s ✐t ✐s ♣❤②s✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✱ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞r✐✈❡♥ t♦ t❤❡ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢

t❤❡ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ♣r❡✈✐♦✉s❧② s❤♦✇♥✳

❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ✐♥ ❋✐❣✉r❡ ✻✳✻ ✇❡ ❝❛♥ s❡❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ str❡❛♠✲

❧✐♥❡s ✐♥ t✐♠❡✿ ✐t ✐s ♠✉❝❤ s❧♦✇❡r t❤❛♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✱ ❤❛✈✐♥❣ ❧♦♥❣❡r

❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡✱ ♥❡✈❡rt❤❡❧❡ss ✇❡ ❝❛♥ s❡❡ ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✈♦rt✐❝❡s✳ ■♥❞❡❡❞

✇❡ ❝❧❡❛r❧② s❡❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ s♠❛❧❧❡r ✈♦rt✐❝❡s ❛t t❤❡ ❝♦r♥❡rs ❛♥❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡

❞♦♠❛✐♥✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐♥ ❋✐❣✉r❡s ✻✳✼✲✻✳✶✵✱ ✇❡ s❡❡ t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✐♥ t✐♠❡✿ t❤❡ ❡✛❡❝t ♦❢

t❤❡ t❡♠♣❡r❛t✉r❡ ✐s t♦ ❣❡♥❡r❛t❡ t❤❡ ❝♦♥✈❡❝t✐✈❡ ❝❡❧❧s ✭✐✳❡✱ t❤❡ t✇♦ ✈♦rt✐❝❡s ✐♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✮

❛♥❞ ❛s ❛ ❢❡❡❞❜❛❝❦ t❤❡ t❡♠♣❡r❛t✉r❡ t❡♥❞s t♦ ❜❡❝♦♠❡ str❛t✐✜❡❞ ✐♥ t✐♠❡✱ ❞✉❡ t♦ t❤❡ ♠♦t✐♦♥ ♦❢

t❤❡ ❤♦t ✢✉✐❞ ❢r♦♠ ❜♦tt♦♠ t♦ t♦♣✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❞❡❝r❡❛s❡s

✐♥ t✐♠❡✱ ❜❡❝❛✉s❡ ♠♦st ♦❢ t❤❡ ❡♥❡r❣② ❤❛s ❜❡❡♥ ❞✐ss✐♣❛t❡❞ ✐♥ t✐♠❡✳

✶✶✶



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✼✿ ❚❡st ✶✳ ❚✐♠❡ t = 6× 10−12✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✽✿ ❚❡st ✶✳ ❚✐♠❡ t = 0.0081✳

✶✶✷



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✾✿ ❚❡st ✶✳ ❚✐♠❡ t = 0.012✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✶✵✿ ❚❡st ✶✳ ❚✐♠❡ t = 0.0223✳

✶✶✸



❋✐❣✉r❡ ✻✳✶✶✿ ❚❡st ✶✳ ❙✉♣❡r✐♠♣♦s✐t✐♦♥ ♦❢ t✐♠❡ st❡♣s ✭✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ t❤❡ ♦❧❞ t✐♠❡ st❡♣

t = 0.018✱ ✐♥ t❤❡ ❢♦r❡❣r♦✉♥❞ t✐♠❡ t = 0.223✮✿ ✇❡ s❡❡ t❤❛t t❤❡ ❞r♦♣❧❡ts ❢♦❧❧♦✇ t❤❡ str❡❛♠❧✐♥❡s✳

❲❡ ❝❛♥ ♥♦✇ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✹✿ ✜rst ♦❢ ❛❧❧✱ ✐♥ ❋✐❣✉r❡

✻✳✶✸✱ ✇❡ s❡❡ t❤❡ ♣❧♦t ♦❢ t❤❡ t♦t❛❧ ♠❛ss ✐♥ t✐♠❡✿ ✐t ✐s ❛❧✇❛②s ❝♦♥st❛♥t ✭✉♣ t♦ t❤❡ ✜❢t❤ s✐❣♥✐✜❝❛♥t

❞✐❣✐t✮ m = 1.26000✳

■❢ ✇❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❡♥❡r❣② ❢♦r ❡❛❝❤ t✐♠❡ st❡♣ En =
1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 +

∫

Ω
Ψ(ϕn)dx✱ ✇❡ ♦❜t❛✐♥✱ ❛s ❡①♣❡❝t❡❞ ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✶✳✹✱ t❤❛t t❤❡ ❡♥❡r❣② ✐s

♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ❞❡❝r❡❛s✐♥❣✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✻✳✶✹✳ ■♥❞❡❡❞✱ t❤❡

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ ν ❛♥❞ κ ✐s r❡s♣❡❝t❡❞✳ ▼♦r❡♦✈❡r✱ ✐♥ ❋✐❣✉r❡ ✻✳✶✺✱ ✇❡ ❝♦♠♣✉t❡❞ t❤❡

❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ❜② ♠❡❛♥s ♦❢ ❜❛❝❦✇❛r❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✱ ♦❜t❛✐♥✐♥❣ t❤❛t t❤❡

❞❡r✐✈❛t✐✈❡ ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡✱ ❝♦♥✜r♠✐♥❣ t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡

t✐♠❡ st❡♣ r❛♥❣❡s ❢r♦♠ 6× 10−12 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ t♦ 3.0224× 10−5✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡

✻✳✶✻✿ ❛❝t✉❛❧❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐t ❝♦♥st❛♥t✱ s✐♥❝❡ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ❛r♦✉♥❞ ❛♣♣r♦①✐♠❛t❡❧②

t❤❡ s❛♠❡ ♠❡❛♥ ✈❛❧✉❡✳

✶✶✹



✭❛✮ ❚✐♠❡ t❂6× 10−12

✭❜✮ ❚✐♠❡ t❂✵✳✵✷✸

❋✐❣✉r❡ ✻✳✶✷✿ ❚❡st ✶✳ ❙tr❡❛♠❧✐♥❡s ✐♥ t✐♠❡✱ ❛ ❝♦♠♣❛r✐s♦♥✿ ✇❡ ❝❧❡❛r❧② s❡❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢

s♠❛❧❧❡r ✈♦rt✐❝❡s ❛t t❤❡ ❝♦r♥❡rs ❛♥❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❞♦♠❛✐♥✳

❋✐❣✉r❡ ✻✳✶✸✿ ❚❡st ✶✳ ❚♦t❛❧ ♠❛ss ♦❢ t❤❡ s②st❡♠✿ ✇❡ s❡❡ t❤❛t ✐t ✐s ❝♦♥st❛♥t ✐♥ t✐♠❡✱ ❛s ❡①♣❡❝t❡❞✳

✶✶✺



❋✐❣✉r❡ ✻✳✶✹✿ ❚❡st ✶✳ ❚♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ❞❡❝r❡❛s✐♥❣ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✶✺✿ ❚❡st ✶✳ ❉❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✶✻✿ ❚❡st ✶✳ ❙❡♠✐✲❧♦❣ ♣❧♦t ♦❢ t❤❡ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣ ✐♥ t✐♠❡✳

✶✶✻



❋✐❣✉r❡ ✻✳✶✼✿ ❚❡st ✷✳ ■♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞✳

✻✳✹ ◆✉♠❡r✐❝❛❧ t❡st ✷

❲❡ ✜①❡❞ t❤❡ ♣❛r❛♠❡t❡rs✿ ν = 0.01 ❛♥❞ κ = 5✿ ✐♥ t❤✐s ✇❛② t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱

s✐♥❝❡ κν = 0.05 > 0.0015✳ ❆s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ϕ ✇❡ ❝❤♦s❡ t❤❡ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✻✳✹✱ t❤❡

♥♦♥s②♠♠❡tr✐❝ ♦♥❡ ✇✐t❤ ♥♦♥③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ϕ̄✱ ✇❤❡r❡❛s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ✇❡

✐♥✐t✐❛❧✐③❡❞ t❤❡ ✜❡❧❞ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥✿

κ(∇Θ0,∇ξ) =
∫

Ω
2000ξdx ∀ξ ∈ H1

0 (Ω),

❡①❛❝t❧② ❛s ✐♥ t❡st ✶✱ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r Θ0✳ ❚❤❡ r❡s✉❧t✐♥❣

s②♠♠❡tr✐❝ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❛❧r❡❛❞② s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✺✳

❆❧s♦ t❤❡ ✈❡❧♦❝✐t② ✐s ✐♥✐t✐❛❧✐③❡❞ ❡①❛❝t❧② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s t❡st✱ ♦❜t❛✐♥✐♥❣ t❤❡ ✈❡❧♦❝✐t②

✜❡❧❞ ✐♥ ❋✐❣✉r❡ ✻✳✶✼✳

❋♦r t❤✐s t❡st ✇❡ r❡❛❝❤❡❞ T ≈ 0.03✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐♥ t✐♠❡ ✐s r❡♣✲

r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✻✳✶✽✲✻✳✷✶✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❡ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛t t❤❡ ✈❡r②

❜❡❣✐♥♥✐♥❣ ❛♥❞ t❤❡♥ t❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❧❛r❣❡r ❛♥❞ ❧❛r❣❡r ❜✉❜❜❧❡s✳

❚❤❡ ❛❞✈❡❝t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡ ❛❧s♦ ✐♥ t❤✐s ♥♦♥s②♠♠❡tr✐❝ ❝❛s❡✿

✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♠♦t✐♦♥s ✐♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ❛r❡ r❡❣✉❧❛t❡❞ ❜② t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ t❤❡

✶✶✼



✈❡❧♦❝✐t② ✜❡❧❞✳ ❚♦ s❡❡ t❤✐s ❡✛❡❝t✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡✱ ❛s ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✐♠✉❧❛t✐♦♥✱ ❋✐❣✉r❡

✻✳✷✷✱ ✐♥ ✇❤✐❝❤ t✇♦ ❞✐✛❡r❡♥t t✐♠❡ st❡♣s ❛r❡ s✉♣❡r✐♠♣♦s❡❞ ✭t❂✵✳✵✷✶ ❛♥❞ t❂✵✳✵✸✱ t❤❡ ❢♦r♠❡r

✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞✱ t❤❡ ❧❛tt❡r ✐♥ t❤❡ ❢♦r❡❣r♦✉♥❞✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ str❡❛♠❧✐♥❡s✿ ✇❡ ❝❛♥ s❡❡

t❤❛t t❤❡ ❞r♦♣❧❡ts ❢♦❧❧♦✇ t❤❡ str❡❛♠❧✐♥❡s✳

❆s ✐t ✐s ♣❤②s✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✱ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞r✐✈❡♥ t♦ t❤❡ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢

t❤❡ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ♣r❡✈✐♦✉s❧② s❤♦✇♥✳

❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ✐♥ ❋✐❣✉r❡ ✻✳✷✸ ✇❡ ❝❧❡❛r❧② s❡❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢

s♠❛❧❧❡r ✈♦rt✐❝❡s ❛t t❤❡ ❝♦r♥❡rs ❛♥❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❞♦♠❛✐♥✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐♥ ❋✐❣✉r❡s ✻✳✶✽✲✻✳✷✶✱ ✇❡ s❡❡ t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✈s✳ t✐♠❡✿ ✇❡ ❝❛♥ s❡❡

❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s t❡st t❤❛t t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❞❡❝r❡❛s❡s ✐♥ t✐♠❡✱ ❜❡❝❛✉s❡ ♠♦st ♦❢ t❤❡ ❡♥❡r❣②

❤❛s ❜❡❡♥ ❞✐ss✐♣❛t❡❞✳

❲❡ ❝❛♥ ♥♦✇ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✹✿ ✜rst ♦❢ ❛❧❧✱ ✐♥ ❋✐❣✉r❡

✻✳✷✹✱ ✇❡ s❡❡ t❤❡ ♣❧♦t ♦❢ t❤❡ t♦t❛❧ ♠❛ss ✐♥ t✐♠❡✿ ✐t ✐s ❛❧✇❛②s ❝♦♥st❛♥t ✭✉♣ t♦ t❤❡ ✜❢t❤ s✐❣♥✐✜❝❛♥t

❞✐❣✐t✮ m = 1.26036✳

■❢ ✇❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❡♥❡r❣② ❢♦r ❡❛❝❤ t✐♠❡ st❡♣ En =
1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 +

∫

Ω
Ψ(ϕn)dx✱ ✇❡ ♦❜t❛✐♥✱ ❛s ❡①♣❡❝t❡❞ ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✶✳✹ t❤❛t t❤❡ ❡♥❡r❣② ✐s

♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ❞❡❝r❡❛s✐♥❣✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✻✳✷✺✳ ■♥❞❡❡❞✱ t❤❡

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ ν ❛♥❞ κ ✐s r❡s♣❡❝t❡❞✳ ▼♦r❡♦✈❡r✱ ✐♥ ❋✐❣✉r❡ ✻✳✷✻✱ ✇❡ ❝♦♠♣✉t❡❞ t❤❡

❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ❜② ♠❡❛♥s ♦❢ ❜❛❝❦✇❛r❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✱ ♦❜t❛✐♥✐♥❣ t❤❛t t❤❡

❞❡r✐✈❛t✐✈❡ ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡✱ ❝♦♥✜r♠✐♥❣ t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡

t✐♠❡ st❡♣ r❛♥❣❡s ❢r♦♠ 6 × 10−12 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ t♦ 6.77 × 10−5✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡

✻✳✷✼✿ ❛❝t✉❛❧❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐t ❝♦♥st❛♥t✱ s✐♥❝❡ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ❛r♦✉♥❞ ❛♣♣r♦①✐♠❛t❡❧②

t❤❡ s❛♠❡ ♠❡❛♥ ✈❛❧✉❡✳

✶✶✽



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✶✽✿ ❚❡st ✷✳ ❚✐♠❡ t = 0.0015✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✶✾✿ ❚❡st ✷✳ ❚✐♠❡ t = 0.012✳

✶✶✾



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✷✵✿ ❚❡st ✷✳ ❚✐♠❡ t = 0.021✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✷✶✿ ❚❡st ✷✳ ❚✐♠❡ t = 0.03✳

✶✷✵



❋✐❣✉r❡ ✻✳✷✷✿ ❚❡st ✷✳ ❙✉♣❡r✐♠♣♦s✐t✐♦♥ ♦❢ t✐♠❡ st❡♣s ✭✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ t❤❡ ♦❧❞ t✐♠❡ st❡♣

❛t t✐♠❡ t = 0.021✱ ✐♥ t❤❡ ❢♦r❡❣r♦✉♥❞ t✐♠❡ t = 0.03✮✿ ✇❡ s❡❡ t❤❛t t❤❡ ❞r♦♣❧❡ts ❢♦❧❧♦✇ t❤❡

str❡❛♠❧✐♥❡s✳

✭❛✮ ❚✐♠❡ t❂6× 10−12

✭❜✮ ❚✐♠❡ t❂✵✳✵✸

❋✐❣✉r❡ ✻✳✷✸✿ ❚❡st ✷✳ ❙tr❡❛♠❧✐♥❡s ✈s✳ t✐♠❡✱ ❛ ❝♦♠♣❛r✐s♦♥✿ ✇❡ ❝❧❡❛r❧② s❡❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢

s♠❛❧❧❡r ✈♦rt✐❝❡s ❛t t❤❡ ❝♦r♥❡rs ❛♥❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❞♦♠❛✐♥✳

✶✷✶



❋✐❣✉r❡ ✻✳✷✹✿ ❚❡st ✷✳ ❚♦t❛❧ ♠❛ss ♦❢ t❤❡ s②st❡♠✿ ✇❡ s❡❡ t❤❛t ✐t ✐s ❝♦♥st❛♥t ✐♥ t✐♠❡✱ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✷✺✿ ❚❡st ✷✳ ❚♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ❞❡❝r❡❛s✐♥❣ ❛s ❡①♣❡❝t❡❞✳

✶✷✷



❋✐❣✉r❡ ✻✳✷✻✿ ❚❡st ✷✳ ❉❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✷✼✿ ❚❡st ✷✳ ❙❡♠✐✲❧♦❣ ♣❧♦t ♦❢ t❤❡ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣ ✐♥ t✐♠❡✳

✶✷✸



❋✐❣✉r❡ ✻✳✷✽✿ ❚❡st ✸✳ ■♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✐♥ ✸❉ r❡♣r❡s❡♥t❛t✐♦♥✳

✻✳✺ ◆✉♠❡r✐❝❛❧ t❡st ✸

❲❡ ✜①❡❞ t❤❡ ♣❛r❛♠❡t❡rs✿ ν = 0.05 ❛♥❞ κ = 10✿ ✐♥ t❤✐s ✇❛② t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s

s❛t✐s✜❡❞✱ s✐♥❝❡ κν = 0.5 > 0.0015✳ ❆s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ϕ ✇❡ ❝❤♦s❡ t❤❡ ♦♥❡ ✐♥ ❋✐❣✉r❡

✻✳✹✱ t❤❡ ♥♦♥s②♠♠❡tr✐❝ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ♥♦♥③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ϕ̄✱ ✇❤❡r❡❛s ❢♦r t❤❡

t❡♠♣❡r❛t✉r❡ ✇❡ ✐♥✐t✐❛❧✐③❡❞ t❤❡ ✜❡❧❞ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥✿

κ(∇Θ0,∇ξ) =
∫

Ω
1000s✐♥(x)(0.5− x2)ξdx ∀ξ ∈ H1

0 (Ω)

❲✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r Θ0✳ ❚❤✐s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ s✐♠✉❧❛t❡s

❛ s✉❞❞❡♥ ✐♥❥❡❝t✐♦♥ ♦❢ ❛ s♦✉r❝❡ ♦❢ ❤❡❛t ✐♥ t❤❡ s②st❡♠✱ ✇❤✐❝❤ ❛❝ts ❛s ❛ ❢♦r❝✐♥❣ t❡r♠ ✐♥ t❤❡

❡q✉❛t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ ♥♦♥s②♠♠❡tr✐❝ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✷✽✳

❲❡ t❤❡♥ ✐♥✐t✐❛❧✐③❡ t❤❡ ❧❛st ✜❡❧❞✱ ✐✳❡✳ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❜② s♦❧✈✐♥❣ ❛ ❙t♦❦❡s ❡q✉❛t✐♦♥ ❢♦r

(✉0, p0) ∈ [H1
0 (Ω)]

2 × L2(Ω) ❦❡❡♣✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ϕ0✱ µ0 ❛♥❞ Θ0✿











ν(∇✉0,∇✇)− (p0, ❞✐✈(✇)) = (−ϕ0∇(µ0),✇) + (Θ0,✇y) ∀✇ ∈ [H1
0 (Ω)]

2

(❞✐✈(✉0), q) = 0 ∀q ∈ L2(Ω)

❛❧✇❛②s ✇✐t❤ ♥♦ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♦❜t❛✐♥✐♥❣ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ ❋✐❣✉r❡ ✻✳✷✾✳

❋♦r t❤✐s t❡st ✇❡ r❡❛❝❤❡❞ T ≈ 0.05✱ ❛ ❧❛r❣❡r ✈❛❧✉❡ t❤❛♥ ❜❡❢♦r❡✱ s✐♥❝❡ t❤❡ ❡✛❡❝t ♦❢ ✈❡❧♦❝✐t②

✜❡❧❞ ✐s ❧❡ss r❡❧❡✈❛♥t ❛♥❞ t❤✉s t❤❡ t✐♠❡ st❡♣ ❝❛♥ ❜❡ ❛ ❜✐t ❧❛r❣❡r ✭✐♥ t❤✐s t❡st ✐t r❛♥❣❡s ❢r♦♠

6 × 10−12 t♦ 4.9 × 10−5 ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✻✳✸✽✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐♥

✶✷✹



❋✐❣✉r❡ ✻✳✷✾✿ ❚❡st ✸✳ ■♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞✳

t✐♠❡ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✻✳✸✶✲✻✳✸✹✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❡ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛t t❤❡

✈❡r② ❜❡❣✐♥♥✐♥❣✳ ❚❤❡ ❛❞✈❡❝t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ♥♦t ❝❧❡❛r❧② ✈✐s✐❜❧❡✿ ✐♥❞❡❡❞ t❤❡

✈❡❧♦❝✐t② ✜❡❧❞ ✐s ♥♦t s♦ str♦♥❣ ❛♥❞ t❤✉s t❤❡ ❛❞✈❡❝t✐♦♥ ✐s ❧✐♠✐t❡❞✳ ❆s ✐t ✐s ♣❤②s✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✱

t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞r✐✈❡♥ t♦ t❤❡ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢ t❤❡ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ♣r❡✈✐♦✉s❧②

s❤♦✇♥✳

❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ✐♥ ❋✐❣✉r❡ ✻✳✸✵✱ ✇❡ ❝❛♥ s❡❡ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡✿

✐t ✐s ♠✉❝❤ s❧♦✇❡r t❤❛♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✇❡ ❝❛♥ ♦♥❧② ♥♦t✐❝❡ t❤❡ ❢♦r♠❛t✐♦♥

♦❢ s♠❛❧❧❡r s❡❝♦♥❞❛r② ✈♦rt✐❝❡s ✐♥ t❤❡ ❝♦r♥❡rs ♦❢ t❤❡ ❞♦♠❛✐♥✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐♥ ❋✐❣✉r❡s ✻✳✸✶✲✻✳✸✹ ✇❡ s❡❡ t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✈s✳ t✐♠❡✿ t❤❡ ❤✐❣❤

✈❛❧✉❡ ♦❢ t❤❡ t❤❡r♠❛❧ ❞✐✛✉s✐✈✐t② κ q✉✐❝❦❧② ❞✐ss✐♣❛t❡s ♠♦st ♦❢ t❤❡ ❡♥❡r❣② ❛♥❞ ✐t ❛❧s♦ ♠❛❦❡s

t❤❡ ✜❡❧❞ s②♠♠❡tr✐❝✱ s♣r❡❛❞✐♥❣ ✐t ✐♥t♦ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥✳

❲❡ ❝❛♥ ♥♦✇ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✹✱ ❛s ❞♦♥❡ ✐♥ t❤❡

♣r❡✈✐♦✉s t❡sts✿ ✐♥ ❋✐❣✉r❡ ✻✳✸✺ ✇❡ s❡❡ t❤❡ ♣❧♦t ♦❢ t❤❡ t♦t❛❧ ♠❛ss ✐♥ t✐♠❡✿ ✐t ✐s ❛❧✇❛②s ❝♦♥st❛♥t

✭✉♣ t♦ t❤❡ ✜❢t❤ s✐❣♥✐✜❝❛♥t ❞✐❣✐t✮ m = 1.26036✳

■❢ ✇❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❡♥❡r❣② ❢♦r ❡❛❝❤ t✐♠❡ st❡♣ En =
1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 +

∫

Ω
Ψ(ϕn)dx✱ ✇❡ ♦❜t❛✐♥✱ ❛s ❡①♣❡❝t❡❞ ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✶✳✹ t❤❛t t❤❡ ❡♥❡r❣② ✐s

♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ❞❡❝r❡❛s✐♥❣✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✻✳✸✻✳ ■♥❞❡❡❞✱ t❤❡

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ ν ❛♥❞ κ ✐s r❡s♣❡❝t❡❞✳ ■♥ ❋✐❣✉r❡ ✻✳✸✼ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡

✶✷✺



✭❛✮ ❚✐♠❡ t❂6× 10−12

✭❜✮ ❚✐♠❡ t = 0.053

❋✐❣✉r❡ ✻✳✸✵✿ ❚❡st ✸✳ ❱❡❧♦❝✐t② ✜❡❧❞ ✈s✳ t✐♠❡ ✇✐t❤ str❡❛♠❧✐♥❡s✳

t♦t❛❧ ❡♥❡r❣② ❜② ♠❡❛♥s ♦❢ ❜❛❝❦✇❛r❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✱ ♦❜t❛✐♥✐♥❣ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s ❛❧✇❛②s

♥❡❣❛t✐✈❡✱ ❝♦♥✜r♠✐♥❣ t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✳ ❲❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t t❤❡ ❞❡❝r❡❛s❡ ✐♥

t❤❡ ❡♥❡r❣② ✐s ♠♦r❡ str❡ss❡❞ ✐♥ t❤✐s t❡st✱ s✐♥❝❡ ❜♦t❤ t❤❡ ❝♦❡✣❝✐❡♥ts κ ❛♥❞ ν✱ r❡s♣♦♥s✐❜❧❡ ❢♦r

t❤❡ ❞✐ss✐♣❛t✐♦♥✱ ❛r❡ ❧❛r❣❡r✳

✶✷✻



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✸✶✿ ❚❡st ✸✳ ❚✐♠❡ t = 0.0011✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✸✷✿ ❚❡st ✸✳ ❚✐♠❡ t = 0.015✳

✶✷✼



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✸✸✿ ❚❡st ✸✳ ❚✐♠❡ t = 0.031✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✸✹✿ ❚❡st ✸✳ ❚✐♠❡ t = 0.053✳

✶✷✽



❋✐❣✉r❡ ✻✳✸✺✿ ❚❡st ✸✳ ❚♦t❛❧ ♠❛ss ♦❢ t❤❡ s②st❡♠✿ ✇❡ s❡❡ t❤❛t ✐t ✐s ❝♦♥st❛♥t ✐♥ t✐♠❡✱ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✸✻✿ ❚❡st ✸✳ ❚♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ❞❡❝r❡❛s✐♥❣ ❛s ❡①♣❡❝t❡❞✳

✶✷✾



❋✐❣✉r❡ ✻✳✸✼✿ ❚❡st ✸✳ ❉❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✸✽✿ ❚❡st ✸✳ ❙❡♠✐✲❧♦❣ ♣❧♦t ♦❢ t❤❡ ❛❞❛♣t✐✈❡ t✐♠❡ st❡♣ ✐♥ t✐♠❡✳

✶✸✵



❋✐❣✉r❡ ✻✳✸✾✿ ❚❡st ✹✳ ■♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✐♥ ✸❉ r❡♣r❡s❡♥t❛t✐♦♥✳

✻✳✻ ◆✉♠❡r✐❝❛❧ t❡st ✹

❲❡ ✜①❡❞ t❤❡ ♣❛r❛♠❡t❡rs✿ ν = 0.02 ❛♥❞ κ = 20✿ ✐♥ t❤✐s ✇❛② t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s

s❛t✐s✜❡❞✱ s✐♥❝❡ κν = 0.4 > 0.0015✳ ❲❡ r❡❝❛❧❧ t❤❛t ✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ ❛ ♥♦♥❤♦♠♦❣❡♥♦❡✉s

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✱ ❜✉t t❤❡ ❞✐ss✐♣❛t✐♦♥✱ ❛s ✇❡ ✇✐❧❧ ♥♦t✐❝❡✱ ✐s ❡♥♦✉❣❤ t♦

♣r❡✈❡♥t t❤❡ ❡♥❡r❣② ❢r♦♠ ✐♥❝r❡❛s✐♥❣ ❛❧s♦ ✐♥ t❤✐s ❝❛s❡✳ ❆s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ϕ ✇❡ ❝❤♦s❡ t❤❡

♦♥❡ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ t❤❡ s②♠♠❡tr✐❝ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ϕ̄✱ ✇❤❡r❡❛s

❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ✇❡ ✐♥✐t✐❛❧✐③❡❞ t❤❡ ✜❡❧❞ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥✿

κ(∇θ0,∇ξ) =
∫

Ω
12× 104s✐♥(x)(0.5− x2)ξdx ∀ξ ∈ H1

0 (Ω)

✇✐t❤ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s g ❢♦r θ ❛♥❞ θ0✿

g = 5× 10−4x2y3 ♦♥ ∂Ω× (0, T ) ✭✻✳✶✮

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ s✐♠✉❧❛t❡s ❛ s✉❞❞❡♥ ✐♥❥❡❝t✐♦♥ ♦❢ ❛ s♦✉r❝❡ ♦❢ ❤❡❛t ✐♥ t❤❡ s②st❡♠✱ ✇❤✐❝❤

❛❝ts ❛s ❛ ❢♦r❝✐♥❣ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❜♦✉♥❞❛r② ❞❛t✉♠ ❢♦r

t❤❡ t❡♠♣❡r❛t✉r❡ ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ✐♥❥❡❝t✐♦♥ ♦❢ ❡♥❡r❣② ❛❧s♦ ❞✉r✐♥❣ t✐♠❡✳ ❚❤❡

r❡s✉❧t✐♥❣ ♥♦♥s②♠♠❡tr✐❝ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✸✾✳

✶✸✶



❋✐❣✉r❡ ✻✳✹✵✿ ❚❡st ✹✳ ■♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞✳

❲❡ t❤❡♥ ✐♥✐t✐❛❧✐③❡ t❤❡ ❧❛st ✜❡❧❞✱ ✐✳❡✳ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❜② s♦❧✈✐♥❣ ❛ ❙t♦❦❡s ❡q✉❛t✐♦♥ ❢♦r

(✉0, p0) ∈ [H1
0 (Ω)]

2 × L2(Ω) ❦❡❡♣✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ϕ0✱ µ0 ❛♥❞ θ0✿











ν(∇✉0,∇✇)− (p0, ❞✐✈(✇)) = (−ϕ0∇(µ0),✇) + (θ0,✇y) ∀✇ ∈ [H1
0 (Ω)]

2

(❞✐✈(✉0), q) = 0 ∀q ∈ L2(Ω)

❛❧✇❛②s ✇✐t❤ ♥♦ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♦❜t❛✐♥✐♥❣ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ ❋✐❣✉r❡ ✻✳✹✵✳

❋♦r t❤✐s t❡st ✇❡ r❡❛❝❤❡❞ T ≈ 0.02 ❛♥❞ t❤❡ t✐♠❡ st❡♣ ❝❛♥ ❜❡ ❛ ❜✐t ❧❛r❣❡r ✭✐♥ t❤✐s t❡st

✐t r❛♥❣❡s ❢r♦♠ 6 × 10−12 t♦ 4.99 × 10−5✿ ❛❝t✉❛❧❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐t ❝♦♥st❛♥t✱ s✐♥❝❡ t❤❡

♦s❝✐❧❧❛t✐♦♥s ❛r❡ ❛r♦✉♥❞ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ♠❡❛♥ ✈❛❧✉❡✮✳ ✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥

✜❡❧❞ ✐♥ t✐♠❡ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✻✳✹✶✲✻✳✹✹✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❡ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣✳ ❚❤❡ ❛❞✈❡❝t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ✈✐s✐❜❧❡✱ s✐♥❝❡ t❤❡ ❜✉❜❜❧❡s

♠♦✈❡ ❞✉r✐♥❣ t✐♠❡✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞r✐✈❡♥ t♦ t❤❡ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢ t❤❡ ❞♦✉❜❧❡ ✇❡❧❧

♣♦t❡♥t✐❛❧ ♣r❡✈✐♦✉s❧② s❤♦✇♥✳

✶✸✷



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✹✶✿ ❚❡st ✹✳ ❚✐♠❡ t = 0.0007✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✹✷✿ ❚❡st ✹✳ ❚✐♠❡ t = 0.007✳

✶✸✸



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✹✸✿ ❚❡st ✹✳ ❚✐♠❡ t = 0.015✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✹✹✿ ❚❡st ✹✳ ❚✐♠❡ t = 0.022✳

✶✸✹



✭❛✮ ❚✐♠❡ t❂6× 10−12

✭❜✮ ❚✐♠❡ t = 0.022

❋✐❣✉r❡ ✻✳✹✺✿ ❚❡st ✹✳ ❱❡❧♦❝✐t② ✜❡❧❞ ✈s t✐♠❡ ✇✐t❤ str❡❛♠❧✐♥❡s✿ ✇❡ s❡❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛

s❡❝♦♥❞❛r② ✈♦rt❡① ✉♥❞❡r t❤❡ ♣r✐♥❝✐♣❛❧ ♦♥❡✳

❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ✐♥ ❋✐❣✉r❡ ✻✳✹✺✱ ✇❡ ❝❛♥ s❡❡ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡✿

t❤❡ ♣r✐♥❝✐♣❛❧ ✈♦rt❡① ❝❤❛♥❣❡s ✐ts s❤❛♣❡ ❛♥❞ ♦t❤❡r s❡❝♦♥❞❛r② ✈♦rt✐❝❡s ❛♣♣❡❛r✱ ❞✐✛❡r❡♥t❧② ❢r♦♠

t❡st ✸✱ s✐♥❝❡ t❤❡ ✈❡❧♦❝✐t② ♠❛❣♥✐t✉❞❡ ✐s ❧❛r❣❡r✳

■♥ ❋✐❣✉r❡s ✻✳✸✶✲✻✳✸✹ ✇❡ s❡❡ t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✈s✳ t✐♠❡✿ t❤❡ ✈❡r② ❤✐❣❤ ✈❛❧✉❡ ♦❢

t❤❡ t❤❡r♠❛❧ ❞✐✛✉s✐✈✐t② κ q✉✐❝❦❧② ❞✐ss✐♣❛t❡s ♠♦st ♦❢ t❤❡ ❡♥❡r❣② ❛♥❞ ✐t ❛❧s♦ ♠❛❦❡s t❤❡ ✜❡❧❞

s②♠♠❡tr✐❝✳

▼♦r❡♦✈❡r✱ ✐♥ ❋✐❣✉r❡ ✻✳✹✻ ✇❡ s❡❡ t❤❡ ♣❧♦t ♦❢ t❤❡ t♦t❛❧ ♠❛ss ✐♥ t✐♠❡✿ ✐t ✐s ❛❧✇❛②s ❝♦♥st❛♥t

✭✉♣ t♦ t❤❡ ✜❢t❤ s✐❣♥✐✜❝❛♥t ❞✐❣✐t✮ m = 1.26000✳

■❢ ✇❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❡♥❡r❣② ❢♦r ❡❛❝❤ t✐♠❡ st❡♣ En =
1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 +

∫

Ω
Ψ(ϕn)dx✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❡♥❡r❣② ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t

✐s ❞❡❝r❡❛s✐♥❣✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✻✳✹✼✳ ■♥ ❋✐❣✉r❡ ✻✳✹✽ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡

✶✸✺



❋✐❣✉r❡ ✻✳✹✻✿ ❚❡st ✹✳ ❚♦t❛❧ ♠❛ss ♦❢ t❤❡ s②st❡♠✿ ✇❡ s❡❡ t❤❛t ✐t ✐s ❝♦♥st❛♥t ✐♥ t✐♠❡✱ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✹✼✿ ❚❡st ✹✳ ❚♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ❞❡❝r❡❛s✐♥❣ ❛s ❡①♣❡❝t❡❞✳

t♦t❛❧ ❡♥❡r❣② ❜② ♠❡❛♥s ♦❢ ❜❛❝❦✇❛r❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✱ ♦❜t❛✐♥✐♥❣ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s ❛❧✇❛②s

♥❡❣❛t✐✈❡✱ ❝♦♥✜r♠✐♥❣ t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✳ ❚❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❡♥❡r❣② ✐s st✐❧❧

♦❜s❡r✈❛❜❧❡✱ ❡✈❡♥ t❤♦✉❣❤ ✇❡ ❤❛✈❡ ✐♠♣♦s❡❞ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❞✐ss✐♣❛t✐♦♥ ✐s st✐❧❧ ❡♥♦✉❣❤ t♦ ❝♦♠♣❡♥s❛t❡ t❤❡ ❡①tr❛

❡♥❡r❣② ✐♥❥❡❝t❡❞ ✐♥ t❤❡ s②st❡♠ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✳

✶✸✻



❋✐❣✉r❡ ✻✳✹✽✿ ❚❡st ✹✳ ❉❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡ ❛s ❡①♣❡❝t❡❞✱

❛♥❞ ✐t t❡♥❞s t♦ ③❡r♦ ❛s t✐♠❡ ✐♥❝r❡❛s❡s✳

✶✸✼



❋✐❣✉r❡ ✻✳✹✾✿ ❚❡st ✺✳ ■♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✐♥ ✸❉ r❡♣r❡s❡♥t❛t✐♦♥✳

✻✳✼ ◆✉♠❡r✐❝❛❧ t❡st ✺

❲❡ ✜①❡❞ t❤❡ ♣❛r❛♠❡t❡rs✿ ν = 0.01 ❛♥❞ κ = 1✿ ✐♥ t❤✐s ✇❛② t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱

s✐♥❝❡ κν = 0.01 > 0.0015✳ ❆s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ϕ ✇❡ ❝❤♦s❡ t❤❡ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✻✳✹✱ t❤❡ ♥♦♥✲

s②♠♠❡tr✐❝ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇✐t❤ ♥♦♥③❡r♦ ♠❡❛♥ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ϕ̄✱ ✇❤❡r❡❛s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡

✇❡ ✐♥✐t✐❛❧✐③❡❞ t❤❡ ✜❡❧❞ s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❢r♦♠ ❛❧❧

t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✿

κ(∇Θ0,∇ξ) =
∫

Ω
5× 105s✐♥(32x)❝♦s2(32y)ξdx ∀ξ ∈ H1

0 (Ω),

❲✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♥♦♥s②♠♠❡tr✐❝ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✹✾✿ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ✐s ♠✉❝❤ ❧❛r❣❡r

t❤❛♥ t❤❡ ♣r❡✈✐♦✉s t❡sts✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞ t♦ ♠✉❝❤ ❧❛r❣❡r ✈❡❧♦❝✐t② ✐♥ ♠❛❣♥✐t✉❞❡✳

❲❡ t❤❡♥ ✐♥✐t✐❛❧✐③❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❜② s♦❧✈✐♥❣ ❛ ❙t♦❦❡s ❡q✉❛t✐♦♥ ❢♦r (✉0, p0) ∈
[H1

0 (Ω)]
2 × L2(Ω) ❦❡❡♣✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ϕ0✱ µ0 ❛♥❞ Θ0✿










ν(∇✉0,∇✇)− (p0, ❞✐✈(✇)) = (−ϕ0∇(µ0),✇) + (Θ0,✇y) ∀✇ ∈ [H1
0 (Ω)]

2

(❞✐✈(✉0), q) = 0 ∀q ∈ L2(Ω)

❛❧✇❛②s ✇✐t❤ ♥♦ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♦❜t❛✐♥✐♥❣ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ ❋✐❣✉r❡ ✻✳✺✵✿ ✇❡

♥♦t✐❝❡ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ♠❛❣♥✐t✉❞❡ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✱ ❛♥❞ ❛❧s♦ t❤❡

✶✸✽



❋✐❣✉r❡ ✻✳✺✵✿ ❚❡st ✺✳ ■♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞✳

✜❡❧❞ ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t✱ s✐♥❝❡ ✐t str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ Θ0 ❛❧r❡❛❞②

✐♥✐t✐❛❧✐③❡❞✳

❋♦r t❤✐s t❡st ✇❡ r❡❛❝❤❡❞ T ≈ 0.017 ❛♥❞ t❤❡ t✐♠❡ st❡♣ r❛♥❣❡s ❢r♦♠ 6 × 10−12 t♦

5.4 × 10−5✿ ❛s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐t ❝♦♥st❛♥t✱ s✐♥❝❡ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ❛r❡

❛r♦✉♥❞ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ♠❡❛♥ ✈❛❧✉❡✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐♥ t✐♠❡ ✐s r❡♣r❡s❡♥t❡❞

✐♥ ❋✐❣✉r❡s ✻✳✺✶✲✻✳✺✹✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❡ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣✳

❚❤❡ ❛❞✈❡❝t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s str♦♥❣✱ s✐♥❝❡ t❤❡ ❜✉❜❜❧❡s ♠♦✈❡ ❞✉r✐♥❣ t✐♠❡ ❛♥❞

t❤❡✐r s❤❛♣❡ ✐s s❡♥s✐❜❧② ❞✐st♦rt❡❞✱ s✐♥❝❡ ✐t ✐s ✈❡r② ❡❧♦♥❣❛t❡❞✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❞r✐✈❡♥ t♦

t❤❡ t✇♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢ t❤❡ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧✳

✶✸✾



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✺✶✿ ❚❡st ✺✳ ❚✐♠❡ t = 0.0011✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✺✷✿ ❚❡st ✺✳ ❚✐♠❡ t = 0.0088✳

✶✹✵



✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✺✸✿ ❚❡st ✺✳ ❚✐♠❡ t = 0.012✳

✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✭❜✮ ❱❡❧♦❝✐t② ✜❡❧❞

✭❝✮ ❈♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞

❋✐❣✉r❡ ✻✳✺✹✿ ❚❡st ✺✳ ❚✐♠❡ t = 0.017✳

✶✹✶



✭❛✮ ❚✐♠❡ t❂6× 10−12

✭❜✮ ❚✐♠❡ t❂✵✳✵✶✼

❋✐❣✉r❡ ✻✳✺✺✿ ❚❡st ✺✳ ❱❡❧♦❝✐t② ✜❡❧❞ ✈s✳ t✐♠❡ ✇✐t❤ str❡❛♠❧✐♥❡s✿ ✇❡ s❡❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ♥❡✇

✈♦rt✐❝❡s ❛♥❞ t❤❡ ❝❤❛♥❣❡ ♦❢ s❤❛♣❡ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ♦♥❡✳

❋♦r ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ✐♥ ❋✐❣✉r❡ ✻✳✺✺✱ ✇❡ ❝❛♥ s❡❡ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡✿

t❤❡ ♣r✐♥❝✐♣❛❧ ✈♦rt❡① ❝♦♠♣❧❡t❡❧② ❝❤❛♥❣❡s ✐ts s❤❛♣❡ ❛♥❞ ♦t❤❡r s❡❝♦♥❞❛r② ✈♦rt✐❝❡s ❛♣♣❡❛r✳

▼♦r❡♦✈❡r t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ♦❢ ✈❡❧♦❝✐t② ♠❛❣♥✐t✉❞❡ ✐s r❡❞✉❝❡❞✳

■♥ ❋✐❣✉r❡s ✻✳✸✶✲✻✳✸✹✱ ❛♥❞✱ ♠♦r❡ ✐♥ ❞❡t❛✐❧✱ ✐♥ ❋✐❣✉r❡ ✻✳✺✻✱ ✇❡ s❡❡ t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞

✈s✳ t✐♠❡✿ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ s♣❛❝❡ ❝♦♠♣❧❡t❡❧② ❝❤❛♥❣❡s ❞✉❡ t♦ t✇♦ ❞✐✛❡r❡♥t ♣❤❡♥♦♠❡♥❛✳

❋✐rst❧②✱ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❡✛❡❝t ♣r♦❣r❡ss✐✈❡❧② r❡❞✉❝❡s t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❛♥❞ t❡♥❞s t♦ ❤♦♠♦❣✲

❡♥✐③❡ t❤❡ ✜❡❧❞✱ ❜② ❝♦♥s✉♠✐♥❣ ❡♥❡r❣②✳ ❙❡❝♦♥❞❧②✱ t❤❡ str♦♥❣ ❛❞✈❡❝t✐✈❡ ❡✛❡❝t ♠❛❦❡s t❤❡ ❛r❡❛

✇✐t❤ ❧♦✇❡st ✈❛❧✉❡ ♠♦✈❡ q✉✐❝❦❧② ❛❝r♦ss t❤❡ ❞♦♠❛✐♥✳

✶✹✷



✭❛✮ ❚✐♠❡ t❂6× 10−12 ✭❜✮ ❚✐♠❡ t❂✵✳✵✶✼

❋✐❣✉r❡ ✻✳✺✻✿ ❚❡st ✺✳ ❚❡♠♣❡r❛t✉r❡ ✜❡❧❞ ✈s✳ t✐♠❡✿ t❤❡ s♣❛❝❡ ❞✐str✐❜✉t✐♦♥ ❝♦♠♣❧❡t❡❧② ❝❤❛♥❣❡s

❞✉❡ t♦ ❞✐✛✉s✐♦♥ ❛♥❞ ❛❞✈❡❝t✐♦♥✳

❋✐❣✉r❡ ✻✳✺✼✿ ❚❡st ✺✳ ❚♦t❛❧ ♠❛ss ♦❢ t❤❡ s②st❡♠✿ ✇❡ s❡❡ t❤❛t ✐t ✐s ❝♦♥st❛♥t ✐♥ t✐♠❡✱ ❛s ❡①♣❡❝t❡❞✳

▼♦r❡♦✈❡r✱ ✐♥ ❋✐❣✉r❡ ✻✳✺✼ ✇❡ s❡❡ t❤❡ ♣❧♦t ♦❢ t❤❡ t♦t❛❧ ♠❛ss ✐♥ t✐♠❡✿ ✐t ✐s ❛❧✇❛②s ❝♦♥st❛♥t

✭✉♣ t♦ t❤❡ ✜❢t❤ s✐❣♥✐✜❝❛♥t ❞✐❣✐t✮ m = 1.26036✳

■❢ ✇❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❡♥❡r❣② ❢♦r ❡❛❝❤ t✐♠❡ st❡♣ En =
1

2
||✉n||2 +

1

2
||Θn||2 +

α

2
||∇ϕn||2 +

∫

Ω
Ψ(ϕn)dx✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❡♥❡r❣② ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t

✐s ❞❡❝r❡❛s✐♥❣✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✻✳✺✽✳ ❲❡ ♥♦t✐❝❡ t❤❛t ✐♥ t❤✐s t❡st t❤❡ ❡♥❡r❣② ✐s ♠✉❝❤

❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s t❡sts✳ ■♥ ❋✐❣✉r❡ ✻✳✺✾ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡

t♦t❛❧ ❡♥❡r❣② ❜② ♠❡❛♥s ♦❢ ❜❛❝❦✇❛r❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✱ ♦❜t❛✐♥✐♥❣ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s ❛❧✇❛②s

♥❡❣❛t✐✈❡✳ ❚❤✐s ❢❛❝t ❝♦♥✜r♠s t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②✱ ❛s ✇❡ ❡①♣❡❝t❡❞ ❢r♦♠ ❚❤❡♦r❡♠

✺✳✶✳✹✳

✶✹✸



❋✐❣✉r❡ ✻✳✺✽✿ ❚❡st ✺✳ ❚♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ❞❡❝r❡❛s✐♥❣ ❛s ❡①♣❡❝t❡❞✳

❋✐❣✉r❡ ✻✳✺✾✿ ❚❡st ✺✳ ❉❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② En✿ ✐t ✐s ❛❧✇❛②s ♥❡❣❛t✐✈❡ ❛s ❡①♣❡❝t❡❞✱

❛♥❞ ✐t t❡♥❞s t♦ ③❡r♦ ❛s t✐♠❡ ✐♥❝r❡❛s❡s✳

✶✹✹



❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ✐ss✉❡s

■♥ t❤✐s t❤❡s✐s ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✷❉ ❈❛❤♥✲❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq s②st❡♠✱ ❝❤❛r❛❝t❡r✐③❡❞

❜② ❛ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❣❧♦❜❛❧ ✇❡❛❦

s♦❧✉t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦r❡ r❡❣✉❧❛r s♦❧✉t✐♦♥s ✭q✉❛s✐✲str♦♥❣ ❛♥❞ str♦♥❣✮✳ ❆❧s♦✱ ✇❡

❤❛✈❡ ♦❜t❛✐♥❡❞ s♦♠❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s✳ ❚❤❡s❡ ❡st✐♠❛t❡s ②✐❡❧❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✇❡❛❦✲str♦♥❣

✉♥✐q✉❡♥❡ss ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ q✉❛s✐✲str♦♥❣ s♦❧✉t✐♦♥s✳

❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ✈✐❡✇♣♦✐♥t✱ t❤❡r❡ ❛r❡ st✐❧❧ s❡✈❡r❛❧ ✐ss✉❡s ✇❤✐❝❤ ❞❡s❡r✈❡

t♦ ❜❡ ❛♥❛❧②③❡❞✳

❋✐rst ♦❢ ❛❧❧✱ ❤❛✈✐♥❣ ❛❧r❡❛❞② ❢♦✉♥❞ ❛ r❡s✉❧t ♦❢ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s✱ ♦♥ ❛❝❝♦✉♥t ♦❢

t❤❡ ❞✐ss✐♣❛t✐✈✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ♦♥❡ ❝♦✉❧❞ ♣r♦✈❡ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s

✐♥ ✜♥✐t❡ t✐♠❡✱ t❤❛t ✐s✱ ❛♥② ✇❡❛❦ s♦❧✉t✐♦♥ ❣❡ts ❛ str♦♥❣ s♦❧✉t✐♦♥ ✐♥st❛♥t❛♥❡♦✉s❧②✳ ▼♦r❡♦✈❡r✱

❢♦❧❧♦✇✐♥❣ ✇❤❛t ✇❛s ❞♦♥❡ ✐♥ ❬✻✶❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ ◆❙❈❍✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡

❈❍❇ s②st❡♠ ✇❤❡♥ t❤❡ ✈✐s❝♦s✐t② ✐s ♥♦t ❝♦♥st❛♥t✱ ❜✉t ❞❡♣❡♥❞s ♦♥ ❜♦t❤ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞

t❤❡ t❡♠♣❡r❛t✉r❡✱ ❝♦✉❧❞ ❜❡ st✉❞✐❡❞✳ ❲❡ r❡❝❛❧❧ t❤❛t ❤❡r❡ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ ♦♥❧② t❤❡ ❡①✐st❡♥❝❡

♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r ❛ ♥♦♥✲❝♦♥st❛♥t ✈✐s❝♦s✐t②✳

❘❡❣✉❧❛r✐t② r❡s✉❧ts s❤♦✉❧❞ ❛❧❧♦✇ ✉s t♦ ❡st❛❜❧✐s❤ t❤❡ s♦✲❝❛❧❧❡❞ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt②

❢r♦♠ t❤❡ ♣✉r❡ ♣❤❛s❡s✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② τ > 0 t❤❡r❡ ❡①✐sts δ = δ(τ) > 0 s✉❝❤ t❤❛t

sup
t≥τ

||ϕ(t)||L∞(Ω) ≤ 1− δ.

❚❤✐s ♣r♦♣❡rt② ❤❛s ❛❧r❡❛❞② ❜❡❡♥ s❤♦✇♥ ❢♦r t❤❡ ◆❙❈❍ s②st❡♠ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ ✭s❡❡

❬✻✶❪✮✳

❖♥ ❛❝❝♦✉♥t ♦❢ t❤❡ ❞✐ss✐♣❛t✐✈❡ ♥❛t✉r❡ ♦❢ t❤❡ s②st❡♠✱ ❛ ❢✉rt❤❡r ❛s♣❡❝t t❤❛t ❝♦✉❧❞ ❜❡

✐♥✈❡st✐❣❛t❡❞ ✐s t❤❡ ❧♦♥❣t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❣✐✈❡♥ s♦❧✉t✐♦♥✱ t❤❡ ❣♦❛❧ ❜❡✐♥❣ t♦ ❡st❛❜❧✐s❤ t❤❡

✶✹✺



❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ s✐♥❣❧❡ st❛t✐♦♥❛r② st❛t❡ ✭s❡❡✱ ❡✳❣✳✱ ❬✸❪ ❛♥❞ ❬✺✹❪ ❢♦r t❤❡ ◆❙❈❍ s②st❡♠✮✳ ❚❤❡

❧♦♥❣t✐♠❡ ❜❡❤❛✈✐♦r ❝❛♥ ❛❧s♦ ❜❡ st✉❞✐❡❞ ❢r♦♠ ❛ ❣❧♦❜❛❧ ✈✐❡✇♣♦✐♥t ✇✐t❤✐♥ t❤❡ t❤❡♦r② ♦❢ ❞✐ss✐♣❛t✐✈❡

❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ♣r♦✈✐♥❣✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❣❧♦❜❛❧ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❛ttr❛❝t♦rs

✭s❡❡✱ ❡✳❣✳✱ ❬✺✷❪ ❛♥❞ ❬✺✺❪ ❢♦r t❤❡ ◆❙❈❍ s②st❡♠✮✳

❖t❤❡r ❝❤❛❧❧❡♥❣✐♥❣ t❤❡♦r❡t✐❝❛❧ ✐ss✉❡s ❛r❡ t❤❡ st✉❞② ♦❢ t❤❡ ✐♥✈✐s❝✐❞ ❈❍❇ s②st❡♠✱ ✇❤✐❝❤

❤❛s ❜❡❡♥ st✉❞✐❡❞✱ ❡✳❣✳✱ ✐♥ ❬✶✵✷❪ ❢♦r ❛ r❡❣✉❧❛r ♣♦t❡♥t✐❛❧✱ ❜✉t ♥♦t ✐♥ ❝❛s❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✐❝

♣♦t❡♥t✐❛❧✳ ▼♦r❡♦✈❡r✱ ✐t ❝♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❡t❤❡r t❤❡ s♦❧✉t✐♦♥s ♦❢ s✉❝❤ ❛ s②st❡♠

❝♦✉❧❞ ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ❧✐♠✐t ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✈✐s❝♦✉s ❈❍❇ s②st❡♠ ❛s ν → 0✳

❋✉rt❤❡r♠♦r❡✱ ✐t ✇♦✉❧❞ ❜❡ ♣❛rt✐❝✉❧❛r❧② ♠❡❛♥✐♥❣❢✉❧ t♦ ❛♥❛❧②③❡ t❤❡ s②st❡♠ ✇✐t❤ ✈❛♥✐s❤✐♥❣

t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② κ ❛♥❞ t♦ ❡st❛❜❧✐s❤ ✐❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ s✉❝❤ ❛ s②st❡♠ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞

❢r♦♠ t❤❡ ❈❍❇ s②st❡♠ ✇❤❡♥ κ → 0✳ ❲❡ str❡ss ❛❣❛✐♥ t❤❛t t❤❡ s②st❡♠ ✇✐t❤ κ = 0 ✐s t❤❡

❝♦♠♣r❡ss✐❜❧❡ ◆❙❈❍ s②st❡♠ ✭✶✼✮✱ t❤✉s ✐t ❝♦✉❧❞ ❜❡ ❛ ✇❛② ♦❢ ✜♥❞✐♥❣ r❡s✉❧ts ❛❜♦✉t ❡①✐st❡♥❝❡

❛♥❞ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❢♦r t❤✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✱ st❛rt✐♥❣ ❢r♦♠

t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❈❍❇ s②st❡♠✳ ◆♦t❡ t❤❛t✱ ✐♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡

❜❡❝♦♠❡s ❛ ♣✉r❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ♥❛♠❡❧②✱ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✢✉✐❞ ❞❡♥s✐t②✳

❆✐♠✐♥❣ ❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❍❇ s②st❡♠✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ❞✐s❝r❡t✐③❛✲

t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐♥ s♣❛❝❡✱ ❜② ♠❡❛♥s ♦❢ ✜♥✐t❡ ❡❧❡♠❡♥ts✱ ❛♥❞ ✐♥ t✐♠❡✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞

t❤❛t t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ♣r❡s❡r✈❡s t❤❡ ♠❛ss ♦❢ t❤❡ s②st❡♠ ❛♥❞ ✐t ✐s st❛❜❧❡✱ ✐♥

t❤❡ s❡♥s❡ t❤❛t t❤❡ t♦t❛❧ ❡♥❡r❣② ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ✐♥ t✐♠❡✱ ✇❤✐❝❤ ✐s ❢✉♥❞❛♠❡♥t❛❧ ❢r♦♠ t❤❡

♣❤②s✐❝❛❧ ✈✐❡✇♣♦✐♥t✳ ❇② ♠❡❛♥s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s t❤❛t ✇❡ ♣❡r❢♦r♠❡❞✱ ✇❡ ❤❛✈❡ ✈❡r✐✜❡❞ t❤❛t

t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ ❡✛❡❝t✐✈❡❧② r❡s♣❡❝t❡❞✿ ♥❛♠❡❧②✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ❞❡❝r❡❛s❡s ✐♥ t✐♠❡ ❛♥❞

t❤❡ ♠❛ss ✐s ❝♦♥s❡r✈❡❞✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✉s❡❞ ❛♥ ❛❞❛♣t✐✈❡ t✐♠❡st❡♣✱ ❜✉t ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ✐t

❤❛s ♥♦t ♣r❡s❡♥t❡❞ ♥♦t✐❝❡❛❜❧❡ ✈❛r✐❛t✐♦♥s ✐♥ ♠❛❣♥✐t✉❞❡✳ ❚❤✉s ❛ ♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥ ♦❢ ✐♠♣r♦✈❡✲

♠❡♥t ❝♦✉❧❞ ❜❡ ✜♥❞✐♥❣ ❛ ❜❡tt❡r t✐♠❡ st❡♣ ❛❞❛♣t✐✈✐t② ❛❧❣♦r✐t❤♠✱ ✐♥ ♦r❞❡r t♦ ❡✛❡❝t✐✈❡❧② ❡①♣❧♦✐t

t❤❡ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ ✐♥✈❡st✐❣❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❧♦♥❣✲t✐♠❡

❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❤❛✈✐♥❣ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s✳

▼♦r❡♦✈❡r✱ ✐♥ ♦r❞❡r t♦ ❜❡tt❡r ❝❛♣t✉r❡ t❤❡ ✐♥t❡r❢❛❝❡ ♣❤❡♥♦♠❡♥❛✱ s♦♠❡ ❦✐♥❞ ♦❢ ♠❡s❤

❛❞❛♣t✐✈✐t② ❝♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞✱ t♦❣❡t❤❡r ✇✐t❤ ❞✐✛❡r❡♥t ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ●❛❧❡r❦✐♥

❛♣♣r♦①✐♠❛t✐♦♥s✿ ■s♦❣❡♦♠❡tr✐❝ ❆♥❛❧②s✐s ❝♦✉❧❞ ❜❡ ❛ ✈❛❧✐❞ ❛❧t❡r♥❛t✐✈❡✱ ❛s s❤♦✇♥✱ ❢♦r ✐♥st❛♥❝❡✱

✶✹✻



✐♥ ❬✶✺❪ ❛♥❞ ❬✻✹❪✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐t ❝♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ st✉❞② t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ s♦♠❡ ♦❢ t❤❡

❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ s②st❡♠s✱ ♥❛♠❡❧② t❤❡ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ❝❛s❡ ❛♥❞ t❤❡ ✈❛♥✐s❤✐♥❣ t❤❡r♠❛❧

❝♦♥❞✉❝t✐✈✐t② ❝❛s❡✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ s♦rt ♦❢ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts✳

✶✹✼



❆♣♣❡♥❞✐❝❡s

✶✹✽



❆♣♣❡♥❞✐① ❆

❇❛s✐❝ t♦♦❧s ♦❢ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s

❆✳✶ ❇❛s✐❝ t♦♦❧s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s

■♥ t❤✐s ❆♣♣❡♥❞✐① ✇❡ st❛t❡ s♦♠❡ r❡s✉❧ts t❤❛t ✇❡r❡ ♦❢t❡♥ ✉s❡❞ t❤r♦✉❣❤♦✉t ♣r♦♦❢s✳ ■♥ t❤❡

❢♦❧❧♦✇✐♥❣ Ω ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
2 ✇✐t❤ ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❛r②✳

❲❡ ✜rst r❡❝❛❧❧ t❤❡ ✇❡❧❧ ❦♥♦✇♥ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭s❡❡✱ ❡✳❣✳✱ ❬✷✵❪✱ ❈♦r♦❧❧❛r② ✾✳✶✾✮✳

▲❡♠♠❛ ❆✳✶✳✶✳ ❋♦r ❛♥② ϕ ∈ V ✐t ❤♦❧❞s

||ϕ− ϕ̄||V ≤ C0||∇ϕ||. ✭❆✳✶✮

❚❤❡♥ ✇❡ st❛t❡ ❛♥♦t❤❡r ✐♥❡q✉❛❧✐t②✱ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡

❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ✭s❡❡✱ ❡✳❣✳✱ ❬✾✽❪✱ ❈❤❛♣✳✷✮✳

▲❡♠♠❛ ❆✳✶✳✷✳ ❋♦r ❛♥② ϕ ∈ V2 ✐t ❤♦❧❞s

||ϕ− ϕ̄||H2(Ω) ≤ C||∆ϕ||. ✭❆✳✷✮

❋r♦♠ ❬✷✵❪✱ ❈❤❛♣✳✽✱ ❙❡❝✳✻✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s✱ ❦♥♦✇♥ ❛s ●❛❣❧✐❛r❞♦✲

◆✐r❡♥❜❡r❣ ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥❡q✉❛❧✐t✐❡s ❢♦r Ω ⊂ R
2 r❡❣✉❧❛r ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t✿

❚❤❡♦r❡♠ ❆✳✶✳✸✳ ▲❡t 1 ≤ q ≤ p ≤ ∞✳ ❚❤❡♥

||u||Lp(Ω) ≤ C||u||1−a
Lq(Ω)||u||

a
H1(Ω) ∀u ∈ H1(Ω), ✇❤❡r❡ a = 1− (q/p). ✭❆✳✸✮

✶✹✾



❆ s✐♠✐❧❛r ❝❧❛ss✐❝❛❧ ✐♥❡q✉❛❧✐t② ♦❢ ▲❛❞②③❤❡♥s❦❛②❛ t②♣❡ ✭s❡❡✱ ❡✳❣✳✱ ❬✼✽❪✱ ❚❤❡♦r❡♠ ✷✳✷✮

✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐s✿

▲❡♠♠❛ ❆✳✶✳✹✳ ▲❡t Ω ⊂ R
2 ❜❡ ❛♥② ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r② ∂Ω✳ ❚❤❡♥

||f ||2L4(Ω) ≤ C (||f || ||∇f ||+ ||f ||2) ∀f ∈ H1(Ω) ✭❆✳✹✮

❢♦r s♦♠❡ ❝♦♥st❛♥t ❈ ❂ ❈✭Ω✮✱ ✐♠♣❧②✐♥❣ t❤❛t

||f ||L4(Ω) ≤ K ||f ||1/2||f ||1/2V ∀f ∈ H1(Ω) ✭❆✳✺✮

❢♦r s♦♠❡ ❝♦♥st❛♥t ❑❂❑✭Ω✮✳

❲❡ t❤❡♥ ❞❡✜♥❡✱ ❢♦r ❛♥② ✉✱ ✈✱ ✇ ∈ H1(Ω)✿

b(✉,✈,✇) =

2
∑

i,j=1

∫

Ω
uj
∂vi
∂xj

wi dx

❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ✭❢r♦♠ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥✲

❡q✉❛❧✐t②✱ s❡❡ ❚❤❡♦r❡♠ ❆✳✶✳✸✱ ❛♥❞ ❢r♦♠ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t②✮ ❢♦r ❛ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥✱

❛s ❡①♣❧♦✐t❡❞ ❛❧s♦ ✐♥ ❬✸✷❪✿

▲❡♠♠❛ ❆✳✶✳✺✳ ❋♦r ❛♥② ✉✱ ✈✱ ✇ ∈ ❱σ ✐t ❤♦❧❞s

|b(✉, ✈,✇)| ≤ C||∇✉|| 12 ||✉|| 12 ||∇✈|| ||✇|| 12 ||∇✇|| 12 ✭❆✳✻✮

❛♥❞ ❜② t❤❡ ❛♥t②s✐♠♠❡tr② ♦❢ t❤❡ tr✐❧✐♥❡❛r ❢♦r♠ b(·, ·, ·) ✐t ❛❧s♦ ❤♦❧❞s✱ ❢♦r ❛♥② ✉, ✈ ∈ H1(Ω) ❛♥❞ ✇ ∈
❱σ✱ t❤❛t

|b(✉, ✈,✇)| ≤ ||✉|| 12 ||✉||
1

2

1 ||✈||
1

2 ||✈||
1

2

1 ||✇||1. ✭❆✳✼✮

❲❡ ✇✐❧❧ ❛❧s♦ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✭❬✷❪✱ ❙❡❝✳✷✮✱ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ t❤❡

❆❣♠♦♥✬s ✐♥❡q✉❛❧✐t② ✭s❡❡✱ ❡✳❣✳✱ ❬✺❪✱ ▲❡♠♠❛ ✶✸✳✷✮✿

▲❡♠♠❛ ❆✳✶✳✻✳ ❋♦r ❡✈❡r② u ∈ H2(Ω)✱ Ω ∈ R
2 ✐t ❤♦❧❞s

||∇u||L4(Ω) ≤ ||u|| 14 ||u||
3

4

H2(Ω)
.

✶✺✵



❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ✭s❡❡✱ ❡✳❣✳✱

❬✻✺❪✱ ❙❡❝✳✷✱ ♦r ❬✾✸❪✱ ❈❤❛♣✳✶✵✱ ▲❡♠♠❛ ✶✵✳✽✮✿

▲❡♠♠❛ ❆✳✶✳✼✳ ▲❡t I = [t0, t1]✳ ❙✉♣♣♦s❡ a : I → R ❛♥❞ b : I → R ❛r❡ ❝♦♥t✐♥✉♦✉s ✭♦r

a, b ∈ L1(0, T )✮✱ ❛♥❞ s✉♣♣♦s❡ u : I → R ✐s ✐♥ C1(I) ✭♦r ❡✈❡♥ ✐♥ C(I)✮ ❛♥❞ s❛t✐s✜❡s ✭✐t ✐s

❡♥♦✉❣❤ ✐♥ ✇❡❛❦ s❡♥s❡✮

u′(t) ≤ a(t)u(t) + b(t) ❢♦r t ∈ I, ❛♥❞ u(t0) = u0.

❚❤❡♥

u(t) ≤ u0e
∫ t
t0

a
+

∫ t

t0

e
∫ t
s ab(s)ds. ✭❆✳✽✮

❆♥♦t❤❡r ✐♠♣♦rt❛♥t t❤❡♦r❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❢♦r♠ ♦❢ ▲❡❜❡s❣✉❡ t❤❡♦r❡♠ ✭s❡❡ ❬✽✷❪✱

▲❡♠♠❛ ✶✳✸✮✿

❚❤❡♦r❡♠ ❆✳✶✳✽✳ ▲❡t {fn} ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ L2(Ω×(0, T )) s✉❝❤ t❤❛t ✐t ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱

sup
n∈N

||fn|| = M < +∞✱ ❛♥❞ fn → f ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ Ω × (0, T )✳ ❚❤❡♥ fn ⇀ f ✐♥

L2(Ω× (0, T ))✳

❆✳✷ ❊♠❜❡❞❞✐♥❣ t❤❡♦r❡♠s

❍❡r❡ ✇❡ r❡❝❛❧❧ t❤❡ ❆✉❜✐♥✲▲✐♦♥s ▲❡♠♠❛ ✭s❡❡ ❬✽✷❪✱ ▲❡♠♠❛ ✶✳✷ ♦r ❬✽✸❪✱ ❈❤❛♣✳✶✮✿

▲❡♠♠❛ ❆✳✷✳✶✳ ▲❡t X →֒ Y →֒ Z t❤r❡❡ ❍✐❧❜❡rt s♣❛❝❡s✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢

❳ ✐♥t♦ ❨ ✐s ❝♦♠♣❛❝t✳

✶✳ ❋♦r ❛♥② p1, p2 ∈ (1, ,+∞) t❤❡ ❡♠❜❡❞❞✐♥❣
{

f ∈ Lp1(0, T ;X),
df

dt
∈ Lp2(0, T ;Z)

}

→֒ Lp1(0, T ;Y ) ✭❆✳✾✮

✐s ❝♦♠♣❛❝t✳

✷✳ ❋♦r ❡✈❡r② p > 1 t❤❡ ❡♠❜❡❞❞✐♥❣
{

f ∈ L∞(0, T ;X),
df

dt
∈ Lp(0, T ;Z)

}

→֒ C([0, T ];Y ) ✭❆✳✶✵✮

✐s ❝♦♠♣❛❝t✳

✶✺✶



❲❡ ❤❛✈❡ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ▲❡♠♠❛ ✭s❡❡✱ ❡✳❣✳✱ ❬✽✸❪✱ ❱♦❧✳■✱ ❈❤❛♣✳✶✮ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛

❍✐❧❜❡rt tr✐♣❧❡t✿

▲❡♠♠❛ ❆✳✷✳✷✳ ▲❡t ✭❱✱❍✱❱✬✮ ❛ ❍✐❧❜❡rt tr✐♣❧❡t✱ ✇✐t❤ ❱ ❛♥❞ ❍ s❡♣❛r❛❜❧❡ s♣❛❝❡s✳ ❚❤❡♥

H1(0, T ;V, V ′) =

{

f ∈ L2(0, T ;V ),
df

dt
∈ L2(0, T ;V ′)

}

→֒ C([0, T ];H).

▼♦r❡♦✈❡r ✐t ❤♦❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts r✉❧❡✿

❢♦r ❡✈❡r② u, v ∈ H1(0, T ;V, V ′)✱ ❢♦r ❡✈❡r② s, t ∈ [0, T ]✿

∫ t

s
{< u̇(r), v(r) > + < u(r), v̇(r) >} dr = (u(t), v(t))− (u(s), v(s)).

✶✺✷



❆♣♣❡♥❞✐① ❇

❋✉rt❤❡r ❡st✐♠❛t❡s ❛♥❞ ❧❡♠♠❛s

❍❡r❡ ✇❡ r❡♣♦rt s♦♠❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❞ r❡❣✉❧❛r✐t② r❡s✉❧ts ❛❜♦✉t s♦♠❡ st❛t✐♦♥❛r② ♣r♦❜❧❡♠s

r❡❧❛t❡❞ t♦ ♦✉r s②st❡♠✳

❇✳✶ ❆ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♥♦♥❧✐♥❡❛r✐t②

❲❡ st❛rt ❢r♦♠ t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠✿ ❋ ✐s t❤❡ s❛♠❡ ❧♦❣❛r✐t❤♠✐❝ ♣♦t❡♥t✐❛❧ ❛s t❤❡ ♣♦t❡♥t✐❛❧

❞❡✜♥❡❞ ✐♥ ✭✷✮✿

F (s) =
ᾱ

2
((1 + s)❧♥(1 + s) + (1− s)❧♥(1− s)) ∀s ∈ (−1, 1) ✭❇✳✶✮











−∆u+ F ′(u) = f ✐♥ Ω

∂♥u = 0 ♦♥ Ω

✭❇✳✷✮

✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♠❛❞❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛s ✭s❡❡ ❬✻✶❪✱ ▲❡♠♠❛ ❆✳✶✮✿

▲❡♠♠❛ ❇✳✶✳✶✳ ▲❡t ∂Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
2✱ ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r②✳ ❆ss✉♠❡ t❤❛t

f ∈ L2(Ω)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✉ t♦ ♣r♦❜❧❡♠ ✭❇✳✷✮ s✉❝❤ t❤❛t u ∈ H2(Ω)✱

F ′(u) ∈ L2(Ω) ❛♥❞ s❛t✐s✜❡s −∆u + F ′(u) = f ❢♦r ❛❧♠♦st ❡✈❡r② x ∈ Ω ❛♥❞ ∂nu = 0 ❢♦r

❛❧♠♦st ❡✈❡r② x ∈ ∂Ω✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡

||u||H2(Ω) + ||F ′(u)|| ≤ C(1 + ||f ||), ✭❇✳✸✮

✶✺✸



✇❤❡r❡ || · || ✐s t❤❡ L2 ♥♦r♠✳

▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ fk ⊂ L2(Ω) ❛♥❞ f ∈ L2(Ω)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥s

uk ❛♥❞ ✉ t♦ t❤❡ ♣r♦❜❧❡♠ ✭❇✳✷✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ fk ❛♥❞ f ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ fk → f ✐♥

L2(Ω)✱ ❛s k → ∞✱ ✐♠♣❧✐❡s

||uk − u||1 → 0 as k → 0. ✭❇✳✹✮

❲❡ t❤❡♥ r❡♣♦rt ♦t❤❡r ❡❧❧✐♣t✐❝ ❡st✐♠❛t❡s✱ ❛❧r❡❛❞② st❛t❡❞ ❛♥❞ ♣r♦✈❡♥✱ ❡✳❣✱ ✐♥ ❬✸✹❪✱ ❢r♦♠

▲❡♠♠❛ ❆✳✶ t♦ ▲❡♠♠❛ ❆✳✻ ♦r ✐♥ ❬✷❪✱ ▲❡♠♠❛ ✷✳

❚❤❡♦r❡♠ ❇✳✶✳✷✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
2 ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r②✳ ❆ss✉♠❡ t❤❛t ✉

✐s t❤❡ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭❇✳✷✮✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ▲❡t f ∈ Lp(Ω)✱ ✇❤❡r❡ 2 ≤ p ≤ ∞✳ ❚❤❡♥ ✇❡ ❤❛✈❡

||F ′(u)||Lp(Ω) ≤ ||f ||Lp(Ω).

• ▲❡t f ∈ H1(Ω)✳ ❚❤❡♥ ✇❡ ❤❛✈❡

||∆u|| ≤ ||∇u|| 12 ||∇f || 12 . ✭❇✳✺✮

• ▲❡t f ∈ H1(Ω)✳ ❆ss✉♠❡ t❤❛t F s❛t✐s✜❡s

F ′′(s) ≤ eC|F ′(s)|+C ∀s ∈ (−1, 1)

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❈✳ ❚❤❡♥ ❢♦r ❛♥② p ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t

C = C(p) s✉❝❤ t❤❛t

||F ′′(u)||Lp(Ω) ≤ C(1 + eC||f ||21). ✭❇✳✻✮

■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❈❂❈✭♣✮ s✉❝❤ t❤❛t

||u||W 2,p(Ω) + ||F ′(u)||Lp(Ω) ≤ C(1 + ||f ||1) ✭❇✳✼✮

❢♦r ❛♥② p ≥ 2✳

✶✺✹



❇✳✷ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤❡ ❙t♦❦❡s ❡q✉❛✲

t✐♦♥

❈♦♥s✐❞❡r✐♥❣ ♥♦✇ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠



























−∆✉+∇p = f ✐♥ Ω

❞✐✈ ✉ = 0 ✐♥ Ω

✉ = 0 ♦♥ ∂Ω.

✭❇✳✽✮

❋✐rst ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❙t♦❦❡s ♦♣❡r❛t♦r ❛s t❤❡ ♠❛♣ ❆ : ❱σ → ❱′
σ s✉❝❤ t❤❛t

< ❆✉,✈ >=< ∇✉,∇✈ > ∀ ✉,✈ ∈ ❱σ,

♥❛♠❡❧②✱ ❆ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ ❱σ ♦♥t♦ ❱σ✳

❲❡ ❝❛♥ ❞❡♥♦t❡ ❜② ❆−1 : ❱′
σ → ❱σ t❤❡ ✐♥✈❡rs❡ ♠❛♣ ♦❢ t❤❡ ❙t♦❦❡s ♦♣❡r❛t♦r✳ ❚❤❛t ✐s✱

❣✐✈❡♥ ❢ ∈ ❱σ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✉ = ❆−1❢ ∈ ❱σ s✉❝❤ t❤❛t

(∇❆−1❢,∇✈) =< ❢,✈ > ∀ ✈ ∈ ❱σ.

■t ❢♦❧❧♦✇s t❤❛t ||❢||♭ := ||∇❆−1❢|| =< ❢,❆−1❢ >
1

2 ✐s ❛♥ ❡q✉✐✈❛❧❡♥t ♥♦r♠ ♦♥ ❱′
σ✳ ■♥ ❛❞❞✐t✐♦♥✱

❢♦r ❛♥② ❢ ∈ H1(0, T ;❱′
σ) ✇❡ ❤❛✈❡ t❤❡ ❝❤❛✐♥ r✉❧❡ ✭s❡❡ ❬✾✼❪✱ ❈❤❛♣✳✸✱ ▲❡♠♠❛ ✶✳✶✮

< ❢t(t),❆
−1❢(t) >=

1

2

d

dt
||❢(t)||2♭ ❛✳❡✳ t ∈ (0, T ). ✭❇✳✾✮

❆❢t❡r t❤❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ❉❡ ❘❤❛♠✬s t❤❡♦r❡♠✱ ✇❤✐❝❤ ✇❛s ❛❧r❡❛❞② ❡①♣❧♦✐t❡❞ t♦

r❡tr✐❡✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣r❡ss✉r❡✱ ✉♣ t♦ ❛ ❝♦♥st❛♥t✱ ✐♥ L2(0, T, L2(Ω)) ✭s❡❡ ❘❡♠❛r❦ ✶✳✷✳✸

♦♥ ❉❡✜♥✐t✐♦♥ ✶✳✶✮✱ ✇❡ ❤❛✈❡ ♠♦r❡ r❡❣✉❧❛r ♣r♦♣❡rt✐❡s✿ ✇❡ ❤❛✈❡ t❤❛t ❆ ✐s ❛❧s♦ ❛ ♣♦s✐t✐✈❡✱

✉♥❜♦✉♥❞❡❞✱ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r ✐♥ ❍σ✱ ✇✐t❤ ❝♦♠♣❛❝t ✐♥✈❡rs❡ ❛♥❞ ❞♦♠❛✐♥ D(❆) = {✉ ∈
❱σ : ❆✉ ∈ ❍σ} = [❍2(Ω)]2 ∩ ❱σ := ❲σ✳ ❆s ✐♥ ❬✾✼❪✱ ❈❤❛♣✳✷✱ Pr♦♣✳✷✳✷✱ ✇❡ ❤❛✈❡✱ ❞✉❡ t♦

r❡❣✉❧❛r✐t② r❡s✉❧ts✱ ❞❡✜♥✐♥❣ (✉,✈) = (❆✉,❆✈) ❛♥❞ ||✈||2❲σ
= (❆✈,❆✈)✿

∃C > 0 s.t. ||✉||H2(Ω) ≤ C||✉||❲σ ∀✉ ∈❲σ. ✭❇✳✶✵✮

✶✺✺



❇✳✸ ❚❤❡ ❤♦♠♦❣❡♥♦✉s ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛✲

t✐♦♥

❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝❧❛ss✐❝❛❧ ❘✐❡s③ ✐s♦♠♦r♣❤✐s♠ A0 ❢r♦♠ Vθ t♦ V ′
θ ✿

< A0u, v >= (∇u,∇v) ∀ u, v ∈ Vθ. ✭❇✳✶✶✮

❚❤❡♥✱ ❞❡♥♦t✐♥❣ ❜② A−1
0 ✐ts ✐♥✈❡rs❡ ♠❛♣✱ ✇❡ ❤❛✈❡ t❤❛t f ∈ Vθ✱ A

−1
0 f ✐s t❤❡ ✉♥✐q✉❡ u ∈ Vθ

s✉❝❤ t❤❛t < A0u, v >=< f, v > ❢♦r ❛❧❧ v ∈ Vθ✳ ❖♥ ❛❝❝♦✉♥t ♦❢ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s✱ ✇❡

♦❜s❡r✈❡ t❤❛t t❤❛t

< f,A−1
0 g >= (∇(A−1

0 f),∇(A−1
0 g)) ∀f, g ∈ V ′

θ . ✭❇✳✶✷✮

❖✇✐♥❣ t♦ ✭❇✳✶✷✮ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t ||f ||∗∗ := ||∇A−1
0 f || =< f,A−1

0 f >
1

2 ✐s ❛ ♥♦r♠ ♦♥ V ′
θ

❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✉s✉❛❧ ❛♥❞ ♥❛t✉r❛❧ ♦♥❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛♥② u ∈ H1(0, T ;V ′
θ ) ✇❡ ❤❛✈❡ t❤❡

❝❤❛✐♥ r✉❧❡ ✭s❡❡ ❬✾✼❪✱ ❈❤❛♣✳✸✱ ▲❡♠♠❛ ✶✳✶✮✿

< ut(t), A
−1
0 u(t) >=

1

2

d

dt
||u(t)||2∗∗ ❛✳❡✳ t ∈ (0, T ). ✭❇✳✶✸✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t✱ s✐♥❝❡ L2(Ω) →֒ V ′
θ ✿

(∇u,∇A−1
0 u) =< A0(A

−1
0 u), u >=< u, u >= ||u||2. ✭❇✳✶✹✮

❋✉rt❤❡r♠♦r❡✱ ❛s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✾✽❪✱ ❈❤❛♣✳■■✱ ❙❡❝s✳✷✳✶✲✷✳✷✱ ✇❡ ♦❜t❛✐♥✱ ❞✉❡ t♦ r❡❣✉❧❛r✐t②

t❤❡♦r❡♠s✱ t❤❛t A0 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛❧s♦ ❢r♦♠ D(A0) = H2(Ω) ∩ Vθ t♦ H = L2(Ω)✳ ❲❡

t❤❡♥ ❤❛✈❡ t❤❛t

||A−1
0 f ||H2(Ω) ≤ C||f || ∀f ∈ H. ✭❇✳✶✺✮

❇✳✹ ❚❤❡ ❤♦♠♦❣❡♥♦✉s ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛✲

t✐♦♥

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ t♦ ♠❛❦❡ s✐♠✐❧❛r ❝♦♥s✐❞❡r❛t✐♦♥s ❢♦r t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ❛s ❞♦♥❡✱

❡✳❣✳✱ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ♦❢ ❬✻✶❪✮✿ ❢♦r ❛♥② λ ≥ 0 ✇❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠










−∆u+ λu = f ✐♥ Ω

∂♥u = 0 ♦♥ Ω.

✶✺✻



❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r Bλ ∈ L(V, V ′) ❞❡✜♥❡❞ ❜②

< Bλu, v >= (∇u · ∇v + λuv) ∀u, v ∈ V.

❲❡ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

V0 = {v ∈ V : v̄ = 0} ✭❇✳✶✻✮

❛♥❞ ✐ts ❞✉❛❧ V ′
0 ✳ ❚❤❡ r❡str✐❝t✐♦♥ Ā0 ♦❢ B0 t♦ V0 ❜❡✐♥❣ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ V0 ♦♥t♦ V ′

0 ✱ ✇❡

❞❡♥♦t❡ Ā0
−1

: V ′
0 → V0 ✐ts ✐♥✈❡rs❡ ♠❛♣✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❢♦r ❛❧❧ f ∈ V ′

0 ✱ Ā0
−1
f ✐s

t❤❡ ✉♥✐q✉❡ u ∈ V0 s✉❝❤ t❤❛t < Ā0u, v >=< f, v > ❢♦r ❛❧❧ v ∈ V ✳ ❖♥ ❛❝❝♦✉♥t ♦❢ t❤❡ ❛❜♦✈❡

❞❡✜♥✐t✐♦♥s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

< f, Ā0
−1
g >= (∇Ā0

−1
f,∇Ā0

−1
g) ∀f, g ∈ V ′

0 ✭❇✳✶✼✮

❆♥❞ ♦✇✐♥❣ t♦ ✭❇✳✶✼✮ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡ t❤❛t

||f ||∗ := ||∇Ā0
−1
f || =< f, Ā0

−1
f >

1

2 ✭❇✳✶✽✮

✐s ❛ ♥♦r♠ ♦♥ V ′
0 ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥❛t✉r❛❧ ♦♥❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛♥② u ∈ H1(0, T ;V ′

0) ✇❡ ❤❛✈❡

t❤❡ ❝❤❛✐♥ r✉❧❡ ✭s❡❡ ❬✾✼❪✱ ❈❤❛♣✳✸✱ ▲❡♠♠❛ ✶✳✶✮

< ut(t), Ā0
−1
u(t) >=

1

2

d

dt
||u(t)||2∗ ❛✳❡✳ t ∈ (0, T ). ✭❇✳✶✾✮

✶✺✼



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❆❜❡❧s✱ ❍✳✱ ❋❡✐r❡✐s❧✱ ❊✳ ✭✷✵✵✽✮✱ ❖♥ ❛ ❞✐✛✉s❡ ✐♥t❡r❢❛❝❡ ♠♦❞❡❧ ❢♦r ❛ t✇♦✲♣❤❛s❡ ✢♦✇ ♦❢ ❝♦♠✲

♣r❡ss✐❜❧❡ ✈✐s❝♦✉s ✢✉✐❞s✱ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✺✼✱ ✻✺✾✲✻✾✽✳

❬✷❪ ❆❜❡❧s✱ ❍✳ ✭✷✵✵✾✮✱ ❖♥ ❛ ❞✐✛✉s❡ ✐♥t❡r❢❛❝❡ ♠♦❞❡❧ ❢♦r t✇♦✲♣❤❛s❡ ✢♦✇s ♦❢ ✈✐s❝♦✉s✱ ✐♥❝♦♠✲

♣r❡ss✐❜❧❡ ✢✉✐❞s ✇✐t❤ ♠❛t❝❤❡❞ ❞❡♥s✐t✐❡s✱ ❆r❝❤✳ ❘❛t✐♦♥✳ ▼❡❝❤✳ ❆♥❛❧✳ ✶✾✹✱ ✹✻✸✲✺✵✻✳
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❬✼✺❪ ❑❛❧❧✐❛❞❛s✐✱ ❙✳✱ P❛✈❧✐♦t✐s✱ ●✳ ❆✳✱ Pr❡❛❞❛s✱ ▼✳✱ ❙❝❤♠✉❝❦✱ ▼✳ ✭✷✵✶✸✮✱ ❉❡r✐✈❛t✐♦♥ ♦❢ ❡✛❡❝✲

t✐✈❡ ♠❛❝r♦s❝♦♣✐❝ ❙t♦❦❡s✲❈❛❤♥✲❍✐❧❧✐❛r❞ ❡q✉❛t✐♦♥s ❢♦r ♣❡r✐♦❞✐❝ ✐♠♠✐s❝✐❜❧❡ ✢♦✇s ✐♥ ♣♦r♦✉s

♠❡❞✐❛✱ ◆♦♥❧✐♥❡❛r✐t② ✷✻✱ ✸✷✺✾✲✸✷✼✼✳

❬✼✻❪ ❑❛♥❣✱ ❑✳✱ ❑✐♠✱ ❏✳✱ ▲♦✇❡♥❣r✉❜✱ ❏✳ ✭✷✵✵✹✮✱ ❈♦♥s❡r✈❛t✐✈❡ ♠✉❧t✐❣r✐❞ ♠❡t❤♦❞s ❢♦r

❈❛❤♥✕❍✐❧❧✐❛r❞ ✢✉✐❞s✱ ❏✳ ❈♦♠♣✉t✳ P❤②s✳ ✶✾✸✱ ✺✶✶✲✺✹✸✳

❬✼✼❪ ❑✐♠✱ ❏✳ ✭✷✵✶✷✮✱ P❤❛s❡✲❋✐❡❧❞ ▼♦❞❡❧s ❢♦r ▼✉❧t✐✲❈♦♠♣♦♥❡♥t ❋❧✉✐❞ ❋❧♦✇s✱ ❈♦♠♠✉♥✳ ❈♦♠✲

♣✉t✳ P❤②s✳ ✶✷✱ ✻✶✸✲✻✻✶✳

✶✻✹



❬✼✽❪ ▲❛❞②③❤❡♥s❦❛②❛✱ ❖✳ ❆✳✱ ❙♦❧♦♥♥✐❦♦✈✱ ❱✳ ❆✳ ✱ ❯r❛❧ts❡✈❛✱ ◆✳◆✳✱ ▲✐♥❡❛r ❛♥❞ ◗✉❛s✐✲❧✐♥❡❛r

❊q✉❛t✐♦♥s ♦❢ P❛r❛❜♦❧✐❝ ❚②♣❡✱ ❆♠❡r✐❝❛♥ ▼❛t❤✳ ❙♦❝✐❡t②✱ ✶✾✻✽✳

❬✼✾❪ ▲❛✐✱ ▼✳ ❏✳✱ P❛♥✱ ❘✳ ❍✳✱ ❩❤❛♦✱ ❑✳ ✭✷✵✶✶✮✱ ■♥✐t✐❛❧ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ✷❉ ✈✐s❝♦✉s

❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s✱ ❆r❝❤✳ ❘❛t✐♦♥✳ ▼❡❝❤✳ ❆♥❛❧②s✐s ✶✾✾✱ ✼✸✾✲✼✻✵✳

❬✽✵❪ ▲❛♥❣✱ ❏✳ ✭✶✾✾✺✮✱ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❢✉❧❧② ❛❞❛♣t✐✈❡ s♦❧✉t✐♦♥s ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛✲

t✐♦♥s✱ ❆♣♣❧✳ ◆✉♠❡r✳ ▼❛t❤✳ ✶✽✱ ✷✷✸✲✷✹✵✳

❬✽✶❪ ▲❡❡✱ ❍✳❈✳✱ ❈❤♦✐✱ ❨✳ ✭✷✵✵✻✮✱ ❆♥❛❧②s✐s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♣r♦❜✲

❧❡♠s ❢♦r t❤❡ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s✱ ❈♦♠♣✉t✳ ▼❛t❤✳ ❆♣♣❧✳ ✺✶✱ ✽✷✾✲✽✹✽✳

❬✽✷❪ ▲✐♦♥s✱ ❏✳ ▲✳✱ ◗✉❡❧q✉❡ ♠❡t❤♦❞❡s ❞❡ rés♦❧✉t✐♦♥ ❞❡s ♣r♦❜❧❡♠❡s ❛✉① ❧✐♠✐t❡s ♥♦♥ ❧✐♥é❛✐r❡s✱

●❛✉t❤✐❡r✲❱✐❧❧❛rs✱ P❛r✐s✱ ✶✾✻✾✳

❬✽✸❪ ▲✐♦♥s✱ ❏✳ ▲✳✱ ▼❛❣❡♥❡s✱ ❊✳ ✭✶✾✼✷✮✱ ◆♦♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ✈❛❧✉❡s ♣r♦❜❧❡♠s ❛♥❞ ❛♣✲

♣❧✐❝❛t✐♦♥s ✭■✲■■✮ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✼✷✳

❬✽✹❪ ▲♦♠❛❡✈✱ ❙✳✱ ❱❛s✐❧✬❡✈✱ ▲✳ ✭✷✵✷✵✮ ❚❤❡r♠♦❞②♥❛♠✐❝❛❧❧② st❛❜❧❡ ❝♦♠♣♦s✐t✐♦♥❛❧ ✐♥❤♦♠♦❣❡♥❡♦✉s

③♦♥❡s ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ s♣✐♥♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❊✉r✳ P❤②s✳ ❏✳ ❇ ✷✷✾✱ ✷✾✺✲✸✵✹✳

❬✽✺❪ ▲♦✇❡♥❣r✉❜✱ ❏✳✱ ❚r✉s❦✐♥♦✈s❦② ✭✶✾✾✽✮✱ ◗✉❛s✐✲✐♥❝♦♠♣r❡ss✐❜❧❡ ❈❛❤♥✕❍✐❧❧✐❛r❞ ✢✉✐❞s ❛♥❞

t♦♣♦❧♦❣✐❝❛❧ tr❛♥s✐t✐♦♥s✱ Pr♦❝✳ ❘✳ ❙♦❝✳ ▲♦♥❞✳ ❆✳

❬✽✻❪ ▼❛✱ ❈✳✱ ●✉✱ ❲✳✱ ❙✉♥✱ ❏✳ ✭✷✵✶✼✮✱●❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r t❤❡ ✷❉ ❈❛❤♥✲❍✐❧❧✐❛r❞✲

❇♦✉ss✐♥❡sq ❛♥❞ ❛ r❡❧❛t❡❞ s②st❡♠ ♦♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✱ ❇♦✉♥❞✳ ❱❛❧✉❡ Pr♦❜❧✳✱ ✶✶✾✳ ✳

❬✽✼❪ ◆ür♥❜❡r❣✱ ❘✳✱ ❚✉❝❦❡r✱ ❊✳ ❏✳ ❲✳ ✭✷✵✶✺✮✱ ❋✐♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ♣❤❛s❡ ✜❡❧❞

♠♦❞❡❧ ❛r✐s✐♥❣ ✐♥ ♥❛♥♦str✉❝t✉r❡ ♣❛tt❡r♥✐♥❣✱ ◆✉♠❡r✳ ▼❡t❤♦❞s P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛✲

t✐♦♥s ✸✶✱ ✶✽✾✵✲✶✾✷✹✳

❬✽✽❪ P❡❞❧♦s❦②✱ ❏✳ ✭✶✾✽✼✮✱ ●❡♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✼✳

❬✽✾❪ ◗✉❛rt❡r♦♥✐✱ ❆✳✱ ◆✉♠❡r✐❝❛❧ ▼♦❞❡❧s ❢♦r ❉✐✛❡r❡♥t✐❛❧ Pr♦❜❧❡♠s✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥ ❍❡✐❞❡❧✲

❜❡r❣✱ ✷✵✶✹✳

✶✻✺



❬✾✵❪ ◗✉❛rt❡r♦♥✐✱ ❆✳✱ ❙❛❝❝♦✱ ❘✳✱ ❙❛❧❡r✐✱ ❋✳✱ ●❡r✈❛s✐♦✱ P✳✱ ▼❛t❡♠❛t✐❝❛ ◆✉♠❡r✐❝❛✱ 4a ❊❞✳✱

❙♣r✐♥❣❡r✱ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✸✳

❬✾✶❪ ❘✐st❡✱ ❚✳✱ ❋❧✉❝t✉❛t✐♦♥s✱ ✐♥st❛❜✐❧✐t✐❡s✱ ❛♥❞ ♣❤❛s❡ tr❛♥s✐t✐♦♥s✱ P❧❡♥✉♠ Pr❡ss✱ ◆❡✇ ❨♦r❦✱

✶✾✼✺✳

❬✾✷❪ ❘✉❞✐♥✱ ❲✳✱ Pr✐♥❝✐♣❧❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s✱ ▼❝●r❛✇ ❍✐❧❧✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✻✳

❬✾✸❪ ❙❛❧s❛✱ ❙✳✱ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✐♥ ❆❝t✐♦♥✱ ❙♣r✐♥❣❡r ■♥t❡r♥❛t✐♦♥❛❧ P✉❜❧✐s❤✐♥❣✱

✷✵✶✻✳

❬✾✹❪ ❙❝❤♠❡❧③❡r✱ ❏✳❲✳P✳✱ ❆❜②③♦✈✱ ❆✳❙✳✱ ▼ö❧❧❡r✱ ❏✳ ✭✷✵✵✹✮✱ ◆✉❝❧❡❛t✐♦♥ ✈❡rs✉s s♣✐♥♦❞❛❧ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ✐♥ ♣❤❛s❡ ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ ♠✉❧t✐❝♦♠♣♦♥❡♥t s♦❧✉t✐♦♥s✱ ❏✳ ❈❤❡♠✳ P❤②s✳ ✶✷✶✱

✻✾✵✵✲✻✾✶✼✳

❬✾✺❪ ❙❤❡♥✱ ❏✳ ✭✷✵✶✶✮✱ ▼♦❞❡❧✐♥❣ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t✇♦✲♣❤❛s❡ ✐♥❝♦♠♣r❡ss✐❜❧❡

✢♦✇s ❜② ❛ ♣❤❛s❡✲✜❡❧❞ ❛♣♣r♦❛❝❤✱ ▼✉❧t✐s❝❛❧❡ ▼♦❞❡❧✐♥❣ ❛♥❞ ❆♥❛❧②s✐s ❢♦r ▼❛t❡r✐❛❧s ❙✐♠✉❧❛✲

t✐♦♥ ✷✷✱ ✶✹✼✲✶✾✺✳

❬✾✻❪ ❙t❛♠♣❛❝❝❤✐❛✱ ●✱ ➱q✉❛t✐♦♥s ❊❧❧✐♣t✐q✉❡s ❞✉ ❙❡❝♦♥❞ ❖r❞r❡ à ❈♦❡✣❝✐❡♥ts ❉✐s❝♦♥t✐♥✉s✱

Pr❡ss❡s ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ▼♦♥tré❛❧✱ ✶✾✻✻✳

❬✾✼❪ ❚❡♠❛♠✱ ❘✳✱ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ❚❤❡♦r② ❛♥❞ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s✱ ◆♦rt❤✲❍♦❧❧❛♥❞✱

❆♠st❡r❞❛♠✱ ✶✾✽✹✳

❬✾✽❪ ❚❡♠❛♠✱ ❘✳✱ ■♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✐♥ ♠❡❝❤❛♥✐❝s ❛♥❞ ♣❤②s✐❝s✱ ❙♣r✐♥❣❡r✲

❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✼✳

❬✾✾❪ ❱♦r♦❜❡✈✱ ❆✳✱ ❇♦✉ss✐♥❡sq ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❈❛❤♥✲❍✐❧❧✐❛r❞✲◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱

P❤②s✳ ❘❡✈✳ ✽✷✱ ✷✵✶✵✳

❬✶✵✵❪ ❩❤❛♦✱ ❑✳ ✭✷✵✶✵✮✱ ✷❉ ✐♥✈✐s❝✐❞ ❤❡❛t ❝♦♥❞✉❝t✐✈❡ ❇♦✉ss✐♥❡sq ❡q✉❛t✐♦♥s ♦♥ ❛ ❜♦✉♥❞❡❞ ❞♦✲

♠❛✐♥✱ ▼✐❝❤✐❣❛♥ ▼❛t❤✳ ❏✳ ✺✾✱ ✸✷✾✲✸✺✷✳

❬✶✵✶❪ ❩❤❛♦✱ ❑✳ ✭✷✵✶✶✮✱ ●❧♦❜❛❧ r❡❣✉❧❛r✐t② ❢♦r ❛ ❝♦✉♣❧❡❞ ❈❛❤♥✲❍✐❧❧✐❛r❞✲❇♦✉ss✐♥❡sq s②st❡♠ ♦♥
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