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Abstract

The scientific goal of this thesis consists in the reconstruction of past changes in climate
in the geographical region known as Fennoscandia during a time period of approximately
5000 years spanning from 4486 BC and AD 900. In order to achieve this goal, we use an-
nually laminated varved sediments collected from the bottom of three lakes from Sweden
(lake Kassjon) and from Finland (lakes Korttajirvi and Nautajérvi). Understanding the
climatological history pertaining to the Fennoscandian Peninsula might be particularly
useful to scientists, considering the lack of systematic records about the climate history
of this region during past millennia. Throughout this thesis, statistical models rooted in
functional data analysis and spatial statistics have been designed, implemented and com-
pared, with the goal of clustering dependent and misaligned functional data, collected
from multiple sources (i.e. the lakes). In particular, we show that it is possible to un-
cover a common message across the lakes, which consists in a partition of the years under
study in five climate types, which are shared by all lakes and which appear gradually and
coherently one after the other throughout the millennia. Lastly, we show that the shared
information in the lakes consists precisely in the timing and occurrence of the five types

of climate, which, on the other hand, are interpreted differently according to each lake.

Keywords: Functional clustering Curve registration Bagging Voronoi Varved lake

sediments Climate change
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Abstract

L’interesse scientifico di questa tesi consiste nella ricostruzione del clima nella penisola
finno-scandinava in un arco di tempo di circa 5000 anni compreso tra il 4486 a.C. e il 900
d.C. facendo uso di strati annuali di sedimenti provenienti dai fondali di tre laghi in Svezia
(lago Kassjon) e Finlandia (lago Korttajarvi e lago Nautajarvi). L’utilita delle analisi
condotte in questo lavoro risulta particolarmente evidente considerando la mancanza di
sistematiche documentazioni storiche in relazione al clima nella penisola finno-scandinava
nei millenni passati. In questa tesi sono stati sviluppati, implementati e comparati mod-
elli statistici basati su functional data analysis e spatial statistics per la classificazione
non supervisionata di dati funzionali dipendenti tra di loro, disallineati e provenienti da
diverse fonti. In particolare, in questa tesi mostriamo che & possibile individuare un mes-
saggio comune ai tre laghi, che si concretizza nella suddivisione degli anni qui analizzati in
cinque tipologie climatiche, valide congiuntamente per tutti i tre laghi e che si susseguono
gradualmente e coerentemente tra di loro. Infine, mostriamo che cio che accomuna i tre
laghi consiste precisamente nell’occorrenza dei cambiamenti del clima, il quale, invece, si

manifesta diversamente in ciascuno di essi.

Parole chiave: Clustering funzionale Allineamento funzionale Bagging Voronoi

Sedimenti lacustri varvati Cambiamento climatico
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Introduction

The recent changes in climate dating back to the mid-twentieth-century have been the
cause of unfavorable outcomes and irreversible environmental events that are currently
under study by the scientific community. In order to grasp the widespread effects of the
recent changes in climate and to comprehend the role of human activity in this context,
it is crucial to understand the climatological trends of past centuries and millennia. For
future reference, we will rely on the following definitions of weather and climate: while
the former is a reflection of the quickly-varying state of the atmosphere in a specific time
and place, climate describes the overall prevailing weather trend over longer periods of
time and in a specific location. Climate can be interpreted as the occurrence of a specific
weather pattern over a long time frame: the weather of a certain year might greatly differ
from the weather of the following one, however it is not uncommon for two consecutive

years to share the same climate.

Due to the limited availability of global structured weather and climate monitoring before
the first half of the twentieth-century, scientists have been using proxy data, such as ice-
cores, tree rings and marine sediments, in an attempt to reconstruct past climate change
(see Arnqvist et al. (2016)). In particular, annually laminated varved lake sediments are
a promising "natural proxy" to achieve this goal, as they consist of layers of materials
gradually deposited at the bottom of a specific lake. The data analyzed in this thesis
have been collected from the deepest areas of three lakes, located in three different geo-
graphical regions: lake Kassjon (63° 55" N, 20° 01’ E), situated in the northern Swedish
region of Visterbotten, lake Korttajarvi (62° 20” N, 25° 41" E) and lake Nautajarvi (61°
48" N, 24° 41’ E), both located in Finland. Each of these three sources provides one set of
data, which arises from the gradual sedimentation process undergone by the lake’s bed on
a daily basis. The layers of sediment pertaining to each lake contain useful information
about the climate around the lake itself. Each of the three sets of data is a collection of

thousands of functions and each of these signals pertains to a specific year.

Given the climatological information contained in the three datasets, the goal of this
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work is to investigate the presence of a common message conveyed by the three lakes
and, if this message is detected, to interpret it. In particular, the scienti c scope of this
thesis concerns the reconstruction of past changes in climate pertaining to a broad region,
encompassing all three lakes under study. From a mathematical point of view, we will
achieve this goal by designing a model to cluster the years spanned by jobet func-
tional dataset into a suitable number of climate types, merging the information from all
lakes simultaneously. To be more precise, each year in the joint dataset will be given one
speci c climate label. This entails that the result of our analysis will be a single sequence
of (yearly) climate labels, with which all lakes should "agree".

Evidence of a shared climate pertaining to a wider region rather than to the local sur-
roundings of each lake has been partially uncovered in Pozzari (2017), in which functional
clustering models were applied to reconstruct the local climatological history of each in-
dividual lake, thus obtaining three sets of yearly climate labels. In the same work, an a
posteriori comparison of the sequence of climate types pertaining to each lake has been
performed to prove that there exists an overlap between the local climates across the
lakes. However, the author of the same work acknowledges that there are inconsistencies
in the a posteriori analysis of the climates pertaining to the lakes both in the timing of
the climate variations and in their interpretation. These disagreements are due to the fact
that the three (local) climates have been reconstructed analyzing each lake one-at-a-time.
Furthermore, lake Kassjon's dataset has been the focus of other scienti ¢ publications,
such as Arnguvist et al. (2016), Abramowicz et al. (2017), Abramowicz et al. (2014). In
all the cited works, each lake has been treated independently of the others, thus allowing
to obtain only a local picture of the climatological history of the three lakes and their
surrounding regions. This thesis di ers from the previously cited works since the goal is
to merge the information contained in all three lakes, thus obtaining a broader picture of
the climate history pertaining to the Fennoscandian Peninsula.

To achieve this, multiple models have been designed, implemented and compared. In
the Appendix we report an adaptation of a model proposed in Abramowicz et al. (2017)
and named BVKMA (Bagging Voronoi K-Mean Alignment), since it extends the k-means
algorithm to the task of clustering misaligned and temporally-dependent functional data.
In particular, we designed a further extension of BVKMA to merge the information coming
from all lakes simultaneously. In the Appendix we detail the issues related to BVKMA
that lead us to the proposal of an alternative algorithm based on a double clustering
approach, hence the name Double Clustering Bagging Voronoi (DCBV for short). The
application of this model to each lake's dataset has been previously explored in Abramow-
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icz et al. (2019) and Pozzari (2017). We propose an extension of DCBV to obtain a single
sequence of climate labels, shared simultaneously by all lakes, in an attempt to shed light
on the climate changes pertaining to a broader geographical area.

The approach used throughout this thesis is grounded in Functional Data Analysis (FDA),

a branch of statistics specialized in analyzing datasets composed of functions. A common
assumption in FDA is that the signals comprising a given dataset are misaligned: for
this reason, suitable alignment (also known as registration) techniques have to be imple-
mented to properly draw conclusions from the data. For this reason, a further goal of
this work is to explore the literature on the topic of functional data registration and to
select a suitable mathematical framework to cope with the misalignment inherent to each
of the three datasets. As noted in Arngvist et al. (2016), the rate at which sediments are
gradually deposited on each lake's bed is not the same across the years. This justi es
the assumption that the functions pertaining to each lake's dataset are misaligned, as
explained more thoroughly in Chapter 2. An additional assumption that will be often
used throughout this thesis is that there is evidence to say that there exists a temporal
dependence within the datasets: indeed, the signal pertaining to a speci ¢ year is assumed
to be dependent on the functions representing the neighboring ones. Note that each signal
for each lake contains information regarding a speci ¢ year, hence each year is described
by a triplet of functions, which can be therefore interpreted as "repeated measurements"
of the climatological history of a speci c year according to lake Kassjon, lake Korttajarvi
and lake Nautajarvi, respecively.

This thesis is structured as follows: Chapter 1 contains the mathematical formulation
pertaining to the task of registering misaligned functional data, which is the backbone of
the main results proposed in this thesis. In Chapter 2 we present a more detailed descrip-
tion of the data collection and pre-processing steps, since the choices for the mathematical
framework and the nal model are deeply based on the interpretation of the functions
comprising the datasets. In Chapter 3 the methodology used to reconstruct past weather
and climate patterns is presented. In particular, we will propose an extension of the
Double Clustering Bagging Voronoi model, previously introduced in Abramowicz et al.
(2019) and applied to each of the three datasets in Pozzari (2017). Then, in Chapter 4, we
suggest some suitable choices regarding the model's hyperparameters and explore some
extensions of the proposed algorithm. Lastly, Chapter 5 illustrates the primary ndings of
this thesis, which were derived by integrating the methodologies examined in the previous
chapters.






1 ‘ Mathematical framework

A considerable portion of this research has been directed towards exploring the occur-
rence and impacts of misalignment in the functions comprising the dataset, as well as
identifying an appropriate mathematical framework to e ectively address the alignment
task. The objective of this chapter is to provide a comprehensive overview of the primary
mathematical frameworks adopted throughout this thesis and to introduce recurring ter-
minology and symbols. In particular, we will follow the formalism of Vantini (2012) and
detail two applications of this broad framework presented in Sangalli et al. (2010) and
Srivastava et al. (2011).

1.1. Data registration

Functional Data Analysis (FDA) is a branch of statistics that focuses on datasets made
of curves, interpreted as realizations of random variables whose image lies in an in nite
dimensional functional space (see Vantini (2012)). A functional dataset could be, for ex-
ample, composed of time samples of real-valued functions on an observation interval. A
common (and often necessary) step when making inference on speci ¢ phenomena using
FDA, is to decouple the variability of the functions which compose the given dataset into
two components: aphase variability and an amplitude variability. The former is caused
by uncertainty in the measurements of the functions or even by intrinsic variability in the
process which generated the observations, while the latter is the remaining source of vari-
ability once the curves have been properly aligned. It is not always necessary to remove
phase variability from the dataset and it is not always the case that phase variability is
even present. for example, within the functional principal component framework, it is
implicitly assumed that the variability in the dataset is not due to misalignments of the
time samples, but rather to other sources. When not applied in the right context, this
assumption would lead to mistakenly matching evaluations of di erent functional data
in the same abscissa and will introduce arti cial in ation in variability (see Guo et al.
(2022)).

The procedure of eliminating phase variability, thus allowing to focus on amplitude vari-
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ability, is called curve alignment (or curve registration). According to past papers on
this topic, this task can be embedded in a variety of mathematical frameworks. One of
these is, for example, landmark registration: rst, one nds some suitable locations in the
abscissa, then the functions are aligned to match such landmarks. This approach requires
manually selecting the temporal locations for each function and, in general, this could be
di cult or even impossible. This is one of the motivating reasons which led to a growing
number of papers aimed at constructing frameworks that automatically align functions in
an unsupervised manner.

An intuitive illustration of the di erence between the two sources of variability within a
functional dataset is shown in Figure 1.1 inspired from Tucker et al. (2012) and obtained
from data simulated using the equationy;(t) = ze ¢ @)*2;t 2 [ 6;6]i = 1;2;::1;21,
wherezi "N (1;0:0%) and & "N (0;1:2%). The variability of the functions compos-
ing this synthetic dataset is mainly due to the di erent locations phase variability) and
intensities (@amplitude variability) of the peaks.

Figure 1.1: Example of phase and amplitude variability. In most practical applications the
horizontal variability among the functions is much more subtle.

In more formal terms, given a metric spacéF; d) whereF = ff : R! RP with
p 1ggandd:F F ! R. isa suitable metric, aligningf, 2 F to f, 2 F means nding
a function h : R! R, called warping function, which belongs to a suitable

functional spaceW and which is such thatf; h is "most similar" to f,. This optimal
warping function summarizes the phase variability, leaving only the amplitude variability
to be captured betweerf; h andf,.

1.2. Properties of (W;d)

From now on we will implicitly assume that(F; d) is a suitable metric space. As many
previous works on curve registration point out (e.g. Vantini (2012)), the chosen warping
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spaceW and the metric d need to jointly satisfy a set of properties:
1.8f 2Fand8h2 W,f h2F;

2. W has a group structure with respect to the composition operator, more precisely
W is a subgroup of the group of the continuous automorphisms R'! R
(see Vantini (2012));

3. givenfy;f,2 Fandh2 W

d(f,;f,)=d(f; h;f, h) (W-invariance ofd) (1.1)

Intuitively, property (1.1) ensures that applying the same warping to two di erent func-
tions f, and f, does not lead them to falsely appear closer or further apart from each
other.

As shown and proven in Vantini (2012), based on the metrid and the properties of the
group W, assuming moreovelVV to be compact and that8f 2 F the mapf W ! F

Is continuous, then one can de ne the following pseudo-metric:

O (f1;f2) = min d(fs hyfz hy) (1.2)

The spaceF is therefore partitioned into a quotient set, from now onF, which can be
coupled with a suitable metric d- : F F ! R* de ned as

dr ([fa]; [f2]) == dw (f1;f2) (1.3)

It is important to point out that given f;f, 2 F, even if there exists a pair of warping
functions (hy; h,) such that (hy;h,) =argmin,_ .,y d(f: hi;f, hy), this couple would
not be unique, sincgh; h;h, h) with h 2 W would still be another minimizing couple,
because of theW-invariance property (1.1). This property and the non-uniqueness of
the warping functions that best align two curvesf; and f, with each other, allow us
without loss of generality to x h; as equal to the identity warping functiorf. This
means that the task of aligning two functions, denoted ak; and f,, can be viewed as
either xing f; and aligning f, to f,, or reciprocally, xing f, and aligning f, to f,.
Following the formality of Vantini (2012), functions f71 2 [f;] and f3 2 [f,] are de ned
as mutually-registered representative®f equivalence classef ;] and [f,] if and only if

LAs proven in Vantini (2012)
2Thanks to the fact that d(f; hy;f, hy) = d(fy hy hll;fz h, h; 1y = d(f1;f2  hs), where
hs:=h, h,?!
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d(f31;12) = de ([f1];[f2]). The need to properly represent an equivalence class with one of
its elements is justi ed by the fact that in practical applications it is more appropriate to
provide results which are in the form of speci c functions, rather than equivalence classes.
Finally, if f7 = f; and h; is the identity element inW, 7 is said to be a registered version
of f, with respect tof;. In this case,fs is referred to asf% ; and, under the assumption
of uniqueness, it can be explicitly written as
2 1 =argmin d(f;f ;)

f2[f2]

One of the conclusions drawn in Vantini (2012) is that, thanks to the partition offF

into the quotient set F, one could interpret the di erence between phase and amplitude
variability as the variability within and between equivalence classes, respectively.

1.3. Aligning multiple functions

Most functional datasets contain more than two functions that need to be aligned, thus
a generalization of the previously explained framework needs to be tackled.

1.3.1. Case of known template

Given a functional datasetf f;g; and a template functionf o, aligningff;g, with respect
to fo simply means replacing each; with

fi o = argmin d(f; f o)
f2[fi]

or, in other words, replacing eacli; with the function in [f;] which is the closest tof .

1.3.2. Case of unknown template

In most practical scenarios the templaté, is unknown, therefore Vantini (2012) proposes
a comprehensive mathematical formulation for the task of aligning the given functions
ff,g",, which consists in looking for a reference functiofy, 2 F such that ffjgl, and
ff’},g are the solution to the minimization problem:

X
min d?(f7; o) (1.4)
fi2[fi]"fo2F i1
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When it exists, the solution to (1.4) is not unique, since iffig; [ f is a solution to (1.4),
thenff7 hg; [ (fo h) is still a solution, as long ash 2 W. Therefore, it is necessary to
Impose a constraint either on the template functioriy or on the warping functionsf h;g,
directly. As suggested in Vantini (2012), out of all the possible equivalent representatives
in [f o], one could chooséy as the template which minimizes the average squared distance
from the functionsff;g’,, i.e. such that

X X
d?(f;fo) = min d*(fi; f) (1.5)
i1 f2[f3] ;_,
In Section 1.4.1 another possible way of choosing a suitable family of warping functions
will be presented.

1.4. Clustering misaligned functional data

To tackle the problem of clustering functional data, a standard approach such as the
"vanilla" k-means algorithm might be inappropriate when there is evidence of misalign-
ment among the statistical units in a functional dataset. In its essence, k-means clustering
is an iterative algorithm that alternates an assignment step and a cluster template up-
dating step, in which, respectively,

~ each statistical unit is assigned a label according to which is tredosestcluster;

" the representative of each cluster is updated as treample meanof the statistical
units assigned to the cluster at a speci c iteration;

In the context of functional data, the choice of metric is critical and the naive pointwise
sample mean might not be a viable way of updating the cluster templates, as it does not
take into consideration the possible misalignment among the functions in each cluster. As
long as these two steps are properly taken care of, the underlying philosophy of k-means
clustering can still be applied to the functional context (see Sangalli et al. (2010); Srivas-
tava et al. (2011); Tucker et al. (2012)), thus providing a generalization of this algorithm
called k-means alignment (KMA, for future reference).

In the following subsections, we will compare two practical applications of the aforemen-
tioned mathematical framework, proposed in Sangalli et al. (2010) and Srivastava et al.
(2011). The latter has been analyzed also in Tucker et al. (2012).
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1.4.1. Strictly increasing a ne transformations

The authors of Sangalli et al. (2010), propose to x the seff as

F=ff: R! RPs.t f 2 L3R;RP); %2 L¥R;RP); f°6 0g (1.6)

and the group of warping functionsW as the set of strictly increasing a ne transforma-
tions
W =fh: R! Rs.t. h(t)= mt+ g; with m2 Rs; q2 Rg 1.7)

Finally, while the theory of Vantini (2012) is based on a notion of distance, the authors
of Sangalli et al. (2010) use a notion of similarity de ned as

R
(i = 1 gl imOf Ot
) = IR TR

N N oy (18)
Poss o f0.(02dt 2, (0)2dt

wheref , andf ,,, are them-th components of the (in general) multidimensional functions
f1 andf,. Despite this, one can nd a clear connection between the two papers by de ning
d:F F! R, as

R

1 0 () Sa(Dt
- ISR IR
Poss  ofo.(02dt 2, (D)2t

<

1

(1.9)

d(f1;f2) =

It is important to highlight that (1.9) is a pseudo-metric. However, as noted in Vantini
(2012), the same results which are valid for the case in whichis a metric, still hold if d
is a pseudo-metric, as long aB is replaced withF, which is the quotient set ofF with
respect to the relationd(f;f,) = 0.
To summarize the main results of Sangalli et al. (2010), given a setlotemplate functions
=ty ann'kg F,8'; 2, letus de ne the domain of attraction (' ) as the
set of functions inF which, when aligned in the "best" way possible, are the closest to
the j -th template out of all the others in' . Namely:

i()=Fft2F:sup (j;f 09 sup (";f g) 8r6jg j =125k

g2w g2WwW

From now on, the symbol (' ;f) will be used to indicate the label assigned to function
f out of k clusters represented by thé templates in' , i.e.

(f)=minfj :f 2 (g
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Given a datasetff;gL, , the mathematical formulation of the problem consisting in clus-
tering n misaligned functional data intok clusters according to the framework of Sangalli
et al. (2010) is:

1. nd a set of cluster templates’ = f' ;" 5;:" g F and a set of warping
functionsh = fhy;hy;:i;hhg W such that

X X
¢ caroifi ) (~ ¢=riys fi W) (1.10)
i=1 i=1
for any set ofk functions '~ = f'~;'-;::'vg  F and for any set of warping
functions = fhy;hy; g W

2. 8i =1;::;n assign and alignf; to cluster (' ;f;) using the corresponding warping
function h;

As previously noted in Section 1.3.2, this problem is not well posed, since it is guaranteed
thatif (' ;h) isasolution of (1.10) then(f' 1 ai;' 2 G5 n GG fh ¢4y g h ¢4y
Qi h ety On0) 8fgr; ;g W is a solution as well, thanks to theW -invariance
property. ‘Since problem (1.10) is not analytically solvable, the authors of Sangalli et al.
(2010) propose an alternative iterative procedure.

Let us de ne' = 1" 4 u;' oa us " e n0as the set of cluster templates at iteration

la 1]
g 1. Moreover, x ff7j o 1];fi)gi”:1 (shortly referred to asffigiL,; coherently with the
observations of Section 1.2) as the set of functions aligned to the representative of the
corresponding cluster . )"

!

—I{q
At iteration g the algorithm performs the following steps:

1. Template updating step : nd the set of new cluster templates’
estimated scatterplot smoothing (LOESS; see Cleveland (1979));

q USing locally

2. Assignment and alignment step : for eachi = 1;2;:::;n, f7 is clustered to
( [q];fT) and aligned to" . o) through an optimal warping function h;q;
— gl

3. Normalization step : for each clusterj = 1;2;:::;;k, the average warping function
hj @ IS computed

X
h. 1

[
N
I (7[q]y )=

Rt (1.11)

whereN;q is the cardinality of the j -th cluster at the current iteration. Then, each
function f7 is warped once again using the inverse of the average warping function
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of its cluster, i.e.

o hegm
As explained in Section 1.3.2, the normalization step is used to select one speci ¢ warping
function out of the in nitely many possible solutions to the within-cluster alignment task.
Contrary to the constraint (1.5), the choice for the normalization step detailed in (1.11)
ensures that the average warping undergone by curves belonging to the same cluster is the
identity transformation®. The R packagefdakmao ers an implementation of this version
of the k-mean alignment.
The mathematical framework proposed in Sangalli et al. (2010) and shortly presented in
this section, o0 ers many advantages and presents some drawbacks, concerning its applica-
tion within the scope of this thesis. One of the main positive aspects is that reducing the
group of warping functions to the set of a ne transformations with positive slope, greatly
simpli es the choice for a metric that satis es property (1.1). Moreover, if no limita-
tions were applied to the alignment, then the registration step would "over t", meaning
that points in the abscissa which shouldn't be linked with each other, would wrongly
be matched together. Over-aligning functions happens when noise is aligned, instead of
signal. Some possible drawbacks of this mathematical framework are:

1. the function d is only a pseudo-metric;
2. the computational cost of each cluster's template updating step is quite cumbersome;

3. tuning some hyperparameters involved in the algorithm is complicated considering
point 2.;

4. although the original curvesff;g., are de ned on the same domain, after the
alignment step their domains will change;

Although the rst point does not present any issues from a theoretical point of view, a
possible solution could be to, for example, impose that the warping functions\ have a
slope coe cient equal to one. With this choice, it is possible to use as metric a normalized
version of theL? distance, i.e.

qdR
o(fa(t)  fa(t))2dt

d(fy;f2) = iDj

(assumingp =1)

whereD is the overlap between the domains df; and f».
A possible solution to the second issue could be to modify the template updating step,

3As proven in Sangalli et al. (2010), this property holds thanks to the choice oW
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replacing LOESS with other suitable regression techniques. To this goal, the R package
fdakma has been suitably modi ed to enable the use of alternative template updating
techniques, including smoothing splines, B-splines, as well as tree-based regression models
such as LightGBM and XGBoost. According to the framework presented in this section,
the clustering and alignment tasks are jointly taken care of, hence choosing a specic
way of updating the cluster templates will a ect the number of iterations needed for the
algorithm to converge. Indeed, if the cluster templates are poorly updated, then it will
take more time to the model to reach a conclusive partition of the dataset.

Regardless of the proposed possible solutions to the computational issues, the fourth
point presents the most challenging problem of this mathematical framework: since the
result of the alignment proposed by Sangalli et al. (2010) and implemented in the R
packagefdakmais a set of functions ultimately de ned on di erent domains, any post-
processing step aimed at interpreting the clusters might be quite problematic. While it
is true that the normalization step helps in keeping the drifting away of the curves and
the clusters' templates under control and despite the fact that usually phase variability

is relatively mild (see Vantini (2012)), there is no guarantee that the overlap between
the functions' domains after their alignment will be su ciently wide to allow for an
appropriate comparison of the signals between and within the clusters.

For these reasons, we decided to explore an alternative mathematical framework, presented
in Srivastava et al. (2011) and Tucker et al. (2012).

1.4.2. Square root velocity functions

The authors of Srivastava et al. (2011) and Tucker et al. (2012) choose to work with the
set of absolutely continuous functions and with warpings which are orientation-preserving
di eomorphisms. From now on we will assume that the functions in the dataset are
de ned on the compact interval [0; 1]. To be precise,

F=ff :[0;1]! R s.t. f is absolutely continuoug (1.12)
W =fh:[0;1]! [0;1]s.t. h(0)=0; h(1)=1; his a di eomorphismg (1.13)

It is important to stress that the group W introduced in Section 1.4.1 is not included
in the group proposed in Srivastava et al. (2011) since the identity element is the only
a ne transformation with positive slope, de ned on [0; 1] and satisfying the boundary
properties in (1.13).

The choice for the metric to couple withF needs to be such that property (1.1) holds,
l.e. it needs to be invariant with respect to domain warping. To do so, the authors of



14 1| Mathematical framework

Srivastava et al. (2011) and Tucker et al. (2012) propose a Riemannian metric, which is
based on an inner product de ned on the tangent space to a point on the manifok.
In particular, the choice of the Fisher-Rao Riemannian metric is explored: the distance
drr (f1;f2) between two functionsf; and f, belonging to the manifoldF is the length of
the geodesic path connecting; and f, on F. This metric is explored since, according to
Srivastava et al. (2011),d-r satis es the W-invariance property. Namely, givenf, 2 F
andf, 2 F,

der(f1;f2) = der(f1 h;fo h) 8h2 W

Finding the geodesic path connecting two points (functions) on the manifol is quite
involved, however in Srivastava et al. (2011) an alternative and equivalent formulation of
the problem is proposed. Thanks to the absolute continuity of the functions iR and to
the fundamental theorem of Lebesgue integral calculus, it is possible to map each function
in F to an equivalent representative through a bijective map: given a functioh 2 F, its
SRVF (square-root velocity function) representativeg : [0;1] ! R is a continuous map
de ned as

8
<p)_ jff(t)60
ot)= . =i (1.14)

0 otherwise
Sincef is assumed to be absolutely continuous, its SRVF representativgbelongs to
S := L?([0;1];R) and f can be uniquely identi ed through the pair (f (0); g). Notice that
g alone is not su cient to representf, since the value of the function in a given point is
needed as well.
As proven in Srivastava et al. (2011),

" under the SRVF representation, the Fisher-Rao Riemannian metric becomes thé
distance, i.e.der(f1;f2) = jjoh  jjL,, Whereq, and @, are the representatives for
f1 and fz;

p _
" if gis the representative forf , then (q;h) := (q h) his the representative forf h
8h 2 W;

" 82 Sand8h2 W, ji(a;h)  (Rih)jj, = i i,

Table 1.1 contains the main links between the original space of functiokRsand the space
of the SRVF representatives, under the framework of Srivastava et al. (2011) and notation
of Vantini (2012).
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Original space F SRVF space S
Distance d d(f1;f2) = drr (f1:f2) d(o; @) = i L,
P p—
Pseudo-metric  dw dw (f1;f2) = inf der(f1if2 h) | dw(qi)= inf ja (& h) hj,
Distance (on F and S) de ([F1];[f2]) = dw (f1;f2) ds([on]; [p]) = dw (au; )

Table 1.1: The rst column presents the formalism of Vantini (2012) from the point of view of
the spaceF, while the second one is from the point of view of the square-root velocity functions.

The quotient setF is induced by the relationdy (f 1; f2) = 0, hence the orbit[f ] is de ned
as

[f1=ff hwith h2 Wg

On the other hand, the orbit of the SRVF representativeg 2 S of a functionf 2 F is

D

[d=f(@N=(g h) hwihh2Wwg

l.e. it is the set of the representatives of all the functions ifr which are a registered
version off . According to the notation in Srivastava et al. (2011),S denotes the set of
all these orbits.

After having introduced this formalism, the alignment procedure described in Srivastava
et al. (2011) follows the same overall reasoning of Vantini (2012): given a data$étg’, ,
the rst step is to construct its SRVF representativefggy,. The second step is to
compute the Frechet mean of [a1]; [&]; :::; [ch]g under the distanceds. Note that, since
ds is de ned on the quotient set ofS, the Frechet mean is actually an orbit of functions
in S*. For this reason, one needs to select one speci ¢ candidate for the orbit.

As the focus of this thesis lies not just in aligning multiple functions, but rather in
clustering misaligned functional data, we will now dedicate the next section to a possible
solution towards this goal proposed by Srivastava et al. (2011) and Tucker et al. (2012).

4this is precisely the problem of the non-uniqueness of the solution to the alignment problem, as
explained in the previous sections



16 1| Mathematical framework

1.4.3. Clustering misaligned functional data in the SRVF do-
main

A practical implementation of both the functional clustering model and the aforemen-
tioned mathematical framework to register functional data is o ered by thedasrvf R
package, by J. Derek Tucker and Aymeric Stamm. Algorithm 1.1 presents the main steps
followed by the model proposed in Srivastava et al. (2011) and applied to the task of
clustering a given dataset f ;; f,; ::;; f,g under the assumption of misalignment. The best
warping function in step number 4 in Algorithm 1.1 is found using a dynamic programming
algorithm which keeps under control the over-alignment tendencies of the model through
parameter : the higher , the less alignment is allowed. As noted in Guo et al. (2022),
the over-alignment tendencies of this framework represent its most signi cant issue, hence
parameter needs to be tuned appropriately (more on this in Section 3.1). Furthermore,
as noted in the previous sections, a normalization technique (step 14) is used to select
a speci ¢ solution to the alignment problem. Finally, notice that the template updating
procedure (step 20) is performed by computing the pointwise average of the SRVF repre-
sentatives of the functions belonging to a speci c cluster and that the algorithm stops as
soon as the maximum number of iterations is reached or if the new cluster templates are
close to the old ones. The implementation of this model is suited for parallel calculations
with respect to the numbern of functions belonging to a cluster.

More details on the clustering model can be found in Srivastava et al. (2011) and Tucker
et al. (2012).
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Algorithm 1.1 K-mean alignment algorithm under the SRVF framework
1: Fix number of clustersk, maximum number of iterationsM and threshold
2: Initialize cluster templatesf' 1;' 5;:::;" kg and compute their SRVF representatives
f 1 2000 k0
3: Compute the SRVF representatives of the datasdta; op; :::; hg
Find the best warping:
4: for j =1;2;::kdo
: fori=1;2:ndo
6: Find h; =argmin jj ;  (g;h)jj.,
h2w

7 ComputeDji = jj j  (g;hy)iic,
8: end for
9: end for
Assignment and alignment step:
10: for i =1;2;::;;ndo

11:  Assigni-th function to cluster ; = argmin fDj g
j=1;2;5k

12:  Align the i-th function accordingly: f;  f; h; .

13: end for

Normalization step:
14: for j =1;2;::k do
15.  Compute the Frechet mearﬁj of fhig. ,=; under derg
16: end for
17: for i =1;2;::;;n do
18 f; f; (h)?
190 g (g:(h,) Y
20: end for
Update cluster templates and check convergence:
21: for j =1;2;::;;k do

22:  Compute [V = gIfi: i=jgj
fi: i=jg

23: end for

24: it it+1 p ) o -
25: Compute = 1 < %
26: if it =M or then

27:  stop

28: else

29:  Go back to step 4

30: end if
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2 ‘ The dataset

In Chapter 1 we provided a brief explanation of the mathematical background on which
this thesis is based. Before presenting the model proposed to uncover the climatic changes
pertaining to the Fennoscandian Peninsula, it is necessary to describe how the data have
been collected, motivate the assumptions raised in the introduction and explain the cli-
matological information carried by the signals of each lake. As previously noted, the
data analyzed in this thesis come from three lakes located in three di erent geographical
regions: lake Kassjon (6355' N, 20° 01" E), located in the northern Swedish region of
Vasterbotten, lake Korttajarvi (62°20 N, 25° 41' E) and lake Nautajarvi (61° 48' N, 24°

41' E), both located in Finland.

Figure 2.1: Location of lake Kassjon, Korttajarvi and Nautajarvi






	Abstract
	Abstract
	Contents
	Introduction
	Mathematical framework
	Data registration
	Properties of (W, d)
	Aligning multiple functions
	Case of known template
	Case of unknown template

	Clustering misaligned functional data
	Strictly increasing affine transformations
	Square root velocity functions
	Clustering misaligned functional data in the SRVF domain


	The dataset
	The Kassjön dataset
	The Korttajärvi and Nautajärvi data sets

	Methodology
	First-level clustering
	Initial weather cluster templates
	Mitigating the over-alignment
	Choosing the number of weather types k

	Second-level clustering
	Bagging Voronoi algorithm
	Cell representative
	Clustering model M


	Model choices
	Tuning the temporal resolution parameter L
	Selecting the number of climate types K
	Analysis on the agreement
	Stretching the timeline - from unsupervised to supervised

	Climate interpretation
	Climate clusters interpretation
	Climate clusters for Kassjön
	Climate clusters for Korttajärvi
	Climate clusters for Nautajärvi
	Final remarks


	Conclusions and future developments
	Bibliography
	Appendix
	BVKMA
	Evidence of agreement in the weather types

	List of Figures
	List of Tables
	List of Symbols
	Acknowledgements

