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Abstract

Since the early 2000’s online advertising has be-
come one of the main revenue sources for compa-
nies, which have been using it to advertise their
content and sponsor their goods. One of the
main application fields for online advertising is
search advertising, where the search engines sub-
mit to their users some sponsored contents next
to the organic results. The way in which the
displayed advertisements are selected is through
a suitable auction mechanism. Mechanism de-
sign is a well studied sub field of game theory,
and the problem of auctioneer’s mechanism se-
lection and advertisers’ bidding strategy have a
solid base in literature. However, very few stud-
ies have analyzed auctions in the context of e-
commerce, namely sponsored auction with price
display, where advertisements are associated to
a price for the sponsored good and customers’
clicks are influenced by the comparison of those
selling prices. In this work, we initially formalize
the extension of a well known bidding strategy
for the generalized second price auction, the bal-
ance bidding, to the scenario with price display-
ing. Our main result consists in the proposal of
a new auction mechanism based on GSP that is
guaranteed to converge to its equilibrium if ad-

vertisers bid according to the extended bidding
strategy when prices are fixed. We also study
the efficiency of the equilibrium with respect to
a parameter of the mechanism called cut price,
proposing a randomized algorithm that guaran-
tees a lower bound of the equilibria social welfare
in expectation. Lastly, we provide some exper-
imental results, in order to empirically analyze
the average convergence time and the average
efficiency for different auction settings.

1. Introduction

1.1. Goal

The goal of this thesis is to study a particular
case of sponsored search auction we called spon-
sored search auction with price display, where
advertisers aim to sell some good through their
ads. This new framework introduces an exter-
nality among the ads, since when similar adver-
tisements are shown along with their prices the
users are induced to compare them to each other,
and they are more likely to click on ads associ-
ated to a lower price. This preference will be
modeled as a function, called quality, of the dis-
played selling prices, which determines the click
probability of the ads. The problem of designing



a suitable auction mechanism represents a chal-
lenge, since the allocation of an ad can, in prin-
ciple, affects the click probability, and thus the
utility, of all the agents taking part to the game.
We will focus our attention on studying the con-
vergence property of the auction, by proposing
a mechanism that is guaranteed to converge to a
Nash equilibrium when advertisers bid according
to a myopic best response bidding strategy and
the selling prices of each ad are constant over
time. We will also study the efficiency in terms
of social welfare of the reached equilibria with
respect to the optimal allocation, and run some
experiments to validate and empirically evaluate
our results.

1.2. Related works

Edelman et al. [4] studied the equilibria of GSP
auction, defining a notable class of equilibria
called locally envy-free equilibria. They also
showed that the untruthfulness of GSP can re-
sult in instability and bidding wars among the
advertisers. On the basis of their work, Cary
et al. [2] and Bu et al. [1] independently stud-
ied a myopic best response bidding strategy for
GSP auction, which they called, respectively,
Balance Bidding and Forward Looking. They
proved that when advertisers bid according to
that strategy, the auction is guaranteed to con-
verge to a Nash equilibrium where the agents’
utility and payments are the analogous to the
one of VCG auction.

Castiglioni et al. [3] studied the sponsored search
auction for price displaying, proposing both a
VCG and a GSP indirect revelation mechanism
for this class of auctions. They also studied the
equilibria of the auction, analyzing the efficiency
in terms of social welfare and auction revenue.

1.3. Original contribution

In this work, we study whether the extension to
the price displaying setting of the bidding strat-
egy studied by Cary et al. [2] and Bu et al. [1] can
guarantee some convergence results. In particu-
lar, we first show that the GSP indirect revela-
tion mechanism proposed by Castiglioni et al. [3]
is not guaranteed to converge under this bidding
strategy. We propose a new auction mechanism
based on GSP called MS5F(p*), dependent to
a parameter p* called cut price, that is guar-
anteed to converge to an equilibrium for some

cut price selection policies when selling prices
do not change over time. We study the efficiency
in terms of social welfare of this equilibria, and
propose a randomized algorithm to select the
cut price in order to ensure an efficiency lower
bound. We conclude the work by analyzing some
experimental results to empirically evaluate the
relationship between the convergence time and
the efficiency with respect to some auction set-
tings.

2. Background

2.1. Generalized second price

In a GSP auction, a set of N agents compete to
be allocated in one of M available slots. Each
slot is associated with a prominence A; € [0, 1]
such that \; > A;V¢ < j, that represents the
probability to observe the slot j. Each advertiser
is associated with a value v; € R that he will
collect every time his ad is clicked on. When an
agent takes part to the auction, he submits a bid
b; € R that represents that maximum amount he
declare being willing to pay for a click on his ad,
which can be updated any time. The mechanism
assigns the ads to the slot in decreasing order of
bid, and charges each allocated advertiser with
an auction cost m; equal to the next higher bid.
GSP is a non truthful mechanism, which means
that bidding b; = v; is not a dominant bidding
strategy, and thus advertisers need to elaborate
complex bidding strategy to maximize their util-

ity.
2.2. GSP bidding strategy

Cary et al. [2| and Bu et al. [1] both studied
the same myopic best response bidding strategy
for GSP, which they called, respectively, Bal-
ance Bidding (BB) and Forward Looking (FL).
The idea on which this bidding strategy relies is
that when an agent myopically targets the slot
j* that maximizes his utility, he can select his
bid in the range (m;(j*), mi(j* — 1)), where m;(j)
is the auction payment of player ¢ for being al-
located to the slot j. Thus, a tie breaking rule
needs to be applied.

Definition 2.1 (Balance Bidding). The Bal-
ance Bidding strategy is the strategy for a player
1 that, given b_;, targets the slot 7* which max-



1mizes his utility

jt= arg;{nax{/\j(vi —mi(4))}

and chooses his bid b as to satisfy the following
equation:

Aje (05 — m5(5%)) = Aje—1(vi — b}).

If j* is the first slot, he (arbitrarily) bids b, =
vﬁrm(l)
R

The rationale behind BB strategy is that an
agent wants to bid high enough to be allocated
to his favourite slot, but not as high as to pos-
sibly regret being undertaken by another adver-
tiser. If an agent cannot be assigned to any slot
for any bid b; < wv;, his best response is to bid
b; = v;, since GSP is individually rational when
agents do not overbid, and overbidding is a dom-
inated strategy. The following result holds:

Proposition 2.1. If all players follow the BB
strategy in an auction with all distinct X’s and
asynchronous bidding, then the system converges
to its unique fized point. At this fixed point the
revenue of the auctioneer (and the payment of
each player) is equal to the one of the VCG equi-
librium.

3. Sponsored auction with price
displaying
3.1. Model

In a sponsored search auction with price display-
ing (SSAPD), a set of N advertisers competes
to be assigned to one of the M available slots,
each one associated to a prominence \; € [0, 1]
representing the visibility of the slot, and such
that \; > A\;Vi < j. Bach ad competes for a
single good and is associated with a selling price
pi € R>p, which is the price displayed on the ad.
We will assume the selling prices as fixed in time
for each ad: even if, in principle, an advertiser
could change his good price at any time, in many
practical scenarios this change is at most abrupt.
For each ad a;, we call the production cost of the
sold good as ¢; € R and the buy probability of
the item if the ad is clicked as «; € [0, 1]. Thus,
the gain of the advertiser i is u; = a;(p; — b;).
The pair (aj,c;) represents the type 6; of the
advertiser. In an indirect revelation mechanism,
each advertiser submits to the auctioneer a bid

b;, which represents the declared gain of the ad-
vertiser for the ad a;, and we say that the agent
do not overbid if b; < p;. An allocation A is an
assignment of the ads to the slot that is repre-
sented by a function f: N — M U L such that
there is at most one ad per slot, and for all the
ads not assigned to any slot in M it is f(i) = L.
Each advertiser that joins to the mechanism is
charged with a per-click payment m; € R.

Since the ads’ click probability is affected by
the comparison of the users among the displayed
ads’ selling prices, we call ¢; € [0, 1] the proba-
bility (called quality) that the ad a; is clicked,
conditioned on its observation. We consider the
quality as independent from the advertisers, and
so a function of the selling price profile only. It
will also be assumed that ¢; : RT x RT — [0, 1],
where q;(pi, pmin) denotes the player i’s quality
when his price is p; and ppmin = ming. p)21 P
is the minimum price among the displayed ads.
Moreover, given pmin, qi(Di; Pmin) 1s non strictly
monotonically decreasing in p; and, given p;, is
non strictly monotonically increasing in pyun.
This assumption is due to the fact that users
will compare the advertisements based on their
prices, and their interest in a specific ad will de-
crease with the price difference with respect to
the others.

We will refer as declared (expected) value to
the value 0;(f,p,b;) = )\f(i)qi(pi,pmm)bi com-
puted with the declared gain b; in the allo-
cation f, while the (true expected) value is
v(f, P, bi) = N (i)@i (Pis Pmin) i (pi — ¢i). The ex-
pectation is referred to both the click probability
A#(#)%i(Pi» Pmin) and the buy rate ;. The social
welfare of the allocation f with respect to the de-
clared gains b is sw(f,p,b) = > ;cy Ui(f, P, bi),
while the true social welfare is sw(f,p,b) =

ZiEN 'Ui(fapa bz)
3.2. SSAPD bidding strategy

We investigate whether the BB strategy man-
tains its convergence property in a SSAPD sce-
nario. We start by formalizing the price depen-
dent version of the bidding strategy.

Definition 3.1 (Balance Bidding for Price Dis-
playing). The Balance Bidding for Price Dis-
playing (BBPD) strateqy is the strategy for
player i that, given b_; and p = (p1, ..., pn), tar-
gets the slot .71* = arg maxs{)‘SQi(pi)pmin)(ﬂi -
7i(8))} which mazimizes his utility and chooses



his bid b} for the next round so as to satisfy the
following equation:

A< @i (Pis Pmin) (i — mi(57))
= Ny —1Gi(Pi, Prmin) (i — bl)

If 5 is the first slot, we (arbitrarily) choose b’ =
wi. If an agent cannot be allocated to any slot
without overbidding, he bids V' = p;.

Starting from BBPD, we define an extended ver-
sion of the bidding strategy.

Definition 3.2 (Extended Balance Bidding
for Price Displaying). The FExtended Balance
Bidding for Price Displaying (EBBPD) is the
strateqy for player i that, given b_; and
p = (p1,...,pn), targets the slot jf =
arg max { Asq;(pi, Pmin) (i — mi(8))} which maz-
imizes his utility and chooses his bid b, for the
next round as:

b, = max {BBPD(b_;,p),b}
where b is such that b= minb; : f*(i) = j*.

3.3. Auction mechanisms for SSAPD

Castiglioni et al. [3| studied the equilibria
efficiency of the GSP-based mechanism MIGSP )
where the allocation function f assigns the
advertisers to the slots in order to maximize
the declared social welfare, and the auction
prices are charged in a second price man-
ner: being k£ the number of allocated ads,
T = A()q(Pj Pmin)b; if f(i) < k, where j
is such that f(j) = f(i) + 1, while m;, = 0
if p, < pminVh such that f(h) = L, mp =

/\f *(k) MAXjip:>pim & F5( J_{QJ (pjypmm)b }
otherwise. For all the agents such that f(i) = L
it is m; = 0.

We show that the following result holds:
Proposition 3.1. When advertisers bid accord-
ing to EBBPD, the mechanism M?SP 18 not

guaranteed to converge to an equilibrium.

We propose a new auction mechanism based on
GSP called M(?T*ZP (p*), where p* is a parame-
ter called cut price. The mechanism works as
follows. Given the bids and the selling prices
profiles, the ads in N’ = N\{a; : p; < p*}
compete in the game, while the ones whose
selling prices are lower than p* are discarded.
The remaining ads are sorted by q(p;, p*)b;.
We refer to such sorting function as o, and
to the first M ads according to o as N,.

As a last step, the ads in N, are assigned
to the slots by the allocation function f* =
MAX . £ (1) L VieN, D Af(i)%i(Pis Pmin)bi. We say
that, for all agent i € N\N, it is f*(i) = L. In-
formally, the selected allocation is the one that
maximizes the declared social welfare among the
ones that assign all the ads in N,.

If £ ads are allocated, the mechanism charges

each ad such that f*(i) < k with a per click

) ) , b
auction price of m; = %, where j is
Hmin

such that f*(j) = f*(i) + 1. For the ad such
that f(i) = k, instead, the payment is m; =
maxXe .+ (7)=114; (Pj> P*)b; }/ 6 (P Prin)-

A graphmal representation of the mechanism
MESP (p*) is shown in Figure 4.
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Figure 1:  Graphical example of MY5F(p*)

mechanism workflow in a 5 players and 2 slots
game. In the first step, the ads with a selling
price lower than p* are discarded. Then, remain-
ing ads are sorted by o. Lastly, the top 2 ads
according to o are allocated by f*.

The following result hold for the mechanism

MG’SP( )

ord
Theorem 3.1. The mechanism MSSP(p*) is
weakly budget balanced and individually rational

i ex-post if agents do mot overbid.

The non overbidding assumption is reasonable,
as overbidding is a dominated strategy for the
advertisers.

3.3.1. M5 (p*) cut price

The cut price p* is a parameter of the mechanism
that affects the allocation for a given bid and
price profile b and p. The rationality behind this
parameter relies on the fact that when the ad-
vertisers need to be allocated, they are selected
accordingly to the ordering o, and the agents
with higher selling prices can be penalized with



respect to the others, eventually affecting the so-
cial welfare. In a repeated auction, the cut price
could, in principle, change for different instances
of the mechanism. We will call a cut price selec-
tion strategy as cut price dynamics. Being the
mechanism individually rational, a reasonable
assumption is that every rational agent prefers
to be allocated rather than not. Thus, if at any
time an agent does not select a bid that grants
him a slot, it means that he can not be allocated
without overbidding. Based on this assumption,
we define a particular cut price dynamic.

Definition 3.3. Consider a SSAPD based on
MESP(p*). At any time t, let B C N be the set
of non discarded agents whose last submitted bid
did not grant them a slot in the next iteration of
the auction and K = {a; : p; = p*Vi € N} the
set of agents such that their selling price is equal
to the cut price. We call D the cut price dynamic
that selects for the auction at time t + 1 a cut
price p*’ = min{p; : p; > p*Vie N} if K C B,
or p*’ = p* otherwise.

3.4. Properties of M&5F

ord

We summarize the main properties of Mg’;flp .

Our main result concerns the convergence prop-
erty of the mechanism.

Theorem 3.2. A repeated SSAPD based on the
mechanism MGSP( *) that implements D con-
verges to its Nash equilibrium for all the initial
cut price p* when selling prices are fixed and the
agents select their bids accordingly to EBBPD in
a random and asynchronous way.

We studied the equilibrium’s efficiency in terms
of social welfare of the proposed mechanism.
The results are stated in the following.

Theorem 3.3. The PoS of the social welfare
for the mechanism MSF (p*) can be arbitrarily
large for some cut prices p* when the agents se-

lect their bids accordingly with the EBBPD strat-
eqy.

Theorem 3.4. In a SSAPD implementing
MESE (p*) where agents select their bids accord-
wngly with EBBPD, there is at least one cut price
p* such that the mechanism converge to an equi-

librium that mazimises the true social welfare.

Thus, the social welfare of the mechanism equi-
librium can span from arbitrarily bad to the op-
timal one for some initial cut price p* when the

advertisers bid accordingly to EBBPD. We pro-
pose a randomized algorithm over the initial cut
price that ensures an efficiency lower bound in
expectation.

Definition 3.4. We define as Partg(N) =
{N1, Na, ..., N} a partition over N such that

N; ={a; : q(p;j, min{p € N;}) > p}

q < q(p,p).

We will refer as P(Partg(N)) to the set of sell-
ing prices such that

P(Partg(N))={p:p= HGL}\Ifl p; V. N; € Partg(N)}.
JEN;

Given the defined partition over the agents, we
state the following efficiency result.

Theorem 3.5. In a SSAPD implementing
MGESE(p*) where the cut price dynamic is D
and agents update their bids accordingly to
EBBPD, if the initial cut price is selected from
P(Partg(N)), then the social welfare at the equi-

librium is in expectation at least of the

|Part
optimal social welfare.

This result is extended by the following bound-
ing of the partition’s cardinality.

Theorem 3.6. For a general quality function
q(p, Pmin) and a given quality threshold q, it is
possible to compute a partition Partg(N) such
that

(Party(V)|< ’V(maXiENpi _minieNpi)-‘
qu

where

Apg = ?g}pz — max{p; : ¢(Pi, pi) > q,Di > pi}-
Corollary 3.1. For a k-Lipschitz quality func-
tion q(p, pmin) and a given quality threshold q, it
is possible to compute a partition Partg(N) such

that

]Partq(N)|§ ’V(maXiGN Di — mHIfGN pl)k—‘
q(p;p) — q

4. Experiments

We highlight some significant experimental re-
sults in order to analyze the convergence time
and the equilibrium efficiency of the mechanism



Mg:flp . The experiments are related to a sig-

moid like quality function in the difference of the
selling price and the minimum displayed price.
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Figure 2: Average convergence time in terms of
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5. Conclusions

In this work we approached a particular case
of sponsored search auctions called "sponsored
search auctions with price display", which dif-
fers from the classic one by showing the users a
price for each advertised ad, introducing a new
externality among the customers. We formal-
ized a bidding strategy for SSAPD as an ex-
tension of the GSP bidding strategy studied by
Cary et al. [2] and Bu et al. [1]. We proposed
a new GSP based allocation mechanism, namely
MESE (p*), showing that it is guaranteed to con-
verge to an equilibrium when agents bids accord-
ing to the described bidding strategy and a pa-
rameter of the mechanism, called cut price, is
properly updated. Then, we studied the social
welfare efficiency of the convergence equilibria,
proposing a randomized algorithm over the cut
price in order lower bound guarantees. Lastly,
we run some experiments to empirically evalu-
ate the convergence time and the efficiency with
respect to some auction settings.
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