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1. Introduction 

Nowadays, permanent magnet synchronous 

machines are widely used due to their high 

efficiency and high power density. 

These electric machines can experience various 

types of faults during their operational lifetime.  

In the literature, several methods are being studied 

to detect each type of fault and to ensure prolonged 

operation of the machine after a fault, by confining 

the propagation of the faulty parts of the motor. 

This objective is usually achieved by limiting the 

machine's performance compared to what it could 

provide during normal operation. 

In this study, the machine analyzed is a Surface-

mounted Permanent Magnet Synchronous 

Machine (SPMSM) subject to a fault in its stator 

winding that has already been identified: 

specifically, a fault between adjacent turns in one 

of the coils that constitute the stator winding. 

The objective of this study is to evaluate the 

performance of an SPMSM affected by a turn-to-

turn short circuit fault that resulted in a coil-to-

ground fault. Here, the parallel path containing the 

faulty coil is disconnected to preserve the machine 

operation at reduced performance, thereby 

temporarily delaying the machine shut down for 

maintenance purposes. 

Also the performance of the machine in case of the 

symmetrical disconnection of one parallel path per 

each phase is examined to observe the difference 

from the case in which only the parallel path of the 

faulty phase is disconnected.   

The study is structured by initially presenting an 

overview of the state-of-the-art of some possible 

fault-tolerant control strategies for a permanent 

magnet synchronous machine subject to a fault in 

the stator winding. 
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Subsequently, the constructive details of the 

machine and connection diagrams are presented, 

followed by an introduction to the circuit model of 

the permanent magnet. 

This thesis analyses the magnetomotive forces over 

the thickness airgap + permanent magnets for each 

operational case:  

1) Healthy machine;  

2) Machine with faulty parallel path disconnected; 

3) Machine with faulty parallel path and one 

parallel path per each of the remaining phases 

symmetrically disconnected.  

The study continues by first analyzing the coil, 

couple of coils and phase magnetomotive forces 

over the airgap + magnets thickness to obtain the 

expressions of the stator rotating magnetic fields. 

Contemporarily, also the magnetomotive force due 

to the permanent magnets on the rotor over the 

airgap + magnets thickness is determined.   

Subsequently, it is presented a methodology to 

derive the expressions of the rotating fields due to 

the rotor magnets and due to the stator winding 

over both the airgap and the permanent magnets 

thickness separately.  

The separate analysis of the magnetomotive forces 

over each of these thicknesses (i.e. airgap and 

circular ring of permanent magnets) is ultimately 

useful for first calculating the total magnetic co-

energy stored in the machine , necessary to 

evaluate the electromagnetic torque of the SPMSM 

in any condition. 

The novelty proposed in this work consists in 

providing a methodology to evaluate analytically, 

in any post-fault winding configuration, the 

expression of the machine's electromagnetic 

torque.  

 

2. Constructional details 

The SPMSM considered in this work is a 10 pole 

and 12 slots machine characterized by a 

symmetrical three-phase winding with 𝑎 = 2 

parallel paths per each phase winding. 

 

Figure 1: SPMSM with 10 poles and 12 slots 

Each of the permanent magnets of the machine is 

shaped according to Figure 2. 

 

 

Figure 2: Shape and dimensions of each 

permanent magnet 

The hysteresis loop of the permanent magnet in the 

second quadrant is approximated by the recoil line 

as shown in Figure 3. 

 

 

Figure 3: recoil line (i.e. approximated 

characteristic of the actual hysteresis curve of the 

permanent magnet in the II quadrant) 
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3. Equivalent circuit model of 

the permanent magnet 

According to Figure 3, the actual hysteresis 

characteristic of the permanent magnet can be 

approximated by the recoil line of equation (1): 

 
 𝐵 =  𝐵𝑟  +  𝜇𝑟𝑒𝑐 𝐻 

 
(1) 

In which the slope of the recoil line is 𝜇𝑟𝑒𝑐 , which 

is equal to the absolute magnetic permeability of 

the permanent magnet 𝜇𝑃𝑀 . 

Performing some calculations it can be found that 

the magnetomotive force of the permanent magnet 

measured between its external radial surfaces is 

equal to 𝑈𝑚: 

 

𝑈𝑚 =  𝐻0 ∙ ℎ𝑃𝑀  −  
ℎ𝑃𝑀

𝜇𝑃𝑀 ∙ 𝐴𝑚

∙ (𝐵𝑚 ∙ 𝐴𝑚) (2) 

 

In which:  

• 𝐻0 = absolute value of the intersection 

point between the recoil line and the 𝐻-

axis; 

• 𝐵𝑚 = permanent magnet flux density; 

• 𝐴𝑚 = cross-section of the permanent 

magnet; 

• ℎ𝑃𝑀 = permanent magnet thickness. 

In turn, eq. (2) can be viewed as eq. (3): 

 

𝑈𝑚 =  MPM - RPM∙ϕPM 
 

(3) 

In which:  

• MPM = permanent magnet internal mmf; 

• ϕPM = permanent magnet flux; 

• RPM = permanent magnet reluctance. 

The equivalent circuit associated to eq. (3) is 

represented in Figure 4. 

 

 

Figure 4: permanent magnet equivalent circuit 

4. Definition of the stator 

reference frame and rotor 

reference frame 

Defining two reference frames on the machine, one 

fixed with the stator and the other fixed with the 

rotor, it is possible to introduce the mechanical 

angular coordinates that measure the peripheral 

distance of a point with respect to each reference 

frame. 

In Figure 5 can be observed the reference frames 

aforementioned: 

 

 

Figure 5: Stator reference frame and rotor 

reference frame 

5. MMFs on the total width of 

airgap + circular ring of 

permanent magnets  

In the following the expressions of some 

magnetomotive forces are derived on the width 

airgap + permanent magnets. 

Assuming to represent the mmf as constant in front 

of the angular extension of each permanent 

magnet, the rotor mmf with respect to the rotor 

reference frame appears as in Figure 6.  

 

 

Figure 6: rotor mmf 
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From now on some plots are displayed concerning 

the mmfs with respect to the stator reference frame. 

The coil mmf 𝑀𝐵𝑂𝐵𝐼𝑁𝐴(𝜃) has the shape shown in 

Figure 7. 

 

 

Figure 7: coil mmf 𝑀𝐵𝑂𝐵𝐼𝑁𝐴(𝜃) 

It can be seen that the amplitude of the coil mmf in 

the part of the periphery internal to the coil pitch 𝛽 

is higher than in the part of the periphery external 

to the coil pitch 𝛽. 

Instead, the mmf of a couple of coils 𝑀𝛼(𝜃′) has the 

shape shown in Figure 8.  

 

 

Figure 8: mmf of a couple of coils with a common 

active side in the same slot 𝑀𝛼(𝜃′)  

It can be seen that the shape of the mmf of a couple 

of coils is characterized by two rectangular half 

waves of equal amplitude. 

Considering these two plots, the Fourier series 

expansion of both 𝑀𝐵𝑂𝐵𝐼𝑁𝐴(𝜃) and 𝑀𝛼(𝜃′) is 

determined.  

Starting from the knowledge of 𝑀𝐵𝑂𝐵𝐼𝑁𝐴(𝜃) and 

from the position of all the coils connected in a 

certain phase, it is possible to determine the 

Fourier series expansion of that phase mmf on the 

thickness airgap + magnets. 

The formula to obtain the Fourier series expansion 

of a certain phase mmf is:  

 

Mtsj(θ)  = ∑ 𝑀𝐵𝑂𝐵𝐼𝑁𝐴,𝑖(𝜃)

Nc

𝑖=1

 

 

(4) 

In which:  

• j = generic phase A, B, C; 

• 𝑖 = i-th coil; 

• Nc = number of coils per phase. 

When one parallel path of a certain phase is 

disconnected, that phase mmf is equal to the 

couple of coils mmf or to the opposite of it, shifted 

accordingly to the position of its transition point 

from south pole to north pole.  

In case of healthy machine the phase mmfs have 

the following shape: 

 

 

Figure 9: phase mmfs (healthy machine) 

Instead, in case of one parallel path in phase A 

disconnected (i.e. parallel path a1), the phase mmfs 

have the following shape: 

 

 

Figure 10: phase mmfs (with parallel path a1 

disconnected) 

Instead, in case of one parallel path per each phase 

symmetrically disconnected (i.e. parallel paths a1, 

b2, c1), the phase mmfs have the following shape: 
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Figure 11: phase mmfs (with parallel paths a1, b2, 

c1 disconnected) 

The winding factor of a certain phase with both of 

the parallel paths connected 𝑘𝑤ℎ, expressed in 

function of the harmonic index ℎ, is shown in 

Figure 12: 

 

 

Figure 12: 𝑘𝑤ℎ  with both of the parallel paths 

connected 

Observing Figure 12, it can be seen that all the even 

harmonics are null, therefore the phase mmf of a 

phase with both parallel paths connected is 

characterized by only odd harmonics. 

Instead, if one parallel path is disconnected: 

 

 

Figure 13: 𝑘𝑤ℎ  with one parallel path disconnected 

Figure 13 shows that if one parallel path of a certain 

phase is disconnected, the phase mmf is 

characterized also by even harmonics. 

The winding factor of the main harmonic ℎ = 5 is 

unchanged after the disconnection of one parallel 

path, but the phase mmf is lower due to the lower 

number of coils per phase connected and due to the 

need to lower the phase current after the 

disconnection of one parallel path 

6. Stator rotating MMFs on the 

total width of airgap + circular 

ring of permanent magnets  

Feeding the three-phase winding with a set of 

three-phase balanced sinusoidal currents, the total 

stator mmf 𝑀𝑡𝑠(𝜃, 𝑡) is calculated as: 

𝑀𝑡𝑠(𝜃, 𝑡) =  𝑀𝑡𝑠𝐴(𝜃, 𝑡)  + 𝑀𝑡𝑠𝐵(𝜃, 𝑡)  + 𝑀𝑡𝑠𝐶(𝜃, 𝑡) (5) 

 

In which 𝑀𝑡𝑠(𝜃, 𝑡) is static in space but time 

varying. 

In turn, 𝑀𝑡𝑠(𝜃, 𝑡) can be interpreted as produced by 

the simultaneous presence of two counter rotating 

stator mmf fields: the direct rotating stator field 

𝑀𝑡𝑠
+(𝜃, 𝑡) and inverse rotating stator field 

𝑀𝑡𝑠
−(𝜃, 𝑡), depending if the field rotates in the 

same measurement direction of 𝜃 or not. 

Hence, the Fourier series expansion of the direct 

and inverse rotating stator fields is obtained for 

each operational condition of the machine 

concerning the parallel paths connected or 

disconnected. 

The amplitude of the harmonics of the stator 

rotating fields in the airgap + magnets width is 

𝑀𝑡𝑠ℎ
+ for the direct rotating field and 𝑀𝑡𝑠ℎ

− for the 

inverse rotating field. 

7. Rotor rotating MMFs on each 

width airgap and circular ring 

of permanent magnets  

To determine how the total rotor rotating field on 

the width airgap + magnets 𝑀𝑡𝑜𝑡𝑟(𝜃, 𝑡) is shared 

between air gap and circular ring of permanent 

magnets, we must consider how the flux produced 

by each permanent magnet flows inside the 

machine. This representation is provided in Figure 

14. 
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Figure 14: Bifurcation of each permanent magnet 

flux in the airgap 

Observing the Figure 14, the equivalent magnetic 

circuit seen by the flux lines produced by each 

permanent magnet is shown in Figure 15. 

 

 

Figure 15: Equivalent magnetic circuit of the 

permanent magnet flux 𝜙𝑃𝑀 

It is of interest the determination of the air gap 

rotoric rotating mmf and of the rotoric rotating 

mmf on the circular ring of permanent magnets. 

To determine the harmonic amplitude of each of 

these fields, it is needed the mmf of the permanent 

magnet on its external terminals 𝑈𝑚 and the 

magnetic potential drop of the permanent magnet 

on its internal reluctance RPM.  

8. Stator rotating MMFs on each 

width airgap and circular ring 

of permanent magnets  

To determine how the direct rotating and inverse 

rotating stator fields on the width airgap + magnets 

𝑀𝑡𝑠
+(𝜃, 𝑡) and 𝑀𝑡𝑠

−(𝜃, 𝑡) share between airgap and 

circular ring of permanent magnets, it should be 

considered how the flux produced by each stator 

coil flows inside the machine. 

This situation is illustrated in Figure 16. 

 

 

Figure 16: Bifurcation of the coil flux around its 

magnetic axis 

The magnetic equivalent circuit seen by the coil 

flux lines is shown in Figure 17. 

 

 

Figure 17: Equivalent magnetic circuit of the 

stator coil flux 𝜙𝐵 

In which: 

RPMβ = reluctance of the sector of magnets internal 

to the coil pitch β;  Rgβ = reluctance of the sector of 

airgap internal to the coil pitch β; Rg(1-β) = 

reluctance of the sector of airgap external to the coil 

pitch β; RPM(1-β) = reluctance of the sector of 

magnets external to the coil pitch β; 𝑀𝐵 is the coil 

mmf.   

The equivalent circuit in Figure 17 can be redrawn 

as in Figure 18. 
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Figure 18: Magnetic potential drops of the coil 

mmf in the airgap internal to the coil pitch 𝑈𝑖 and 

in the airgap external to the coil pitch 𝑈𝑒 

In which 𝑈𝑖 is given by: 

𝑈𝑖 =  
ℜ𝑔𝛽

ℜ𝑃𝑀𝛽 + ℜ𝑔𝛽 +  ℜ𝑔(1−𝛽) +  ℜ𝑃𝑀(1−𝛽)
∙ 𝑀𝐵 (6) 

By defining a parameter 𝜀 given by the ratio of 

reluctances in (6):  

𝜀 =  
ℜ𝑔𝛽

ℜ𝑃𝑀𝛽 +  ℜ𝑔𝛽 +  ℜ𝑔(1−𝛽) +  ℜ𝑃𝑀(1−𝛽)

 (7) 

It can be found the parameter 𝜏 that determines the 

share of the rotating fields on the width airgap + 

magnets 𝑀𝑡𝑠
+(𝜃, 𝑡) and 𝑀𝑡𝑠

−(𝜃, 𝑡) that is present 

only in the air gap. 

𝜏 =  
2

(2 − 
𝛽
𝜋

)
∙ 𝜀 (8) 

The expression of the harmonic amplitudes of the 

direct and inverse stator rotating fields in the 

airgap is: 

{
𝑀𝑡𝑠𝑔ℎ

+  =   𝜏 ∙ 𝑀𝑡𝑠ℎ
+

𝑀𝑡𝑠𝑔ℎ
−  =   𝜏 ∙ 𝑀𝑡𝑠ℎ

− 

 

(9) 

Instead, the expression of the harmonic amplitudes 

of the direct and inverse stator rotating fields in the 

circular ring of permanent magnets is:  

 

{
𝑀𝑡𝑠𝑃𝑀ℎ

+  =   (1 − 𝜏) ∙ 𝑀𝑡𝑠ℎ
+

𝑀𝑡𝑠𝑃𝑀ℎ
−  =   (1 − 𝜏) ∙ 𝑀𝑡𝑠ℎ

− 

 

(10) 

 

9. Total magnetic coenergy 

stored in the machine 

The assumptions adopted to present the 

methodology in the present thesis are: 

• Negligible magnetic potential drops both 

in the stator core and in the rotor core due 

to the magnetic permeability of such 

structures 𝜇𝑓𝑒 → ∞; 

• The coil leakage flux is neglected for 

simplicity; 

• The rotor rotates in the direct direction at 

constant mechanical angular speed 𝛺𝑚; 

• The machine operates in steady-state 

conditions. 

Due to the previous assumptions, since the 

magnetic potential drops on stator and rotor are 

negligible, the SPMSM machine has magnetic 

coenergy only in two regions: 

• Airgap; 

• Circular ring of permanent magnets; 

Therefore, the total coenergy in the machine 𝑊𝜇′ , 

expressed in function of the coenergy in the airgap 

𝑊𝜇𝑔
′  and in function of the coenergy in the circular 

ring of permanent magnets 𝑊𝜇𝑃𝑀
′  is:   

𝑊𝜇
′ =  𝑊𝜇𝑔

′  +  𝑊𝜇𝑃𝑀
′  (11) 

In which the airgap coenergy 𝑊𝜇𝑔
′  is: 

𝑊𝜇𝑔
′  =  

𝜇0 ∙ 𝐷𝑔 ∙ 𝑙

4𝑔
∙ ∫ 𝐹𝑔

2(𝜃, 𝑡) 𝑑𝜃
2𝜋

0

 (12) 

Instead, the coenergy in the circular ring of 

permanent magnets 𝑊𝜇𝑃𝑀
′  is: 

𝑊𝜇𝑃𝑀
′ =  

𝜇𝑃𝑀 ∙ 𝐷𝑃𝑀 ∙ 𝑙

4ℎ𝑃𝑀

∙ ∫ 𝐹𝑃𝑀
2(𝜃, 𝑡) 𝑑𝜃

2𝜋

0

 (13) 

The meaning of the quantities that appear in (12) 

and (13) is explained in the following: 

𝜇0 = vacuum magnetic permeability; 𝐷𝑔 = average 

diameter of the airgap; 𝑙 = axial length of the 

machine; 𝑔 = airgap width; 𝐹𝑔(𝜃, 𝑡) = resultant mmf 

in the airgap; 𝜇𝑃𝑀 = absolute magnetic permeability 

of the permanent magnet; 𝐷𝑃𝑀 = average diameter 

of the circular ring of permanent magnets; ℎ𝑃𝑀 = 

width of the circular ring of permanent magnets; 
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𝐹𝑃𝑀(𝜃, 𝑡) = resultant mmf in the circular ring of 

permanent magnets. 

From the expression of the total coenergy (11), the 

electromagnetic torque 𝐶𝑒 can be found by 

expression (14): 

𝐶𝑒  =  
𝜕𝑊𝜇′

𝜕𝜃𝑚0

 |
𝑖𝑎, 𝑖𝑏, 𝑖𝑐 = 𝑐𝑜𝑠𝑡.

 

 

(14) 

In which: 

𝜃𝑚0 is the initial mechanical angle (t=0) between the 

stator reference frame and the rotor reference 

frame and it is used to emulate a virtual 

infinitesimal mechanical rotation of the rotor 

(virtual work principle);  

𝑖𝑎 ,  𝑖𝑏 ,  𝑖𝑐  are the phase currents and they are kept 

virtually constant to derive the expression of the 

electromagnetic torque, which is equivalent to the 

condition in which the time 𝑡 is kept virtually 

frozen. 

For each case concerning the parallel paths 

connected, the electromagnetic torque spectrum 

due to the stator direct rotating field 𝐶𝑒ℎ∗
+ and 

inverse stator rotating field 𝐶𝑒ℎ∗
−  is shown in the 

following Figures. 

In case of healthy machine see Figures 19 and 20. 

 

Figure 19: Torque spectrum 𝐶𝑒ℎ∗
+ (Healthy machine) 

 

Figure 20: Torque spectrum 𝐶𝑒ℎ∗
− (Healthy machine) 

In case of machine with one parallel path of only 

one phase disconnected see Figures 21 and 22. 

 

Figure 21: Torque spectrum 𝐶𝑒ℎ∗
+ (machine without one 

parallel path) 

 

Figure 22: Torque spectrum 𝐶𝑒ℎ∗
− (machine without 

one parallel path) 

In case of three parallel paths symmetrically 

disconnected between all phases, see Figures 23,24. 

 

Figure 23: Torque spectrum 𝐶𝑒ℎ∗
+ (machine with three 

parallel paths symmetrically disconnected) 

 

Figure 24: Torque spectrum 𝐶𝑒ℎ∗
− (machine with three 

parallel paths symmetrically disconnected)  
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The torque harmonics 𝐶𝑒ℎ∗
+ and 𝐶𝑒ℎ∗

− are 

illustrated in function of the rotor harmonic index 

ℎ∗, but the harmonic for ℎ∗ = 1 is the one that is 

desired to be constant in time. 

Overall, Figures 19-24 show that the harmonic 

𝐶𝑒1
+(i.e. average value of the torque 𝐶𝑒) reduces 

disconnecting more parallel paths, instead the 

torque ripple increases if the parallel paths are not 

disconnected symmetrically. 

In case of symmetrical disposition of parallel paths 

connected, the torque 𝐶𝑒1 is constant instead if only 

one parallel path is disconnected, the torque 𝐶𝑒1 is 

not constant since the two harmonics 𝐶𝑒1
+ and 𝐶𝑒1

− 

are different from zero.   

10. Conclusions 

Through the methodology presented in this thesis, 

it was possible to obtain the total electromagnetic 

torque expression in function of time 𝑡, seen as 

composition of more torque harmonics. 
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