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1. Introduction
A binary asteroid environment is characterized
by a low-gravity field where small dynamical
perturbations affect significantly the dynamics
[3]. Consequently, trajectory design for space
exploration missions targeting small solar sys-
tem bodies is challenging, especially for space-
craft with a limited control authority. In the
near future, two missions part of the Asteroid
Impact and Deflection Assessment (AIDA) in-
ternational collaboration are scheduled to visit
the (65803) Didymos binary system: NASA’s
DART, and ESA’s Hera. The former is ex-
pected to conduct a kinetic impact experiment
on the smaller body Dimorphos, while the latter
is expected to study the effects of the impact.
They both plan on deploying CubeSats in the
proximity of the Didymos system, therefore rais-
ing the need for methods to find quasi-periodic,
bounded orbits in the proximity of the double
asteroid.
The circular restricted three-body problem
(CR3BP) is far from being representative of the
dynamical environment close to the Didymos–
Dimorphos system. A perturbed bi-elliptic re-
stricted four-body problem (BER4BP) including
solar radiation pressure (SRP) is better suited

for a more accurate representation of the real dy-
namics. However, periodic orbits around Didy-
mos vanish in the perturbed BER4BP since
the problem is non-autonomous and only quasi-
periodic solutions exist.
The goal of the paper is to show how Lagrangian
descriptors (LDs) [5] can conveniently reveal re-
gions of bounded motion in double asteroid en-
vironment. For this purpose, resonant periodic
orbits about the secondary are computed in the
CR3BP starting from a family of distant retro-
grade orbits (DROs) through differential correc-
tion and inspected against the LD scalar field
for regions classification. The LD scalar field
of the perturbed BER4BP is visually examined
to identify solutions that persist about Dimor-
phos. Results indicate that regions of bounded
motion still exist, regardless of the perturba-
tions. Overall, LDs provide insightful dynamical
information and are more efficient than other
chaos indicators typically used in astrodynam-
ics, which usually require the computation of the
state transition matrix.

2. Equations of motion
The perturbed bi-elliptic restricted four-body
problem (PBER4BP) asks for the motion of
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a particle in a gravitational field generated by
three massive bodies moving in elliptical orbits
and exposed to the SRP perturbation.
Let the primaries be Didymos (D1) and Di-
morphos (D2). The model is expressed in the
synodic reference frame centered at the pri-
maries barycenter, which rotates and pulsates
to keep their distance equal to one [4]. Let
� = mD2=(mD1 + mD2), where mD1 and mD2

are the masses of D1 and D2, respectively. The
positions of D1 and D2 are (-�, 0, 0) and (1-
�, 0, 0), respectively. The equations of motion
(EoM) are scaled such that the sum of D1 and
D2 masses is set to one as well as their distance,
and their period is scaled to 2� [4].
By designating the primaries true anomaly f as
the independent variable of the system, the EoM
are [3, 4]
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where _(�) and �(�) denote the first and second
derivatives with respect to the true anomaly f ;
� is the true anomaly of the double asteroid
barycenter (D) with respect to the Sun (S) and
its derivative is obtained through the chain rule
[4]; r = (x; y; z) and rS = (xS ; yS ; zS) are the
non-dimensional position vectors of the space-
craft and the Sun, respectively, expressed in the
synodic reference frame; �(�), a(�), and e(�) refer
to the gravitational parameter, the semi-major
axis, and the eccentricity of the body (�), respec-
tively (see Table 1). Then, 
 is the potential

function that reads:
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where rD1 and rD2 are the distances from Didy-
mos and Dimorphos, respectively. The nondi-
mensional coefficients �, �, and 
 are computed
as
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where P0 = 4:56 N km�2 is the solar radiation
pressure at 1 AU; dAU = 149 597 870:700 km
is the Astronomical Unit; Cr = 1:2 is the as-
sumed reflectivity coefficient; A = 1:8 m2 is the
assumed Sun-projected area on the spacecraft
for SRP evaluation; m = 10 kg is the assumed
spacecraft mass. TU and LU are the normaliza-
tion factors given by
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The Sun position vector is retrieved according
to

rS = A1 A2
1

LU

aS(1� e2
S)

(1 + eS cos �)

24cos �
sin �

0

35 : (4)

where A2 is the rotation matrix from the he-
liocentric perifocal to the ecliptic frame and A1

Table 1: Parameters related to Didymos–Dimorphos binary system.

Physical Parameters Heliocentric Orbit Binary Orbit
Unit Value Unit Value Unit Value

� - 9:214 228� 10�3 eS 0.38384 eD 0.03
�D km3 s�2 3:522 601� 10�8 aS 1.64420 AU aD 1.19 ± 0.03 km

�S km3 s�2 1:327 124� 1011 iS 3.40795 deg iD 174 deg

- - - 
S 73.19580 deg 
D 40 deg

- - - !S 319.32295 deg !D 0 (assumed) deg

- - - TS 770.07519 Days TD 11.920+0.004/-0.006 Hours
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Figure 1: LD scalar field in the CR3BP at different z slices.

maps the rotation from the ecliptic to the rotat-
ing pulsating reference system. These transfor-
mations are computed as in [1], with the param-
eters in Table 1.

3. Methodology
3.1. Lagrangian descriptors
LDs allow investigating the geometric pattern
of structures that govern transport in phase
space. Their definition and heuristic arguments
explaining why they are effective are presented
in [5]. In this study, we used the following LD
definition

M(x0; ff ) =

Z ff

0
jF (x(f))j df; (5)

where jF (x(f))j = k _xk is a positive bounded
scalar, x = [x; y; z; _x; _y; _z]> is the phase space
state and _x = [ _x; _y; _z; �x; �y; �z]> is its derivative.
In [5], an extensive class of different LDs was de-
fined based on the integrand, the selected norm,
and the integration interval. In this work, we use
one LD that is computed with forward integra-
tion, since we are interested in the future evolu-
tion of initial conditions (ICs). The LD is com-
puted appending its integrand to the space state
equations with a zero initial value and propagat-
ing the extended dynamics.

3.2. Spatial resonant periodic orbits
In the circular problem, bifurcations from a pla-
nar family of distant retrograde orbits (DROs)

generate spatial resonant periodic orbits [2]. To
build them, the eigenvalues and eigenvectors of
the monodromy matrix of planar periodic so-
lutions are required. If �i and �i are complex
conjugate eigenvalues, they can be written as
�i = cos(�) + i sin(�) and �j = cos(�)� i sin(�),
since �i � �j = 1. This means that a small
displacement in the direction described by the
corresponding eigenvectors {ei, ej}, will rotate
� per period. These eigenvectors must have a
component in the z and _z directions in order to
generate a close spatial resonant orbit. More-
over, after n revolutions on the reference orbit
the small displacement must rotate such that
n� = 2 k�, where n and k are positive integers.
In other terms

n =
2 k �

arccos [1
2(�i + 1

�i
)]
: (6)

As different planar periodic solutions (DROs)
are considered, different integers of n and k can
be obtained. Each orbit in the family will have a
different couple (n; k), thus different resonances.

3.3. Finding regions of bounded mo-
tion

The process of searching for bounded orbits in
the Didymos–Dimorphos system is made of two
stages:

1. classification of the regions of the LD
field through spatial resonant periodic solu-
tions in the simplified, autonomous CR3BP
starting from a planar family of DROs;
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Figure 2: Sampling LD scalar field in the CR3BP. The red and yellow dots are Didymos and Dimorphos
not to scale, respectively.

2. computation of the LD field within more
representative, non-autonomous dynamical
models, and phase space sampling to find
bounded orbits.

Stage 1 seeks to discover spatial resonant pe-
riodic orbits in the CR3BP, whose ICs are in-
spected against the LD field, to ensure that
they all fall within a smooth region of the scalar
field. This serves to understand the behavior of
the discovered regions which is unknown a pri-
ori. Four families of spatial periodic xz plane–
symmetric orbits at different resonances are ob-
tained by starting from a family of planar DROs
and applying the techniques of Differential Cor-
rection and Numerical Continuation [2]. The
latter algorithm is implemented by using the ini-
tial state’s z0 value as a continuation parameter,
resulting in orbits with increasing z values. In
stage 2, on the other hand, the LD field of the
PBER4BP is sampled relying on the previously
acquired information. Three major cases are in-
vestigated: first, the CR3BP described by Eq.
1, with � = 0, � = 0, eD = 0, and by replacing
f �! t. Then, the BER4BP perturbed by the
SRP, both when the Didymos–Dimorphos sys-
tem is at the pericenter and apocenter of the
heliocentric orbit. If regions of bounded motion
still exist, they are expected to be similar to the

ones found in stage 1. On the contrary, when
they are lost, the LD scalar field is supposed to
have a completely different look. ICs are propa-
gated for ten primaries revolutions, hence from
f0 = 0 to ff = 20�.

4. Results
The implemented grid consists of 400� 400� 5
ICs along x,y, and z, respectively. In stage 1,
as the grid is three-dimensional, the evolution
of the LD field is observed at different non–
dimensional z slices. The second stage plans to
sample the phase space of the SRP perturbed
BER4BP, in particular the highest–z slice (z =
0:03) of the LD field, to search for solutions that
could potentially map the whole surface of Di-
morphos. In this discussion, Didymos and Di-
morphos are considered to be point masses, and
physical collisions with them are not checked.

4.1. Classification of regions in the
three-dimensional circular case

Results of stage 1 are shown in Fig. 1. The four
red curves representing the resonant periodic or-
bits intersect the smooth region that extends
from the bottom-right to the top-left corner of
the z = cost slice of the plot. The region nar-
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Figure 3: Samples evolution in the SRP perturbed BER4BP, for �0 = 0. The red and yellow dots are
Didymos and Dimorphos not to scale, respectively.

rows towards higher velocities and further dis-
tances from the secondary body. The smooth
region is then thought to contain ICs that persis-
tently revolve about Dimorphos. On its sides, on
the other hand, chaotic regions appear: they are
well-separated from the smooth region and are
expected to contain only unbounded orbits. Five
trajectories are sampled, three from the smooth
region, and two from the rippled areas (see Fig.
2). The first three points (a, b, and e) exhibit
bounded motion by behaving similarly to the
family of resonant orbits previously found, while
the other two (c and d) immediately escape the
system.

4.2. Sampling in the perturbed bi-
elliptic restricted four-body
problem

The effect of the Sun is addressed in a more re-
alistic model: the SRP perturbed bi-elliptic re-
stricted four-body problem. Two cases are inves-
tigated, depending on the angular position �0 on
the heliocentric orbit:
� Didymos–Dimorphos at the pericenter of

the heliocentric orbit �0 = 0, at 1.013 AU:
this is the closest point to the Sun, where its
perturbations are the greatest. The smooth
region collecting ICs of bounded orbits is

expected to be severely affected: the access
to the vast selection of bounded orbits is
likely to be no longer permitted;
� Didymos–Dimorphos at the apocenter of

the heliocentric orbit �0 = �, at 2.27 AU:
at the farthest point from the Sun, it rep-
resents the best-case scenario as the magni-
tude of the perturbations is the lowest.

Figure 3 shows what the regions look like when
the system is at the pericenter of the heliocen-
tric orbit. The resulting LD field is heavily al-
tered: unlike the CR3BP case, the separatrices
are less pronounced; the two chaotic zones merge
as they expand, taking up the entire phase space
and incorporating the central channel that col-
lected bounded orbits. Searching for bounded
orbits through sampling becomes more challeng-
ing. The first points (f, g) are sampled near the
central channel’s previous location to verify if a
fraction of the smooth region is still accessible.
Points h and i sample the two extended chaotic
areas, and the final point l is chosen to be pretty
close to the secondary Dimorphos to exploit its
gravitational attraction as much as possible. Al-
most all of the samples diverge: the effect of the
SRP at the closest point to the Sun is so strong
to sweep away any possible bounded motion, at
least for the selected grid width. Sample l being
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