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1. Introduction
Cardiovascular diseases are one of the major
causes of death: 17.9 million people died be-
cause of this kind of diseases in 2019, repre-
senting the 32% of global deaths. As medicine
progresses, computational fluid dynamics simu-
lations of blood flow are becoming of increasing
interest towards a better understanding of car-
diovascular diseases [4]. Within the cardiovascu-
lar system, the aortic valve is one of the most in-
vestigated components. In this context the goal
of this thesis is twofold. First, it aims at filling
the gap in the literature regarding the use of a
non-Newtonian model in proximity of a physi-
ological trileaflet valve. Second, different from
what can be found in the literature, it employs
a reduced model, with momentum balance of
the leaflets as 0D equation, for the treatment of
the fluid-structure interaction problem between
blood and the valve. This method could drasti-
cally improve the computational performance of
the simulation with respect to other popular ap-
proaches used in the literature, which require a
full 3D representation of the valve geometry and
of its mechanics solver, while retaining a physi-
cal meaning for the parameters of the 0D equa-
tions. In order to effectively use this model to

represent physiological and pathological cases,
an important work in the understanding of the
model and in the tuning of the different param-
eters was performed.

2. Mathematical models and
numerical methods

To model the fluid-structure interaction problem
between blood and the valve we adopt the Re-
sistive Immersed Implicit Surface (RIIS) method
[2] coupled with a lumped parameter momentum
balance 0D equation for the valve [3]. In the
RIIS method the immersed surface Γ is implic-
itly described at each time t by a single level-set
function as Γt = {x ∈ Ω : φt(x) = 0}. Then, af-
ter defining a smooth Dirac function to approx-
imate the “Dirac distribution”

δt,ε(x) =

{
1+cos(πφt(x)/ε)

2ε if |φt(x)| ≤ ε

0 if |φt(x)| > ε

where the half-thickness of the immersed surface
ε is the smoothing parameter; the RIIS method
consists in enriching the Navier-Stokes equations
with a penalization term in the momentum con-
servation equation with support the immersed
surface Γ. The RIIS formulation used to de-
scribe the blood flow through the aortic valve
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domain Ω reads:
Find the velocity u and the pressure p such that:

ρ∂u
∂t −∇ · σ + ρ(u · ∇)u

+∇p+ δt,ε
R
ε (u− uΓ) = f in Ω× (t0, T ) ,

∇ · u = 0 in Ω× (t0, T ) ,

u = 0 on Σwall × (t0, T ) ,

σn = pinn on Σin × (t0, T ) ,

σn = poutn on Σout × (t0, T ) ,

u(x, 0) = u0(x) in Ω× {t0}

where ρ is the density of blood, σ is the stress
tensor, R is the resistance of the RIIS term, act-
ing as a penalty parameter, and uΓ is the ve-
locity of the immersed surface. pin , pout are the
pressure values imposed at the inflow and out-
flow boundaries Σin ,Σout , respectively, while
the boundary Σwall represents the aortic wall.
In order to describe the configuration and the
velocity of the valve Γ, represented by φt and
uΓ, a structural model is required for the de-
formation of the surface Γt. We denote by dΓ

the displacement of the leaflet with respect to
its reference configuration, and we assume that
this term can be written as dΓ(t, x̂) = c(t)g(x̂),
where x̂ denotes a point of the reference config-
uration, that is the closed configuration of the
valve. Then the structural model for the move-
ment of the valve is given by a 0D equation de-
rived from a local force balance on the leaflets
that can be formulated as follows:{

c̈+ βċ+ η(c, f) = 0 t ∈ (t0, T ) ,

c(t0) = 0

where η(c, f) depends on the opening coefficient
c, and on f which is the external force exerted on
the valve due to the surrounding fluid. The RIIS
model and the 0D equation are then coupled as
follows: the fluid-to-valve stress f is computed
from the fluid model, while the 0D model pro-
vides the valve position and velocity.

The FSI model is complemented with a non-
Newtonian model for blood rheology. Indeed,
while the Newtonian rheology is by far the most
adopted in literature for this type of simulations,
blood is a fluid composed of many elements that
exhibits complex rheological properties, and for
this reason, the usage of a non-Newtonian model
is more accurate for many types of applications.
In order to include the non-Newtonian nature

of blood in the model, one needs a constitutive
equation for the stress tensor σ that incorporates
the relation between the viscosity and the shear
rate of the fluid. The constitutive equation, as-
suming blood as a “generalized Newtonian flu-
ids”, can be expressed as σ = −pI + 2µ(γ̂)ε(u),
where ε(u) = 1

2(∇u+ (∇u)T ) is the strain rate
tensor and γ̂ is the scalar strain rate, defined as
γ̂ =

√
2 tr (ε(u)2). For the relationship µ(γ̂) we

adopt the Carreau model, one of the most used
in the context of blood simulations, which reads
as:

µ(γ̂) = µ∞ + (µ0 − µ∞)
[
1 + (λγ̂)2

]n−1
2

where

µ∞ [Pa · s] µ0 [Pa · s] n [·] λ [s]

3.45× 10−3 5.6× 10−2 0.3568 3.313

are values well established in the literature,
Regarding the numerical scheme of the com-

plete model, we introduce a tetrahedral mesh Th
of Ω for the space discretization, and we define
a set of times {tk}Nk=0 such that 0 = t0 < t1 <
· · · < tN = T and tk+1 − tk = ∆t ∀k ≥ 0 for
the time discretization. For the approximation
of the fluid problem, we adopt a semi-implicit
BDF-FE scheme of order s, with the same poly-
nomial degree r for both discretized FE-space of
velocities and pressure, and a SUPG-PSPG sta-
bilization with VMS-inspired coefficients. The
non-linearity introduced in the viscosity term
by the non-Newtonian model is treated semi-
implicitly. Instead, for what concerns the valve’s
kinematics, the discrete leaflet velocity is com-
puted from a first-order approximation based
on the opening coefficient c. Concerning the
variables that characterize the geometry of the
valve, a FE description is used. Finally, for the
solution of the Ordinary Differential Equation to
find the opening coefficient c, we adopt an ex-
plicit Runge-Kutta method of the fourth order.

3. Validation of the non-
Newtonian model

As part of the thesis work, the non-Newtonian
model was implemented, on top of the previ-
ously existing Navier-Stokes solver, in lifex [1]:
a high-performance library for the solution of
multi-physics and multiscale problems, mainly
for cardiac applications. The model was tested
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on a simple geometry, a cylindrical domain, and
results were compared with [5], where the same
problem is solved in the same domain but using
a semi-analytical approach.

Reference lifex

Newtonian flux (m3/s) 6.30 · 10−5 5.72 · 10−5

Carreau flux (m3/s) 5.98 · 10−5 5.43 · 10−5

Ratio flux 5.08% 5.03%

Newtonian WSS (Pa) 9.3 9.31

Carreau WSS (Pa) 9.3 9.26

Table 1: Comparison with the reference results
in the steady case for R = 3.1 mm.

As we can see from one of the various compar-
isons performed, shown in Table 1, the results
obtained with the implemented model are in ac-
cordance with the reference, especially for what
concerns the difference between Newtonian and
non-Newtonian flows.

4. Simulating the aortic valve
The most important results of the thesis were
obtained applying the mathematical and numer-
ical models shown in Chapter 2 on a realistic
domain in the proximity of the valve.

4.1. Numerical setting
Both the geometry of the domain Ω and of the
closed valve leaflets Γ̂ are taken from the Zy-
gote Heart Model, an accurate model of the
physiological heart derived from CT-scan acqui-
sitions. For simplicity the left ventricle was re-
placed with a flow extension: this was done in
order to simplify the geometry of the problem,
and to facilitate the imposition of the bound-
ary condition at the inlet, as in [3]. A proper
opening field g was introduced on the leaflets,
so that the surface Γopen corresponding to an
opening coefficient c = 1, represents the physi-
ological open valve configuration with an orifice
area of 3.02 cm2. This value is in the physiologi-
cal range for healthy adults (3.9±1.2 cm2). The
mesh was generated tailored towards the appli-
cation to the Navier-Stokes-RIIS model: a fine
mesh in the area corresponding to the aortic was
imposed, in order to better capture the complex
behavior of the flow and the valve around that
area. Details on the mesh size and the degrees of
freedom of the problem can be found in Table 2.

Number of cells 962 549

DOFs velocity 468 378

P1− P1 pressure 156 126
total 624 504

hmax 5.50 · 10−3 m

hmin 3.38 · 10−4 m

hmean 7.98 · 10−4 m

Table 2: Mesh size and number of degrees of
freedom.

As boundary conditions, we imply time-
dependent normal stress both in inlet and out-
let, while we prescribe a no-slip condition on the
wall. pin and pout are pressures obtained from a
lumped circulation model, after proper calibra-
tion in order to be consistent with physiologi-
cal pressures as reported in Wiggers diagrams.
We simulated a whole systole using a time step
∆t = 1 · 10−4 s.

4.2. Simulation of a healthy valve
We obtained the case of a healthy valve, cali-
brating the model to reproduce the physiological
behavior observed in healthy individuals.

Figure 1: Pressure within the leaflets (a) and
leaflets velocity uΓ (b) at four different time
steps: before the opening (0.085 s), during the
valve opening phase (0.13 s), when the valve is
completely open (0.20 s) and during the closing
phase (0.30 s).

The evolution of the orifice area is in accor-
dance with the evolution of a physiological valve,
that is, it can be divided into three stages: an
opening phase, a slow closure with very small
changes of the orifice area, and a rapid closure.
In particular the duration of the opening phase
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in our configuration is of 83ms, in accordance
with the literature that indicates as physiologi-
cal an opening time of 76 ± 30ms. The closing
phase can be divided into two steps: a slower
one of about 45ms when the orifice area doesn’t
change much (approximately from 95 to 70%),
and a faster one of about 20ms (from 70 to
0%). In total the whole closing process requires
about 65ms, very close to the physiological one
of 42 ± 16ms. This behavior can be observed
in Figure 2, where the evolution of the opening
coefficient and the orifice area is shown for the
three different physiological configurations. As
we can see from Figure 1 (b), in the early stages
of the simulation, while the valve is still closed,
the whole pressure gradient is concentrated in
correspondence of the valve and a pressure dif-
ference of about 2 to 3mmHg is developed in this
area which causes the beginning of the opening
of the valve. Then, the opening is accompanied
by a progressive development of the typical jet
flow through the aortic orifice (see Figure 3 (a)),
and much smaller pressure differences can be ob-
served. Despite this, during this phase, a non-
negliglible pressure gradient can be observed in
the RIIS region, due to the non-zero leaflet ve-
locity uΓ. Instead, when the valve reaches its
fully open configuration, the pressure is essen-
tially constant in the leaflets volume, since the
valve velocity uΓ is close to zero during this
phase. With the valve fully open at the max-
imum orifice area, the aortic jet fully develops
(see Figure 3). Finally, the closing phase is ac-
companied by a strong negative pressure gradi-
ent. The valve starts its closing, at the begin-
ning with uΓ much slower with respect to the
opening phase (see Figure 1 (b)).

4.3. Simulation of pathological cases
By varying the parameters of the 0D model, we
were able to obtain the two most common patho-
logical cases that can be caused by a dysfunction
of the aortic valve: stenosis and regurgitation.
From Figure 2 we can see how both the orifice
area and the opening coefficient for the stenotic
case do not reach the value of complete opening
that is reached in both healthy and regurgitant
cases: this is the main characteristic of a stenotic
valve.

Figure 2: Comparison of the opening coefficient
and Orifice Area in the three configurations.

The reduced orifice area and the shorter time
interval in which flow is allowed through the
valve yield a stronger aortic jet with respect to
the healthy configuration, as we can see from
Figure 3 (b).

Figure 3: Velocity distribution in healthy (a)
and stenotic (b) cases for three different time
steps: during the valve opening phase (0.13 s),
at maximum valve opening (0.20 s) and during
the closing phase (0.30 s).

Concerning the regurgitant case, the delay
in the closure of the valve with respect to the
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healthy case, which can be observed in Fig-
ure 2, causes the pressure jump to increase sig-
nificantly. The valve begins closing too late, so
that a strong backward flux returns into the ven-
tricle: this is the main characteristic of regurgi-
tation. This phenomenon has a strong impact on
the dynamic of the blood flow during the clos-
ing phase: the backward flow observed is very
intense in magnitude and the duration of this
phenomenon is quite long: 5ms.

4.4. Comparison of Newtonian and
non-Newtonian models

Finally, the comparison between the Newtonian
and non-Newtonian rheology was carried out for
the two pathological configurations. Our results
confirm that the rheological model has only little
influence on quantities such as valve dynamics,
transvalvular pressure drop and large-scale flow
structure: this is in accordance with what can
be found in literature, even if a different type of
valve and model are considered. Significant dif-
ferences, instead, can be observed in more “spe-
cific” quantities, such as wall shear stress. In
arterial blood flow, the wall shear stress, is de-
fined as WSS =

(
µ∂ut

∂r

)
r=0

where ut is the flow
velocity parallel to the wall and r is the distance
to the wall. Physically it expresses the force per
unit area exerted by the wall on the fluid in a
direction on the local tangent plane. Wall shear
stress has often great importance in the medical
field, for example it has great influence on the
formation of plaque in atherosclerosis or in the
wall elasticity.

Figure 4: Percentage difference between Time-
Averaged Wall Shear Stress in regurgitant (left)
and stenotic (right) cases.

Significant differences can be observed in this
quantity for different time steps and for differ-
ent areas of the domain. The wall shear stress is
always higher in the non-Newtonian case, prob-
ably because in this case the viscosity of the
fluid is always greater or equal than the New-
tonian one (that corresponds to µ∞ of the Car-
reau model, so the minimum viscosity that can
be achieved). A useful indicator to understand
the behavior of the shear stress on the ves-
sel wall throughout the whole time period is
the Time-Averaged Wall Shear Stress (TAWSS).
This quantity can be computed as
TAWSS = 1

T

∫ T
0 |WSS(s, t)|dt. To better visu-

alize the difference observed in the TAWSS, we
computed the quantity that expresses the per-
centage difference on TAWSS between the two
rheological model as

TAWSSperc−diff = 100
TAWSSNN − TAWSSNew

TAWSSNew
.

Figure 4 shows this quantity computed for both
pathological configurations, and, as we can see,
the difference in TAWSS is significant for both
configurations. In the red areas this difference
reaches more than 100%. These are typically
areas where the value of TAWSS is quite low,
and so the quantitative difference may be not
as significant as it seems. However, basically in
the whole domain, and even in the areas where
the TAWSS is higher, we can observe differences
that are around 20 ∼ 50%. This means that if
one is interested in computing the WSS in the
aortic valve domain, the choice of the rheological
model is very impactful, and the non-Newtonian
nature of blood should not be neglected.

5. Conclusions and further de-
velopment

In this work, we investigated the mathematical
modeling of the aortic valve. The clinical moti-
vation for this work stems from the millions of
patients annually diagnosed with pathologies of
the aortic valve.

We were able to calibrate the reduced or-
der model, based on momentum balance on the
leaflets as 0D equation, to reproduce different
physiological scenarios. Indeed, the healthy con-
figuration was proved to be in accordance with
most of the physiological parameters measured
in the literature during the systole, such as the
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duration of the opening and closing phases and
transvalvular pressure difference. Moreover, the
physiological dynamics of the valve and of blood
flow were recovered. In this sense, this could
be considered an improvement with respect to
[2], where the opening phase was a lot shorter
than what is physiologically observed, and to
[3] where only the opening stage was investi-
gated. Varying the parameters of the 0D model
we were able to obtain configurations which rep-
resent the two most common pathological cases
caused by malfunctioning of the valve. These
configurations show all the important character-
istics that can be physiologically observed within
these types of diseases.

Moreover, we were able to effectively imple-
ment and validate a non-Newtonian model on a
high-performance library. This model was then
used to investigate the differences that can be
observed using different rheological models, in
proximity of the aortic valve, for the two patho-
logical cases. Our results confirmed that the
rheological model has only little influence on
quantities such as valve dynamics, transvalvu-
lar pressure drop and large-scale flow structure,
in accordance with what can be found in liter-
ature. Significant differences, instead, could be
observed in the wall shear stress. In particular,
considering a Newtonian blood rheology leads to
an underestimation of the wall shear stress. We
thus conclude that the non-Newtonian rheology
of blood must be taken into account whenever
wall shear stress is in the focus of the clinical
investigation.

The major limitation in this thesis is in the
study of the period after the closure of the valve,
when, due to geometrical inconsistencies, some
reverse flow can be observed when the valve
should be closed. This issue could be over-
come by manually adjusting the valve and aor-
tic root geometries to improve their consistency.
Other limitations are induced by the choice of
the model itself. For example, although the re-
duced 0D model for the valve induces a reduc-
tion in the computational time required for the
simulation, it should be considered that this can
cause a loss in the accuracy of the model with
respect to 3D coupling of the valve.

Further developments of this work can be car-
ried out in multiple directions. Concerning the
rheology of blood, other types of non-Newtonian

models could be investigated. Then, a wider do-
main of investigation, for example including the
left ventricle, could be analyzed in order to con-
duct a more complete simulation and observe the
differences caused by the non-Newtonian model
also in the left ventricle. In order to improve
the accuracy of the results, particularly on the
wall shear stress, the compliance of the aortic
wall could be taken into account. Finally, this
computational framework could be applied to a
patient-specific geometry and data as in [2]. In-
deed, variability among different patients can be
captured only by considering the patient-specific
aortic geometry and the patient-specific leaflets
in the correct position.
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Abstract

In the context of cardiovascular computational fluid dynamics of blood flow in proximity
of the aortic valve, this thesis has a twofold objective. First, we investigate a novel re-
duced order model for blood-valve Fluid-Strucure Interaction problem (FSI), with the aim
of understanding the role of its parameters and calibrating them towards a physiological
scenario. Second, we complement the FSI model with a non-Newtonian model for blood
rheology. To the best of our knowledge, the literature lacks studies concerning the usage
of a non-Newtonian model in proximity of a physiological trileaflet valve: with this work
we try to fill this gap. We implemented the non-Newtonian model, in a high-performance
library for cardiac applications, and we validated it with a comparison with the litera-
ture. Regarding the FSI simulation conducted in proximity of a realistic aortic valve, we
calibrate the parameters of the reduced model in order to obtain a configuration similar
to what is physiologically observed in a healthy individual, and two configurations related
to the most common pathological cases caused by malfunctioning of the valve. We proved
that the healthy configuration is in accordance with most of the physiological parameters
measured in the literature during the systole. The comparison between the Newtonian
and non-Newtonian models in the two pathological cases confirms that the rheological
model has only little influence on quantities such as valve dynamics and transvalvular
pressure drop, in accordance with what can be found in the literature. Our results, how-
ever, show that considering Newtonian blood rheology leads to an underestimation of the
wall shear stress. We thus conclude that the non-Newtonian rheology of blood must be
taken into account whenever wall shear stress is in the focus of the clinical investigation.

Keywords: computational fluid dynamics, aortic valve, non-Newtonian fluids, fluid-
structure interaction, reduced order models, bioengineering, cardiovascular system.





Abstract in lingua italiana

Nel contesto dello studio della fluidodinamica computazionale del sangue in prossimità
della valvola aortica, questa tesi ha un duplice obiettivo. In primo luogo, abbiamo in-
vestigato un innovativo metodo ridotto per lo studio dei problemi di interazione fluido-
struttura (FSI), con lo scopo di comprendere il ruolo dei diversi parametri del modello e
calibrarli in modo da ottenere scenari fisiologici. In secondo luogo, abbiamo accoppiato
il modello FSI con un modello non-Newtoniano per la reologia del sangue. Per quanto
riguarda la nostra conoscenza, in letteratura mancano studi riguardanti l’utilizzo di un
modello non-Newtoniano in prossimità di una valvola fisiologica composta da tre lembi:
con questo lavoro abbiamo provato a colmare questa lacuna. Abbiamo implementato il
modello non-Newtoniano in una libreria per applicazioni cardiache ad alte performance e
lo abbiamo validato confrontandolo con la letteratura. Per quanto riguarda la simulazione
FSI condotta in prossimità di una valvola aortica realistica, abbiamo calibrato i parametri
del modello ridotto in modo da ottenere una configurazione simile a quella che viene fisi-
ologicamente osservata in un individuo sano, e due configurazioni relative ai più comuni
casi patologici causati da un malfunzionamento della valvola. Abbiamo dimostrato che la
configurazione sana risulta essere in accordo con la maggior parte dei parametri fisiologici
misurati in letteratura durante la sistole. Il confronto tra il modello Newtoniano e non-
Newtoniano nei due casi patologici conferma che il modello reologico ha poca influenza
su quantità come le dinamiche della valvola e il salto di pressione transvalvolare, in ac-
cordo con quello che viene osservato in letteratura. Tuttavia i nostri risultati mostrano
che l’utilizzo del modello Newtoniano porta a sottostimare lo sforzo di taglio a parete.
Concludiamo quindi che la reologia non-Newtoniana del sangue deve essere tenuta in
considerazione se lo sforzo di taglio è nello scopo dell’investigazione clinica.

Parole chiave: fluidodinamica computazionale, valvola aortica, fluidi non-Newtoniani,
interazione fluido-struttura, modelli ridotti, bioingegneria, sistema cardiaco.
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1| Introduction

Cardiovascular diseases are one of the major causes of death: 17.9 million people died
because of this kind of diseases in 2019, representing the 32% of global deaths [6]. More-
over, according to [98] this number is expected to grow to more than 23.6 million by 2030.
In Europe this will correspond to nearly half of all deaths (47%) [98].

As medicine progresses, computational fluid dynamics simulations of blood flow are be-
coming of increasing interest towards a better understanding of cardiovascular diseases.
On top of that, the mathematical and numerical modeling of the cardiovascular system is
attracting growing interest also in the mathematical community, because of its intrinsic
complexity and its increasing impact worldwide [112].

Within the cardiovascular system, the aortic valve is one of the most investigated compo-
nents [25, 29, 35, 48, 90, 102, 114, 131, 138]. The main reason for this is that millions of
people are annually diagnosed with disorders of the aortic valve [143]. Because numerical
models can capture structural details in the flow that cannot be measured experimentally,
they can help assess the effect of the morphological configuration on the biomechanics of
the valve. Since most of valvular diseases can be treated with surgical procedures [53, 125],
computational studies might lead to optimal clinical interventions that can improve the
quality of life of patients [35].

In this context, this thesis has a twofold objective. First, with the aim of obtaining
different physiological scenarios, we investigated a novel reduced order model [56] for
blood-valve Fluid-Structure Interaction problem (FSI). An important effort was performed
in understanding the role of the model’s parameters and in their calibration towards
physiological scenarios. Second, we complemented the FSI model with a non-Newtonian
model for blood rheology. Indeed, while the Newtonian rheology is by far the most adopted
in literature for this type of simulation, blood is a fluid composed of many elements that
exhibits complex rheological properties, and for this reason, the usage of a non-Newtonian
model is more accurate for many types of applications. We compared the Newtonian
and non-Newtonian modeling approaches, to understand whether the more sophisticated
rheology can have a significant impact. In particular, we investigated the differences
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observed in wall shear stress (WSS), a quantity that has often great importance in the
medical field [79, 95, 103, 144]: for example, it has great influence in the formation of
plaque in atherosclerosis [95] or in the wall elasticity [144]. The model was implemented
in lifex [5], a high-performance library for the solution of multiphysics and multiscale
problems, mainly for cardiac applications.

This chapter aims at giving a brief introduction to the anatomy and physiology of the
circulatory system, with particular attention to the cardiac cycle, blood composition and
aortic valve physiology and pathology. For more details, we refer to [45] for anatomy, [65]
for physiology and [78] for pathology and medical treatments. Then, we will describe the
state of the art for the FSI modeling of aortic valves, together with the state of the art
of the non-Newtonian treatment for the rheology of the blood in cardiac simulations with
particular attention to the simulations in the proximity of the aortic valve. Finally, the
goal and the outline of the thesis will be provided.

1.1. Heart anatomy and physiology

The cardiovascular system is composed of the heart, which pumps blood throughout the
body, and the blood vessels, which are a closed network of tubes through which blood is
transported to the whole body [45].

Figure 1.1: Structure of the heart and direction of blood flow through the heart chambers
and heart valves; image taken from [65] Figure 9-1.

The heart, shown in Figure 1.1, is composed of two separate pumps: the right heart
which pumps blood towards the lungs, and the left heart which pumps blood towards the
peripheral organs. Each of these two parts is a pulsatile two-chamber pump composed of
an atrium and a ventricle. The atrium is a weak primer pump for the ventricle: it has a
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buffer function for the blood entering the heart, and it brings blood into the ventricle. The
ventricles then apply the main pumping force that pushes the blood either through the
pulmonary circulation for the right ventricle or through the peripheral circulation for the
left one [65]. A continuous succession of cardiac contractions called cardiac rhythmicity
is caused by subcellular processes that, triggered by bioelectrical signals propagating
through the heart, induce the active contraction of the cardiac muscle [65]. The mean
action potential in a ventricular muscle fiber is about 105 millivolts: the intracellular
potential ranges from -85 millivolts to 20 millivolts, during each heart beat. After the
initial spike, the tissue remains depolarized for about 0.2 s, exhibiting a plateau followed
by abrupt repolarization. The presence of this plateau is the main cause of ventricular
contraction [65].

Figure 1.2: Cardiac cycle for left ventricular function, showing changes in left atrial pres-
sure, left ventricular pressure, aortic pressure, ventricular volume, the electrocardiogram,
and phonocardiogram; image taken from [65] Figure 9-6.

The cardiac cycle consists of a period of relaxation called diastole, when the heart fills
with blood, followed by a period of contraction called systole [65]. The typical heart rate
is on average 72 beats/min, which corresponds to a duration of the heart cycle of 0.833 s
per beat [65]. The different events during the cardiac cycle for the left side of the heart
are shown in Figure 1.2. The pressure changes in the aorta, left ventricle, and left atrium
are shown in the top three curves, respectively. The fourth curve shows the changes in left
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ventricular volume, the fifth the electrocardiogram [28], and the sixth a phonocardiogram
[42] i.e., a recording of the sounds produced mainly by the heart valves as it pumps. Then,
additional 0.02 to 0.03 s are required for the ventricular pressure to reach the values in
the aorta (for the left ventricle) or the pulmonary artery (for the right ventricle), thus
inducing the opening of the aortic or pulmonary valves. This happens when the left
ventricular pressure rises slightly above 80mmHg (and the right ventricular one above
8mmHg). It is important to highlight that before the opening of the semilunar valves,
contraction is occurring in the ventricles, but there is no emptying: this is the so-called
isovolumic or isometric contraction [65]. Then, blood begins to flow out of the ventricles:
in the first third of the period of ejection, about 70% of the blood emptying occurs, while
the remaining 30% happens in the next two-thirds. At the end of systole, ventricular
relaxation begins: this allows intraventricular pressures to decrease. The high pressures
in the large arteries, which are now filled with blood, immediately push blood back toward
the ventricles. This causes the aortic and pulmonary valves to close. For another 0.03 to
0.06 seconds, the intraventricular pressures decrease back to their low diastolic levels while
the ventricular muscle continues to relax, even though the ventricular volume does not
change. Then the atrioventricular (A-V) valves open to begin a new cycle of ventricular
pumping [65].
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1.2. Anatomy and function of the aortic valve

(a) Heart valves; image taken from [76].

(b) Aortic root components; image taken from [30]

Figure 1.3: The four heart valves and structure of the aortic root.

The aortic root connects the heart to the systemic circulation. This is an ensemble
consisting of distinct entities: the aortic valve leaflets, the leaflet attachments, the sinuses
of Valsalva, the interleaflet triangles, the sinotubular junction and the ventriculo-aortic
junction [30], as shown in Figure 1.3. The three aortic valve leaflets form the aortic valve
and provide its sealing mechanism. The leaflets compose the hemodynamic junction
and constitute the physical boundary between the left ventricle and the aorta. All the
upstream parts of the hemodynamic junction are subjected to ventricular hemodynamics,
while the more downstream ones are subject to arterial pressures [30]. Anatomically, the
trileaflet shape represents the physiological configuration for low resistance valve opening.
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Indeed, for other types of configuration, such as congenital bicuspid aortic valve, some kind
of valve dysfunction or degree of stenosis always develops [121]. The leaflet attachments
are inserted in the wall of the aortic root, where they form a crown-shaped, thick fibrous
structure [30]. The three bulges of the aortic wall are named the sinuses of Valsalva. Two
of the sinuses host the origin of the coronary arteries. They can be found in the area
between the attachments of the leaflets and the sinotubular junction [30]. The precise
function of the sinuses of Valsalva is not entirely clear, as of today. Some references
claim that the vortices created in the sinuses could lead to stress reduction on the aortic
leaflets and support coronary flow [30, 117, 130]. Under each commissure lies one of
the three interleaflet triangles. Histologically they consist of a thin aortic wall, while
hemodynamically they are extensions of the ventricular outflow: they reach the level of
the sinotubular junction in the area of the commissures [30]. The distal part of the sinuses
toward the ascending aorta and the commissures form a structure called the sinotubular
junction, separating the aortic root from the ascending aorta [30]. Finally, the term
ventriculo-aortic junction is used to describe the virtual, circular ring defined by the
nadirs of the semi-lunar leaflet attachments: this is the area of the smallest diameter in
the blood path between the left ventricle and the aorta [30].

The function of the aortic valve is to prevent backflow from the aorta into the ventricle
during diastole. This valve closes and opens passively: it closes when a backward pressure
gradient pushes blood backward, and it opens when a forward pressure gradient occurs
[65]. The high pressures in the arteries at the end of systole cause the aortic valve to
snap to the closed position. Moreover, because of a relatively small opening, the velocity
of blood ejection through the aortic is relatively high with respect to the ones of other
heart valves. Because of the rapidity of its movement, the aortic valve is subject to high
mechanical stress. For this reason, the leaflets are made of an especially strong but very
pliable fibrous tissue base [65]. As already mentioned in Section 1.1, after the left ventricle
contracts, the ventricular pressure increases rapidly until the aortic valve opens. After
the valve opens, the pressure in the ventricle rises more slowly, as shown in Figure 1.2,
because blood is immediately ejected from the ventricle into the aorta and then into the
other distribution arteries [65]. The entrance of blood into the arteries causes the walls
of these arteries to stretch, and the pressure increases to about 120mmHg. At the end of
systole, after the left ventricle stops ejecting blood and the aortic valve closes, the pressure
in the arteries remains high thanks to the elastic walls of the arteries, even during diastole.
After the aortic valve closes, there is a short period of reverse flow, immediately before
the closure of the valve. This causes the so-called incisura in the aortic pressure curve
[65]. Then, the pressure in the aorta decreases slowly throughout diastole: this happens
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because the blood stored in the distended elastic arteries flows continually through the
peripheral vessels and to the veins. The pressure falls down to about 80mmHg (diastolic
pressure), corresponding to two-thirds of the maximal pressure of 120mmHg (systolic
pressure) [65].

1.3. Pathologies caused by malfunctions of the aortic

valve

Aortic valve pathologies can be classified into stenosis, which is the narrowing of the orifice
that limits the anterograde flow through the valve, and regurgitation, which consists of
retrograde flow through the aortic valve. While these pathologies may develop over many
years, symptoms may not appear until the condition is severe, and at this point, the
mortality of aortic valvular diseases is very high [139]. These diseases may be congenital
or acquired, or a combination of the two. The three most common causes of aortic stenosis
are age-related calcific degeneration, congenitally bicuspid (or unicuspid) aortic valve,
and post-inflammatory valvular disease (such as rheumatic disease). Age-related calcific
stenosis is due to the fact that a congenitally normal tricuspid aortic valve undergoes a
calcific degenerative process. According to a prospective population-based study [139],
the incidence of aortic stenosis is 0.2% during the fifth decade of life, 1.3% during the
sixth, 3.9% during the seventh, and 9.8% during the eighth.

Figure 1.4: Open and closed configuration of healthy and stenotic valve; image taken from
[108].
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The aortic valve opens and closes about 100 000 times each day. In an 80-year-old person,
the valve has opened roughly 2.9 billion times, chronically exposing the valve to signifi-
cant shear forces that result in progressive degeneration. In this type of stenosis, there is
progressive deposition of calcium phosphate affecting all three cusps. In practice, there is
dense nodularity of the outflow surface that heaps up and may fill the sinuses of Valsalva.
The cusps become anchored to the valve annulus and this impairs cusp mobility. Since
the cusps are separate, commissural fusion is absent or minimal. Hence, significant regur-
gitation is uncommon when this type of stenosis is present [52]. It should be mentioned
that in congenitally bicuspid aortic valves these syndromes are much more frequent [52].

Aortic regurgitation is the leaking of the aortic valve of the heart that causes blood to
flow from the aorta into the left ventricle during ventricular diastole. As a consequence,
the cardiac muscle is forced to work harder than normal. Aortic regurgitation may be
the result of abnormalities either of the aortic valve or of the aortic root. Dilation of
the aortic valve annulus, cusp prolapse, retraction of the cusps by scar, and cusp per-
foration are the main causes of regurgitation [52]. Finally, it should be mentioned that
rheumatic-type post-inflammatory aortic valve disease may result in mixed aortic stenosis
and regurgitation [52].

1.4. Blood rheology

Figure 1.5: Composition of blood; image taken from [3].

Blood is a complex fluid composed of many elements, such as red blood cells (or ery-
throcytes), white blood cells and platelets, suspended in an aqueous solution of organic
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molecules, proteins, and salts called plasma [120], as shown in Figure 1.5. Due to this
multicomponent nature, blood exhibits complex rheological properties. Blood plasma,
which consists mostly of water, is a Newtonian fluid, that is, a fluid which satisfies New-
ton’s law of viscosity: the shear stress is proportional to the rate of shear and the viscosity
of the fluid is the constant of proportionality.

This is why the assumption of Newtonian flow is generally accepted for computational
fluid dynamics models of blood flow in large-sized arteries, such as the aorta, where the
shear rate is usually high [64]. Blood, however, has more complex mechanical properties.

Figure 1.6: Visualization of aggregation. The left column corresponds to low shear rates,
the center column to moderate share rates, and the right column to high shear rates;
image taken from [50].

Indeed, at low shear rates, the erythrocytes tend to aggregate as shown in Figure 1.6.
These aggregates are known as rouleaux and are formed under the influence of bridging
macromolecules, especially fibrinogen. These trains of rouleaux will increase the viscosity
of blood. Decreasing the shear rate even further, the rouleaux will form three-dimensional
structures, inducing an additional increase of viscosity. On the contrary, if the shear rate
is increased, the rouleaux will break up and the erythrocytes will align with the flow. If
the shear rate is further increased, it will be high enough to deform the erythrocytes,
thus decreasing the viscosity [132]. This process involving aggregation of red blood cells
was validated experimentally and mathematically by [50]. For these reasons, blood gen-
erally has, larger viscosity than plasma, and when the volume percentage of RBC (the
hematocrit) rises, the viscosity of the suspension increases, and the non-Newtonian be-
havior of blood becomes more relevant: this happens especially at very low shear rates. In
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conclusion, blood features a shear-thinning behavior, that is, its viscosity decreases with
increasing shear rates, reaching a nearly constant value of approximately 0.00345Pa · s
for shear rates larger than 200 s−1 [34].

1.5. Fluid-Structure Interaction problems

From a mathematical point of view, studying what happens in proximity of the aortic
valve, concerning the hemodynamics of blood and the dynamic of the valve itself, is
interesting because of the inherent complexity of the problem: not only the blood flow
has to be modeled, but also the interaction with the mechanical structure of the valve has
to be taken into account.

1.5.1. Fluid-Structure Interaction modeling of the aortic valve

The problems in which the interaction between a fluid and a mechanical structure is
studied are known in literature as FSI: increasing interest is growing in the last years
in the study of these methods, particularly in the cardiac context [17, 22, 75]. In the
context of cardiovascular simulations, these models can be used to study the interaction
between the blood and the wall of the vessels [17, 75] or the behavior of a cardiac chamber
[22, 33, 93, 100], but they become of fundamental importance in the modeling of the
coupling of valve dynamics and blood flow. Computational fluid dynamics method for
FSI simulations of cardiac valves can be mainly grouped into four different categories [49]:
the approaches based on the so-called Arbitrary Lagrangian Eulerian (ALE) formulation
[123], those based on the immersed boundary (IB) methods [63, 106, 107, 122], those
based on fictitious domain (FD) formulations [37, 38, 97, 133], and those based on hybrid
formulations [20, 21, 59, 60, 82].

The ALE approach is based on the arbitrary movement of a frame of reference which,
additionally to the common material domain and spatial domain, is introduced as a third
reference. The arbitrary movement of this reference frame must be accompanied by a
suitable mesh moving algorithm [123]. This approach, however, is known to be problem-
atic when dealing with large deformations, which may require frequent remeshing and
become computationally very expensive. Moreover, valve opening and closing lead to
topological changes in the domain, which are hard to account for in the ALE framework
[49]. Other mesh-conforming methods are XFEM [12, 23, 54, 61, 62, 91, 92, 147] and
CUTFEM [67, 118]: both these methods also update the computational mesh over time.
In IB methods, the Navier–Stokes equations are solved on a fixed background grid. The
fluid–structure interfaces are represented by independent surface meshes and their effects
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on the flow are accounted for by introducing fictitious body forces in the governing equa-
tions [122]. Often the appropriate forces are explicitly added to the fluid equation and
distributed over all nodes of the fluid mesh through a smoothed Dirac delta function
[106, 107]. Another version of this method, when the mesh is adaptively refined in the
proximity of the IB, can be found in [63]. A similar idea is followed in FD methods, but in
this case the coupling between the fluid and solid meshes is performed through Lagrange
multipliers (or local body forces) at the boundary of the solid [133]. This method applied
to the case of heart valves can be found in [37, 38, 97]. Finally, among hybrid formula-
tions, the curvilinear immersed boundary (CURVIB) method [59] should be mentioned:
in this method, the IB forces are integrated over structured curvilinear boundary fitted
grids. Application of this method can be found in [20, 21, 60, 82]. Another hybrid method
is the ALE/IB immersogeometric method: this combines a variational IB method with
the traditional ALE technique [70, 77].

The common characteristic of all mentioned methods is that they require a full 3D repre-
sentation of the valve geometry and of its mechanics solver, thus entailing a significantly
increased computational cost with respect to imposed-displacement hemodynamics [56].
Besides computational issues, when considering patient-specific simulations starting from
clinical data, even if the constitutive law of the valves is assumed to be known, it would be
extremely difficult to parametrize it for that specific patient [14]. A method that can deal
with both these issues in the representation of the valve was proposed in [14], adapting a
method originally proposed for the study of porous interfaces immersed in a fluid in [51].
This method is named Resistive Immersed Surface (RIS) method: in this approach, the
valve is replaced by a set of immersed surfaces that act like resistances in the fluid [14].
In [49] the RIS method is extended by representing the valve surfaces implicitly through
a level set formulation for the leaflets, leading to the Resistive Immersed Implicit Surface
(RIIS) method, which does not need the mesh to be conforming to the immersed surface.
This method was recently modified by introducing a reaction term to correctly capture the
pressure transients during isovolumetric phases, producing the so-called Augmented-RIIS
method [146].

Concerning the dynamics of the surface, two different approaches could be employed:
the kinematic movement of the valve can be prescribed or governed by a mechanical
equation. If the movement is prescribed the whole simulation could be less accurate since
this approach does not take into account the dynamic of the fluid. The use of a mechanical
equation, on the contrary, requires a coupling between the two physics of the problem.
This equation should be a 3D equation, but this rises by a lot the computational time of
the simulation. For this reason, a 0D equation could be used [49, 56]. In particular, to



12 1| Introduction

reproduce the dynamics of the valve, different lumped-parameters models can be chosen
for the 0D model: in [49] a model proposed in [80] is used, while other examples of lumped-
parameters models often used in cardiovascular applications can be found in [19, 113].
Usually, in this type of model the valve hemodynamics are controlled by the pressure
jump across the leaflets and the flow rate passing through them. However, with this type
of model the calibration of the parameters of the model could be difficult, since these
parameters rarely have a precise physical meaning. Other methods rely on momentum
balance of the leaflets. This approach was first adopted by [43] neglecting the inertia
and stiffness of the leaflets and in [119] where the opening coefficient of the valve is
controlled by a linear ordinary differential equation. More recently, a novel lumped-
parameter structure model for the aortic valve was introduced by [56]: this model is
derived from the balance forces at the leaflets relating the elasticity of the leaflets to
their curvature. This approach directly accounts for the valve geometry: it relates it with
the flow-induced forces to which the leaflets are subject. In this thesis, this last model
was chosen for the 0D modeling of the valve [56], coupled with the Resistive Immersed
Implicit Surface (RIIS) method proposed in [49]. This choice was performed because of
the capability of the model to improve the computational performance of the simulations
with respect to other popular approaches used in the literature, which require a full 3D
representation of the valve geometry and of its mechanics solver, while retaining a physical
meaning for the parameters of the 0D equations.

1.6. Non-Newtonian models

Another important characteristic to consider when performing cardiovascular simulations
is the rheology of blood. As mentioned in Section 1.4, blood has a multicomponent nature
that leads to a complex rheology.

The assumption of Newtonian flow is generally accepted for blood flow in large-sized
arteries, such as the aorta, where the shear rate is usually high [46, 58, 64, 104, 105, 112].
However, at low shear rates, the erythrocytes tend to aggregate and, consequently, the
viscosity of the blood increases [50, 132]. On the contrary, if the shear rate increases, it will
eventually be high enough to deform the erythrocytes, thus decreasing the viscosity [132].
This is why, particularly in small vessels, where the dimension of the red blood cells tends
to become more relevant, blood has been modeled like a non-Newtonian fluid in different
works [10, 13, 31, 32, 34, 64, 74, 84–86, 88, 96, 99, 109, 110, 128, 134, 136, 137]. Different
types of models can be used for the treatment of non-Newtonian viscosity. The most used
ones are the so-called “generalized Newtonian models”, for which a relation between the
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viscosity and the scalar strain rate is introduced. This dependency is introduced through
a constitutive equation and, depending on the specific relation used, different types of
models can develop. This category of models contains Power Law [87], a model analyzed
for example in [34, 74, 110] and used in [31, 99]; Casson [134], analyzed in [34, 74, 110]
and used in [31, 109, 134] and the model used in this thesis: Carreau [34], with its variant,
Carreau-Yasuda [34], that are the two most used in literature for simulation of blood flow
with non-Newtonian treatment [32, 64, 84–86, 96, 128]. For a comparison of all these
models, the reader can refer to [74] where six non-Newtonian models were compared
for the simulation of pulsatile blood flow in a stenosed artery. Finally, more complex
models should be mentioned, such as the viscoelastic model: this type of model is used,
for example, in [7, 142]. In many of these works, the question that the authors try to
answer is for what kind of simulations and for what quantities of interest the use of a
non-Newtonian model produces some differences with respect to a standard Newtonian
model.

In [84], the subjects of the investigation were the distributions of luminal surface con-
centration and oxygen flux along the wall of the human aorta. The authors found the
shear-thinning nature of blood has little effect in the mass transport, but its effect is
apparent in the areas where luminal surface LDL cholesterol concentration is high, and
oxygen flux is low. In [96], simulations on the carotid bifurcation showed a difference of
less than 10% between the Newtonian and non-Newtonian rheology, in terms of bulk flow
metrics. However, the rheological model affected more significantly the WSS-based indi-
cators. In [64], Newtonian and non-Newtonian (Carreau-Yasuda) models were compared
in stenotic carotid arteries and in stenotic coronary arteries. In the carotid case, the re-
sults show that velocity, vorticity, and wall shear stress distributions are only moderately
influenced by the non-Newtonian rheology. In the coronary case, on the other hand, the
rheological model seems to be important, in particular with respect to residence time
of stenosis. In [136], numerical results computed for non-Newtonian blood flow in three
aorto-coronary bypasses show that the blood flow does not significantly differ from the
Newtonian one. In [32], results lead to the conclusion that the non-Newtonian properties
of the blood alter the flow pattern and WSS, so that non-Newtonian rheology is an impor-
tant factor to be considered in simulating hemodynamic effects of blood flow in arterial
bypass grafts. Finally, [13] should be mentioned, in which a novel hybrid Newtonian and
non-Newtonian rheology model was proposed, where the shear-thinning behavior is acti-
vated only in regions with high residence time of red blood cells, based on experimental
data. The authors suggest that conventional approaches to non-Newtonian blood model-
ing should be revisited, to account for more complex rheological behavior in large artery
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flows.

1.6.1. Non-Newtonian models in proximity of the aortic valve

In most of the studies conducted in the proximity of the aortic valve [25, 29, 35, 48, 49, 56,
90, 102, 114, 131, 138] the blood is considered Newtonian. However, as observed by the
result obtained in [44], the Newtonian assumption cannot adequately simulate the flow
dynamics within the left ventricle over the cardiac cycle, and this can be attributed to the
pulsatile and recirculating nature of the flow, that yields a low blood shear rate in some
regions: this is the case also in proximity of the aortic valve. Despite this observation,
only few works can be found where the simulation of the aortic valve dynamics uses a
non-Newtonian model [8, 11, 39, 89, 94, 149]. In particular, [8, 39, 149] are focused on
the study of different non-Newtonian models on a bileaflet mechanical heart. In [8], an
ALE approach is used for the fluid-structure interaction problem and the Carreau-Yasuda
model is employed as rheological model: the average wall shear stress on the fully closed
leaflets was found to be 58% higher compared to Newtonian modeling, thus concluding
that blood must be modeled as non-Newtonian fluid to achieve accurate predictions. Also
in [39], the Carreau-Yasuda model is compared with the Newtonian one: it is concluded
that some features such as valve dynamics, transvalvular pressure drop and large-scale
flow structure are similar to the Newtonian case, while significant differences were ob-
served in the mechanical damage to the red blood cells, due to a different shear stress.
Instead, in [149], Carreau is used to model the rheology of the blood: their results do
not show significant influence caused by the rheological model. However, they conclude
that this could be caused by the turbulence model adopted: indeed, as they state, sig-
nificant differences could be found in the comparison between the experimental results
and numerical ones. In [94], it is observed that the Newtonian assumption can be used
for modeling blood flow of a healthy aortic valve, but a non-Newtonian rheology should
be used in the case of calcified aortic valves, to prevent an underestimation of the wall
shear stress in certain core leaflet regions. In [89], a Power-Law non-Newtonian model
is used for the simulation of a closed aortic valve, to study the effect of regurgitation,
although no comparison with the Newtonian approach is carried out. Finally, in [11] an
artificial heart pump was studied with both Casson and Carreau models and also in this
case the results highlight the need to treat the blood as a non-Newtonian fluid. Indeed,
the inclusion of the non-Newtonian model appeared to provide a favorable impact on
prediction with respect to comparison with experimental data, in particular concerning
turbulent kinetic energy and recirculation regions in the chamber and beyond the valves.
Overall, all works discussed above consider the inclusion of non-Newtonian rheology to
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be important. However, to the best of our knowledge, non-Newtonian models have never
been used in conjunction with reduced FSI models to study a trileaflet physiological aortic
valve.

1.7. Goal and outline of the thesis

The goal of the present thesis is twofold. First, it aims at filling the gap in the literature
concerning the use of a non-Newtonian model in proximity of a physiological trileaflet
valve. Second, differently from what can be found in the literature, it employs a reduced
model with momentum balance of the leaflets as 0D equation for the treatment of the fluid-
structure interaction problem, a method that could drastically improve the computational
performance of the simulation while retaining a physical meaning for the parameters of
the 0D equations. In order to effectively use this model to represent physiological and
pathological cases, an important work in the understanding of the model and in the tuning
of the different parameters was performed.

The remaining part of the present work is structured as follows:

• In Chapter 2, the mathematical model and the numerical methods used to perform
the simulation are introduced. In particular, we present the Navier-Stokes equations,
the non-Newtonian model, the Resistive Immersed Implicit Surface model used to
model the fluid-structure interaction problem, the 0D equation used to mimic the
dynamic of the valve and the complete numerical scheme.

• In Chapter 3, we perform the validation of the non-Newtonian model implemented
in a cylindrical domain, comparing the results obtained with ones that can be found
in the literature.

• In Chapter 4, we show the most important numerical results. In particular, we
present the setting for the simulations, the results obtained in a healthy valve,
the ones obtained in the two most common pathological cases and, finally, the
comparison obtained using the two different types of rheology (Newtonian and non-
Newtonian).

• In Chapter 5, we present a critical analysis of the results obtained in this thesis
together with an analysis of the limitations of this work and possible further devel-
opment.
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2| Mathematical models and
methods for blood flow and
valve dynamics

In this chapter, the mathematical models used in this thesis to simulate the blood flow
and the valve dynamics are presented. In particular, the classical Navier-Stokes equations
are introduced: these are the equations that are used for computational fluid dynamics
of a Newtonian fluid. Then the non-Newtonian model used to deal with the complex
rheology of the blood is described. After this, the Resistive Immersed Implicit Surface
(RIIS) used to simulate the interaction between the fluid and the valve; and the 0D model
of the dynamics of the valve is introduced. Finally, the numerical approximation for the
complete model (RIIS 3D-0D model for a non-Newtonian fluid) is presented.

2.1. Models for Newtonian fluids

We model blood flow as an incompressible fluid, by means of the Navier-Stokes equations.
In this section, these equations are introduced for the Newtonian case, with some mentions
to the more general case.

2.1.1. Navier-Stokes equations

Navier-Stokes equations for incompressible homogeneous fluids constitute the main math-
ematical model to describe the motion of viscous flows. This system consists in a set of
partial differential equations that mathematically express conservation of momentum and
conservation of mass for Newtonian or even more general fluids [27]. The Navier-Stokes
equations for an incompressible homogeneous isothermal fluid in convective form read as
follows:
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

ρ
∂u

∂t
+ ρ(u · ∇)u−∇ · σ = f in Ω× (0, T ) ,

∇ · u = 0 in Ω× (0, T ) ,

u = g on ΓD × (0, T ) ,

σn = h on ΓN × (0, T ) ,

u(x, 0) = u0(x) in Ω× {0} .

(2.1)

The system is solved in the spatial domain Ω ⊂ R3 for all the time instants in the interval
(0, T ) where T ∈ R+ and the boundary ∂Ω, with outward normal vector n, is partitioned
into a Dirichlet boundary ΓD and a Neumann boundary ΓN such that ΓD ∪ΓN = ∂Ω and
ΓD∩ΓN = ∅. The unknowns of the systems are the fluid velocity field u : Ω× [0, T )→ R3

and the pressure p : Ω × [0, T ) → R. ρ is the density of the fluid and σ is the stress
tensor, and it is a function of p,u and the dynamic viscosity µ. Under the assumption of
Newtonian fluid, the stress tensor can be written in the form σ = −pI+ 2µε(u), where I

is the identity tensor and ε(u) =
1

2
(∇u + (∇u)T ) is the strain rate tensor. In this case

System (2.1) becomes:



ρ
∂u

∂t
+ ρ(u · ∇)u−∇ · (2µε(u)) +∇p = f in Ω× (0, T ) ,

∇ · u = 0 in Ω× (0, T ) ,

u = g on ΓD × (0, T ) ,

−pn+ 2µε(u)n = h on ΓN × (0, T ) ,

u(x, 0) = u0(x) in Ω× {0} .

(2.2)

2.1.2. Weak formulation of the Navier-Stokes equations

We define the following functional spaces:

V =
{
v ∈

[
H1(Ω)

]3
: v|∂ΩD

= g
}
, V0 =

{
v ∈

[
H1(Ω)

]3
: v|∂ΩD

= 0
}
,

Q =

L2(Ω) if ΓN ̸= ∅

L2
0(Ω) if ΓN = ∅ .

We make the following assumptions on the data:

f ∈ L2(R+, [L2(Ω)]3), g ∈ L2(R+, [H
1
2 (ΓD)]

3),

h ∈ L2(R+, [H− 1
2 (ΓN)]

3), u0 ∈ [H1(Ω)]3.
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For further information on these function spaces and relative assumptions, we refer to
[116]. Under these assumptions, a weak formulation of Equation (2.2) can be obtained
by multiplying the momentum conservation equation by a test function v ∈ V and inte-
grating in Ω:∫

Ω

ρ
∂u

∂t
· vdΩ−

∫
Ω

∇ · (2µε(u)) · vdΩ

+

∫
Ω

ρ[(u · ∇)u] · vdΩ +

∫
Ω

∇p · vdΩ =

∫
Ω

f · vdΩ ∀v ∈ V . (2.3)

Similarly, by multiplying the mass conservation equation by a test function q ∈ Q and
integrating over Ω, we obtain:∫

Ω

q∇ · udΩ = 0 ∀q ∈ Q . (2.4)

After integrating by parts the second and the fourth term of Equation (2.3), using the
Neumann boundary condition in Equation (2.2), we obtain the weak formulation, which
can be stated as follows:

Find u ∈ L2(R+; [H1(Ω)]3) ∩ C0(R+; [L2(Ω)]3), p ∈ L2(R+;Q) such that:

∫
Ω

ρ
∂u

∂t
· vdΩ +D(u,v;µ) +

∫
Ω

ρ[(u · ∇)u] · vdΩ ,

−
∫
Ω

p∇ · vdΩ =

∫
Ω

f · vdΩ +

∫
ΓN

h · vdγ ∀v ∈ V ,∫
Ω

q∇ · udΩ = 0 ∀q ∈ Q ,

u = g on ΓD × (0, T ) ,

u(x, 0) = u0(x) in Ω× {0} ,

(2.5)

where D(u,v) is the diffusion term: its form gives rise to three different formulations of
the weak problem:

D(u,v) =



∫
Ω

µ∇u · ∇vdΩ Grad-Grad formulation∫
Ω

2µε(u) · ∇vdΩ SymGrad-Grad formulation∫
Ω

2µε(u) · ε(v)dΩ SymGrad-SymGrad formulation .

(2.6)

The latter two expressions are consistent with Equation (2.2). In this thesis, we adopt the
SymGrad-Grad formulation. The details for the procedure to obtain the weak formulation
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are available in many references, for instance in [116], while for more details on the
derivation of the Navier-Stokes system one can refer to [27]. Finally, defining with (·, ·)
the scalar product in L2(Ω) and the following forms and linear functional:
ã : V × V → R, b : V ×Q→ R, c : V × V × V → R, F : V → R such that:

a(u,v) := D(u,v) ,

b(v, p) := −
∫
Ω

p∇ · ddΩ ,

c(w,u,v) :=

∫
Ω

ρ((w · ∇)u) · vdΩ ,

F (v) :=

∫
Ω

f · vdΩ +

∫
∂ΩN

h · vdγ .

(2.7)

we obtain the more compact formulation:
given u(t = 0) = u0, for each t > 0, find u ∈ L2

(
R+;V

)
∩ C0

(
R+;

[
L2(Ω)

]3) and

p ∈ L2
(
R+;Q

)
such that, for all v ∈ V0 and q ∈ Q :

(
ρ
∂u

∂t
,v

)
+ a(u,v)

+c(u,u,v) + b(v, p) = F (v)

−b(u, q) = 0 .

(2.8)

2.2. Non-Newtonian model for blood rheology

In this section, we introduce the non-Newtonian model that we use to account for the
shear-thinning rheology of blood.

2.2.1. Generalized Newtonian models

In a CFD simulation, in order to take into account the non-Newtonian nature of blood,
one needs a constitutive equation that describes the relation between the viscosity and the
shear rate. If, as it usually happens for blood flow simulations, the viscosity is assumed
to be dependent only on the shear rate, one may use as constitutive equation one of the
equations developed for the so-called “generalized Newtonian fluids”, for which a relation
between the viscosity and the scalar strain rate γ̇, defined as γ̇ =

√
2 tr (ε(u)2), is intro-

duced. This dependency must be such that the constitutive equation is frame invariant::
this is achieved if and only if the set of variables is a subset of the invariants of the tensor
ε(u) [132].
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The generalized Newtonian constitutive equation reads as σ = −pI+2µ (IIε) ε(u), where
IIε represents the second invariant of the strain rate tensor. Recalling that for incompress-

ible flows tr (ε(u)) = ∇·u = 0, we have IIε = −
1

2

(
tr
(
ε(u)2

))
, therefore, the constitutive

equation for generalized Newtonian fluids can be written as:

σ = −pI + 2µ(γ̇)ε(u) (2.9)

where the function µ(γ̇) must be specified.

2.2.2. Carreau model

One of the most used models for µ(γ̇) in the context of blood simulations is the Carreau
model, in which the equation for the viscosity is given by

µ(γ̇) = µ∞ + (µ0 − µ∞)
[
1 + (λγ̇)2

]n−1
2 , (2.10)

and shown in Figure 2.1, where

µ∞ [Pa · s] µ0 [Pa · s] n [·] λ [s]

3.45× 10−3 5.6× 10−2 0.3568 3.313

Table 2.1: Carreau’s model parameters.

Figure 2.1: Relation between shear rate and dynamic viscosity according to Carreau
model, given by Equation (2.10).

These values for the parameters are well established in the literature, and they were first
obtained in [34] by numerical fitting of experimental data. It should be noticed that µ∞
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corresponds to the constant viscosity usually imposed in the Newtonian case, so the model
falls back onto the usual Newtonian model as the shear stress goes to +∞. This model
was proven to fit well experimental data, as can be seen for example in [16, 34, 128]. It
should be noticed that the introduction of this constitutive equation leads to an additional
non-linear term in the Navier-Stokes equations, since now the viscosity depends on the
solution u: this will be better discussed in Section 2.4. From now on we will explicitly
state the dependency of the problem on the viscosity in the definition of bilinear forms that
include it. So, regarding the definition of the bilinear forms provided in Equation (2.7)
we will now have: ã : V × V × R→ R:

ã(u,v, µ) := D(u,v, µ) (2.11)

with the corresponding weak formulation of the problem:
given u(t = 0) = u0, for each t > 0, find u ∈ L2

(
R+;V

)
∩ C0

(
R+;

[
L2(Ω)

]3) and

p ∈ L2
(
R+;Q

)
such that, for all v ∈ V0 and q ∈ Q :

(
ρ
∂u

∂t
,v

)
+ ã(u,v, µ)

+c(u,u,v) + b(v, p) = F (v)

−b(u, q) = 0 .

(2.12)

2.2.3. Blood rheology in relation to the shear rate

To give a more concrete idea about the Carreau model, usually cardiovascular handbooks
consider blood viscosity values between 3.5 × 10−3 and 5.5 × 10−3 Pa · s to be normal
[47]. However, blood viscosity cannot be summarized by a single value. As mentioned in
Section 1.4 due to the shear thinning property of blood, the viscosity of this fluid changes
depending on the hemodynamic conditions. For example, in correspondence of a very
low shear rate, the viscosity can even reach a physiological value of 6 × 10−2 Pa · s [72].
According to Equation (2.10) the value of the viscosity is driven by the shear rate, which
is a function of the symmetric velocity gradient. In particular, looking at Figure 2.1 we
can roughly identify 3 regions:

• a high viscosity plateau, corresponding to a value of the shear rate < 10−1 s−1,
for which the value of the viscosity is approximately constant and equal to µ0 =

5.6× 10−2 Pa · s,

• a transition region for a value of the shear rate between 10−1 s−1 and 5× 102 s−1. In
this region, the viscosity is very sensitive to the shear rate.
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• a low viscosity plateau, for a shear rate > 5× 102 s−1. In this region, the viscosity
can be considered constant and equal to µ∞ = 3.45 × 10−3 Pa · s, i.e., the value
employed in Newtonian models.

Since the shear rate grows with the magnitude of the symmetric velocity gradient, we can
draw some hypotheses on the expected distribution of the viscosity corresponding to a
blood flow in a cylindrical domain. For example, in the case of a parabolic velocity profile
over a circular section, since the velocity gradient is null in the center, and it increases
moving towards the boundary, we should expect a high value for the viscosity in the region
near the center of the section.

2.3. Reduced method for Fluid-Structure Interaction

problem for the valve

In this section, we present the reduced order model used to solve the fluid-structure inter-
action problem, together with the 0D model used for the representation of the dynamic
of the valve and how these two models are coupled. In particular, in Section 2.3.1 we
introduce the RIIS model [49], while in Section 2.3.2 we present a lumped parameter mo-
mentum balance 0D equation for the valve and in Section 2.3.3 we follow the procedure
used in [56] in order to couple the RIIS model and the 0D equation for the valve. All
these methods are generalized for the case of non-Newtonian rheology.

2.3.1. Resistive Immersed Implicit Surface method

As explained in Section 1.5.1, to model the fluid-structure interaction problem we adopt
the Resistive Immersed Implicit Surface (RIIS) method [49] coupled with a lumped pa-
rameter momentum balance 0D equation for the valve [56]. We introduce the RIIS model
in this section. We recall that this method was obtained in [49], starting from the Resistive
Immersed Surface (RIS) model presented in [14, 51].

Then the RIIS method consists in implicitly describing the immersed surface Γ [101]. This
is done following the approach used in [56]: when the geometry of the moving immersed
surface Γt is implicitly described at each time t by a single level-set function φt : Ω→ R,
as

Γt = {x ∈ Ω : φt(x) = 0} . (2.13)

In practice, we define φt as the signed distance function from the immersed surface Γt

itself [101]. First, a smooth Dirac function to approximate the “Dirac distribution” δΓt is
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defined, rigorously, the codimension-1 Hausdorff measure [69] with support on the surface
Γt, as follows:

δt,ε(x) =


1 + cos (πφt(x)/ε)

2ε
if |φt(x)| ≤ ε,

0 if |φt(x)| > ε,
(2.14)

In this way, there holds
∫ +∞

−∞
δt,ε(φ)dφ ≡

∫ +ε

−ε

δt,ε(φ)dφ = 1 is obtained. Then, given a

fixed domain Ω ⊂ R3 and an immersed surface Γ, following the idea of the RIS method
[14, 51] the RIIS model consists in enriching the Navier-Stokes equations, as presented
in Section 2.1.1, with a penalization term in the momentum conservation equation with
support the immersed surface Γ. The RIIS formulation for an incompressible homogeneous
fluid reads:
Find the velocity u and the pressure p such that:

ρ
∂u

∂t
−∇ · σ + ρ(u · ∇)u

+∇p+ δt,εRΓ,ε (u− uΓ) = f in Ω× (0, T ) ,

∇ · u = 0 in Ω× (0, T ) ,

u = g on ΓD × (0, T ) ,

σn = h on ΓN × (0, T ) ,

u(x, 0) = u0(x) in Ω× {0} .

(2.15)

RΓ,ε was introduced in [51] to model fixed porous interfaces (for which uΓ = 0 ), e.g.,
medical stent devices, while in [14] the same method is used to model impermeable fixed
surfaces (e.g., a fully open and fully closed aortic valve), for which RΓ = RΓI with
the real-valued function RΓ chosen sufficiently large to weakly enforce the fluid velocity
u to be small or nearly zero in proximity of the surface Γ. In [49], the latter case is
generalized for a moving immersed surface (i.e., uΓ ̸= 0 ). If suitable scalings with
respect to the discretization parameters are introduced, this method can be interpreted
as a penalty-based imposition of the no-slip condition on the immersed surface Γ. For
this reason, in [49], RΓ,ε = (R/ε) I was chosen. In such way, R/ε → ∞ for ε → 0 so
that u|Γ → uΓ. It should be mentioned that the smoothing parameter ε is the same
length scale of Equation (2.15) used to weakly enforce the velocity u to adhere to uΓ on Γ

through the resistive approach, and it corresponds to half thickness of the moving domain.
Moreover, a smooth approximation of the Dirac function δt,ε defined in Equation (2.14)
with a support across multiple mesh elements helps to have an effective resistive term,
which guarantees no (or at least acceptable) flow penetration through the leaflets, as
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stated in [49]. Since δt,ε has a 2ε width support, [49] suggests setting the value of ε at
least 1.5 times the average size of the mesh in the valvular region. We work in the same
functional setting of Section 2.1.2-2.2.1. We introduce two additional bilinear forms: aΓt

: V × V → R, a : V × V × R→ R:

aΓt(u,v) :=
R

ε

∫
Ω

δt,ε (u− uΓ) · vdΩ ,

a(u,v, µ) := ã(u,v, µ) + aΓt(u,v) .

(2.16)

Then, for all v ∈ V ; the method can be easily generalized to the case of N immersed
surfaces Γi by introducing the bilinear form

aΓt,N(u,v) =
N∑
i=1

RΓt,i
/εi

∫
Ω

δt,i,ε (u− uΓi
) · vdΩ, for some {εi}Ni=1. Finally, the weak

formulation of Equation (2.15) reads as follows:
Find u ∈ L2

(
R+;V

)
∩ C0

(
R+;

[
L2(Ω)

]3) and p ∈ L2
(
R+;Q

)
such that, for all v ∈ V0

and q ∈ Q : 
(
ρ
∂u

∂t
,v

)
+ a(u,v, µ)

+c(u,u,v) + b(v, p) = F (v)

−b(u, q) = 0 .

(2.17)

2.3.2. Lumped parameter mechanical model including leaflets
curvature

The RIIS model just presented is used to describe the blood flow through the aortic valve.
In particular, the domain Ω is identified with the anatomic region composed of the aortic
root, and the ascending aorta. In order to describe the configuration and the velocity of
the valve, represented by φt and uΓ, a structural model is required for the deformation of
the surface Γt. In this subsection, we present a reduced, lumped-parameters model that
can realistically describe the main features of cardiac valve dynamics, presented in [56].
We remark that this approach is similar to the one used in [119], but in [56] additional
geometrical information are included in the model.
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Figure 2.2: Schematic representation of dΓ and different configurations of the section of
the leaflet; image taken from [56] Figure 1.

Denoting by dΓ : [0, T ] × Γ̂ → R3 the displacement of the leaflet with respect to its
reference configuration Γ0 = Γ̂, the current configuration Γt can be represented as

Γt =
{
x ∈ R3 : x = Tt(x̂) = x̂+ dΓ(t, x̂) for some x̂ ∈ Γ̂

}
, (2.18)

as shown in Figure 2.2. We assume that, for each time t, every point x ∈ Γt of the
leaflet is subject to an external force f(t,x) due to the surrounding fluid and to an elastic
force related to the leaflet curvature H(x). Both of these terms depend on the current
configuration of Γt described by dΓ(x). Moreover, we consider the valve motion to possibly
be affected by some damping effect [56]. We assume that the elastic force in the valve
depends on the leaflets curvature and acts only normally to the surface, in analogy to
what happens in free-surface tension problem [24, 57]. We also assume the elastic force
to vanish on Γ̂, since it is generally observed that the resting state of the aortic valve is
its closed configuration [56]. Subject to these assumptions, a local force balance can be
formulated as follows:

ρΓẍ+ βρΓẋ = f(t,x)− γ(H(x)− Ĥ(x̂))nΓ(x), (2.19)

where ρΓ is the surface density of the valve, β is a damping coefficient, γ is an elasticity
coefficient, and nΓ is the normal to the surface Γt. The function Ĥ(x̂) denotes the total
curvature of the surface Γ̂ in the position x̂ = T−1

t (x) corresponding to x, that is the
curvature of the resting configuration [56]. In order to reduce Equation (2.19) to a 0D
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model, we assume that dΓ can be written as

dΓ(t, x̂) = c(t)g(x̂) . (2.20)

The function g : Γ̂ → R3, representing the spatial dependence of the displacement, is
assumed to be known, while the opening coefficient c : [0, T ] → R has to be modeled.
With these assumptions, the local balance given by Equation (2.19) can be rewritten as
follows [56]:

(c̈(t) + βċ(t))ρΓg
(
T−1

t (x)
)
= f(t,x)− γ

(
H(x)− Ĥ

(
T−1

t (x)
))

nΓ(x). (2.21)

Finally, taking the component along nΓ(x) and integrating over Γt, the following ordinary
differential equation for c is obtained:

c̈+ βċ+ η(c, f) = 0, where

η(c(t), f(t)) =
γ
∫
Γt

(
H(x)− Ĥ

(
T−1

t (x)
))
dx−

∫
Γt
f(t,x) · nΓ(x)dx∫

Γt
ρΓg

(
T−1

t (x)
)
· nΓ(x)dx

.
(2.22)

We point out that the dependence of η on c is implicit, via its dependence on the curvature
H. Indeed, as will be better shown in Section 2.3.3, H is defined as H = − divΓ nΓ

and the normal vector nΓ can be computed in terms of the derivatives of the function
Tt(x̂) = x̂+ c(t)g(x̂) [56].

2.3.3. Coupling between fluid and structure

In this subsection, we perform the coupling of the 3D fluid model described in Section 2.3.1
and the 0D valve model presented in Section 2.3.2 in order to obtain a reduced FSI model:
the fluid-to-valve stress f that appears in Equation (2.22) is computed from the fluid
model, while the 0D model provides the valve position and velocity as done in [56]. First,
we introduce some notations related to the representation of the immersed surface Γt.
Since φt is a signed distance function, the domain Ω can be partitioned into two open
sets:

Ω+
t = {x ∈ Ω : φt(x) > 0} , Ω−

t = {x ∈ Ω : φt(x) < 0} . (2.23)

For any function f defined over Ω, we define f± = f |Ω±. From the definition of, φt it is
possible to define ñΓ and H̃. They are, respectively, the extensions to the whole domain
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Ω of the surface normal nΓ and its curvature H,

ñΓ =
∇φt

|∇φt|
,

H̃ = − div ñΓ = − ∆φt

|∇φt|
+
∇2φt : (∇φt ⊗∇φt)

|∇φt|3
(2.24)

with ∇2φt denoting the Hessian matrix of φt. The quantities ñΓ and H̃ represent the
extensions of the normal vector and curvature, indeed ñΓ|Γ = nΓ, H̃

∣∣∣
Γ
= H. For details

on these functional theory extensions, the reader can refer to [40]. We remark that ñΓ

does not change direction across Γt. Based on Equation (2.20), we define the surface
velocity uΓ as:

uΓ(t,x) = ċ(t)g̃(x), (2.25)

where g̃ : Ω → R3 is the closest-point extension of g : Γ̂ → R3. Regarding the forces
exerted by the fluid on the valve, referring e.g. to [27], they are related to the stress jump
across Γt:

f = [σnΓ]|Γt
= σ+

∣∣
Γt
nΓ − σ−∣∣

Γt
nΓ. (2.26)

Using the smooth Dirac delta δΓ,ε introduced in Equation (2.14) and the definitions pro-
vided by Equation (2.26), the integral term related to f that appears in Equation (2.22)
can be approximated as:∫

Γt

f · nΓ ≃
∫
Ω

(
σñΓ · ñΓδ

+
Γ,ε − σñΓ · ñΓδ

−
Γ,ε

)
. (2.27)

Proceeding in the same way, the other integrals appearing in Equation (2.22) can be
approximated as: ∫

Γt

ρΓ
(
g ◦T−1

t

)
· nΓ ≃

∫
Ω

ρΓ
(
g ◦T−1

t

)
· ñΓδΓ,ε,

−γ
∫
Γt

(
H − Ĥ ◦T−1

t

)
≃ −γ

∫
Ω

(H̃ − ˆ̃H)δΓ,ε,

(2.28)

with ̂̃H denoting the RIIS representation of the pulled-back curvature Ĥ ◦T−1
t .

2.4. Numerical methods

In this section, we present the space and time discretization of the coupled 3D-0D FSI
model, in the non-Newtonian case. The Newtonian case is a particular case of the formu-
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lation that is presented, in which the viscosity is a constant parameter. This procedure is
described following [49, 56] for the space-time discretization, with the original introduction
of the non-linearity introduced by the non-Newtonian model.

2.4.1. Time and space discretizations

We define a set of times {tk}Nk=0 such that 0 = t0 < t1 < · · · < tN = T and tk+1 −
tk = ∆t ∀k ≥ 0, and, for a generic function of space and time v(x, t), we introduce
vn(x) := v(x, tn) ∀n ∈ {0, 1, . . . , N}. Regarding the space discretization, we introduce a
tetrahedral mesh Th of Ω, and denote by Qr the space of polynomials of degree r with
respect to every coordinate in space. We introduce the corresponding finite element space:

Xr
h =

{
vh ∈ C0(Ω) : vh|K ∈ Qr(K),∀K ∈ Th

}
. (2.29)

Following this procedure, the definition of the discrete spaces for pressure and velocity
is V r

h =
{
vh ∈ [Xr

h]
3 : vh = 0 on ΓD} and Qr

h = Xr
h. For more information on this

procedure, the reader can refer to [111]. Regarding the numerical approximation of the
Navier-Stokes-RIIS problem of Equation (2.15), a semi-implicit BDF-FE scheme of order
s is used as in [49]. The same polynomial degree r for both V r

h and Qr
h is used: this in

order to limit the computational time inducted by the space discretization. However, if
we consider the same polynomial degree for the discretized spaces of velocity and pressure
the inf-sup condition is not satisfied [111]. This issue is overcome in [49, 56] by extending
SUPG-PSPG stabilization method [129] to the RIIS problem. This procedure allows
obtaining an inf-sup stable formulation and controlling numerical instabilities associated
with the highly advective flow regime in the valve [49]. Moreover, as proposed in [55] for
the time discretization based on the BDF scheme, the SUPG-PSPG parameters are set
following the variational multiscale (VMS) concept introduced in [15]. Finally, for what
concerns the non-linearity introduced in the viscosity term by the non-Newtonian model,
a semi-implicit treatment is adopted as in [64]. The complete numerical method for the
RIIS problem is the following:
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Given un
h, n = 0, . . . , s− 1, for each n = s, . . . , N , find un

h, p
n
h such that(

ρ
αsu

n
h − un,BDFs

h

∆t
,vh

)
+ an

(
un
h,vh, µ

(
un,BDFs
h

))
+ c (un,s

h ,un
h,vh) + b (vh, p

n
h)− b (un

h, qh)

+
∑
K∈Th

(
τn,sM rnM

(
un
h, p

n
h, µ

(
un,BDFs
h

))
, ρun,s

h · ∇vh +∇qh
)
K

+
∑
K∈Th

(τn,sC rnC (un
h) ,∇ · vh)K = F (vh)

(2.30)

for all vh ∈ Vh and qh ∈ Qh, where (·, ·)K is the L2 inner product over a mesh element K
and

an(u,v, µ) = D(u,v, µ) +
(
R

ε
uδnε ,v

)
b(v, q) = −(div v, q)

c(w,u,v) = (w · ∇u,v)

F (v) =

∫
Ω

f · vdΩ +

∫
∂ΩN

h · vdγ −
(
R

ε
un
Γ,hδ

n
ε ,v

)
.

(2.31)

The BDF parameter αs and the velocities un,BDFs
h ,un,s

h depend on the order s of the BDF
scheme [55], while rnM, r

n
C, τ

n,s
M , τn,sC are the functionals associated with the SUPG-PSPG

stabilization, defined as:

rnM

(
un
h, p

n
h, µ

(
un,BDFs
h

))
= ρ

αsu
n
h − un,BDFs

h

∆t
− µ

(
un,BDFs
h

)
∆un

h

+ ρun,s
h · ∇u

n
n +∇pnh +

R

ε
δnε (u

n
h − un

Γ)

rnC (un
h) = ∇ · un

h

τn,sC = (τn,sM g · g)−1

τn,sM =
1√

ρ2α2
s

∆t2
+ ρ2un,s

h ·Gun,s
h + Crµ2G : G+ R2

ε2
(δnε )

2
.

(2.32)

The quantities G and g are metric tensor and vector, and they depend on the element
map MK : K̂ → K, for K ∈ Th, which maps the reference element K̂ to the current one K
[129]. It should be noticed that the difference between Equation (2.30) and the numerical
approximation provided by [56] is the dependency on the variable µ

(
un,BDFs
h

)
introduced

by the non-Newtonian model. This last term is calculated through the Carreau formula
shown in Equation (2.10). In particular, the shear rate needed in the Carreau formula is
computed starting from un,BDFs

h . Concerning the variables that characterize the geometry
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of the valve, a FE description is used. The discrete signed distance function is φn
h ∈ Xr′

h ,
with a polynomial degree r′ ≥ 2 that can differ from r [56]. Accordingly, the extended
normal and curvature field can be written in terms of the basis functions {ψℓ}

N ′
h

ℓ=1 of Xr′

h ,
starting from the latter the leaflet’s extended normal and curvature can be defined, as in
[56], as:

ñn
Γ,h =

∑N ′′
h

ℓ=1 φ
n
ℓ∇ψℓ∣∣∣∑Nr′

h
ℓ=1 φ

n
ℓ∇ψℓ

∣∣∣ ,
H̃n

Γ,h = − div ñn
Γ,h

= −
∑N ′

h
ℓ=1 φ

n
ℓ∆ψℓ∣∣∣∑Nr′

h
ℓ=1 φ

n
ℓ∇ψℓ

∣∣∣ +
∑N ′

h
ℓ,m,k=1 φ

n
ℓφ

n
mφ

n
k∇2ψℓ : (∇ψm ⊗∇ψk)∣∣∣∑N ′
h

ℓ=1 φ
n
ℓ∇ψℓ

∣∣∣3
(2.33)

It should be remarked that these last two quantities can be used directly as in expressions
appearing in Equations (2.33), without any projections onto a finite element space, since
they appear in the 0D models only as integrands of Equations (2.27)-(2.28). Instead, to
represent the valve’s kinematics, the discrete leaflets’ velocity is computed from a first-
order approximation of Equation (2.20) in such way:

un
Γ,h =

cn − cn−1

∆t
g̃n
h ∀n ∈ {s, . . . , N} . (2.34)

For the solution of the Ordinary Differential Equation expressed in Equation (2.21), we
adopt an explicit Runge-Kutta method of the fourth order [127]. The fluid and structure
models are loosely coupled at each time-step [56]:
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Algorithm 2.1 Numerical solution scheme for the non-Newtonian 3D-0D-FSI model

1: Given un
h, p

n
h, c

n for n = 0, . . . , s− 1, and compute the functions φn, ñn
Γ, H̃

n

that corresponds to the surface Γn and µ
(
un,BDFs
h

)
, for n = 0, . . . , s− 1,

2: for n← s do
3: Compute the integrals appearing in Equation (2.22), in terms of

un−1
h , pn−1

h ,Γn−1, φn−1.
4: Find cn by solving the 0D Equation (2.22) with a step of RK4.
5: Move the valve to its next configuration Γn described by dn

Γ = cng and compute

un
Γ =

cn − cn−1

∆t
g̃.

6: Compute the next distance function φn with respect to Γn and assemble fields
related to the normal and the curvature ñn

Γ and H̃n.
7: Find (un

h, p
n
h) ∈ V r

h×Qr
h by solving the linear problem represented in Equation (2.30)

8: end for

Starting from the numerical approximation of Equation (2.30), the algebraic formulation
of the problem can be obtained in a standard way: for more details on this procedure,
the reader can refer to [41, 111]. It should be mentioned that, as it is commonly needed
in fluid dynamics problems, a suitable preconditioner must be employed in order to ob-
tain a solution efficiently. For the simulations performed for this thesis, the SIMPLE
preconditioner was employed [41].
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In this chapter, the firsts numerical results, obtained using the model presented in Sec-
tion 2.1 and Section 2.2, are presented. All the simulations that can be found in this thesis
were performed using lifex [5]: a high-performance library for the solution of multi-physics
and multiscale problems, mainly for cardiac applications [9]. This library is written in
C++ using the most modern programming techniques available in the C++17 standard,
and it is based on the deal.II finite element core [4]. As part of the thesis work, the
non-Newtonian model was implemented on top of the previously existing Navier-Stokes
solver. In this chapter, the validation of the standalone non-Newtonian model (consid-
ering only the computational fluid dynamics part of the problem, without taking into
account the FSI model) is presented. In particular, to validate the model implementa-
tion, some results obtained using Newtonian and non-Newtonian rheology of blood are
compared with the ones obtained in [128], where the same problem is solved in the same
domain but using a different method. The model was tested on a simple geometry: a
cylindrical domain, which can be considered as a first approximation of a vessel. Results
obtained using a Newtonian rheology with the ones obtained by using the Carreau model
for the non-Newtonian viscosity are compared. Then, in order to properly validate the
model implementation, the results are compared with [128], where the same problem is
solved in a cylindrical domain but using a semi-analytical approach based on Poiseuille
theory [27] for the stationary case and Womersley theory for the pulsatile case [141]. The
differences produced by the two rheological models are investigated, obtaining results in
accordance with the ones reported in [128].

The simulations shown in this chapter were executed on 2 cores running MacBook Air
(M1, 2020), 2 cores, 16GB of RAM.
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3.1. Steady case

To assess the effectiveness of the Carreau model, the results obtained imposing a steady-
state flow were first compared. In particular, two cylindrical domains with two different
radii equal to R1 = 0.0031m and R2 = 0.0045m respectively, were considered, and in
both cases the length of the cylinder was set equal to 10 times the radius as in [128]. The
density of blood was set equal to ρ = 1060 kg/m3 and the viscosity for the Newtonian
model equal to µnewtonian = 0.00345Pa · s. The space discretization was performed by
means of hexahedral finite elements of order 1 with SUPG-PSPG stabilization, while
the time derivatives are approximated through a BDF1 scheme. A Dirichlet boundary
condition on the inlet section and a Neumann homogeneous boundary condition on the
outlet section were imposed, resulting in a constant pressure drop equal to 6000Pa/m

(Figure 3.1 (a)).

(a) Pressure distribution in the cylinder.

(b) Viscosity distribution in the cylinder.

Figure 3.1: Pressure and viscosity distribution in the domain for the steady case.
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(a) R = 0.0031m. (b) R = 0.045m.

Figure 3.2: Velocity profiles for the steady case in a cylinder domain.

In Figure 3.2 the velocity profiles associated with the Newtonian and non-Newtonian
models in both cylinders are shown. The 2D representation of the velocity profiles exploits
the radial symmetry. As could be expected, the resulting flow is parabolic (Poiseuille flow,
as theoretically predicted in [27]) and it can be observed that the non-Newtonian flow,
which in general yields to higher viscosity than the Newtonian one, is characterized by
a lower flow rate. The details of the experiments such as flux and wall shear stress

(WSS= µ
∂ur
∂r
|r=R) are reported in Tables 3.1-3.2, where “Ratio flux” is computed as

(Newtonian flux - Carreau flux)/(Newtonian flux). The differences in the absolute values
of the fluxes with respect to the reference results can be caused by many reasons, including
the different approaches adopted to obtain the results, however it is important to notice
that the difference between Newtonian and non-Newtonian flows, together with the values
of the WSS, are in complete accordance with the reference results. Finally, Figure 3.2 (b)
shows the value of the viscosity in the volume of the domain: the maximum is reached
in the center, where the velocity gradient is at its minimum value, and the minimum is
reached near the boundary, where the velocity gradient is at its maximum value. Thus,
the result is coherent with what was mentioned in Section 2.2.1.
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Reference lifex

Newtonian flux (m3/s) 6.30 · 10−5 5.72 · 10−5

Carreau flux (m3/s) 5.98 · 10−5 5.43 · 10−5

Ratio flux 5.08% 5.03%

Newtonian WSS (Pa) 9.3 9.31

Carreau WSS (Pa) 9.3 9.26

Table 3.1: Comparison with the reference results [128] for R = 0.0031m.

Reference lifex

Newtonian flux (m3/s) 2.80 · 10−5 2.49 · 10−5

Carreau flux (m3/s) 2.69 · 10−5 2.38 · 10−5

Ratio flux 4.04% 4.30%

Newtonian WSS (Pa) 13.5 13.91

Carreau WSS (Pa) 13.5 13.87

Table 3.2: Comparison with the reference results [128] for R = 0.0045m.

3.2. Pulsatile case

The second validation was performed, solving a similar problem as in Section 3.1, but
imposing a pulsatile pressure gradient. In particular, the amplitude of the oscillatory
pressure gradient was taken to be equal to A = 6000Pa/m (corresponding to 45mmHg)
while the angular frequency was taken as n = 2πf with f = 1.2Hz (corresponding to the
average pulse frequency of 72 beats per minute).
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(a) R = 0.0031m. (b) R = 0.0045m.

Figure 3.3: Velocity profiles corresponding to the maximum flow rate for the pulsatile
case in a cylinder domain.

(a) R = 0.0031m. (b) R = 0.0045m.

Figure 3.4: Velocity profiles corresponding to the minimum flow rate for the pulsatile case
in a cylinder domain.

Figure 3.3 shows the velocity profiles obtained as solutions of the Newtonian and non-
Newtonian models, at the time of the maximum value of the flow rate. We can observe the
typical shape of the Womersley profile [18, 141] in the cylinder with radius R = 0.0045m,
while for the smaller radius R = 0.0031m we can see a sort of transition to a parabolic
profile. The two models mainly differ in the central region of the cylinder, and the
difference becomes more evident as the radius decreases. It is also interesting to compare
the velocity profiles associated to the minimum values of the flow rate (in the positive time
cycle, i.e., the lowest positive value of the flow rate). These are reported in Figure 3.4. In
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this picture we can notice that the non-Newtonian velocity profiles are slightly flattened
with respect to the Newtonian profiles. Similar velocity profiles have been obtained in
[73] for the 2D blood flow in the carotid artery using the Carreau-Yasuda model. These
profiles, together with the ones shown in Figure 3.2 are in accordance with Figure 1-2-3
of [128].

Reference lifex

Newtonian max flux (m3/s) 1.77 · 10−5 1.86 · 10−5

Carreau max flux (m3/s) 1.73 · 10−5 1.81 · 10−5

Table 3.3: Comparison of the max flow rate with the reference results [128] for R =

0.0031m.

Reference lifex

Newtonian max flux (m3/s) 4.10 · 10−5 4.23 · 10−5

Carreau max flux (m3/s) 4.06 · 10−5 4.14 · 10−5

Table 3.4: Comparison of the max flow rate with the reference results [128] for R =

0.0045m.

Tables 3.3 and 3.4 summarize the comparison of the results obtained using the lifex solver
against the ones reported in [128].

(a) R = 0.0031m. (b) R = 0.0045m.

Figure 3.5: Comparison between the Newtonian and the non-Newtonian viscosity at the
maximum flow rate.
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(a) R = 0.0031m. (b) R = 0.0045m.

Figure 3.6: Comparison between the Newtonian and the non-Newtonian viscosity at the
minimum flow rate.

The viscosity distribution in both cylinders for the maximum and minimum flow rates
are shown in Figure 3.5 and Figure 3.6 respectively. The peaks in the central region
correspond to the lower velocity gradients, while the satellite peaks in Figure 3.5 (b) and
Figure 3.6 (b) are connected with the local minima of the velocity gradient presented in
Figure 3.3 (b) and Figure 3.4 (a).

The fact that the results shown in this section are in accordance both with [128] and
what can be theoretically expected in a cylinder (see Section 2.2.3) indicates that the
results that will be presented in Section 4.4 (the subject of major interest of the thesis)
can be trusted, especially for what concerns the differences that will be observed between
Newtonian and non-Newtonian models.
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aortic valve

In this chapter, we present numerical results in the proximity of the aortic valve obtained
using the models explained in Chapter 2. All simulations were performed using lifex.

The results were obtained using the RIIS formulation coupled with the lumped parameter
momentum balance 0D equation for the valve on a realistic domain in the proximity
of the valve. We first introduce the setting of the simulation, comprehensive of the
explanation of the domain, mesh generation, boundary conditions and baseline parameters
that are used for all simulations. Then, we describe a simulation for a healthy valve, with
particular attention to the dynamics of the valve, and the general behavior of the flow in
the opening and closing phase, highlighting how the results obtained are in accordance
with what is physiologically observed in a healthy valve and what can be improved to
reproduce these observations even better. After this, we analyze two pathological cases,
relative to a stenotic and regurgitating conditions, and compare them with the healthy
configuration showing the main differences. Finally, we present a comparison between the
results obtained using the Newtonian and non-Newtonian rheology in the two pathological
configurations, highlighting similarities and differences that can be observed in the results.

The simulations shown in this chapter were all executed on 56 cores running Intel Xeon
Gold 6238@2.10 GHz, using the computational resources available at MOX, Dipartimento
di Matematica, Politecnico di Milano.

4.1. Setting for the simulations

In this section, we present the domain and mesh for our simulations, as well as the
boundary conditions and parameters used in this chapter.
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4.1.1. Mesh generation

Figure 4.1: Aortic root domain with flow extension and closed valve leaflets.

Both the geometry of the domain Ω and of the closed valve leaflets Γ̂ are taken from the
Zygote Heart Model [2, 148], an accurate model of the physiological heart derived from
CT-scan acquisitions. The aortic root and the closed configuration of the valve are shown
in Figure 4.1 together with the aortic root’s flow extension and the ascending aorta. The
flow extension is the part of the domain that goes from the aortic root to Σin and is
used to replace the left ventricle. This was done in order to simplify the geometry of the
problem, and to facilitate the imposition of the boundary condition at the inlet, as in [56].
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Figure 4.2: Closed (a) and open (b) configuration of the valve.

In the same way as [56] a proper opening field g has been introduced on the leaflets, so that
the surface Γopen = {x = x̂+g(x̂), x̂ ∈ Γ̂}, corresponding to an opening coefficient c = 1,
represents the physiological open valve configuration with an orifice area of 3.02 cm2

(closed and open configuration are shown in Figure 4.2). This value is in the physiological
range for healthy adults (3.9± 1.2 cm2) [68].

The mesh that was used for the simulations was obtained, starting from the domain
taken from Zygote [2, 148], through VMTK [1]: a collection of libraries and tools for
3D reconstruction, geometric analysis, mesh generation and surface data analysis for
image-based modeling of cardiac domains. The mesh was generated tailored towards the
application to the Navier-Stokes-RIIS model. As will be made clear in Section 4.1.2, the
immersed surfaces are captured accurately provided the mesh is sufficiently fine in their
region. Therefore, the mesh size is spatially dependent, with a higher resolution in the
neighborhood of the valve. Moreover, a sufficiently fine mesh in the area corresponding
to the aortic root should be used in order to better capture the complex behavior of the
flow around that area. Contrarily, a coarser mesh is sufficient in the area located far from
the aortic root, since we are mostly interested in the flow around the valve leaflets. To
obtain a mesh with these characteristics for the size of the elements in different areas of
the domain, different steps were performed:

• We computed a distance function from the position of the valve.

• We performed the generation of the new refined mesh using the formula:
h(x) = max

{
hmin,min

{
αfβ, hmax

}}
, where h indicates the edge length we want

to obtain, f is obtained using the distance function defined above, hmin and hmax

denote the desired minimum and maximum mesh edge length, respectively, and α
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and β are additional parameters. To obtain the mesh used in the simulations, we
set hmin = 0.0007, hmax = 0.004, α = 3 and β = 4.

Figure 4.3: 3D tetrahedral mesh of the aortic root with zoom on the area close to the
aortic valve.

A clip of the 3D mesh obtained can be seen in Figure 4.3: as we can see, the mesh is
much more refined in the area close to the aortic valve. The mesh is tetrahedral and has
about one million elements, including artificial flow extensions at both inlet and outlet.
The element’s size h ranges from 5.5 mm in the flow extensions to 0.34 mm in the aortic
root.

Blood velocity and pressure are both discretized with P1 finite elements. Further infor-
mation on the mesh elements’ size and degrees of freedom (DOFs) in terms of space and
pressure can be found in Table 4.1.
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Number of cells 962 549

DOFs
velocity 468 378

P1− P1
pressure 156 126

total 624 504

hmax 5.50 · 10−3 m

hmin 3.38 · 10−4 m

hmean 7.98 · 10−4 m

Table 4.1: Mesh size and number of degrees of freedom.

Figure 4.4: Control volumes location with respect to the leaflets.

Finally, Figure 4.4 shows the location of the two control volumes above and below the
valve that are used to compute some postprocessing results that will be shown in the next
sections. [49] highlighted that the numerical results computed in these two volumes are
not significantly affected by their specific location, with the condition that their distance
from the valve lays between 5 and 25 mm, and this is the case of our configuration.
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4.1.2. Boundary conditions and baseline parameters

As boundary conditions, we impose time-dependent normal stress at both inlet and outlet,
while we prescribe a no-slip condition on the wall. The resulting problem is:

ρ
∂u

∂t
−∇ · σ + ρ(u · ∇)u

+∇p+ δt,ε
R

ε
(u− uΓ) = f in Ω× (t0, T ) ,

∇ · u = 0 in Ω× (t0, T ) ,

u = 0 on Σwall × (t0, T ) ,

σn = pinn on Σin × (t0, T ) ,

σn = poutn on Σout × (t0, T ) ,

u(x, 0) = u0(x) in Ω× {t0}

(4.1)

where Σin and Σout represent respectively the inflow and outflow boundaries, while the
boundary Σwall represents the aortic wall; these boundaries are shown in Figure 4.1.
pin (t) and pout (t) are the pressures obtained from the lumped circulation model presented
in [113] after proper calibration in order to be consistent with physiological pressures as
reported in Wiggers diagrams [140], using the same approach as [56].

Figure 4.5: Physiological pressure boundary conditions.

These curves, together with the pressure difference between inlet and outlet, are shown
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in Figure 4.5. The other values for the parameters that will be used for all simulations
are reported in Table 4.2.

Parameter Value Description

ρ
[
Kg/m3

]
1060 Density of blood

µnew [Pa · s] 3.5 · 10−3 Newtonian viscosity of blood
ε [m] 5 · 10−4 Half-thickness of the valve

R [Pa · s] 1000 Resistance parameter in the RIIS method
β
[
s−1
]

0.2 Damping parameter
ρΓ [·] 0.1 Scaling factor for density in the 0D valve model̂̃

H
[
m−1

]
0.04 Initial curvature offset

t0 [s] 0.08 Initial time of the simulation
T [s] 0.45 Final time of the simulation
∆t [ s] 1 · 10−4 Time step

Table 4.2: Baseline parameters for the aortic valve simulations.

The density of the blood ρ was set to the value of 1060
Kg

m3
as reported in [36] for blood

at temperature of 37.5°C. The value of the constant viscosity µnew for the Newtonian
case was set to 3.5 · 10−3 Pa · s, as shown in Table 4.2, in accordance with other references
such as [49, 56]. Concerning the RIIS parameters, we begin by setting ε = 0.5mm,
corresponding to a valve thickness of 1.0 mm. Then, as suggested in [49], we choose a
mesh size in the valvular region h = 0.34mm (see Table 4.1), to satisfy h <= 1.5ε. In
addition, with this setting of the parameter, the physiological thickness of an aortic valve
is recovered: for example, it is shown in [115] that this physiological value ranges between
0.5 and 1.4 mm for people over 60 years old. In addition, both the resistance R, used in
the RIIS model to enforce the fluid to follow the valve velocity and the damping parameter
β were set in accordance with [56]. Finally, we set ρΓ to 0.1: this parameter can be tuned
to different values in order to account for the inertia of the leaflets. The chosen value was
found to yield a better match with physiology.

We simulated a whole systole using a time step ∆t = 1·10−4 s. For the time discretization,
we use a BDF scheme of order s = 1, corresponding to a semi-implicit Euler scheme.
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4.2. Simulation of a healthy valve

We consider the case of a healthy valve, calibrating the model to reproduce the physio-
logical behavior observed in healthy individuals, without stenosis and regurgitation. The
simulation was obtained setting the remaining parameter of the 0D model, the elasticity
coefficient, γ = 0.2N/m and using the Newtonian model. The complete setting of the
parameters to obtain this configuration is reported in Table 4.3.

ρ

[
Kg

m3

]
µnew [Pa · s] ε [m] R [Pa · s] β

[
s−1
]

ρΓ [·] ̂̃
H
[
m−1

]
γ

[
N

m

]
1060 3.5 · 10−3 5 · 10−4 1000 0.2 0.1 0.04 0.2

Table 4.3: Parameters for the healthy configuration.

This configuration is significantly sensitive with respect to little changes in various param-
eters, as better discussed in Appendix A. In practice, it was not possible to reproduce a
comparable setting using the non-Newtonian model, since the changes in viscosity, albeit
relatively small, lead to very significant changes in the valve dynamics.

(a) Opening coefficient (c) and Orifice Area
(OA).

(b) Valve’s velocity.

Figure 4.6: Opening coefficient and Orifice Area (a) and valve’s velocity (b) in healthy
configuration.

Figure 4.6 shows the dynamics of the valve. In particular, as we can observe from Fig-
ure 4.6 (a), the evolution of the orifice area (similar to the one of the opening coefficient)
is in accordance with the evolution of a physiological valve. Indeed, we can see that the
behavior of the orifice area during the systole can be divided into three stages, in accor-
dance with [66, 83, 126]: an opening phase, a slow closure with very small changes of the
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orifice area, and a rapid closure. In particular the duration of the opening phase (consid-
ering the valve as completely open if it reaches the 95% of his maximum orifice area) in
our configuration is of 83ms in accordance with [66], which indicates as physiological an
opening time of 76± 30ms. As we can see from Figure 4.6 (a), the closing phase can be
divided into two steps: a slower one of about 45ms when the orifice area doesn’t change
much (approximately from 95 to 70%), and a faster one of about 20ms (from 70 to 0%).
In total the whole closing process requires about 65ms, very close to the physiological one
provided by [66] of 42± 16ms. While the valve is open, we can observe oscillations akin
to leaflet fluttering both in the opening coefficient and orifice area (see Figure 4.6 (b)).

(a) Pressure difference computed between
the two control volumes.

(b) Flow rate through the valve.

Figure 4.7: Pressure difference computed between the two control volumes in the opening
phase and flow rate through the valve.

Two other important physiological aspects can be observed in Figure 4.7. The first one,
shown in Figure 4.7 (a), is that the pressure difference computed between the two control
volumes (that are shown in Figure 4.4, placed above and below the valve) does not exceed
the value of 5mmHg, that is considered to be the maximum limit that can be reached
in the opening phase physiologically. Figure 4.7 (b), instead, shows the flow rate passing
through the valve during the whole systole. The reverse flow that can be observed in
the closing phase (from 0.30 to 0.32 s approximately) is acceptable both in duration and
intensity (in particular with respect to the regurgitating configuration that will be shown
in Section 4.3). Indeed, as already mentioned in Section 1.2, a short period of backward
flow of blood immediately before the closure of the valve, followed by sudden cessation of
the backflow, is observed even in healthy individuals [65].
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Figure 4.8: Velocity (a) and pressure (b) distribution at four different time steps: before
the opening (0.085 s), during the valve opening phase (0.13 s), when the valve is completely
open (0.20 s) and during the closing phase (0.30 s).
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Figure 4.9: Pressure within the leaflets (a) and leaflets velocity uΓ (b) at four different
time steps: before the opening (0.085 s), during the valve opening phase (0.13 s), when
the valve is completely open (0.20 s) and during the closing phase (0.30 s).

The whole behavior of the fluid and the valve can be observed in Figure 4.8 and Figure 4.9.
In Figure 4.8, the blood flow together with the corresponding pressure distribution at four
different time steps is reported: before the opening, during the valve opening phase, when
the valve is completely open and during the closing phase. Figure 4.9, instead, for the
same time steps, shows the pressure distribution in the ε-neighborhood of the leaflets (a),
the area in which the RIIS term is active, and the corresponding leaflets’ velocity (b).
As we can see from both Figure 4.8 (b) and Figure 4.9 (a) in the early stages of the
simulation, while the valve is still closed, the whole pressure gradient is concentrated in
correspondence of the valve and a pressure difference of about 2 to 3mmHg is developed
in this area which causes the beginning of the opening of the valve. Then, the opening
is accompanied by a progressive development of the typical jet flow through the aortic
orifice, and much smaller pressure differences can be observed. Despite this, during this
phase, a non-negligible pressure gradient can be observed in the RIIS region, due to the
non-zero leaflet velocity uΓ. Instead, when the valve reaches its fully open configuration,
the pressure is essentially constant in the leaflets volume, since the valve velocity uΓ is
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close to zero during this phase (except for the fluttering phenomenon described above,
which can be observed, in particular, in Figure 4.9 (b) at time 0.20 s). With the valve fully
open at the maximum orifice area, the aortic jet fully develops. We point out that the
general behavior in the opening phase is qualitatively in accordance with [56]. As can be
seen from in Figure 4.7 (a) the closing phase is accompanied by a strong negative pressure
gradient. We remark that the beginning of the closing phase is delayed with respect to
the inversion of the pressure jump which happens around t = 0.2 s. This happens due
to the inertia of both the flow and the valve. Then, the valve starts its closing, at the
beginning with uΓ much slower with respect to the opening phase, as can be appreciated
from Figure 4.7 (b).

Figure 4.10: Q-criterion isosurfaces with Q = 1000 s−2 colored with velocity magnitude
at four different time steps: during the valve opening phase (0.13 s), when the valve is
completely open (0.20 s), during the slow part of the closing phase (0.28 s) and during the
faster part of the closing phase (0.33 s).

Finally, in Figure 4.10 the Q-criterion isosurfaces [71] are shown for four different time
steps: during the opening phase, when the valve is completely open, during the slow part
of the closing phase and during the faster part of the closing phase. At t = 0.2 s we can see
how the jet flow leads to the formation of the classical ring coherent structures detaching
from the tips of the aortic leaflet, observed, for example, in [26]. As discussed in [30, 49],
these vortices also help the leaflets not to attach to the aortic wall. The vortex structures
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are then transported downwind in the ascending aorta and the jet breaks up just before
the beginning of the fast part of the closing phase.

Figure 4.11: Velocity distribution (a) and Q-criterion isosurfaces with Q = 1000 s−2

colored with velocity magnitude (b) at t=0.42 s.

We point out that, due to geometrical inconsistencies, some reverse flow can be observed
when the valve is closed. This occurs both between the valve and the wall and at the
center of the valve. The issue is associated to a mismatch between the valve and the
aortic root geometry, on the one hand, and to the choice of the thickness parameter ε
on the other. To avoid this issue, we would need to set ε ≥ 1.5mm, corresponding to
a valve thickness greater than 3mm, much larger than what is observed in real valves.
Alternatively, the valve and aortic root geometries could be manually adjusted to improve
their consistency. However, in absence of imaging data to support this operation, we opted
to keep the original models. Both approaches would require a thorough recalibration of
the 0D valve model. We point out that this inconsistency does not affect significantly the
valve behavior during its opening and closing, which are the main focus of this work, but
is mostly relevant only after the valve is fully closed.
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4.3. Simulation of pathological cases

This section is devoted to the analysis of the two most common pathological cases that
can be caused by a dysfunction of the aortic valve, that is stenosis and regurgitation,
as explained in Section 4.3. In particular, a comparison between these two cases and
the healthy one (presented in Section 4.2) will be provided, with particular focus on the
dynamics of the valve. For the regurgitation test case, we do not consider malformations
in the valve that lead to reverse flow when it is closed. Instead, we consider a delayed
closing that results in reverse flow occurring while the valve closes, and stopping once it
is fully closed. This behavior was induced in the simulation by decreasing the elasticity
coefficient γ = 0.1N/m, so that the elastic response of the valve is slower and the closure
phase is even further delayed with respect to what happens in physiological conditions.

The stenotic configuration, instead, reproduces what can be observed in calcified stenosis:
this pathology usually causes a reduced compliance of the leaflets which then oppose a
higher resistance to the blood flow [26]. In accordance with this, this configuration was
obtained by increasing the elasticity coefficient to γ = 1.0N/m. To classify the level of
stenosis, the aortic stenosis ratio AS can be introduced, as in [49, 119]: this parameter is

based on the maximum orifice area OAmax in the following way: AS = 1− OAmax

OAhealthy
with

OAhealthy corresponding to the max orifice area of the healthy case. With this setting
AS = 0.47 was obtained, which corresponds to a moderate level of stenosis.

These considerations show how the parameters of the model can be interpreted in a
physical sense, and how these can be tuned to obtain different configurations. For example,
higher levels of stenosis can be obtained by further increasing γ: this is a very interesting
feature of the lumped parameter mechanical model used for valve dynamics.



4| A simulation study on the aortic valve 55

4.3.1. Comparison with healthy configuration

(a) Opening coefficient (c) and Orifice Area (OA).

(b) Valve’s velocity.

Figure 4.12: Comparison of the opening coefficient and Orifice Area (a) and valve’s ve-
locity (b) in the three configurations.

Figure 4.12 shows the comparison between the dynamic of the valve in the three different
configurations for the whole systole. In particular, from Figure 4.12 (a) we can see how
both the orifice area and the opening coefficient for the stenotic case do not reach the
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value of complete opening that is reached in both healthy and regurgitant cases. The
opening stage takes less time in the stenotic case with respect to the healthy case (about
55ms against 85ms of the healthy one), and this happens even though the velocity of the
valve during the opening is similar or smaller than the healthy one, as we can see from
Figure 4.12 (b). However, this is justified by the fact that, since the maximum orifice area
reached is much smaller, less time is required to reach this state. Similar considerations
can be done for the closing phase: the velocity of the valve is slower, but the duration of
this phase is shorter (about 47ms).
Concerning the regurgitant case, we can see that the opening phase is only slightly faster
with respect to the healthy one (about 73ms), while the closing phase is much faster:
only 35ms. This happens because the closing phase is delayed, since we have a smaller
elasticity coefficient, and by the instant when the closing starts the pressure gradient is
already much higher. This is even more evident when looking at Figure 4.12 (b), where
we can see how much higher is the velocity of the regurgitant valve during the closing
phase with respect to the two other configurations. Moreover, for the regurgitant case we
can notice that the fluttering of the valve is present only in the first part of the phase
when the valve is completely open.

Figure 4.13: Comparison between pressure difference computed between the two control
volumes in the healthy and stenotic cases.
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The main difference in the pressure jump in the opening phase can be observed between
the stenotic and healthy case in Figure 4.13 (the regurgitant case was not reported in this
plot for ease of interpretation, since the behavior was very similar to the healthy case).
Indeed, we can notice that the pressure jump has an average value that increases with
stenosis in the opening and completely open phases.

Figure 4.14: Comparison between pressure difference computed between the two control
volumes in the three pathological cases.

Instead, from Figure 4.14 we can observe that the peak in the pressure jump reached
during the closing phase is delayed for the regurgitant case while it is anticipated in
the stenotic case, in accordance with what happens in the valve dynamic as shown in
Figure 4.12.
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5

Figure 4.15: Comparison between flow rate through the valve in the three pathological
cases.

Finally, Figure 4.15, shows the flow rate passing through the valve in the three different
cases. As we can see, the stenotic valve shows no backward flux at all during the closure,
and this is in accordance with the fact that regurgitation is uncommon when calcified
stenosis is present [52]. We also point out that the reverse flow observed in the regurgitant
case is not in the range associated with healthy valves, in terms of both duration and
intensity. Indeed, in this case, the delay in the closure of the valve causes the pressure jump
to increase significantly, and the valve begins closing too late, so that a strong backward
flux returns into the ventricle. Not only this flux is very intense in magnitude, but, as
we can see, the duration of this phenomenon is quite long: almost 5ms. However, after
this period, when the valve reaches its completely closed configuration, the regurgitation
completely vanishes.
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Figure 4.16: Comparison at the time of regurgitation between healthy (top) and regurgi-
tant (bottom) valves. On the left the velocity distribution and on the right Q-criterion
isosurfaces with Q = 1000 s−2 for the two cases respectively at t=0.33 s and t=0.34 s.

This phenomenon has a strong impact on the dynamic of the flow, as can be observed
in Figure 4.16 where we compare the velocity distribution and the vorticity visualized by
Q-criterion isosurfaces for the healthy and regurgitant cases at t=0.33 s and t=0.34 s, that
are the instants of maximum backward flow for the two simulations, as can be seen from
Figure 4.15. Indeed, in the healthy case this backward flow seems to have an ordinate
regime and a relative small intensity, while for the regurgitant case the velocities are very
high and the vorticity structures of the flux seem very unstable and chaotic: we highlight
that this is caused by the high pressure jump that is generated by the delay in the start
of the closing phase.
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Figure 4.17: Velocity distribution in healthy (a) and stenotic (b) cases for three different
time steps: during the valve opening phase (0.13 s), at maximum valve opening (0.20 s)
and during the closing phase (0.30 s).
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Figure 4.18: Q-criterion isosurfaces with Q = 1000 s−2 for healthy (a) and stenotic (b)
configurations colored with velocity magnitude at three different time steps: during the
opening phase (0.085 s), when the valve is completely open (0.20 s) and during the slow
part of the closing phase (0.28 s).

Some differences in the dynamics of the flux can be observed even in the stenotic case,
as shown in both Figure 4.17 and Figure 4.18, where the velocity distribution and the
Q-criterion isosurfaces are shown for the healthy (a) and stenotic (b) configurations for
three different time steps: during the opening phase, when the valve is completely open
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and during the closing phase. In the stenotic case, the reduced orifice area and the shorter
time interval in which flow is allowed through the valve yield a stronger aortic jet and a
more disorganized velocity distribution. Moreover, in the ascending aorta, slightly large
and more persistent recirculation regions than in the healthy case, and the corresponding
coherent structures, could indicate a longer residence time of blood in this portion of the
vessel and thus a reduced cardiac output.

4.4. Comparison between Newtonian and

non-Newtonian models in pathological cases

In this section the comparison of the simulations performed using the Newtonian rheology
versus the ones using the non-Newtonian model will be provided. Similarities and dif-
ferences between these simulations will be highlighted, providing some comparison with
results that can be found in the literature. As already seen in Section 4.3 the results
are obtained imposing the elasticity coefficient γ = 0.1N/m for the regurgitant case, and
γ = 1.0N/m for the stenotic case. For each pathological configurations two simulations
were performed: one with Newtonian rheology and one with the non-Newtonian model.
We recall that the value of the constant viscosity µnew for the Newtonian case was set
to 3.5 · 10−3 Pa · s, as shown in Table 4.2. The values for the Carreau parameters are
the ones shown in Table 2.1, except for µ∞ which was set to be equal to µnew, that is
µ∞ = 3.5 · 10−3 Pa · s. This variation with respect to the typical parameters used in [34]
was performed to be coherent with the fact that, for very low values of the shear rate, the
viscosity should be considered constant and equal to the value employed in the Newtonian
model. Moreover, this guarantees a fairer comparison between the two models.
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4.4.1. Valve’s dynamic and pressure jump

(a) Opening coefficient (c) and Orifice Area (OA).

(b) Valve’s velocity.

Figure 4.19: Comparison of the opening coefficient and Orifice Area (a) and valve’s ve-
locity (b) with Newtonian and non-Newtonian rheology in the two pathological cases.

As we have seen in the previous sections, the first thing that should be compared for this
kind of simulation is the dynamic of the valve. As can be seen from Figure 4.19 (a) both
the opening coefficient and the orifice area show very little differences when choosing a
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non-Newtonian rheology, both for the regurgitant and the stenotic configurations. This
can be observed even from Figure 4.19 (b) where the differences in the velocity of the
valve are barely noticeable for both pathological configurations.

(a) Pressure jump.

(b) Flow rate through the valve.

Figure 4.20: Comparison of the pressure difference (a) and flow rate through the valve
(b) with Newtonian and non-Newtonian rheology in the two pathological cases.

These observations can be extended to the pressure jump computed between the two
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control volumes and to the flow rate passing through the valve during the whole systole.
Indeed, it can be noticed from Figure 4.20 (a) that the behavior of the pressure jump
is very similar for the two rheological models, except for the value reached at the peaks
of the pressure jumps during the closing phase, which can be observed at t = 0.35 s

and t = 0.32 s for the regurgitant and stenotic configurations, respectively. Moreover,
Figure 4.20 (a) shows that there are no significant differences induced by the different
rheology even for what concerns the flow rate passing through the valve during the whole
systole.

These results are in accordance with what is observed in [8, 39], even if the model used
and the problem studied are quite different (both these works study a mechanical bileaflet
valve instead of a physiological one). However, our results are in accordance with these
references: the authors also conclude that the rheological model has only little influence
on quantities such as valve dynamics, transvalvular pressure drop and large-scale flow
structure.

4.4.2. Wall shear stress

A more significant difference, instead, can be observed in more “specific” quantities, such
as wall shear stress. In arterial blood flow, the wall shear stress, is defined as

WSS =

(
µ
∂ut

∂r

)
r=0

(4.2)

where ut is the flow velocity parallel to the wall and r is the radial distance to the wall
[81, 124]. Physically it expresses the force per unit area exerted by the wall on the fluid in
a direction on the local tangent plane [79]. Wall shear stress has often great importance
in the medical field [79, 95, 103, 144], for example it has great influence in the formation
of plaque in atherosclerosis [95] or in the wall elasticity [144].
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Figure 4.21: Comparison with Newtonian (left) and non-Newtonian (right) magnitude
of the wall shear stress on the aortic root for regurgitant configuration on four different
time steps: before the opening (0.085 s), during the valve opening phase (0.13 s), when
the valve is completely open (0.24 s) and during the closing phase (0.34 s).

Figure 4.21 shows the magnitude of WSS for the regurgitant configuration in the aortic
root at four different time steps. As we can see, in this case, the differences observed
between the two rheological models are not negligible, and at different time steps we can
observe different behaviors. It should be mentioned that the area corresponding to the
aortic valve was removed during the post-processing (the area is colored in violet and
contoured by white in Figure 4.21) for all these simulations. Indeed, in this area, because
of how the RIIS method works, we are not solving the Navier-Stokes problem, but we are
weakly imposing the velocity of the valve, so that evaluations of the WSS in this region
have no physical meaning. We can observe that the wall shear stress is always higher in
the non-Newtonian case, probably because in this case the viscosity of the fluid is always
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greater or equal than the Newtonian one (that corresponds to µ∞ of the Carreau model,
so the minimum viscosity that can be achieved). It is interesting to notice how these
differences change for different time periods and for different areas of the domain. For
example, we can observe that before the opening of the valve, when the fluid velocity
is low, the differences between the two rheological models are significant in the whole
domain. Instead, during the peak of regurgitation (t = 0.34 s), happening in the closing
phase, where the velocities are much higher, the value of the wall shear stress increases a
lot, but the differences observed between the two rheological models are less significant.

Figure 4.22: Comparison with Newtonian (left) and non-Newtonian (right) magnitude
of the wall shear stress for stenotic configuration on four different time steps: before the
opening (0.0085 s), during valve opening phase (0.12 s), when the valve is completely open
(0.20 s) and during the closing phase (0.29 s).

A similar behavior can be observed in the stenotic case, as shown in Figure 4.21. It is
interesting to notice that at t = 0.20 s there is an area with high value for the wall shear
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stress. This area is probably generated by the strong aortic jet that can be observed in
Figure 4.17. In the closure, the wall shear stress has a significantly smaller value with
respect to the regurgitant case, because in this case the velocity of the fluid is much slower.
However, more differences in the wall shear stress distribution can be observed between
the two rheological models, probably because of the smaller shear rate that is developed
in this scenario.

Figure 4.23: Time-Averaged Wall Shear Stress comparison between Newtonian (left) and
non-Newtonian (right) model in regurgitant and stenotic configurations.
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A useful indicator to understand the behavior of the shear stress on the vessel wall through-
out the whole time period is the Time-Averaged Wall Shear Stress (TAWSS). This quantity
can be computed as

TAWSS =
1

T

∫ T

0

|WSS(s, t)|dt (4.3)

in the same way as [145]. Figure 4.23 shows the TAWSS computed for both stenotic and
regurgitant cases with Newtonian and non-Newtonian rheology. For the regurgitant case,
we compute the TAWSS until T = 0.35 s. Conversely, for the stenotic case, we compute
it until T = 0.29 s, to better focus on the time frame of interest, excluding the phase
when the valve is fully closed. As we can see the value of TAWSS is generally higher in
the regurgitant case, probably because the regurgitation induces a period of very high
velocity, particularly in some (red) areas.

Figure 4.24: Percentage difference between Time-Averaged Wall Shear Stress (see Equa-
tion (4.4)) in regurgitant (left) and stenotic (right) cases.

These observations can be summarized by Figure 4.24. This picture shows the percentage
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difference in the TAWSS. This quantity is computed as:

TAWSS percentage difference = 100
TAWSSnon−Newtonian − TAWSSNewtonian

TAWSSNewtonian

(4.4)

similarly to what is done to compute the percentage difference of WSS in [84]. This picture
shows the difference that is generated by the rheological model, and as we can see, this
difference is significant for both configurations. In the red areas this difference reaches
more than 100%. As we can see from Figure 4.23 these are typically areas where the value
of TAWSS is quite low, and so the quantitative difference may be not as significant as it
seems. However, basically in the whole domain and even in the areas where the TAWSS
is higher, we can observe differences that are around 20 ∼ 50%. This means that if one is
interested in computing the WSS in the aortic valve domain, the choice of the rheological
model is very impactful, and the non-Newtonian nature of blood should not be neglected.

Figure 4.25: Comparison with Newtonian (left) and non-Newtonian (right) magnitude of
the wall shear stress on the aortic valve for regurgitant configuration on four different
time steps: during the first stage of the valve opening (0.1 s), in the middle of the opening
phase (0.13 s), when the valve is completely open (0.24 s) and during the closing phase
(0.34 s).
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Figure 4.26: Comparison with Newtonian (left) and non-Newtonian (right) magnitude of
the wall shear stress on the aortic valve for stenotic configurations on four different time
steps: during the first stage of the valve opening (0.1 s), in the middle of the opening
phase (0.13 s), when the valve is completely open (0.20 s) and closing phase (0.29 s).

Finally, Figure 4.25 and Figure 4.26 show the magnitude of WSS computed at different
time steps on the “wall” of the valve, respectively for the regurgitant and stenotic configu-
rations. In this case, due to the RIIS method, there is no physical wall, but we considered
as wall the limit part where the resistive term has action (thus, at distance ±ε from the
valve). Even if the numerical values are not rigorous as in the previous case because of
the mentioned approximation, the difference in accuracy should be similar for the two
rheological models. Even in this case we can see how the WSS is generally higher in
the non-Newtonian case for both configurations, when the valve is completely open. It is
interesting to observe the high value of WSS reached during regurgitation (Figure 4.25 at
t = 0.20 s), as could be expected because of the high flow rate passing through the valve
at this moment of the simulation.
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5| Conclusions and further

development

In this work, we investigated the mathematical modeling of the aortic valve. The clinical
motivation for this work stems from the millions of patients annually diagnosed with
pathologies of the aortic valve.

The purpose of the thesis was twofold. First, we investigated the coupling of the RIIS
method with the momentum balance on the leaflets as 0D equation, for blood-valve FSI.
This method could drastically improve the computational performance of the simulation
with respect to other popular approaches used in the literature, which require a full 3D
representation of the valve geometry and of its mechanics solver. At the same time, this
method is able to retain a physical meaning for the parameters of the 0D equations. The
aim was to understand the role of the different parameters of the model and calibrate
them to reproduce different physiological scenarios. In particular, we investigated the
healthy configuration and two configurations related to the two most common pathological
cases related to a malfunctioning of the valve: stenosis and regurgitation. Second, we
complemented the FSI model with a non-Newtonian model for blood rheology, with the
purpose of assessing the impact of the blood rheology on the valve dynamics and on blood
flow. The non-Newtonian model was implemented in lifex: a high-performance library for
the solution of multi-physics and multiscale problems, mainly for cardiac applications. As
discussed in Section 1.6.1, no studies can be found in the literature concerning the usage
of a non-Newtonian model in proximity of a physiological trileaflet valve: with this work
we tried to fill this gap.

First, we presented the mathematical and numerical methods used to model the FSI-
nature of the problem and the non-Newtonian rheology of blood (see Chapter 2). Then, we
performed the validation of the non-Newtonian model, by comparing it with the literature
on a simple geometry (see Chapter 3). Finally, we presented the results of the simulation in
proximity of the aortic valve (see Chapter 4). The healthy configuration was proved to be
in accordance with most of the physiological parameters measured in the literature during
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the systole, such as the duration of the opening and closing phases, transvalvular pressure
difference, and the general dynamic of the valve and of blood flow (see Section 4.2).
In this sense, this could be considered an improvement with respect to [49], where the
opening phase was a lot shorter than what is physiologically observed, and to [56] where
only the opening stage was investigated. We investigated a stenotic and a regurgitant
valve, characterized by different values of the elasticity coefficient of the reduced valve
model. Then, these configurations were investigated and compared with the healthy case
(see Section 4.3). In the stenotic case, we observed a reduced orifice area, a shorter
time interval in which blood flow is allowed through the valve and a stronger aortic jet,
with larger vorticity structures, when the valve reaches its maximum orifice area and
during the closure. In the regurgitant case, we showed that a delaying in the beginning
of the valve closing phase induces regurgitation, and that regurgitation affects the blood
dynamics mostly in the closing phase. Finally, the comparison between the Newtonian
and non-Newtonian rheology was carried out for the two pathological configurations (see
Section 4.4). Our results confirmed that the rheological model has only little influence
on quantities such as valve dynamics, transvalvular pressure drop and large-scale flow
structure: this is in accordance with what can be found in literature, even if a different type
of valve and model were considered. Significant differences, instead, could be observed
in the wall shear stress. In particular, considering a Newtonian blood rheology leads to
an underestimation of the wall shear stress. This quantity has great importance in the
medical field, due to its relation with the formation of plaque in atherosclerosis and with
wall wearing and possible tearing. We thus conclude that the non-Newtonian rheology of
blood must be taken into account whenever wall shear stress is in the focus of the clinical
investigation.

The main limitation in this thesis is in the study of the period after the closure of the
valve, when, due to geometrical inconsistencies, some reverse flow can be observed when
the valve should be closed. As mentioned in Section 4.2, this issue could be overcome
by manually adjusting the valve and aortic root geometries to improve their consistency.
We remark that a proper recalibration of the parameters of the model should be done
afterward. Other limitations are induced by the choice of the model itself. For example,
although the reduced 0D model for the valve induces a reduction in the computational
time required for the simulation, it should be considered that this can cause a loss in the
accuracy of the model with respect to 3D coupling of the valve.

Further developments of this work can be carried out in multiple directions:

• Concerning the rheology of blood, other types of non-Newtonian models could be
investigated. Other generalized non-Newtonian models such as Power Law [87],
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Carreau-Yasuda [64] and Casson [134] could be studied to assess the differences
in the quantities of interest, such as valve dynamic, pressure jump and wall shear
stress. Moreover, more complicated models could be analyzed, such as viscoelastic
models [7], in order to take into account the elastic properties of the blood together
with the viscous properties.

• A wider domain of investigation, for example including the left ventricle, instead of
the flow extension of the domain, used for simplicity in this thesis, could be analyzed
in order to conduct a more complete simulation and observe the differences caused
by the non-Newtonian model also in the left ventricle.

• The compliance of the aortic wall could be taken into account. Indeed, to improve
the accuracy of the results, particularly on the wall shear stress, interactions between
the blood and the aortic wall should be considered [135].

• Finally, this computational framework could be applied to a patient-specific geome-
try and data as in [49]. Indeed, variability among different patients can be captured
only considering the patient-specific aortic geometry and the patient-specific leaflets
in the correct position.
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A.1. Sensitivity to parameters of the healthy config-

uration

This Appendix has the purpose of showing the sensitivity of the healthy configuration to
different parameters.

Figure A.1: Comparison between the opening coefficient of the healthy configuration
(obtained using the parameters of Table 4.3) and the ones imposing the same exact
parameters except for γ = 0.19N/m in one case, and ρΓ = 0.11 in the other case.

As we can see from Figure A.1, starting from the healthy configuration of Section 4.2 and
changing by only 5% the elasticity coefficient γ and 10% the scaling factor for density ρΓ in
the 0D valve model, we obtained a completely different behavior of the opening coefficient
in both cases, which leads to a different behavior of the whole simulation. Indeed, for
both cases, we obtained the general behavior of a regurgitant valve: the closure is delayed
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with respect to the healthy case and this causes regurgitation during the closing phase
(see Section 4.3). This was the case even when switching to the non-Newtonian rheology.
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