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1. Introduction

Many engineering applications, from structural
design to uncertainty quantification, require re-
peated numerical simulations of complex phys-
ical systems modeled with parametric Partial
Differential Equations (PDEs). Within this con-
text, relying exclusively on classical numerical
solvers —hereafter referred to as Full Order
Models (FOMs)— can become computationally
prohibitive. Indeed, since each simulation of-
ten necessitates substantial computational re-
sources, thoroughly exploring the solution space
across different configurations of the parame-
ter vector @ can result in a highly challenging
task. Reduced Order Modeling [4, 5| addresses
this challenge by constructing efficient surrogate
models, called Reduced Order Models (ROMs),
that approximate the FOM solutions at a frac-
tion of the computational cost.

One fundamental approach for ROMs is dimen-
sionality reduction, where FOM solutions are
used to create a low-rank latent space capable
of representing the data with a minimal loss of
accuracy. Such an approach ranges from linear
methods, such as the Principal Orthogonal De-
composition (POD) [5], to fully nonlinear ones,
such as deep autoencoders.

For linear models, the efficacy in the production
of such latent spaces is strictly linked to the Kol-
mogorov n-width [3]. This quantity measures
how well a set can be approximated by a linear
subspace of dimension n. If the Kolmogorov n-
width is fast-decaying in n, a linear approach
is well-suited, otherwise a nonlinear approach
should be considered. There also exist hybrid
scenarios, where the set of parametric solutions
has a slow-decaying Kolmogorov n-width, but if
we fix some of the parameters, it becomes fast-
decaying. For example, consider a parametric
solution of the form

u(,§) = Bz 100007 1 g, =100 =02)7

with the components of the parameter vector
subdivided as p = [01,62] and v = [03,04].
While the set of such solutions is slow decay-
ing, for each fixed p the Kolmogorov n-width
goes to zero after n = 2.

In the ROM literature, the peculiar structure of
these problems has led to the development of
adaptive-basis methods. Rather than relying on
a single global low-rank basis, these methods al-
low the latent space to evolve as a function of a
subset of the system’s parameters, here denoted
by p. Among many such techniques, we will fo-



cus on deep neural network-based ones, and in
particular, the Deep Orthogonal Decomposition
(DOD) presented in [3], that aims at learning
a map between p and a corresponding adaptive
basis V, using the powerful learning capabilities
of deep neural networks. Despite their power,
the practical deployment of adaptive-basis ap-
proaches is hindered by the absence of rigor-
ous a priori guidelines for two key architectural
choices: the optimal dimension of the adaptive
basis, and the partitioning of the full parame-
ter vector into an adaptive component g and a
static component v.

This thesis addresses precisely these gaps by
developing a data-driven diagnostic pipeline
that provides quantitative, pre-training guid-
ance for both decisions. Moreover, leveraging
these newly developed instruments, this work
presents the first application of the DOD to
time-dependent problems.

2. Methodology
2.1. Weighted-POD

The core engine of the proposed pipeline is the
weighted Principal Orthogonal Decomposition
(w-POD). The latter is not used to build an
online surrogate, but rather serves as an auxil-
iary tool for the computational of several quan-
tities needed for our analysis. Given a reference
parameter vector é, the w-POD constructs an
adaptive space V4 by minimizing
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where {ug,,0;}¥, represent a collection of N
snapshots obtained from a FOM, and a Gaus-
sian kernel w(d,8;) = exp (—Hé—eiuzm)
controls the locality of the weighting. This
yields a locally-adapted basis via SVD, with-
out requiring any neural network training phase.
The w-POD thus emulates the flexible behav-
ior of adaptive-basis methods and, thanks to
its closed-form solution, guarantees the optimal-
ity of the found basis, making it ideal for pre-
training analysis. At the same time, w-POD re-
mains unsuited for online inference due to its
associated computational costs, reason for which
we only use it in the offline phase of our proposed
pipeline.

2.2. Adaptivity Scores via the Grass-
mann Manifold

To measure how much an adaptive-basis actu-
ally varies as a function of each parameter, the
outputs of such methods are treated as elements
of the Grassmann manifold G, (A) [1], the space
of all n-dimensional subspaces of a given am-
bient space A. By noting that each subspace
Vu = span(V,) C A is uniquely identified by
its orthogonal projector P, = VMVZ;, we can
define an appropriate distance between the pro-
duced basis as

dg(Vi, V) = [P — Ppr|lr,

with |- ||r the Frobenius norm, so that the struc-
ture of the Grassmann manifold is preserved.
Leveraging this distance, two adaptivity scores
are then defined to rank parameters by their in-
fluence on the obtained basis:

e a derivative-based score, K;Ot, measuring
the average maximum rate of change of the
basis along the j-th parametric direction,
obtained via Monte Carlo sampling com-
bined with a numerical optimization rou-
tine;

e a variance-based score, D;, adapted from
first-order Sobol’ sensitivity indices, which
compares the expected conditional disper-
sion (when the j-th component of p is fixed)
to the total dispersion across the parame-
ter domain, again approximated via Monte
Carlo sampling.

High scores on either metric identify parameters
that should be assigned to the adaptive set u;
low scores instead suggest they belong to the
static set v.

2.3. Rank Selection via Singular
Value Analysis

Once the parameter partition is established, the
pipeline determines the appropriate dimension
of latent space. By examining the spectrum of
singular values produced by the w-POD across
the parameter domain, two diagnostic quanti-
ties are proposed: (i) the gap J, defined as the
relative difference between successive singular
values, and (ii) the range of the singular val-
ues, useful to measure the consistency of per-
formance across different parametric configura-
tions. A rank with a compact range and a large
gap is preferred, as it implies, respectively, both



a consistent representation and favorable learn-
ing conditions |2, Corollary 4.2] for the down-
stream adaptive model.

3. Proposed Pipeline

By combining the two adaptivity scores, and the
rank analysis, we propose a design pipeline for
arbitrary adaptive-basis methods. The complete
diagnostic workflow proceeds in five steps. It is
assumed that FOM snapshots have already been
collected.

1. Initialize the w-POD with a heuristic rank
n = dim(@) + 1, motivated by a first-order
Taylor expansion, and sweep over different
bandwidth values A.

2. Compute the two adaptivity scores for the
full parameter vector 6.

3. Partition 0 into p (high scores) and v (low
scores).

4. Perform the singular value analysis to opti-
mize the rank of the final basis. This step,
can be carried out using a different band-
Width, €.g. )\rank = 10_1/\scores~

5. Hand off the optimized architectural choices
to the actual adaptive-basis model for train-
ing.

The pipeline is training-free, requiring only stan-
dard SVD and score computations on the snap-
shot dataset.

4. Numerical Results
4.1. Analytical Test Case

The pipeline was first validated on the aforemen-
tioned toy problem, consisting of a synthetic sig-
nal composed of two Gaussian pulses, where po-
sitions [01, 03] and amplitudes [f3,604] represent
the four parameters. The variance-based score
correctly identified 61 and 6y as the dominant
adaptive parameters, reporting essentially null
scores for 3 and 0. The singular value analysis
correctly suggests n = 2 as the basis dimension,
consistent with the known two-component struc-
ture of the signal.

4.2. Navier-Stokes Benchmark: Flow
Past a Cylinder

The pipeline was then applied to the unsteady
incompressible Navier-Stokes equations on a
channel domain with a cylindrical obstacle. For
this test case, the dataset was restructured as

Kot D;
1/p 4.136 x 1071 0.000
n 6.036 x 1072 0.000
t 1.856 x 101 9.311 x 107!
Table 1: Adaptivity scores for the Navier-

Stokes test case.

collection of steady snapshots, with time being
reinterpreted as a problem parameter. Then,
the parameter vector consisted of @ = [1/p,n, ],
that is, the inverse density, the kinematic vis-
cosity, and the time variable, respectively. The
scores, as seen from Table 1, overwhelmingly
identified time as the primary adaptive param-
eter, while the physical parameters received sig-
nificantly lower scores. The pipeline graphs in
Fig. 1 recommended n = 4 as the optimal ba-
sis dimension, maintaining a compact range and
avoiding gap values that were too low.

To further validate these findings, an exten-
sive experimental campaign was conducted us-
ing the DOD. Training multiple DOD instances
with different parameter splits and basis sizes
confirmed all pipeline predictions: models us-
ing time as the sole adaptive parameter signif-
icantly outperformed those ignoring it. Fur-
thermore, we were also able to study in this
phase how to best link the original DOD frame-
work with time-dependent problems, showing
that a Fourier-enriched time-handling architec-
tures consistently outperformed standard ones.
The observed performance stagnation between
n = 5 and n = 6, as predicted by the spectral
gap analysis, was clearly visible in experimental
€rror curves.

4.3. Linear Elasticity: the Footing
Problem

The full surrogate modeling pipeline was finally
applied to a time-dependent linear elasticity
problem modeling the deformation of a layered
domain under a load on the top surface. The pa-
rameter vector consisted of 8 = [§, vy, m,t], that
is, layer thickness, load angle, load mass, and
the time variable, respectively. The pipeline, as
shown in Table 2, identified time and ¢ as the
two dominant adaptive parameters, with n = 4
recommended as the optimal rank.
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Figure 1: Singular values graphs for the Navier-
Stokes test case. The graphs suggest n = 4, as
that results in a large gap and a quite compact
range.

Kot D;

1.210 4.880 x 1072
5.018 x 10~ 0.000
5.572 x 1071 0.000
5.871 6.004 x 107!
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Table 2: Adaptivity scores for the linear elas-
ticity test case.

As the diagnostic pipeline was shown to pro-
duce the correct choices in the previous test
cases, the obtained results were now utilized to
construct a full surrogate model. The choice
was made to utilize the DOD-NN, which links
the already tested DOD, used for basis produc-
tion, to another neural network for the predic-
tion of the corresponding coefficients. The nu-
merical results were promising. A DOD model
trained with p = [0,¢] allowed for an accurate
reconstruction of the FOM solutions when pro-
jected onto the produced latent space, obtain-
ing a mean relative projection error of 2.95%,
against a benchmark of 7.93% obtained with
a global POD basis. The full DOD-NN surro-
gate produced solutions visually indistinguish-
able (Fig. 2) from the FOM reference, scoring
a reconstruction error of 4.46%, and marking
the first application of the DOD framework to
a time-dependent surrogate setting, and greatly
lowering the computational cost for the solution
of this problem.

5. Conclusions

This thesis proposed and validated a complete
a priori diagnostic pipeline for adaptive-basis
ROM configuration. Its main contributions are:

e two novel adaptivity scores, one derivative-
based and one variance-based, grounded in
the geometry of the Grassmann manifold,
providing a rigorous quantitative ranking of
parameters for the partition 8 — [u, v|;

e a singular value diagnostic framework, en-
abling pre-training prediction of model per-
formance and optimal rank selection;

e the first application of DOD and DOD-
NN to time-dependent problems, signifi-
cantly broadening the applicability of the
two strategies.

Across all test cases, the pipeline successfully
replaced heuristic trial-and-error with system-
atic, data-driven architectural decisions. Results
were consistently corroborated by trained model
experiments.

Future work may focus on removing the sensitiv-
ity to the bandwidth hyperparameter A by devel-
oping hyperparameter-free weighting strategies.
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