
Politecnico di Milano

Semi-Analytical Mono-Dimensional

Modelling of Cathodeless Plasma Thrusters

School of Industial and Information Engineering

Department of Aerospace Science and Technology

MSC in Space Engineering

Author:
Matteo Guaita
920513

Supervisor:
Prof. Michèle Lavagna

Coadvisors:
Mirko Magarotto

Marco Manente

Academic Year 2019 - 2020





Abstract

This thesis concerns the development and description of mono-dimensional and semi-analytical
models capable of determining the characteristics and propulsive properties of cathodeless
plasma thrusters. In particular two algorithms for the description of the plasma source of such
thrusters are presented and developed: a mono-dimensional one, and a volume averaged one.
Three di�erent models for the plasma expansion in the magnetic nozzle are also described and
integrated with the source models. Finally four di�erent criteria used to determine the detach-
ment of the plasma from the magnetic �eld lines, and an algorithm capable of calculating the
divergence of the plasma beam and the consequent decrease in the thrust, are also proposed.

All of the proposed models are veri�ed and compared between themselves, allowing a critical
analysis of their capabilities and characteristics. The combinations of the algorithms are then
validated against experimental data taken from three di�erent cathodeless plasma thrusters,
in order to verify the qualitative and quantitative accuracy of the developed models. Finally
a sensitivity analysis on a range of design parameters of the main propulsive properties and
plasma characteristics of a cathodeless plasma thruster is carried out by means of the presented
algorithms.
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Sommario

Questa tesi tratta lo sviluppo e la presentazione di modelli monodimensionali e semianalitici
per la descrizione di motori al plasma privi di catodi. In particolare vengono presentati e
sviluppati due algoritmi per la modellazione della sorgente dove viene prodotto il plasma:
un modello monodimensionale, ed uno a nodo singolo. Inoltre vengono delineati tre modelli
di�erenti per la descrizione dell'espansione del plasma nell'ugello magnetico, che vengono poi
integrati con gli algoritmi per la modellazione della sorgente. In�ne si propongono quattro
criteri utilizzati per la determinazione del punto di separazione tra le particelle del plasma e le
linee di campo magnetico, insieme ad un algoritmo per il calcolo della divergenza del �usso di
plasma ed il conseguente calo nella spinta prodotta.

Tutti i modelli proposti sono stati veri�cati e confrontati tra di loro, permettendo un'analisi
critica delle loro caratteristiche e capacità. La combinazione degli algoritmi è poi stata validata
tramite il confronto con dati sperimentali tratti da tre motori al plasma di�erenti, in modo
da determinarne la corrispondenza qualitativa e quantitativa con i dati reali. In�ne è stata
prodotta un'analisi di sensitività, sulle variabili di progetto, delle principali proprietà propul-
sive dei motori considerati e delle caratteristiche del plasma prodotto, utilizzando i modelli
presentati.
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Chapter 1

Introduction

1.1 Cathodeless Thrusters

The growth and new challenges that have characterised the space sector in recent years have
led to a very active research activity in the electric propulsion �eld. In particular the search
for technologies that could respond to the low volume, power, and complexity requirements
of the nano-satellite �eld, as well as overcome the durability limits of the existing electric
thrusters, has been a strong driver in the development of new propulsive solutions. Amongst
these, cathodeless thrusters have received an increasingly optimistic attention. [4]

These thrusters are characterised by an exhaust that results, when averaged over the period
of operation, free of charge, removing the need for an external neutralising cathode; and can be
subdivided, according to the way in which the propelling plasma is accelerated, into gridded and
magnetic nozzle thrusters. The former make use of polarized grids and employ an acceleration
mechanism fundamentally similar to gridded ion thrusters: the plasma particles are drawn
towards the exhaust by imposing an electrostatic potential di�erence between the plasma and
the acceleration grids. In this case, however, the grid potential is alternated, so that both
positive and negative particles are, in turn, ejected form the engine [5], [6]. The latter make
use of magnetic nozzles: slowly diverging magnetic �elds that, much like physical De Laval
nozzles, convert the internal energy of the plasma into axially-directed kinetic energy [7]. They
are therefore both cathodeless and electrodeless. In thrusters that make use of this acceleration
principle the production of a dense and hot plasma is of primary importance, as the plasma
entalpy is the energy source that, through the magnetic nozzle, produces the thrust. These
plasma characteristics are typically obtained by exciting the particles in a neutral gas with
electromagnetic (EM) waves and promoting ionization by electron collision until a high density
plasma is formed. Technologies adopting this mechanism are called cathodeless thrusters. [4]

The structure of cathodelss thrusters may be typically subdivided into three distinct sec-
tions, schematically represented in Figure 1.1: the propellant storage and feeding system, the
plasma source, and the acceleration region. The propellant storage and feeding system is similar
to those of classical electrical thrusters: a pressurised tank contains and drives a single, gaseous
propellant towards the thruster inlet. The plasma source, where the propellant is ionized and
the plasma produced, is typically composed of a dielectric cylindrical vessel into which the neu-
tral gas �ow is fed at a controlled rate. The source is surrounded by the RF-antenna capable
of inducing the electromagnetic waves that excite and generate the plasma, and immersed in
a con�ning magnetostatic �eld that can be produced by means of permanent magnets or elec-
tromagnets and that reduces di�usion to the outer walls and allows an e�cient coupling of the
EM wave with the particle dynamics. The choice between the type of magnets depends on the
trade-o� between a series of advantages and disadvantages: while permanent magnets require
no electrical power to function they also result heavier and bigger, and cannot be switched o�,
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inducing a potentially disturbing magnetic �eld for the rest of the spacecraft [8]. The accel-
eration region contains, instead, a magnetic nozzle usually formed by the naturally-diverging
�eld lines of the magnetic �eld in the source, that may also be surrounded by a physical De
Laval nozzle that aids the expansion and thrust contribution of the part of the propellant that
remain unionised [9]. In this region the plasma expands and accelerates axially into a plume
that can be divided into two separate regions, according to the phenomena that govern the
plasma dynamics. In the near region the geometry of the magnetic �eld and the collisions
between the particles drive the plasma behaviour, while in the far region it is in�uenced mostly
by the ambipolar di�usion and thermal pressure. Here detachment from the magnetic �eld
is of paramount importance: if the plasma particles were to faithfully follow the closed �eld
lines, in fact, they would necessarily invert their direction of motion and return to the thruster,
resulting in a null momentum �ux leaving the system, and in zero thrust. The function of
the magnetostatic �eld generated by the magnets is, therefore, threefold: it allows the e�cient
transfer of the electromagnetic energy into the plasma, it con�nes the charged particles inside
the source, decreasing di�usion to the outer walls and permitting the production of denser
plasmas, and it provides the magnetic nozzle e�ect that converts the thermal energy into axial
acceleration and thrust. [9] [4]

Figure 1.1: Typical structure of a cathodeless plasma thruster.

Cathodelss thrusters may be subdivided into Helicon Plasma Thrusters (HPTs) or Electron
Cyclotron Resonance (ECR) plasma thrusters according to the frequency of the wave used
to excite the plasma. Helicon waves are whistler waves that propagate inside a magnetically
con�ned plasma. They are right handed, circularly polarized electromagnetic waves with a
frequency in the MHz range, that rotate while propagating axially, leading the electrons on a
helical trajectory and giving them their name. Helicon Plasma Thrusters make use of these
waves to excite the free electrons in the propellant that then ionize the neutrals by colliding with
them. These waves are of particular interest because the presence of a magnetic �eld allows their
propagation within the plasma column, permitting a very e�cient energy deposition. Indeed,
the energy absorption rate results more than 1000 times faster than the one theoretically
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1.1. CATHODELESS THRUSTERS

attributable to collisional processes [10]. On the other hand, ECR thrusters make use of a
microwave �eld in the GHz range to heat electrons by resonant absorption and to create a
high density plasma. By inducing a wave with a frequency similar to the gyro-frequency of the
electrons, in fact, it is possible to couple over 95% of the incident microwave power into the
plasma [11]. The heated electrons then collide with the neutral particles ionizing them. [12]

Cathodeless thrusters possess a number of undeniable strengths: their structure and compo-
nents are simple, resulting in low production costs, the absence of electrodes immersed and in
direct contact with the plasma grants reduced erosion of the components and a long operational
lifetime, and the globally neutral exhaust plume removes the necessity of a neutralising cath-
ode. Furthermore the �exibility of these thrusters is of strong interest, as it allows them to work
equally e�ciently both at the power values required for CubeSat station-keeping (�50 W) [9]
and at those necessary for interplanetary propulsion (�200 kW) [13]. The variety of utilizable
propellants, such as Iodine [14], Argon, or Xenon [15], and the extensive range of possible mass
�uxes (from 0.1 mg s�1 [9] to 100 mg s�1) [13] also add to the �exibility and attractiveness of
this technology. Finally, the plasma densities obtained, ranging from ion and electron densities
of 1018m�3 to 1020m�3 [10], result in line, if not superior, to the ones obtained in thrusters
that use electron discharges triggered by cathodes to produce the plasma. On the other hand
the major disadvantage of cathodeless thrusters is the relatively low thrust e�ciency that does
not exceed 20% [11]. The electromagnetic power of the EM wave is not, in fact, completely
converted into propulsive power: part of it is lost in the excitation of neutral atoms or in the
process of ion neutralization. While step ionization is, in fact, the most e�cient ionization
procedure, it requires the intermediate production of excited neutral species. Before the full
ionization can be reached the excited neutrals, however, may also either undergo radiative
de-excitation or be ejected from the source. In the former case the excitation energy is lost
under the form of an electromagnetic wave that is seldom reabsorbed by the plasma, in the
latter the excitation energy doesn't contribute to the thrust production, as the neutral particle
cannot be accelerated by the magnetic nozzle. Furthermore, the number of ionizations that
occur inside the source is much greater than the number of ions ejected in the plume: before
reaching the acceleration region, in fact, ions may either impact electrons inside the plasma or
reach the source walls by di�usion, leading to neutralization. The amount of energy used to
ionize the plasma typically becomes, therefore, roughly two times higher [8] than what would
be strictly necessary, decreasing the thruster's e�ciency. While a con�ning magnetostatic �eld
reduces di�usion to the walls, mitigating this problem, ion neutralization remains one of the
biggest loss mechanisms responsible of the low thrust e�ciency. [9]

The �rst research on Helicon Plasma thrusters was carried out by Boswell and the space
plasma propulsion group at the Australian National University in the early 2000s [16]. Today
many other research centres and companies have given their contribution the the development
of the technology. At the University of Padua a 50 W HPT has been designed and tested
during the HPH.COM project [17], while a 1 kW thruster is being developed in the frame
of the SAPERE-STRONG project [18]. Building on this knowledge a CubeSat propulsion
platform, REGULUS, is also under development at Technology for Propulsion and Innovation
SpA (T4i), a spin-o� of the aforementioned university [9]. The University of Madrid, along
with SENER Aeroespecial, is also designing and testing a 1 kW thruster during the HIPATIA
project [19], while the universities of Stuttgart and Manchester have been working on an
atmosphere-breathing HPT to be used in Very Low Earth Orbit [20]. The Tokyo University [21],
the Massachusetts Institute of Technology [22], the Michigan Institute of Technology [23], and
the Washington University have also worked and contributed to the HPT concept. [24]

ECR thrusters were �rst theorized in the 1960s by two groups of researchers: one guided by
General Electric in the USA and one centred at the University of Tokyo [25]. Because of the
massive and voluminous microwave sources, however, further research on this technology was
interrupted until the 1990s. Today several research groups work on the ECR thruster concept.
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REGULUS [9] HPT Xenon 55 0.85 850 7
HPH.COM [17] HPT Argon 8 0.5 422 13
HPT-05M [19] HPT Xenon 450 5.6 1100 9
MINOTOR [27] ECR Xenon 30 0.98 993 16

Table 1.1: Properties of existing cathodeless thruster prototypes

At the Plasma dynamics & Electric Propulsion Laboratory at the University of Michigan a
thruster that makes use of the Gasdynamic Mirror (ECR-GDM) for high thrust generation
is being developed [26]. The ECR-GDM employs the magnetic mirror con�nement system to
heat the electrons by cyclotron resonance for a period of time and then accelerate the plasma
with a magnetic nozzle to produce the thrust. The Physics and Instrumentation Department
at Onera, instead, is currently performing research on an ECR plasma thruster in collaboration
with the universities of Madrid and Giessen in the frame of the European MINOTOR project
[27]. Other institutes, such as the University of Tokyo [28] and the Massachusetts Institute of
Technology [29] are also contributing to the research on this technology [11]. To provide an
initial sensibility on the plausible characteristics and performances of the cathodeless plasma
thruster technology, the properties of the most recent and advanced prototypes developed have
been summarised in Table 1.1.

Before analysing in deeper detail the modelling of a cathodeless plasma thruster, the main
focus of this thesis, it is also worth mentioning the Variable Speci�c Impulse Magnetoplasma
Rocket (VASIMR) under development by NASA. This ambitious projects aims at the real-
ization of a high-power (200 kW), cathodeless, electric thruster for interplanetary missions,
consisting of three main components: a low energy Helicon plasma source, an Ion Cyclotron-
Resonance Heating (ICRH) section, and a magnetic nozzle. In the �rst section the fuel is
ionized by the electrons, that are energized by the Helicon wave, while in the second stage the
EM-power is deposited into the plasma by coupling it with the ion cyclotron frequency. Finally
the ionized and heated propellant is accelerated and ejected through the magnetic nozzle. [13]

1.2 Modelling of the cathodeless plasma thruster

Describing and modelling the production and behaviour of the plasma inside a cathodeless
plasma thruster is a complex and challenging task. A complete model should in fact be able to
capture the plasma chemistry, including collision reactions and spontaneous de-excitation. It
should also provide a self-consistent solution capable of conjugating the dynamics of the plasma
particles with the electromagnetic �elds externally imposed and induced by the presence and
the movement of the particles themselves. Furthermore, a precise description of the expansion
of the plasma in the magnetic nozzle requires the ability to compute the e�ects of various,
non-Maxwellian particle populations, as well as the collisionless plasma cooling. It should also
be mentioned that for a truly complete modelling of the thruster the electromagnetic wave
propagation and energy deposition should be accurately described. This last point, however,
is beyond the scope of this thesis, and it shall be simply assumed that a given fraction of the
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electromagnetic energy is transferred to the plasma, while focusing instead on its dynamics
and collisional processes. [30] [24]

Unsurprisingly, then, the most precise and e�ective models presented in the literature make
use of numerical codes used to simulate the dynamics of the ions, electrons and neutrals that
compose the plasma. These can be subdivided in �uid, kinetic and particle codes, while their
combination, of increasingly common use, falls under the category of hybrid codes. Analytical
or semi-analytical solutions, instead, become rapidly extremely complex when attempting to
fully capture the physics of the problem. However, when simpli�ed with appropriate hypothe-
ses, they can o�er a very useful insight on the physical mechanisms governing the plasma, as
well as a rapid and e�ective, albeit rough, tool for a �rst design approach. [30]

1.2.1 Fluid Codes

This approach neglects the movement of individual particles, focusing on the behaviour
of �uid elements. The plasma properties and their variation in space and time are obtained
through the integration of the magnetohydrodynamic mass, momentum and energy balances.
To do this, however, appropriate and approximated transport coe�cients must be assumed,
as well as a Maxwellian distribution of the particles, since choosing to ignore their individual
dynamics means that all information on their distribution function is lost. As a consequence
�uid models cannot account for non-local kinetics, which become increasingly important in low-
pressure plasmas (below 1 mTorr) [30]. Despite this, �uid models are widely used because of
their relatively low computational cost and consequent high speed, along with the capability of
considering a large number of species without signi�cantly lowering the code's velocity. [30] [24]

1.2.2 Kinetic Codes

This approach, based on a statistical mechanics model, obtains a self-consistent distribution
function in the six-dimensional phase space for each considered species by solving simultane-
ously the Boltzmann and Maxwell equations. Once the ion and electron distribution functions
are known the macroscopic plasma properties such as density, velocity and temperature may
be obtained by computing their adequate moments. While this technique is capable of o�ering
detailed simulations, capturing also the interactions between species whose distributions largely
deviate from a Maxwellian one, the solution to the Boltzmann and Maxwell equations is not
guaranteed, even with high computational times and power. For this reason kinetic codes are
mainly applied under simplifying hypotheses, such as the reduction of the dimensions of the
domain or the assumption that the magnetic �eld is unaltered by the particle dynamics. [31]

1.2.3 Particle Codes

Particle codes follow the trajectories of the single particles by integrating their dynamics,
while simultaneously considering the presence of a self-consistent electromagnetic �eld, depen-
dent on the position and motion of the particles themselves. Of course tracking all of the
particles present in a plasma implies enormous computational costs and so mitigating tech-
niques, such as implicit movers, longer ion time steps, di�erent weights for electrons and ions
or for low and high-energy particles, and code parallelization; along with limiting hypotheses,
like the reduction of the dimensions of the domain or the assumption of �xed magnetic �elds,
are often adopted [30]. While still resulting more cumbersome than �uid codes these models
grant a realistic and detailed description of many physical problems involving plasmas, and are
particularly suited for the simulation of low-pressure discharges where the number of particles
is relatively low and the presence of non-local e�ects may exclude the use of �uid models.

Particle In Cell (PIC) models are a subset of particle codes in which super-particles are used
to group the particles of the same species in a single element of increased mass and charge,
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thus reducing the computational cost. By then discretising the spatial domain by means of a
grid the self-consistent electromagnetic �eld, and the consequent forces acting on the super-
particles, may be computed. The time step and space resolution is constrained by instability
problems and arti�cial heating, limiting the time-span and spatial dimensions that this method
can tackle. Nevertheless these algorithms are �nding ample success in the simulation of plasma
sources and magnetic nozzles. [30] [32] [24]

1.2.4 Hybrid Codes

Hybrid codes use a Particle In Cell approach to model ion dynamics, while reducing the
computationally expensive complexity of the electrons' motion by means of a �uid model. While
reducing the overall accuracy of the code (especially due to the common use of isothermal or
polytropic models for �uid closure [30]), this allows to reduce noticeably the computational
time by greatly increasing the integration time-step without risking instabilities. Furthermore,
while PIC codes must solve the Poisson equation for the electric �eld to implicitly impose
quasi-neutrality, hybrid codes can assume it directly, reducing the number of computations.
For these reasons, at present, these codes represent an appealing compromise in terms of
accuracy, complexity and computational costs in the simulation of plasma sources and magnetic
nozzles. [33]

1.2.5 Semi-Analytical Source Models

Modelling the phenomena of plasma production, di�usion and neutralization that take place
in the source of a cathodeless plasma thruster with semi-analytical equations proves to be an
extremely challenging task. Because of the nature of the magnetohydrodynamic equations an
analytical solution can only be reached by means of strong simplifying hypotheses, typically
including: stationary conditions, paraxial magnetostatic �elds, axial symmetry that allows to
reduce the dimensions of the domain, isothermality for �uid closure and absence of momentum
exchange and loss via collisions [1]. In particular this last hypothesis is quite limiting, as the
collisional nature of the plasma in the source is fundamental to its own production. Further-
more, the complexity of the mechanisms governing the cross-�eld di�usion and the radial pro�le
of the plasma properties leads to the common utilisation of empirical and heuristic relations to
compute these quantities. Boundary conditions are typically enforced by imposing the presence
of a stationary plasma sheath and the Bohm criterion at the edges of the domain [34]. Ulti-
mately these codes o�er useful qualitative information on the behaviour of the plasma source,
but should be used only for very rough quantitative considerations. [1]

A semi-analytical tool that has become popular recently in the modelling of many types of
discharges is the global source model. It has, in fact, proven itself su�ciently precise for initial
rough evaluations, albeit the many simplifying hypotheses that it implies [35]. In global, or
volume averaged, codes the spatial domain is reduced to a single node by averaging plasma
and �eld properties over the full volume considered. Indeed the spatial variation of the plasma
properties is only considered, by means of empirical, heuristic or analytical solutions to the
di�usion equations, in the imposition of the boundary conditions but is not, strictly speaking,
an output of the model. The strong simpli�cations linked to a zero-dimensional domain and
a uniform, paraxial magnetostatic �eld, allow the creation of a mathematical environment
where the complex chemistry and physical processes that govern a plasma can be comfortably
and directly tackled. The zero-dimensional balances of mass and energy, complete of the
contributions of reactions, collisions and di�usion to the edges of the domain, can in fact be
numerically integrated in time with small computational e�ort, yielding a relatively accurate
qualitative and quantitative estimate of the density and temperature of the plasma. The plasma
velocity, instead, is imposed through the Bohm criterion at the domain boundaries. meaning
that the momentum conservation equation is not needed. [36] [37]
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1.2.6 Semi-Analytical Magnetic Nozzle Models

Similarly to the description of the source, the analytical modelling of the behaviour of the
plasma in the acceleration region is a complex and challenging task. However, thanks to the
reduced density present in this region and the consequent reduction in the collisional frequency
between the particles, it is possible to consider a collisionless and reactionless plasma [34] [2],
allowing for a noticeable simpli�cation of the governing equations. Typically the system is sim-
pli�ed by using a quasi-mono-dimensional model and a paraxial magnetostatic �eld, along with
the assumptions of quasi-neutrality, no cross-�eld di�usion and no collisions. Two strategies
are then commonly used to compute the plasma properties: either the analytical integration
of the simpli�ed continuity, momentum and energy balances [34], or the de�nition of the parti-
cles' distribution functions and the integration of their moments to obtain the average plasma
properties [38]. In the former case �uid closure is obtained by assuming isothermality or by
empirically deriving a polytropic index associated with the expansion. In the latter strong
hypotheses on the initial distribution function of the particles (e.g. Maxwellian or mono-
energetic) [2] result necessary to permit an analytical tracking of the distribution functions'
evolution along the nozzle. Finally a location at which plasma detachment is assumed, and
where the expansion is therefore terminated, is determined by means of a number of possible
criteria. As will be later described in further detail, however, the complexity of the detach-
ment phenomenon and its inherent bi-dimensionality means that a criterion which reaches the
consensus of the scienti�c community has not been identi�ed yet [39]. Analytical magnetic
nozzle models can give, especially in the regions close to the source outlet, relatively precise
qualitative and quantitative predictions of the plasma properties. The modelling of the dy-
namics in the far �eld, together with the de�nition of the detachment point and divergence
e�ciency, instead, result much more challenging and may have a noticeable in�uence on the
uncertainties in the computation of a thruster's propulsive properties. The low computational
cost and physical intuitiveness of these algorithms, however, make them exceptionally apt for
qualitative considerations and for an initial design approach. [1] [2] [40]

1.3 Work Statement

The objectives of this thesis are strictly linked to the panorama of the existing modelling ap-
proaches used to describe cathodeless plasma thrusters. In particular a comparison and critical
analysis of the semi-analytical source and magnetic nozzle models presented in the literature
has been carried out. These models have then been extended, with the implementation and
comparison of various detachment criteria and by proposing an algorithm used to compute
the divergence e�ciency of the plume. A global source model has also been implemented and
assembled coherently with the magnetic nozzle models analysed, producing a full cathodeless
plasma thruster model with low computational times, the presence of which, to our knowledge,
is scarce in the literature. Finally, the outputs of the obtained algorithms have been compared
with experimental data and considerations for the preliminary design have been formulated by
analysing the behaviour of the propulsive properties (e.g. thrust, speci�c impulse, and thrust
e�ciency) in function of the main design variables (e.g. geometry of the source and intensity
of the magnetostatic �eld).

The rest of the thesis is structured as follows. Chapter 2 presents the mathematical for-
mulation of three magnetic nozzle models, coupled with four detachment criteria, as well as
the proposed strategy for the divergence e�ciency computation. Two source models are also
described and implemented in this Chapter: an analytical and a global source model, that are
then combined with the algorithms used to characterize the magnetic nozzle. In Chapter 3
the models are veri�ed, compared and critically analysed. Chapter 4 presents the compari-
son between the numerical predictions of the developed algorithms and experimental data or
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higher-�delity models. Considerations for the preliminary design have been outlined in Chapter
5, while in Chapter 6 �nal conclusions are drawn, together with some remarks on the future
development of the codes presented.
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Chapter 2

Nozzle and Source Models

2.1 Magnetic Nozzle Models

The physical mechanism that allows a magnetic nozzle (MN) to increase the thrust provided
by the exhaust of particles from a plasma source is the magnetic force exchanged between the
azimuthal currents that develop inside the plume and the magnets that provide the thruster's
magnetic �eld. As shown by Fruchtman et al. in Reference [7], in fact, the thrust given by a
Helicon Plasma Thruster can be computed as the sum of the force due to the electron pressure
at the rear of the plasma source (pep0, rq) and the magnetic force arising from the azimuthal
currents (Jθ) and the radial component of the magnetostatic �eld (Br) present in the plume.

F �
» Rs

0
pep0, rq2πr dr �

»
V
JθBr dV (2.1)

Where F is the total thrust and Rs is the source radius. Fruchtman et al. also show that
assuming an axis-symmetric domain, small ion inertia in comparison with radial electric and
magnetic forces, and a paraxial magnetic �eld the contribution of the MN to the thrust (FMN )
may be rewritten as shown by Eq. 2.2.

FMN �
» Ae
As

xpey dA (2.2)

Here As is the cross-sectional area of the plasma source, Ae the area of the plasma plume at the
considered axial position and xpey the radially averaged electron pressure at this location. In
this form it results apparent that the magnetic nozzle has a role very similar to the physical De
Laval nozzle, with the important di�erence that in this case the average pressure is considered,
and not just the one acting on the outer wall as is done in the traditional case. This is because
the constraining factor that imposes the expanding electron trajectories is the magnetic �eld,
that acts through the whole volume of the plume. It is here important to mention that while
the magnetic force acting on the plasma particles is responsible for their axial acceleration
cumulatively no work, and therefore no energy increase, can be exerted by the magnetic �eld, as
by de�nition the Lorentz force is always perpendicular to the particles' velocity. Any increase
of the electron or ion axial kinetic energy, therefore, happens strictly at the expense of the
plasma's internal energy.

The plasma dynamics inside the nozzle, however, are more complex than the ones char-
acterizing the �ow of a neutral gas through a De Laval nozzle. While the lighter electrons
are accelerated rapidly downstream, in fact, the heavier ions tend to fall back. To guarantee
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quasi-neutrality, therefore, an ambipolar potential drop must arise [2], accelerating the ions
axially and retarding the exhaust of the electrons, so that on a radial average no axial currents
are developed in the nozzle. Overall the e�ect of the MN is to expand the plasma, and transfer
its internal energy principally into the axial kinetic energy of the ions [34]. Any mathematical
model wishing to describe a magnetic nozzle must take into account these fundamental physical
processes.

2.1.1 La�eur Model

This model, presented and demonstrated initially by Andersen et al. [41] and successively by
Ahedo [34] and La�eur [1], and which will be denominated for brevity the La�eur MN model,
o�ers a simple closed form solution to the mass, momentum and energy balances governing
the plasma behaviour in a simply-divergent magnetic nozzle. The model leans on the following
simplifying hypotheses:

� Quasi-mono-dimensional domain

� Stationary conditions

� Electron isothermality

� Magnetized particles

� Cold ions (Ti � 0)

� Massless electrons (me � 0)

� Quasi-neutral plasma (ni � ne � npzq)
� Collisionless plasma

� Bohm velocity at the source exhaust

While these assumptions allow an analytical solution of the plasma dynamics, they also limit
the model's accuracy and applicability. In particular the absence of electron cooling means
that the thermal energy of the plasma does not decrease, leading to an in�nite acceleration
as the particles progress downstream. This means that if the expansion is not truncated at
a given detachment point the resulting computed thrust is in�nite. A detachment criterion is
therefore mandatory in the utilisation of this model. Furthermore, the use of a quasi-mono-
dimensional domain means that all the plasma properties are computed on the nozzle axis and
assumed radially and azimuthally constant, so that they are only a function of the axial position
(npzq,Φpzq,Mpzq). The electromagnetic �elds and the plasma velocity are also restricted to a
strictly axial dimension, and all the information on the azimuthal and radial behaviour are lost.
The divergence of the plasma beam is therefore neglected, and only the increase of the plume
cross-section (Apzq) is used to capture the multi-dimensional nature of the system. Moreover,
as the particles �ow downstream and the magnetic induction they encounter decreases, they
become less and less magnetized and start to move perpendicularly to the magnetic �eld lines
until complete detachment is reached and the electrons' and ions' motion becomes independent
of the magnetic �eld. The assumption of magnetized particles, therefore, is accurate only in
the region near the source exhaust. Finally, a collisionless plasma may not o�er a precise
description of the conditions at the beginning of the expansion, when the density and collision
frequency are still similar to the ones found in the source. Some experiments have also shown
that the initial condition of sonic velocity in the magnetic throat may be inaccurate [42].

Following Reference [34] and applying the described hypotheses the particle �ux conserva-
tion (2.3) , the Boltzmann distribution relation (2.4) and the total energy conservation along
the nozzle axis (2.5) can be found.

Ap0qnp0qMp0q � ApzqnpzqMpzq (2.3)
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npzq � np0qexp
�
eΦ

kTe



(2.4)

1

2
Mpzq2 � eΦpzq

kTe
� 1

2
Mp0q2 (2.5)

Where k is the Boltzmann constant, e the elementary charge, and Te the electron temperature
in Kelvin; while npzq, Mpzq and Φpzq are, respectively, the plasma density, Mach number and
potential at the axial coordinate z. In particular the plasma Mach number uses the Bohm

velocity uB �
b

kTe
mi

to normalize the speed of the plasma particles, while the potential drop

is �xed at zero at the source exhaust. Using Equations 2.3 and 2.4 to express the normalized
potential as a function of the plume cross-section and the plasma Mach number. and substi-
tuting it into Equation 2.5 the Mach number can be linked directly to the axially-dependent
area.

1

2

�
Mpzq2 � 1

�� logpMpzqq � log

�
Apzq
As



(2.6)

Where the hypothesis of a unitary Mach number at the source exhaust has been utilised.
Given an axial coordinate and the corresponding cross-section of the exhaust plume, then,
the plasma Mach number found there may be computed using Equation 2.6. Finally, La�eur
has demonstrated that the total thrust granted only by the accelerated plasma and not by
remaining neutral particles (Fplasma) may be obtained by applying Equation 2.7 [1].

Fplasma � n0kTeAs

�
1� pMdet � 1q2

2Mdet

�2

(2.7)

Where n0 is the maximum plasma density found inside the source, and Mdet is the Mach
number found at the detachment point.

2.1.2 Martinez-Sanchez Model

This model, proposed by Martinez-Sanchez et al. [2], calculates self-consistently the ion
and electron distribution functions and the ambipolar electric �eld throughout a convergent-
divergent magnetic nozzle. It captures the collisionless cooling of electrons and yields the full
evolution of the properties of the two species, overcoming many of the limits of the previous
model. For brevity this model may be referred to as the MS model. The model is based on
the following hypotheses and constraints:

� Quasi-mono-dimensional domain

� Magnetic pro�le starting and ending at zero intensity, with a peak in the middle corre-
sponding to the throat

� Magnetized electrons and ions

� Stationary conditions

� Maxwellian electron distribution at the nozzle entrance

� Existence of a trapped electron population in a portion of the nozzle, arranged in a
Maxwellian distribution
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� Mono-energetic, isotropic ion distribution at the nozzle entrance

� Quasi-neutrality along the nozzle

� Prescribed net current through the nozzle

� Collisionless plasma

The consequences of the use of a quasi-mono-dimentional domain are very similar to the ones
described for the La�eur MN model: plasma quantities are determined on the nozzle axis and
are assumed constant in the other two dimensions, and the electromagnetic �elds are assumed
to be paraxial, ignoring their radial components. In this case, however, the perpendicular
components of the particles' velocities are captured, and allow the computation of the per-
pendicular temperatures and pressures. Again, the beam divergence is neglected, while its
cross-section is computed as a function of the axial position. The assumptions of a collisionless
and completely magnetized plasma have the same limitations as previously described, while
the capability of the model of capturing electron cooling means that a detachment criteria is
not strictly required, as the particles' speed and the total thrust reach an asymptote as they
expand to in�nity. Finally, the fact that at the source exhaust the ions are assumed mono-
energetic and isotropically distributed in the velocity space is quite a light imposition as, in
any case, the ion distribution will approach a mono-energetic beam as they advance along
the nozzle. The hypothesis of a Maxwellian electron distribution at the nozzle inlet, instead,
while necessary for an analytical approach, is more limiting as it has been shown that the
presence of di�erent electron populations may have a noticeable e�ect on the performance of
the thruster [43]. Moreover, the existence of the trapped electron population is postulated,
but its formation mechanism is not captured. While the presence of these electrons has been
con�rmed by various experiments [2] [38], the way that they in�uence the distribution function
is still a matter of debate, meaning that the assumption of a full Maxwellian distribution must
be considered a source of uncertainties.

The ion distribution function, at the beginning of the expansion, may then be written as
follows:

fi � min8
4π

�
mi

2Ei8


 1
2

δ pEi � Ei8q (2.8)

Where fi is the ion distribution function, mi the ion mass, n8 and Ei8 the ion density and
energy at the hypothetical upstream reservoir where the magnetic �eld is null, and Ei the ion
energy at which to evaluate the ion population. Finally δ is the Dirac delta. The distribution
function is normalised so that the initial condition is respected: n8 � µ

fi d
3v. As the ions

proceed downstream this distribution function will be altered by the magnetic mirror formed by
the converging magnetic �eld lines, removing the ions with a lower axial velocity and bouncing
them back towards the source. Invoking the conservation of the �rst adiabatic invariant, in
fact, the maximum possible value at a given axial coordinate of the ion magnetic moment
(µim) may be found using Equation 2.9. This condition is found in those ions that have a null
component of their velocity parallel to the magnetic �eld because they have converted it all,
thanks to the Lorentz force acting on them, into the azimuthal direction. Any ion with an
initial magnetic moment higher than this maximum will have already been re�ected upstream,
and will never reach the considered location in the nozzle.

µim � Ei8 � eΦ

B
(2.9)

Where B is the magnetic induction and Φ the electric potential, considered 0 at the reservoir
and monotonously decreasing along the nozzle. Because of the expected behaviour of the
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electric and magnetic �elds µim will have a minimum somewhere along the convergent of
the nozzle, designated with the su�x T. Upstream of this point ions with magnetic moments
between the local µim and µiT will be found, while downstream of it only the ions with magnetic
moments below µiT will remain, as all the others will have been bounced back. This depicts
an ion distribution that is a spherical shell in the velocity space, delimited by the angle θi that
cuts out the portion of ions with a low parallel component of the velocity, as shown in Figure
2.1. At each point along the expansion the angle θi may be computed using Equation 2.10.

(a) Before T (b) After T

Figure 2.1: Graphical representation of the ion distribution function before and after the
minimum in the maximum magnetic moment. ωi‖ is the component of the velocity of the
single ion parallel to the magnetic �eld, ωiK the component perpendicular to it.

θi � sin�1

�c
µiT
µim



(2.10)

The average of any quantity χi in a general point along the nozzle can therefore be computed by
taking the appropriate moment of the modi�ed ion distribution function, as shown in Equation
2.11.

xχiy � n8
ni

1

4π

�
mi

2Ei8


 1
2
» 8

0

» θi
0
χiδ pEi � Ei8q 2πvisinpθq dθ dEi (2.11)

Where ni is the ion density in the considered point of the nozzle, while vi is the modulus of
the ion velocity, strongly dependant on the initial energy of the ion.

Similarly it is possible to deduce the electron distribution function throughout the nozzle.
In this case, however, an initially Maxwellian distribution is assumed, as shown in Equation
2.12

fe � n8

�
me

2πkTe8


 3
2

exp

�
� Ee
kTe8



(2.12)

Where the su�x e is used for quantities relative to the electrons and Te8 is the electron
temperature at the reservoir. Again a maximum magnetic moment at each axial coordinate
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may be expressed in function of the magnetic �eld and initial electron energy using Equation
2.13.

µem � Ee8 � eΦ

B
(2.13)

In this case however, due to the monotonously decreasing numerator, the minimum of µem,
if it is at all present, must be found in the diverging part of the nozzle. Furthermore for low
values of initial energy the maximum magnetic moment may reach zero before the end of the
nozzle. The electrons with these initial energies are therefore completely bounced back towards
the source, irrespective of the direction of their initial velocity. Since this may happen after a
local minimum in µem electrons that are generated in the portion of the nozzle between this
local minimum and the zero of the maximum magnetic moment corresponding to their energy
are trapped, bouncing back and forth between these two points. This model is not capable of
capturing the birth and growth of this population of trapped electrons (linked either to the
ignition transient or to collisions between particles) and assumes therefore a full Maxwellian
distribution in this region. The distribution function delineated by this description is a full
Maxwellian for all those electrons with an energy higher than the potential of the considered
location and lower than the total potential drop, and a Maxwellian missing a spherical segment
of the lower parallel velocities, described by the angle π � θe, for the electrons with energies
higher than the total potential drop. No electrons with energies lower than the potential of
the considered location are obviously present, as they would have a negative kinetic energy.
The electron distribution function may be more easily visualized and understood with the aid
of Figure 2.2, while the angle θe can be computed analogously to the ions' one by means of
Equation 2.14.

(a) Low energy electrons (b) High energy electrons

Figure 2.2: Graphical representation of the electron distribution function for particles with
an initial energy lower or higher than the total potential drop. εe is the ratio between the
initial electron energy and the total potential drop through the nozzle.

θe � sin�1

�c
µeT
µem



(2.14)
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The average of a generic quantity describing the electron population may then be computed
using Equation 2.15

xχey �n8
ne

�
me

2πkTe8


 3
2
�» �eΦout

�eΦ

» π
0
χeexp

�
� Ee
kTe8



2πvesinpθq dθ dEe

�
» 8

�eΦout

» θe
0
χeexp

�
� Ee
kTe8



2πvesinpθq dθ dEe

� (2.15)

Where Φout is the total potential drop through the nozzle.

It may be noticed that all the equations derived are functions of the ambipolar potential
that arises inside the nozzle, which, however, is unknown. It becomes therefore necessary to
assume it, and compute the error in quasi-neutrality and global current that this guess implies.
The potential pro�le may then be used as the free variable to minimise and ideally drive to zero
the mentioned errors, yielding a self consistent solution for both the electrostatic �eld and the
plasma properties. Before this is done, however, the equations and physical quantities involved
may be normalized, in order to simplify and generalise the computations. The adimensional
variables and normalization quantities used from here on are summarised in table 2.1. It should
be noted that the de�nition of a reference temperature (Te8), magnetic induction (Bmax) , mass
(mi) and density (n8) are su�cient to completely normalize the system.

By making use of the adimensional variables and inserting χi � χe � 1 into Equations 2.11
and 2.15 the ion and electron densities corresponding to the guessed potential drop can be
obtained. Their expressions are presented in Equations 2.16 and 2.17.

ñi � 1

2

�c
1� Ψ

εi
Φ̃�

c
1� Ψ

εi
Φ̃� Ψ

εi
µ̃iTβ



(2.16)

ñe �exp
�
�ΨΦ̃

	
erf

�b
Ψp1� Φ̃q



� 2?

π
exp p�Ψq

b
Ψp1� Φ̃q

� Ψ
3
2?
π

» 8

1

�b
εe � Φ̃�

b
εe � Φ̃� µ̃eTβ



exp p�Ψεeq dεe

(2.17)

Where the � symbol is positive before the minimum in µim or µem and negative afterwards.
Similarly, the speci�c current densities may be computed through the integration of the distri-
bution functions, as indicated by Equations 2.18 and 2.19.

j̃i � ñixṽ‖iy �
Ψ

8εi
βµ̃iT (2.18)

j̃e � ñexṽ‖ey �
c
mratio

2π
Ψ2β

» 8

1
µ̃eT exp p�Ψεeq dεe (2.19)

Having thus computed the electron and ion densities and speci�c currents linked to the guess
of the electrical potential it is now possible to compute the error in quasi-neutrality and the
deviation from the prescribed current. These deviations are used to compute a scalar error
through Eq. 2.20 which, when driven to zero, leads to a self-consistent electrical potential drop.

err �
» 8

0

�
pñipzq � ñepzqq2 �K

�
j̃ipzq � j̃epzq � j̃

�2
�
dz (2.20)
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Variable Symbol formula

Magnetic induction β B
Bmax

Potential Φ̃ Φ
Φout

Total potential energy Ψ eΦout
kTe8

Ion initial energy εi
Ei
kTe8

Electron initial energy εe
Ee

|eΦout|

Ion magnetic moment µ̃i
µi

|eΦout|

Electron magnetic moment µ̃e
µe

|eΦout|

Ion density ñi
ni
n8

Electron density ñe
ne
n8

Ion speci�c current j̃i
nivi

n8
b
kTe8
mi

Electron speci�c current j̃e
neve

n8
b
kTe8
mi

Ion velocity ṽi
veb
kTe8
mi

Electron velocity ṽe
veb
kTe8
mi

Ion temperature T̃i
Ti
Te8

Electron temperature T̃e
Te
Te8

Ion kinetic energy Ẽi
Ei
kTe8

Electron kinetic energy Ẽe
Ee
kTe8

Ion energy �ux 9εi
9εi

n8
b
kTe8
mi

kTe8

Electron energy �ux 9εe
9εe

n8
b
kTe8
mi

kTe8

Mass ratio mratio
mi
me

Table 2.1: Adimensional variables and adimensionalisation parameters.

Here K is a weight used to calibrate the contribution to the error of its two components, while
j̃ is the adimensional desired current that the model assumes is �owing through the nozzle, and
which in most cases can be �xed at 0. Of course the minimisation of the error cannot be done
analytically, and a numerical method must be adopted. To this end the length of the magnetic
nozzle may be discretised in a number of evaluation points, corresponding to known values of
the magnetic induction and to guessed values of the potential, along with the computed values
of the plasma properties. Moreover the integral to in�nity present in Eq. 2.19 may be computed
numerically by means of an adaptive Gauss-Kronrod quadrature method. Finally ,the error can
then be minimized employing an interior-point algorithm (e.g. MATLAB's fmincon function),
that allows to constrain the search for the potential to a monotonously decreasing distribution
that starts form zero.
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As already mentioned, once the potential drop is known it is possible to integrate the elec-
tron and ion distribution functions so as to obtain any macroscopic quantity characterising
the plasma �ow. Equations 2.21 to 2.26 give, respectively the ion and electron adimensional
parallel, perpendicular and total temperatures, while Equations 2.27 and 2.28 give the average
of the modulus of the velocity components perpendicular to the magnetic �eld for the two
species. Finally, Equations 2.29 and 2.30 are used to compute the average kinetic energy of
respectively ions and electrons, while Equations 2.31 and 2.32 give the adimensional speci�c
energy �ux for the two species. Here, again, the integrals in εe cannot be solved analytically
and are tackled numerically using the Gauss-Kronrod algorithms, while the � symbol assumes
a positive sign upstream of µiT or µeT and a negative one downstream. Likewise, in Equations
2.27 and 2.28, the solid angles missing from electron and ion distribution functions θi and θe
correspond to θi � π � sin�1

�b
µiT
µim

	
and θe � π � sin�1

�b
µeT
µem

	
before µiT and µeT , and

to θi � sin�1
�b

µiT
µim

	
and θe � sin�1

�b
µeT
µem

	
afterwards. Γ and Γup are respectively the

gamma function and the incomplete upper gamma function. These equations are not explicitly
demonstrated and presented in Reference [2], and have been therefore manually computed.
Due to the complex nature of the computations they have been, therefore, veri�ed as strictly
as possible. Section 3.1.2 presents the overall veri�cation of the implementation of the model
by comparing the behaviour of the computed potential along the nozzle to the one found in
Reference [2], and the more complicated veri�cations of Equations 2.27 to 2.32. The validation
of the other equations, obtained by simple comparison with Figures 5, 6 and 7 of Ref. [2] will
not be presented here for the sake of brevity.

T̃‖i �
2

3
βΨ

µ̃
3
2
im � pµ̃im � µ̃iT q

3
2?

µ̃im �?
µ̃im � µ̃iT

(2.21)

T̃‖e �
2

3ñe
?
π
exp

�
�ΨΦ̃

	�
1� Γup

�
Ψ�ΨΦ̃,

5

2


�
Γ

�
5

2




� 1

3ñe
?
π

Ψ
5
2β

3
2

» 8

1

�
µ̃

3
2
em � pµ̃em � µ̃eT q

3
2

�
exp p�εeΨq dεe �

xṽ‖ey2
2mratio

(2.22)

T̃Ki � Ψβ

�
�µ̃im � 1

3

µ̃
3
2
im � pµ̃im � µ̃iT q

3
2?

µ̃im �?
µ̃im � µ̃iT

�
� (2.23)

T̃Ke � 4

3ñe
?
π
exp

�
�ΨΦ̃

	�
1� Γup

�
Ψ�ΨΦ̃,

5

2


�
Γ

�
5

2



� 1

ñe
?
π

Ψ
5
2β

3
2�

�
» 8

1

�
2

3
µ̃

3
2
em � µ̃em

a
µ̃em � µ̃eT 	 1

3
pµ̃em � µ̃eT q

3
2

�
exp p�εeΨq dεe

(2.24)

T̃i � 2

3
T̃Ki � 1

3
T̃‖i (2.25)

T̃e � 2

3
T̃Ke � 1

3
T̃‖e (2.26)
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xṽKiy � 1

ñi
?

8εi
µ̃imβΨ

�
�θi �

d
µ̃iT
µ̃im

�
�
µ̃iT
µ̃im


2
�
� (2.27)

xṽKey �
?
mratio

ñe
?

2π

!
π
�
exp

�
�ΨΦ̃

	
�
�

1�Ψ�ΨΦ̃
	
exp p�Ψq

�
� βΨ2�

�
» 8

1

�
�θe �

d
µ̃eT
µ̃em

�
�
µ̃eT
µ̃em


2
�
� µ̃emexp p�Ψεeq dεe

,.
-

(2.28)

xẼiy � εi � Φ̃Ψ (2.29)

xẼey � 1

ñe
?
π

"
2 exp

�
�ΨΦ̃

	�
1� Γup

�
Ψ�ΨΦ̃,

5

2


�
Γ

�
5

2



�

� Ψ
5
2β

3
2

» 8

1

�a
µ̃em �

a
µ̃em � µ̃eT

	
µ̃em exp p�Ψεeq dεe

* (2.30)

9εi � 1?
8εiñi

Ψ2β2µ̃imµ̃iT (2.31)

9εe � 1?
2πñe

Ψ3β2?mratio

» 8

1
µ̃emµ̃eT exp p�Ψεeq dεe (2.32)

Finally, once the plasma properties along the nozzle are known, the thrust generated by the
plasma may be computed by returning to the dimensional quantities and inserting them into
the classical thrust equation.

F � Ath
β

�
minixv‖iy2 �menexv‖ey2 � p‖e � p‖i

�
(2.33)

Here ni and ne are the plasma densities at the axial location where the expansion is assumed to
end, radially averaged over the plume cross section, so as to avoid considering the density at the
nozzle axis uniform over the whole plume wich would lead to an overestimation of the thrust.
This can be obtained through a simple constant coe�cient used to pass from the axial to the
average radial density, as done in Ref. [1]. All the other variables are also evaluated at the given
axial location. The plume cross-section has been derived by invoking the conservation of the
magnetic �ux BmaxAth � BpzqApzq, with Bmax and Ath respectively the magnetic induction
and plasma cross-section at the magnetic throat. Moreover p‖ is the component of the pressure
tensor parallel to the magnetic �eld. For both species it may be computed using the ideal gas
equation:

p‖ � nkT‖ (2.34)
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The use of the velocity and pressure components parallel to the magnetic �eld lines in Equation
2.33 assumes that both these quantities remain directed axially over the full cross-section of
the plasma. In reality, however, the plasma �ow will increasingly diverge moving from the
axis towards the plasma edge. For the pressure term this leads to a minor error since, as
will be seen later, the thrust component due to the plasma pressure becomes negligible as the
expansion proceeds. The component due to plasma momentum should instead be corrected by
means of a divergence e�ciency which, when experimentally measured on cathodeless plasma
thruster prototypes, has been found to range between 60% and 90% [40]. A numerical method
to calculate this e�ciency will be proposed in Section 2.1.5.

The algorithm described models, as mentioned, a full convergent-divergent nozzle, where
the plasma starts with a null average velocity and magnetic induction at the reservoir, and is
then progressively accelerated and expanded along the initially increasing and then decreasing
magnetic �eld. However, the magnetic geometry of real plasma thrusters typically only contains
a portion of the convergent, or just a divergent nozzle. A magnetic �eld is in fact usually already
present in the source and the magnetic nozzle cannot, therefore, begin with a null value of the
magnetic induction. Taking advantage of the normalization adopted, however, it is possible to
utilise this model to simulate an expansion starting in an arbitrary point of a full convergent-
divergent nozzle. It is in fact su�cient to compute those stagnation quantities, here denoted
with the su�x 0, that should be present in a �ctitious reservoir attached to the full convergent-
divergent nozzle to �nd at the real nozzle entrance the plasma characteristics imposed by the
real source. Once the stagnation quantities are known the real plasma properties along the
nozzle may be found by using them to return to dimensional variables. From table 2.1 it is
apparent that the only stagnation quantities needed to fully de�ne the plasma �ow are the
electron temperature and plasma density. Designating the plasma properties found in the real
source with the su�x s, and the adimensional variables at the nozzle entrance with the same
su�x and a tilde indicating adimensionality, the stagnation quantities can be easily obtained
through Equations 2.35 and 2.36.

T0e � Ts e

T̃s e
(2.35)

n0e � ns e
ñs e

(2.36)

It is here important to note that this approach encounters one di�culty. The adimensional
expansion in the nozzle is dependent on the normalized stagnation ion energy, strictly linked
to their temperature (εi � 3

2 T̃0i). This value, however, is not known at the beginning of the
calculations, as it is an output of the algorithm. What is known is the ion temperature in the
source, and therefore at the beginning of the nozzle. An iterative procedure must be therefore
implemented, beginning with a guess of the ion energy that is used to run the model. With the
outputs from the algorithm the electron stagnation temperature may be computed by means of
Equation 2.35 and, using it to return to physical quantities, the ion temperature at the nozzle
entrance can also be found. If this calculated value is bigger than the desired one the guess
of the stagnation ion energy should be decreased, while an increase in the ion energy should
be made if the computed ion temperature is too small. This procedure may be repeated until
the error between the desired and the computed ion temperatures at the nozzle entrance is
su�ciently small. As shown in Figures 5 and 6 of Ref. [2], however, for normalized ion energies
below 0.01 the sensitivity of the model on εi becomes negligible, allowing, for most realistic
applications in this range, to assume a constant value of the ion kinetic energy.

19



CHAPTER 2. NOZZLE AND SOURCE MODELS

2.1.3 Modi�ed Martinez-Sanchez Model

This model, hereafter also identi�ed as the MMS model, has been obtained by a simpli�-
cation of the original MS model presented by Correyero Plaza et al. in Reference [44]. The
idea behind this algorithm is to maintain the modelling of the electron behaviour unchanged,
but simplify the computations regarding ions by assuming that their thermal energy is much
smaller than their kinetic energy downstream of the throat. This assumption proves to be
quite accurate, especially in thrusters in which the exciting electromagnetic wave is coupled
with the electron dynamics, leaving the ions relatively cold. However, it implies that the model
is restricted to the simulation of simply divergent nozzles, and that most of the ion proper-
ties cannot be computed, as they are linked to their thermal energy. The hypotheses behind
this model are therefore identical to the ones presented in Section 2.1.2 with the addition of
a negligible ion thermal energy, and the limitation to simply diverging geometries. Since the
expansion does not start from a still reservoir but at the nozzle throat the initial kinetic energy
of the ions must be assumed. While an energy corresponding to a sonic inlet velocity is the
most justi�ed hypothesis due to the classical assumption of a unitary Mach number at the mag-
netic throat, higher energies may also be used following the indications in recent experiments
of slightly supersonic speeds at the throat [42].

The equations used to compute any quantity relative to the electrons are the ones found in
Section 2.1.2, and will not be repeated here. As for the ions, by neglecting their thermal energy,
they are all found to have exactly the same velocity vector. Using the same normalizations
summarised in table 2.1, and assuming an initial kinetic energy normalized by the electrons'
thermal energy (εkin i � Ekin i

kTe8
q, the energy conservation may be expressed by means of Eq.

2.37.

1

2
ṽ2
i �ΨΦ̃ � εkin i (2.37)

By then inverting it the ion velocity may be computed at each point of the nozzle using Equation
2.38.

ṽi �
c

2
�
εKin i �ΨΦ̃

	
(2.38)

By now invoking the conservation of the magnetic �ux to express the plume cross-section in
function of the magnetic �eld, the total ion �ux conservation can be written as follows:

ñiṽi
β

� ?
2εKin i (2.39)

Inverting Eq. 2.39 it is then possible to compute the ion density, as shown in Equation 2.40.

ñi � β
?

2εKin i
ṽi

(2.40)

The ion current density is then trivially computed as j̃i � ñiṽi. The algorithm then pro-
ceeds identically as the original Martinez-Sanchez code, described in Section 2.1.2, searching
for the potential pro�le that minimises the quasi-neutrality and plasma current errors. The
macroscopic properties of the electron population may again be computed using the equations
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found in Section 2.1.2, while the information on the perpendicular velocity and temperature of
the ions is lost due to the assumption of a negligible thermal energy. The ion average energy
and energy �ux may instead be computed through Equations 2.41 and 2.42.

Ẽi � εKin i � Φ̃Ψ (2.41)

9εi � Ẽiṽi (2.42)

Once again the thrust may then be computed by returning to dimensional quantities and
using them to evaluate Equation 2.43. This equation is identical to the one used in the MS
model, except for the omission of the ion pressure. This term is in fact unknown, since it
depends on the ion thermal energy. In any case this is an acceptable approximation as the ion
temperature and pressure tend to zero as they descend the nozzle [34]. Here again the ion and
electron densities should be averaged radially to account for a non-uniform radial distribution
of the density.

F � A
�
minixviy2 �menexv‖ey2 � p‖e

�
(2.43)

2.1.4 Detachment Criteria

As already mentioned the detachment of the plasma particles from the magnetic �eld lines
is of paramount importance in the production of a net thrust. Indeed, if the particles were
to remain magnetized they would follow the �eld lines, which are necessarily closed due to
the solenoidal nature of the magnetic �eld, back to the plasma source. In this case no net
momentum �ux would exit the system, and no thrust would be produced. The detachment of
the plasma from the �eld lines is a complex physical phenomena which is still under discussion
in the scienti�c community. Various theories have been advanced to explain detachment in
current-free, diverging plasma jets, amongst which the most popular propose mechanisms cen-
tred on plasma resistivity [45], electron inertia [46] or stretching of the �eld lines by means of
an induced magnetic �eld [47]. The most accredited theory, to date, sheds light on a complexly
structured phenomenon. Detachment would, in fact, take place in a two part process. The
�rst part sees a demagnetization of the ions due to their larger inertia, and a breaking down
of the conservation of their magnetic moment [39]. These ions are however not yet able to
escape from the �eld lines, as an ambipolar electric �eld prevents them from separating from
the electrons. The second part involves the formation of a turbulent plume and consequently
of high-frequency electric �elds, that for su�ciently low values of magnetic induction or suf-
�ciently high ion momentums enable cross-�eld electron transport [39]. These electric �elds
dissipate only once the particles' trajectories have become ballistic and the detachment may
be considered complete. It is important to note that plasma detachment does not occur at a
speci�c point in the nozzle: the plasma in fact gradually separates, starting from the outer �eld
lines and virtually never detaching from the nozzle axis. Imposing a complete separation from
the �eld lines at a precise axial location is therefore a rough, albeit necessary, approximation
of the real physical behaviour of the plasma. Likewise, the detachment criteria presented in
the following Sections do not model the real mechanisms that govern the separation form the
�eld lines, but propose simple conditions used to identify a location at which the plasma can
be considered completely detached. [48] [49]

21



CHAPTER 2. NOZZLE AND SOURCE MODELS

La�eur Criterion

This criterion is used by La�eur et al. in Reference [1] to determine an axial coordinate at
which to cease the nozzle expansion. The criterion identi�es the detachment of the plasma from
the magnetic �eld lines with the demagnetization of the ions, caused by their high inertia. Ion
demagnetization is here assumed to be complete when their Larmor radius becomes comparable
with the characteristic scale length of the magnetic nozzle, in this case assumed to correspond
to the radius of the plasma beam. The criterion is summarised by Equation 2.44.

mixvKiy
eB

�
c
A

π
(2.44)

Where A is the area of the plasma beam cross-section. In the case of the La�eur MN model in
which the perpendicular velocity of the ions is not directly known it can be approximated with
the thermal velocity, associated to a constant ion temperature, as shown in Equation 2.45.
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While this method does indeed identify, for su�ciently large initial electron temperatures,
a location downstream of the nozzle throat at which a separation between the plasma �ow
and the �eld lines may be considered, it is inconsistent with the assumption of a constant
ion magnetic moment. Indeed, under this assumption, the plume radius increases and the ion
temperature and consequently their gyro-radius decrease as the expansion proceeds, and so
the terms in Equation 2.44 may only become comparable if initially the ion Larmor radius is
bigger than the plume radius. This, however, would imply already demagnetized ions, as their
gyration orbits would lead them outside of the exhaust. On the other hand, if the ions were
initially su�ciently cold to have a gyro-radius smaller than the radius of the plume, they would
never, under the assumption of a constant magnetic moment, reach detachment according to
this criterion. A di�erent de�nition of the characteristic dimension of the magnetic nozzle can
however be adopted to overcome this inconsistency.

Modi�ed La�eur Criterion

A di�erent characteristic scale of the magnetic nozzle, proposed in Reference [39], has been
used for this criterion. The characteristic length (Lcharact) can in fact be computed as shown
in Eq. 2.46, where the magnetic �eld and its derivatives are computed on the nozzle axis, while
the approximation is a consequence of the assumption of a paraxial magnetic �eld, made in all
the nozzle models presented.

Lcharact � }∇B}
B

�
dB
dz

B
(2.46)

To employ this equation the dependence of the magnetic induction on the axial coordinate
must be known. To this end the assumption of a magnetic nozzle produced by a single ring
of current of radius Rr has been made. The magnetic nozzles of plasma thrusters are in fact,
typically, produced by either a ring of magnets or an induction solenoid, the �eld of which can
be su�ciently accurately modelled in this way. For this simple case the magnetic �eld lines
may be found through the use of Equation 2.47. [50]

ψpz̃, r̃q �
r̃2

2

p1� r̃2 � z̃2q 32
(2.47)
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Where ψ is constant along the �ux tubes and r̃ and z̃ are the radial and axial coordinates,
normalized by the radius of the current ring generating the magnetic �eld. The value of ψout
corresponding to the outer �eld line can therefore be computed by evaluating Eq. 2.47 in
r̃ � Rf

Rr
, with Rf the radius of the source exhaust, and z̃ � 0, where the considered �ux tube

exits the source. Since ψout must be constant along the whole outer �eld line its radial and axial
coordinates are implicitly related through Eq. 2.48. Furthermore the magnetic induction can
be written as a function of the radial coordinate by means of the conservation of the magnetic
�ux, as shown in Equation 2.49.
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(2.48)

B � Bth
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(2.49)

By using Eq. 2.49 to write B in function of r̃ and Eq 2.48 to express r̃ in function of z̃, the
magnetic induction can therefore be linked implicitly to the axial coordinate and, consequently,
the derivative of the magnetic �eld with respect to z may be computed by means of the central
�nite di�erences algorithm. The criterion then assumes detachment in the position along the
nozzle in which the ion gyro-radius becomes greater than the characteristic length computed,
as shown in Eq. 2.50. Again, in the case of the La�eur MN model, Eq. 2.51 may be used.

mixvKiy
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Merino criterion

This criterion has been derived starting from the studies of Merino et al. on the com-
plex bi-dimensional mechanisms that lead to plasma detachment form magnetic �eld lines. It
states that when the maximum centrifugal forces acting on the ions following the stream tube
containing 95% of the mass �ux become comparable with the maximum centripetal forces,
complete detachment may be assumed [49]. Because the detachment mechanism described has
an inherently bi-dimensional nature, due to the presence of radial magnetic forces, only the
complete Martinez-Sanchez model captures su�cient information on the plasma properties to
make use of this criterion. In any case, a series of very rough hypotheses and approximations
must be made to apply it to a mono-dimensional model. These are summarised below:

� Given normalized radial density pro�le in the plasma source f
�
r
Rs

	
.

� Ions and electrons are assumed to follow faithfully the �eld lines until detachment. This
implies a self-similar radial density pro�le throughout all of the nozzle.

� The magnetic nozzle geometry is produced by a single ring of current, located at the
source exhaust.

� The azimuthal velocity of a species is approximated with its computed average velocity
perpendicular to the magnetic �eld lines.
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� Negligible electron inertia.

� Cold ions.

� Radially uniform modulus of the plasma velocity.

The criterion assumes complete detachment at the axial coordinate in which the centrifugal
forces become bigger than the centripetal forces acting on the ions, as expressed by Equation
2.52. Where the left hand side of the equation contains the inertial forces due to the radial
curvature of the considered �eld line, with xv‖iy the mean ion velocity parallel to the magnetic
�eld at a given axial coordinate, and Rcur the radius of curvature of the �eld line at the
axial coordinate considered. The right hand side is instead formed, from left to right, by
the force generated by the electrostatic �eld (fe), the magnetic forces, and the inertial forces
due to the ions' azimuthal rotation. Here xvθiy is the average azimuthal velocity of the ions
and r95% is the radial coordinate of the �eld line containing 95% of the mass �ux at the
considered axial coordinate. As mentioned, since the ions demagnetize before the electrons,
an ambipolar potential forms inside the plasma generating an electrostatic force (fe) on both
ions and electrons, that imposes quasi-neutrality and freezes them onto the �eld lines, until
the electrons are also demagnetized. Since the azimuthal velocity cannot be calculated by
the quasi-mono-dimensional model of the magnetic nozzle it has been approximated with the
particles' velocity perpendicular to the nozzle axis. This is a very rough assumption, as the
perpendicular velocity computed by the MS model is a thermal excitation velocity and is only
loosely linked to the average azimuthal velocity of the ions. Finally, in Eq 2.52, the forces due
to the pressure gradient have been neglected, due to the assumption of cold ions.

mixv‖iy2
Rcur

  �fe � exvθiyB � mixvθiy2
r

� �fe � exvKiyB � mixvKiy2
r95%

(2.52)

The electrostatic force fe is known to act centrifugally on the ions, and to attract the electrons
with identical intensity towards the nozzle axis [49]. It may therefore be computed by imposing
the equilibrium of forces on the electrons, which are assumed to faithfully follow the �eld lines
until detachment, through Equations 2.53, 2.54 and 2.55 .

fe � fm � fp (2.53)

fp � kTe
d plnneq
dîK

(2.54)

fm � �exvθeyB � �exvKeyB (2.55)

Here fp is the force caused by the pressure gradient acting orthogonally to the �eld line,
computed as the derivative in the direction perpendicular to the �eld line of the density loga-
rithm [49].fm instead is the magnetic force due to the electron azimuthal velocity, which has
again been approximated with the velocity component perpendicular to the magnetic �eld.

All of the quantities in Eqs. 2.52 to 2.55 must be computed on the �eld tube containing 95%
of the mass �ux. To identify this stream tube it is necessary to assume the radial density pro�le
in the plasma source. Normalized radial density pro�les are typically empirical expressions or
simple analytical solutions to the di�usion equations such as the �rst Bessel function of order
zero [1] [34]. In general a radial density distribution can be expressed as a function of the radial
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coordinate, normalised by the source radius, so that the expression of the plasma density can
be written as:

npz, rq � npz, 0qf
�
r

Rs



(2.56)

Where f is the normalized radial distribution and npz, 0q is the density found on the axis of
symmetry at the considered axial coordinate. Thanks to the assumption of a radially uniform
plasma velocity the radial coordinate inside the source (R95%) of the wanted stream tube can
then be identi�ed by solving numerically Equation 2.57.
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By considering that the magnetic nozzle is produced by a current ring of radius Rr positioned
at the source exit it is possible to implicitly link the radial coordinate of the �eld line (r95% �
r95%pzq) to the axial coordinate through Eq. 2.58 [50], analogously to what has been done in
Eq. 2.48 for the modi�ed La�eur detachment criterion.
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The inclination of the �eld line (αpzq) at a given axial coordinate may now be computed
through Equation 2.59.

αpzq � arctan

�
d r95%pzq

d z



(2.59)

The radius of curvature Rcur of the considered �eld line may also easily be computed numeri-
cally for any axial coordinate as explained by Reference [51].

Finally, to compute the derivative in Equation 2.54, a strict de�nition of the plasma density
present in the whole domain of the magnetic nozzle is necessary. Given the normalized axial
and radial coordinates of a position in the nozzle pz̃, r̃q, the local density may be de�ned by
retracing the �eld line passing through this point back to the thruster, so as to �nd the radial
coordinate rs at which the �uid element had left the source, by means of the numerical solution
of Equation 2.60.
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Once rs is known, in fact, the density in the considered point may be computed through Eq.
2.56, by multiplying the density distribution evaluated in rs by the density on the nozzle axis
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at the considered axial coordinate. By then using �nite central di�erences, and de�ning δ as
an arbitrarily small length, Equation 2.54 may be approximated as:

fppzq �kTepzq ln rnpz � δ cospαpzqq, r95%pzq � δ sinpαpzqqqs
2δ

� ln rnpz � δ cospαpzqq, r95%pzq � δ sinpαpzqqqs
2δ

(2.61)

All of the terms in Equation 2.52 are now computable for any axial coordinate that precedes
the turning point of the considered �eld line (where the numerical computations incur into
singularities), and the detachment location given by the Merino criterion can therefore be
identi�ed.

Are�ev Criterion

Are�ev, instead, proposes to identify the detachment location by imposing the equality
between the speci�c magnetic and kinetic energies in the plasma [52]. This condition is linked
to the capability of the charged particles to induce a magnetic �eld of su�cient magnitude to
stretch the existing �eld lines to in�nity. The particles, in this scenario, do not strictly speaking
detach from the �eld lines, but stretch them so that they do not turn back towards the thruster.
The insertion of the plasma particles onto ballistic trajectories is therefore assumed when the
condition presented in Equation 2.62 is veri�ed.

B2

2µ0
  n pEi � Eeq (2.62)

Where µ0 is the magnetic void permeability and Ei and Ei are respectively the ion and electron
kinetic energies.

2.1.5 Divergence E�ciency

As mentioned, when computing the thrust by means of the classical thrust equation, the
momentum term should be corrected by introducing a divergence e�ciency that takes into
account the fact that the plasma velocity is not axial along the whole cross section of the
plasma beam. The divergence e�ciency at a given axial position (ηdivpzq) can in fact be
de�ned as the ratio between the local axial momentum and total momentum �uxes, as shown
in Equation 2.63. Where routpzq is the radial coordinate of the most external �eld line, which
can again be implicitly expressed as a function of z through Equation 2.48

ηdivpzq �
³routpzq
0 npz, rqvpz, rq2 cos pαpz, rqq r dr³routpzq

0 npz, rqvpz, rq2r dr
(2.63)

Here npz, rq and vpz, rq are respectively the plasma density and the modulus of the velocity at
the given position in the nozzle. While the former may be computed as explained in Section
2.1.4, the latter is assumed to be equal to the velocity computed by the MN model on the nozzle
axis at the same axial position. Finally, αpz, rq is the inclination of the local velocity vector
with respect to the axial direction. By assuming that the particles are perfectly magnetized
up to the detachment point, and that no deviation of the velocity occurs at detachment, this
angle may be considered identical to the inclination of the �eld line passing through the given
location. Given a generic �eld line, identi�ed by the constant ψpz, rq determined through Eq.

26



2.2. PLASMA SOURCE MODELS

2.47, the angle between its tangent at a given axial coordinate and the axial direction may be
expressed using Equation 2.64.

αpz, rq � arctan

�
d rpΨ, zq
d z



(2.64)

By using central �nite di�erences to evaluate α in Eq. 2.64, and a trapezoidal algorithm to
compute the integrals in Equation 2.63, the divergence e�ciency may be obtained for any axial
position along the nozzle. Given a detachment location (zdet), therefore, the thrust equation
may, in general, be corrected as shown by Eq. 2.65.

F � 9mvpzdetqηdivpzdetq �Aepzdetqp‖pzdetq (2.65)

It should be noted that this correction considers the deviation of the velocity parallel to
the magnetic �eld lines from the axial direction, but doesn't consider the fact that the perpen-
dicular velocity might consequently have a component directed axially. This contribution to
the total thrust is however negligible, since the modulus of the perpendicular velocity becomes
irrelevant proceeding with the expansion, as shown by Figure 7 of Reference [2]. It is also
important to remark here that the assumption made according to which the plasma velocity
is always tangent to the magnetic �eld lines causes an inconsistency with the nozzle models
presented. All the models in fact consider the plasma velocity directed axially over the whole
cross section of the plume. Changing this hypothesis leads to a breakdown of the particle �ux
conservation, as, instead of being constant over the planes orthogonal to the nozzle axis, as
assumed by the presented MN models, it becomes constant over the surfaces orthogonal to the
�eld lines. However, when considering a su�ciently slender geometry of the magnetic nozzle,
this approximation may become acceptable. It is also worth mentioning that recent studies
have shown that the plasma detachment does not happen tangentially to the �eld lines, but
a slight inward deviation of the velocity is present. For a �rst estimation of the divergence
e�ciency, however, the assumption of tangential detachment can be made. [49]

2.2 Plasma Source Models

The plasma source is where the neutral propellant gas is ionized and the plasma is produced.
Electrons in the gas are in fact excited using radio-frequency waves and their collision with
the neutral atoms produce excited neutrals, ions, and more electrons. The behaviour of the
plasma in this region is complex and of complicated modelling. The coupling between the
electromagnetic wave and the plasma, the collisions and reactions between the particles, the
spontaneous de-excitation of excited atoms, the energy di�usion and transfer between the
particles and between the species that compose the plasma, the plasma di�usion orthogonal
and parallel to the induced magnetic �eld, along with the behaviour and dynamics of the
neutral species are all intertwined phenomena that in�uence the plasma production in this
region. Two mathematical models are proposed in Sections 2.2.1 and 2.2.2 with the intent of
modelling this section of a cathodeless plasma thruster. Particular attention has been posed to
the plasma chemistry and dynamics, while the introduction of the electromagnetic energy into
the plasma has not been precisely modelled: a fraction, determined empirically, of the total
available energy has simply been considered to be transferred into the plasma.

2.2.1 La�eur Source Model

This semi-analytical model, proposed by La�eur in Reference [1], is capable of describing the
plasma behaviour in the source by reducing the system to a quasi-mono-dimensional domain
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and by making strong simplifying hypotheses on the plasma dynamics. The assumptions made
are summarised below:

� Uniform, paraxial magnetic �eld

� Constant electron temperature along the source

� Cold ions

� Massless electrons

� Quasi-neutral plasma

� Maxwellian electron distribution

� Empirically imposed radial distribution of the plasma density, self similar along the source

� Negligible radial momentum losses

� Radially uniform longitudinal velocity

� Constant neutral gas velocity

� Bohm velocity at source walls and at the exhaust section

� No momentum exchange between the particles because of collisions

These assumptions must be thoroughly commented, as their in�uence on the plasma proper-
ties predicted by the model proves to be important. The accuracy of the assumptions linked
to the magnetic geometry varies according to the thruster to be modelled. While a roughly
uniform and paraxial magnetic �eld was initially adopted in the design of Helicon and ECR
plasma thrusters, recent research indicates that an increase in the magnetic induction near the
source exhaust may increase the thruster performances [53]. This type of geometry necessarily
requires also non-axial components to the magnetic �eld. However, because of the assumption
of a uniform paraxial magnetic �eld the La�eur source model is not capable of capturing the
bene�cial e�ects of non-axial, variable magnetic geometries and must average the magnetic
induction in the source in order to impose a constant �eld as representative as possible of the
real one. In stationary conditions, instead, the assumption of isothermal electrons and cold
ions is close to the real situation found in a typical Helicon or ECR plasma thruster. Numerous
experiments have in fact shown that, once the thruster has reached stationary conditions, the
electron temperature results uniform throughout the plasma source while the ions �nd an equi-
librium at temperatures one order of magnitude lower [1] [54] [55]. Their contribution to the
plasma entalpy, along with the pressure forces in their dynamics, may therefore be neglected.
Similarly the assumption of negligible electron inertia forces and of quasi-neutrality cause small
deviations from the real plasma physics found in the source. The assumption of a Maxwellian
electron distribution, instead, while it results inevitable in order to analytically model the
reactions that produce and characterise the plasma, may not accurately capture the true con-
ditions of the electron population. The electron distribution in cathodeless plasma thrusters
is in fact not necessarily Maxwellian, and the in�uence of di�erent electron distributions on
the propulsive properties of plasma thrusters is still an open question in the scienti�c commu-
nity [43] [56]. Likewise the empirically determined radial density distribution is fundamental to
the implementation of the model, as it allows to consider plasma neutralization at the source
walls, a phenomenon that greatly in�uences the plasma density and energy. However, while
the distribution considered has been shown to faithfully model the radial density pro�le for
intense con�ning magnetic �elds (e.g. 4000 G) [1] its application to the weaker �elds typically
present in cathodeless plasma thrusters (�300 G) should be further veri�ed. Furthermore, the
radial momentum losses in a plasma source have been recently measured experimentally and
proven to be small, allowing to neglect them in the overall momentum budget of the plasma.
Similarly the hypothesis of a radially uniform longitudinal velocity causes only small errors in
the model's predictions, due to the small dimensions of the plasma sheath compared to the
radius of the source. On the other hand, while the assumption of the Bohm velocity at the
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source's physical boundaries is classically used to model stationary plasma sheaths, its impo-
sition over the exhaust section may lead to relevant errors, as some experiments have shown
that the magnetic throat of a MN does not necessarily coincide with a sonic velocity [42]. Fi-
nally, while neglecting the particle collisions in the momentum balances of ions and electrons
is necessary to �nd a closed form solution to the equations, it strongly a�ects the accuracy of
the model's predictions, as will be shown in Chapter 3. The computed velocity of the plasma,
unhindered by particle collisions, can in fact be expected to reach higher values than the ones
present in a collisional plasma, and consequently, as will be explained, the model has been
found to overestimate the plasma temperature.

The radial distribution of the density is assumed to follow the following empirical �tting,
proposed in Ref [1]:

npz, ρq � npz, 0q
�
1� p1� hR

1
6 qρ2

�6
(2.66)

In this case the origin of the axes is placed at the back of the source and on the axis of symmetry.
Here ρ � r

Rs
is the radial coordinate normalised by the source radius, npz, ρq the plasma density

at the given axial and radial coordinates, and hR is the ratio between the density on the source
axis and that at the source walls, again found experimentally to be [1]:

hR � 0.4b
1� 0.68pRsrci q2

(2.67)

Here rci �
?
kTi{mi
ωci

is the average ion gyro-radius, approximated by considering the ion ther-
mal velocity equal to the average velocity perpendicular to the magnetic �eld. While in the
momentum and energy balances the ion temperature is considered null, for this particular com-
putation it has been empirically �xed at a constant value Ti. By integrating Eq. 2.66 over the
source section the average density may be determined to be xnpzqy � npz, 0qλ with:

λ � 1� hR
7
6

7p1� hR
1
6 q

(2.68)

The λ parameter can be used, in any point of the source or of the nozzle, to pass from the
on-axis plasma density to the average density over the full cross-section of the plasma thanks
to the assumption made in all the nozzle models of perfectly magnetized plasma particles. In
particular it can be used to obtain the radially averaged plasma densities used in Equations
2.33 and 2.43, while the radial distribution expressed in Equation 2.66 may be inserted in
Equation 2.63 to compute the divergence e�ciency of a thruster.

Having de�ned the radial distribution of the density, the electron temperature, considered
constant along the source, may be determined by solving the system of Equations 2.69. These
equations have been obtained by La�eur by integrating the continuity and momentum conser-
vation equations for electrons and ions, simpli�ed with the presented hypotheses, and imposing
sonic boundary conditions at the axial extremities of the source [1]. A generalisation of the
system can be made so as to include subsonic exhaust conditions, while a supersonic one is
beyond this model's capabilities because of the singularity in Equation 14 of Ref. [1] at the
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unitary Mach number, and that cannot therefore be integrated into the supersonic region.
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Here Kiz is the ionization rate for the considered propellant, that can be obtained by inte-
grating the ionization cross-section multiplied by the relative impact velocity over the assumed
Maxwellian electron distribution, as done in Equation 2.70. ub is the Bohm velocity, Γ0 the
propellant particle �ux per unit area �owing through the source, Ls the length of the source,
and vg the neutral gas velocity, considered constant throughout the source. ηd is the propellant
utilisation e�ciency, de�ned as the ratio between the plasma mass �ux at the exhaust over the
total mass �ux. ηd has to be hypothesised to begin the computations but, as will be shown
later, it is strictly linked to the power required by the thruster and can therefore be iteratively
determined. Both the ionization rate and Bohm velocity strongly depend on the electron tem-
perature, as shown in Equations 2.70 and 2.71. Because of this the system of Equations 2.69
has no analytical solution and must be solved numerically.
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ub �
c
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(2.71)

Here me and mi are the ion and electron masses, k is the Boltzmann constant, ε the electron
kinetic energy and εiz the �rst ionization energy. Finally Te is the electron temperature.
Empirical �ttings of the behaviour of the ionization cross-section in function of the electron
temperature may be found in References [57] and [58] for Argon and Xenon respectively. The
cross-section �ttings are found to follow the experimental data in an electron temperature range
between 5 eV and 30 eV, meaning that the presented model cannot describe a plasma discharge
that exceeds these temperature ranges. In this case the expression of the cross-sections would
have to be changed to ones valid in the temperature range considered.

As explained previously, the hypothesis made in the demonstration of Eq. 2.69 of no
momentum transfer or loss because of collisions in the plasma, is expected to lead to an
overestimated plasma velocity at the extremities of the source tube. As a consequence the
use of Equation 2.69 yields an excessively high electron temperature. By imposing a unitary
Mach number at the source e�ux and back wall, in fact, the Bohm velocity is enforced equal
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to the large speeds found in these regions by the integration of the momentum and continuity
equations, resulting in high electron temperatures.

Once the temperature is known the plasma velocity at any point of the source axis may be
computed using Equation 2.72, again obtained through the integration of the continuity and
momentum balance equations, with ξ and γ corresponding to the newly calculated temperature.
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Where Mpzq is the plasma Mach number along the source axis and z̄ � z
Ls

is the axial coordi-
nate normalised by the full length of the source. The dimensional velocity of the plasma may
be easily retrieved by multiplying the Mach number by the Bohm velocity vpzq � Mpzqub.
As demonstrated in Ref. [1], the maximum plasma density in the source (n0) will be found
where the velocity is zero, and can be computed as shown in Equation 2.73. Thanks to the
conservation of axial momentum, deriving from the assumptions made, the density distribution
along the source axis may then be obtained through Equation 2.74.

n0 � 2ηdΓ0

λub
(2.73)

npz, 0q � n0

1�Mpzq2 (2.74)

Finally the neutral gas density in the source, considered radially uniform, may be determined
using Equation 2.75.

ngpzq � Γ0 � λnpz, 0qvpzq
vg

(2.75)

The source characteristics are thus fully determined, as the electron temperature, plasma den-
sity and velocity, and the neutral gas velocity are all known in all points of the source. These
quantities are all function of the hypothesised propellant utilisation e�ciency, that can however
be determined by means of an energy balance. The energy �uxes leaving the thruster through
the back wall (Pback) and radially through the lateral walls (Pside) may be computed using the
systems of Equations 2.76 and 2.77.

$'''''''''''''''&
'''''''''''''''%

Pback � 1

2
qλn0uBAs pεc � εib � εebq

εc � εiz � Kexc

Kiz
εexc

εib � kTe
2q

εeb � 2
kTe
q

� kTe
2q

ln

�
mi

2πme



(2.76)
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$'''''''''''''''&
'''''''''''''''%

Pside � 2πqRshR

�» Ls
0

ndz



uB pεc � εis � εesq

εc � εiz � Kexc

Kiz
εexc

εis � Te
2

εes � 2Te � Te
2

ln

�
mi

2πme




(2.77)

Where εc is the collisional energy loss due to ionization and excitation, εib and εis are the
kinetic energies of ions respectively at the back and side walls. εeb and εes are, instead, the
kinetic energies of electrons in the same locations. Finally εexc and εiz are the excitation and
ionization energies in eV, while Kexc and Kiz are the excitation and ionization rates. As before
these may be obtained through the use of Equation 2.70 and the regressions of the excitation
and ionization cross-sections presented in references [57] [58].

The expression for the energy �ux exiting the source through the nozzle depends, instead,
on the magnetic nozzle model considered. When considering the La�eur MN model, in fact the
energy �ux leaving through the thruster exhaust (Pexit) may be computed through the system
of quations Equations 2.79.

$''''''''''''''&
''''''''''''''%

Pexit � 1

2
qλn0uBAs pεc � εie � εeeq

εc � εion � Kexc

Kiz
εexc

εie � Te
2

εee � 2Te � 1

2
M2
detTe

(2.78)

Where εie and εee are the ion and electron kinetic energies at the source exhaust, while Mdet

is the plasma Mach number at the detachment point identi�ed through one of the detachment
criteria. When instead the MS model or the MMS model are used the energy �owing out of
the nozzle may be computed as:

$''''&
''''%

Pexit � 1

2
qλn0uBAsεc � kTeλnubAs p 9εi � 9εeq

εc � εion � Kexc

Kiz
εexc

(2.79)

Where 9εi and 9εe are the speci�c adimensional ion and electron energy �uxes computed by the
considered MN model at the nozzle entrance, while As is the source cross-section. Te and n are
respectively the electron temperature and the plasma density by which the quantities computed
by the considered model are normalized. For the MMS model, therefore, they are the density
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and temperature computed by the source model at the source exhaust, while for the MS model
they correspond to the stagnation temperatures obtained through Equations 2.35 and 2.36.
The full expansion through a convergent-divergent nozzle considered by the Martinez-Sanchez
model cannot, in fact, be utilised, and the use of stagnation quantities results necessary. Indeed,
the presence of a magnetic �eld inside the source means that the expansion cannot start from
a null magnetic induction. Likewise, ub is the Bohm velocity corresponding to the normalizing
temperature.

Assuming stationary conditions the energy �ux exiting the thruster must be equal to the
one entering and so the power deposited into the plasma by the radio-frequency wave (Pabs)
may be trivially computed using Equation 2.80. By concentrating the wave-plasma interaction
and the e�ciency of the antenna's electric circuit in a single, empirically determined, e�ciency
(ηrf ), with values ranging between 60% and 95%, the total power required by the thruster
(Ptot) is found through Equation 2.81. As already said the total power used by the engine
is strictly dependent on the electron temperature, which is in turn strongly linked to the
propellant utilisation e�ciency. It is therefore possible to vary this input until the desired
power consumption is obtained.

Pabs � Pback � Pside � Pexit (2.80)

Ptot � ηrfPabs (2.81)

Finally, the thrust deriving from remaining neutral atoms must be computed to fully char-
acterize the propulsive properties of the modelled thruster. To this end the condition in which
no ionization reactions are present in the source has been considered. While this is a strong
and limiting assumption it is mitigated by the low ionization ratio present in typical cathode-
less plasma sources (usually lower than 0.15 [8]), and by the small contribution given to the
thrust by the neutral particles in comparison to the charged ones accelerated in the MN nozzle.
Under this assumption the thrust provided by the neutral �ow out of the source (Fn) may be
computed using Equation 2.82 [1]. Where 9m is the total mass �ux �owing through the thruster
and Tg and vg are respectively the neutral gas temperature and its velocity. Both of these
quantities can assumed constant, with Tg � 0.026 eV, corresponding to ambient temperature,
and vg the sonic velocity in the considered gas at this temperature.

Fn � 9mvg

�
1� eTg

mivg



(2.82)

If the geometry, magnetic �eld, power consumption and mass �ux of a thruster are known
its propulsive properties can now be completely de�ned. By guessing a propellant consumption
e�ciency, in fact, the source characteristics may be computed through the presented model
and then used to de�ne the starting conditions of one of the three MN models presented. The
modelled power consumption linked to the chosen ηd can then be found and a new guess of
the propellant consumption e�ciency may be formulated, until a power usage corresponding to
the desired one is found. Once ηd is known the source and nozzle are completely characterized,
and the propulsive properties of the thruster may be computed.

2.2.2 Global Source Model

Based on the work done in References [36], [35] and [37] a global source model has been
developed. The source domain has been therefore reduced to a single node, onto which the
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particle and energy equilibriums have been imposed and integrated. The model obtained is
capable of describing the neutral gas dynamics and the thrust produced by neutral particles in
function of the thruster geometry and plasma production. It also models the reactions between
the charged and neutral particles in an Argon discharge (to which the model is limited, no other
propellants may be considered), by taking into account the single and step-wise excitation to
the 4S and 4P orbitals as well as collisional de-excitation, direct and step-wise ionization and
neutralization, elastic scattering of electrons, Coulomb elastic scattering, Langevin scattering
of ions and charge exchange between ions and neutrals. Further detail on the plasma collisions
and a comparison of the reaction rates found in the literature can be found in the dedicated
paragraph in this Section and in Section 3.1.4. The model also computes the parallel and
transversal di�usion coe�cients by means of analytical solutions to the di�usion equations,
from which it extrapolates the plasma density at the source boundaries using heuristic relations
. The possibility of considering a magnetic �eld geometry formed by a set of radially directed
magnets and therefore provided of cusp lines along the outer walls of the source has also
been included [3] [8]. Finally, the global source model has been coupled with the nozzle models
presented in Section 2.1 in order to compute the particle and energy �uxes out of the exhaust as
well as the propulsive properties of the modelled thruster. The main hypotheses and constraints
onto which the model is based are summarised below:

� Argon propellant

� Constant temperature of the neutrals inside the source

� Isentropic expansion of the neutrals in the nozzle

� Constant ion temperature in the source

� Paraxial, uniform magnetic �eld in the source, except at the cusp regions

� Bohm criterion at the source walls

� Maxwellian ion and electron distribution

Having imposed the temperature of ions and neutrals at the �xed values of respectively
Ti �0.2 eV [1] and Tn � 300 K, the state of the plasma inside the source can be completely
identi�ed by means of the density of the neutral unexcited atoms (nn), the density of the neutral
atoms with the outer electron excited to the 4S orbitals (n4S), the density of the neutral atoms
with the outer electron excited to the 4P orbitals (n4P ), the density of ions (ni), the density
of electrons (ne) and the electron temperature (Te). These quantities may be grouped as show
below:

$'''''''''&
'''''''''%

n �

�
�����
nn
n4S

n4P

ni
ne

�
�����

Te � Te

(2.83)

The evolution of the state of the system thus de�ned may be easily described by imposing the
particle conservation on all of the species that compose the plasma, and the energy equilibrium
on the electrons in order the capture the behaviour of their temperature. The equations that
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govern the system are presented in the system of Equations 2.84

$''&
''%

9n � 9nreact � 9nwalls � 9nex

9Te � 2 pPabs � Preact � Pwall � Pexq � 3Te 9ne
3ne

(2.84)

Where 9nreact, 9nwalls, 9nex are the variations in time per unit volume of the number of particles
in each species due to, respectively, the plasma reactions, the neutralization and de-excitation
at the source walls and the exhaust through the plume. Pabs, Preact, Pwall, Pex are instead the
power transferred to the electron population by the electromagnetic waves, and the power leav-
ing the electron population in the source through reactions, neutralization at the source walls,
and through the nozzle. All the powers are measured in eVs�1 while the electron temperature
is measured in eV. The maximum power absorption and the coupling of the electric circuit
to the antenna is simply linked to the total power provided to the thruster (Ptot) by means of
an e�ciency determined empirically: Pabsmax � ηrfPtot. Typical values of the power transfer
e�ciency lie between 60% and 95% [1]. Once all of the terms in the system of Equations 2.84
are known at each time step the governing equations may be integrated in time, by means
of a variable step, variable order integration method based on the numerical di�erentiation
formulas (i.e. the MATLAB function Ode15s), until steady state conditions are reached. A
note on the introduction of the absorbed power is here mandatory. To aid the numerical stabil-
ity of the integration the power absorbed by the electron population has not been introduced
as a constant from the start of the integration. This, in fact, would lead to an overshooting
of the electron temperature due to the high power inputs into a scarce electron population.
The absorbed power has therefore been introduced following a time dependent exponential law
presented in Equation 2.85.

Pabsptq � Pabsmax

�
1� exp

�
t

τ




(2.85)

With τ a time scale usually assumed equal to 10�4.This is of course not only a numerical
strategy but also a physically more accurate representation of the introduction of the power
into the plasma: when the electron population is scarce the coupling between it and the
electromagnetic wave is necessarily less e�cient. It should however be underlined that there is
no pretence of physical accuracy in the adoption of Equation 2.85: no interest is in fact given,
at least to the ends of this thesis, to the transient at the thruster ignition and only the accuracy
of the equilibrium reached in stationary conditions is considered.

In the following subsections the quantities necessary for the integration of Equation 2.84
are determined, starting from the initial conditions required to start the integration.

Initial Conditions

The initial conditions of the plasma inside the source are determined by assuming that
the neutral particles expand through the thruster like they would do in a cold gas thruster
with an isentropic, sonically choked expansion in the nozzle. Given the mass �ux inserted into
the thruster ( 9m) and the radius of the source outlet section (Rf ), where sonic conditions are
assumed and that is not necessarily equal to the source radius, the density of the neutral gas
before the electromagnetic waves are induced into the source (nn0) may be determined via
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Equation 2.86.

nn0 � 9m

πR2
f

�
γ�1

2

	 γ�1
2pγ�1q

?
mArγkTn

(2.86)

Where γ is the heat capacity ratio of Argon, roughly equal to 1.665 and mAr is the average
mass of Argon isotopes, corresponding to 6.63� 10�26 kg. Equation 2.86 can be easily obtained
determining the density found at the nozzle throat and retracing it into the source by means
of the isentropic expansion equations. These are of course valid when an adiabatic expansion
can be assumed in the nozzle, which considering the low temperatures of the expanding gas
is a su�ciently accurate description, and in the presence of a converging geometry capable of
accelerating the gas to a unitary Mach number. The equation may however loose validity in
the case of a very rare�ed gas inside the source, whose behaviour is better modelled through
the movement of its single particles than via �uid elements. Nevertheless, Equation 2.86 has
been used to model the gas dynamics in the source because it is, in any case, the most accurate
and simple description of the neutral gas expansion available and because the initial conditions
are of relatively small importance, since the stationary equilibrium computed by the model
shows a very small dependence on them. Once the initial density of the neutral gas is known
the initial state of the system (n0, Te0) can be determined through Equation 2.87

$'''''''''&
'''''''''%

n0 �

�
�����
nn0

0
0

α0nn0

α0nn0

�
�����

Te � Te 0

(2.87)

With α0 a proportionality coe�cient usually assumed equal to 10�4 and Te 0 � 2 eV the
initial electron temperature. Once again these initial conditions have little pretence of physical
accuracy: both the electron temperature and ion and electron densities are too high to corre-
spond to an inert Argon gas. However they allow the accurate computation of the stationary
plasma equilibrium, which is the output of interest of this model.

Plasma Reactions

As mentioned the reactions considered by the model are excitation and de-excitation, ion-
ization and neutralization, and scattering. Argon is the eighteenth element in the periodic
table, which means that its electrons �ll up completely all of the inner orbitals including the
3P ones. Excitation therefore happens when one of the outer electrons absorbs energy and
jumps into one of the higher orbitals. The energy gained by the electron during the excitation
may come from the collision with any particle present in the plasma or from irradiation. Here,
however, only collisions with electrons are considered, since they are by far the most energetic
species in the plasma considered and since no waves capable of exciting Argon are present in
the modelled thrusters. Furthermore, only excitations to the 4S and 4P orbitals are consid-
ered, provided that they are su�cient to predict the main plasma properties (i.e. density and
temperature), and in turn the thrust. The 4S and the 4P orbitals in reality are composed of
respectively four and ten energy levels, depending on which of the orbitals is considered and
on the spin of the electron. For simplicity and brevity, however, the quantities regarding the
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excitation the the 4S and 4P orbitals have been averaged over these energy levels, so that only
two excited states may be taken into account. Three excitation reactions are therefore possible:
the one that bring the outer electron from the ground state to the 4S orbitals, the one from
the ground state to the 4P orbitals and the one from the 4S to the 4P orbitals. Of course all of
the inverse de-excitation reactions have also been considered. Again, it has been supposed that
de-excitation happens only via electron collision. While these collisions, because of the high
electron temperatures, are much more frequent than the ones with the other species in the gas,
which can therefore be neglected, spontaneous de-excitation might pay an important role in
determining the equilibrium condition of the plasma and it therefore represents a direction of
future development for the code. Spontaneous de-excitation, in fact, releases the energy under
the form of electromagnetic radiation of a wavelength to which the Argon plasma is mostly
transparent. This energy is therefore lost and gives the Argon plasma its characteristic blue
glow. [3]

Likewise ionization is assumed to happen only because of electron collisions with neutral
particles. Because of the presence of the excited species in the plasma ions can be formed in
three ways: either by freeing an electron in the 3P orbitals, or by freeing an already excited
electron in the 4S or 4P orbitals. Neutralization of the ions has instead been considered only
at the source walls and not in the bulk of the plasma, since the �ux of charged particles to
the source boundaries is much more copious than the spontaneous collisions between ions and
electrons. [8]

Finally various forms of elastic scattering have been considered. These reactions do not
change the composition of the plasma since no new particles are formed, but they transfer
energy from one species to another. Since the neutral and ion temperatures are considered
constant only electron scattering is of interest from this point of view. Electrons may be scat-
tered by elastic collisions with neutrals or by Coulomb scattering with other charged particles.
In both cases, considering the collisions as perfectly elastic, the energy transferred from the
electron to the target particle is of simple analytical computation: εscat � 3meTe

mAr
, with both

the collision energy and the electron temperature expressed in electronVolts. [3] Other forms
of collisions, namely the Langevin scattering and the charge exchange, have been included in
the model in order to compute the ions' collision frequency. The former of these interactions
sees the trajectory of an ion deviated by the electric dipole that its proximity forms in a neu-
tral atom. The latter is a non-elastic collision between an ion and a neutral in which the ion
steals an electron form the neutral atom. The total plasma composition, therefore, remains
unvaried by this reaction, since the total number of neutrals and ions remains identical, but
some energy is exchanged between the two particles. Table 2.2 contains all of the analytical
expressions adopted to model the reaction rates (K), or collision cross-sections (σ) of the reac-
tions described. Here Ar represents Argon at the ground state, Ar4S and Ar4P Argon with an
electron excited into respectively the 4S and 4P orbitals, and Ar� the Argon atom singularly
ionized. e in this context represents an electron. The ionization, excitation, de-excitation and
elastic scattering reaction rates have been taken from �ttings to empirical data presented in
Reference [3] and valid for electron temperatures from 1 to 7 eV. The reaction rate of ion
Langevin scattering has instead been modelled according to the analytical description found in
Ref. [3], while the charge exchange cross-section has been calculated according to an empirical
expression presented in the same Reference, and valid for ion velocities between 1� 103 m s�1

and 1� 106 m s�1. Finally the Coulomb scattering reaction rate, not present in Table 2.2,
has been integrated, by means of the Bolsig+ algorithm [59], assuming a Maxwellian electron
distribution function from the empirical database of Reference [60]

In the expression for the Langevin reaction rate αp is the polarizablity of the atom, that for
Argon assumes a value of roughly αp � 11.08α3

0, with α0 the Bohr radius. Moreover ε0 is the
electric vacuum permittivity and mR � mAr

2 the reduced mass. Finally vi in the equation for
the charge exchange cross section is the ion velocity. All the temperatures and energies in the
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table are expressed in electronvolts.

For every time instant, then, given the electron temperature the reaction rates of the colli-
sions that modify the plasma composition or that change the energy in the electron population
may be computed. The number of reactions per unit volume and time can then be obtained
by multiplying them by the densities of the particles involved, as shown in Equation 2.90

9y �

�
������������������

9yG4S

9y4S4P

9yG4P

9y4SG

9y4P4S

9y4PG

9yiz
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�
������������������

�
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nen4SK4S4P
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nen4SK4SG

nen4PK4P4S

nennKG4P

nennKiz

nen4SKiz4S

nen4PKiz4P

nepnn � n4S � n4P qKEl

neniKC

�
������������������

(2.88)

The variation in the plasma composition due to the reactions may then be computed by mul-
tiplying the vector containing the number of collisions per second by an appropriate matrix,
describing the species involved in each reaction, as shown in Equation 2.89.

9nreact �

�
�����
�1 0 �1 1 0 1 �1 0 0 0 0
1 �1 0 �1 1 0 0 �1 0 0 0
0 1 1 0 �1 �1 0 0 �1 0 0
0 0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 1 1 1 0 0

�
����� � 9y (2.89)

Finally, by grouping the reaction energies, taken positive when the energy is given to the
electrons and negative when it is taken from the electrons, in a vector , as shown in Equation
2.90 the energy variation in the electron population per unit time and volume due to the
reactions can be computed.

εreact �

�
������������������

εG4S

ε4S4P

εG4P

�ε4SG
�ε4P4S

�ε4PG
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�
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(2.90)

Preact � 9y � εreact (2.91)
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Wall Losses

Another point in the source where there is a loss of charged and excited particles, as well as
electron energy, are the source's lateral walls. The particles, in fact, by di�using perpendicularly
or along the con�ning magnetic �eld, reach respectively the radial or back and front walls of the
source tube. All of the ions and electrons that reach the walls are considered to be neutralized,
forming neutral, unexcited Argon atoms, and their energies are assumed to be lost. Similarly
all of the excited particles that collide with the outer walls are assumed to return to the ground
state, loosing their energy. In order to model the neutralization of the charged particles at the
walls the plasma di�usion along and across the �eld lines must �rst be described. [8]

With the scope of computing the di�usion coe�cients of ions and electrons immersed in a
magnetic �eld their collision frequencies must �rst be computed. In the ions' case Langevin
scattering, charge exchange and Coulomb scattering have been considered as the reactions that
most in�uence the mean free path and the total collision frequency, while for the electrons the
elastic scattering has been considered, due to the low ionization ratios reached inside the source,
as the type of reaction that constitutes the great majority of their collisions. All of the other
impacts that involve the electron population have therefore been neglected. By considering
the reaction rates corresponding to the temperatures of the particles considered the ion and
electron collision frequencies (νi and νe) may then be computed using Equations 2.92 and 2.93.

νi � pnn � n4S � n4P qpKLpTiq �KcxpTiqq � neKCpTeq vi
ve

(2.92)

νe � pnn � n4S � n4P qKElpTeq (2.93)

Where the charge exchange reaction rate (Kcx) has been obtained by integrating the cross-
section presented in Table 2.2 over a Maxwellian distribution centred in the ion thermal energy
[3]. Moreover vi and ve are the average electron and ion velocities, that have been assumed equal

to the mean speed in a Maxwellian distribution: v �
b

8kT
πm with T the particle's temperature

in Kelvin andm its mass. These velocities are used in Equation 2.92 to pass from the collisional
frequency due to Coulomb scattering perceived by the electrons to the one seen by the ions.
With the knowledge of the collisional frequencies the di�usion and mobility coe�cients parallel
or perpendicular to the magnetic �eld (D,µ,DK and µK respectively) can be computed for both
electrons and ions using Equations 2.94 - 2.97.

D � kT

mν
(2.94)

µ � e

mν
(2.95)

DK � D

1� � eBmν �2 (2.96)

µK � µ

1� � eBmν �2 (2.97)
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Where B is the magnetic induction assumed uniform and paraxial inside the source. The
global plasma di�usion, however, is a more complex phenomenon than the di�usivity of the
single particles taken independently. To maintain quasi-neutrality and enforce an equal dif-
fusion of the two species towards the walls, in fact, an ambipolar electric �eld arises inside
the plasma. Along the �eld lines, where the di�erent magnetization of ions and electrons has
no constraining e�ect on their mobility the ambipolar di�usion coe�cient may be computed
as shown in Equation 2.98. In the direction perpendicular to the magnetic �eld, instead, the
di�usion coe�cient is of more complex determination. At high magnetic �elds, in fact, due to
their lower mass the electrons are strongly con�ned by the �eld lines and their perpendicular
di�usion is strongly inhibited. At the limit condition, therefore all of the electrons will di�use
axially along the �eld lines, while only ions will be able to cross the �eld lines and di�use to the
outer radial walls. This condition can be roughly modelled using the di�usion coe�cient com-
puted in Equation 2.99 and demonstrated in Reference [3] (hereafter denoted the Lieberman
di�usion coe�cient). When the magnetic induction is low, however, both ions and electrons
become capable of di�using perpendicularly to the �eld lines, and the corresponding di�usion
coe�cient becomes similar to the one found in the axial direction, as presented in Equation
2.100. To capture both of these conditions the two di�usion coe�cients have been merged and
weighed using Equation 2.101. Here λD is a weighing coe�cient found empirically to be, as
will be discussed in Chapter 3 0.8 for �elds below the 200 G mark and unitary for �elds of
higher intensity.

Da‖ �
µiDe � µeDi

µi � µe
(2.98)

DL‖ � µiKTe (2.99)

DaK � µiKDeK � µeKDiK

µiK � µeK
(2.100)

DtotK � exp rp1� λDq lnpDaKq � λD lnpDLKqs (2.101)

Having determined the di�usion coe�cients that characterize the plasma its density at the
source boundaries may now be computed. To do this the Godyak expressions for a cylindri-
cal geometry presented in Ref. [3] have been adopted. These relations join heuristically the
solutions to the di�usion equations found for the collisionless, variable mobility and constant
di�usion regimens, so as to compute the plasma density at its boundaries in function of the
di�usion coe�cient. Through the Godyak expressions, presented in Eqs 2.102 and 2.103, the
ratio between the plasma density at the centre of the source and that at its radial boundaries
(hR) and axial boundaries (hL) may be found.

hR � 0.8�
4� Rs

λi
�
�

0.8Rsub
χ01J1pχ01qDtotK

	2
� 1

2

(2.102)

hL � 0.86�
3� Ls

2λi
�
�

0.86Lsub
πDa‖

	2
� 1

2

(2.103)
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Where λi � vi
νi

is the ion mean free path, χ01 is the �rst zero of the zero order Bessel function
and J1 is the �rst order Bessel function. Before using this result to compute the losses linked to
the particle �uxes to the walls, however, the modelling of eventual cusp lines must be tackled.

The magnetic �eld inside the source, in fact, can be produced in several ways. One of
the most straight forward is to use a series of coils wrapped around the source to induce a
constant and roughly axial magnetic �eld. When using permanent magnets, however, another
possibility is to alternate rings of magnets with opposite polarities and with a radial magnetic
dipole. The magnetic �elds produced by these magnet rings merge inside the source forming,
at a small distance from the outer walls, a constant axial �eld as shown in Figure 2.3 [8].

Figure 2.3: Geometry of the magnetic �eld produced by rings of radial magnets.

As can be seen, however, in proximity of the magnets the magnetic �eld forms a cusp, where
the �eld lines are oriented radially. The di�usion in this region will therefore not be impeded
by the con�ning magnetic �eld since the particles will not have to cross the �eld lines to reach
the radial wall, and a di�erent di�usive model will be necessary. To this end the thickness of
the cusp region in the axial direction can be computed, as demonstrated by Refs. [3] and [8]
following Equation 2.104.

dcusp � 4
?
rcirce (2.104)

Where rci and rce are the ion and electron Larmor radii, computed using the mean speeds
of the two species. Given the number of magnet rings used to generate the magnetic �eld
inside the source (ncusps), the area of the radial wall where the �eld lines can be assumed to be
directed radially (Acusps) can be calculated using Equation 2.105. The plasma density found
in the cusp regions may then be computed using the radial Godyak expression in function of
the parallel ambipolar di�usion coe�cient Da‖ to determine hcusp.

Acusps � ncuspsdcusp2πRs (2.105)

Finally, an e�ective loss area (Aeff ) that includes the plasma density at the source walls
can be computed by means of Equation 2.106, and, imposing the Bohm criterion, used in Eq.
2.107 to determine the number of ions and electrons neutralized at the source walls per unit
volume and time ( 9ni wall, 9newall).

Aeff � hL
�
2λπR2

s � λπR2
f

�� hR p2πRsLs �Acuspsq � hcuspAcusps (2.106)

9ni wall � 9newall � niuBAeff
πR2

sLs
(2.107)
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The coe�cient λ employed in Eq. 2.106 has been used to pass from the plasma density on
the source axis to the radially averaged density, and can be computed by inserting the hR
coe�cient determined into Equation 2.68. The use of the ion or electron density in Eq. 2.107
is indi�erent as, due to their origin and loss mechanisms, the two densities must be equal.

Considering a Maxwellian distribution and a uniform density pro�le the �ow of excited
atoms towards the source walls, and therefore the number of de-excitations per unit time and
volume may also be computed by means of Equations 2.108 and 2.109. Here vwall � vn

4 is the
mean �ow velocity of the excited species in any given direction, corresponding to a quarter of
the mean velocity module.

9n4S wall �
n4Svwallp2πRsLs � 2πR2

s � πR2
f q

πR2
sLs

(2.108)

9n4P wall �
n4P vwallp2πRsLs � 2πR2

s � πR2
f q

πR2
sLs

(2.109)

The variation in the plasma composition due neutralizations and de-excitations at the walls
therefore corresponds to:

9nwall �

�
�����

9ni wall � 9n4S wall � 9n4P wall

� 9n4S wall

� 9n4P wall

� 9ni wall
� 9newall

�
����� (2.110)

Finally, the energy transported to the wall by an ion and electron pair in an ideal station-
ary plasma sheath can be computed using Equation 2.111 [3]. The energy lost by the electron
population per unit time and volume through neutralization at the wall can therefore be cal-
culated through Eq. 2.112. The full energy linked to the ion and electron pair is thus assumed
to be taken only from the electron population. This assumption has to be made due to the
impossibility of determining what portion of the energy found at the source walls comes from
the ion or electron populations using the analytical sheath theory. Because the electrons are
by far the more energetic population, however, it results a reasonable hypothesis.

εwall �
�

5

2
� 1

2
ln

�
mi

2πme


�
Te (2.111)

Pwall � 9ni wallεwall (2.112)

Exhaust losses

The last sink that absorbs the plasma particles, reducing their density inside the source, is
the thruster exhaust. Its description, however, depends on the magnetic nozzle model adopted.
A choked magnetic or physical nozzle, in fact, imposes constant and stationary conditions at
the source exit. Four possible magnetic nozzle models have been integrated into the presented
global source model: the La�eur MN model, the Modi�ed Martinez-Sanchez model and two
versions of the original MS model: one where the plasma undergoes the full expansion in
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the convergent-divergent nozzle and so the plasma density and temperature in the source are
used to normalize the plasma properties in the nozzle; and one where the expansion starts
in the position along the convergent where the nozzle's magnetic �eld matches the one found
in the source. In this latter case stagnation quantities must be computed and used to return
to dimensional quantities in the nozzle. It should be noted that the arrangement in which a
simply divergent nozzle is attached to the source is a particular condition of the latter MS
model application, in which the magnetic �eld in the source corresponds to the one found in
the magnetic throat.

La�eur Nozzle Model When the La�eur MN model is used a stationary plasma sheath
has been assumed at the source exhaust, and sonic conditions have been imposed at the nozzle
entrance. The computation of the ion and electron �ux per unit volume out of the source ( 9ni ex
and 9ne ex) is therefore analogous to the one used to determine the �uxes at the source's axial
walls, as shown by Equations 2.113.

9ni ex � 9ni ex �
λhLniubπR

2
f

πR2
sLs

(2.113)

The energy carried out of the source by a single electron and ion pair (εex) can instead be
computed using Eq. 2.114, as demonstrated by La�eur [1], where Mdet is the plasma Mach
number at the detachment location. Once this is known the energy �ux escaping out of the
nozzle per unit volume (Pex) can be trivially computed by means of Eq. 2.115.

εex � 5

2
Te � 1

2
TeM

2
det (2.114)

Pex � 9ni exεex (2.115)

Modi�ed Martinez-Sanchez Model When using the MMS model sonic conditions at the
source exit, corresponding to the nozzle throat, have been imposed. While the nozzle model
considered requires only the atom mass and their kinetic energy at the nozzle entrance as inputs,
which are both know due to the assumption of a unitary Mach number and the knowledge of
the Bohm velocity, its outputs are adimensional and the normalization electron temperature
and plasma density must be determined to return to dimensional quantities. These are the
quantities found at the source exhaust. The normalization electron temperature is therefore
the electron temperature in the source, assumed to be uniform in the whole domain, while
the plasma density at the source exhaust may be computed as ns � hLni, taking advantage
of the previously determined axial density pro�le. Once again here the use of the ion or
electron density is indi�erent. Once these quantities are known the particle �ux and the
energy transported out of the nozzle may be computed using Eqs. 2.116 and 2.117.

9ni ex � 9ni ex �
λhLniubπR

2
f

πR2
sLs

(2.116)

Pex �
λhLniubTeR

2
f p 9εi th � 9εe thq

πR2
sLs

(2.117)

Where 9εi th and 9εe th are the adimensional ion and electron kinetic energy �uxes computed by
the MMS model at the nozzle entrance.
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Full Martinez-Sanchez Model In the case of the use of the full expansion in the original
Martinez-Sanchez model it has been assumed to start at the centre of the source, meaning
that the normalization quantities necessary to pass from the adimansional model outputs to
physical plasma properties, are the ones computed, instant by instant, by the global model.
This implies that the expansion towards the source exhaust considered for this model is not the
one described by the computed di�usion coe�cients and density ratios, but the one predicted
by the MS model inside the convergent portion of the nozzle. As will be seen, however, these
two expansions result quite similar from the perspective of the global source model, since they
both impose at the source exit a Mach number close to unity ad similar plasma densities. A
few words should be also spent on the normalized ion energy εi necessary to run the Martinez-
Sanchez model, and that has been hypothesised constant. The iterative procedure described in
Section 2.1.2 to determine the exact value of this coe�cient was initially implemented at each
integration time step, but it resulted in much higher computational times and nearly identical
results to the case in which εi was assumed �xed and constant. This is because, as explained,
at values lower than 0.01 this parameter is found to have little in�uence on the model outputs.
For values lower than this threshold, therefore, the normalized ion energy has been assumed
constant, and typically equal to 0.008. Once the outputs from the MS model are known the
particle and energy �uxes per unit volume escaping through the exhaust can be determined
through Equations 2.118 and 2.119. Where ñi th, ṽi th, 9εi th and 9εe th are the adimensional ion
density, velocity and kinetic energy �ux, along with the electron kinetic energy �ux, computed
by the MS model at the nozzle throat.

9ni ex � 9ni ex �
λniubπR

2
f ñi thṽi th

πR2
sLs

(2.118)

Pex �
λniubπR

2
fTe p 9εi th � 9εe thq
πR2

sLs
(2.119)

Partial Martinez-Sanchez Model Finally, the case in which the MS model is used, but
with the expansion starting from the point in the convergent where the magnetic induction
matches the one found in the source. is analogous to the case previously described but with
the additional necessity of computing stagnation quantities (T0e and n0e) with which to return
to dimensional quantities from the normalized model outputs. To this end the stagnation
temperature can be calculated through the use of Equation 2.35, where Ts e is the electron
temperature in the source. The electron density at the nozzle entrance (ns e) may then be
computed via Equation 2.120, whereMs is the Mach number at the nozzle entrance, calculated

asMs �
ṽs

b
eT0e
mi

ub
, with ṽs the adimensional velocity found by the model at the nozzle entrance.

The stagnation density may then be computed through Equation 2.36.

ns e � ne
1�M2

s

(2.120)

Once the stagnation density and temperature are known the particle and energy �ux out of the

nozzle may be computed using Eqs. 2.121 and 2.122, where ub0 �
b

eT0e
mi

is the Bohm velocity

computed at the stagnation temperature.

9ni ex � 9ni ex �
λne0ub0πR

2
f ñi thṽi th

πR2
sLs

(2.121)
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Pex �
λni0ub0πR

2
fTe0 p 9εi th � 9εe thq
πR2

sLs
(2.122)

Finally, to completely characterize the exhaust losses, the �ux of the neutral particles out
of the nozzle must be computed. To this end, once again, an isentropic expansion in the
physical nozzle at the end of the plasma source has been hypothesised. By using the isentropic
expansion relations and employing the quantities relative to the neutral species that is being
considered the number of particles per unit time and volume leaving the source through the
exhaust may be computed with Equation 2.123.

9n �
nπR2

f

?
γmArkTn

�
2

γ�1

	 γ�1
2pγ�1q

mArπR2
sLs

(2.123)

The variation of the number of particles in the source due to the exhaust may then be grouped
as:

9nex �

�
�����

9nn ex
9n4S ex

9n4P ex

9ni ex
9ne ex

�
����� (2.124)

Thrust Computation

Now that all of the particle and energy sinks and sources have been described Equation
2.84 may be integrated, determining the right hand side at each time step in function of the
particle densities and electron temperature. This results in a time dependant pro�le of the
system's state, where as already mentioned the result of interest is the steady state equilibrium
reached. Once the stationary plasma conditions in the source are known the thrust o�ered by
the complete thruster system may be computed. The thrust component due to the charged
particles is obtained as described in Section 2.1 according to the MN model utilized, while the
attachment of the models to the source has been done identically to the one described for the
determination of the exhaust losses and, for brevity, will not be repeated here. The thrust
component due to the neutral particles, instead, can once again be computed by assuming
their isentropic expansion inside of a physical nozzle of expansion ratio εexp. As mentioned the
isentropic hypothesis reaches its limit in the case of a very rare�ed gas, whose behaviour is better
modelled by statistical mechanics. However the small contribution of the neutral particles to
the total thrust mitigate the errors due to this assumption. The Mach number found at the
nozzle exhaust (Mex) can therefore be obtained implicitly through Equation 2.125.

εexpMex �
�

2

γ � 1
�M2

ex

γ � 1

γ � 1


 γ�1
2pγ�1q

(2.125)

The temperature (Tn ex), velocity(vn ex), density (nn ex) and pressure (pn ex) of the neutral �ow
at the exhaust of the physical nozzle may then be computed using Equations 2.126 to 2.129.

Tn ex � Tn

1�M2
ex
γ�1

2

(2.126)
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vn ex �Mex

a
γRArTex (2.127)

nn ex � pnn � n4S � n4P q
�

1�M2
ex

γ � 1

2


 1
1�k

(2.128)

pn ex � eTn pnn � n4S � n4P q
�

1�M2
ex

γ � 1

2


 k
1�k

(2.129)

Finally the thrust due to the neutral particles (Fn) can be found using Equation 2.130, and
the total thrust provided by the thruster (Ftot) is then trivially found with Eq. 2.131.

Fn � πR2
fεexp

�
mArnn exv

2
n ex � pn ex

�
(2.130)

Ftot � Fn � Fplasma (2.131)
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Chapter 3

Model Veri�cation and Comparison

The models presented in Chapter 2 have been veri�ed by comparing, where possible, the
results obtained to the ones presented in their respective References. Where, instead, no
benchmark results were available other veri�cation processes have been considered. In par-
ticular the La�eur nozzle and source models presented in Sections 2.1.1 and 2.2.1 have been
veri�ed against the results presented in Reference [1], while the Martinez-Sanchez MN model
has been compared with the conclusions of Reference [2] and, where these were not su�cient
to validate all of the computations done, with considerations of physical nature. The Modi�ed
Martinez-Sanchez model, instead, has been veri�ed against the results of the full MS model
of which it is a simpli�cation, checking that the assumptions made have not undermined the
accuracy of the algorithm. Finally, while no direct references were available for the global
source model developed, some of the main assumptions adopted, namely the expressions for
the di�usion coe�cients, the empirical radial distribution function, and the collision rates, have
been validated against empirical data and compared with alternative expressions. The most
relevant veri�cations have been presented in Section 3.1, while the more straight forward ones,
for the sake of brevity, have not been shown.

In Section 3.2, instead, the results of the developed models have been compared and critically
analysed. The typical results o�ered by the detachment criteria and the divergence e�ciency
algorithm have also been presented here, along with their interaction with the nozzle models
and their in�uence on the computed total thrust. At the end of this Section considerations on
the numerical and computational properties of the models have also been made.

3.1 Veri�cation

3.1.1 La�eur Models

As mentioned the implementation of the La�eur source model, nozzle model and detachment
criteria have been veri�ed against the results presented in Reference [1]. To this end the source
model has been run, together with the MN La�eur model and the detachment criterion with the
input parameters presented in Table 3.1. The computed thrust and the propellant utilization
e�ciency obtained in function of the total input power can be seen in Figure 3.1. Here the
continuous lines corresponds to the results obtained by the implemented model, while the full
circles are data-points taken from Figures 6 and 8 of Reference [1]. In panel (a) the black line
represents the full thrust provided by the modelled thruster while the blue line corresponds to
the portion of thrust due to the presence of the magnetic nozzle. As can be seen La�eur's model
roughly predicts a doubling in the propulsive properties of a cathodeless thruster thorugh the
addition of the magnetic nozzle.

As can be appreciated in Figure 3.1 the implemented model follows faithfully the benchmark
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Parameter Value Units

Source radius (Rs) 3.25 cm
Source length (Ls) 12 cm
Mass �ux ( 9m) 0.72 mg s�1

Source magnetic �eld (Bs) 171.5 G
Throat magnetic �eld (Bth) 269 G
Wave coupling e�ciency (ηrf ) 0.9 �

Table 3.1: Thruster parameters used to validate the La�eur models
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Figure 3.1: Comparison between the computed results and the ones presented in Reference
[1]. Panel (a) shows the total thrust (black line) and the thrust provided by the magnetic
nozzle (blue line) as function of the total provided power (PT ). Panel (b) plots the propellant
utilization e�ciency (ηd) against the total provided power. In both panels the continuous lines
represent our results and the circular markers the benchmark data.

data-points, with a maximum relative error between the model and the reference values of
roughly 0.5%. This implies that all three components of the model have been correctly coded:
as explained in Chapter 2, in fact, the La�eur source model, MN model and detachment
criterion all contribute to the computation of both the thrust and the propellant utilization
e�ciency.

3.1.2 Martinez-Sanchez Model

The Martinez-Sanchez model is the most complex nozzle algorithm presented in this thesis,
and it has, therefore, been thoroughly veri�ed. Figures 4, 5, 6 and 7 of Reference [2] have
been replicated and compared, in order to validate the computations of the potential, plasma
density, velocity, and electron and ion temperatures along the nozzle. Moreover in order to
verify Equations 2.27 to 2.32, that have been autonomously derived, the energy conservation
principle and the de�nition of the average kinetic energy have been utilized. Finally, for those
cases in which no validation principles have been found some simple physical considerations
can be invoked in order to justify the solutions found. For the sake of brevity only the most
important and relevant validations of this model are presented here.

The fundamental output of the Martinez-Sanchez model is the ambipolar potential that
arises inside the nozzle. This is in fact the variable that grants the minimization of the quasi-
neutrality and current errors, and that is then used to compute all of the plasma properties
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throughout the expansion. To verify the computation of this important value the model has
been evaluated for a value of the normalized initial ion energy εi � 0.1 and for three mass ratios
mratio � 103, 104, 105, imposing a desired net current inside the nozzle j̃ � 0 and utilising a
weight in the error computation of Eq. 2.20 of K � 35. The results have then been compared
with data-points taken from Figure 4 of Ref. [2]. As can be seen in Figure 3.2, where the
adimensional potential Φ is plotted against the magnetic �eld along the nozzle normalized by
its maximum value (β), the implemented code matches well with the data-points taken from
the paper, with a maximum relative error of 3%. The small discrepancies present may be
attributed either to the unknown value of the weight K utilised by the authors, to the di�erent
optimization algorithms adopted, or to a di�erent initial guess.
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Figure 3.2: Normalized magnetic induction (β) and corresponding adimensional potential
(Φ) along the nozzle for the di�erent values of mass ratios considered. The blue, red and black
lines represent respectively the results obtained from the implemented model for mratio �
103, 104, 105. The circular markers, of matching colours are the reference data-points.

The other two plasma properties that are fundamental for the correct utilisation of the
model, as they directly enter the error to be minimized, and for the computation of the propul-
sive properties of the thruster are the normalized plasma density and velocity along the nozzle.
These have been computed for an initial adimensional ion energy εi � 0.1 and a mass ratio
mratio � 103, while the prescribed net current and weight parameter have been �xed at j̃ � 0
and K � 35. The results, expressed as a function of the normalized potential Φ and compared
with the data-points taken from Figure 5 of Ref [2], are shown in Figure 3.3. Once again the
computed values have been presented as a continuous line, while the �lled circles represent
the benchmark data-points. As previously an excellent agreement has been found between
the implemented model and the reference data, with maximum relative deviations of 5% for
the density, and 1% for the velocity. It is interesting to note that the velocity found by the
model at the magnetic throat (marked with a cross in panel (b)), normalized by the Bohm
velocity computed in the reservoir, is slightly larger than one. Since the electron temperature
decreases along the nozzle the local Mach number at the throat (M � 1.08) implies a slightly
supersonic speed. While this clashes slightly with the classical assumption of a sonic velocity
in the nozzle's throat it is in agreement with recent experimental data [42].

Equations 2.31 and 2.32, used to compute the kinetic energy �uxes of ions and electrons,
cannot be compared with any of the results presented by Martinez-Sanchez, but can be val-

51



CHAPTER 3. MODEL VERIFICATION AND COMPARISON

0 0.2 0.4 0.6 0.8 1

 [-]

10-6

10-4

10-2

100

n
 [
-]

Computed density

Benchmark data

(a) Density

0 0.2 0.4 0.6 0.8 1

 [-]

0

0.5

1

1.5

2

2.5

3

3.5

v
 [
-]

Computed velocity

Benchmark data

(b) Velocity

Figure 3.3: Normalized plasma density (n) and velocity (v) in function of the adimensional
electric potential (Φ). In both panels the continuous line represents the obtained results and
the circular markers the reference data. In panel (b) the cross-shaped marker indicates the
magnetic throat and the corresponding velocity normalized by the Bohm velocity in the source.

idated by verifying that the conservation of energy is respected. Indeed, since the magnetic
nozzle does not impart any work onto the plasma beam, because the magnetic forces are always
by de�nition perpendicular to the particles' velocities, the total energy �ux computed in each
point of the nozzle must be constant. Once again to verify this the model has been run with
εi � 0.1, mratio � 103, j̃ � 0 and K � 35. As shown by Figure 3.4, where the black and red
lines represent respectively the speci�c ion and electron kinetic energy �uxes ( 9εi and 9εe) along
the nozzle, while the blue line is the total kinetic energy �ux ( 9Etot), computed by multiplying
the total speci�c energy �ux by the local cross-section of the plasma beam as shown in Equation
3.1. Here the area of the plasma beam has been computed by invoking the conservation of the
magnetic �ux A � Ath

β , where Ath is area of the magnetic throat and β is the local magnetic
induction, normalized by the magnetic �eld in the throat. As shown by Figure 3.4 the total
kinetic energy �ux is constant and the conservation of energy is respected.

9Etot � Ath
β

p 9εi � 9εeq (3.1)

Finally, no benchmark data is available to validate equations 2.27 to 2.30. However, for
the ions, it can be demonstrated that Equation 3.2 must hold, where xẼiy is the average ion
kinetic energy in a given point of the nozzle, while xṽ‖iy and xṽKiy are respectively the average
parallel and perpendicular ion velocities.

xẼiy � 1

2

�xṽ‖iy2 � xṽKiy2
�

(3.2)

By reverting to the moments of the distribution function (fi, expressed in Eq. 2.8) and to
dimensional physical variables, in fact, Equation 3.2 can be rewritten as:
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Figure 3.4: Kinetic energy �uxes along the nozzle. The total kinetic energy �owing through
the nozzle (blue line), and the local kinetic energy �uxes of ions (black line) and electrons (red
line) at each point of the nozzle are plotted against the normalized potential (Φ).

(3.3)

Where αi is the angle between the velocity vector considered (v) and the axial direction.
Invoking, now, the orthogonality of sines and cosines, and thanks to the presence of the Dirac
delta in the ion distribution function, the exponent may be brought inside the integral and an
identity is reached, as shown in Eq. 3.4. The same cannot be done for the electrons because
of their much more complex distribution function, which does not allow the passage from Eq.
3.3 to Eq. 3.4. Nevertheless, the validation of the expressions of the ion perpendicular velocity
and speci�c kinetic energy by means of Equation 3.2 can be appreciated in Figure 3.8
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While no way has been found to validate Equations 2.28 and 2.30, some physical consid-
erations can be made to justify the results obtained. By running once more the model with
the usual parameters (εi � 0.1, mratio � 103, j̃ � 0 and K � 35) the electron speci�c ki-
netic energy (Ee) and the electron average perpendicular velocity (vK e) presented in Figure 3.6
can be found. The former, found in panel (a), displays a physically intuitive behaviour when
considering that it has been normalized by the electron thermal energy in the reservoir. At
the start of the expansion, in fact, the kinetic energy results 1.5 times the thermal energy, as
expected form a full Maxwellian distribution in three dimensions. As the expansion proceeds,
instead, the electrons' kinetic energy decreases due to the presence of a negative potential,
that tends to repel them towards the reservoir, but does not reach zero allowing for a non-null
particle �ux along the nozzle. The average perpendicular velocity, presented in panel (b), can
be similarly analysed. Its initial value, in fact, corresponds to the one expected from a perfect
Maxwellian distribution, and decreases as the electrons advance downstream and the perpen-
dicular velocity is transferred into the axial direction by the magnetic nozzle e�ect. At the end
of the expansion the perpendicular velocity of the electrons approaches zero, as all of it has
been converted into the axial component of the velocity.
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Figure 3.5: Veri�cation of Equation 3.2. The results of the right hand side of the equation
(black line), and the normalized speci�c ion kinetic energy computed by the MS model (blue
open circles) are plotted against the normalized local potential (Φ).
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Figure 3.6: Normalized electron speci�c kinetic energy (Ee) and average perpendicular ve-
locity (vK e) along the nozzle. The axial coordinate is identi�ed through the normalized local
potential (Φ).

3.1.3 Modi�ed Martinez-Sanchez Model

As mentioned the Modi�ed Martinez-Sanchez model has been veri�ed by benchmarking
it against the original MS model, checking that under the correct conditions the discrepancy
between the models reduces to zero. To this end the MS model has been run with an initial
adimensional ion energy of εi � 0.1, a mass ratio between ions and electrons of mratio � 103,
a prescribed net current j̃ � 0 and an error weight of K � 20. On the other hand the MMS
algorithm has been run with the same mass ratio, prescribed net current and error weight, but
with a normalized kinetic energy at the nozzle throat of 0.5, corresponding to the sonic velocity
condition. The resulting output potential, plasma velocity and density obtained from the two
models have been compared in Figure 3.7, where for clarity the MMS data has been represented
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with blue circles, while the continuous black line corresponds to the MS outputs. Of course,
since the Modi�ed Martinez-Sanchez model is limited to the description of a simply divergent
nozzle the results had to �rst be aligned. In all panels, therefore, the potential computed by the
full MS model at the magnetic throat has been used to shift the potential distribution found
through the modi�ed algorithm, which by assumption would otherwise force the potential to
zero at the throat. Likewise the densities displayed in panel (b) have been normalized by the
plasma density at the throat, reason for which the MS model computes a normalized density of
roughly 2 at the reservoir, instead of 1 as would be expected. By observing Figure 3.7 a nearly
perfect agreement can be appreciated between the potential and plasma density (panels (a)
and (b)) predicted by the two models. A slight discrepancy, especially in the further regions
of the nozzle may instead be noted in the velocity (panel (c)).
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Figure 3.7: Comparison between the outputs of the Modi�ed Martinez-Sanchez (blue open
circles) and the Martinez-Sanchez models (continuous black line). The normalized density (n),
velocity (v) and magnetic �eld (β) are plotted against the normalized potential (Φ), used to
identify the axial position along the nozzle.

The di�erence found in the velocity computed by the two models may be attributed to the
thermal energy that the ions still maintain at the magnetic throat. While at the throat this
energy is indeed stored under the form of a thermal agitation, and therefore averages out in the
computation of the average axial plasma velocity, as the expansion proceeds it is converted into
axial kinetic energy through the conservation of the �rst adiabatic invariant. The �nal velocity
computed by the MS model, that takes into consideration this energy source, results therefore
higher than the one computed by the Modi�ed Martinez-Sanchez model, that neglects the ion
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thermal energy. This interpretation may be veri�ed by running the MMS model with an initial
ion kinetic energy equal to the ion energy found by the MS model at the nozzle throat. As
shown in Figure 3.8 this approach leads to an overestimation by the MMS model of the axial
velocity at the throat, where it considers the ion thermal energy already converted into the
axial kinetic energy, but a precise alignment of the results at the end of the expansion, where
both models now consider the full ion energy to be directed axially. This analysis implies that,
as expected, for a simply divergent geometry the Modi�ed Martinez-Sanchez model is capable
of accurately substituting the full MS model for low initial ion thermal energies. For higher
ion energies, however, especially in the further regions of the expansion, the model is prone to
the underestimation of the plasma velocity. In the case of the cathodeless thrusters considered
most of the energy transferred to the plasma is stored into the electron population, meaning
that the adimensional initial ion energy is su�ciently low to permit an accurate use of the
MMS model. For the typical values of adimensional initial ion energies between εi � 0.01 and
εi � 0.001, in fact, the maximum relative deviation found at the end of the expansion, where
the results of the two models show the biggest discrepancies, did not exceed 5%.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

 [-]

0

0.5

1

1.5

2

2.5

3

3.5

4

v
 [

-]

Martinez-Sanchez

Modified Martinez-Sanchez

Figure 3.8: Comparison between the velocities computed by the MS and MMS models. The
normalized plasma velocity (v) along the nozzle computed by the MS model (black line) and
the solution obtained from the MMS model (blue line) in function of the normalized potential
(Φ).

3.1.4 Global Source Model

As mentioned no direct veri�cation is available for the Global source model, which has
been autonomously developed. Some of the main hypotheses and modelling choices made may
however be compared with experimental data in order to verify their accuracy. Amongst these
one of the most delicate and complex physical phenomena to model is the ion and electron
di�usion towards the radial walls and the consequent ratio between the plasma density on the
source axis and the one found at the outer walls (hR). The determination of this quantity
in fact requires the correct modelling of both the plasma reactions, necessary to compute the
particles' collision frequencies, and its dynamics, fundamental in the description of the cross-
�eld di�usion. The hR coe�cient, as explained in Section 2.2.2, may be computed analytically
by means of the Godyak expressions, starting form the perpendicular di�usion coe�cientDtotK.
In the global source model presented this coe�cient has been determined by joining heuristically
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two di�usion models, as explained, with Equation 2.101, where the coe�cient λD is taken equal
to 0.8 for magnetic inductions below 200 G and to 1 for higher magnetic �elds. However other
expressions used to determine the perpendicular di�usion coe�cient have been proposed in
Reference [61], namely the simple ambipolar di�usion (corresponding to Eq. 2.100), the Simon
di�usion, the Simon ambipolar di�usion and the Lieberman di�usion (corresponding to Eq.
2.99). The density ratio coe�cients hR obtained through the Godyak expression form these
di�erent di�usion coe�cients, together with the implemented one, have been computed for
di�erent values of magnetic induction and compared with the empirical expression proposed
by La�eur [1] and reported in Eq. 2.67. The results, that have been used to determine the
most adequate expression for the perpendicular di�usion coe�cient and an empirical value for
the coe�cient λD, have been reported in Figure 3.9, for di�erent values of magnetic induction.
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Figure 3.9: Density ratios between the source axis and the outer radial walls (hR) computed
with di�erent perpendicular di�usion coe�cients, and for di�erent magnetic inductions. The
Implemented Model column shows the solutions o�ered by the heuristic joining of the Ambipolar
and Lieberman expressions implemented in the Global source model.

As shown in Figure 3.9 the comparison between the adopted modelling of the radial density
ratio hR and the empirical expression proposed by La�eur results in quite a good agreement
between the two possibilities. On the other hand the ambipolar, Simon and Simon ambipolar
expressions proposed for the di�usion coe�cient all greatly underestimate the plasma radial
di�usion. This can be explained by considering that these expressions assume that both elec-
trons and ions di�use together towards the radial walls, strongly limiting the di�usion because
of the electrons' inferior ability to cross the �eld lines. The Lieberman expression, instead,
considers the radial di�usion of only ions, while the electrons reach the source walls by moving
axially along the �eld lines, and especially for higher magnetic inductions better agrees with the
empirical model. To further verify that the model developed is capable of accurately predicting
the radial distribution of the plasma the distribution obtained through Equation 2.66 and the
computed hR coe�cient has been benchmarked against the experimental data of Reference [62].
To this end the global source model has been run with the source characteristics presented in
Table 3.2 and for two values of magnetic induction: B � 0 G and B � 3825 G. This latter
magnetic �eld intensity is much higher than the typical ones encountered in cathodeless plasma
thrusters, and a validation of the radial distribution for lower �eld intensities would be largely
bene�cial. No further experimental data of the radial distribution of the density inside the
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source for such �eld values however has been found in the literature. As shown in Figure 3.10
a good agreement has been reached between the Global source model and the experimental
data, with maximum relative errors of 10%.

Parameter Value Units

Source radius (Rs) 3.2 cm
Source length (Ls) 30 cm
Mass �ux ( 9m) 0.24 mg s�1

Input power (PT ) 600 W
Wave coupling e�ciency (ηrf ) 0.85 �

Table 3.2: Source parameters used to validate the computed plasma radial pro�le.
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Figure 3.10: Comparison between the computed plasma radial pro�le (black line) and the
experimental data (closed blue circles) from Reference [62].

Finally, the expressions for the ionization and elastic scattering reaction rates (Kiz and
KEl) presented in Table 2.2, have also been compared to other experimental data. Only these
reaction rates have been validated because no corresponding experimental data have been found
for the other reactions. Most databases, in fact, group excitation and de-excitation reactions
in a single coe�cient, resulting in reaction rates that are challenging to compare with ones
that model these types of collisions separately. Moreover experimental data on the Langevin
and Coulomb scattering, along with charge exchange reactions, have not been found in the
considered databases. The Lieberman expressions for ionization and elastic scattering reaction
rates [3], utilized in the Global source model, have therefore been compared with another set
of analytical expressions proposed by Eggarter [63] and with the cross-sections found in the
Hayashi [64], Biagi [60] and BSR [65] databases and integrated over a Maxwellian distribution
using the Bolsig+ algorithm [59]. The results, in function of the electron temperature Te,
have been presented in Figure 3.12, where the green line represents the Lieberman analytical
expression adopted in the model.

As can be seen in the case of the ionization of Argon from the ground state all of the considered
references are in good agreement. The elastic scattering, instead, �nds the considered references
in slight disagreement. The Lieberman expression, in any case, �nds con�rmation in the BSR
database and in the Eggarter expressions, and has therefore been implemented into the model.
It should also be mentioned here that while the Lieberman expressions utilised are formally
valid in an electron temperature range between 1 eV and 7 eV it is apparent form Figure 3.12
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Figure 3.11: Comparison between the di�erent ionization and elastic scattering reaction rates
(Kiz and KEl) obtained from regressions and databases found in the literature in function
of the electron temperature Te. The red, yellow and purple lines represent the values found
respectively in the Biagi, Hayashi and BSR databases, while the blue and green lines correspond
to analytical �ttings proposed by Eggarter and Lieberman. This latter expression is the one
adopted in the Global source model.

that this validity range may potentially be stretched to higher temperatures.

3.2 Comparison

3.2.1 Source Models

The Global source model and the La�eur source model have been run with identical input
data, summarised in Table 3.3, in order to compare the results obtained through the two
algorithms. The assumed thruster characteristics are those of a typical Helicon Plasma Thruster
[1]. To better compare the two source models and to make sure that any discrepancy in the
results could not be attributed to a di�erent description of the nozzle, the La�eur MN model
has been used to de�ne the boundary conditions at the source exhaust for both models. A
simply divergent nozzle, with a magnetic induction at the throat identical to the one found in
the plasma source, has been considered, along with La�eur's detachment criterion.

Parameter Value Units

Source radius (Rs) 3.25 cm
Exhaust radius (Rf ) 3.25 cm
Source length (Ls) 12 cm
Mass �ux ( 9m) 0.72 mg s�1

Source magnetic induction (B) 100 G
Total input power (PT ) 600 W
Wave coupling e�ciency (ηrf ) 0.85 �

Table 3.3: Thruster parameters used to compare the Global source model and the La�eur
Source model.

The electron temperature and the maximum plasma density computed by the two models
can be found in Table 3.4, while the axial pro�les of the Mach number and plasma and neutral
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densities computed by the La�eur model are shown in panels (a) and (b) of Figure 3.12. As can
be seen from Table 3.4 a strong discrepancy has been found between the models. This di�erence
in results however may not be attributed to a deviation in the way that the plasma losses are
computed, as by forcing the same plasma conditions onto the two models the loss terms at the
source walls and exhaust result very similar. The cause of the discrepancy between the models
is instead to be found in the governing equations adopted. Indeed, as already mentioned in
Section 3.12, the disagreement may be attributed to the fact that in the La�eur source model
the collisions are neglected in the momentum equation. This results in an overestimation of the
velocity at the exhaust and a consequently high electron temperature (necessary to maintain
sonic conditions at the nozzle throat), along with a noticeably low plasma equilibrium density.
The high exhaust velocities in fact cause a large number of particles to escape the source,
decreasing the density. The results obtained form the Global source model are instead more in
line with the expected values. Indeed, thrusters similar to the one modelled have been shown to
produce electron temperatures in a range between 3 eV and 6 eV, and plasma densities between
1� 1018 m�3 and 1� 1019 m�3 [53].

Model Maximum plasma density [m�3] Electron temperature [eV]

La�eur source model 0.67 13.19
Global source model 1.42 5.93

Table 3.4: Plasma properties predicted by the source models for the thruster characterised
in Table 3.3
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Figure 3.12: Plasma properties predicted by the La�eur source model for the thruster char-
acterised in Table 3.3. Panel (a) shows the Mach number (M) in function of the normalized
axial coordinate (z). In panel (b) the neutral gas density (blue line) and the plasma density
(black line) along the source are shown. The dashed black line marks the maximum plasma
density.

It should however be mentioned that the La�eur source model results, in any case, very
e�cient in the calculation of the propulsive properties of a modelled thruster. Indeed, as shown
by Eq. 2.7, the thrust produced can be considered proportional to the product of the plasma
density and the electron temperature found inside the source (nTe). By comparing this quantity
computed through the two source models, in Figure 3.13 it is then possible to appreciate their
close agreement, especially at lower power and ionization fractions. This leads, in the end, to
the computation of similar propulsive properties. Furthermore the La�eur model does come
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with a few advantages, like the possibility of obtaining an axial density and velocity distribution
inside the source, as well as the slightly faster computational times. Nevertheless, for the sake
of brevity and because of the more accurate physical description of the generated plasma that
it o�ers, only the Global source model will be used to describe the plasma generation stage of
cathodeless thrusters in the remaining pages of this thesis.
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Figure 3.13: Comparison between the product of the plasma density and electron temperature
(nTe) computed by the Global source model (black line) and the La�eur source model (blue
line) in function of the total power provided to the thruster (PT ).

3.2.2 Nozzle Models

Like for the source models, the results obtained from the di�erent nozzle models described
in Section 2.1 have been compared. To this end the expansion in a simply convergent nozzle has
been modelled using the three proposed algorithms. The nozzle has been considered attached
to a reservoir containing a plasma whose characteristics are summarised in Table 3.5, and the
zero of the ambipolar potential has been placed at the nozzle throat. For the La�eur and
Modi�ed Martinez-Sanchez algorithms a unitary Mach number has been imposed at the nozzle
entrance, while the stagnation quantities have been used for the Martinez-Sanchez model so as
to force the plasma properties found in the reservoir in the nozzle throat, albeit the necessary
computation of the full convergent-divergent geometry. The plasma potential, density and
velocity found by the three models may be seen respectively in panels (a) (b) and (c) of Figure
3.14. Here the density and velocity have been normalized by the plasma density and Bohm
velocity found in the reservoir, while the potential has been left dimensional, so as to compare
the total potential drop computed by the di�erent models

As can be seen the behaviour of the potential computed by the three models is in very good
agreement. The main di�erence is that for an in�nite expansion where the magnetic induction
approaches zero the La�eur model, due to its assumption of electron isothermality, �nds an
ever-decreasing ambipolar potential, while the other two models, that capture electron cooling,
are capable of �nding a �nite value for this quantity. The e�ect of this in�nite acceleration of
the ions considered by the La�eur model can be seen also in panel (c), where the plasma velocity
in the far region of the nozzle continues to increase inde�nitely, while the one computed by the
other two models �nds a maximum �nite value. The discrepancy in the velocities computed
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Parameter Value Units

Plasma density (n) 1018 m�3

Electron temperature (Te) 4 eV
Ion to electron mass ratio (mratio) 72820 -
Initial ion internal energy(εi) 0.01 -
Net prescribed current (j̃) 0 -
Throat radius (Rs) 3.25 cm

Table 3.5: Plasma parameters used to run the magnetic nozzle models
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Figure 3.14: Properties of the expanding plasma along the nozzle according to the La�eur
model (black line), the MMS model (blue line) and the MS model (red line). The normalized
magnetic induction (β) has been used to identify the position along the diverging nozzle.

by the MS model with respect to the other two algorithms is, instead, due to the throat
conditions considered. As shown in Figure 3.3, in fact, the Martinez-Sanchez model �nds a
slightly supersonic velocity at the magnetic throat, inducing a shift in the velocity values, that
remains nearly constant throughout the majority of the expansion. It has been veri�ed, but for
brevity the resulting Figure will not be shown here, that by imposing the velocity computed at
the magnetic throat by the MS model as the initial condition for the other two models, a very
good agreement between the velocity pro�les can be reached. Similarly the discrepancies in
the density pro�les shown in panel (b) may also be explained thanks to the di�erent velocity
conditions found at the magnetic throat. To guarantee the �ux conservation through the nozzle
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in presence of the higher velocities obtained, in fact, the MS model computes a slightly higher
density pro�le throughout the expansion.

The thrust due to the charged particles computed by the three nozzle models may also be
compared, in order to shed some light on the e�ects of a magnetic nozzle and on the results of
the implemented algorithms. This thrust may be subdivided in two di�erent ways, as shown
in Equations 3.5 and 3.6. In the former case two thrust contributions are highlighted: one
deriving from the momentum �ux that the plasma particles carry out of the thruster (Fmom)
and one from the pressure exerted by the plasma's thermal agitation (Fpres). In the latter,
instead, the thrust is subdivided into the portion of thrust simply obtained by the mechanical
forces acting onto the source walls (Fsource), and the thrust increment due to the presence of
the magnetic nozzle (FMN ).

Fplasma � Fmom � Fpres (3.5)

Fplasma � Fsource � FMN (3.6)

Considering once again a simply diverging nozzle attached to the plasma reservoir described
by Table 3.5, the thrust forces shown in Figure 3.15 can be found. Here the thrust values
have been linked to a point along the nozzle expansion, identi�ed by the local normalized
magnetic induction β, by computing the thrust that would be obtained if the nozzle ended
in the considered location and the plasma underwent no further expansion. For each model,
the total thrust (Fplasma) has been represented with a continuous line, the contribution of the
magnetic nozzle e�ect to the total thrust (FMN ) with a dashed line, and the portion of the
thrust due to the plasma pressure at the nozzle exhaust (Fpres) with a dotted line. This last
contribution has not been shown for the La�eur model, as it is undistinguishable from the
portion of thrust due to the particle momentum �ux crossing the exhaust section because of
the way that the thrust is computed in Equation 2.7.

Once again here the slightly higher total thrust computed by the MS model can be explained
through the higher Mach number found at the throat, while the diverging values of total thrust
found by the La�eur model far downstream are a consequence of the isothermal assumption. For
this reason the La�eur model must be linked to a detachment criterion: if the expansion is not
truncated somewhere along the nozzle the computed thrust results in�nite. This is not a strict
necessity for the other two models, that are capable of expanding the plasma to in�nity without
incurring into unphysical thrust values. It is interesting to note that the magnetic nozzle results
responsible for roughly half of the total thrust obtained, and becomes more e�cient the further
the plasma can be expanded before detachment. A correctly designed magnetic nozzle can
therefore be expected to roughly double the propulsive performance of a cathodeless plasma
thruster. On the other hand instead the contribution to the total thrust o�ered by the plasma
pressure at the nozzle exhaust decreases, logically, as the expansion proceeds. As can be seen
this contribution to the thrust becomes rapidly negligible as one proceeds downstream of the
throat and most of the propulsive force is stored into the momentum transported out of the
thruster by the plasma particles. This e�ect can be attributed to the conversion of the internal
plasma energy to axial kinetic energy of which the magnetic nozzle is responsible.

Having described the results obtained through the nozzle models some more general con-
siderations on their use and characteristics are mandatory. The most apparent di�erences
between the models are the magnetic geometries that they are capable of modelling and the
plasma properties that they can compute. The original Martinez-Sanchez model is in fact
the only one capable of handling a convergent-divergent magnetic nozzle, as well as o�ering
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Figure 3.15: Comparison between the plasma thrust forces computed by the La�eur (black
lines), MS (red lines), and MMS (blue lines) models. The the total thrust granted by the
plasma (continuous lines), the thrust increment due to the magnetic nozzle (dashed lines), and
the contribution to the thrust due to the plasma pressure (dotted lines) are shown in function
of the normalized magnetic �eld (β).

the most detailed description of the plasma characteristics throughout the expansion. It is in
fact able to compute both the electron and ion densities, parallel and perpendicular velocities,
parallel and perpendicular temperatures, kinetic energies and energy �uxes. The Modi�ed
Martinez-Sanchez model and the La�eur model, instead, are only capable of describing a sim-
ply divergent geometry, and while the former is capable of completely characterizing only the
electron population the latter only provides the plasma density, velocity and the ambipolar po-
tential, along with the electron temperature, constant by assumption. This lack of information
leads to the impossibility of using the Merino and Are�ev detachment criteria with the La�eur
model, and the Merino criterion with the MMS model. On the other hand the Martinez-Sanchez
algorithm is computationally quite cumbersome, requiring up to three hours to converge to a
self-consistent solution when the nozzle is subdivided into 200 evaluation points. Furthermore
it is also numerically unstable, requiring a �ne tuning of the weight K, used to compute the
error to be minimized, to reach convergence, especially for high values of initial ion energy and
mass ratios. These problems are further aggravated if the initial ion energy must be determined
through an iterative procedure as described in Section 2.1.2. For the low ion energies typically
present in cathodeless plasma thrusters, however, this usually causes negligible variations in
the computed results, and can therefore be avoided. The presented drawbacks are strongly
mitigated by the normalization carried out on the model outputs, which makes them depend
only on the ion to electron mass ratio of the propellant and on the ion energy when its adimen-
sional value is higher than 0.01. Having �xed these values the model outputs may therefore be
saved and utilized for any type of plasma conditions upstream of the nozzle, allowing to run
the Martinez-Sanchez model only once. The Modi�ed Martinez-Sanchez model also overcomes
these drawbacks by slightly simplifying the computations, that allows to reduce the computa-
tional cost, and by considering only the divergent part of the nozzle. From the stability point
of view, in fact, the most challenging region is the nozzle throat, where the derivative of the
magnetic intensity changes sign. By considering only the divergent portion of the nozzle, then,
the MMS model greatly improves the stability of the algorithm. In conclusion, considering
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the similarity between the obtained solutions, the La�eur model may be preferred to the other
models because of its simplicity and velocity, albeit the mandatory need for a precise detach-
ment criterion. However if more detailed information on the plasma properties are needed, for
example for the computation of a detachment criteria, the other two algorithms may result the
more adequate alternatives.

The behaviour of the divergence e�ciency, computed as explained in Section 2.1.5, should
now be considered as it can strongly in�uence the total thrust o�ered by the engine. To this end
a magnetic nozzle generated by a current ring with a radius three times bigger than the source
radius was considered. The divergence e�ciency of this nozzle, again computed in function of
the normalized magnetic induction β that identi�es a precise axial distance from the throat, is
reported in panel (a) of Figure 3.16, while its in�uence on the thrust computed by the three
magnetic nozzle models is shown in panel (b).
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Figure 3.16: The divergence e�ciency (ηdiv) and its e�ect on the thrust. In panel (b) the
thrust, corrected with the divergence e�ciency, found by the La�eur, MMS and MS models is
represented respectively with the black, blue, and red lines

As can be seen the divergence e�ciency decreases as the expansion proceeds downstream and
the �eld lines gradually fan outwards. Indeed, the divergence is unitary at the magnetic throat,
where all the �eld lines are directed axially, and null at in�nity, where the �eld lines have either
turned back towards the thruster or are fully directed axially. This e�ciency pro�le implies, as
shown by panel (b), that a point along the nozzle exists where the thrust is maximum. Here in
fact the plasma has underwent a su�cient expansion, increasing the provided thrust through
the magnetic nozzle e�ect, but is still principally directed axially, granting a good divergence
e�ciency. By taking this into consideration then the optimal detachment location is not at
in�nity as would appear from Figure 3.15, but at a precise point along the nozzle that depends
on the geometry of the �eld lines and on the radial density pro�le found in the plasma.

3.2.3 Detachment Criteria

The e�ect of the detachment, and of the criteria used to determine its location, becomes
therefore of paramount importance. In fact, the detachment location strongly in�uences the
divergence e�ciency, especially in the further regions of the nozzle, and in turn the thrust
granted by the thruster. Furthermore a precise and e�ective detachment criteria would allow
the use of the simple La�eur MN model without worrying about the unphysical e�ects found at
in�nity, that would be cut out. Indeed, in most cases plasma detachment is likely to occur in a
region of the nozzle where the MS, MMS and La�eur models o�er very similar solutions, albeit
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with di�erent levels of complexity and computational times. However, as explained in Section
2.1.4, the detachment location is of complex determination, especially when using simple mono-
dimensional nozzle models, and is in reality only an idealized concept: the plasma does not
detach form the �eld lines at a given axial coordinate, but over a complex, bidimensional
surface. With the intent of further analysing the e�ects of the detachment location and the
di�erences between the proposed criteria, the simulation of a simply divergent nozzle given by
the Martinez-Sanchez model has been truncated using all of the four criteria described. The
MS model has been used as it is the only one capable of supporting all of the criteria proposed.
The parameters of the Argon plasma reservoir upstream of the nozzle, as well as the properties
of the magnetic nozzle considered have been summarised in Table 3.6.

Parameter Value Units

Plasma density (n) 1018 m�3

Electron temperature (Te) 4 eV
Ion to electron mass ratio (mratio) 72820 -
Initial ion internal energy(εi) 0.01 -
Net prescribed current (j̃) 0 -
Throat radius (Rs) 3.25 cm
Throat magnetic induction (B) 100 G
Current ring radius (Rr) 9.75 cm

Table 3.6: Plasma and magnetic nozzle parameters used to compare the detachment criteria.

00.20.40.60.81

 [-]

1.5

2

2.5

3

T
h
ru

s
t 
[m

N
]

Martinez-Sanchez model

Lafleur detachment

Modified Lafleur detachment

Merino detachment

Arefiev detachment

(a) Thrust without the divergence e�ciency

00.20.40.60.81

 [-]

0

0.5

1

1.5

2

2.5

T
h
ru

s
t 
[m

N
]

Martinez-Sanchez model

Lafleur detachment

Modified Lafleur detachment

Merino detachment

Arefiev detachment

(b) Thrust with the divergence e�ciency

Figure 3.17: Detachment locations found by the four detachment criteria proposed along
the magnetic nozzle, and the corresponding thrust. The La�eur, modi�ed La�eur, Merino
and Are�ev criteria are identi�ed respectively using black open triangles, squares, circles and
crosses. The red line represents the total thrust computed by the MS model.

Figure 3.17 presents the results of the simulation, where panel (a) displays the computed
thrust corresponding to each detachment criteria without correcting it with the divergence
e�ciency, while panel (b) also includes the correction for the divergent �ow. As can be seen
the La�eur criterion identi�es the detachment position at the very start of the expansion. This,
as explained in Section 2.1.4, is due to the use of the plasma beam radius as the characteristic
length of the magnetic �eld, and to the relatively low electron temperatures considered, with
respect to the ones obtained through the La�eur source model. Indeed, by changing the
de�nition of the characteristic length in the modi�ed La�eur criterion the detachment location
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moves downstream. On the other hand the Merino and Are�ev criteria identify the detachment
location towards the end of the nozzle. This could be expected for the Are�ev criterion as it is
not based on the inertial demagnetization of the charged particles, but rather on the stretching
of the �eld lines through the magnetic �eld induced by their motion. Recent studies, in fact,
have shown that this detachment mechanism overestimates the length of the expansion, as it is
preceded by the particles' demagnetization [49] [39]. The result given by the Merino detachment
instead locates the detachment quite far downstream, but is coherent with the assumptions
made: in fact it continues the expansion further that the La�eur and Modi�ed La�eur criteria,
thanks to the fact that it considers the ambipolar electric �eld that keeps the ions frozen
onto the �eld lines even beyond their demagnetization. The detachment position found also
slightly precedes the one computed through the Are�ev criterion. Finally the in�uence of the
detachment locations found on the divergence e�ciency should be analysed. It should be in fact
noticed from panel (b) that, as in the case of the Are�ev and Merino criteria, if the detachment
is located too far downstream the thrust obtained results inferior to what could be achieved with
an earlier detachment. Furthermore, when taking into consideration the divergence e�ciency,
it becomes apparent that even for the Martinez-Sanchez and MMS nozzle models, where the
identi�cation of a detachment location is not strictly necessary to obtain physically meaningful
results, the detachment position may strongly in�uence the computed thrust. The divergence
e�ciencies corresponding to each detachment criteria have been summarised in Table 3.7. It is
interesting to note that only the Modi�ed La�eur criterion corresponds to a divergence e�ciency
within the expected range of this parameter for typical cathodeless plasma thrusters: from 60%
to 90% [40]. The La�eur criterion, in fact, considers an excessively premature detachment, while
the Merino and Are�ev criteria allow the expansion to proceed too far downstream, where the
�eld lines largely diverge.

Criteria Divergence e�ciency [%]

La�eur 100%
Modi�ed La�eur 64.2%
Merino 29.4%
Are�ev 29.3%

Table 3.7: Divergence e�ciencies corresponding to each detachment criteria.
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Chapter 4

Model Validation against Experiments

In order to understand and demonstrate the accuracy of the implemented models their
results have been benchmarked against measurements performed on real cathodeless thrusters.
In particular experiments involving (i) a non magnetized thruster (hereafter referred to as
Thruster A), (ii) a HPT characterized by a roughly constant magnetic �eld (Thruster B), and
(iii) a HPT whose magnetic geometry is provided of cusps (Thruster C) have been considered,
so as to test all of the capabilities of the implemented models. As already mentioned, for
the sake of brevity and clarity only the Global source model has been utilised here, as it is
preferred to the La�eur source model because of the higher accuracy with which it captures the
physical properties of the generated plasma. On the other hand all of the nozzle models and the
Modi�ed La�eur, Merino and Are�ev detachment criteria have been considered, as well as the
total absence of detachment for the MS and MMS models. The La�eur detachment criterion
has not instead been considered, as it identi�es detachment at the nozzle throat for both of the
thrusters provided of a magnetic nozzle, cutting out the plasma expansion downstream. For
each thruster the solutions obtained by considering or not the divergence e�ciency have been
presented.

4.1 Thruster A

As mentioned the �rst thruster used to evaluate the accuracy of the models developed
consists of a simple plasma source, devoid of a con�ning magnetic �eld, developed, tested and
described by Takahashi et al. in Reference [55]. While simulating the plasma characteristics and
thrust obtained by this thruster may not give any information on the modelling of the magnetic
nozzle or on the plasma di�usion in presence of a con�ning magnetic �eld, it o�ers precious
information on the description of the plasma reactions inside the source and of the plasma
sheath and losses along the source walls. The characteristics of Thruster A are summarized in
Table 4.1.

It should here be mentioned that while in the Global source model the plasma di�usion
inside the source has been modelled considering the presence of a con�ning magnetic �eld,
Equation 2.101, used to compute the di�usion coe�cient, reverts to the computation of the
simple ambipolar coe�cient in the case of a null magnetic induction [3] making it capable
of also modelling a source with no magnetic �elds. This can be appreciated by noticing the
good agreement shown between the computed and experimental data in panel (a) of Figure
3.10. However in order to model the considered thruster some changes have been made in the
described source model. In particular, in absence of a magnetic nozzle, the plasma exhaust and
the computation of the thrust have been slightly reworked. It has in fact been assumed that an
ideal stationary plasma sheath is found at the exhaust section of the source, so that the plasma
density found there corresponds to the maximum density in the source reduced by a factor hL,
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Parameter Value Unit

Power range (PT ) 100-700 W
Mass �ux ( 9m) 0.9 mg s�1

Source length (Ls) 17.5 cm
Source radius (Rs) 3.2 cm
Exhaust radius (Rf ) 3.2 cm
Magnetic induction (B) 0 G
Wave coupling e�ciency (ηrf ) 1 -
Physical expansion ratio (εexp) 1 -

Table 4.1: Characteristics of thruster A

while the Bohm criterion may be imposed on the velocity of the particles exiting the source.
The plasma �ux and energy losses can therefore be computed exactly in the same way as the
losses at the back wall, with the sole di�erence that the charged particles do not neutralize, but
leave the domain. The portion of thrust due to the plasma particles may instead be computed
using the classical thrust equation substituting the mass �ux, exit velocity and electron pressure
with the adequate terms, yielding an expression identical to Eq. 2.43. Obviously, in absence
of a magnetic nozzle, no detachment or divergence have been considered.

By using the parameters summarised in Table 4.1 to run the source model for di�erent
values of total power provided to the thruster, the electron temperatures and plasma densities
presented with a continuous black line in Figure 4.1 have been computed. The predicted
values have been compared with the experimental data reported in Figure 2 of Reference
[55], expressed by means of full black circles. Unfortunately the uncertainties regarding these
measurements have not been found, and they have therefore been assumed as ideal data. As
shown by panel (a) the computed electron temperature agrees well with the experimental data,
suggesting that the energy losses and the energetic behaviour of the electron population has
been accurately modelled. On the other hand, as shown in panel (b), the computed maximum
plasma density appears to qualitatively follow the experimentally determined behaviour, but
quantitatively underestimates the real density values found in the source, with a maximum
relative error of 43%. A possible explanation for this discrepancy lies in the hypotheses made
speci�cally for the case of a null magnetic �eld. In fact, the assumption of an ideal plasma
sheath and of a sonic velocity at the source exhaust may not accurately model the source
exhaust conditions. Indeed, in presence of an open boundary, instead of a solid wall, the Bohm
criterion and the plasma sheath model do not necessarily apply.

The thrust provided by the charged particles of the plasma thus characterised, however, has
been found to be very faithful to the empirical data, as shown in Figure 4.2 by the continuous
black line (the computed plasma thrust) and the circular markers and error bars (the empirical
data-points and their relative errors). This result is surprising as, given the low plasma density
found by the model, an underestimation of the provided total thrust would have been expected.
This discrepancy between the expected behaviour of the thrust and the real measured pro�le
may be attributed either to uncertainties in the experimental data-points, or, once again, to the
hypotheses made in the description of the source exhaust. It is important to note that in Figure
4.2 the continuous black line represents the thrust only due to the charged particles. The thrust
stand used to obtain the experimental data in Reference [55] has in fact been attached only
to the source walls of the thruster and not to the neutral propellant inlet, measuring therefore
only the portion of thrust due to the charged particles. The dotted line in Fig. 4.2 however
represents the thrust provided by the neutral species that compose the plasma. As can be
seen at higher powers, even in absence of the accelerating e�ect of the magnetic nozzle, this
contribution to the thrust is small compared to the one due to the charged particles because
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Figure 4.1: Comparison between the computed (continuous line) and measured (closed circles)
plasma properties inside the plasma source of Thruster A.

of the much inferior temperature of the neutrals with respect to the electrons. The decrease of
this thrust component with higher input powers can be attributed to the rising of the ionization
coe�cient and the consequently lower neutral density found in the source.
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Figure 4.2: Comparison between the computed (continuous line) and measured (closed circles
and error bands) total thrust provided by Thruster A.

Finally, for completeness, the speci�c impulse (Isp) and the thrust e�ciency (ηth) of the
considered thruster have been computed and are reported in Figure 4.3. Both of these values
result very low because of the absence of a magnetic �eld. While the diverging �eld lines
that form the magnetic nozzle, in fact, would accelerate the particles axially, increasing the
speci�c impulse, a con�ning magnetic �eld in the source would prevent high energy losses at the
source walls, allowing for a larger thrust e�ciency. Furthermore, the initial drop in the thrust
e�ciency can be explained by considering the corresponding decrease in electron temperature
shown in panel (a) of Fig. 4.1.

71



CHAPTER 4. MODEL VALIDATION AGAINST EXPERIMENTS

100 200 300 400 500 600 700

P
T
 [W]

50

100

150

200

250

I s
p
 [
s
]

0.2

0.25

0.3

0.35

0.4

th
 [
%

]

Figure 4.3: Speci�c impulse (Isp), in black, and thrust e�ciency (ηth), in blue, of Thruster
A.

4.2 Thruster B

The second thruster considered has been chosen because of the uniform and roughly axial
magnetic topology that characterises it, which is well suited to the Global source model's
capabilities and assumptions. The thruster has been developed and tested by Takahashi et al.
in Reference [53], and is fully characterised by the properties summarised in Table 4.2.

Parameter Value Unit

Power range (PT ) 100-700 W
Mass �ux ( 9m) 0.745 mg s�1

Source length (Ls) 8 cm
Source radius (Rs) 3.25 cm
Exhaust radius (Rf ) 3.25 cm
Magnetic �eld in source (Bs) 196.6 G
Magnetic �eld in throat (Bth) 204 G
Wave coupling e�ciency (ηrf ) 1 -
Radius of current ring (Rr) 9.7 cm
Physical expansion ratio (εexp) 1 -

Table 4.2: Characteristics of Thruster B

Where the magnetic �eld inside the source has been computed by averaging out the more
complex pro�le described in Reference [53], while the radius of the ring current (Rr) used to
produce the magnetic nozzle has been found so as to match the real magnetic geometry of the
nozzle, as shown in Figure 4.4.

By running the Global source model, paired with the di�erent magnetic nozzle models to
determine the exhaust conditions, the plasma densities and electron temperatures presented
by the continuous lines in Figure 4.5 have been obtained for Thruster B. Here the continuous
red line shows the results obtained by considering a full expansion through the convergent-
divergent nozzle modelled by the MS algorithm (hereafter denoted as the full MS model),
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Figure 4.4: Normalized magnetic induction (β) along the axis of Thruster B (black line)
compared with the ideal magnetic nozzle obtained from a single current ring of radius Rr (blue
open circles). The axial coordinates corresponding to the plasma source have been highlighted
in red.

while for the orange line stagnation temperatures and densities have been used to start the
expansion in the point of the convergent where the magnetic �eld matches the one found in the
source (partial MS model). The blue and black lines represent respectively the results obtained
by adopting the MMS and La�eur models. Unfortunately the only empirical data available
on the plasma source are the electron temperature and plasma density relative to an input
power of 600 W, which have been represented with a black circle in both panels. The results
show a good quantitative agreement with the experimental data available when considering the
simplicity of the model adopted. It should be noted that the lower densities obtained by the
two Martinez-Sanchez models with respect to the others may be explained by considering the
higher throat velocity imposed by this algorithm. In turn this causes a slightly higher electron
temperature, as the provided power is distributed over a smaller electron population.

Once again the available empirical thrust data for Thruster B regards only the force due
to the charged plasma particles. The comparison between the results obtained through the
presented magnetic nozzle models and detachment criteria, and the data-points taken from
Figure 3 of Ref. [53] are shown in Figure 4.6, where no divergence e�ciency has been considered,
and 4.7, where instead the divergence e�ciency has been taken into account. The detachment
criteria have been utilized in unison with the nozzle models capable of supporting them: the
modi�ed La�eur criterion has been implemented for all of the MN models, the Merino criterion
only for the full and partial MS models, and the Are�ev criterion for the two MS models
and the MMS algorithm. The La�eur criterion has been implemented in its modi�ed version
otherwise detachment would occur immediately at the thruster outlet. Of course the La�eur
nozzle model has not been considered for the case of no detachment, as it would compute an
in�nite thrust, and the divergence e�ciency has not been applied to this case, as at in�nity a
null e�ciency and zero thrust would have been found. Finally, for completeness, the portion
of thrust obtained from the neutral particles has been plotted as a dotted black line. As can
be appreciated by Figures 4.6 and 4.7 in presence of a magnetic nozzle the neutral forces are
a small portion of the total thrust provided by the engine.
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Figure 4.5: Comparison between the computed and measured plasma properties inside the
plasma source of Thruster B. The plasma density (n) and electron temperature (Te) found by
using the full expansion in the MS model (red line), the partial expansion in the MS model
(orange line), the MMS model (blue line), and the La�eur model (black line) are plotted in
function of the input power (PT ). The black full circles represent the available empirical data.

As can be seen all of the results obtained qualitatively follow the experimental data. From a
quantitative viewpoint, instead, the most accurate results have been found by considering the
Merino detachment criterion coupled with the divergence e�ciency. This solution, however,
is characterised by a divergence e�ciency largely outside the expected values of 60% to 90%
as can be noticed by comparing panel (c) of Fig. 4.6 and panel (b) of Fig. 4.7. A similar
issue characterises the solution obtained by the Are�ev criterion coupled with the divergence
e�ciency. The modi�ed La�eur detachment criterion, coupled with the detachment e�ciency,
may therefore be considered the solution that best describes the physical behaviour of the
thruster, especially when considering the overestimation of the electron temperature shown in
Figure 4.5 which means that a slight enlargement of the predicted thrust is to be expected.
Regarding the di�erent nozzle models, as expected from their comparison in Section 3.2, the
results obtained are quite similar and show a stronger dependence on the detachment and
divergence rather than on the choice of the model. Moreover the main di�erences may be
attributed more to the plasma conditions found in the source by each model rather than to
the di�erences in the thrust computation. A few considerations may however be made. The
lower values of thrust computed by the MMS model can be associated to the unitary Mach
number that it imposes in the nozzle throat, rather than the supersonic velocity considered
by the two MS models. Moreover the lower propulsive properties computed by the partial
Martinez-Sanchez expansion with respect to the full one can be attributed to the way in which
the density at the start of the expansion is calculated, which yields slightly lower values. This
di�erence between the models is also responsible for the higher density found inside the source
through a partial expansion.
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(a) No detachment
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(b) La�eur detachment
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(c) Merino detachment
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Figure 4.6: The plasma thrust computed with the full MS (red line), partial MS (orange line),
MMS (blue line) and La�eur (continuous black line) models, without divergence e�ciency,
compared to the experimental data (closed black circles) for thruster B. The black dotted line
shows the portion of thrust due to neutral particles.
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(a) La�eur detachment
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(b) Merino detachment
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Figure 4.7: The plasma thrust computed with the full MS (red line), partial MS (orange line),
MMS (blue line) and La�eur (continuous black line) models and corrected with the divergence
e�ciency compared to the experimental data (closed black circles) for thruster B. The black
dotted line shows the portion of thrust due to neutral particles.
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Finally, as for Thruster A, the speci�c impulse and thrust e�ciency of Thruster B have been
computed, and are shown in Figure 4.8. For this computation the partial MS nozzle model,
along with the Merino detachment and divergence e�ciency have been used, as they guarantee
the most accurate numerical prediction of the propulsive force. As can be seen by comparing
Figure 4.8 and 4.3 both the speci�c impulse and the thrust e�ciency greatly bene�t from the
presence of a con�ning magnetic �eld and magnetic nozzle. The speci�c impulse obtained for
Thruster Bis in line with the expected values for a Helicon Plasma Thruster, while the low
thrust e�ciency found is a typical challenge for this technology, and can be expected especially
in unoptimized thrusters that make use of argon as the propellant.
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Figure 4.8: Speci�c impulse (Isp), in black, and thrust e�ciency (ηth), in blue, of Thruster B

4.3 Thruster C

The last thruster used to compare the the results obtained from the presented models is
the one described and tested in Reference [66] by Magarotto et al. The data on this thruster
is both empirical, in the case of the propulsive properties, and taken from a higher �delity
numerical model in the case of the plasma properties in the source. This particular thruster
has been chosen because of its magnetic geometry, formed by two magnet rings that form cusps
in the axially directed �eld lines. It is therefore a perfect benchmark for the Global source
model's description of similar magnetic geometries. The characteristics of Thruster C have
been summarised in Table 4.3. It should be mentioned that in Reference [66] the performance
of the considered thruster has been determined for four di�erent mass �uxes. These di�erent
conditions have all been compared to the solutions obtained from the developed models but,
because of the likelihood of the results found, only the case characterised by a mass �ux of
0.10 mg s�1 has been presented. Finally it is important to note that, in accordance with the
model implemented in the Reference, the temperatures assumed for the ion and neutral species
have been both changed to 600 K.

In order to model Thruster C a slight change in the Global source model has been made.
Indeed, as shown by Figure 8 of Ref. [66], it was found that in this case the maximum plasma
density developed in the source is not located at the source's centre, but at the exhaust.
Unsurprisingly then, when modelled with the unchanged Global source model, the computed
thrust resulted roughly half of the one determined experimentally. The particle and energy
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Parameter Value Unit

Power range (PT ) 10-70 W
Mass �ux ( 9m) 0.10 mg s�1

Source length (Ls) 8 cm
Source radius (Rs) 0.75 cm
Exhaust radius (Rf ) 0.75 cm
Magnetic �eld in source (Bs) 600 G
Magnetic �eld in throat (Bth) 600 G
Number of cusps (ncusps) 2 -
Wave coupling e�ciency (ηrf ) 1 -
Radius of current ring (Rr) 4.05 cm
Physical expansion ratio (εexp) 30 -

Table 4.3: Characteristics of Thruster C.

transport out of the exhaust have therefore been corrected so as to consider the maximum
plasma density at the source's exhaust, neglecting the process of axial di�usion form the centre
to the edge of the source. In other words the coe�cient hL used to compute the plasma
density at the exhaust has been imposed equal to 1 in Equation 2.113, 2.116 and 2.117, and
the stagnation densities used for the Martinez-Sanchez model have been computed starting
from the maximum plasma density and not from the reduced value expected at the source
exhaust. Likewise the computation of the thrust imparted by the engine has been modi�ed
so as to consider the higher density found at the nozzle entrance. The plasma properties
computed by the modi�ed Global source model, completed with the di�erent nozzle models
considered, are shown in Figure 4.9, along with the results of the higher �delity �uid model
used to characterise Thruster C and equipped of the corresponding error bands. Here the
colour coding for the four nozzle models has been kept unvaried, but the line stile of the partial
Martinez-Sanchez expansion has been changed to dashed, in order to better distinguish the
overlapping lines corresponding to the La�eur, MMS and partial MS models.
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Figure 4.9: The plasma density (n) and electron temperature (Te) found by using the full
expansion in the MS model (red line), the partial expansion in the MS model (orange line),
the MMS model (dashed blue line), and the La�eur model (black line) compared to the results
of the higher �delity �uid model used in Reference [66] (closed black circles and error bands).

As can be seen in panel (b) of Fig. 4.9 an excellent agreement, both qualitative and
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quantitative, between the computed density and the reference data has been found for all of the
adopted models. It should be noticed that, by imposing the density at the source exhaust, the
outputs of all of the models except for the complete Martinez-Sanchez expansion result nearly
identical. This is due to the fact that previously the biggest di�erence between the models
corresponded to the way in which the exhaust conditions were computed, which has now been
uniformed. Only the full MS expansion di�ers from the other models because, by determining
�ctitious stagnation quantities upstream of the convergent, if �nds di�erent energy and particle
�uxes at the nozzle throat. On the other hand, as already seen in Figures 4.1 and 4.5, the
model has the tendency to overestimate the electron temperature. This could be due to many
factors, �rst amongst which the fact that, as shown in Figure 8 of Reference [66], the electron
temperature inside the source of Thruster C is far from uniform, while the Global source model
adopts this assumption. Other factors that may cause errors in the temperature determination
are the complicated coupling between the electromagnetic power and the electron population,
the modelling of the plasma collisions and reactions, with particular emphasis on the missing
irradiative de-excitation which could constitute an energy sink, and the neutralization at the
source walls. In any case the qualitative behaviour of the temperature is closely respected,
and considering the simplicity of the model and the error bands of the benchmark data the
quantitative predictions obtained may also be considered relatively accurate. It should here
be noted that the temperatures that have been obtained are, strictly speaking, outside of the
model's working range as they exceed the limit of 7 eV for which the expressions of the reaction
rates are valid. Nevertheless, given the good correspondence between the adopted analytical
expressions for the reaction rates and other experimental data even over this temperature limit
(see Figure 3.12) and the excellent agreement between the model results and the empirical data,
the model outputs associated with these high temperature have been considered acceptable,
and are here presented.

The thrust derived from the plasma conditions found in Figure 4.9 has been computed and
compared with the experimental data of Reference [66]. In this case the total thrust provided
by the thruster, including the force due to the neutral particles, has been considered, as the
experimental data-points used derive from attaching the full propulsive system to the thrust
stand. Once again all of the available combinations of MN models and detachment criteria
have been employed, including the absence of detachment, and both the thrust with no diver-
gence correction and the thrust corrected with the divergence e�ciency have been presented
respectively in Figures 4.10 and 4.11. The same colour scheme identifying the di�erent models
has been kept, and as before the portion of thrust due to the neutral particles has been added
using a dotted black line. It should be noted that, given the lower powers considered and the
consequently lower ionization ratio, the contribution of the neutrals results relevant. Indeed, at
an input power of 10 W, it has been found responsible for more than half of the total computed
thrust. The higher neutral thrust may also be attributed to the presence of a physical nozzle in
Thruster C, which of course exalts the contribution of the unionised gas to the total propulsive
performance.

Again from Figures 4.10 and 4.11 it is easy to notice that the results of the La�eur, Modi�ed
Martinez-Sanchez and partial Martinez-Sanchez models result nearly identical. As for the
plasma properties of Figure 4.9 this is a consequence of the imposition of the maximum plasma
density at the source exhaust, and of the low normalized initial ion energy found for this
thruster: εi � 0.001. This low normalized ion energy is due to the high electron temperatures
computed (by which the energy has been normalized) and to the relatively low ion temperature
assumed in Reference [66]. The main di�erence between the models has therefore been found
in the full Martinez-Sanchez expansion, whose higher computed thrust may be explained by
considering the higher throat velocities that this model entails. In any case all of the considered
models agree well with the experimental data, especially when considering the 20% relative error
that characterises it. As shown in panel (c) of Figure 4.11, the only condition that strongly
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Figure 4.10: The plasma thrust computed with the full MS (red line), partial MS (orange
line), MMS (dashed blue line) and La�eur (continuous black line) models, without divergence
e�ciency, compared to the experimental data (closed black circles and error bands) for thruster
C. The black dotted line shows the portion of thrust due to neutral particles.

underestimates the imparted thrust is the MMS model joined with the Are�ev detachment
criterion and the divergence e�ciency. Indeed, as for thruster B, this combination identi�es
the detachment location very far downstream of the nozzle throat, resulting in a divergence
e�ciency below 10%. Finally, as for thruster B, the most accurate prediction of the thruster's
performance has been obtained by means of the full Martinez-Sanchez nozzle model, coupled
with the Merino detachment criterion and the use of the divergence e�ciency.

Once again the remaining propulsive properties of Thruster C, for the considered mass �ux,
have been computed using the MS model, along with the Merino detachment criterion and the
divergence e�ciency, and are represented in Figure 4.12. As can be seen, especially for the
low powers considered, the speci�c impulse results in line with the expected values for Helicon
Plasma Thrusters. On the other hand the thrust e�ciency has been found to assume quite
low values. However these low thrust e�ciencies are a common problem of Helicon Plasma
Thrusters, and can be expected especially for unoptimised cases and for thrusters that make
us of Argon as a propellant, such as the one considered.
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(b) Merino detachment
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Figure 4.11: The plasma thrust computed with the full MS (red line), partial MS (orange
line), MMS (dashed blue line) and La�eur (continuous black line) models, corrected by the
divergence e�ciency, compared to the experimental data (closed black circles and error bands)
for thruster C. The black dotted line shows the portion of thrust due to neutral particles.

4.4 Validation Results

As shown in the previous Sections the agreement between the numerical models imple-
mented and the experimental data has been found, in general, to be very good, especially
considering the simplicity and rapidity of the algorithms adopted. In particular the magnetic
nozzle models o�er very similar results and the main modelling choice that in�uences the com-
puted propulsive performances is the selection of the detachment criterion, even more so when
the detachment location is used to compute the divergence e�ciency. Out of the four detach-
ment criteria presented, however, none have demonstrated a consistent capability of accurately
determining the correct detachment location. Indeed, for each thruster considered a di�erent
detachment criterion o�ers the most precise solutions. However, by considering Figure 3.17 and
the detachment locations identi�ed by the four criteria, the modi�ed La�eur criterion may be
preferred to the others, as it determines a detachment point more compatible with the expected
positions for typical magnetic nozzles. Indeed detachment may be expected at the beginning
of the far �eld of the magnetic nozzle, where the divergence e�ciency values are still above
60%.
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Figure 4.12: Speci�c impulse (Isp), in black, and thrust e�ciency (ηth), in blue, of Thruster
C.
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Chapter 5

Sensitivity to Design Parameters

Having veri�ed the models and ascertained that they accurately describe, at least qualita-
tively, the behaviour of real cathodeless plasma thrusters, they have been used to determine the
sensitivity of the propulsive properties to their main design parameters. The design parameters
identi�ed are the source radius (Rs) and length (Ls), the exhaust radius (Rf ), the mass �ux
( 9m), the magnetic induction (B), the number of cusps (ncusps), the total input power (PT ) and
the ion and neutral gas temperatures (Ti and Tn). These last two parameters are not actually
design parameters, as they are not externally imposed but depend on the characteristics of
the thruster. However, since the source model assumes a �xed value for these parameters, the
dependence of the results on their values is of interest both in the de�nition of the model's
limits and in the determination of future developments of the codes. In order to characterise
the behaviour of the computed electron temperature (Te), plasma density (n), total thrust (F ),
speci�c impulse (Isp) and thrust e�ciency (ηth) in function of the design parameters a nominal
value and an evaluation range has been determined for each of these variables, based on the
typical values found in small cathodeless plasma thrusters. Each design parameter has then
been varied through its evaluation range while keeping the other parameters at their nominal
value, and the behaviour of the mentioned outputs has been computed. The values and ranges
associated to each parameter have been summarised in Table 5.1, while the e�ects of each
design variable has been described in the following paragraphs. This sensitivity analysis has
been carried out using the Global source model coupled with the partial MS nozzle expansion
in a simply divergent nozzle. Following the considerations made in Section 4.4 the modi�ed
La�eur detachment criterion and the divergence e�ciency correction have also been employed,
as this has been considered the most accurate description available of the detachment. For
reference, the plasma properties and propulsive characteristics obtained in nominal conditions
have been reported in Table 5.2.

Parameter Nominal value Evaluation range Units

Source radius (Rs) 3 2 - 4 cm
Source length (Ls) 12 5 - 20 cm
Exhaust radius (Rf ) 2 2 - 3 cm
Mass �ux ( 9m) 0.3 0.15 - 0.7 mg s�1

Magnetic induction (B) 300 100 - 600 G
Number of cusps (ncusps) 0 0 - 4 -
Input power (PT ) 300 10 - 600 W
Ion temperature (Ti) 0.15 0.1 - 0.2 eV
Neutral temperature (Tn) 300 300 - 600 K

Table 5.1: Nominal value and evaluation range of the design parameters.
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Parameter Value Units

Plasma density (n) 1.37 1018 m�3

Electron temperature (Te) 5.03 eV
Thrust (F ) 1.19 mN
Speci�c impulse (Isp) 406 s
Propulsive e�ciency (ηth) 0.79 %

Table 5.2: Plasma characteristics and propulsive properties of the modelled thruster in nom-
inal conditions.

Source Radius

The source radius' nominal value has been �xed at Rs � 3 cm, while its e�ects have been
evaluated over a range of values going from 2 cm to 4 cm. To guarantee independence between
the e�ects of the design parameters during the variation of the source radius the exhaust radius
has been kept constant. Of course this acts as a lower bound to the value of the source radius,
which cannot be smaller than that of the exhaust. The e�ects of the variation of Rs on the
plasma properties inside the source and on the propulsive characteristics of the thruster are
shown in Figure 5.1.
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Figure 5.1: Behaviour of the plasma properties and propulsive characteristics as a function
of the source radius (Rs).

As can be seen the plasma density remains roughly constant in the range of values employed.
This can be justi�ed by considering that two counteracting e�ects take place as the source radius
increases. Indeed, the consequent enlarging of the source volume implies a lower power density
that in turn should lead to a lower number of ionizations and a smaller plasma density. On the
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other hand, as the source radius increases, hR decreases as can be noticed by Eq. 2.102, leading
to lower plasma losses at the radial walls and an increase in the plasma density. These two
e�ects balance out, leaving the plasma density largely unvaried. The density of the neutrals is
also fundamentally una�ected by a change in the source volume, since the equilibrium of this
species depends mainly on the exhaust conditions. The decreasing behaviour of the electron
temperature is also to be expected, as, albeit the slight decrease of the plasma density, the
increase in volume linked to a bigger source radius implies a smaller power density. Finally
the large decrease of the electron temperature has a stronger e�ect on the thrust than the
mild variation of the plasma density, implying that, as the source radius increases the total
thrust provided by the thruster decreases. The neutral thrust can instead be considered nearly
constant, and over this range of values never constitutes more than 10% of the total thrust.
Finally since both the mass �ux passing through the thruster and the input total power are
imposed constant the speci�c impulse and thrust e�ciency are simply proportional to the total
thrust.

Source Length

Nominally the source length has been �xed at 12 cm, while its e�ects have been evaluated
over a range of values going from 5 cm to 20 cm. The e�ects of the variation of Ls on the
plasma properties inside the source and on the propulsive characteristics of the thruster have
been represented in Figure 5.2.
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Figure 5.2: Behaviour of the plasma properties and propulsive characteristics as a function
of the source length (Ls).

Again the behaviour of the plasma properties can be explained considering the increase in
the lateral surface and volume of the source. Indeed the decrease in plasma density as the
source length increases is due to the larger losses at the radial wall caused by the bigger loss
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area. However as the source length decreases, instead, the coe�cient hL, computed through
Eq. 2.103, that determines the density at the axial source boundaries becomes larger, causing
bigger particle and energy losses. An optimal value of the source length is therefore expected to
exist, even if outside of the considered range. On the other hand the decrease in temperature
can be explained by considering that, even as the plasma density decreases the total volume
increases by a larger factor, meaning that the total electron population to be heated by the
electromagnetic energy enlarges. The power density therefore decreases and the electron tem-
perature becomes smaller as the source becomes longer. Finally, since both the density and
electron temperature decrease with the source length, the total thrust, which results propor-
tional to the product of the two, behaves analogously. Again the propulsive characteristics of
the thruster result directly proportional to the thrust itself, as both the input power and the
mass �ux have been kept constant. As for the source radius the e�ects of a variation in the
source length depend on the values of the magnetic �eld and source radius itself. In case of
strong magnetic con�nement, for example, the losses to the radial walls are reduced, so that
the increase in the area of the radial wall linked to a longer source has a smaller in�uence on
the plasma density. On the other hand an increase in Ls generates a smaller hL coe�cient,
reducing the axial losses and increasing the plasma density. These two counteracting e�ects
therefore become comparable and an optimal value of the source length that optimises the
plasma density is expected, as shown by Figure 5.3, obtained for a magnetic �eld of 1500 G. In
any case, even for high magnetic �elds, the other outputs follow behaviours similar to the one
depicted in Figure 5.2, because of the only mild variation in the density shown in Figure 5.3.
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Figure 5.3: Behaviour of the plasma density (n) in function of the source length (Ls) in the
case of a strong con�ning magnetic �eld B � 1500 G.

Exhaust Radius

The exhaust radius has been nominally �xed at a value of 2 cm and its e�ects have been
analysed over a range going from 2 cm to 3 cm. As previously mentioned, of course, the exhaust
radius cannot become bigger than Rs, meaning that its upper value is limited by the nominal
source radius. The behaviour of the outputs in function of the exhaust radius can be found in
Figure 5.4.

As could be expected the plasma density has been found to decrease as the exhaust section
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Figure 5.4: Behaviour of the plasma properties and propulsive characteristics as a function
of the exhaust radius (Rf ).

becomes larger, because of the greater �ux of particles �owing out of the source. Similarly
it has been observed that the density of the neutral particles decreases with the increase of
the exhaust radius, because of the smaller neutral pressure necessary to maintain the mass
�ux constant in presence of a larger exhaust. This in turn contributes to the decrease of the
plasma density, as it cuts down the probability of ionizing collisions. Because of this fall in the
plasma density the electron temperature has instead been found to increase, due to the smaller
number of electrons to be energized. It should here be noted that, as shown in panel (b) of
Figure 5.4, the last three evaluation points are outside of the model limits, as the electron
temperature has been found to exceed the 7 eV mark. Nevertheless, taking into account the
good agreement of the reaction rate expressions with other empirical data even beyond this
limit and the good continuity demonstrated with respect to the previous behaviour, the results
beyond this temperature threshold have been kept in the Figure. Finally, as can be seen,
the increase of the electron temperature has a bigger e�ect than the plasma density decrease
and the propulsive properties have been found to rise as the exhaust opening becomes larger.
Indeed while the decrease in the plasma density tends to cause a lower plasma mass �ux the
larger exhaust tends to rise this value, countering the e�ect of a smaller plasma density.

Mass Flux

Nominally the mass �ux has been �xed at 9m � 0.3 mg s�1, and its e�ects have been com-
puted over a range of values varying from 0.15 mg s�1 to 0.7 mg s�1. The results are shown in
Figure 5.5.

As the mass �ux increases the plasma density has been found to rise, as reported in panel
(a). This can be explained by considering that an increase in the mass �ux necessarily implies a
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Figure 5.5: Behaviour of the plasma properties and propulsive characteristics as a function
of the mass �ux.

higher density of neutral atoms and therefore a larger number of ionizing collisions. The result
is a bigger electron population and, consequently, a lowering of the electron temperature as 9m
increases, as can be observed in panel (b). The behaviour of the plasma thrust observed in
panel (c) depends directly on the plasma properties found in the source, while the contribution
of the neutral atoms has been found to rise due to the increase in their density. The result is
a mild increase in the total thrust. On the other hand the speci�c impulse has been observed
to decrease, due to the small variation in the thrust, its numerator, while the mass �ux,
proportional to the denominator, increases. The increase of the mass �ux, therefore, can only
be reasonably used to increase the thrust provided by the thruster in a small range of values,
as a large increase 9m would cause an important loss of speci�c impulse.

Magnetic Induction and Cusp Number

Given the strict relationship between the magnetic �eld inside the source and the number of
cusps present in the magnetic geometry their in�uence on the plasma properties and propulsive
characteristics of the thruster have been analysed together. The magnetic induction has been
varied over a range of values going from 100 G to 700 G, and for each of these magnetic �elds
the model has been run considering a variable number of cusps: from 0 to 4. It should be here
mentioned that a simply divergent magnetic nozzle, with magnetic induction at the throat
identical to the one found in the source, has been considered for all the simulations. The
results obtained are presented in Figure 5.6, where, for clarity, only the total thrust has been
plotted in panel (c) taking advantage of the fact that the thrust of the neutral particles is only
slightly in�uenced by the magnetic �eld and the number of cusps, with a maximum relative
variation, over the full range of values considered, of only 4%.
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Figure 5.6: Behaviour of the plasma properties and propulsive characteristics as a function
of the magnetic induction in the source (B), and parametrised by the number of cusps. In all
panels the black, blue, red, orange and green lines represent the results obtained by considering
respectively a magnetic geometry formed by 0, 1, 2, 3, or 4 cusps.

As can be observed in panel (a) the plasma density increases as the con�ning e�ect of the
magnetic �eld strengthens. This result is expected, as a higher magnetic induction causes a
lower radial di�usion and therefore reduced losses to the outer source walls. Likewise it can
be observed that using fewer cusps increases the plasma density. The cusp regions are in fact
points of higher radial di�usion in the source, since in their proximity the charged plasma
particles do not have to cross the �eld lines to reach the walls but can move along them. If the
cusps are more numerous, therefore, the total number of particles that reach the outer walls
increases. As already mentioned the behaviour of the electron temperature is often found to be
inverse to the one of the plasma density, as an increase in the electron population implies that
the electromagnetic energy has to be subdivided over a higher number of particles, allowing
a lower average temperature. Indeed, as can be seen in panel (b) the electron temperature
has been observed to decrease as the magnetic induction increases and as the number of cusps
decrease. It can be also noted that both at high and low magnetic �elds the variation in
density and temperature due to a di�erent number of cusps starts to decrease. Indeed for a
magnetic intensity of B � 100 G the di�erence between the densities computed with 0 and
4 cusps is of approximately 0.085 m�3, and at B � 600 G the di�erence result roughly equal
to 0.095 m�3. For magnetic inductions of B � 380 G, where it is maximum, instead, this
di�erence rises to 0.11 m�3. This can be explained by considering that in the presence of a low
magnetic induction the di�usion towards the radial walls is already quite high, meaning that
the di�erence in radial di�usion between the points in the wall where a cusp is present and the
ones where it is not becomes negligible and therefore so does the number of cusps. At high
magnetic intensities, instead, the dimensions of the cusps decrease as it is proportional to the
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Larmor radius of ions and electrons, leading to a smaller in�uence of their number. Finally it
can be observed in panels (c), (d), and (e) that a higher magnetic �eld and a lower number
of cusps lead to a better propulsive performance, because of the reduced losses at the radial
walls.

Input Power

Once again to study its in�uence on the thruster's performance the input power has been
varied over a range of values going from 10 W to 600 W. It should here be noted that, for these
computations, the electromagnetic power given to the thruster has been considered perfectly
coupled with the plasma, and the antenna circuit has been idealized, so that a unitary transfer
e�ciency form the electric power to the power absorbed by the plasma could be assumed
(ηrf � 1). While a unitary transfer e�ciency is not a physically accurate condition, as some
power is always lost in the antenna circuit and in the coupling with the plasma, its in�uence
in this analysis is negligible, as only the qualitative behaviour of the plasma and propulsive
properties has been evaluated. The in�uence of the input power (PT ) is shown in Figure 5.7.
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Figure 5.7: Behaviour of the plasma properties and propulsive characteristics as a function
of the total power (PT ) provided to the thruster.

Once again the behaviour of the plasma properties may be explained through simple physical
considerations. Indeed, in panel (a), the plasma density can be observed to increase as more
power is provided, due to the larger energy available to ionize the neutral atoms. Likewise the
electron temperature increases as the energy transferred into the plasma rises. The increase
in electron temperature found when lowering the input power from 70 W to 10 W can be
attributed to the extremely low plasma density found at these low power values (0.05 m�3).
This implies that most of the energy given to the plasma is stored under the form of thermal
energy, but does not contribute to the ionization of the neutral atoms. As expected panel (c)
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demonstrates that the total thrust increases as a higher power is o�ered to the thruster. It is
interesting to note that at very low input powers the majority of the thrust can be attributed
to the neutral particles, because, as before, of the very low plasma densities produced at these
powers. As shown in panel (d) the speci�c impulse follows faithfully the behaviour of the
total thrust as, having imposed a �xed mass �ux, it results directly proportional to it. Finally
the behaviour of the thrust e�ciency is of particular interest in this case. Indeed, since the
total input power features at the numerator of the thrust e�ciency, the increasing behaviour
presented in panel (e) was not guaranteed. This rise of ηth with the provided power implies
that the energy losses in the source increase at a slower rate than the input power itself. Such
a result is an encouraging sign for the attempts to produce high power cathodeless plasma
thruster. The increase of the thrust e�ciency found at very low powers can be attributed both
to the analogous pro�le of the electron temperature and to the fact that, as shown in panel
(c), the thrust in this region is mainly due to internal energy of the neutral particles, which
has not been included in the power used to compute ηth.

Ion Temperature

As previously explained the ion temperature cannot be considered a design parameter.
Indeed, its value cannot be externally imposed but depends on the physical processes that
characterise the plasma source. However, because it is assumed in all the considered models
and not derived through a physical analysis of the ion population, its in�uence on the model
outputs has been studied, in order to better understand the consequences of this assumption.
The e�ects of the ion temperature have therefore been analysed over a range of values spanning
from 0.05 eV to 0.2 eV and the results are depicted in Figure 5.9.
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Figure 5.8: Behaviour of the plasma properties and propulsive characteristics as a function
of the ion temperature (Ti) in the plasma source.
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As can be seen the e�ect of the ion temperature on the propulsive properties of the thruster
is quite mild, with a maximum thrust variation over the considered range of temperatures of 7%.
Its in�uence on the plasma density is, instead, more relevant as it induces a maximum variation
of its value of 23% over the considered range. This decrease in the plasma density as the ions
heat up can be attributed to the larger di�usive capabilities that can be attributed to hotter
particles. The electron temperature has instead been found to be largely independent of the ion
temperature, and only slightly rises as the ion temperature increases, possibly because of the
lower plasma density. Errors linked to the assumption of the ion temperature, therefore, result
acceptable for the simple semi-analytical models considered, especially for the determinaton of
the propulsive properties of the modelled thruster. If an accurate determination of the plasma
density is required, instead, a deeper description of the ion population that allows a calculation
of their temperature could noticeably increase the precision of the algorithms.

Neutral Temperature

Analogously to the ion temperature the temperature of the neutral particles (Tn) cannot be
considered a design variable. Indeed, while a larger control on its value is possible by modifying
the temperature at which the neutral gas is injected into the plasma source, the temperature
of the neutrals in steady state conditions depends on their interaction with the plasma in the
source. However since the models presented assume this value constant its e�ects have been
analysed over a range of values from 300 K to 600 K, in order to shed light on its in�uence on
the model outputs. The results have been presented in Figure 5.9
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Figure 5.9: Behaviour of the plasma properties and propulsive characteristics as a function
of the temperature of the neutral particles (Tn) in the plasma source.

Also in this case the e�ects of the neutral temperature on the propulsive properties of the
thruster have been found to be negligible, with a maximum variation of the total thrust over
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the full range analysed of 3.5%. The in�uence on the plasma properties is also quite mild,
with a total variation of the plasma density of 9% and of the electron temperature of 10%.
The decrease of the plasma density and the increase in electron temperature as the neutral
temperature rises may be attributed to the decrease in the density of the neutral particles that
this implies. In fact higher temperatures result in a higher �ux of neutral particles leaving the
source and reduces the density reached at equilibrium. The consequence is a lower number of
ionization reactions and a lower plasma density, which in turn causes the rise of the electron
temperature.

Local Sensitivity to All Design Parameters

Finally, to give a global view of the e�ects of the design parameters and to highlight the
importance of each one with respect to the others the local sensitivity of each parameter has
been computed. This quantity may be calculated for each variable by deriving a chosen output
by the the parameter considered, and normalizing the result by the ratio between the output
and the parameter themselves at the nominal point as shown in Equation 5.1. Here x and p
are respectively the considered output and design parameter, while Sx{p is the sensitivity of
the output x on the parameter p. The subscript 0 indicates values computed at the nominal
condition.

Sx{p �
d x
d p

���
0

x0
p0

(5.1)

The local sensitivity may be used to understand the direct dependence of the considered
outputs on the design parameters only near the nominal conditions. Indeed, due to the strongly
non linear behaviour of a plasma source and nozzle and because of the cross-dependencies that
link the design variables, the results of such an analysis may strongly vary according to the
nominal values considered. Nevertheless using �nite central di�erences the local sensitivity of
the plasma density, electron temperature and thrust have been computed for all of the design
variables. The results have been presented in Figure 5.10, normalized by the total variation
computed so that the sum of the modulus of all the sensitivities is equal to one for each output.

The behaviour of each output in function of the variation of the design parameters has
already been detailed in the previous paragraphs and will not be repeated. The relative di-
mensions of the obtained sensitivities are, instead, of higher interest. Indeed, as can be seen in
Figure 5.10, for the nominal conditions considered the total thrust has been found to be mainly
dependent on the radius of the exhaust (Rf ), on the input power (PT ) and on the length and
radius of the source (Ls and Rs). Invoking the Pareto principle [67] it can then be stated that
these are the four variables to be optimized to obtain the maximum propulsive performance.
In particular the input power is of easy optimization as it should be maximised, and is only
limited by its upper constraints. On the other hand the source and exhaust radii and length
are of more delicate determination as their optimal value depends, as shown, both on their
respective dimensions and on the magnetic induction in the source. Furthermore it should be
noted that an increase in the source radius loosens the upper constraints on the exhaust radius
(which logically can at most be as big as the source radius), allowing bigger values and po-
tentially inverting the relationship between Rs and the thrust. The interdependence between
these two design parameters has in fact been neglected by varying them independently, in or-
der to o�er a clearer physical picture of their in�uence on the outputs. However Rs and Rr
result strictly intertwined and their mutual dependence should be carefully considered during
an optimization process. In the case of a small source radius an accurate simplifying hypothesis
may consist in assuming the optimal value of the exhaust radius equal to the source radius,
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Figure 5.10: Local sensitivity (S) of the electron temperature (in blue), plasma density (in
red) and total thrust (in green) on the design parameters.

decreasing the degrees of freedom of the optimization. In fact, as shown by Figure 5.4 for small
source radii the propulsive performance of a thruster is found to increase with bigger exhaust
sections. Finally, Figure 5.10 also shows how the temperature is mainly dependent on the mass
�ux, source radius (Rs) and exhaust radius (Rf ), while the plasma density is predominantly
in�uenced by the input power (PT ), exhaust radius (Rf ), and magnetic �eld (B).
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Chapter 6

Conclusions and Future Developments

6.1 Conclusions

The Global source model developed, along with the La�eur source model, and the magnetic
nozzle models considered have been found to accurately describe the physics of a cathodeless
plasma thruster, in the limits of the possibilities of semi-analytical, mono-dimensional models.
In particular all of the magnetic nozzle models have been observed to provide very similar
results, and the choice between the alternative models has been found to depend mainly on
the detachment criterion adopted. A detachment criterion capable of providing results in good
agreement with the experimental data, however, has not been identi�ed, but the most interest-
ing alternatives found in the literature have been proposed and analysed. An algorithm that
allows to determine the divergence e�ciency of the thruster plume has also been developed, and
its results have been shown to be in line with the expected divergence e�ciency values. Finally
the e�ects of the main design parameters of a cathodeless plasma thruster on its propulsive
performance have been discussed through the use of the implemented models.

While the La�eur source model was found to only accurately describe the force provided by
the modelled thruster, the developed Global source model also resulted capable of determining
the plasma properties inside the thruster, while further extending the model's capacities to
magnetic topologies including cusps. When compared to higher �delity models or experimen-
tal data this algorithm proved quantitatively accurate for a zero-dimensional, semi-analytical
model with maximum relative errors of 20%. Similarly the magnetic nozzle models implemented
have resulted in excellent agreement amongst themselves, especially for low ion energies, and
with the experimental data, that qualitatively matches very well with the computed results.
From the quantitative point of view, instead, the determination of the thrust su�ers, in the
worst cases, of a 40% uncertainty. This can be mainly attributed to the di�culty in the deter-
mination of the the detachment location. The detachment criteria discussed, in fact, yield very
di�erent solutions, that only occasionally correspond to the experimental data and that, how-
ever, strongly in�uence the computed total thrust. A more accurate study of the detachment
and of the corresponding criteria results therefore fundamental in the accurate description of
the thrust provided by cathodeless plasma thrusters. Finally the algorithm proposed to com-
pute the divergence e�ciency of the thrusters was found to o�er acceptable solutions, albeit
the di�culty found in its validation due to the lack of experimental data.

All of the models developed, and the main assumptions that they involve have been bench-
marked against experimental data when possible. These however are quite scarce and of dif-
�cult retrieval, and a deeper validation campaign would greatly increase the understanding of
the capabilities of the models. Likewise a more in-depth sensitivity analysis of the developed
models, also including uncertainties and disturbances, would greatly help in the identi�cation
of their limits and accuracy. Finally the sensitivity analysis carried out may result useful in
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the understanding of the in�uence of each design parameter on the propulsive properties and
characteristics of a cathodeless plasma thruster. However it should be taken into account that
this analysis does not consider the cross-dependencies between the design variables, that may
strongly in�uence the model outputs. The results obtained, therefore, have a validity limited
to the close surroundings of the nominal evaluation point.

6.2 Future Developments

The work presented in this thesis o�ers many opportunities for further study, improvement
and development. A �rst interesting development possibility regards the proposed Global
source model. Indeed the algorithm could bene�t from the inclusion of the energy balance
on all of the considered particle species, that would allow the computation of their respective
temperatures and a more accurate determination of the plasma properties at equilibrium, as
discussed in Chapter 5. Moreover the inclusion of other particle reactions, and the extension
of the validity of the expressions for the reaction rates beyond 7 eV would greatly bene�t
the model. In particular taking into account the process of radiative de-excitation for the
excited atoms could noticeably in�uence the model results. Finally widening the spectrum
of propellents that can be considered with the Global source model could greatly increase its
e�cacy, especially considering that one of the assets of cathodeless plasma thrusters is the
ample range of propellants that can be adopted.

Another point of development that has been highlighted by the results obtained in this thesis
is the study of the detachment phenomenon, and the determination of an e�ective detachment
criteria. Indeed none of the criteria proposed and analysed in this work have been found to
consistently o�er a good agreement with the experimental data. On the other hand it has been
shown that the detachment position greatly in�uences the propulsive properties of the thruster
and the results o�ered by the adopted models. Even thought this development direction is of
paramount importance for the accurate modelling of the thrust obtained through a magnetic
nozzle it is also extremely challenging. The detachment phenomenon has not yet, in fact,
been fully understood by the scienti�c community, and little experimental data detailing it is
available in the literature. Furthermore describing the complex nature of plasma detachment
through mono-dimensional and quasi-analytical models results remarkably di�cult. The use
of higher �delity bi-dimensional models to shed light onto the physics of the phenomenon and
as a benchmark for simple, mono-dimensional, detachment criteria could however result highly
bene�cial.

A further topic of improvement can be found in the sensitivity analysis. Indeed, only
the direct in�uence of the design parameters on the model outputs have been considered, by
employing a simple One At a Time design of experiments algorithm. However the problem
considered is characterized by strong interactions and cross-dependencies between the input
variables, which have only lightly been touched upon. A more complete analysis of the input
domain would therefore be very useful in the de�nition of the sensitivity of the model out-
puts, providing a more complete and accurate analysis to be employed for a �rst design of a
cathodeless thruster. Variance based methods and Monte Carlo simulations could in fact take
excellent advantage of the small computational times linked to the developed models and o�er
very interesting results in this regard.

Finally, the modelling of the antenna circuit and of the coupling of the electromagnetic
waves into the plasma should also be considered to further develop and improve the models
presented. In fact, while these processes have been taken into account through a simple,
constant coe�cient they are characterized by complex physical phenomena. Their description
and modelling would therefore increase the precision and the number of information that could
be derived form the source models implemented.
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