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1. Introduction

Large-scale systems are widely used in complex in-
dustrial contexts such as chemical processes, energy
networks, and transportation systems. Their high
dimensionality, coupling among variables, and non-
linearities make centralized control strategies hardly
applicable.

To overcome these limitations, decentralized and dis-
tributed strategies provide scalable and computa-
tionally feasible solutions. However, their effective-
ness relies on the ability of the models to capture
complex system structure, which makes the deriva-
tion of physics-based models particularly challeng-
ing.

In this context, the need for a physics-inspired identi-
fication procedure arises and Recurrent Equilibrium
Networks (RENSs) define a suitable class of nonlinear
models, to which structural constraints and physical
properties can be enforced, so as to obtain suitable
models for decentralized control. In its first part, this
thesis addresses the identification of control-oriented
models through different decomposition approaches
and sampling time impact analysis. Three decompo-
sition approaches [1] and the sampling time impact
are defined and subsequently tested on a case study
consisting of nonlinear chemical plant. Due to space
limitations, only one decomposition procedure is pre-
sented in this executive summary; further analyses
are detailed in the thesis.

In parallel, the decentralized control problem for the

class of structured REN models is formulated and a
novel solution, based on MPC, is proposed.

This executive summary outlines the two main as-
pects of the thesis. In particular, Section 2 presents
Recurrent Equilibrium Network models, focusing on
the structured identification approach, whereas Sec-
tion 3 formulates the tube-based decentralized non-
linear MPC problem. Further details on both the
identification and control contributions are reported
in the the thesis.

2. RENs
2.1. The RENs model

The class of Recurrent Equilibrium Networks
(RENS) [5] is a novel class of models designed to
represent nonlinear dynamical systems. Their con-
struction is based on the feedback interconnection
between a linear dynamical system G and an im-
plicit function, defined by a non-linear operator o,
as represented in Figure 1. Depending on o, RENs
may represent a deep neural network, while retaining
a clear and compact definition.
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Figure 1: REN as a feedback interconnection of a
linear system G and a nonlinear activation o

The REN structure is a state-space representation
expressed as:

z(t+1) = Azz(t) + Buu(t) + Bss(t) + Byy(t) (la)
s(t) = o(Azz(t) + Buu(t) + Bss(t) + Byy(t)) (1b)
y(t) = Cx(t) + Dyu(t) + Dss(t) (1c)

where

e r € R" is the internal state vector of the
network and it is characterized by matrices
Az c R"’CX"’”,BU c R"’X"“, Bs c anXnS) and
B, € R"=*"y,

e s € R"™ is the solution to the equilibrium
equation (1b), also known as "implicit net-
work". The latter is characterized by matri-
ces A, € RXna B € RsXnu B g RMsXns
, B~y € R™*" and by the activation function
o=[o1(-) ... o,,]7, that is a decentralized vec-
tor of scalar sigmoid functions.

e y € R™ is the input vector.

e y € R™ is the output vector.

The term “equilibrium” refers to the fact that any
solution of the implicit equation (1b) defining s(t)
is an equilibrium point of the nonlinear internal dy-
namics, faster than the x(¢) dynamics, leading to
a two-timescale interpretation. We define Ezplicit
RENSs [4] as the class of RENs having D, = 0, that
reduces the network (1b) to a single-layer neural net-
work. These models are less flexible and representa-
tive of Implicit RENs, having D, # 0, considered in
this work. Depending on the value of ﬁs, the im-
plicit Equation (1a) may or may not admit a unique
solution s(t) for given z(¢), u(t). A model (1) is said
to be well-posed if it provides a unique solution of
s(t) for a given xz(t),u(t) (i.e., if it yields a unique
response to any initial conditions and input). As
stated in [5], the equilibrium network is well-posed
if 3A > 0 diagonal such that

9A —AB, — B,"A>0 2)

Note that, when D~BS and D, have a triangular
structure the model is defined as acyclic RENS, it is
well-posed by definition and the elements of s(t) can
be explicitly computed row-by-row from (1b). The
acyclic RENs are easier to implement and, in most
cases, they provide models of excellent quality. The
following assumption is also made on the function o.

Assumption 2.1. Each component o;(-) : R —
R,i = 1,...,ns is a sigmoid function such that
oi(vi(t)) € [-1,1],Yv; € R. The activation func-
tion must be bounded, piecewise differentiable and
slope-restricted in [0, 1], i.e.,

) < 70) = o(a)

< o <1,Va,beR,a#b (3)

Also, 0;(+) is Lipschitz continuous with unitary Lips-
chitz constant and one and only one inflection point
inv; =0.

A key property used to derive useful Linear Matrix
Inequalities (LMIs) is the incremental sector condi-
tion, provided by the following lemma [3].

Lemma 2.2. Under Assumption 2.1, Vh; >
1,3v;(h;) > 0 such that V(v;,v; + Av;) €
[—’lji(hi), ﬁi(hi)]Q, it holds that

where As; = s;(v; + Av;) — s;(v;)

2.2. Hyperparameter definition of

REN models

The first objective of this work is to identify a suit-
able model from a set of candidates using data. In
this thesis, to simplify the learning process of REN
models, we adopt an identification approach, consist-
ing of defining matrices A,, Ay, By, By, By, By, B
and B, as fixed random hyperparameters. Regard-
ing A, and A,, we define them by, at the same
time, imposing contractivity to the untrained model,
which guarantees that trajectories of the system con-
verge exponentially towards each other, indepen-
dently of their initial conditions, thus ensuring the
well-posedness (see Theorem 2.1 from [5]) of the
identification process.

Under Assumption 2.1 described by (3), the fol-
lowing theorem gives the conditions for contracting
RENS [5].

Theorem 2.1. If there exists a matriz P = PT >0
and A € Dy, where D4 is the set of diagonal positive
definite matrices, such that

a’P  —ATA]  [AT] [AT]"
Sn W] e

where W = 2A — AB, — B?A, then the network is
well-posed and contracting with some rate o < &.

The maximum rate of convergence a, for instance,
can be chosen as the spectral radius of the system
(i.e., the maximum eigenvalue of the discrete-time
linearized system), which can be inferred from the
settling time of the system trajectories, e.g., in re-
sponse to step-wise inputs.

Applying the Schur complement, the resulting LMI



for the contractivity of the untrained model is the
following:

a*P —ATA ATP
-AA, W BIpP| >0 (6)
PA, PB, P

Depending on the problem, it is possible to influence
the position of the eigenvalues of matrices A, and
A, by adding some constraints on the trace of the
square matrix A, and on the rectangular-trace! of

the non-square matrix A,.

2.3. Learning REN Models

After the definition of the model hyperparameters,
the only free identifiable parameters are matrices
C,D, and D, of (1c), defining § = [C D, Dy].
The identification of 6 is performed as follows:

1. Letting N, be the number of the available data
samples, the data u(t) and y(¢) for t =1, ..., N,
are used to feed equations (1a, 1b), from a ran-
dom initial condition 2(1). At this point all val-
ues of internal states x(t) and nonlinearities s(t)
are available for t = 2, ..., N;.

2. The goal is to select the value of # that mini-
mizes the quadratic error between the data and
the predicted output:

Ny N, z(t) 2
J0) = (&) —90I* =D _|ly(t) -0 [U(t)] (7)

= s(1)

Note that the optimization problem is quadratic and
reduces to a Least-Squares formulation, avoiding the
vanishing and exploding gradient issues.

Note that, the identification procedure proposed in
this section adopts a hybrid approach that combines
the Prediction Error Method (PEM), providing ac-
curate one-step-ahead predictions but it may fail to
reproduce the long-term dynamics of the system,
and the Simulation Error Method (SEM), repro-
ducing the overall system behavior through multi-
step simulations, but may provide incorrect inter-
nal parametrization. Consequently, the proposed
method exploits the short-term accuracy of PEM
and the global consistency of SEM, capturing both
the local and long-term dynamics of the system. Af-
ter the learning procedure is completed, the learned

where A = A, + B,C, B = B, + B,D, B? = B, +
B,Ds, A=A, + B,C, B= B, + B,D and B? =
B, + ByD,.

Without structural constraints in the definition of
hyperparameters and free parameters, the learned
model may not retain the subsystem interconnec-
tions required for decentralized and distributed con-
troller design. In particular, although the model may
be accurate and dynamically consistent, modular-
ity and scalability that characterize network-based
structures may be absent. However, additional con-
straints incorporated into the optimization frame-
work can enforce desired physical properties of the
modeled system. Consequently, the overall identifi-
cation procedure may adopt a physics-inspired per-
spective, enhancing the interpretability and physical
consistency of the resulting model. In the following
section we discuss how physical and structural infor-
mation can be enforced on the learning process of
RENS.

2.4. Structured Matrix Decomposi-
tion

The core idea of this approach is to perform the mod-
elling approach described in Sections 2.2 and 2.3,
while imposing a block-structured pattern on all ma-
trices to reflect subsystem interconnections.

It is possible to define a physical graph ¢°, whose
nodes are the subsystems, and whose edges repre-
sent the interconnections. More specifically, an edge
(1,7) between .#; and . is present if some variables
(e.g., the input u;, the measured output y;, or some
elements of the internal non-measured state x;) of
; have a direct known physical influence on the
dynamics of .%;. As an alternative representation,
we can define, for each i = 1,..., N, the set 4, as
the set of indices j such that (i,5) is an edge of the
graph ¢° and which does not include i.

In this way, the influence of each subsystem on its
neighbors is naturally represented within the model,
without the need to explicitly introduce coupling
variables, making this approach applicable even
in case the interconnection variables are not mea-
surable. In particular, the untrained REN model
of the i-th subsystem assumes the following form:

zi(t +1) = Ap, (1) + Bu,ui(t) + B, si(t) + By, yi(t) (9a)
si(t) = o (A, i(t) + Bu,wi(t) + Bs,;si(t) + By,ui(t))  (9b)

REN model is:

z(t+ 1) = Az(t) + Bu(t) + Bgs(t) (8a) yi(t) = Ciai(t) + Duyus(t) + Ds, s:(t)+
s(t) = o (Ax(t) + Bu(t) + Bls(t)) (8b) . .
J(6) — Calt) + Dolt) 4 Dos(t) (80) + jGZN? (Cigwj(t) + Duyjus(t)) (9¢)

1Rectangular-trace: For a rectangular matrix M €
R™*™ we define the generalized trace as

min(m,n)

tr. (M) = Z M;,
i=1

i.e., the sum of the diagonal entries up to the smallest dimen-
sion.

The overall state dimension of the identified model
is obtained by aggregating the states of individual
subsystems. Overall, consider N subsystems, the
hyperparameters are defined as follows.
1. Define n, (dimension of internal states vector
x(t)), ns (dimension of non-linearities vector
s(t)), ng, and ng,, for ¢ = 1,...; N, representing



the dimensions of the blocks of the structured
matrices, introduced in the following points.

2. By, Bu,By, Ey, B, and B, are defined as block
diagonal matrices, composed of blocks By, €
anixnui’ Bu, c ]R"Sixnui’ By1 c anixnyi7
B,, € R™i*™:i. B, € R™:i*": has sparse
random blocks and By, € R™ %" has random
lower triangular blocks.

3. A, and flx as block diagonal matrices, with
blocks A,, € R™i %" and A,, € R™:*":i re-
spectively, generated randomly, but subjected
to the contractivity constraint (5).

A given structure is imposed also on the free pa-
rameters C, D and Dy, so as to reflect the intercon-
nections represented by the graph ¢°. All matrices
must have suitable dimensions and must be coherent
with each other and with overall system’s intercon-
nections. The identification of C, D and Dy is carried
out by minimizing the cost function given in equa-
tion (7).

Considering the trained model equations derived by
using (9¢) into (9a) and (9b), the structure of all
trained matrices is dictated by that of C', D, and
D,. This is a crucial result, as the tunable matrices
C, D, and D, encode the interconnection relation-
ships within the system. Importantly, the admissible
interaction structure is informed by the underlying
physics of the system, while the level of interconnec-
tions is identified directly from data. As a conse-
quence, the trained model inherits a structured rep-
resentation that is both physics-consistent and data-
driven, with matrices that preserve the same inter-
connection pattern as ¢°, ensuring a faithful rep-
resentation of the system’s physical and structural
properties.

In this procedure, the validation step is performed
using the model obtained by plugging (9¢) into (9a)
and (9b). The generated data are then compared
with the validation dataset, and the resulting model
is the one, among the candidate ones, that minimizes
the cost function.

After training, we define matrices A; = A, +
ByycﬂBZ = Bui + ByiDuwBSi = Bsi +
By, Dy, Aij = B,Ci,B;; = ByD,, A =
Au + ByC B = Bu, + B, Du, B — B, +

In this way, the learned i-th submodel takes the form

zi(t+1) = Aizi(t) + Biui(t) + B2 si(t)+
> (Aijzi(t) + Bijui(1)) - (10a)
JEN?

si(t) = O’(Aimi(t) + Bzuz(t) + ng si(t)+

> (Aijxj(t)+Bijuj(t))) (10Db)

JEN?

yi(t) = Cimi(t) + Diu, (t) + Ds, s:(t)+
> (Cimy(t) + Diguy(t))  (10c)

FJENY?

3. Decentralized NMPC of
Structured REN Models

Decentralized and distributed architectures repre-
sent alternatives developed to overcome centralized
control limitations: they allow local controllers to
operate using limited information, while still guaran-
teeing the control objective satisfaction. The objec-
tive of this section is to formulate the decentralized
constrained tracking problem. For this purpose, we
consider a system modeled by a Recurrent Equilib-
rium Network, described in Section 2 and by equa-
tions (1). Robust NMPC will be leveraged to decen-
tralized and distributed controller design [2].

3.1. Problem statement

To formulate the decentralized NMPC problem, the
system model must be decomposed into N intercon-
nected subsystems as done in Section 2.4.

First of all, for tracking objectives, we define set-
points g;, ¢ = 1, ..., N and the corresponding steady-
state inputs u;, states Z;, and nonlinearities 5;, i.e.
such that, fori=1,..., N:

5 = U(Azifii + Buiﬂi + Bsi S + Byl'gz)
9i = Citi + Do, Wi + Ds,5i + ) (CijZj + Duy;t;)
FEND

The setpoints are assumed to be available to all local
controllers, as they represent the desired steady-state
operating condition.

We can rewrite (10a) and (10b) as

J,'i(t + 1) = All‘z(t) + Bzul(t) + B?is,(t)—i—

+ wi(t) + Z (Ai;Z; + Bijiiy) (11a)
FENY?
si(t) = U(Aixi(t) + Biui(t) + ngl si(t)+
+wi(t)+ Y (Ayz; + Bz‘jﬂj)) (11b)
JEN?
where
wi(t) = Y (Aij(x;(t) — ;) + Bij(u;(t) — 15)) (12a)
JEN?
wi(t) = Y (Aij(a;(t) — ;) + Bij (u; () — 1)) (12b)
JEND

Each subsystem can be represented by a local model
(11a), (11b), where the equivalent perturbation
(12a), (12b) is additive. In this way, the contribu-
tions provided by the deviation of the interconnec-
tion variables with respect to their steady-state val-
ues on the model can be regarded as disturbances to



be properly attenuated by the dedicated tube-based
controller. Before introducing the nominal model
definition, used for the controller design, it is neces-
sary to specify some assumptions.

Assumption 3.1. The state and input vectors are
constrained, i.e., z(t) € X and u(t) € U. Sets X and
U must be compact and convex.

In particular, for all 57 = 1,..,N, we
have z;(t) € X, and wu;(t) € Uj;, where
Xj = {w; € R™5 : (a;(t) — 25)" Qn, (ws(t) — ;) <1} (13)

Uj = {uy € R™ : (uy(t) — 0y)" Qu, (uy(t) — ;) <1} (14)

and where ng and ng are symmetric and positive
definite matrices of suitable dimensions.

3.2. Nominal model and tube-based
definition

The first step for the application of tube-based
NMPC to (1la), (11b) is to define the nominal
model, corresponding to the original one, but dis-
carding the perturbation terms w; and w; defined
in (12a) and (12b), respectively. Note, in passing,
that, in view of (13), (14), and (12a), (12b), for
all @ = 1,..., N, the disturbances w; and w; are
bounded to lie in bounded sets W, and W,;. The
latter sets need to be defined in such a way that, for
alli=1,..,N, for all u; € U; and z; € X;, j € N

> (Ai(y(t) — 25) + Bij(u;(t) — 4y)) € Wy (15a)

JjeN?
> (A (y(t) — 25) + Bij (uy(t) — @) € W, (15b)
JEND
The nominal model is the following.
Zﬁi(t + 1) = Alsﬁz(t) -+ Bzﬁl(t) + B2L§1(t)+
+ Z (Aijfj +Bijﬂj) (16&)
JEN?
8(t) = J(Ai;zi(t) + Bias(t) + B 5:(t)+
+ Z (Aijfj + Nijﬁj)) (16b)

JENY

i

The input u; is defined as follows:
2i(t)) + K(si(t) — 3:(t)) (17)

Note that the adoption of two control gains K’ and
K provides flexibility and improves corrective action
in the controller design.

From (11a, 11b), (16a, 16b), and (17),

ui(t) = ’&Z(t) + K; (Jtl(t) —

zi(t+1) — it + 1) = (A + B;KL) (i (t) — #:())+
(B + B (si() — 5:(0)) + wilt)  (18)
Through proper choices of K! and K!, and under
Assumption 3.1, we can define the RPI set 6X;:

Definition 3.2. For the system (11a)—(11b) subject
to a bounded disturbance w;(t) € W;, a set 6X; C

R™ is said to be Robust Positively Invariant (RPI)
if, for all £ > 0,

51‘1(0 S (SXz = 51‘1@4’ 1) S 5XZ, sz(t) e W;.
Similarly, we will define, for all i = 1, ..., N sets JS;
and dU;, such that

uz(t) — ﬂz(t) S 5U27 Si(t) — §i(t) S 581 (19)
At time ¢, the MPC optimal control problem ad-
dresses the nominal system variables. It is possible
to define tightened constraints, for all subsystems, to
ensure the satisfaction of original constraints, even in
the worst case effect of bounded disturbances w(t).
The tightened constraints are defined as
ﬁz(t) GUi, szl,,N,VtZO
The sets X; and U; will be obtained by properly
tightening the original sets X; and U;, using Pon-
tryagin difference, as follows:

X; CX;06X;, U; CU;o (KLoX; ® Ki5S;)

3.3. Online optimal control problem

As discussed, the decentralized MPC algorithm re-
duces to solving N separated robust MPC problems.
For each subsystem, a FHOCP to be solved at
each time step ¢, consists in finding the optimiza-
tion variables coinciding with the input sequence
4;(t),...,u;(t + N, — 1) over a prediction horizon of
length N, and nominal state Z;(t).

Under the auxiliary control law, the FHOCP for the
i-th subsystem is formulated as follows

min f (20)
2;(1),04(t), ... Ui (t+Np—1)
subject to:
Ll’l(t) — il(t) € 6X;, (21)

Vk=0,...,Ny—1:
it +k+1) = (A + B KL)di(t + k)+
+ (Bs;0+ BiK2)3i(t + k) + di(t + k), (
ai(t + k) € Us, (
&i(t+ k) € X, (24
Zi(t+ Nn) € Xy,. (

where X; and U; are obtained by properly tightening
the original sets, as previously specified.

The i-th controller minimizes the following cost func-
tion:

Np—1
Ji= 3 (st k) = 2allg, + e+ k) — w3, ) +
k=0
+ V5, (2i(t + Np) — &) (26)



where the terms T; € R"»: %"= and R; € R™wi XM
must be properly chosen to ensure an appropriate
balance between tracking performance and control
effort, and the terminal cost V7, is commonly defined
based on the system’s Lyapunov function, under an
appropriate stabilizing auxiliary control law.

The solution to the FHOCP is iteratively evaluated,
according to receding horizon procedure, and at time
t it is represented by &;(¢[t), 4; ([t : Np, — 1][¢).

3.4. Terminal ingredients

The two fundamental properties of convergence and
recursive feasibility are ensured by the design of the
terminal ingredients for each subsystem ¢: the termi-
nal set X ; and the terminal cost Vy ;(Z;(t+N)—Z;).
For tracking purposes, the terminal ingredients are
defined based on a local auxiliary control law of the

type
@;(t) = KL(2:(t) — 2;) + KL(3:(t) — 8;) + u; (27)

where K¢ and K! guarantee asymptotic stability of
the equilibrium Zz;.

The terminal cost and set are chosen such that, un-
der this control law, the decrease condition

Vi, (Jﬁz(t + 1) - iz) < Vi (QAIZ (t) — fz) — (28)

= lls(t) = Zill7, — las(t) — al%,

holds, when the nominal system (16a), (16b) is con-
trolled using (27), and Xy, is positively invariant.
In the proposed robust decentralized MPC scheme,
the terminal ingredients are constructed consistently
with the tube-based formulation.

In particular, the terminal cost is defined as

Vi, = ll2:(t) — 2017,

where T, is obtained as a suitably scaled version of
the matrix P;, where P; is the solution of the nominal
Lyapunov equation associated with the local stabi-
lizing feedback law (27).

Similarly, the terminal set Xy, is chosen as a properly
selected subset of the set 0X;. More precisely, Xy, is
designed so as to be a robust positively invariant set
for the closed-loop error dynamics under the local
auxiliary controller and is chosen so as to be com-
patible with the tube-based constraint tightening.
In particular, it satisfies X, ©0X; C X; so that, once
the nominal state enters Xy,, the real state and in-
put trajectories satisfy the original constraints for all
admissible disturbances.

With this construction, recursive feasibility and con-
vergence of each local closed-loop subsystem are
guaranteed once the subsystem state enters X¢,, the
auxiliary controller steers it to the reference while
satisfying all constraints.

4. Conclusions

This work has addressed the problem of physics-
inspired scalable modeling and control design for
large-scale nonlinear systems: these two components
are presented in an unified framework as two com-
plementary parts of the same problem. The main
outcome is the demonstration that physics-inspired
structured neural models can be effectively used as
control-oriented representations for large-scale sys-
tems, enabling the design of decentralized robust
MPC schemes with guaranteed stability and con-
straint satisfaction. This points out the importance
of integrating modeling and control objectives within
a single framework, rather than treating them as sep-
arate and sequential steps. Some aspects of the pro-
posed approach could be further investigated in fu-
ture research. In this work, the LMI-based design
procedure has been used to derive the local stabiliz-
ing feedback gains and to guarantee the required in-
cremental stability and consistency properties. The
next step is the integration of these results into a full
receding-horizon optimization framework, in which
the decentralized optimal control problem is solved
in real time. This next implementation will assess
the closed-loop performance of the proposed archi-
tecture and evaluate the computational advantages
provided by the structured REN models. Another
relevant direction concerns the validation of the pro-
posed methodology on experimental plants and the
integration of online learning strategies for the REN
models, so as to handle slowly varying dynamics and
modeling uncertainties.
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