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Introduction

The Optimal Transport (OT) problem originates in the late 18th century after Gaspard
Monge studied the problem of transporting construction materials efficiently from a source
to a target location. The richness and potential applicability of OT has captivated the
attention of researchers inside and outside mathematics for centuries. Nowadays, OT
is widely spread and used in fields like Image processing and Computer Vision, Machine
Learning and Data Analysis, Economics and Finance, Neuroscience, Differential geometry,
and the list goes on and on. However, despite its popularity and great utility it is still
an extremely difficult problem from a numerical perspective due to the challenges of its

computational implementations.

From an analytical point of view, we can formulate the OT problem following the Kan-

torovich formulation:

win [ oy dr(ay) 1)
R4 xR4

vET (V)

Here p and v are given probability measures in R?, while I'(u1, v) is the set of admissible
couplings/transport plans - that is, the set of all Borel probability measures on R% x R?
having ¢ and v as marginals. The OT problem then corresponds in finding the optimal
coupling between p and v. Such optimally is achieved when v € T'(u, v) is realizing the
minimum in Equation 1, thus minimizing the weighted distance between the allocations of
mass at x and y — in the supports of u and v, respectively — and satisfying the constraint.
A major result, at the basis of our work, is Brenier’s theorem. It states that, under some
regularity on the source measure p, there exists a unique optimal coupling v € I'(u, v),
and more importantly, this coupling is induced by a map 7T acting on p which is given
by the gradient of a convex function. Such a map 7 is called transport map from u to v

since, when push-forwarded to p gives the image measure v.

In this work, developed in conjunction with the Al for scientific discovery and Quantum
Algorithms research groups at IBM Research/IBM Quantum, we explored old and new
methods to solve the OT problem in classical and quantum settings. The contributions

of this work are the following:
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1. A modification of criterion of slope-selection in the Convex Splines interpolation

method proposed by Messac and Sivanandan [1997],

2. A new formulation to approximate continuous solutions of transport maps from

discrete samples based on a linear formulation using Convex Interpolation.

3. An application of the Variational Quantum Linear Solver algorithm to solve the OT

problem.

This works is structured as follows. In Chapter 1 we introduce the essentials of both
the theory of Optimal Transport and Quantum Computing. Because both subjects are
extremely dense and extensive, we limit to the theoretical minimum for this work to be
self-contained, and refer the reader to references with deeper discussion on some matters
when needed. In Chapter 2 we introduce the methods used in this work both from a
mathematical and algorithmic point of view. In particular we introduce our proposed
method for convex interpolation, and convex quantum regression. Chapter 3 contains
the main results of the thesis and the implementations of all the methods discussed in
Chapter 2. We proceed in Chapter 4 with a discussion of the obtained results and analyze
the benefits and drawbacks of our methods. We also describe the setting in which they
are potentially beneficial and superior to the classical algorithms. In the last Chapter
we finish the work with some concluding remarks and some comments on further future

developments.

The result of this thesis, other than the proposal and implementation three algorithms
listed before, is the study of the feasibility of solving OT problems under particular
conditions using diverse classical and quantum methods. In the classical setting, our
method is capable of approximating continuous transport maps from discrete samples.
In the quantum setting, we are able to frame and solve OT problems under some extra
restrictions and considerations. We detail the benefits and drawbacks of each method and

propose some extensions to our current proposals.
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1.1. Mathematical preliminaries

Modern formulations of optimal transport theory can be framed in various equivalent ways
and on different topological spaces. In the context of this work, we will be considering all
metric spaces to be complete and separable, unless explicitly stated. For a more general
formulation relying on Polish spaces, Villani [2021] offers a great and comprehensive

approach to the problem.

For topological reasons that will not be investigated in the present work, the weak*
convergence of Borel finite signed measures - namely, the convergence induced by duality
with the space of compactly supported continuous functions - is a crucial and natural way
to define convergence of finite signed measures. In this subsection, I define that notion of
convergence along with narrow convergence, and introduce a compactness result known
as the Prokhorov theorem. Finally, we discuss some aspects and properties of narrowly

convergent sequences of probability measures.

The main references for this section, and for Section 1.2 are Ambrosio et al. [2005], Figalli
and Glaudo [2021], Villani et al. [2009] and Villani [2021].

From now on, let X,Y be complete and separable metric spaces, and B(X), B(Y) their
corresponding Borel o-algebras, that is, the smallest sigma algebras generated by all open
sets on X and Y, respectively. We denote as C.(X) the space of continuous and compactly
supported functions on X and Cy(X) the space of continuous functions vanishing at

infinity.

Definition 1.1 (Space of signed measures on X). We denote as M(X) the space of finite

signed measures on (X, B(X)).
Definition 1.2 (Support of a measure). Let p € M(X), we define:

supp(p) ={z € X | p(Bc(x)) >0V e > 0}.
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Definition 1.3 (Space of Borel probability measures on X). We denote as P(X) the
space of all probability measures on (X, B(X)).

Remark 1.4. The spaces M(X) and P(X) satisfy that:

1. P(X) C M(X). Indeed, P(X) is the set of all finite measures u on (X, B(X)) such
that p(X) =1

2. P(X) is a conver subset of M(X). Indeed, any convexr combination of probability

measures s a probability measure.

3. Depending on the type of convergence adopted, P(X) might be closed on M(X).

Motivated by topological properties of M(X), we consider the following notion of weak
convergence on P(X) C M(X).

Definition 1.5 (weak™ convergence). Let {jy}, oy be a sequence of Borel probability mea-

sures on X. We say that {p}ren weak™ converges to some u € M(X) if

/gpd,uk—>/<pdu, as k — +oo V¢ € Cu(X),
X X

and we denote it by ju, = p.

Observe that P(X) is not closed on M(X) with respect to the weak* convergence. We

have the following remark.

Remark 1.6. Let X =R, and py, = O for k € Z. Then, for any ¢ € C.(R) :

/god,uk:go(k:)—>0 as k — +o0
R

Hence pp = 0 ¢ P(R), even if 0 € M(R).

And so, the weak™® limit of sequences of probability measures, when it exists, is not nec-
essarily a probability measure. To guarantee that the limit is still a probability measure,

we introduce the notion of narrow convergence.

Definition 1.7 (Narrow Convergence). Let Cy(X) be the set of continuous bounded func-
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tions. We say that {p}ren C P(X) converges to u € P(X) narrowly if

/wduk%/wdu for any ¢ € Cy(X)
X X

We denote this convergence by pr — p narrowly .

Since C.(X) C Cy(X) we deduce that the narrow notion of convergence is stronger than

the weak™® one.

Remark 1.8. Narrow convergence guarantees that the limit of a sequence of probability
measures, if exists, is still a probability measure. Indeed, let py, € P(X), p € M(X) be
such that pr — p narrowly. Then, taking Cp(X) 2 ¢ = 1 yields:

() = [ 1y — [ 1 du=p(x),

That is, i € P(X).

Now, we look for conditions in order to have sequential compactness results for subsets of

P(X) under narrow convergence.

Definition 1.9 (Tightness of measures). Let K C P(X) be a family of probability mea-
sures. We say that K is tight if for any € > 0 there exists a compact set C. C X such
that p (X\C.) < e for any p € K.

Intuitively, we can think that the elements of a tight family of probability measures do

not spread out too much.

Theorem 1.10 (Prokhorov). A family K C P(X) is tight if and only if K is relatively
compact for the narrow convergence in P(X). That is, if and only if for any sequence
{trtren C K there exists a subsequence {pi, }jen and a probability measure p € P(X)
such that

pr; — i narrowly as j — +00

Definition 1.11 (Lower semicontinuity). A function ¢ : X — [—00,00] is lower semi-
continuous if for any {rxtren C X,z € X such that xp, — z, it follows that ¢(z) <

liminfy o @(xk).

Lemma 1.11.1 (Lower semicontinuity of integrals). Let g — p, and let ¢ : X — [0, +00]
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be a lower semicontinuous function. Then,

/ o dp < liminf/ o dyg,
X k—+oco [x

Thanks to the lower semicontinuity of the integral, it can be proved that if a sequence of
probability measures weakly™® converges to a probability measure, then the convergence

1S narrow.

Lemma 1.11.2. Let {pp}ren C P(X), and assume that py, — p for some p € P(X).
Then:

e — b narrowly

1.2. Optimal Transport

The problem of Optimal Transport is long-standing and has many different flavors. It
all started in the late 18th century with Gaspard Monge who addressed the problem of
transporting a pile of construction materials from one location to another. In order to find
the optimal way of transporting the materials, he introduced a displacement cost as the
absolute distance between source and target points. The problem of Monge corresponds
to look for a map from the source configuration to the target such that the pre-defined

cost is minimized in the transportation process.

A similar problem was later framed by Leonid Kantorovich during the mid 20th century
in the context of optimal allocation of resources - problem that granted him the Nobel
prize in economics in 1975 along with Tjalling Koopmans -. That is, the problem of how
to transport resources from production sites to consumption sites by minimizing a given
cost. Unlike Monge, who took a more geometrical approach, Kantorovich applied more
modern tools from functional analysis and measure theory to introduce a new notion
of distance between probability measures. That distance is naturally connected to the
solution of a transportation problem where the cost function is another distance in the
physical space. Along with the formulation of the problem, he realized that he can frame
it in the context of linear programming, and formulated a duality theorem of the must

utter importance for subsequent developments.

By the last decade of the 20th century, optimal transport had already gained a significant
popularity with applications in diverse fields. Between many other significant contrib-
utors, Yann Brenier notably stated a theorem relating optimal transport and convex

analysis. He proved that, for quadratic cost functions and certain regularity conditions
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on the involved measures, an optimal transport map exists and that it can be written as

the gradient of a convex function.

Recently, optimal transport is again growing in popularity, mainly thanks to its applica-
tions to geometrical data analysis and machine learning. Notably, during the 21st century,
Alessio Figalli - who was awarded the Fields medal for his contributions to optimal trans-
port - has made significant advances in the study of the regularity and stability of optimal
transport maps, and in the study of the geometrical and analytical aspects of the problem.
On the computational side, Gabriel Peyré and Marco Cuturi have contributed to the de-
velopment of numerical methods and algorithms, specially introducing Sinkhorn distances
as approximators of Wasserstein distances. In particular, they have a great responsibility
in the popularization of the problem in the fields of machine learning, geometrical data

analysis and computer vision, due to their study on applications in those fields.

In this section we introduce the theoretical foundations of optimal transport following
as reference Ambrosio et al. [2005], Figalli and Glaudo [2021], Villani et al. [2009], and
Villani [2021]. First we define the image measure as a way of transporting measures
using maps, enunciate its properties and importance. Then, we formulate the Monge-
Kantorovich problems for general cost functions, and explore some analytical properties
of optimal solutions. We then move to Brenier’s formulation and finalize with a study of

Wasserstein spaces.

1.2.1. Transport of measures

Definition 1.12. Given X,Y and a Borel map T : X =Y, let p € P(X). We define the

image measure Ty, also known as the push-forward of i, as:

(Typ)(E) = 1 (T~H(E))
for every E € B(Y).

Lemma 1.12.1. Ty p 1s a probability measure on Y .

Proof. Clearly (Typ)(0) = p(T71(0)) = u(0) = 0.

Observe that, because 7" is a Borel map, then for every £ € B(Y') there exist a F' € B(X)
such that T-'(E) = F. Then, (Tyu) (E) = p(T-YE)) = n(F) > 0.

To prove o-additivity, let {E,},,
B(Y'). First, we claim that {T7' (E,)},cy C B(X) are disjoint. Indeed, by contradiction,

be countable pairwise disjoint sequence of elements in
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take z € T (E,) N T *(E,), n,m € I,n # m, then T(x) € E, N E,, which is a

contradiction. Therefore, by o-additivity:

o) o )

= u (U T (En))

nel

=Y w1 (B)

nel

= (Tyu) (En)

nel

Finally, observe that (T u)(Y) = u(T7(Y)) = u(X) = 1. That is, Typ € P(Y).

O

Remark 1.13. We think of a push-forward operator (Typ)(A) instead of a pull-back
operator (S*v) (E) = v(S(E)) for S: X =Y, v € P(Y) because the latter construction
doesn’t work in general. In fact, note that the image of two disjoint sets in X might

coincide, and then S*v will not be o-additive in disjoint sets.

Lemma 1.13.1. Let T : X =Y, p e P(X) andv € P(Y'). Then
v="Typ

if and only if, for any ¢ : Y — R Borel and bounded we have

Aﬂww@z/wﬂmwm>

X

Proof. (<) Let E € B(Y), and ¢ = 1, that is p(z) = 1 for every € E, and 0 otherwise.
Then:

o) = [ty = [ e ity)= [ dute) = (19) = (o) (B)
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(<) For any E € B(Y), v(E) = u(T~(E)) if and only if

L= [ ante)

Observe that:

[ @it = [ ) = [ 16000

Then, for every A € R, and by linearity:

[ emavt) = [ NT@)into)

which implies that,

/Z)\ILE )dv(y /ZME dp(x)

el i€l

for any I finite set of indices, {\;},.; € R, {E;} Borel subsets of Y.

It is clear that the desired equality follows whenever ¢ is a simple function. Therefore,
if suffices to prove that any bounded Borel function can be approximated by simple
functions. To do so, take gzﬁ :Y — R bounded and Borel map, M > 0 and for any ¢ € Z
define: E; == {y €Y : & <o(y) <5t} Let gy = >, % 1E, (since ¢ is bounded,
E; =0 for |i| > 1). Then

lo = arll e < maxflo = oull s,y < 77

and therefore:

1
[ e=om) d| <lle— ol [ v <5
v Y

[ ot — on(ra) du] <lle =l [ s

Hence, since ¢, is simple:

/Y o () d(y) = /X o (T(x))dp()

and so, by letting M — +oo0 it follows that [, p(y)dv(y) = [ o(T(z))du(x). O
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Corollary 1.14. For any function ¢ : Y — R Borel and bounded, it holds that:

/Y () d(Typ)(y) = /X (0 T)(x) dyu(z).

Lemma 1.14.1. Let T : X — Y and S : Y — Z measurable. Then,

(S oT)pn = Su(Tyn)

Proof. For any ¢ : Z — R Borel and bounded, by Corollary 1.14:
/Xsad«SoT)#m:/(wo(SoT)) i
(poS)oT)) du

(po8) d(Typ)

o d(Sy(Typ))

I
><\><\><\

1.2.2. Monge and Kantorovich problems

Let X,Y be separable and complete metric spaces.

Definition 1.15 (Transport map). Let p € P(X), v € P(Y), and T : X — Y. We say
that T is a transport map from p to v if (T)gp = v.

Definition 1.16 (Monge problem). Let p € P(X),v € P(Y), and ¢ : X x Y — [0, 4+00]

a lower semicontinuous function. The Monge problem consists in solving:
Cu(p,v) :=inf {/ c(x,T(x)) du(x) : Typ = V}
b's

That is, Monge’s problem looks for the optimal transport map 7" such that the cost ¢ of
transporting p to v is minimized. A major drawback of this formulation, is that, despite

being simple, it does not always have a solution. This fact motivates the following remark.

Remark 1.17 (A transportation map might not always exist). The set T ={T : X — Y|
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Typ = v} might be empty. Take for instance xo € X, u = 0y, and some T : X — Y.
Using Lemma 1.15.1, for every ¢ : Y — R Borel and bounded, we compute:

[ o) d@an)w) = [ (0o )e) dulo) = o(T(a0),
Y X
and 50 Tyupt = dr(z,). Hence, foryi,ys €Y, ifv = %5311 + %5y2, there doesn’t exist any map
T such that Typ = v.

The possible emptyness of 7 makes it impossible for Monge’s problem to solve situations
where the map has to split masses, that is, when it has to map values from single points in
X to many different points in Y. Kantorovich’s formulation solves this issue by relaxing
the hypothesis that the solution of the transport problem is a map, and instead using
probability measures on product spaces. Before stating this version of the OT problem,

we need to introduce a couple of definitions.

Definition 1.18 (Projection operator). We definenx : X XY — X, andmwy : X XY =Y
projection operators on X and Y, respectively, if for every (z,y) € (X,Y):

nx(z,y) =1 my(z,y) = y.

Definition 1.19 (Coupling on product spaces). Let p € P(X), v € P(Y), Q=X x Y.
A measure v € P(S2) is called a coupling between pn and v if (7x)xy = p and (7y) gy = v.
We denote the set of all possible couplings between p and v as I'(u,v).

That is, a coupling between a pair of measures (i, V) is a special measure in the product

space X x Y such that its marginals coincide with p and v.

Remark 1.20 (A coupling always exists). Observe that the product measure pu @ v €
P(X xY), defined by (n @ v)(A x B) = u(A)v(B) for all A € B(X),B € B(Y), and so,
v = u ® v trivially satisfies the condition of Definition 1.19.

A case of significant importance for the development of this work is that of deterministic
couplings. It will play a relevant role on behalf of Brenier’s theorem 1.35 and its numerical

applications.

Definition 1.21 (Deterministic coupling). A coupling v € P(X,Y) is said to be deter-
minastic if there exists a Borel function T : X — Y such that v = (Id x T)gp, where
Id : X — X is the identity map, and p = (7x)47.

Remark 1.22. If~ is a deterministic coupling, we say that it is concentrated on the graph
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of the Borel function T : X — Y. Moreover, this map T, if exists, is unique p-a.e. Notice
that we get (my)xy =T ((7x)47)

We stress that not all couplings are deterministic.

For an excellent exemplifications of various couplings and their application contexts we
refer the reader to Chapter 1 of Villani et al. [2009]. Here we are only concerned about

the notion optimal transport coupling as it gives origin to the Kantorovich problem.
Definition 1.23 (Kantorovich problem). Let p € P(X),v € P(Y), andc : X XY —

[0, +00] be lower semicontinuous. The Kantorovich problem consists in solving

Ck(p,v) = inf {/xw c(z,y) dy(z,y) v € T(n, 1/)}

Where T'(u, v) is the set of all couplings from p to v, this set is also commonly known as

the set of all transportation plans from p to v.

Remark 1.24. If Tyup = v, then (Id X T)yp is a deterministic coupling between p and v,
and so vy € I'(u,v). Also, Corollary 1.1/ entails that

/X ¢ (@, T(@)) du(z) = / co (Id x T) (x) du(z)

- /Xc(x,y) d <(Id X T)#M>
and so, Cy(p,v) > Cr(p, v).

Remark 1.25. Let v € I'(u, v) and assume that v = (Id x S)up for some bounded Borel
map S : X =Y. Then

v= (WY)#’V = (7TY># (Id x S)#N
= (WyO([dX S))#,u

= Syp

Thus, S is a transport map from u to v.

Consequently if the coupling has a graph structure then it yields a transportation map.

1.2.3. Properties of the Optimal Transport

First observe that the transport plans are tight and closed under narrow convergence.
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Lemma 1.25.1. The set I'(u, v) is tight in X XY according to definition 1.9. Moreover,
if {v}x C T'(,v) are such that v, — v narrowly as k — oo, then v € I'(u, v).

Proof. Observe that the singleton {u} C P(X) is compact for the narrow convergence
in P(X), thus by Theorem 1.10, {u} is tight. Consequently, for all € > 0, there exists
a compact set K. C X such that p(X\K.) < 5. Under the same argument for v, we
see that {v} is tight in P(Y) and thus there exists a compact set K. C Y such that
v <Y\[€E> < 5. Define the set K. := K. x K. C X x Y. This set is clearly compact.
Then, for any v € I'(u, v), we have

o ((X x Y)\&) I ([(X\KE) x Y} U [X x (Y\&)D
((X\Ks) x Y) +y <X x <Y\f(€)>

Lx\k. (@)dy(z,y) + / 1y g (y)dy(z,y)

XxXY

IN
)

I
T

XY

Lo @)dn(o) + [ Ty, ()dvto)
<X\Ka> +v (Y\&)

+

IN Il
ol =
DO | M

This proves that I'(u, v) is tight in X x Y.

On the other hand, let {~x} C I'(u,v), and assume that v, — 7 narrowly. Then, for any
p e Cb<X)

/X o(@)du(z) = / o@du(zy) = [ @)y y),

XxY X XY

which means that (7x), v = p. In turn, let ¢ € Cy(Y), then:

/Y vin) = [ e - [ v,

XxY
and so (my),, v = v. That is, I'(11, v) is closed under narrow convergence. O
Theorem 1.26 (Existence of an optimal coupling). Let ¢: X x Y — [0, +00] be a lower

semicontinuous function, u € P(X),v € P(Y). Then, there exists a coupling 7 € I'(u, v)
such that 7 is the minimizer of the Kantorovich problem (Definition 1.23).
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Proof. Let us define:
a:= inf / c(x,y) dvy(z,y).
XxY

e (p,v)
If o = 400, there is noting to prove. If instead a < oo, let {7V}, oy C (1, v) be a

minimizing sequence of ¢, that is,

/ c(z,y)dy(z,y) = a as k — +oo.
X XY

Because {7 },en € (1, ), the sequence is tight (see Lemma 1.25.1). Then, by Prokhorov’s

Theorem 1.10, there exists a subsequence {fykj} such that 4, — 7 narrowly as

jEN
j — +00. Observe that ¢ is positive and lower semi-continuous, hence by Lemma 1.11.1,

we have that

o=t [ o) iy =tmint [ cloy) bz [ cnpdie),
XxY XxY

~vel'(pu,v) J—+oo XxY
as j — 4o00.

On the other hand, again by Lemma 1.25.1, the sequence {;},.y is also closed under

narrow convergence hence 4 € I'(u, v). Then,

o= inf /X Yc(x,y) dvy(z,y) < / c(x,y) dy(z,y)

YET (1,v) XxY

From both inequalities, it follows that 4 is the minimizer of the Kantorovich problem. [

1.2.4. Kantorovich duality

So far we have been tackling Optimal Transport as a minimization problem, looking for
either a map - in Monge’s formulation - or a plan - in Kantorovich’s formulation - that
minimizes the total cost of transporting elements from a source probability measure u to
a target probability measure v. In particular, in Kantorovich’s formulation, we minimize
the linear functional v — [, ¢(x,y)dy(z,y) under the convex constrains (mx)xy = p
and (my)gy = v. It is well known that this type of problem admits a dual formulation
where instead of looking for the minimum on the original - or primal - problem we look
for a maximum in a new problem such that its value is equivalent to that of the primal

problem.

Definition 1.27 (Dual problem). Let p € P(X) and v € P(Y). We define the dual
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problem as:

(e {/X ola) dutz) + | w(y)du<y>}

where A, is the set of pairs (@,1) such that o € L,(X),y € L,(Y) and for p-a.e. v € X
and v-a.e. y € Y:

o(x) +1(y) < c(z,y)

Theorem 1.28 (Kantorovich duality). Let p € P(X), v € P(Y), andc: X xY : [0, +00]

a lower somicontinuous cost function. Then:

ot [ e dre) = s { [ o) auter+ [ vt avin}.

Proof. We refer the author to Remark 2.6.7 of Figalli and Glaudo [2021] for the proof of
this theorem. 0

Observe that Kantorovich duality changes the optimization problem from I'(u,v) to
LY(X) x L*(Y) which is easier in general. There are other equivalent formulations of
Kantorovich duality that involve different spaces of functions - see theorem 5.10 from
Villani et al. [2009]. In particular, motivated by the computational implementations of
optimal transport we are highly interested in the version of Kantorovich duality employing
concave and convex functions and its relationship with cyclic monotonicity. To be concise,
we avoid to report here the expression of this cited alternative duality formula. However,
we still state and use one of its most powerful repercussions, the Brenier theorem, in
Section 1.2.6.

1.2.5. Wasserstein Spaces

Wasserstein spaces provide a natural setting for studying optimal transport problems.
The Wasserstein distance quantifies the cost of transporting mass between probability
measures, and Wasserstein spaces serve as the domain for these measures. Properties of
Wasserstein spaces, such as completeness and convexity, are essential for formulating and
analyzing optimal transport problems. Wasserstein spaces also are crucial for the problem

of gradient flows, especially for the study of evolution of energy functionals.

In what is next, we introduce the notion of Wasserstein distance, Wasserstein space, and
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mention a couple of interesting properties. We take (X,d) a complete and separable

metric space, later we will consider the case X = R? endowed with the euclidean metric.

Definition 1.29 (Wasserstein distance). Let p € [1,400), and d a metric in X. For any

two probability measures p,v on X, we define:

W (u,v) =< inf /Xxyd(x,y)” dv(x,y)>;

YET (1,v)
Notice that finding W, (u, v) corresponds to solve the Kantorovich problem with X =Y
and c(z,y) = d(z, y)".

If we restrict W, (-, -) to a subset of P(X) x P(X) on which it takes finite values, then we

construct the Wasserstein spaces, and W,,(-, ) turns out to be a distance on these spaces.

Definition 1.30 (Wasserstein spaces). Let p € [1,400). The Wasserstein space of order
p is defined as:

%@3:{MEWX%Aﬂ@wWWM@}

where xg € X is arbitrary. This space does not depend on the choice of the point x.

Additionally, we denote by

mplp)i= [ (oo pdna)

the p-th order moment of .

Consequently, the Wasserstein space of order p is the space of probability measures on X
with finite moments of order p. As mentioned, W), is a metric space on P,(X), so that we

say that {pn}n C Pp(X) converges strongly to p € P,(X) if W,(p, ptn) — 0 as n — oo.

Theorem 1.31 (Strong convergence on (FP,(X),W,)). Let p € P,(X) and {ftn}nen C
P,(X). Then W,(u, pt,) = 0 as n — 400 if and only if both of the following hold:

1. pn — p narrowly as n — 400.

2. [y d(zo, 2)? dpn(x) — [ d(zo,x)? du(z).
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1.2.6. Brenier’s theorem

Definition 1.32 (Subdifferential). Let ¢ : R — R U {+00} conver. We define its sub-
differential at x € R? as:

dp(x) == {y € RUV z € R : p(2) 2 (@) + (y, 2 — 2)}.
Also, we define:

0p = | J {a} x 0p(x) CR* x R™.

T€ER4

It can be proven that if ¢ is differentiable at x € RY, then d¢(z) = {Vp(x)}.

Justified by Rockefellar’s theorem (see Figalli and Glaudo [2021, Theorem 2.4.2]), we

consider the following definition.

Definition 1.33. A set S C RY x R? is said to be cyclically monotone if and only if there
exists a convez function ¢ : R — RU {+oc} such that S C .

Definition 1.34 (Legendre transform). Let ¢ : RY — R U {+o0} (with p # +00) be a
convex function. We define its Legendre’s transform ¢* : RY — R U {400} as:

©*(y) = Sélﬂg{w Yy — ()}

Proposition 1.1 (Properties of Legendre’s transform). The following properties hold:
1. ox)+ " (y) > x-y for all z,y € RY
2. o(x) 4+ ¢*(y) = x -y if and only if y € dp(x).

Kantorovich duality provides a rich framework to study optimal transport from analytical,
geometrical and numerical perspectives. The special case of quadratic cost functions is
remarkably important. This cost appears naturally in the contexts of physics, economy,
and statistical inference among many others, and so it is natural that it has a special
result. Brenier’s theorem provides conditions for existence and uniqueness of optimal
transport plans of quadratic cost functions. It also sets the OT problem in the framework

of convex optimization.

Theorem 1.35 (Brenier). Let X =Y = R? and c(x,y) = \:17—2y|2' Suppose that p and v
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have finite second moments:

/ 2l du(z) + / y2di(y) < +o0
R4 R4

and that p << dx, that is p is absolutely continuous with respect to the Lebesgue measure
on RY. Then, there exists a unique optimal transport plan ¥ € TU(u,v). In addition,
A= IdxT)y(p), and T = V¢ for some convex function ¢.

Proof. Let us start by observing that the quadratic cost is non-negative and continuous,
hence lower-semicontinuous. Therefore, by Theorem 1.26 there exists an optimal transport

plan 7. It can be proven that supp(¥y) C d¢p for some convex function ¢ : R — RU{+oco}

- that is, supp(7) is cyclically monotone. By Proposition 1.1, ¢(z) + ¢*(y) = z -y for y
in the subdifferential of ¢ at x. This implies that

o)+ (y) =x-y for (x,y) € supp(y).

In particular, (¢(x),¢*(y)) is finite §-a.e., which implies that p(z) is finite p-a.e. Also,
since p << dx by Alexandrov’s theorem -see |Rockafellar, 2015 Theorem 25.5-, ¢ is
differentiable p-a.e.

Now, let A C R? be a p-zero measure set such that ¢ is differentiable everywhere in R\ A.
Taking 7 € R\ A and suppose that (z,7) € supp(¥). Then

which implies that

Thanks to the differentiability of ¢ at z, ®; is also differentiable at x. Hence, since ®;

has a minimum at z, we deduce that
0=Vo:(7) =Vp(@) -y = §=Ve(@)
for all z € R"\A and (7, §) € supp(7).And because 7 (A x R?) = pu(A) = 0, then

(z,y) = (2, Ve(z)) F-ae.
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Thus, for any function F' € C,, (Rd X ]Rd) we have

[, P dien = [ F@ve@) aiey

Rax R4

_ /R P, V(@) dp()

_ /R | Flay) d(1dxVe)m) (x.)

Consequently ¥ = (Id xVy).p, is a transport plan, and so, as desired, there exist a

solution to the Kantorovich problem, and, as a byproduct, also the Monge’s problem.

Now, by contradiction, assume that the optimal transport plan is not unique, let 4; and

72 be two different optimal plans, and define ¥ = @ Observe that

- Y1+
/ |z —y)* dy(z,y) =/ o=y d (2 (z,y)
R xRd RI x R4 2

1 _ _
5 ([ o=k anten+ [ o= dnten)
Rd xR4 Rd xR4
= (p,v),

that is, 7 is also an optimal transport plan. And so, for any ¢ € Cj, (Rd), it holds that

/Rw W(x) dy(z,y) = /RR b(x) d ('71 ;72) (z,7)

=5 ([, v@ante+ [ v dute)
= Rd@b dp(z),

that is (7x), () = p. Analogously (my), (7) = v.

So, we have proven that being 71,79, optimal transport plans, there exist three convex

functions 1, @9, @ such that:
1. 71 = (Id x V¢y). Thus (z,y) = (z, V1) T1-a.e.
2. Yo = (Id X Vo). Thus (z,y) = (z, Vig) Fo-a.e.
3. 4= (Id x V@). Thus (z,y) = (z, V@) F-a.e.

And so, combining the first and the third equations with the second and the third, we
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obtain:

(,Vy1) 11-ace. = (2,Vyr) = (2, V) p-ae.
(x, V) Yp-ace. = (x,Vgy) = (x,VQ) u-a.e.

Thus, we conclude that (z, Vi) = (x,Vps) p-a.e. which means that Vo; = Vs, or

equivalently, that 7; = 45. Contradiction. Hence, the optimal plan is unique. O]

We now present two important corollaries for the computation of optimal transports using
numerical methods. Their proofs are simple and we do not write them in this text. We
refer the reader to Figalli and Glaudo [2021] Corollaries 2.4.10 and 2.4.11 for further
details.

Corollary 1.36. Under the assumptions of Brenier’s theorem:

1. There exists a unique optimal transport map: T : R? — RY such that Typ = v.
Also, T = Vi for some convez function ¢ : R — R U {+oc}.

2. If Syp = v and S = V¢ p-a.e. for some ¢ convez, then S is the unique optimal

transport map from u to v.

Corollary 1.37. Under the assumptions of Brenier’s theorem, assume also that v << dzx.
Let Vo be the optimal transport map from p to v, and let Vi) be the optimal transport
map from v to . Then Vi is invertible p-a.e., its inverse is unique v-a.e. and is given

by V.

1.3. Quantum computing

The 20th century was undoubtedly remarkable because of the accelerated technological
and scientific success in diverse fields of science and engineering. The theory of relativity,
quantum mechanics, the birth of the computer, the invention of the transistor, space ex-
ploration, material sciences, and many others defined a giant leap for humanity. Notably,
besides being of the utmost importance for understanding physical phenomena at minus-
cule scales, quantum mechanics faced the scientific community with a complete change
in the physics paradigm. Even Einstein was skeptical and somehow reluctant to accept a

probabilistic quantum theory. In a famous letter to Max Born in 1926, he said:

"Quantum mechanics is certainly imposing. But an inner voice tells me that it is not yet

a real thing. The theory says a lot, but does not really brings us any closer to the secret
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of the ’old one’. I, at any rate, am convinced that He [God| does not throw dice..." (Cite
Born-Einstein letters, 52)

Famously, in 1935, the now-known EPR paper (Einstein-Podolski-Rosen) entitled "Can
Quantum-Mechanical description of physical reality be considered complete?" highlighted
the incompleteness of quantum mechanics, especially regarding quantum entanglement or
"spooky action at a distance" as Einstein called it. However, despite the doubts, the
quantum theory was correct yet tremendously counter intuitive. Interestingly, Einstein
was awarded the 1921 Nobel Prize in Physics for "his services to theoretical physics, and
especially for this discovery of the photoelectric effect," a foundational result of quantum

physics.

In 1936, Alan Turing wrote his seminal paper "On Computable Numbers," proposing a
Universal Computing Machine: a machine able to perform any algorithmically describable
computation. Notably, the notion of Lambda calculus introduced by Alonzo Church and
the Church-Turing thesis established theoretical limits of computation. That is, there are
computational tasks that cannot be solved algorithmically, and therefore, there exists at

least one class of problems for which no Turing machine can solve them.

In the 1940s, von Neumann’s theoretical and practical contributions to the ENITAC project
and the transistor development by Bardeen, Brattain, and Shockley enabled the design
of fully digital computers as the TX-0 during the 1950s at MIT. Further technological
refinements have made it possible, up to now, to reduce the transistors’ dimension while
increasing the machines’ computing power. The pace of the development was so rapid
that Gordon Moore conjectured in 1965 that the number of transistors in an integrated
circuit roughly doubles every two years. This empirical law, Moore’s law, imposes signif-
icant technological challenges to fabricating new devices. We are slowly approaching a
limit where building smaller transistors is not feasible anymore. This situation makes it
imperative to look for new computational paradigms that can beat the most influential

classical computers available.

The end of the decade was crucial for what we now know as information theory. It
was in 1948 that Shannon published "A Mathematical Theory of Communication," in
which he formalized the notions of information and communication channels and studied
the flow of information through noisy and noiseless channels. Significantly, he showed
that information could be protected using error-corrected codes. These concepts are
fundamental to understanding how information is transmitted and how it can be protected
as it propagates through imperfect channels. Today, the theory of error correction is well

developed, and almost all, if not all, modern communications are error-blind using an
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error-correcting protocol.

Quantum computing is a rich and interdisciplinary field. It is a convergent point of,
among others, quantum physics, information theory, and computer science. By the 1990s,
those fields were already in a mature stage where it was natural to ask questions like:
Would it be possible to leverage the effects of quantum mechanics to enable new, possibly
faster ways of computing? Richard Feynmann was one of the first to speculate about the
need for quantum computers to simulate quantum systems. In "simulating physics with

computers" [Feynman, 2018|, Feynmann says:

[-..] Can a quantum system be probabilistically simulated by a classical (prob-
abilistic, I'd assume) universal computer? [...] No! This is called the hidden
variable problem: it is impossible to represent the results of quantum mechan-
ics with a classical universal device. [...[ And I'm not happy with all the
analyses that go with just the classical theory, because nature isn’t classical,
dammit, and if you want to make simulation of nature, you’d better make it
quantum mechanical, and by golly it’s a wonderful problem, because it doesn’t

look easy.

Building upon Feynman’s ideas, David Deutsch proposed a notion of Universal Quantum
Computer [Deutsch, 1985], a machine that ideally could solve computational problems
hard or impossible for classical computers. From then on, and until the 2010’s, most
of the advances in quantum computing were mainly theoretical establishing quantum
counterparts to classical computing algorithms. Some crucial algorithms proved to be
faster than their classical counterparts. With an exponential speedup the Deutsch-Jozsa
algorithm (1992) to identify constant or balanced patterns in long binary strings, and
Shor’s algorithm (1994) to factor large numbers. In turn, with a quadratic speedup,
Grover’s algorithm is an efficient algorithm to search in unsorted databases. Some other
algorithms widely used nowadays are the Quantum Fourier Transform and the Quantum

Phase Estimation.

In this section, we briefly introduce some notions of quantum computing. The first part
of the section will be devoted to define the concepts of qubit, quantum logic and quantum
circuits. The main reference for this part will be [Nielsen and Chuang, 2001]. Then, we
will discuss some algorithms to which we refer to the original papers as main reference.
These algorithms are the Quantum Fourier Transform (QFT); Quantum Phase Estima-
tion (QPE); the Harrow—Hassidim—Lloyd (HHL) algorithm; and the Variational Quantum
Linear Solver (VQLS). Although quantum mechanical effects are the principal phenomena

involved in quantum computing, in this section we shall focus in the algorithmic properties
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of quantum circuits rather than in their physics.

1.3.1. Qubits and Quantum Logic

In classical computing, the bit - or binary digit - is the smallest unit of information and
a realization of a classical two-level system. It encodes some characteristics of a classical
system into two possible values 0 and 1. A standard realization of a bit employs electric
signals and assigns the value of 0 when a device reads an electric voltage below a certain
threshold, and 1 when the reading is above it. Analogously, a quantum bit - also quantum
binary digit or simply qubit - is the smallest unit of quantum information. It follows
the same physical principle of a bit in the sense that it encodes some characteristics of
a quantum two-level system. It is important to make emphasis on the word quantum,
because although a bit is also the realization of a two-level system - we conceived a bit
as a system with two states: voltage above the threshold and voltage below the threshold
-, the differences between classical and quantum mechanics establish sharp differences
between bits and qubits. The most crucial difference is that instead of being either in

state 0 or 1, a qubit can exist as a constrained linear combination of both states.

Here we follow the mathematical formulation of quantum mechanics introduced by Dirac

[1981] and Von Neumann [2018]. We start with a the following fundamental axiom.

Axiom 0. To any quantum mechanical system belongs at least one complex Hilbert Space

H in which the quantum theory of that system can be formulated.

In the previous axiom, the phrase “in which the quantum theory of the system can be
formulated" refers to the fact that the chosen Hilbert space should be able to represent -

or rather encode - the characteristics of the physical system.

The reason why quantum mechanics can be formulated in Hilbert Spaces is far from
intuitive and in some pathological scenarios can lead to theoretical contradictions - see
[Bratteli and Robinson, 2012]. Nowadays, more modern and sophisticated mathematical
frameworks to describe quantum mechanics include C'x-algebras and category theory. We
recommend the interested reader to refer to [Gicres, 2000] and [Heunen and Vicary, 2019]

for deeper discussions in the matter.

Throughout this work, we consider H = (C", (-|-)), where (:]-) : C* x C" — C will
always denote the standard Fuclidean inner product in C". Notably, two-level systems
are represented by (C?,(-|-)). Here we denote the inner product as (-|-) instead of (-,-)

because we adopt the standard Dirac’s bra-ket notation - see [Dirac, 1939].
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Definition 1.38 (Bra-Ket notation). Let H be a suitable Hilbert space to represent the
physical problem. We denote any element ¢ € H as |[1) and will call it ket. Also, we
write the bra of v € H as (Y| and define it as the conjugate transpose of |1, that is
1) = (|0))" = (|. The inner product between ¢, € H will be written as (Q|h) =
(Plp)" and will be indistinctly referred to as the the bracket between |¢) and |1).

After setting the Hilbert space of the physical problem, we can proceed to describe its
elements. The properties of quantum systems are summarized in a set of postulates known

as the postulates of quantum mechanics.

Postulate 1 (Quantum states). At each time instant t, we can find a ket [1p(t)) € H
representing the physical characteristics of a quantum mechanical system. We say that
the ket |1(t)) is the quantum state of the system at time t.

Let us now focus in the case of two-level systems. We have said that, in that setting,
H = (C?% (-]-)). Then, we can find an orthonormal basis for H, that is a set {|¢1), |¢2)} C
H such that M = span{|1), 62}, |11én) | = |/lé2) || = 1, and {é1|6s) = 0. The exact
form of that basis is indifferent to us, and so, we relabel the two elements of the basis as

|¢1) = |0) and |¢p2) = |1). Additionally, in vector notation we write:

We have chosen this basis transformation to guarantee that the new basis is orthonormal

with respect to the inner product of H, and that it still spans H. Indeed,

r 110

o1y =1{1 o] |=0
NN
- - —1_

oy 112 = col0y = [1 o] | | =1
- - —0_

IR =y =[o 1] ||| =1

Thus, any arbitrary ket in H can be written as a complex linear combination of elements

of its basis:

) =al0) +B1),

where «, 5 € C.
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This basis is known as the computational basis.

Definition 1.39 (Computational basis). We call the set {|0),]1)} computational basis of
H, and H = Span{|0),|1)}.

There is a particular subset Q@ C H that has a concrete physical meaning. This subspace is
known as qubit space and its elements as qubits. In more general settings, for arbitrary
separable Hilbert spaces, we refer to those concepts as state space and quantum state,

respectively.

Definition 1.40 (Qubit). Let |p) € H. We say that |¢) is a qubit if there exist o, § € C
such that |¢) = «|0) + S |1), and (p|p) = 1.

Remark 1.41. From the last condition of Definition 1.0, we identify (p|e) as the square
of the norm the norm induced by the inner product - and denote as |||¢) ||. Therefore, we
require the state |) to be normalized. Equivalently we can ask for the coefficients a, B to
satisfy |a)? 4+ 8> = 1. Indeed:

L= (plg)”* = (a” (0] + 5" (1) (@ [0) + B11)) = a*a(0[0) + BB (1[1) = |af* + |B].

Having defined the underlying Hilbert space and its elements, we can ask ourselves: what
kind of operations can be applied to those mathematical objects? Do they all have a
physical meaning? Are they measurable experimentally? These questions lead us to the

notions of quantum operators.

Definition 1.42 (Quantum Operator). Let A : H — H. We say that A is a quantum
operator if and only if A € B(H), where B(H) is the set of linear and bounded operators
from H to H over the field C.

Remark 1.43. Because Hilbert spaces in quantum mechanics are separable, they are iso-
metrically isomorphic to [>. Hence, in H = C? we can write maps A as 2 X 2 matrices
acting on |p) € H. More generally, for any finite dimensional Hilbert space of dimension

N, quantum operators can be represented by N x N matrices with complex entries.

The coefficients a and 5 have a fundamental role in quantum mechanics. They are known
as probability amplitudes because of their connection to the measurement problem.
Measuring in quantum mechanics is a complete subject on its own. Here we don’t under-
mine into the details, but for the interested reader, there is a very detailed and rigorous

discussion on the matter in [Peres, 1997] and [Wiseman and Milburn, 2009]. However,
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for our purposes it is enough to say that after we have defined a basis for the problem’s
Hilbert space, it is possible to device a machine able measure to physical properties of
the system in that basis. Of course, in physical systems |0) and |1) represent physical

quantities, for example:
e Magnetization
e Spin
e Charge.

The main result of measurement theory is that, after measuring the system, it will result
in one of the two basis states, that is, the experimenter will measure either |0) or [1). If the
procedure is repeated for many different but identically prepared systems, the probability
that they will measure |0) will be close to |a|?, and the probability that they will measure
|1) will be close to |3|?. Provided that the procedure is repeated infinitely many times, by
means of the law of large numbers the probabilities of measuring each state will converge
to |a|* and |3|? surely - in the statistical sense of sure convergence. Therefore, they are
constrained to satisfy that:
o +18]* = 1.

Motivated by this fact o and g are refereed to as probability amplitudes.

Definition 1.44 (Observable). A quantum operator B associated to a measurable physical
quantity is known as an observable. Observables have the additional mathematical property

of being self-adjoint operators.

On behalf of the spectral theorem, if B € B(C?), then it is diagonalizable. Moreover,
if we apply B to a quantum system, the experimenter will register in the measuring
device one of the eigenvalues of B, and then can identify the quantum state with the one

corresponding to that eigenvalue.

A remarkably useful set of observables is that of the Pauli matrices.

Definition 1.45 (Pauli matrices). We define Pauli matrices ox,oy,07 € C**? as:

0 1 0 —i 1 0
ox = , oy = , oy =
*T 1o YT lioo 77 o -1

Definition 1.46 (Quantum gate). A quantum gate U is a unitary quantum operator, i.e.

an operator such that UUT = I, with 1 the identity operator. Such gates can be single qubit

gates acting on one qubit at at time, and in such case U € C**2; or they can be k-qubit



1| Background 27

t:1 t:2 t:3  t4 t:5
| |

| | |
o) —{HP——t
| | | | |
| | | | |
o) {XF—o—tH
[ [ NRVaN [
| | | | |
ps) =Y -+ W
| | | | |
|pa) I : : RE L
| | | | |
VU | | | |
los) — S H — ! !
| | | | |

Figure 1.1: Schematic of a generic Quantum Circuit (QC). Each line represents a different
qubit. We refer to those lines as wires. The wires serve to keep track of the quantum
operations applied to each particular qubit at each time instant. In this example, at each
time 7 € {1,2,3,4,5} we apply different 7-qubit gates represented as boxes or connecting
vertical lines. The boxes labeled with X,Y, Z, H, and S represent the quantum Gates
previously defined. The vertical lines are depictions of 7-qubit controlled X Gates with e
the control qubits, and & the target. The boxes labeled with U, V', and W are arbitrary
2, 3, and 4 qubit gates. The time is discrete and increases from left to right. The last
step is a measurement of |¢;) represented with a Gauge.

gates,acting on k qubits simultaneously. In the latter U € C?#*2F,

From now on, we will refer to the Pauli matrices {ox,0y,07} as {X,Y, Z}. In particular
X is known as the NOT gate because X [0) = |1) and X |1) = |0). These matrices are
crucial for the development of the quantum circuits discussed in the Methods and Results

sections. Another particular set important set of gates is {H, X, S,CNOT}, where:

1 00 O

111 1 1 0 010 1
H=- S = CNOT = (1.1)

211 —1 0 ¢ 0 00 1

0010

The relevance of the last sets of gates is that it is universal in the following sense:

Definition 1.47 (Universal set of gates). A universal set of gates is a minimal collection
of quantum gates such that, when combined, allow for the approrimation of any arbitrary

unitary transformation on a quantum system up to any degree of precision.
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Finally, we can introduce the notion of quantum circuit.

Definition 1.48 (Quantum circuit). A Quantum Circuit (QC) is a collection of qubits
to which some quantum gates are applied respecting a certain temporal order. We depict

an example of a generic Quantum Circuit in Figure 1.1.

Remark 1.49. We denote a particular operation in a specific wire by sub-indexing the

corresponding operator with the index of the wire on which it acts.

Following the previous remark, the circuit in Figure 1.1 up to time 1 can be written as

Hy X5Y37,S5 1) [02) |@3) [04) |@5) -

For the sake of simplicity, we indistinctly write

H 1 X5Y3574S5 [¢1, 92, 03, ¢a, P5) -
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2 ‘ Methods and developments

We have seen that under some settings Brenier’s Theorem 1.35 allows us to compute
transportation maps as gradients of convex functions. In Amos et al. [2017] the authors
propose a Neural Network (NN) architecture known as Input Convex Neural Network
(ICNN) and they prove that it is a convex function learner, that is, that regardless the
input data, the output will always be a convex function. We want to link ICNNs and
the Optimal Transport (OT) via convex optimization. Indeed, exploiting the functional
properties of a ICNN, we fit the weights of the neural network to retrieve the optimal

convex function leading to the optimal transportation map between two measures on

P(R).

2.1. Classical convex interpolation

Splines interpolation solves the problem of finding a smooth curve connecting - equiva-
lently: interpolating - a set of points. Let (g, o), (71,51) € R? with zg < x;. We want
to find s : R — R smooth such that

s(zg) = so s(z1) = 1

Additionally, we set sp,s] € R to be the derivatives of s(-) at each corresponding point

Ty O Iq.

The case where the interpolating function is polynomial of third degree is known as Cubic

Splines and has been largely studied in the literature. Using the following parametrization:

&= ;1’2)0 , A\ = 11 — I, the result for the problem is:
S(6,A) = (1 =267+ 2€%)s0 + (3¢ — 26%)s1 + M(§ — 267 + &) sy + A(=€" + &)1

However, the problem of cubic splines is that it produces functions that are not convex in
general. Since we are interested in finding only convex functions satisfying the constrains,

if they exist, we manually impose a convexity on the function s. Namely, we require

d?s

¢-5. It is important to point out that such function

positivity of the second derivative
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might not exist, and so, besides solving the problem we need to find the valid ranges of
parameters for which the problem is solvable. Using a convenient parametrization of the

second derivative introduced in [Messac and Sivanandan, 1997], we write:

L) e ( (s -50)" o (e ”%)) ,

withn e Nyn>4,0<~<1,a,b>0. And so, integrating twice with respect to x, we

find the solution of the new constrained problem as:

sta) =3 (s (60 - 152) o+ s (e 152) ) + o)

with the coefficients a, b, ¢, d being the solution to:

(7)) 60 0 1 a So
1 1] (b
Ap = |Po 0 =" =5, (2.1)
ar —pBp 1 0f |c S0
51 — 1 0 d 8/1
where we have defined:
-y
:An_ Y pu—
@o: @ n(n—l ( 2 )
5 = 1+~
o = X"Bo, o= (4 )
_1 1_7 n—1
n—1~ =~
oA =g ()
L B 1 1_’_7 n—1
= \" 1 — )
B B, B (n—l)( 5 >

The previous development requires to set the order n of the convex spline curve. The value
of that parameter defines the degree of the approximating polynomial and consequently,
the shape of the interpolating function. Because we need to guarantee that the second
derivative of s is positive, we require n > 4 and even. Additionally, when v = 1 we follow
the procedure from Messac and Sivanandan [1997]. We define

S1 — So s — g s — g

np = — n2 = -
A 5—s,’ sh—3§’

S =
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and select a proper order n. evaluating:

4, if min(ny,ny) > 4 or max(ny,ny) < 4
Ne =
min{2k > max(ny,ns) : k € N} otherwise.

The positivity constraint of the second derivative imposes conditions on the possible
values for the slopes and displacements of the data points. This means that given a

dataset {(x1, s1), (%9, S2), ..., (Tk, sk)}, the valid slopes will be restricted as:

$15 — @38y, P15 — das)

T g« 22
®2 o3

15 — dasy  ,  $15 — P35

P PR

with ¢y = B1 — @y, g9 = By — a1 — @, and ¢3 = ap + B1 — fo.

The previous conditions are crucial for defining our algorithmic implementation of convex
splines interpolation that consists in a modification to the SAM algorithm from [Messac

and Sivanandan, 1997].

Now assume that instead of two points, we have a set of K different points that we
want to connect with a globally convex function, if it exists. We say that the data set
will have K knots {xo,z1,...,25_1}, and K images {s¢, $1,...,5kx_1}. To compute the
resulting curve we need to specify the slopes in the boundary points of each sub-domain
{[zk, Tks1]} iy There are many different valid approaches to specify those slopes. For
example, Messac and Sivanandan [1997] uses the Slope Averaging Method (SAM), were
they define:

A " " 3 Sk+1 — Sk u Akt1 9 A
k= Tk41 — Tk, E= k= 1T T +k = T v
Ak A Ak + Akt

And impose the slope at each point as,

sh = (1 — o sign(s1))s, 0.1<0<02
S = M—iSk—1 + t15k+1, 2<k<K-1
she =14 0 sign(Sk—-1))Sk—1, 0.1<0<0.2

Here we propose a simpler approach that we call Slope Weighted Averaging Method,
SWAM for short. For for k € {1,2,..., K — 1} | we define the delta displacements and
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empirical slopes as:

N

A*(k) = 21 — stky=3 &™W
0 if AT =0
L AT >0
A_UC) =Tk — Tk—1, §_(k‘) = A~ (k)
0 if A= =0

And, then, we set the slope at each point as

s, = (1— o sign(s]) &t

_ AT(k) $T(k)+A (k) 5~ (k)
S), = A= (k) +AT (k) , 2Sk<K -1
s = (1+0 sign(sg)) $x

where, again, 0.1 < o < 0.2, and we assume §* (k) > §~ (k).

In short, the SWAM algorithm approximates the slopes at each point of the dataset with

the weighted sum of the neighboring empirical slopes.

However, despite being simple and efficient, the SWAM method has the great disadvantage
of providing slopes that can lie outside the allowed ranges defined in equations (2.2)-(2.3).
We correct the invalid values of s} by choosing the boundary point in equation (2.3) that
is the closest to the SWAM estimation.

To find the multi-segment convex interpolating curve it is only left to solve the K — 1

independent linear systems using the previously estimated slopes and orders.

2.2. Approximating continuous transport maps from
discrete samples of continuous probability mea-

sures

We assume that p,v € P(R) are distributions satisfying the assumptions of Brenier’s
Theorem 1.35. Assume that we cannot access them directly, but instead we sample
to obtain two empirical measures. We note as D, = {(z1,51), (22,52),..., (K, 5K)}
and D, := {(y1,t1), (y2,t2), ..., (yr,tr)} the dataset defying the empirical distributions
of p and v, respectively. In particular, z; € supp(p), k = 1,2,...,k; yi € supp(v),
l=1,2,...,L; and s, t; are their respective masses. Under this setting, the existence of

a unique transport map 7" from p to v is guaranteed on behalf of Theorem 1.35.
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In this section we explore a numerical method to approximate the continuous map ¢
inducing such transport as T = V¢. We rely in a solution of the (discrete) Optimal
Transport problem from /i and © -see [Peyré et al.; 2019]- to obtain a (discrete) transport
map T’ between i and . Our goal is to retrieve the actual continuous map 7' : X — Y
being the optimal transport map between p and v, using T and exploiting the convexity
properties of ¢. To do so, we integrate naively the discrete OT map using the following

algorithm.

The result of the naive integration is a function -see [Davis and Rabinowitz, 2007] Chapter
2.1- ¢ : supp(X) — supp(Y) approximating the actual convex function ¢ such that
T = V¢. Being ¢ a convex function, we approximate it using by means of our convex

interpolation algorithm applied to ¢ following the method described in 2.1.

2.3. Quantum Convex regression

In the classical case, we discussed that one possible approach to perform convex regression
is through ICNNs Amos et al., 2017. It might seem natural to translate the ICNN ar-
chitecture into quantum by transforming the classical logic into its quantum counterpart
and operating to get the desired result. By doing so, we would obtain a Quantum Input
Convex Neural Network (qICNN for short). However, we discovered that this approach

has profound obstacles:

e ICNNSs require to implement layers with positive weights: Linear combi-
nations of convex functions with positive coefficients are still convex. This is the
rationale behind the selection of positive weights in ICNN architectures. Indeed,
when we choose convex activation functions, e.g. ReLu, we will get convex out-
puts. However, in qICNNs there is no similar result. Because activation function
in Quantum Circuits can be understood as rotations in a certain complex Hilbert
Space, there is no equivalent property that allows us to produce convex functions

by constraining the network parameters.

e ICNNSs require to implement recurrent connections: It is well known that
the no-cloning theorem avoid us from copying quantum states without damaging
its quantum properties [Buzek and Hillery, 1996]. Therefore we cannot implement
recurrent connections copying the information from the first layer of the qICNN
into consecutive layers. A workaround for this is re-inputing the data in each layer,
however, as pointed out by Schuld et al. [2021] and discussed next in this section.

This approach affects the circuit’s expressivity.
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e Preparing arbitrary states using QC is difficult: The mathematical con-
straints on quantum operators - see section 1.3 - make it harder to design flexible
quantum circuits to fit arbitrary functions. For example, consider the set of gates
{H,X,S,CNOT} defined in Equation 1.1, which is universal. Therefore, applying
a suitable sequence of these operations we are able to prepare any quantum state.
However, the number required operations could be so high that would make the

procedure imprecise and demanding due to induction of errors at each rotation.

These divergences between the Classical and Quantum logic prevent us from constructing
a direct way to move from ICNN to qICNNs.

Since the gates are unitary operations acting on the elements of H, then it is very difficult
to device a quantum circuit able to represent any arbitrary mathematical function with
ease. Moreover, it is even tougher to represent structured functions exhibiting, for exam-
ple, convexity. This is problem is commonly known in the literature as the expressivity

problem.

When dealing with representation of arbitrary functions using quantum circuits, there are
several steps involved: first, the data need to be properly encoded in a quantum space,
then the encoded quantum state needs to be operated with a quantum circuit, last, the
result have to be decoded into the original domain. In practical terms, even though the
application of a certain quantum algorithm could be very efficient, it is important to
consider the costs of encoding and decoding the data. Indeed, many algorithms struggle
when dealing with real datasets, and the so called quantum advantage disappears. A well
known result by Schuld et al. [2021] proves that the expressive power of a variational

quantum model is limited by the data-encoding strategy. They write:
o) = et
we
where the set of accesible functions is determined by the data encoding protocol.

We now introduce a quantum routine for executing regression.

HHL Algorithm

The HHL algorithm [Harrow et al., 2009] aims for solving linear systems of equations.

Solving a linear system of equations aims to find x € C" such that Az = b, where
A e C™" be C" are known. There are many different methods for solving this problem.

Between then, some solution techniques have the following computational complexities:
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1. Gaussian elimination: O (n?)
2. Fast matrix multiplication: O (n"),w < 2.372864

The quantum version of the problem assumes that a we know a normalized state |b), and
a matrix A. Then, we look for a quantum state |Z) that resembles the solution z* to

Az = b up to a precision ¢, that is, if |z) encodes x*, then

llz) = 12) || < e.

There are some assumptions on the system:

1. We assume that A is s-sparse - i.e. each row has at most s << n nonempty rows -

and can be accessed by two oracles:
e Oy :11,7)0) = |i,7)|A(7,7))  (retrieves matrix elements)
© Ouioc: |1)16) = |7)|v(7,€))  (locates the nonzero elements)
where the I-th non-zero element in row j is in the column v(j,1).

2. We need to be able to efficiently prepare copies of the state |b) without errors. This

fact makes it impossible to run the algorithm in real hardware today.

3. The condition number - the ration between the biggest and the smallest eigenvalue
of A - has to be finite.

To implement the algorithm, we use 3 subroutines.
1. Hamiltonian simulation (of sparse matrices)
2. Quantum Fourier Transform/Quantum Phase Estimation
3. Amplitude amplification

For a detailed discussion in how these methods are implemented we refer the reader to
Nielsen and Chuang [2001].

It turns out that the previous assumptions are too restrictive for real problems. However,
there are alternative approximate methods like the so-called Variational Quantum Linear
Solver (VQLS) introduced by Bravo-Pricto et al. [2023] that circumvent some of these
difficulties.
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3 ‘ Results

In this section, we present out results coming from the application of techniques and

methods introduced in the previous chapter.

3.1. Variational Quantum Circuit Regression

We evaluated first the feasibility and capabilities of performing regression for arbitrary
functions using quantum circuits. We employed the architecture suggested by Schuld
et al. [2021], and depicted in Figure 3.1. This consists in a Variational Quantum Circuit

with two alternating components:

1. Fully entangling circuit (FEC): A quantum architecture deviced to generate en-
tanglement between the qubits to favor expressivity and introduce non-linearities.
The circuit has two sub-blocks: (1) individual rotations around the 3-axis of the
Bloch sphere followed by entangling operations induced by CNOT gates between
adjacent qubits; and (2) individual rotations around the 3-axis of the Bloch sphere
followed by entangling operations induced by CNOT gates between qubits sepa-
rated by a distance 2.

2. Encoding block (EB): A rotation of x radians around the x-axis of the bloch

sphere, where x is a particular datum.

These two routines are used to ensemble the Variational Quantum Circuit VQC used for
regression in this work. That circuit is composed by n alternating FCE + EB layers
with an extra FEC block at the end. In Figure 3.2 we show the diagram and explain the

final circuit used to perform the regression task.

To benchmark the circuit’s capabilities, we fitted the following function defined by a

partial Fourier sum:

fle) =" ¢; exp(iz)

j=—k
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Figure 3.1: Depiction of the quantum gates used in the quantum regression circuit. The
picture shows a circuit with four qubits, however, following the same logic the same ar-
chitectures can be generalized to an arbitrary number of qubits. The sub-blocks FEC(1)
followed by FEC(2) form the routine known as fully entangling circuit FEC; while EC

is itself the encoding routine.

The model was trained semi-classically by computing the gradient of the Circuit with
the so called shift rule [Mitarai et al.; 2018|, and evaluated in the training dataset using
the circuit depicted in Figure 3.2. We applied Stochastic Gradient Descend (SGD) to
minimize the Mean Squared Error (MSE) as objective function with a learning rate of
v = 0.1. We trained over a maximum of 100 training epochs and used early-stopping
with a patience of 3, and an epsilon of 1073, The training and test points were sampled
uniformly from the domain [—6,6]. No sample used for training was used to compute the
reported MSE, whose value corresponds to that of the test data set. In total 140 points
where used for training and 60 for testing. We trained 6 different models considering
all the possible combinations for number of 1 and 4 qubits; and for a number of layers

n = 1,10, 20. The results are reported in Figure 3.3.

After that first model we fitted a second model for the convex function f(z) = 2*+30(z —
5)%. The training was performed on a data-set of 140 points {x, f(x)} uniformly sampled
from the interval [—1,1]. Additionally, 60 samples, obtained in the same way, were used
for validation. As in the previous case, we selected as objective function the MSE and
as the classical optimization routine the Adam Optimizer with learning rate 0.01. The
models were fitted for 10, 20, 30 and 40 layers, and for 2,4, and 8 qubits. In Table 3.1 we

report some average metric over 10 training cycles.
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Figure 3.2: Quantum Regression Circuit used for the regression task. The circuit is
composed by n alternating layers FEC+EB with an extra FEC at the end. Only the
first register is measured. The figure shows a circuit with 4 qubits, however the same
architecture can be generalized to any number of qubits. When the circuit has only 1

qubit we called it serial circuit, and when it has more than 1 qubit we call it parallel

circuit.
1.00 4
. MSE =0.0865 MSE = 0.0081 MSE =0.0135
.75 g 4
# qubits =2 # qubits =2 # qubits =2 !
050 1 1
# layers = 1 # layers = 10 # layers = 20

0.25 4

=
=
0.00 A 1
025 1
050 1
-0.75 1
1.00 4 g
MSE =0.1385 MSE =0.0314 MSE =0.0109
0.75 1 1
# qubits = 4 # qubits = 4 # qubits = 4
050 - - -
#layers = 1 # layers = 10 # layers = 20
025 - -
=
=
0.00 - -
025 -
050 -
-£0.75
- 4 2 0 2 4 6 5 4 2 0 2 4 6 5 4 2 0 2 4 6
X X X

Figure 3.3: Results of the regression of the curve f(x) = Z?:—k ¢; exp(iz) using the
quantum circuit of Figure 3.2 for different configurations of number of qubits and number
of layers. The model with 1 qubit is commonly known as series model, while the one with
4 qubits is known as parallel model. The blue curve represents the learned function while

the gray curve is the real one.
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Figure 3.4: Results of the regression of the curve f(x) = x+30(z—5)? using the quantum
circuit of Figure 3.2 for different configurations of number of qubits and number of layers.

The blue curve represents the learned function while the gray curve is the real one.
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a) Hidden b)

Layers
(16)

Figure 3.5: On the left we depict a single layer Feedforward Neural Network (FNN). It
consists of one input and one output layer with 1 neuron each; and one hidden layer
with 16 neurons with Rel.u activation functions. We chose this one as our benchmark
implementation on behalf of the Universal Approximation Theorem [Cybenko, 1989]. On
the right we depict the architecture of an Input Convex Neural Network as introduced by
Amos et al. [2017]. Tt consists of a constrained multi-layer FNN with residual connections.
Observe that the weights {W*, Wi ... W)} are positive to ensure the convexity of
the output.

In Table 3.1, we show the training error for 2,4, and 8 qubits, and 10, 20, 30, and 40 layers.

3.2. Convex and non-convex regression

We bench-marked the methods developed in Chapter 2. In particular we did so for three
different settings:

1. A convex function: f(z) = 0.42? 4+ 0.5z* — 1.62% + 2.52'° for x € [-1,1]

2. A non-convex function: f(z) = —(0.42% + 0.52* — 1.62° + 2.52°) + 1.8 for
r € [—1,1]

3. A non-convex function: f(z) = §sin(z) for z € [0, 6].

In particular, we applied The Convex Splines method developed in Section 2.1, and com-
pared it against the Input Convex Neural Network [Amos et al., 2017], and a Feedforward

Neural Network. We now detail the procedure employed for each method.

We performed the Convex Splines interpolation using our SWAM method with v = 1,
and 0 = 0.1. For the Feedforward Neural Network (FNN) we used an architecture of
only one hidden layer of 16 neurons. To train the network we applied Stochastic Gradient
Descend (SGD) to minimize the MSE with a learning rate 0.01. We used 20 000 epochs
to train the model. The Input Convex Neural Network consisted of 2 hidden layers with



3| Results 43

Convex function Non-convex function (1) Non-convex function (2)
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Figure 3.6: Comparison of ICNN, FNN, and convex splines for the regression of three
different functions. On the left we plot a (strictly) convex function in [—1, 1] defined by
f(x) = 0.42% + 0.52* — 1.62° + 2.52'°. In the center we see a nowhere convex function in
[—1,1] defined by f(x) = —(0.422 + 0.52* — 1.62° 4 2.52'%) + 1.8. Finally, in the right we
see the function f(z) = (£) sin(z) for z € [0,8] that is only convex in -approximately-
[0,1.076] U [3.643, 6.578).

64 neurons each, and sparse connections of layers with positive weights. We detail those

architectures in Figure 3.5. The training hyper-parameters were the same as the FNN.

3.3. Approximating continuous transport maps from

discrete samples

In this section we approximate the optimal (continuous) transport maps 7" from p to v
using empirical source and target distributions. To avoid ambiguities, we refer as ji and

v, to the empirical source and target distributions, respectively.

Following the combinatorial approach detailed in [Peyré et al.; 2019] we computed the
optimal (discrete) transport map T from it to . As an initial benchmark we selected as
source distribution a truncated Gaussian distribution supported in the interval [0, 1] with

mean 0.45 and standard deviation 0.1. Then we proceeded as follows.

1. We selected as the transport map T the discrete exponential function evaluated
in the sample points of the source distribution g. Then we computed © by push-

forwarding T to fi. This distribution is shown in orange in Figure 3.7a.
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Figure 3.7: Optimal Transport between a source and target distributions solved by dif-
ferent computational methods. On the left we computed the target distribution v-orange
plot on the right axis of figure a)- from 1000 samples of the given blue truncated Gaussian
distribution g with mean 0.45, standard deviation o = 0.1, and supported in z € [—1,1].
In black we see the transport map T'(x) = exp(x). On the right, we see the result of the
numerical transportation plan in which the given data are the previous distributions pu
and v, while the transport is computed by the Python library POT. This plot is a color
map and it is flipped and inverted with respect to the figure on the right.

2. We now know that the optimal transport map from fi to © is the discrete exponential
function. Therefore, we computed such map using the Python Library POT (Python

Optimal Transport). We can see the resulting transport in Figure 3.7b.

Finally, as a further experiment, we generated a target distribution from a sampled given
source distribution by using the transport map 7" obtained as the gradient of the convex
function given in Section 3.2 item 1. The resulting distribution is plotted in orange on
Figure (3.8).

With the (optimal) discrete transport map shown in Figure 3.8 we then wanted to retrieve
the continuous transport map 7. To do so we integrated naively as, described in Section
2.2, and obtained the black dots on the right side of Figure 3.9. We then interpolated
using our Convex Splines algorithms to get an approximation of f. After taking the
numerical gradient of the orange function thus obtained, we retrieve the continuous blue

line of Figure 3.9a as a continuous approximation of T'=V f.
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Figure 3.8: Discrete Source (blue) and target (orange) distributions and their associated
discrete transport plan depicted in black. The source points are uniformly from the
truncated Gaussian distribution with mean —14 and standard deviation 4 and support
in [—15,15]. The transport map is Vg, where ¢ is the convex function from Figure 3.6.

The orange points are the transported images.
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Figure 3.9: Result of retrieving the continuous transport plan T from discrete samples
T. We start with the black points on the left, that are the result of solving the discrete
optimization problem between p and v by combinatorial methods. Then, after naive
integration, we get the black points in b) to which we apply our convex splines procedure
whose result is shown in orange. Finally, by differentiating the orange curve, we obtain

the continuous transport map depicted in blue on the left.
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3.4. VQLS as linear solver for the convex interpola-

tion problem

Finally, we explored the solution to the convex interpolation problem formulated as a
quantum linear system. We do it using the Convex Splines Interpolation method intro-
duced Section 2.1 with our SWAM algorithm -from now on we will refer to this as our
Convex Splines method- by relying on the Variational Quantum Linear Solver (VQLS)
defined by Bravo-Prieto et al. [2023]. In this framework, given a matrix A, a known vector
b, and an unknown vector z, instead of solving Ax = b, the algorithm tries to prepare a
quantum state |z(0)) = V(6) |0) such that it corresponds to the classical solution of the
problem. In particular, here we solve:
1

[(0)) = = Ale) ~ 1b),

where C' is a normalization constant introduced to guarantee the that |x(6)) the resulting

quantum state is properly normalized.
Therefore, we are interested in constructing a Variational Quantum Circuit (VQC) V(0)
such that the similarity between () and |b) is maximized, or alternatively, that:

C=1—1{ble(9) I,

is minimized. And so, the optimal parameters for the VQC are:

1

s L[ LOVIO)U0) (0] UTAV [0)

(0] VATAV |0) ’

with U a unitary operator such that U |0) = |b).

The implemented procedure consists in several steps:
e Decomposition of A as a product of unitary matrices.
e Preparation of |b)

e Hadamard test and optimization of the parameters of the variational quantum cir-

cuit.
We depict the circuit in Figure 3.10.

As a proof of concept we execute the algorithm for the linear system of an individual

spline segment with s = <0, %, 0, \/Lﬁ) The corresponding A matrix is the following:
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Hadamard Test

—————————————————————————————————————————

0) ——H] HA-
’O>1 | E Bl T E
0); —V(0) AU Z U A ———

Figure 3.10: Hadamard test used to estimate the real part of (0] V1Al Z; A,V |0). For the
imaginary part, it is enough to add a phase shift of —x /2 after the first Hadamard Gate
in the top qubit.

0 1.33 0 1
1.33 0 21
A=
0O -—-266 1 0
2.66 0 1 0

3.4.1. Decomposition of matrix A into complex linear combina-

tions of tensor products of 2-dimensional unitary matrices

We first decomposed A into linear combinations of tensor products of 2 x 2 unitary
matrices as required by the algorithm. In particular we chose our set of unitaries to be
G = {1,X,Y, Z}, that is, the Pauli Gates and the Identity gate. We can observe that
G = G ® G, where ® represents the tensor product in C? x C?, is a basis of the space
of 4 x 4 matrices. Then, we projected A into that basis using the standard projection

procedure from linear algebra. The resulting coefficients are reported next:

¢ =1{0.25,0.916,0.,0.25,0.25,0.75, 1.583¢, —0.25,
—0.254, —0.757, —1.083, 0.254, —0.25,0.416, —0.257, —0.25}.

And so, we can write A = 2,166:1 cxGy, and we can apply the operations as different wires
in the VQC 3.10.
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3.4.2. Preparation of the quantum state b

We encoded the vector b = \%(O, 1,0, 1) -that corresponds to s in our classical development
of the Convex Splines Interpolation- into the quantum state \%(!Ol) + |11)), preparing
the quantum circuit X Hy. Indeed:

1

1
Nl NG

where X; and H, are follow the convention from Remark 1.49.

X1Hy |00) = 100) +[10)) = —=(|01) + |11)),

3.4.3. Hadamard test and optimization of the parameters of the

VQC

We trained the Circuit in Figure 3.10 semi-classically, calculating the gradient of the
circuit using the shift rule [Mitarai et al.; 2018] and evaluated it in the input data using
that Quantum Circuit. The weights were optimized via Stochastic gradient descend with

a learning rate of 0.8.

Because of the dimensionality of the problem we use 2 qubits to encode the 4 x 4 matrix
A, and an extra auxiliary qubit to perform the Hadamard test. For each iteration we took
10* simulated shots. The final MSE obtained was 1.043 - 1073.



////M//////////é N 1 \\\\\\\ / \m\\ %
2N /// \ 117717/ s
//// N\ //// ////::_:::\\\ //) \\\ \\\\
NN 779477770770 00 /2 2
NN N e otrts
oty HH1100177 070070 2 2
SO 77752777777 000 2 2 2 2 27
J ///// /// N //// ////N///////////é __ ________,5\ I \\\\\\\ \\w\\ \\\\\\\\\\\\\\ =
~ 3N M s
N T e
—— f ot
—— = R
- ““\\\\\\\\\\\\\\\\\\m\\\w\w\\ 77 /////////////,/////////////// //// ///UU/
N RN R
1 NN
5577 NN
2 T I A O O



o1

4: ‘ Discussion

In this section, we comment and discuss the results from the previous Chapter 3.

4.1. On the impracticality of performing convex re-
gression using Variational Quantum Circuits

It is well know that Variational Quantum circuits (VQC) implemented in current state
of the art devices suffer from different drawbacks. On the one hand, there is the issue
of expressivity. Indeed, Schuld et al. [2021] shows that the for VQCs of the type shown
in Flgure 3.2, the class of represented functions is determined by the encoding protocol.

Additionally, they proved that the class of represented functions can be written as:

fla) = Y e,

weN
where the space (2 is determined by the particular data encoding protocol, and that the
coefficients ¢, are determined by the architecture of the circuit - in our case, the number

of alternating layers and the FEC.

This fact possesses a significant challenge to perform quantum regression and, in partic-
ular, to perform convex quantum regression. On the one hand, one desires the Quantum
Circuits to have good expressive power, that is, to be able to represent a wide class of
functions, which requires to design architectures where (2 is dense and large. However
that implies the construction of large circuits with intricate encoding protocols that are
challenging to implement and prone to errors. On the other hand, the fact that the func-
tion f(x) is expressed as a Fourier sum, imposes heavy restriction on the valid domain,

as well as in the coefficients and frequencies of the sum.

To explore what is the effect of the Fourier-sum-like behaviour of the functions obtained
via VQCs, in Figure 3.3 we depict the capabilities of the Quantum Circuit to learn the
function f(x) = Z?:—s c¢; exp(ixz). As the theory suggests, there should exist a circuit

capable of approximating such function perfectly, since it comes from a Fourier sum.
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Despite the fact that we explored only six different configurations, it is noticeable how
the resulting function imitate the oscillating pattern of the target function. Indeed, for
the circuit with 2 qubits and 10 layers, we see the best fit with a MSE of 0.0081. The rest
of the curves, except the ones for circuits with only one layer, also fit the target function
at a good level approximation. This verifies how the chosen architecture is adequate to

perform regression task with classical data.

Moving forward, we now analyze those regression capabilities for the particular task of
convex objective functions. In Figure 3.4 we use different circuit configurations to fit the
function f(x) = a* + 30(xz — 5)? in the interval [—1, 1], domain in which it is convex.
We again observe oscillating patterns of the predicted function as a consequence of to
the Fourier-sum-like behaviour described in the previous paragraph. Notably, none of
the approximating curves is convex despite the fact that the target function does have
that property. It is interesting to observe that increasing the number of qubits and the
number of layers, simultaneously reduces the amplitude of the oscillations, as expected.
Unfortunately, in real applications it is not feasible to build reliable large and deep circuits

to damp the oscillations.

The reason why building deep circuits -that is, with architectures with many consecutive
layers- is not feasible, is twofold. On the one hand, we see in Table 3.1 that increasing
the number of layers or the number of qubits increases the training time, as expected.
However, that increment in computational time is not necessarily reflected in an increment
on the approximating power of the circuit. Indeed, observe that the best result on the test
set was obtained by the configuration with 8 qubits and 30 layers, instead of that with
40 layers. This result should not be surprising under the light of the Fourier sum written
previously. The depth of circuit is augmenting the set of accessible coefficients ¢, whose
effect might not be as beneficial as increasing the set of accessible frequencies w. On the
other hand, if we look back to Figure 3.4, we observe that increasing the number of layers
while keeping fixed the number of qubits could be detrimental for the final prediction.
The reason for this has to deal with the gradient landscape. Increasing the number of
layers also increases the number of training parameters which might result in the presence
of Barren Plateaus [McClean et al.; 2018].

The presence of Barren Plateaus is the phenomenon in which the gradient landscape
becomes almost flat when the dimensionlity of the parameters is very large. That could
happen either when the circuits are deep or when the number of qubits is large. In those
almost-flat landscapes the cost function -that is the function being optimized- becomes
exponentially small and makes it difficult for the training algorithm to find the minimum

of the cost function. This phenomenon is similar to the vanishing gradient present in
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conventional Neural Networks (NN) but in a more critical way due to the exponential
decay of the gradient. While in classical NNs strategies like weight initialization, batch
normalization or residual connections might be useful, in Variational Quantum Circuits
there is no one-fits-all way to solve the problem. This is an open problem in Quantum

Machine Learning and an area of active research right now.

Motivated by these reasons, we can safely assure that performing convex regression for
arbitrary convex functions is impractical due to the inner properties of the quantum
circuits. Here we make emphasis in the word arbitrary, because there are works studying
different QCs architectures to exploit different types of functional symmetries -like for
example rotation symmetries in Meyer et al. [2023]- however, they are bespoke to solve
a very narrow class of problems. With that result in mind, we decided to take two
alternative approaches. The first one is to make use of the output of the VQC in Figure
3.2 and to project it into the closest convex function numerically - via the Python library
cvxpy. The second one, to change the framework of the problem and to frame it as a
linear solution problem in order to use techniques like the HHL algorithm or the VQLS
algorithm that are presumed to have a real quantum advantage against their classical
counterparts. We take this second approach by implementing the so called Convex Spline

Interpolation.

4.2. On the convenience of Convex Splines Interpo-
lation

At first sight it might appear that substituting the problem of convex regression with that
of convex interpolation is too restrictive. However, if we consider our particular setting for
which the optimal transport maps are gradients of convex functions, the new framework

becomes natural to consider.

In Figure 3.6 we depict the results of the application of our convex splines interpolation
algorithm. As expected, we see that it achieves the task of interpolating points with convex
and smooth functions. Moreover, thanks to our particular computational implementation,
we see that in the case of non-convex functions -middle and right figures- it still performs
the interpolation task but in the intervals for which it can interpolate with a convex
function, it does it. This gives a little of freedom for the numerical implementations of

the solution of the OT problem that is discussed later.

From the same figure, we see some advantages of our method in comparison with the
FNN and the ICNN. A remarkable point is that being a linear system that includes the
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convexity constrains, it does not need any training, and therefore does not suffer from
the optimization problem experienced by the FNN and ICNN. Indeed, in Figure 3.6, in
the case of a convex objective function, we see that both algorithms deviate considerably
from the real function due to the fact that the training set is limited, and that they
cannot extract from it the necessary information to train properly the data-set. However,
it is clear that the ICNN outperforms the FNN because it is constrained to produce a
convex function. The situation changes when the fitting function is an everywhere non-
convex function. In that situation, the convexity constraint enforces the ICNN to be a
constant taking the value of the mean of the images of the training points, while the FNN
approximates better the dataset. Remarkably, our convex splines method also achieves
the task by interpolating the points with a continuous function. Lastly, in the third
scenario, we see how the ICNN fails to fit a convex function and still takes the mean value
of the training dataset, while the FNN and the convex splines interpolation achieve the
task satisfactorily. The greatest difference between the FNN and the convex splines in
this setting is that the FNN does not enforce neither convexity nor smoothness. Instead,
the convex splines interpolator is a smooth curve that enforces convexity in particular in

the regions between the 4th and 6th training points.

4.3. On the approximation of continuous transport
maps from discrete samples

Trying to solve the continuous OT problem from sampled data is a goal that has been
actively pursued in applied and computational OT because people usually have access
to discrete samples rather than to the full continuous distributions. A common strategy
found in the literature -see for example [Bunne et al., 2023|- is to tackle the problem by
relying in the usage of Brenier’'s Theorem 1.35 and so to search for a convex function
inducing the optimal transport map. This framework has the advantage of framing the
problem in the context of convex optimization for which there are diverse out-of-the-box
numerical packages available. However, most of the works relying on this approach over-
look the fact that empirical distributions do not satisfy the assumptions of the theorem.
Indeed, it does not work for atomic measures -which is just the case of empirical distribu-
tions from data samples- because they are not absolutely continuous with respect to the

Lebesgue measure.

Our approach to compute continuous OT plans from discrete samples consists in the

following steps:
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1. To solve the discrete OT problem as a problem of combinatorial optimization as
detailed in Chapter 2.

2. To numerically integrate the optimal transport map to obtain samples from the

continuous convex function inducing the plan.
3. To interpolate those points using our convex splines method.

4. To differentiate the continuous curve to obtain the continuous OT plan associated

to the sampling.

Proceeding in such way, we see how in Figure 3.7 we compare our combinatorial frame-
work against the solution provided by the Python library POT. Unfortunately, the only
comparison that we can do between (3.7a) and (3.7b) is visual because POT does not
provide the optimal map, but a color plot depicting the transported mass on each point
of the grid. However, the visual inspection exercise allow us -provided that we rotate
and scale the plots to make them match, a qualitative confirmation of the validity of the
combinatorial approach. Many more test were conducted, however, we display only this

one as representative.

Having verified the validity of the OT solution, we can now apply it to a real case. In
Figure 3.6, we defined the convex function on the left. That function corresponds to a
Optimal Transport plan between a pair of probability measures. In Figure 3.8 we show
samples from those measures and solve the OT problem obtaining the discrete optimal
map depicted in black. We numerically integrate that map to obtain the black points in
Figure 3.9b. As we know that the obtained Optimal Transport plan is the gradient of a
convex function, we apply our convex splines interpolation method to find the solid curve
in the same plot, which coincides with convex function on Figure 3.6. After taking the
derivative of the continuous curve, we obtain the continuous line from Figure 3.8 which

approximates the original discrete transport plan.

A major advantage of this result is that relying in the formulation of Section 2.1, we only
need to formulate a suitable linear problem and solve it with any linear method. This
change of perspective allows us to establish a direct link between our solution method

and quantum algorithms via Variational Quantum Linear Solvers (VQLSSs).



56 4| Discussion

4.4. On the use of the VQLS to perform convex in-
terpolation

We selected a Variational Quantum Linear Solver as our routine because we want our
method to be implementable in current NISQ and ISQ devices. The main challenge
about this implementation is the preparation of the quantum state |b). We selected a
particular case where the dataset has only 3 points: D = {(—2, _\/Li)’ (0,0), (2, \/Li)} The
reason for that is the simplicity of preparing the quantum state encoding the linear system
for the convex splines method. Those states can be easily prepared with a simple product

of X, Z, and H operators, which allow us to compute the solution.

As described in the result section, and reported with the corresponding error metric we
successfully applied the method to this case applying the VQLS circuit depicted in Figure
3.10. However, it is important to take into account different considerations that might

limit the utility of considering this approach for general cases:

1. Normalization conditions on the input: In order to transform the vector s =
[S0, $1, 84, 8] from the linear system Ax = s -see Equation2.1- into the quantum
state |b), is it is mandatory to guarantee the vector is normalized. Indeed, from the
quantum theory, for |b) to be a valid quantum state, this condition is essential. At
the end of the quantum encoding we want to obtain |b) = [3¢, §1, 5, §;]. Normalizing
s might alter the scale of the matrix A -or the vector x- and that fact should be

considered when decoding the solution state |z).

2. Knowledge of the explicit encoding circuit U: As seen in Circuit 3.10, U and
U' make part of the Hadamard test, and therefore we need to be able to prepare
them accordingly. For non-trivial values of the components of |b) this might not
be an easy task, since preparing a quantum circuit involves the application of a

sequence of unitary rotations of |0) along the surface of the Bloch’s sphere.

3. Easy preparation of U: As mentioned in the previous literal, the quantum encod-
ing of an arbitrary vector s might be extremely difficult. On top of that difficulty,
U should be easily realizable, or equivalently, it has to be a shallow and absent
of many complicated entanglement operations between qubits or multi-qubit gates.
This is because, as we discussed previously, deep circuits are prone to errors and
might damage the quality of the solution. The same applies for multi-qubit gates
in the current NISQ and ISQ devices.

4. Semiclassical solution: Even if our architectures requires preparating and evalu-
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ating a quantum circuit, the training of the variational component is done classically

via stochastic gradient descend.

4.5. On the solution of the OT problem using convex

interpolation and VQLSs

In Section 4.3 we discussed how to solve the OT problem using our proposed method for
convex interpolation. In Section 4.4 we discussed how to perform convex interpolation by
solving the linear system using Variatonal Quantum Circuits. In this section we discuss

how to combine both methods and the possible benefits and drawbacks or doing so.

With the OT framework defined in Section 4.3 it is straightforward to realize that it
suffices to replace the classical linear solver for the Variational Quantum Linear Solver
(VQLS). The potential benefit of doing so is clear in case of large datasets, that is in setting
with many interpolation segments. The complexity of the VQLS scales logarithmically
with the number of segments ~ O(log(K)) -see [Bravo-Pricto et al., 2023| for a detailed
discussion on the complexity of the algorithm- which is advantageous with respect to the
classical algorithms for solution of classical systems that scale at least like O(K?) for

algorithms like LU decomposition or Cholesky decomposition.

However, it is important to note that the potential quantum speedups might disappear
in practice when the preparation of the state U is not simple. Another important factor
to consider is that if the circuit U is not explicitly defined, there is no way to solve the
problem using this method. This last fact restricts the applicability of the method in
general setting and makes it only suitable for states where a simple encoding protocol is

known.

As the result of this section we conclude that even if this method of solution is possible

it is not practical for many real-life scenarios.
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5 Conclusions

Throughout this work we have studied how to solve the OT problem in classical and quan-
tum settings. We have shown how, despite the difficulties, it is possible to approximate
continuous Optimal Transport plans from discrete samples using convex splines interpo-
lation, and how Variational Quantum Circuits can be incorporated to that framework
via the Variational Quantum Linear Solver (VQLS). As we discussed in Section 4, the
quantum usage of this method is impractical in general settings, albeit possible. And
claimed that for large datasets whose associated s vector could be easily encoded into
a quantum state |b) the VQLS approach might be beneficial thanks to its logarithmic
scaling in the number of segments that is superior to the quadratic scaling of common

linear solver algorithms.

As a continuation of this work, we propose the following extensions and further develop-

ments:

1. To explore different data encoding mechanisms: In this work we encoded
classical data into quantum states using X-rotations. An optimal first extension
to this work would involve exploring different encoding protocols like Hamiltonian
encoding or Quantum Error Correction Codes. These modifications can be beneficial
to the expressive power of the Quantum Circuits, but most likely will also impact
the computational complexity of the calculations and will make training slower.
Therefore, it is necessary to investigate the effect of different encoding, and their

resource impact.

2. To use a combinatorial optimization quantum algorithm to solve the dis-
crete OT problem: Maybe the easiest way to incorporate quantum into the so-
lution of the discrete OT problem is via a combinatorial quantum optimization
framework. Since in this scenario the search space is discrete and finite, we can rely
on a Quantum Approximate Optimization Algorithm (QAOA) as the main solving
routine. It is not granted that using a QAOA would represent any computational
advantage against classical algorithms, but it is worth exploring this direction and

looking for optimizing different architectures in order to decrease the complexity of
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the algorithms and increase their accuracy.

3. To train a Variational Quantum Circuit with loss penalizing non-convex
predictions: An alternative and potentially beneficial way to solve the convex
regression problem using quantum circuits is to incorporate a penalization term
in the loss function of architectures like (3.2) accounting for the convexity of the
outcome function. Despite being an easy task in classical Neural Networks, in
quantum this would imply the design of a quantum circuit whose goal is to test
convexity. As for today this approach has not been explored and there are no

related works in the literature.

A rigorous development of the last points will greatly contribute to answering the question

about the feasibility of the usage of quantum circuits to solve OT problems.
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