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Abstract

THIS thesis deals with the problem of safely navigating autonomous
vehicles through the design of a suitable regulator able to a trade-
off: “safety”, here considered in the form of constraint satisfac-

tion and persistent obstacle avoidance; “exploitation”, to make the most
of the current knowledge of the environment and to reduce the conser-
vatism of a guaranteed collision-free approach; “exploration”, regarding
the ability to discover the surrounding potential unknown environment
while avoiding getting stuck in blocked areas. Autonomous systems,
such as autonomous vehicles or mobile robots reside on the spectrum of
safety-critical applications. The design of motion planning algorithms
for these kinds of applications must deal with the trade-off mentioned
above between safety, exploitation and exploration. Among the different
approaches for dynamic path planning, discrete optimization approaches,
such as Model Predictive Control (MPC) schemes, have received broad
attention thanks to their ability to manage state and input constraints
(safety) while minimizing a user-defined cost function (exploitation).
The thesis’s contribution is twofold: provide a theoretical framework for
constrained navigation of autonomous vehicles and show potential ap-
plications of this framework in practical scenarios where different kinds
of constraints are considered.
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Part I of the thesis is devoted to the presentation of a theoretical frame-
work to consider safety, exploitation and exploration. Firstly possible
solutions to achieve persistent constraint satisfaction when time-varying
state constraints are considered are described. Then, a novel MPC for-
mulation, named Multi-Trajectory MPC (mt-MPC), particularly suitable
for the exploitation of time-varying constraints, is presented. Finally, a
novel exploration approach, based on a receding horizon strategy named
G-BEAM, standing for Graph-Based Exploration And Mapping, is in-
troduced as a possible solution to explore an unknown environment.
Part II of the thesis is concerned with different applications where the
framework can be applied. Firstly the mt-MPC approach is applied to
the navigation of a drone in an a-priori unknown environment. The
framework is exploited to guarantee robust persistent obstacle avoid-
ance despite different sources of uncertainty and time-varying state con-
straints. The approach is experimentally validated out-of-the-lab on a
prototype, together with the G-BEAM mapping strategy. Then, the theo-
retical framework is extended to the case of multi-agent systems. Firstly,
the navigation in a partially unknown environment of a system of teth-
ered multi-copters is explored, showing how the considered framework
can manage physical couplings between agents described by the intersec-
tion of time-varying state constraints. Finally, the method is expanded to
deal with swarms of agents, where the multi-trajectory MPC is employed
to enable automatic plug-and-play requests that cannot be rejected in a
time-varying network topology of agents with limited communication
capabilities.

II
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Sommario

QUESTA tesi affronta il problema della navigazione sicura di vei-
coli autonomi attraverso la progettazione di un regolatore in
grado di mediare tra: “safety”, considerata in termini di sod-

disfacimento dei vincoli ed evitamento degli ostacoli; “exploitation” per
sfruttare al meglio la conoscenza locale dell'ambiente e per ridurre il
conservativismo garantendo un moto senza collisioni; “exploration” per
acquisire informazioni circa l'ambiente circostante ed evitare di rimane-
re bloccati contro un ostacolo. I sistemi autonomi, come i veicoli senza
pilota e i robot mobili appartengono allo spettro delle applicazioni cri-
tiche per la sicurezza. Per questo tipo di applicazioni, la progettazioni
di algoritmi di piani�cazione dei movimenti deve mediare tra sicurezza
ed esplorazione, sfruttando al massimo le prestazioni del veicolo. Tra
i differenti approacci per la piani�cazione dinamica dei movimenti, gli
approcci basati su ottimizzazione discreta, come il controllo predittivo
basato su modello (MPC), sono stati molto studiati grazie alla loro ca-
pacitá di gestire vincoli sugli stati e sugli ingressi mentre minimizzano
una prede�nita funzione di costo. Il contributo di questa tesi è duplice:
proporre un quadro teorico per la navigazione vincolata di veicoli auto-
nomi e mostrare potenziali applicazioni nelle quali applicare i risultati
mostrati considerando diversi tipi di vincoli agenti sul sistema.
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La Parte I della tesi è destinata alla presentazione del quadro teorico
per considerare esplorazione e sicurezza sfruttando al meglio le capacitá
del veicolo. In primis vengono mostrate soluzioni per garantire il sod-
disfacimento dei vincoli in maniera persistente in presenza di vincoli di
stato tempo variante. Successivamente viene presentata una nuova for-
mulazione MPC, chiamata MPC multi traiettoria (mt-MPC), che risulta
particolarmente adatta per lo sfruttamento delle capacitá del veicolo in
presenza di vincoli tempo varianti. In�ne, viene presentata una nuo-
va strategia di mappatura chiamata G-BEAM (Graph-Based Exploration
And Mapping) come possibile soluzione per l'esplorazione di ambienti
ignoti.
La Parte II della tesi è relativa alla presentazioni di diverse applicazioni
pratiche del quadro teorico presentato nella Parte I. Prima di tutto l'MPC
multi-traiettoria è usato per guidare un drone in un ambiente sconosciu-
to. La strategia MPC è sfruttato per garantire l'evitamento robusto degli
ostacoli nonostante diverse fonti di incertezza e vincoli sullo stato tem-
po varianti derivanti dalla percezione dell'ambiente circostante. Questo
approccio è stato validato sperimentalmente con un prototipo insieme
all'approccio per l'esplorazione G-BEAM. Successivamente, il quadro
teorico è applicato al caso di sistemi multi-agente. Inizialmente viene
considerato il caso di navigazione di un sistema di droni connessi con
cavo in un ambiente parzialmente conosciuto mostrando come i risultati
presentati permettano di gestire l'accoppiamento �sico tra i veicoli sfrut-
tando l'intersezione di vincoli tempo varianti sullo stato del sistema. In-
�ne estendiamo il metodo proposto al caso di uno sciame di agenti dove
l'MPC multi-traiettoria è stato usato per permettere l'ammissione senza
richiesta di un nuovo agente all'interno dello sciame.
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CHAPTER1
Introduction

In the last decade, technological advancements, together with their ever-
decreasing cost have allowed autonomous systems to become progres-
sively more common in our everyday life [8], [12]. Their powerful im-
pact in several �elds of technology, science and society has made au-
tonomous systems a powerful tool for various applications, ranging from
military technology to hobbyist tools and different commercial applica-
tions. Today, autonomous systems are mainly employed in known envi-
ronments, such as industrial robots in production plants. If detailed mod-
els for the autonomous system and its environment can be derived, strong
guarantees can be obtained for the system's behaviour. However, there is
a growing need to employ autonomous systems, particularly autonomous
vehicles, in highly heterogeneous, unknown environments, such as mo-
bile robots for search and rescue [49], drones for environmental monitor-
ing [18], autonomous cars on the highways [22] and many others applica-
tions [5]. This trend has pushed enormous research developments across
several areas, revealing that autonomous vehicles can carry out complex
missions without any human mediation. Autonomous vehicles or mobile
robots fall under the category of safety-critical systems, where the use

1
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Chapter 1. Introduction

of algorithms that do not consider satisfaction of hard state constraints
can lead to catastrophic consequences, such as loss or harm to proper-
ty/equipment, injury to people or environmental damage. The design of
motion planning algorithms in safety-critical applications requires per-
formance optimization while guaranteeing safety, i.e., must trade-off a
risk-apprehensive approach, able to ensure the systems and environment
safety, and the exploitation of the vehicle's capabilities without dropping
into a behaviour too conservative and without getting stuck in local min-
ima during the navigation. In this doctoral dissertation, we address the
problem of guaranteeing collision-free autonomous navigation from an
initial point to a target position in applications where the system evolves
in partially or totally unknown environments, and the surroundings is
detected by onboard sensors such as Light Detection and Ranging (Li-
DAR) sensors, cameras or antennas. This problem raises different chal-
lenges [65]: from usual speci�cations such as compliance with vehicle
dynamics and actuator limits, to the necessity of guaranteeing collision
avoidance despite different sources of uncertainty both in the system dy-
namics, in the environment and the sensors, at the same time maintaining
small enough the computational complexity to allow the real-time appli-
cation of the algorithm in real-world tasks.

1.1 State of the art

Planning, mapping, and combining these two have been handled in dif-
ferent works in the literature. When a description of the environment is
known a-priori, different techniques are available in literature to provide
a collision-free path [1]. Sampling-based approaches, such as roadmaps
(e.g.rapidly exploring random trees [37], A* [21]), or potential �eld
methods ([52], [20]) or cell decomposition ([30]), have received exten-
sive research effort and provide a reliable method for off-line path plan-
ning. These approaches, however, provide obstacle-free trajectories fea-
sible for approximated kinematic models of the vehicle but often do not
consider constraints. To include the vehicle's dynamics, model predic-
tive control (MPC) [46] has been widely considered thanks to its ability
to handle constraints in the control problems [10, 50]. The known en-

2
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1.1. State of the art

vironment is usually discretised to generate a feasible obstacle-free tra-
jectory with discrete optimization approaches. In [10, 54], an integer
variable is used to consider the intersection of the obstacles and the pre-
dicted trajectory, leading to a mixed-integer quadratic or linear program
(MIQP or MILP) to be solved at each time step in a receding horizon
fashion. Alternatively, in [11] and [48], the obstacle-free area is under-
approximated with convex polytopic sets and the problem is solved with-
out using integer variables. The main disadvantage of these approaches
is the need of a suitable description, and discretization of the environ-
ment. Furthermore, the complexity of the problem increases with the
number of convex regions and/or obstacles considered in the approxima-
tion. The convex under-approximation of non convex region has been
widely studied as well. In various optimization-based approaches (see
e.g. [11,23,61]), the positioning of known obstacles is exploited to gen-
erate the largest convex set in the free area. These methods call on an a-
priori description of the environment, such as a set of convex polytopes
or a map, but they do not guarantee that the current vehicle's position
belongs to the derived set. In contrast, the use of local sensor measure-
ments to derive an under-approximation of the free space has rarely been
considered in the literature.
When the environment is partially or totally unknown, the navigation
problem becomes more challenging, and there is a need for algorithms
that can generate dynamically-feasible obstacle-free trajectories com-
puted online able to guarantee safety despite the constant exploration
of the environment. Thus, the algorithm must rely on local information
gathered by the sensors that are available to compute a feasible trajectory
and must be able to react to the new available information. This prob-
lem has been widely discussed in the literature with approaches that di-
rectly exploit the measurements provided by exteroceptive sensors both
to build a local map of the environment [41, 67] or for reactive obstacle
avoidance (see e.g [35, 51]). In [41] piece-wise polynomial trajectories
are derived through convex optimization for the navigation of a drone
in a partially unknown environment. A three dimensional exteroceptive
sensor is used to realize a local map employed to compute a sequence of

3
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Chapter 1. Introduction

convex connected polyhedra describing the obstacle-free space and these
sets are considered as linear inequality constraints in a quadratic program
(QP) for trajectory optimization. Also Reinforcement Learning (RL) ap-
proaches, which employ directly the sensor measurements have been re-
cently considered for this kind of problem [62], [33]. All these methods
often allows to obtain good performance and the planning of obstacle-
free trajectories, but with little regard to safety guarantees. Indeed, the
trajectory planning approaches available in the literature, only consider
kinematic constraints and do not include in the problem setup the vehi-
cle's dynamical response and the related uncertainty. To include con-
straints and safety guarantees, other approaches combine Optimal Con-
trol and Learning (see e.g. [9,32,69]). This problem is particularly chal-
lenging since performance improvements are necessary while ensuring
safety, i.e. the algorithm must be able to react online to the new informa-
tion about the environment while guaranteeing good performance. In [7]
a learning-based model predictive control scheme is used to provide de-
terministic guarantees on robustness, while a learning-based model of the
system is used to improve performance. In this way safety and perfor-
mance can be decoupled under reasonable conditions in an optimization
framework by maintaining two models of the system. Instead in [45]
a double-prediction approach is proposed to obtain a controller able to
provide robust stability guarantees and at the same time online learning
capabilities. When vehicle navigation problems are considered, a com-
mon approach to ensure safety is to guarantee that the vehicle can stop
its motion in an obstacle-free region derived from exteroceptive sensor
measurements or described by a local map. However, this can cause the
vehicle to behave conservatively, restricting its performance for the sake
of safety. To manage this trade-off between safety and exploitation in
navigation approaches, in [68] and [67], a control approach is proposed
for the trajectory planning of a drone in a partially unknown environ-
ment. The approach relies on the use of two trajectories able to diverge
after the �rst common waypoint. One trajectory is planned to stop the
vehicle inside the obstacle free area, while the second one can violate the
known area to maximize the performance. This approach, promising in

4
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terms of performance, however, offers poor safety guarantees. Indeed,
the approach only considers a triple integrator as dynamics of the vehi-
cle and does not provide theoretical guarantees on constraint satisfaction.
A similar concept has been proposed in [3] where two trajectories have
been considered in an MPC framework to trade-off the behaviour of a
nominal and a contingency model of a self-driving car. In this case the
authors try to �nd a contingency manoeuvre in case of an unexpected
change in the model to guarantee the safety of the system.

Furthermore, when the environment is unknown, beyond the required
safety guarantees, there is a need for approaches able to map the environ-
ment paired with exploration routines, which are in charge of choosing
the next area that the vehicle shall visit to avoid the possibility of re-
maining stuck against an obstacle. The most common solutions to map
the environment make use of occupancy maps (see e.g. [2,6,31]), while
the most used exploration algorithms aim to detect the frontiers between
unexplored and accessible areas and choice the target as the frontier that
allows gathering more information (see e.g. [36,71]).

1.2 Contributions

The thesis deals with MPC control schemes for the constrained safe nav-
igation of autonomous vehicles, and it is composed of two main parts:
the �rst focuses on theoretical aspects and algorithms, while the second
deals with real case studies where the theoretical framework can be ap-
plied.

PART I: Theoretical framework

Part I, comprising Chapters 2-3-4-5, is based on three pillars required
for constrained navigation of autonomous vehicles: “safety”, “exploita-
tion” and “exploration”. At �rst the problem statement is described in
Chapter 2. Then, in Chapter 3, the design of MPC schemes under time-
varying constraints are presented. Here, different strategies to guarantee
persistent constraint satisfaction (safety) are introduced. Firstly, suf�-
cient conditions for the recursive feasibility of the �nite horizon optimal
control problem are recalled for time-invariant state constraints and state

5
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Chapter 1. Introduction

constraints with bounded changes. Then, a novel receding horizon strat-
egy is presented to guarantee the existence of a feasible problem when
a sequence of time-varying unpredictable state constraints arising from
the perception of the environment is considered. After the discussion
of the persistent constraint satisfaction under time-varying constraints,
in Chapter 4, a novel MPC formulation named multi-trajectory MPC
is introduced. The approach, particularly suitable for time-varying con-
straints, exploits the knowledge of the current set of constraints (exploita-
tion) hoping for a favourable evolution of the constraint set in the subse-
quent time steps. The idea is to predict two trajectories, sharing the �rst
common state, in the same �nite horizon optimal control problem. One
trajectory is used to minimize the cost function, while, the second one
satis�es the time-varying constraints guaranteeing persistent constraints
satisfaction. To avoid the possibility of getting stuck in a local minimum,
two strategies exploiting local measurements of an exteroceptive sensor
are presented in Chapter 5. After a �rst reactive strategy that derives
a temporary target starting from the sensor measurements, a novel ap-
proach based on a receding horizon strategy is presented. The approach,
named G-BEAM, standing for Graph Based Exploration And Mapping,
uses a reachability graph as a map of the environment and a receding
horizon strategy selects a target on the derived map able to trade-off be-
tween exploration of the unknown area and reaching a given target.

PART II: Applications to autonomous navigation

The theoretical framework just introduced, subject of Part I, has been
applied to different realistic practical case studies. Firstly, Chapter 6
investigates the navigation and exploration of an Unmanned Aerial Ve-
hicle (UAV) in an unknown environment. The approach based on the
theoretical framework previously discussed, is validated with both nu-
merical simulations and experimental tests out-of-the-lab on a prototype
built with off-the-shelf components. Then, multi-agent systems are con-
sidered. Chapter 7 presents a case study with a system of tethered mul-
ticopters. The theoretical framework is exploited to guarantee persistent
obstacle avoidance despite the physical coupling between agents and the
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1.3. Thesis structure

environmental uncertainty that arises when a partially unknown environ-
ment is considered. Finally, Chapter 8 applies the framework to a mobile
robot swarm with limited communication capabilities. The theoretical
framework is exploited to derive a safe control scheme for multi-agent
systems that ensures collision avoidance. The proposed scheme allows
automatic plug-and-play requests that cannot be denied in a time-varying
topology of agents with limited communication capabilities.

Notation

We denote withk 2 Z the discrete time index with sampling timeTs, and
with t 2 R the continuous time variable,N is the set of positive integers
andNb

a = f n 2 N j a � n � bg andR+ denotes the set of positive
real numbers. Calligraphic letters indicate sets, bold symbols indicate
vectors and�T is the matrix transpose operation.0a� b andIa denote a
matrix of zeros witha rows andbcolumns and thea-by-a identity matrix,
respectively. jjv jj =

p
vTv denotes the 2-norm of vectorv, jjv jjA =p

vTAv denotes the 2-norm of vectorv weighted by matrixA � 0
(positive semi-de�nite). Finally we denote withvi jk the variablev at
time k + i predicted at timek. The notation is generally consistently
maintained all over the thesis. However, since the thesis deals with both
applicative and theoretical contributions, each chapter presents a notation
section to specify additional notation related to the chapter.

1.3 Thesis structure

The major contents of each chapter of this doctoral dissertation are de-
scribed in the following

Chapter 2

We present the considered constrained navigation problem, de�ning the
system at hand and the control objective for Part I of the thesis.

7
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Chapter 1. Introduction

Chapter 3

We analyze different time-varying state constraints derived from the per-
ception of the environment. Then, we introduce possible solutions to
guarantee persistent constraint satisfaction for both time-invariant state
constraints that shift with the state of the system and a set of time-
varying, potentially unpredictable, state constraints.

Chapter 4

We present a novel MPC formulation, named multi-trajectory MPC (mt-
MPC). The formulation, particularly suitable for time-varying constraints,
considers two predicted trajectories in the same optimization problem.
Firstly, we introduce the mt-MPC formulation; then, we perform a theo-
retical analysis of its convergence properties. Finally, a numerical exam-
ple shows the effectiveness of the approach.

Chapter 5

We present two strategies to navigate around obstacles and escape lo-
cal minima when optimization-based autonomous navigation algorithms
based on onboard sensor measurements are considered. Firstly, we in-
troduce the sensor setup and the environment considered, then a reactive
strategy based on sensor measurements is presented. Next, we present
an approach that uses readings from exteroceptive sensors to construct a
convex under-approximation of the obstacle-free area. Finally, a novel
mapping and exploration routine is introduced. The main idea consists of
the employment of the convex under-approximation of the free space to
build a reachability graph used as a map of the environment. The graph
is exploited by a receding horizon strategy to provide a reference way-
point that trades off between exploring the environment and reaching a
given target.

Chapter 6

We apply the proposed multi-trajectory MPC to safely navigate an Un-
manned Aerial Vehicle (UAV), furnished with an exteroceptive sensor to

8
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1.3. Thesis structure

detect the surrounding unknown environment, to a target point. Starting
from the data acquired with a prototype, we quantify the model-plant
mismatch and the disturbances with a model of the uncertainty derived
in terms of bounds on the prediction error exploiting a Set Membership
framework. To guarantee the system's persistent obstacle avoidance, we
apply a modi�ed receding horizon implementation to ensure the exis-
tence of a feasible trajectory at each time step despite the time-varying
nature of the state constraints and the system's uncertainty. Moreover,
the approach is also tested in a real-world experiment out-of-the-lab on
a prototype built with off-the-shelf components.

Chapter 7

We present a case study regarding the navigation of a System of TEth-
ered Multicopters (STEM) in a partially known environment. The sys-
tem, composed of more than one aircraft connected in series by power
supply tethers, is able to detect the surroundings with different exterocep-
tive sensors. Firstly, we present the formulation of an optimal mission
planner to de�ne the position references for the system's con�guration
in the nominal environment. Then we develop a reactive path planner
that exploits the sensor readings and the time-varying state constraints
derived from the sensor measurements to drive the system to the desired
con�guration avoiding collisions with obstacles, possibly different from
the nominal ones.

Chapter 8

We extend the use of the multi-trajectory MPC to multi-agent systems
with time-varying network topology. Each agent is embedded with a
communication device and can communicate in a bidirectional way with
other agents when its communication set intersects the set of the other
agents. The dependence of the communication sets on the system posi-
tion leads to a time-varying communication topology. In control systems
networks, recon�guration of the controller in terms of agents leaving or
joining the network is still an open challenge. Thus, a multi-trajectory
MPC scheme is exploited to guarantee automatic plug-and-play opera-

9



i

i

“output” — 2023/1/23 — 16:55 — page 10 — #26
i

i

i

i

i

i

Chapter 1. Introduction

tions that can't be denied.

Note that the preliminary results described in Chapter 5, have been pub-
lished in [19]. The results shown in Chapter 6, have been published
in [57] and have been accepted for publication in IEEE Transaction on
Control Systems Technology [56]. The contributions of Chapter 7 has
been accepted for presentation at the 2022 IEEE Conference on Deci-
sion and Control [15], and the content of Chapter 8 has been submitted
to the IFAC 2023 World Congress [55].

This research has been supported by the Italian Ministry of University and Research (MIUR) under
the PRIN 2017 grant n. 201732RS94 “Systems of Tethered Multicopters”.
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Theoretical framework
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CHAPTER2
Problem statement

2.1 Constrained autonomous navigation problem

Model Predictive Control (MPC), over the last decades, has been mainly
employed in the process industry [39] thanks to its ability to handle con-
straints in the control problems. In recent years, the growing interest
in domains such as autonomous navigation or robot-environment/human
interaction has shown to be an emerging �eld of applications for MPC
[59]. In the �rst part of this doctoral dissertation, we try to answer the
following question to achieve autonomous navigation:

“How can I reach a particular location without colliding with the
surrounding environment?”.

Trying to answer this question, we can identify three main requirements:

• Safety. Vehicle navigation approaches have to guarantee classical
requirements, such as the design of a dynamically feasible trajec-
tory able to satisfy actuators and state variables limits while at the

13
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Chapter 2. Problem statement

same time guaranteeing the satisfaction of constraints arising from
the perception of the environment. To guarantee an obstacle-free
motion is also required to the controller to ensure persistent con-
straints satisfaction despite different sources of uncertainty that can
lead to a failure or crash of the system. This is one of the main
peculiarities of MPC schemes, allowing the obtained controllers to
include hard constraints in the control problem and permitting the
consideration of the problem's different safety aspects.

• Exploitation. The main task we aim to solve is reaching a given
location. This objective must be achieved guaranteeing the above
mentioned safety requirement. These objectives, however, are of-
ten con�icting and can potentially lead to performance degradation
during the navigation and to a too-conservative behaviour of the
vehicle if the trade-off between exploitation and safety is not con-
sidered.

• Exploration. Reaching a given location could not be possible due
to the presence of obstacles or other agents in the environment. To
determine if there exists an alternative way to reach the desired lo-
cation it is important to store information about the surroundings
and elaborate a strategy to avoid the system getting stuck in a local
minimum when the desired location is effectively reachable.

These three requirements will be separately analyzed in the following
three chapters. In particular, the problem of trade-off safety and exploita-
tion will be addressed in Chapters 3 and 4 in a single solution that can
be considered also in applications not directly addressed or related to the
ones proposed in this dissertation, while the problem of exploration of
an unknown environment is addressed in Chapter 5 with a more speci�c
solution related to the considered problem. Before analysing these three
pillars for autonomous constrained navigation, let us formally de�ne the
problem we aim to solve.

14
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2.2 System setup

We consider a system described by the following nonlinear discrete-time
invariant model:

x (k + 1) = f (x (k); u (k)); (2.1)

wherex (k) 2 Rnx is the state vector,u (k) 2 Rnu the input vector,
function f : Rnx � Rnu ! Rnx is the state dynamics function and it
is assumed to be continuous at any steady state of the system and the
linearized model around any equilibrium is controllable. For the analysis
derived here, full state measurements are assumed and we denote with
( �x ; �u ) an equilibrium of system (2.1) such that:

�x = f ( �x ; �u ): (2.2)

The system is subject to time-invariant input constraints:

u (k) 2 U; (2.3)

whereU � Rnu is a non-empty closed set.
Furthermore, we consider the system subject to a time invariant non-
empty set of constraints�X � Rnx deriving, for example, from physical
limits of the state variables:

x (k) 2 �X : (2.4)

The system is also subject to a non-empty time-varying set of constraints
X (k) � Rnx arising from the perception of the environment:

x (k) 2 X (k): (2.5)

Thus, we can collect the aforementioned sets and state the following
requirement for system 2.1:

x (k) 2 ~X (k) = X (k) \ �X ; (2.6)

where ~X (k) � Rnx is a non-empty closed set for allk � 0.
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Chapter 2. Problem statement

2.3 Problem statement

We are now in position to de�ne the problem that we aim to solve in Part
I of this thesis. Considering a state reference�r 2 Rnx , we can state the
following problem:

Problem 1. Given the state reference�r = f ( �x r ; �u r ) and, at each time
step, the system statex (k) and a set of time-varying constraints re-
sulting from physical limits of the system and from the perception of
the environment~X (k), we aim to design a state feedback control law
u(k) = � (x (k); �r ; ~X (k)) that drives the state of system(2.1)as close as
possible to the reference�r , satisfying constraints(2.3),(2.6), 8k � 0.
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CHAPTER3
Environment aware MPC for autonomous

navigation

3.1 Chapter overview

In this chapter an overview of the use of Model Predictive Control for
the navigation of autonomous vehicles, equipped with onboard sensors
to detect the surroundings is presented. Speci�cally, the tracking prob-
lem for a nonlinear system subject to different types of time-varying state
constraints is analyzed. These kinds of constraints are rarely considered
in the literature, but they represent an important tool to describe the per-
ception of a possible unknown environment. In this chapter we mainly
focus on the persistent constraint satisfaction of time-varying constraints.
The chapter is organized as follows: After an introduction in Section 3.2
and the de�nition of the problem in Section 3.3, we �rstly brie�y re-
call in Section 3.4 how to ensure recursive feasibility in the presence of
time-invariant constraints and then we consider the case of time-varying
constraints in Section 3.5.
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Chapter 3. Environment aware MPC for autonomous navigation

3.2 Introduction and motivation

When autonomous navigation problems are considered, the system must
be able to perceive the surroundings to avoid collision with the envi-
ronment or other agents. This perception can be translated into a set of
system state constraints that may change over time. As an example, a
vehicle equipped with an exteroceptive sensor to perceive the surround-
ing unknown environment can be considered. At each time step, a safe
set can be derived from the sensor measurements, which, thus, evolves
during the navigation. If the constraints that are considered in a MPC
scheme are time-invariant, theoretical guarantees such as recursive fea-
sibility and stability have been studied for different settings and de�ni-
tions (see e.g. [46, 47, 60]). Instead, the problem of time-varying state
constraints has been little faced up in the literature despite its broad im-
pact in different applications (as we will show in the second part of this
thesis). The work presented in [42], is one of the few papers dealing with
this problem and the authors analyze two interesting cases, such as mod-
eled constraint variation and constraints with bounded changes. The last
one will be recalled in Section 3.5 for the sake of completeness. In this
chapter we introduce two additional type of state constraints that will be
considered in real-world applications in the next chapters. In particular,
in Section 3.4 we consider a “shifting state constraint”, i.e. a constraint
de�ned by a constant set that shifts with the state of the system, while in
Section 3.5 a set of unpredictable time-varying state constraints is pre-
sented. For the latter, standard receding horizon strategies no longer
guarantee recursive feasibility. To address this issue, we suggest a modi-
�ed receding horizon implementation, that allows to prove the existence
of a feasible problem at each time step and hence, persistent constraint
satisfaction.

3.3 Problem statement

We consider the nonlinear discrete-time system (2.1) subject to time-
invariant input constraints (2.3) and to the time-varying state constraints
(2.6), with the aim to solve Problem 1. By de�ning a prediction hori-
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3.3. Problem statement

zon N 2 N, we can state the Finite Horizon Optimal Control Problem
(FHOCP)P (x (k); ~X (k); �r ) that we aim to solve at each time stepk to
solve Problem 1:

min
U(k)

J (x (k); U(k); �r ) (3.1a)

subject to:

x 0jk = x (k) (3.1b)

u i jk 2 U; 8i 2 NN � 1
0 (3.1c)

x i jk 2 ~X (k); 8i 2 NN � 1
0 (3.1d)

x i +1 jk = f (x i jk; u i jk); 8i 2 NN � 1
0 (3.1e)

x N jk 2 X f (3.1f)

whereU(k) = f u 0jk; : : : ; u N � 1jkg is a sequence ofN predicted control
moves,J (�; �; �) is a generic tracking cost function (see e.g. [46], [40])
andX f is the terminal set which is subject to the following assumptions:

Assumption 1. The terminal setX f is compact and such thatX f �
~X (k), 8k � 0.

Assumption 2. There exists a terminal controller� f : Rnx ! Rnu such
that � f (x ) 2 U andf (x ; � f (x )) 2 X f ; 8x 2 X f , 8k � 0.

Remark 1. Due to the time-varying nature of the state constraints, the
Assumptions(1), (2) (standard in MPC formulations with time-invariant
constraints) must remain valid8k � 0 meaning that the environment
allows the system to reach the terminal setX f .

For the sake of simplicity in the following analysis we employ a terminal
equality constraint, i.e.,

X f := �x ; � f (x ) = �u ; (3.2)

satisfying Assumptions 1, 2. This is a reasonable choice when autonomous
vehicles, that are usually position invariant, are considered. In this case
any position represents a steady state for the system and to guarantee
safety we are often required to be able to stop the vehicle inside an
obstacle-free set. Note that extensions to schemes with different terminal
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Chapter 3. Environment aware MPC for autonomous navigation

ingredients can be easily obtained under suitable assumptions. The re-
sult of the FHOCP problem (3.1) is a sequence of optimal control moves
U� (k), and the �rst control actionu �

0jk is applied to the system in a reced-
ing horizon fashion. Two key aspects in MPC are the recursive feasibility
and the asymptotic stability (see e.g. [53]).

Remark 2. Since in this chapter we are mainly interested in guarantee-
ing safety, here considered as persistent constraint satisfaction, we will
analyse only the recursive feasibility of the problem(3.1). The conver-
gence of the FHOCP(3.1)can be derived under suitable assumptions on
the tracking cost function and on the variation of the time-varying con-
straints following the results in [40] or [26] and will be further analyzed
in Chapter 4.

To better formalize the concept of recursive feasibility, from now on, we
will refer to the following de�nition, similarly to the de�nition proposed
in [44].

De�nition 3.3.1 (Recursive feasibility). The MPC controller is recursive
feasible if and only if for all feasible initial states the solution of prob-
lem (3.1) at timek = 0 implies the existence of a feasible solution for
problem(3.1)8k > 0.

3.4 Time-invariant state constraints

Lets start the analysis by brie�y recall the solution of Problem 1 under
time-invariant state constraints, i.e.

X (k) = X ; 8k � 0: (3.3)

The typical approach to prove recursive feasibility is by showing the
existence of a feasible control sequence at all time instants when starting
from a feasible initial point. To this aim, let us de�ne the following
candidate solution for problem (3.1) at timek + 1:

Ûk+1 = f u �
1jk; : : : ; u �

N jk; �ug (3.4)

X̂ k+1 = f x �
1jk; : : : ; x �

N jk; �x g:
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3.5. Time-varying state constraints

Figure 3.1: Example showing the loss of recursive feasibility for a position shifting
state constraint by implementing(3.5) (left) and(3.6) (right). We consider the tra-
jectory of the red agent, while the green agent can be seen as a �xed obstacle. Red
line with `*' represents the predicted state trajectory at timek. Due to the presence
of a terminal state constraint, the tail of this trajectory represent a candidate tra-
jectory at timek + 1 (see(3.4)). Light red polytope represents the state constraint
at timek, while light blue polytope represents the state constraint shifted at the �rst
predicted statex1jk . In both examples, an obstacle avoidance constraint is imposed,
and the dashed circles around the trajectories represent the size of the agents.

It is easy to show that the candidate trajectory (3.4), is a feasible solution
for problem (3.1) thanks to the state constraint satisfaction of the termi-
nal equality constraint and thanks to the invariance of the steady state�x
under the terminal steady state control action�u .

3.5 Time-varying state constraints

Let us now turn into the case where time-varying state constraints are
considered. In the following we will consider three scenarios. Firstly, a
set of constraints with a constant shape that shifts with the state of the
system. Then, a bounded constraints variation is addressed and, �nally,
we consider the case of unpredictable time-varying state constraints that
shift with the system's state where additional assumptions and a modi�ed
receding horizon strategy are proposed to guarantee the existence of a
feasible problem at each time step.
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Chapter 3. Environment aware MPC for autonomous navigation

3.5.1 State shifting constraint

Let us now consider a particular type of time-varying state constraints,
where the shape of the constraints' set remains unchanged over time, but
the constraints' set shifts with the current statex (k) of system (2.1), i.e.
X (k) = X (x (k)). Let consider the following polytopic state constraint
de�ned bync inequalities:

X (x (k)) = f � 2 Rnx : H (� � x (k)) � hg: (3.5)

For some given, constant in time, matrixH 2 Rnc� nx and vectorh 2
Rnc, de�ning the shape of the polytope. This kind of constraint is partic-
ularly common in navigation problem e.g. when a sensor, or a communi-
cation device, is installed on a vehicle and the constraints' set is always
centered at the vehicle position. However, this constraint's feature, can
cause a loss of feasibility if the constraint is imposed as in (3.5). In par-
ticular, to guarantee that the problem is recursive feasible, we need to
ensure that the tail of the predicted trajectory lies in the safe sets gener-
ated by shifting the set on the predicted trajectory, i.e.x i jk 2 X (x j jk),
8j; i 2 NN

0 . Fig. 3.1 shows an example where the candidate trajectory
(3.4) of the red agent computed at timek is not feasible for the constraints
at the subsequent time stepk + 1.

Lemma 1. Let Assumptions 1, 2 hold by implementing(3.2), and sup-
pose that at timek = 0 problem(3.1) is feasible. Then, a suf�cient con-
dition to ensure satisfaction of constraint 3.5 and recursive feasibility of
problem(3.1) is to satisfy at each time step the following constraint

H (f (x i jk; u i jk) � x i jk) �
h
N

; 8i 2 NN � 1
0 : (3.6)

Proof. Let assume that at timek, the problem (3.1) is feasible. At time
k + 1, let us consider the candidate trajectory (3.4), leading to:

H
NX

i =2

�
x �

i jk � x �
1jk

�
+ H

�
�x � � x �

N jk)
�

� (N � 1)
h
N

� h: (3.7)

This implies that at each time step we satisfy constraint (3.5) for the
whole horizonN , i.e. H (x N jk � x (k)) � h . The result is then proven
by induction.
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3.5. Time-varying state constraints

3.5.2 Bounded Changes of the State Constraints

We consider now a different version of constraint (2.6) similarly to [42].
We considerX (k) as a polytopic set de�ned bync inequalities with a
constant shape matrixH 2 Rnc� nx and a time-varying vectorh(k) 2
Rnc:

X (k) = f x 2 Rnx : Hx � h(k)g: (3.8)

We assume that no explicit model of the constraint evolution is given,
but an upper bound� hmax 2 Rnc in the prediction horizon is available,
such that each componentj of the vectorh(k)

jh(k + 1) j � h(k) j j � � hj
max : (3.9)

This constraint can represent, for example, a moving obstacle in the envi-
ronment and the upper bound can be estimated by considering the physi-
cal limits of the moving object [42]. Let consider the following assump-
tion for the upper bound.

Assumption 3. The upper bound� hmax is such that, given the current
state of the system(2.1) x (k), the setX � hmax = f x 2 Rnx : H x �
(h(k) � N � hmax )g is not empty andx (k) 2 X � hmax .

Thus, we can de�ne the following conservative estimation of the con-
straint set in the prediction horizonN :

X̂ i jk = f x 2 Rnx : H x � h(k) � i � hmax g; 8i 2 NN
1 (3.10)

We can now introduce the following FHOCP:

min
U(k); �x ; �u

J (x (k); U(k); �r ) (3.11a)

subject to:

x 0jk = x (k); (3.11b)

u i jk 2 U; 8i 2 NN � 1
0 (3.11c)

x i jk 2 X̂ i jk \ �X ; 8i 2 NN
0 (3.11d)

x i +1 jk = f (x i jk; u i jk); 8i 2 NN � 1
0 (3.11e)

�x = f ( �x ; �u ); (3.11f)

x N jk = �x : (3.11g)
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Chapter 3. Environment aware MPC for autonomous navigation

Lemma 2. Let Assumptions 1, 2, 3 hold, and suppose that at timek = 0
problem(3.11) is feasible. Then, the MPC scheme(3.11) is recursive
feasible.

Proof. The proof is divided in two parts similarly to the proof provided
in [42]: �rstly, we prove that the estimated set̂X i jk contains the true
constraintX (k) and then we prove, similarly to the proof of Lemma 1,
that the trajectory candidate (3.4) is a feasible solution at time stepk + 1
and the result holds by induction. According to (3.9),jh k+ i � h k j �
i � hmax holds for all i 2 f 1; : : : ; Ng. Thus,h k � i � hmax � h k+ i

and it implies thatX̂ i jk � Xk+ i and if x i jk 2 X̂ i jk thenx i jk 2 Xk+ i .
Furthermore, from (3.10) hold that̂X i +1 jk � X̂ i jk. Let now consider
the trajectory candidate (3.4). The �rstN � 1 states satis�esx i jk 2
X̂ i jk � X i jk thanks to constraint (3.11d), while the last element is equal
to the previous element thanks to constraint (3.11g). Thus, the candidate
trajectory satis�es all the constraints and it is a feasible solution for the
problem (3.11) at timek +1. The result is then proven by induction.

3.5.3 Unpredictable State Constraints

In contrast to the previous case, in which we have assumed to know a
bound on the constraint changes, we consider now the case where the
time-varying state constraints are represented by a sequence of time-
varying unpredictable state constraints that shift with the vehicle state.
Let us de�ne the following sequence:

S(k) = f X (j; x (j )) ; 8j � kg; 8k � 0; (3.12)

whereX (k; x (k)) is the following polytopic set:

X (k; x (k)) = f � 2 Rnx : H (k)( � � x (k)) � h(k)g; (3.13)

for some given time-varying matrixH (k) 2 Rnc� nx and vectorh(k) 2
Rnc that may change over time and no prior knowledge exists about their
evolution. Let us now consider the following de�nition of an admissible
statex (k) under the sequence of constraints (3.12).
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3.5. Time-varying state constraints

De�nition 3.5.1. (Admissible state)
We de�ne that

x (k) 2 S(k); (3.14)

if exists aj � k such thatx (k) 2 X (j; x (j )) .

The afore-described constraint, together with De�nition 3.5.1, can rep-
resent a static environment discovered during the navigation with a lo-
cal exteroceptive sensor able to provide at each time step an unpre-
dictable obstacle-free setX (j; x (j )) and where we want to guarantee
that the state remains in the obstacle-free region de�ned by the sequence
of obstacle-free setsS(k). To solve Problem 1, we de�ne the following
FHOCPP (x (k); X (k; x (k)); �r ):

min
U(k); �x ; �u

J (x (k); U(k); �r ) (3.15a)

subject to:

x 0jk = x (k); (3.15b)

u i jk 2 U; 8i 2 NN � 1
0 (3.15c)

x i jk 2 X (k; x (k)); 8i 2 NN
0 (3.15d)

x i jk 2 �X ; 8i 2 NN
0 (3.15e)

x i +1 jk = f (x i jk; u i jk); 8i 2 NN � 1
0 (3.15f)

�x = f ( �x ; �u ); (3.15g)

�x N jk = �x : (3.15h)

We denote the solution of the FHOCP (3.15) asU� (x (k); X (k; x (k)); �r ).
Due to the time-varying nature of the constraints (3.13) and the time evo-
lution of the sequence (3.12), the recursive feasibility according to De�-
nition 3.3.1 cannot be guaranteed with standard receding horizon strate-
gies. To address this problem, we introduce the following de�nition:

De�nition 3.5.2 (Existence of a feasible solution). There exists a feasible
MPC control action, such that the system satisfy constraints(2.3), (2.6),
(3.14), 8k > 0, if and only if for all feasible initial states the solution of
problem(3.15)at timek = 0 implies the existence of a feasible solution
for problemP (x (k); X (j; x (j )) ; �r ), 8k > 0 for somej � k.
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Chapter 3. Environment aware MPC for autonomous navigation

Thus, we propose the modi�ed receding horizon strategy shown in Algo-
rithm (3.1), to guarantee the existence of a feasible solution for problem
P (x (k); X (k; x (k)); �r ).

Algorithm 3.1: Modi�ed receding horizon implementation to guarantee the
existence of a feasible solution
1 Input: x (k); X (k; x (k)); �r

Result: u (k)
2 if P (x (k); X (k; x (k)); �r ) is feasiblethen
3 l (k + 1) = k
4 u(k)  �rst control input in U� (x (k); X (k; x (k)); �r )
5 else
6 solveP (x (k); X (l (k); x (l(k))) ; �r )
7 l (k + 1) = l(k)
8 u(k)  �rst control input in U� (x (k); X (l (k); x (l(k))) ; �r )
9 end

Since the constraint setX (k; x (k)) is centered inx (k) by de�nition, the
MPC method yields a state-feedback control law that is dynamic and has
internal statesl(k), and input�r :

l (k + 1) = � l (x (k); l(k))

u (k) = � (x (k); l(k); �r );
(3.16)

where functions� l : Rnx � N ! N and� : Rnx � N � Rnx ! Rnu are
implicitly established by Algorithm (3.1).
The obtained closed-loop system is:

l(k + 1) = � l (x (k); l(k))

x (k + 1) = x (k; � (x (k); l(k); �r )) :
(3.17)

In Algorithm (3.1), the role of variablel(k) and of the corresponding set
X (l (k); x (l(k))) is to keep track of the constraints' set that yielded a fea-
sible problem. This is introduced to cope with the time-varying nature
of the constraints' setX (k; x (k)). Such a guarantee holds however only
when De�nition 3.5.1 holds. The MPC approach guarantees the exis-
tence of a feasible solution at each time step, as shown by the following
Lemma.
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3.5. Time-varying state constraints

Lemma 3. Assume that the FHOCP(3.15)at timek = 0 is feasible and
that x (0) 2 X (0; x (0)), i.e. the state initially satisfy the time-varying
constraint at timek = 0. Then, the trajectory of the closed-loop system
(3.17)is such thatx (k) 2 S(k); 8k > 0 according to De�nition 3.5.1.

Proof. ProblemP (x (0); X (0); �r ) is solved at timek = 0 andl(1) = 0 .
At any k � 0, let us de�ne withU� (k) = f u �

0jk; u �
1jk; : : : ; u �

N � 1jkg the
optimal input sequence obtained by solvingP (x (k); X (k; x (k)); �r ).
Thus, at eachk > 0, there are two options:
A) If problem P (x (k); X (k; x (k)); �r ) admits a solution, then at time
k + 1 we havex (k + 1) 2 X (k; x (k)), see (3.15e).
B) Contrarily, if P (x (k); X (k; x(k)); �r ) is not feasible, problem
P (x (k); X (l (k); x (l(k))) ; �r ) is solved, for which a feasible solution
can be easily derived by considering the tail of the optimal solution
U� (l (k)) , i.e. f u �

1jl (k); : : : ; u �
N � 1jl (k); u �

N � 1jl (k)g, whereu �
N � 1jl (k) = �u �

see constraint (3.15g). Thus, in this case we have thatx (k + 1) =
x �

2jl (k) 2 X (l (k); x (l(k))) , see (3.15e) which satisfy (2.6).
Therefore, we have that, in all casesA), B), x (k + 1) belongs to a set
X (j; x (j )) with j � k. Then the result is proven by induction consider-
ing x (0) 2 X (0; x (0)) by assumption.
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CHAPTER4
Multi-trajectory MPC

4.1 Chapter overview

In this chapter we present a novel MPC formulation that we found par-
ticularly suitable for the exploitation of time-varying constraints, named
multi-trajectory MPC (mt-MPC). The approach is �rstly introduced high-
lighting the possible advantages when time-varying constraints are con-
sidered and then the convergence of the approach under suitable assump-
tions is shown. The chapter is organized as follows: in Section 4.2 we
highlight the motivation for the approach, then, the formulation is de-
�ned in Section 4.3. Finally, Section 4.4 provides theoretical analysis
to guarantee the convergence of the approach and Section 4.5 ends the
chapter by showing a numerical example.

4.2 Introduction and motivation

A common strategy to ensure safety in a receding horizon framework,
when time-varying constraints are considered, is to take into account
a trajectory that can reach a safe terminal set or a steady state inside
the current feasible setX (k) within the prediction horizonN 2 N, see
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Chapter 4. Multi-trajectory MPC

Figure 4.1: Example illustrating the predicted state evolution with the multi-trajectory
approach (left) vs. a single-trajectory one (right). Green line with `� ' represents the
safe trajectory; Blue line with `*'is the exploitation trajectory; black dash-dotted
line with `M' is the trajectory of the single-trajectory MPC. Red `3 ': target. The
safe setsX (k) are represented with colored polytopes.

e.g. [58]. However, the safe setX (k) considered at each time stepk
derives from the interaction with the environment and generally changes
over time and can possibly evolve in a favorable way for the sake of pur-
suing the given target. Therefore, on the one hand, we want to guarantee
safety at each time step, ensuring that there exists a safe trajectory able
to keep the state in the safe set at the current time instant. On the other
hand, we want to keep the strategy from being overly conservative in
view of a potential, hopefully favorable, evolution of the safe set at the
following time step. To manage this trade-off we propose the mt-MPC
formulation. The proposed technique aims at managing these con�icting
objectives, by predicting two trajectories: a “safe” one, guaranteed to be
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4.3. Multi-trajectory MPC formulation

contained in the safe set and to reach a safe state, and an “exploiting”
one, which can violate the current constraints assuming that they are too
conservative. The two trajectories share a common control action at the
current step and separate only subsequently in the prediction. To more
clearly illustrate this idea, let us consider the two-dimensional example
in Fig. 4.1, presenting a single-trajectory approach on the right and a
multi-trajectory one on the left. The shown trajectories were calculated
by solving an FHOCP with the goal of reaching a target beyond the safe
set. The single-trajectory MPC constrains all the predicted trajectory to
lie within the safe set, minimizing the average deviation from the target.
This solution is optimal for the present safe set, but it ignores the pos-
sibility that the safe set will improve in the subsequent time step. The
multi-trajectory strategy, in contrast, plans a signi�cantly better (but cur-
rently unfeasible) exploitation trajectory while also keeping a backup,
guaranteed safe trajectory in case the constraints' set does not expand
towards the target. The approach's potential advantage becomes clear by
comparing the positions reached by the two approaches at the �rst pre-
dicted time step since it is implemented in a receding horizon fashion,
see Fig. 4.1.

Notation

We recall that a continuous, strictly increasing function� : [0; + 1 ) !
[0; + 1 ) is said to belong to classK1 if � (0) = 0 and if lim

a! + 1
� (a) =

+ 1 . Furthermore, let us de�ne the ballB(r; x ) = f � : k� � x kp � r g
for somep 2 [1; 1 ].

4.3 Multi-trajectory MPC formulation

In this section we present the main ingredients de�ning the mt-MPC for-
mulation. Let us consider the discrete-time nonlinear system (2.1), sub-
ject to time-invariant input constraints (2.3) and to the time-varying set
of constraints (2.6). We aim to solve Problem 1, with the aforemen-
tioned multi-trajectory MPC approach. To de�ne the two trajectories, let
us consider a �nite horizonN 2 N and let us introduce the following
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Chapter 4. Multi-trajectory MPC

two input sequences:

Ue(k) = f u e
0jk; u e

1jk; : : : ; u e
N � 1jkg (4.1)

Us(k) = f u s
0jk; u s

1jk; : : : ; u s
N � 1jkg; (4.2)

where the superscript “e” denotes the variables pertaining the exploita-
tion trajectory, while the superscript “s” denotes the ones pertaining the
safe trajectory. To partially decouple constraint satisfaction (safety) from
cost function minimization (exploitation), the ideal cost function should
consider only the exploitation trajectory, while the safe trajectory should
satisfy the time-varying state constraints. To this aim, let us consider the
following tracking cost function for the state reference�r = f ( �x r ; �u r ):

J e(x (k); Ue(k); �r ) =
N � 1X

i =1

le(x e
i jk � �x r ; u e

i jk � �u r ); (4.3)

where le(�; �) : Rnx � Rnu ! R is the exploitation stage cost func-
tion. We can now formulate the ideal multi-trajectory FHOCP, denoted
asP (x (k); X (k); �r ):

min
Ue;s (k); �x s; �u s

; J e(x (k); Ue(k); �r ) (4.4a)

subject to:

u s
0jk = u e

0jk; (4.4b)

x e;s
0jk = x (k); (4.4c)

x e;s
i+1 jk = f (x e;s

i jk ; u e;s
i jk); 8i 2 NN � 1

0 ; (4.4d)

x e;s
i jk 2 �X ; 8i 2 NN

0 ; (4.4e)

u e;s
i jk 2 U; 8i 2 NN � 1

0 ; (4.4f)

�x s = f ( �x s; �u s); �x s
N jk = �x s; (4.4g)

x s
i jk 2 X (k); 8i 2 NN

0 ; (4.4h)

where all equalities and inequalities are element-wise. Constraints (4.4c)-
(4.4f) are meant to be applied to both safe and exploitation trajectories.
The FHOCP (4.4) results to be divided in two predictions: the trajectory
x e

i jk 8i 2 NN
0 is considered in the cost function driving the system to the
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4.4. Convergence

desired reference; the trajectoryx s
i jk 8i 2 NN

0 instead, satis�es the time-
varying state constraints (4.4h) guaranteeing that the system is able to
reach a steady state inside the current set of state constraints (see (4.4g),
(4.4h)). The problemP (x (k); X (k); �r ) is, in general, a nonlinear pro-
gram (NLP) and, under regularity assumptions, a numerical solver can
compute a (possibly local) minimum.

4.4 Convergence

Such ideal formulation introduced in the previous section might not en-
sure the convergence of the MPC scheme. When autonomous vehicles
perceiving an unknown environment are considered, different types of
constraints may arise during the navigation. For example the generic
unpredictable set of constraints presented in Chapter 3.5.3, can evolve
in a state shifting set of constraints, similarly to what we presented in
Section 3.5.1, if the vehicle navigates in an obstacle-free area. In this
context, the concept of convergence partially loses its effectiveness and
it is not always required in practical applications where an oscillating
behaviour can sometimes allow to discover new information about the
environment. Standard tracking MPC formulations with time-invariant
constraints aim at converging at a reachable target [46] or at the closest
feasible steady state to the �nal target [26, 40]. In this case, due to the
time-varying nature of the state constraints, the closest reachable steady
state to the �nal target changes at each time step. To guarantee the con-
vergence, we propose a modi�ed version of the FHOCP (4.4) inspired by
the works presented in [26] and [40]. To this aim, let us �rstly introduce
the following safe value function:

J s
N (x (k); Us(k); �r ) =

N � 1X

i =0

ls(x s
i jk � x N jk; u s

i jk � u N jk) + V s
O(x N jk � �r );

(4.5)
wherels(�; �) : Rnx � Rnu ! R is a suitable stage cost function and
V s

O : Rnx ! R is denoted as safe offset cost function. Let�; Ĵ s
N 2 R+

be positive scalar, whose meaning will be better clari�ed later on, and
de�ne the cost function:
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Chapter 4. Multi-trajectory MPC

J (x (k); Ue;s(k); �x s; �r ) =
N � 1X

i =1

le(x e
i jk � �x r ; u e

i jk � �u r )+ �V s
O( �x s� �x r );

(4.6)

where�x s together with the constant input�u s are two additional optimiza-
tion variables for the FHOCP, and they describe the steady state reached
at the end of the safe trajectory.

Remark 3. Note that to guarantee the convergence of the MPC scheme,
we have partially lost the decoupling between cost function minimization
and constraint satisfaction by including the safe trajectory in the cost
function.

Then, we propose to substitute the FHOCP (4.4) with the following
multi-trajectory FHOCPP (x (k); X (k); �r ; Ĵ s

N ):

min
Ue;s (k); �x s; �u s

J (x (k); Ue;s(k); �x s; �r ) (4.7a)

subject to:

u s
0jk = u e

0jk; (4.7b)

x e;s
0jk = x (k); (4.7c)

x e;s
i+1 jk = f (x e;s

i jk ; u e;s
i jk); 8i 2 NN � 1

0 ; (4.7d)

x e;s
i jk 2 �X ; 8i 2 NN

0 ; (4.7e)

u e;s
i jk 2 U; 8i 2 NN � 1

0 ; (4.7f)

�x s = f ( �x s; �u s); �x s
N jk = �x s; (4.7g)

x s
i jk 2 X (k); 8i 2 NN

0 ; (4.7h)

J s
N (x (k); Us(k); �r ) � Ĵ s

N ; (4.7i)

Let us denote withUs;e;�
k = f u s;e;�

0jk ; u s;e;�
1jk ; : : : ; �u s;e;�

N � 1jkg the optimal in-

put sequences computed by the FHOCPP (x (k); X (k); �r ; Ĵ s
N ) and with

X s;e;�
k = f x s;e;�

0jk ; x s;e;�
1jk ; : : : ; x s;e;�

N jk g the resultant optimal state sequences.
We recall that, the superscripte;s means that we have two different se-
quences, i.e.Us;�

k ; Ue;�
k ; X s;�

k ; X e;�
k . The additional constraint (4.7i), in

practice, imposes that the cost of the safe trajectory must be smaller or
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4.4. Convergence

equal to an upper bound of the costĴ s
N , that can be computed with the

tail of the candidate safe trajectory computed at the previous time step:

Ĵ s
N = J s

N (x (k � 1); Us;�
k� 1; �r ) � ls(x s;�

0jk� 1 � x s;�
N jk� 1; u s;�

0jk� 1 � u s;�
N � 1jk� 1):

(4.8)

Let us de�ne the feasibility set:

F (k) _=f x : P (x ; X (k); �r ; Ĵ s
N ) admits a solutiong; (4.9)

and for a givenx (k) 2 F (k) let us de�ne the setR (x (k); N; X (k)) of
reachable steady-state starting fromx (k) as follows:

De�nition 4.4.1. (Set of reachable steady-state)

R (x (k); N; X (k)) _=f � 2 ~X (k) : 9V 2 Rnu � N : v i jk 2 U; 8i 2 NN � 1
0 ;

x 0jk = x (k)

x N jk = � ; f (� ; vN � 1jk) = � ; (4.10)

x i jk = f (x i � 1jk; u i � 1jk); 8i 2 NN
0 ;

x i jk 2 ~X (k); 8i 2 NN
0 g:

The setR (x (k); N; X (k)) contains all the steady-state that can be reached
by the system in at mostN time steps given a set of constraint~X (k) =
X (k) \ �X and starting from the initial conditionx (k) with an admissible
input sequenceV. We are now in position to de�ne the optimal steady
state that the system is able to reach at a given time step.

De�nition 4.4.2. (Optimal reachable steady state at each time step)

( �x o(k); �u o(k)) 2 arg min
x 2R (x (k);N;X (k)) ;u2U

V s
O(x � �x r )

subject to: (4.11)

f (x ; u ) = x :

Leading to the safe costJ s;o
N (x (k); Us(k); �r ) =

P N � 1
i=0 ls(x s

i jk� �x o(k); u s
i jk�

�u o(k)) + V s
O( �x o(k) � �r ). Thus, we consider two possibilities that may

arise during the navigation, where we desire to converge to a steady state:

35



i

i

“output” — 2023/1/23 — 16:55 — page 36 — #52
i

i

i

i

i

i

Chapter 4. Multi-trajectory MPC

(a) There exists a time instant�k � 0, such that the �nal target�r be-
comes reachable for a long enough horizonN and we assume that,
approaching the target, the set~X (k) � ~X (k + 1) , 8k � �k, i.e.

Assumption 4.

9�k : �x o(k) = �r 2 R (x (k); N; X (k)) ;

X (k) � X (k + 1) ; 8k � �k:

Assumption 4, implies that the optimal reachable steady state be-
comes equal to the state reference�r and that

) ~X (k) � ~X (k+1) ; F (k) � F (k+1) ; �x o(k) = �x o = �r ; 8k � �k:

(b) There exists a time instant�k � 0, such that the �nal target�r can-
not be reached, e.g. because an obstacle is between the vehicle and
the target, but the optimal steady state remains constant in the set
~X (k) � ~X (k + 1) , 8k � �k, i.e.

Assumption 5.

9�k : �x o(k) = �x o 2 R (x (k); N; X (k)) ;

X (k) � X (k + 1) ; 8k � �k:

Assumption 5, assumes that the optimal reachable steady state be-
comes constant�x o(k) = �x o

) ~X (k) � ~X (k + 1) ; F (k) � F (k + 1) ; �x o(k) = �x o; 8k � �k:

Note that, since under Assumption 4 or 5 the feasible set at timek, is a
subset of the feasible set at timek + 1, from now on we will omit the
time dependence of the feasibility set, consideringF (k) = F , 8k > �k
for the sake of notations simplicity.
Finally, let us de�ne the setSF _=f (Ĵ s

N ; x ) : Ĵ s
N � J s;o

N 2 F g.
To guarantee the convergence under Assumptions 4 or 5, similarly to
[26], we �rst de�ne a suf�cient condition on the value of the weight� in
(4.6) to guarantee that the terminal safe statex s;�

N jk computed by solving

P (x (k); X (k); �r ; Ĵ s
N ) under Assumptions 4 or 5 has an associated offset

costV s
O(x s;�

N jk � �x r ) arbitrarily close to the minimal one. To this aim, let
us consider the following assumptions:
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Assumption 6. (non-emptiness and boundedness of the feasibility set
and continuity off andl (�))
I) F 6= ; .
II) 9� < 1 : F � B (�; 0).
III) f and l (�) are continuous on�F � U, where �F is the closure ofF ,
hence9� f ; � l 2 K1 : kf ( �x ; �u ) � f (x̂ ; û )k � � f (k( �x ; �u ) � (x̂ ; û )k),
kl (�)( �x ; �u ) � l (�)(x̂ ; û )k � � l (k( �x ; �u ) � (x̂ ; û )k), 8( �x ; �u ); (x̂ ; û ) 2 F �
U for some vector normk � k.

Assumption 7. (Stage cost and offset cost functions)
I) The stage costl (�)(z; v) is designed such thatl (�)(z; v) � � l (kzk),

where� l is a K1 function,8(z; v) 2 Rnx + nu .
II) Let V s

O( �x s � �r ) be positive de�nite, convex and subdifferentiable func-
tions with a unique minimizer that, when Assumption(4) or Assumption
(5) is satis�ed is

�x o = arg min
�x 2R (x (k);N;X (k))

V s
O( �x � �r ):

Moreover, there exists aK1 function� O such that

V s
O( �x � �r ) � V s

O(x̂ � �r ) � � O(k �x � x̂ k):

Assumption 8. (Existence of the optimal achievable cost)
For any x 2 F , there exists the optimal safe costJ s;o

N of De�nition
(4.4.2).

Assumption 9. (Solution of the FHOCP) For any(Ĵ s
N ; x ) 2 SF , the

FHOCPP (x ; X ; �r ; Ĵ s
N ) has at least one global minimum, which is com-

puted by the solver independently from its initialization.

We are now in position to state the following proposition:

Proposition 1. Let Assumption 4 or 5 holds and let Assumptions 6-9
hold. Thus, for any� > 0, there exists a �nite value� (� ) such that, if
� � � (� ), 8x 2 F and anyĴ s

N � J s;o
N then

V s
O( �x s;� � �r ) � V s

O( �x o � �r ) + �; (4.12)

where�x s;� is the optimal terminal safe state computed by solvingP (x ; X ; �r ; Ĵ s
N ).
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Chapter 4. Multi-trajectory MPC

Proof. Let the pair(~�x ; ~�u ) be a steady-state such that:

(~�x ; ~�u ) 2 arg min
x 2R (x (k);N;X (k)) ;u2U

V s
O(x � �x r )

subject to:

f (x ; u ) = x :

Let ~V s 2 U be a sequence ofN control actions such thatx s
N jk = ~�x

and ~vs
N � 1jk = ~�u . This sequence exists according to De�nition 4.4.1.

Furthermore, since~�x is the unique minimizer ofV s
O, we have that

J s
N (x (k); ~V s(k); �r ) = J s;o

N (x (k); Us(k); �r ) � Ĵ s
N . Let also consider a

sequence~V e 2 U of N control actions such that:~vs
0jk = ~ve

0jk. Thus, the

sequences~V s, ~V e and the steady state(~�x ; ~�u ) are a feasible solution for
problemP (x (k); X (k); �r ; Ĵ s

N ). The cost associated with~V e;s is

J (x (k); ~V e;s(k); ~�x ; �r ) =
N � 1X

i =1

le( ~� e
i jk � �x r ; ~ve

i jk � �u r ) + �V s
O(~�x � �x r );

(4.13)
where ~� i jk, 8i 2 NN

0 is the state trajectory obtained applying the se-
quence~V e.
Let us now consider, any other possible state�̂x 2 R (x (k); N; X (k))
and input �̂u 2 U such that�̂x = f ( �̂x ; �̂u ). Thanks to De�nition 4.4.1,
let us consider the two input sequencesV̂ s, V̂ e such thatV s

O( �̂x � �x r ) �
V s

O(~�x � �x r ) + � and withJ s
N (x (k); V̂ s(k); �r ) � Ĵ s

N . Thus,V̂ s, V̂ e, �̂x ,
�̂u are a feasible solution for problemP (x (k); X (k); �r ; Ĵ s

N ). The cost
associated witĥV e;s is

J (x (k); V̂ e;s(k); �̂x ; �r ) =
N � 1X

i =1

le(�̂ e
i jk � �x r ; v̂e

i jk � �u r ) + �V s
O( �̂x � �x r );

(4.14)
where �̂ i jk, 8i 2 NN

0 is the state trajectory obtained applying the se-
quenceV̂ e. Thus, the difference betweenJ (x (k); ~V e;s(k); ~�x ; �r ) and
J (x (k); V̂ e;s(k); x̂ ; �r ), denoted for simplicity from now onJ (x (k); ~V e;s(k))
andJ (x (k); V̂ e;s(k)) is given by:

J (x (k); ~V e;s(k)) � J (x (k); V̂ e;s(k)) = � [V s
O(~�x � �x r ) � V s

O( �̂x � �x r )]+
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4.4. Convergence

+
N � 1X

i =1

[le( ~� e
i jk � �x r ; ~ve

i jk � �u r ) � le(�̂ e
i jk � �x r ; v̂e

i jk � �u r )]: (4.15)

By exploiting Assumption 6, we obtain:

J (x (k); ~V e;s(k)) � J (x (k); V̂ e;s(k)) < � �� + �; (4.16)

where (see Appendix of [26] for the complete derivation)

� =
N � 1X

i =0

iX

j =0

� l

�
� (i � j )

f

�
max
~v;v̂2U

k~v � v̂k
��

> 0; (4.17)

where� (i )
f (a) _=� f (� f (: : : � f : : : ))

| {z }
i times

and� (0)
f (a) _=a. Thus by selecting a

value of� (� ) = �=� and� � � (� ), we obtain:

J (x (k); ~V e;s(k)) < J (x (k); V̂ e;s(k)) ; (4.18)

Now, let us suppose by contraddiction that the solutionUe;s;� to the
FHOCP is such thatV s

O( �x s;� � �x r ) � V s
O( �x o � �x r ) + � . Then equation

(4.18) is still valid whenJ (x (k); V̂ e;s(k)) = J (x (k); Ve;s;� (k)) . How-
ever, this cannot be possible, since by Assumption 9, the solver computes
the global minimizer of the FHOCP.

The following lemma presents the convergence properties of the mt-
MPC approach:

Lemma 4. Suppose that Assumptions 6-9 hold and consider a given state
setpoint�r = f ( �x r ; �u r ). Let us select a value of� > 0 and � � � (� ).
Then for any feasible initial statex 0, the system(2.1) controlled by the
mt-MPC law� (x ; �r ) obtained by solving the FHOCP(4.7) satis�es the
constraints, is stable and converges to a steady state such that:

• if Assumption 4 is satis�ed, thenV s
O( �x s;� � �r ) � � .

• if Assumption 5 is satis�ed, thenV s
O( �x s;� � �r ) � V s

O( �x o � �r ) + � .

Proof. The proof is divided in two parts. Firstly we prove that the prob-
lem is recursively feasible. Then we prove the asymptotic stability of the

39



i

i

“output” — 2023/1/23 — 16:55 — page 40 — #56
i

i

i

i

i

i

Chapter 4. Multi-trajectory MPC

optimal equilibrium point( �x o; �u o).
Recursive feasibility:At k = �k, problemP (x (�k); X (�k); �r ) is solved,
and it is feasible according to Assumption 4 or 5. For anyk � �k,
let us denote withUs;�

k = f u s;�
0jk; u s;�

1jk; : : : ; �u s;�
N � 1jkg the optimal safe

input sequence computed by the FHOCPP (x (k); X (k); �r ) and with
X s;�

k = f x s;�
0jk; x s;�

1jk; : : : ; x s;�
N � 1jkg the resultant optimal state sequence and

let us denote withJ s;�
N =

P N � 1
i=0 ls(x s;�

i jk � �x s;� ; u s;�
i jk � �u s;� )+ V s

O( �x s;� � �r )
the optimal value function associated to the safe trajectory. Firstly, let us
observe that the safe trajectory represents a suboptimal solution for the
exploitation trajectory since it only considers the additional constraints
(4.7h), (4.7i). Thus, let us de�ne the candidate solution of the safe and
exploitation trajectory for the time stepk + 1:

Ûe;s
k+1 = f u s;�

1jk; : : : ; u s;�
N jk; �u s;� g (4.19)

X̂ e;s
k+1 = f x s;�

1jk; : : : ; x s;�
N jk; �x s;� g:

Since �x s;� 2 X (k) and �u s;� 2 U (see constraint (4.7h) and (4.7f)) and
sinceX (k + 1) � X (k), 8k � �k thanks to Assumption 4 or 5, the
safe costJ s

N of the candidate solution (4.19), iŝJ s
N (x ) = J s;�

N (x ) �
ls(x ; � (x ; �r )) , satisfying constraint (4.7i). Thus, the candidate solu-
tion (4.19) is a feasible solution for the optimization problemP (x (k +
1); X (k + 1) ; �r ).
Asymptotic stability:We consider standard arguments using Lyapunov
stability theory (see e.g. [46]). In particular we consider the value func-
tion associated to the safe trajectoryJ s

N (x ) as a Lyapunov function. Let
us denote withJ s;�

N (x ) the optimal safe cost computed by the FHOCP
P (x (k); X (k); �r ) . Since the FHOCP (4.7) is recursive feasible, the
value functionĴ s

N (x ) computed with the candidate solution (4.19) rep-
resents an upper-bound of the value function at the next time stepx + =
f (x ; � (x ; �r )) , i.e. Ĵ s

N (x ) � J s;�
N (x + ). Since the decreasing of the

value function is imposed through constraint (4.7i), we haveJ s
N (x + ) �

Ĵ s
N (x ) � J s;�

N (x ) � ls(x ; � (x ; �r )) .
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4.5. Numerical example

4.5 Numerical example

To show the effectiveness of the approach, let us consider a simple ex-
ample. Let us focus on a vehicle modelled as a point mass sliding on a
2D plane described by the following double integrator in discrete time:

"
x 1(k + 1)

x 2(k + 1)

#

=

 

I4 +

"
02� 2 I2

02� 2 02� 2

#

Ts

!

| {z }
A

"
x 1(k)

x 2(k)

#

+

"
02� 1

12� 1

#

Ts

| {z }
B

u(k)

p(k) = [ I2 02� 2]
| {z }

C

"
x 1(k)

x 2(k)

#

;

(4.20)
whereTs = 0:1 is the sampling time, andx 1(k) 2 R2, x 2(k) 2 R2 are
the position and velocity of the system, respectively andu(k) 2 R2 is
the commanded acceleration. The goal is to drive the system state from
the initial condition[0 0 0 0]T to the setpoint�r = [2 2 0 0]T . The system
is subject to the following input constraints

� u max � u (k) � u max (4.21)

whereu max = [5; 5]T is the maximum acceleration of the system. Fur-
thermore, we consider the following polytopic constraint centered at the
origin that shifts with the vehicle positionx 1(k)

X (x (k)) =

8
>>>>>>>>><

>>>>>>>>>:

� 2 R4 :

2

6
6
6
6
4

0 1 0 0

0 � 1 0 0

1 0 0 0

� 1 0 0 0

3

7
7
7
7
5

| {z }
H

(� � x (k)) �

2

6
6
6
6
4

0:5

0:5

0:5

0:5

3

7
7
7
7
5

| {z }
h

9
>>>>>>>>>=

>>>>>>>>>;

:

(4.22)
The problem is solved with the multi-trajectory MPC formulation (4.4)
and with a standard MPC formulation employing the tracking cost func-
tion for unreachable target proposed in [40]. Fig. 4.2, shows a com-
parison of the stage cost of the two formulations: in Fig. 4.2a is shown
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Chapter 4. Multi-trajectory MPC

the overall stage costkx (k) � �r k2
Q + ku(k)k2

R, whereQ 2 R4� 4 > 0,
R 2 R2� 2 > 0; in Fig. 4.2b is shown only the tracking term of the
statekx (k) � �r k2

Q; in Fig. 4.2c the tracking term related to the posi-
tion kx 1(k) � �r [(1:2);1]k2

Q[(1:2) ;(1:2)]
of the vehicle, whereM [(1:2);(1;2)] denotes

the entries from the1-st to2-nd in rows and columns of the matrixM .
As can be noticed, the multi-trajectory MPC can better exploit the sys-
tem constraints, enabling an increased speed and acceleration for a faster
convergence to the target.
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4.5. Numerical example

(a) (b)

(c)

Figure 4.2: Comparison of the stage cost during the simulation. Red line with `� ' is
the cost of a single-trajectory MPC formulation; Blue line with `� ' is the cost of the
multi-trajectory MPC formulation. Overall stage cost in (4.2a), state tracking stage
cost in (4.2b) and position tracking stage cost in (4.2c).
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CHAPTER5
Navigation around obstacles

5.1 Chapter overview

In this chapter we deal with the problem of navigation around obsta-
cles when optimization-based autonomous navigation algorithms based
on onboard sensors measurements are considered. After an introduc-
tion to the problem in Section 5.2, in Section 5.3 we present a reactive
strategy based on local sensor and in Section 5.4 a receding horizon strat-
egy named G-BEAM, standing for “Graph-Based Exploration And Map-
ping” that exploits the local sensor measurements to build a reachability
graph used as a map of the environment. This model of the environment
is then used by a receding horizon strategy to determine the best target
able to trade-off between exploitation and exploration.

Notation

Given an ordered set of pointsSv = f Sv
1 ; : : : ; Sv

nv
g 2 R3 we denote with

CH(Sv) their convex hull. The sum of two setsA , B � Rn, denoted as
A � B, is f a + b j a 2 A ; b 2 Bg while A 	 B is f x 2 Rn j x + b 2
A ; 8b 2 Bg. We also denote witĥ and_ the logic operators AND and
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Chapter 5. Navigation around obstacles

Figure 5.1: Example of situation where the vehicle might stop in front of an obstacle.
Blue M̀' represents the vehicles, red dots the measurements of a planar exteroceptive
sensor. The light blue polytope is a convex under-approximation of the obstacle-free
area while green polytope represents the obstacle. Red `?' is the �nal target �r .

OR, respectively.

5.2 Introduction and motivation

The possibility that the system is in front of an obstacle that stands be-
tween the current vehicle position and the target is a common issue in
optimization-based autonomous navigation, as shown in Fig. 5.1. To
address this problem, we propose two strategies in the following subsec-
tions: the �rst one, is a reactive strategy that provides to the system a
temporary target computed based on local measurements of an extero-
ceptive sensor; the second one is a mapping and exploration strategy that
exploits the under-approximation of the free space derived from extero-
ceptive sensor measurements to build a graph representing the environ-
ment. Before presenting the two approaches, we introduce the environ-
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5.2. Introduction and motivation

ment and the sensors considered in the following subsections.

5.2.1 Environment

Let us consider an inertial plane(xf ; yf ) parallel to the ground and let us
denote the position of the autonomous vehicle asp(k) = [ px f (k); pyf (k)]T .
Let also de�ne the space occupied by the vehicle with the following con-
vex set:

R = f p 2 R2 : kpk2 �
dmin

2
g; (5.1)

wheredmin is the minimum allowed obstacle-vehicle distance. We con-
sider a time-invariant two-dimensional (2D) unknown environment com-
posed of obstacles of arbitrary shape, convex or not, so that every point
of the space can be uniquely de�ned asfree or obstacle. We can then
describe each obstacle as a compact setO2;i 2 R2, i = 1; : : : ; NO and
the set of overall obstacles as:

O2
:=

No[

i =1

O2;i : (5.2)

Extension of the approach to 3D is possible as shown in [66] and in
Chapter 4 with rather limited modi�cations but outside the scope of this
presentation since, as we will show in the experimental results in Chapter
6, the sensor used during the experiments has a planar nature.

5.2.2 Sensor setup

We assume to obtain, at each time stepk, the measure of the vehicle
positionp(k) and the readings of an exteroceptive sensor, kept parallel
to the horizontal plane(xf ; yf ), able to detect the surrounding environ-
ment. The vehicle position can be measured, for example, with the use
of a Global Positioning System (GPS) sensor, while the exteroceptive
sensor can be a Light Detection and Ranging (LiDAR) sensor and/or
stereo-cameras as shown in [66]. The exteroceptive sensor provides at
each time step, a two-dimensional point cloud discretization of the en-
vironment around the vehicle. We assume that the sensor is able to pro-
vide measurements in directions that are equally spaced over a unit-circle
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Chapter 5. Navigation around obstacles

Figure 5.2: Example of the point cloud obtained with the exteroceptive sensor (red
circles). 2D view on the plane parallel to ground and containing the vehicle position
(blue M̀').

around the vehicle position. We denote with� (k) 2 RM the vector of
M = 2�

� r
readings of the exteroceptive sensor, where� r is the angular

resolution. The measurements can be expressed in polar coordinates as:

M s(k) = f (� i (k); � i )gM
i=1 ; (5.3)

or alternatively can be written as the vectorsi (k), where each element
is:

si (k) = � i (k)

"
cos(� i )

sin(� i )

#

; 8i 2 NM
1 : (5.4)

Finally, the sensor is assumed to have a limited detection range equal to
rL . Fig. 5.2 shown an example of the considered exteroceptive sensor.
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5.3. Temporary target shifting strategy

5.3 Temporary target shifting strategy

In this section we present a reactive strategy, named temporary target
shifting, that provides a temporary target to the tracking controller based
only on local sensor information. The proposed solution is straightfor-
ward and doesn't provide any guarantees about the escape from local
minima, however, it represents an effective solution when the environ-
ment is particularly cluttered, and a mapping strategy is not allowed, e.g
by the limited hardware capabilities. Letf t(k) = �r � p(k) be the vector
connecting the vehicle to the target. The original target�r is used when
the sensor readings with the angle closest to the directionf t(k) do not
reveal any obstructions (up to the maximum rangerL ). If not, a tempo-
rary target̂r (k) is selected as follows. The set of indices that correspond
to the sensor readings measuring the maximum distance is as follows:

I (k) =
�

�j : �j = arg max
i =1 ;:::;M

� i (k)
�

: (5.5)

Then, the sensor reading that is closest to the target among those with
index�j 2 I is selected as temporary target:

r̂ (k) = min
�j 2 I




 s�j (k) � f t(k)






2: (5.6)

Fig. 5.3 provides an illustration of this approach. Then, depending on
which situation occurs �rst, the temporary targetr̂ (k) is maintained un-
til the drone arrives there within a predetermined tolerance or until the
path to the target becomes free of obstacles again. This strategy avoids
the temporary target alternating between two visible edges, avoiding in-
stances in which the drone begins to move back and forth behind an
obstacle. If there are multiple solutions to (5.6), we choose the one with
smallest index�j . This approach yields good results in most cases with
bounded obstacles, but still does not guarantee that the target is eventu-
ally reached if the obstacles' shapes are too complicated. In those cases,
a mapping strategy shall be added, to incrementally explore the environ-
ment and save information on it until �nding the path to the target, as
shown in the next section.
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Chapter 5. Navigation around obstacles

Figure 5.3: An illustration of temporary target target shifting strategy. Blue `?' denotes
the temporary target̂r . Red ?̀' is the �nal target �r . Red dashed lines: sensor
readings with indexi =2 I (k). Red solid lines: sensor readings with indexi 2 I (k).

5.4 Graph-based exploration and mapping

In this section we present a mapping and exploration strategy named
G-BEAM, standing for Graph-Based Exploration And Mapping that ex-
ploits a convex under-approximation of the obstacle-free region derived
on-line by the readings of the exteroceptive sensor. The main idea is
to build a reachability graph that describes the environment, which can
be used seamlessly for both navigation and exploration tasks. Nodes
and collision-free arcs are acquired from the convex polytope and used
to update the graph together with an exploration gain representing the
expected amount of information gained by reaching that node. Finally,
with some similarities with MPC schemes, a receding horizon strategy
selects the best path to reach an externally provided target or to explore
the environment. The selected node is then provided to any tracking al-
gorithm, such as the one presented in Chapter 4.
The G-BEAM algorithm is summarized by the following steps:

1. At time k acquire the measurements of the extereoceptive sensor
si (k), 8i 2 NM

1 .
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5.4. Graph-based exploration and mapping

2. Compute a convex under-approximation of the free spaceSo(k)
and its tightened version that takes into account the vehicle encum-
branceSr (k), i.e. the space occupied by the vehicle de�ned in (5.1).

3. Update the graph with the new information derived from the new
polytopesSo(k), Sr (k).

(a) Use the vertices of the polytopes as candidate nodes of the
graph and assign to them the following attributes:

• index,h 2 N.

• position,� h = [ � x f

h ; � yf

h ]T .

• exploration gain,� h 2 R.

• obstacle �ag,
 h 2 f 0; 1g.

• visited �ag, � h 2 f 0; 1g.

• reachable vertex,rh 2 N.

• obstacle normal vector,n h 2 R2.

• completely connected �ag,� h 2 f 0; 1g.

(b) Update the graph adding new candidate nodes and creating
edges between new nodes and old ones.

(c) Assign to the edges the following attributes:

• indices of the vertices that it connects,(i ; j ).

• length,l (i ;j ) 2 R.

• direction,e(i ;j ) 2 R2.

• boundary �ag,� (i ;j ) 2 f 0; 1g.

(d) Update the attributes of the nodes in the updated graph.

4. Solve an optimization problem that considers the graph model of
the environment to compute the temporary targetr̂ that trade-off
between exploration and reaching the external target location.

The main steps (2, 3, 4) will be detailed in the following subsections.
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Chapter 5. Navigation around obstacles

Figure 5.4: An illustration of to use of Algorithm 6.1 to generate the convex under-
approximation of the free space: intermediate steps (dotted blue lines) and �nal
result (solid polytope). Red points represents the sensor readings.

5.4.1 Convex under-approximation of the obstacle-free area

The sensor measurements provide a non-convex obstacle-free region
around the vehicle as shown in Fig. 5.2. To obtain a simpler and more ef-
�cient description of the obstacle-free area we under-approximate it with
a convex polytope. The inner approximation with convex sets of non
convex regions has been widely studied in literature. Several optimization-
based approaches have been proposed (see e.g. [11, 23, 61]) where the
position of known obstacles is exploited to obtain the largest convex set
in the free area. These methods call on an a-priori description of the en-
vironment, such as a set of convex polytopes or a map, but they do not
guarantee that the current vehicle's position belongs to the obtained set.
In contrast, in this work we use only local sensor measurements and we
consider that a map of the environment is not available a-priori. Let us
de�ne the set of M readings provided by the exteroceptive sensor at time
k

L (k) = f s1(k); : : : ; sM (k)g: (5.7)

Let dstep > 0 be a user-de�ned distance and let consider a user-de�ned
numbernv of vertices for the desired polytope.
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5.4. Graph-based exploration and mapping

Algorithm 5.1: Planar convex under-approximation of the free space
Input: p(k); L (k); rL ; dstep; nv

Result: S(k); Sv(k)
1 dmin (k)  min

i =1 ;:::;M
ksi (k)k2;

2 for i = 1 : nv do

3 Sv
i (k)  p(k) + dmin (k)

"
cos(2�

nv
i )

sin(2�
nv

i )

#

;

4 
 i  0;
5 end
6 for i = 1 : nv do
7 while 
 i 6= 1 do

8 Sv;+
i  Sv

i (k) + dstep

"
cos(2�

nv
i )

sin(2�
nv

i )

#

;

9 if L (k) =2 CH (Sv;+ ) ^ (kSv;+
i � p(k)k2 < r L ) then

10 Sv(k)  Sv;+ ;
11 else
12 
 i  1;
13 end
14 end
15 end
16 CHf Sv(k)g ! S(k)

Then the under-approximation of the obstacle-free area can be performed
with Algorithm 5.1.
First (lines 1-5), a regular polyhedron withnv vertices lying on the ball
B(dmin (k); p(k)) = f w : kw � p(k)k2 = dmin (k)g is built.
Then (lines 6 to 15), the user-selected quantitydstep is used to radially
translate an arbitrarily selected vertex outwards with respect to the cen-
ter and, a convex hull of the new sequence of vertices is performed. The
polyhedronSv is updated (line 10) and the next vertex is taken into con-
sideration for the expansion if the resulting hull does not contain any
points ofL (k) and its vertices are closer than the maximum detection
rangerL . If not, the vertex's position is blocked and the last expansion
is removed (line 12).
When all of the auxiliary variables
 i are true (line 7), the cycle ends
because either all of the vertices are blocked or they have reached the
maximum distance from the vehicle,rL . The algorithm returns the de-
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Chapter 5. Navigation around obstacles

sired polytope in H-form once all of the vertices have been processed:

S(k) = f p : H (k)p(k) � h(k)g; (5.8)

for some matrixH (k) 2 Rnv � 2 and vectorh(k) 2 Rnv .
Finally, it can be expressed in terms of vertices in V-form

Sv = f Sv
1; : : : ;Sv

nv
g: (5.9)

Fig. 5.4 shows some iteration of the proposed Algorithm. Let us de-
note the obtained polytopeS(k) asSo(k), meaning that the vertices of
the polytopes lay against the obstacles measured by the exteroceptive
sensor. The setSo(k) can now be tightened to consider the vehicle's en-
cumbrance, de�ning the following reachable set, i.e. a set of positions
fully reachable by the vehicle

Sr (k) = So(k) 	 R : (5.10)

Finally let us denote withSv
r (k) the V-form representation ofSr (k).

Thus, each polytope is represented by a set of ordered indexes each one
corresponding to a vertex:

Vo(k) = f 1; : : : ; nvg � N; (5.11)

Vr (k) = f nv + 1; : : : ; 2nvg � N: (5.12)

Figure 5.5 shows the an example of the polytopes.

5.4.2 Graph update

The main feature of this algorithm is the graph structure used to repre-
sent the explored free area of the environment. The graph has a twofold
use: as a map of the environment, and as a repository of information
about the borders between explored and unexplored areas. LetG(k) =
(N (k); E(k)) be a directed graph, whereN (k) = f 1; : : : ; nnodes(k)g �
N is a time varying set of nodes, andE(k) the set of edgesE(k) �
f (i ; j ) : i; j 2 N (k) ^ i 6= j g. Creating and updating the graph with the
method described hereafter, results inNO + 1 disjoint sub-graphs: one
composed of reachable nodes (
 = 0) and walkable edges (� = 0),
which lays entirely in the obstacle free area of the environment and is
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5.4. Graph-based exploration and mapping

Figure 5.5: Graphical example of the polytopes and the data from which they are com-
puted. Red polytopeSO(k); yellow polytopeSr (k); black dots represent a subset of
L (k) detecting an obstacle; light blue dots represent a subset ofL (k) out of range.

used for navigation, and the others composed of obstacle nodes (
 =
1), and boundary edges (� = 1), each one encircling a set of “non-
accessible” obstacles.
After the position of the polytope vertices is computed as shown in the
previous subsection, a set of attributes is assigned to them. Graph nodes
inherit these attributes that characterize the vertices and are used in the
graph update process.

Obstacle proximity, 
 h. This �ag indicates the proximity of the ver-
tex to an obstacle, i.e. a sensor measurement point is closer thandthr :


 h = 1 , 9 i : k� h � si k � dthr ; 8i 2 NM
1 : (5.13)

Exploration gain, � h. This value shall be proportional to the amount
of additional information on the environment that could be gathered by
moving to the location of that particular vertexh. To estimate such an
information gain, a subsetL � h of the sensor measurements is assigned to
each vertex, subdividing them innv circular sectors around the vehicle,
each one centered around a vertex of the polytope:

L � h :=
�

i : i 2 NM
1 ; j� i �

2�
nv

hj <
2�
nv

�
: (5.14)
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Chapter 5. Navigation around obstacles

Once the sets are de�ned, the exploration gain of each vertex is computed
with the following equation:

� h := 
 h� +
�
� � i 2 L � h : ksi � si � 1k2 � dobs

min _ � i � rL
	 �

� ; (5.15)

where the operatorj�j denotes the cardinality of a countable set. Accord-
ing to equation (5.15), the exploration gain of each vertex is equal to the
number of nearby sensor readings that are out of range, plus the num-
ber of subsequent measurement pairs that leave a gap large enough for
the vehicle to pass through it. The exploration gain of obstacle nodes
is set to a value� h = � > 0, enabling the exploration until the whole
environment is explored.

Obstacle normal vector, n h. This vector is assigned only to the
vertices close to an obstacle (i.e.h : 
 h = 1). It is an approximation
of the obstacle's normal in proximity of the vertex. Normal vectorn h is
computed considering a subset of sensor measurements

L nh = f i : i 2 RM
1 ; ksi � � hk2 � dtolg; (5.16)

that are at a distanceksi � � hk2 � dtol from the vertexh. Once the set of
points is de�ned, the computation is trivial. Firstly, a line is �tted through
the points, representing the estimated tangent line to the obstacle passing
through the vertex. Then, the normal vector is taken perpendicular to that
line, directed towards the inside of the polytope. A visual representation
of the computation is show in Fig. 5.6.

Completely connected vertex, � h. This �ag indicates whether an
obstacle vertex (node) is connected in both half-planes de�ned by the
normal vector to a boundary edge.
It is always initialized as false:� h = 0.

Reachable vertex, rh. This corresponds to the closest vertex of the
“reachable” polytope,rh 2 Vr (k), to h. This vertex will be used as
a reference when wanting to visith, since reaching the position of the
vertex� h is not possible.

Visited �ag , � h. This �ag indicates whether a reachable vertex (node)
is visited or not. It is always initialized as false:� h = 0 and its value is
update in the “nodes update” step.
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5.4. Graph-based exploration and mapping

Figure 5.6: Representation of the data used for computing of the normal vector

Nodes creation

Graph nodes are created starting from the vertices of the polytopes just
created. Let us de�ne the following distance:

dh =

8
<

:

min
i 2N

k� h � � i k2 ; if h 2 Vo(k)

min
i 2N ;
 i =0

k� h � � i k2 ; if h 2 Vr (k):
(5.17)

If h 2 Vo(k), dh represents the distance from vertexh to the closest node
of the graph, ifh 2 Vr (k), it represents the distance from vertexh to the
closest reachable node of the graph. Each vertexh 2 Vr (k) [ Vo(k) is
checked and added as a node of the graph if the following condition is
satis�ed:

ch = ( dh > d node ^ 
 h) _ (dh > d open ^ h 2 Vr ) : (5.18)

Condition 5.18 checks if one of two alternatives occurs: either the vertex
is classi�ed as obstacle,
 h, and dh > d node, or it is reachable,h 2
Vr (k), anddh > d open. The two threshold distancesdnode anddopen are
used to set respectively a minimum distance among obstacle nodes, and
reachable ones, in order to in�uence the density of the graph. If a non
reachable vertexh 2 Vo(k) is added as node to the graph, then also
vertexh0 = rh is added, allowing to have a reachable node associated
to each non reachable one. The set of nodes at the subsequent time step
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Chapter 5. Navigation around obstacles

N (k + 1) becomes then:

N (k + 1) = N (k) [ f h 2 Vr (k) [ Vo(k) : ch = 1g: (5.19)

Edges creation

Two different types of edges are used in the graph, boundary edges,
� (i ;j ) = 1, and walkable ones,� (i ;j ) = 0. Boundary edges connect a pair
of obstacle nodes that are close enough that the vehicle cannot safely
pass between them. Walkable edges, on the other hand, connect a pair
of reachable nodes, and can be traversed by the vehicle without risk of
collision with obstacles. Boundary edges are created by connecting each
pair of obstacle nodes,i; j 2 N (k + 1) ^ i 6= j : 
 i ^ 
 j , that are inside
the obstacle polytopeSo(k), and are at a distance shorter thandbdy.

cb (i ; j ) = � i ; � j 2 So(k) ^ 
 i ^ 
 j

^ k � i � � j k2 � dbdy:
(5.20)

Walkable edges are created by connecting each pair of reachable nodes,
i; j 2 N (k + 1) ^ i 6= j : 
 i ^ 
 j , that are inside the reachable polytope
Sr (k).

cw (i ; j ) = � i ; � j 2 Sr (k) ^ 
 i ^ 
 j : (5.21)

Since by construction the polytopesSo(k), Sr (k) are under-approximation
of the obstacle-free area surrounding the vehicle, and they are convex,
the added edges are guaranteed to not cross any obstacle. Moreover, the
“reachable” polytope,Sr (k), is constructed so that every point inside it
is at least at a distancedmin from every obstacle, so this property is in-
herently true also for the walkable edges, making them safe to traverse
for the vehicle.
Combining the two conditions, the edges set is updated as follows:

E(k + 1) = E(k) [ f (i ; j ) j i; j 2 N (k + 1) ^ i 6= j

^ (i ; j ) 62E(k) ^ (j ; i ) 62E(k)

^ (cb (i ; j ) _ cw (i ; j ))g :

(5.22)

When the edges are created, the following attributes are assigned to
them:
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5.4. Graph-based exploration and mapping

• Length: l (i ;j ) = k� i � � j k2.

• Direction: e(i ;j ) = � j � � i

l ( i ;j )
.

• Boundary �ag : � (i ;j ) () cb (i ; j ).

The same edge can be represented in two equivalent ways in the set:(i ; j )
or (j ; i ), how this is implemented is not relevant, as long as the attributes
are coherent with the notation. In particular:l (i ;j ) = l (j ;i ), e(i ;j ) = � e(j ;i ),
� (i ;j ) = � (j ;i ). New edges are created indistinctly between new nodes,
new and old nodes, and also among old nodes. This ensures that the
largest possible information on the explored area is gathered and stored
inside the graph, and connections are added if missing.

Nodes update

The last operation is the update of the attributes of nodes and edges:
this keeps all the information up to date, and tracks the status of the
exploration. The exploration gain of all reachable nodes that are at a
distancek� h � pk2 < d min from the vehicle is set to0.

� h = 0; 8h 2 N (k + 1) : k� h � pk2 < d min ^ 
 h = 0: (5.23)

This ensures that the nodes whose surrounding area has been explored,
thus cannot provide anymore useful information, have null exploration
gain. The “visited” �ag of reachable nodes is updated if they are in close
proximity of the vehicle:

� h = 1; 8h 2 N (k + 1) : k� h � pk2 < d reach ^ 
 i = 0: (5.24)

The “completely connected” �ag of obstacle nodes is updated.
This �ag is set to be true if the obstacle node is connected with at least
one boundary edge on each half-plane de�ned by the obstacle normal
vector of that given node:

� h = 1; 8h 2 N (k + 1) : (5.25)

� 
 h = 1; (5.26)

� 9 j; l 2 N (k + 1) : � (h;j ) = 1 ^ � (h;l ) = 1; (5.27)

� e(h;j ) � n h > 0 ^ e(h;k) � n h < 0: (5.28)
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Chapter 5. Navigation around obstacles

Figure 5.7: Example of the reachability graph obtained during the navigation. Pink
circles represent the exploration gain, with size proportional to their values. Blue
lines represent arcs while black shapes are obstacles.

When an obstacle node is classi�ed as completely connected, its explo-
ration gain is also set to0:

� i = 1 () � i = 0: (5.29)

Figure 5.7 shows an example of the reachability graph obtained during
the navigation.

5.4.3 Receding Horizon Navigation

The navigation approach in G-BEAM is an event-based receding horizon
one with similarities with MPC: each timek the current reference node is
reached, the graph is updated and a new temporary target is computed by
planning a path in the graph culminating at a target noder̂ (k) 2 N (k +
1). Thus, comparing the approach with an MPC scheme, we exploit
the graph-based model of the environment, to �nd the path on the graph
that minimizes a user-de�ned cost-function. Indeed, the target node is
computed by maximizing a reward function (minimizing the negative
reward function) that trades off between environment exploration and
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5.4. Graph-based exploration and mapping

reaching the external target�r (exploitation), if provided.
The starting node of the path with indexhs to be planned is taken as the
nearest one to the current vehicle's position:

hs = argmin
i 2N (k+1)

kp � � i k2: (5.30)

By analogy with MPC, the starting node represents the system's initial
condition. Let us now denote withq = f q1; q2; : : : qL g a sequence of
indexes of lengthL. The lengthL, can be seen as the prediction horizon
in an MPC approach, while the vector of optimization variablesq, rep-
resentsL possible moves on the graph.
Thus, let us de�ne the following optimization problem:

max
hr̂ 2N (k+1) ;q

� hr̂

(dg(r̂ ) + k� hr̂ � �r k2)
" ; (5.31)

subject to: (5.32)

qi 2 N (k + 1) 8i 2 NL
1 ; (5.33)

(qi ; qi +1 ) 2 E(k + 1) 8i 2 NL � 1
1 ; (5.34)

dg(r̂ ) =
L � 1X

i =0




 � qi � � qi +1






2 (5.35)

q0 = hs (5.36)

qL = hr̂ (5.37)

The reward function in (5.31) is designed in order to maximize the ratio
between the amount of information that can be acquired by reaching the
targetr̂ (exploration gain) and the length of the path to the external refer-
ence location�r , dg(r̂ ) + k� hr̂ � �r k2. The coef�cient" > 0 is used to ad-
just the relative weight between information gain and distance to be trav-
elled. The selected path is thusq� (r̂ � ) = f q�

1(r̂ � ); q�
2(r̂ � ); : : : ; q�

L (r̂ � )g.
After solving problem (5.31), the �rst node in the sequence,q�

1(r̂ � ), is
used as temporary target:

r̂ (k) = � q�
1 (r̂ � ) (5.38)

The path planning procedure is then repeated in a receding horizon fash-
ion, when the selected reference is reached. Finally, the presented al-
gorithm can also work without an external reference�r , leading to an
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Chapter 5. Navigation around obstacles

algorithm that allows to explore the unknown environment. In this latter
case, the exploration task is considered to be concluded when there are
no more graph nodes whose exploration gain is greater than zero:

� i = 0; 8i 2 N (k + 1) (5.39)

Remark 4. If the external reference position�r is provided and it is also
in the interior of the explored area, then instead of(5.31)the nodehr̂ �

is selected as:
hr̂ � = argmin

h2N (k+1)
k� h � �r k2 (5.40)

i.e. the closest node to the external reference position.
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Part II

Applications to autonomous navigation
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CHAPTER6
Safe UAV Navigation in an Unknown

Environment

6.1 Chapter overview

The usage of the mt-MPC approach, presented in Chapter 4, to safely
navigate a multi-copter drone, equipped with an exteroceptive sensor, to
a desired location in an environment that is unknown a-priori is shown.
The vehicle features a hierarchical control structure where low-level state-
feedback controllers are in charge of stabilizing the drone's trajectories
and tracking the set-points provided by the high-level mt-MPC. Due to
the time-varying nature of the constraints arising from the sensing of an
unknown environment, traditional receding horizon strategies no longer
ensure the recursive feasibility of the problem. To address this problem,
we propose a modi�ed version of the receding horizon strategy described
in Chapter 3 to prove the existence of a feasible trajectory at each time
step, hence persistent obstacle avoidance, under the assumption of time
invariant environment. To ensure that this property holds true even in
the presence of model-plant mismatch and disturbances, we quantify
the model uncertainty in terms of bounds on the prediction error de-
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Chapter 6. Safe UAV Navigation in an Unknown Environment

rived from experimental data. Furthermore, we exploit the convex under-
approximation of the obstacle-free area shown in Section 5.4.1 to obtain
a convex free-area around the drone in order to formulate the FHOCP
as a convex QP. Regarding the approximation of the free space, we ex-
tend the presented approach to the 3D case. The chapter is organized as
follows: in Section 6.2 we provide an overview of the system and the
problem formulation. Then, in Section 6.3 we provide a description of
the control-oriented model that will be used by the mt-MPC, a character-
ization of the model uncertainty, and the convex under-approximation of
the free space that is necessary to design safe trajectories. The properties
of the multi-trajectory MPC formulation are then covered in Section 6.4.
Finally, Section 6.5 provides simulation, and Section 6.6 concludes the
chapter with the experimental results.

Notation

We denote withE(W) = f e : eTWe � 1g the ellipsoidal set centered at
the origin with shape matrixW = WT > 0. The notations~�, �̂ represent
a sample and an estimate of a given variable, respectively. The sum of
two setsA , B � Rn, denoted asA � B, is f a + b j a 2 A ; b 2 Bg
while A 	 B is f x 2 Rn j x + b 2 A ; 8b 2 Bg.

6.2 Models of the system and environment, problem formu-

lation

The autonomous system, the exteroceptive sensor used to perceive the
environment, and the environment itself compose the three essential el-
ements that de�ne the problem at hand. In the following subsections,
these ingredients are discussed in more detail, culminating in a more
precise problem formulation.

6.2.1 Multi-copter vehicle and preliminary dataset

We consider an inertial, right-handed coordinate system(xf ; yf ; zf ) with
origin at ground level, where(xf ; yf ) coordinates de�ne a plane parallel
to the ground andzf coordinate positive above ground level. The UAV
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6.2. Models of the system and environment, problem formulation

Figure 6.1: The UAV control system is organized in a hierarchical structure: the high-
level navigation controller's reference are tracked by an existing low-level position
controller. The high-level logic elaborates the sensor readings� (k) (Section 6.2.2)
and exploits a bound̂� n on the trajectory uncertainty (Section 6.3.3) to build a con-
vex under-approximation of the obstacle-free area�S(k) (Section 6.3.4), which is
exploited, together with a simpli�ed, control-oriented model of the vehicle (Section
6.3.1), by the state-feedback multi-trajectory MPC strategy to compute the reference
positionu(k) (Section 6.4). The sampling frequencies employed in our experimental
tests are indicated as well.

presents a hierarchical control structure. The position reference given to
the low-level controller constitutes the control input from the point of
view of the high-level controller, see Fig. 6.1.

u (k) = [ ux f (k); uyf (k); uzf (k)]T = pref (k) 2 R3: (6.1)

The former is in charge of tracking such a position reference. Note that
any low-level controller (for example, the commercial �ight controller
used in our experimental tests) can be used, provided that it can sta-
bilize the drone's trajectory and perform well when tracking the given
reference (our method to quantify uncertainty, detailed in Section 6.3.3,
captures potential tracking errors caused by disturbances). Thus, we can
model the feedback-controlled drone as a nonlinear time-invariant sys-
tem with the vehicle positionp(k) and velocityv(k) as its states, ne-
glecting the attitude dynamics that are controlled by the low-level control
loops.

x (k) = [ px f (k); pyf (k); pzf (k); vx f (k); vyf (k); vzf (k)]T : (6.2)

Consequently we havex (k) 2 R6 and u(k) 2 R3. We also denote
the maximum acceleration and velocity of the vehicle as�a 2 R3 and
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Chapter 6. Safe UAV Navigation in an Unknown Environment

�v 2 R3, respectively. If the drone's yaw is relevant, for example to point
a given sensor to a desired direction, this can be easily added as further
state. Here, for the sake of simplicity, we concentrate on missions where
the drone must arrive at a predetermined target location without any yaw
angle requirements.
Additionally, we assume that a �nite number of measured pairs( ~u(k); ~x (k))
are accessible through preliminary testing, such as those performed by
a human operator or, as in our experimental tests, via automated step
reference sequences. We de�ne the set of collected data as:

~M _=
n

(~u(j ); ~x (j )) ; 8j 2 NNs
0

o
; (6.3)

whereNs + 1 is the number of input-output pairs in the dataset.
We assume that both measurement noise and process disturbance, such
as wind, affect these data.
Let us de�ne withx (k + j ; �u ), j > 0 the state trajectory of the nonlinear
system at timek + j , obtained starting from the initial conditionx (k)
and applying the constant reference position�u . Let us consider a given
distance boundr 2 R+ and the following assumption on the feedback-
controlled drone.

Assumption 10.There exists a convex setPW , such that

8r; 8x (k); 8�u : jjp(k) � �u jj � r; 9j (r ) :
 

x (k + j ; �u ) �

"
�u

03� 1

#!

2 PW ; 8j � j (r ):

Assumption 10 states that for any initial condition, any given distance
boundr and any constant reference�u closer thanr to the initial posi-
tion p(k), there exists a time instantj (r ) such that the vector of position
tracking errors at timek + j lies in the convex setPW ; 8j > j (r ).
This assumption is related to the boundedness of exogenous process dis-
turbances and to the practical stability of the the system's trajectories.
The latter assumption is reasonable in the considered application since
the vehicle is equipped with a stabilizing, reference-tracking low-level
position controller. As shown in the experimental results section, the
convex setPW can be directly estimated from the dataset (6.3).
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6.2. Models of the system and environment, problem formulation

Figure 6.2: Example of the point cloud obtained with the exteroceptive sensor.3D view

6.2.2 Sensor setup

At each time stepk, we assume to measure the vehicle's positionp(k)
and velocityv(k) as well as receive signals from an exteroceptive sensor
that can partially detect the obstacles in the immediate area. In practice,
the measurements of the vehicle's position and velocity can be obtained
with a Global Positioning System (GPS) sensor, or they can be estimated
by means of exteroceptive sensors and Simultaneous Localization And
Mapping (SLAM) approaches [28]. Concerning the exteroceptive sen-
sor, we assume to obtain a three-dimensional point cloud that discretizes
the drone's surrounding environment, as shown in Fig. 6.2. This can
be obtained with stereo-cameras and/or three-dimensional LiDAR sen-
sors. Without losing generality, we assume to obtain a grid of points
distributed evenly across a unit-sphere that is centered on the position of
the drone. We then denote with� (k) 2 RM the vector of the readings
that the exteroceptive sensor produces at timek. The length of the vector
is M = MaMe = 2�

� a

�
� e

, where� e and� a are the elevation and azimuth
angular resolutions, respectively. Thus, each measurement corresponds
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to a vector

si (k) = � i (k)

2

6
4

cos (ie� e) cos (ia� a)

cos (ie� e) sin (ia� a)

sin(ie� e)

3

7
5 ; ia 2 NM a � 1

0 ; ie 2 NM e� 1
0 ;

(6.4)
where� i (k) is thei -th entry of vector� (k), i = Maie + ia andia andie

are two indexes spanning the sampled azimuth and elevation values.
Finally, the maximum detection range of the sensor, assumed for sim-
plicity to be the same along any direction, is denoted asrL .

6.2.3 Environment model and problem formulation

We consider an environment that is time-invariant and consists ofNo

non-convex, three-dimensional obstacle where each obstacle can be de-
�ned as a compact setO3;i 2 R3; i = 1; : : : ; No, for an example see Fig.
6.3. The overall obstacles' setO3 is de�ned as:

O3
:=

No[

i =1

O3;i : (6.5)

We can now formalize the problem we aim to solve in this chapter.

Problem 2.Starting from a given dataset~M , we aim to identify a “control-
oriented” model of the feedback-controlled drone and a bound on the
prediction error between the identi�ed model and the real system be-
haviour. Making use of these information, we aim to design a discrete-
time navigation logic that exploits the state feedbackx (k) and the sensor
readings� (k) to compute the control actionu(k), at each stepk, in or-
der to safely navigate the vehicle from a given initial positionp(0) =2 O3

to a given target locationpt(k) 2 R3, i.e. such thatp(k) =2 O3; 8k � 0
despite the different sources of uncertainty.

6.3 Control-oriented model and convex approximation of the

environment

A proper approximated model of the system and the associated uncer-
tainty consistent with the dataset (6.3), as well as the use of sensor mea-
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6.3. Control-oriented model and convex approximation of the
environment

Figure 6.3: Example of the considered environment.

surements to represent the surrounding environment, are crucial compo-
nents to solving Problem 2. In this section we describe these ingredients,
that will be exploited by the mt-MPC formulation presented in Chapter
4.

6.3.1 Control-oriented model

The drone's nonlinear dynamics operating in closed-loop with a low-
level position controller compose the system under consideration. From
the high-level point of view of the navigation strategy, the behaviour
of the closed-loop system is well approximated with linear dynamics.
Furthermore, by using a linear time-invariant (LTI) model, the resulting
optimal control problem is a quadratic program (QP), which we can solve
in real-time on relatively low-power hardware, as shown in Section 6.6.
We consider the following continuous time double integrator with state
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feedback to de�ne the control-oriented model:
"

_p(t)

_v(t)

#

=

"
03� 3 I3

� K velK pos � K vel

# "
p(t)

v(t)

#

+

"
03� 3

K velK pos

#

u(t)

p(t) = [ I3 03� 3]
| {z }

Cp

"
p(t)

v(t)

#

v(t) = [0 3� 3 I3]
| {z }

Cv

"
p(t)

v(t)

#

;

(6.6)

and we denote with

a(t) = K vel (K pos(u (t) � p(t)) � v(t)) ; (6.7)

the drone acceleration vector. The position and velocity feedback loops
are characterized by the gain matricesK pos 2 R3� 3, K vel 2 R3� 3 which
can be tuned by performing a system identi�cation procedure in order
to have a closed-loop system response that is as similar to the response
of the actual nonlinear system as possible. The desired control-oriented
model is then obtained by converting (6.6) to discrete-time with sampling
timeTs

x (k + 1) = A(K pos; K vel)x (k) + B(K pos; K vel)u (k); (6.8)

p(k) = Cpx (k); (6.9)

v(k) = Cvx (k); (6.10)

where the state of the position-controlled systemx (k) and its inputu (k)
are de�ned in (6.2), (6.1). Therefore, the LTI model (6.8) hasu(k) as
input, consistently with our setup, and its state includes both position and
velocity, making it simple to incorporate in the predictive control strat-
egy constraints on these quantities as well as on the accelerations through
the linear, static equation (6.7). To provide coherence between the LTI
control-oriented model and the actual nonlinear system's performance
limits, acceleration bounds can be chosen to account for the maximum
constraints on propeller power and roll/pitch angles required to maneu-
ver. Let us consider the following assumption on the control-oriented
model:
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Assumption 11.

8�u ; 8x (k) :

 

x (k) �

"
�u

03� 1

#!

2 PW ; (6.11)

9D = D T > 0 :

(6.12)

a) A(K pos; K vel)x (k) + B(K pos; K vel) �u 2 E (D).

b) E (D) � PW .

c) E (D) � V,

whereV is the set of admissible states accounting for the drone's velocity
and acceleration limits.

Assumption 11 holds if the identi�ed control-oriented model is asymp-
totically stable. This can be checked by considering the sublevel set of
the Lyapunov functionV(x ) = x TDx containing the polytopePW in its
interior (this condition can be veri�ed with a Linear Matrix Inequality,
see e.g. [17]) and such that, for all points in it, the state constraints are
satis�ed. As we will show in the experimental section at the end of the
chapter, this condition can be checked with suitable convex programs.

Remark 5. In order to obtain a linear constraint and thus, a convex QP
in the implementation on the hardware, in the following we will con-
sider a convex polytopic outer approximationsPD of the ellipsoidal set
E (D). Otherwise, retaining the ellipsoidal set, one can solve a convex
quadratically constrained QP (QCQP).

6.3.2 Identi�cation of the control-oriented model

The gain matricesK vel andK pos that characterize the feedback loops of
the control-oriented model are identi�ed by exploiting the dataset (6.3).
In accordance with best practices [43], we split the dataset (6.3) in two
parts: the �rst one is used for the identi�cation phase (identi�cation set),
while the second one is use to asses the performance (validation set). A
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simulation error method (SEM) is used to carry out the identi�cation:

min
K vel ;K pos

NsX

k=1

kx̂ (k) � ~x (k)k2
2 (6.13)

subject to:

x̂ (0) = ~x (0);

x̂ (k + 1) = A(K pos; K vel)x̂ (k) + B(K pos; K vel) ~u(k);

8k 2 NNs � 1
0 :

Note that the obtained optimization problem, is a nonlinear program
(NLP) since the matricesA(K pos; K vel) 2 R6� 6 andB(K pos; K vel) 2
R6� 3 non-linearly depend on the parametersK pos andK vel.

Remark 6. In the following, for notational simplicity, we denote withA
andB the matricesA(K pos; K vel) andB(K pos; K vel) with the identi�ed
parameters obtained by solving the NLP(6.13).

6.3.3 Derivation of prediction uncertainty bounds

The control-oriented model previously identi�ed, represents a low-dimensional
linear approximation of the actual nonlinear system dynamics. Thus, we
have to derive bounds due to linearization, neglected dynamics and pro-
cess and measurement disturbances, to design a navigation logic capable
of robustly guarantee the safety of the system. However, the uncertainty
bounds must not be overly conservative in order to avoid unnecessary
performance reduction. Most Robust MPC contributions, provide these
bounds together with the model, but in real applications, they must be
inferred from data. To do so, in this section, we present a systematic
procedure that exploits a Set Membership (SM) framework. Since we
want to estimate the prediction bounds on the position of the vehicle, let
us consider the output equation (6.9).
Let us denote then-steps-ahead predictor for thei -th output, of the
control-oriented model (6.8) aŝpn;i , which is

p̂n;i (k) = Cp;iAn ~x (k)
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+ Cp;i

nX

j =1

A j � 1B ~u(k + n � j ); (6.14)

whereCp;i is thei -th row of the output matrixCp in (6.9) andi = 1; 2; 3.
The vector of measured regressors~' n 2 R6+3n is de�ned as

~' n(k) = [ ~x (k)T ~u(k)T ~u(k + 1) T : : : ~u (k + n � 1)T ]T : (6.15)

Let us now denote the vector of the parameters of the identi�ed control-
oriented model for thei -th output:

�̂ n;i = [ Cp;iAn Cp;iAn� 1B Cp;iAn� 2B : : : Cp;iAB C p;iB]T ; (6.16)

Thus, �̂ n;i 2 R6+3n. The dataset ~M can be reorganized by collecting
sampled regressors and corresponding output values for eachn-steps
ahead prediction withn 2 NN

1 , whereN 2 N is the considered pre-
diction horizon:

~M n;i _=
n

( ~' n(k); ~pn;i (k)) ; 8k 2 NNs
0

o
: (6.17)

Where~pn;i (k) is thei -th component of the sampledn-steps-ahead posi-
tion, available in the dataset. Exploiting the vector of measured regres-
sors (6.15) and the vector of identi�ed parameters (6.16), equation (6.14)
can be rewritten in compact form as:

p̂n;i (k) = ~' n(k)T �̂ n;i : (6.18)

We are now in position to estimate the error bound between the output of
then-steps-ahead predictor based on the identi�ed linear model and the
measured position of the vehicle by solving the following linear program
(LP):

� n;i = min
� n;i ; � 2R+

� (6.19)

subject to:

j ~pn;i � ~' T
n � n;i j � �; 8( ~' n; ~pn;i ) 2 ~M n;i : (6.20)

The obtained LP is always feasible and, if the constraints generated by
the data (6.20) are informative enough to support from below the bound
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� , returns a positive value, otherwise we obtain� = 0. Due to the �nite-
ness of the dataset~M n;i , as proven in [38], the estimated value of�

n;i

is an under-approximation of the global (with respect to all possible re-
gressors) error bound�"n;i . To further estimate the global error bound, we
include a scaling factor� > 1:

�̂"n;i = �� n;i ; � > 1: (6.21)

We can now de�ne the set of all the possible parameters of a predictor in
the form (6.18) compatible with the available information in the dataset
i.e. the so called feasible parameter set (FPS). This set is represented by
the following convex polytope:

� n;i _=
n

� n;i : j ~pn;i � ~' T
n � n;i j � �̂"n;i ; 8( ~' n; ~pn;i ) 2 ~M n;i

o
: (6.22)

For each prediction stepn, we can now compute, exploiting the FPS, the
desired worst-case prediction error bound associated with the identi�ed
control-oriented model (6.18) with parameters�̂ n;i :

� n;i = max
k=0 ;:::;Ns

max
� 2 � n;i

�
�
� ~' n(k)T (� � �̂ n;i )

�
�
� + �̂"n;i : (6.23)

The estimated bound� n;i represents the worst-case discrepancy between
the prediction obtained with the linear control-oriented model and that
of any other model consistent with the data up to the error bound (6.21).
Also in this case, due to the �niteness of the dataset, the bound� n;i is an
under-approximation of the true one. To estimate the latter, we introduce
a second scaling factor� > 1:

�̂ n;i = �
�

max
k=0 ;:::;Ns

max
� 2 � n;i

�
�
� ~' n(k)T (� � �̂ n;i )

�
�
�

�
+ �̂"n;i ; � > 1: (6.24)

To obtain the three-dimensional worst-case prediction error bound�̂ n we
repeat the estimation procedure for each row of the matrixCp in (6.9).

Remark 7. The scaling factors� and� , practically, expand the bounds
to compensate for potential additional data that could violate the prior
assumptions and/or estimated bounds. In practice, it is simple to detect
when these factors are too tiny by observing whether the FPS(6.22)
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becomes empty when additional data (i.e., additional inequalities) are
considered. In contrast, it is harder to understand if� and � are too
large. One possibility is to empirically evaluate the conservativeness
with ad-hoc tests, another one is to directly analyze the data of the system
during working operation and comparing it to the bounds, as we show
in Section 6.6.

6.3.4 Convex under-approximation of the free space

In this section, we extend the approach presented in Section 5.4.1 to the
3D case. Let us denote withL (k) := f s1(k); : : : ; sM (k)g 2 R3 theM
readings (6.4) of the exteroceptive sensor at timek. Let us consider the
user-selected distancedstep 2 R+ and the elevation and azimuth angular
resolution intervals� e > � e and� a > � a de�ning a numbernv of equally
spaced candidate vertices on the unit sphere centered at the vehicle po-
sition. The proposed routine to obtain a convex under-approximation of
the free space, similarly to the one presented in Chapter 5, is given by
Algorithm 6.1. Since the Algorithm is conceptually identical to the one
presented in Section 5.4.1 of Chapter 5 but extended to 3D sensor mea-
surements, we omit to explain it again. The procedure returns the desired
polytopeS(k) once all of the vertices have been processed. The maxi-
mum encumbrance of the drone is removed from the sensor readings to
account for its size. As an illustration, Fig. 6.4 shows several iterations
of Algorithm 6.1.

Remark 8. Note that the presented algorithm, differently from other ap-
proaches in the literature, guarantees by construction that the position
of the drone,p(k), always lies in the interior of the safe setS(k). Ad-
ditionally, when stopped at an intermediate step, this method still yields
a valid convex under-approximation of the free space, which is advan-
tageous when a tight real-time implementation is required. To this aim,
the parameters� a, � e can be set to trade-off the required computational
time and the accuracy of the polytope.
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Algorithm 6.1: Convex under-approximation of the obstacle-free area
Input: p(k); L (k); rL ; dstep; � a; � e; nv

Result: S(k)
1 dmin (k)  min

i =0 ;:::;M � 1
jsi (k)j

2 for i = 0 : nv � 1 do

3 Sv
i  p(k) + dmin (k)

2

6
4

cos (i � e) cos (i � a)

cos(i � e) sin (i � a)

sin (i � e)

3

7
5;

4 
 i  0
5 end
6 for i = 0 : nv � 1 do
7 while 
 i 6= 1 do

8 Sv;+
i  Sv

i + dstep

2

6
4

cos (i � e) cos (i � a)

cos(i � e) sin (i � a)

sin (i � e)

3

7
5;

9 if L (k) =2 chull (Sv;+ ) ^ (kSv;+
i � p(k)k2 < r L ) then

10 Sv  Sv;+ ;
11 else
12 
 i  1;
13 end
14 end
15 end
16 S(k)  chull f Svg

6.4 Multi-trajectory model predictive control

We can now exploit the multi-trajectory MPC approach presented in
Chapter 4 to drive the UAV to the target positionpt(k) while navigat-
ing in an unknown environment. Considering a �nite horizonN 2 N
such thatN � j (rL ) (see Assumption 10), we introduce the two input
sequences related to the exploiting and safe trajectories:

Ue(k) =
n

u e
0jk; u e

1jk; : : : ; u e
N � 1jk

o
; (6.25)

Us(k) =
n

u s
0jk; u s

1jk; : : : ; u s
N � 1jk

o
: (6.26)
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Figure 6.4: An illustration of the construction of the convex under-approximation of the
free region: intermediate steps (dash-dotted gray lines) and �nal result (blu lines).
Red points represents the LiDAR readings.

To track the targetpt(k), we consider the following tracking cost:

J (x (k); Ue;s(k); pt(k)) =
NX

i =1

kpe
i jk � pt(k)k2

Q; (6.27)

whereQ 2 R3� 3 is a symmetric positive-de�nite weighting matrix. To
include the worst-case prediction error bound�̂ n in the FHOCP, we tight
along the horizonN the setS(k) computed with Algorithm 6.1. To this
scope, for each prediction stepn, let us de�ne the following uncertainty
hyper-rectangles:

Tn = f p 2 R3 : jpj � �̂ ng; 8n 2 NN � 1
1 ; (6.28)

TN = f p 2 R3 : jpj � max
n=1 ;:::;N

�̂ ng; (6.29)

where all inequalities are element-wise.
We can now tight the polytopeS(k) along the horizon as:

Si (k) = S(k) 	 Ti ; 8i 2 NN
1 ; (6.30)
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obtaining the following sequence of convex polytopes:

�S(k) = f Si (k); 8i 2 NN
1 g: (6.31)

We can now formulate the multi-trajectory FHOCP, denoted as
P (x (k); �S(k); pt(k)) :

min
Ue;s (k)

J (x (k); Ue;s(k); pt(k)) (6.32a)

s.t.:

u e
0jk = u s

0jk; (6.32b)

x e;s
0jk = x (k); (6.32c)

x e;s
i+1 jk = Ax e;s

i jk + Bu e;s
i jk ; 8i 2 NN � 1

0 ; (6.32d)

pe;s
i jk = Cpx

e;s
i jk ; 8i 2 NN

0 ; (6.32e)

ve;s
i jk = Cvx e;s

i jk ; 8i 2 NN
0 ; (6.32f)

� �v � ve;s
i jk � �v ; 8i 2 NN

0 ; (6.32g)

� �a � K vel

�
K pos

�
u e;s

i jk � pe;s
i jk

�
� ve;s

i jk

�
; 8i 2 NN � 1

0 ; (6.32h)

K vel

�
K pos

�
u e;s

i jk � pe;s
i jk

�
� ve;s

i jk

�
� �a; 8i 2 NN � 1

0 ; (6.32i)

ps
i jk 2 Si (k); 8i 2 NN

1 ; (6.32j)

u s
i jk = u s

i � 1jk; 8i 2 NN � 1
N � 1� j (r L );

(6.32k)

ps
N jk 2 SN 	 PD ; (6.32l)

where all inequalities and equalities are element-wise and�a, �v are the
maximum acceleration and velocity vectors, respectively. Constraints
(6.32c)-(6.32i) are meant to be applied to both exploitation and safe tra-
jectories. The obtained FHOCP (6.32) is a convex QP that, when it is
feasible, can be ef�ciently solved for a global minimizer.
Let us denote its solution asU� (x (k); �S(k); pt(k)) = f Ue;�

k ; Us;�
k g and

the corresponding optimal predicted state trajectories, with all elements
stacked in single column vectors, asX e;�

k (x (k); �S(k); pt(k)) 2 R6N and
X s;�

k (x (k); �S(k); pt(k)) 2 R6N .
The FHOCP (6.32) ends to be divided in two predictions:
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(i) The exploitation trajectoryX e is the only one considered in the cost
function, driving the system to the desired target; (ii) The safe trajectory
X s instead, doesn't affect the cost function but it satis�es tightened state
and terminal constraints (6.32j), (6.32k), (6.32l) guaranteeing the exis-
tence of a collision-free trajectory.
Let us denotel(k) < k the latest sampling instant such that the FHOCP
P (x (l(k)) ; �S(l (k)) ; pt(l (k))) admitted a solution and withm(k) 2 [1; N ]
a counter used inside our algorithm,8k � 0. We can now de�ne the re-
ceding horizon strategy shown in Algorithm 6.2.

Algorithm 6.2: multi-trajectory MPC (mt-MPC)

Input: x (k); �S(k); pt (k)
Result: u (k)

1 if P (x (k); �S(k); pt (k)) is feasiblethen
2 l (k + 1) = k
3 m(k + 1) = 1
4 u(k)  �rst control input in U� (x (k); �S(k); pt (k))
5 else
6 if P (x (k); �S(l (k)) ; pt (k)) is feasiblethen
7 l (k + 1) = l(k)
8 m(k + 1) = 1
9 u(k)  �rst control input in U� (x (k); �S(l (k)) ; pt (k))

10 else
11 l (k + 1) = l(k)
12 if m(k) � N � 1 then
13 m(k + 1) = m(k) + 1
14 else
15 m(k + 1) = m(k)
16 end
17 u(k) = u s

m(k)jl (k)

18 end
19 end

Since the safe set generated by Algorithm 6.1 for a time-invariant en-
vironment depends only onx (k), similarly to the approach described
in Chapter 3, a dynamic, state-feedback control law with internal states
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l (k), m(k) and inputpt(k) is produced by the mt-MPC approach:

m(k + 1) = � m(x (k); l(k); m(k))

l(k + 1) = � l (x (k); l(k))

u (k) = � (x (k); l(k); m(k); pt(k))

(6.33)

where functions� m : R6 � N � N ! N, � l : R6 � N ! N and � :
R6 � N � N � R3 ! R3 are de�ned implicitly by Algorithm 6.2.
The resulting closed-loop system is

m(k + 1) = � m(x (k); l(k); m(k))

l(k + 1) = � l (x (k); l(k))

x (k + 1) = x (k; � (x (k); l(k); m(k); pt(k)))

(6.34)

In Algorithm 6.2, the role of variablel(k) and of the corresponding set
�S(l (k)) is to memorize the last polytopic approximation of the free space
that yielded a feasible problem. Similarly to the approach presented in
Chapter 3, this is introduced to deal with the time-varying nature of the
safe convex setS(k). The role of variablem(k) is instead to choose, if
required, a suitable control action in the last feasible safe trajectory to
guarantee that an input leading to a collision-free trajectory can be ap-
plied notwithstanding the prediction uncertainty and measurement noise.
However, as is the case with our problem, such a guarantee is only valid
when considering an unknown static environment, i.e. considering Def-
inition 3.5.1. When time-varying obstacles are considered, additional
assumptions and different approaches would be required, for example
the tightening proposed in Section 3.5.2.
The mt-MPC approach guarantees an obstacle-free trajectory, as shown
by the following Lemma.

Lemma 5. Assume that at timek = 0 the FHOCP(6.32)admits a so-
lution and thatp(0) =2 O3, i.e. the UAV is originally in an obstacle-
free area. Furthermore, assume that for allx (k) and for all the input
sequencesf u s

0jk; u s
1jk; : : : ; u s

N � 1jkg we have that the estimated uncer-
tainty bounds are not violated i.e.ps(k + n) 2 ps

njk � �̂ n, 8n � N .
Then, the trajectory of the closed-loop system(6.34)is such that
p(k) =2 O3, 8k > 0.
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Proof. ProblemP (x (0); �S(0); pt(0)) is solved at timek = 0, m(1) is
set to1 and l(1) is set to0. Let us denote,8k � 0, with Us;� (k) =
f u s;�

0jk; u s;�
1jk; : : : ; u s;�

N � 1jkg the optimal safe input sequence computed by
the mt-MPC algorithm, be it by solvingP (x (k); �S(k); pt(k)) or
P (x (k); �S(l (k)) ; pt(k)) (see Algorithm 6.2), withx s;�

k+ j jk the j -th ele-
ment of the safe trajectory andps;�

k+ j jk = Cpx
s;�
k+ j jk the corresponding

position.
Then, at eachk > 0, there are three options.
A) If P (x (k); �S(k); pt(k)) admits a solution, then at timek +1 we have
p(k + 1) 2 ps;�

1jk � �̂ 1 2 S(k), see (6.32d),(6.32j) and (6.30).
B) Conversely, ifP (x (k); �S(k); pt(k)) is not feasible, but problem
P (x (k); �S(l (k)) ; pt(k)) is feasible, the latter is solved. Thus, in this
case we havep(k + 1) 2 ps;�

1jk � �̂ 1 2 S(l (k)) .
C) Finally, if both P (x (k); �S(k); pt(k)) andP (x (k); �S(l (k)) ; pt(k))
are not feasible, we apply them(k)-th element in the tail of the safe op-
timal input sequence obtained with the last feasible problem
P (x (l(k)) ; �S(l (k)) ; pt(k)) , i.e. u s;�

m(k)jl (k). SinceP (x (l(k)) ; �S(l (k)) ; pt(k))
satis�es constraint (6.32j) we havep(k + 1) 2 ps;�

m(k)+1 jl (k) � �̂ m(k)+1 2
S(l (k)) , 8m(k) < N � 1. Therefore, we have that, in all casesA),
B), and C) p(k + 1) belongs to a setS(j ), with j � k. Now, by
construction (see Algorithm (6.1)), wheneverp(j ) =2 O3, then the cor-
responding setS(j ) is an under-approximation of the obstacle-free re-
gion, i.e. S(j ) \ Oi = ; ; 8i = 1; : : : ; No, meaning that in all cases
A) and B), C) we havep(k + 1) =2 O3. We thus demonstrated that
p(k) =2 O3 ) p(k + 1) =2 O3. The result is then proven by induction,
considering thatp(0) =2 O3 by assumption. Finally, if caseC) is encoun-
tered repeatedly, the last feasible safe set point may be applied until the
end of the horizon. In this case, the drone state ends up in a positively
invariant set thanks to constraint (6.32l). Then,p(k) 2 SN (l (k)) 	 PD ,
leading to a new feasible problemP (x (k); �S(l (k)) ; pt(k)) (case B))
where the constraints (6.32c-6.32l) are satis�ed by the trivial safe se-
quenceUs = f u s;�

N � 1jl (k); : : : ; u s;�
N � 1jl (k)g by Assumption 11.

Remark 9. To implement the FHOCP(6.32), the problem can be simpli-
�ed by imposing a terminal equality constraint instead of(6.32k). In this
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Chapter 6. Safe UAV Navigation in an Unknown Environment

Table 6.1: Parameters employed in the numerical simulations considering the model
described in [27], whereld is half of the distance between two opposite motors,md

is the mass of the vehicle,ct ,cd are the thrust and drag coef�cients respectively and
I xx ; I yy ; I zz are the diagonal components of the inertia matrixI .

Multi-copter drone

md 6 kg ld 0.525 m

I xx;yy 0.1663 kg m2 I zz 0.27 kg m2

cd 10� 5 Nm s2/rad2 ct 9.99 10� 5 N s2/rad2

Simulated exteroceptive sensor

rL 10 m � a, � e 30�

Control-oriented model (7.8)

Ts 0.3 s K pos 0:6 I3

K vel =

2

6
6
6
4

1:597366 � 0:460821 1:464074 10� 2

0:526193 1:581678 8:223714 10� 2

� 4:485497 10� 2 � 1:060711 10� 2 2:318620

3

7
7
7
5

�v [2 2 2]T m/s �a [5 5 5]T m/s2

Algorithm 6.1

� a, � e 60 � dstep 0.2 m

FHOCP (6.32)

Q 2 I3 N 10

way it is possible to impose that the last step of the safe trajectory is a
steady state and, then, arti�cially extending the horizon by a time inter-
val larger thanj (rL ). Thus, consider the model mismatch, also equation
(6.29)have to be modi�ed to include the horizoni = 1; : : : ; N + j (rL ).

6.5 Simulation results

6.5.1 Autonomous navigation with mt-MPC

The performance of the suggested approach was initially examined us-
ing numerical simulations based on the layout shown in Fig. 6.1. To
simulate the nonlinear drone dynamics with the low-level position con-
troller the model described in [27] has been considered. Table 6.1 reports
the control and system parameters employed. The FHOCP (6.32) is

84



i

i

“output” — 2023/1/23 — 16:55 — page 85 — #101
i

i

i

i

i

i

6.5. Simulation results

Figure 6.5: Simulation of the mt-MPC approach. Light blue polytope: setS(k). Red
points represent the exteroceptive sensor readings. Dashed red line with `� ' is the
safe trajectory. Solid blue line with `� ' represents exploiting trajectory. The target
pt is depicted with a red star. The past drone positions are shown by blue rectangles.
Obstacles beyond the LiDAR's �eld of view are not shown.

solved using Matlabr quadprog running on a Quad-Core Intel Core
i7 (3.6 GHz, 32 GB) on MATLAB 2020b under MS Windows. The nav-
igation of the drone in a simulation test is depicted in Fig. 6.5, where
the “exploiting” trajectory and the “safe” one together with the convex
under-approximation of the free-spaceS(k), can be easily recognized.
The strategy performs well, getting the drone to its destination quickly
and without any collisions. To avoid the possibility that the drone get-
ting stuck in front of an obstacle, the temporary target shifting strategy
described in Section 5.3 of Chapter 5 is adopted. In our simulations, the
numerical solution of the QP (6.32) needed, on average, roughly45 ms
each sample step and an additional0:1 s to execute Algorithm 6.1. As
mentioned in Remark 8, the latter can be also safely interrupted if a tight
real-time implementation is required, at the cost of smaller safe set.
The mt-MPC approach has been compared to a nominal MPC with a
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Chapter 6. Safe UAV Navigation in an Unknown Environment

single-trajectory in the FHOCP, which still exploits Algorithms 6.1 and
6.2, subject to all the safety and operational constraints. For both ap-
proaches, we used the same cost function tuning parameters (see Table
6.1). We have considered the following FHOCP in the single-trajectory
MPC:

min
U(k)

NX

i =1

jjpi jk � pt(k)jj2
Q (6.35a)

s.t.:

x 0jk = x (k); (6.35b)

x i +1 jk = Ax i jk + Bu i jk; 8i 2 NN � 1
0 ; (6.35c)

pi jk = Cpx i jk; 8i 2 NN
0 ; (6.35d)

v i jk = Cvx i jk; 8i 2 NN
0 ; (6.35e)

� �v � v i jk � �v ; 8i 2 NN
0 ; (6.35f)

pi jk 2 Si (k); 8i 2 NN
0 ; (6.35g)

� �a � K vel
�
K pos

�
u i jk � pi jk

�
� v i jk

�
; 8i 2 NN � 1

0 ; (6.35h)

K vel
�
K pos

�
u i jk � pi jk

�
� v i jk

�
� �a; 8i 2 NN � 1

0 ; (6.35i)

u i jk = u i � 1jk; 8i 2 NN � 1
N � 1� j (r L );

(6.35j)

x N jk 2 SN 	 PD : (6.35k)

As can be noticed the problem formulation is similar to the one presented
in (6.32) but only one trajectory is employed for both cost and con-
straints. To guarantee persistent obstacle avoidance, we applied again
Algorithm 6.2. A comparison between the resulting close-loop trajec-
tories is depicted in Fig. 6.6. Both approaches drive the drone to its
destination without colliding, although they take different paths. To do
a more thorough comparison, we conducted a set ofNsim = 1000 sim-
ulations with randomly generated initial state, obstacles, and target, but
with layouts qualitatively comparable to those in Fig. 6.6, i.e. where
the drone must travel across a space with several unidenti�ed obstacles.
In each testi , we measured the cumulative closed loop tracking error

Ji =
TiP

k=0
jjp(k) � pt i jj

2
2. Then, we considered the following average
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6.6. Experimental results

Figure 6.6: Results of the simulation. Solid blue line with `� ' represents the closed-loop
trajectory obtained with mt-MPC, while dash-dotted red line with `M' represents the
one obtained with single-trajectory MPC.

quantity as performance indicator:

�J =
1

Nsim

NsimX

i =1

Ji :

Finally, we contrasted the computational effort needed by the two ap-
proaches to solve the FHOCP. The results show that, despite requiring
more processing time (+32% than the standard MPC technique to solve
the QP (6.32)), the mt-MPC technique reduces the average tracking error
(� 7:2%). The presented results, together with the simulations in a two-
dimensional scenario presented in [57], thereby con�rm that the method
has good potential for improving performance, at the cost of higher com-
putational effort in this application.

6.6 Experimental results

To demonstrate the performance of the presented multi-trajectory MPC,
together with G-BEAM, the reaceading horizon approach presented in
Chapter 5 to escape local minima, we implemented them on an au-
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Chapter 6. Safe UAV Navigation in an Unknown Environment

(a) (b)

Figure 6.7: View of the test site at Spino d'Adda, Lombardy, Italy. (6.7a). DJI S1000+
octocopter during �eld test. (6.7b).

tonomous multi-copter drone and carried out experiments out-of-the-lab
in our test site.

Test site and prototype drone

We conducted the tests in an outdoor facility of Politecnico di Milano at
Spino d'Adda (45:4 N , 9:5 E), near Milano, Northern Italy. Fig. 6.7a
provides a view of the site test. ADJI S 1000+ octocopter, depicted
in Fig. 6.7b, was used for our experiments. Eight400rpm/V motors are
installed on an airframe with a diagonal wheelbase of1045mm. Two pla-
nar LiDAR SICK T iM 5xx series, each with a270� range are fused to
create a360� drone's �eld of view. Each sensor has a range ofrL = 10 m,
a scanning frequency of15Hz, and an angular resolution of� s = 0:33� .
We �xed the reference vertical position to a constant value in the testing
due to the planar nature of the sensors employed. ADJI A 3 �ight con-
trol unit with a built-in IMU (Inertial Measurement Unit) equipped with
a normal GPS-Compass acts as the low-level position controller. We im-
plemented the high-level controllers on anOdroid� XU 4computer, fea-
turing an octa-core Exynos 5422 big.LITTLE processor runningUbuntu
18andRobot Operating System(ROS) Melodic. The �ight controller
has a ROS interface via theDJI onboard SDK, allowing theOdroid
to send reference commands and receiving sensors feedback via ROS
to/from theA3 unit.
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6.6. Experimental results

Model identi�cation and error bound estimation

To test the presented approach, we have collected position step responses
in closed-loop, recording the position and velocity of the vehicle with
a sampling frequency of 100Hz while the high-level control unit was
sending pre-de�ned position references to the low-levelDJI A 3 �ight
controller. We identi�ed the control-oriented model (6.8) as described
in Sec. 6.3.2. Fig. 6.8 shows a comparison between the measured~px f ,
~vx f and the estimated model. Then we exploited the dataset to estimate
the worst-case prediction error bound�̂ n considering the scaling factors
� = � = 1:02. Fig. 6.9 shows the obtained values of� n;i (6.19) and
the worst-case prediction error bound�̂ n;i (6.24) alongxf and yf for
an horizonN = 30 in the validation dataset. As can be noticed the
worst-case simulation error bound̂� n;i has a maximum value of about
3 m which is reasonable considering the GPS noise, the presence of little
wind, and the model-plant mismatch. The constantj (rL ), that represents
the settling time of the low-level position controller to reach a target
placed at a distancerL , can be roughly estimated from the ratior L

�v and
in our case isj (rL ) = 16 s. We estimated the setPW from the data by
taking the convex hull of the steady-state samples of the tracking error,
as shown in Fig. 6.10:

PW = CH

 

~x (k + j ; ~�u ) �

"
~�u

03� 1

#!

:

As pointed out in Section 6.2.1, in practice Assumption 10 is related to
the stability of the system composed of the nonlinear dynamics of the
drone and the low level controller. Thus, it is always satis�ed if the low
level controller is properly tuned and it is able to stabilize the drone's
trajectory and to track the given reference.
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Chapter 6. Safe UAV Navigation in an Unknown Environment

(a)

(b)

Figure 6.8: Comparison of the identi�ed “control-oriented” model (solid blue line)
and the validation dataset (orange dashed line). Position in (6.8a) and velocity in
(6.8b) along the directionx f . In (6.8a), the black dash-dotted line is the position
reference alongx f , i.e. ux f .
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6.6. Experimental results

(a)

(b)

Figure 6.9: Estimated error between the measured output and the genericn-steps-
ahead predictor� n;1 (blue line with 3̀ '), �̂"n;1 considering a scaling factor� = 1:2
(light blue line with �̀ '). Estimated worst-case prediction error bound� n;1, (red
line with �̀ ') and �̂ n;1 considering the scaling factors� = 1:02, � = 1:02 (light red
line with `M') along the directionx f (6.9a) and alongyf (6.9b). Grey dashed lines
show the trajectories of the estimation error in the validation dataset.
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Chapter 6. Safe UAV Navigation in an Unknown Environment

(a)

(b)

Figure 6.10: Estimated boundsPW (light blue polytope),E(D) (blue ellipsoid) pro-
jected onto the subspacev = 03� 1 (a) andv = 03� 1, pzf � uzf = 0 (b). Blue

dots represent the steady state errors

 

~x (k + j ; ~�u ) �

"
~�u

03� 1

#!

; 8j > j (rL ). The

colored lines inside the polytopes are the tracking error trajectories of model(6.8)
with initial condition insidePW and subject to constant references~�u .
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6.6. Experimental results

6.6.1 Experimental results multi-trajectory MPC

ROS implementation

Figure 6.11: ROS simpli�ed graph diagram showing various nodes (ellipses) and
topics (rectangles) involved in the approach.

An overview of nodes and topics communication through a ROS graph
diagram is shown in Figure 6.11. The two LiDARs provide to the
/s1000_interface node their measurements at a frequency of15
Hz. The node elaborates the measurements and publishes a message
of type LaserScan with the merged measurements, together with a
PoseStamped message de�ning the desired �nal position target. The
/temp_target_generator node is in charge of providing the tem-
porary target to the/mt_MPC node following the procedure described
in Section 5.3 at a frequency of5 Hz by exploiting the LiDAR measure-
ments, the �nal target and the GPS position of the drone published by the
/dji_sdk node at a frequency of50Hz. The LiDAR measurements are
also exploited by the/polytope_matrices_generation node,
where Algorithm 6.1 is implemented, and publishes the polytopeS(k)
with a custom messagePolytopeMatricesStamped at a frequency
of 5 Hz. Finally the/mt_MPC node receives the target, the free poly-
tope and the state feedback, and it executes Algorithm 6.2 and publishes
a position reference at a frequency of3 Hz. The latter is then sent to
a /position_controller node that publishes a velocity reference
to the/dji_sdk node. The ROS implementation of the approach is
available athttps://github.com/DaniloSaccani/mt_MPC .
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Problem implementation

We translated the developed algorithms in thePython programming lan-
guage and then integrated them within ROS [63]. To obtain a strictly
convex optimization problem, which improves the solution speed and
numerical stability, we included in the cost function (6.27) a term that
penalizes the rate of change of the input as shown in the following cost
function:

J (x (k); U ; pt(k)) =
NX

i =1

kpe
i jk � pt(k)k2

Q +
N � 1X

i =0

k� u e;s
i jkk2

� R
; (6.36)

where� R 2 R3� 3 is a suitable weight matrix for the input variation.
To avoid unnecessary conservativeness in the input variation, we have
chosen a weightQ much larger than� R to prioritise the tracking of
the desired target, i.e.Q = 6 � I3 and � R = 0:5 � I3. The setPD

has been selected as a polytopic outer-approximation of the ellipsoidal
setx TDx � � , where� andD have been obtained with the following
optimization problem that returns the minimum-volume sublevel set of a
Lyapunov functionf x 2 R6jx TDx � � g containing the convex hull of
the steady state error samples:

min
D;�

log detD � 1 (6.37)

subject to

ATDA � D < 0;

D > 0;
 

~x (k + j ; ~�u ) �

"
~�u

03� 1

#! T

D

 

x (k + j ; ~�u ) �

"
~�u

03� 1

#!

� �;

8j > j (rL ):

Fig. 6.10 shows the setsPW , E(D) together with the steady state data

considered

 

~x (k + j ; ~�u ) �

"
~�u

03� 1

#!

; 8j > j (rL ) and the evolution of

the simulated tracking error according to model (6.8). To assess the be-
longing of the ellipsoidal setE (D) to the admissible setV according to
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acceleration and velocity constraints as described in Assumption 11, the
following two checks have been performed:

ack < �a v ck < �v

whereack andvck are the solutions of the following two problems, for-
mulated component-wise:

ack = max
x (k)

ja(k)j

subject to

x (k) 2 E (D)

vck = max
x (k)

jv(k)j

subject to

x (k) 2 E (D)

wherea(k) = K vel (K pos(u (k) � p(k)) � v(k)) as described in (6.7).

Remark 10. Assumption 11 implies the stability of the identi�ed control-
oriented model. We checked this condition after the identi�cation pro-
cedure, and, as highlighted in(6.37), we have considered the system's
trajectory starting from steady-state error samples that satisfy the con-
straints obtained from experimental data.

As mentioned in Remark 9, we have replaced the constraint (6.32k) in the
FHOCP (6.32) with a terminal zero-velocity constraintvs

N jk = 03� 1and
we have then arti�cially extended the horizonN by j (rL ) time steps
when needed, to reduce the computational effort required to solve the
problem. See Fig 6.9 for a visualization of the prediction horizon and
of the uncertainty bounds until the terminal stepN + j (rL ). The opti-
mization problem in (6.32) has been solved withOSQP solver [64] in
the ROS node of the MPC law. We have properly selected the horizon
N and the sampling timeTs in order to obtain a real-time implemen-
tation of the algorithm while still capturing the dynamic motion of the
drone. In particular, usingTs = 0:3s andN = 8, the average execu-
tion times per sampling step of the QP (6.32) is about0:1s, and about
20ms in addition to run Algorithm 6.1 with the available 2D LiDAR.
Fig 6.13 shows the boxplots of the execution times during experimental
tests. Note that the computation time required to solve Algorithm 6.1
is drastically smaller in this implementation than in the one required in
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the simulations presented in Section 6.5, due to the planar nature of the
considered exteroceptive sensor.
Fig. 6.12 shows the trajectory obtained with the mt-MPC approach and
some of the safe sets at different time steps during the tests. Videos of
the experimental setup and mt-MPC trajectory computation are available
athttps://youtu.be/-_kOhl6AI68 .

Figure 6.12: Experimental test of the mt-MPC approach. Trajectory obtained with mt-
MPC (blue line with 3̀ '). Safe setS(k) at different time stepk in red.

Figure 6.13: Computational time required for Algorithm 6.1 and QP(6.32) during
experimental tests.
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6.6.2 Experimental results Graph-Based Exploration And Mapping

ROS implementation

Similarly to the previously described approach, also G-BEAM has been
implemented in ROS, and its implementation is available athttps:
//github.com/leonardocecchin/gbeam_ros . An high-level
view of the implementation is shown in Figure 6.14.
The package/s1000_interface , as shown in the previous section,

Figure 6.14: ROShigh-level graph diagram showing interaction of packages in the
approach.

interacts with the LiDARs and with the �ight controller of the drone, to
provide to the package/gbeam_controller the LiDAR measure-
ments, the external target, and the drone current position. In package
/gbeam_controller is implemented Algorithm 6.1, together with
the graph update approach described in Section 5.4.2. Finally packages
/gbeam_ground and/gbeam_library are used for visualization
and to de�ne custom messages and functions used by the other packages.

Experiment description and results

The experiments carried out to validate the approach has the only goal of
exploring and mapping the environment without reaching a prede�ned
location �r . We set a �xed altitude for the �ight of the drone at a height
of zx f = 3m with the goal of explore the whole test site shown in Fig.
6.7a. The parameters used during the experiments are listed in Table 6.2.
To limit the explorable region, the environment has been bounded with
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Table 6.2: Parameters employed in the experimental tests.

dstep 0:1m nv 8
dmin 0:5m " 5
dopen 2m � min 0:6m
dbdy 1:6m dreach 0:8m
dthr 0:2m

the following rectangle, shown in Fig. 6.15a.

Er = f p 2 R2 : jpi j � bi ; i = x; yg

with b=
�
27 42

� T
.

Fig. 6.15 shows the test results, where the graph obtained during the
mapping has been plotted over an aerial view of the test site. As can be
noticed, all the reachable areas inside the bounded explorable area of the
map have been visited and mapped. The �nal graph contains 569 nodes
and 26153 edges that can be easily seen in Fig. 6.15a together with the
operation boundaryEr . By observing the trajectory in Fig. 6.15b of
the vehicle can be appreciated the ability of the approach to explore the
whole environment while avoiding the static obstacles that are present
within the environment.
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