
  
 
  





 





 





 

 

 

  

  

  

  

  

  

  

  

  

  

  

  

  



  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  



 

 





 

 

 

 

 

 

 

 

 

 

 





 

 

 

 

 

𝑎2 ∗ 𝑎3 ∗

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

  

𝑎1 ∗  

𝑎2 ∗  

𝑎3 ∗  

𝑎4 ∗  

ℎ1 ∗  

ℎ2 ∗  

ℎ3 ∗  

ℎ4 ∗  

 

  

 

𝜒𝑧𝑤  

𝜒𝜃𝑤  

 

 

 

 



 

 

 

 

𝑎1 ∗  

𝑎2 ∗  

𝑎3 ∗  

𝑎4 ∗  

ℎ1 ∗  

ℎ2 ∗  

ℎ3 ∗  

ℎ4 ∗  

 

  

 

  

 

 

 

   

 

 

   

 



 

   

 

 

   

 

 

 







− 

− 

− 



 𝑥, �̇� 

𝐹𝑎 = 𝐹𝑎( 𝑥, �̇�, 𝛼, 𝑉∗)

𝐹𝑎 



 

 



 

𝑥, �̇� 

𝐹𝑎𝑒𝑟𝑜 = 𝐹𝑎𝑒𝑟𝑜(𝑥, �̇�, 𝛼, 𝑉∗)





• 

𝑉∗ =
𝑉

𝑓𝐵

𝑇 = 1/𝑓

𝐵/𝑉

𝑓∗ =
𝑓𝐵

𝑉

• 

𝛼 = 𝜃 + 𝜓 = 𝜃 + tan−1 (
𝑤 − �̇� − 𝐵1�̇�

𝑉 + 𝑢 − �̇�
)

𝛼 = 𝜃 + 𝜓 = 𝜃 +
𝑤 − �̇� − 𝐵1�̇�

𝑉 + 𝑢 − �̇�

• 



• 







 

�̇� �̇� 

• 

• 

• 



 



 



𝐹𝐷 =
1

2
𝜌𝐵𝐿𝑉𝑟𝑒𝑙

2 𝐶𝐷(𝛼)

𝐹𝐿 =
1

2
𝜌𝐵𝐿𝑉𝑟𝑒𝑙

2 𝐶𝐷(𝛼)

𝑀 =
1

2
𝜌𝐵2𝐿𝑉𝑟𝑒𝑙

2 𝐶𝑀(𝛼)



   

𝑉𝑟𝑒𝑙
2 = (𝑉 + 𝑢 − �̇�)2 + (𝑤 − �̇� − 𝐵1�̇�)

2





𝑚𝑦�̈� + 𝑟𝑦�̇� + 𝑘𝑦𝑦 = 𝐹𝑦 = 𝐹𝐷 cos(𝜓) − 𝐹𝐿 sin(𝜓)

𝑚𝑧�̈� + 𝑟𝑧�̇� + 𝑘𝑧𝑧 = 𝐹𝑧 = 𝐹𝐷 sin(𝜓) + 𝐹𝐿 cos(𝜓)

𝐼𝜃�̈� + 𝑟𝜃�̇� + 𝑘𝜃𝜃 = 𝐹𝜃 = 𝑀



  



𝑚𝑦�̈� + 𝑟𝑦�̇� + 𝑘𝑦𝑦 =
1

2
𝜌𝐵𝐿 ((𝑉 + 𝑢 − �̇�)2 + (𝑤 − �̇� − 𝐵1𝑦�̇�)

2
) (𝐶𝐷(𝛼) cos(𝜓) − 𝐶𝐿(𝛼) sin(𝜓))

𝑚𝑧�̈� + 𝑟𝑧�̇� + 𝑘𝑧𝑧 =
1

2
𝜌𝐵𝐿 ((𝑉 + 𝑢 − �̇�)2 + (𝑤 − �̇� − 𝐵1𝑧�̇�)

2
) (𝐶𝐷(𝛼) sin(𝜓) + 𝐶𝐿(𝛼) cos(𝜓))

𝐼𝜃�̈� + 𝑟𝜃�̇� + 𝑘𝜃𝜃 =
1

2
𝜌𝐵2𝐿 ((𝑉 + 𝑢 − �̇�)2 + (𝑤 − �̇� − 𝐵1𝑧�̇�)

2
) 𝐶𝑀(𝛼)

 

𝑥 = [
𝑦
𝑧
𝜃
]

[𝑀𝑠]�̈� + [𝑅𝑠]�̇� + [𝐾𝑠]𝑥 = 𝐹𝑎𝑒𝑟𝑜(𝑥, �̇�, 𝑉𝑚, 𝑏)

𝑏 = [
𝑢/𝑉
𝑤/𝑉

]



 

𝐹𝑎𝑒𝑟𝑜 = 𝐹𝑎𝑒𝑟𝑜(𝑥, �̇�, 𝑉𝑚, 𝑏)

𝐹𝑎𝑒𝑟𝑜 = [

𝐹𝑦

𝐹𝑧

𝐹𝜃

] , 𝑥 = [
𝑦
𝑧
𝜃
] , �̇� = [

�̇�
�̇�
�̇�
] , 𝑏 = [

𝑢

𝑉
𝑤

𝑉

]

𝑥  �̇� 𝑏

𝑥0  �̇�0 𝑏0

𝑥0 = [

𝑦0

𝑧0

𝜃0

] , �̇�0 = [
0
0
0
] , 𝑏0 = [

0
0
]

𝑥0

[𝐾𝑠]𝑥0 = 𝐹𝑎𝑒𝑟𝑜(𝑥0, �̇�0, 𝑉𝑚, 𝑏0)

𝑘𝑦𝑦0 =
1

2
𝜌𝐵𝐿𝑉𝑚

2𝐶𝐷(𝜃0)

𝑘𝑧𝑧0 =
1

2
𝜌𝐵𝐿𝑉𝑚

2𝐶𝐿(𝜃0)

𝑘𝜃𝜃0 =
1

2
𝜌𝐵2𝐿𝑉𝑚

2𝐶𝑀(𝜃0)



𝐹𝑎𝑒𝑟𝑜 = 𝐹𝑎𝑒𝑟𝑜(𝑥0, �̇�0, 𝑏0) +
𝜕𝐹𝑎𝑒𝑟𝑜

𝜕𝑥
|
0

(𝑥 − 𝑥0) +
𝜕𝐹𝑎𝑒𝑟𝑜

𝜕�̇�
|
0

�̇� +
𝜕𝐹𝑎𝑒𝑟𝑜

𝜕𝑏
|
0

𝑏  

𝐹𝑦 =
1

2
𝜌𝐵𝐿𝑉𝑟𝑒𝑙

2 (𝐶𝐷(𝛼) cos(𝜓) − 𝐶𝐿(𝛼) sin(𝜓))

𝐹𝑧 =
1

2
𝜌𝐵𝐿𝑉𝑟𝑒𝑙

2 (𝐶𝐷(𝛼) sin(𝜓) + 𝐶𝐿(𝛼) cos(𝜓))

𝐹𝜃 =
1

2
𝜌𝐵2𝐿𝑉𝑟𝑒𝑙

2 𝐶𝑀(𝛼)

𝑥 = 𝑥 − 𝑥0 = [

𝑦 = 𝑦 − 𝑦0

𝑧 = 𝑧 − 𝑧0

𝜃 = 𝜃 − 𝜃0

]

𝐶𝐷(𝛼) = 𝐶𝐷0 +
𝜕𝐶𝐷

𝜕𝛼
|
0
𝛼 = 𝐶𝐷0 + 𝐾𝐷0𝛼

𝐶𝐿(𝛼) = 𝐶𝐿0 +
𝜕𝐶𝐿

𝜕𝛼
|
0
𝛼 = 𝐶𝐿0 + 𝐾𝐿0𝛼

𝐶𝑀(𝛼) = 𝐶𝑀0 +
𝜕𝐶𝑀

𝜕𝛼
|
0
𝛼 = 𝐶𝑀0 + 𝐾𝑀0𝛼

𝜓 ≈
𝑤 − �̇� − 𝐵1�̇�

𝑉

𝑉𝑟𝑒𝑙
2 ≈ 𝑉2 + 2𝑉𝑢 − 2𝑉�̇̅�

sin(𝜓) ≈ 𝜓

cos(𝜓) ≈ 0



𝐹𝑦 =
1

2
𝜌𝐵𝐿(𝑉2 + 2𝑉𝑢 − 2𝑉�̇̅�)((𝐶𝐷0

+ 𝐾𝐷0𝛼) − (𝐶𝐿0 + 𝐾𝐿0𝛼)𝜓)

𝐹𝑧 =
1

2
𝜌𝐵𝐿(𝑉2 + 2𝑉𝑢 − 2𝑉�̇̅�)((𝐶𝐷0

+ 𝐾𝐷0𝛼)𝜓 + (𝐶𝐿0 + 𝐾𝐿0𝛼))

𝐹𝜃 =
1

2
𝜌𝐵2𝐿(𝑉2 + 2𝑉𝑢 − 2𝑉�̇̅�)(𝐶𝑀0 + 𝐾𝑀0𝛼)

𝐹𝑦 =
1

2
𝜌𝐵𝐿𝑉2𝐶𝐷0 +

1

2
𝜌𝐵𝐿𝑉2 [𝐾𝐷 (𝜃 +

𝑤 − �̇� − 𝐵1𝑦𝜃
̇

𝑉
) − 𝐶𝐿0 (

𝑤 − �̇� − 𝐵1𝑦𝜃
̇

𝑉
)]

+
1

2
𝜌𝐵𝐿𝑉2𝐶𝐷0(𝑢 − �̇�)

𝐹𝑧 =
1

2
𝜌𝐵𝐿𝑉2𝐶𝐿0 +

1

2
𝜌𝐵𝐿𝑉2 [𝐾𝐿 (𝜃 +

𝑤 − �̇� − 𝐵1𝑧�̇�

𝑉
) − 𝐶𝐷0 (

𝑤 − �̇� − 𝐵1𝑧�̇�

𝑉
)]

+
1

2
𝜌𝐵𝐿𝑉2𝐶𝐿0(𝑢 − �̇�)

𝐹𝜃 =
1

2
𝜌𝐵2𝐿𝑉2𝐶𝑀0 +

1

2
𝜌𝐵2𝐿𝑉2 [𝐾𝑀0 (𝜃 +

𝑤 − �̇� − 𝐵1𝜃�̇�

𝑉
)] +

1

2
𝜌𝐵2𝐿𝑉2𝐶𝑀0(𝑢 − �̇�)

𝐹𝑎𝑒𝑟𝑜,𝑠𝑡 =
1

2
𝜌𝐵𝐿𝑉2 [

𝐶𝐷0

𝐶𝐿0

𝐵𝐶𝑀0

]

𝐹𝑎𝑒𝑟𝑜,𝑑𝑦𝑛 =
1

2
𝜌𝐵𝐿𝑉2 [

0 0 𝐾𝐷0

0 0 𝐾𝐿0

0 0 𝐵𝐾𝑀0

] 𝑥

−
1

2
𝜌𝐵𝐿𝑉 [

2𝐶𝐷0 (𝐾𝐷0 − 𝐶𝐿0) (𝐾𝐷0 − 𝐶𝐿0)𝐵1𝑦

2𝐶𝐿0 (𝐾𝐿0 + 𝐶𝐷0) (𝐾𝐿0 + 𝐶𝐷0)𝐵1𝑧

2𝐵𝐶𝑀0 𝐵𝐾𝑀0 𝐵𝐾𝑀0𝐵1𝜃

] �̇�

+
1

2
𝜌𝐵𝐿𝑉2 [

2𝐶𝐷0 𝐾𝐷0 − 𝐶𝐿0

2𝐶𝐿0 𝐾𝐿0 + 𝐶𝐷0

2𝐶𝑀0 𝐵𝐾𝑀0

] 𝑏

𝐹𝑎𝑒𝑟𝑜,𝑑𝑦𝑛

𝐹𝑎𝑒𝑟𝑜,𝑑𝑦𝑛 = 𝐹𝑠𝑒 + 𝐹𝑏𝑢𝑓𝑓



𝐹𝑠𝑒 𝐹𝑏𝑢𝑓𝑓

𝐹𝑠𝑒 = −([𝐾𝑎𝑒𝑟𝑜]𝑥 + [𝑅𝑎𝑒𝑟𝑜]�̇�)

𝐹𝑏𝑢𝑓𝑓 = [𝐴𝑚]𝑏

[𝑅𝑎𝑒𝑟𝑜] [𝐾𝑎𝑒𝑟𝑜]

[𝑅𝑎𝑒𝑟𝑜] =
1

2
𝜌𝐵𝐿𝑉 [

2𝐶𝐷0 (𝐾𝐷0 − 𝐶𝐿0) (𝐾𝐷0 − 𝐶𝐿0)𝐵1𝑦

2𝐶𝐿0 (𝐾𝐿0 + 𝐶𝐷0) (𝐾𝐿0 + 𝐶𝐷0)𝐵1𝑧

2𝐵𝐶𝑀0 𝐵𝐾𝑀0 𝐵𝐾𝑀0𝐵1𝜃

]

[𝐾𝑎𝑒𝑟𝑜] = −
1

2
𝜌𝐵𝐿𝑉2 [

0 0 𝐾𝐷0

0 0 𝐾𝐿0

0 0 𝐵𝐾𝑀0

]

[𝐴𝑚] 𝑏

[𝐴𝑚] =
1

2
𝜌𝐵𝐿𝑉2 [

2𝐶𝐷0 𝐾𝐷0 − 𝐶𝐿0

2𝐶𝐿0 𝐾𝐿0 + 𝐶𝐷0

2𝐶𝑀0 𝐵𝐾𝑀0

]

[𝑀𝑠]�̈̅� + [𝑅𝑠 + 𝑅𝑎𝑒𝑟𝑜]�̇� + [𝐾𝑠 + 𝐾𝑎𝑒𝑟𝑜]𝑥 = [𝐴𝑚]𝑏

𝐹𝑎𝑒𝑟𝑜,𝑠𝑡

[𝐾𝑠]𝑥0 [𝑀𝑠] [𝑅𝑠] [𝐾𝑠]

[𝑀𝑆] = [

𝑚𝑦 0 0

0 𝑚𝑧 0
0 0 𝐼𝜃

] , [𝑅𝑆] = [

𝑟𝑦 0 0

0 𝑟𝑧 0
0 0 𝑟𝜃

] , [𝐾𝑆] = [

𝑘𝑦 0 0

0 𝑘𝑧 0
0 0 𝑘𝜃

]

[𝐾𝑎𝑒𝑟𝑜] [𝐴𝑚]

[𝐾𝑎𝑒𝑟𝑜]

[𝐾𝑆] [𝑀𝑆]



[𝑅𝑎𝑒𝑟𝑜]

[𝑅𝑎𝑒𝑟𝑜] [𝐾𝑎𝑒𝑟𝑜]

[𝑅𝑎𝑒𝑟𝑜] [𝐾𝑎𝑒𝑟𝑜]

 



𝐹𝑦
𝑠𝑒 =

1

2
𝜌𝐵𝐿𝑉2 (−𝑝1

∗
�̇�

𝑉
− 𝑝2

∗
𝐵�̇�

𝑉
+ 𝑝3

∗𝜃 + 𝑝4
∗

𝜋

2𝑉𝜔
∗2

𝑧

𝐵
− 𝑝5

∗
�̇�

𝑉
+ 𝑝6

∗
𝜋

2𝑉𝜔
∗2

𝑦

𝐵
)

𝐹𝑧
𝑠𝑒 =

1

2
𝜌𝐵𝐿𝑉2 (−ℎ1

∗
�̇�

𝑉
− ℎ2

∗
𝐵�̇�

𝑉
+ ℎ3

∗𝜃 + ℎ4
∗

𝜋

2𝑉𝜔
∗2

𝑧

𝐵
− ℎ5

∗
�̇�

𝑉
+ ℎ6

∗
𝜋

2𝑉𝜔
∗2

𝑦

𝐵
)



𝐹𝜃
𝑠𝑒 =

1

2
𝜌𝐵2𝐿𝑉2 (−𝑎1

∗
�̇�

𝑉
− 𝑎2

∗
𝐵�̇�

𝑉
+ 𝑎3

∗𝜃 + 𝑎4
∗

𝜋

2𝑉𝜔
∗2

𝑧

𝐵
− 𝑎5

∗
�̇�

𝑉
+ 𝑎6

∗
𝜋

2𝑉𝜔
∗2

𝑦

𝐵
)

− 𝑉𝜔
∗ =

𝑉∗

2𝜋

− 𝑝𝑖
∗

− ℎ𝑖
∗

− 𝑎𝑖
∗

[𝐾𝑎]

[𝑅𝑎]

[𝐾𝑎] = −
1

2
𝜌𝐵𝐿𝑉2

[
 
 
 
 
 
 𝑝6

∗
𝜋

2𝑉𝜔
∗2

1

𝐵
 𝑝4

∗
𝜋

2𝑉𝜔
∗2

1

𝐵
𝑝3

∗

ℎ6
∗

𝜋

2𝑉𝜔
∗2

1

𝐵
ℎ4

∗
𝜋

2𝑉𝜔
∗2

1

𝐵
ℎ3

∗

𝑎6
∗

𝜋

2𝑉𝜔
∗2 𝑎4

∗
𝜋

2𝑉𝜔
∗2 𝑎3

∗

]
 
 
 
 
 
 

[𝑅𝑎] =
1

2
𝜌𝐵𝐿𝑉 [

𝑝5
∗ 𝑝1

∗ 𝑝2
∗𝐵

ℎ5
∗ ℎ1

∗ ℎ2
∗𝐵

𝑎5
∗𝐵 𝑎1

∗𝐵 𝑎2
∗𝐵2

]

[𝐾𝑎] [𝑅𝑎]



𝐵1𝑦 =
𝑝2

∗

𝑝1
∗ 𝐵, 𝐵1𝑧 =

ℎ2
∗

ℎ1
∗ 𝐵, 𝐵1𝜃 =

𝑎2
∗

𝑎1
∗ 𝐵

− 𝑝1−6
∗



𝑝1
∗ = 𝐾𝐷0 − 𝐶𝐿0, 𝑝2

∗ = (𝐾𝐷0 − 𝐶𝐿0)
 𝐵1𝑦

𝐵
 , 𝑝3

∗ = 𝐾𝐷0, 𝑝4
∗ = 0,

𝑝5
∗ = 2𝐶𝐷0, 𝑝6

∗ = 0,   

− ℎ1−6
∗

ℎ1
∗ = 𝐾𝐿0 − 𝐶𝐷0, ℎ2

∗ = (𝐾𝐿0 − 𝐶𝐷0)
 𝐵1𝑧

𝐵
 , ℎ3

∗ = 𝐾𝐿0, ℎ4
∗ = 0,

ℎ5
∗ = 2𝐶𝐿0, ℎ6

∗ = 0,   

− 𝑎1−6
∗

𝑎1
∗ = 𝐾𝑀0, 𝑎2

∗ = 𝐾𝑀0

 𝐵1𝜃

𝐵
 , 𝑎3

∗ = 𝐾𝑀0, 𝑎4
∗ = 0, 𝑎5

∗ = 2𝐶𝑀0,

𝑎6
∗ = 0,   

𝑏

𝐹𝑏𝑢𝑓𝑓 = [

𝐹𝑦
𝑏𝑢𝑓𝑓

𝐹𝑧
𝑏𝑢𝑓𝑓

𝐹𝜃
𝑏𝑢𝑓𝑓

] =
1

2
𝜌𝐵𝐿𝑉2 [

𝜒𝑦𝑢
∗ 𝜒𝑦𝑤

∗

𝜒𝑧𝑢
∗ 𝜒𝑧𝑤

∗

𝐵𝜒𝜃𝑢
∗ 𝐵𝜒𝜃𝑤

∗
] [

𝑢

𝑉
𝑤

𝑉

]

𝜒∗(𝑉∗)

𝜒∗ = |𝜒|𝑒𝑖𝜙

𝐹𝑦
𝑏𝑢𝑓𝑓

=
1

2
𝜌𝐵𝐿𝑉2 (𝑅𝑒(𝜒𝑦𝑤

∗ )
𝑤

𝑉
+ 𝑖𝐼𝑚(𝜒𝑦𝑤

∗ )
𝑤

𝑉
 )

𝐹𝑧
𝑏𝑢𝑓𝑓

=
1

2
𝜌𝐵𝐿𝑉2 (𝑅𝑒(𝜒𝑧𝑤

∗ )
𝑤

𝑉
+ 𝑖𝐼𝑚(𝜒𝑧𝑤

∗ )
𝑤

𝑉
 )

𝐹𝜃
𝑏𝑢𝑓𝑓

=
1

2
𝜌𝐵2𝐿𝑉2 (𝑅𝑒(𝜒𝜃𝑤

∗ )
𝑤

𝑉
+ 𝑖𝐼𝑚(𝜒𝜃𝑤

∗ )
𝑤

𝑉
 )



[𝐴𝑚]

 



 



− 

− 



𝑎2
∗ 𝑎3

∗



− 

− 













 

 

𝐹𝐿𝐹(𝑡) = 𝐹𝑠𝑒(𝛼𝐿𝐹(𝑡), 𝑥𝐿𝐹 , �̇�𝐿𝐹) + 𝐹𝑏𝑢𝑓𝑓(𝛼𝐿𝐹(𝑡), 𝑤𝐿𝐹 , 𝑢𝐿𝐹)

 

𝐹𝐻𝐹(𝑡) = 𝐹𝑠𝑒(𝛼𝐿𝐹(𝑡), 𝑥𝐻𝐹 , �̇�𝐻𝐹) + 𝐹𝑏𝑢𝑓𝑓(𝛼𝐿𝐹(𝑡), 𝑤𝐻𝐹 , 𝑢𝐻𝐹)





 

 

[𝐾𝑎], [𝑅𝑎], 

[𝐴𝑚]

 



− 

− 

− 

− 

− 



 

− 

− 





 

− 

𝑝 +
1

2
𝜌𝑉2

𝑝 𝑞 = 𝐴 − 𝐵 =
1

2
𝜌𝑉2

𝑉 = √
2𝑞

𝜌
 



− 



 

− 

− 

− 





𝑧𝑗 =
𝑧𝑗,𝑢𝑝𝑤𝑖𝑛𝑑 + 𝑧𝑗,𝑑𝑜𝑤𝑛𝑤𝑖𝑛𝑑

2

𝜃𝑗 = tan−1 (
𝑧𝑗,𝑢𝑝𝑤𝑖𝑛𝑑 − 𝑧𝑗,𝑑𝑜𝑤𝑛𝑤𝑖𝑛𝑑

𝑑𝑗
)



𝜃𝑘𝑛𝑜𝑤𝑛 = 𝑚 ∙ 𝜃𝑟𝑒𝑐𝑜𝑟𝑑𝑒𝑑 + 𝑏











 

− 



− 

[𝐴𝑚]

 



𝐹𝐷 = ∫𝑝 ∙ cos𝜃 𝑑𝐴 + ∫𝜏𝑤 sin𝜃 𝑑𝐴

𝐹𝐿 = ∫−𝑝 ∙ sin 𝜃 𝑑𝐴 + ∫𝜏𝑤 cos 𝜃 𝑑𝐴



− 

 



 

 



 

 

 

 





𝐹𝑦 = 𝐹𝐷
∗ cos𝜃 + 𝐹𝐿

∗ sin𝜃

𝐹𝑧 = −𝐹𝐷
∗ sin 𝜃 + 𝐹𝐿

∗ cos 𝜃

𝐹𝜃 = 𝑀∗

 









 



𝐹𝑠𝑒 = −([𝐾𝑎] ∙ 𝑥 + [𝑅𝑎] ∙ �̇�)

ℎ1
∗ 𝑎2

∗

𝐹𝑠𝑒

𝐹𝑠𝑒,𝑧 =
1

2
𝜌𝑉𝑚

2𝐵𝐿(−ℎ1
∗
�̇�

𝑉
− ℎ2

∗
𝐵�̇�

𝑉
+ ℎ3

∗𝜃 + ℎ4
∗

𝜋

2𝑉𝜔
∗2

𝑧

𝐵
 )

𝐹𝑠𝑒,𝜃 =
1

2
𝜌𝑉𝑚

2𝐵2𝐿 (−𝑎1
∗
�̇�

𝑉
− 𝑎2

∗
𝐵�̇�

𝑉
+ 𝑎3

∗𝜃 + 𝑎4
∗

𝜋

2𝑉𝜔
∗2

𝑧

𝐵
 )



[𝐾𝑎] = −
1

2
𝜌𝑉𝑚

2𝐵𝐿

[
 
 
 ℎ4

∗
𝜋

2𝑉𝜔
∗2𝐵

ℎ3
∗

𝑎4
∗

𝜋

2𝑉𝜔
∗2 𝑎3

∗𝐵
]
 
 
 

[𝑅𝑎] =
1

2
𝜌𝑉𝑚𝐵𝐿 [

ℎ1
∗ ℎ2

∗𝐵

𝑎1
∗𝐵 𝑎2

∗𝐵2]

𝑉∗ =
𝑉

𝑓𝐵







 

 



− 𝑎1
∗ , 𝑎4

∗ , ℎ1
∗ , ℎ4

∗

𝑧(𝑡) = 𝑍𝑒𝑖Ω𝑡

�̇�(𝑡) = 𝑖Ω𝑍𝑒𝑖Ω𝑡

𝐹𝑠𝑒,𝑧

1
2

𝑉𝑚
2𝐵𝐿

= 𝐶𝐿 = (
𝜋

2𝑉𝜔
∗2 ℎ4

∗ −
𝑖Ω

𝑉
ℎ1

∗)𝑍𝑒𝑖Ω𝑡

𝐹𝑠𝑒,𝜃

1
2𝑉𝑚

2𝐵2𝐿
= 𝐶𝑀 = (

𝜋

2𝑉𝜔
∗2 𝑎4

∗ −
𝑖Ω

𝑉
𝑎1

∗)𝑍𝑒𝑖Ω𝑡



ℎ1
∗ = −

𝑉

Ω
∙ 𝐼𝑚 {

𝐶𝐿

𝑧
}

ℎ4
∗ =

2𝑉𝜔
∗2𝐵

𝜋
∙ 𝑅𝑒 {

𝐶𝐿

𝑧
}

𝑎1
∗ = −

𝑉

Ω
∙ 𝐼𝑚 {

𝐶𝑀

𝑧
}

𝑎4
∗ =

2𝑉𝜔
∗2𝐵

𝜋
∙ 𝑅𝑒 {

𝐶𝑀

𝑧
}

− 𝑎2
∗ , 𝑎3

∗ , ℎ2
∗ , ℎ3

∗

𝜃(𝑡) = Θ𝑒𝑖Ω𝑡 �̇�(𝑡) = 𝑖ΩΘ𝑒𝑖Ω𝑡

𝐹𝑠𝑒,𝑧

1
2𝑉𝑚

2𝐵𝐿
= 𝐶𝐿 = (ℎ3

∗ −
𝑖ΩB

𝑉
ℎ2

∗)Θ𝑒𝑖Ω𝑡

𝐹𝑠𝑒,𝜃

1
2𝑉𝑚

2𝐵2𝐿
= 𝐶𝑀 = (𝑎3

∗ −
𝑖ΩB

𝑉
𝑎2

∗)Θ𝑒𝑖Ω𝑡





ℎ2
∗ = −

𝑉

BΩ
∙ 𝐼𝑚 {

𝐶𝐿

𝜃
}

ℎ3
∗ = 𝑅𝑒 {

𝐶𝐿

𝜃
}

𝑎2
∗ = −

𝑉

BΩ
∙ 𝐼𝑚 {

𝐶𝑀

𝜃
}

𝑎3
∗ = 𝑅𝑒 {

𝐶𝑀

𝜃
}





𝑎1
∗

𝑎2
∗



𝑎3
∗

𝑎4
∗



ℎ1
∗

ℎ2
∗



ℎ3
∗

ℎ4
∗





𝐵1𝑧 =
ℎ2

∗

ℎ1
∗ 𝐵

𝐵1𝜃 =
𝑎2

∗

𝑎1
∗ 𝐵





  

 



ℎ1
∗ 𝐾𝐿 + 𝐶𝐷

ℎ2
∗ (𝐾𝐿 + 𝐶𝐷)

𝐵1𝑧

𝐵

ℎ3
∗ 𝐾𝐿

ℎ4
∗

𝜋

2𝑉𝜔
∗2𝐵

0

𝑎1
∗ 𝐾𝑀

𝑎2
∗ 𝐾𝑀

𝐵1𝜃

𝐵

𝑎3
∗ 𝐾𝑀

𝑎4
∗

𝜋

2𝑉𝜔
∗2

  

𝑲𝑳 + 𝑪𝑫 (𝑲𝑳 + 𝑪𝑫)
𝑩𝟏𝒛

𝑩
𝑲𝑳 𝑲𝑴 𝑲𝑴

𝑩𝟏𝜽

𝑩

𝒉𝟏
∗ 𝒉𝟐

∗ 𝒉𝟑
∗ 𝒉𝟒

∗
𝝅

𝟐𝑽𝝎
∗ 𝟐𝑩



𝒂𝟏
∗ 𝒂𝟐

∗ 𝒂𝟑
∗ 𝒂𝟒

∗
𝝅

𝟐𝑽𝝎
∗ 𝟐

[𝐴𝑀]

𝐹𝑏𝑢𝑓𝑓 = [𝐴𝑀] ∙ 𝑏

𝑏

𝑏 = 𝑤/𝑉

𝐹𝑏𝑢𝑓𝑓 = [
𝐹𝑧

𝐹𝜃
] = [

𝜒𝑧𝑤

𝜒𝜃𝑤
] ∙

𝑤

𝑣

𝜒𝑧𝑤 𝜒𝜃𝑤 











𝜒𝑧𝑤



𝜒𝜃𝑤

 



 

[𝑀𝑠], [𝑅𝑠], [𝐾𝑆]



≈



  







𝛿 =
1

𝑛
 ln

𝑥(𝑡0)

𝑥(𝑡0 + 𝑛𝑇)

𝜉 =
𝛿

√𝛿2 + 4𝜋2

𝑓𝑛 =
1

2𝜋
√

4𝜋2 + 𝛿2

𝑇

 









  





  







 

 







 

 

 



 

 ≅ 

 ≅ 





[𝐾𝑎] [𝑅𝑎]

[𝐾𝑎𝑄]

[𝑅𝑎𝑄]

 



ℎ1
∗ 𝐾𝐿 + 𝐶𝐷

ℎ2
∗ (𝐾𝐿 + 𝐶𝐷)

𝐵1𝑧

𝐵

ℎ3
∗ 𝐾𝐿

ℎ4
∗

𝜋

2𝑉𝜔
∗2𝐵

0

𝑎1
∗ 𝐾𝑀

𝑎2
∗ 𝐾𝑀

𝐵1𝜃

𝐵

𝑎3
∗ 𝐾𝑀

𝑎4
∗

𝜋

2𝑉𝜔
∗2

 

 

ℎ1,2,3
∗  

𝑎1,2,3,4
∗ ℎ1,2,3,4

∗



𝑎1
∗

𝑎2
∗



𝑎3
∗

𝑎4
∗



ℎ1
∗

ℎ2
∗



ℎ3
∗

ℎ4
∗



ℎ1
∗

ℎ1
∗

ℎ1
∗ ℎ1

∗ 

 𝑎2
∗

𝑎2
∗

𝑎2
∗

ℎ1
∗ 𝑎2

∗ 

[𝑅𝑎]

ℎ4
∗

ℎ4
∗

ℎ4
∗

[𝐾𝑎]

ℎ4
∗ 

 ℎ4
∗ 𝑉𝜔

∗2

[𝐾𝑎] [𝐾𝑠𝑡]

𝐿𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵 (ℎ1

∗ + 𝑖
𝜋2

𝑉∗
ℎ4

∗)

𝐿𝑠𝑒

𝜃
=

1

2
𝜌𝑉2𝐵 (ℎ3

∗ − 𝑖
2𝜋

𝑉∗
ℎ2

∗)



𝑀𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵2 (𝑎1

∗ + 𝑖
𝜋2

𝑉∗
𝑎4

∗)

𝑀𝑠𝑒

𝜃
=

1

2
𝜌𝑉2𝐵2 (𝑎3

∗ − 𝑖
2𝜋

𝑉∗
𝑎2

∗)









  



 

 







  

  







 



 



















 













𝑎2
∗ ℎ1

∗ 𝑎2
∗

  𝑎2
∗  

 ≅ 

 ≅ 

𝑎2
∗ 

 

 





 



 

ℎ1
∗

   ℎ1
∗

 = 

 

  

 

 







 



  





ℎ1
∗

   ℎ1
∗

 ℎ1
∗

𝑎2
∗  







𝑎2
∗  





 





 



𝑎2
∗ ℎ1

∗ ℎ1
∗ 𝑎2

∗







 



 

[𝐾𝑎] [𝑅𝑎] [𝐴𝑚]

 [𝐾𝑎𝑄] [𝑅𝑎𝑄] [𝐴𝑚𝑄]



[𝐾𝑎] [𝑅𝑎] [𝐴𝑚] [𝐾𝑎𝑄] [𝑅𝑎𝑄] [𝐴𝑚𝑄]

[𝐾𝑎𝐷] [𝑅𝑎𝐷] [𝐴𝑚𝐷]

[𝐾𝑎𝐷] [𝑅𝑎𝐷] [𝐴𝑚𝐷]





− 



− 

− 

− 

− 

− 



 

 

 





𝐹𝑎𝑒𝑟𝑜,𝑄 = 𝐹𝑎𝑒𝑟𝑜,𝑄0
+

1

2
𝜌𝐵𝐿𝑉2 [

0 0 𝐾𝐷0

0 0 𝐾𝐿0

0 0 𝐵𝐾𝑀0

] [
�̅�
𝑧̅

𝜃

]

−
1

2
𝜌𝐵𝐿𝑉 [

2𝐶𝐷0 (𝐾𝐷0 − 𝐶𝐿0) (𝐾𝐷0 − 𝐶𝐿0)𝐵1𝑦

2𝐶𝐿0 (𝐾𝐿0 + 𝐶𝐷0) (𝐾𝐿0 + 𝐶𝐷0)𝐵1𝑧

2𝐵𝐶𝑀0 𝐵𝐾𝑀0 𝐵𝐾𝑀0𝐵1𝜃

] [
�̇�
�̇�
�̇�
]

+
1

2
𝜌𝐵𝐿𝑉2 [

2𝐶𝐷0 𝐾𝐷0 − 𝐶𝐿0

2𝐶𝐿0 𝐾𝐿0 + 𝐶𝐷0

2𝐶𝑀0 𝐵𝐾𝑀0

] [

𝑢

𝑉
𝑤

𝑉

]

= 𝐹𝑎𝑒𝑟𝑜,𝑄0
+ [𝐾𝑎𝑒𝑟𝑜𝑄] �̅� + [𝑅𝑎𝑒𝑟𝑜𝑄] �̇� + [𝐴𝑚𝑄

]𝑏

[𝐾𝑎𝑒𝑟𝑜𝑄] [𝑅𝑎𝑒𝑟𝑜𝑄] �̅� �̇�

[𝐴𝑚𝑄
] 𝑏

[𝐾𝑎𝑒𝑟𝑜𝑄] [𝑅𝑎𝑒𝑟𝑜𝑄] [𝐴𝑚𝑄]

[𝐾𝑎𝑒𝑟𝑜] [𝑅𝑎𝑒𝑟𝑜] [𝐴𝑚]



[𝐾𝑎𝑒𝑟𝑜] [𝑅𝑎𝑒𝑟𝑜]

 [𝐴𝑚]



[𝐾𝑎𝑒𝑟𝑜] [𝑅𝑎𝑒𝑟𝑜] [𝐴𝑚]



[𝐾𝑎𝑒𝑟𝑜] = −
1

2
𝜌𝐵𝐿𝑉2

[
 
 
 
 
 
 𝑝6

∗
𝜋

2𝑉𝜔
∗2

1

𝐵
 𝑝4

∗
𝜋

2𝑉𝜔
∗2

1

𝐵
𝑝3

∗

ℎ6
∗

𝜋

2𝑉𝜔
∗2

1

𝐵
ℎ4

∗
𝜋

2𝑉𝜔
∗2

1

𝐵
ℎ3

∗

𝑎6
∗

𝜋

2𝑉𝜔
∗2 𝑎4

∗
𝜋

2𝑉𝜔
∗2 𝑎3

∗

]
 
 
 
 
 
 

[𝑅𝑎𝑒𝑟𝑜] =
1

2
𝜌𝐵𝐿𝑉 [

𝑝5
∗ 𝑝1

∗ 𝑝2
∗

ℎ5
∗ ℎ1

∗ ℎ2
∗

𝑎5
∗𝐵 𝑎1

∗𝐵 𝑎2
∗𝐵

]

[𝐴𝑚] =
1

2
𝜌𝐵𝐿𝑉2 [

𝜒𝑦𝑢
∗ 𝜒𝑦𝑤

∗

𝜒𝑧𝑢
∗ 𝜒𝑧𝑤

∗

𝐵𝜒𝜃𝑢
∗ 𝐵𝜒𝜃𝑤

∗
]



[𝐾𝑎𝑒𝑟𝑜] [𝑅𝑎𝑒𝑟𝑜] [𝐴𝑚] [𝐾𝑎𝑒𝑟𝑜𝑄] [𝑅𝑎𝑒𝑟𝑜𝑄] [𝐴𝑚𝑄]

[𝐾𝑎𝑒𝑟𝑜𝐷] = [𝐾𝑎𝑒𝑟𝑜] − [𝐾𝑎𝑒𝑟𝑜𝑄]

[𝑅𝑎𝑒𝑟𝑜𝐷] = [𝑅𝑎𝑒𝑟𝑜] − [𝑅𝑎𝑒𝑟𝑜𝑄]

[𝐴𝑚𝐷] = [𝐴𝑚] − [𝐴𝑚𝑄]

[𝐾𝑎𝑒𝑟𝑜𝐷] [𝑅𝑎𝑒𝑟𝑜𝐷] [𝐴𝑚𝐷]





𝑥 �̇� 𝑏

𝐹𝑎𝑒𝑟𝑜𝐷

𝐹𝑎𝑒𝑟𝑜𝐷

𝐹𝑎𝑒𝑟𝑜𝐷
= 𝐹𝑎𝑒𝑟𝑜𝐷

(𝑉𝑚, 𝑥, �̇�, 𝑏) = [𝐾𝑎𝑒𝑟𝑜𝐷]�̅� + [𝑅𝑎𝑒𝑟𝑜𝐷]�̇� + [𝐴𝑚𝐷
]𝑏

𝐹𝑎𝑒𝑟𝑜

𝐹𝑎𝑒𝑟𝑜𝐷

𝐹𝑎𝑒𝑟𝑜 = 𝐹𝑎𝑒𝑟𝑜𝑄
(𝑉𝑚, 𝑥, �̇�, 𝑏) + [𝐾𝑎𝑒𝑟𝑜𝐷]�̅� + [𝑅𝑎𝑒𝑟𝑜𝐷]�̇� + [𝐴𝑚𝐷

]𝑏

[𝐾𝑎𝑒𝑟𝑜𝐷] [𝑅𝑎𝑒𝑟𝑜𝐷] [𝐴𝑚𝐷]



𝐹𝑎𝑒𝑟𝑜𝐷

𝐹𝑎𝑒𝑟𝑜𝐷
(Ω) = ([𝐾𝑎𝑒𝑟𝑜𝐷

(Ω)] + 𝑖Ω[𝑅𝑎𝑒𝑟𝑜𝐷
(Ω)])𝑋0𝑒

𝑖Ω𝑡 + [𝐴𝑚𝐷
(Ω)]𝐵0𝑒

𝑖Ω𝑡

𝐹𝑎𝑒𝑟𝑜𝐷
(Ω)

𝑥

𝑏



 

𝐹𝑎𝑒𝑟𝑜𝐷
(Ω)





𝐹𝑎𝑒𝑟𝑜
0

𝐷
= 𝑘1𝑥𝑗 + 𝑟1�̇�𝑗

𝐹𝑎𝑒𝑟𝑜
0

𝐷

𝐹𝑎𝑒𝑟𝑜
0

𝐷

𝑥𝑗
= 𝑘1 + 𝑖Ω𝑟1

Ω

𝐹𝑎𝑒𝑟𝑜
1

𝐷
= 𝑘1𝑥𝑗 + 𝑟1�̇�𝑗 − 𝑘1𝜇 − 𝑟1�̇�

(𝑘1 + 𝑘2)𝜇 + (𝑟1 + 𝑟2)�̇� = 𝑘1𝑥𝑗 + 𝑟1�̇�𝑗





𝐹𝑎𝑒𝑟𝑜
1

𝐷

𝑥𝑗
=

(𝑘2 + 𝑖Ω𝑟2)(𝑘2 + 𝑖Ω𝑟1)

(𝑘1 + 𝑘2) + 𝑖Ω(𝑟1 + 𝑟2)



𝐹𝑎𝑒𝑟𝑜
2

𝐷
= 𝑘1𝑥𝑗 + 𝑟1�̇�𝑗 − 𝑘1𝜂 − 𝑟1�̇�

𝑚�̈� + (𝑟1 + 𝑟2)�̇� + (𝑘1 + 𝑘2)𝜂 = 𝑘1𝑥𝑗 + 𝑟1�̇�𝑗

𝐹𝑎𝑒𝑟𝑜
2

𝐷

𝑥𝑗
=

(𝑘1 + 𝑖Ω𝑟1)(−𝑚Ω2 + 𝑖Ω𝑟2 + 𝑘2)

−𝑚Ω2 + 𝑖Ω(𝑟1 + 𝑟2) + (𝑘1 + 𝑘2)

𝐹𝑎𝑒𝑟𝑜𝐷
(Ω)

𝐹𝑎𝑒𝑟𝑜
𝑠𝑒

𝐷
(Ω) = ([𝐾𝑎𝑒𝑟𝑜𝐷

(Ω)] + 𝑖Ω[𝑅𝑎𝑒𝑟𝑜𝐷
(Ω)])𝑋0𝑒

𝑖Ω𝑡

𝐹𝑎𝑒𝑟𝑜
𝑏𝑢𝑓𝑓

𝐷
(Ω) = [𝐴𝑚𝐷

(Ω)]𝐵0𝑒
𝑖Ω𝑡

𝐹𝑎𝑒𝑟𝑜
𝑠𝑒

𝐷
(Ω)

〈𝑦 𝑧 𝜃〉

𝐹𝑎𝑒𝑟𝑜
𝑏𝑢𝑓𝑓

𝐷
(Ω) 〈

𝑢

𝑉
  

𝑤

𝑉
〉



𝐷𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵 (𝑝5

∗ + 𝑖
𝜋2

𝑉∗
𝑝6

∗)

𝐷𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵 (𝑝1

∗ + 𝑖
𝜋2

𝑉∗
𝑝4

∗)

𝐷𝑠𝑒

𝜃
=

1

2
𝜌𝑉2𝐵 (𝑝3

∗ − 𝑖
2𝜋

𝑉∗
𝑝2

∗)

𝐿𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵 (ℎ5

∗ + 𝑖
𝜋2

𝑉∗
ℎ6

∗)

𝐿𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵 (ℎ1

∗ + 𝑖
𝜋2

𝑉∗
ℎ4

∗)

𝐿𝑠𝑒

𝜃
=

1

2
𝜌𝑉2𝐵 (ℎ3

∗ − 𝑖
2𝜋

𝑉∗
ℎ2

∗)

𝑀𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵2 (𝑎5

∗ + 𝑖
𝜋2

𝑉∗
𝑎6

∗)

𝑀𝑠𝑒

−
�̇�
𝑉

=
1

2
𝜌𝑉2𝐵2 (𝑎1

∗ + 𝑖
𝜋2

𝑉∗
𝑎4

∗)

𝑀𝑠𝑒

𝜃
=

1

2
𝜌𝑉2𝐵2 (𝑎3

∗ − 𝑖
2𝜋

𝑉∗
𝑎2

∗)

𝐷𝑏𝑢𝑓𝑓

𝑢
𝑉

=
1

2
𝜌𝑉2𝐵𝜒𝐷𝑢

∗

𝐷𝑏𝑢𝑓𝑓

𝑤
𝑉

=
1

2
𝜌𝑉2𝐵𝜒𝐷𝑤

∗

𝐿𝑏𝑢𝑓𝑓

𝑢
𝑉

=
1

2
𝜌𝑉2𝐵𝜒𝐿𝑢

∗



𝐿𝑏𝑢𝑓𝑓

𝑤
𝑉

=
1

2
𝜌𝑉2𝐵𝜒𝑙𝑤

∗

𝑀𝑏𝑢𝑓𝑓

𝑢
𝑉

=
1

2
𝜌𝑉2𝐵2𝜒𝑀𝑢

∗

𝑀𝑏𝑢𝑓𝑓

𝑤
𝑉

=
1

2
𝜌𝑉2𝐵2𝜒𝑀𝑤

∗







𝑜𝑏𝑗 =
∑ √𝑅𝑒(𝑇𝐹𝑚𝑜𝑑𝑒𝑙 − 𝑇𝐹𝑎𝑒𝑟𝑜)

2 + 𝐼𝑚(𝑇𝐹𝑚𝑜𝑑𝑒𝑙 − 𝑇𝐹𝑎𝑒𝑟𝑜)
2𝑛

𝑖=1

𝑛





[𝐴𝑡𝑜𝑡]�̇� + [𝐵𝑡𝑜𝑡]𝑧 = 0

𝑧

𝑧 =

[
 
 
 
 
 
 







x

x





]
 
 
 
 
 
 

, �̇� =

[
 
 
 
 
 
 

















x

x

]
 
 
 
 
 
 

𝑥

𝜂 𝜇



𝐹𝑎𝑒𝑟𝑜𝐷

𝐹𝑎𝑒𝑟𝑜
𝑠𝑒

𝐷
= 𝐹𝑎𝑒𝑟𝑜

𝑠𝑒,0

𝐷
+ 𝐹𝑎𝑒𝑟𝑜

𝑠𝑒,1

𝐷
+ 𝐹𝑎𝑒𝑟𝑜

𝑠𝑒,2

𝐷

𝐹𝑎𝑒𝑟𝑜𝐷

 𝐹𝑎𝑒𝑟𝑜
𝑏𝑢𝑓𝑓

𝐷
= [𝐴𝑓]�̇� + [𝐵𝑓]𝑧 + [𝐶𝑓]�̇� + [𝐷𝑓]𝜓

𝑧

𝑧 = [

�̇�

𝜂

𝜇
] , �̇� = [

�̈�

�̇�

�̇�

]

𝜓

𝜓 = [
w

u




] = [

𝑢

𝑉
𝑤

𝑉

]

















 

 

[𝑀𝑠]�̈� + [𝑅𝑠]�̇� + [𝐾𝑠]𝑥 = 𝑓𝑥

𝑥 = [𝑦 𝑧 𝜃]𝑇

𝑓𝑥



𝑓𝑥 = [

𝑓𝑦
𝑓𝑧
𝑓𝜃

] = [
cos(𝛼) − sin(𝛼) 0
sin(𝛼) cos(𝛼) 0

0 0 1

] [

𝑓𝐷(𝛼)
𝑓𝐿(𝛼)
𝑓𝑀(𝛼)

] = [Λ]𝑓𝐶

𝑓𝐶 =
1

2
𝜌𝐵𝑉𝑚

2 [
1 0 0
0 1 0
0 0 𝐵

] [

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
] = [𝑄] [

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
]

[

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
] = [𝐿2]

𝑇 𝑓2 + [𝐿1]
𝑇𝑓1 + [𝐿0]

𝑇𝑓0

•  𝑓2

• 𝑓1

• 𝑓0

[

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
]

2

=

[
 
 
 
 
 
 
 
 
 
 
 
 







M

Mz

My

L

Lz

Ly

D

Dz

Dy

l

l

l

l

l

l

l

l

l

00

00

00

00

00

00

00

00

00

]
 
 
 
 
 
 
 
 
 
 
 
 
𝑇

[
 
 
 
 
 
 
 
 
 
 
 
 







M

Mz

My

L

Lz

Ly

D

Dz

Dy

f

f

f

f

f

f

f

f

f

]
 
 
 
 
 
 
 
 
 
 
 
 

= [𝐿2]
𝑇 𝑓2

 𝑓2  𝑓𝑖𝑗 

 𝑓𝑖𝑗 = [𝐾𝑖𝑗] 𝜂𝑖𝑗 + [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗

[�̃�𝑖𝑗] �̈�𝑖𝑗 + [�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜂𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 = 0



 𝜂𝑖𝑗

[�̃�𝑖𝑗]  [𝐾𝑖𝑗] [𝑅𝑖𝑗]

[�̃�𝑖𝑗] [�̃�𝑖𝑗] 

𝜓𝑖𝑗

𝜓𝑖𝑗 = 𝑙𝑖𝑗𝜓𝑗

𝜓𝑗 = 𝑑𝑗
𝑇�̇� + 𝑒𝑗

𝑇 𝑥

𝜓𝑖𝑗 = 𝑑𝑗
𝑇�̇� + 𝑒𝑗

𝑇 𝑥

[𝐷] = [𝐷𝑖𝑦
𝑇𝐷𝑖𝑧

𝑇𝐷𝑖𝜃
𝑇] =

[
 
 
 
 −

1

𝑉
0 0

0 −
1

𝑉
0

0 0 0]
 
 
 
 

[𝐸] = [𝐸𝑖𝑦
𝑇𝐸𝑖𝑧

𝑇𝐸𝑖𝜃
𝑇] =

[
 
 
 
 −

1

𝑉
0 0

0 −
1

𝑉
0

0 0 0]
 
 
 
 

 𝑓𝑖𝑗 = [𝐾𝑖𝑗] 𝜂𝑖𝑗 + [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] (𝐷𝑖𝑗
𝑇�̇� + 𝐸𝑖𝑗

𝑇  𝑥) − [𝑅𝑖𝑗] (𝐷𝑖𝑗
𝑇�̈� + 𝐸𝑖𝑗

𝑇  �̇�)

[�̃�𝑖𝑗] �̈�𝑖𝑗 + [�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜂𝑖𝑗 − [𝑅𝑖𝑗] (𝐷𝑖𝑗
𝑇�̈� + 𝐸𝑖𝑗

𝑇  �̇�) − [𝐾𝑖𝑗] (𝐷𝑖𝑗
𝑇�̇� + 𝐸𝑖𝑗

𝑇  𝑥) = 0

 𝑓𝑖𝑗 = [𝑅𝑖𝑗]�̇�𝑖𝑗 + [𝐾𝑖𝑗] 𝜂𝑖𝑗 − [𝑅𝑖𝑗]𝐷𝑖𝑗
𝑇�̈� − ([𝐾𝑖𝑗]𝐷𝑖𝑗

𝑇 + [𝑅𝑖𝑗]𝐸𝑖𝑗
𝑇) �̇� − [𝐾𝑖𝑗]𝐸𝑖𝑗

𝑇  𝑥

[�̃�𝑖𝑗] �̈�𝑖𝑗 + [�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜂𝑖𝑗 − [𝑅𝑖𝑗]𝐷𝑖𝑗
𝑇�̈� − ([𝐾𝑖𝑗]𝐷𝑖𝑗

𝑇 + [𝑅𝑖𝑗]𝐸𝑖𝑗
𝑇) �̇� − [𝐾𝑖𝑗]𝐸𝑖𝑗

𝑇  𝑥 = 0

𝑥



 𝑓𝑖𝑗 = [𝑅𝑖𝑗]�̇�𝑖𝑗 + [𝐾𝑖𝑗] 𝜂𝑖𝑗 − [𝐴𝑖𝑗]�̈� − [𝐵𝑖𝑗]�̇� − [𝐶𝑖𝑗] 𝑥

[�̃�𝑖𝑗] �̈�𝑖𝑗 + [�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜂𝑖𝑗 − [𝐴𝑖𝑗]�̈� − [𝐵𝑖𝑗]�̇� − [𝐶𝑖𝑗] 𝑥 = 0

𝜂 =

[
 
 
 
 
 
 
 
 
 
 
 
 

























M

Mz
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L

Lz
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D
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Dy

]
 
 
 
 
 
 
 
 
 
 
 
 

 𝑓2 = [𝑅2]�̇� + [𝐾2]𝜂 − [𝐴2]�̈� − [𝐵2]�̇� − [𝐶2] 𝑥

[�̃�2]�̈� + [�̃�2]�̇� + [�̃�2]𝜂 − [𝐴2]�̈� − [𝐵2]�̇� − [𝐶2] 𝑥 = 0

 𝑓𝑥,2 = [Λ][𝑄][𝐿2]
𝑇𝑓2

[𝑀𝑠]�̈� + [𝑅𝑠]�̇� + [𝐾𝑠]𝑥 = [Λ][𝑄][𝐿2]
𝑇 ([𝑅2]�̇� + [𝐾2]𝜂 − [𝐴2]�̈� − [𝐵2]�̇� − [𝐶2]𝑥)

[
[𝑀𝑠] + [Λ][𝑄][𝐿2]

𝑇[𝐴2] [0]

−[𝐴2] [�̃�2]
] [

�̈�

�̈�]

+ [
[𝑅𝑠] + [Λ][𝑄][𝐿2]

𝑇[𝐵2] −[Λ][𝑄][𝐿2]
𝑇[𝑅2]

−[𝐵2] [�̃�2]
] [

�̇�

�̇�]

+ [
[𝐾𝑠] + [Λ][𝑄][𝐿2]

𝑇[𝐶2] −[Λ][𝑄][𝐿2]
𝑇[𝐾2]

−[𝐶2] [�̃�2]
] [

𝑥
𝜂] = 0



[
[𝑀𝑠] + [𝑀2

𝑎𝑒𝑟𝑜] [0]

−[𝐴2] [�̃�2]
] [

�̈�

�̈�] + [
[𝑅𝑠] + [𝑅2

𝑎𝑒𝑟𝑜] [𝑅𝜂
𝑎𝑒𝑟𝑜]

−[𝐵2] [�̃�2]
] [

�̇�

�̇�]

+ [
[𝐾𝑠] + [𝐾2

𝑎𝑒𝑟𝑜] [𝐾𝜂
𝑎𝑒𝑟𝑜]

−[𝐶2] [�̃�2]
] [

𝑥
𝜂] = 0

[

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
]

1

= [𝐿1]
𝑇 𝑓1

 𝑓𝑖𝑗 = [𝐾𝑖𝑗] 𝜇𝑖𝑗 + [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗

[�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜂𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 = 0

 𝜇𝑖𝑗

𝜓𝑖𝑗

 𝑓𝑖𝑗 = [𝑅𝑖𝑗]�̇�𝑖𝑗 + [𝐾𝑖𝑗] 𝜇𝑖𝑗 − [𝐴𝑖𝑗]�̈� − [𝐵𝑖𝑗]�̇� − [𝐶𝑖𝑗] 𝑥

[�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜇𝑖𝑗 − [𝐴𝑖𝑗]�̈� − [𝐵𝑖𝑗]�̇� − [𝐶𝑖𝑗] 𝑥 = 0

𝜇 =

[
 
 
 
 
 
 
 
 
 
 
 
 

























M
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My

L

Lz

Ly

D
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]
 
 
 
 
 
 
 
 
 
 
 
 

 𝑓1 = [𝑅1]�̇� + [𝐾1]𝜇 − [𝐴1]�̈� − [𝐵1]�̇� − [𝐶1] 𝑥



[�̃�1]�̇� + [�̃�1]𝜇 − [𝐴1]�̈� − [𝐵1]�̇� − [𝐶1] 𝑥 = 0

 𝑓𝑥,1 = [Λ][𝑄][𝐿1]
𝑇𝑓1

[
[𝑀𝑠] + [Λ][𝑄][𝐿1]

𝑇[𝐴1] [0]

−[𝐴1] [0]
] [

�̈�

�̈�]

+ [
[𝑅𝑠] + [Λ][𝑄][𝐿1]

𝑇[𝐵1] −[Λ][𝑄][𝐿1]
𝑇[𝑅1]

−[𝐵1] [�̃�1]
] [

�̇�

�̇�]

+ [
[𝐾𝑠] + [Λ][𝑄][𝐿1]

𝑇[𝐶1] −[Λ][𝑄][𝐿1]
𝑇[𝐾1]

−[𝐶1] [�̃�1]
] [

𝑥
𝜇] = 0

[
[𝑀𝑠] + [𝑀1

𝑎𝑒𝑟𝑜] [0]

−[𝐴1] [0]
] [

�̈�

�̈�] + [
[𝑅𝑠] + [𝑅1

𝑎𝑒𝑟𝑜] [𝑅𝜇
𝑎𝑒𝑟𝑜]

−[𝐵1] [�̃�1]
] [

�̇�

�̇�]

+ [
[𝐾𝑠] + [𝐾1

𝑎𝑒𝑟𝑜] [𝐾𝜇
𝑎𝑒𝑟𝑜]

−[𝐶1] [�̃�1]
] [

𝑥
𝜇] = 0

[

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
]

0

= [𝐿0]
𝑇 𝑓0

 𝑓𝑖𝑗 = −[𝐾𝑖𝑗] 𝜓𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗

𝜓𝑖𝑗

 𝑓𝑖𝑗 = −[𝐴𝑖𝑗]�̈� − [𝐵𝑖𝑗]�̇� − [𝐶𝑖𝑗] 𝑥



 𝑓0 = −[𝐴0]�̈� − [𝐵0]�̇� − [𝐶0] 𝑥

 𝑓𝑥,0 = [Λ][𝑄][𝐿1]
𝑇𝑓0

[[𝑀𝑠] + [Λ][𝑄][𝐿1]
𝑇[𝐴0]]�̈� + [[𝑅𝑠] + [Λ][𝑄][𝐿1]

𝑇[𝐵0]]�̇� + [[𝐾𝑠] + [Λ][𝑄][𝐿1]
𝑇[𝐶0]]𝑥 = 0

[𝑀𝑠 + [𝑀0
𝑎𝑒𝑟𝑜]]�̈� + [𝑅𝑠 + [𝑅0

𝑎𝑒𝑟𝑜]]�̇� + [𝐾𝑠 + [𝐾0
𝑎𝑒𝑟𝑜]]𝑥 = 0

[

[𝑀𝑠] + [𝑀0
𝑎𝑒𝑟𝑜] + [𝑀1

𝑎𝑒𝑟𝑜] + [𝑀2
𝑎𝑒𝑟𝑜] [0] [0]

−[𝐴2] [�̃�2] [0]

−[𝐴1] [0] [0]

] [

�̈�

�̈�

�̈�
]

+ [

[𝑅𝑠] + [𝑅0
𝑎𝑒𝑟𝑜] + [𝑅1

𝑎𝑒𝑟𝑜] + [𝑅2
𝑎𝑒𝑟𝑜] −[𝑅𝜂

𝑎𝑒𝑟𝑜] −[𝑅𝜇
𝑎𝑒𝑟𝑜]

−[𝐵2] [�̃�2] [0]

−[𝐵1] [0] [�̃�1]

] [

�̇�

�̇�

�̇�
]

+ [

[𝐾𝑠] + [𝐾0
𝑎𝑒𝑟𝑜] + [𝐾1

𝑎𝑒𝑟𝑜] + [𝐾2
𝑎𝑒𝑟𝑜] −[𝐾𝜂

𝑎𝑒𝑟𝑜] −[𝐾𝜇
𝑎𝑒𝑟𝑜]

−[𝐶2] [�̃�2] [0]

−[𝐶1] [0] [�̃�1]

] [

𝑥
𝜂

𝜇
] = 0

𝑧

𝑧 =

[
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x





]
 
 
 
 
 
 

, �̇� =

[
 
 
 
 
 
 

















x

x

]
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]
~

[]0[]0[]0[][

]0[][]0[]0[]0[

]0[]0[][]0[]0[

]0[]0[]0[]
~

[][

][]0[]0[]0[]
~
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x
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+

[
 
 
 
 
 
 
 

]
~

[]0[][]0[][

]0[]0[]0[][]0[

]0[]0[]0[]0[][

]0[]
~

[][]
~

[][

][][]
~

[][]
~
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111

2222
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I
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KKKRR
aeroaero

s

aero
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−

−
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x

x





]
 
 
 
 
 
 

= 0

[𝐴𝑡𝑜𝑡]�̇� + [𝐵𝑡𝑜𝑡]𝑧 = 0

 



[𝐿]𝑇 𝑓



[

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
]

2

=

[
 
 
 
 
 
 
 
 

M

Mu

Lw

Lu

Dw

Du
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l

l

l

l

l

00

00

00

00

00

00

]
 
 
 
 
 
 
 
 
𝑇

[
 
 
 
 
 
 
 
 

Mw

Mu

Lw

Lu

Dw

Du

f

f

f

f

f

f

]
 
 
 
 
 
 
 
 

= [𝐿2]
𝑇 𝑓2

𝑓𝑖𝑗  𝑓2

 𝑓𝑖𝑗 = [𝐾𝑖𝑗] 𝜂𝑖𝑗 + [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗

[�̃�𝑖𝑗] �̈�𝑖𝑗 + [�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜂𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 = 0

 𝜂𝑖𝑗

[�̃�𝑖𝑗]  [𝐾𝑖𝑗] [𝑅𝑖𝑗]

[�̃�𝑖𝑗] [�̃�𝑖𝑗] 

𝜓𝑖𝑗

�̃� =

[
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Mu
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Lu

Dw

Du













]
 
 
 
 
 
 
 
 

=
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l

l

l

l

l
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0

0

0
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0
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] = [𝐿𝜓]𝜓

𝜓𝑢 =
𝑢

𝑉
, 𝜓𝑤 =

𝑤

𝑉



𝜂 =

[
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Mu
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Lu

Dw

Du













]
 
 
 
 
 
 
 
 

 𝑓2 = [𝑅2]�̇� + [𝐾2]𝜂 − [𝑅2][𝐿𝜓]�̇� − [𝐾2][𝐿𝜓] 𝜓

[�̃�2]�̈� + [�̃�2]�̇� + [�̃�2]𝜂 − [𝑅2][𝐿𝜓]�̇� − [𝐾2][𝐿𝜓] 𝜓 = 0

 𝑓2 = [𝑅2]�̇� + [𝐾2]𝜂 − [𝑅2𝜓]�̇� − [𝐾2𝜓] 𝜓

[�̃�2]�̈� + [�̃�2]�̇� + [�̃�2]𝜂 − [𝑅2𝜓]�̇� − [𝐾2𝜓] 𝜓 = 0

 𝑓𝑥,2 = [Λ][𝑄][𝐿2]
𝑇𝑓2

[

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
]

1

= [𝐿1]
𝑇 𝑓1

 𝑓𝑖𝑗 = [𝐾𝑖𝑗] 𝜇𝑖𝑗 + [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗

[�̃�𝑖𝑗]�̇�𝑖𝑗 + [�̃�𝑖𝑗] 𝜂𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗 − [𝐾𝑖𝑗] 𝜓𝑖𝑗 = 0

 𝜇𝑖𝑗

𝜓𝑖𝑗



𝜇 =

[
 
 
 
 
 
 
 
 

Mw

Mu

Lw

Lu

Dw

Du













]
 
 
 
 
 
 
 
 

 𝑓1 = [𝑅1]�̇� + [𝐾1]𝜇 − [𝑅1𝜓]�̇� − [𝐾1𝜓] 𝜓

[�̃�1]�̇� + [�̃�1]𝜇 − [𝑅1𝜓]�̇� − [𝐾1𝜓] 𝜓 = 0

 𝑓𝑥,1 = [Λ][𝑄][𝐿1]
𝑇𝑓1

[

𝐶𝐷(𝛼)

𝐶𝐿(𝛼)

𝐶𝑀(𝛼)
]

0

= [𝐿0]
𝑇 𝑓0

 𝑓𝑖𝑗 = −[𝐾𝑖𝑗] 𝜓𝑖𝑗 − [𝑅𝑖𝑗]�̇�𝑖𝑗

𝜓𝑖𝑗

 𝑓0 = −[𝑅0𝜓]�̇� − [𝐾0𝜓] 𝜓

 𝑓𝑥,0 = [Λ][𝑄][𝐿0]
𝑇𝑓0



[
[�̃�2] [0]

[0] [0]
] [

�̈�

�̈�
] + [

[�̃�2] [0]

[0] [�̃�1]
] [

�̇�

�̇�
] + [

[�̃�2] [0]

[0] [�̃�1]
] [

𝜂

𝜇] = [
[𝑅2𝜓]�̇� + [𝐾2𝜓] 𝜓

[𝑅1𝜓]�̇� + [𝐾1𝜓] 𝜓
]

𝑧

𝑧 = [

�̇�

𝜂

𝜇
] , �̇� = [

�̈�

�̇�

�̇�

]

[

[�̃�2] [0] [0]

[0] [𝐼] [0]

[0] [0] [�̃�1]

] [

�̈�

�̇�

�̇�

] + [

[�̃�2] [�̃�2] [0]

−[𝐼] [0] [0]

[0] [0] [�̃�1]

] [

�̇�

𝜂

𝜇
] = [

[𝑅2𝜓]

[0]

[𝑅1𝜓]

] �̇� + [

[𝐾2𝜓]

[0]
[𝐾1𝜓]

]𝜓

 𝑓𝑥 = [Λ][𝑄][𝐿2]
𝑇𝑓2 + [Λ][𝑄][𝐿1]

𝑇𝑓1 + [Λ][𝑄][𝐿0]
𝑇𝑓0

= [Λ][𝑄]([𝐿2]
𝑇[𝑅2]�̇� + [𝐿2]

𝑇[𝐾2]𝜂 − [𝐿2]
𝑇[𝑅2𝜓]�̇� − [𝐿2]

𝑇[𝐾2𝜓]𝜓

+ [𝐿1]
𝑇[𝑅1]�̇� + [𝐿1]

𝑇[𝐾1]𝜇 − [𝐿1]
𝑇[𝑅1𝜓]�̇� − [𝐿1]

𝑇[𝐾1𝜓]𝜓

− [𝐿0]
𝑇[𝑅0𝜓]�̇� − [𝐿0]

𝑇[𝐾0𝜓] 𝜓)

 𝑓𝑥

= [Λ][𝑄] ([[0] [𝐿2]
𝑇[𝑅2] [𝐿1]

𝑇[𝑅1]]�̇� + [[0] [𝐿2]
𝑇[𝐾2] [𝐿1]

𝑇[𝐾1]]𝑧

− [[𝐿2]
𝑇[𝑅2𝜓] + [𝐿1]

𝑇[𝑅1𝜓] + [𝐿0]
𝑇[𝑅0𝜓] [𝐿2]

𝑇[𝐾2𝜓] + [𝐿1]
𝑇[𝐾1𝜓] + [𝐿0]

𝑇[𝐾0𝜓]] [
�̇�

𝜓
])

 𝑓𝑥 = [𝐴𝑓]�̇� + [𝐵𝑓]𝑧 + [𝐶𝑓]�̇� + [𝐷𝑓]𝜓

 





 




