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Abstract

Large-scale systems are widespread dynamical systems composed of several interconnected
subsystems. They arise in complex industrial contexts such as chemical processes, energy
networks, and transportation systems.
Their complexity comes from the high dimensionality, the presence of coupling among
variables, and the frequent nonlinearities, which make the adoption of centralized con-
trol strategies difficult. To overcome the limitations related to high computational costs
and communication requirements among physically coupled units, decentralized and dis-
tributed strategies represent effective solutions in terms of problem feasibility and control
scalability.
However, their effectiveness depends on the availability of models capable of accurately
reproducing the interconnection structure among the subsystems.
In this context, the need of a physics-inspired identification procedure arises and Recur-
rent Equilibrium Networks (RENs) allow the definition of nonlinear models that capture
the interconnection topology. Structural constraints and physical properties of the system
are enforced, so as to obtain models that are directly suitable for decentralized control.
This thesis focuses first on the identification of such control-oriented models, exploring
different decomposition techniques and analyzing the impact of the sampling time. The
methodology is validated on a nonlinear chemical plant: the objective is to identify and
compare different identification procedures. Secondly, a decentralized nonlinear Model
Predictive Control scheme for the class of structured REN models has been developed, in
order to guarantee incremental stability properties, consistency among subsystems, and
robustness with respect to bounded disturbances.

Keywords: large-scale nonlinear systems, RENs, physics-inspired system identification,
decentralized NMPC design, control-oriented modeling





Abstract in lingua italiana

I sistemi a larga scala sono sistemi dinamici ampiamente diffusi, costituiti da numerosi
sottosistemi dinamici interconnessi tra loro. Essi trovano applicazione in contesti indus-
triali complessi, quali processi chimici, reti energetiche e sistemi di trasporto.
La loro complessità deriva dall’elevata dimensionalità, dalla presenza di forti interazioni
tra le variabili e dalle frequenti nonlinearità, che rendono difficile l’adozione di strategie
di controllo centralizzate. Per superare i limiti legati agli alti costi computazionali e alle
esigenze di comunicazione tra unità fisicamente accoppiate, i sistemi di controllo decen-
tralizzati e distribuiti rappresentano soluzioni efficaci in termini di fattibilità del problema
e scalabilità del controllo.
Tuttavia, la loro efficacia dipende dalla disponibilità di modelli in grado di replicare fedel-
mente la struttura di interconnessione tra i sottosistemi; la derivazione di tali modelli fisici
accurati risulta particolarmente complessa nel caso di sistemi nonlineari su larga scala.
In questo contesto nasce la necessità di proporre una procedura di identificazione physics-
inspired basata su Recurrent Equilibrium Networks (RENs), che consenta di ottenere
modelli nonlineari in grado di preservare la topologia delle interconnessioni. I vincoli
strutturali e le proprietà fisiche del sistema sono imposti al fine di ottenere modelli diret-
tamente utilizzabili per un controllo decentralizzato.
Questo lavoro di tesi si concentra in primo luogo sull’identificazione di tali modelli ori-
entati al controllo, esplorando diverse tecniche di scomposizione, e analizzando l’impatto
del tempo di campionamento in fase di discretizzazione. La metodologia è validata su un
sistema chimico nonlineare con l’obiettivo di individuare e confrontare diverse procedure
di identificazione. Parallelamente, è stato sviluppato uno schema di controllo predittivo
robusto, decentralizzato e nonlineare applicabile alla classe di modelli REN strutturati,
al fine di garantire proprietà di stabilità incrementale, consistenza tra sottosistemi e ro-
bustezza rispetto a disturbi limitati.

Keywords: sistemi su larga scala nonineari, RENs, identificazione physics-inspired, de-
sign NMPC decentralizzato, control-oriented modeling
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Introduction

I.1. Motivations, objectives and state of the art

Large-scale systems (LSSs) [18] are complex, dynamical, and often high-order systems
composed of multiple interconnected subsystems. Typical examples include connected
autonomous vehicles, transportation networks, power grids, and industrial or manufac-
turing processes. The structural and dynamical properties of these systems are the subject
of active research, due to their significant practical importance in real-world applications.
The interconnected structure, high dimensionality, distributed nature, uncertainties and
frequent presence of nonlinearities make the centralized control of the LSSs significantly
complex. From a computational perspective, centralized control design becomes imprac-
tical as the number of inputs and outputs increases; also, from the implementation per-
spective, the corresponding communication network may be infeasible as the physical
distance between subsystems grows, as proper control requires synchronous and instan-
taneous communication among all units. To overcome centralized control limitations,
decentralized and distributed control architectures [32] have been developed: both these
schemes allow each subsystem or local controller to operate using partial information
while still contributing to the global system objective.

Figure 1: Comparison of control architectures: centralized, decentralized, and distributed.
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In decentralized control [2], the system is structured into independent subsystems, each
governed by a local controller. This structure enhances modularity and plug-and-play
capabilities, but the absence of communication between controllers can limit overall sta-
bility and performance when subsystem interactions are significant.
Distributed control [19] concerns interacting local controllers attached to each input-
output channel. In this framework, regulators are partially interconnected, ensuring co-
ordination while maintaining a reduced communication burden. This advanced approach
allows to define a trade-off between communication effort and performance, representing
an intermediate solution between centralized and decentralized schemes.
Despite their advantages, both decentralized and distributed control architectures rely on
the availability of accurate system models. However, deriving such models from physical
equations for large-scale, nonlinear, and interconnected systems is often challenging, since
conventional modeling approaches may be impractical and computationally expensive.

The recent advances in sensing technology, data acquisition, and machine learning have
opened new opportunities for data-driven modeling and control design. The growing
ability to collect measurements from the plants, the possibility to extract information
from large data-sets thanks to advanced machine learning techniques, and the availability
of open tools to train and deploy these algorithms are leading to a significant shift in
data-driven control theory. In particular, Neural Networks (NNs) [1, 3] have emerged as
powerful tools for modeling and control of complex nonlinear systems. They have shown
remarkable performance in diverse domains such as computer vision, speech recognition,
time-series forecasting, and autonomous systems, thanks to their ability to capture highly
nonlinear input–output relationships.

Nevertheless, the implementation of purely data-driven neural network models, especially
in the context of large-scale complex plants, presents a critical limitation: even when
the model achieves good accuracy, it may fail to capture the underlying comprehensive
physical/structural properties and complexities of the real system. This lack of physical
consistency may result in unreliable or non-interpretable models, especially when the
model is used for control design purposes. The first main objective of this thesis is
therefore to propose a systematic physics-inspired approach to neural network modeling
that includes basic selected features of the system while maintaining strong predictive
capabilities: the proposed method aims to reconstruct not only the system outputs but
also the intrinsic physical structure of the plant.

This framework is particularly suited for large-scale systems, where the number of in-
terconnected states, inputs, and outputs makes both modeling and control extremely
challenging. The proposed approach is structured around three main ideas:
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• Subsystem interaction modeling: identifying the internal connections among
subsystems and grouping variables that exhibit mutual influence. These “neighbor-
ing” relationships are explicitly encoded into the neural architecture to reflect the
physical interconnection topology.

• Physics-based constraints: ensuring that the identified models preserve essential
physical properties, enforcing contractivity and structural properties.

• Control-oriented modeling [17]: designing the model to be inherently suitable
for decentralized or distributed control, thereby enhancing scalability, modularity,
and computational efficiency while reducing complexity by neglecting non-relevant
interconnections.

As better specified in the following, imposing a structured identification corresponds to
imposing, to the learned models, features similar to the ones of the models commonly
obtained by applying well-known model decomposition approaches [14]. In this framework
it is possible to employ overlapping decompositions where each subsystem interacts with
all others, providing rich coupling information but at high computational cost; in this
case, the identification is more representative of the overall plant dynamics, but may fail
to minimize the number of interconnections. On the other hand, by adopting a non-
overlapping structure, the proposed model retains only the most significant interactions
while maintaining feasible computational cost and interpretability, at a price of a possibly
suboptimal dynamical precision.
For more details on model decompositions and their relationship with structural learning,
please see Appendix A.1 and Chapter 2.4.

The selected model classes, in this work, are Recurrent Neural Networks (RNNs) [31].
Among the various classes of recurrent models — such as LSTM, GRU, NNARX, ESN,
and hybrid NNARX-ESN architectures — this work focuses on Recurrent Equilibrium
Networks (RENs) [28] due to their advantageous properties. Specifically:

• the identification problem can be formulated as a simple least-squares optimization,

• the modeling of nonlinear dynamics is possible in view of the presence of nonlinear
activation functions,

• the replication of the original system’s structure can be provided, thus producing a
model directly usable for control design.

An additional but crucial aspect of this thesis is to study the influence of sampling time
on the identified model’s quality. Since neural network models depend on data sequences,
the choice of the sampling time can significantly affect the model’s ability to capture
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dynamic behavior. A detailed analysis is carried out on a selected simulated case study
to investigate how different sampling rates impact on the identified dynamics and on the
overall network performance.

The second main objective of this thesis is the design of a robust decentralized MPC.
As previously discussed, centralized NMPC formulations become impractical for large-
scale systems. Decentralized and distributed control architectures [2, 32] overcome these
limitations by letting local controllers operate with partial information while still pursuing
the global control objective. These two control schemes introduce a trade-off between
performance and communication effort [13, 14, 33], while enforcing modularity and plug-
and-play capabilities [30]. However, these advantages require a model that explicitly
reflects the interconnection structure of the plant.

This observation highlights a key aspect of the proposed model: the identification phase
is not performed with the sole objective of minimizing the prediction error, but it is
explicitly oriented toward control design [7]. For this reason, modeling and control design
are not treated as separate steps, but as two complementary components of the same
procedure. In particular, in this thesis REN models are learned in a structured, physics-
inspired way so as to reflect the interconnection topology of large-scale systems and to be
directly applicable within a decentralized robust MPC framework.

The decentralized controller discussed in this thesis relies on the tube-based robust MPC
[22], similarly to [13]. The tube-based MPC formulation adopted in this work relies
on the availability of a control law capable of confering to the system strong stability
properties, i.e., δISS [25]. This property ensures that the effect of disturbances, modeling
errors, and coupling terms remains bounded and can be compensated. The existence
of robust positively invariant sets and the derivation of the corresponding constraint-
tightening strategy can be formulated, in a rigorous way, in terms of LMIs, leading to a
computationally feasible offline design procedure [20, 23, 35].

The second part of this thesis focuses indeed on the development of a suitable nonlinear
Model Predictive Control framework for structured REN models. Starting from a central-
ized formulation, a decentralized tube-based control architecture is derived, where suitable
LMI conditions are imposed to guarantee consistency among subsystems, preservation of
the δISS property, and robust constraint satisfaction.

In particular, in this thesis, LMIs also play a crucial role in guaranteeing the consistency
among the interconnected subsystems. Since each local controller is designed using partial
information, suitable conditions must be imposed on the coupling terms. These consis-
tency conditions can be expressed as local matrix inequalities involving only subsystem
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parameters and neighboring interactions, thus preserving the scalability of the design
procedure.

I.2. Contribution and structure of the thesis

The main contributions of this thesis can be summarized as follows:

• Physics-Inspired RNN Identification for Large-Scale Systems
A theoretical framework for Recurrent Equilibrium Network (REN) models is pre-
sented, including their formulation, the definition of hyperparameters, and the learn-
ing procedure based on a least-squares optimization problem. The approach imposes
physical and structural properties through Linear Matrix Inequalities, resulting in
control-oriented nonlinear models that guarantee interpretability and modularity.

• Decomposition strategies and validation on a benchmark chemical plant
Identification methods based on different model decomposition approaches are de-
veloped and compared. The effectiveness of the different approaches is assessed
on a case study consisting in a nonlinear chemical plant. The objective is to high-
light the trade-off between model accuracy, physical consistency, and computational
complexity, as well as the impact of the sampling time on the quality of the learned
dynamics.

• Robust Decentralized NMPC Design for RENs
A decentralized controller design method is developed, based on robust tube-based
NMPC. The controller design must guarantee that the LMI conditions ensuring
well-posedness, δISS, recursive feasibility, and compliance with neighboring inter-
connections are fulfilled.

This thesis is divided in two main parts, highliting the two core components of the pro-
posed framework.

Part I – Physics-inspired learning of Recurrent Equilibrium Networks focuses
on the modeling and identification phase.

• Chapter 1 introduces recurrent neural networks for dynamical system modeling:
gradient-based and gradient-free Recurrent Equilibrium Network models are pre-
sented.

• Chapter 2 presents the formulation of Recurrent Equilibrium Networks, defines the
notions of contractivity and well-posedness, introduces the learning procedure, and
the structured identification methodologies.
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• Chapter 3 applies the proposed identification approaches to the chemical plant case
study. The data acquisition and pre-processing steps are described, the identifica-
tion procedures of non-structured and structured REN models are performed and
compared in terms of prediction accuracy and computational complexity.

Part II – Decentralized control design for Recurrent Equilibrium Network
models focuses on the control problem design using the REN models.

• Chapter 4 introduces the centralized robust nonlinear model predictive control
framework, including the perturbed model description, the incremental stability
properties, the constraint-tightening strategy, and the formulation of the finite-
horizon optimal control problem.

• Chapter 5 develops the decentralized tube-based robust NMPC scheme for struc-
tured REN models. The problem statement, the definition of the nominal model,
and the resulting online optimization problem with terminal ingredients are detailed.

• Chapter 6 develops the offline design algorithm for the decentralized NMPC defined
in Chapter 5. The consistency conditions of the control architecture are derived
through LMIs, and the offline design procedure is detailed.

• The Appendix provides additional material on model decomposition techniques and
on the effect of sampling time and discretization on the models.
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1| Recurrent Neural Networks

1.1. Neural Networks in dynamical system modelling

In recent decades, Artificial Neural Networls (ANNs) [1, 3] have emerged as powerful
computational tools for addressing complex problems that are challenging to solve using
traditional statistical or rule-based approaches. ANNs are often referred to as "neu-
rocomputing" tools, as they work similarly to biological systems, e.g., in view of their
characteristics, such as nonlinearity, high parallelism, robustness, ability to handle noisy
information, and strong generalization capabilities.
Neural Networks can have two different structures: the traditional implementation, known
as Feed Forward Neural Network (FFNN), and the dynamic form called Recurrent Neural
Network (RNN).

Feed-Forward Neural Networks [34] are composed of "neurons", that receive an input
signal, compute a response, and transmit it to the following layer. Multi-Layer FFNNs
(MLFs) are the most widely used: they consist of neurons organized in layers and described
by mapping functions. The importance of connections between neurons is captured by
weights assigned to each link. The most commonly adopted training technique is the
backpropagation algorithm [9], which adjusts synaptic weights to reduce the difference
between predicted outputs and desired targets. Although commonly used in the past,
FFNN predictors result in poor accuracy when representing long-term dynamics, due to
their inherent lack of memory.

This thesis focuses on Recurrent Neural Networks [31], which, unlike FFNNs, include
cycles that allow to transmit information back to the same nodes. These internal self-
interconnections extend the functionalities of FFNNs, by training the network not only
using the current input, but also past information.

Recurrent Neural Network models can be expressed as a dynamical Multi-Input Multi-
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Output (MIMO) state-space model of the following general type

x(t+ 1) = f(x(t), u(t); θ) (1.1a)

y(t) = g(x(t), u(t); θ) (1.1b)

where

• x(t) ∈ Rnx is the so-called hidden state vector, which captures the presence of
internal loops in the RNN and the self-interconnection dynamics

• u(t) ∈ Rnu is the input vector

• y(t) ∈ Rny is the output vector (i.e the vector of measurable variables of the system)

Equation (1.1a) represents the temporal dependency of the hidden (or internal) state on
the input, expressed as a recursive difference equation, and Equation (1.1b) represents
the output equation. Key features of RNN models are the presence of network weights,
collected in θ, to be tuned during the training procedure, and suitable nonlinear activation
functions, such as hyperbolic tangents or sigmoids.

The training algorithm for RRNs is an extension of the backpropagation method, known
as Backpropagation Through Time (BPTT). Nevertheless, in case of RNNs, it presents
two signifincant issues—the so called vanishing and exploding gradient problems—that
can severely affect the learning process. The following sections will discuss specific RNN
architectures designed to overcome these limitations.

Note that, in the following chapters, we specifically refer to on a novel class of RNNs,
known as Recurrent Equilibrium Network, extensively used in physics-inspired learning
and control design in this thesis. The class of RENs is a class of RNNs recently proposed
in [28]. This new model class has built-in guarantees of contractivity (i.e., a strong
form of nonlinear stability) and robustness. In this work, however, a slight abuse of
terminology is adopted: for more generality, we define RENs as the networks that share
the same formulation as the ones introduced in [28], but without necessarily satisfying the
theoretical guarantees of contractivity and robustness. This is done to allow for describing
a wider class of plant models. Features about REN’s structure and training will be detailly
provided in Chapter 2.
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1.2. The vanishing and exploding gradient problems

and LSTM and GRU Recurrent Neural Networks

RNNs are commonly trained using the Back Propagation Through Time [5] algorithm,
that is an extension of the traditional backpropagation algorithm used, in case of FFNNs,
for layer-by-layer training. The algorithm consists of unrolling the network across multiple
time steps, transforming it into a FFNN with as many hidden states as the number of
temporal iterations. Starting from available data u(t) and y(t), the input sequence u(t)

is sequentially processed step-by-step, the hidden state x(t) is updated and the predicted
output ŷ(t) is generated.
The network is then trained by minimizing the loss function, defined as the Mean Square
Error (MSE) between the RNN prediction and the measured output. The loss function
takes the general form

L =
T∑
t=1

ℓt
(
y(t), ŷ(t)

)
(1.2)

where ℓt is the individual loss at each time step. The training is performed by defining
the value of the weight θ that minimizes the loss function [5]. To do this, the loss gradient
must be computed. However, this algorithm is subject to two main issues, presented in
[24]:

• Vanishing gradient: gradients can become exceedingly small as they propagate
backward across many time steps, making it difficult for the network to learn long-
range dependencies;

• Exploding gradient: gradients can sometimes grow exponentially, leading to very
large updates and causing the network parameters to oscillate or diverge.

To overcome these problems, the Truncated Back-Propagation Through-Time (BPTT)
algorithm has been introduced, where the sum of the loss function is truncated at a com-
putationally convenient size. In order to preserve key dependencies, the upper bound of
the time steps can be intended as a moving window over past time steps.
In addition, to address the issues of vanishing and exploding gradient problems, a number
of RNN architectures [7] have been proposed, e.g., Long Short-Term Memory (LSTM)
networks, Gated Recurrent Units (GRUs), Echo State Networks, and Neural Nonlinear
Autoregressive Models with eXogenous Inputs (NNARX).
Long Short-Term Memory networks (LSTMs) were introduced to properly handle the
vanishing gradient problem and to learn long-term dependencies over a long-range time-
steps. To achieve this, LSTMs store and regulate information through specialized struc-
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tures known as gated cells. Although they are powerful tools for system identification,
their training can be computationally demanding due to the large number of free param-
eters involved. Gated Recurrent Units (GRUs) represent a simplified variant of LSTMs,
offering a trade-off between complexity and modeling performance.
The training of both LSTMs and GRUs relies on the BPTT algorithm, which allows them
to mitigate the vanishing gradient issue to some extent.
A description of the other (here denoted gradient-free) recurrent architectures will be
provided in the following Section 1.3.

1.3. Gradient-free Recurrent Neural Networks

This section presents a different class of Recurrent Neural Network including NNARX,
ESN, and the hybrid NNARX-ESN. These RNNs overcome the vanishing and exploding
gradient problems by adopting an alternative identification approach, which provides the
foundation of the learning procedure for Recurrent Equilibrium Networks (RENs) adopted
in this work and thoroughly presented in Chapter 2.

1.3.1. Neural Nonlinear Autoregressive models with eXogenous
inputs (NNARXs)

In NNARX models [6], the output is computed as a nonlinear regression over past d

input and output data. For this reason, NNARXs are different to common RNNs, since
recursivity of past data is introduced through lagged inputs and outputs, while the hidden
state is absent. Specifically the output at time t is expressed as:

y(t) = η(u(t− d), ..., u(t− 1), u(t), y(t− d− 1), ..., y(t− 1), θ) (1.3)

where d is the delay, η(·) is the nonlinear mapping function, typically implemented through
a Multi-Layer Perceptron (MLP), and θ the set of free trainable parameters.

By adopting a prediction-error minimization approach, the Jacobian associated with the
loss minimization can be derived analytically. Although the gradient is still employed to
train the network, the learning procedure differs from the BPTT algorithm, as presented
in [21] which presents gradient-related problems.

Note that, as described in [6], we can provide a state-space formulation of (1.3). To do
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so, we define the state vector containing past data as:

x(i, t) =

[
y(t− d+ i)

u(t− d− 1 + i)

]

for i = 1, ..., d. By defining x(t) =


x(1, t)

...
x(d, t)

 ∈ Rny+nu , equation (1.3) can be rewritten in

state-space form as:

x(t+ 1) = Ax(t) +Buu(t) +Bxη(x(t), u(t); θ) (1.4a)

y(t) = Cx(t) (1.4b)

where

• A =



0 I 0 · · · 0

0 0 I · · · 0
...

... . . . . . . ...

0 0 0
. . . I

0 0 0 · · · 0


, where each block is in R(ny+nu)×(ny+nu)

• Bu =
[
0 ... 0 B̃⊤

u

]⊤
, where each block is in R(ny+nu)×nu and B̃u =

[
0ny×nu

Inu×nu

]

• Bx =
[
0 ... 0 B̃⊤

x

]⊤
, where each block is in R(ny+nu)×ny and B̃x =

[
Iny×ny

0nu×ny

]

• C =
[
0 ... 0 C̃

]
, where each block is in Rny×(ny+nu) and C̃ =

[
Iny×ny 0ny×nu

]
.

1.3.2. Echo State Networks (ESNs)

The ESN [8] model can take the following form

x(t+ 1) = tanh
(
Wxx(t) +Wuu(t) +Wyy(t)

)
(1.5a)

y(t) = Wout-xx(t) +Wout-uu(t) (1.5b)

ESNs include the so-called hidden layer (1.5a), known as dynamical reservoir, through
which the evolution of x(t) can be defined. The connection weight matrices Wu,Wx,Wy

are randomly generated and fixed, whereas Wout-x,Wout-u must be identified in the training
phase. The output is computed as a linear function of the free parameters according to
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(1.5b), thus avoiding the need to handle nonlinearities. This allows to formulate the
learning problem as a Quadratic Minimization problem, that avoids the vanishing and
exploding gradient issues. In fact, the loss function (1.2) can be now expressed as a
quadratic function:

L(Wout) =
1

Ns

Ns∑
t=1

(
y(t)− (Wout-xx(t) +Wout-uu(t))

)2
= ||Y −ΨW T

out||2 (1.6)

where

Y =


y(1)T

...
y(Nd)

T

 , Ψ =


x(1)T u(1)T

...
...

x(Nd)
T u(Nd)

T

 , Wout =

[
Wout-x

Wout-u

]

Note that in (1.8), Ψ is known, since the values of x(t) are provided by computing the
solution to (1.5a), considering that u(t) and y(t) are given data.

The ESN hyperparameter Wx is designed in such a way that the Echo State Property
[8] is fulfilled, according to which the current network state x(t) gets asymptotically
independent of its initial value when computing the recursive solution to (1.5a).
As shown in [8], a sufficient condition for the Echo State Property matrix Wx is diagonally
Schur stable (i.e, there exists a diagonal P > 0 such that W T

x PWx − P < 0).

However, ESNs presents also some disadvantages: matrices Wx,Wu and Wy are fixed
hyperparameters, which drastically reduces the number of degrees of freedom; moreover,
these networks are not well suited for capturing complex nonlinear dynamics. Therefore,
more general classes of neural networks are commonly required for this scope.

1.3.3. Neural Nonlinear AutoRegressive models with eXogenous

input Echo State Networks (NNARX-ESNs)

Neural Nonlinear AutoRegressive models with eXogenous input Echo State Networks
(NNARX-ESNs) [12] integrate the structure of NARX and ESN models.
As in ESNs, the network includes a randomly initialized resevoir (i.e., Equation (1.7a)),
which allows to reduce the complexity of the training algorithm. The NNARX-ESN model
can be expressed as:

x(t+ 1) = fx
(
Wxx(t) +Wϕϕ(t) +Wyy(t)

)
(1.7a)

y(t+ 1) = Wout-xx(t) +Wout-ϕϕ(t− 1) (1.7b)
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where x(t) is the reservoir state vector at time t, y is the output vector at time t and
ϕ is the regressor vector composed of past input and past and present output values,
introducing the autoregressive component, i.e.,

ϕ(t) = [y(t)T ... y(t− dy + 1)T u(t)T ... u(t− du + 1)T ]

Moreover matrices Wx,Wϕ and Wy are the weight matrices that are fixed by random
initialization, while Wout−x and Wout−ϕ are the output weight matrices to be optimized.
Lastly, fx(·) is the reservoir vector function, typically a sigmoid or an hyperbolic tangent.

As in Section (1.3.2), the ESN-type reservoir equation (1.7a) introduces the possibility of
solving the minimization of the loss function as a Least Squares problem, thereby avoiding
limitations of the vanishing and exploding gradients. The loss function assumes the same
form of (1.8). i.e.,

L(Wout) =
1

Ns

Ns∑
t=1

(
y(t)− (Wout-χχ(t) +Wout-ϕϕ(t))

)2
= ||Y −ΨW T

out||2 (1.8)

where

Y =


y(1)T

...
y(Nd)

T

 , Ψ =


χ(1)T ϕ(1)T

...
...

χ(Nd)
T ϕ(Nd)

T

 , Wout =

[
Wout-χ

Wout-ϕ

]

As also remarked in Section 1.3.2, the Echo State Property of (1.7a) ensures that reservoir
states remain stable and are influenced by most recent inputs, rather than distant past
inputs.

1.4. Physics-inspired learning of RNNs

Modeling complex dynamic systems purely from data can be challenging, especially when
the system is affected by strong nonlinearities, long-term dependencies, or interactions
among multiple interconnected subsystems. Purely data-driven approaches can capture
nonlinear dynamics, but they often suffer from limited interpretability and may produce
models that are inconsistent with known physical laws. These limitations become partic-
ularly critical in complex industrial applications, where prior physical knowledge of the
system and subsystem interactions should be used to guide the modeling process.
To address these challenges, this work investigates the opportunities offered by the so-
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called physics-inspired approaches to RNN learning. The key idea is to integrate physical
knowledge of the system with the model architecture and the training procedure, resulting
in models that are accurate, interpretable, and physically consistent. In this thesis, this
approach enables the model to capture dynamic couplings among subsystems, making the
model directly applicable within a distributed control framework;

The training methodology proposed in this thesis explicitly combines data-driven learning
with prior knowledge about the system topology and interactions. Connections between
subsystems are established according to known physical interactions—such as material
flows, energy transfers, or information dependencies—while negligible links are discarded.
The system architecture is retained by training a sparsely connected RNN, where each
block represents either an isolated subsystem or a cluster of interconnected subsystems.
Rather than decomposing a centralized plant model into multiple parts, this approach
directly determines the decomposed model by exploiting the dataset and the plant’s
sparsity. The adopted structure ensures that the model captures the effects of dynamic
couplings among neighboring subsystems, and it enhances interpretability and specific
performances.

The benefits of this physics-inspired approach can be summarized from both the modeling
and the control perspectives as follows.

• From a modeling perspective, this approach improves the reliability of the model
under varying operating conditions, and ensures consistency with both the structural
properties and the dynamic features of the system.

• From a control design perspective, it provides manageable control-oriented models,
which can be directly used in the design of distributed and decentralized control
schemes.

It is important to make a further comment about two fundamental (and partially inter-
laced) aspects of this framework, i.e.,

• the relationship between structural system interconnection network and the model
complexity;

• the relationship between the sampling time and the model approximation.

Regarding the former point, note that the interconnection network between subsystems is
a priori defined in some cases, but also strongly depends upon the modeling choice that we
do. At the same time, it strongly impacts on the complexity of the resulting model. This
lesson can be learned, indeed, by considering the possible decisions that can be made (see
Appendix A.1) about model decomposition. For instance, the choice of decomposing a



1| Recurrent Neural Networks 17

given system model using a non-overlapping decomposition makes it possible to minimize
the number of interconnections betweeen subsystems (by considering, in a few words,
only the physical "direct" connections between the different parts of the plant, which are
often "state couplings"), and the dimensionality of the subsystems’ models. On the other
hand, the choice of adopting an overlapping decomposition requires to explicitly represent
also the "indirect" interconnections, to the point that, in case of completely overlapping
decompositions, interconnections must be considered (and in particular "input couplings")
in all cases when non-zero transfer functions between subsystems (i.e., from an input uj

to an output yi, for j ̸= i) exist. This, as a byproduct, leads also to an increased
dimensionality of the obtained models (i.e., in view of the presence of overlapping states).

In this thesis we regard this issue from a different viewpoint–that of learning–but the lesson
learned in the "model decomposition realm" has an impact on our modeling choices. More
specifically, in case we opt to define a sparse interconnection network (based on just the
main physical interconnections between the parts of the plant) through states, we are
implicitly enforcing a modeling choice consistent with non-overlapping decompositions,
implying that minimal (also in terms of number of variables) models may be obtained.

On the other hand, if we need to impose couplings through inputs (as done, e.g., in
[22]), we are implicitly adopting an approach consistent with overlapping decompositions,
characterized by possibly very dense (e.g., all-to-all) interconnection networks and non-
minimal models.

As far as the sampling time is concerned, we need to defer the reader to the Appendix
again. Indeed, In Appendix A.2 it is clearly indicated that, while physical plant models in
continuous-time may display a clear sparse structure, exact discretization (i.e., ZOH) leads
to corresponding discrete-time models where such structure is not well defined anymore.
In [15], in order to devise structured discrete-time models suitable for decentralized and
distributed controller design, it is clarified that approximation methods (e.g., the so-
called mixed Euler-ZOH) must be adopted. These methods clearly induce approximations
which approach to the real model only if Ts → 0+, where Ts is the sampling time. This
consideration sheds some light also in learning structured models, since it clarifies very well
that any learned structured discrete-time model is inherently affected by approximations,
and that the approximation error can be reduced only by reducing the sampling time.
Therefore, the choice of Ts becomes particularly important and critical.
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2| Recurrent Equilibrium
Networks and physics-inspired
learning

2.1. The RENs model

The class of Recurrent Equilibrium Networks (RENs) [28, 29] is a novel class of models
designed to represent nonlinear dynamical systems. Their construction is based on the
feedback interconnection between a linear dynamical system G and an implicit function,
defined by non-linear operator σ, as represented in Figure 2.1. Depending on σ, RENs
may represent a deep neural network, while retaining a clear and compact definition.

Figure 2.1: REN as a feedback interconnection of a linear system G and a nonlinear
activation σ

The REN structure is a state-space representation expressed as:

x(t+ 1) = Axx(t) +Buu(t) +Bss(t) +Byy(t) (2.1a)

s(t) = σ(Ãxx(t) + B̃uu(t) + B̃ss(t) + B̃yy(t)) (2.1b)

y(t) = Cx(t) +Duu(t) +Dss(t) (2.1c)

where
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• x ∈ Rnx denotes the internal state vector of the network. The latter is characterized
by matrices Ax ∈ Rnx×nx ,Bu ∈ Rnx×nu , Bs ∈ Rnx×ns , and By ∈ Rnx×ny .

• s ∈ Rns is the solution to the equilibrium equation (2.1b), also known as "implicit
network". The latter is characterized by matrices Ãx ∈ Rns×nx ,B̃u ∈ Rns×nu , B̃s ∈
Rns×ns , B̃y ∈ Rns×ny , and by the activation function σ = [σ1(·) ... σns ]

T , that is a
decentralized vector of scalar sigmoid functions.

• u ∈ Rnu denotes the input vector.

• y ∈ Rny denotes the output vector.

The term "equilibrium" derives from the property according to which any solution of the
nonlinear equation (2.1b), is also an equilibrium point of s(t + 1). In fact, REN models
can be interpreted as two-timescale or singular perturbation models: the fast dynamics in
s are assumed to reach the equilibrium within one step of the slow dynamics represented
by x.

We define Explicit RENs as the class of RENs having D̃s = 0. These models have
been studied, e.g., in [27]. In this case the network (2.1b) reduces to a single-layer neural
network. These models are certainly more effective than a single-layer feed forward neural
networks and than linear models. However, they are less flexible and representative of
RENs having D̃s ̸= 0, which are referred to as Implicit RENs. From this point onward
and throughout this work, the latter will be considered.
Depending on the value of D̃s, the implicit Equation (2.1a) may or may not admit a
unique solution s(t) for a given x(t), u(t).

The following assumption is made on the function σ.

Assumption 2.1.1. Each component σi(·) : R → R, i = 1, ..., ns is a sigmoid function such
that σi(vi(t)) ∈ [−1, 1], ∀vi ∈ R. The activation function must be bounded, piecewise
differentiable and slope-restricted in [0, 1], i.e.,

0 ≤ σ(b)− σ(a)

b− a
≤ 1,∀a, b ∈ R, a ̸= b (2.2)

Also, σi(·) is Lipschitz continuous with unitary Lipschitz constant and one and only one
inflection point in vi = 0.

■

An example of activation function is represented in Figure 2.2, showing σi(vi) = tanh(vi).
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Figure 2.2: Function σi(vi) = tanh(vi)

A key property used in this work to derive useful Linear Matrix Inequalities (LMIs) is the
incremental sector condition, provided by the following lemma [26].

Lemma 2.1. Under Assumption 2.1.1, ∀hi > 1, ∃v̄i(hi) ≥ 0 such that ∀(vi, vi + ∆vi) ∈
[−v̄i(hi), v̄i(hi)]

2, it holds that

∆si(∆vi − hi∆si) ≥ 0 (2.3)

where ∆si = si(vi +∆vi)− si(vi)

A model (2.1) is said to be well-posed if it provides a unique solution of s(t) for a given
x(t), u(t) (i.e., if it yelds a unique response to any initial conditions and input). As stated
in [29], the equilibrium network is well-posed if ∃Λ > 0 diagonal such that

2Λ− ΛB̃s − B̃s
T
Λ > 0 (2.4)

Note that, when D̃s has a triangular structure (i.e. in the case of the so-called acyclic
RENs), the model is well-posed by definition. As detailed in [29], acyclic RENs are very
practical since the elements of s(t) can be explicitely computed row-by-row from (2.1b).
Compared to the general-type RENs, the acyclic RENs are easier to implement and, in
most cases, they provide models of excellent quality.

2.2. Hyperparameter definition of REN models

The first objective of this work is to identify a suitable model from a set of candidates
using data. In this thesis, in order to simplify the learning process of REN models, we
adopt an approach similar to the one described in Chapter 1.3.2 and we consider the
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matrices in (2.1a) and (2.1b) as hyperparameters.
Namely, the training procedure begins by defining matrices Bu, B̃u, By, B̃y, Bs and B̃s as
fixed random hyperparameters. Matrices Ax and Ãx are also treated as hyperparameters,
but they are subjected to specific constraints.
In particular, it is possible to impose contractivity to the untrained model, which guaran-
tees that trajectories of the system converge exponentially towards each other, indepen-
dently of their initial conditions, thus ensuring the well-posedness (see Theorem 2.1 from
[29]) of the network dynamics.

Definition 2.2.1. A model (2.1) is said to be contracting with rate α ∈ (0, 1) [29] if, for
any two initial conditions xa

0, xb
0 ∈ Rnx , given the same input sequence u : N → Rnu , the

state sequences xa
t , xb

t satisfy for some K > 0 the following

|xa
t − xb

t | ≤ Kαt|xa
0 − xb

0| (2.5)

Under Assumption 2.1.1 described by (2.2), the following theorem gives the conditions
for contracting RENs [29].

Theorem 2.1. If there exists a matrix P = P T > 0 and Λ ∈ D+ , where D+ is the set of
diagonal positive definite matrices, such that[

ᾱ2P −ÃT
xΛ

−ΛÃx W

]
−

[
AT

x

BT
s

]
P

[
AT

x

BT
s

]T
> 0 (2.6)

where W = 2Λ − ΛB̃s − B̃T
s Λ, then the network is well-posed and contracting with some

rate α < ᾱ.

The maximum rate of convergence ᾱ, for instance, can be chosen as the spectral radius of
the system (i.e the maximum eigenvalue of the discrete-time linearized system), which can
be inferred from the settling time of the system trajectories, e.g., in response to step-wise
inputs.
The complete LMI is derived in [29] by combining the Lyapunov condition (2.6) with the
sector condition, derived in Lemma 2.1. Applying the Schur complement, the resulting
LMI for the contractivity of the untrained model is the following: ᾱ2P −ÃT

xΛ AT
xP

−ΛÃx W BT
s P

PAx PBs P

 > 0 (2.7)
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Depending on the problem, it is possible to influence the position of the eigenvalues of
matrices Ax and Ãx by adding some constraints on the trace of the square matrix Ax and
on the rectangular-trace1 of the non-square matrix Ãx.

2.3. Learning REN Models

After the definition of the model hyperparameters, the only free identifiable parameters
are matrices C,Du and Ds of (2.1c). For notational reasons, we define θ = [C Du Ds].
The identification of θ is performed as follows:

1. Letting Ns be the number of the available data samples, the data u(t) and y(t) for
t = 1, ..., Ns are used to feed equations (2.1a, 2.1b), from a random initial condition
x(1). At this point all values of internal states x(t) and nonlinearities s(t) are
available for t = 2, ..., Ns.

2. Similarly to Section 1.2, the goal is to select the value of θ that minimizes the
quadratic error between the data and the predicted output:

J(θ) =
Ns∑
t=1

∥∥∥y(t)−ŷ(t)
∥∥∥2 = Ns∑

t=1

∥∥∥∥∥y(t)−[C D Ds
]

x(t)

u(t)

s(t)


∥∥∥∥∥
2

=
Ns∑
t=1

∥∥∥∥∥y(t)−θ


x(t)

u(t)

s(t)


∥∥∥∥∥
2

(2.8)

Note that the optimization problem is quadratic. In fact, it reduces to a Least-Squares
formulation, avoiding the vanishing and exploding gradient issues. Additionally, Linear
Matrix Inequalities (LMIs) can be incorporated into the optimization framework to enforce
desired physical properties of the modeled system. Consequently, the overall identification
procedure may adopt a physics-inspired perspective, enhancing the interpretability and
physical consistency of the resulting model.

Note that the identification procedure used in this work can be interpretated as an hybrid
having features of both the Prediction Error Method (PEM) and the Simulation Error
Method (SEM) approaches. Note that, one the one hand, PEM provides accurate one-
step-ahead predictions but may fail to reproduce the long-term dynamics of the system, for

1Rectanguar-trace: For a rectangular matrix M ∈ Rn×m, we define the generalized trace as

trr(M) =

min(m,n)∑
i=1

Mii,

i.e., the sum of the diagonal entries up to the smallest dimension. This quantity is basis–dependent and
differs from the nuclear norm, which is instead defined as the sum of the singular values.
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example when the identified model structure is wrong; on the other hand, SEM focuses on
reproducing the overall system behavior through multi-step simulations, but may provide
incorrect internal parametrization. By mixing the two approaches, the proposed method
exploits the short-term accuracy of PEM and the global consistency of SEM, capturing
both the local and long-term dynamics of the system.

At this point, the learned REN model is:

x(t+ 1) = (Ax +ByC)x(t) + (Bu +ByD)u(t) + (Bs +ByDs)s(t) (2.9a)

s(t) = σ
(
(Ãx + B̃yC)x(t) + (B̃u + B̃yD)u(t) + (B̃s + B̃yDs)s(t)

)
(2.9b)

y(t) = Cx(t) +Duu(t) +Dss(t) (2.9c)

Note that, in case no structural constraints are imposed in the definition of hyperparame-
ters and free parameters, the learned model may not retain the structural interconnections
between subsystems, required for decentralized and distributed controller design. In par-
ticular, although the model may be accurate and dynamically consistent, modularity and
scalability that characterize network-based structures may be absent.
In the following section we discuss how physical information can be enforced on the learn-
ing process of RENs.

2.4. Structured Identification of REN models

The centralized identification process described in Section 2.3 presents several challenges
such as lack of modularity and scalability, high computational cost and dense network
representation. As specified in Section A.1, it is possible to define decomposed models
in a non-overlapping or partially-overlapping forms, suitable for decentralized and dis-
tributed control frameworks. In this section, different identification approaches inspired
by available decomposition approaches are described.

In any case, the preliminary step relies on the definition of the input-output pairs (ui, yi),
each representing the input/output channel of the i-th subsystem Si. In particular, in a
physics-inspired modeling framework, the input-output i-th pair (ui, yi) is defined first by
subdividing the plant S in subplants Si, for i = 1, ..., N , and then identifying

• the specific manipulable inputs ui of the subplant Si

• the measured variables yi of Si

Namely, the channel is identified in such a way that input ui is selected (for structural
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reasons) as the one defined by the i-th controller to regulate the output yi in a decentral-
ized/distributed architecture.

As a second step, the interconnections between the subsystems Si, with i = 1, ..., N , must
be defined by physical inspection. This allows to define a physical graph G 0, whose nodes
are the subsystems, and whose edges represent the interconnections. More specifically, an
edge (i, j) between Sj and Si is present if some variables (e.g., the input uj, the measured
output yj, or some elements of the internal non-measured state xj) of Sj have a direct
known physical influence on the dynamics of Si.
As an alternative representation, we can define, for each i = 1, ..., N , the set N 0

i as the
set of indices j such that (i, j) is an edge of the graph G 0 and which does not include i.

At this point it is possible to define the interconnected model. Three possible approaches
can be defined, based on different assumptions and ideas.

1) Completely overlapping-inspired identification
This approach, previously adopted in [22], allows to obtain input-coupled and state-
decoupled models similar to the ones obtained, in a model-based framework, from a
completely overlapping decomposition approach.

First, the model is obtained by imposing the hyperparameters as follows:

1. Define nx (dimension of internal states vector x(t)) and ns (dimension of non-
linearities vector s(t)).

2. Define Bu, B̃u, By, B̃y as full random matrices.

3. Define Bs as a sparse matrix, meaning that most of its entries are zero, while a small
fraction of elements are randomly-assigned nonzero values. This allows random
nonlinear interactions to be included in the internal state vector s(t), while keeping
the model computationally manageable.

4. Define B̃s as a lower triangular matrix, as suggested in [29]. In this configuration,
the elements of s(t) can be computed explicitly row-by-row, avoiding algebraic loops.
Compared to a general REN, the acyclic version is simpler to implement and often
produces models of comparable quality.

5. Define Ax and Ãx as full matrices, subject to the contractivity constraint (2.6).

Secondly, the model identification procedure defined in Section 2.3 must be executed.
Indeed, the identification of the full matrices C,D and Ds, should be carried out by
minimizing the cost function given in Equation (2.8). Note that this does not explicitly
enforce a structured sparsity pattern on the system matrices.
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Therefore, the presence of state-dependent input couplings leads, for the learned model,
to a possibly fully connected representation, represented by Equations (2.9a, 2.9b, 2.9c).

Consistently with the decomposition presented in Appendix A.1 and denoting with N

the number of subsystems, the decomposed model is obtained by partitioning matrices
Bu, By, B̃u and B̃y in N block-column matrices, Ds in N block-rows matrices, an Du in
N ×N blocks. The obtained decomposed model is:

x(t+ 1) = Axx(t) +
N∑
i=1

Bui
ui(t) +Bss(t) +

N∑
i=1

Byiyi(t) (2.10a)

s(t) = σ
(
Ãx(t) +

N∑
i=1

B̃ui
ui(t) + B̃ss(t) +

N∑
i=1

B̃yiyi(t)
)

(2.10b)

yi(t) = Cix(t) +
N∑
j=1

Duij
uj(t) +Dssi(t) (2.10c)

As previously specified, the edges of the interconnection graph G 0 correspond to physical
interactions among subsystems. In this case, however, the identified model is input-
coupled meaning that the input coupling is enforced by introducing interaction terms at
the input level, which results in an all-to-all connected interconnection graph, exactly how
we obtained in model-based fully overlapping decompositions.

For this procedure, the validation step is performed by simulating predictions generated
by the centralized model. Equations (2.9a), (2.9b), and (2.9c) are used to generate the
predictions, that are then compared with the validation dataset and the selected model
is the one, among the candidate models, that minimizes the cost function.

2) Output-coupling decomposition
This approach can be adopted when the physical couplings among subsystems occur
through measurable inputs and outputs variables, in such a way that the model of each
subsystem Si can be written in the following general form:

xi(t+ 1) = f
(
xi(t), ui(t), {uj(t), yj(t)}j∈N 0

i ∪{i}
)

(2.11)

Consistently with (2.11), the resulting untrained REN i-th model assumes the following
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form:

xi(t+ 1) = Axi
xi(t) +Buii

ui(t) +Bsisi(t) +Byiiyi(t) +
∑
j∈N 0

i

(
Byijyj(t) +Buij

uj(t)
)

(2.12a)

si(t) = σ
(
Ãxi

xi(t) + B̃uii
ui(t) + B̃sisi(t) + B̃yiiyi(t) +

∑
j∈N 0

i

(
B̃yijyj(t) + B̃uij

uj(t)
))

(2.12b)

yi(t) = Cixi(t) +Dui
ui(t) +Dsisi(t) (2.12c)

In this case, for each subsystem Si, the identification procedure is performed using a
composite input signal. Besides the local control input ui, the composite input vector of
(2.12a) and (2.12b) also includes the outputs and inputs of neighboring subsystems enter
Si, consistently with the interconnection structure described by the graph G 0.

Therefore, N separate identification procedures need to be performed, resulting in N

distinct models. The training procedure follows the one described by Sections 2.2 and 2.3
where, for each subsystem, we perform an independent centralized identification.

First of all, the hyperparameters need to be defined as follows, for all i = 1, ... , N :

1. Define nx,i (dimension of internal states vector xi(t)) and ns,i (dimension of non-
linearities vector si(t)).

2. Define matrices Bu,ii, B̃u,ii, By,i, B̃y,ii, Bs,i and B̃s,i, and Bu,ij, B̃u,ij, By,ij and B̃y,ij,
for j ∈ N 0

i , as full random matrices.

3. Define Ax,i and Ãx,i in such a way that contractivity constraint ᾱ2Pi −ÃT
x,iΛ AT

x,iPi

−ΛÃx,i Wi BT
s,iPi

PiAx,i PiBs,i Pi

 > 0

is enforced.

Secondly, as presented in Section 2.3, matrices Ci, Di and Dsi can be learned by minimiz-
ing the quadratic error between simulated data and the predicted output, according to
Equation (2.8).
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In this way, the learned submodels take the following structured form, for all i = 1, ...N

xi(t+ 1) = (Axi
+ByiiCi)xi(t) + (Buii

+ByiiDi)ui(t) + (Bsi +ByiiDsi)si(t)

+
∑
j∈N 0

i

(
ByijCjxj(t) + (Buij

+ByijDj)uj(t) +ByijDsjsj(t)
)

(2.13a)

si(t) = σ
(
(Ãxi

+ B̃yiiCi)xi(t) + (B̃uii
+ B̃yiiDi)ui(t) + (B̃si + B̃yiiDsi)si(t)

+
∑
j∈N 0

i

(
B̃yijCjxj(t) + (B̃uij

+ B̃yijDj)uj(t) + B̃yijDsjsj(t)
))

(2.13b)

For the validation of the learned models (where an ad-hoc validation dataset is commonly
used), two approaches can be adopted, denoted as "validation using data" and "validation
using predictions" below.

1. Validation using data
As a first approach to perform the model validation, we can compute, in a decen-
tralized fashion, the predictions ŷi(t) of the outputs yi(t), for all i = 1, ...N , through
the following equations. They are obtained from the output-coupled decomposition,
but using (2.12c) only for the "local" subsystem, in (2.12a) and (2.12b), i.e.,

x̂i(t+ 1) = (Axi
+ByiiCi)x̂i(t) + (Buii

+ByiiDi)ui(t) + (Bsi +ByiiDsi)ŝi(t)

+
∑
j∈N 0

i

(
Byijyj(t) +Buij

uj(t)
)

(2.14a)

ŝi(t) = σ
(
(Ãxi

+ B̃yiiCi)x̂i(t) + (B̃uii
+ B̃yiiDi)ui(t) + (B̃si + B̃yiiDsi)ŝi(t)

+
∑
j∈N 0

i

(
B̃yijyj(t) + B̃uij

uj(t)
))

(2.14b)

ŷi(t) = Cix̂i(t) +Dui
ui(t) +Dsi ŝi(t) (2.14c)

Note that, in this approach, each submodel uses the validation data sequences
ui(t), {uj(t), yj(t)}j∈N 0

i
to compute ŷi(t), for all i = 1, ..., N .

2. Validation using predictions
The second validation approach, which is more specifically tailored to validate the
system-wide capability of the obtained identified model to represent the system
dynamics, consists of obtaining the predictions ŷi(t) of the outputs yi(t), for all
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i = 1, ...N , from Equations (2.13a) and (2.13b), i.e.,

x̂i(t+ 1) = (Axi
+ByiiCi)x̂i(t) + (Buii

+ByiiDi)ui(t) + (Bsi +ByiiDsi)ŝi(t)

+
∑
j∈N 0

i

(
Byij ŷj(t) +Buij

uj(t)
)

(2.15a)

ŝi(t) = σ
(
(Ãxi

+ B̃yiiCi)x̂i(t) + (B̃uii
+ B̃yiiDi)ui(t) + (B̃si + B̃yiiDsi)ŝi(t)

+
∑
j∈N 0

i

(
B̃yij ŷj(t) + B̃uij

uj(t)
))

(2.15b)

ŷi(t) = Cix̂i(t) +Dui
ui(t) +Dsi ŝi(t) (2.15c)

Note that, in this approach, each submodel uses the validation data sequances
ui(t), {uj(t), ŷj(t)}j∈N 0

i
to compute ŷi(t), for all i = 1, ..., N .

In both cases, to evaluate the model quality, the following RMSE is used, i.e.,

RMSE =
1

N

N∑
i=1

√√√√ 1

Ns −Nw

Ns∑
t=Nw+1

(yi(t)− ŷi(t))
2 (2.16)

where ŷi(t) can be computed either with (2.14c) or with (2.15c), depending on the used
validation approach, and where Nw is the so-called washout period, i.e., the time interval
that is discarded, as it is required for the system to settle from the initial condition.

Some remarks are in order at this point.
The validation approach 1 is the most computationally lightweight since it can be per-
formed in a purely decentralized fashion (i.e., system-by-system) but, at the same time,
it is closer to the identification approach, and it is meant to evaluate the precision with
which the single submodel i reacts to external stimuli, i.e. ui(t) and {uj(t), yj(t)} for all
j ∈ N 0

i .
On the other hand, the evaluation performed through the validation approach 2 aims to
test the system-wide representation capabilities of the overall model, which is the main
and most significant goal of the identification procedure.

In light of this, the validation approach 2 will be considered as the most relevant one.
Finally note that, in view of the discussion made in Section 1.4 about the impact of the
sampling time, one of the main reasons of the possible mismatch between results obtained
using the two validation approaches lies in the choice of the sampling time. Notably,
in fact, Validation from Data assumes that the model (2.14a), (2.14b), (2.14c) is fed
by sample-and-hold signals ui(t), {uj(t), yj(t)}j∈N 0

i
, but yj(t) are outputs which are not
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constant during the sampling intervals, leading to significant approximation when Ts is
large.

3) Structured matrix decomposition
The core idea of this approach is to perform the identification described in Sections 2.2
and 2.3, while imposing a particular structure on the model matrices (i.e., both the
hyperparameters and free ones) to reflect the interconnections between systems. In this
way, the influence of each subsystem on its neighbors is naturally represented within the
model, without the need to explicitly introduce coupling variables, making this approach
applicable even in case the interconnection variables are not measurable, contrarily with
the "Output-coupling decomposition" presented above.

To include the desired interconnection structure to the model through the matrix sparsity,
in this work we propose, first to define the hyperparameters as follows.

1. Define nx (dimension of internal states vector x(t)) and ns (dimension of non-
linearities vector s(t)). At this point, it is also necessary to define nxi

and nsi ,
for i = 1, ..., N , as they represent the dimensions of the blocks of the structured
matrices, introduced in the following points.

2. Bu, B̃u, By, B̃y, Bs and B̃s are defined as block diagonal matrices, composed of blocks
Bui

∈ Rnxi×nui , B̃ui
∈ Rnsi×nui , Byi ∈ Rnxi×nyi , B̃ui

∈ Rnsi×nyi . Bsi ∈ Rnxi×nsi has
sparse random blocks and B̃si ∈ Rnsi×nsi has random lower triangular blocks.

3. Ax and Ãx as block diagonal matrices, with blocks Axi
∈ Rnxi×nxi and Ãxi

∈
Rnsi×nxi , respectively, generated randomly, but subjected to the contractivity con-
straint (2.6).

A given structure is imposed also on the free parameters C,D and Ds, so as to reflect the
interconnections represented by the graph G 0. All matrices must have suitable dimensions
and must coherent with each other and with overall system’s interconnections.

The resulting untrained REN i-th submodel assumes the following form:

xi(t+ 1) = Axi
xi(t) +Bui

ui(t) +Bsisi(t) +Byiyi(t) (2.17a)

si(t) = σ
(
Ãxi

xi(t) + B̃ui
ui(t) + B̃sisi(t) + B̃yiyi(t)

)
(2.17b)

yi(t) = Cixi(t) +Dui
ui(t) +Dsisi(t) +

∑
j∈N 0

i

(
Cijxj(t) +Duij

uj(t)
)

(2.17c)

In this structured identification approach for interconnected systems, the overall state
dimension of the identified model is therefore given by the aggregation of the state vari-
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ables associated with each subsystem, rather than by the minimal order of the global
input–output behavior.

The identification of C,D and Ds is carried out by minimizing the cost function given in
equation (2.8).
Considering the trained model equations derived by using (2.17c) into (2.17a) and (2.17b),
the structure of all trained matrices is dictated by that of C, D, and Ds. This is a crucial
result, as the tunable matrices C, D, and Ds encode the interconnection relationships
within the system. Importantly, the admissible interaction structure is informed by the
underlying physics of the system, while the level of interconnections is identified directly
from data rather than being arbitrarily imposed as hyperparameter. As a consequence,
the trained model inherits a structured representation that is both physics-consistent and
data-driven, with matrices that preserve the same interconnection pattern as G 0, ensuring
a faithful representation of the system’s physical and structural properties.

In this procedure, the validation step is performed using the model obtained by plug-
ging (2.17c) into (2.17a) and (2.17b). The generated data are then compared with the
validation dataset, and the resulting model is the one, among the candidate ones, that
minimizes the cost function.
After training, we define matrices Ai = Axi

+ ByiCi, Bi = Bui
+ ByiDui

, B0
si

= Bsi +

ByiDui
, Aij = ByiCi, Bij = ByiDuij

, Ãi = Ãxi
+ B̃yiCi, B̃i = B̃ui

+ B̃yiDui
, B̃0

si
= B̃si +

B̃yiDui
, Ãij = B̃yiCi, B̃ij = B̃yiDuij

.
In this way, the learned i-th submodel takes the form

xi(t+ 1) = Aixi(t) +Biui(t) +B0
si
si(t) +

∑
i∈N 0

i

(
Aijxj(t) +Bijuj(t)

)
(2.18a)

si(t) = σ
(
Ãixi(t) + B̃iui(t) + B̃0

si
si(t) +

∑
i∈N 0

i

(
Ãijxj(t) + B̃ijuj(t)

))
(2.18b)

yi(t) = Cixi(t) +Diui(t) +Dsisi(t) +
∑
j∈N 0

i

(
Cijxj(t) +Dijuj(t)

)
(2.18c)
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approaches to the case study

3.1. Case study: Chemical Plant

The proposed methodologies are validated through simulation tests on a benchmark chem-
ical plant proposed in [33], demonstrating their feasibility and effectiveness in real-world
applications. This configuration provides an ideal environment for testing the proposed
methodologies and for evaluating the trade-offs between model complexity, physical con-
sistency, and control performance. In fact, the plant consists of three interconnected
subsystems, including a recycle line, making it particularly suitable for analyzing inter-
dependencies and the effect of information sharing among subsystems. Additionally, the
presence of strong nonlinearities makes it suitable to be modeled using Recurrent Equi-
librium Networks.

Since distributed and decentralized control architectures are widely adopted in the petro-
chemical industry for the control of large-scale, multi-variable processes, this case study
provides a good benchmark for testing effectiveness of developed concepts and method-
ologies.

The considered framework is a chemical plant consisting of two reactors and a separator,
illustrated in Figure 3.1 and in detail described in [33].

Figure 3.1: Two reactors in series with separator and recycle.
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A stream of pure reactant A enters the two reactors (subsystems 1 and 2), and converted
into the desired product B. The product is lost by a reaction to side product C. The latter
passes to the separator (subsystem 3), whose distillate is split between the downstream
process and a recycle stream directed back to the first reactor. For each subsystem i ∈
{1, 2, 3} the state is composed of the level Hi, the temperature Ti, and the concentrations
of the three components xAi, xBi, and xCi, while the flow rates between the vessels are
denoted as Fi.
The system’s dynamics can be described by the following nonlinear differential equations:

dH1

dt
=

1

ρA1

(Ff1 + FR − F1)

dxA1

dt
=

1

ρA1H1

(Ff1xA0 + FRxAR − F1xA1)− kA1xA1

dxB1

dt
=

1

ρA1H1

(FRxBR − F1xB1) + kA1xA1 − kB1xB1

dT1

dt
=

1

ρA1H1

(Ff1T0 + FRTR − F1T1)−
1

Cp

(
kA1xA1∆HA + kB1xB1∆HB

)
+

Q1

ρA1CpH1

dH2

dt
=

1

ρA2

(Ff2 + F1 − F2)

dxA2

dt
=

1

ρA2H2

(Ff2xA0 + F1xA1 − F2xA2)− kA2xA2

dxB2

dt
=

1

ρA2H2

(F1xB1 − F2xB2) + kA2xA2 − kB2xB2

dT2

dt
=

1

ρA2H2

(Ff2T0 + F1T1 − F2T2)−
1

Cp

(
kA2xA2∆HA + kB2xB2∆HB

)
+

Q2

ρA2CpH2

dH3

dt
=

1

ρA3

(F2 − FD − FR − F3)

dxA3

dt
=

1

ρA3H3

(F2xA2 − (FD + FR)xAR − F3xA3)

dxB3

dt
=

1

ρA3H3

(F2xB2 − (FD + FR)xBR − F3xB3)

dT3

dt
=

1

ρA3H3

(F2T2 − (FD + FR)TR − F3T3) +
Q3

ρA3CpH3

(3.1)

where, for all i ∈ I1:3:

Fi = kviHi, kAi = kA exp

(
− EA

RTi

)
, kBi = kB exp

(
− EB

RTi

)
(3.2)
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The recycle flow and weight rates satisfy:

FD = 0.01FR, xAR =
αAxA3

x̄3

, xBR =
αBxB3

x̄3

,

x̄3 = αAxA3 + αBxB3 + αCxC3, xC3 = 1− xA3 − xB3.

The system parameters are provided in Tables 3.1

Parameter A1 A2 A3 ρ Cp kv1 kv2 kv3 xa0 T0

Value 3 3 1 0.15 25 2.5 2.5 2.5 1 313

Units m2 m2 m2 kg/m3 kJ/kgK kg/ms kg/ms kg/ms wt% K

Parameter ka kb EA/R EB/R ∆HA ∆HB αA αB αC

Value 0.02 0.018 -100 -150 -40 -50 3.5 1.1 0.5

Units 1/s 1/s K K kJ/kg kJ/kg — — —

Table 3.1: Chemical Plant System’s Parameters

The output and input are denoted, respectively, by

y =
[
H1 xA1 xB1 T1 H2 xA2 xB2 T2 H3 xA3 xB3 T3

]T
u =

[
Ff1 Q1 Ff2 Q2 FR Q3

]T
.

Flow rates and heatings in input have the saturation limits represented in Table 3.2:

Parameter Ff1 Q1 Ff2 Q2 FR Q3

Lower Bound 0 0 0 0 0 0

Upper Bound 10 50 10 50 75 50

Units kg/s kJ/s kg/s kJ/s kg/s kJ/s

Table 3.2: Chemical Plant Input constraints

Furthermore, the states are assumed to be measurable, then they coincide with the out-
puts. As inputs, also all states are constrained to be positive and, in particular, for
concentrations we have to xAi ≤ 1 and xBi ≤ 1, by definition. The state vector does not
include the concentration of the product denoted as C, since it is constrained by the other
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two by: xAi + xBi + xCi = 1

xAi + xBi < 1
(3.3)

The system model is implemented in MATLAB and subsequently simulated in Simulink.
The constrained optimization problem implementing the control laws defined in the fol-
lowing chapters, is solved using the YALMIP-Mosek toolbox, which is well-suited for
handling both linear and nonlinear optimization problems.

3.2. Data acquisition and pre-processing

Before performing model identification, data are acquired from the simulator and pre-
processed to ensure both consistency with physical constraints and effective training of
the neural network.
Specifically, the training, validation, and test datasets are generated by simulating the
system (3.1) in Simulink. The system is excited with a Multilevel Pseudo-Random Signal
(MPRS) to effectively cover different operating regions of the system. MPRS with both
high and low frequency components are used: at high frequency, input changes occur every
2 seconds whereas, at low frequency, they occur every 10 seconds. The input profiles used
for the test are shown in Figure 3.2.

For the considered chemical plant, it is crucial to excite the system with inputs within
the physical limits reported in Table 3.2. For each input combination, also output profiles
must remain within specified bounds and respect the physical limitations on the concen-
tration of fluids A, B and C, as expressed in (3.3). Figures 3.2, 3.3 and 3.4 show clearly
that all imposed physical limits are satisfied by inputs and outputs profiles. As suggested
by [33] and based on the considerations presented in Section 1.4, 2.4, and A.2, the selected
sampling time in the simulation is Ts = 0.1s.
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Figure 3.2: Plots of simulated inputs
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Figure 3.3: Plots of non-scaled simulated outputs

Figure 3.4: Plots of concentrations’ sum for each subsystem
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Acquired data are divided as follows: approximately 45% of data are used for the training
set, It, 30% for the validation set Iv and 25% for the test set If . In the training set, about
65% of datapoints correspond to low frequency excitations and 35% to high frequency ex-
citations. Low-frequency data are prioritized because they capture the dominant, slower
dynamics of the system, which are essential for accurate modeling and reliable long-term
predictions. High-frequency data, on the other hand, represent fast transients, which are
less influential on the overall system behavior but still necessary to accurately capture
the system’s rapid dynamics.
Data acquisition is followed by data pre-processing: data are normalized in order to
ensure consistency with the system constraints. Indeed, in this systems, features have
very different scales (for example, concentrations range between 0 and 1, while tempera-
tures assumes values around 300K). Normalization guarantees balanced gradients during
training, improves numerical stability, and supports the REN in capturing the couplings
between variables. Input and output data are scaled as follows:

y(i) ∈ [0, 1], for i = 1, ..., ny u(i) ∈ [0, 1], for i = 1, ..., nu.

where y(i) and u(i) represent the i-th entries of vectors y and u, respectively.

3.3. Non structured REN model

In this section we show the results of the identification procedure of a non structured (i.e.,
centralized) REN model, following the procedure described in Section 2.4.

The resulting model quality depends on random hyperparameters: in order to explore a
large set of candidates, the identification procedure consists of 1000 iterations. At each
iteration, a different candidate model is generated by randomly selecting the model dimen-
sions nx and ns and by randomly initializing the fixed hyperparameters. These quantities
are then kept fixed during the identification of that model. Each iteration produces a
distinct identified model, which is evaluated on a validation dataset. The performance
of each candidate model is quantified by the Root Mean Square Error (RMSE), used to
measure the discrepancy between the model outputs and the simulated outputs. The best
model is selected as the one achieving the minimum RMSE on the validation set.

In this case:

1. nx = 12 and ns = 1 give the best model among the candidates. Different tests (data
not shown for brevity) have been conducted for nx ∈ [7, 12] and ns ∈ [1, nx − 3].

2. Bu, B̃u, By, B̃y, Bs and B̃s are matrices of appropriate dimensions randomly gener-
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ated and then kept fixed throughout the identification process. Their dimensions
are chosen to be consistent with those determined in the previous step, and match
the model structure described in Equations (2.1a), (2.1b), and (2.1c).

3. The matrices Ax and Ãx are also fixed during the identification, but they are ob-
tained by solving a constrained feasibility problem rather than being drawn directly
from a random distribution. In particular, they are generated by enforcing the
contractivity and positive-trace constraints described in Chapter 2.2.

4. The identification of the full matrices C,D and Ds is carried out by minimizing the
cost function given in Equation (2.8).

The quantitative evaluation of the model performances will be carried out in Section 3.5,
showing RMSE and FIT[%].

Figures 3.5 and 3.6 represent the centralized REN model outputs, compared to the sim-
ulated data of the Chemical Plant, with a focus on both low and high frequency input
signals.
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Figure 3.5: Comparison between the simulated output
( )

and the REN model output( )
, under low-frequency input signals.
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Figure 3.6: Comparison between the simulated output
( )

and the REN model output( )
, under high-frequency input signals.

The quality of this model will be evaluated in terms of RMSE and FIT[%] of each single
output and the overall model. It is important to highlight that this model is a MIMO
unstructured one, and therefore all inputs, internal states, and non-linearities influence
all output profiles. Figures 3.5 and 3.6 show that the model output profiles closely match
the simulated ones, showing only slight deviations in states most affected by nonlinearity,
such as concentrations, while preserving consistency in response times and steady-state
values.
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3.4. Structured REN models

In this section we describe the results achieved by applying, to the benchmark data,
the two approaches, among the ones presented in Sections 2.4, which lead to a modular
structured model with a sparse interconnection graph. In particular, in Section 3.4.1
and 3.4.2 the Output-coupling decomposition and the Structured matrix decomposition,
respectively, approaches, are used.

3.4.1. Output-coupling Identification

In this section we describe the results obtained by applying the Output-coupling decom-
position identification procedure presented in Section 2.4. As in Section 3.3, the chosen
hyperparameters are the ones giving the best matching with the data outputs, while im-
posed properties reflect the physics of the system and improve the model qualities in
terms of RMSE and FIT[%]. In particular, also in this case, 1000 iterations are performed
in order to find the best model among many possible candidates.

For i = 1, 2, 3, the following setup is finally obtained, with reference to model (2.12a),
(2.12b) and (2.12c).

1. We set nx,1 = nx,2 = nx,3 = 20 and ns,1 = 3, ns,2 = 1, ns,3 = 17. The selected
values give the best model among the candidates, i.e., we tested nx,i ∈ [12, 24] and
ns,i ∈ [1, nx − 3], for all i = 1, ..., 3.

2. The matrices Bu,i, B̃u,i, By,i, B̃y,i, Bs,i and B̃s,i are randomly generated and then kept
fixed throughout the identification process. Their dimensions must be consistent
with those determined in the previous step and described in Chapter 2.1.

3. The matrices Ax,i and Ãx,i are also fixed during identification, but they are obtained
by solving a constrained feasibility problem rather than being directly imposed from
a distribution. Indeed, they are generated by a feasibility problem enforcing the
contractivity and positive-trace constraints described in Chapter 2.2.

4. The identification of the matrices Ci, Di and Ds,i, is carried out by minimizing the
cost function given in Equation (2.8).

As specified in Section 2.4, this identification procedure essentially corresponds to three
separated identification procedures. The couplings between subsystems are imposed by
the input and output vectors. In particular the input vector of the i-th subsystem is
composed by its physical inputs ui, and outputs generated by neighboring subsystems yj.
For the chemical plant:
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• Reactor 1: inputs are u1 = [Ff1, Q1]
T and y3 = [h3, xA3, xB3, T3]

T and outputs are
y1 = [h1, xA1, xB1, T1]

T

• Reactor 2: inputs are u2 = [Ff2, Q2]
T and y1 = [h1, xA1, xB1, T1]

T and outputs are
y2 = [h2, xA2, xB2, T2]

T

• Separator: inputs are u3 = [FR, Q3]
T and y2 = [h2, xA2, xB2, T2]

T and outputs are
y3 = [h3, xA3, xB3, T3]

T

It is important to specify that in each iteration, three sub-models are computed, i.e., one
for each subsystem. The overall performance is then evaluated by combining all three
sub-models, with the RMSE calculated on the aggregated output rather than separately
for each subsystem.

As specified in Section 2.4, two different validation approaches can be employed: "val-
idation from data" and "validation from predictions", leading to different RMSE costs,
RMSEDATA and RMSEPREDICTIONS, respectively.

Figures 3.7 and 3.8 represent the REN model outputs computed with two described
approaches.

As discussed, the second validation approach relies on full model-generated data, resulting
in a more realistic and physically consistent validation procedure. Although the first
approach may achieve better RMSE and FIT[%] metrics, it may overestimate the model
accuracy and does not ensure reliable behavior under real operating conditions.
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Figure 3.7: Comparison between the simulated output
( )

, the REN model output
(validation from simulated data)

( )
, and the REN model output (validation from

predictions)
( )

, under low-frequency input signals.
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Figure 3.8: Comparison between the simulated output
( )

, the REN model output
(validation from simulated data)

( )
, and the REN model output (validation from

predictions)
( )

, under high-frequency input signals.

Note that the REN model outputs obtained from simulated data are almost coincident
with the data outputs. In contrast, the REN model outputs obtained from predictions
provide satisfactory results only when nonlinear effects are marginal. Although the model
shows reduced accuracy in tracking the desired trajectories, particularly in nonlinear cases,
it still captures the dominant system dynamics, as highlited by the correct steady-state
values and settling times. The quantitative evaluation of the model will be carried out in
Section 3.5.

As specified in Section 2.4, the quality deterioration of the model obtained from predic-
tions is partially due to the choice of a large sampling time and arises, among other things,
as a consequence of the discretization.
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Figures 3.9 and 3.10 show the comparison of the same identification procedure, performed
with two different datasets. The first model is the same as that used in the previous
section (obtained with data sampled at Ts = 0.1s), while the second one is obtained using
the same identification procedure, but with a sampling time reduced by a factor of 10
(Ts = 0.01s). In order to make a fair comparison between the two models, the same
system order is imposed. Notably, the dataset sampled with Ts = 0.01s leads to a more
accurate model, as clear from Figures 3.9 and 3.10.
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Figure 3.9: Comparison between the simulated output
( )

, and the REN model
output with Ts = 0.01s

( )
and with Ts = 0.1s

( )
, under low-frequency input

signals.
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Figure 3.10: Comparison between the simulated output
( )

, and the REN model
output with Ts = 0.01s

( )
and with Ts = 0.1s

( )
, under high-frequency input

signals.

From a qualitative analysis of the output profiles, it is possible to observe that a smaller
sampling time produces two main improvements. First, steady-state values are reached
more accurately and, secondly, the settling times more closely match those of the reference
data. Moreover, oscillations arising from the discretization approximation are reduced
and, in some cases, become negligible.

These results and observations are confirmed by the quantitative analysis reported in
Table 3.3, where the RMSE (2.16), the overall FIT[%] (3.4) and the FIT[%] (3.5) for each
individual output are evaluated. This analysis shows that reducing the sampling time
improves the model quality not only from a qualitative perspective, but also in terms of
quantitative performance metrics.
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Table 3.3: Comparison between models obtained from Individual Subsystem Identification
(with validation using predicted outputs) for different sampling times

Model with Ts = 0.1 s Model with Ts = 0.01 s

FIT[%] h1 98.46 99.98

FIT[%] xA1 70.22 76.04

FIT[%] xB1 75.62 85.07

FIT[%] T1 51.65 71.41

FIT[%] h2 98.25 99.69

FIT[%] xA2 71.64 77.06

FIT[%] xB2 75.75 86.73

FIT[%] T2 53.32 72.31

FIT[%] h3 38.38 92.13

FIT[%] xA3 61.65 77.90

FIT[%] xB3 53.97 66.12

FIT[%] T3 47.02 71.16

FIT[%] 76.51 86.41

RMSE 0.0455 0.0267

3.4.2. Structured Matrices Identification

In this section we describe the results obtained by applying the procedure for structured
identification presented in Section 2.4.

As in Sections 3.3 and 3.4.1, the resulting model is chosen among a set of candidates
explored in 1000 iterations. In each iteration, hyperparameters (dimensions and matrices
explained in points 1., 2., and 3.) are randomly generated and kept fixed. In each iteration
the overall model is computed, validated and tested, then it is selected as the one that
corresponds to the smallest RMSE.

1. The dimension of internal state vector is chosen in the set nx ∈ [50, 60], resulting in
nx = 57, while the dimension of non-linearities vector is chosen in ns ∈ [20, nx − 1],
resulting in ns = 22. It is necessary to define also nx,i and ns,i, for i = 1, 2, 3, in
order to define the dimensions of blocks inside model matrices. The resulting block
dimensions are nx,1 = 16, nx,2 = 18, nx,3 = 23 and ns,1 = 8, ns,2 = 7, ns,3 = 7.
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2. Bu, B̃u, By, B̃y, Bs, B̃s are block diagonal matrices, with blocks having dimensions
consistent with nxi

, and nsi , for all i = 1, 2, 3 defined in previous point. They
are randomly generated and then kept fixed during each single iteration of the
identification procedure.

3. Matrices Ax and Ãx are defined as block diagonal matrices, having dimensions of
blocks consistent with nxi

, and nsi , for all i = 1, 2, 3, defined in step 1. They are
the result of a feasibility problem, constrained to contractivity and positive traces,
as specified in Chapter 2.2.

4. The output matrices C,D and Ds are the result of the optimization problem that
minimizes the cost function (2.8).
As discussed, the specific structure imposed to C,D and Ds reflect the interconnec-
tions represented by the graph G 0. In the selected case study the graph is a cycle
and the system interconnections are represented in Figure 3.11.

Figure 3.11: Chemical plant interconnection structure

The structure of C,D and Ds is represented in Figure 3.12. Blue squares represent
non-zero blocks, while zeros terms represent the absence of interconnections between sub-
systems i and j. In view of this, the trained model preserves the physical structure of the
system, which is reflected in the state-space matrices. Notably, the level of interconnec-
tions is not enforced as a hyperparameter, but is instead identified directly by during the
training process.
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Figure 3.12: Chemical plant output matrices structure

Figures 3.13 and 3.14 represent the REN model outputs computed with structured ma-
trices, compared to simulated data of the Chemical Plant, with a focus on low and high
frequency input signals.



3| Application of the learning approaches to the case study 53

Figure 3.13: Comparison between the simulated output
( )

, the REN model output
(structured matrices)

( )
, under low-frequency input signals.
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Figure 3.14: Comparison between the simulated output
( )

, the REN model output
(structured matrices)

( )
, under high-frequency input signals.

The Structured Identification results in a model that faithfully reflects the simulated
outputs: steady-state values are reached correctly and the sampling time matches that of
the system. This correspondence demonstrates that the dominant dynamics are properly
captured, resulting in matching profiles even in cases where non-linearities are strongly
involved, such as concentrations outputs. Moreover, as specified in Section 3.4.1, non-
relevant oscillations in the output profiles can also be observed in this case, partially due
to the effects of the discretization approximation errors.
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3.5. Comparative analysis of the models

This section presents a comparison between the identified models considering both quan-
titative and qualitative aspects. A quantitative analysis is provided in Table 3.4, that
shows

• Root Mean Square Error (RMSE), computed as in Equation (2.16)

• FIT [%] of the overall model, i.e.,

FIT[%] = 100

1−

√√√√ N∑
i=1

Ns∑
t=Nw

(yi(t)− ŷi(t))
2

√√√√ N∑
i=1

Ns∑
t=Nw

(yi(t)− ȳi)
2

 (3.4)

• FIT [%] of the i-th output

FIT[%] = 100

1−

√√√√ Ns∑
t=Nw

(yi(t)− ŷi(t))
2

√√√√ Ns∑
t=Nw

(yi(t)− ȳi(t))
2

 (3.5)

where:

• yi(t) represents the i-th measured output at time t

• ŷi represents the i-th model output at time t

• ȳi =
1

Ns − w + 1

Ns∑
t=w

yi is the mean value of the measured data

• Ns is the total number of samples

• Nw = 100 is the washout period. It is applied to discard the transient response and
assess the model accuracy only after the system reached steady-state behavior.

From Table 3.4, the results provided by the validation from data related to the Output-
coupling identified models (Section 3.4.1) correspond to the largest total FIT[%] and the
smallest RMSE. However, as discussed, the most significant validation approach is the
one that relies on Predictions (denoted as ValSim in Table 3.4); the latter shows that the
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results obtained with the Output-coupling approach are not optimal. On the other hand,
the best fitting and RMSE values are observed with the Structured Matrix Identification.
Smaller values of FIT[%] and worse responses are generally observed in the third subsystem
and in concentration[%] outputs xA and xB. This behavior can be explained by the higher
degree of nonlinearity associated with these outputs, and by the fact that they are strongly
influenced by several nonlinear interactions, as in the case of Subsystem 3.

As a conclusion, if the Structured Model represents the most appropriate choice, because:

• it reflects the structural relationships between the subsystems and the level of in-
terconnection is identified, instead of being apriori fixed as hyperparameter,

• it does not require the knowledge of interconnection variables,

• it has modularity and scalability properties.

Table 3.4: Comparison between models: Centralized, Individual (with validation using
output data and validation using simulated outputs), and Structured

Centralized Model Output-coupled Model Structured Model
Val-Sim Val-Data

FIT[%] h1 98.36 98.46 98.44 98.46
FIT[%] xA1 84.05 70.22 93.56 86.63
FIT[%] xB1 77.01 75.62 92.15 89.94
FIT[%] T1 89.03 51.65 98.85 85.03
FIT[%] h2 99.26 98.25 98.82 98.69
FIT[%] xA2 84.78 71.64 96.27 87.64
FIT[%] xB2 78.27 75.75 96.79 91.37
FIT[%] T2 89.00 53.32 93.66 85.72
FIT[%] h3 69.35 38.38 68.49 69.80
FIT[%] xA3 75.53 61.65 83.86 80.38
FIT[%] xB3 68.95 53.97 81.00 73.10
FIT[%] T3 84.03 47.02 80.79 81.84
FIT[%] 85.52 76.51 92.86 90.75
RMSE 0.0242 0.0455 0.0133 0.0160

A centralized model is generally expected to achieve better FIT[%] and RMSE due to its
higher modeling flexibility. However, the results obtained in this work are consistent and
can be explained by the considerations discussed in the following points.
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• The structure imposed on the system matrices allows indirect correlations between
inputs and outputs to be reduced, resulting in a more accurate learning of the
dominant dynamics. In other words, the structured model is less flexible but more
consistent with the physical behavior of the system. Contrarily, the centralized
model is more flexible, but it may also capture non-physical interactions.

• In the centralized model, the level of interconnection among subsystems is partially
implicitly fixed by the learning algorithm through the choice of hyperparameters. In
the structured model, instead, the interconnections among subsystems—reflected in
the trained system matrices—are entirely defined by the prescribed structure of the
matrices C,D and Ds, and are therefore identified. The only imposed constraints
correspond to the zero entries in the output matrices, which arise from the physics-
inspired formulation of the model and are consistent with the system structure.

• The optimization of the cost function differs between the considered cases. For the
optimization problems described in Sections 3.3 and 3.4, a fixed number of iterations
is required to select hyperparameters that satisfy the LMIs. Using the same number
of iterations, the centralized model is characterized by a larger parameter space,
resulting in in a higher number of possible local minima and making the search
for suitable hyperparameters more challenging. In contrast, the reduced number of
degrees of freedom in the structured model allows to identify more easily a suitable
combination of hyperparameters, leading to more reliable convergence.

• The total order of the systems differs between the centralized and structured cases.
This may lead to improved performance in terms of FIT[%] and RMSE.
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4| Centralized Robust Nonlinear

Model Predictive Control

In the second part of this thesis a non-cooperative decentralized predictive control (DPC)
algorithm, inspired by [13, 30], is devised, leveraging the modular model structure identi-
fied based on the guidelines provided in Part I. This control algorithm, consistently with
the linear counterparts proposed in [13, 30], is based on a robust model predictive control
formulation.

Robust NMPC is an extension of nonlinear MPC (i.e., NMPC) able to handle model
uncertainties. Unlike traditional MPC, the so-called tube-based approach [20] ensures
robustness with respect to bounded disturbances and uncertain dynamics, using the con-
straint tightening concept. The main source of uncertainties commonly include external
disturbances and modeling errors, and they lead to sub-optimal performance or, in some
cases, even instability.

The DPC algorithm described in this part relies on tube-based robust MPC, first proposed
in [23] and later extended to the nonlinear context, e.g., in [35]. In this framework, N
local controllers are designed in order to be robust with respect to coupling term related
to neighboring systems.

In this chapter a short overview on tube-based robust MPC applied to a general nonlinear
system is given, in order to anticipate some definitions, concepts and requirements used in
the subsequent chapters. First, in Section 4.1, the problem is stated. Then, it is necessary
to introduce the concept of incremental input-to-state stability, a major property to be
imposed through a suitable controller, in Section 4.2. Finally, in the subsequent sections,
the ingredients of the tube-based controller design approach will be described.
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4.1. Statement of the problem

A discrete-time system affected by disturbance w can be expressed as:{
x(t+ 1) = f(x(t), u(t), w(t))

y(t) = g(x(t), u(t))
(4.1)

where:

• x(t) ∈ Rnx is the state vector

• u(t) ∈ Rnu is the input vector

• y(t) ∈ Rny is the output vector

• w(t) ∈ Rnx is the disturbance

• f(·) = [f1 ... fnx ]
T is a vector of nonlinear functions

Before describing the controller design, we introduce a set of common assumptions used
in this framework.

Assumption 4.1.1. w(t) ∈ W ∀t ≥ 0, i.e., the unknown disturbance w(t) is bounded within
a predefined set W.

In order to guarantee that the disturbance remains inside within known limits, ensure
the well-posedness of the problem, and to simplify the analysis of stability, control and
robustness of the system (4.1), the set W must be:

• Convex: ∀w1(t), w2(t) ∈ W, ∀λ ∈ [0, 1] ⇒ λw1(t) + (1− λ)w2(t) ∈ W, ∀t ≥ 0, i.e.,
any possible convex combinations of two disturbances in W also lies in W.

• Compact: the set W is bounded and closed.

Assumption 4.1.2. The state, input, output vectors are constrained, i.e., x(t) ∈ X and
u(t) ∈ U. Sets X and U are compact and convex.

Sets X and U define admissible regions for states and inputs, respectively.
The control objective is to track a piecewise output constant reference ȳ ∈ Rny , while
mantaining trajectories consistent with the constraints specified in Assumption 4.1.2.
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4.2. Incremental input-to-state stability

In many applications, guaranteeing weak notions of stability (i.e., stability of some equilib-
ria) for non linear systems is often insufficient when the objective is to achieve robustness
and to ensure that the system trajectories remain bounded even in presence of initial
conditions variations and external disturbances.

On the other hand, the definition of δISS introduces a strong and robust notion of stability
guaranteeing, among other things, boundedness of the distance between any two solutions,
as a function of initial conditions distance and disturbance distance. Also, δISS guarantees
that any trajectory of the system converge toward each other, at least when the system
is not perturbed.
Consider the following definitions that allow us to formalize the δISS property.

Definition 4.2.1. [4] A continuous function γ : [0, a) → [0,∞), with a > 0, is said to
belong to class K if it is strictily increasing and γ(0) = 0.

■

Definition 4.2.2. [4] A continuous function γ : [0, a) → [0,∞) is said to belong to class
K∞ if it is a class K function and if a = ∞ and γ(r) → ∞ as r → ∞.

■

Definition 4.2.3. [4] A continuous function β : [0, a)× [0,∞) → [0,∞) is said to belong
to class KL if, for each fixed s, the mapping β(r, s) belongs to class K with respect to r,
and, for each r, the mapping β(r, s) is decreasing with respect to s, and β(s, r) → 0, as
s → 0.

■

Definition 4.2.4. [11] An autonomous system

x(t+ 1) = fA(x(t), w(t)) (4.2)

perturbed with a disturbance w(t), is said to be δISS with respect to w(t) if there exists
a function β ∈ KL and a function γ ∈ K∞ such that, for any time instant t ≥ 0, for each
pair of initial states x1(0), x2(0) and each pair of disturbance sequences w⃗1, w⃗2, (where,
for i = 1, 2 w⃗i = {wi(0), wi(1), ...}) it holds that

||x(t, x1(0), w⃗1)− x(t, x2(0), w⃗2)|| ≤ β(||x1(0)− x2(0)||, t) + γ(||w⃗1 − w⃗2||∞) (4.3)
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where:

• x(t, xi(0), w⃗i) represents the state of the system at time t, with initial state xi(0)

and disturbance sequence w⃗i

• ||x1(0)− x2(0)|| represents the norm of the distance between the two initial states

• ||w⃗1−w⃗2||∞ represents the infinite norm of the distance between the two disturbance
sequence, i.e., ||w⃗1 − w⃗2||∞ = max

t≥0
||w1(t)− w2(t)||

■

Definition 4.2.5. Consider a generic system with two states x1(t), x2(t), affected by
disturbances w1(t), w2(t), respectively. V (·, ·) is a δISS Lyapunov function if ∃ a α ∈ K∞

and σ ∈ K

V (x1(t+1), x2(t+1)) ≤ V (x1(t), x2(t)) + σ(||w1(t)−w2(t)||)−α(||x1(t)− x2(t)||) (4.4)

■

In Definition 4.2.5, the term α(∥x1(t) − x2(t)∥) enforces a decrease of the Lyapunov
function when the two state trajectories are different, while σ(∥d1(t) − d2(t)∥) accounts
for the possible increase due to a mismatch between the disturbances.
As in [4], the following theorem provides a sufficient condition for the δISS property of
the discrete-time autonomous system (4.2).

Theorem 4.1. If system (4.2) admits a time-invariant δISS Lyapunov function, then it
is δISS with respect to w(t).

■

If the δISS property holds with respect to w(t), then the system (4.2) is incrementally
robust with respect to the disturbances. This property is necessary to define the concept
of the incrementally Robust Positive Invariant (δRPI) Set, a fundamental concept in the
robust control method presented in this chapter and better defined below.

Definition 4.2.6. [4] A set E ⊂ Rnx × Rnx is said to be δRPI under the dynamics of
system (4.2) if, for any pair of initial states (x1(0), x2(0)) ∈ E, the state trajectories
(x(t, x1(0), w⃗1), x(t, x2(0), w⃗2)) ∈ E, ∀t ≥ 0,∀w1, w2 ∈ W.

■

In the robust control framework, to ensure that the effect of disturbances remains bounded
over time, it is necessary that a system has well-defined δRPI set.
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4.3. The nominal model

In robust NMPC context, a crucial role is played by the nominal model, which represents
the expected system dynamics in case of absence of disturbances and provides the basis
for handling uncertainties.

The nominal model used for computing the state prediction on the robust NMPC opti-
mization problem is:

x̂(t+ 1) = f(x̂(t), û(t), 0) (4.5)

where x̂(t) ∈ Rnx and û(t) ∈ Rnu are the nominal state and input vectors, respectively.
Nominal variables are deterministic and do not account for uncertainties. The nominal
system represents an ideal reference system, used to calculate optimal trajectories and
control sequences.

In the simplest case, the relationship between the nominal input û(t) and the real input
u(t) is of the following type

u(t) = û(t) +K(x(t)− x̂(t)) (4.6)

where the gain K must be computed, if possible, in order to guarantee δISS stability
properties to the system.

The idea behind the tube-based approach consists in designing a controller such that the
real state trajectory remains in a "tube" with respect to the nominal one. For this purpose
we can define the error between the state of the real system and the nominal state as:

δx(t) = x(t)− x̂(t) (4.7)

Under the δISS property, it is possible to define explicitly the δISS Lyapunov function
V (x(t), x̂(t)) = V (δx(t)) such that ∃ α(·) ∈ K∞, σ(·) ∈ K such that

V (δx(t+ 1)) ≤ V (δx(t)) + σ(||w(t)||)− α(||δx(t)||) (4.8)

for all û(t) ∈ U. In this way, we can in turn define the set

δX := {δx ∈ Rnx |V (δx) ≤ b} (4.9)

such that, if b is properly tuned, δX is positively invariant, i.e., if δx(t) ∈ δX, then
δx(t+ 1) ∈ δX, for all w(t) ∈ W.
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4.4. Constraint tightening

In the tube-based framework, the constraints u(t) ∈ U and x(t) ∈ X can be enforced by
guaranteeing that û(t) ∈ Û and x̂(t) ∈ X̂, where Û and X̂ are suitable tightened sets with
respect to U and X, respectively. This concept is known as constraint tightening and
is detailed in this section. The main idea of constraint tightening is to impose stringent
constraints on the nominal system state and input, in order to ensure that the real system
variables remain within a predefined set.
This concept relies on some set operation defined below:

• Minkowski set sum [16]: C = A⊕ B := { c = a+ b | a ∈ A, b ∈ B }

• Minkowski (or Pontryagin) set difference [10]: C = A⊖ B := { c | c⊕ B ⊆ A }

The idea is to enforce the nominal state x̂(t) to belong to a tightened set, obtained by
reducing the original constraint set, in such a way that:

x̂(t) ∈ X̂ ⇒ x(t) ∈ X (4.10)

This implication can be obtained provided that X̂ ⊆ X⊖ δX.
In fact

x(t) = x̂(t) + δx(t) ∈ X̂⊕ δX ⊆ X⊖ δX⊕ δX ⊆ X (4.11)

This ensures that the satisfaction of original constraints X, even for the worst-case dis-
turbance w(t).

Following the same procedure, the tightened input set is defined such that Û ⊆ U⊖KδX.
This implies that

û ∈ Û ⇒ u(t) = û(t) +Kδx(t) ∈ U (4.12)

Finally, it is important to remark that the reference setpoint is required to be associated
with a steady-state pair (x̄, ū) satisfying:{

x̄ = f(x̄, ū)

ȳ = g(x̄, ū)
(4.13)

with ū ∈ INT (Û) and x̄ ∈ INT (X̂).

4.5. Online optimal control problem
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4.5.1. The finite-horizon optimal control problem

At each time instant t the optimization variables are the nominal state x̂(t) and the nom-
inal inputs û(t), ... , û(t+Nh − 1), over a given prediction horizon Nh.
The prediction horizon represents the number of steps over which the MPC algorithm
predicts the future system behavior using the nominal model (4.5), optimizes the cost
function, and accounts for the constraints. The choice of the prediction horizon Nh de-
termines a compromise between control performance and real-time feasibility in terms
of computational cost. Specifically, a small prediction horizon leads to a problem which
is easier to solve and less computationally demanding; however, it increases the risk of
instability and may result in poor prediction accuracy. On the other hand, a high value of
Nh improves tracking and constraint handling, providing more accurate predictions, but
at the cost of being highly computationally demanding, conservative and more sensible
to model errors.
Therefore, the prediction horizon must be selected in order to guarantee a trade-off be-
tween good performances, stability and computational feasibility.

Given the steady-state reference triple x̄, ū, and ȳ the cost function to be minimized is,
in the simple cases, commonly quadratic, i.e.,

J =

Nh−1∑
k=0

(
||x̂(t+ k)− x̄||2Q + ||û(t+ k)− ū||2R

)
+ Vf (x̂(t+Nh)− x̄) (4.14)

where the terms Q and R must be carefully selected in order to guarantee a suitable
trade-off between tracking accuracy and control moderation, i.e.,

• Q ∈ Rnx×nx is a semi-positive definite state weighting matrix, which penalizes de-
viations of the nominal state x̂(t) from the reference state x̄. In particular, higher
values of the Q term increase the sensitivity of the system to state errors, enforcing
fast convergence of the state to the target.

• R ∈ Rnu×nu is a positive definite input weighting matrix, which penalizes the control
effort. In particular, higher values of the R term limit large variations in the control
input, using low control effort for correcting deviations from the desired state.

Vf (x̂(t+N)) is the terminal cost, commonly defined according to the Lyapunov function
of the system (4.5), under suitable stabilizing auxiliary control law, see Section 4.5.2.

The Finite Horizon Optimization Control Problem (FHOCP) is the following:

min
x̂(t),û(t), ... ,û(t+Nh−1)

J (4.15)
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subject to:

x(t)− x̂(t) ∈ δX, (4.16)

∀k = 0, . . . , Nh − 1 :

x̂(t+ k + 1) = f
(
x̂(t+ k), û(t+ k), 0

)
, (4.17)

û(t+ k) ∈ Û, (4.18)

x̂(t+ k) ∈ X̂, (4.19)

x̂(t+Nh) ∈ Xf . (4.20)

The solution to the FHOCP at time instant t is represented by x̂(t|t), û([t : Nh − 1]|t).
This control strategy is implemented at each time instant over time according to receding
horizon procedure.

4.5.2. Terminal ingredients

Two fundamental properties, i.e., convergence and recursive feasibility, are guaranteed
by the accurate design of the terminal ingredients, i.e., the terminal set Xf , i.e., the set
to which the nominal state must belong at the end of the prediction horizon, and the
terminal cost Vf (x̂(t+N)− x̄).

Constraint (4.20) is crucial to ensure recursive feasibility, that is, the property guarantee-
ing that if the optimization problem is feasible at a given time step, it remains feasible at
all subsequent time steps.
Moreover, the terminal region is designed to be reachable within Nh steps. Consequently,
the convergence property is verified: once the system enters Xf , the auxiliary control law
is able to steer the state to the reference, while satisfying all constraints.

The definition of terminal ingredients, is based on the auxiliary control law, which is often
a simple control law (for tracking control problems) of the type

û(t) = Kf (x̂(t)− x̄) + ū (4.21)

where Kf is defined such that the equilibrium x̄ obtained setting û(t) = ū, is asymptoti-
cally stable.

The terminal cost and the terminal set must be defined in such a way that, if the system
(4.5) is controlled with (4.21), then

Vf (x̂(t+ 1)− x̄) ≤ Vf (x̂(t)− x̄)− ||x̂(t)− x̄||2Q − ||û(t)− ū||2R (4.22)
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and, if x̂(t) ∈ Xf , then x̂(t+1) ∈ Xf , meaning that the terminal set is positively invariant.
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5| Decentralized Nonlinear Model
Predictive Control of
Structured Recurrent
Equilibrium Network Models

Decentralized and distributed architectures represent alternatives developed to overcome
centralized control limitations: they allow local controller to operate using limited infor-
mation, while still guaranteeing the control objective satisfaction. In these approaches,
the system models needs to be structured into independent subsystems, each governed by
a local controller. While decentralized architectures are characterized by the absence of
communication between local controllers that operate independently from each other, in
distributed control schemes the local controllers interact by exchanging relevant informa-
tion. The Robust NMPC framework discussed in Chapter 4 can be leveraged to design
decentralized and distributed controllers.

In particular, the objective of this chapter is to formulate the decentralized constrained
tracking problem. For this purpose, we consider a system modeled by a Recurrent Equi-
librium Network, described in Chapter 2 and by equations (2.1).

5.1. Problem statement

To formulate the decentralized NMPC problem, the system model must be decomposed
into N interconnected subsystems.
In Section 2.3, we presented three different decomposition approaches, as a basis for model
definition, used for control design.

The Structured matrix decomposition, defined in Section 2.4, is the selected approach
for the controller design, because of its ease of implementation, its ability to reflect the
physical interconnections of the system, and its good performance in terms of RMSE and
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FIT[%].

First of all, for tracking objectives, we define the set points ȳi, i = 1, ..., N and the
corresponding steady-state inputs ūi, states x̄i, and nonlinearities s̄i, i.e. such that, for
i = 1, ..., N : 

x̄i = Axi
x̄i +Bui

ūi +Bsi s̄i +Byi ȳi

s̄i = σ
(
Ãxi

x̄i + B̃ui
ūi + B̃si s̄i + B̃yi ȳi

)
ȳi = Cix̄i +Dui

ūi +Dsi s̄i +
∑
j∈N 0

i

(
Cijx̄j +Duij

ūj

) (5.1)

The setpoints are assumed to be available to all local controllers, as they represent the
desired steady-state operating condition.
We can rewrite (2.18a) and (2.18b) as

xi(t+ 1) = Aixi(t) +Biui(t) +B0
si
si(t) +

∑
j∈N 0

i

(
Aij(xj(t)− x̄j) +Bij(uj(t)− ūj)

)
+

+
∑
j∈N 0

i

(
Aijx̄j +Bijūj

)
(5.2a)

si(t) = σ
(
Ãixi(t) + B̃iui(t) + B̃0

si
si(t) +

∑
j∈N 0

i

(
Ãij(xj(t)− x̄j) + B̃ij(uj(t)− ūj)

)
+

+
∑
j∈N 0

i

(
Ãijx̄j + B̃ijūj

))
(5.2b)

In this way, the contribution provided by the deviation of the interconnection variables
with respect to their steady-state values on the model can be highlighted and regarded
as disturbances to be properly attenuated by the dedicated controller.
In fact, we denote

wi(t) =
∑
j∈N 0

i

(
Aij(xj(t)− x̄j) +Bij(uj(t)− ūj)

)
(5.3a)

w̃i(t) =
∑
j∈N 0

i

(
Ãij(xj(t)− x̄j) + B̃ij(uj(t)− ūj)

)
(5.3b)

and (5.2a) and (5.2b) can be rewritten as

xi(t+ 1) = Aixi(t) +Biui(t) +B0
si
si(t) + wi(t) +

∑
j∈N 0

i

(
Aijx̄j +Bijūj

)
(5.4a)

si(t) = σ
(
Ãixi(t) + B̃iui(t) + B̃0

si
si(t) + w̃i(t) +

∑
j∈N 0

i

(
Ãijx̄j + B̃ijūj

))
(5.4b)
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Note that, in this way, each subsystem can be represented by a local model (5.4a), (5.4b)
belonging to the general class (4.1), where the equivalent perturbation (5.3a), (5.3b) is
additive. In view of this, the controller design phase can follow the guidelines of robust
control sketched in Chapter 4.

Before introducing the nominal model definition and the controller design, it is necessary
to specify some assumptions.

Assumption 5.1.1. The state and input vectors are constrained, i.e., x(t) ∈ X and u(t) ∈ U.
Sets X and U must be compact and convex.
In particular, for all j = 1, ..., N , we have the following:

xj(t) ∈ Xj := {xj ∈ Rnxj : (xj(t)− x̄j)
TQ0

xj
(xj(t)− x̄j) ≤ 1} (5.5)

uj(t) ∈ Uj := {uj ∈ Rnuj : (uj(t)− ūj)
TQ0

uj
(uj(t)− ūj) ≤ 1 (5.6)

and where Q0
xj

and Q0
uj

are symmetric and positive definite matrices of suitable dimen-
sions.

5.2. Nominal model and tube-based definition

The first step for the application of tube-based robust NMPC to (5.4a), (5.4b) is to define
the nominal model, corresponding to the original one, but discarding the perturbation
terms wi and w̃i defined in (5.3a) and (5.3b), respectively. Note, in passing, that in view
of (5.5), (5.6), and (5.3a), (5.3b), it is possible to define, for all i = 1, ..., N bounded sets
Wi and W̃i, where the disturbances wi and w̃i are bounded to lie.

In particular, the latter sets need to be defined in such a way that, for all i = 1, ..., N∑
j∈N 0

i

(
Aij(xj(t)− x̄j) +Bij(uj(t)− ūj)

)
∈ Wi (5.7a)

∑
j∈N 0

i

(
Ãij(xj(t)− x̄j) + B̃ij(uj(t)− ūj)

)
∈ W̃i (5.7b)

for all uj ∈ Uj and xj ∈ Xj, j ∈ N 0
i .

These sets will be defined in the following chapter through suitable linear matrix inequal-
ities.

The nominal model is the following.
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x̂i(t+ 1) = Aix̂i(t) +Biûi(t) +B0
si
ŝi(t) +

∑
j∈N 0

i

(
Aijx̄j +Bijūj

)
(5.8a)

ŝi(t) = σ
(
Ãix̂i(t) + B̃iûi(t) + B̃0

si
ŝi(t) +

∑
j∈N 0

i

(
Ãijx̄j + B̃ijūj

))
(5.8b)

The input ui is defined as follows:

ui(t) = ûi(t) +Ki
x

(
xi(t)− x̂i(t)

)
+Ki

s

(
si(t)− ŝi(t)

)
(5.9)

Note that the adoption of two control gains Ki
x and Ki

s, with respect to the law (4.6),
provides greater flexibility and improved corrective action in the controller design.
From (5.4a, 5.4b), (5.8a, 5.8b), and (5.9),

xi(t+1)− x̂i(t+1) = (Ai+BiK
i
x)(xi(t)− x̂i(t))+(B0

si
+BiK

i
s)(si(t)− ŝi(t))+wi(t) (5.10)

As in the centralized robust control formulation, discussed in Chapter 4, through proper
choices of Ki

x and Ki
s, and under Assumption 5.1.1, we can define the RPI set δXi such

that the estimation error

xi(t)− x̂i(t) ∈ δXi, for all i = 1, ..., N (5.11)

In particular, in view of Definition 4.2.6, since wi(t) is bounded, if δxi(t) = xi(t)− x̂i(t) ∈
δXi, then δxi(t+ 1) ∈ δXi.
Similarly, we will define, for all i = 1, ..., N sets δSi and δUi, such that

si(t)− ŝi(t) ∈ δSi (5.12)

ui(t)− ûi(t) ∈ δUi, (5.13)

Consistently with the approach presented in Chapter 4, at time t, the MPC optimal
control problem addresses the nominal system variables. As discussed in Section 4.4,
it is possible to define tightened constraints, for all subsystems, in order to ensure the
satisfaction of original constraints, even in the worst case effect of bounded disturbances
w(t). The tightened constraints, applied to variables x̂i and ûi are

x̂i(t) ∈ X̂i, ûi(t) ∈ Ûi, ∀i = 1, ...N,∀t ≥ 0

The sets X̂i and Ûi will be obtained by properly tightening the original sets Xi and Ui,
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using Pontryagin difference, as follows:

X̂i ⊆ Xi ⊖ δXi, Ûi ⊆ Ui ⊖
(
Ki

xδXi ⊕Ki
sδSi

)

5.3. Online optimal control problem

As discussed, the decentralized MPC algorithm problem reduces to solving N separated
robust MPC problems. For each subsystem, a FHOCP is solved at each time step t, to
find the optimization variables coinciding with the input sequence ûi(t), ..., ûi(t+Nh − 1)

over a prediction horizon of length Nh and nominal state x̂i(t).
Under the auxiliary control law, the FHOCP for the i-th subsystem is formulated as
follows

min
x̂i(t),ûi(t), ... ,ûi(t+Nh−1)

Ji (5.14)

subject to:

xi(t)− x̂i(t) ∈ δXi, (5.15)

∀k = 0, . . . , Nh − 1 :

x̂i(t+ k + 1) = (Ai +BiK
i
x)x̂i(t+ k) + (B0

si
+BiK

i
s)ŝi(t+ k) + d̂i(t+ k), (5.16)

ûi(t+ k) ∈ Ûi, (5.17)

x̂i(t+ k) ∈ X̂i, (5.18)

x̂i(t+Nh) ∈ Xfi . (5.19)

where X̂i and Ûi are obtained by properly tightening the original sets, as previously
specified.

The i-th controller minimizes the following cost function:

Ji =

Nh−1∑
k=0

(
||x̂i(t+ k)− x̄i||2Ti

+ ||ûi(t+ k)− ūi||2Ri

)
+ Vfi(x̂i(t+Nh)− x̄i) (5.20)

where the terms Ti ∈ Rnxi×nxi and Ri ∈ Rnui×nui must be properly chosen to ensure an ap-
propriate balance between tracking performance and control effort, and the terminal cost
Vfi is commonly defined based on the system’s Lyapunov function, under an appropriate
stabilizing auxiliary control law.

The solution of the FHOCP is iteratively evaluated, according to receding horizon proce-
dure, and at time t it is represented by x̂i(t|t), ûi([t : Nh − 1]|t).
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5.4. Terminal ingredients

As done in Chapter 4, the two fundamental properties of convergence and recursive fea-
sibility are ensured by the design of the terminal ingredients for each subsystem i: the
terminal set Xf,i and the terminal cost Vf,i(x̂i(t+N)− x̄i).

For tracking purposes, the terminal ingredients are defined based on a local auxiliary
control law of the type

ûi(t) = Ki
x

(
x̂i(t)− x̄i

)
+Ki

s

(
ŝi(t)− s̄i

)
+ ūi (5.21)

where Ki
x and Ki

s guarantee asymptotic stability of the equilibrium x̄i.

The terminal cost and set are chosen such that, under this control law, the decrease
condition

Vfi

(
x̂i(t+ 1)− x̄i

)
≤ Vfi

(
x̂i(t)− x̄i

)
− ∥x̂i(t)− x̄i∥2Ti

− ∥ûi(t)− ūi∥2Ri
(5.22)

holds, when the nominal system (5.8a), (5.8b) is controlled using (5.21), and Xfi is posi-
tively invariant.

In the proposed robust decentralized MPC scheme, the terminal ingredients are con-
structed consistently with the tube-based formulation.
In particular, the terminal cost is defined as

Vfi = ∥x̂i(t)− x̄i(t)∥2Tfi
,

where Tfi is obtained as a suitably scaled version of the matrix Pi, where Pi is the solution
of the nominal Lyapunov equation associated with the local stabilizing feedback law (5.21).
The scaling is introduced to guarantee the decrease condition of the terminal cost in the
presence of bounded disturbances and coupling effects, thus ensuring robust stability.

Similarly, the terminal set Xfi is not chosen as the nominal invariant set, but as a properly
selected subset of the set δXi. More precisely, Xfi is designed so as to be a robust positively
invariant set for the closed-loop error dynamics under the local auxiliary controller and
is chosen so as to be compatible with the tube-based constraint tightening.
In particular, it satisfies

Xfi ⊕ δXi ⊆ Xi

so that, once the nominal state enters Xfi , the real state and input trajectories satisfy the
original constraints for all admissible disturbances.
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With this construction, recursive feasibility and convergence of each local closed-loop
subsystem are guaranteed once the subsystem state enters Xfi , the auxiliary controller
steers it to the reference while satisfying all constraints.
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This chapter presents the offline design procedure required to define all the ingredients
needed by the decentralized NMPC scheme. Using LMI-based conditions, we design
local gains guaranteeing the δISS property, define suitable RPI error sets, and enforce
consistency between disturbance bounds and input and state constraints for the constraint
tightening. An algorithm to find all necessary matrices for the MPC is developed via grid
search.

6.1. Algorithm design

In this section we describe the design procedure that must be carried out to provide the
necessary guarantees and ingredients for the decentralized MPC algorithm, described later
in the chapter.
In particular, different properties must be enforced through a suitable design, and consis-
tency between the different sets must be ensured.
Before to delve into the details we first provide a sketch of the requirements and properties
that will be guaranteed through suitable LMIs.

• First, we need to design gains Ki
x and Ki

s in (5.9), for all i = 1, ...N , in such a
way that (5.4a, 5.4b) enjoys the δISS property. This, in turn, ensures stable error
dynamics (5.10), which in turn guarantees that, if wi(t) ∈ Wi and if w̃i(t) ∈ W̃i

(where Wi and W̃i must be defined such that (5.7a) and (5.7b), respectively, are
verified), then there exists the RPI set δXi described in (5.11).

• Secondly, we need to provide the explicit definition of the RPI sets δXi, for all
i = 1, ..., N .

• In order to make it possible to define the tightened sets X̂i and Ûi, we need to ensure
that

δXi ⊂ Xi (6.1)
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δUi ⊂ Ui (6.2)

The latter, in view of (5.9), requires to define, not only δXi where xi(t) − x̂i(t) lies, but
also δSi in which the difference si(t)− ŝi(t) is bounded to lie.

6.1.1. Design of K i
x and K i

s for δISS

The main result of this section is the following theorem.

Theorem 6.1. Let assumption 5.1.1 hold. For any i, ..., N , if there exist matrices

• Qi ∈ Rnxi×nxi such that Qi = QT
i ≻ 0

• Q̃xi
∈ Rnxi×nxi such that Q̃xi

= Q̃T
xi
≻ 0

• Qwi
∈ R(nxi+nui )×(nxi+nui ) such that Qwi

= QT
wi

≻ 0

• Ui ∈ Rnsi×nsi , diagonal matrix, such that Ui ≻ 0

• Zi ∈ Rnui×nxi , Z̃i ∈ Rnui×nsi

that satisfy the following condition

MδISS =


Qi − Q̃xi

(·)T 0 (·)T

−ÃiQi − B̃iZi −EδISS −D̃i (·)T

0 D̃T
i Qwi

DT
i

AiQi +BiZi BsiUi +BiZ̃i Di Qi

 ≥ 0 (6.3)

where EδISS = UT
i B̃

T
si + Z̃T

i B̃
T
i − 2Ui + B̃siUi + B̃iZ̃i, then if we set Ki

x = Q−1
i Zi and

Ki
s = U−1

i Z̃i, (5.4a) and (5.4b) enjoy the δISS property. In particular, this implies that,
for all xi(t) and x̂i(t), there exists a δISS Lyapunov function

Vi(xi(t)− x̂i(t)) = ||xi(t)− x̂i(t)||2Pi

where Pi = Q−1
i and Qxi

= PiQ̃xi
Pi, such that

||xi(t+ 1)− x̂i(t+ 1)||2Pi
≤ ||xi(t)− x̂i(t)||2Pi

− ||xi(t)− x̂i(t)||2Qxi
+ ||wi(t)||2Qwi

(6.4)

Proof of the Theorem
Consider the generic i-th subsystem (5.4a), (5.4b), and (5.9).
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We can rewrite (5.4a) and (5.4b) asxi(t+ 1) = (Ai +BiK
i
x)xi(t) + (B0

si
+BiK

i
s)si(t) + di(t)

si(t) = σ
(
Ãi + B̃iK

i
x)xi(t) + (B̃0

si
+ B̃iK

i
s)si(t) + d̃i(t)

) (6.5)

where
di(t) =

∑
j ̸=i

(Aijx̄i +Bijūi) + wi(t)−Bi

(
Ki

xx̂i(t) +Ki
sŝi(t)

)
d̃i(t) =

∑
j ̸=i

(Ãijx̄i + B̃ijūi) + w̃i(t)− B̃i

(
Ki

xx̂i(t) +Ki
sŝi(t)

)
The nominal system equations arex̂i(t+ 1) = (Ai +BiK

i
x)x̂i(t) + (B0

si
+BiK

i
s)ŝi(t) + d̂i(t)

ŝi(t) = σ
(
Ãi + B̃iK

i
x)x̂i(t) + (B̃0

si
+ B̃iK

i
s)ŝi(t) +

ˆ̃di(t)
) (6.6)

where
d̂i(t) =

∑
j ̸=i

(Aijx̄i +Bijūi)−Bi

(
Ki

xx̂i(t) +Ki
sŝi(t)

)
ˆ̃di(t) =

∑
j ̸=i

(Ãijx̄i + B̃ijūi)− B̃i

(
Ki

xx̂i(t) +Ki
sŝi(t)

)
From these definitions, note that:

di(t)− d̂i(t) = δdi(t) = wi(t), d̃i(t)− ˆ̃di(t) = δd̃i(t) = w̃i(t) (6.7)

For the sake of simplicity and for later use in the subsequent steps, we define the following
matrices:

AKxi
= Ai+BiK

i
x, BKsi = B0

si
+BiK

i
s, ÃKxi

= Ãi+B̃iK
i
x, B̃Ksi = B̃0

si
+B̃iK

i
s (6.8)

Moreover, we can define a vector wi =

[
wi

w̃i

]
such that

δdi =
[
I 0

]
wi = Diwi (6.9a)

δd̃i =
[
0 I

]
wi = D̃iwi (6.9b)

Step 1: Definition of the δISS Lyapunov function
In this proof, we resort to Definition 4.2.5, applied to the evolution of the difference
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between x1(t) = xi(t) and x2(t) = x̂i(t).

xi(t+ 1)− x̂i(t+ 1) = (Ai +BiK
i
x)(xi(t)− x̂i(t)) + (B0

si
+BiK

i
s)(si(t)− ŝi(t)) + δdi(t)

⇒ δxi(t+ 1) = AKxi
δxi(t) +BKsiδsi(t) + δdi(t) (6.10)

With particular reference to (4.4), we set

V (xi(t)− x̂i(t)) = ||δxi(t)||2Pi

α(||x1(t)− x2(t)||) = ||δxi(t)||2Qxi

σ(||d1(t)− d2(t)||) = ||δdi(t)||2Qwi

In this way (4.4) can be written as follows

||δxi(t+ 1)||2Pi
≤ ||δxi(t)||2Pi

− ||δxi(t)||2Qxi
+ ||δdi(t)||2Qwi

(6.11)

Using (6.10) and (6.9a) in (6.11), omitting (from now on) time indexes for simplicity,
(6.11) is rewritten as:(

AKxi
δxi +BKsiδsi +Diwi

)T
Pi

(
AKxi

δxi +BKsiδsi +Diwi

)
− δxT

i Piδxi ≤

− δxT
i Qxi

δxi + (Diwi)
TQwi

Diwi

(6.12)

If we define the vector ΦT
i = [δxT

i δsTi wT
i ], the final form of Lyapunov Inequality

(6.12), expressed as a quadratic constraint, is the following:

ΦT
i


A

T
Kxi

BT
Ksi

DT
i

Pi

[
AKxi

BKsi Di

]
−

Pi 0 0

0 0 0

0 0 0

+

Qxi
0 0

0 0 0

0 0 −Qwi


Φi ≤ 0 (6.13)

Step 2: Characterization of the nonlinearity via the Sector Conditions
According to the Assumption 2.1.1 and Equation (2.3), it is possible to prove [26] that,
for all diagonal matrices Wi > 0, it holds that:

(δvi − δsi)
TWiδsi ≥ 0 (6.14)

where δsi = si− ŝi, and δvi = ÃKxi
δxi + B̃Ksiδsi + δd̃i.
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Inequality (6.14) can be rewritten as follows

(
ÃKxi

δxi + B̃Ksiδsi + D̃iwi − δsi
)T

Wiδsi + δsTi Wi

(
ÃKxi

δxi + B̃Ksiδsi + D̃iwi − δsi
)
≥ 0

(6.15)
that, in compact form, becomes:

ΦT
i


 ÃT

Kxi

B̃T
Ksi

− I

D̃i

Wi

[
0 I 0

]
+

0I
0

Wi

[
ÃKxi

B̃Ksi − I D̃i

]Φi ≥ 0 (6.16)

The final form of the sector condition, expressed as a quadratic constraint, is the following:

ΦT
i

 0 ÃT
Kxi

Wi 0

WiÃKxi
EBWB WiD̃i

0 D̃T
i Wi 0

Φi ≥ 0 (6.17)

where EBWB = (B̃T
Ksi

− I)Wi +Wi(B̃Ksi − I)

Step 3: Imposition of Lyapunov Inequality subject to the Sector Condition
As a next step, we impose the Lyapunov Inequality (6.13) under the Sector Condition
(6.17). A sufficient condition is obtained by summing elements of Equations (6.13) and
(6.17). After some manipulation, this results in:

ΦT
i


A

T
Kxi

BT
Ksi

DT
i

PiP
−1
i Pi

[
AKxi

BKsi Di

]
+

Qxi
− Pi ÃT

Kxi
Wi 0

WiÃKxi
EBWB WiD̃i

0 D̃T
i Wi −Qwi


Φi ≤ 0

(6.18)
By applying the Schur complement, this is obtained if

Pi −Qxi
−ÃT

Kxi
Wi 0 AT

Kxi
Pi

−WiÃKxi
−EBWB −WiD̃i BT

Ksi
Pi

0 −D̃T
i Wi Qwi

DT
i Pi

PiAKxi
PiBKsi PiDi Pi

 ≥ 0 (6.19)

Define Qi = P−1
i , Ui = W−1

i and a block diagonal matrix

Mi =


Qi 0 0 0

0 Ui 0 0

0 0 I 0

0 0 0 Qi


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We perform the congruence transformation, consisting in pre- and post-multiplying (6.20)
by MT

i and Mi, respectively, and then we can reformulate (6.20) in
Qi −QiQxi

Qi −QiÃ
T
Kxi

0 QiA
T
Kxi

−ÃKxi
Qi −UiEBWBUi −D̃i UiB

T
Ksi

0 −D̃T
i Qwi

DT
i

AKxi
Qi BKsiUi Di Qi

 ≥ 0 (6.20)

Define Q̃xi
= QiQxi

Qi, Zi = Ki
x, and Z̃i = Ki

sUi. The final form of the LMI for the δISS
is the following: 

Qi − Q̃xi
(·)T 0 (·)T

−ÃiQi − B̃iZi −EδISS −D̃i (·)T

0 D̃T
i Qwi

DT
i

AiQi +BiZi BsiUi +BiZ̃i Di Qi

 ≥ 0 (6.21)

where EδISS = UiEBWBUi = UT
i B̃

T
si + Z̃T

i B̃
T
i − 2Ui + B̃siUi + B̃iZ̃i ■

6.1.2. Definition of the set of the coupling terms

According to Assumption 5.1.1, we have ui(t) ∈ Ui and xi(t) ∈ Xi, where the sets Ui

and Xi are defined in (5.6) and (5.5). In this section, we show how the set related to the
disturbances is defined accordingly.

From (5.3a) and (5.3b) we obtain that

wi(t) =
∑
j∈N 0

i

[
Aij Bij

Ãij B̃ij

][
xj(t)− x̄j

uj(t)− ūj

]
∈ W∗ (6.22)

where we can define matrix Qwi
such that

W∗ := {wi(t) ∈ Rnxi+nui : wi(t)
TQwi

wi(t) ≤ 1} (6.23)

i.e.,

∑
j ̸=i

([
Aij Bij

Ãij B̃ij

][
xj(t)− x̄j

uj(t)− ūj

])T

Qwi

∑
j ̸=i

([
Aij Bij

Ãij B̃ij

][
xj(t)− x̄j

uj(t)− ūj

])
≤ 1 (6.24)
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Defining

[
Aij Bij

Ãij B̃ij

]
= A∗

ij and

[
xj(t)− x̄j

uj(t)− ūj

]
= xuj

, we can write

wi(t)
TQwi

wi(t) =
∑
l,j ̸=i

(A∗
ijxuj

)TQwi
(A∗

ilxul
) ≤ 1 (6.25)

It can be proven that

∑
l,j ̸=i

(A∗
ijxuj

)TQwi
(A∗

ijxuj
) ≤ 1

2

∑
l,j ̸=i

(A∗
ijxuj

)TQwi
(A∗

ijxuj
) +

1

2

∑
l,j ̸=i

(A∗
ilxul

)TQwi
(A∗

ilxul
)

(6.26)
Also, ∑

l,j ̸=i

(A∗
ijxuj

)TQwi
(A∗

ijxuj
) ≤ νi

∑
l∈N 0

i

(A∗
ilxul

)TQwi
(A∗

ilxul
) (6.27)

where νi is the number of neighbors of the i-th subsystem. Then, combining (6.25) and
(6.27), we obtain that the following represents a sufficient condition for wi(t)

TQwi
wi(t) ≤

1:
νi
∑
l∈N 0

i

(A∗
ilxul

)TQwi
(A∗

ilxul
) ≤ 1, ∀xul

∈ Xul
(6.28)

In turn, (6.28) is guaranteed if, for all l ∈ N 0
i

νi(A
∗
ilxul

)TQwi
(A∗

ilxul
) ≤ 1

νi
, i.e.,

ν2
i (A

∗
ilxul

)TQwi
(A∗

ilxul
) ≤ 1, (6.29)

Now, define Qxui
= 1

2

[
Q0

xi
0

0 Q0
ui

]
in such a way that Assumption 5.1.1 can be rewritten

as [
xi

ui

]
∈ Xui

:=
{[xi

ui

]
∈ Rnxi+nui :

[
xi − x̄i

ui − ūi

]T
Q0

xui

[
xi − x̄i

ui − ūi

]
≤ 1
}

(6.30)

Inequality (6.30) implies (6.29), if

xT
ul
Q0

xul
xul

≥ ν2
i (A

∗
ilxul

)TQwi
(A∗

ilxul
)

The latter holds if Qwi
is defined in such a way that

ν2
i A

∗
il
TQwi

A∗
il ≤ Q0

xul
, ∀l ∈ N 0

i (6.31)

■
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6.1.3. Definition of the RPI set δXi

At this point we can define the RPI set δXi, thanks to the following lemma.

Lemma 6.1. If there exists a scalar γi > 0 such that

Pi ≤ γiQxi
(6.32)

then
δXi := {δxi ∈ Rnxi : δxT

i Piδxi ≤ γi}

is an RPI set, as defined in (5.11). In particular, for all w(t) such that

(wi(t)− w̄i)
TQwi

(wi(t)− w̄i) ≤ 1

and if xi(t)− x̂i(t) ∈ δXi, then xi(t+ 1)− x̂i(t+ 1) ∈ δXi.

The proof of Lemma 6.1 is provided in [22].
Note that (6.32) can be rewritten in LMI form. In particular, defining ai = γ

− 1
2

i and
recalling that Qi = P−1

i [
Q̃xi

− Qi

γi
aiI

aiI Qi

]
≥ 0 (6.33)

6.1.4. Definition of the set δSi

In this section we provide a method to define the set δSi.
The latter is defined as the set where δsi = si − ŝi lies when wi ∈ W∗

i and δxi = xi − x̂i ∈
δXi, where W∗

i is defined in Section 6.1.2, whereas δXi is the RPI set defined in Section
5.2.

In this section we define matrix Si > 0 such that, provided that δxi ∈ δXi (i.e., δxT
i Piδxi ≤

γi) and wi ∈ W∗
i (i.e., wT

i Qwi
wi ≤ 1) and under (6.17), then

δsTi Siδsi ≤ 1, i.e., that ΦT
i

0 0 0

0 Si 0

0 0 0

Φi − 1 ≤ 0 (6.34)

We start by considering that a sufficient condition that guarantees that δxi ∈ δXi and
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wi ∈ W∗
i is:

ΦT
i


Pi

2γi
0 0

0 0 0

0 0
Qwi

2

Φi − 1 ≤ 0 (6.35)

In order to define Si guaranteeing that (6.34) holds under (6.17) and (6.35), we use the
S-procedure and we impose (6.34) + (6.17) - (6.35) ≤ 0, i.e.,

ΦT
i


0 0 0

0 Si 0

0 0 0

+

 0 ÃT
Kxi

Wi 0

WiÃKxi
EBWB WiD̃i

0 D̃T
i Wi 0

−


Pi

2γi
0 0

0 0 0

0 0
Qwi

2


Φi ≤ 1− 1 = 0

(6.36)

To guarantee (6.36) we impose
Pi

2γi
−ÃT

Kxi
Wi 0

−WiÃKxi
−EBWB − Si −WiD̃i

0 −D̃T
i Wi

Qwi

2

 ≥ 0 (6.37)

To make (6.37) an LMI, we can multiply both sides of the latter inequality by

Qi 0 0

0 Ui 0

0 0 I

,

recalling that Qi = P−1
i and Ui = W−1

i , obtaining


Qi

2γi
−(ÃiQi + B̃iZi)

T 0

−ÃiQi − B̃iZi −S̃i − B̃0
si
Ui − B̃iZ̃i + 2Ui − UiB̃

0T

si
− Z̃i

T
B̃T

i −D̃i

0 −D̃T
i

Qwi

2

 ≥ 0 (6.38)

where S̃i = UiSiUi, Z = Ki
xQi and Z̃i = Ki

sQi. ■

6.1.5. Consistency of the input and output constraints

As specified in Section 5.1,

δui(t) = ui − ûi = Ki
x(xi(t)− x̂i) +Ki

s(si(t)− ŝi) = (6.39)

=
[
Ki

x Ki
s

] [δxi

δsi

]
(6.40)
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This allows us to implicitly define the set δUi where δui lies, when δxi ∈ δXi and δsi ∈ δSi.
For simplicity we write the latter, into a unique (although conservative) constraint[

xi − x̂i

si − ŝi

]
∈ ∆xsi :=

{[xi − x̂i

si − ŝi

]
∈ Rnxi×nsi :

[
xi − x̂i

si − ŝi

]T [
Pi

2γi
0

0 Si

2

][
xi − x̂i

si − ŝi

]
≤ 1
}
(6.41)

To guarantee full consistency of the so-obtained control design, we need to ensure that, if[
δxi

δui

]
∈ δXi×δUi, then

[
δxi

δui

]
∈ δXui

, in such a way we can define X̂i and Ûi as tightened

counterparts of Xi and Ui , respectively.

First, we write xi(t)− x̂i(t) ∈ δXi and ui(t)− ûi(t) ∈ δUi, into a unique constraint, i.e.,[
xi − x̂i

ui − ûi

]
∈ δXi × δUi :=

{[xi − x̂i

ui − ûi

]
∈ Rnxi×nui :

[
xi − x̂i

ui − ûi

]T
Q̂xui

[
xi − x̂i

ui − ûi

]
≤ 1
}
(6.42)

To compute Q̂xui
we recall that[

xi − x̂i

ui − ûi

]T
Q̂xui

[
xi − x̂i

ui − ûi

]
=

[
xi − x̂i

si − ŝi

]T [
I Ki

x
T

0 Ki
s
T

]
Q̂xui

[
I 0

Ki
x Ki

s

][
xi − x̂i

si − ŝi

]
(6.43)

and we impose [
xi − x̂i

ui − ûi

]T
Q̂xui

[
xi − x̂i

ui − ûi

]
≤ 1 (6.44)

by requiring that [
I Ki

x
T

0 Ki
s
T

]
Q̂xui

[
I 0

Ki
x Ki

s

]
≤

[
Pi

2γi
0

0 Si

2

]
(6.45)

Lately, consistency is guaranteed by simply imposing

Q̂xui
> Q0

xui
, ∀i = 1, ..., N (6.46)

■

6.2. Offline design procedure

The overall offline design procedure is described in the following algorithm. In this context,
γi represents a design parameter that plays a key role in the tuning process. Its value is
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determined through a grid-search approach, which starts from the initial choice γi = 1

and then systematically explores the remaining admissible values in order to identify a
suitable configuration.

Algorithm 6.1 Offline Design Procedure

for i = 1, . . . , N do

Step 1:
Solve the LMI feasibility problem with optimization variables
Q̃xi

, Qi, Qwi
, Ui, Zi, Z̃i, Q

0
xul

and S̃i under constraints (6.21), (6.31), (6.32), (6.38),
Q̃xi

> 0, Qi > 0, Qwi
> 0, Ui > 0, Q0

xul
> 0 and S̃i > 0

if a solution is found then
Set Qxi

= QiQ̃xi
Qi, Pi = Q−1

i , Wi = U−1
i , Si = WiS̃iWi, Ki

x = ZiQ
−1
i and

Ki
s = Z̃iU

−1
i

Go to step 2
else

Set γi,new = γi + 1 and repeat from Step 1

Step 2:
Solve the LMI feasibility problem with optimization variable Q̂xui

, under constraints
(6.46), (6.45), and Q̂xui

> 0

if a solution is found then
Stop

else
Set γi,new = γi + 1 and repeat from step 1
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6.3. Local δISS property

In some cases, the set of LMIs derived in Section 6.1 may not be solvable. This may be
potentially due to the fact that the δISS condition derived in Section 6.1.1 is designed to
hold globally. In this case, it is possible to use a slightly different, less stringent condition,
ensuring local δISS in a bounded set. This property is derived by replacing the global
sector condition (6.14) with a local one, which holds only within a prescribed region
of the state space. As a consequence, incremental stability is guaranteed locally, while
maintaining the convex formulation of the design conditions.

6.3.1. LMI for local δISS

The condition for local δISS is derived according to the following main result.

Theorem 6.2. Let Assumption 5.1.1 hold and define Di =
[
Inxi

0
]
, D̃i =

[
0 Insi

]
.

For any i, ..., N , if there exist matrices

• Qi ∈ Rnxi×nxi such that Qi = QT
i ≻ 0

• Q̃xi
∈ Rnxi×nxi such that Q̃xi

= Q̃T
xi
≻ 0

• Qwi
∈ R(nxi+nui )×(nxi+nui ) such that Qwi

= QT
wi

≻ 0

• Ui ∈ Rnsi×nsi , diagonal matrix

• Zi ∈ Rnui×nxi , Z̃i ∈ Rnui×nsi

• Li ∈ Rnsi×nsi , diagonal matrix such that Li ⪰ 0

that satisfy the following condition

MδISS ≥ −(Mi(Λi) +Mi(Λi)
T )/2 (6.47)

where MδISS is defined in (6.3) and

Mi(Λi) =

 ÃT
Kxi

ÃT
Kxi

B̃T
Ksi

− I B̃T
Ksi

D̃T
i D̃T

i

[Li 0

0 Li

][
ÃKxi

B̃Ksi D̃i

ÃKxi
B̃Ksi − I D̃i

]
(6.48)

where ÃKxi
, B̃Ksi are defined in (6.8),

then if we set Ki
x = Q−1

i Zi and Ki
s = U−1

i Z̃i, (5.4a) and (5.4b) enjoy the δISS property
locally. In particular, this implies that, for all xi(t) and x̂i(t) in a sufficiently small
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neighborhood of the origin, there exists a δISS Lyapunov function

Vi(xi(t)− x̂i(t)) = ||xi(t)− x̂i(t)||2Pi

where Pi = Q−1
i and Qxi

= PiQ̃xi
Pi, such that

||xi(t+ 1)− x̂i(t+ 1)||2Pi
≤ ||xi(t)− x̂i(t)||2Pi

− ||xi(t)− x̂i(t)||2Qxi
+ ||wi(t)||2Qwi

(6.49)

Proof of the Theorem
Step 1: definition of δISS Lyapunov function
For this step, the same procedure described in Section 6.1.1 is applied and is not reported
here for the sake of conciseness.

Step 2: Study of nonlinearity via Local Sector Condition
According to Assumption 5.1.1 and Equation (2.3), for any matrix Λi ≥ 0 diagonal with
elements λij ∈ [0, 1],

(δvi − δsi)
TWi(δsi − λiδvi) ≥ 0, ∀Wi ∈ D+ (6.50)

if vi and v̂i are sufficiently close to the origin, see [26]. In (6.50) D+ is the set of definite
positive diagonal matrices, δsi = si − ŝi, and δvi = ÃKxi

δxi + B̃Ksiδsi + δ ˆ̃di.

Inequality (6.50) can be rewritten as:

(
ÃKxi

δxi+(B̃Ksi −I)δsi+D̃iwi

)T
Wi

(
(I−ΛiB̃Ksi)δsi−ΛiÃKxi

δxi−ΛiD̃iwi

)
≥ 0 (6.51)

Recalling the definition of the vector ΦT
i = [δxT

i δsTi wT
i ], we can rewrite (6.51) as

ΦT
i

 ÃT
Kxi

B̃T
Ksi

− I

D̃T
i

Wi

[
−ΛiÃKxi

I − ΛiB̃Ksi −ΛiD̃i

]
Φi + (⋆)T ≥ 0 (6.52)

where (⋆)T denotes the symmetric counterpart.
The final form of sector condition, expressed as a quadratic constraint, is the following:

ΦT
i

−2ÃT
Ki

x
WiΛiÃKi

x
ET

21 −2ÃT
Ki

x
ΛiWiD̃i

E21 E22 ET
32

−2D̃T
i WiΛiÃKxi

E32 −D̃T
i ΛiD̃i

Φi ≥ 0 (6.53)
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where

• E21 = WiÃKxi
+
(
I − B̃T

Ksi

)
WiΛiÃKxi

− B̃T
Ksi

ΛiWiÃKxi

• E22 =
(
B̃T

Ksi
− I
)
Wi +Wi

(
B̃Ksi − I

)
+
(
I − B̃T

Ksi

)
WiΛiB̃Ksi + B̃T

Ksi
ΛiWi

(
I − B̃T

Ksi

)
• E32 = D̃T

i Wi − D̃T
i WiΛiB̃Ksi + D̃T

i WiΛi

(
I − B̃Ksi

)
Equation (6.53) can now be rewritten by isolating the terms that depend on Λi from those
that do not, obtaining:

ΦT
i

(
G − Mi(Λi)

)
Φi ≥ 0 (6.54)

where

G =

 0 ÃT
Kxi

Wi 0

WiÃKxi

(
B̃T

Ksi
− I
)
Wi +Wi

(
B̃Ksi − I

)
WiD̃i

0 D̃T
i 0

 (6.55)

M(Λi) =

 ÃT
Kxi

ÃT
Kxi

B̃T
Ksi

− I B̃T
Ksi

D̃T
i D̃T

i

[WiΛi 0

0 WiΛi

][
ÃKxi

B̃Ksi D̃i

ÃKxi
B̃Ksi − I D̃i

]
(6.56)

In view of the LMI definition, we can define Li = WiΛi

Step 3: Imposition of Lyapunov Inequality subject to the Local Sector Con-
dition
As in Section 6.1.1, we impose the Lyapunov inequality subject to the local sector condi-
tion as follows:

||δxi(t+ 1)||2Pi
− ||δxi(t)||2Pi

+ ΦT
i

(
G − Mi(Λi)

)
Φi ≤ −||δxi(t)||2Qxi

+ ||δdi(t)||2Qwi
(6.57)

where δxi, δdi(t), Pi, Qxi
, and Qwi

are defined as in Section 6.1.1.

After applying the same operations detailed in Step 3 of the proof in Section 6.1.1, the
resulting LMI coincides with (6.21), up to an additional term that explicitly accounts for
the degree of freedom introduced by Λi, and thus represents the relaxation associated
with the local condition. ■

6.3.2. Modification of the Offline Design Procedure using local
δISS

Algorithm 6.2 can be modified using the local δISS property derived in Section 6.3.1 if a
solution cannot be found according to the procedure sketched in Section 6.2.
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The first step of the procedure consists in the relaxation of the δISS condition, i.e., we
need to replace (6.3) with (6.47). To do so, we define a key design parameter in the tuning
process, called βi > 0. The relaxation is performed on constraint (6.21) as follows:

MδISS ≥ −βi (6.58)

Algorithm 6.2 Offline Design Procedure

for i = 1, . . . , N do

Step 1:
Solve the LMI feasibility problem with optimization variables
Q̃xi

, Qi, Qwi
, Ui, Zi, Z̃i, Q

0
xul

and S̃i under constraints (6.58), (6.31), (6.32), (6.38),
Q̃xi

> 0, Qi > 0, Qwi
> 0, Ui > 0, Q0

xul
> 0 and S̃i > 0

if a solution is found then
Set Qxi

= QiQ̃xi
Qi, Pi = Q−1

i , Wi = U−1
i , Si = WiS̃iWi, Ki

x = ZiQ
−1
i and

Ki
s = Z̃iU

−1
i

Go to step 2
else

Set βi,new = βi + 10−2 and repeat from Step 1

Step 2:
Solve the LMI feasibility problem with optimization variables Q̃xi

, Qi, Qwi
, Q0

xul
, S̃i and

Li under constraints (6.47), (6.31), (6.32), (6.38), Q̃xi
> 0, Qi > 0, Qwi

> 0, Q0
xul

>

0, S̃i > 0 and Li ≥ 0

if a solution is found then
Set Qxi

= QiQ̃xi
Qi, Pi = Q−1

i and Si = WiS̃iWi

Go to step 3
else

Set γi,new = γi + 1 and repeat from step 1

Step 3:
Solve the LMI feasibility problem with optimization variable Q̂xui

, under constraints
(6.46), (6.45), and Q̂xui

> 0

if a solution is found then
Stop

else
Set γi,new = γi + 1 and repeat from step 1
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7| Conclusions

This thesis has addressed the problem of physics-inspired scalable modeling and control
design for large-scale nonlinear systems: these two components are presented in an unified
framework as two complementary parts of the same problem.

In fact, in decentralized and distributed control architectures, scalability and modularity
can be achieved only if the adopted model explicitly reflects the interconnection structure
of the plant. In this work, a physics-inspired and control-oriented identification strategy
has been developed, considering Recurrent Equilibrium Network models. The proposed
identification procedure imposes structural information and physical properties, directly
on the learning phase.
Different approaches, based on several decomposition techniques, have been investigated
and compared in terms of trade-off between accuracy, sparsity of the interconnection,
and computational complexity. The effectiveness of the proposed methodology has been
assessed on a case study consisting in a nonlinear chemical plant.
The resulting REN models are able to capture the dominant dynamical couplings while
significantly reducing the complexity of the problem, and at the same time they highlight
the crucial role of the sampling time. In fact, the choice of the discretization step and the
sampling time value directly affect the capability of neural models to faithfully reproduce
the system behavior.

From the control design point of view, a robustness-based nonlinear Model Predictive
Control framework has been developed for the class of structured REN models and in
particular a decentralized architecture has been devised. A crucial step in the decentral-
ized controller design is the definition of suitable LMIs, to guarantee consistency among
subsystems, preservation of the δISS property, recursive feasibility, and robust constraint
satisfaction.

The main outcome of this work is therefore the demonstration that physics-inspired struc-
tured neural models can be effectively used as control-oriented representations for large-
scale systems, enabling the design of decentralized robust MPC schemes with guaranteed
stability and constraint satisfaction. This points out the importance of integrating model-
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ing and control objectives within a single framework, rather than treating them as separate
and sequential steps.

Some aspects of the proposed approach could be further investigated in future research.
In this work, the LMI-based design procedure has been used to derive the local stabiliz-
ing feedback gains and to guarantee the required incremental stability and consistency
properties. The next step is therefore the integration of these results into a full receding-
horizon optimization framework, in which the decentralized optimal control problem is
solved in real time. This next implementation would assess the closed-loop performance
of the proposed architecture and evaluate the computational advantages provided by the
structured REN models.
Another relevant direction concerns the validation of the proposed methodology on ex-
perimental plants and the integration of online learning strategies for the REN models,
so as to handle slowly varying dynamics and modeling uncertainties.
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Modelling

A.1. Model Decomposition

In case of large-scale, multi-agent and complex systems, the use of traditional centralized
control methods may be prevented in view of several challenges:

• Such systems are characterized by high dimensionality, (i.e., large number of sub-
systems, variables and outputs) which requires managing, storing, and processing
large amount of data.

• System’s components may be geographically distributed, and communication among
them may introduce serious transmission delays or failures.

• Model structural variations, like plugging in or removing a subsystem, often require
the complete re-design of both the model and the controller.

In order to increase flexibility and modularity in large-scale systems, it is often necessary
to decompose these models into smaller, independent subproblems. The decomposition
of available dynamic large-scale models is traditionally a preliminary step in the design
of decentralized and distributed control methods, as presented in [14].

It is instructive to analyze the model decomposition problem in the linear case, e.g.,
consider a system S described by the following available linear discrete-time model:

x(t+ 1) = Ax(t) +Bu(t) (A.1a)

y(t) = Cx(t) (A.1b)

where x ∈ Rnx , u ∈ Rnu , and y ∈ Rny . The main idea behind model decomposition
is to partition input and output vectors in N sub-vectors, to obtain local inputs and
local outputs, denoted as ui(t) and yi(t). For any adopted decomposition approach, the
aim of the partition phase consists of defining, for each subsystem Si, the corresponding
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state-space model, having the general form shown below.

xi(t+ 1) = Aiixi(t) +Biiui(t) +
∑
j ̸=i

(
Aijxj(t) +Bijuj(t)

)
(A.2a)

yi(t) = Ciixi(t) +
∑
i̸=j

Cijxj(t) (A.2b)

Based on the system’s physics and the nature of interconnection between variables three
different types of models can be distinguished:

• Non-overlapping decomposition: in this case, the global state vector x is parti-

tioned into N non-overlapping sub-vectors xi, with
N∑
i=1

nxi = nx. Then the original

system can be rewritten as:
x1(t+ 1)

...
xN(t+ 1)

 =


A11 · · · A1N

... . . . ...
AN1 · · · ANN



x1(t)

...
xN(t)

+


B11 · · · B1N

... . . . ...
BN1 · · · BNN



u1(t)

...
uN(t)

 (A.3a)


y1(t)

...
yN(t)

 =


C11 · · · C1N

... . . . ...
CN1 · · · CNN



x1(t)

...
xN(t)

 (A.3b)

In this configuration, couplings among subsystems are null or almost negligible (i.e.,
for i ̸= j, Aij, Bij, Cij should be zero or the as small as possible). Although the
order of each subsystem Si is minimal and requires a lower computational cost, this
representation does not capture all coupling dynamics between subsystems. Hence,
this decomposition may have some problems in representing connections among
subsystems, but is locally robust and effective, since it reduces the probability of
network-induced issues.

• Completely overlapping decomposition: in this case the coupling strength
between subsystems is relevant, and —unlike the non-overlapping approach—the
connections between subsystems are not neglected.
This decomposition can be obtained from Equations (A.1a) and (A.4b). First,
matrix B and input vector u(t) can be decomposed into N blocks, resulting in B =

[B1 | B2 | ... | BN ], and u(t) = [u1(t) u2(t) ... uN(t)]
T . Similarly, for outputs,

the decomposition is C = [C1 | C2 | ... | CN ]
T .
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The decomposed model equations are:

x(t+ 1) = Ax(t) +B1u1(t) + ... +BNuN(t) (A.4a)

yi(t) = Cixi(t) (A.4b)

where ui(t), yi(t) are the input and the output of the i-th channel, respectively.
This decomposition ensured the highest descriptive capabilities, allowing the rep-
resentation to be as close as possible to the real system. However, such a non-
approximated representation requires a dense network of interconnections and re-
quires the identification of all transfer functions, i.e, all input-output relationships.
As a result, the system order increases, leading to a high computational burden and
a reduction in structural sparsity and scalability.

• Partially overlapping decomposition: this approach represents a middle ground
between the previous two. It accounts for shared dynamics between subsystems,
neglecting only irrelevant connections, thus improving model accuracy while pre-
venting unnecessary complexity in large-scale settings. It is particularly suitable
when subsystem interactions are significant, since it balances the trade-off between
modularity and accuracy: the values assigned to matrices Aij, Bij, Cij (for i ̸= j)
ensure that the coupling between subsystems is sufficiently captured to maintain
realistic dynamics, while the suppression of unnecessary connections prevents the
excessive growth of the state-space dimension.

In practical applications, the decomposition can be implemented by modeling the cou-
plings either through inputs or through states. Input-coupled representations correspond
to completely overlapping decompositions, since shared dynamics are introduced through
external inputs. Alternatively, achieving a non-overlapping decomposition requires a
state-coupled formulation, where each subsystem evolves based only on its own state,
and interactions are removed or absorbed into internal dynamics.

In this work, the state-coupled (non-overlapping) approach is adopted to examine the
sparsity structure of the system in the case study and to reduce computational load.

Remark that this analysis focuses on the linear models, where decomposition and coupling
structures can be explicitly represented through matrices A, B, and C. Nevertheless, the
same concepts can be extended to nonlinear systems.
In this work, the decomposition is formulated in terms of RNN structures, where each
subsystem is modeled by a local nonlinear function. This generalization preserves the
advantages of modularity and scalability while enabling the representation of complex,



100 A| Appendix - Structured Modelling

nonlinear interactions — a crucial aspect when moving toward Recurrent Neural Networks
and physics-based architectures.

A.2. The effect of the Sampling Time and Discretiza-

tion in structured models

In real applications, physical system models are usually defined in continuous time, but
many recent control synthesis techniques are specifically designed for discrete-time sys-
tems. For example, for large-scale and sparse systems, the MPC synthesis methods are
developed commonly in discrete-time. This makes the choice of appropriate discretization
methods crucial [15] to preserve fundamental properties like sparsity and stability of the
continuous-time systems. At the same time, however, a fundamental aspect is also the
proper selection of the sampling time Ts.

From a learning perspective, a large Ts reduces the informativeness of the input-output
sequences, used for training. In a discrete-time domain, the input-output profiles present
a piecewise-constant behavior, hence, any variations between two sampling instants is
not captured. When training RNNs to reproduce the system behavior, if Ts is too large,
the real fast dynamics are not captured: the algorithm may introduce artificial, usually
oscillating, modes that don’t corresponds to real ones. Conversely, choosing a very small
sampling time increases computational cost and the risk of overfitting to redundant data
or noise.

From the model structure perspective, the discretization introduces a change in the struc-
ture imposed to the model. For clarity and simplicity, consider a continuous-time (ct),
autonomous, linear state-space representation of a system Si decomposed into N non-
overlapping subsystems.

ẋ1(t)
...

ẋN(t)

 =


Act

11 · · · Act
1N

... . . . ...
Act

N1 · · · Act
NN



x1(t)

...
xN(t)

+


Bct

11 · · · Bct
1N

... . . . ...
Bct

N1 · · · Bct
NN



u1(t)

...
uN(t)

 (A.5a)


y1(t)

...
yN(t)

 =


Cct

11 · · · Cct
1N

... . . . ...
Cct

N1 · · · Cct
NN



x1(t)

...
xN(t)

 (A.5b)

This continuous-time system is discretized, with a sampling time Ts into corresponding
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discrete-time model, resulting in:
x1(t+ 1)

...
xN(t+ 1)

 =


A11 · · · A1N

... . . . ...
AN1 · · · ANN



x1(t)

...
xN(t)

+


B11 · · · B1N

... . . . ...
BN1 · · · BNN



u1(t)

...
uN(t)

 (A.6a)


y1(t)

...
yN(t)

 =


C11 · · · C1N

... . . . ...
CN1 · · · CNN



x1(t)

...
xN(t)

 (A.6b)

When the continuous-time system matrices exhibit a structure that reflects the inter-
connections between subsystems, discretization may lead to a loss of this structure. In
particular, the exact i.e., the Zero-Order Hold (ZOH) discretization can introduce non-
zero entries in the discrete-time matrices that correspond to zeros in the continuous-time
representation. In other words it can happen that Act

ij = 0, but Aij ̸= 0, after the dis-
cretization.

The only way to make the discrete-time system to inherit the same structure of the to
continuous-time system is to select approximated methods (e.g. the mixed Euler-ZOH
method proposed in [15]), whose approximation is however limited only for small values
of the sampling time Ts.
In this thesis, we consider the structured modelling issue from aa different perspective,
where a structure is directly imposed on the discrete-time matrices before performing the
identification. Nevertheless, the choice of the sampling time remains critical, and, as also
discussed in the thesis, the sampling time must be properly selected and suficiently small,
to reduce the error induced by the model structure of the identified discrete-time model.
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