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Abstract
The Two-Three Dimensional Transport (TDT) solver of APOLLO3®, based on the
Method of Characteristics (MOC), was recently extended for full 3D neutron transport
depletion calculations using axial polynomial expansions for flux and macroscopic
cross sections. While previous tests against TRIPOLI-4®, the French reference Monte
Carlo code developed at CEA, successfully benchmarked this solver for a standard
PWR UOX assembly up to 60GWd/tHM, this thesis extends that work by comparing
the solver against the Serpent Monte Carlo code. Configurations analyzed include
the same UOX assembly and two other UOX-Gd assemblies, containing 36 and 8

gadolinium rods. The study performs a detailed convergence analysis to determine TDT
parameters for APOLLO3® and identifying axial, radial, and burnup meshes for both
codes, balancing precision and efficiency. A depletion benchmark revealed excellent
agreement for the UOX assembly: keff remained within 140 pcm of the Serpent reference,
and discrepancies in radially integrated fission and capture rates were below 0.5%,
dropping to less than 0.15% for axially integrated rates. Conversely, the MOC-3D solver
showed limitations for assemblies containing gadolinium. Due to high computational
demand, the 36 UOX-Gd case could not be simulated up to 60GWd/tHM within a
reasonable amount of time; therefore, the analysis was limited to 10GWd/tHM. Results
revealed a mismatch exceeding 1000 pcm in absolute value for keff , while the 8-rod
UOX-Gd assembly showed a decrease in the discrepancy (up to -753 pcm). These
results indicate that while agreement improves as gadolinium content decreases, the
current implementation remains unsatisfactory for these configurations. These findings
reinforce the robustness of the TDT MOC-3D approach for UOX depletion, while
confirming previous studies on the necessity of the Linear Surface (LS) method in
APOLLO3® to correctly model the presence of gadolinium. This issue arises because
gadolinium isotopes have high neutron capture cross sections, causing steep flux gradients
near the rods, which the current version of the MOC-3D solver fails to correctly represent.

Keywords: APOLLO3®, Serpent, MOC-3D, benchmark, depletion, UOX, gadolinium
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Sommario
Il codice Two-Three Dimensional Transport (TDT) di APOLLO3®, basato sul Metodo
delle Caratteristiche (MOC), è stato recentemente esteso per consentire calcoli di
trasporto neutronico 3D durante il bruciamento utilizzando espansioni polinomiali
assiali per il flusso e sezioni d’urto macroscopiche. Mentre test precedenti rispetto a
TRIPOLI-4®, il codice Monte Carlo di riferimento francese sviluppato al CEA, hanno
validato con successo questo codice per un assemblaggio PWR UOX standard fino
a 60GWd/tHM, questa tesi estende tale lavoro confrontandolo con il codice Monte
Carlo Serpent. Le configurazioni analizzate includono il medesimo assemblaggio UOX
ed ulteriori due assemblaggi UOX-Gd, contenenti 36 e 8 barre di gadolinio. Lo studio
conduce un’analisi di convergenza per determinare i parametri TDT per APOLLO3® e
identificare le mesh assiali, radiali e di bruciamento per entrambi i codici, bilanciando
precisione ed efficienza. Un confronto tra i due codici ha mostrato un ottimo accordo per
l’assemblaggio UOX: il keff rimane entro 140 pcm rispetto a Serpent, e le discrepanze nei
tassi di fissione e cattura integrati radialmente risultano inferiori allo 0.5%, scendendo
a meno dello 0.15% per i tassi integrati assialmente. Al contrario, il codice MOC-3D
ha mostrato dei limiti per gli assemblaggi gadoliniati. Il caso UOX-Gd a 36 barre non
ha potuto essere simulato fino a 60GWd/tHM in tempi ragionevoli; pertanto, l’analisi
è stata limitata a 10GWd/tHM. I risultati hanno rivelato un disaccordo significativo
tra i due codici, con discrepanze superiori a 1000 pcm per il keff (in valore assoluto).
L’analisi con 8 barre UOX-Gd ha riportato un accordo migliore, anche se la differenza
relativa tra i codici abbia raggiunto i -753 pcm. Questi risultati indicano che, sebbene
l’accordo migliori al diminuire del contenuto di gadolinio, l’attuale implementazione
MOC-3D rimane insoddisfacente per tali configurazioni. Queste conclusioni rafforzano
la robustezza dell’approccio TDT MOC-3D per il bruciamento di assemblaggi UOX e
confermano studi precedenti sulla necessità del metodo Linear Surface (LS) in presenza
di gadolinio. Tale criticità sorge poiché gli isotopi del gadolinio possiedono sezioni d’urto
di cattura neutronica elevate che causano ripidi gradienti di flusso che la versione attuale
del codice non riesce a rappresentare.

Parole chiave: APOLLO3®, Serpent, MOC-3D, bruciamento, UOX, gadolinio
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1| Introduction: master’s thesis

framework and structure

1.1. Master’s thesis framework

The long-term objective of achieving one-step core calculations with high-performance
computing requires continuous improvements in deterministic neutron transport solvers.
Significant progress towards this goal has been marked by the TDT (Two-Three Dimen-
sional Transport) solver of APOLLO3®, the new generation multi-purpose deterministic
code for reactor analysis developed at CEA with financial support from EDF and Fram-
atome [1]. Based on the Method of Characteristics (MOC), TDT was recently extended
to three dimensions [2], enabling 3D calculations in extruded geometries.

To reduce computational cost and memory consumption, an axial polynomial expan-
sion for the neutron flux was introduced [3, 4]. However, this initial implementation
was limited to fresh fuel configurations: as burnup progresses, spatial gradients in neu-
tron flux induce corresponding variations in nuclide concentrations and, consequently, in
macroscopic cross sections. Most current transport codes treat cross section profiles as
piecewise constant, an assumption that becomes increasingly inaccurate at higher burnup
levels. This simplification undermines the effectiveness of higher-order flux expansions: if
the flux varies significantly in space, the cross sections must also be treated with similar
spatial resolution; therefore, applying higher-order approximations solely to the flux is
insufficient: it is required that the same level of precision be extended to the cross section
modeling as well. For this reason, the code incorporates the methodology proposed in [5],
which employs a polynomial cross section expansion. This approach is described in detail
in Chapter 3

This master’s thesis continues the benchmark effort of the TDT MOC-3D solver im-
plemented in APOLLO3®, building upon the work initiated in [5] and further developed
within the CamiVVER (Codes and Methods Improvements for VVER Comprehensive
Safety Assessment) project which was organized into seven distinct Work Packages, each
addressing a specific technical domain. This master’s thesis follows directly from Work
Package 4, and specifically from Chapter 2 and Appendix B of Deliverable D4.6 [6]. All
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open-access results and deliverables from the project are available on the dedicated web-
site. The focus of CamiVVER was the development and benchmark of the TDT MOC-3D
solver capable of producing high-fidelity reference solutions at the assembly level. This
solver is integrated within a computational environment that couples it with the depletion
and self-shielding capabilities of the APOLLO3® code. Such integration enables accu-
rate modeling of the axial reflector without relying on conventional simplifications. In
particular, it allows for the resolution of the pronounced thermal flux peak that typically
arises near the axial boundaries which is an effect often neglected in lattice calculations
or approximated using overly simplified one-dimensional models. The solver was bench-
marked against TRIPOLI-4® (a Monte Carlo code developed by CEA [7]) for a standard
PWR UOX assembly up to 60GWd/tHM. In the current work, the Serpent Monte Carlo
code [8] has been selected as the reference for depletion analysis. Compared to TRIPOLI-
4®, Serpent offers superior depletion capabilities and higher precision, making it a more
suitable tool. Hence, the aim of this thesis is both to accurately benchmark the TDT
MOC-3D solver during depletion and obtain more precise results with respect to previous
works [5, 6].

While the CamiVVER project focused exclusively on a UOX fuel assembly, this thesis
expands the scope by also analyzing UOX-Gd assemblies whose characteristics are based
on the PRATIC core ("Petit REP Académique pour Tester, Innover & Concevoir": Small
Academic PWR for Test, Innovation & Design) [9], which is part of the EASI-SMR
initiative (Ensuring Assessment of Safety Innovations for Small Modular Reactors). This
broader analysis aims to confirm the robustness of APOLLO3® regarding gadolinium
concentration. Two configurations were chosen: one with 36 UOX-Gd rods and another
with 8. Hence, this work allows for a more comprehensive study of the TDT MOC-3D
solver of APOLLO3® across different fuel types and reactor configurations.

1.2. Master’s thesis structure

The remainder of this master’s thesis is organized as follows. In Chapter 2, a theoretical
introduction to fission reactor physics is presented, focusing on the neutron transport
equation and major theoretical aspects encountered in this study, such as depletion anal-
ysis and energy self-shielding, particularly regarding their implementation in neutronics
codes.

Chapter 3 and Chapter 4 provide the main theoretical foundations of how deterministic
and probabilistic neutronics codes work, specifically regarding the MOC-3D implementa-
tion in the TDT solver of APOLLO3®, and the most important features in Serpent and
TRIPOLI-4®, respectively.

http://www.camivver-h2020.eu/results.html
http://www.camivver-h2020.eu/results.html
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Chapter 5 details the 3D geometries investigated for the UOX and UOX-Gd assem-
blies, while Chapter 6 outlines the preliminary tests conducted to identify the optimal
set of computational parameters for APOLLO3® and Serpent. Since depletion simu-
lations are considerably time-consuming, this accuracy-efficiency trade-off is crucial, as
fine-tuning parameters can yield substantial time savings with minimal impact on results.
This convergence analysis specifically addresses TDT tracking parameters alongside axial,
radial, and depletion mesh refinement.

Finally, Chapter 7 presents the core results of the depletion benchmark between
APOLLO3® and Serpent, followed by concluding remarks and future perspectives in
Chapter 8.

Further analyses are present in the appendices. Appendix A focuses on the discrepancy
at zero burnup between TRIPOLI-4® and Serpent, trying to diminish them and give an
interpretation. Appendix B analyzes a 2D fissile cell of the UOX assembly in order to study
the relative differences in isotopic concentrations during depletion between APOLLO3®

and Serpent. The discrepancies reveal a difference in the decay chains between the two
codes. Appendix C explains two interesting observations that were made during this
thesis and are worth to be mentioned.

Supplementary investigations are collected in the appendices. Appendix A addresses
the zero-burnup discrepancies between TRIPOLI-4® and Serpent, offering an interpre-
tation of the results to minimize these offsets. Appendix B explores a 2D fissile cell of
the UOX assembly to evaluate relative differences in isotopic concentrations, revealing
variations in the decay chain modeling between the two codes. Lastly, Appendix C dis-
cusses noteworthy observations encountered during the course of this work that merit to
be mentioned.
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2| Theoretical Background
This chapter aims to introduce the reader to the fundamental principles of nuclear reactor
physics necessary to understand the context and objectives of this work. In particular,
it provides the bases for studying neutronics and dealing with depletion problems and
related techniques, which are the central topics of this thesis. A section is also dedicated
to the self-shielding phenomenon and how it is treated by neutronics codes.

In a nuclear reactor, the core is the region where the nuclear fuel is located and where
fission reactions takes place. This reaction occurs when neutrons collide with heavy fissile
nuclei, such as 235U and 239Pu, causing them to split into two fission products and release
additional neutrons. This is a highly exothermic reaction that releases about 200MeV

per fission event (where 1 eV ≈ 1.6× 10−19 J) which is over a million times greater than
the energy of a chemical reaction (e.g., coal combustion), a difference often referred to
as the "mega factor" due to the transition from the eV to the MeV scale. The newly
emitted neutrons can then interact with other fissile nuclei, sustaining a chain reaction that
produces a stable source of heat which can be exploited, typically, to produce electricity.

Neutrons are therefore the key agents in the system, and accurately tracking their
behavior is essential to predict their distribution and motion within the reactor core. To
achieve this, a mathematical model is required to describe the phenomenon of the so-called
neutron transport.

2.1. The neutron transport equation

The neutron transport equation, or Boltzmann equation, aims to describe the neutron
distribution inside a system which depends on several variables such as the space distri-
bution (x⃗), the angular distribution or flight direction (Ω⃗), the energy distribution (E),
and the time distribution (t).

To start with, a series of approximations are needed to establish the order of detail
the physical phenomenon is decided to be studied and they shape the final equation form:

• The relativistic phenomena are not studied since the rest energy of a neutron is
around En

o ≈ 939MeV, which is way higher than the maximum energy taken into



6 2| Theoretical Background

account by neutronics codes (around En
max ≈ 20MeV). This means that the neu-

trons’ behavior is described by cross sections not relativistically adjusted;

• The magnetic nature of neutrons, so their polarization property, is neglected. This
means that the cross sections in the formulas used in this work are not magnetically
adjusted;

• Neutrons are considered stable even if they have a half-life (when isolated) of about
T 1

2
= 10min, as their average lifetime inside a thermal reactor is ≈ 10−5 s to 10−3 s

and for a fast reactor is even lower;

• The neutrons wave nature is not considered. They are considered as deterministic
particles without the possibility of having diffraction phenomena. This is possible
because their De Broglie wavelength is lower than the smallest dimension they can
see, which is the characteristic atomic dimension (LC ≈ 1Å). Indeed, their De
Broglie wavelength is (knowing that p = mv, E = 1

2
mv2, thus

√
2Em):

λDB =
ℏ
p
=

4.55× 10−10√
E(eV )

(eV)1/2 cm.

This means that with E = 0.01 eV, λDB = 4.55 × 10−11m = 0.455Å. So, even
with a lower energy than the one of interest for thermal neutrons (Eth ≈ 0.025 eV)
there is not a diffraction phenomenon. Actually, according to Watt’s spectrum
(see Figure 2.1) there is a non-zero probability of having neutrons emerging from a
fission event with a really low energy, resulting in a way higher λDB. Anyway, this
probability is really low, thus the neutron wave nature can be neglected;

0 2 4 6 8 10
Neutron energy (MeV)

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

(E
)

Watt's spectrum

(E) = 0.453 e 1.036E sinh( 2.29E )

Figure 2.1: Fission spectrum for thermal neutron induced fission in 235U [10].
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• The Heisenberg uncertainty principle is not a concern for the dimensions of interest,
since the smallest dimension in a reactor is the cladding thickness which is about
tclad ≈ 500µm. Assuming to accept a maximum uncertainty of σ(tclad) ≈ 1%, it
results in ∆x ≈ 10−4 cm. Moreover, as E = p2

2m
, the differential of ∆p is m∆E√

2mE
.

Since the Heisenberg uncertainty principle states ∆x∆p ≥ ℏ
2
, then:

∆E

E
≥ ℏ

2∆x

√
2√
E

= 4.55× 10−6 (eV )1/2√
E

,

which means that with E = 0.01 eV (lower than thermal neutron energy) the relative
uncertainty over the energy is around ∆E

E
≥ 4.55× 10−5, that is negligible;

• The Boltzmann equation is assumed to be linear. In principle, scattering between
neutrons occur, hence leading to a coupled term between neutron densities. Since the
aim is to study neutron interaction with nuclei and due to the fact that neutrons are
considered rarefied1, the coupling term is neglected. By considering r the probability
density ratio between neutron-nucleus interaction and neutron-neutron interaction,
it can be expressed as r = σnN

σnn

N
n

where σnN and σnn are respectively the microscopic
cross sections for neutron-nucleus interaction and neutron-neutron interaction while
N and n are the nuclei and neutron volumetric densities. Assuming2 σnN ≈ σnn

and considering a typical thermal neutron flux in a nuclear reactor core around
ϕ ≈ 1013 cm−2 s−1 then, considering thermal neutrons with E = 0.025 eV, so v ≈
2.2 × 105 cm/s, and since ϕ = nv, then n ≈ 108 cm−3. Being again conservative,
let’s assume ϕ ≈ 1015 cm−2 s−1 so n ≈ 1010 cm−3. Since a solid body (the fuel in
our case) has usually N ≈ 1022 cm−3, even if underestimated and considered as the
density of a gaseous medium of the order of N ≈ 1020 cm−3, the result for r is about

r =
σnN

σnn

N

n
≫ N

n
≫ 1020

1010
= 1010.

Thus, it is more than justified to neglect neutron-neutron coupling in Boltzmann
equation3.

• The neutrons’ quantum mechanics properties are neglected so the fact that are
fermions (s = 1

2
ℏ) obey to Pauli exclusion principle is not considered as their density

is way lower than the one of solid materials, as just explained;
1Indeed Boltzmann equation is originally derived for rarefied gases.
2It is a strong conservative assumption since it is well known that microscopic cross sections, evaluated in
cm2 or barns refer to the geometrical area occupied by solid bodies; therefore , σnN ≫ σnn.

3Assumption not justified in the weapon engineering field since the neutron fluxes are way higher.



8 2| Theoretical Background

• Availability of fissile nuclide is considered constant during the transport process. In
fact, the fissile nuclide density depends on the burnup (the more energy is produced,
the more fuel is consumed) leading to a further source of non-linearity. Since burnup
time scales are way longer than transport ones, it is justified to apply this approxi-
mation in order to consider macroscopic cross sections (Σ = σN) constant in time.
Usually, in depletion calculations, this approximation is performed by subdividing
the time domain in intervals in which Σ is considered constant, as explained in more
details in Section 2.2;

• The cross sections do not depend on temperature. This is a further removal of non-
linearity source since in principle temperature variations cause variations of system
properties (feedbacks). Indeed, it has been historically chosen to decouple thermal
feedbacks and neutronics: first the study of neutronics is carried out, then, if a
multi-physics approach is needed, temperature dependencies are introduced. It is
essential to exploit this decoupling technique to diminish the computational burden
otherwise most likely unbearable;

• The Boltzmann equation describes the average neutron behavior in the studied sys-
tem, indeed the neutron population is a statistical one along with its uncertainty.
Since the neutron transport is a Markovian process4 described by Poisson probabil-
ities, the uncertainty on a variable X is σ =

√
X. This means that in a thermal

system, and making conservative assumptions as before n ≈ 1010 cm−3, at most σ ≈
105 cm−3, so the variation is very small compared to the mean value.

Now that the framework is set, a series of definitions must be introduced:

• N(r⃗, E, Ω⃗, t) is the neutron angular density which is measured in
cm−3MeV−1 sterad−1 and N(r⃗, E, Ω⃗, t) d3r⃗ dE dΩ⃗ expresses the number of neutrons
in the infinitesimal volume of space centered in r⃗ having energy E within dE and
flight direction Ω⃗ within dΩ⃗. The sterad is the unit of measure of the solid angle
that goes from 0 to 4π;

• ϕ(r⃗, E, Ω⃗, t) = v(E)N(r⃗, E, Ω⃗, t) is the neutron angular flux measured
in cm−2MeV−1 sterad−1 s−1 where v(E) is the neutron velocity and
ϕ(r⃗, E, Ω⃗, t)d3r⃗ dE dΩ⃗ expresses the number of neutrons that cross the in-
finitesimal area perpendicular to the fly direction Ω⃗ having fly direction Ω⃗ within
dΩ⃗ and energy E within dE;

4A Markovian process refers to a system where transitions between states occur independently of what
happened during the particle history, making it memoryless.
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• ϕ(r⃗, E, t) = v(E)N(r⃗, E, t) =
∫
4π
ϕ(r⃗, E, Ω⃗, t)dΩ⃗ is the neutron flux measured in

cm−2MeV−1 s−1. it is the integral over all the solid angle of the neutron angular
flux;

• Σi(r⃗, E, Ω⃗, t) is the macroscopic cross section of reaction i measured in cm−1.

2.1.1. Derivation principles

Since the aim of the equation is to follow motion, let’s consider an arbitrarily chosen
infinitesimal volume d3r⃗ located in r⃗ at time t and assume to wait a time ∆t and then
check the new neutron angular density at N(r⃗ + vΩ⃗∆t, E, Ω⃗, t + ∆t). Let’s furthermore
assume that the ∆t is small enough to guarantee that the neutrons have at most 1 collision
(so they experience zero or one collision) then, the physical phenomena that have to be
taken into account for each neutron are the following:

• If the neutron does not interact, so its energy and fly direction do not change;

• If the neutron interacts, so at least one between energy and fly direction change;

• There is the production of one or more neutrons in that infinitesimal volume thanks
to fission event or thanks to an external source.

It can be proved [10] that, assuming ∆t → 0 and since the infinitesimal volume is ar-
bitrarily chosen, it is obtained the so-called Boltzmann equation or neutron transport
equation:

1

v(E)

∂ϕ(r⃗, E, Ω⃗, t)

∂t
+ Ω⃗ · ∇ϕ(r⃗, E, Ω⃗, t) + Σt(r⃗, E)ϕ(r⃗, E, Ω⃗, t) =∫∫

Ω⃗′,E′
Σs(r⃗, Ω⃗

′, E ′ → Ω⃗, E)ϕ(r⃗, E ′, Ω⃗′, t) dΩ⃗′dE ′ + S(r⃗,Ω⃗, E, t).

(2.1)

2.1.2. Initial and boundary conditions

Being a (integro-)differential equation, boundary conditions are needed to guarantee the
uniqueness of the solution. In particular, two conditions are usually chosen:

1. Initial condition: the flux at time t0 is a known value, where t0 is the time in-
stant in which the system of interest starts to be monitored. Mathematically:
ϕ(r⃗, E, Ω⃗, t0) = ϕ0(r⃗, E, Ω⃗);
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2. Vacuum Boundary condition: there is no neutron entering the system, so neutrons
can only exit the system5. This translates mathematically in:

ϕ(r⃗s, E, Ω⃗, t) = 0 ∀r⃗s ∈ ∂V such that r⃗s · n⃗Ω⃗ ≤ 0, (2.2)

where V is the volume of the system of interest and ∂V the surface that surrounds it,
while n⃗Ω⃗ is the unit vector normal to the surface correspondent to the fly direction
Ω⃗. This just presented is only one possible boundary condition, different ones can
be adopted according to the system analyzed.

2.1.3. Integral form

The integral form of the Boltzmann equation is the one used by deterministic (numerical or
mathematical) and probabilistic (Monte Carlo) resolution methods which are respectively
addressed in Chapter 3 and Chapter 4. This form allows a better exploitation of resolution
methods rather than the integro-differential one (Equation (2.1)).

Its derivation is quite easy starting from the integro-differential form of Boltzmann
equation (Equation (2.1)) and noting that it can be written in the form

1

v

∂ϕ

∂t
= L̂Ω⃗ϕ+ L̂Σϕ+ L̂tϕ+ S = L̂Ω⃗ϕ+ L̂Σϕ+ q, (2.3)

where L̂Ω⃗ = (−Ω⃗ · ∇) is the differential operator, L̂Σ = (−Σ) the algebraic operator,
L̂t =

∫∫
Ω⃗′,E′ Σs(r⃗, Ω⃗

′, E ′ → Ω⃗, E)ϕ(r⃗, E ′, Ω⃗′, t)dΩ⃗′dE ′ the transfer operator and q = L̂tϕ+

S the generalized source term. It can be demonstrated [11] that, following a series of
mathematical derivations, the final result is

ϕ(r⃗, E, Ω⃗, t) =

∫ +∞

0

q(r⃗ − s′Ω⃗, Ω⃗, E, t− s′

v
) e−τ(r⃗−s′Ω⃗→r⃗,E)ds′, (2.4)

where τ(r⃗ − s′Ω⃗ → r⃗, E) =
∫ s′

0
Σ(r⃗ − sΩ⃗, E)ds is called the optical path or kernel of free

flight.

2.1.4. Resolution methods

Once the equation is derived and its form (differential or integro-differential) is chosen,
a resolution method must be selected to analyze it and study neutron behavior in the
system of interest.

5This is an arbitrary decision to simplify the mathematical model. Indeed, nothing avoids having a
concave (re-entrant) physical system but it is wiser to study a mathematical convex system that contains
the physical one and is surrounded by void. This choice simplifies a lot the calculations.
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In particular, one key parameter in nuclear reactor physics is the k-effective (effective
neutron multiplication factor or keff ). It expresses the ratio between the rate of neutron
production and the rate of neutron loss or, analogously, the ratio between the number of
neutrons of the current generation and the number of neutrons in the previous generation.
Where a generation refers to the complete life cycle of a group of neutrons, from the
moment they are released during a fission event (or from an external source) to the moment
they are lost (leakage or capture). It is straightforward to understand that if keff = 1 the
number of neutrons inside the system is constant, so there is a stable condition, called
criticality. The discrepancy between the criticality condition and the keff calculation
must be accurately calculated to avoid supercriticality accidents or unwanted reactor
shutdowns.).

The range of possible strategies to retrieve physically meaningful parameters from
Equation (2.1) and Equation (2.4), such as keff , is quite broad and exhaustively discussed
in [10, 11]. The numerical or mathematical ones often rely on simplifications of the various
independent variables on which the neutron flux depends, such as:

• Angle: Legendre polynomials or the SN approximation may be employed;

• Space: spatial mesh discretization can be applied;

• Energy : it may be treated using a multigroup approximation (or even a single-group
one), rather than treating it as a continuous variable.

Beyond these mathematical treatments, several solution approaches exist to solve the
neutron transport problem. They can be broadly categorized into deterministic methods,
which provide an exact solution of an approximated version of the transport equation,
and probabilistic (Monte Carlo) methods, which rely on statistical sampling to estimate
the neutron behavior without applying major simplification.

This thesis focuses on the Method Of Characteristics (MOC) as deterministic method
and Monte Carlo methods for probabilistic ones. Their basic principles are respectively
explained in Chapter 3 and Chapter 4.

2.2. Fuel burnup and depletion analysis

As already explained, the macroscopic cross section Σ is considered to be constant in
time when the Boltzmann equation is solved; however, in order to perform an analysis
in time that considers the material depletion of a multiplying medium, the macroscopic
cross sections vary in time since the medium is consumed and its density N changes.



12 2| Theoretical Background

This occurs because, during the depletion simulation, material compositions evolve
due to fission, neutron capture, or both. These changes affect the macroscopic cross
sections, which in turn alter the reaction rates. In each independent region with a certain
material composition, these values are assumed to be constant to simplify calculations;
therefore, if the material refinement is too coarse, the simulation cannot accurately model
these local variations, leading to unrealistic or misleading results.

To properly follow the Σ variation along time, the period of interest must be divided
into several intervals in which N and Σ may be considered constant. These time intervals
must communicate with each other, where interval ti provides information to ti+1. This
is the goal of a depletion solver which can implement a variety of techniques to perform
this task based on a simple idea:

• Solve the Boltzmann equation within a time interval ti to get the neutron flux and
considering it constant6 while solving the depletion equations to obtain values for
the cross sections at the end of the time interval;

• These results are then used as input data for the time interval ti+1 to solve again
the neutron transport equation and get the neutron flux for the ti+1 time interval
and so on.

2.2.1. Fuel depletion made of a single isotope

To understand what calculations are performed by a depletion solver, let’s imagine study-
ing just the consumption of an isotope where σ(r⃗) expresses the microscopic cross section
of consumption. The evolution of its density can be expressed as follows:

∂N(r⃗, t)

∂t
= −N(r⃗, t) σ(r⃗)ϕ(r⃗, t), (2.5)

where the E and Ω⃗ dependencies are eliminated to get a lighter notation. The result is

N(r⃗, t) = N(r⃗, t̄) e−σ(r⃗)
∫ t
t̄ ϕ(r⃗,t′)dt′ . (2.6)

By considering the flux constant in time, the expression becomes

N(r⃗, t) = N(r⃗, t̄) e−σ(r⃗)ϕ(r⃗) (t−t̄). (2.7)
6Actually, there is also the possibility to consider a constant power released within the time interval. This
approach leads to different results but, for sufficiently small time intervals, the two approaches are, at
first approximation, analogous [10].
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2.2.2. Bateman equations

The simple example just explained is only a hint on how the mathematical problem is
tackled since it is way more complex due to the presence of different isotopes (thus, an
equation is needed for each isotope) and each isotope can transform into another one
(capture, fission, decay, etc.) making the equations coupled to each other; therefore, the
result is a system of coupled partial differential equations in time as many as the number
of isotopes that are chosen to be studied: the so-called Bateman equations [12].

The Bateman equations can be expressed as:

dNi

dt
=
∑
j

(γj,iσf,j)g Nj ϕ
g + σg

γ,i−1 Ni−1 ϕ
g + λi′ Ni′ − σg

f,i Ni ϕ
g − σg

γ,i Ni ϕ
g − λi Ni (2.8)

The last term refers to the loss due to radioactive decay of the isotope of interest i, while
+λi′Ni′ refers to the decay on another isotope i′ to the isotope i. The term −σg

γ,iNiϕ
g

expresses the neutron capture possibility of the isotope i and −σg
f,iNiϕ

g its fission occur-
rence, while +σg

γ,i−1Ni−1ϕ
g indicates the neutron capture of isotope i−1. The first term is

the sum all over the isotopes that can undergo fission and can produce (γj,i ̸= 0) isotope
i as fission product. The g letter indicates that the quantities are group constants, so
energy independent. For example:

(γj,iσf,j)g =

∫ Eg−1

Eg
γj,i(E)σf,j(E)ϕ(r, E, t) dE

ϕg(r⃗, t)
, (2.9)

where

ϕg(r⃗, t) =

∫ ∞

0

ϕ(r, E, t) dE. (2.10)

Equation (2.8) can also be written in matrix form:

dN

dt
= AN(t) + F (t), (2.11)

where, by adding F (t), also external sources are considered.
In principle, these equations are non-linear because the fluxes also depend on the

isotopic densities; however, by choosing a sufficiently small time interval ∆t, the flux and
the matrix F (t) can be approximated as constant. This linearization allows the resulting
ordinary differential equation to be solved as follows [10]:

N(t+∆t) = eA∆tN(t) + A−1(eA∆t − 1)F (t). (2.12)



14 2| Theoretical Background

Then, having determined the densities at ∆t, a new Boltzmann equation solution is
performed to get the new fluxes and so one for each time step. If the time step is small,
a Taylor expansion can be performed:

eA∆t = 1 + A∆t+
1

2
(A∆t)2 + · · · =

∞∑
k=0

(A∆t)k

k!
. (2.13)

Then, by stopping the series at a certain order (the one that ensures convergence of the
results within a chosen precision), the solution can be obtained.

For example, as shown in [13], a linear chain with n distinct decay constants λi, i =

1, . . . , n, and branching ratios bi,i+1 can be solved analytically. Assuming that only the
first nuclide has an initial atomic density, x1(0), the atomic density of the n-th nuclide
after time t is

Nn(t) = N1(0)Bn

n∑
i=1

αn
i e

−λit, (2.14)

where

Bn =
n−1∏
j=1

bj,j+1, αn
i =

n−1∏
j=1

λj

n∏
j=1
j ̸=i

(λj − λi)

. (2.15)

It has to be pointed out that there is a further complication for the resolution of this
system of equations that is the presence of thousands of different nuclides (thus thou-
sands of equations) with widely varying half-lives, resulting in the need of a significant
computational time to solve it. This means that the burnup matrix has a wide eigen-
value spectrum making its approximation difficult. Moreover, all the eigenvalues of the A

matrix representing a general time problem, like the one in Equation (2.11), must have
their real part lower than zero to ensure the stability in time of the solutions. Due to the
complexity and high computational time cost of this problem, different approaches have
been investigated.

One could think to lump several nuclides with similar half-lives into an effective one,
diminishing the number of equations; however, this approach results in a non-physical rep-
resentation of the problem. Other techniques could consider the use of simplified burnup
chains or treat the most short-lived nuclides separately when computing a matrix expo-
nential solution. Studies carried out in the past years pointed out the better performance
of CRAM (Chebyshev Rational Approximation Method) [13, 14].
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2.2.3. CRAM (Chebyshev Rational Approximation Method)

The method employed in this thesis is a matrix exponential approach that differs from the
Taylor expansion method in how it handles the eA∆t term. This approach relies on the
observation that the eigenvalues of the burnup matrix generally remain bounded near the
negative real axis in practical calculations [14]. Consequently, the exponential function
can be accurately represented using a Chebyshev rational approximation over the interval
(−∞, 0].

Recalling the Cauchy integral formula, the solution of Equation (2.11) (assuming
F (t) = 0, i.e., no external sources) is expressed as a contour integral:

N(t) = N0 e
A t =

1

2πi

∫
Γ

ez (zI − A t)−1N0 dz, (2.16)

where Γ is a closed contour of the spectrum of A t. Since the elements of the resolvent
operator (zI − A t)−1 are rational functions [14], calculating N(t) reduces to evaluate
integrals where the singularities coincide with the eigenvalues of A t, as stated by the
theory of analytic functions, where

I =
1

2πi

∫
Γ

ezf(z) dz. (2.17)

When these singularities are confined near the negative real axis, Γ can be widened into a
parabolic or hyperbolic shape. In this region, the integrand decreases exponentially, allow-
ing for efficient approximation via numerical quadrature. As demonstrated in [14], such
quadrature formulas are mathematically equivalent to rational approximations. Specifi-
cally, the quadrature nodes and weights correspond to the poles and residues of a rational
function r(z) ≈ ez.

The Chebyshev rational approximation r̂k,k is specifically constructed to minimize the
absolute deviation from the exponential function on the negative real axis. Because its
poles {θ1, . . . , θk} are distinct, the approximation can be computed using a partial fraction
expansion:

ez ≈ α0 +
k∑

i=1

αi

z − θi
= α0 +Re

 k/2∑
i=1

αi

z − θi

 . (2.18)

The final mathematical formulation for the density vector becomes

N(t) ≈ α0N0 − Re

 k/2∑
i=1

(θiI + A t)−1αi N0

 . (2.19)
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This allows the system to be solved by computing k/2 sparse linear systems. Efficiency is
further improved by indexing nuclides in ascending order of mass number, which concen-
trates non-zero elements around the diagonal. This structure enables the use of symbolic
lower–upper (LU) factorization and Gaussian elimination to solve the burnup matrix
rapidly [15, 16].

2.2.4. Predictor–corrector methods

As already explained, the most straightforward approach for burnup calculations is the
stepwise depletion method which proceeds as follows [17]:

1. Solve neutronics using the beginning-of-step (BOS) (t0) material compositions to
obtain cross sections σ(t0) and flux;

2. Predict σ(t) for t0 ≤ t ≤ t1 using σ(t−1) and σ(t0). Then, the step average is
computed by

σ̄ =
1

t1 − t0

∫ t1

t0

σ(t) dt. (2.20)

So, materials are depleted from t0 to t1 using constant step average reaction rates;

3. Solve neutronics for σpred(t1) using EOS compositions obtained in the previous steps;

4. Re-predict σ(t) using σ(t−1), σ(t0), and σpred(t1);

5. Recompute σ̄ and deplete materials;

6. The resulting end-of-step (EOS) compositions then become the starting composi-
tions for the next step.

While simple, this method is inaccurate because reaction rates generally vary within
each step, necessitating very short step lengths. To improve accuracy, predictor-corrector
methods are commonly used. These methods require two neutronics solutions per step:
one at BOS and one at EOS. But the trade-off allows longer steps. A standard predictor-
corrector scheme proceeds by modifying steps 2 and 5 as follows [17]:

• Divide the step into S substeps: T0 = t0 < t1 < · · · < tS = T1;
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• For each substep s = 1, . . . , S, compute

σ̄ =
1

ts − ts−1

∫ ts

ts−1

σ(t)dt, (2.21)

and deplete materials over that sub-interval.

The simplest choice is to use a constant BOS value, equivalent to constant extrapolation
(CE), while the corrector step uses a linear interpolation (LI) between BOS and EOS
values.

Accuracy can be further improved by including information from the previous step.
Using cross sections and flux from the previous step (σPS), BOS (σBOS) and EOS (σEOS)
of the current step, one can construct higher-order fits: linear for the predictor step (LE)
and quadratic for the corrector step (QI). No additional neutronics solutions are needed
because previous step values are available.

Since the Bateman solutions require constant reaction rates during each step, higher-
order predictions are approximated by step averages:

σ̄ = WPSσPS +WBOSσBOS +WEOSσEOS, (2.22)

where the weights WPS,WBOS,WEOS correspond to the contribution of each point. The
same approach applies to fluxes and any derived quantities, such as power per unit flux
or total power.

Predictor steps can use constant (CE) or linear extrapolation (LE), while corrector
steps can use linear (LI) or quadratic interpolation (QI). It is also possible to omit the
corrector step and halve the step length instead. This leads to six variants: CE, LE,
CELI, CEQI, LELI, LEQI. It has to be noted that linear extrapolation and quadratic
interpolation cannot be used at the first step due to the absence of previous step data,
thus being downgraded to CE and LI. Studies [17–19] proved that the implementation of
LELI with 3 predictor and 5 corrector substeps offers the best choice in terms of accuracy
and computational cost. Actually, several further studies [20–23] show that the previous
sentence is actually really restricted to the particular cases studied in [17–19] and should
not be extended without checking thoroughly to the particular system of interest one is
studying.

2.3. Energy self-shielding

The physical energy self-shielding phenomenon occurs when the neutron flux drops as
a function of energy in a medium where the macroscopic capture cross section is high.
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This results in reaction rates that exhibit variations much slower than those of the cross
sections and flux, as reaction rates are the product between the flux and cross sections. In
deterministic multigroup codes, modeling this compensation is indispensable; otherwise,
for example, the absorption rate of 238U is overestimated and the effective multiplication
factor is underestimated.

A multigroup approach consists of integrating (thus averaging) the neutron transport
Boltzmann equation over a certain energy range. Hence, the energy self-shielding is
particularly relevant at nuclide resonance energies, where the cross section has steep peaks
rather than a smooth decreasing behavior, as seen for the fission cross section of 235U in
Figure 2.2a. This behavior is also evident in capture cross sections, such as the 6.67 eV

peak for 238U (see Figure 2.2b), where the cross section varies by four decades while the
reaction rate varies by about one decade.

(a) Fission cross section of 235U (from [10]).

(b) Energy self-shielding for 238U (from [5]).

Figure 2.2: Comparison of cross section behaviors: fission characteristics of 235U (left)
and resonant self-shielding in 238U (right).

Taking into account the self-shielding phenomenon is vital for multigroup transport codes
and can be seen as the final step of cross section treatment. In thermal neutron reactors,
the heavy nuclei absorption resonances are the major ones to be treated; however, for fast
neutron reactors or specific reflector calculations, scattering resonances of lighter nuclei
such as sodium or iron must also be taken into account.

2.3.1. Self-shielding in neutronics codes

The data for the multigroup equation are multigroup cross sections defined to ensure that,
for each group g, the multigroup reaction rate equals the integrated pointwise reaction
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rate. The goal is to preserve the number of reactions per unit time and volume in each
group:

σg(r⃗)ϕg(r⃗) =

∫
g

σg(E)ϕ(r⃗, E)dE. (2.23)

Since reaction rates depend on space through the flux, it is impossible to build univer-
sal, geometry-independent multigroup libraries. Strictly speaking, the pointwise flux in
Equation (2.23) is unknown before solving the transport problem. To simplify this, li-
braries often use a known weighting spectrum ϕw(E) independent of space, leading to
infinite-diluted cross sections:

σg
g,inf =

∫
g
σ(E)ϕw(E)du∫
g
ϕw(E)du

. (2.24)

While this simplification works for slowly varying cross sections, it is unacceptable in the
resonance range where cross sections can vary by decades within a single group. In such
cases, self-shielded cross sections must be calculated for the specific geometry.

2.3.2. Principles of self-shielding modeling

Self-shielding calculation requires assessing the actual flux ϕ(r⃗, E), typically in the
slowing-down range. The medium is discretized into self-shielding regions α where the
flux ϕα(E) is assumed space-constant but energy-pointwise:

σg
α =

∫
g
σ(E)ϕα(E)du

ϕg
α

. (2.25)

Two main families of methods exist for this task [24]:

• Equivalence methods : these establish an equivalence with an infinite homogeneous
medium using a fine structure equation. Pointwise reaction rates are derived from
existing tabulations, followed by a multigroup equivalence to preserve these rates in
the Boltzmann equation;

• Subgroup methods : these assume that resonant cross sections and slowing-down
sources are uncorrelated. This allows for a direct solution of the slowing-down
equation in each region α without specific modeling of the resonant operator.
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2.3.3. Resonant mixture treatment

A major difficulty arises when resonant isotopes overlap, as in MOX fuel due to plutonium
and uranium capture cross sections. The treatment often considers the mixture as a
unique resonant entity. In the Livolant-Jeanpierre method, the fine structure equation
for M resonant nuclei is written as [24]:

ϕα(E) =
∑
β

cαβ(E)R0β ϕβ(E) + SSα(E)

R0β ϕβ(E) =
M∑

m=1

a0mβ r0mβ ϕβ(E),

(2.26)

where ϕα(E) is the fine structure factor in region α, r0mβ ϕβ(E): slowing-down operator
of the m component of the resonant mixture in region β and a0mβ is the proportion in the
resonant mixture of component m in region β. cαβ(E) matrix is deduced from the proba-
bility collision matrix [24] that gives the space coupling between the different self-shielding
regions and the vector Sα(E), the sources resulting from non-resonant nuclei. Because
multigroup calculations lose fine energy transfer details, operators r0m are simplified us-
ing slowing-down models like Narrow Resonance (NR), Wide Resonance (WR), or Toute
Résonance (TR). The TR model, the recommended one, approximates the scattering
probability and its accuracy improves with finer mesh refinement.

To eliminate modeling errors, an equivalent dilution is sought for each component m so
that the TR-computed absorption rate matches that of an infinite homogeneous medium.
The final corrected reaction rates are then obtained by solving the fine structure equation
on an extremely fine mesh of over ten thousand groups, ensuring a nearly exact result.
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Characteristics in APOLLO3®

Mathematically, the Method of Characteristics (MOC) is a well-established technique for
solving first-order linear Partial Differential Equations (PDEs). This method is particu-
larly suitable for addressing the Boltzmann transport equation (Equation (2.1), Equa-
tion (2.4)) due to its structure. The idea behind MOC is to transform the original
PDE into a more manageable form by switching to a curvilinear coordinate system. In
this new framework, one identifies specific paths in the domain, known as characteristic
curves, along which the PDE simplifies significantly. By integrating the equation along
these curves, the original PDE is effectively reduced to an Ordinary Differential Equation
(ODE). This transformation is advantageous as ODEs are generally easier to solve, both
analytically and numerically. The simplification occurs because, along the characteristic
lines, the gradient that typically involves multiple partial derivatives can be expressed as
a single-variable derivative. This means that the multidimensional nature of the prob-
lem collapses into a one-dimensional form along each characteristic, allowing for a more
straightforward analysis of the system’s behavior.

3.1. MOC in neutronics

In neutronics, MOC is a primary method for solving the monogroup neutron transport
equation in reactor lattice calculations. It focuses on the integral transport equation
to compute the angular flux along characteristic lines across the computational domain.
The following derivation is based on [24], where MOC is presented in 2D within an energy
group g at constant time. Equation (2.1) can be written as

Ω⃗ · ∇ϕ(r⃗, Ω⃗) + Σ(r⃗)ϕ(r⃗, Ω⃗) = q(r⃗, Ω⃗), (3.1)

where q(r⃗, Ω⃗) represents the source terms. The method relies on specific discretizations:

• Space variable: The domain D is partitioned into I homogeneous regions Di. In the
so-called Step Characteristics (SC) approximation, cross sections and sources are
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assumed to be constant per region:

Σ(r⃗) = Σi, q(r⃗, Ω⃗) = qi(Ω⃗), ∀r⃗ ∈ Di; (3.2)

• Angle variable: The SN formulation selects a finite set of discrete directions
{Ω⃗n, ωn}. Angular integration is performed via a quadrature formula:

∫
4π

f(Ω⃗) dΩ⃗ =
N∑

n=1

ωn f(Ω⃗n). (3.3)

For each direction, characteristic lines intercepting region boundaries provide points for
the homogeneous approximation. Each trajectory represents a portion of the domain, and
parallel trajectories cover the full domain for each direction. The approximation improves
as trajectories become closer, as shown in Figure 3.1.

Figure 3.1: 2D trajectory-based discretization. In yellow, the angular volume associated
to each trajectory and r the discretization region (from [3]).

On a characteristic line i with direction Ω⃗, the transport equation becomes a 1D problem
along the curvilinear abscissa s:

dϕ(r⃗0i + sΩ⃗, Ω⃗)

ds
+ Σt(r⃗0i + sΩ⃗)ϕ(r⃗0i + sΩ⃗, Ω⃗) = q(r⃗0i + sΩ⃗, Ω⃗). (3.4)

It can be noted that trajectory-based quantities inherit an angular dependence. The the
angular volume Vr(Ω⃗) and the numerical volume Vr are defined as
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Vr(Ω⃗) =
∑

i||Ω⃗,i∈r

∆⊥(Ω⃗) li, Vr =

∮
dΩ⃗

4π
Vr(Ω⃗), (3.5)

where li is the chord length and ∆⊥ is the distance between parallel characteristics. While
numerical values tend to analytical ones as ∆⊥ → 0, they often differ in real applications.
Unlike some codes that normalize chords to match analytical volumes, the solver analyzed
in this work, TDT (Two-Three Dimensional Transport), does not normalize chords in
order to preserve the physical representation of particle transport. This results in the need
of a sufficiently fine mesh. Moreover, one noteworthy feature of MOC is its high versatility,
thanks to its capability of treating complex Cartesian geometries without requiring specific
regularity.

3.1.1. Different MOC families: short and long characteristics

Two main families of MOC-based methods are used for neutron transport along straight
lines: Long Characteristics and Short Characteristics (also known as MOSC). The TDT
solver implements the long characteristics approach, where trajectories cover the entire
domain from boundary to boundary, following particles along the full length of each line.

In contrast, the short characteristics approach, adopted by solvers like the Integro-
Differential Transport (IDT) one[25], solves the integral transport equation across indi-
vidual regions. In this method, trajectories are used only during an initial phase to com-
pute coupling coefficients between volume emission densities and surface fluxes. These
coefficients allow for the propagation of surface fluxes across the domain without treating
each chord individually. Because surface flux transmission is computationally cheaper
than trajectory-based tracking, MOSC generally offers lower execution costs, though it
requires significantly more memory to store the coefficients which is already an issue for
long characteristics MOC.

Furthermore, the short characteristics method involves certain geometric limitations.
Since surface fluxes are typically expanded using low-order polynomials on planar surfaces,
modeling irregular boundaries often requires fine triangular or tetrahedral meshes, leading
to a high number of regions. While IDT introduces optimizations to identify identical
cells and can handle heterogeneous Cartesian cells with concentric circles, it remains less
geometrically general than the long characteristics approach.

The strength of the long characteristics method in TDT lies in its ability to treat
arbitrary region shapes. By recognizing line and arc segments as boundaries, it provides an
exact representation of standard reactor geometries, such as extruded grids of rectangular
cells containing fuel rods and guide tubes. Its limitation is the need to identify each
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intersection point between a trajectory and a region boundary.
Despite its flexibility, TDT is demanding in terms of floating-point operations and

memory needed to store chord positions, hence these requirements have historically slowed
the extension of MOC to 3D; nevertheless, the recent introduction of high-order spa-
tial methods, such as axial polynomial expansions for the flux and macroscopic cross
sections, has mitigated storage issues, allowing for efficient 3D calculations on modern
high-performance computers.

3.1.2. Transmission and balance equations

In actual calculations, the integral transport equation is adapted to the domain’s dis-
cretization into homogeneous regions. Within these regions, cross sections are constant
between integration boundaries, simplifying the formulation of Equation (2.4) into

ϕ+(Ω⃗) = ϕ−(Ω⃗)e−Σrl +

∫ l

0

q(r⃗(t), Ω⃗)e−Σr(l−t)dt, (3.6)

where ϕ+ and ϕ− represent the exiting and entering fluxes along a trajectory of length l.
The notation is detailed in Figure 3.2, where φ is used instead of ϕ.

Figure 3.2: Graphical representation of entering and exiting fluxes for a region along a
trajectory (from [3]).

The MOC solution is defined by two fundamental equations:

1. Balance Equation: this equation imposes neutron conservation within each region
Vr. Integrating Equation (3.6) and applying the divergence theorem yields [3]

Σrϕ̄r(Ω⃗) = qr(Ω⃗)−∆Jr(Ω⃗), (3.7)
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where the current term ∆Jr(Ω⃗) represents the net flux difference across the region
boundaries, computed by summing the contributions of all trajectories crossing the
region.

2. Transmission Equation: this evaluates the flux variation along characteristics. Un-
der a constant source approximation, it is formulated in the following way to mini-
mize floating-point operations and handle small cross sections efficiently [3]:

ϕ+(Ω⃗)− ϕ−(Ω⃗) =

(
qr(Ω⃗)

Σr

− ϕ−(Ω⃗)

)
(1− e−Σrl). (3.8)

Indeed, the term (1 − e−Σrl) is typically pre-tabulated or evaluated via Taylor ex-
pansion for small optical paths.

3.1.3. Iterative strategy

The solution of the transport equation via the method of characteristics is obtained
through several steps which consist in nested iteration loops. At the beginning, the flux
is initialized in each fissile region and the outermost iteration loop starts initializing the
fission source term for each energy group, using the initial angular flux moments guess.
Then, starting from the highest energy group, a transfer contribution coming from other
groups is added to the source term. This defines the second iteration loop while the third
level is constituted by the transfer within the same group. This final contribution allows
one to define the source term of the balance equation (Equation (3.7)).

The last term of this equation is computed using the trajectory sweep by solving
the transmission equation (Equation (3.8)) for each chord of each 3D trajectory. The
balance equation is used to compute the average angular flux in each region, which is
to estimate a new value for the moments of the flux for the considered energy group.
This new evaluation is used to update the transfer term within the same group, until a
converged value is obtained. This inner-most level of iteration is generally referred to as
inner iterations. At this point, it is possible to update the transfer term coming from
the group just computed, and passing to the solution of the successive energy level. The
procedure is repeated until the fluxes have converged in each group. Consequently, the
new set of fluxes is used to compute again the fission source for all the energy groups,
and a new outer iteration starts. The new eigenvalue estimation is also computed using
the fission integrals of two consecutive outer iterations. The procedure is repeated until
convergence of the angular flux moments in each group and for each region is attained.
In this work, convergence criteria were set at 10−5 for the eigenvalue and inner iterations,
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and 10−4 for the fission integral.
To manage the significant time and memory requirements, several techniques are em-

ployed:

• Chord Classification Method (CCM): MOC-3D is memory-intensive, with chord
counts reaching 106 to 109 [3] in a typical reactor geometry. For extruded ge-
ometries, CCM exploits the regularity of 3D tracking based on a 2D footprint, as
illustrated in Figure 3.3. Chords are classified into three types:

– V-chords : chords crossing two vertical surfaces: lVi,3D =
li,2D
sin θ

.

– H-chords : chords crossing two successive horizontal surfaces: lHi,3D = ∆z
cos θ

.

– Mixed chords (M-chords): chords entering through a horizontal surface and
exiting a vertical one (or vice-versa). These are stored in a non-recognized
chord structure.

This reduces storage and limits floating-point operations by pre-computing trans-
mission coefficients (β = 1− e−Σrl) for classified chords;

Figure 3.3: TDT 3D tracking strategy (from [5]).

• Hit Surfaces Sequence (HSS): This method compacts tracking information by stor-
ing sequences of surface impacts as integers. A number > 1 indicates consecutive
impacts of the same type (Vertical or Horizontal), with the sign distinguishing the
type. Mixed chords are represented by a "1". This allows the solver to sweep tra-
jectories while efficiently identifying chord types across the 2D footprint and axial
layers;

• Parallel Strategy : An OpenMP-based algorithm parallelizes the trajectory sweep.
Since trajectories are independent, they are distributed among threads. To avoid
race conditions (simultaneous attempt to modify the same variable) when updating
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the current term ∆Jr(Ω⃗), each thread maintains a private copy of the structure. A
load-balancing algorithm divides trajectories into packages sorted by computational
cost and assigns them dynamically to maximize efficiency;

• Acceleration Strategies (DPn): To reduce the number of iterations, a synthetic ac-
celeration approach is used for internal and external iterations. It solves a transport
problem where the source term depends on the difference between successive itera-
tions, providing a better estimation of the converged flux.

3.2. MOC in APOLLO3®: higher-order axial poly-

nomial expansions

APOLLO3® is the deterministic neutron transport simulation code developed by the
French Alternative Energies and Atomic Energy Commission (CEA) in collaboration with
EDF and Framatome. Within its TDT MOC-3D solver, a new higher-order axial expan-
sion method for the neutron flux was introduced in [3], which is based on the following
space-angle moments expansion for the angular neutron flux ϕ:

ϕ(r⃗, Ω⃗) ≈
Nm∑
n=1

An(Ω⃗) Φn(r⃗), with Φn(r⃗) =

∫
dΩ⃗

4π
An(Ω⃗)ϕ(r⃗, Ω⃗), (3.9)

which is the classical flux expansion with respect to the set of real spherical harmonics
A⃗(Ω⃗) truncated at order Nm = (K + 1)2, with K being the maximum anisotropy order.
Each angular moment is further expanded according to

Φn(r⃗) ≈
Np∑
p=0

Pp(r⃗) Φn,p,D, with Pp(r⃗) =

(
z − z̄D
∆zD/2

)p

, (3.10)

where Np is the chosen maximum polynomial order, and the axial coordinate z is nor-
malized in such a way that it ranges between −1 and 1 within each 3D computational
region D (∆zD being the region’s height and z̄D the midheight z value within D, respec-
tively). Then, a further study [5], expanded also the macroscopic cross sections using the
same polynomial basis as the flux, given the interdependence between the two physical
quantities:

Σ(r⃗) ≈
Np∑
p=0

Σp,D Pp(r⃗). (3.11)
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This polynomial expansion is limited to the axial direction, as typical nuclear reactor
geometries are extruded. On the radial plane, therefore, the classical step-constant ap-
proximation (i.e., a different constant value in each region) is still adopted for both flux
and cross sections.

Trajectories in 3D are traced according to the strategy illustrated in Figure 3.3. For
each 2D characteristic s on the x-y plane, the corresponding 3D characteristics are traced
on the s-z plane, obtained by extruding s along the axial direction.

The interested reader can find in [3, 5] all details regarding the reformulation of the
MOC transmission and balance equations, as well as the DPN equations to incorporate
the flux and cross sections polynomial approximations.

3.3. Depletion coupling scheme: MENDEL code

An exact solution to the depletion problem would require a fully coupled system in-
volving the time-dependent Boltzmann equation, the Bateman equations, and thermal-
hydraulic feedbacks. Due to the computational cost, a simplified strategy decouples the
neutron transport and depletion calculations. This separation remains physically con-
sistent through the quasi-static approximation: nuclide density evolution is slow enough
that their time derivatives can be neglected during flux calculations. In this framework,
the MENDEL code [26] solves the Bateman equations at each time step ∆t. To optimize
the interaction with APOLLO3®, predictor-corrector schemes are employed, utilizing a
dual time mesh: a coarse mesh for transport calculations and a finer mesh for depletion
substeps, as reported in Figure 3.4.

Figure 3.4: Depletion-neutronics coupling with (right) and without (left) the substep
method (from [18]).
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Each time step in APOLLO3® consists of:

• Predictor phase: estimation of nuclide concentrations using extrapolated fluxes from
previous solutions;

• Corrector phase: refinement of concentrations using fluxes interpolated between
predicted and previous values;

• Step halving : if corrected concentrations exceed a set tolerance compared to pre-
dicted ones, the time step is halved and the process repeats.

It should be noted that this approach differs significantly from the predictor-corrector
methods adopted by some stochastic codes (discussed in the next chapter). In those cases,
the correction acts as a refinement of the predicted values rather than a convergence check
against a tolerance. These tools typically avoid repeating calculations with halved time
steps to save computational costs, as probabilistic methods are inherently more time-
consuming than deterministic ones. Consequently, they require a rigorous depletion mesh
convergence analysis, as will be detailed in later chapters. Indeed, if the chosen step is too
coarse, the correction fails to properly adjust the results, leading to inaccurate outcomes.

It is really important to know that the higher-order spatial method developed in [5]
has not yet been extended to the depletion solver, which currently handles only spatially
constant quantities; therefore, an equivalence between the two spatial representations:
polynomial and stepwise constant has to be set. Consequently, the coupling strategy
adopted employs the use of both a step-constant and a polynomial mesh, named after the
axial expansion employed for the flux and the cross sections: starting from macroscopic
cross sections values which are constant in each region of the former mesh, the polynomial
coefficients for the corresponding region of the coarser mesh are retrieved imposing the
conservation of polynomial moments. After performing the flux calculation on the poly-
nomial mesh, the flux is converted into its step-constant mesh by the inverse procedure
of the cross sections conversion and received as input by APOLLO3® depletion solver,
MENDEL.

3.4. Self-shielding

As explained in Section 2.3, two major techniques can be adopted to model cross section
behavior in proximity of resonances: the Livolant-Jeanpierre method (which is an equiva-
lence method) and the Subgroups method. The first consists basically in a more accurate
representation of the in-group flux which is solution of a slowing-down problem under the
hypotheses of pure elastic and isotropic scattering based on a homogeneous-heterogeneous
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equivalence. The latter is applicable when the group discretization is fine enough (refined
energy meshes), thus one can approximate the average of the product of two quantities
over a group as the product of their averages. Hence, it is reasonable to assume that
the resonances of different isotopes do not overlap and thus it is acceptable to treat one
resonant nuclide at a time.

Overall, the Livolant-Jeanpierre technique introduces greater approximations, particu-
larly regarding the fine-structure treatment of the slowing-down term. On the other hand,
the subgroups method requires a finer energy discretization to be consistent. This is the
main reason why the Livolant-Jeanpierre approach is usually adopted for the case stud-
ies considered in this work, as the SHEM281 [27] energy group subdivision was adopted
(instead of a finer one).

Finally, the higher-order spatial description that this thesis extends to macroscopic
cross sections does not involve the self-shielding procedure. Thus, as for the depletion
code, the fine-structure flux and the infinite dilution multigroup cross sections, as well
as the resulting self-shielded ones, remain constant within each computational region.
Hence, an ad hoc procedure is required each time the flux and the self-shielding solvers
have to interact. More specifically, the step-constant self-shielded cross sections need to
be converted into polynomial at the beginning of each flux calculation and, if more than
one depletion step is to be performed, the computed flux is then reconverted into step-
constant format and used as input for the depletion solver, before the next application of
the self-shielding method. This strategy implies the need to have two spatial meshes. It is
usually chosen to have the same SC mesh for the self-shielding and depletion to simplify
mesh generation.
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and TRIPOLI-4®

A Monte Carlo method is a probabilistic (or stochastic) approach that has been exten-
sively applied in radiation and particle transport simulations since the late 1940s. This
technique operates in three spatial dimensions, is adaptable to arbitrarily fine spatial
resolutions, and provides highly accurate modeling of transport physics without relying
on major approximations or constraints tailored to specific applications, making it ideal
for complex geometries and heterogeneous media; however, the main drawback of Monte
Carlo methods has always been their high computational cost, which can lead to ex-
tremely long simulation times. For instance, a 3D assembly depletion simulation using
TRIPOLI-4® can require over a month of calculation time. This computational chal-
lenge prompted CEA, EDF, Framatome and the French Nuclear Safety and Radiation
Protection Authority (ASNR) to invest in the development of a new proprietary code,
TRIPOLI-5®, specifically designed to alleviate this burden. The new code is expected to
become fully operational in the early 2030s.

Historically, the excessive runtime has been the primary limiting factor of Monte Carlo
methods, particularly in scenarios involving iterative simulations or sensitivity analyses,
both of which are fundamental in nuclear reactor design and safety assessments. Conse-
quently, until the late 20th century, deterministic transport methods were the only viable
option for such applications; however, the rise of High Performance Computing (HPC)
and parallel processing technologies towards the end of the millennium allowed the use of
Monte Carlo techniques. The first Monte Carlo burnup calculation codes emerged in the
late 1990s and their use became a vibrant and promising field of research.

4.1. Working characteristics

A Monte Carlo method is a computational algorithm that relies on the generation of
random1 numerical quantities to simulate particle behavior within a given environment.
By employing statistical sampling and probabilistic tracking, this method enables the

1In Section 4.1.1, the true pseudorandom nature of a Monte Carlo method will be addressed.
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estimation of physical quantities of interest with high accuracy, especially in complex
systems.

The term "Monte Carlo" originates from the Monte Carlo Casino in Monaco, once
renowned as the world’s most famous gambling venue.2 The name reflects the inherent
randomness of the method, which resembles games of chance3.

Monte Carlo simulations can be interpreted as controlled random experiments, and
they are particularly valuable when the outcomes of a system cannot be determined an-
alytically (except by making several approximations) due to the presence of numerous
uncertain parameters. In such cases, analytical solutions may be either infeasible or ex-
tremely time-consuming. This is precisely why Monte Carlo methods are often preferred
over deterministic approaches such as the Method of Characteristics (MOC) implemented
in APOLLO3®, especially when it is essential to capture the full complexity and variabil-
ity of the physical system under study.

4.1.1. Pseudorandomness

Monte Carlo simulation methods do not necessarily require truly random numbers to
be effective. In fact, many of the most widely used techniques rely on deterministic
pseudorandom sequences. This intrinsic characteristic is closely tied to the pseudorandom
nature of computers, which are the calculators Monte Carlo codes work on. When referring
to a pseudorandom sequence of numbers, a specific set of operations is performed by the
computer:

1. Sampling a random integer value between 0 and 2n − 1, where n is the number of
bits used by the computer to represent numbers (typically 32 or 64);

2. Normalization by dividing the sampled value by 2n to obtain a number N1 ∈ [0, 1);

3. Generating a sequence of Ntot numbers within the interval [0, 1) by applying the
recurrence relation:

Ni = Ni−1 ×K1 +K2, (4.1)

2The term was popularized by scientists working on the Manhattan Project, notably Stanislaw Ulam and
John von Neumann.

3Interestingly, the name "Monte Carlo" comes from the Monte Carlo Casino, which was the most famous
gambling venue at the time, as Las Vegas had not yet become the established global capital of gambling.
Had the situation been different, we might today be referring to it as the "Las Vegas method" instead.
Other rumors say that an uncle of Stanislaw Ulam was a gambling addict who frequented the casino.
Because Ulams’s team was working the Manhattan project, the method needed a secret code name and
Monte Carlo seemed perfectly fitting.
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where K1, K2 ∈ [0, 2n − 1] are constants. These constants are chosen to ensure that
the resulting values remain within the valid range [0, 2n − 1].

With this strategy, the entire sequence of numbers is determined once the initial value is
selected. This initial value is referred to as the seed. This property ensures that a Monte
Carlo simulation produces the same results if started from the same seed; therefore, to
obtain different outcomes, the seed must be changed.

4.1.2. Sampling procedures

Since a Monte Carlo code relies on a stochastic approach, a method to extract mean-
ingful information from random variables must be developed. These variables are first
described by probability distributions, typically expressed as dP = f(x) dx, where f(x) is
a probability density function (PDF) that is always non-negative. This implies that the
probability of the variable x falling within a specific interval, say x ∈ (a, b), is given by

P (a < x < b) =

∫ b

a

f(x) dx. (4.2)

Moreover, due to the normalization condition of a PDF, the total probability over the
entire domain must be equal to one:∫ +∞

−∞
f(x) dx = 1. (4.3)

To facilitate sampling, a cumulative distribution function (CDF) is defined as

F (x) = P (x′ < x) =

∫ x

−∞
f(x′) dx′. (4.4)

This function represents the cumulative probability of obtaining a value less than or equal
to x. If a uniform probability distribution is defined over an interval (a, b),

f(x) =

 1
b−a

if a < x < b

0 elsewhere,
(4.5)

the corresponding CDF becomes

F (x) =


0 x < a

x−a
b−a

if a ≤ x ≤ b

1 elsewhere.

(4.6)
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Using the so-called inverse method, a pseudorandom number ξ ∈ [0, 1) is generated. Since
the CDF always ranges between 0 and 1 (0 ≤ F (x) ≤ 1), if the CDF is invertible, the
corresponding value of x can be obtained by

x = F−1(ξ). (4.7)

Basically, sampling a uniform CDF generates values of x that follow the desired probability
distribution, starting from uniformly distributed pseudorandom numbers ξ.

If a PDF relevant to the neutronics domain is considered,

f(x) =

Σ e−Σx if a < x < b

0 elsewhere,
(4.8)

the corresponding CDF can be shown to be

F (x) = 1− e−Σx. (4.9)

This leads to the inverse relation

x = − 1

Σ
ln ξ. (4.10)

This means that by sampling a uniform random variable ξ, one can reconstruct values
of x that follow the exponential distribution described by the PDF. This technique is
particularly useful for sampling the mean free path l of a neutron. Knowing that e−Σtx

represents the probability of not having an interaction occurring up to distance x, the
mean free path is given by

l =

∫ +∞

0

x e−Σtx dx =
1

Σt

. (4.11)

Therefore, if the values of x are sampled a sufficient number of times, their average
converges to 1

Σt
. Where sufficient stands for the fact that the number of samplings is

chosen in order to achieve a certain precision on the variable sampled.

4.1.3. Rejection method

In order to sample random numbers from an arbitrary probability density function f(x)

whose support lies in the interval [a, b], an ad hoc method must be developed. The one
reported in the following is called rejection method.
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First, it is necessary to define

H ≥ max
x∈R

f(x), (4.12)

and a function g(x) such that

g(x) =

H x ∈ [a, b]

0 elsewhere,
(4.13)

as illustrated in Figure 4.1.

Figure 4.1: Example of the rejection method, where [a, b] = [3, 5].

Then, by sampling from the uniform distribution over x ∈ [a, b], a candidate sample can
be generated as

x′ = R× (b− a) + a. (4.14)

To determine whether this candidate should be accepted, an acceptance probability is
defined as

P =
f(x′)

H
, (4.15)

where f(x′) is the target PDF. If the sampled value is greater than P , the candidate is
rejected, otherwise, it is accepted.

To maximize efficiency, the optimal choice for H is

H = max
x∈[a,b]

f(x). (4.16)

However, if f(x) is highly peaked or asymptotic, the rejection area becomes significantly
larger than the acceptance one, which reduces the efficiency of the method.
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The efficiency η of the rejection sampling method can be defined as the ratio between
the area under the target PDF and the area under the envelope function g(x):

η =

∫ b

a
f(x) dx∫ b

a
g(x) dx

=
1

(b− a) ·H
. (4.17)

Clearly, if (b−a) → ∞ or H → ∞, then η → 0, making the method increasingly inefficient.

4.2. Monte Carlo methods in neutronics

Neutron life is simulated from their birth (fission or external source emission) to death
(absorption or leakage) using probability density functions and getting statistical estima-
tions of quantities of interest, always together with their uncertainty due to the fact the
method is stochastic.

To make the simplest example, let’s focus on the keff analysis of a system. The life
of a certain quantity of neutrons, let’s call it n, is simulated multiple times, let’s assume
N (called batches or generations). For each j = 1, ..., N batch, the keff can be evaluated
in different ways, the most logical one is to apply the physical definition of keff . Thus,

keff =
Number of neutrons in the next generation

Number of neutrons in the current generation
.

This is called the analog technique and it can be referred to as ANA_KEFF.
At the end of n neutron life simulation, the keff is stored and, once the N simulations

end, the final result is the average keff . The scheme of the working principle of a Monte
Carlo code applied to neutronics is represented in Figure 4.2.

Since the keff of each simulations inherits statistical uncertainty due to the stochastic
nature of Monte Carlo codes and due to the intrinsic physical uncertainties of experimental
quantities such as cross sections, the final average keff has an uncertainty according with
the well-known relation:

σ(keff ) =
σbatch√

N
≈ 1√

Ntot

. (4.18)

Where Ntot = n×N . This relation holds because the uncertainty (standard deviation of
the mean) follows the Central Limit Theorem (CLT). Since each individual keff is based
on n histories, the variance of a single batch is proportional to 1/n. When averaging over
N batches, the total uncertainty scales as Equation (4.18).

It has to be said that Equation (4.18) holds provided that the N keff results are not
correlated. Unfortunately, this is not exactly true because each batch is influenced by the
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Figure 4.2: Monte Carlo working scheme in neutronics (from [28]).
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configuration of the previous one (since the next batch uses as neutron source the fission
sites retrieved in the current one) and the resultant uncertainty is usually higher than the
one reported in Equation (4.18).

According to Equation (4.18), the inherent scaling of Monte Carlo methods implies
that to reduce the uncertainty, for instance, by a factor of 2, the total number of histories
(N) must be increased four times.

Basically, this means that in Monte Carlo codes:

Precision ×N ⇒ Computational cost ×N2.

For example, if a simulation runs with 50 000 neutrons for 1000 batches, this means:

σ(ANA_KEFF) ∝ 1√
5× 107

≈ 14.14 pcm. (4.19)

The overline on σ(ANA_KEFF) that stands for its mean value is omitted to have a lighter
notation and this choice will be applied to the remainder of this work.

In the next chapters several uncertainties are reported with a lower value than the
one obtained according to Equation (4.18) and Equation (4.19). This occurs because
Equation (4.18) and Equation (4.19) are just an estimate: the proportionality constant is
unknown. The uncertainties found are coherent as they do not differ from their estimations
by order of magnitudes.

4.2.1. Tracking techniques

By definition, the probability of interaction per unit path length is governed by the macro-
scopic total cross section Σt, typically expressed in units of inverse centimeters. Assuming
the particle moves through an infinite, homogeneous medium with a constant total cross
section, the free path length between interactions follows an exponential distribution.
This distribution can be sampled using the inverse method, yielding the distance to the
next collision site as

l = − 1

Σt

log ξ, (4.20)

which is expressed by Equation (4.10); however, Equation (4.20) is valid only under the
assumption of a homogeneous medium. If the particle crosses different materials, this
assumption no longer holds, and the sampling procedure must be adjusted accordingly.
There are two major techniques commonly adopted to address this issue.
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The first technique is known as surface-tracking. In traditional algorithms, the parti-
cle’s trajectory is interrupted at each material boundary. Since the probability of interac-
tion is independent of the particle’s history, any point along the trajectory can be treated
as the starting point of a new path. When a sampled path intersects a boundary, the track
is truncated at the point of intersection, and a new path length is sampled using the cross
section of the new material. To implement this method, the algorithm must calculate the
distance to the nearest surface boundary which is typically done by looping through all
candidate surfaces and selecting the shortest distance. While surface-tracking is widely
adopted and considered the standard in Monte Carlo transport codes, it has limitations in
terms of computational efficiency, especially in geometries with a large number of surfaces
or when the particle’s mean free path is long relative to the dimensions of the geometry.

The other technique is called delta-tracking which was originally introduced in [29]
and avoids the need to calculate surface distances by using rejection sampling (explained
in Section 4.1.3) thanks to the key concept of virtual collision. Basically, by defining
the majorant cross section as the maximum of all material total cross sections at a given
energy:

Σm(E) = max[Σ(r⃗, E)], (4.21)

the path length is retrieved by

l = − 1

Σm

log ξ, (4.22)

and at the end of each sampled path, the algorithm performs a rejection sampling where
the probability of accepting the collision is given by

P =
Σ(r⃗, E)

Σm(E)
. (4.23)

If the collision is rejected, thus resulting in the so-called virtual collision, a new path
length is sampled using Σm, and the particle is moved to the next tentative collision
site. Since Σm is always greater than or equal to the current cross section Σ, the average
path lengths in delta-tracking are shorter than those in surface-tracking; however, the
physical mean free path is preserved because some paths span multiple virtual collisions,
and interaction probabilities are conserved.

The main advantage of this technique is that it eliminates the need to compute surface
distances from each collision site and stop particles at material boundaries. This signif-
icantly improves computational performance in geometries where the mean free path is
long compared to the size of the geometry. Moreover, because the majorant cross section
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is independent on position, delta-tracking can be effectively applied to inhomogeneous
materials.

However, delta-tracking also has limitations. If the geometry contains localized regions
with very high absorption cross sections such as control rods or burnable absorber pins,
these regions dominate the majorant cross section. Since they occupy only a small volume,
the rejection sampling becomes inefficient, especially in regions where particles spend most
of their time, such as the moderator or coolant. In Figure 4.3, the left panel shows how
the majorant cross section is dominated by the high capture cross sections of 155Gd and
157Gd. The right panel illustrates the resulting high rejection probability in regions like
the coolant and moderator, where neutrons spend most of their lifetime. This leads to a
significant drop in sampling efficiency with a high rate of rejection.

Figure 4.3: Delta tracking drawbacks with the presence of highly absorbing materials
(from Serpent Wiki).

4.3. Serpent, a Monte Carlo reactor physics code

Serpent [8] is a continuous-energy Monte Carlo reactor physics code developed since 2004
by Jaakko Leppänen and collaborators at the VTT Technical Research Center of Finland.
It is freely available for academic and non-commercial use, while commercial applications
require a dedicated license. Unlike TRIPOLI-4®, which is proprietary and restricted to
EDF and its partners, Serpent is openly distributed and widely adopted. It supports a
broad range of applications, including group constant generation, coupled multi-physics
simulations, fusion neutronics, and radiation shielding. In addition to neutron transport
and depletion calculations, Serpent also supports photon transport.

In the context of this master’s thesis, Serpent has been employed to further benchmark
APOLLO3® results, rather than relying solely on TRIPOLI-4®. This choice is motivated

https://serpent.vtt.fi/mediawiki/index.php/Delta-_and_surface-tracking
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by Serpent’s high computational efficiency in depletion simulations. In terms of execution
time, for the present work, a depletion history up to 60GWd/tHM is completed by Serpent
in less than three days, whereas TRIPOLI-4® would require months to reach an equivalent
level of statistical accuracy.

Furthermore, Serpent eliminates the need for TriAGe that is required when using
TRIPOLI-4®. TriAGe is a function of APOLLO3® that translates all APOLLO3®

data into TRIPOLI-4® ones (e.g., geometry, material composition and temperatures,
reaction rates to be scored). Moreover, in order to correctly compare the two codes
during depletion one must take into consideration that Monte Carlo methods adopt a
stepwise approximation for cross sections, while APOLLO3® not. This means that the
axial mesh adopted for the deterministic calculation to exchange with depletion and self-
shielding is certainly too coarse. Supplementary axial layers are needed by TRIPOLI-4®

in order to be more accurate and have a fair comparison with APOLLO3®. This mesh
is referred as the Step-Equivalent Mesh (SEM), or stepmesh, as in the remainder of this
work. The procedure to generate this mesh is all but straightforward and explained in
detail in [6].

Beyond practical feasibility, the reliance on the TriAGe workflow is methodologically
problematic regarding the principle of code benchmark. The TriAGe function operates by
translating the isotopic compositions calculated by APOLLO3® directly into TRIPOLI-
4® inputs. This coupling introduces a potential flaw in the process: the data generated
by the code under test (APOLLO3®) is used to feed the reference code (TRIPOLI-4®)
intended to benchmark it.

Such a procedure is inherently susceptible to false positives. If the depletion physics
or isotopic evolution in APOLLO3® were wrong, TRIPOLI-4® would merely confirm
the consistency of a wrong result rather than identifying the error. This technique would
exclusively benchmark the TDT MOC-3D flux solver (not the depletion one) because the
Monte Carlo counterpart would start from the same inputs in terms of isotopic composi-
tions. Since a rigorous benchmark framework requires that the controller remains entirely
independent from the controlled system, the results obtained via standalone Serpent sim-
ulations provide a more robust, thorough, and scientifically reliable benchmark, providing
a full benchmark (flux solver and depletion solver). Therefore, Serpent depletion results
are considered more reliable than those obtained with TRIPOLI-4®.
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4.3.1. Serpent options

Serpent offers the possibility to adjust certain options to get a trade-off between compu-
tational cost and precision. The input syntax manual of the open-source Serpent Wiki4

deeply describes each of the options. Here are reported the main choices adopted in this
master’s thesis:

Neutron population: for what concerns the neutron population and its distribution in
batches, literature [30] shows that performing a simulation with few or many neutrons
per batch does not affect convergence. This means that if convergence is reached after
100 batches with 100 000 neutrons per batch, simulating the same calculation with 100

neutrons per batch sees that same convergence trend at 100 batches. So, choosing whether
to increase or diminish the total number of batches is just a matter of how precise is the
final results in terms of uncertainty. What is important is not to use too few neutrons
per batch, [30] shows that with less than 10 000, a systematic underestimation of the keff

occurs, while using whether 10 000 or 100 000 neutrons per batch leads to the same result.
It should be noted that [30] refers specifically to TRIPOLI-4® and to simulations aimed
at achieving criticality, but this reasoning can be extended also to other codes, such as
Serpent. In contrast, the depletion calculations presented in this master’s thesis involve
also subcritical systems. For this reason, using a sufficiently large number of neutrons per
batch is recommended to ensure adequate sampling of the system’s geometry throughout
the entire simulation, especially as neutron population decreases with increasing burnup.
For this reason, each neutrons per batch and number of batches choices will be adequately
justified.

Burnup calculation mode: set bumode 2, which activates the Chebyshev Rational Ap-
proximation Method (CRAM) (see Section 2.2.3). This method has been demonstrated to
outperform the Transmutation Trajectory Analysis (TTA), the alternative option avail-
able in Serpent, as shown in [13]. By default, selecting option 2 applies CRAM with an
order of 14, which is precisely the configuration tested in [13] and found to yield superior
results compared to TTA. For further details, refer to the set bumode card5 section in the
Serpent Wiki.

Unresolved resonance probability table sampling: set ures. In nuclear simulations,
unresolved resonance probability table sampling is a statistical method used to model
neutron interactions in the unresolved resonance region which is an energy range where

4At the time of writing, the Serpent Wiki is undergoing a transition to a new online documentation
platform. Consequently, should any links in this work fail to redirect to the intended webpage, the reader
is encouraged to consult the updated Serpent documentation directly at serpent.vtt.fi/docs.

5An input card defines a single parameter, option, or specific data entry related to, for example, geometry
or material definition in Serpent.

https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual
https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual#set_bumode
https://serpent.vtt.fi/docs/
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individual nuclear resonances are too closely spaced to be experimentally distinguished.
Instead of using averaged cross sections, it is chosen to rely on probability tables that
represent the statistical distribution of possible cross section values for reactions such as
capture, fission, and scattering. During a Monte Carlo simulation, these tables are used
to randomly sample cross sections based on the neutron energy and material properties,
allowing for a more realistic representation of self-shielding and resonance interference
effects.

This option can be set on or off. Although the Serpent Wiki notes that: "The effect
is usually not significant in thermal systems, but can lead to noticeable discrepancies in
fast-spectrum systems," it was decided to always enable this feature to ensure the most
physically accurate results; however, enabling this option was observed to have a slight
negative impact computational performance. This is likely due to the fact that unresolved
resonance probability table sampling is performed on-the-fly, preventing Serpent from
precomputing and storing the relevant data. Anyway, the computational cost increase
showed to be manageable.

Temperature treatment: the tmp card was used instead of the tms card. The system
temperature, including fuel, coolant, and cladding, was set isothermally to 624K, which
corresponds to one of the temperatures for which the thermal scattering law S(α, β) of
light water is available in the JEFF-3.1.1 [31] nuclear data library. This library is also
used by TRIPOLI-4®, while APOLLO3® relies on the CEAV-514 library, an improved
version of CEAV-512 (that is derived from the JEFF-3.1.1), with enhanced self-shielding
treatment capabilities. The choice of 624K was made to prioritize interpolation of nuclide
cross sections over interpolation of S(α, β)H2O data. JEFF-3.1.1 provides both nuclide
cross sections and S(α, β)H2O data at the temperatures listed in Table 4.1.

Table 4.1: Available temperatures for nuclide cross sections and S(α, β)H2O thermal
scattering law data in JEFF-3.1.1.

Data Type Temperatures [K]

Cross Sections 300, 600, 900, 1200, 1500, 1800

S(α, β)H2O 293.6, 323.6, 373.6, 423.6, 473.6, 523.6, 573.6, 623.6,
647.2, 800, 1000

To evaluate cross sections at the desired temperature, Serpent offers two approaches: the
tmp and tms cards. The tmp card utilizes a Doppler-broadening pre-processing routine,
while the tms card applies the Target Motion Sampling (TMS) method during runtime.
The Doppler-broadening routine [32] analytically increases the temperature of free-atom

https://serpent.vtt.fi/mediawiki/index.php?title=Pitfalls_and_troubleshooting#Unresolved_resonance_probability_table_sampling
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cross sections below the unresolved resonance energy range, making it well-suited for
thermal systems like the ones that are analyzed in this thesis. This method is based on
Solbrig’s kernel [33] and is computationally efficient. Since it is a pre-processing step, cross
sections are calculated once at the beginning and stored, avoiding repeated evaluations.

In contrast, the TMS method [34] samples the energy and motion direction of the
target nuclide from a Maxwellian distribution at each neutron collision, thus being more
physically compliant. A coordinate transformation to the target-at-rest frame is then used
to apply the appropriate temperature-dependent cross section. For thermal scattering
data, temperature treatment relies on interpolation between fixed temperature points
[35], similar to the interpolation used in unresolved resonance sampling.

Due to its on-the-fly nature, TMS significantly increases computational cost. Simula-
tions were conducted to assess the impact of using the tms card compared to tmp, with
results presented in Appendix A. The findings confirmed that tms leads to a substantial
increase in runtime with a slight change in keff , justifying the decision to use tmp.

All simulations in this thesis were initialized with nuclides at 600K, the closest avail-
able temperature to the target 624K in JEFF-3.1.1, according to the Serpent User’s Man-
ual: "Experience has shown that the errors remain small, at least if the nearest library
temperature is used as the basis for broadening."

Predictor-corrector method: set pcc 3 3 5. This command configures the predictor-
corrector scheme used at each burnup mesh point. The selected method is linear ex-
trapolation and linear interpolation (LELI), which has been shown to outperform both
constant extrapolation with linear interpolation (CELI) and linear extrapolation with
quadratic interpolation (LEQI), as demonstrated in [19] and explained in Section 2.2.4.
It is important to note that when linear extrapolation (LE) is selected, Serpent uses
constant extrapolation for the first time step.

The final two numbers, 3 5, specify the number of substeps for the predictor and
corrector phases, respectively. This configuration offers an optimal balance between ac-
curacy and computational cost, as each additional substep introduces more operations,
as discussed in [17] and explained in Section 2.2.4

Optimization mode: set opti 4. This command sets the optimization mode, which
directly affects both computational performance and memory usage. Mode 4 is the default
setting in Serpent and is designed to maximize performance, albeit at the cost of increased
memory consumption [36]. According to the Serpent Wiki, this mode is: "Suitable for
group constant generation and 2D assembly burnup calculations with a limited number
of depletion zones;" therefore, before opting for this maximum optimization level, it is
important to carefully evaluate the number of independent burnup regions defined in the
simulation. This is essential because mode 4 activates advanced features such as the

https://serpent.vtt.fi/mediawiki/index.php/Input_syntax_manual#set_opti
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delta-tracking variance reduction technique, which can lead to more accurate results.
Group constant generation: set gcu −1. This setting disables the generation of group

constants, as they were not among the quantities evaluated in the benchmark between
APOLLO3® and Sepent. By turning off this feature, a reduction in computational cost
was observed.

Library choice: since the goal of this work is to benchmark APOLLO3® results, it
is essential to use a Serpent library that closely matches the one used by APOLLO3®

(CEAV-514). The default Serpent VTT JEFF-3.1.1 library includes JEFF-3.1.1 data
[31] supplemented with 52 additional nuclides sourced from other libraries, as detailed in
Table 4.2.

To ensure maximum compatibility with the CEAV-514 library, all nuclides listed in
Table 4.2 were excluded from the Serpent simulations, except for 253Cf from the ENDF/B-
VII library, which is also present in CEAV-514; nevertheless, simulations were initially
tested using the default VTT JEFF-3.1.1 library, and no significant discrepancies were
observed in the results. The absence of notable differences can likely be attributed to the
nature of the excluded nuclides: most of the additional ("foreign") nuclides in the VTT
library are either in natural isotopic composition or have limited relevance; therefore, their
impact on the simulation outcomes is minimal.

Table 4.2: List of nuclides present in VTT JEFF-3.1.1 not originally in JEFF-3.1.1.

ENDF/B-VII.0 (USA, 2006) 7Be, 71Ga, 74As, 113Sn, 123Xe, 133Ba, 136Ce, 138Ce, 139Ce,
153Gd, 156Dy, 158Dy, 166mHo, 239U, 240U, 241U, 253Cf

ENDF/B-VI.8 (USA, 2001) Mg-nat, S-nat, Cl-nat, K-nat, Ca-nat, Ti-nat, Zr-nat,
Mo-nat, Cd-nat, In-nat, Hf-nat, W-nat

JENDL-3.2 (Japan, 1994) 12C, Si-nat, 51V, Cr-nat, Fe-nat, Ni-nat, Cu-nat, Ge-nat,
Ag-nat, Sb-nat, Eu-nat, Pb-nat

JENDL-3.3 (Japan, 2002) 69Ga

JEFF-2.2 (Europe, 1992) 64Zn

JEFF-3.2 (Europe, 2014) 36Cl

BROND-2.2 (Russia, 1992) He-nat, Sm-nat, Gd-nat, Re-nat, Ir-nat

CENDL-2.1 (China, 1995) Sn-nat, Lu-nat, Hg-nat
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4.4. TRIPOLI-4®

TRIPOLI-4® is the fourth generation of the continuous-energy radiation transport Monte
Carlo code developed by the Service d’Études des Réacteurs et de Mathématiques Ap-
pliquées (SERMA) at CEA Saclay [7]. It is designed for a wide range of applications
including shielding analysis, reactor physics with depletion, criticality safety, and nuclear
instrumentation, for both fission and fusion systems.

As mentioned at the beginning of this chapter, TRIPOLI-4® is not optimized for
depletion simulations: a full 3D fuel assembly depletion calculation may require several
months of computational time. For this reason, Serpent was chosen in this master’s
thesis to perform depletion calculations; however, TRIPOLI-4® was still used in this
work for a zero-burnup analysis, exploring different configurations to benchmark and
cross-check Serpent results at zero burnup. During these comparative simulations, a
notable mismatch at burnup zero was observed between the two codes. Several tests
were conducted to identify which TRIPOLI-4® parameters could yield results closer to
Serpent. The analysis is discussed in Appendix A.

Two geometry representations were used in TRIPOLI-4® for these simulations: the
surfacique geometry and the ROOT geometry developed at CERN. The goal was to verify
whether the results remained consistent across different input formats. If so, the mismatch
with Serpent could not be attributed to possible input file errors.

The surfacique geometry is TRIPOLI-4®’s native format. It describes volumes using
bounding surfaces, such as planes, cylinders, and spheres, combined logically to define
regions. Particle tracking is then based on surface intersection calculations. This method
is efficient for simple or moderately complex geometries and supports combinatorial mod-
eling using predefined shapes and Boolean operators. The ROOT geometry, in contrast,
is a hierarchical, object-oriented framework developed at CERN and widely used in high-
energy physics [37]. It allows the construction of complex geometries through nested
volumes and placements, managed via the TGeoManager class. TRIPOLI-4® can directly
import ROOT files, enabling reuse of geometries from other frameworks like Geant4. In-
ternally, the code translates the ROOT structure into its own tracking system, allowing
simulations without rewriting the geometry in surfacique format.

The other TRIPOLI-4® options addressed were:

• Sampling of the Velocity of the Target nucleus (SVT): In Monte Carlo neutron
transport simulations, this method is used to account for the thermal motion of
nuclei during neutron scattering events. This effect becomes particularly significant
in the thermal and epithermal energy ranges, where the relative motion between
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the neutron and the target nucleus strongly influences scattering kinematics and
cross sections. At low neutron energies, the common assumption that nuclei are
stationary (as they were at 0K) is no longer valid. SVT addresses this by sam-
pling the target nucleus’s velocity from a Maxwell-Boltzmann distribution, allowing
for a more accurate calculation of the relative velocity between the neutron and
the nucleus. This approach is essential for correctly modeling Doppler broadening,
thermalization, and resonance scattering phenomena. It has to be said that Serpent
does not have this feature;

• Unresolved probability table sampling: It is the analogous to set ures option ex-
plained for Serpent.
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5| UOX and UOX-Gd analyzed

assemblies

5.1. Analyzed 3D geometry: UOX assembly

The first analyzed assembly is the CamiVVER one [6]: the analyzed geometry is the 3D
UOX fuel assembly whose X-Y layout is reported in Figure 5.1.

Figure 5.1: X-Y layout of the 3D assembly configuration (from [6]).

In the bottom left corner there is the instrumentation channel with the fission chamber
(green) and in blue the guide tube that surrounds it. Since the fission chamber channel
is usually at the center of a fuel assembly in a PWR, it is clear that the figure represents
one-eighth of the X-Y cross section of the assembly. The simulated geometry is overall
one-sixteenth of the original since an axial cut at the midplane (z = 0) is performed. The
cells with only the green material are the guide tubes while the others are the fuel rod
cells. It has to be noted that in CamiVVER simulation, the fuel cells were subdivided in
four radial subregions1 and in eight equispaced angle regions from the cladding and gap
crown in light green: the cladding and the gap are modeled together since the gap is about

1The colors are not completely visible but in order from the inner to the outer ones are: pink, green, dark
blue and dark green, which is almost visible.
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500µm, thus a negligible physical dimension with respect to the fuel assembly (1.26 cm
just for the cell pitch), while the guide tube cells are subdivided in four equispaced angle
regions. Furthermore, on the right of the Figure 5.1, there is the water blade that divides
the fuel assemblies from each other inside a nuclear reactor core. On the top of that
water blade there is a little triangle; it represents the lower extremity of the water blade
belonging to the vertically adjacent fuel assembly. From now on, it will be addressed as
water corner.

Figure 5.2 represents the configuration that has been analyzed with Serpent, where
1/4 radially is shown. Thanks to the set usym Serpent card, the reflection with respect to
the bisector of the first and third quadrants (clearly visible as a light black line in figure)
does not duplicate the burnup zones. Instead, it treats the reflected zones as part of the
original ones, thus resulting in better statistics. This strategy is adopted because, to the
author’s knowledge, Serpent does not allow to successfully model a triangular geometry
such as the one simulated with APOLLO3®. Furthermore, the fuel assembly grid is
modeled with the orange circles that can be observed around each fuel rod.

Figure 5.2: 2D geometry of the
analyzed assembly. This is a
layer with grids.

Figure 5.3: YZ cut of the mod-
eled fuel assembly; the green
rod corresponds to the instru-
mentation channel.

In Figure 5.3, a YZ cut of the material geometry is shown. One can observe the clear
symmetry line at z = 0 (which is at the midplane of the image), thanks to the fact that
Serpent represents the same depletion region with the same color. The two gray layers
are the reflector ones and have a different isotopic composition.

An axial representation of a fuel rod is in Figure 5.4, where within each layer there is
written its thickness and each grid layer, in dark gray, is 3.3 cm thick. In total, considering
also the two reflector layers with different material composition, the assembly half-height
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is 225 cm.

Figure 5.4: Fuel rod axial dimensions: UOX assembly.

To actually simulate a full assembly, reflective boundary conditions were applied radially
and at the axial midplane, while black ones were imposed at the top of the outer reflector.
This task is relatively easy with APOLLO3® while it led to the development of an ad
hoc method with Serpent, as addressed in Appendix C.

The UOX assembly analyzed in this master’s thesis its characteristic properties re-
ported in Table A.6 and the material ones in Section A.3. It has to be noted that the sum
of the atomic densities of each isotope results in the material one itself. When H2O is
present, the atomic density to take into account is 3 times that value: once for the oxygen
and twice for the hydrogen.

5.2. Analyzed 3D geometry: UOX-Gd assembly

As already explained in Chapter 1, other than just continuing the CamiVVER project
work, it was chosen to analyze also an assembly with rods with gadolinium which is a
strong neutron absorber. A positive benchmark result would lead to a further confirmation
of the robustness of APOLLO3® in its presence. In particular, it was chosen to study two
configurations of the PRATIC core, which is a soluble-boron-free PWR, SMR developed
at CEA: one assembly with 36 UOX-GD rods and the other one with 8. Respectively,
with a 1/8 radial cut, the rods are 7 and 12. Figure 5.6 shows their X-Y cuts where the
black squares are guide tube cells, green ones are UOX-GD rods, while the blue one is
the instrumentation channel.

The objective of this study is to evaluate the performance of APOLLO3® in relation
to the gadolinium concentration within the core. It is well-established that the 3D Method
of Characteristics (MOC), in the absence of the Linear Surface (LS) approximation, strug-
gles to accurately model the presence of gadolinium [38, 39]. This limitation arises from
the exceptionally high capture cross section of gadolinium isotopes, which induces signif-
icant localized gradients in the neutron flux. Indeed, in the proximity of UOX-Gd rods

2It has to be noted that the result is not simply a division by 8 of the total number since the rods can lie
in the cutting plane, so just a half of them is modeled and counted anyway as +1.
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it cannot be adequately captured by a standard SC approximation. In contrast, the LS
approximation allows the neutron source term to vary linearly along each characteristic
segment, providing the mathematical fidelity necessary to resolve these sharp spatial vari-
ations. For these reasons, the LS approximation is also essential for the accurate modeling
of control rod insertion; like gadolinium, control rods act as strong local absorbers that
generate high flux gradients, which the simpler SC approach fails to resolve correctly.
That is why the all-rods-out configuration was analyzed. Nonetheless, it was decided to
assess the current capability of APOLLO3® to model gadolinium presence without the
LS method, as this feature remains unavailable at the time of writing.

The 36 UOX-Gd fuel assembly material compositions is reported in Table A.9. Both
asembly configuration characteristics are reported in Table A.7. It has to be noted that the
instrumentation channel is empty, without fission chamber, and in these configurations
the grids are not modeled, thus the fuel rods have the axial configuration reported in
Figure 5.5. Each fuel axial layer as a thickness of 10.0281 cm and the each reflector one
of 5 cm, for a total assembly height of 120.2807 cm3.

Figure 5.5: Fuel rod axial material mesh (UOX-Gd assembly).

Furthermore, with respect to Table A.9, the only modifications for the 8 UOX-GD assem-
bly involve the uranium enrichment in the UOX rods, specifically (in units of 1024/cm3):
16O (4.5377×10−2), 234U (4.8143×10−6), 235U (5.7429×10−4), 236U (2.6305×10−6), and
238U (2.2107× 10−2).

(a) 36 UOX-GD rods. (b) 8 UOX-GD rods.

Figure 5.6: X-Y cuts of the analyzed PRATIC UOX-Gd assemblies (from [9]).

3It has to be noted that 10 fuel axial layers times 10.0281 cm plus the reflector layers does not give the
mentioned height. This is due to the fact that the idea was to divide the axial active region in 10 layers
with a precision of 10−4, so the third, sixth and ninth layers (from the midplane one) are 10.028 cm thick.
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As already explained in Chapter 4, a preliminary benchmark of the Serpent output was
performed against TRIPOLI-4® at zero burnup to check if the results were compatible
with CamiVVER ones. The outcome of this study is reported in Appendix A.

To continue with the goal of benchmarking APOLLO3® against Serpent, it is nec-
essary to establish a reliable simulation setup: a preliminary series of tests must be
conducted to understand which parameter influences convergence and how. Once a sta-
ble configuration is identified, parameters may be further refined or relaxed in precision,
allowing for faster computations at the expense of reduced precision or vice versa. This
trade-off between accuracy and computational cost is a fundamental aspect of numerical
simulations across all disciplines, and it is particularly critical in neutronics, where de-
pletion calculations can require several days to complete. Even a minor adjustment to
a single parameter can result in substantial time savings while only marginally affecting
the precision of the results.

All calculations were performed using a development version (based on the v3.1) of
APOLLO3® identified by the SHA1 hash 2a6b1a70aa7388a96848c0e8b5c547c8fa3c9f01
on the official Tuleap Git repository of the code1. While for Serpent, the simulations
were performed using version 2.2.1 (March 24, 2023). It should be noted that the Serpent
version used is not the most recent one; the latest release (at the time of writing) is version
2.2.2 (June 19, 2025); however, since this master’s thesis project began in March 2025,
the most up-to-date version available at that time was adopted.

6.1. APOLLO3®

All calculations were performed with the SHEM281 [27] energy groups subdivision. Fur-
thermore, the self-shielding correction was performed for each burnup step, thus the self-
shielding time mesh is the same as the depletion one.

Flux calculations were performed imposing a convergence criterion of 10−5 on the
eigenvalue and the thermal and inner iterations precision, and of 10−4 on the fission

1This version is available on Cronos at:
/software/restricted/apollo3/MAD/AP3_v3.1_20250618_2a6b1a70.
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integral precision, as already pointed out in Section 3.1.3.
The strategy adopted to achieve a sufficiently convergent simulation with APOLLO3®

was structured as follows:

1. Start from the radial mesh shown in Figure 5.1 and the axial material mesh defined
in CamiVVER [6];

2. Verify the convergence of the TDT MOC-3D flux solver parameters in APOLLO3®

at zero burnup;

3. Refine the radial mesh using the solver parameters identified in Step 2 to ensure
convergence at zero burnup;

4. Test the converged mesh in depletion and compare it with Serpent.

It should be noted that the choices made in Steps 2 and 4 were also influenced by the com-
putational cost. Excessive refinement of simulation parameters can lead to a significant
increase in runtime, which may outweigh the benefits in terms of precision.

6.1.1. TDT parameters convergence

The following TDT parameters and their respective values were tested:

• Horizontal_angles (Nθ): [18, 20, 24, 30, 36]. It is the number of angles over π (for
the 2D horizontal plane) used for the angular quadrature formulas in the tracking;

• Vertical_angles (Nφ): [4, 5]. It corresponds to the number of angles over the 3D
vertical interval

(
0, π

2

)
used for the angular quadrature formulas in the tracking. The

values are not lower than 4, since calculations are performed with P3 anisotropy;

• MaxNberMeshesPerPeriod (Nmesh): [100, 200, 300, 400, 500, 600]. It refers to the
maximum number of mesh cells crossed by a trajectory over one complete tracking
cycle;

• Transversal_integration_step (∆xy): [0.01, 0.015, 0.02, 0.03, 0.04, 0.05, 0.06,
0.07, 0.1, 0.2]. It controls the step size used during the integration of the neutron
flux along each characteristic in the transversal plane (x-y plane);

• Transversal_Vertical_step (∆z): [0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7]. It specifies the
transverse integration step in 3D along the z-axis.
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The parameter ranges were chosen to be reasonable and centered around the CamiVVER
values [6].

To determine the best configuration, the convergence of both keff and integrated
reaction rates over each material axial layer were analyzed. This is because keff is an
integrated quantity and may be affected by error counterbalance; therefore, convergence
in keff alone is a necessary but not sufficient condition for overall convergence. When the
results differ significantly from more refined simulations, it indicates a lack of convergence.
Here, "significantly" means in a way that is distinguishable from the numerical uncertainty
defined in Monte Carlo methods by the standard deviation and in deterministic methods
by the tolerances of the various algorithms.

Computational time was also recorded, although it should be considered only indica-
tive, as the HPC cluster nodes used did not have uniform performance and simulations
were not run on nodes with the same characteristics. In particular, the cluster exploited
was the EDF R&D’s proprietary one, Cronos.

Table 6.1 presents all the results. Relative differences are computed using Equa-
tion (6.1), where the reference is the keff obtained with the most precise simulation in
each row.

εk =
keff − kref

eff

kref
eff

=
keff

kref
eff

− 1, (6.1)

Table 6.1: TDT parameter convergence analysis using the CamiVVER radial mesh.
CamiVVER default options are bold. Times are in hh:mm:ss or d-hh:mm:ss.

Nθ 18 20 24 30 36
keff 1.29573 (-41) 1.29570 (-43) 1.29603 (-18) 1.29605 (-16) 1.29626
time 6:24:47 6:49:22 7:13:52 7:21:05 8:49:15

Nφ 4 5
keff 1.29603 (-3) 1.29607
time 7:13:52 8:05:24

Nmesh 100 200 300 400 500 600
keff 1.29609 (+5) 1.29600 (-2) 1.29603 (+1) 1.29602 (0) 1.29602 (0) 1.29602
time 6:32:46 7:04:51 7:13:52 8:47:11 10:00:19 11:36:06

∆xy 0.01 0.015 0.02 0.03 0.04
keff 1.29610 1.29606 (-3) 1.29603 (-5) 1.29611 (+1) 1.29603 (-5)
time 19:42:44 14:01:45 12:07:05 9:40:20 7:21:24

∆xy (cont.) 0.05 0.06 0.07 0.1 0.2
keff 1.29607 (-2) 1.29606 (-3) 1.29587 (-18) 1.29452 (-122) 1.29391 (-169)
time 7:13:52 7:39:49 6:52:00 5:31:37 5:14:39

∆z 0.1 0.2 0.3 0.4 0.5 0.6 0.7
keff 1.29602 1.29602 (0) 1.29603 (+1) 1.29602 (0) 1.29603 (+1) 1.29603 (+1) 1.29601 (-1)
time 13:36:51 8:43:32 7:13:52 6:13:27 6:14:44 5:42:38 5:33:47
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It can be observed that:

• Nφ, Nmesh, and ∆z appear stable even when deviating significantly from the
CamiVVER default values;

• Non-convergent behavior was observed for the integrated rates for ∆z values of 0.5,
0.6, and 0.7;

• Small changes in ∆xy have a strong impact on computational time. Values of 0.1 and
0.2 are not convergent, and analysis of integrated rates also shows non-convergence
for 0.07;

• For Nθ, the default value could be further tested with 30 angles, as the increase in
computational time seems negligible2. Moreover, relative differences for this param-
eter are the largest in magnitude compared to others, which further justifies deeper
investigation. Non-convergent behavior in integrated rates was also observed when
varying Nθ between 20, 24, and 30, as shown in Figure 6.1. This suggests that fur-
ther analysis is necessary. For this kind of graphs the integrated rates are normalized
by the total fission rate for each code independently, as explained in Appendix A.
The vertical light gray lines show the material layer boundaries of the UOX fuel
assembly, as reported in Figure 5.4.;

(a) Integrated fission rates. (b) Integrated capture rates.

Figure 6.1: Comparison between integrated fission and capture rates in 30 (reference in
Equation (6.1)), 24 (CamiVVER option), and 20 horizontal angle simulations.

2Always considering that HPC cluster nodes do not have uniform performance.
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• A non-convergent behavior was also observed for the integrated rates when for ∆z ≥
0.6, when the relative difference with respect to the default results starts to increase
in magnitude;

• Similarly, a non-convergent behavior was also observed for the integrated rates for
∆xy ≥ 0.07. Indeed, it can be noted a significant increase of keff discrepancy.

Before further investigating the Nθ parameter, it is important to recall that in MOC-
3D simulations, parameters are interdependent. For instance, increasing Nθ requires a
corresponding increase in ∆xy to ensure proper coverage of the mesh. For this reason,
two cross-parameter combinations were analyzed: Nθ–∆xy and Nφ–∆z, as presented in
Table 6.2. It was observed that the latter pair achieves convergence even with the pa-
rameter values used in Table 6.1. In contrast, the former pair allows for more detailed
conclusions. Only three tests with Nθ = 20 were performed, as it was decided not to use
coarser configurations than those of CamiVVER.

Regarding Nθ = 30, convergence was observed for ∆xy ≤ 0.03, while the value 0.04
did not yield convergence for the integrated rates. In conclusion, the combination of
Nθ = 30 and ∆xy = 0.03 appears sufficient to achieve a satisfactory result. It should be
noted that the computational time increased from the default 7:13:52 to 9:40:20 with this
configuration. Although this represents a significant increase, it remains manageable.

Table 6.2: TDT parameter convergence analysis simultaneously changing different
parameters.

Nθ-∆xy 20-0.01 20-0.015 20-0.02 24-0.05
keff 1.29589 (-17) 1.29586 (-19) 1.29588 (-18) 1.29603 (-6)
time 17:38:06 15:07:01 10:50:45 7:13:52

Nθ-∆xy (cont.) 30-0.015 30-0.02 30-0.03 30-0.04
keff 1.29611 1.29612 (+1) 1.29611 (0) 1.29610 (-1)
time 15:33:33 12:55:24 9:40:20 7:21:34

Nφ-∆z 4-0.3 5-0.1 5-0.2
keff 1.29603 (-4) 1.29606 (-2) 1.29608
time 7:13:52 16:21:56 9:58:32

However, as already explained, two additional parametric studies were carried out sep-
arately to ensure convergence with this configuration. These studies tested the combi-
nations of Nθ and ∆xy set to 30 and 0.02 (Table 6.3) and to 30 and 0.03 (Table 6.4),
respectively. Fortunately, the configuration with Nθ = 30 and ∆xy = 0.03 was found
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to be already convergent, both in terms of keff and integrated reaction rates. This re-
sult is particularly favorable considering the computational time demand; therefore, all
subsequent results presented in this master’s thesis involving the APOLLO3® code are
computed using the configuration Nθ = 30 and ∆xy = 0.03.

Table 6.3: Analysis with ∆xy = 0.02.

Nφ 4 5
keff 1.29606 (-7) 1.29612
time 9:40:20 10:22:09

Nmesh 200 300 400 500
keff 1.29609 (+2) 1.29603 (-3) 1.29606 (-1) 1.29607
time 8:52:32 7:13:52 9:39:33 10:32:06

∆z 0.2 0.3 0.4
keff 1.29607 1.29603 (-3) 1.29607 (0)
time 12:16:19 12:07:05 8:05:46

Nφ-∆z 4-0.3 5-0.2
keff 1.29603 (-6) 1.29611
time 7:13:52 13:59:36

Table 6.4: Analysis with ∆xy = 0.03.

Nφ 4 5
keff 1.29606 (-5) 1.29612
time 9:40:20 10:22:09

Nmesh 200 300 400 500
keff 1.29609 (+2) 1.29603 (-3) 1.29606 (-1) 1.29607
time 8:52:32 7:13:52 9:39:33 10:32:06

∆z 0.2 0.3 0.4
keff 1.29607 1.29603 (-3) 1.29607 (0)
time 12:16:19 7:13:52 8:05:46

Nφ-∆z 4-0.3 5-0.2
keff 1.29603 (-6) 1.29611
time 7:13:52 13:59:36

While a finer discretization using Nθ = 30 and ∆xy = 0.02 could be selected, the resulting
increase in computational cost is not justified by the marginal improvement in accuracy.

6.1.2. Radial mesh convergence

The definitive radial mesh used is shown in Figure 6.2a. Compared to Figure 5.1, two
main modifications were introduced:

• The use of 8 sectors also in the guide tube cells;

• The implementation of sector rotation, also referred to as the windmill mesh.

The first modification was adopted because the increase in computational time was ap-
proximately negligible: +25min for just 5 guide tube cells. Moreover, using only 4 sectors
in combination with sector rotation would result in a mismatch between the fuel cell sec-
tors and those of the guide tubes at the interface. This misalignment could potentially
lead to fictitious results.

The second modification was introduced to improve the accuracy of cell reaction rates.
In particular, neutron thermalization is highest in the corners of the cells, as these regions
are furthest from the fuel. Dividing these corners in half could lead to an inaccurate
representation of the neutron flux, since the flux is averaged over each independent zone
that is each area in Figure 6.2a delimited by black lines. Notably, this choice has zero
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computational cost, as it involves only a geometric rotation and does not require additional
characteristic lines, and so additional computational time.

(a) Definitive X-Y layout. (b) Super-refined radial mesh.

Figure 6.2: Comparison between the definitive and super-refined APOLLO3® radial
meshes.

The other options tested were:

• Increasing the number of annuli from 1 to 2 inside the guide tube;

• Using 8 angular sectors in the fuel rods up to the outer crown3;

All results associated with these configurations confirmed that the mesh shown in Fig-
ure 6.2a is the convergent one, based on both keff and integrated reaction rates. Each
option was tested independently and compared against the reference mesh in Figure 5.1
and the definitive one in Figure 6.2a.

An attempt was also made to increase the number of fuel annuli by +1 and +2, from
the original value of 4 to better model the skin effect (spatial self-shielding) of thermal
reactors. This issues regards the fact that in thermal reactors, neutrons are born fast
within the fuel rod and are thermalized when exit and approach water. Then, they re-enter
in the fuel and fission occurs, but the first portion of the fuel encountered is the border
one, thus a higher fuel consumption in the border. For this reason, it is necessary to divide
fuel rods in annuli to correctly capture fuel depletion. Since the 4 crown configuration
was already convergent, these additional simulations were not further investigated.

3It is not evident in Figure 6.2a that the sectors start from the outer crown of the fuel to correctly model
the spatial self-shielding of a thermal reactor.
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Finally, a super-refined simulation (Figure 6.2b) was tested to definitively confirm
the convergence of the radial mesh reported in Figure 6.2a. The result confirmed the
assumption: the mesh in Figure 6.2a yielded keff = 1.296107 in 10:16:40, while the super
refined mesh produced keff = 1.296037 in 21:12:09, with a relative difference (taking the
latter as reference) of 5.4 pcm.

6.2. Serpent

To properly benchmark the TDT MOC-3D solver of APOLLO3® during depletion, a
series of simulations were performed by varying the number of axial layers. In principle,
increasing the number of axial layers allows Serpent to analyze more distinct burnup
zones, which generally leads to a more accurate estimation of the nuclear parameters.

It has to be noted that this test was not performed with APOLLO3® because the
work in [5] proved the convergence of the material layer axial mesh.

However, a finer axial mesh also results in a higher number of burnup zones, making
the simulation significantly more computationally demanding. As a consequence, given a
strict runtime limit of 3 days for the EDF HPC cluster (Cronos) for each simulation, the
neutron population must be reduced as the number of burnup zones increases; therefore,
the final reference configuration represents a compromise between these two competing
factors: achieving sufficient resolution for accurate keff estimation while maintaining
computational feasibility within the allowed time frame.

6.2.1. Axial mesh convergence

The link between the number of the axial layers and the number of burnup zones can
be retrieved by observing Figure 5.2: since there are 39 fuel rods (27 full and 12 halves)
divided in 4 different radial regions and 1 fission chamber rod (dark green at the bottom
left in Figure 5.2) without radial subdivision, the way to link the number of fuel axial
layers and the different burnup zones is the following:

BU_zones = 39× 4× Fuel_Axial_Layers+ 1× Fuel_Axial_Layers =

157× Fuel_Axial_Layers.
(6.2)

A total of 4 different axial meshes were tested and are reported in Table 6.5, where the
first row represents the material mesh and the fourth one, the CamiVVER stepmesh.
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Table 6.5: Parameters of Serpent simulations for axial mesh convergence where
n is the number of neutrons per batch and N the number of batches.

BU zones Fuel layers n / N (×103) set opti σ(keff) [pcm]

1099
(material mesh)

7 100 / 30 4 1.83

4082 26 200 / 9.5 4 2.29

7065 45 200 / 8 4 2.50

12089
(stepmesh)

77 200 / 6 2 2.89

There was a specific reason behind the choice of the axial meshes:

• 1099 (material mesh): it was chosen to start with the material mesh subdivision
because it is the coarser one. It has 9 different layers (Figure 5.4): 4 fissile fuel ones
without grids (white), 3 fissile fuel layers with the grids (dark gray) and 2 layers
for the reflectors (light gray), which, as already pointed out in Chapter 5, have a
different material composition;

• 4082 : it is a compromise between high accuracy (closest to material mesh) and
computational cost. The idea was to divide the grid layers in two zones each and to
progressively subdivide the other layers with finer layers closer to the fuel interfaces
and fuel-reflector interface. This can lead to a better representation of interface
discontinuities, where the neutron flux has steeper gradients, leading to steeper
variations of the total cross section during depletion. Thus, it is better to refine
those areas since each layer has a constant cross sections within. Figure 6.3 shows
the layer subdivided by dotted light gray lines;

Figure 6.3: Fuel rod axial subdivision in 26 axial layers.

• 7065 : it is the empirically-found4 limit for different burnup zones that Serpent
can process in set opti 4 (maximum optimization that allows variance reduction

4For example, 7222 different burnup layers are already too many, which is just one fuel layer more. The
problem is linked to an out of memory error, indeed set opti 4 allows Serpent to store less information
as explained in [36].
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techniques). The idea was still to better subdivide grids (3 layers) and set finer
layers close to fuel interfaces and fuel-reflector ones, as shown in Figure 6.4;

Figure 6.4: Fuel rod axial subdivision in 45 axial layers.

• 12089 (stepmesh): it was chosen to use a finer layering to check if the previous subdi-
vision gave a convergent solution. So, the idea was to use the CamiVVER Figure 6.5
stepmesh layering since it was used to compare TRIPOLI-4® and APOLLO3® dur-
ing depletion.

Figure 6.5: Fuel rod axial subdivision in 77 (stepmesh) axial layers.

Quick notes on how to read keff comparison graphs

Taking Figure 6.6 as a representative example, the plot features a dual y-axis layout
to simultaneously illustrate the reactivity evolution and the results of the convergence
study. The left y-axis indicates the values of keff ; the corresponding curves, which start
at approximately 1.3, represent the fuel depletion for each of the four configurations listed
in the legend (Table 6.6 explains how to properly read it). Due to the high degree of
agreement between the subdivisions, these four lines appear almost perfectly overlapped.
While, the right y-axis refers to the relative difference (∆k/k, as defined in Equation (6.1))
between each simulation and the reference case. These curves provide a direct measure of
the axial mesh convergence, quantifying the discrepancy in pcm as a function of burnup.
It should be noted that the x-axis actually represents GWd/tHM; this applies to all graphs
of this type.

Table 6.6: Explanation of Figure 6.6 legend symbols.

Label Fuel layers BU zones Line style

S2_ref 77 12089 Solid

S2_1 45 7065 Dashed

S2_2 26 4082 Dotted

S2_3 7 1099 Dash-dotted
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After having understood how to properly read the keff comparison graphs, one can ob-
serve the result in Figure 6.6 showing the evolution of keff for the 4 different axial mesh
configurations during burnup. It is clear that the configuration with 7065 burnup zones
(45 fissile layers) is the converged case. The criterion adopted to assess convergence was
that the relative difference in keff between two simulations had to fluctuate around zero,
and the keff values at the same burnup point had to lie within the corresponding 3σ

statistical error bars. In other words, the keff value of one configuration must fall within
the 3σ uncertainty interval of the other configuration at each burnup step. Where, for
relative difference, Equation (6.1) was applied and, here, kref

eff are the stepmesh ones, since
it is the axially finest.

Figure 6.6: Convergence of keff varying axial mesh.

It is interesting to highlight that already with the first refinement (26 layers) the relative
error with the finest one is not too significant. So, in case of computational cost limit, its
choice could be anyway well suited.

Furthermore, it should be noted that in Table 6.5 the neutron population, so the un-
certainty on keff , is not the same. As already explained, the precision of the simulations
has to be relaxed when the neutron population increases in order to contain the com-
putational cost increase. It was chosen to decrease the number of batches rather than
the neutron population because, in order to have a good statistics when the axial layers
become finer and finer, it is a wise choice to have a significant number of neutrons per
batch. This is also why it was chosen to double it when passing from the material mesh
to the axial mesh refinements. The inactive cycles always remained 300.
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Also the integrated capture and fission rates at zero burnup and at the end of the
calculation (60 100MWd/tHM) were checked to be sure the result was actually at con-
vergence.

6.2.2. Burnup mesh convergence

In order to obtain reliable results at convergence, a time-dependent study must be per-
formed. Specifically, an analysis of how the outcome varies when the burnup mesh is
modified. It should be noted that the results shown in Figure 6.6 adopt a burnup mesh
that is significantly different from the one implemented in CamiVVER, which was defined
as follows:

Listing 6.1: CamiVVER burnup mesh. Values are in MWd/tHM.

bu_mesh = [0.0, 40.0, 120.0, 200.0, 500., 800., 1100., 2600., 4100., 8100.,

12100., 16100., 20100., 30100., 40100., 50100., 60100.]

The burnup mesh used in Figure 6.6 is instead:

Listing 6.2: Burnup mesh at convergence. Values are in MWd/tHM.

bu_mesh = [0.0, 40.0, 120.0, 200., 500., 800., 1100., 2600., 4100., 6100.,

7100., 8100., 10100., 12100., 14100., 16100., 18100., 20100., 22100.,

24100., 26100., 28100., 30100., 32100., 34100., 36100., 38100., 40100.,

42100., 44100., 46100., 48100., 50100., 52100., 54100., 56100., 58100.,

60100.]

This mesh was initially derived from the CamiVVER one following a rule commonly
adopted in industry that limits step sizes to no more than 2000MWd/tHM; however,
the inclusion of the point at 7100MWd/tHM violates this rule. This exception was
made after observing that omitting this point caused a spike in the relative difference
at 8100MWd/tHM, with values exceeding the 3σ confidence interval. In the interest of
transparency, this observation was later found to be incorrect, but the additional step
did not affect the results presented in this master’s thesis since the mesh will be further
modified.

Comparing the two simulations, Figure 6.7a shows a significant discrepancy, where
S2_ref uses the mesh from Listing 6.2. The divergence clearly begins at 8100MWd/tHM,
reaching an astounding 2516.4 pcm at 40 100MWd/tHM. This behavior is likely due to
error propagation starting at 8100MWd/tHM. Note that whenever the "AP3-XPOL"
label is present in a graph (such as in Figure 6.7b, comparing the Serpent result with
the converged mesh against APOLLO3® with the CamiVVER mesh), it highlights that
APOLLO3® adopts axial polynomial expansions for both flux and cross sections.
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(a) Comparison of converged (S2ref ) vs.
CamiVVER burnup meshes (Listings 6.1
and 6.2).

(b) Comparison of Serpent results (converged
mesh, reference) vs. CamiVVER APOLLO3®

(Listings 6.1 and 6.2).

Figure 6.7: Analysis of the burnup mesh influence and code-to-code comparison.

To confirm that Listing 6.2 corresponds to a converged case, it must be compared with
both a coarser and a finer burnup mesh. For the finer mesh, an additional step was added
in between each one of Listing 6.2.

For the coarser mesh, as can be seen in the previous graphs, the largest deviations from
the CamiVVER mesh occur after 20 100MWd/tHM. Before this value, further reduction
in step size offers no benefit, as the mesh is already sufficiently coarse. Moreover, retaining
this level of refinement at low-burnup is important to accurately capture the behavior of
xenon and iodine. This ensures that even in a converged case, enough points are present
to allow a meaningful and fair comparison between the two codes.

To reduce computational time, the no-more-than-2000MWd/tHM rule was relaxed,
resulting in the mesh shown in Listing 6.3, which reduces the number of steps after
20 100MWd/tHM from 4 to 3 each set of 10 000MWd/tHM:

Listing 6.3: Burnup mesh with less steps. Values are in MWd/tHM.

bu_mesh = [0.0, 40.0, 120.0, 200., 500., 800., 1100., 2600., 4100., 6100.,

7100., 8100., 10100., 12100., 14100., 16100., 18100., 20100., 23400.,

26800., 30100., 33400., 36800., 40100., 43400., 46800., 50100., 53400.,

56800., 60100.]

It should be said that the fine and coarse runs were performed with different batches:
3000 and 2000 batches respectively, both with 200 000 neutrons per batch. Anyway, the
impact is just on the uncertainty on the keff and on the rates.

The coarse run had fewer batches because additional analyses were performed using
2000 batches of 200 000 neutrons each and a lower number of batches was necessary to
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speed up the simulations. Specifically, it was tested whether Listing 6.3 could be used by
increasing the predictor-corrector substeps from the original 3 and 5 to 10 for both.

Figure 6.8a shows the comparison between the simulation with double the burnup steps
(reference), Listing 6.2 (S2_1), Listing 6.3 with 10 predictor-corrector substeps (S2_2),
and Listing 6.3 with 3 and 5 substeps (S2_3).

(a) Testing the Listing 6.2 as the converged bur-
nup mesh.

(b) Comparison with (reference) and without
predictor-correctors.

Figure 6.8: Burnup mesh refinement benchmark and impact of numerical algorithms on
depletion accuracy.

From Figure 6.8a, it can be observed that Listing 6.2 shows a statistically low relative
difference compared to the finest mesh. In contrast, the simulations using Listing 6.3 does
not converge, regardless of the predictor-corrector substep configuration.

A counterintuitive behavior was observed for simulations (S2_2) and (S2_3): the one
with more predictor-corrector substeps (S2_3) was actually farther from the converged
reference than the one with fewer substeps (S2_2). This odd result could possibly be
explained by the fact that, when the burnup mesh is too coarse, the fluctuation between
steps becomes larger than what the predictor-corrector method can effectively smooth out.
In such cases, increasing the number of substeps might not help and could even worsen the
result because the method is trying to interpolate over a space that is too discontinuous.
Moreover, these odd convergence and instability cases were studied in [20–23] where it is
shown that the predictor-corrector stability is highly dependent on the system geometry
simulated, so no general assumptions can be drawn, as explained in Section 2.2.4.

Even though this is neither a complete nor exhaustive explanation, this very issue was
not further investigated since it falls outside the scope of this thesis.
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Other predictor-corrector studies were performed, each with 2000 batches and 200 000

neutrons per batch:

• Using Listing 6.2 without predictor-corrector;

• Using Listing 6.1 with 10 substeps for both predictor and corrector;

• Using Listing 6.1 with 20 substeps for both.

Figure 6.8b demonstrates that predictor-correctors are necessary, as the run using List-
ing 6.2 without them does not reach convergence.

It should be noted that although the relative differences are not extremely high, they
are sufficient to fall outside the 3σ confidence interval and are consistently biased toward
positive values, indicating that the run without predictor-correctors yields higher keff

values. Moreover, a noticeable spike appears at 40MWd/tHM, which aligns with findings
in [17], where it is shown that substeps are particularly effective for short-lived nuclides
such as xenon and iodine. Since the computational cost of implementing the number
of substeps is negligible, no further convergence study was performed to reduce them.
Additionally, as discussed in [17], using 3 and 5 substeps for predictor and corrector is
generally sufficient.

Figure 6.9a shows a comparison between the converged mesh Listing 6.2 and the
CamiVVER mesh under different predictor-corrector configurations: without (same curve
as in Figure 6.7b), with 10 substeps, and with 20 substeps.

It is evident that increasing the number of substeps improves consistency with Fig-
ure 6.7b, except at 30 100MWd/tHM and 40 100MWd/tHM, where the simulation with
10 substeps shows a larger relative difference than the one with fewer substeps. This
anomaly is likely due to the fact that these points exhibit the highest discrepancies, which
are affected by uncertainty propagation and correlation effects. This is a similar behavior
of Figure 6.8a and another possible explanation is that when the discrepancy between
simulations becomes too large, the assumption of linearity between predictor-corrector
steps breaks down. In such cases, increasing the number of substeps may not necessarily
improve convergence, as the system’s response becomes non-linear and more sensitive to
small perturbations. This could lead to unexpected behavior, such as larger deviations
despite finer temporal resolution. Further investigation would be needed to confirm this
hypothesis.
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(a) Comparison between the converged burnup
mesh Listing 6.2 and the CamiVVER mesh
Listing 6.1 under different predictor-corrector
configurations.

(b) Comparison between the converged burnup
mesh Listing 6.2 with 5 crowns per fuel rod
(reference) and 4 crowns per fuel rod (used in
all other simulations).

Figure 6.9: Sensitivity analysis of numerical parameters: impact of predictor-corrector
configurations and radial mesh refinement.

6.2.3. Radial mesh convergence

Analogously to the APOLLO3® case, the possibility of refining the radial discretization
of the fuel rods from 4 to 5 crowns was analyzed. The option of reducing the number of
crowns to 3 was not considered, since 4 radial crowns is generally regarded as the minimum
acceptable value at industrial level for UOX fuel rod modeling. This ensures sufficient
resolution to capture radial gradients in temperature, burnup, and isotopic composition.

Figure 6.9b shows the comparison in keff between the two configurations. The ref-
erence simulation uses 5 crowns and was run with 200 000 neutrons per batch and 2000

batches. It was chosen not to further increase the number of neutrons per batch since it
is already a substantial value.

However, since keff is an integrated quantity, it may be subject to error counterbalance;
therefore, to ensure the result’s robustness, in this case, both integrated reaction rates
and 2D cell-wise rates were analyzed. Figure 6.10 shows the integrated capture and fission
rates, respectively. It was chosen 54 000MWd/tHM because is the closest burnup step to
the end with the highest relative difference magnitude: -18.8 pcm.
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(a) Integrated fission rates. (b) Integrated capture rates.

Figure 6.10: Comparison between integrated fission and capture rates for a 5 fuel crown
convergent simulation (reference) and a 4 fuel crown one at 54 000MWd/tHM.

To further assess the impact of increasing the number of crowns, Figure 6.11 presents
the 2D cell-by-cell reaction rates for the layer closest to the midplane where the relative
error identified in Figure 6.10 is one of the highest. For a detailed explanation on how to
properly interpret this kind of graph, see Section A.2.

The discrepancies observed have a maximum value of about 1% (thus, lower ones
for the other layers and burnup steps) and, considering all layers, they fluctuate without
a clear trend, indicating that the 4-crown configuration is already sufficient for conver-
gence. Consequently, the use of 5 crowns, while slightly more accurate, does not justify
the additional computational cost. Indeed, adopting 5 crowns modifies the burnup zone
calculation in Equation (6.2) as follows:

BU_zones = 39× 5× Fuel_Axial_Layers+ 1× Fuel_Axial_Layers =

196× Fuel_Axial_Layers.
(6.3)

The bold term highlights the changes compared to Equation (6.2). With the reference
axial layer configuration, this results in 8820 burnup zones. Such a high number forces
Serpent to disable its best optimization mode, preventing the use of variance reduction
techniques and significantly increasing computational cost.
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(a) 2D pin-by-pin fission rate.

(b) 2D pin-by-pin capture rate.

Figure 6.11: Comparison between 2D pin-by-pin fission and capture rates for a 5 fuel crown
convergent simulation (reference) and a 4 fuel crown one for the fissile layers closest to
the center, at 54 000MWd/tHM.

6.3. UOX-Gd assemblies

Since each logical passage to get to the convergent solution was already explained in this
chapter, just the major differences will be presented for the UOX-Gd assembly, for the
sake of conciseness.

Two major UOX-Gd assembly configurations were studied, one with a total of 36
UOX-Gd rods (Figure 6.12a) and the other with just 8 (Figure 6.12b), as explained in
Chapter 5. The UOX-Gd rods shown in the pictures are the ones that have more radial
crowns to better model the skin effect. Each different color refers to an independent
burnup zone. First, the one with more gadolinium was analyzed.
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(a) 36 UOX-Gd assembly. (b) 8 UOX-Gd assembly.

Figure 6.12: 2D cross-sectional geometries of the analyzed UOX-Gd assemblies modeled
in Serpent.

6.4. APOLLO3®: 36 UOX-Gd rods assembly

For the 36 UOX-Gd assembly, a dedicated TDT parameter convergence study was omitted,
as the optimal settings identified for the UOX case were assumed to remain valid. Further
refinement would have resulted in a prohibitive computational cost as reported for the
UOX case. Consequently, the analysis proceeded directly to the radial mesh convergence
analysis to maintain a balance between precision and execution time.

6.4.1. Radial mesh convergence

The definitive radial mesh retrieved is presented in Figure 6.13, where the UOX-Gd rods
are clearly visible. It is interesting that, apart from the further refinement of the rods
with gadolinium, the radial mesh is the same as the UOX assembly one, without the grids
(Figure 6.2a).

The convergence was confirmed by checking the following refinements:

1. As Figure 6.13, but the angular sectors of the UOX-Gd rods arrive up to the inner
crown (instead of just at the outer crown). This choice was made to check if the
gadolinium absorption was analogously modeled;

2. The guide tubes have 16 angular sectors. In literature, for a 2D analysis, this choice
is usually adopted;

3. The guide tubes have one more radial crown inside the metal guide. Also this choice
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Figure 6.13: Definitive X-Y layout of the UOX-Gd 3D assembly calculation.

was found in literature for 2D analyses.

It has to be said that no other configurations were tested as the computational time was
already demanding: initial hints of not being able to perform a depletion simulation up
to 60GWd/tHM were quite clear.

Table 6.7 confirms the convergence for keff . The comparisons between integrated and
2D rates are omitted for the sake of conciseness.

Table 6.7: Radial mesh convergence analysis for the 36 UOX-Gd assembly. The
configuration numbers refer to the previous list.

Configuration Figure 6.13 (Ref.) 1 2 3

keff 0.91496 0.91493 0.91501 0.91497
Discrepancy [pcm] / -3 5 1

6.5. Serpent: 36 UOX-Gd rods assembly

Similarly to the UOX case, axial and burnup mesh convergence analyses were performed.

6.5.1. Axial mesh convergence

The tested axial meshes are presented in Table 6.8. It should be noted a lower precision in
terms of σ(keff ) with respect to Table 6.5 due to the fact that the gadolinium necessitates
the use of way more burnup steps than the UOX case to correctly model the steep gradient
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of neutron flux due to its high neutron capture cross section. This results in the need
of a relaxation of the precision, namely the batches. The neutrons per batch were not
changed since the UOX-Gd rods need a finer radial mesh subdivision (11 crowns each, a
subdivision used at industrial level), so the fuel crown width decreases with respect to the
UOX case (just 4 crowns) and it is better to have a good statistics for each batch in order
to be sure not to get results affected by too high uncertainties (for examples few neutrons
per batch hitting a small volume of a UOX-Gd crown). It should be remembered that this
configuration has an empty instrumentation channel on the bottom left (without fission
chamber).

Table 6.8: Parameters of Serpent simulations for the axial mesh convergence
analysis (UOX-Gd assembly).

BU zones Fuel layers n / N (×103) set opti σ(keff) [pcm]

2050 10 200 / 2 4 5.00

4100 20 200 / 2 4 5.00

6150 30 200 / 2 4 5.00

8200 40 200 / 1.5 2 5.77

Figure 6.14a shows the YZ cut at z = 0 for the 36 UOX-Gd rods case. The 4 layers of
the detector are clearly visible, as the empty instrumentation channel and the UOX-Gd
rods.

The choices for the layer subdivision followed the logic to use the material mesh 10
(fissile) and 4 (reflectors) and divide each fissile layer respectively in 2, 3 and 4. The
division by 2 and 3 allows to use Serpent in its best optimization mode while the one
by 4 needs set opti 2. Figure 6.14b, Figure 6.14c, Figure 6.14d and Figure 6.14e show
respectively the material mesh, division in 20, 30, and 40 fissile layers. As for the UOX
case, the reflector was not further subdivided.

The amount of independent burnable zones is retrieved analogously to Equation (6.2)
and reported in Equation (6.4):

BU_zones = 32× 4× Fuel_Axial_Layers+ 7× 11× Fuel_Axial_Layers =

205× Fuel_Axial_Layers.
(6.4)

The results are shown in Figure 6.15 where it is evident that the simulations with 20
and 30 fissile layers are already at convergence, while the material one shows significant
fluctuations. Anyway, it was not observed a significant difference in computational time
between the two simulations (hh:mm:ss): 2d-01:45:01 for the former, 2d-05:06:43 for the



74 6| Convergence analysis

(a) YZ cut of the 36 UOX-Gd as-
sembly.

(b) Material mesh.

(c) 20 axial layers.

(d) 30 axial layers.

(e) 40 axial layers.

Figure 6.14: UOX-Gd assembly modeling and mesh refinement: (a) global YZ section,
(b) initial material mesh, and (c-e) progressive axial discretization from 20 to 40 layers.

latter. Again, this could be due to the fact that different nodes in the EDF HPC clus-
ter have difference computational capabilities; anyway, the computational time needed
by the 30 fissile layer subdivision is manageable. Furthermore, in Chapter 7 it will be
also explained the need to reduce the burnup mesh length due to APOLLO3® compu-
tational problems in reaching the end of the simulation. Thus, analogously to the UOX
assembly case, it was chosen to study the finest Serpent configuration that allows its best
optimization mode (set opti 4).

Figure 6.15: Convergence of keff varying axial mesh for the 36 UOX-Gd assembly.
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6.5.2. Burnup mesh convergence

The results in Figure 6.15 are retrieved with the following burnup mesh (Listing 6.4):

Listing 6.4: Burnup mesh at convergence for the UOX-Gd assembly with 61 steps.
Values are in MWd/tHM.

bu_mesh =[0.0, 18.75, 112.500, 237.500, 500.000, 750.000, 1250.00, 1750.00,

2500.00, 3000.00, 3750.00, 4250.00, 5000.00, 5250.00, 5500.00, 5875.00,

6250.00, 6500.00, 6750.00, 7125.00, 7500.00, 7750.00, 8000.00, 8375.00,

8750.00, 9000.00, 9250.00, 9625.00, 10000.00, 10500.0, 11000.0,

11500.0, 12000.0, 13000.0, 14000.0, 15000.0, 16000.0, 17000.0, 18000.0,

19000.0, 20000.0, 22000.0, 24000.0, 26000.0, 28000.0, 30000.0, 32000.0,

34000.0, 36000.0, 38000.0, 40000.0, 42000.0, 44000.0, 46000.0, 48000.0,

50000.0, 52000.0, 54000.0, 56000.0, 58000.0, 60000.0]

It was derived from the one provided for APOLLO3® by the validation team of CEA,
written in Listing 6.5. It should be noted that, as in Listing 6.2, for the steps after
20 000MWd/tHM there are steps of maximum +2000MWd/tHM otherwise the conver-
gence is not achieved. Furthermore, with respect to Listing 6.2, there are finer steps
around 10 000MWd/tHM where the gadolinium contribution plays a significant role. In-
deed, with respect to Listing 6.5, Listing 6.4 has a burnup step in the middle of each one
between 5500MWd/tHM and 16 000MWd/tHM.

Listing 6.5: Burnup mesh of the validation team at CEA. Values are in MWd/tHM.

bu_mesh =[0.0, 18.75, 112.500, 237.500, 500.000, 750.000, 1250.00, 1750.00,

2500.00, 3000.00, 3750.00, 4250.00, 5000.00, 5500.00, 6250.00, 6750.00,

7500.00, 8000.00, 8750.00, 9250.00, 10000.00, 11000.0, 12000.0, 14000.0,

16000.0, 18000.0, 19000.0, 20000.0, 22000.0, 24000.0, 28000.0, 30000.0,

35000.0, 36000.0, 37500.0, 40000.0, 42000.0, 44000.0, 46000.0, 48000.0,

50000.0, 52000.0, 54000.0, 56000.0, 58000.0, 60000.0]

To benchmark the convergence of Listing 6.4, another burnup mesh was tested that con-
sisted in Listing 6.5 with the double the steps in between each original one. Figure 6.16a
proves that Listing 6.4 is the converged one. Indeed, before 5500MWd/tHM and after
16 000MWd/tHM, when there are the double of burnup steps that the ones in Listing 6.4,
the convergence holds, while in between these values, when there are half of the burnup
steps of Listing 6.4, the convergence fails.

In Figure 6.16a, S2_ref is the at-convergence one (Listing 6.4) while S2 is the one
retrieved by Listing 6.5 with the double of steps in between each original one.
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(a) Burnup mesh convergence (36 UOX-Gd as-
sembly).

(b) Radial crown convergence for the UOX-Gd
rods (36 UOX-Gd assembly).

Figure 6.16: Convergence analysis for the 36 UOX-Gd assembly: (a) burnup mesh and
(b) impact of radial fuel rod discretization (Listing 6.4).

6.5.3. Radial mesh convergence

It was chosen to test the refinement of the crown subdivision of UOX-Gd rods; not the
UOX ones since it has been already proved that there is no need of further refinement in
Figure 6.9b, Figure 6.10 and Figure 6.11.

The convergence of keff is further confirmed by the results illustrated in Figure 6.16b.
This figure presents an analysis comparing the reference configuration, which employs 12
radial crowns per UOX-Gd fuel rod, against the standard 11-crown discretization, both
utilizing the converged burnup mesh defined in Listing 6.4. For the standard UOX rods,
a 4-crown subdivision was maintained, consistent with the previous UOX assembly study.

To further analyze the effect on the rates, both integrated and 2D cell-by-cell were
studied. First, Figure 6.17 shows the integrated ones at 42 000MWd/tHM which is the
burnup step with highest discrepancies in Figure 6.16b with a value of 29.5 pcm. It is
evident that the relative errors for the capture rate in the outer reflector is the highest
one and this trend was observed also at burnup zero where the sign of the discrepancy
changed. This trend occurred also for the comparisons between other simulations, namely
the ones presented in Figure 6.15. This behavior is likely due to the fact that the capture
rate magnitude in the outer reflector layer is really low compared to the others and small
absolute difference results in a significantly high relative one. Furthermore, the intrinsic
statistical characteristic of a Monte Carlo code results in the presence of fluctuations that
are above all visible in high uncertainty areas, namely the ones with a lower neutron
population.
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(a) Integrated fission rates. (b) Integrated capture rates.

Figure 6.17: Comparison between integrated fission and capture rates with 12 crowns for
the UOX-Gd rods (reference) and with 11 UOX-Gd ones at 42 000MWd/tHM for the 36
UOX-Gd assembly. The UOX rods have 4 crowns, as in the UOX assembly case.

The study of the 2D cell-by-cell rates focused on the fissile layer closer to the inner reflector
because it has the highest relative difference in Figure 6.17. Two major patterns can be
observed in Figure 6.18:

• UOX-Gd rods have a higher capture and lower fission rates thanks to the presence
of gadolinium with respect to the UOX ones;

• There is not a visible trend on the UOX-Gd cells, sometimes the relative errors are
higher, other times lower, thus it is assumed a convergent situation already with 11
crowns.

Furthermore, the amount of independent burnable regions would become

BU_zones = 32× 4× Fuel_Axial_Layers+ 7× 12× Fuel_Axial_Layers =

212× Fuel_Axial_Layers.
(6.5)

This means that, with 30 axial layers, the would be 6360 and still allows Serpent to be
used with its best optimization mode (set opti 4).

The simulation with 12 crowns for the UOX-Gd rods was run with 200 000 neutrons
per batch and 2000 batches as the other UOX-Gd ones.
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(a) 2D pin-by-pin fission rate.

(b) 2D pin-by-pin capture rate.

Figure 6.18: Comparison of 2D fission and capture rates at 42 000MWd/tHM between
12-crown (ref.) and 11-crown UOX-Gd rod discretizations.

6.6. 8 UOX-Gd rods assembly

For what concerns the 8 UOX-Gd fuel rods assembly, the same burnup and radial meshes
of the 36 UOX-Gd case were adopted both for APOLLO3® and Serpent.

This choice was related to the poor depletion results obtained for the 36 UOX-Gd
rods comparison (as will be explained in Chapter 7). Thus, adopting the same meshes
for a case with less gadolinium, so with weaker flux gradients, implies that the results are
for sure at convergence and allow a significant amount of time saving, since no time was
invested in performing a further convergence analysis.
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depletion benchmark
After the convergence analyses for both codes, the first full depletion simulation com-
parison was performed without using isotopic mixtures in the self-shielding routine, as
for CamiVVER. This choice was made because preliminary tests revealed that including
mixtures would cause the simulation time to become unreasonably long. This observation
led to an optimization of the self-shielding options, which will be detailed later in this
chapter.

It has to be said that all depletion simulations of APOLLO3® have been launched on
the CEA cluster Orcus due to the 3-day time limit on the EDF one Cronos. Indeed, the
computation time is nearly 10 days.

Figure 7.1 presents the first depletion benchmark results obtained in this thesis.

Figure 7.1: First full depletion benchmark result of the APOLLO3® code against Serpent.

The result is substantial: with a maximum relative difference of 287.3 pcm at
60 100MWd/tHM, the APOLLO3® calculations can be considered benchmarked for the
purposes of this work; however, two noteworthy observations can be made from Figure 7.1:
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• A local error is visible at the very beginning, specifically at 40MWd/tHM and
120MWd/tHM, where the relative differences are 59.7 pcm and -86.3 pcm, respec-
tively. This may suggest that APOLLO3® requires additional intermediate burnup
steps in this range1.

• The relative difference remains below 20 pcm (except for the aforementioned points
and the zero-burnup step) up to 20 100MWd/tHM which shows a relative difference
of 39.4 pcm. Beyond this point, it increases progressively. This is hypothesized to
be caused by differences between the two codes in the isotopic depletion chains or
in their energy deposition models.

Additionally, the integrated reaction rates at zero burnup were analyzed, as shown in
Figure 7.2.

(a) Integrated fission rates. (b) Integrated capture rates.

Figure 7.2: Comparison between integrated fission and capture rates of Serpent (reference)
and APOLLO3® at zero burnup.

It is clear that the largest discrepancies occur in the outer reflector region, and this differ-
ence remains among the highest throughout the depletion. This suggests that the neutron
flux in APOLLO3® may not have reached convergence in this region, indicating that a re-
finement of the reflector layer should be investigated (even if, as pointed out in Chapter 6,

1This is certainly not due to Serpent, since Figure 6.8a already demonstrated convergence with twice as
many burnup steps.
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[5] proved the convergence of APOLLO3® with the axial material mesh, but the TDT
parameters were different). In light of these considerations, Serpent and APOLLO3®

underwent slight modifications with respect to the parameters chosen according to the
analyses reported in Chapter 6.

7.1. APOLLO3®

As previously mentioned, the following aspects were investigated in better detail:

• Self-shielding optimization: evaluation of the use of mixtures and which energy
group range should be chosen in order to optimize the whole self-shielding treatment;

• Burnup mesh refinement: verification of whether a refined burnup mesh could reduce
the fluctuations observed for the very first burnup steps;

• Reflector layer subdivision: assessment of whether further subdivision of the reflector
region could reduce the discrepancies observed in the outer reflector layer;

• Energy deposition model: investigation of the possibility of adopting the same energy
deposition model in both codes and evaluating whether differences in this aspect
could lead to divergent isotopic concentration evolutions.

7.1.1. Self-shielding optimization

First, it was verified that the use of mixtures with the default self-shielding options does
not affect the results2 , as illustrated in Figure 7.3.

Therefore, even though Figure 7.1 presents an APOLLO3® configuration without
mixtures (contrary to common practice), its results can still be considered reasonably
accurate3; nevertheless, an attempt was made to implement mixtures by improving the
original self-shielding options to those usually adopted for the verification and validation
activities on APOLLO3®.

It has to be said that all APOLLO3® simulations presented in this work differed from
the original CamiVVER self-shielding configuration, which consisted of:

• Self-shielding, for fissile layers, only the following isotopes were involved: 239Pu,
240Pu, 241Pu, 242Pu, 234U, 235U, 236U, 238U, and 90Zr (in this exact order), and only
90Zr for reflector layers. Thus, plutonium isotopes were treated before uranium
isotopes, a non-optimal choice given uranium’s higher abundance in the fuel;

2The simulation stops at 46 000MWd/tHM because it reached the maximum allowed time limit on the
CEA cluster Orcus (14 days).

3There is no reason to assume a divergent behavior beyond 46 000MWd/tHM.
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Figure 7.3: Partial (up to 46 000MWd/tHM) depletion result of the APOLLO3® code
without self-shielding mixtures benchmarked against Serpent.

• No isotopic mixtures were implemented;

• A slowing-down model set to ST ("STatistical") was used, which assumes a statis-
tical distribution of narrow resonances within each group.

For this work, 238U was prioritized, followed by plutonium isotopes, as uranium’s greater
atomic density outweighs the epithermal resonance importance of plutonium.

Then, from now on, the presented results will have an optimized mixture of the four
main fissile isotopes: 238U, 235U, 239Pu, 240Pu, as recommended by the literature. Ad-
ditional nuclides were included for self-shielding in grid and reflector layers: 50Cr, 52Cr,
53Cr, 54Cr, 117Sn, 119Sn, 54Fe, 56Fe, 57Fe, and 58Fe. The slowing-down model was switched
to TR ("Toute Résonance") for the mixture, which accounts for all resonance shapes and
is considered more accurate, albeit slower, than ST.

While these modifications offer a computational advantage, restricting the self-
shielding options to validated energy ranges, following CEA internal validation proto-
cols, resulted in significant time savings. Consequently, the overall cost of the depletion
simulation was not substantially affected, remaining well within the 14 day limit.
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7.1.2. Burnup mesh refinement

Due to the initial fluctuation noticed in Figure 7.1, an attempt to refine APOLLO3® was
carried out. Considering the first three burnup steps (MWd/tHM):

0.0 40 120 (7.1)

It was tried to add:

• 2 steps before 40MWd/tHM, and 1 within 40MWd/tHM and 120MWd/tHM;

• 1 step before 40MWd/tHM, and 2 within 40MWd/tHM and 120MWd/tHM;

• 1 step before 40MWd/tHM;

• 1 step within 40MWd/tHM and 120MWd/tHM;

• 1 step before 40MWd/tHM, and 1 within 40MWd/tHM and 120MWd/tHM;

The last option resulted yet in converged results, bringing the discrepancies with Serpent
at 40MWd/tHM and 120MWd/tHM from 59.7 pcm and -86.3 pcm to just -2.2 pcm and
-1.9 pcm respectively, as shown in Figure 7.4a. So, the final burnup mesh for APOLLO3®

has also 20MWd/tHM and 80MWd/tHM as further burnup steps.

(a) APOLLO3® mesh refinement zoom (up to
200MWd/tHM).

(b) 135Xe concentration vs. burnup
(2D fuel cell).

Figure 7.4: Analysis of the initial burnup phase: benchmark of the APOLLO3® mesh
refinement and evolution of 135Xe.

This is a quite interesting result because it shows that the two codes perform in a different
way. This discrepancy is probably related to a different treatment of the xenon isotopes



84 7| APOLLO3® - Serpent depletion benchmark

which are really relevant at the very beginning of a depletion simulation due to their high
absorption cross section for thermal neutrons.

For example, for 135Xe, σ(n,γ) = 2.778Mb at 0.0253 eV as reported by the Japan
Atomic Energy Agency (JAEA). Indeed, even a small change in its composition leads to
a steep change in the neutron flux. That is why, usually, the burnup meshes present a
finer arrangement at the beginning to correctly capture the 135Xe contribution that at
low burnup reaches the equilibrium condition, as shown in Figure 7.4b. This result is
obtained from a 2D fissile cell retrieved from the UOX assembly analyzed in this thesis
with reflective boundary conditions. The grid was not modeled in this simplified test case.
Definitively, if xenon is the primary driver of this discrepancy, it can be said that Serpent
outperforms APOLLO3®. Anyway, this aspect was no further studied since the goal was
just to find a convergent solution.

7.1.3. Reflector layer subdivision

A series of studies were conducted by varying the subdivision of both the inner and
outer reflectors. Each reflector material layer was equally divided into either two or three
segments, and the results are reported in Table 7.1.

Table 7.1: Refinement of the axial reflector in APOLLO3® with respect to the
CamiVVER material mesh choice (zero burnup).

No. of Layers

Outer Refl. Inner Refl. keff Time

1 1 1.296 15 9:59:00
1 2 1.296 24 15:59:16
1 3 1.296 21 11:29:00

2 1 1.296 22 11:04:27
2 2 1.296 25 16:35:20

3 1 1.296 29 1d 22:08:28
3 3 1.296 26 17:06:16

It should be noted that the "no-subdivision" case (first row in Table 7.1) does not employ
the same radial mesh as in Figure 7.1 and Figure 7.3, but rather the one in Figure 6.2a.
In the former cases, the guide tubes are modeled with only four sectors, an initial choice
to reduce computational cost; however, this was later replaced with the Figure 6.2a con-
figuration, because, as explained in Chapter 6, combining just four sectors with the sector

https://wwwndc.jaea.go.jp/cgi-bin/Tab80WWW.cgi?lib=J40&iso=Xe135
https://wwwndc.jaea.go.jp/cgi-bin/Tab80WWW.cgi?lib=J40&iso=Xe135
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rotation option leads to mismatches between fuel cell and guide tube sectors at their
interfaces. These results also incorporate the modifications described in Section 7.1.1.

From Table 7.1 and the integrated rate analysis, the "no-subdivision" case slightly
reduces the relative difference with Serpent, lowering it from 39.4 pcm (in Figure 7.1) to
34.2 pcm. In contrast, reflector refinement slightly increases keff and thus the relative
difference. This is probably due to the fact that the reflector is better modeled, which
in turn affects the behavior of reflected neutrons and consequently impacts the fissile
layers; nevertheless, integrated rate comparisons show a significant improvement when
both reflectors are subdivided into two or three layers, as illustrated in Figure 7.5.

(a) Copy of Figure 7.2b. Re-
ported here just for clarity.

(b) Reflectors divided into 2

equally spaced layers.
(c) Reflectors divided into 3

equally spaced layers.

Figure 7.5: Comparison between integrated capture rates of Serpent (reference) and
APOLLO3® at zero burnup with different reflector discretizations.

Figure 7.5 clearly shows that refining both reflectors significantly reduces discrepancies
with Serpent; however, subdividing only one reflector while leaving the other unchanged
consistently led to worse results, regardless of the refinement level. The related graphs
are not reported here, for the sake of conciseness. This trend suggests that refining one
reflector influences the other, and convergence is achieved only when both are subdivided.
This also indicates that previous results, both in this work and in the CamiVVER project,
were likely not fully converged with respect to reflector meshing; however, the impact on
keff remained small due to the much lower neutron importance in the reflector compared
to fissile layers.
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In conclusion, the subdivision into two layers was selected, as it yields a relative
difference below 1%, removing the reflector as the largest source of discrepancy. Although
the three-layer option further improves the integrated rate agreement, the increase in
computational time is not justified.

7.1.4. Energy deposition model

This topic warrants a dedicated section, as it represents a key turning point in this
benchmark study. It is discussed in detail in Section 7.4.

7.2. Serpent

An initial attempt to improve Serpent results, compared to those in Chapter 6, involved
changing one parameter. Although this adjustment introduces a slight bias with respect
to Chapter 6, the overall reasoning and conclusions of that chapter remain valid. The
parameter modified is

• set ures 1 0.0

This option enables sampling from the unresolved resonance probability tables regardless
of the initial isotopic atomic fractions. By default, Serpent applies a threshold of 10−9,
as detailed in the Serpent Wiki, meaning that unresolved resonance treatment is only
activated for nuclides with concentrations above this limit. Setting it to zero removes this
threshold to ensure maximum theoretical accuracy.

It was verified that including or omitting this correction does not cause statistically
significant differences, as shown in Figure 7.6. The simulation with set ures 1 0.0

used 200 000 neutrons per batch and 3000 batches, yielding a statistical uncertainty of
approximately σ ≃ 4.1 pcm.

In addition, integrated reaction rates were compared to ensure consistency with the
results presented in Appendix A. Notably, TRIPOLI-4® does not apply a threshold analo-
gous to Serpent’s default unresolved resonance cutoff; therefore, using set ures 1 0.0 in
Serpent better aligns with TRIPOLI-4 treatment. The integrated reaction rates between
TRIPOLI-4® and Serpent (with set ures 1 0.0) did not show statistically significant
discrepancies. The new Serpent simulation was run with 100 000 neutrons per batch and
100 000 batches to reach the same precision as the simulations of Appendix A. The keff

resulted in 1.295 73 with an uncertainty of 0.44 pcm, which is completely within statistical
fluctuations with respect to the result in Table A.1.

https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual#set_ures
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Figure 7.6: Comparison of the burnup mesh convergence Listing 6.2 between Serpent runs
with set ures 1 (reference) and set ures 1 0.0.

7.3. New burnup mesh

The subsequent 3D full assembly depletion simulations presented in this thesis use a
slightly modified burnup mesh compared to the one defined in Listing 6.2:

Listing 7.1: Final burnup mesh for the UOX assembly (Serpent). Values are in
MWd/tHM. A total of 38 steps.

bu_mesh = [0., 40., 120., 200., 500., 800., 1000., 2500., 4000., 5500., 7000.,

8500., 10000., 12000., 14000., 16000., 18000., 20000., 22000., 24000.,

26000., 28000., 30000., 32000., 34000., 36000., 38000., 40000., 42000.,

44000., 46000., 48000., 50000., 52000., 54000., 56000., 58000., 60000.]

Basically, the +100MWd/tHM incremental step beyond 20 000MWd/tHM was removed
in favor of an increasing step size, with the exception of a +200MWd/tHM step be-
tween 800MWd/tHM and 1000MWd/tHM. This choice avoids breaking the previ-
ously established pattern in CamiVVER (since the two steps before 800MWd/tHM

were +300MWd/tHM, thus a +100MWd/tHM step here would have resulted in
10 100MWd/tHM). The steps prior to 800MWd/tHM were kept unchanged to maintain
a strictly increasing step size without significantly altering the burnup mesh in Listing 6.2,
thus preserving the validity of the convergence analysis from Chapter 6. Tests confirmed
that removing the +100MWd/tHM steps after 20 000MWd/tHM does not affect con-
vergence. Consequently, the definitive burnup mesh adopted for APOLLO3® is (with
20MWd/tHM and 40MWd/tHM):
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Listing 7.2: Final burnup mesh for the UOX assembly (APOLLO3®). Values are in
MWd/tHM. A total of 40 steps.

bu_mesh = [0., 20., 40., 80., 120., 200., 500., 800., 1000., 2500., 4000.,

5500., 7000., 8500., 10000., 12000., 14000., 16000., 18000., 20000.,

22000., 24000., 26000., 28000., 30000., 32000., 34000., 36000., 38000.,

40000., 42000., 44000., 46000., 48000., 50000., 52000., 54000., 56000.,

58000., 60000.]

Figure 7.7 presents the full depletion benchmark of APOLLO3® against Serpent incor-
porating all the corrections discussed in this chapter.

Figure 7.7: Full depletion benchmark of APOLLO3® against Serpent with the optimiza-
tions described in this chapter.

Since this represents the nearly final result, Serpent’s statistical uncertainty from Monte
Carlo sampling was further reduced by repeating the simulation ten times and averaging
the outcomes. This approach, using different random seeds for each run, provides a way to
control the statistical uncertainty originating from the Monte Carlo neutronics. Indeed,
within a single simulation, each batch is not completely independent from the previous
one. For example, if by statistical coincidence a cluster of neutrons forms near a fissile
region in an isolated, uniform, 3D axially infinite fuel rod, this influences the next batch,
which observes a higher neutron flux in that area and consequently a higher fission rate
leading to a fictitious result. Conversely, the expected physical outcome is a uniform
flux, given the axial infinity of the rod. This correlation between batches becomes even
more significant in depletion calculations, where such errors can propagate over time,
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potentially leading to completely incorrect results.
With respect to Figure 7.1, Figure 7.7 reports a clear improved result for the early

burnup, while there is still an issue for the latter part of the depletion mesh that is
addressed in the next section.

7.4. Decay chain and energy deposition model

As introduced at the beginning of this chapter, the discrepancy observed after
20 000MWd/tHM in Figure 7.1, Figure 7.3, and Figure 7.7 may be attributed to the
following factors:

• Differences between the decay chains adopted in APOLLO3® and Serpent;

• Differences in the energy deposition models implemented in the two codes.

A dedicated test was performed: a 2D cell was extracted from a fissile cell without grid
from the 3D UOX assembly studied in this thesis4. The study is reported in Appendix B
and shows that the primary cause of the disagreement is the difference in the energy
deposition models between the two codes. Thus, the following results reported with
Serpent have the set U235H 193.7201 card and for APOLLO3® the results were retrieved
with a code version that considers only local energy deposition for a fission event. This
choice allows the two codes to treat the energy deposition similarly during a fission event.

Since the 2D simulation gave a real improvement, the whole assembly 3D test was
carried out as shown in Figure 7.8. The outcome was obtained by averaging Serpent
results over 20 independent runs (each with 4000 batches and 200 000 neutrons each and
300 inactive cycles, yielding σ(keff ) = 3.5 pcm).

The comparison shows a generally low relative error, exceeding only 100 pcm be-
tween 20 000MWd/tHM and 40 000MWd/tHM with a peak of about 140 pcm at
30 000MWd/tHM. Figure 7.9 shows the relative discrepancy on the radially integrated
fission and capture reaction rates per unit length. Here, gray bars centered at zero relative
error represent the 3σ Monte Carlo statistical absolute uncertainty. These slight change
in graph representation (rates per unit length and the uncertainty bars) were adopted to
present this work results in a conference paper [40] (with the same title of this thesis)
for PHYSOR 2026, the International Conference on the Physics of Reactors, in April, in
Turin. The largest relative errors occur in the first two active layers near the reflectors
(the second being a grid) for both fission and capture, while the remaining layers exhibit
much smaller discrepancies.

4The results presented in Figure 7.4b originate from this Serpent simulation.
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Figure 7.8: Full 3D UOX assembly depletion benchmark of APOLLO3® against Serpent
(reference) with the correct energy deposition model.
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(a) Integrated fission rates.
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(b) Integrated capture rates.

Figure 7.9: Comparison between integrated fission and capture rates of Serpent (reference)
and APOLLO3® at 60 000MWd/tHM with the new energy deposition model.

Pin-wise reactions rates were also analyzed in each layer, but they are not shown here for
conciseness. The maximum discrepancies reached 2.9% for fission and 4.8% for capture
in the first grid layer, consistent with what shown in Figure 7.9. Figure 7.10 reports
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instead the pin-wise distribution of the relative error on the axially integrated5 one-group
reaction rates at 60 000MWd/tHM: the maximum discrepancy is lower than 0.1% for
the fission rate and around 0.15% for the capture one, while the mean discrepancy is ten
times lower for the latter (for the former, it is almost null due to the renormalization
explained in Appendix A). For both rates, the statistical uncertainty is 3σ ≈ 0.2%.

(a) 2D pin-by-pin axially integrated fission rate.

(b) 2D pin-by-pin axially integrated capture rate.

Figure 7.10: Comparison of 2D fission and capture axially integrated rates at
60 000MWd/tHM.

It is clear that, with these final options, the benchmark of the TDT MOC-3D solver of
APOLLO3® against Serpent for a UOX assembly can be considered completed. The last
concern regards the remaining keff deviations that are most likely due to differences in
evolution chains implemented in the two codes.

5Also the choice of axially integrating the 2D rates was made to present this work at PHYSOR 2026 as in
a single graph the whole 3D geometry data are condensed.
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7.5. Gadolinium assembly

The comparison between Serpent and APOLLO3® at zero burnup for the 36 UOX-Gd fuel
assembly already shows a significant discrepancy in terms of keff (-467.2 pcm where Ser-
pent (reference) gives 0.919 26 with an uncertainty of 4.1 pcm and APOLLO3® 0.914 96),
that is reflected on the rates (Figure 7.11).

(a) Fission rate. (b) Capture rate.

Figure 7.11: Comparison between integrated fission and capture rates of Serpent (refer-
ence) and APOLLO3® at zero burnup for the 36 UOX-Gd fuel assembly.

This really significant difference at zero burnup leads to an even larger relative differences
in depletion, as reported in Figure 7.12a. It has to be said that these graphs were retrieved
prior to the change in energy deposition model of the two codes.

Furthermore, it can be noticed that the simulation finishes at 9625MWd/tHM without
reaching the normal end at 60 000MWd/tHM. The problem is linked to the slowness of
APOLLO3® that took 14 days (the time limit for Orcus HPC cluster at CEA) to arrive
just to 9625MWd/tHM. Just to have an idea, Figure 7.12b illustrates how Serpent models
the full depletion simulation for the 36 UOX-Gd assembly.
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(a) APOLLO3® vs. Serpent (up to
9625MWd/tHM) for the 36 UOX-Gd case.

(b) Full depletion Serpent simulation (up to
60 000MWd/tHM).

Figure 7.12: Depletion analysis of the 36 UOX-Gd assembly: benchmark comparison up
to 9625MWd/tHM (left) and full reference evolution performed by Serpent (right).

These problems lead to a change of strategy for this study and important choices were
made:

• Stop the analysis of the results before 60 000MWd/tHM for the two codes. This
means that the precision of Serpent could be increased; in fact, the new simula-
tions had been run with 200 000 neutrons per batch (as for the previous ones) and
4000 batches. The inactive cycles remain 300 and the uncertainty on keff becomes
3.54 pcm. The ideal case would be to end at 20 000MWd/tHM because after that
value, all the gadolinium quantity is practically consumed, so the assembly behaves
like a UOX one, which was already benchmarked in Section 7.4;

• The 8-rod UOX-Gd assembly is directly analyzed since the results with the 36 one
are too poor to expect a great improvement with the new energy deposition model.
The hope is to reduce the discrepancies above all at zero burnup and also dur-
ing depletion, and to reach 20 000MWd/tHM by reducing the assembly complexity.
Moreover, the new energy deposition model is implemented to obtain a better agree-
ment between the two codes.

As already explained in the end of Chapter 6, this change of assembly does not need a
new convergence analysis because, since it has less gadolinium, convergence is assured
if the 36-rod one converged. In Figure 7.13 the benchmark between APOLLO3® and
Serpent for the 8 UOX-Gd assembly is reported up to 5875MWd/tHM, to better focus
on the region with higher discrepancies. Serpent results are averages over 15 independent
simulations. It can be noted that the highest relative difference (in absolute value) is
at 750MWd/tHM with a value of -753 pcm. Conversely, in Figure 7.12a, the highest
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discrepancy is still at the same step, but it is about -1100 pcm. Furthermore, it can be
noted that there is a strong fluctuation concerning the first three burnup steps for both
graphs: the second relative error is considerably higher than the first and third ones, while
after the first three, the trend seems not fluctuating.

Figure 7.13: APOLLO3® vs. Serpent (up to 5875MWd/tHM) for the 8 UOX-Gd case
with the new energy deposition model.

(a) Fission rate. (b) Capture rate.

Figure 7.14: Comparison between integrated fission and capture rates of Serpent (refer-
ence) and APOLLO3® at 5875MWd/tHM for the 8 UOX-Gd fuel assembly.
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Moreover, Figure 7.14 illustrates the relative discrepancy on the radially integrated fis-
sion and capture reaction rates per unit length. The outermost reflector mesh shows a
relative error > 3% (in absolute value), but the ones close to the core can be considered
satisfactory. Besides, absorption and fission in the fissile region are also acceptable, with
just one layer that has values slightly greater than 1%.

Additionally, Figure 7.15 shows the pin-wise distribution of the relative error on the
axially integrated reaction rates at 5875MWd/tHM. It is clear that the cell with the
UOX-Gd rod is the one with a lower fission rate and a higher capture one with respect to
the other fissile cells, due to the presence of gadolinium. It is also the one with different
relative error trends: the fission discrepancy is clearly higher than the other rods and it
can be noted that the nearby cells seem to be affected by it, showing a slightly higher error
than the average. Regarding capture, in the figure it seems to have a zero discrepancy
but it has a slightly negative value while the other cells show a positive error.

It is clear that, the implementation of the new energy deposition model and decreasing
the quantity of gadolinium in the core from 36 to 8 UOX-Gd rods increases the agreement
between APOLLO3® and Serpent; nevertheless, the discrepancies are still significant
(above all in the UOX-Gd cells), thus the implementation of the LS method in the radial
plane is needed.
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(a) 2D pin-by-pin axially integrated fission rate.

(b) 2D pin-by-pin axially integrated capture rate.

Figure 7.15: Comparison of 2D fission and capture axially integrated rates at
5875MWd/tHM for the 8 UOX-Gd assembly.
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The eventual transition to high-performance, one-step core calculations necessitates on-
going improvements of deterministic neutron transport solvers. The recent evolution of
the TDT (Two-Three Dimensional Transport) solver within the APOLLO3® framework
represents a significant milestone toward this goal. The Method of Characteristics (MOC)
was extended to three dimensions and implemented axial polynomial expansions for both
neutron flux and macroscopic cross sections, reducing computational cost while preserving
accuracy with respect to more traditional approaches.

This master’s thesis is positioned as a continuation of the CamiVVER project that had
the objective to benchmark the TDT MOC-3D solver of APOLLO3® against TRIPOLI-
4® for a standard PWR UOX assembly. For this reason, this work aims to improve the
results by benchmarking APOLLO3® against Serpent that has better depletion capabil-
ities than TRIPOLI-4®. Furthermore, this work was extended to assemblies with 8 and
36 UOX-Gd rods in order to assess the robustness of APOLLO3® regarding gadolinium
concentration.

For the UOX assembly study, the result revealed a good agreement between the two
codes: the discrepancy in keff is very small throughout depletion, with a peak of about
140 pcm at 30 000MWd/tHM. The relative errors on one-group fission and capture rates
are excellent as well, remaining within 0.5% in the most important axial layers, when
considering the radially integrated rates, and even below 0.15% when considering the
axially integrated ones. The remaining keff deviations are most likely due to differences
in depletion chains implemented in the two codes; a non-negligible difference was found
in the 148Nd concentration, a typical burnup indicator, during depletion for a simplified
2D single fissile cell test case. This discrepancy indicates that there could be the buildup,
and later the consumption, of different isotopic amounts. There is also a minor error due
to the fact that Serpent cross sections are at 600K thus an interpolation is needed to
study the system at 624K.

Regarding the gadolinium cases, the poor results revealed the need for the Linear Sur-
face MOC method on the radial plane due to the high neutron capture cross section of
the gadolinium isotopes that causes steep flux gradients which are not well represented
by the solver. Furthermore, APOLLO3® necessitates a significant amount of time to



98 8| Conclusions and perspectives

process the calculations, preventing the calculation from reaching 60 000MWd/tHM. In-
deed, the comparison between the two codes for the 36 UOX-Gd case arrived at about
10 000MWd/tHM and shows peaks of relative difference in terms of keff greater than
1000 pcm, in absolute value. In contrast, for the 8 UOX-Gd assembly, the keff discrep-
ancy drops with values not greater than -753 pcm. Clearly, higher gadolinium content
reduces APOLLO3® precision, making the LS method essential.

Regarding future perspectives, for the UOX case, a further subdivision of the first two
fissile layers near the reflectors in APOLLO3® could be explored to reduce the discrep-
ancies observed in the integrated fission and capture rates. Furthermore, the differences
in the depletion chains between the two codes should be investigated to assess their im-
pact and determine if the discrepancies can be further reduced. Regarding the gadolinium
cases, the focus should be on implementing the LS method within the APOLLO3® frame-
work, both to improve agreement and to reduce computational costs.

In addition, a further benchmark would involve the study of a MOX assembly. Testing
the ability of the APOLLO3® TDT MOC-3D solver to model MOX assemblies is essential,
as recycling spent nuclear fuel to partially close the nuclear fuel cycle has become a topic
of primary interest in the industrial fission reactor field. An analysis varying the MOX
fuel quantity, similar to the UOX-Gd approach, could also be investigated. A positive
benchmark would push towards a better modeling of MOX assemblies that have a well-
known peculiar bias for the axial power distribution near reflector layers [41]. Indeed,
deterministic codes fail to accurately estimate the local overpower phenomenon, resulting
in a dangerous underestimation of power peaks. Utilizing an axial expansion for both
neutron flux and macroscopic cross section is likely to diminish this bias.

Finally, a study adopting different isothermal temperatures, or a more realistic distri-
bution within the assembly materials, could be a valuable further test. The former would
assess the agreement between the two codes in cases where APOLLO3® interpolates cross
sections while Serpent does not (for example, by imposing 600K for the whole assembly);
this would avoid Serpent interpolation errors encountered in this work. The latter could
impose, for instance, 900K for the fuel and 600K for other materials, thereby resembling
a more realistic scenario.

Once the APOLLO3® TDT MOC-3D solver has been successfully benchmarked, mul-
tiparametric libraries for macroscopic cross sections at the lattice level could be generated.
This step represents the fundamental link between high-fidelity assembly calculations and
the core solvers employed in the EDF industrial code suite.

The findings of this work are summarized in a conference paper [40] that will be
presented in PHYSOR 2026, the International Conference on the Physics of Reactors, in
April, in Turin.
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zero-burnup mismatch
All calculations presented in this chapter were performed using version 4.12.1 (December
2024) of TRIPOLI-4®.

The neutron population used for criticality assessments was determined based on the
number of neutrons per batch, as already addressed in Section 4.3.1. According to best
practices outlined in [30], a population of 104 neutrons per batch is generally sufficient for
assembly-level simulations; however, a higher value of 105 neutrons per batch was selected
in this study. This increase was found to be computationally manageable and beneficial
for statistical accuracy, especially considering the fuel column is subdivided into four
concentric regions. A larger neutron population ensures adequate sampling even in such
small geometrical regions. The number of batches was set to 105 to achieve a statistical
uncertainty of approximately 1 pcm on the effective multiplication factor keff , as can be
estimated with Equation (4.18). To ensure convergence of the neutron source distribution,
300 inactive cycles were used, well above the 100 cycles recommended in [30]. This con-
servative choice was motivated by the nature of the initial batch, which assumes a uniform
neutron distribution across the entire system. As a result, neutrons may initially appear
to be born in non-fissile regions such as reflectors, water, or cladding. The early cycles are
therefore essential to allow the system to evolve toward a physically meaningful source
distribution. Since the computational cost difference between 100 and 300 inactive cycles
is negligible, the more robust configuration was adopted, as illustrated in Figure A.1. The
simulation configuration described here corresponds to the case reported in Table A.1.

A known discrepancy between TRIPOLI-4® and Serpent, previously reported in [42],
was also observed in this work. The values obtained are shown in Table A.1, and con-
sistent with the findings in [42]. Theoretically, this discrepancy should not occur since
different neutronics Monte Carlo codes should give the same results, starting from the
same nuclear data libraries, within a certain uncertainty, which does not occur here, as
reported in Table A.1. It presents the values of keff and their uncertainty (σT4) obtained
with TRIPOLI-4®, as well as the corresponding uncertainty (σS2)1 for Serpent.

1The 2 in S2 stands for the fact that the Serpent version in use is the 2.2.1 one.
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Figure A.1: Convergence of keff with respect to the number of inactive cycles. The
simulation here corresponds to the result presented in Table A.1.

Table A.1: TRIPOLI-4® - Serpent zero-burnup keff . All the σ results are in pcm.

TRIPOLI-4® σT4 Serpent σS2 ∆k εk ερ

1.297 27 1.2 1.295 72 0.44 154.8 119.5 92.1

For ∆k, εk and ερ, Equation (A.1), Equation (6.1) and Equation (A.2) were used, where
kref
eff is the TRIPOLI-4® one and keff the Serpent one. This means that TRIPOLI-4®’s

keff is consistently higher.

∆k = keff − kref
eff , (A.1)

ερ =
1

kref
eff

− 1

keff
=

keff − kref
eff

kref
eff × keff

. (A.2)

The relative differences between the integrated fission and capture rates across the nine
material layers were analyzed. To ensure consistency, these rates were normalized with
respect to the total fission rate per burnup step over the entire 3D domain. Specifically,
for each burnup step, the total fission rate of the fuel assembly was computed indepen-
dently for each code, and both the fission and capture rates were divided by this value.
As a consequence of this normalization, the relative difference between the integrated
fission rates over the full 3D domain is, by definition, always zero; however, when the
same normalization is applied to the capture rates, the resulting relative difference re-
flects approximately reflects the discrepancy in keff , since keff is an integrated quantity
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that depends on both neutron production and absorption. It should be noted that this
normalization approach does not yield exactly the same result as Equation (6.1), because
neutron leakage is also implicitly included in the capture rate normalization. Moreover,
the difference between the keff relative difference and the 3D integrated capture rate
discrepancy cannot be directly attributed to neutron leakage alone. This is only valid if
both codes treat all other aspects identically, namely neutron production from fission and
(n,xn) reactions; therefore, the integrated capture rate discrepancy was used as an indi-
cator to identify potential inconsistencies or modeling issues between the two codes. This
approach yielded a discrepancy of 259.9 pcm in the simulations presented in Table A.1.

The comparison of integrated fission and capture rates over the nine material layers in-
dicates that Serpent systematically overestimates the capture rates relative to TRIPOLI-
4®, as shown in Figure A.2.

(a) Fission rate (b) Capture rate

Figure A.2: Comparison between TRIPOLI-4® (reference) and Serpent integrated fission
and capture rates at zero burnup.
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(a) Integrated fission rate

(b) Integrated capture rate

Figure A.3: Comparison between TRIPOLI-4® (reference) and Serpent integrated fission
and capture rates at zero burnup with two anergy groups.
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To investigate whether the discrepancy in capture rates was linked to a specific neutron
energy range, a two-group analysis was carried out, as shown in Figure A.3. The energy
groups used in this analysis correspond to thermal and fast neutrons, with boundaries
defined as [1.1 × 10−10, 6.25 × 10−7, 19.6403] MeV. It is important to say that all one-
group reaction rates were calculated over the energy range [1.1× 10−10, 19.6403] MeV. In
contrast, the CamiVVER study used a slightly different range of [1×10−10, 19.6403] MeV.
This adjustment was made to align with the energy range used in APOLLO3®, which
starts at 1.1 × 10−10MeV. As a result, the TRIPOLI-4® simulations in CamiVVER
introduced a small bias due to this discrepancy that was corrected in the present master’s
thesis.

From Figure A.3, it can be observed that the fast energy group is primarily responsible
for the capture rate behavior seen in Figure A.2. In contrast, the thermal group exhibits
both a lower magnitude and an opposite sign in fissile layers, particularly those closest to
the inner reflector. Regarding fission rates, as previously discussed in this chapter, the 3D
integrated fission rate, when normalized by the total fission rate (as done in this thesis),
must sum to zero across all energy groups; therefore, if the discrepancies in one energy
group are consistently positive, those in the other group must be negative to maintain
the overall balance.

A.1. TRIPOLI-4® and Serpent options

In order to better understand this odd behavior, a series of tests were carried out, also
combining different option choices. Table A.2 shows the new TRIPOLI-4® results ob-
tained by changing the related options addressed in Chapter 4. Where:

• keff surf : obtained using the surfacique geometry;

• keff SV T : obtained using the SVT technique;

• keff notabprob: obtained without unresolved table probability sampling;

• keff both: obtained using both SVT and without unresolved table probability sam-
pling.

Table A.2: TRIPOLI-4® zero-burnup keff . All the σ results are in pcm.

keff surf σsurf keff SV T σSV T keff notabprob σnotabprob keff both σboth

1.297 26 2.1 1.296 11 1.2 1.297 12 1.2 1.295 99 1.2
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All simulations except the one using the surfacique geometry were performed with the
ROOT geometry (also the value reported in Table A.1).

From Table A.1 and Table A.2, several conclusions can be drawn. First, the discrep-
ancy between TRIPOLI-4® and Serpent at zero burnup is not caused by the choice of
geometry (surfacique vs. ROOT). The relative difference between the two geometries
(surfacique taken as reference) is

εk = −1.3 pcm. (A.3)

This is well within three times the combined uncertainty:

3σA−B = 7.32 pcm, (A.4)

where the combined uncertainty is calculated as:

σA−B =
√
σ2
A + σ2

B, (A.5)

with A and B being two independent measurements affected by uncertainty.
Therefore, TRIPOLI-4® provides consistent results at zero burnup, within a reason-

able uncertainty margin, which is reassuring for the validity of the simulations. Moreover,
it can be observed that the application of the SVT method and the removal of unre-
solved resonance probability sampling both contribute to a reduction in the keff value.
Specifically, the relative differences with respect to the reference value in Table A.1 are ap-
proximately -89.1 pcm and -11.3 pcm, respectively. When both modifications are applied
simultaneously, the total relative difference becomes

εkboth = −98.7 pcm. (A.6)

If keff both is compared to the Serpent result (taken as reference), the relative difference is

εkS2
= 20.6 pcm, (A.7)

which is significantly lower than the initial discrepancy of 119.5 pcm in Table A.1.
As the Serpent result reported in Table A.1 is lower than the TRIPOLI-4® one, it is

good practice to investigate which TRIPOLI-4® option reduces keff and brings it closer
to the Serpent value. Similarly, it is useful to identify which Serpent options increases its
keff to better match TRIPOLI-4®. For this reason, an additional set of simulations was
performed, varying several Serpent parameters, as presented in Table A.3.
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Table A.3: Serpent zero-burnup keff . All the σ results are in pcm.

keff tms σtms keff notabprob σnotabprob keff both σboth

1.295 63 0.44 1.295 63 0.46 1.295 62 0.45

It can be observed that both options that involve the removal of the unresolved resonance
probability sampling, and adoption of the TMS, lead to a similar reduction in keff . In
fact, their relative difference with respect to the reference value (reported in Table A.1,
obtained using the tmp card) is approximately:

ϵk ≃ −7.0 pcm. (A.8)

Interestingly, when both options are applied simultaneously, the resulting keff remains
statistically unchanged compared to the individual cases. This suggests that the effects
of the two options do not add up, and may even interfere with each other. Although this
behavior warrants further investigation, it falls outside the scope of this master’s thesis,
and no additional studies were conducted.

Regardless, both options result in a decrease in keff , thereby increasing the discrepancy
with the TRIPOLI-4® value. Specifically, when comparing the keff values obtained
without unresolved probability table sampling, the relative difference between Serpent
and TRIPOLI-4® (taking the latter as the reference) is:

εk = −115.2 pcm. (A.9)

This value is very close to the initial discrepancy reported in Table A.1, indicating that
this option is not responsible for the observed mismatch.

It has to be also specified that the Serpent simulations were performed using the
same neutron population per batch (100 000), the same number of batches (100 000), and
300 inactive cycles; however, the reported uncertainties σ are not equal to the expected
0.71 pcm as predicted by Equation (4.18). This deviation is likely due to the variance
reduction techniques implemented in Serpent, explained in Section 4.2.1. Moreover, the
uncertainty values are not consistent across simulations, showing slight variations likely
attributable to statistical fluctuations. Each simulation was run with one node and 48

processors of the high performance computer (HPC) cluster of EDF R&D, Cronos, taking
on average 25 hours.
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A.1.1. Serpent Vivian Salino’s IRSN library

In order to better assess the possibility of reducing discrepancies between the two codes,
an enhancement of the previously cited study [42] was conducted. Specifically, the impact
of using an updated nuclear data library [43] was evaluated, in comparison to the one used
in [42]. Both libraries were generated by Vivian Salino at the Institut de Radioprotection
et de Sûreté Nucléaire (IRSN) and are based on the JEFF-3.1.1 evaluation. The key
difference between the two libraries lies in the correction of an indexing issue for metastable
isotopes in the Serpent .xsdata file. Specifically, the last digit of each isotope identifier
should be "1" if the isotope is metastable. This correction is crucial, as absorbers such
as 148mPm, which play a significant role during depletion, were not properly accounted
for in the first library due to incorrect indexing; however, the updated IRSN library still
contains only 306 isotopes, whereas the modified Serpent library includes 76 additional
isotopes2. For instance, 152Gd, which is part of the burnable absorber composition in
PRATIC’s fuel assembly and has a significant impact on depletion, is missing. For this
reason, the IRSN library was not tested in depletion simulations nor in the UOX-Gd
case. Additionally, the cross section and thermal scattering data for hydrogen in water
are provided at different temperatures in the IRSN library (Table A.4) compared to the
default Serpent one (Table 4.1). Since the simulations are performed at an isothermal
temperature of 624K, using the IRSN library introduces interpolation errors in both the
S(α, β)H2O thermal scattering data and the isotopic cross sections.

Table A.4: Available temperatures for nuclide cross sections and S(α, β)H2O

thermal scattering law data in Vivian Salino’s IRSN library.

Data Type Temperatures [K]

Cross Sections 293, 550, 900, 1000, 1200, 1999

S(α, β) 294, 324, 374, 424, 474, 524, 574, 647, 800

Using the IRSN library, the Serpent simulation yielded the following result:

keff IRSN = 1.296 90, with σIRSN = 0.44 pcm. (A.10)

This corresponds to a relative difference of 91.1 pcm compared to the original Serpent
result and -28.4 pcm compared to the TRIPOLI-4® one both in Table A.1, representing

2This number can also be inferred by considering that the default JEFF-3.1.1 library for Serpent includes
433 isotopes, checking Table 4.2, and recalling that 253Cf is retained.
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a significant improvement. Furthermore, when compared to keff notabprob in Table A.2, the
relative difference is reduced to -17.1 pcm.

For this reason, the same set of Serpent options explored in Table A.3 was re-evaluated
using the IRSN library, as presented in Table A.5.

Table A.5: Serpent zero-burnup keff with Vivian Salino’s IRSN library. All
the σ results are in pcm. Also the keff with its uncertainty presented in
Equation (A.10) was included.

keff IRSN σIRSN+tms keff IRSN+tms σIRSN+tms

1.296 90 0.44 1.296 74 0.46

keff IRSN+notabprob σIRSN+notabprob keff IRSN+both σIRSN+both

1.296 75 0.44 1.296 74 0.45

First of all, a similar trend can be observed when using TMS or disabling the unresolved
resonance probability table sampling: both lead to a decrease in keff , approximately
12 pcm each; however, this reduction is slightly larger in magnitude compared to the
≈ −7.0 pcm previously observed. This indicates that the behavior of reducing keff

is consistent across both libraries and aligns with the TRIPOLI-4® case (≈ -11 pcm);
therefore, the use of TMS consistently increases the discrepancy between the two codes.
For this reason3, TMS was no longer used in this document.

Regarding the unresolved probability table sampling, since its effect is again a con-
sistent decrease in keff of similar magnitude, there is no justification for disabling this
feature, which is physically more accurate.

Furthermore, comparing Table A.3 and Table A.5, a similar trend is observed when
both options are applied simultaneously: the effects do not sum up but result in statisti-
cally equivalent values.

What is more, an interesting result emerges when comparing keff SV T in Table A.2 or
the TRIPOLI-4® keff in Table A.1 with keff IRSN in Table A.5. The relative differences
are 60.8 pcm and -28.4 pcm respectively (TRIPOLI-4® is the reference in Equation (6.1)).
Unfortunately, these discrepancies remain statistically significant, and Serpent does not
support the SVT technique, preventing a direct comparison; nevertheless, it is evident
that the use of the IRSN Vivian Salino’s library significantly improves Serpent’s results.

In conclusion, a 2D cell-by-cell rates analysis was also performed, comparing the in-
dividual fission and capture rates of the fuel assembly in the XY plane between the two

3Actually, as explained in [35], the use of TMS increases the computational time, so it was another reason
to use the Serpent Doppler-broadening preprocessor with the tmp card in depletion simulations.
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codes. Figure A.4 presents both comparisons for the first fissile layer (the one closest to
the inner reflector), which, as shown in Figure A.2, exhibited some of the highest discrep-
ancies. While no clear pattern (a trend consistent across all layers) could be identified in
the fission rate comparisons, a more evident tendency emerged in the capture case. As
illustrated in Figure A.5 and similarly observed in the other fissile layers, which are not
reported here, it appears that the relative errors in the guide tubes and the instrumenta-
tion channel are lower and of opposite sign compared to those in the fuel rods. The other
layer comparisons are omitted for the sake of conciseness.

Anyway, since the topic of this chapter was not the main focus of this master’s thesis,
it was not further investigated, even though the notable TRIPOLI-4®–Serpent mismatch
at zero burnup deserves a deeper analysis. Even if this analysis or further ones would
still lead to an open question, the main culprit could be the difference in the two codes
at an intrinsic level, namely different choices of algorithms, approximations, numerical
cancellations, and so on.

An important disclaimer that must be provided regards the 2D cell-by-cell graphs
concerning TRIPOLI-4® results with the ROOT geometry. Indeed, this choice radially
simulates the whole assembly, not just 1/8. This means that to retrieve these graphs
with values for each cell, an average was performed. In principle, one should consider
the correlation between cells, since their values are correlated (if one neutron interacts
in one cell then does not interact in the other). Of course, this correlation increases the
uncertainty on the average values but is hard, if not impossible, to retrieve mathematically.
For this reason, the correlation was not considered and the formulas shown in this work
did not change for the sake of simplicity. One should consider that the uncertainties
reported are actually slightly higher.

Finally, one should remember that Serpent does not have nuclear cross section data at
624K for the JEFF-3.1.1 library, contrary to TRIPOLI-4® that adopts CEAV-514 library
data. For this reason, Serpent has to utilize Doppler-broadening preprocessor from 600K

to 624K, thus introducing interpolation errors. One possible way to avoid it is to adopt
ENDF/B7.1 nuclear data library, thanks to which both Serpent and TRIPOLI-4® have
cross sections data at 624K.
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(a) 2D pin-by-pin fission rate

(b) 2D pin-by-pin capture rate

Figure A.4: Comparison between 2D pin-by-pin fission and capture rates for the fissile
layer closest to the inner reflector between Serpent and TRIPOLI-4® (reference) at zero
burnup.

Figure A.5: Comparison between 2D pin-by-pin capture rates for the third fissile layer (it
has not the grid) between Serpent and TRIPOLI-4® (reference) at zero burnup.
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A.2. Interpretation of 2D cell-by-cell graphs

The 2D cell-by-cell graphs necessitate more comments on how they should be read and
the information that could be retrieved from them. For this explanation, Figure A.4 is
taken as reference:

• The left graph contains the normalized rates for the reference code used in the
simulation with three times its absolute uncertainty right below each value. Both
order of magnitudes are written in the title of each graph;

• The one on the right presents the relative errors between the two codes with three
times their uncertainty right below the values, evaluated with Equation (A.11),
where A and Aref represent the rates.

1

A2
ref

√
A2

ref × σ2
A + A2 × σ2

Aref
; (A.11)

• The one on the right presents also the average relative error µ, its standard deviation
std(µ) and the minimum and maximum relative errors for the layer;

• It can be noted from the graphs on the left that the more the cells are far from the
center of the assembly (instrumentation channel) the more the rates diminish. This
is easily observable thanks to the fission rates graph since they change color from a
red tonality (greater than the average) to a blue tonality (lower than the average).
It is also visible in the capture rates graph where the red vividness diminishes;

• The cells closest to the guide tubes have higher rates, both for capture and fission.
This is due to the fact that the guide tubes contain more water, thus the thermal-
ization is the highest and thermal neutrons are better captured and better induce
fission by the closest fuel cells;

• The missing cells in the fission graph are the guide tube (no fissile material) and
the instrumentation channel. The choice to exclude the latter was linked to the
reason that the fissile quantity is negligible with respect to the one in the fuel cells
(see Section A.3), thus the fission rate would be too low (so it would affect the
graph colormap visualization) and too uncertain. This is an analogous reason for
the choice not to display the water blade cells and the water corner.

Equation (A.11) is derived from the general expression [44] reported in Equation (A.12),
where f = f(x1, x2, . . . , xN) and x1, x2, . . . , xN are uncorrelated quantities.
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σf =

√√√√ N∑
i=1

(
∂f

∂xi

σi

)2

. (A.12)

Knowing that the relative error between two quantities is evaluated as Equation (6.1),
where keff and keff ref could be generally seen as A and Aref , the derivation follows as4:

σrel. err =

√(
∂f

∂A
σA

)2

+

(
∂f

∂Aref

σAref

)2

=

√√√√( 1

Aref

σA

)2

+

(
− A

A2
ref

σAref

)2

=

√
1

A2
ref

σ2
A +

A2

A4
ref

σ2
Aref

=

√
A2

ref × σ2
A + A2 × σ2

Aref

A4
ref

=
1

A2
ref

√
A2

ref × σ2
A + A2 × σ2

Aref
.

(A.13)

4Of course the uncertainty on Equation (6.1) is the same as A
Aref

since −1 has not uncertainty.
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A.3. Assembly characteristics and material composi-

tions

If the reader is interested in the specifications of the assemblies studied and their relative
isotopic compositions, in the following tables the main parameters are reported.

Table A.6: UOX analyzed configuration characteristics (1/8 radially).

Parameter Value
Fuel rods per assembly 39
Guide tubes 5
Instrumentation channel 1 (with fission chamber)
Axial reflector layers 2 (different material)
Fuel axial layers (with grid) 3
Fuel axial layers (without grid) 4
Fuel rod crown subdivision 4
Cell pitch 1.26 cm
Fuel radius 0.4103 cm
Cladding and Gap thickness 647µm
Grid thickness 300 µm
Guide tube thickness 646 µm
Fission Chamber radius 0.3805 cm
Water Blade thickness 400 µm
Temperature of all materials 624K
Uranium mass enrichment 3.7%
Power density 5.4× 10−2 kW/g
Final burnup step 60 100MWd/tHM

Table A.7: 36 and 8 UOX-GD configuration characteristics (1/8 radially).

Parameter 36 UOX-Gd 8 UOX-Gd

UOX / UOX-Gd rods 32 / 7 31 / 1
Uranium mass enrichment 3.5wt% 2.5wt%

Guide tubes / Instr. channel 5 / 1
Axial refl. layers / Fuel axial layers 4 / 10
UOX / UOX-Gd crown subdivision 4 / 11
Cell pitch / Fuel radius 1.2618 cm / 0.4107 cm
Gap / Cladding thickness 79 µm / 571µm
GT thickness (instr. / standard) 460µm / 410 µm
Water Blade thickness 403.5µm
Material Temperature / Power density 624K / 2.473× 10−2 kW/g
Gd2O3 content / Final burnup 8wt% / 60 100MWd/tHM
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Table A.8: UOX assembly material composition [1024/cm3].

Iso Dens Iso Dens Iso Dens Iso Dens

Fuel (Total ≈ 6.8570× 10−2)
16O 4.5713× 10−2 234U 7.3767× 10−6 235U 8.5611× 10−4 236U 1.3699× 10−6

238U 2.1992× 10−2 239Pu 2.2750× 10−8 240Pu 2.2655× 10−9 241Pu 2.2561× 10−9

242Pu 2.2468× 10−9

Cladding & Gap (Total ≈ 3.8082× 10−2)
90Zr 3.7606× 10−2 117Sn 1.7621× 10−4 119Sn 1.9604× 10−4 54Fe 2.7105× 10−6

50Cr 1.6634× 10−6 52Cr 3.2078× 10−5 53Cr 3.6369× 10−6 54Cr 9.0540× 10−7

56Fe 4.2136× 10−5 57Fe 9.6474× 10−7 58Fe 1.2863× 10−7 14N 1.9142× 10−5

Metal (Guide Tubes) (Total ≈ 4.2853× 10−2)
90Zr 4.2318× 10−2 117Sn 1.9829× 10−4 119Sn 2.2060× 10−4 54Fe 3.0501× 10−6

50Cr 1.8718× 10−6 52Cr 3.6097× 10−5 53Cr 4.0926× 10−6 54Cr 1.0188× 10−6

56Fe 4.7416× 10−5 57Fe 1.0856× 10−6 58Fe 1.4475× 10−7 14N 2.1540× 10−5

Thermowell (Total ≈ 2.3470× 10−2)
90Zr 2.3177× 10−2 117Sn 1.0860× 10−4 119Sn 1.2082× 10−4 14N 1.1797× 10−5

54Fe 1.6705× 10−6 50Cr 1.0252× 10−6 52Cr 1.9770× 10−5 53Cr 2.2415× 10−6

54Cr 5.5802× 10−7 56Fe 2.5969× 10−5 57Fe 5.9459× 10−7 58Fe 7.9278× 10−8

235U 4.6118× 10−8

Water (Total ≈ 6.6311× 10−2)
1H 4.419× 10−2 16O 2.2095× 10−2 10B 5.2061× 10−6 11B 2.0567× 10−5

Inner Reflector (Total ≈ 1.432 33× 10−1)
1H 7.1806× 10−2 16O 3.5903× 10−2 90Zr 3.4632× 10−2 117Sn 3.3051× 10−4

119Sn 3.6770× 10−4 14N 3.5831× 10−5 50Cr 3.1200× 10−6 52Cr 6.0166× 10−5

53Cr 6.8216× 10−6 54Cr 1.6982× 10−6 54Fe 5.0839× 10−6 56Fe 7.9033× 10−5

57Fe 1.8095× 10−6 58Fe 2.4127× 10−7

Outer Reflector (Total ≈ 9.0399× 10−2)
1H 3.4012× 10−2 16O 1.7006× 10−2 90Zr 3.8677× 10−2 117Sn 2.6092× 10−4

119Sn 2.9028× 10−4 14N 2.8287× 10−5 50Cr 2.4630× 10−6 52Cr 4.7498× 10−5

53Cr 5.3852× 10−6 54Cr 1.3406× 10−6 54Fe 4.0134× 10−6 56Fe 6.2391× 10−5

57Fe 1.4285× 10−6 58Fe 1.9047× 10−7
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Table A.9: 36 UOX-Gd assembly material composition [1024/cm3].

Iso Dens Iso Dens Iso Dens Iso Dens

UOX Fuel [ρ = 10.1711 g/cm3] (left) & UOX-Gd Fuel [ρ = 9.8003 g/cm3] (right)
16O 4.5377× 10−2 234U 4.8143× 10−6 16O 4.4133× 10−2 234U 4.2677× 10−6

235U 5.7429× 10−4 236U 2.6305× 10−6 235U 5.0908× 10−4 236U 2.3319× 10−6

238U 2.2107× 10−2 238U 1.9597× 10−2 152Gd 5.2100× 10−6

154Gd 5.6790× 10−5 155Gd 3.8554× 10−4

156Gd 5.3325× 10−4 157Gd 4.0769× 10−4

158Gd 6.4709× 10−4 160Gd 5.6946× 10−4

Metal (Cladding and Guide Tubes) [ρ = 6.5215 g/cm3]
90Zr 2.1733× 10−2 96Zr 1.1827× 10−3 116Sn 6.9750× 10−5 50Cr 3.2818× 10−6

91Zr 4.7393× 10−3 120Sn 1.5629× 10−4 117Sn 3.6842× 10−5 52Cr 6.3287× 10−5

92Zr 7.2442× 10−3 122Sn 2.2210× 10−5 118Sn 1.1619× 10−4 53Cr 7.1762× 10−6

94Zr 7.3413× 10−3 124Sn 2.7775× 10−5 119Sn 4.1207× 10−5 54Cr 1.7863× 10−6

50Sn 4.6532× 10−6 54Fe 8.6321× 10−6 57Fe 3.1294× 10−6 16O 3.0692× 10−4

114Sn 3.1661× 10−6 56Fe 1.3551× 10−4 58Fe 4.1647× 10−7 115Sn 1.6310× 10−6

Gap [ρ = 1.6× 10−3 g/cm3] (first 2 iso.) & Water [ρ = 0.726 83 g/cm3] (others)
4He 2.4044× 10−4 3He 4.8089× 10−10 1H 4.8606× 10−2 16O 2.4303× 10−2

Reflector Mix [ρ = 7.9181 g/cm3]
16O 1.3332× 10−2 56Fe 2.4191× 10−2 58Ni 2.4968× 10−3 50Cr 3.4177× 10−4

57Fe 5.5869× 10−4 60Ni 9.6175× 10−4 1H 2.6663× 10−2 52Cr 6.5908× 10−3

58Fe 7.4351× 10−5 61Ni 4.1806× 10−5 53Cr 7.4734× 10−4 54Fe 1.5411× 10−3

55Mn 7.8365× 10−4 62Ni 1.3330× 10−4 54Cr 1.8603× 10−4 28Si 4.2414× 10−4

29Si 2.1536× 10−5 64Ni 3.3947× 10−5 30Si 1.4196× 10−5
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B.1. Decay chain

Regarding the decay chain, the APOLLO3® code always employed in this thesis a reduced
decay chain called ch_CEAV2005_V3c; however, it is also possible to perform calculations
using a more complete one, referred to as DecayData_CEAV2005_V3. The primary differ-
ence between these two datasets lies in their isotope content: DecayData_CEAV2005_V3

includes 157 isotopes in the Chain folder, whereas ch_CEAV2005_V3c contains 154. The
three additional isotopes are 153Gd, 165Dy, and 131mTe, which are not tracked by Serpent.

Moreover, DecayData_CEAV2005_V3 provides fission yield data for 64 fissile isotopes,
compared to 26 in ch_CEAV2005_V3c; however, the 38 additional isotopes for which fission
yields are included do not appear in the Chain dataset. Since these isotopes are neither
present in the initial composition nor produced through decay or transmutation in the
considered chains, they do not manifest during simulations. Consequently, their fission
yield data are irrelevant for this work. These isotopes are also absent from JEFF-3.1.1,
further confirming their lack of contribution to results.

Therefore, the only genuine isotope differences between the two libraries are the pres-
ence of 153Gd, 165Dy, and 131mTe; however, it is peculiar that 153Gd appears since it is not
part of JEFF-3.1.1.

The choice to avoid a full 3D assembly depletion study was driven by the computational
cost of additional depletion calculations, including isotopic concentration studies. It was
observed that using Serpent’s set depout 3 option in the 3D case dramatically increased
computational time1. This is because set depout 3 instructs Serpent to write burnable
material compositions to depletion output files separated by the div card (for 4 crowns
here), significantly increasing output volume and file printing time (see Serpent Wiki).

Given this, and that set depout 2 (used in the 3D simulations here) writes isotopic
concentrations without division into crowns, set depout 3 could increase computational
time up to nearly eightfold in the worst case; therefore, it may be useful to disable this
option (set depout 0) when isotopic concentration output is not essential.

1"Dramatically" refers to the near doubling of computational time each increase in axial refinement. Hence,
this option was abandoned for 3D simulations.

https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual#set_depout
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Alternatively, the set deppara card can be used to limit depletion output to specific
variables (e.g., atomic densities only), reducing output size and computation time (see
Serpent Wiki).

Three depletion simulations were run using the burnup mesh in Listing 6.22 on a 2D
fissile cell without grid of the UOX assembly:

• Serpent;

• APOLLO3® with ch_CEAV2005_V3c;

• APOLLO3® with DecayData_CEAV2005_V3.

First, it was confirmed that 153Gd concentration remained zero throughout the simulation,
since precursor isotopes necessary for its formation are absent from the decay chain.

Thus, the only meaningful difference between the two chains lies in 165Dy and 131mTe,
unless there are differences in fission yields, branching ratios, or decay constants data
which were not verified due to limited accessibility within EDF and because the accessible
data are stored in a non-human-readable format without comprehensive documentation.
No published comparison of these parameters for the two datasets was found.

Next, the keff comparison between Serpent and APOLLO3® for both de-
cay chains is shown in Figure B.1. Interestingly, the APOLLO3® results with
DecayData_CEAV2005_V3 align more closely with Serpent, despite including the two ad-
ditional isotopes. Although this may seem advantageous, it actually represents a bias,
since Serpent does not track 165Dy and 131mTe; therefore, results with ch_CEAV2005_V3c

remain the more consistent choice.

(a) ch_CEAV2005_V3c. (b) DecayData_CEAV2005_V3.

Figure B.1: Comparison of keff between Serpent and APOLLO3® using two different
decay data libraries.

2This burnup mesh differs from Listing 7.1 and Listing 7.2 since these tests were performed before the
final burnup mesh was established.

https://serpent.vtt.fi/mediawiki/index.php/Input_syntax_manual#set_deppara
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Furthermore, at the end of the simulation (60 100MWd/tHM), the discrepancy with
Serpent for APOLLO3 using ch_CEAV2005_V3c is about 300 pcm, similar to that observed
in Figure 7.1, Figure 7.3, and Figure 7.7. This consistency further confirms the correctness
of the 3D simulations.

An analysis of isotopic concentration evolution was also performed for all isotopes
present and produced during fission, capture, and transmutation processes (a total of
143) in the whole active fuel (not crown by crown). Some relevant isotopes (135I, 135Xe,
235U, 239Pu are shown in Figure B.2.

The selected isotopes were chosen due to their influence on keff (235U and 239Pu), their
abundance (238U), and their impact on reactivity early in the simulation (135I and 135Xe).

From this set of images, it is evident that APOLLO3® results with
DecayData_CEAV2005_V3 generally show better agreement with Serpent than those with
ch_CEAV2005_V3c, consistent with previous observations for keff . This confirms the ef-
fect of including or excluding 165Dy and 131mTe in the decay chain. Notably, 165Dy has
a high thermal neutron absorption cross section (on the order of 103 barn [45]), which
could reduce keff and explain the improved agreement. By contrast, 131mTe has negligi-
ble capture cross sections and likely does not significantly influence results. Anyway, it
is reported [45] that the influence on reactivity by these two isotopes is below 0.01% at
60 000MWd/tHM. This is a suggestion that probably the two decay chains are different
also for fission yields, branching ratios, or decay constants and should be checked in a
future work.

In any case, regardless of the APOLLO3® decay chain used, a significant discrepancy
with Serpent remains. This difference is further examined and substantially reduced for
the 2D case in the following section.
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Figure B.2: Comparison of isotopic concentrations between Serpent and APOLLO3®

using ch_CEAV2005_V3c (left) and DecayData_CEAV2005_V3 (right).
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B.2. Energy deposition model

First of all, a possible explanation for the observed discrepancy after 20 000MWd/tHM

could be linked to the energy deposition model. This hypothesis arises from the relative
errors observed in the capture rates within the guide tubes. Indeed, choosing for example
the values at zero burnup for the results in Figure 7.1, a straightforward pattern can be
identified by observing the capture rates for the first fissile layers, the closest to the inner
reflector, shown in Figure B.3, as already observed in Appendix A for Figure A.5. It is
clear that the relative errors in the guide tubes are again lower in absolute value than the
other ones.

Figure B.3: Pin-by-pin fission and capture rates for the first fissile layer at zero burnup
correspondent to the results in Figure 7.1.

This pattern does not occur for the layers with grids, probably the discrepancies are
dominated by another effect that is greater in magnitude since the integrated rates are
higher for those layers. The explanation could be due to the fact that the grid layers have
self-shielded isotopes which cause, even if correctly self-shielded, further spatial hetero-
geneity with respect to Serpent. Moreover, the layers with grids are thinner than the ones
without; thus, the reaction rates are smaller and the relative differences are greater.

The pattern was further analyzed by refining the guide tubes and observing that the
relative discrepancies do not change. The cases analyzed were:

• The use of 8 angular sectors in the guide tubes;

• The same of the previous point plus having within the metal 1 more annulus each
0.1 cm to further capture the thermalization capability of water;

• The implementation of 16 sectors in the guide tubes and 1 more annulus each 0.1 cm.
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The most refined case still gives similar relative errors than the simulation without further
refinements. Moreover, it was also tested to check the possibility to decrease the relative
errors in the grid layers by using REL383 energy groups [46] with APOLLO3® instead
of the standard SHEM281 groups. Figure B.4 shows that the relative errors improve but
still the grid errors are the highest. The keff at zero burnup becomes 1.29673 with a
relative difference of 79.1 pcm with respect to 1.29571 in Figure 7.1.

(a) Fission rate comparison (b) Capture rate comparison

Figure B.4: Comparison between integrated fission and capture rates for Serpent (refer-
ence) and APOLLO3® with 383 groups at zero burnup.

These results imply that, probably, the energy deposition models used by the two codes
must be taken into account, rather than the discretization of radial crowns for guide tubes.
In particular, the default option for Serpent, which is the one used in this thesis, considers
a constant energy deposition per fission, which means

Ef,i =
Qi

Q235

×H235, (B.1)

where Ef,i is the energy deposited by a fission event of fissile isotope i, Qi is the Q-value
found in the cross section libraries of the i-th isotope, Q235 is the 235U one and H235 is
the fission heating value of 235U which default value is 202.27MeV and can be set with
the set U235H Serpent card.

The modelling of energy deposition in Monte Carlo neutron and photon transport
calculations is a complex task. Particles can deposit their energy in a large number

https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual#set_U235H
https://serpent.vtt.fi/mediawiki/index.php/Input_syntax_manual#set_U235H
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of reactions and some reactions such as fission and radiative capture release additional
energy. To further complicate the process, reactions can produce secondary particles
which transport energy away from the reaction site and deposit it elsewhere; however,
often the transport of some secondary particles is not simulated and their energy is instead
deposited locally at the reaction site. In particular, in [47] it is written: "These sort of
approximations affect the spatial accuracy of the energy deposition calculations." This
is a hint toward the guide tube discrepancies observed in Figure A.4, Figure A.5 and
Figure B.3.

This constant energy deposition is the most simplified treatment where only neutrons
are transported and it is assumed that a user defined constant amount of energy is released
per fission. In addition, all energy is deposited locally at the fission site and only fission
reactions deposit energy.

In Serpent, the energy deposition model can be set with the set edepmode card and is
better described in [47]: nevertheless, this option was not changed because of two reasons
reported in the Wiki:

• "Energy deposition modes "1", "2" and "3" require data which is not available in
the standard ACE format cross section files used by Serpent. Separately distributed
ACE-files (file endfb71_edep.tar.gz) containing additional data are required to use
these modes;" therefore, data from ENDF/B-VII.1 would have to be used instead
of JEFF-3.1.1, which is not feasible in this thesis because, as already explained,
JEFF-3.1.1 is compliant with the APOLLO3® CEAV-514 library.

• "The energy deposition modes "1", "2" and "3" have been tested mainly in criticality
source simulations and one should proceed with caution when using them in other
types of calculations such as transient and burnup calculations." Thus, these modes
are not yet fully tested by the Serpent developers in depletion calculations at the
moment of writing.

In conclusion, it was chosen to still use the constant energy deposition (default choice:
set edepmode 0) and to change H235 in Equation (B.1) by using the card

set U235H 193.7201,

because it was set at the same value as in the CEAV-514 library used by APOLLO3®:
193.7201MeV. This last number considers only the energy released by the fission event
of 235U without the one released by gamma captures. Analogously, it was adopted an
APOLLO3® version that considers only local energy deposition for a fission event. This
choice was the key to get the best match between the two codes.

https://serpent.vtt.fi/mediawiki/index.php/Input_syntax_manual#set_edepmode
https://serpent.vtt.fi/mediawiki/index.php/Input_syntax_manual#set_edepmode
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The study comparing Serpent and APOLLO3® was performed on the 2D cell with
both decay chains and the results are shown in Figure B.5.

It must be said that this test was performed before the introduction of Listing 7.2
as APOLLO3® definitive burnup mesh, but this does not influence the results after
20 000MWd/tHM. Indeed, it can be straightforwardly seen that the discrepancies on
the keff between the two codes are evidently reduced.

(a) ch_CEAV2005_V3c. (b) DecayData_CEAV2005_V3.

Figure B.5: Full depletion 2D fissile cell simulations of APOLLO3® against Serpent (with
set U235H 193.7201) comparing different decay chains.
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C| Notes on Serpent boundary
conditions and convergence
analysis

This appendix contains two interesting findings of this master’s thesis work:

• One regarding a particular feature of Serpent boundary conditions;

• The other concerning the convergence analysis.

C.1. Notes on Serpent boundary conditions

In reactor physics, assembly-level simulations are a fundamental prerequisite for full-core
analysis; however, modeling a complete assembly brings a significant computational bur-
den, which can be mitigated by exploiting geometric symmetries. A common approach
involves reducing the domain to a 1/8 radial sector and halving the axial height. This
reduction dictates specific boundary conditions along the vertical axis: a reflective condi-
tion at the axial mid-plane to enforce symmetry, and a vacuum (or ’black’) condition at
the top to simulate neutron leakage. Consequently, the simulation requires the applica-
tion of heterogeneous boundary conditions along the z-axis, while maintaining reflective
conditions on the radial boundaries

Unfortunately, at the time of writing and to the author’s knowledge, Serpent does not
allow different boundary conditions along the same axis; therefore, a strategy is required.
A possibility found in literature is to apply reflective boundary conditions everywhere
and add an infinite absorber layer on top of the upper reflector; however, this approach
introduces a series of shortcomings:

• Neutron shortage: when an initially homogeneous neutron source is simulated in the
system, the larger and more effective the absorber layer is, the more neutrons are
born within it, making them likely to be immediately absorbed. This causes a severe
reduction in the neutron population that occupies the actual region of interest: the
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active one. It was chosen not to set the first neutron generation starting from
a particular zone of the reactor (usually the active region) because, even if it is
physically correct (the neutrons are only born in the fuel), it introduces a bias
with respect to the uniform case, leading to possible neutron clusters that produce
fictitious results;

• Absorber dimension: the bigger the absorber the more effective it is. But, to de-
termine its effectiveness, a further study (that requires time) must be performed.
It can be considered perfect when zero neutrons are reflected back to the upper
reflector layer, otherwise wrong results are retrieved;

• Time cost: in order to have an effective reflector it must be not only big enough but
also dense enough. Actually, a sweet spot between dimension and density must be
found which means an optimization study which is time-consuming. Anyway, the
time cost is not just about this study but also related to the simulations themselves.
Indeed, a denser and highly absorbing material causes the increase of the majorant
cross section, thus a worsening of the delta-tracking technique. As explained in
Section 4.2.1, if the majorant cross section becomes too high, there is a continuous
sample-rejection when using the delta-tracking variance reduction technique causing
a useless waste of time. It has to be said that Serpent allows to set delta tracking
options with several cards:

– set dt: Sets the probability threshold for switching from delta-tracking to
surface-tracking. The switch occurs when the probability of sampling virtual
collisions, defined as the ratio between the material’s total cross section and
the majorant cross section, exceeds the specified threshold. By default, this
threshold is set to 0.9 which means that delta-tracking is used when the ratio
of the total cross section to the majorant is greater than 0.1;

– set forcedt: defines the list of materials where delta-tracking is always applied,
regardless of the probability threshold set by the set dt option. This allows
overriding the automatic tracking mode selection material-wise.

– set blockdt: Analogous of set forcedt but performs a material-wise turn off
of delta-tracking.

Unfortunately, no Serpent option allows to remove a material from the majorant
cross section computation; therefore, the implementation of a dense absorber has
an impact on the whole system thus in the whole simulation cost. Furthermore, also
the absorber material choice is impacting: the better the absorber (so the higher

https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual#set_dt
https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual#set_forcedt
https://serpent.vtt.fi/mediawiki/index.php?title=Input_syntax_manual#set_blockdt
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the capture cross section) the higher the majorant cross section. For this reason,
choosing a foreign isotope (in the sense not a constituent of the simulated system)
could lead to a significant increase in computational time. In conclusion, the best
choice not to affect the computational time is to adopt an absorber with the same
density and the same isotopic composition of the one already present in the reactor,
namely boron in a borated water configuration or gadolinium in a UOX-Gd core.
But, since their density is not really high, the need for a big absorber is obvious,
leading to the previous problem.

Hence, due to these strictly computational issues, this strategy was abandoned in favor
of another developed in this master’s thesis project which is as counterintuitive as more
efficient. Basically, the idea is to define 3 different outside region cells in Serpent, where
outside is the keyword for the card that indicated where the boundary conditions are
applied. After defining a 3D cuboid that hosts the assembly, an outside cell is defined out
of the cuboid such that the reflective boundary conditions are applied along each axis.
Then two planes are defined: the first is the top of the upper reflector and the other is
the bottom of the reflected upper reflector. In this way, all the infinitely reflected system
geometry is cut, as shown in Figure C.1.

In Figure C.1, if a neutron reaches the black area is instantaneously terminated, re-
specting the black boundary condition.

Figure C.1: YZ cut of a fuel assembly simulated in Serpent. The black part on top and
on bottom is the "void" region. It is visible the reflective boundary condition at the z
axis midplane.
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C.2. Notes on convergence analysis

It should be noted that the convergence of integrated and 2D reaction rates was not explic-
itly verified for every burnup step or individual axial layer in the preliminary convergence
analysis simulations (Chapter 6). This approach was adopted to optimize computational
efficiency and avoid excessive data processing during the initial convergence study. In-
stead, the analysis primarily relied on keff stability as the governing metric for conver-
gence. A more rigorous, detailed comparison of local reaction rates was reserved for the
final, comprehensive benchmark between APOLLO3® and Serpent, where high-fidelity
spatial precision is required (Chapter 7).

It must be emphasized that determining the appropriate trade-off between the number
of burnup steps and the axial mesh refinement was far from straightforward. In fact,
a peculiar behavior was observed during the initial phase of the study. Initially, it was
assumed that the CamiVVER burnup mesh defined in Listing 6.1 was suitable for Serpent.
Based on this assumption, a series of simulations with varying axial mesh refinements were
carried out and are presented in Table C.1.

Table C.1: Parameters of Serpent simulations for the axial mesh convergence
analysis with the CamiVVER burnup mesh (Listing 6.1). Here, n is the number
of neutrons per batch and N the number of batches.

BU zones Fuel layers n / N (×103) set opti σ(keff) [pcm]

1099

(material mesh)
7 100 / 30 4 1.83

4082 26 200 / 9.5 4 2.29

7065 45 200 / 8 4 2.50

12 089

(stepmesh)
77 200 / 6 2 2.89

13 031 83 200 / 6 2 2.89

31 243

(1 cm)
199 200 / 6 2 2.89

62 015

(0.5 cm)
395 200 / 5 2 3.16

102 678

(0.3 cm)
654 200 / 3.5 2 3.78
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The values from the fifth row onward were selected based on the following ideas:

• 13 031: this configuration provides a slightly finer refinement than the stepmesh case,
allowing verification of whether the stepmesh layering was appropriately chosen;

• 31 243 (1 cm), and 62 015 (0.5 cm), 102 678 (0.3 cm): these configurations were gen-
erated by adding one layer per centimeter, 0.5 cm, and 0.3 cm respectively. It is
important to note that the second case does not result in exactly double the num-
ber of layers of the first, and more importantly, the first case does not consist of 205
layers (which would correspond to the height of the fissile region). This happens
because the original material layers were not modified, and the layering restarts
from the material layer origin each time a new material layer is encountered. For
example, a layer of 48.9 cm contains 48+1 layers (since each width is not an integer:
int(width) + 1, where int denotes the integer part, approximated by defect), with
the last layer having a thickness of 0.9 cm. Indeed, according to the assembly dimen-
sions presented in Chapter 5, the number of layers for the 1 cm subdivision is the
following (starting from the inner region to the closest one to the inner reflector):

(70 + 1) + (3 + 1) + (48 + 1) + (3 + 1) + (58 + 1) + (3 + 1) + (7 + 1) = 199,

(C.1)
and, for the 0.5 cm one:

(70× 2 + 2) + (3× 2 + 1) + (48× 2 + 2) + (3× 2 + 1)

+ (58× 2 + 2) + (3× 2 + 1) + (7× 2 + 2) = 395.
(C.2)

The +2 in this case is justified by the fact that the fissile layers without the grid
have a decimal part > 0.5, which means they host an additional layer.

The derivation for the 0.3 cm case is analogous.

Figure C.2 illustrates a rather peculiar behavior: regardless of the axial mesh refinement,
the simulation does not seem to reach a converged result, and it suggests that the burnup
mesh and the axial mesh are strongly interdependent. This is a completely different
behavior with respect to deterministic codes. In Monte Carlo codes, it is not possible
to perform a nearly-continuous refinement of one without having the other already close
to convergence. This behavior is likely intrinsic to probabilistic methods, or at least
to Serpent. In contrast, deterministic methods behave differently: if one refines the
axial mesh while keeping the burnup mesh constant (or vice versa), the solution typically
stabilizes. This occurs because deterministic solvers rely on discretized equations and
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numerical schemes that converge independently in each dimension; therefore, refining one
mesh usually improves accuracy without requiring simultaneous refinement of the other.
Monte Carlo methods, however, rely on statistical sampling, and the interaction between
spatial and depletion meshes can introduce noise or bias if not balanced properly.

This result provides a useful insight and supports the interpretation given in Fig-
ure 6.8a and Figure 6.9a.

Figure C.2: Axial mesh refinement using the CamiVVER burnup mesh (Listing 6.1).

Since this issue was not the main focus of the thesis, it was not investigated further, but
it deserved to be presented nonetheless.

To conclude with, it was observed that the CamiVVER APOLLO3®-TRIPOLI-4®

comparison reported in [6] has a similar fluctuation pattern of the ones in Figure C.2: a
further hint that the CamiVVER original burnup mesh Listing 6.1 is not the converged
one, as already explained in previous chapters.
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