Politecnico di Milano

Department of Physics

POLITECNICO
MILANO 1863

DIPARTIMENTO DI FISICA

Doctoral Programme in Physics

Phase Transitions, Dynamics, and
Avalanches in Disordered Ising

SUPERVISOR:
Prof. Paolo Biscari

CO-SUPERVISOR:
Prof. Timothy J. Sluckin

TUTOR:
Prof. Maurizio Zani

Models

PHD CANDIDATE:
Federico Ettori

XXXVII cycle
20212024






Contents

2 Simulation of magnetic systems|

2.1 Thermodynamic phases| . . . . . .. .. . . .. ... ... ... ...

2.2 Thelsingmodell . . . .. ... ... .. .. . .

[

Few words on the one-dimensional Ising model] . . . .. ... ...

P22

Two-dimensional Isingmodell . . . . ... ... . ... .......

23 Random Ising models| . . . . . . . ... ... ...

231 RBIMandtheSGphase. . ... ...................

3.2 RFIM and the Imry-Ma argument] . . . . . . .. oo ..

[2.4~ Monte Carlo simulations for the Isingmodel|. . . . . .. ... ... .. ..

[2.5 Monte Carlo algorithms and techniques] . . . . ... ... .........

5.1

Metropolis algorithm|. . . . . . . . ... ... ... .........

P57

Multi-spin coding algorithm| . . . . . . . .. .. .. ... ... ...

P53

N-Fold way algorithm| . . . . . . ... ... ... ... .......

P54

Parallel tempering technique] . . . . . . .. ... ... ... .. ..

55

Glauber dynamics for out-of-equilibrium simulations| . . . . . . . .

‘Thermodynamic Properties|

3.1 Equilibrium con guration| . . . . . . . . . .. ... ... ...

[3.2 Quasi-phases Investigation| . . . . . . . . . . . ... e

|4

Dynamic Properties|

[4.1 Reversal process in homogeneous systems| . . . . .. ... .........

411 Mechanismsofreversall. . . . .....................
[4.1.2  Classical nucleation theory] . . . ... ... ... ... .......
|4.1.3  Validation of CNT with Isingmodelf . . . . .. ... ... ... ..
[4.1.4 Johnson-Mehl-Avrami-Kolmogorov theory] . . . . . . ... ... ..

15

Metastable lifetime and spinodal line[. . . . . . . . ... ... ...

31
32
34
36
39



iv CONTENTS
|4.2 Reversal process In heterogeneous systems| . . . . . . . .. ... .. .... 67
4.2.1 CNT in the model with defects| . . . . .. .. ... ... ...... 68

4.2.2 Validation of CNT In the model with defects] . . .. ... ... .. 70

4.2.3 JMAK theory In heterogeneous systems| . . . . . ... . ... ... 77

|4.2.4  Metastable lifetime and spinodal line modi cation| . . . . ... .. 79

[ Dynamic phase transition| 89
5.1 DPT In homogeneous systems|. . . . . . . ... ... ... ......... 90
[0.1.1 Dynamic order parameter| . . . . . . . . . ... 91

b.1.2 Hysteresisloopareal . ... ... ... ................ 94

0.1.3 EXperimental observations|. . . . . .. ... ... ... ....... 95

0.2 DPT Inrandomsystems| . . . . ... .. ... ... ... .......... 95
[0.2.1  Random bond and random eld Ising models| . . . .. ... .. .. 96

0.2.2 The model with defects| . . .. .. .. ... ... ... .. ..... 98

5.2.3  Dynamic local properties of the model with defects|. . . . . . . .. 102

b.2.4  Tuning the DPT with randomness| . . . . ... ... ... ..... 104

|6 Avalanches In random magnetic systems| 111
[6.1 Avalanches and cracklingnoisel . . . ... ... .. ... .......... 111
[6.1.1 Power law analysis . . . . . . . .. ... .. o 113

6.2 Barkhausen noise statisticsl . . . . . . . . . .. ..o 116
[6.2.1 Temperature behaviour of the Barkhausen noise statistic|. . . . . . 118

6.3 |ET statistics In complex systems|. . . . . . .. ... ... ... ...... 123
[6.3.1 Poissonian IET statistics In homogeneous systems| . . . . ... .. 125

16.3.2 Two-states Markov process for homogeneous systems|. . . . . . . . 125

[6.3.3 Fat-tailed IET statistics In disordered systems| . . .. .. ... .. 130

16.3.4  Four-states Markov process tor heterogeneous systems| . . . . . . . 133
[/__Conclusionl 143
IA Investigation of the defect-potentiall 147
IB_Avrami’s law derivation| 149

|IC Optimal detect unbalance| 151




Chapter 1

Introduction

The study of complex systems represents one of the most dynamic and challenging areas
in modern science, encompassing disciplines as diverse as Physics, Biology, Economics,
and Social Sciences. Complex systems are characterized by interactions among many
components, giving rise to emergent phenomena that cannot be predicted solely from
the properties of individual components. The signi cance of this eld was rea rmed in
2020 when Giorgio Parisi was awarded the Nobel Prize in Physics for his groundbreak-
ing contributions to understanding disordered and complex systems. This recognition
highlighted the importance of the eld, con rming its pivotal role in addressing fun-
damental questions about the behaviour of real-world systems. Statistical mechanics
can unravel the intricate dynamics of complex phenomena, bridging the gap between
theoretical frameworks and empirical observations.

Within this vast landscape, the Ising model has emerged as a paradigmatic framework
for exploring complex systems. Originally introduced by Wilhelm Lenz and Ernst Ising
in the early 20th century to describe magnetic phase transitions, the Ising model has
since transcended its origins. Its simplicity (binary spins interacting on a lattice) belies
its profound ability to capture the essence of critical phenomena and collective behaviour.
Modelling magnetic systems, the Ising model has illuminated patterns of avalanches in
systems driven by external elds, such as Barkhausen noise, where clusters of spins

ip in a correlated manner. Similarly, it has provided insight into opinion dynamics in
social networks and neural activation in the brain, where local interactions give rise to
global patterns. By abstracting the core mechanisms of such systems, the Ising model
bridges theoretical constructs and empirical observations, 0 ering a universal framework
to understand phenomena as diverse as phase transitions and emergent dynamics.

Expanding on the classical Ising model, random Ising models incorporate disorder
and heterogeneity, re ecting the complexities of real-world systems. These models, such
as the Random Bond Ising Model (RBIM) and the Random Field Ising Model (RFIM),
introduce randomness into interactions or external elds, respectively. This random-
ness mimics the e ects of impurities, defects, or environmental variability, making these
models particularly relevant for studying disordered magnetic systems, spin glasses, and
other heterogeneous materials.
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Focus of the thesis  Real systems often operate far from equilibrium, in uenced by
time-dependent external drives. The study ofout-of-equilibrium behaviour is crucial for
understanding processes such as relaxation, hysteresis, and dynamic phase transitions,
which are pivotal in magnetic materials and glassy systems. Despite the extensive work
on the equilibrium properties of Ising models, much remains to be understood about
their out-of-equilibrium dynamics. This thesis aims to explore the dynamic behaviour
of random Ising models. By focusing on the interplay between disorder, dynamic stim-
uli, and response, this work seeks to shed light on universal behaviour, advancing our
understanding of nonequilibrium processes in complex random systems.

At the heart of this thesis lies a novel variant of the random Ising model, incorporat-
ing defectsas a form of quenched randomness. This model builds on the insights from
the RFIM and RBIM but introduces a simpler and more computationally e cient frame-
work. Defects are implemented as xed spins, introducing localized heterogeneity that
mimics impurities or frozen dynamics. Notably, the model with defects shows strong
evidence of belonging to the same universality class as the RFIM. Furthermore, highly
e cient algorithms, including the N -Fold way and Multi-Spin coding methods are easy
to implement for the model with defects. These techniques enhance the e ciency of
Monte Carlo simulations, particularly at low temperatures, where traditional methods
often struggle.

This thesis uncovers compelling evidence of metastable states in the model with
defects, which signi cantly complicate the system's time evolution. These metastable
states mirror the behaviour of real systems, such as Barkhausen noise in ferromagnets,
where the system exhibits sudden, avalanche-like changes due to the presence of pinning
sites and metastable states. The presence of these metastable states not only delays
relaxation but also introduces memory e ects, re ecting the inherent complexity of dis-
ordered systems.

Real-world applications The Ising model with defects extends its relevance beyond
magnetism to a wide range of systems characterized by competing interactions and
disorder. In biological systems, could o er insights into processes such as protein folding,
where the disorder in the energy landscape leads to metastable con gurations |[1], and
neural networks, where the balance between excitatory and inhibitory connections amidst
static noise resembles spin clustering [2]. Similarly, in socio-economic contexts, the
model can describe collective decision-making dynamics, with xed agents (analogous
to defects) resisting external in uences, forming localized subpopulations with stable
opposing opinions [3].

Beyond these domains, the Ising model with defects serves as a versatile framework
for understanding various real-world phenomena:

~

Solute precipitation in heterogeneous media: the model captures the in uence
of heterogeneity as a catalyst in precipitation processes, providing insights into
material formation in contexts like Materials Science and Geochemistry.

" Bistable systems and magnetic switching devices: it describes the presence of im-



purities in magnetic devices that could be used for storage technologies. This
reveals critical for designing devices with reliable and deterministic transitions.

" Crackling noise in magnetic materials: by modelling avalanche-like behaviour
driven by external elds, the Ising model with defects helps analyse the impact
of impurity and defect concentrations in magnetic systems, helping to understand
phenomena like Barkhausen noise and its link to material microstructure.

" Queueing systems and information exchange: the model's ability to reproduce
power-law and exponential inter-event time distributions makes it applicable to
systems such as communication networks, where temporal patterns predictability
is essential for e ciency and robustness.

Overview of the thesis This thesis is structured as follows. Chapter 2 introduces
the theoretical and computational methodologies employed, detailing the Ising model,
its random variants, and the Monte Carlo algorithms central to this work. Chapter 3
examines equilibrium con gurations, quasi-phases, and the characterization of phase
transitions in the model with defects. Chapter 4 explores the reversal processes in ho-
mogeneous and heterogeneous systems, focusing on nucleation theories and metastability.
Chapter 5 investigates dynamic phase transitions, contrasting behaviour in homogeneous
and heterogeneous systems, and analysing local dynamic properties. Finally, Chapter 6
analyses avalanche phenomena and crackling noise, emphasizing the statistical charac-
teristics of inter-event times in reversal processes. A nal concluding chapter summarises
the main ndings of the work and the implications in the analysis of complex phenomena
across disciplines.
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Chapter 2

Simulation of magnetic systems

The Ising model stands as a cornerstone dbtatistical Mechanics, o ering a fundamental
framework to study phase transitions and order-disorder phenomena. Originally con-
ceived to describe ferromagnetic materials, the model has found applications in diverse
elds, from lattice gases to neural networks and social dynamics. At its core, the Ising
model encapsulates the interaction between discrete spins, which can assume one of two
states, arranged on a lattice. These simpli ed assumptions yield remarkable insights
into critical behaviour and emergent phenomena, making the model a paradigmatic ex-
ample of simplicity yielding deep universality. Variants of the Ising model have further
expanded its relevance, adapting to the complexities of real-world systems.

Incorporating randomness into the Ising model allows for the representation of dis-
ordered systems, such as diluted magnets, spin glasses, and other materials exhibiting
non-uniform behaviour. These extensions, including the RFIM and the RBIM, address
site- or bond-speci ¢ disorder, capturing the e ects of impurities, defects, or irregular
interactions. Modelling such randomness is essential to understanding the interplay be-
tween local heterogeneity and macroscopic phenomena, particularly in systems far from
equilibrium. Through these modi cations, the Ising framework becomes a versatile tool
for studying systems where disorder and uctuations dominate, yielding insights into
glassy dynamics and other complex behaviour.

Monte Carlo simulations are indispensable for exploring the Ising model, particu-
larly in disordered or high-dimensional scenarios. As the model scales to more complex
systems, the number of possible con gurations explodes, rendering analytical solutions
infeasible. Monte Carlo methods bridge this gap by employing statistical sampling to
explore the system's con guration space, enabling the study of equilibrium and dynamic
processes. These algorithms reveal critical properties, dynamic transitions, and the ef-
fects of quenched randomness in systems where analytical techniques fall short.

This chapter outlines the methodological foundation of the thesis. We begin by intro-
ducing the Ising model, emphasizing its applicability to homogeneous and heterogeneous
systems and discussing its extensions to capture disorder. Subsequently, we delve into
the principles of Monte Carlo simulations, focusing on the algorithms employed to inves-
tigate both equilibrium and out-of-equilibrium properties, including the Metropolis and

5
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N -Fold way algorithms, as well as computational optimizations like multi-spin coding
and parallel tempering. Finally, we describeGlauber dynamics the primary framework
used to model dynamic processes, and discuss its relevance to out-of-equilibrium sys-
tems. These tools and approaches form the basis for the investigations presented in
subsequent chapters.

2.1 Thermodynamic phases

Phase transitions and the in uence of disorder on them are central themes explored
throughout this thesis. Before delving into the specics, we brie y remind how their
transitions are de ned and studied.

In magnetic materials, phase transitions mark a fundamental shift in the system's
behaviour, typically driven by temperature. For instance, ferromagnetic materials ex-
hibit a magnetically ordered phase at low temperatures, where atomic spins align to
produce a net magnetisation. As the temperature rises, thermal uctuations disrupt
this alignment. At the critical Curie temperature, the system transitions to a paramag-
netic phase, where spins are randomly oriented, and net magnetisation vanishes. This
change re ects the profound in uence of external conditions, such as temperature, on
the macroscopic properties of magnetic systems.

More generally, phase transitions describe changes in a system's state characterized
by the emergence or loss of order, often quanti ed by an order parameter. In the case of
magnetic systems, the order parameter measures the degree of spin alignment, remaining
non-zero in the ordered ferromagnetic phase and dropping to zero in the disordered
paramagnetic phase. This behaviour encapsulates a broader phenomenon where phase
transitions signify a symmetry change, as the system evolves from a state with de ned
order to one where no speci ¢ structure or orientation dominates.

Building on the concept of phase transitions in magnetic systems, thdree energy of
the system serves as a fundamental tool to describe the transition between ordered and
disordered phases. In thermodynamics, the free energy is expressed as:

F=U TS 2.1)

where U represents the system's internal energy and its entropy. If volume and tem-
perature are held constant from the outside, the phase of the system is determined by
the con guration that minimizes the free energy.

At low temperatures, the entropic term TS becomes negligible, making the internal
energyU the dominant factor. Since ordered con gurations typically have lower internal
energy, these states are favoured in the low-temperature regime. Conversely, at high
temperatures, the entropic term becomes signi cant, favouring disordered con gurations
with higher entropy. At the critical temperature, the free energy landscape undergoes
a qualitative change, leading to a shift in stability from the ordered to the disordered
phase.

In addition to changes in free energy, the system's magnetic susceptibility, which
guanti es the response of magnetisation to an external magnetic eld, diverges at the
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critical point. This divergence re ects the emergence of strong correlations between
spins over long distances, a hallmark of the cooperative behaviour that de nes the phase
transition.

Classi cation scheme of phase transitions In 1933, Paul Ehrenfest introduced a
classi cation scheme for phase transitions based on the lowest-order derivative of the
free energy that exhibits a discontinuity. According to this framework [4], [5], phase
transitions can be broadly divided into two main types.

First-order phase transitions are characterized by a discontinuity in the rst deriva-
tive of the free energy at the transition point. These transitions typically involve abrupt
changes in the order parameter and are often accompanied by hysteresis, indicating a
lagged response of the system to external stimuli.

Second-order phase transitions, on the other hand, exhibit continuity in the rst
derivative of the free energy but a discontinuity in the second derivative. Unlike rst-
order transitions, the order parameter changes continuously across the transition, and
other extensive thermodynamic quantities also vary smoaothly.

While Ehrenfest's classi cation theoretically allows for third- and higher-order phase
transitions, such transitions are rarely observed in practice.

Ehrenfest classi cation reached its nal version in 1960, where it was hybridized
with other schemes surpassing the limitations of the original classi cation (presence
of continuous divergence of the latent heat or the susceptibility and lack of universal
exponents and universality).

1. First-order phase transitions present a latent heat. The system absorbs or releases
a speci c amount of energy per unit volume while keeping the temperature xed
allowing the conversion of all the material in the new phase [6]. This is typical of
many physical processes, such as the transition from solid-liquid-gas.

2. Second-order phase transitions, also called \continuous phase transitions”, are
characterised by the divergence of the susceptibility (second derivative of the
free energy) and of the correlation length (typical length within which the ma-
terial shows the same phase). Typical second-order phase transitions are the
ferromagnetic-paramagnetic phase transition for a ferromagnetic material and the
superconducting phase transition.

2.2 The Ising model

The Ising model was initially proposed by Wilhelm Lenz in 1920 and studied by Ernst
Ising to model the behaviour and properties of magnetic materials [7]. In its simplest
form, the Ising model is composed of an ensemble of spin variables which can assume
only quantised values 1. They are located on a set of lattice sites composing a graph.
To each spin con guration = f ;gi» is)?ssociated ;i(n energy through the Hamiltonian:

H( ): J i h i (2.2)
hiji i
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where h;j i indicates that the sum considered only neighbouring sites and j given
the geometry of . J is the exchange interaction between neighbouring spins andh
is the local external eld. Throughout this thesis h is expressed in units ofJ. The
analogy with the magnetic materials rises strongly. In particular, indicated in the Ising
Hamiltonian represents the magnetic dipole moment of an atom or particle. This dipole
moment originates from the intrinsic angular momentum, or \spin", of electrons within
the atom. Nuclear spins attain discrete values because of Quantum Mechanics. The Ising
model further simpli es the picture by assuming only two states. This simpli cation
captures the essential interaction between magnetic moments, especially in cases where
alignment due to quantum e ects or interactions with neighbouring atoms leads to overall
magnetisation and collective magnetic behaviour in materials.

The Ising model provides a powerful framework for exploring the equilibrium be-
haviour of magnetic systems through the principles of Statistical Mechanics. A primary
goal is to determine the system's free energy, which serves as a cornerstone for deriving
other thermodynamic quantities that characterize equilibrium states. Depending on the
temperature of the systemT, each con guration has a probability P ( ) to be sampled
at equilibrium. Considering the Boltzmann distribution for the canonical ensemble (i.e.

a system that can exchange energy with a heat bath), we write

P e "0 23
()=— (2.3)
where = 1=kgT, kg is the Boltzmann constant and Z is a normalization constant

called patrtition function. Throughout this thesis we set kg = 1. T is therefore measured
in energy units. The partition function is written as:

X
Z ()= e HO) (2.4)

The free energy of the system is computed as the mean free energy of all the con gura-
tions weighted by their probability given by the Boltzmann distribution:

Fi = Llogz ) (2.5)

An analytical expression of the free energy can be reasonably derived for the one-
dimensional Ising model. In two dimensions, it took over twenty years of dedicated e ort
by the scienti c community. In three dimensions, it remains an unsolved problem even
after a century of active research on the topic. Moreover, a direct computation of the free
energy becomes computationally unfeasible even for moderate values of the total number
of spinsN . For this reason, numerical simulations (especially Monte Carlo simulations)
that produce approximate expressions of the free energy have been developed.

2.2.1 Few words on the one-dimensional Ising model

In his studies, Ising demonstrated, through an exact computation of the free energy, that
the one-dimensional Ising model does not exhibit a thermodynamic phase transition at
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any nite T [7]. This result stems from the inability of the one-dimensional system to
sustain long-range order, as thermal uctuations dominate and prevent the alignment of
spins across the system.

To illustrate Ising's ndings, we now present an analytical derivation of this result.
Consider the Hamiltonian for the homogeneous one-dimensional Ising model with peri-
odic boundary conditions and in the absence of an external eld [ = 0):

X
Hip( )= J  sisia (2.6)
|

Periodic boundary conditions are used to simplify the analysis of systems with trans-
lational symmetry and to mitigate boundary e ects that can arise in nite systems. In
this case, periodic boundary conditions imply that the lattice sites are arranged in a
closed loop, such that the rst site is connected to the last site. Mathematically, this is
expressed as:

SN+1 = Si; (2.7)

where N is the total number of spins in the system.
We can write the partition function as follows

z = N+ N (2.8)

where = (¢’ e 7 ). This expression can be derived by explicitly expanding the
binomial terms and rewriting the partition function as a series of terms of the form
el (N %) with k 2 N : k < N=2. Each term is equivalent to the Boltzmann factor
of a con guration with exactly 2 k neighbouring sites having opposite spins and\

2k neighbouring sites with aligned spins. This factor is multiplied by the number of
permutations for such con gurations and a symmetry factor of two, accounting for the
invariance under ! . Then, considering Eg. (2.5), the free energy per site becomes

1 1 1
FC)= o9z )= oy Y+ Ny Zlog( +) (2.9)
where in the last passageN ! 1  was considered. Finally, we can write
1
f( )= —log(2cosh(J)) (2.10)

Sincef remains analytic for all temperatures, no cusp or discontinuity can be observed
in the free energy. This result shows that in one dimension, the Ising model at the
thermodynamic limit does not exhibit a phase transition at any nite temperature.

2.2.2 Two-dimensional Ising model

After completing his PhD thesis, Ernst Ising stepped away from the eld of research.
Based on the arguments he developed for the one-dimensional Ising model, Ising hy-
pothesized that no phase transition would occur in higher-dimensional versions of the
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model. However, subsequent studies and decades of signi cant e ort within the statisti-
cal physics community revealed that a phase transition does indeed exist in two or more
dimensions.

The rst rigorous demonstration was provided by Peierls in 1936 [8]. The argument
can be summarized as follows. Consider a square lattice where all spins are aligned
coherently (e.g., all spins are positive). We calculate the free energy di erence F
associated with the formation of a domain of negative spins with perimeterL. We
consider again Eq. (2.1) and we write the free energy dierenceas F = U T S.
The internal energy related to domain formation accounts only for the presence of a
boundary which separates positive from negative spins. Since the energetic cost for each
unity of boundary is +2J, we write E = +2 JL. For the entropic part, we consider
the Boltzmann formula S = kglog . Here refers to the number of ways the system
can be arranged given a speci ¢ macrostate (for example, the one with a cluster with

perimeter L). It turns out that L for a suitable value of < 3. Combining these
terms, the total free energy variation becomes:
F=2JL kgTLlog (2.11)

We can identify a critical temperature T, de ned as the point where F =0.

Te= —log (2.12)
Ks
Then, for T > T, the formation of domains is actually favoured by the system, re-
sulting in a disordered con guration with null magnetisation (disordered phase). On
the contrary, for T < T the formation of domains is energetically unfavoured and the
system prefers to orient spins toward the same direction. In this ordered phase, the
magnetisation is non-zero, marking the onset of long-range order.
In 1944, Lars Onsager derived the exact expression for the free energy of the two-
dimensional Ising model [9]. The free energy per site is given by:
Z, Z,
f =log2+ — d d
log costf(2J ) sinh(2J )(cos 1+cos 2) ; (2.13)
Onsager also demonstrated that at the critical temperature:
2J
Te= ———P—;
ks log(1+ 2)

the system undergoes a phase transition. Afl = T, the total magnetisation de ned
through:

(2.14)

1 X
ﬁ i

m = (2.15)
changes continuously from O (paramagnetic phase) to 1 (ferromagnetic phase) as
the temperature decreases belowl.. This result conclusively establishes the existence
of a second-order phase transition in the two-dimensional Ising model.
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The two-dimensional Ising model serves as a paradigmatic case study for under-
standing systems undergoing phase transitions. From Eg. (2.13), all thermodynamic
guantities can be derived.

One of the most fundamental quantities is the magnetisationm(T), which char-
acterizes the system's degree of order. In the thermodynamic limitl{ ! 1 ), the
magnetisation is given by:

8h i
m(T)=.< 1 sinh * ki—JT e for T <Tg:

0 forT Tg:

(2.16)

Another critical quantity is the magnetic susceptibility \, which measures the
response of the magnetisation to an external eld:

_ am
m = @H

Near the critical temperature T, the magnetic susceptibility exhibits a power-law diver-
gence:

(2.17)

m T Td (2.18)

where the critical exponent is =7=4.
The specic heat C(T), derived from the second derivative of the free energy, also
displays critical behaviour. It shows a logarithmic divergence nearTg:

C(T) logjT  Tqj; (2.19)

further con rming that the phase transition is of second order.

An essential aspect of the Ising model's behaviour is captured by the correlation
between spins at di erent lattice sites. This is quanti ed using the two-point connected
correlation function:

Ge(izj)=hi ji h jih ji; (2.20)
where h ::i denotes a thermal average. The correlation functionG¢(i;j ) measures the
statistical dependence between spins at sites and j. When the temperature T T,
spins uctuate independently, and G¢(i;j ) approaches zero for large separations. A3
approachesT,, correlations extend over larger distances, re ecting the system'’s growing
coherence. Belowl, long-range order emerges, ant(i;j ) approaches unity for nearby
spins.

Near T, the spatial decay of the correlation function can be described as:

Ge(r) e ™ ; (2.21)

where is the correlation length. Remarkably, the correlation length follows a power
law near the critical temperature and diverges asT ! T¢:

(M jT T ; (2.22)
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with a critical exponent =1.

The 2D Ising model is also a cornerstone of the theory of universality. Universality
implies that critical exponents like and depend only on broad features of the system,
such as dimensionality and symmetry, rather than microscopic details like lattice geome-
try or interaction strength. This insight makes the Ising model a representative example
of a wide class of systems exhibiting phase transitions, enabling predictions far beyond
magnetic systems. Universality bridges diverse physical phenomena, from liquid-vapour
transitions to social dynamics and opinion spreading, underscoring the profound reach
of the Ising model in modern physics.

2.3 Random Ising models

Random Ising models are a variation of the classical Ising model in statistical physics,
designed to study systems with disorder or quenched randomness representing the e ects
of impurities, defects, or random environments. The capability to adapt to more realistic
conditions makes the random Ising model an essential tool for understanding disordered
magnetic systems [10], alloys [11], and even complex phenomena in areas like neural
networks [12] and spin glasses [13].
The random Ising model in its general form is described by the Hamiltonian:
X X
H( )= Jij i j hi i, (2.23)
hijj i [

where both Ji; and h; are spatially dependent parameters. The pure Ising model is
recovered whenJ;; = J and h; = h, with J and h constants. In the random Ising model,
randomness is introduced by allowing these parameterstovary a&; = J+ Jij andh; =
h+ hj, where Jjj and hj represent spatially random uctuations. These uctuations
are quenched, meaning they are xed upon initialization and do not evolve with time.
This quenching captures the e ect of static disorder in the system, distinguishing it from
dynamic randomness, which would uctuate over time.

The e ect of randomness on the critical behaviour of the system is governed by the
Harris criterion [14]. According to this criterion, weak randomness alters the critical
behaviour near a second-order phase transition only ifd < 2, where is the correlation
length exponent andd is the spatial dimension. When d > 2, upon coarse-graining,
weak disorder decreases and becomes negligible on large length scales. For the three-
dimensional Ising model, the condition d < 2 holds, and weak randomness can a ect
the critical behaviour. By contrast, for the two-dimensional Ising model, d = 2, and
the random counterparts must be treated with greater care.

In the context of random Ising models, we now present two widely studied models
that incorporate randomness in distinct ways:

The Random Field Ising Model (RFIM), where Ji; =0 and randomness is intro-
duced primarily through spatial variations in the local eld h;.
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" The Random Bond Ising Model (RBIM), where h; = 0 and randomness arises
from uctuations in the interaction strengths Jj; .

Lastly, we will present a novel model to embed randomness in the Ising model, which re-
veals interesting properties in equilibrium and out-of-equilibrium conditions. The model
implements randomness by xing the orientation of a given fraction of spins. This thesis
focuses on the characterisation of the static and dynamic properties of the system while
giving ideas for potential applications of the developed model.

2.3.1 RBIM and the SG phase

For Jj; J, the in uence of randomness is limited, resulting in small deviations from
the pure Ising model. In particular, the critical temperature of the magnetic phase
transition can be modi ed by varying the strength of the bond perturbation [14] and the
rst-order phase transition induced by variation of the external eld is transformed into
a second-order transition [15]. However, for stronger perturbations whereJ j; & J, the
system's behaviour changes radically.

In the absence of an external eld, the system is commonly referred to as the
Edwards-Anderson (EA) model, rst introduced in 1975 by S. Edwards and P. W. An-
derson [16], [17]. The Hamiltonian of the EA model is typically expressed as:

X
H( )= Jij i g (2.24)
hi;j i

where Jj; is a Gaussian random variable with meanJo and variance J2. Because the
bond distribution is continuous, antiferromagnetic bonds (J;; < 0) can occur, introduc-
ing frustration into the system.

Frustration refers to a situation in which not all pairwise interactions within a system
can be simultaneously satis ed, leading to con icting constraints. In the context of the
EA model, frustration arises due to the random nature of the interaction strengths
Ji;j » which can include both ferromagnetic J;i; > 0) and antiferromagnetic (Ji; < 0)
bonds. For instance, in a triangular loop with one bond being antiferromagnetic and the
others ferromagnetic, it is impossible to arrange the spins such that all interactions are
energetically minimized.

The presence of frustration signi cantly impacts the system's behaviour, as it pre-
vents the spins from settling into a simple ordered state. Instead, the system exhibits
a rugged energy landscape characterized by numerous local minima, where the system
could be trapped as the temperature decreases. This leads to a highly non-trivial be-
haviour, including glassy dynamics and a lack of long-range magnetic order, which are
hallmarks of spin glass systems.

Two key order parameters are considered in this context. The rst is the magneti-
sation, as already de ned in Eqg. (2.15) and the second is the Edwards-Anderson (EA)
order parameter:

hii?; (2.25)

1 X
QEAZN
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whereh ::i denotes the thermal average. At high temperatures, the system behaves like
a normal magnetic material in the paramagnetic phase, characterized byn = 0 and
ea = 0. As the temperature decreases, ordering emerges, but its nature is markedly
di erent from that of the ferromagnetic phase. The system freezes into a non-ordered
con guration, dependent on the speci c realization of fJ;; g, with m =0 but gga 6 0.
This phase, known as thespin glass(SG) phase, is of great interest.

In the SG phase, the system dynamics becomes extremely slow, exhibiting long
relaxation times for thermodynamic variables. In this regime, the system \remembers"
past magnetic states. For instance, after being cooled in the presence of an external eld,
the system retains a partial magnetisation even after the eld is removed. Furthermore,
this residual magnetisation and the system's con guration depend on the intensity of
the external eld, a phenomenon termedmemory. These characteristics are observed in
real magnetic materials that exhibit the SG phase, such as metallic alloys like CuMn,
AuFe, and AgMn [18]{[20].

The behaviour of the EA model varies with the system's dimensionality. In one
dimension, the system does not exhibit an SG or ordered phase. In two dimensions,
the SG phase appears only in the limitT ! 0, as conrmed numerically [21]. In
three dimensions, the EA model is believed to undergo a nite-temperature spin glass
transition, supported by extensive numerical simulations [22].

The SK model A mean-eld version of the EA model, known as the Sherrington-
Kirkpatrick (SK) model, was proposed by D. Sherrington and S. Kirkpatrick in 1975
[23], [24]. Its Hamiltonian is given by:
X
H( )= Jij i s (2.26)

i<j

where the summation extends over all lattice sites withi < j , rather than being re-
stricted to nearest neighbours. Sherrington and Kirkpatrick assumed that the SK model
accurately describes the EA model in the case of in nite-range interactions. This as-
sumption can be contentious, as the mean- eld theory for spin glasses assumes that the
interaction distributions J;; are independent of the distance between spins. Neverthe-
less, similar to the mean- eld theory for the homogeneous Ising model, the SK model
serves as a valuable paradigm that captures the essential behaviour of real spin glasses.

Handling the randomness in interactionsJ;; is a central challenge for models with
guenched randomness. Indeed, the system free energy should take into account the
average over the di erent realisation of the setf J;; g:

fox =T = Nilog(Z) (2.27)

wheref and Z refer to a single realisation off J;;; g and 77 indicates the average over
di erent randomness realisation, i.e. systems prepared with a di erent set of bounds
fJi;j g. This presents an intrinsic di culty because the single partition function Z is not
translationally invariant and contains in nitely many parameters ( N !'1 ). To derive
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the free energy, the replica trick was developed which derivefog(Z) indirectly. To do
so, one computes the disorder-averaged partition functiorZ" for integer n representing
the number of considered replicas and then extends this to the limitn ! 0. Indeed,
from a mathematical point of view, one can write

S
l0g(Z) = lim ~(Z" 1) (2.28)

Even though computing the limit n ! 0 has no physical meaning, the replica trick
greatly simpli es the evaluation of the partition function and was proven to give the
correct results.

After some mathematical manipulation (for a derivation, see [13]) and considering
the replica trick, one arrives at the following expression

2 0 1 3

2 X X
—im a3 )V @ 17 oA, Jol 2,1 5
f sk Ir“nO ) 1 n q + > m< + nIogTrexp(L) (2.29)
whereq andm are given by
q =h; ;i and m =h;i (2.30)

and represents the overlap between dierent replicas and  (with the same set of
fJij g) and the average magnetisation of replica , respectively. L is given by
X X
Lla 1=(J3)* q +  (Jom +H) (2.31)

<

Sherrington and Kirkpatrick considered the replica symmetric solutiong. = gand
m = m, independent from the considered replicas and . With this, they computed
the free energy and described the phase space in terms.&f and J 2 for the in nite range
SK model. The problem with this solution was the prediction of a negative value of the
entropy for T ! 0, which is clearly unfeasible for a system with a countable number of
states.

The correct solution of the SK model was proposed by Parisi in 1980 [25], later con-
rmed rigorously by Francesco Guerra [26], [27] and Michel Talagrand [28]. The ground-
breaking idea lies in considering a distribution forqg. , the overlap between replicas
and , rather than a single value. This distribution re ects a hierarchical organization
of states, where con gurations are nested within each other in a tree-like structure. Such
a hierarchy corresponds to an ultrametric energy landscape, with valleys within valleys,
representing metastable states of varying stability. Giorgio Parisi's groundbreaking work
on RSB provides a deeper theoretical understanding of this phase, revealing a non-trivial
structure to the spin glass phase that cannot be described by standard replica symmetry
alone. This approach has since become essential in describing the thermodynamics of
spin glasses and complex systems more broadly.
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2.3.2 RFIM and the Imry-Ma argument

The element of randomness arises from a local eld; that independently a ects each
site. This model is commonly referred to as the Random Field Ising Model. For com-
prehensive reviews, we refer the reader to [29], [30]. The RFIM serves as a theoretical
framework for describing a variety of physical systems. Notable examples include diluted
antiferromagnets in a homogeneous external eld [31], [32], binary liquids con ned in
porous media [33], and hydrogen absorption in metals [34], among others.
The Hamiltonian can be rewritten as
X X
H()= J i hi i (2.32)
ij i

where, in the absence of an external eld,h; has zero mean andhih; = h? ;. Here

ij Is the Dirac delta function. The case h; J can be treated exactly, and it has
been shown that the system does not exhibit long-range order in the low-temperature
regime [35]. Conversely, the cash; J is more complex and has intrigued scientists for
decades. Under this condition, the equilibrium properties of the system can be analysed
and understood using thelmry-Ma argument [36], which was pivotal in popularizing the
RFIM. The argument states that no long-range order can exist for dimensionsd < 2.
The dimensiond = 3 is known as the lower critical dimension, representing the lowest
dimension at which the system may display long-range order.

The Imry-Ma argument considers the energetic balance associated with the formation
of a droplet. Suppose a region of the system in the ferromagnetic phase ips, forming
a droplet. The energy cost for the surface separating regions with oppositely oriented
spins is proportional to the droplet's surface area:Ee, JRY 1. Conversely, the droplet
can gain energy by aligning a region of the lattice with the local random eld's average
direction. For a magnetized system, the interaction energy with the local random eld
has a varianceEF%F h2RY. By selecting regions whereEgr > 0 and reversing their
orientation, the energy gain becomes 2Egg. Thus, the energetic balance for a droplet
of radius R in a favourable region reads:

E=Eex 2Ere JRY Y 2hRYZ (2.33)

Ford 2, E > 0, indicating that breaking the ordered structure yields no ener-
getic gain. Ford < 2, however, E < 0, meaning that no long-range order survives.
Binder [37] demonstrated that even ford = 2, the system spontaneously forms domains.
While the energy of droplet formation becomes negative in the thermodynamic limit,
this can only be observed for systems with. > L o/ exp(C(J=h)?), where C is a suitable
constant [37].

Absence of SG phase in the RFIM Interestingly, the RFIM does not exhibit a
spin-glass phase for any dimensiord. Chatterjee [38] proved the absence of replica
symmetry breaking in the RFIM. This result was later corroborated using a di erent
approach by Krzkala et al. [39], [40]. Ford 2, their ndings align with Aizenman and
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Wehr's earlier result [15], which states that only one ground state exists for an RFIM in
d 2. Krzkala's argument revolves around the spin-glass susceptibility,

X 2
se= s (hiji h iihji)%; (2.34)
isj
which characterizes the transition to the spin-glass phase. It can be demonstrated that
this susceptibility is bounded above by the ferromagnetic susceptibility,
1 X
e= o (igiohin i) (2.35)
i
for any lattice structure and any h, provided no frustration arises. Since g does not
diverge in either the paramagnetic or ferromagnetic phases, no spin-glass transition
occurs.

Universality and self-averaging property The universality class of the RFIM has
remained a topic of debate for decades. Using Perturbative Renormalization Group
(PRG) theory, it can be shown that the critical exponents obey the relation [41[{[43]:

re(d) = o(d 2): (2.36)

This suggests that the d-dimensional RFIM shares the same universality class as the
(d  2)-dimensional ferromagnetic Ising model. Consequently, the three-dimensional
RFIM should not exhibit long-range order in the low-temperature limit. However, ex-
tensive Monte Carlo simulations [44], [45] have shown otherwise. Similarly, the four-
dimensional RFIM yielded di erent critical exponents than those predicted by PRG [46],
[47]. Consistency with PRG predictions emerges only in ve dimensions [48], though no
theoretical proof exists yet.

Another intriguing property of the RFIM is the lack of self-averaging Consider
a physical quantity P and its thermal average for a speci c realization of randomness
fJi; g, denoted ashP;i. The ensemble averagehP;i, is used to infer the system's general

behaviour. The varianceVp = (hP;i  hP;i)? and its ratio to the squared ensemble aver-

age,Vp:WZ, reveal the extent of sample-to-sample uctuations. WhenVe=P,i~ | 0
asL !1 | the quantity P shows self-averaging property.

Away from critical conditions, where L , systems generally exhibit the self-
averaging property for extensive quantities. This behaviour can be explained using the
Brout argument [49], which also applies to random systems. However, the behaviour of
intensive quantities, particularly near critical conditions, di ers signi cantly.

Physical quantities can be categorized into three classes based on the scaling be-

haviour of the ratio Vp:rPJi2 with system sizeL [50]:

o , =2 . .
1. Strongly self-averaging: if the ratio scales a¥p=hP;i L 9, the physical quantity
is said to be strongly self-averaging. This occurs for the energy and magnetisation
of homogeneous systems in non-critical conditions.
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2. Weakly self-averaging: if the ratio scales ad/p=rP,i- L *1, with 0 < x; <d,
the quantity is weakly self-averaging. Examples include the magnetic susceptibility
and speci ¢ heat of homogeneous systems in non-critical conditions, as well as the
energy in critical conditions.

3. Non-self-averaging: if the ratio does not converge to zerods! 1 , the quantity is
non-self-averaging. For instance, in the three-dimensional RFIM, the susceptibility
is non-self-averaging [45].

The lack of self-averaging can pose signi cant challenges when analysing the be-
haviour of physical quantities. Discussions of universality classes and critical exponents
are meaningful only in the thermodynamic limit. Achieving this limit requires proper
nite-size scaling analysis of physical variables, often performed using Monte Carlo simu-
lations, especially for models lacking a comprehensive theoretical approach. The absence
of self-averaging properties implies that numerous realizations of quenched randomness
must be considered, particularly as the system size increases. This necessity can make
reliable Monte Carlo measurements computationally expensive, potentially becoming a
bottleneck in the analysis of such systems.

2.3.3 The model with defects

We now introduce an alternative approach for incorporating quenched randomness into
the system, designed to simulate the presence of magnetic impurities and defects that
disrupt the system's homogeneity [51]. Below, we summarize the key features of this
model, which has been developed in previous works [51]{[54].

The model assumes a fractiorf of spins with frozen dynamics, meaning these spins
are unable to change their orientation. To preserve the overall neutrality of the lattice,
the frozen spins are equally distributed between positive § = +1) and negative (= 1)
orientations. A graphical representation of the model is provided in the top panel of
Fig. 2.1, where red dots indicate positive defects = +1) and black dots indicate
negative defects = 1).

The model with defects as a RFIM The presence of defects can be interpreted as
the e ect of a particular type of random- eld distribution, given by

8
2+thgg ifi2 D*;

hRF;i = S hRF ifi2D ; (237)
Y otherwise

whereD™* (resp. D ) denote the set of defects with xed positive (negative) orientation.
In the regime hgrg J, any reversal of the speci ed spins is prevented at any nite
temperature, causing these spins to e ectively act as defects. The appropriate magnitude
of hre depends on the selected temperature.

The RFIM does not exhibit a spin-glass phase in thermal equilibrium and at the
thermodynamic limit [39], [40]. Additionally, in two dimensions, no long-range ordered
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Figure 2.1: Top panel: representation of the distribution of defects for a system with
L = 200 and a fraction of defectsf = 0:02. Red dots represent positive defectg| = +1
and black dots represent negative defectg= 1. The sum of the value of the defects is
neutral to maintain the symmetry negative-positive magnetisation. The inset shows a
zoom-in of a portion of the lattice. Bottom panel: potential associated with the defects'
distribution as de ned in Eq. (2.38). The colour bar shows the intensity of the defect
potential, rescaled by its maximum over the lattice nax.
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phase persists in the RFIM due to the Imry-Ma argument [36]. Consequently, neither
ferromagnetic nor spin-glass phases are expected in the thermodynamic limit. However,
in nite systems, pseudo-phases can emerge [55], where nite-size e ects and domain
clustering result in pseudo-ferromagnetic or pseudo-glassy states, contingent on tem-
perature and defect density. In three or more dimensions, ferromagnetic order can be
restored, and phase transitions may occur in the model with defects. The detailed anal-
ysis of this system's static properties and its connection to the RFIM will be discussed
in Chapter 3.

Defect potential de nition The presence of xed defects at specic positions di-
rectly a ects their nearest neighbours. Over time, the in uence of a single defect prop-
agates throughout the system, though it diminishes with increasing distance from the
defect. Following the approach outlined in [53], a defect-potential, analogous to an elec-
tric potential, is introduced. The key assumption is that the e ect of a defect at position
i on a free spin at positionj is inversely proportional to their lattice distance d(i;j ).
Considering multiple defects, the total defect-potential acting on a free spin at position
j is given by:

X 1 X 1
dei;j ) d(i;j )’

whered(i; j ) represents the shortest path length between the defect at position and the
free spin at position j, taking into account the lattice geometry and applying periodic
boundary conditions. The total potential (j) is computed by summing contributions
from the two defect sets,D* and D . Appendix A shows an investigation of the spatial
distribution of the defect-potential. At the thermodynamic limit, it can be assumed to
follow a Gaussian distribution with variance determined by the defect fraction.

Clusters of defects with the same charge create regions with high (absolute) potential,
signi cantly in uencing the behaviour of nearby spins. Conversely, regions containing
mixed defects exhibit lower potential values due to partial cancellation between opposing
signs. This e ect is visually evident in the bottom panel of Fig. 2.1, where regions of
intense yellow and blue indicate areas of strong positive and negative potential, respec-
tively, while green regions represent areas with weaker potential.

To quantitatively characterize the defect con guration, we de ne the total potential

tot @s the Euclidean norm of :

()= (2.38)

i2D*

i2D

0 1i=

X
o = @ (G)°A (2.39)
i6D*[ D

Additionally, we introduce the potential index get, Which normalizes i by its maxi-

i tot .
mum possible value qy:

def =~ det 2 [0;1] (2.40)
max
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Appendix A presents a brief analysis on the dependency of 4ef from the system sizel
and the defect fraction f .

Due to the complexity of the interactions and the high dimensionality of the pa-
rameter space, numerical simulations become essential. Monte Carlo methods provide a
powerful framework to explore the equilibrium properties and dynamic responses of the
system under various conditions. In the next section, we will review the fundamental as-
pects of Monte Carlo simulations, emphasizing their application to the study of systems
with quenched randomness.

2.4 Monte Carlo simulations for the Ising model

As discussed in previous sections, the primary goal of Statistical Mechanics is to un-
derstand the macroscopic behaviour of complex systems, which can be viewed as an
ensemble of particles interacting with each other and their environment. This frame-
work applies to the Ising model and its variants, which we have considered so far. The
Hamiltonian serves as a fundamental tool, encapsulating all relevant information about
the interactions between particles.

Key questions arise concerning the existence or absence of a phase transition, the sys-
tem's thermodynamic properties (including the relationship between microscopic quan-
tities and macroscopic behaviour), and the prediction of the probability distribution of
microstates at equilibrium or in a steady state. Statistical Mechanics addresses these
guestions using probabilistic techniques to reveal the macroscopic behaviour of complex
systems.

Consider a canonical ensemble of particles (or spins) in thermal contact with a heat
bath at temperature T. The heat bath maintains the system's temperature by ex-
changing thermal energy. The system's HamiltonianH de nes the energy E of each
microstate . The transition probability per unit time for the system to move from state

to state is given by the transition rate R( ! ). For simplicity, we assumeR is
independent of time; this assumption will be relaxed in subsequent sections when we
examine out-of-equilibrium processes.

The system's behaviour can be described by the master equation:

X
d%: WR(! ) wR(! ) (2.42)

wherew represents the probability of the system being in state at time t. The rst
term in the summation represents the ow coming in state , whereas the second term
represents the ow exiting from state . This equation forms a set of coupled equations,
one for each possible state of the system. Once the probabilitiew are known, the
expectation value of any macroscopic quantityQ can be computed as a weighted mean:

X
Qi = w Q ; (2.42)

where Q is the value of the macroscopic quantityQ in state
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Under equilibrium conditions, where the expectation values of macroscopic quantities
do not change with time (though uctuations are allowed), the probabilities w become
constant and are given by the Boltzmann distribution:

w =P = ; (2.43)

P
where Z is the partition function, dened as Z = e B . Consequently, the expec-
tation value of Q is: p

Qi = ————: (2.44)

However, computing this expression is non-trivial. Analytical derivations, while de-
sirable, are often infeasible for even simple models like the Ising model in higher di-
mensions (e.g., three dimensions). In such cases, an alternative approach is required to
approximate hQi.

A potential approach involves considering a subset of state$ ;:::; mQg, drawn
with probabilities fps;:::;pwg. The estimator of Qi can then be written as:
Pm 1, E
el p ‘e i
Qu= gL P - (2.45)
iz1 P € !
In the simplest case, where all states have equal probabilityp; = = pv =1=M,

Qm becomes the weighted average of the physical quantity under investigation measured
in microstates . AsM !'1 , Qu ! h Qi, making the estimator well-de ned.

The primary challenge with this approach lies in the sheer number of states that
must be sampled to obtain a reliable estimation. The phase space grows exponentially
with the degrees of freedom, necessitating the inclusion of increasingly more states as the
system size increases. A solution to this problem is provided by importance sampling
technique. This technique selects only the most in uential states in the summation
of Eq. (2.45). By ne-tuning the probabilities p , states contributing signi cantly to
Eq. (2.45) are sampled more frequently, while less in uential states are sampled less
often.

The core idea of importance sampling is to setp proportional to the Boltzmann
distribution, p = Z Yexp( E ). With this choice, Eq. (2.45) simpli es to:

1 M

QM:M

Q. (2.46)

i=1
To generate states proportional to the Boltzmann probability distribution, we employ a
Markov chain of states with appropriate transition probabilities.
2.4.1 Markov chains

A Markov chain is a mathematical model that describes a sequence of states or events,
where the transition from one state to another depends solely on the current state and
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not on the sequence of preceding states. This \memoryless" property is a de ning
characteristic of Markov processes. In the context of Monte Carlo simulations, each
microstate (e.g., a spin con guration) is connected to others through a transition prob-
ability P( ! ). The signi cance of the Markov process lies in its ability to control
the equilibrium probability of observing a system in a speci ¢ microstate. By manipu-
lating the transition rates between microstates, one can establish a speci ¢ equilibrium
distribution, such as the Boltzmann distribution, to sample microstates at equilibrium.
A Markov process should satisfy two essential properties:

Ergodicity: This property ensures that the system can access all possible states
over time. If the state space is divided into disjoint subsets of microstates, the
system may converge to di erent steady-state conditions depending on the subset
it starts from. Ergodicity guarantees that the system explores the entire state
space, enabling it to reach a unique steady-state distribution.

Detailed Balance This condition ensures that the stationary distribution of the
Markov chain matches the desired equilibrium distribution, such as the Boltzmann
distribution. Mathematically, the detailed balance condition is expressed as:

PC!Y )_p.
PCT )" p (2.47)

where p represents the desired probability distribution at equilibrium. For the
Boltzmann distribution:

P( ! )
PCT )

whereE and E are the energies of states and , respectively.

= exp (E E) ; (2.48)

The transition probability P( ! ) is commonly factorized into two components:

PC ! )=9aC! HAC!T ) (2.49)
whereg( ! ) isthe selection probability, representing the probability of generating the
microstate  starting from . A( ! ) is the acceptance probability, representing the

probability of accepting as the next state in the Markov chain. This factorization allows
exibility in designing algorithms for Monte Carlo simulations. Di erent algorithms use
distinct approaches to balance these probabilities while satisfying the detailed balance
condition.

The Metropolis algorithm assumes constant selection probabilitiesg( ! ), pro-
vided that the proposed states dier by only one spin. The acceptance probability
A( ! ) is then adjusted to satisfy the detailed balance condition. This approach is
computationally e cient but may reject some proposed states, resulting in time loss. The
N -Fold way algorithm uses non-uniform selection probabilitiesg( ! ) while setting
A( ! ) =1. This approach eliminates rejections, ensuring that every proposed state
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is accepted. However, it requires more computational resources to generate the next
state in the chain. The choice of algorithm depends on the speci c requirements of the
simulation, with trade-o s between computational e ciency and rejection minimization.

We now review these two algorithms, highlighting the main di erences.

2.5 Monte Carlo algorithms and techniques

We now present the main algorithms used to conduct Monte Carlo simulations. For
extensive reviews we refer to references [56], [57]. We give a general understanding of
the algorithms and specify the modi cations to account for the model with defects.

2.5.1 Metropolis algorithm

The Metropolis algorithm [58] is one of the most widely used methods for implementing
Monte Carlo simulations. It operates by de ning a Markov chain where each new state
is selected with a uniform probability g( ! ) =1=N whereN is the total number of
spins in the lattice (equivalent to the total number of available states that di er from
the ipping of a single spin). The newly proposed random state is then accepted with a

probability A( ! ), ensuring the detailed balance condition is satis ed. Speci cally,
the detailed balance condition reads

ACY ) _ . € &)

ACT ) e (2.50)

As this equation involves only the ratio of reciprocal moves, there is some freedom
in choosing the acceptance probability. The standard approach is to maximize the
acceptance of proposed states to accelerate convergence to equilibrium. The acceptance
probability is typically chosen as:

(
E E) fE E >
ACE )= © ! . 0 (2.51)
1 otherwise

This leads to the following steps in the Metropolis algorithm:
1. Select a spin with uniform probability
2. Derive the energy variation E associated with ipping the spin.

3. Accept the new state with probability given by the Metropolis acceptance criteria
in Eg. (2.51).

4. If the move is accepted, update the system's state and compute any macroscopic
guantities of interest, such as magnetisation or energy.

The time progression of the algorithm is measured by the number of attempted spin
ips, including both accepted and rejected moves. Typically, one Monte Carlo time unit,
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referred to as Monte Carlo Steps per Spin (MCSS), corresponds thl spin- ip attempts,
where N is the number of spins in the lattice. On average, this results in one spin- ip
per site, making the time unit independent of the system size.

In systems with quenched randomness, the algorithm requires minimal modi cation.
In these cases, the randomness a ects only the energy di erences calculated in step 2.
For systems with defects, the algorithm should exclude selecting a defect in step 1. To
maintain consistency with the defect-free model, an MCSS in this case corresponds to
N(1 f) attempted spin ips, where f is the defect fraction.

The Metropolis algorithm is highly e cient in standard conditions and remains one
of the easiest Monte Carlo methods to implement. However, especially for systems with
signi cant energy barriers or slow dynamics which can hinder convergence to equilib-
rium, it shows important limitations. Over time, alternative techniques, such as cluster
algorithms and rejection-free methods, have been developed to address these challenges
and enhance the e ciency of Monte Carlo simulations.

One such alternative is the Multi-Spin Coding (MSC) algorithm, which leverages the
structure of modern computer architectures to optimize computational e ciency. By
encoding multiple con gurations into individual machine words, MSC enables simulta-
neous simulation of multiple systems, dramatically increasing performance. The next
section introduces the MSC technique for the Ising model.

2.5.2 Multi-spin coding algorithm

The MSC technique was designed to fully exploit the capabilities of modern computer
architectures, particularly the e cient use of machine words. The key observation behind
MSC is that a single spin can occupy the smallest unit of information available in modern
computers: a single bit. In the Ising model, each spin is a two-valued variable, which
can be mapped into a bit asb = 0 (spin down) or b= 1 (spin up). Given that modern
CPUs typically allocate 64 bits per machine word, storing each spin as an independent
variable would waste 63 out of every 64 bits.

The essence of MSC is to pack 64 independent lattice con gurations oN spins
into N machine words, where each bit in a word represents a spin in one of the 64
con gurations. This allows bit-wise operations to be performed simultaneously across
all 64 con gurations. Through operations such as AND, OR, and XOR, it is possible to
apply the Metropolis acceptance criterion concurrently to all 64 replicas. As a result,
MSC enables the simulation of 64 independent systems at the same computational cost
as simulating a single system, though it comes at the expense of increased algorithmic
complexity.

An MSC version of most Monte Carlo algorithms can be implemented, but the en-
hanced complexity arises from the need to manipulate individual bits using logical opera-
tions rather than conventional arithmetic. Standard functions provided by programming
languages are often insu cient for MSC, requiring intricate \translation" of code. In this
work, the MSC technique is applied to the standard Metropolis algorithm for the two-
dimensional Ising model without an external eld. For a detailed explanation of MSC,
we refer to [56], while only the main concepts are summarized here for completeness.
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Suppose we select the-th spin in the lattice during step 1 of the Metropolis proce-
dure. The probability of ipping this spin depends on its neighbouring spins. Speci cally:

If two or more neighbours point in the opposite direction, the spin reversal is
certain.

" If exactly one neighbour points in the opposite direction, the spin ips with prob-
ability exp( 4J).

~

If no neighbours point in the opposite direction, the spin ips with probability
exp( 8J).

This logic can be compactly expressed using a bitwise implementation as:

0

i= i R2_(Ri"r1))_(Ro"ro); (2.52)

where represents the exclusive logical \or* (XOR), * the logical \and,"” and _ the
logical \or." Here:

R 2, R1, and Rq are logical expressions that evaluate to 1 if there are 2, exactly
1, or 0 neighbouring spins pointing in the opposite direction, respectively.

" ro and r; are random variables that are 1 with probabilities exp( 8J ) and
exp( 4J ), respectively.

The expression in Eq. (2.52) can be implemented in a programming language of choice
using bitwise operations. These operations enable simultaneous computation across
the 64 replicas packed within a machine word, signi cantly increasing computational
e ciency.

For further optimization, a more machine-friendly version of Eq. (2.52) can be de-
veloped, simplifying the logic and reducing computational overhead. Such re nements
can further accelerate simulations, demonstrating the exibility and power of the MSC
approach in leveraging modern computer architectures.

2.5.3 N-Fold way algorithm

At low temperatures, the Metropolis algorithm becomes ine cient due to the sharply
reduced acceptance probability for spin ips that increase the system's energy. This
ine ciency arises because the acceptance criterion, based on the Boltzmann factor
exp( E=kgT), overwhelmingly rejects moves with large positive E, especially when

E kgT. Consequently, the algorithm spends substantial time proposing and reject-
ing moves, leading to sluggish dynamics and di culty exploring the con guration space,
particularly in systems with large energy barriers.

The N -Fold way algorithm [59] addresses this ine ciency by directly selecting and

executing the next accepted spin ip, skipping over all intermediate rejections. Instead
of testing individual spin ips sequentially, the algorithm categorizes all spins into classes
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based on their energy change E and associated transition rates. It then probabilisti-
cally selects a spin ip based on these rates, advancing the simulation directly to the
next accepted event. This approach signi cantly reduces wasted computational e ort,
making the N -Fold way algorithm up to an order of magnitude more e cient than the
standard Metropolis algorithm at low temperatures [59].

The implementation of the N -Fold way algorithm involves the following steps:

1. Initialization: Compute E values for all spins and group them into classes cor-
responding to distinct energy changes (e.g., E = 8J; 4J,0;+4J;+8J ina 2D
Ising model). For example, all spins with E = 4J are grouped together, as are
those with E = 0, and so on. Each class is assigned a transition ratev( E),
which can be taken equal to the metropolis rule or the Glauber transition rates.

2. Class selection: Select a class with probability proportional to its total rateNw( E),
where N¢ is the number of spins in the class. This ensures that classes with higher
transition rate or that are highly populated are more likely to be chosen.

3. Spin selection and ip: Randomly select a spin from the chosen class and ip it.
The spin ip alters the local energy con guration, potentially changing the E
values for the ipped spin and its neighbours.

4. Update: Adjust the class populations to re ect the new E values. Spins are
moved between classes as their local environments change.

E cient data structures, such as linked lists or arrays, are used to manage spins
within each class and allow rapid updates after each spin ip. By focusing on relevant
spins and avoiding lattice-wide scans, theN -Fold way algorithm minimizes computa-
tional overhead and achieves signi cant speed-ups compared to the Metropolis algorithm.

2.5.4 Parallel tempering technique

Exploring the con guration space of systems with rugged energy landscapes, such as spin
systems or protein folding models, is a signi cant challenge in Monte Carlo simulations.
Traditional approaches like simple Metropolis algorithm can struggle to escape local en-
ergy minima, especially at low temperatures, where thermal uctuations are insu cient

to overcome energy barriers. To address this, temperature annealing was introduced as
a basic strategy to improve sampling e ciency [60]. This technique involves starting the
simulation at a high temperature, where the system can easily overcome barriers and
explore a wide range of con gurations, and then gradually lowering the temperature
according to a prede ned schedule.

While temperature annealing can help identify low-energy states, it has limitations.
The success of the method depends critically on the annealing schedule. If the tempera-
ture is reduced too quickly, the system may become trapped in metastable states, failing
to reach equilibrium. Conversely, a very slow annealing process can be computation-
ally prohibitive, especially for large systems or those with complex energy landscapes.
Additionally, annealing often struggles in systems with multiple deep energy minima
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separated by high barriers, as the system's ability to equilibrate at intermediate tem-
peratures is limited.

These shortcomings lead to the conceptual foundation of parallel tempering [61]{[63],
which improves upon temperature annealing by introducing simultaneous simulations of
the system at multiple temperatures. By enabling exchanges between con gurations
at di erent temperatures, parallel tempering allows replicas at higher temperatures to
assist those at lower temperatures in escaping local minima, e ectively overcoming the
primary challenges of temperature annealing.

In the Ising model, parallel tempering is used to address the challenges posed by
critical slowing down near the critical temperature and the ruggedness of the energy
landscape in disordered systems, such as those with quenched randomness or defects.
By simulating replicas across a range of temperatures, the algorithm ensures e cient
sampling of spin con gurations and allows the system to equilibrate even in the presence
of deep energy wells. In the case of the two-dimensional Ising model with defects, parallel
tempering is particularly valuable for characterizing low-temperature equilibrium states
and exploring the in uence of defects on critical behaviour.

To satisfy the detailed balance condition in parallel tempering, the acceptance prob-
ability for swapping con gurations between two replicasi and j at temperatures T; and
T; is given by

Pswap = min (1 ;exp[( j i)Ei  Ej; (2.53)

where ; = 1=T; is the inverse temperature, andE; and E; are the energies of the
con gurations in replicas i and j, respectively. This swapping rule ensures that the
overall simulation satis es the Boltzmann distribution at each temperature, preserving
the equilibrium condition.

The choice of temperature spacing is critical for the e ciency of the algorithm.
Temperatures must be spaced closely enough to ensure su cient overlap in the energy
distributions of neighbouring replicas, thereby maintaining high acceptance probabilities
for swaps. However, if the temperature spacing is too small, the computational cost
increases due to the need to simulate a larger number of replicas. In practice, the
temperature spacing is often optimized empirically or through methods such as analysing
the acceptance rates and energy histograms of replicas.

To implement parallel tempering e ectively, one must also carefully balance the fre-
quency of swap attempts and the duration of equilibration steps at each temperature.
Frequent swap attempts help facilitate exchanges across the temperature ladder, while
su cient sampling at each temperature ensures an accurate representation of equilibrium
properties. Together, these considerations enable e cient exploration of the con gura-
tion space.

The ability to seamlessly traverse temperature scales enables to study both high- and
low-temperature regimes in a single simulation, making parallel tempering a powerful
tool for investigating critical phenomena, glassy dynamics, and ground state properties.
By integrating parallel tempering with techniques like MSC, simulations can further
benet from enhanced e ciency and scalability, enabling the study of large systems
with high statistical reliability.
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2.5.5 Glauber dynamics for out-of-equilibrium simulations

Glauber dynamics [64], [65] is a stochastic process introduced to study the time evolu-
tion of spin systems, such as the Ising model, in both equilibrium and out-of-equilibrium
regimes. Unlike equilibrium-focused methods like the Metropolis algorithm, which uses
the acceptance rule given by Eq. (2.51), Glauber dynamics explicitly incorporates time
dependence into the transition probabilities, enabling the modelling of transient phenom-
ena. This approach is widely used to investigate relaxation processes, dynamic phase
transitions, and the response of magnetic systems to time-dependent external elds.

The central concept underlying Glauber dynamics is the time-dependent master
equation:

d X
giPl uii N = LiCPC i i NGt
j=1
X
+ L e niin g Net); (2.54)
j=1
wherep( 1;:::; N;t) denotes the probability of being in a specic con guration f g=
f 1000 ngattime t,and!j( j;t)is the transition probability per unit time for ipping
the j-th spin ;! j. By imposing that, at steady state (dp=dt= 0), p follows the

Boltzmann distribution, we obtain:

() 1 jtanh(Ej),
!j( j) 1+ jtanh(Ej)’

(2.55)

where
X

Ej=h+ Jjx « (2.56)
k=1
Following Suzuki and Kubo [66], the transition rates for Glauber dynamics can be
nally written as:

()= Zi(l j tanh( E )); (2.57)

where represents the time scale of the dynamic process. For simplicity, we often set
=1; however, can be tuned to accelerate or slow down the dynamics. This tunable
parameter becomes particularly important when di erent types of moves are present.
For instance, in a model where defects move according to Kawasaki-type dynamics while
normal spin ips occur, distinct  values for the two processes allow exploration of various
dynamical regimes. Such analysis has been performed for neutral impurities [67].

The time-dependent behaviour of the system is naturally recovered by incorporating
the time dependency ofE;j (t) or (t) and adjusting the transition rates accordingly at
each time step.

In simulations, Glauber dynamics provides key insights into how systems evolve
toward equilibrium, how they respond to external perturbations, and how transient
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phenomena manifest. For this reason, the Glauber transition rates will be used for all
out-of-equilibrium simulations discussed in subsequent chapters.



Chapter 3

Thermodynamic Properties

The Ising model with defects provides a foundational framework for investigating the in-
terplay between quenched disorder and the equilibrium properties of magnetic systems.
As discussed in Chapter 2, this model incorporates defects represented by frozen spins,
which remain xed during the system's evolution. These static defects introduce frustra-
tion, creating a highly intricate energy landscape that gives rise to numerous metastable
states. As a result, the model is classi ed as a disordered spin system.

In Section 2.3.3, we saw that the Ising model with defects can be viewed as a specic
case of the RFIM. At low temperatures, the 2D version of this model is expected to
exhibit a clustered stable state, characterized by spin droplets aligned in opposite direc-
tions, a hallmark feature of the two-dimensional RFIM. These domains emerge from the
competition between thermal uctuations and the constraints imposed by the defects,
resulting in complex con gurations that di er signi cantly from the ferromagnetic or
paramagnetic phases typically observed in the homogeneous Ising model.

The two-dimensional Ising model with defects o ers a powerful framework for under-
standing the equilibrium behaviour of complex disordered systems encountered in nature
and technology. One notable application is in the study of magnetically disordered ma-
terials, such as diluted ferromagnets or amorphous magnetic alloys, where defects and
impurities create local frustration, leading to behaviour akin to those predicted by the
model [68]. Similarly, the model could be used to analyse and explain the behaviour of
glassy systems, where the presence of quenched disorder mirrors the role of frozen spins
in forming metastable, heterogeneous con gurations [53].

This chapter examines the equilibrium properties of the 2D Ising model with defects,
emphasizing the formation and stability of clustered con gurations at low temperatures.
Using numerical Monte Carlo simulations, it investigates how defect-induced disorder in-
uences critical behaviour, phase transitions, and domain formation. The main original
ndings include the identi cation and characterization of the clustered phase, the anal-
ysis of the role of the system size in determining the phase behaviour, and the analysis
of the phase transition between the clustered and the paramagnetic phases through a
novel order parameter. These results o er qualitative and quantitative insights into dis-
ordered magnetic systems, serving as a foundation for studying their dynamic properties
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in subsequent chapters and informing broader implications for analogous models.

3.1 Equilibrium con guration

As seen in section 2.3.3, the two-dimensional Ising model with defects shares signi cant
theoretical parallels with the RFIM, a system known to exhibit peculiar equilibrium
properties in low dimensions. In particular, the RFIM in two dimensions is character-
ized by the emergence of clustered con gurations, where the interplay between quenched
disorder and thermal uctuations leads to stable domains of spins with varying orien-
tations [15], [69]. These unusual features underscore the need for careful treatment of
the 2D case in the model with defects. With the presented analysis, we aim to elucidate
how these analogies manifest in equilibrium con gurations and investigate the e ects of
defects on the system's low-temperature behaviour.

As a rst step, we aim to characterize the system's equilibrium con gurations and
approximate ground state. To this end, we employ Monte Carlo simulations enhanced by
MSC techniques for the model with defects and various defect fractions. Speci cally, 64
replicas of a lattice with sizeL = 200 are simulated simultaneously using the Metropolis
algorithm. All 64 replicas are prepared with defects in the same position but with defect
orientations which change from replica to replica. We induce defect neutrality for each
one by xing half of them as positive and the others as negative. To improve statistical
reliability, the simulations are repeated three times, each with a di erent realization of
defect positions.

To accelerate equilibration, we used the parallel tempering technique, detailed in
Section 2.5.4. The temperature range spans fronTioy = 1 t0 Thigh = 2:5, divided into
80 evenly spaced intervals. To ensure e ective sampling, we verify that con gurations
at T = Tjow have a non-zero probability of reachingT = Thign within the equilibration
process. During the simulation, temperature swaps between adjacent replicas at di erent
temperatures are proposed every 10 Monte Carlo Steps per Spin (MCSS).

The equilibration phase consists of 5000 MCSS, during which the system achieves
thermal stability across the temperature range. This is followed by a data acquisition
phase of an additional 5000 MCSS, where con gurations are recorded every 10 MCSS for
averaging, with no further temperature swaps. The reaching of equilibration was veri ed
by monitoring all replica spin con gurations to ensure no signi cant changes occurred
between the beginning and the end of the data acquisition phase.

The equilibrium con gurations for a specic realization of defects are shown in
Fig. 3.1. The panels illustrate the system's state atT = 1.6, T = 2:26 andT = 2:5
(top right, bottom left, and bottom right, respectively). The top-left panel represents
the local defect-potential distribution, highlighting the e ects of defect-induced disorder.

As expected, the system breaks into domains at low temperatures. Moreover, we
observe a strong correlation between the local defect-potential of Eq. (2.38) and the
equilibrium con gurations, particularly near the critical temperature of the homogeneous
system. Regions with positive (negative) local potential tend to align their spins in the
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Figure 3.1: Equilibrium con gurations of the two-dimensional Ising model with defects
for a speci c realization of disorder. The panels show spin con gurations atT = 1:6 (top
right), T = 2:26 (bottom left), and T = 2:5 (bottom right), illustrating the clustering
and domain formation induced by frozen defects. The top-left panel represents the local
defect-potential distribution, highlighting the in uence of defects on the energy land-
scape. These con gurations are obtained after equilibration through parallel tempering,
with defect positions xed and spin orientations averaged over 5000 MCSS. Simulation
parameters: L = 200, f =0:02.
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positive (negative) direction, indicating that defects in uence free spins through a local
e ective eld which biases the average spin orientation.

We examine the connection between the local defect-potential,;, and the local mag-
netization, m; = h ji. This analysis is performed by creating a scatterplot that includes
all spins across the lattice for the 64 replicas and the three independent defect realiza-
tions. The function m( ) is derived by grouping the spins into 100 bins based on the
value of ;, with the potential range divided into 100 equally spaced intervals. For each
bin, the median of m; is calculated, producing the solid lines in Fig. 3.2, while the dashed
lines represent the rst and third quartiles within each bin.

The narrow spread between the quartiles and the median in all cases suggests that
the defect-potential de nition e ectively captures the local behaviour of the system.
At high temperatures, the shape ofm( ) resembles the magnetization curvem(h) of
a homogeneous system, further supporting the analogy between the defect-potential
and a local e ective eld. At low temperatures, m( ) approaches a Heaviside function
centred at zero, re ecting a strong alignment of spins with the local potential. This
nding has practical implications for initializing the model with defects. To expedite
the equilibration process, the system can be prepared by orienting each spin; in the
same direction as its corresponding defect-potential ;. This initialization ensures a
con guration closer to equilibrium, reducing the required equilibration time.

Finally, we note that the correlation between the two quantities is assessed by de-
riving the Spearman correlation coe cient, which is larger than 0.7 for all the analysed
temperatures.

This preliminary analysis of equilibrium con gurations shows that the two-dimensional
Ising model with defects produces clustered states similar to those seen in the two-
dimensional RFIM. Moreover, the introduced local potential captures well the local
properties of the model with defects. We will come back to the correlation with the
defect-potential for other local dynamical properties.

3.2 Quasi-phases investigation

In the previous section, we discussed how the presence of defects in the model leads to the
formation of unique con gurations. These con gurations consist of regions with aligned
spins, driven by the symmetry-breaking e ects of the defects. Let us now examine the
role of system size in shaping the system's properties.

The system sizel plays a crucial role in the emergence of clustered con gurations.
Intuitively, reducing L also reduces the number of defects present in the system. In
the limit where only a few defects exist, the clustered con guration is unlikely to be
energetically favoured over the coherent (fully magnetized) con guration. To better un-
derstand the interplay between system size and defect fraction, we analyse the concept
of quasi-phases While a pure thermodynamic phase is meaningful only in the thermo-
dynamic limit (where system properties become size-independent), our focus here is on
the emergence and modi cation of quasi-phases at nite system sizes.

Typically, phases are distinguished by analysing an order parameter that exhibits
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Figure 3.2: Relationship between the local defect-potential ; and the local magneti-
zation m; = h ;i for the two-dimensional Ising model with defects. The solid lines
represent the median values ofn; within each of 100 equally spaced bins of ; while the
dashed lines correspond to the rst and third quartiles. The narrow spread between the
guartiles and the median indicates the robustness of the defect-potential as a measure
of the local eld. Simulation parameters: L =200, f = 0:02.
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distinct behaviour in di erent phases. In this study, we identify up to four quasi-phases
which could be observed in a system with quenched randomness. Alongside the para-
magnetic and ferromagnetic phases, we must account for the clustered phase and the
spin-glass phase. The latter arises due to the frustration and randomness introduced
by defects, characterized by multiple stable energetic minima and complex relaxation
behaviour. Identifying these quasi-phases requires at least two order parameters to fully
distinguish their features. However, we adopt a di erent approach.

3.2.1 Analysis of overlap distribution

A preliminary analysis is conducted using the overlap distribution P (q), introduced in
Section 2.3.1. The functionP (g) represents the probability distribution of the \scalar
product” between two replicas (systems with identical defect con gurations) that evolve
independently. Mathematically, the scalar product between two replicas and is
de ned as X

q= i (3.1)

!

The overlap distribution P(q) is crucial for identifying phases, as it provides insight into
the system's structure and phase transitions. Moreover,P(q) exhibits a self-averaging
property, meaning that its behaviour becomes increasingly representative of the whole
system as the system size grows [70]. The characteristics Bf(g) vary depending on the
quasi-phase:

~

Paramagnetic phase: In this phase, replicas evolve independently, with spins pre-
dominantly in uenced by thermal uctuations. Consequently, the overlap qis close
to zero, andP (q) approximates a Gaussian distribution centred at zero with a size-
dependent standard deviation. The hallmark of the paramagnetic phase is a single
peak atq=0, with P(q=0) 6 0.

Ferromagnetic phase: Here, replicas are magnetized, with symmetry requiring both
positive and negative magnetizations. Overlapsg 1 (for equally magnetized

replicas) and g 1 (for oppositely magnetized replicas) dominate. As a result,
P (g) exhibits two peaks, centred atq 1, with P(q=0)=0.

Clustered phase: In this phase, no spontaneous magnetization forms and replicas
evolve into identical con gurations. The overlap g assumes a single non-zero value.
Due to nite-size e ects and temperature uctuations P (g) maintains a bell-shaped
form while peaking at a positive value. Therefore, a distinctive feature of this phase
is a single peak inP(qg) with P(q=0) 6 0.

Spin-glass phase: This phase is characterized by multiple energetic minima, leading
replicas to evolve into distinct con gurations. According to Parisi's description,

P (q) becomes non-trivial, spanning a broad range of values symmetrically around
g = 0. Indicators of this phase include P(g = 0) 6 0 and symmetric peaks for
positive and negative Cga .
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L | 60 | 100 | 140 | 180 | 220
Nt | 40 | 60 | 80 | 100 | 120
Neq | 32000| 16000| 8000 | 4000 | 2000

Table 3.1: Simulation parameters for the parallel tempering algorithm used to determine
the overlap distribution P(q) for di erent system sizes.

These characteristics serve as ngerprints for identifying quasi-phases and tracking
their evolution as the system size changes. While this analysis provides valuable in-
sights, it is not exhaustive and should be intended as a foundation for more detailed
investigations.

To derive P (q) distributions, we employ a multi-spin coding algorithm with parallel
tempering. The minimum and maximum of the temperature were xed at Tnin = 0:8
and Tmax = 2:6 respectively, evenly divided in Nt intermediate temperatures. Nt
depends on the system size, ensuring at least a probability of 25% of swapping between
con gurations simulated at neighbouring temperatures. The values ofNt are reported
in Table 3.1. For each simulated temperatureT;, we prepare 64 replicas with identical
defect con gurations and evolve them independently for 10 MCSS. Then, con guration
swaps between replicas at adjacent temperatures are proposed according to the parallel
tempering rule. Each simulation block (comprising the multi-spin simulation and parallel
tempering swaps) is repeatedneq times for equilibration, where neq depends on the
system size. For the largest systeml( = 220), neq = 2000. Other values are reported in
Table 3.1.

After equilibration, another neq simulation blocks are run for data collection. Follow-
ing each block, con gurations are stored, and overlaps are computed for all replica pairs,
producing P (q; 1) for the t-th block. The nal P(q) is obtained by averagingP (q;t) over
time. A total of 2016 overlaps are considered, ensuring reliable characterization of the
guasi-phases.

Fig. 3.3 shows the probability distribution P(q) for a system with size L = 140
and defect fraction f = 0:01 as a function of temperature. The top-left panel shows
the superposition of P(q), where the colour transitions from red (Tmax = 2:6) to blue
(Tmin = 0:8) as the temperature is reduced. At high temperatures,P(q) is a Gaussian
distribution centred at the origin, indicating the presence of a paramagnetic quasi-phase.

As the temperature decreasesP (q) deviates from the Gaussian shape and shifts
toward higher g values, signalling a transition to the clustered phase. In this phase,
replicas become increasingly similar as clusters with uniform spin orientations emerge
across replicas. At even lower temperaturesP (g) develops a second peak neay 1.
Visual inspection of the con gurations reveals that all replicas reach complete magneti-
zation, either positive or negative. Interestingly, the two peaks are slightly asymmetric,
with Pmax(g > 0) > P max(q < 0). This asymmetry re ects that the evolution paths of
di erent replicas are correlated, making one of the two magnetized states (positive or
negative) more probable.

The top-right panel of Fig. 3.3 shows the temperature dependence of the overlap
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Figure 3.3: Probability distribution P(q) for di erent system sizes and defect fractions.
(Top-left) P(q) for L = 140, f = 0:01, with temperature decreasing fromTax = 2:6
(red) to Tmin = 0:8 (blue). (Top-right) Temperature dependence of P (q) for the same
system. (Bottom-left) P(q) for L = 140, f = 0:03. (Bottom-right) P(q) for L = 220,
f =0:01.
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distribution. Horizontal lines indicate the transitions between di erent quasi-phases, as

de ned by the criteria discussed earlier. Speci cally, the progression of quasi-phases (in
decreasing temperature order) is paramagnetic, clustered, and ferromagnetic. Interest-
ingly, no spin-glass quasi-phase is recognised, as for all other choices of system sizes and
defect fractions.

We extend the analysis to a higher defect fraction { = 0:03) and a larger system size
(L = 220), as shown in the bottom-left and bottom-right panels of Fig. 3.3, respectively.
For these cases, we observe the disappearance of the cluster-to-ferromagnetic quasi-phase
transition. This result indicates that both L and f contribute to the suppression of the
ferromagnetic quasi-phase, similar to ndings in the RFIM [37].

Fig. 3.4 presents the quasi-phase diagram as a function of system sikeand temper-
ature T for various defect fractions: f = 0:01 (blue), f =0:015 (orange),f = 0:02 (yel-
low), f =0:025 (purple), andf = 0:03 (green). Once again, the ngerprints listed above
were used to determine the quasi-phase shown by the system at di erent temperatures.
The diagram labels the distinct quasi-phases exhibited by the system: paramagnetic
(P), clustered (CL), and ferromagnetic (F). Solid lines are included to guide the eye,
marking the quasi-phase transitions. Upward triangles denote the transitions from the
paramagnetic to the clustered phase, while downward triangles indicate the transitions
from the clustered to the ferromagnetic phase.

From Fig. 3.4, it is evident that the clustered phase becomes increasingly prominent
as both L and f grow. This expansion underscores the signi cant role of these param-
eters in stabilizing the clustered quasi-phase. Furthermore, the transition temperatures
from the paramagnetic to the clustered quasi-phase appear to stabilise as the system size
L increases, suggesting a limiting behaviour. By contrast, the transition from the clus-
tered to the ferromagnetic quasi-phase decreases without showing asymptotic behaviour,
indicating that the ferromagnetic quasi-phase is progressively suppressed at higher defect
fractions and larger system sizes.

This visualization highlights the intricate interplay between system size, tempera-
ture, and defect fraction, o ering a comprehensive understanding of how these factors
in uence the stability and transitions between quasi-phases. Anyway, we remark the
purely informative role played by the considered methodology. The transitions are not
obtained from order parameters, but from objective criteria that are not universal.

We can anyway conclude that the system shows peculiar properties related to the
RFIM behaviour. Speci cally, no spin glass phase is observed for di erent choices of the
system size and defect fractions. Moreover, the observation of the ferromagnetic phase
is possible only at nite sizes. In the thermodynamic limit, only the paramagnetic and
the clustered phase can be observed.

3.3 Phase transition characterisation

Our investigation reveals that even the smallest fraction of defects introduce frustration
in the system, breaking spatial symmetry in su ciently large systems. The system's
properties diverge signi cantly between the low-temperature clustered phase and the
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Figure 3.4: Quasi-phase diagram as a function of system size and temperature T

for di erent defect fractions f = 0:01 (blue), f = 0:015 (orange),f = 0:02 (yellow),

f =0:025 (purple), and f = 0:03 (green). The quasi-phases are marked as F (ferro-
magnetic), CL (clustered), and P (paramagnetic). Solid lines guide the eye, marking the
transitions between quasi-phases. Upward triangles indicate transitions from the param-
agnetic to the clustered phase, while downward triangles represent transitions from the
clustered to the ferromagnetic phase. The black dashed line represents the homogeneous
thermodynamic critical temperature in Eq. (2.14).
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high-temperature paramagnetic phase. Notably, the system's response to an external
eld changes across these phases, and long-range correlations, absent in the paramagnetic
phase, emerge in the clustered phase. We now try to characterise this phase transition
by properly de ning an order parameter and looking at the modi cation of the system's
energy.

The conventionaIFprder parameter for magnetic phase transitions, the total mag-
netization m = N 1, ; is unsuitable in this case. This is because no spontaneous
magnetization is observed as the temperature decreases) remains zero even in the
clustered phase due to the overall neutrality of clustered con gurations. Instead, to dis-
tinguish the clustered state, where spins are constrained by surrounding defects, from
the paramagnetic phase, where spins freely reorient, we propose a novel order parameter.

First, we compute the average direction of each spinh i, and then perform a spatial

average of its absolute value: X
1 -
o = N i jhiij; (3.2)

This new order parameter e ectively captures the key di erences between the two phases.
In the paramagnetic phase, whereh ji 0 for all spins, we nd tm 0. Conversely,
in the clustered phase, where spins align in a speci ¢ direction due to local constraints
imposed by defects)h ;i & 0 on average, leading tofm > 0.

To further investigate the phase transition, we de ne a generalized magnetic suscep-

tibility based on the uctuations of the new order parameter:

_ hi2i h mi2

o ke T

(3.3)

Although the conjugate eld associated with t is unknown, by, serves as a proxy for
the system's susceptibility to uctuations in the clustered phase.

In addition to fm and by, we also consider the standard system energy per spir,,
and the specic heat, g, de ned as:

_ X : _ 2 2; 2 .
E = N_”ij’ E—WI'EIhEI , (3.4)
hijji
where =1=(kgT), J is the interaction strength, and the summation hi;j i is taken over
all nearest-neighbour spin pairs.

The proposed metrics, includingtm, by, E, and g, are systematically analysed to
explore the nature of the phase transition and its dependence on the presence of defects.
Figure 3.5 presents their behaviour as functions of temperature for various system sizes
L and defect fractionsf. The simulations were performed using a parallel tempering
algorithm, with temperatures ranging from Tpin = 2:0 to Thax = 2:6. This range ensures
the system reaches the paramagnetic phase therefore avoiding the possibility to remain
trapped into a metastable state. The plotted curves are averaged over ten distinct
realizations of defect con gurations.
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Figure 3.5: Temperature dependence of key thermodynamic quantities for various system
sizesL and defect fractionsf : (top-left) the proposed order parameter fm, (top-right)
the generalized susceptibility by, (bottom-left) the system's energy per spin E, and
(bottom-right) the heat capacity g. Dierent markers refer to di erent system sizes:

L =100 ( ); L =200 (+); L =300 ( ). The order parameter tm transitions smoothly
towards a non-zero value as the temperature decreases, signalling the emergence of the
clustered phase, while the generalized susceptibilityp,, exhibits a broad peak associated
with the phase transition temperature T..,,. The heat capacity and energy curves show
consistent behaviour, with Tc.g derived from the heat capacity peak. All quantities
are averaged over ten realizations of defect con gurations, and no nite-size e ects are
observed across the analysed range.
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Figure 3.6: Critical temperature estimates as a function of the inverse system sizk: 1
for various defect fraction f. Dierent defect fractions are represented by di erent
colours, as shown in the legend. The transition temperatureT., (triangles), derived
from the peak of the generalized susceptibilityby,, consistently exceeds the homogeneous
critical temperature T¢, while T¢.e (circles), determined from the heat capacity peak,
remains close toT..

The top-left panel of Fig. 3.5 shows the behaviour of the order parametenn. As
the temperature decreasesim gradually transitions towards a non-zero value, indicating
the emergence of the clustered phase. Notably, even at high temperaturefn remains
signi cantly di erent from zero, re ecting the e ects of defects on the system's response.
This behaviour di ers markedly from that of homogeneous systems, where the order
parameter exhibits a sharp transition, particularly for larger system sizes.

The generalized susceptibility by,, depicted in the top-right panel, displays a broad
peak over the covered temperature range. The peak height diminishes as the defect
fraction increases, suggesting a suppression of uctuations in the presence of defects. In
analogy with standard phase transition analysis, the temperature at whichby, peaks is
identi ed as the transition temperature T¢m, corresponding to the point of maximum
uctuations and global rearrangement of the system. Averaging the peak positions over
replicas yields a consistent estimate fofT¢.,. Fig. 3.6 shows that these results are free
from nite-size e ects. The curves collapse without requiring rescaling, reinforcing the
robustness of the transition characterization.

The bottom-left panel of Fig. 3.5 presents the energy per spinE, while the bottom-
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right panel shows the heat capacity, . A notable observation is that the heat capacity
peaks become less pronounced as the defect fraction increases. Additionally, the critical
temperature derived from the heat capacity, T¢.g, identi ed as the peak position of g,

is consistently lower than the critical temperature obtained from the proposed order
parameter, Tem.

The absence of nite-size e ects is evident in the energy and heat capacity curves for
most cases, as no size-dependent variations are observed. However, an exception occurs
for the system with L = 100 and f = 0:01, where deviations in the susceptibility and
heat capacity curves are observed compared to other con gurations. This behaviour
likely re ects a nite-size e ect. For small system sizes and low defect fractions, a
gquasi-ferromagnetic phase can emerge, altering the expected cluster-paramagnetic phase
transition dynamics.

Fig. 3.6 highlights distinct di erences between the critical temperatures derived from
the proposed order parameter Tc.m) and the heat capacity (Te.e). Specically, Tem
exceeds the critical temperature of the homogeneous systeni{), while T.g closely
aligns with T, indicated by the black dashed line. This discrepancy persists across all
defect fractions and system sizes.

Furthermore, the plot reveals that smaller systems and lower defect fractions ex-
hibit lower values of T¢.,, and signi cantly larger standard deviations. This behaviour
arises due to the coexistence of paramagnetic-ferromagnetic and paramagnetic-clustered
phase transitions in certain replicas. As discussed earlier, speci c defect realizations
in small systems may not energetically favour the formation of clusters. Instead, these
replicas transition directly into the ferromagnetic phase, bypassing the clustered phase.
This variability among replicas increases the standard deviation, particularly for smaller
systems and low defect fractions.

The clustered state at low temperatures is characterized by long-range correlations
and constrained spin dynamics|features not captured by the traditional order param-
eter (total magnetization). The gradual transition in the proposed order parameter, i,
and the broad peak in the generalized susceptibility,by,, indicate that the presence of
defects broadens the transition and diminishes peak susceptibilities. This behaviour sug-
gests that quenched disorder suppresses the sharp collective behaviour typically observed
in homogeneous systems.

These ndings highlight the utility of the proposed order parameter, i, in identi-
fying the transition to the clustered phase. By capturing the e ects of defects on the
phase transition, im provides a more comprehensive view of the system's behaviour un-
der disorder and o ers valuable insights into the interplay between defects and phase
transitions.

Conclusion

To conclude this chapter, we summarize the main ndings regarding the static proper-
ties of the two-dimensional Ising model with defects. Our analysis demonstrates that
at su ciently low temperatures, a clustered phase emerges, characterized by long-range
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correlations and constrained spin dynamics. This phase is induced by the interplay be-
tween quenched disorder and thermal uctuations, where defects introduce local defect-
potentials that e ectively bias the spin orientations. The clustered phase distinctly
contrasts with the high-temperature paramagnetic phase, where spins freely uctuate
and no long-range order is observed.

In small system sizes and at low defect fractions, we have also observed a magnetized
phase. However, our results indicate that this magnetized state is a quasi-phase that does
not survive in the thermodynamic limit, as larger systems exhibit the expected transition
from the clustered phase to the paramagnetic phase without evidence of spontaneous
magnetization. This nding highlights the importance of system size in interpreting the
phase behaviour of disordered magnetic systems.

The proposed order parameterm, has proven to be an e ective tool for distinguish-
ing the clustered and paramagnetic phases. Unlike traditional magnetization-based mea-
sures,im captures the e ects of local constraints imposed by defects, providing a robust
means to characterize the static properties of the model. Additionally, the associated
generalized susceptibility, by, 0 ers valuable insights into the broadening of the phase
transition caused by defects and quenched disorder. The heat capacity, g, further
supports these observations, with its critical temperature T¢.e aligning closely with the
transition temperature of the homogeneous system]., By contrast to the higher T¢.m
derived from tn.

Our ndings strengthen the analogy between the two-dimensional model with defects
and the RFIM. Both systems exhibit frustration and symmetry breaking introduced by
guenched disorder, leading to clustered con gurations at low temperatures. However,
the exact relationship between these models in terms of critical phenomena remains an
open question. To explore this connection further, an extension of the analysis to three-
dimensional systems with defects is warranted, possibly following the methodology used
with success on the three-dimensional RFIM [44]. By studying the critical behaviour
and deriving critical exponents, one could test whether the two models fall within the
same universality class. Such an investigation would deepen our understanding of the
broader implications of quenched disorder and the role of defects in phase transitions.
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Chapter 4

Dynamic Properties

In the previous chapters, we explored the equilibrium conditions of homogeneous and
heterogeneous Ising models. At equilibrium, a system settles into the global minimum
state of the free energy and exhibits well-de ned macroscopic properties, such as mag-
netisation, susceptibility, and correlation length.

Generally, the free energy landscape in phase space can display intricate structures.
The global minima of this hypersurface are associated with equilibrium states, which
a system naturally approaches as long as its dynamics satisfy the ergodic condition.
However, the existence of local minima can in uence the system's dynamics, as they may
trap the system for prolonged times. These local minima are referred to ametastable
states and we can characterize them by ametastable lifetime de ned as the average
time the system takes to escape from such states.

As a concrete example, let us consider the two-dimensional Ising model with the
classical single-spin ip dynamics and periodic boundary conditions. Below the critical
temperature, the equilibrium con guration corresponds to the magnetised state. How-
ever, when the system is initialized in a random con guration of spins and evolves under
the Metropolis rule, long-lived intermediate con gurations can emerge, speci cally, stripe
con gurations, where spins of the same orientation form extended regions separated by
sharp interfaces [71]. These con gurations correspond to local minima of the free energy
landscape. To escape such metastable states, the system must overcome an energy bar-
rier, which involves the erosion and eventual collapse of the interfaces separating regions
of opposite magnetisation. Since this process requires thermal activation, it occurs over
extremely long timescales, rendering stripe con gurations metastable for the system.

It is important to note that the choice of the update rule signi cantly in uences
the system's dynamic evolution and the prominence of metastable states. For instance,
cluster algorithms, such as the Wol algorithm, can drastically reduce the formation and
persistence of stripe con gurations. By enabling collective spin updates, these algorithms
provide alternative pathways through the free energy landscape, allowing the system to
bypass local minima and reducing the e ective trapping in metastable states.

Interestingly, external perturbations can fundamentally alter the status of metastable
and equilibrium states. Let us once again consider the 2D Ising model. Below the critical

a7
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temperature and in the absence of an external eld, the system possesses two equivalent
equilibrium states corresponding to spontaneous magnetisation. These states are global
minima of the free energy and are symmetric with respect to spin inversion. However,
when an external eld is applied, the system's Hamiltonian acquires an additional term,

mh, wherem is the magnetisation andh is the external eld. This modi cation breaks
the symmetry between the two minima: one of the states becomes the global minimum,
while the other is downgraded to a local (metastable) minimum.

If, prior to applying the external eld, the system resides in the now-unfavoured
metastable state, the introduction of the eld initiates a migration process towards the
new equilibrium state. This migration, which occurs over relatively long timescales, is
driven by the system's dynamics as it seeks to minimize its free energy. Understanding
this transition process, particularly the mechanisms governing spin reversals and the
dynamic pathways out of metastable states forms the central focus of this chapter.

The main original results presented and discussed in this chapter include the vali-
dation and extension of classical nucleation theory to account for the e ects of defects
in heterogeneous systems, the derivation of modi ed free energy expressions and crit-
ical cluster size dependencies incorporating defect characteristics, and the analysis of
metastable lifetimes and spinodal transitions under varying defect densities. These con-
tributions provide new insights into magnetization reversal processes and the role of
structural heterogeneity in modifying dynamic properties.

4.1 Reversal process in homogeneous systems

Reversal processes in magnetic systems have been extensively investigated for over 50
years using computer simulations [72]{[74], theoretical studies [75], [76], and direct ex-
periments on materials [77], [78]. These processes are observed in a variety of physical
phenomena, including hysteresis loops and magnetic recording devices with bistable
recording states. Moreover, the underlying theory extends naturally to describe other
processes, such as vapour-liquid phase transitions and nucleation in solvent-solute mix-
tures [79], [80].

To illustrate the reversal process, consider a magnetized system initially aligned in
a specic orientation (e.g., positive magnetization), in contact with a heat bath at a
temperature below the Curie temperature. At thermodynamic equilibrium, the system
preserves this magnetized state. Now, suppose an external magnetic eld of opposite
sign (negative) is suddenly applied. The system dynamics can be divided into three
stages:

1. Initial relaxation ( tg): following the quench, the system quickly adapts to the new
external eld, leading to a short relaxation time tg during which the magnetization
stabilizes at a metastable plateaum(t) = mygs, corresponding to a local minimum
in the free energy.

2. Metastable state (1): the system remains trapped in the metastable state for an
extended periodt;, during which small uctuations of the order parameter are
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Figure 4.1: Schematic representation of the magnetization reversal process. The
metastable lifetime is de ned as the time to crossm = 0 after the eld quench.
to, t1 and t, represents the initial relaxation, the time spent in the metastable state and
the time for the reversal process, respectively.

observed.

3. Reversal processt): eventually, the system transitions to the stable con guration
with opposite magnetization, completing the reversal process. This transition is
associated with a relaxation timet,.

A schematic representation of the magnetization dynamics is provided in Fig. 4.1.
The total metastable lifetime , de ned as the time between the eld quench and the
crossing of them = 0 line, depends on the external parameters, temperaturel , and eld
strength h. This de nition aligns with existing literature and facilitates quantitative
analysis of the process.

At the microscopic level, the system reacts to the perturbation by forming regions
of spins aligned with the external eld (negative magnetization). Thesedroplets expand
over time until they Il the entire system, a phenomenon termed nucleation. The analogy
with vapour-liquid phase transitions is evident: droplets represent regions of the stable
phase emerging within the metastable phase.

The nucleation process can be analysed in terms of free energy. Forming a droplet
involves two competing factors: (i) the energetic cost of creating a surface that separates
regions of opposite magnetization, and (ii) the energetic gain of forming a stable-phase
droplet. For small droplets, the surface energy dominates, leading to shrinkage and
eventual disappearance of the droplet. By contrast, for su ciently large droplets, the
energetic gain outweighs the surface cost, resulting in droplet growth.

There exists a critical droplet size, ¢, with associated the highest free energy barrier.
Droplets larger than . are more likely to grow, completing the reversal process, while
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Figure 4.2: Schematic representation of the magnetization reversal regimes and critical
elds as a function of the inverse of the external eld. Source [73]

smaller droplets shrink. Thus, the critical cluster size . plays a key role in determining
the dynamics of nucleation and magnetization reversal.

4.1.1 Mechanisms of reversal

Magnetization reversal occurs through distinct mechanisms depending on the simulation
conditions, speci cally the external eld strength h, temperature T, and system sizel
[73]. These mechanisms are categorized into four regimes, described below: the strong-
eld (SF) regime, the multi-droplet (MD) regime, the single-droplet (SD) regime, and the
coalescence (CE) regime. Transitions between these regimes are marked by three critical
elds. The mean- eld spinodal point hyrsp separates the SF and the MD regimes; the
dynamic spinodal point hpsp separates the MD and SD regimes; and théhermodynamic
spinodal point hrysp separates the SD and CE regimes.

It is important to note that the term spinodal point used here di ers from the spinodal
point in mean- eld phase transition theory. A schematic summary of these regimes and
transitions is shown in Fig. 4.2.

Strong-Field (SF) regime. In the SF regime (h > h yersp), the metastable state
ceases to exist as a local free energy minimunty t;  0). The droplet picture is
no longer valid, and magnetization reversal occurs through unstable, long-wavelength
modes [76]. The metastable lifetime re ects only the relaxation time t,, which is
typically short.
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Multi-Droplet (MD) regime. For intermediate eld strengths ( h < h yesp), the sys-
tem enters the MD regime. Reversal proceeds via the simultaneous nucleation, growth,
and coalescence of multiple droplets. The process is well-described by the Johnson-Mehl-
Avrami-Kolmogorov theory [81]. Due to the averaging e ect of multiple droplets, the
magnetization dynamics m(t) appear smooth and deterministic, meaning that repeated
measurements yield consistent results across di erent realizations.

Single-Droplet (SD) regime. As the eld decreases further h < hpsp), the nu-
cleation process slows down due to a high free energy barrier and large critical droplet
size. For small system sizes, the reversal process is driven by the formation and growth
of a single critical droplet. The dynamics becomes stochastic (Poissonian), where the
bottleneck is the rst nucleation event (t; t2). This scenario aligns with classical
nucleation theory, which describes processes like phase separation in bi-phase mixtures
through the rst critical nucleation event.

The stochastic nature of the SD and MD regimes can be distinguished by analysing
the ratio r = =, where and are the standard deviation and mean of the
metastable lifetime, respectively. A valuer > 0:5 (typical of Poissonian processes)
identi es the SD regime, while r < 0:5 (typical of deterministic processes) indicates the
MD regime [82].

Coalescence (CE) regime. In the absence of an external eld or for su ciently weak
elds (h < htpysp), the system resides in the CE regime. Here, two stable states with
opposite magnetization ( mg) coexist, and reversal occurs solely due to thermal uc-
tuations. The free energy di erence between the metastable and stable states becomes
negligible, leading to extremely long metastable lifetimes . In the thermodynamic limit
(L!'1 ), diverges, and no reversal is observed within practical simulation times [83].

In the following sections, we provide an overview of the main theoretical framework
used to describe magnetisation reversal processes: classical nucleation theory (for SD
reversals) and Johnson-Mehl-Avrami-Kolmogorov theory (for MD reversals).

4.1.2 Classical nucleation theory

Classical Nucleation Theory (CNT) provides a robust framework for quantitatively de-

scribing the formation and growth of clusters during transitions from a metastable phase
to a stable phase [79], [80]. CNT is particularly e ective for predicting nucleation rates,
de ned as the number of clusters forming per unit area and time, though its assumptions
require careful scrutiny [84]. For lattice-gas models, these assumptions are as follows:

" Droplet growth and shrinkage occur through sequential addition or removal of
single spins. The merging or splitting of droplets is neglected. Since these processes
are critical in the MD regime, CNT fully describes nucleation only in the SD
regime. However, it can still capture the early stages of the MD process, including
nucleation and initial droplet growth.
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" Nucleation is treated as a single-step process with no intermediate metastable
phases. This assumption may fail in more complex systems, such as crystal nucle-
ation, where solute aggregation precedes crystallographic ordering [85].

The 2D Ising model satis es these assumptions, making CNT a reliable candidate
for describing nucleation processes in the SD regime. A brief overview of its theoretical
framework is presented below.

CNT models nucleation as a temperature-driven stochastic process (Brownian mo-
tion) in cluster-size space. The free energy of the systenkcnt (), depends on the
cluster size , assumed to be the reaction coordinate. It is expressed as:

Foxr()=2 (T 2h + LkeTlog( )+ As; @.1)

where (T) is the surface tension (assumed size-independent)) is the external eld
strength, and | is a correction factor accounting for surf&ge roughening [86]. The
rst two terms have clear physical interpretations: 2 (T) represents the surface
energy cost of creating a droplet interface, while 2h represents the bulk energy gain
from droplet alignment with the external eld. The logarithmic correction, derived by
Langer, accounts for deviations from circular droplet shapes. For the homogeneous 2D
Ising model, | =5=4, con rmed numerically over a broad temperature range 053T; <

T < 0:84T, [87].

Surface tension and anisotropy. In the 2D Ising model, the surface tension (T)
exhibits anisotropy due to the square lattice geometry, weakening with increasing tem-
perature. Surface tension depends on the orientation of the droplet interface relative to
the lattice axes. For parallel and diagonal directions, Onsager's exact solution [9] yields
[88]:

K(T)=2J + kgTIn tanh I ; (4.2)
ke T

diag(T) = P 2kgTIn  sinh K (4.3)
ke T

From these expressions, it is possible to de ne an e ective surface tensione such
as the surface free energy term fcg a droplet that satis es the Wul construction can be
written in the form Fs =2 o (T) for all temperatures. This expression considers
that the proper shape of a droplet is given by the Wul construction (in particular, it is
circular for T > 0:5T; and becomes perfectly squared foll = 0). The e ective surface
tension can be approximated with the following expression forT  0:25T, [89]

1

e ?Gﬁ kK(T)+  diag(T) (4.4)

where (T) = 1 sinh 4(2J=kgT) =8 is the average concentration of positive spins
from Onsager's solution. The temperature dependence of the surface tension components
is shown in Fig. 4.3.
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Figure 4.3: Temperature dependence of the surface tension components in the 2D Ising
model (Eqgs. 4.2-4.4). The dashed line indicated = 0:5T., above which the droplet
shape is assumed circular.

Critical cluster and nucleation rate. From Eqg. (4.1), the critical cluster size . is
derived as: 0 - q 1,
2 e * 4 2 +40hTks
=@ & (4.5)

The nucleation can be obtained thanks to Arrhenius's law [90], which describes the
rate of occurrence for events with a free energy barrier F¢ [90]:

F
lent = De exp kB'IE ; (4.6)

where D is the diusion constant and is the Zeldovich factor [91]. The di usion
constant, accounting for spin- ip rates at the droplet boundary, is:

D=2 o) o @.7)
where o exp[ e (T)=ksT]isthe average spin- ip rate at the boundary of the critical
cluster.

The Zeldovich factor measures the recrossing probability for the critical cluster
and is de ned as:
= @FQ)
2kgT @2

- C

(4.8)

For systems with identical barrier heights, a steeper free energy landscape increases ,
reducing the probability of critical cluster dissolution [92].
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4.1.3 Validation of CNT with Ising model

The assumptions outlined above can be readily tested using numerical Monte Carlo
simulations of the Ising model. With the advancement of specialised methods for inves-
tigating rare events, it is now feasible to directly compute the nucleation rate at xed
temperature and eld strength and compare it to predictions from CNT. At low tem-
peratures and weak eld strengths, directly observing nucleation events within typical
simulation times becomes challenging, as thermal uctuations are ine ective in form-
ing a critical cluster. To address this issue, the forward ux sampling technique was
developed [93], [94].

Forward ux sampling technigue. Forward Flux Sampling (FFS) is a simulation
technique that decomposes the rare event process into a series of intermediate states
(or interfaces) along a reaction coordinate. Starting from an initial state, the method
incrementally propagates trajectories forward, calculating the ux of trajectories cross-
ing each interface until the nal state is reached. This staged approach ensures that
computational resources are focused on the relevant regions of phase space, making FFS
exceptionally well-suited for investigating rare but critical phenomena such as nucleation,
chemical reactions, and protein folding.

The nucleation process of a droplet, from the metastable state to the complete rever-
sal, can be decomposed into a series of stages. The trajectory of a droplet in the reaction
coordinate space, from =0to = N, is divided into smaller windows [ ,; n+1) with
xed length . Let P(n) be the probability of observing a cluster transitioning from
size = ,to = p41 before shrinkingbback to the metastable phase. Then, the total
nucleation probability is given by Py = ~; P(i). Since the nucleation rate accounts for
the number of events per unit area and volume, the probability Py is multiplied by the
ux 1 (number of events per unit area and volume) that cross the initial barrier at ;.
When calculating 1, recrossing events of shrinking droplets must be excluded to avoid
double counting. The nucleation rate can be expressed as:

Y
lrrs = 1Pn= 1 P(i): (4.9)
|
In practice, it is su cient to explore windows far enough into the reaction coordinate
space where potential recrossing of the barrier has a negligible probability, such that
P@H) 1.

Umbrella sampling technique. To estimate the nucleation rate predicted by CNT,
the free energy functionF ( ) along the reaction coordinate must be obtained and anal-
ysed. This can be achieved using the Umbrella Sampling (US) technique [95]. In US, the
con guration space is partitioned into multiple overlapping windows, each characterized
by speci c cluster sizes [ m; m+1 ], where the notation m distinguishes the windows from
those used in FFS.

Unlike FFS, subsequent windows in US share an overlap , which is essential for
reducing the statistical error in the free energy estimation. Within each window, a
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cluster of size = |, is initialized, and the simulation is executed for a xed number
of iterations. Increasing the number of iterations reduces statistical error. During the
simulation, any new state that exceeds the window boundaries is rejected, and the
previous state is restored. At the end of the simulation, the relative free energy within
each window is determined as:

fm( )= ksTIn[Pm( )I; (4.10)

where Py, ( ) is the sampling probability for a cluster of size , obtained as the ratio of
the time spent by the system at cluster size to the total simulation time within the
window.

The relative free energiesf ,( ) are shifted to ensure overlap between subsequent
windows, and the total free energy function is anchored at~( = 1), which corresponds
to ksTIn( mp), where wmp is the monomer density (fraction of positive spins) in the
metastable phase. The complete free energy functiok ( ) is then given by:

FUS()= ksTIn( wp) keTln F;El; ; (4.11)
where P( ) is the total probability of sampling a cluster of size

By reconstructing F( ), the free energy barrier and critical cluster size can be de-
termined, enabling validation of CNT predictions for the nucleation rate in the Ising
model. Also, we can readily calculate the Zeldovich factor in Eq. (4.6).

The di usion coe cient can be estimated theoretically or derived by analysing the
dynamics of a critical droplet. The two methods give comparable results within a factor
of two of discrepancy [87]. For compliance with previous studies [87], [96], [97], we
will present the di usion coe cient directly from Monte Carlo simulations. D can be
estimated considering the average trajectory for a droplet prepared in critical conditions.
From the physical meaning of the di usivity constant, it follows that

H @) P
2t

wheret is the simulation time and (t) is the time evolution of the cluster size. We refer
to the average over many simulations withft::i.

D¢ = (4.12)

Validation of CNT at low temperatures. The validation of CNT is carried out
through a series of comprehensive tests, which include:

1. Verifying the agreement between the theoretical expression for the free energy
function, Eqg. (4.1), and the simulation results obtained using Eq. (4.11).

2. Testing the critical cluster size predicted by Eq. (4.5) using the US technique and
showing its equivalence to alternative de nitions.

3. Showing the equivalence between the two methods for deriving the di usion coef-
cient, as given by Eq. (4.7) and Eq. (4.12).



56 CHAPTER 4. DYNAMIC PROPERTIES

4. Comparing the two nucleation rate expressions] cnt from Eq. (4.6) (derived via
US) and | s from Eq. (4.9).

Previous studies [87], [96] validated CNT primarily within a limited temperature
range (T > 1) providing satisfactory agreement between simulations and theoretical
predictions. However, thanks to the exceptional e ciency of the N-Fold way algo-
rithm in the low-temperature regime, we extend these validations to signi cantly lower
temperatures, a regime previously unexplored. This advancement represents a novel
contribution to the state of the art, as it enables the validation of CNT under conditions
where nucleation processes are particularly challenging to observe.

The results presented here build upon and adapt original ndings, also reported
in [67]. Additionally, these validations serve to test the robustness and accuracy of
the proposed algorithms and methodologies, particularly the novel cluster identi cation
algorithm introduced in [67]. Beyond the present context, these tools and techniques
hold signi cant potential for broader applications in the study of nucleation and related
phenomena.

Test 1: Validation of the free energy function. The agreement between the
theoretical free energy function and the results obtained from simulations using the US
technique is demonstrated in Fig. 4.4. The left panel shows the free energy pro les
for all analysed temperatures, where the simulation results (solid lines) are in excellent
agreement with the theoretical expression in Eqg. (4.1) (dashed lines). The theoretical
curves completely overlap with the simulation data, even at the lowest temperatures
considered, highlighting the robustness of the method.

The right panel of Fig. 4.4 presents the e ective surface tension o extracted as
a tting parameter from the free energy curves (data points), alongside the theoreti-
cal prediction given by Eq. (4.4) (dashed line). The close agreement across the entire
temperature range further validates the consistency between simulation and theory.

For these simulations, a lattice size oL = 100 was used, with a slight modi cation of
the US technique as proposed in [67]. Speci cally, the window size was varied with
temperature to optimize accuracy. At the highest temperature (T = 1:6), a xed window
size of = 12 was employed. As the temperature decreases, was systematically
reduced to account for the steeper free energy landscape. This adaptive approach, com-
bined with repeated measurements in regions of rapid free energy variation, e ectively
reduces statistical errors in the determination of the free energy function as given by
Eq. (4.11).

Test 2: Validation of the critical cluster size. The critical cluster size . can
be determined from the free energy function using Eq. (4.5). Alternatively, . can be
de ned as the cluster size at which the growth velocity of a droplet becomes zero. This
alternative de nition will be revisited in the following section. To test the consistency
between the two approaches, we perform the following simulation.

Starting with a negatively magnetized cluster, we analyse cluster formation and
growth after switching on an external eld. Snapshots of the lattice are recorded at
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Figure 4.4: Validation of the free energy function and surface tension. Left panel: Com-
parison between the theoretical expression for the free energy function of the cluster size
[Eg. (4.1)] and the simulation results obtained using the US technique foh = 0:05. Solid
lines represent simulation data, while dashed lines correspond to the theoretical predic-
tion. Right panel: The surface tension . (points) extracted from tting the theoretical
expression to the simulated free energy function, compared with the theoretical surface
tension (dashed line). The agreement persists across the entire temperature range.

each time step, and cluster dynamics are tracked using a dedicated cluster identi cation
algorithm. This algorithm assigns a unique label to each cluster and monitors changes
in the cluster area at every spin ip. Further implementation details of the algorithm
can be found in [67].

The algorithm carefully handles cluster merging and splitting events. When two or
more clusters merge, the new cluster retains the label of the largest original cluster. In
the case of equally sized clusters merging, the label is randomly assigned. Conversely,
when a cluster splits into two or more, the largest fragment retains the original label,
while the new fragments receive new labels. For equally sized splits, all clusters are
assigned new labels. Although cluster merging and splitting introduces slight deviations
in the measured growth velocity, their overall e ect remains limited.

The growth velocities computed at di erent temperaturﬁgare shown in Fig. 4.5 (solid
lines). A functional form inspired by Eq. (B.2), v( )= m  + g, is used to t the data
(dashed lines). This t accurately captures the behaviour for intermediate cluster sizes.
Deviations are observed at small cluster sizes due to thermal uctuations, and at large
cluster sizes due to cluster merging events. The critical cluster size., where the growth
velocity crosses thex-axis, can be easily identi ed.

To reduce statistical uncertainty, a moving average with a window size of =20
was applied to the growth velocity data. The resulting estimates of . from the growth
velocity method are compared to those obtained from the US technique in Fig. 4.6. Al-
though minor quantitative di erences exist, both methods exhibit excellent agreement
and show the same temperature dependence across all investigated eld intensities. No-
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Figure 4.5: Growth velocity of a droplet as a function of its area for di erent temper-

atures. A lattice size of L = 100 and an external eld of h = 0:05 were used. Solid
Iinﬁs represent simulation data, while dashed lines show the t to the functional form
m  + g from Eq. (B.2). The critical cluster size corresponds to the points where the
velocity crosses the x-axis. Deviations due to thermal uctuations (small sizes) and
cluster merging (large sizes) are also observed.

tably, the . values estimated using the US methodology are consistently slightly lower
than those derived from the growth velocity method.

A further de nition for the critical cluster size relies on the concept of the committor.
The committor is a property of a con guration and it is de ned as the probability that
the given con guration will evolve to reach complete reversal. For a con guration with
a critical cluster, the committor should be 0:5. We test now this de nition and its
agreement with previous estimations of the critical cluster size. In particular, for the
previously analysed temperatures and eld intensity, we prepareN, = 200 independent
con gurations in critical conditions (using the maximum in the free energy de nition).
For each of them, we let the con guration evolve to reach complete shrinkage of the
droplets or complete reversal. We repeat the experimentN, = 500 times and compute
the committor as the number of completed reversals divided byN .

The left panel of Fig. 4.7 shows the normalised committor histogram related to theN,
independent con gurations for the caseT = 1 and h = 0:05. As expected, the probability
distribution is centred at 0.5 and has a small standard deviation. The standard deviation
gives a qualitative indication of the goodness of the assumption that the cluster size is a
good reaction coordinate. The right panel of Fig. 4.7 shows the committor as a function
of temperature for di erent eld intensities. We can observe a slight deviation from the
0:5 expected value, even though it remains within the error bars of each data point. We
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Figure 4.6: Critical cluster size . as a function of temperature for di erent external
eld intensities. Circles represent the estimates from the free energy function [Eq. (4.5)],
while squares denote the size at which the growth velocitw( ) becomes zero. Dashed
lines correspond to a linear interpolation of . estimated via the US technique.

can say that . is slightly underestimated if we consider the maximum in the free energy.
The true value for the critical cluster size is larger, probably coherent with . estimated
from the cluster size growth velocity.

Test 3. Theoretical expression for the diusion coe cient. To estimate the
nucleation rate from CNT, we need to derive the di usion coe cient D. and the Zel-
dovich factor. The latter can be derived through direct application of Eq. (4.8) with the
free energy given by CNT. For the former, we can use the theoretical expression Eq (4.7)
for the attachment rate of particles at the boundary, or Eq (4.12) which measures di-
rectly from simulation the evolution of the droplet. The agreement between these two
approaches is tested, extending the results presented by Ryu and Cay [87] to di erent
eld values and lower temperatures. The results are shown in Fig. 4.8.

The comparison between the theoretical expression (represented by dashed lines)
and the simulation results (represented by points) reveals a statistically signi cant dis-
crepancy. This observation aligns with the ndings of Ryu and Cay [87], where the
authors noted that an agreement within a factor of two was quite remarkable, given the
strong approximation behind Eq. (4.7). Furthermore, for the purpose of estimating the
nucleation rate, a discrepancy factor of two has minimal in uence. Consequently, in the
following analysis, we will rely on the direct estimation of the di usion coe cient from
simulations.
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Figure 4.7: Left panel: committor probability distribution for con gurations prepared
in critical conditions for a system with L = 100, h = 0:05 and T = 1. Right panel:
temperature dependence of the expectation value of the committor. The slight deviation
from hci = 0:5 can be inputted to a slight underestimation of . if we follow take as a
de nition the maximum in the free energy function of the cluster size.

Figure 4.8: Diusion coe cient estimation as a function of temperature for di erent
choices of the external eld. Dashed lines represent the theoretical estimation given by
Eq. (4.7) whereas the points represent a direct estimation through Eqg. (4.12).
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Test 4. Validation of the nucleation rate expression. Next, we test the agree-
ment between CNT and simulations in determining the nucleation rate. The upper panel
of Fig. 4.9 shows the FFS calculationd ( ) at intermediate stages. For large cluster sizes,

| ( ) reaches a plateau, indicating that the simulations have been extended su ciently to
ensure that all simulated trajectories have successfully reached the subsequent interface.
The bottom panel of Fig. 4.9 displays the theoretical nucleation rate (represented by
dashed lines) along with the simulation results obtained using the FFS technique (rep-
resented by dots). Remarkably, the agreement is excellent across all temperatures and
eld strengths considered, spanning more than 80 orders of magnitude. The validation
of CNT at low temperatures is particularly notable, as it extends the analysis previously
conducted by Ryu and Cay [87].

4.1.4 Johnson-Mehl-Avrami-Kolmogorov theory

The Johnson-Mehl-Avrami-Kolmogorov (JMAK) was originally developed to describe
the kinetics of phase transitions in materials, such as crystallization or the transformation
of one solid phase into another[81], [98]{[100]. It is employed to describe real physical
processes such as crystallisation kinetics in amorphous alloys [101], [102], amorphization
and recrystallisation [103], [104], domain switching in ferroelectric [105] and ferromagnets
[106] just to name a few.

Broadly speaking, JMAK theory models how the fraction of a transformed material
evolves over time. We can write

X(t)=1 exp( Kt") (4.13)

where K is the e ective rate and n is the Avrami exponent. The exponent can vary

depending on the nature of the process and the system dimensions. In generak d+ ,

where d accounts for the system dimensionality and = 0;1 depending on the condi-

tion. Following Kolmogorov classi cation, when the nucleation happens with uniform

probability over all the lattice, =1 and the system is said model; when instead the

nucleation proceeds from pre-existing nuclei (as in the case of heterogeneous nucleation),
= 0 and the system is called model [107].

As mentioned above, it is built on the assumption that phase transitions occur
through nucleation, subsequent growth and coalescence of transformed material and
applies to the MD regime of reversal processes. In mathematical terms, the theory pro-
vides an expression for the transformed fractionX of volume in the stable phase as
a function of time, incorporating parameters such as nucleation ratel and the cluster
growth velocity v

dlvdtd+1
d+1

Appendix B presents a simple derivation of the presented expression.

Avrami's law can be further generalized to account for time-dependent nucleation
rates [108] and growth processes dependent on droplet size [109]. However, Avrami's
law is only applicable under speci c conditions. First, it is valid solely within the MD

X({t)=1 exp (4.14)
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Figure 4.9: Top panel: FFS calculation for the nucleation rate to form a cluster of size

at di erent temperatures for h = 0:05. Bottom panel: Nucleation rate estimation from
simulations using the FFS technique for di erent temperatures and eld strengths, for
a system with L = 100. The dashed lines represent the theoretical CNT predictions.

Excellent agreement is observed.
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regime, where phase reversal occurs through the nucleation and simultaneous growth of
multiple droplets. Second, since the nucleation process is treated in a coarse-grained
manner, the theoretical predictions are reliable only at length scales signi cantly larger
than the critical droplet radius R¢. Lastly, Avrami's law neglects droplet merging, which
reduces interfacial tension. Consequently, deviations from this law are expected at both
small and large time scales.

Validation of Avrami's law By following a key work by Ramos et al. [110], we can
analyse the regime of validity of Avrami's expression. We follow a system's magnetisation
m(t) during a simple reversal process. The system is prepared in equilibrium with a
positive external eld + h. At t = 0, the external eld is reversed in sign and the
magnetisation is recorded.

The magnetisation is linked to the fraction of converted material (in stable phase)
through

m(t) [Mms mMg]X(t)+ ms (4.15)

where ms is the magnetisation in the metastable con guration and mg is the magneti-
sation in the stable con guration. Moreover, the relaxation function (t) of the reversal
process follows

m(t) [m(0) ms] (t)+ ms (4.16)

where m(0) is the magnetisation in the initial con guration. Therefore:

Mms _ Ms (1) (4.17)

©= m(@0) m

We take mg as the average value after the reversal. To validate Avrami's law, we perform
alinear tlog[ (t)] log(a)+ btd*l with d = 2. The coe cient a yields the value of
the metastable magnetisation andb yields information regarding the out-of-equilibrium
properties of the system. Speci cally

Mms Ms

8= o m (4.18)

and
2|V2

3

The results of the analysis are presented in Fig. 4.10 for the speci c case of= 0:4.
The comprehensive analysis encompasses temperatures in the rangé ¢ T < 1:95 and
external elds in the range 0:15< h < 0:8. For each simulation, 200 reversal events are
recorded, with magnetization values sampled at intervals of t = 0:1. The metastable
lifetime is determined at the crossing point wherem = 0.

To ensure the system operates within the MD regime, the conditionsh < h ygsp =
T=mey(T)andr = = < 0:5areimposed. Herehyrsp denotes the mean- eld spinodal
eld, represents the standard deviation of the metastable lifetime, and is its mean.
These criteria e ectively exclude the SD and SF regimes. For all datasets, the goodness

b=

(4.19)
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of tis assessed using the 2 statistic. A high p-value (p > 0:05) con rms the reliability
of the linear t and supports the consistency of the theoretical model with the simulation
results.

To enhance clarity, each data series in Fig. 4.10 is vertically shifted by a constant
value k along the y-axis. The tting procedure is restricted to a speci ¢ temporal range
to minimize the in uence of droplet merging. Speci cally, the t is performed for time
scalest < , ensuring that the analysis captures the dynamics prior to signi cant droplet
interactions. The gure also displays X (t) for t < 2 , allowing for a clear visualization
of deviations from Avrami's law at extended time scales.

To exclude the initial transient phase, which accounts for droplet formation and
the adaptation to the metastable state, the lower bound of the tting interval, tmin, is
determined by optimizing the tting parameters. This involves identifying the time point
where the parametera(tmin) reaches its minimum and the parameterb(tmn ) reaches its
maximum.

Across all investigated cases, excellent agreement is observed between the theoretical
expression given by Eg. (4.14) and the simulation data. Deviations from the theoretical
predictions become evident at longer times { > ), with these deviations becoming
increasingly pronounced as the temperature decreases and the regime transitions from
MD to SD dynamics.

4.1.5 Metastable lifetime and spinodal line

The analysis of the metastable lifetime provides essential insights into the properties of
the system. Empirically, the metastable lifetime is determined by recording the crossing
of the m = 0 threshold following external eld quenching and subsequent magnetization
reversal. Theoretical expressions for the metastable lifetime can be derived, depending
on whether the system operates in the SD or MD regime.

In the SD regime, magnetization reversal is primarily driven by the nucleation of a
critical droplet. The dominant timescale in this process is the formation of the critical
droplet, as its subsequent growth occurs on a much shorter timescale. Consequently, the
metastable lifetime is proportional to the inverse of the nucleation rate. Using Eq. (4.6),
this yields:

so/ | 1/ exp kBFT° : (4.20)
In the MD regime, nucleation occurs rapidly, and the simultaneous growth of multiple
droplets dominates the reversal process. The reversal time can be approximated by
the average timetg required for two droplets to coalesce. LetRg denote the average
separation between droplets. Two conditions are imposedRg = vptg, where vq is the
radial velocity derived from Eg. (B.1), and | = (Rdto) 1, following the de nition of the
nucleation rate. Solving these equations gives:

Mo to= v D =D Rd=d 1) gy (4.21)

C
(d+DksgT
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Figure 4.10: Relaxation of the Ising model described by the function (t) as a function
of scaled timet= . Markers represent simulation data, while dashed lines correspond to
the theoretical expression. Each data series is shifted vertically by a constant valu&
for clarity. The data correspond to di erent temperatures and the caseh = 0:4. The
theoretical t is performed over the range tmin <t< , wheretmi, is selected based on
the optimization of tting parameters. The top panel highlights the tting range, while
the bottom panel extends the time scale to 2 to illustrate deviations from the tted

straight line.
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Figure 4.11. Metastable lifetime as a function of the inverse of the external eld for a
homogeneous system at di erent system sizes. The temperature is xed al =1:7. The
procedure follows Sides et al. [82].

The distinction between the SD and MD regimes is evident in simulations, particu-
larly in the eld dependence of the metastable lifetime. The dominant term in the free
energy barrier, F¢, is inversely proportional to the external eld h, neglecting weaker
logarithmic corrections. Substituting Eq. (4.5) into Eq. (4.1) yields a linear dependence
ofIn onh ! A change in the slope marks the transition from the MD to SD regime,
as shown in Fig. 4.11. Here, the metastable lifetime is determined by the time at which
the system's magnetization reverses sign under the in uence of an external eld.

The metastable lifetime serves as a discriminator between SD and MD regimes.
The angular coe cient variation of the linear t In h 1 identi es the dynamic
spinodal point (hpsp). Alternatively, a more robust method involves analyzing the
ratio r = = . If r < 0.5, the system is in the MD regime; otherwise, the process is
Poissonian, corresponding to the SD regime. The threshold value:D follows the work
of Sides et al. [82]. This method enables determinindppsp for varying system sizes.

The transition between SD and MD regimes can also be induced by changing the
system sizeL.. The crossover occurs whell is proportional to the average droplet sepa-
ration, Ro = Voto = v§™ 1 (9D in the limit h! 0, neglecting the weak dependence
of vp on h through R, we obtain:

Fc

L/ | l=(d+1)/ exp W
B

(4.22)
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Figure 4.12: Dynamic spinodal line for a homogeneous system as a function of system
size (logarithmic scale). The SD regime occurs above the line and the MD regime below
it. Lowering the temperature expands the SD regime. A linear t shows excellent
agreement between simulation data and the theoretical prediction in Eq. (4.23). The
analysis follows Sides et al. [82].

From Egs. (4.1) and (4.5), generalized for any dimensiord, the free energy barrier
can be expressed as Fc = ah (@ D + blog(h), where a and b are constants. Neglecting
the weaker logarithmic dependence, we derive:

hpsp (InL) ¥@ D (4.23)

This theoretical prediction is con rmed by an alternative approach based on expanding
the free energy curve beyond the coexistence curvé (= 0) and associating the imaginary
part of the free energy with the nucleation rate [111].

Simulation results in two dimensions and the tto Eq. (4.23) are shown in Fig. 4.12,
for di erent temperatures. Simulations and theoretical predictions show good agree-
ment, with the system size dependency aligning well with the derived expression for the
dynamic spinodal point. Interestingly, the temperature in uences the reversal regime.
As the temperature is lowered, the SD region expands, thus, favouring a stochastic
reversal process.

4.2 Reversal process in heterogeneous systems

Let's now consider the reversal process in a di erent environment. We turn our atten-
tion to heterogeneous systems, in particular to the model introduced in section 2.3.3
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and whose thermodynamic properties have been analysed in Chapter 3. The model in-
corporates impurities/defects, modelled as xed spins. In out-of-equilibrium processes,
especially in magnetisation reversals, defects seed the nucleation and can signi cantly
increase the temporal responsivity of the system. We now characterise these e ects and
modify accordingly the theoretical expressions. The results presented here build upon
and adapt original ndings, also reported in [51].

421 CNT in the model with defects

As discussed in Chapter 3, the equilibrium con guration of the two-dimensional Ising
model with defects exhibits clustering behaviour in the thermodynamic limit. When an
external magnetic eld is applied, the equilibrium con guration undergoes a transforma-
tion. In the thermodynamic limit, a non-zero external eld ( h 6 0) induces spontaneous
magnetization, as the bulk term in the free energy,Fpux = hm, reduces the total free
energy. This result is expected to hold even for nite system sizeg., although nite-size
e ects may signi cantly in uence the stability of the magnetized con guration, partic-
ularly for small systems.

The presence of defects introduces substantial challenges to the magnetization re-
versal process. Specically, three primary di erences emerge when compared to the
homogeneous case:

1. The metastable states induced by defects impede the reversal process. Defects
encountered by the cluster during growth may cause pinning, rendering the free
energy landscape more rugged, with multiple local minima.

2. The stable con guration of the system may correspond to either a magnetized
state or a clustered state, depending on factors such as lattice size, external eld
strength, defect fraction, and temperature.

3. In addition to the external eld acting as a driving force for the reversal process,
the inherent randomness contributes to escape from the initial metastable state.

Regardless of whether the stable con guration is magnetized or clustered, the initial
magnetised state of the system is metastable. Consequently, the framework of CNT can
be adapted to describe the reversal process in heterogeneous systems. In the following, we
generalize CNT and validate the free energy expression through simulations employing
the US technique. Additionally, we test the nucleation rate formula using simulations
based on the FFS method.

As outlined in Section 4.1.2, the generalization of CNT for the model with defects
begins with the free energy balance required to form a droplet of area. In this model,
random spins with xed orientations induce modi cations to both the surface and bulk
terms of the free energy. Here, represents the total area of the droplet, including
defects. The quantitiesn* and n denote the number of positive and negative defects
within the droplet, respectively.
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Without loss of generality, let us consider the reversal process which produces droplets
of negative spins. The surface term becomes

Pp—
Fsurf = 2 e +4 e n+ 4 e n (424)

The rstterm is the same observed for homogeneous systems. The second term accounts
for an extra perimeter surrounding positive defects after the droplet's nucleation. The
third term is an energetic gain related to negative defects that share the orientation with
the surroundings after the droplet's nucleation. The bulk term reads

Fouk = 2h[  (n" +n )] (4.25)

Here only the free spins are considered in the energy balance. We assume the Langer
correction term is una ected by the presence of defects, which proved to be correct for
neutral defects (vacancies) [96]. Finally, the free energy balance for the formation of a
droplet is

Four()=2 o 44 (" n) [ (0" +n )+ keTlog() (426)

Following [51], we now introduce two quantities:

1. The fraction of defects contained in a droplet . Since the defect distribution is

uniform, we expect (f) f for large droplets. Small droplets will have, instead,

(f) > f since they will nucleate with higher probability in areas with a strong
unbalance of defects aligned with the external eld.

2. The relative defect unbalance = (n n*)=(n* + n ). Also in this case we
expect a di erent behaviour for large and small droplets. In particular, 1 for
small droplets, and 0 for large droplets (balanced condition).

A discussion and a derivation of the optimal values of and is presented in Appendix
C. With these de nitions, Eq. (4.26) becomes:

Fowr()=2 o 4o (@ )+ keThog()  (427)

Iterating the same procedure used for the homogeneous system, we obtain the expression
of the critical cluster size

0 p_ q 12
e + 2 +5kgT[4 +2h(1 )]
=@ A
8. +4nd )

(4.28)

The free energy barrier can be rewritten as

For (9= ksTllog( ) 21+ o " ¢ (4.29
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We can now make an important observation. The critical radius does not diverge to
in nity when the external eld goes to zero, as it happens for the defect-free case. One
can calculate theh = 0 limit for the critical radius

_ p s
P + +20kg T = ¢
8

[g=y
1l
o
I

(4.30)

which depends on the relative defect unbalance inside the droplet and the surface
tension . . Even without a eld, the system will eventually develop a critical cluster

through thermal uctuations and spontaneously demagnetise. This is peculiar and in
total agreement with the Imry-Ma argument [36] discussed previously in Section 2.3.2.

4.2.2 Validation of CNT in the model with defects

We proceed with the analysis by testing the CNT free energy predictions for the model
with defects. A system of sizeL = 100 is considered, with defect fractionsf = 0:01,
0:02, and Q03 at various temperatures. The rst case is particularly noteworthy: at
low temperatures and in the absence of an external eld, the equilibrium con gura-
tion corresponds to the magnetized state, as shown in Fig. 3.4. In this scenario, the
driving force for the system to escape its initial metastable state is predominantly the
external eld. Conversely, at high temperatures, the magnetized con guration becomes
metastable even in the absence of a eld, and we anticipate that both the external eld
and randomness jointly contribute to the reversal process.

Free energy function

To account for randomness variability, we performed simulations considering multiple
realisations of defect distributions. Speci cally, 40 replicas were analysed, each with
defects randomly positioned on the lattice. As initially anticipated, the free energy
(determined via the US technique) becomes increasingly rugged as the temperature is
lowered or the defect fraction is increased. However, by averaging over multiple replicas
and tracking many droplets within the system, an overall smoothening of the free energy
landscape is observed. Clear predictions of the surface tension and the free energy barrier
can be derived.

The free energy expression given in Eq. (4.27) is tested by tting the free energy
estimation. the surface tension ¢ is treated as a tting parameter to identify deviations
from the theoretical expression for the homogeneous system. and are assumed
independent from the cluster size as suggested in the analysis presented in Appendix
C. The values used for these quantities are calculated according to the derivation in
Appendix C and are reported in Tab. 4.1 for di erent defect fractions. The ts are
displayed in Fig. 4.13. Panel a) depicts the free energy as a function of cluster size
for f = 0:01. Solid lines correspond to simulation results using the US technique, while
dashed lines represent ts based on the free energy expression. Panel b) illustrates the
surface tension as a function of temperature for various defect fractions. For comparison,
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f=0:01 f=0:02 f=0:03
0:015 Q026 Q036
0:012 Q018 0021

Table 4.1: Table showing the cluster parameters used for the critical cluster size deriva-
tion in Eq. 4.28.

the black dashed line represents the homogeneous surface tension predicted by Eq. (4.4).
Notably, for higher defect fraction, ¢ reaches a constant value at high temperatures.
Panel c) shows the ratio between the free energy barrier at critical cluster size and the
temperature. As the fraction of defects increases, the free energy barrier lowers. This is
a clear indication that the presence of defects reduces the energetic cost associated with
the reversal process.

The free energy t demonstrates remarkable accuracy across all considered tempera-
tures and defect fractions, con rming the versatility of the CNT framework in describing
the escape from the initial metastable state. The rugged free energy landscape, expected
at the level of individual replicas, is e ectively mitigated by averaging over multiple real-
izations and droplets, thereby enabling smooth and reliable predictions. Examination of
single-replica free energy landscapes reveals the presence of potential wells and pinning
e ects during the evolution path of a single cluster. As we will see, these e ects will
play a pivotal role in the analysis of Barkhausen noise in Chapter 6.

The e ective surface tension, . , exhibits a marked dependence on the presence of
defects. Across all temperatures and defect concentrations,e is consistently reduced
compared to the defect-free system. This reduction arises from the e ect of defects
aligned with the external eld. Indeed, the energetic cost associated with the cluster
boundary lowers as these defects are incorporated into the growing droplet.

A clear dichotomy emerges between two defect types:

~ Attracting defects: Defects aligned with the external eld are readily incorporated
into the growing droplet, aiding the reversal process.

" Pinning defects: Defects misaligned with the external eld hinder droplet growth
by roughening the free energy surface and inducing metastable states.

Among these, attracting defects play a dominant role, as evidenced by the pronounced
reduction in surface tension with increasing defect fractionf . This behaviour aligns with
the framework developed in Appendix C in which reversal occurs through the nucleation
and growth of a single droplet within the most favourable environment, characterized by
a high density of defects aligned with the external eld. Such conditions not only enhance

n but also promote a rapid evolution pathway due to the elevated concentration of
attracting defects near the growing cluster.

While this qualitative explanation aligns with the observed trends, direct visual-

ization of these e ects remains elusive. Support for the role of pinning defects in the
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Figure 4.13: Panel a): Free energy as a function of cluster sizefor a system with defect
fraction f = 0:01. Solid lines correspond to simulation results using the US technique,
and dashed lines represent ts based on the theoretical free energy expression. Panel
b): Surface tension as a function of temperature for defect fractiong = 0:01, 002, and
0:03. The black dashed line indicates the homogeneous surface tension given by Eq. (4.4).
Panel c): Free energy barrier as a function of temperature for di erent defect fractions.
The dashed lines represent a linear interpolation for log( F( ¢)=T) as a function of T.



4.2. REVERSAL PROCESS IN HETEROGENEOUS SYSTEMS 73

Figure 4.14: Critical cluster size as a function of temperature for di erent defect fractions
obtained from the free energy t. The dashed line represents a linear interpolation for the
casef =0:01. For higher defect fractions, (T) becomes constant at high temperatures.

reversal process will be further substantiated through the analysis of Barkhausen noise
in Chapter 6.

From the t of the free energy expression, an estimate for the critical cluster size, ¢,
can be obtained, as illustrated in Fig. 4.14. Notably, at high temperatures and higher
defect fractions, (T) becomes constant. This behaviour indicates that temperature
ceases to signi cantly in uence the initiation of magnetization reversal. The presence of
defects lowers the critical cluster size, making it small enough that even minor thermal
uctuations can trigger reversal events. In this case, the only relevant parameter is the
defect fraction.

Cluster growth velocity

To complement the analysis, we investigate the cluster growth velocitw( ), as described
in Section 4.1.2. We x f =0:01 and analyseN, = 100 distinct realizations of defects,
each with a di erent spatial distribution. Starting from the magnetized state, we follow
the evolution of the largest droplet under the in uence of an external eld h = 0:05,
using the methodology established for the homogeneous case. This analysis is repeated
for each replica, and the results are averaged to mitigate the e ects of the disorder.

The average cluster growth velocity is presented in Fig. 4.15 for the system with
f = 0:01 at various temperatures. At high temperatures, the functional formv( ) =
m  + g, derived in Eq. (B.2), ts the data well, and a clear intersection with the -axis
is observed, allowing for the determination of .. However, as temperature decreases,
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Figure 4.15: Growth velocity of a droplet as a function of its area for a system with
defects f = 0:01) at di erent temperatures. A lattice of size L = 100 and an external
eld h =0:05 were considered. Solid lines represeBtfimuIation data, while dashed lines
correspond to ts of the functional form v( ) = m  + q, as described in Eq. (B.2).
The t is accurate at high temperatures but deteriorates as temperature decreases.
Where applicable, the crossing points with the -axis indicate the critical cluster sizes,
compatible with the ones reported in Fig. 4.14.

v( ) becomes increasingly rugged, with the velocity often remaining negative and failing
to intersect the -axis. Consequently, no critical cluster size can be determined from
this method at low temperatures.

This behaviour aligns with the earlier analysis of the free energy landscape. The
interplay between attracting and pinning defects profoundly in uences cluster dynam-
ics. As the droplet grows, it encounters a sequence of potential wells. Attractive defects
accelerate growth {( ) > 0), while pinning defects hinder expansion ¢( ) < 0), result-
ing in multiple crossings of the -axis. This e ect becomes more pronounced at lower
temperatures, where potential wells in the free energy landscape are more e ective at
trapping the system during evolution.

The methodology proposed for estimating the critical cluster size by analyzing the
cluster growth velocity is found to be e ective under conditions of high external elds
and elevated temperatures. For instance, in [51], the system was analysed dt = 1:8
and h = 0:1, and the growth velocity for a system containing defects was observed to
exhibit behaviour analogous to that of a homogeneous system. Under these conditions,
the crossing point of v( ) can be determined with high precision, enabling an accurate
estimation of ..
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Nucleation rate estimation

Finally, we assess the validity of the nucleation rate formula proposed by Classical Nu-
cleation Theory (CNT) in the presence of defects. For clarity, we rewrite the expression:

lent = De exp kBF; , (4.31)

where D indirectly depends on the defect fractionf through the critical cluster size,

c. As previously discussed, defects reducec, thereby altering D.. Additionally, a

con guration-speci ¢ critical cluster size is often encountered, leading to a di usion

coe cient D that depends not only onf but also on the speci ¢ defect con guration.
Determining D for each defect realization is computationally demanding.

To mitigate this challenge, we approximate D(f ) by assumingD¢(f) D¢(f =0).
This simpli cation signi cantly reduces computational costs while introducing only a
minor deviation in the results. The nucleation rate is primarily governed by the expo-
nential term exp(  F¢=kg T), which varies over several orders of magnitude, whereas
D. typically uctuates within a single order of magnitude. Hence, the approximation
has a negligible e ect on the nal calculation.

The free energy barrier F¢ is extracted from the free energy t obtained via US
calculations. Simultaneously, a direct estimation of the nucleation rate is performed
using the FFS technique, consideringN, = 100 realizations of defects.

An important methodological aspect requires attention. When calculating the total
nucleation rate | rrs using the FFS procedure, the transition probability P(n), repre-

senting the likelihood of a cluster transitioning from size = ,to = 41, isaveraged
across allN; replicas. This modi es Eq. (4.11) to:
Y ___
||:|23;1 = 1 P(I); (432)

|
where -+ denotes the average over defect realizations. Alternatively, one could compute
| rps for each defect realization and then average the results over the defect con gura-
tions. We denote this second alternative de nition with | ggs:2.

In Fig. 4.16, nucleation rates as a function of cluster size are shown for alll, replicas
(in grey), alongside | es:1 (in blue) and I ggs:2 (in orange). The second methodology,
| rrs:2, fails to provide a representative value for a randomly sampled distribution. While
mathematically valid, this approach has a signi cant practical limitation: only a sub-
set of replicas contributes meaningfully to the average. Nucleation rates computed for
individual replicas span several orders of magnitude, with the arithmetic average dispro-
portionately weighted by the highest nucleation rates.

The top panel of Fig. 4.17 showsl grs:1( ) as a function of cluster size for di erent
temperatures in the case off = 0:01. Similar trends are observed for other defect
fractions. The asymptotic value reached for large cluster sizes con rms the reliability of
the FFS technique for nucleation rate measurements in the model with defects.

The bottom panel of Fig. 4.17 presents the nucleation rate as a function of temper-
ature for various defect fractions ath = 0:05. Circles represent results from the FFS
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Figure 4.16: Nucleation rates as a function of cluster size for N, = 100 defect replicas.
Grey lines represent individual replica calculations, showing a wide distribution across
several orders of magnitude.l es-1 (blue line) represents the nucleation rate obtained by
averaging transition probabilities across replicas, whilel ggs.2 (orange line) corresponds
to the nucleation rate derived from averaging individual replica results. The gure
highlights the limitations of |ggs:2 in accurately representing the ensemble behaviour.
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technique, obtained by averaging overN, = 100 defect realizations, while dashed lines
correspond to indirect estimates using Eq. (4.31) combined with free energy barriers
from US calculations. The agreement between theoretical predictions and FFS results
is particularly striking for f = 0:01, supporting the validity of CNT in describing the
magnetization reversal process. This result emphasizes that the primary bottleneck
for reversal is the nucleation of the initial critical droplet, as predicted by CNT. By
accurately sampling the free energy barrier, CNT provides a reliable estimate of the
nucleation rate.

At higher defect fractions (f =0:02 andf =0:03) and elevated temperatures, devi-
ations between CNT predictions and FFS results can be observed. These discrepancies
can be attributed to a transition from SD to MD reversal regimes, as defects facilitate
simultaneous nucleation and coalescence of multiple droplets. In such cases, one of the
main assumptions behind CNT (droplet growth and shrinkage through sequential addi-
tion or removal of single spins) is no longer satis ed and CNT cannot provide reliable
estimations. Supporting this interpretation, the agreement between CNT and FFS re-
sults is recovered at lower temperatures, where the single-droplet regime dominates for
all defect fractions.

4.2.3 JMAK theory in heterogeneous systems

We now consider the applicability of the JMAK theory to the Ising model with de-
fects. For clarity, we rst recall the JMAK equation, which describes the fraction of
transformed material X (t) as a function of time t:

X(t)=1 exp( Kt") (4.33)

Here, K is a rate constant, andn is the Avrami exponent that characterizes the nucle-
ation and growth kinetics.

For the two-dimensional homogeneous Ising model, we have veri ed that the Avrami
exponent isn = 3, as expected for all two-dimensional systems. By contrast, in
heterogeneous systems ( systems), the Avrami exponent is theoretically expected to
change ton = 2 [107], owing to heterogeneity and fast nucleating droplets.

To evaluate the applicability of the Avrami expression to the Ising model with defects,
we determine the best- tting Avrami exponent by analysing the simulation data. We
considered the same framework used for the homogeneous case presented in Section 4.1.4.
The results are presented in Fig. 4.18 for the case df = 0:4, for a system of size. = 100
and defects fractionf = 0:02. Other elds and temperatures were analysed, obtaining
similar results. The top panel considers the case = 2, while the bottom panel examines
n = 3. Surprisingly, the t for n = 3 provides a better linear relationship based on the

2 goodness-of- t test. By comparing these results with the homogeneous case shown
in Fig. 4.10, we observe that the data series exhibit striking similarities. We conclude
that defects solely do not act as critical droplets initiating the reversal process.

At low temperatures and eld amplitudes, the presence of defects primarily reduces
the metastable lifetime and accelerates the reversal process compared to the homoge-
neous case. For example, the metastable lifetimes are = (1:8 0:1) 10 for the
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Figure 4.17: Top panel: Nucleation rateslgrs:1( ) as a function of cluster size for

di erent temperatures, with f = 0:01. Asymptotic values at large cluster sizes conrm

measurement reliability. Bottom panel: Nucleation rates as a function of temperature

for di erent defect fractions (f = 0:01,f =0:02, andf = 0:03). Circles represent FFS

results averaged overN, = 100 defect realizations, and dashed lines show theoretical
estimates from Eq. (4.31).
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homogeneous case and=(2:0 0:1) 10° for the model with defects atf = 0:02 and
h = 0:2. Within the MD regime, the primary e ect of defects is to expedite the reversal
process without altering its fundamental nature.

4.2.4 Metastable lifetime and spinodal line modi cation

We proceed with the analysis and study the metastable lifetime for the model with
defects. As for the homogeneous case, we consider Egs. (4.20) and (4.21). Once again,
we neglect the prefactor and focus solely on the exponential term F.. Since F¢
decreases monotonically withf , as shown in Fig. 4.13, higher defect fractions lead to
shorter metastable lifetimes, irrespective of the reversal regime (MD or SD).

This e ect is illustrated in Fig. 4.19, which shows the average metastable lifetime
for various eld intensities and defect fractions. As for the homogeneous case, is
de ned as the time at which the sample magnetization changes sign under the in uence
of an external eld. The average was obtained considering 200 reversal processes at
temperature T = 1:8. Error bars are of the same size as the markers and are not shown

for clarity.

When defects are introduced, decreases by several orders of magnitude, particularly
for weaker switching elds. Moreover, forf = 0:03, (h) appears to reach a plateau as
h! 0, supporting the argument that the ordered state remains metastable even without
a eld. The di erence between the SD and MD regimes can still be observed, particularly
for the f = 0:01 case. For higher defect fractions, the di erence becomes less noticeable,
and smaller systems behave as larger ones.

We now consider the zero- eld case, where the reversal occurs spontaneously. We
can derive a relatively simple expression for the metastable lifetime in such conditions

0, Which highlights the main dependencies from the system's physical variables. For
su ciently large systems (within the MD regime), we consider Eqgs. (4.21,4.29). The
metastable lifetime can be expressed as:

Ske T(log( 1) 2)+4 o P
12kg T

(4.34)

By neglecting the weaker logarithmic dependence on the critical cluster size, we simplify

Eqg. (4.34) to:

" s ¥
1+ 14+ 20kg T

p-P W!
e e
24kBT e

c
3kg T

o exp =exp (4.35)
Since s of the order of 10 2 for the defect fractions considered { < 0:1), the term
inside the square root is approximately unity. Thus, we further reduce the expression

to:

We now consider direct measurements from simulations. As in the homogeneous
defect-free case, we de ne the metastable lifetime as the time at which the magnetization
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Figure 4.18: The logarithm of the relaxation of the Ising model with defects, log (t), as
a function of scaled time ¢= )". Markers represent simulation data, while dashed lines
correspond to the theoretical expression in Eq. (4.33). For clarity, the data series are
vertically shifted by a constant o set k. The results correspond to simulations conducted
at various temperatures with h =0:4 andf = 0:02. The theoretical expression is tted
over the rangetmin <t< , wheretmin minimizes the tting parameter a, as explained
for the homogeneous case. The top panel shows results considering theystems fi = 2),
while the bottom panel displays results considering the system (n = 3).
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Figure 4.19: Metastable lifetime for the Ising model with defects as a function of the
inverse of di erent switching eld intensities. Di erent symbols represent distinct defect
fractions, while colours indicate varying system sizes, as detailed in the legend.

crosses a threshold value midway through the reversal process. Speci cally, starting from
a positively magnetized initial con guration, the threshold is set to my, = 0:5, which
corresponds to the midpoint between the initial and stable clustered con gurations.

The simulation results are shown in Fig. 4.20 for various defect fractions and temper-
atures. For a system with sizeL = 100, N, = 200 repetitions of the reversal process are
considered to obtain reliable estimations of the metastable lifetime without a eld. The
error bars are the same size as the markers and are not represented for clarity. Notably,
log o f , asrepresented by the dashed lines in the panel to the left. Interestingly, the
power-law t gives linear in temperature, ranging from 0:6 for high temperatures to

1 at low temperatures.

Spinodal line

We now analyse the e ect of defects on the spinodal line, which separates the SD and MD
regimes of the magnetization reversal process. The introduction of defects is expected to
signi cantly impact the macroscopic behaviour of the system by modifying the dominant
reversal mechanisms.

The simulation results, shown in Fig. 4.21, demonstrate how the metastable lifetime
distribution evolves with increasing defect fraction f. For a system of sizeL = 100,
under an external eld h = 0:05 and temperature T = 1:8, the distribution for f =0
exhibits a Poissonian form characterized by a long right-hand tail, indicating SD regime.
As f increases, the distribution shifts to a bell-shaped pro le, which is a hallmark of the
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Figure 4.20: Left panel: Spontaneous demagnetization time (metastable lifetime) for
the Ising model with defects in the absence of an external eld, plotted as a function of
the defect fraction f for di erent temperatures. The double logarithmic plot reveals a

power-law behaviour, log ¢ f . Dashed lines represent the best power-law t. Right
panel: Power-law exponent as a function of temperature.

multi-droplet regime.

This behaviour can be gualitatively explained by the emergence of additional nucle-
ation sites asf increases. In the presence of defects, multiple nucleation events occur
simultaneously, favouring the MD regime over the SD regime, where nucleation is spa-
tially constrained. The transition to a bell-shaped distribution re ects the collective
and spatially distributed nature of the reversal process in systems with a higher defect
fraction.

Additionally, a substantial reduction in the expected metastable lifetime is observed
with increasing f , consistent with the ndings in Fig. 4.19. This result provides strong
evidence for the alteration of the system's dynamics, con rming a transition from the
SD to the MD regime as determined by ther = 0:5 criterion.

We now focus on the case of zero magnetic eld and analyse the nature of the
transition in this regime. As in previous cases, we employ the criterionr = 0:5 to
distinguish between MD and SD types of transitions. The results are summarized in
Fig. 4.22, which presents the mean metastable lifetime and the relative standard
deviation r as functions of system sizd. and defect fraction f .

The left panel of Fig. 4.22 shows the behaviour of the mean metastable lifetime
for various defect fractionsf . Itis evident that remains largely invariant with respect
to changes in system sizd. for a xed defect fraction. By contrast, the right panel
depicts the variation of the relative standard deviation r (L), highlighting the signi cant
in uence of system size. Here, the dynamic spinodal sizé s(f) is determined as the
system size at whichr crosses the threshold of = 0:5, with values obtained via linear
interpolation in the vicinity of the crossing point.

A clear trend emerges: as the defect fractiorf increases, the dynamic spinodal size
L s decreases. This indicates that systems with lower defect fractions require larger sizes
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Figure 4.21: Lifetime probability distribution. From left to right, f increases from a
homogeneous system td = 0:03. The probability distribution changes from Poissonian
in the rst case to a Gaussian for the system with defects, indicating the modi cation
of the reversal regime from SD to MD. Simulations forL =100, h=0:05andT =1:8

to exhibit an MD-type transition. Consequently, determining L5 for small f values
becomes computationally prohibitive due to the extended simulation times required.

To estimate L g, we follow the approach developed in Section 4.1.5. Speci cally, we
consider the average distance between nucleating droplet&q, which is de ned as:

Ro — V8+1 [ 1=(d+1) : (4_37)

where Ry sets the characteristic length scale separating the MD and SD regimes. When
Ro L, only asingle droplet is likely to form, initiating the reversal process. Conversely,
when Ry L, multiple droplets can nucleate simultaneously, inducing the MD regime.
Therefore, the dynamic spinodal sizel ;s can be approximated as:

Lis Ro | ¥/ exp 3kBF; : (4.38)
which has the same functional form as the zero- eld metastable lifetime in Eq. (4.36).

The dependencyL s(f ) is assumed to follow a power law with a temperature-dependent
exponent (T). This assumption is con rmed by tting the numerical results, as shown
in Fig. 4.20. For higher defect fractions, the prefactor is determined via tting, and this
result is then extrapolated to estimate L s in the low-defect regime. ForT = 1:8, we
obtain Lis(f =0:02)=5 10° and Lig(f =0:01) 1CP.

Figure 4.23 summarizes the critical system sizé s as a function of the defect fraction
f. The results are well described by a logarithmic relation of the form log(;s) f ©7,
consistent with the value of obtained for T = 1:8.

Figure 4.24 provides a comprehensive summary of our results on the spinodal line
in the presence of both an external magnetic eldh and quenched defects for the case
T =1:8. For various system sized. and defect fractionsf , we systematically varied the
external eld h and measured the relative standard deviationr. The critical spinodal
eld was identi ed as the value of h wherer crosses the threshold (.
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Figure 4.22: Left panel: Mean metastable lifetime as a function of system sizeL
for di erent defect fractions f. The results demonstrate that remains constant for
a xed f. Right panel Relative standard deviation r(L) as a function of L, with the
dynamic spinodal sizel s identi ed as the point where r = 0:5. The reduction in Lg
with increasing f re ects the dependence of the transition type on defect concentration.

Figure 4.23: Critical system sizelL s associated with spontaneous demagnetization as a
function of defect fraction f. Standard errors are estimated by repeating the measure-
ments over multiple defect realizations. The dashed line corresponds to a t of the form

log(Lis) f 97, consistent with the value of for T = 1:8 in Fig. 4.20.
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Figure 4.24: Phase diagram illustrating the position of the spinodal line as a function
of the magnetic eld h and system sizeL for di erent defect fractions f. Each colour
corresponds to a speci ¢ defect fraction, as indicated in the inset. For eacl and L, the
critical spinodal eld h is determined as the point where the relative standard deviation
r of the metastable lifetime crosses . Horizontal error bars account for variations
in critical h values across di erent realizations of the same defect fraction. For defect
fractions f  0:02, the limiting asymptote at zero eld ( h = 0) is shown by the shaded
regions on the right side of the gure, corresponding to the system sizeé.,s where the
transition occurs. For f =0:01,L;s 10°, which lies beyond the range of the displayed
phase diagram.
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To achieve a reliable estimate of the critical magnetic eld, we created multiple
system replicas with di erent defect con gurations. The error bars in Fig. 4.24 represent
the standard error of the critical h values from these replicas. Systems with higher
defect densities required averaging over more replicas to account for sample variability.
We speci ed an error bar threshold of 20% of the estimated spinodal point to ensure
stability in the averages. For the highest defect density reported { = 0:05), up to 16,000
defect con gurations were analysed. For larger systemsl( 200), fewer replicas were
used, speci cally 200 forf = 0:01 and 1,000 forf = 0:02, due to increased computational
demands.

The shaded regions on the right side of Fig. 4.24 represent the behaviour dfis at
zero eld (h = 0), as derived from previous results. The widths of these regions re ect
the error bars associated with the determination ofL 5. Consistent with these ndings,
the spinodal curves exhibit a systematic dependence on both the defect fraction and the
system size, reinforcing the relationship between the dynamic spinodal sizke;s and the
defect-induced heterogeneities.

Insights from Figs. 4.24 con rm that the position of the spinodal line (i.e., the min-
imum system size required for deterministic behaviour) is strongly in uenced by defect
density. All data indicate that the spinodal line is linear with h ! at high external eld
values (left side of the plot), coherent with what is found for the system with no defects
where the linear trend also extends to intermediate and lowh values. However, the
presence of defects leads to a saturation point g (f ), meaning that when L > L 4(f),
the system behaves deterministically regardless of the external eld strength.

The presence of quenched defects introduces signi cant modi cations to both the
metastable lifetime and the spinodal line, highlighting the interplay between disorder
and system dynamics. In the case of the metastable lifetime, the inclusion of defects can
alter the underlying nucleation process, by generally favouring the MD reversal process.
This behaviour re ects how defects create additional nucleation sites that facilitate the
reversal process, e ectively lowering energy barriers and accelerating nucleation dynam-
ics. The spinodal line shifts under the in uence of defects. The critical spinodal eld
h decreases as the defect fraction increases. This reduction i signi es that systems
with higher defect concentrations transition to the MD regime at smaller system sizes,
coherently with the ndings related to the metastable lifetime analysis. At zero eld,
the metastable lifetime ¢ strongly depends onL and f. As the defect concentration
increases, the reversal process becomes progressively dominated by the MD regime, re-
ducing the metastable lifetime by accelerating nucleation dynamics.

These ndings collectively highlight that defects act as catalysts for phase transitions,
promoting multi-droplet behaviour and reducing metastability, while also reshaping the
spinodal line in a manner that depends sensitively on defect concentration and system
size.
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Conclusion

This chapter has investigated the dynamic properties of homogeneous and heterogeneous
systems, with a specic focus on the reversal processes in the two-dimensional Ising
model. By employing advanced simulation techniques and extending classical theories,
signi cant insights into the mechanisms underlying metastable states and their lifetimes
have been gained.

In the homogeneous case, the analysis began with the Classical Nucleation Theory
(CNT) as a framework to describe the formation and growth of clusters during magneti-
zation reversal. Through rigorous validations using the Ising model, this study extended
the applicability of CNT to regimes previously unexplored, notably at low temperatures
where thermal uctuations are minimal. The incorporation of simulation methodologies,
such as the Forward Flux Sampling (FFS) and Umbrella Sampling (US) techniques, en-
abled precise calculations of critical parameters such as the nucleation rate, free energy
barriers, and di usion coe cients. These results con rmed the robustness of CNT in
capturing the system dynamics exiting from metastable states while shedding light on
the transition mechanisms in the single-droplet regime.

In heterogeneous systems, defects were shown to signi cantly alter the free energy
landscape, creating pinning e ects that both hindered and facilitated cluster growth
depending on their alignment with the external eld. We extended CNT to accommodate
these structural heterogeneities, incorporating defect-driven terms into the free energy
formulation. The resulting framework was validated through numerical simulations,
revealing that defects reduce the energetic cost of reversal processes and lead to the
spontaneous development of critical clusters, even in the absence of an external eld.
Such ndings align with the Imry-Ma argument, highlighting the fundamental role of
disorder in governing phase transitions.

An additional noteworthy e ect of defects is their role in modifying the spinodal
line that separates the multi-droplet (MD) regime from the single-droplet (SD) regime.
Defects favour the MD regime, introducing a more deterministic behaviour in out-of-
equilibrium dynamics. This deterministic in uence, driven by defect-induced nucleation,
contrasts with the stochastic nature typical of the SD regime and has signi cant impli-
cations for understanding the interplay between system size, disorder, and dynamical
behaviour.

The implications of these ndings are signi cant for physical systems where metastable
states and phase transitions play a critical role. For instance, in magnetic recording tech-
nologies and materials science, understanding how defects in uence nucleation rates and
reversal times can guide the design of systems with improved stability and performance.
Additionally, the methodologies developed herein are broadly applicable to other sys-
tems exhibiting metastability, such as crystallization processes, vapor-liquid transitions,
and domain switching in ferroelectric materials.

In summary, this chapter has provided a detailed exploration of magnetization re-
versal processes, emphasizing the intricate balance between theoretical predictions and
numerical validations. The extended frameworks and simulation techniques developed
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here not only advance the current understanding of dynamic properties but also pave the
way for future studies in both theoretical and applied physics of heterogeneous systes.



Chapter 5

Dynamic phase transition

In the previous chapter, we explored the mechanisms of magnetization reversal in ho-
mogeneous and heterogeneous systems under constant external elds. The focus was on
understanding metastable states, nucleation dynamics, and the role of structural hetero-
geneities in altering the free energy landscape. Building on these results, this chapter
shifts attention to another class of nonequilibrium phenomena: the dynamic phase tran-
sition (DPT), which emerges when the system is driven by a time-dependent, oscillatory
external eld. By introducing temporal periodicity, the interplay between competing
timescales brings forth a dynamic analogue of equilibrium phase transitions.

The investigation of DPTs in heterogeneous systems, particularly those with struc-
tural defects, builds on the ndings of Chapter 4. Defects, by modifying the local poten-
tial landscape, signi cantly in uence the system dynamics. In the context of DPTs, we
nd that a random disposition of defects enhances the responsiveness of the system to
external elds. On the other hand, by properly ne-tuning the con guration of defects it
is possible to screen the system from the external eld and therefore change the system's
dynamic properties.

This chapter aims to provide a detailed understanding of DPT. The ndings pre-
sented here are expected to have far-reaching implications, from the design of materials
with tailored dynamic properties to the development of fast-switching magnetic devices.
The transition from static to dynamic regimes represents a natural progression in the
study of nonequilibrium systems, further bridging the gap between theory and applica-
tion.

This chapter is structured as follows. Section 5.1.1 presents literature review on
the DPT in homogeneous systems. For these systems, the transition is investigated
by using key parameters such as the average magnetisation per cycle and the dynamic
susceptibility. The similarities and di erences between DPTs and equilibrium phase
transitions are highlighted, with a focus on universality and critical phenomena.

Section 5.2 extends this analysis to heterogeneous systems. First, a literature review
regarding the introduction of randomness via random bonds and random elds, and
its e ect on the DPT properties, is presented. Then, the e ect of defects is analysed.
The section contains original results also published in [53]. The e ects of these hetero-

89
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Figure 5.1: DPT for the Ising model. Solid lines represent the oscillating magnetic eld
(in blue) and the magnetization (in orange). The left panel depicts the magnetization in
the dynamic disordered phase, which reverses every half-cycle. The right panel illustrates
the dynamic ordered phase, where the magnetization is locked in a single equilibrium
minimum, represented here by the positively magnetized con guration. For these simu-
lations: L =400, hg=0:3,P =258, T =1:9 for the DDP, and T = 1:7 for the DOP.

geneities on the dynamic critical temperature and susceptibility are explored, providing
a comprehensive framework for understanding the DPT in real-world materials. Special
attention is given to the interplay between local and global order parameters, as well as
the role of quenched randomness in tuning the transition.

5.1 DPT in homogeneous systems

We consider an oscillating external eld h = hgsin(!t ) as a prototype stimulus that
consistently drives the system out of equilibrium. Below the Curie temperature, the
system exhibits bistable behaviour, where magnetic spins align preferentially in either
a positive or negative direction. The oscillating eld alternately favours each direction
during successive half-cycles. Under these conditions, two responses are possible. When
the period of the external eld is large compared to the system's relaxation time, the
magnetization follows the oscillations of the eld, undergoing a complete reversal each
half-cycle. In this regime, the system displays a dynamic paramagnetic phase, referred
to as the Dynamic Disordered Phase (DDP). Conversely, when the eld oscillates too
rapidly, the system cannot respond quickly enough and becomes \locked" in one of
the two magnetization states. In this regime, the system enters a dynamic ferromag-
netic phase, called the Dynamic Ordered Phase (DOP). These two dynamic phases are
schematically illustrated in Fig. 5.1.

The switch between these two phases is termed the dynamic phase transition [112],
[113]. This transition arises from the competition between two key timescales: the pe-
riod of the external magnetic eld and the metastable lifetime (studied in the previous
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chapter) de ned as the time taken to return to equilibrium after a perturbation. When
half of the eld's period exceeds the metastable lifetimeP=2> s, the system has suf-
cient time to adapt to the external stimulus, resulting in magnetization reversal during
each half-cycle. Conversely, when the period decreasés2 < s, the magnetization
reversal remains incomplete before the eld changes direction again, causing the reversal
to counteract itself, and the magnetization fails to switch.

In addition to the period of oscillation, two other critical parameters signi cantly
in uence the system's behaviour: the temperature and the amplitude of the external
magnetic eld. Together with the oscillation period, these parameters govern the dy-
namic phase in which the system resides as follows:

" Temperature (T): Temperature plays a crucial role in controlling the thermal
uctuations within the system. These uctuations directly a ect the ability of the
system to overcome energy barriers between magnetization states. Below a certain
threshold, thermal agitation is so weak that spins are able to remain predominantly
in an ordered state. However, as temperature increases, enhanced uctuations can
destabilize the magnetization, making it easier for the oscillating magnetic eld to
induce switching between states.

Field amplitude (ho): The amplitude of the external eld in uences the strength of
the driving force. For small amplitudes, the system may remain in the dynamically
ordered phase, as the energy supplied is insu cient to induce periodic magnetiza-
tion switching. As hg increases, the system becomes more responsive to the eld,
facilitating transitions between the dynamically ordered and disordered phases. A
bias eld hy can also be includedh = hgcos(t ) + hy, producing peculiar e ects.
Its role will be analysed in the following.

The critical period P us embodies the e ects of temperature and eld amplitude,
making it possible to control the transition between dynamic phases by varying any of
these three parameters [114], [115].

5.1.1 Dynamic order parameter

In homogeneous systems, the DPT is characterized by the dynamic order paramete,
which is de ned as the time-averaged magnetization over a full cycle of the oscillating
external eld [112], [116]: |

Q=5 m(nds (5.1)

where P is the period of oscillation and m(t) is the instantaneous magnetization. For
periodsP > P, the system resides in the DDP. In this phase, the magnetization reverses
completely during each half-cycle and the time-averaged magnetizatiorQ is zero. By
contrast, when P < P, the system enters the DOP. Here, the rapid oscillation of the
eld prevents the system from fully reversing its magnetization, resulting in a non-zero
Q. Thus, the DPT represents a transition from Q = 0 in the DDP to Q 6 0 in the DOP.
This behaviour closely parallels that of equilibrium phase transitions, where the static
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order parameter (magnetization) transitions betweenm = 0 in the paramagnetic phase
and m 6 0 in the ferromagnetic phase.

The nature of the DPT has been a subject of debate. Acharyya [115] observed that at
high eld amplitudes, the transition appears to be rst-order, with a discontinuous jump
in Q. However, Kornisset al. [114] demonstrated that these observations could be nite-
size e ects. Their study revealed that larger systems exhibit continuous transitions,
suggesting that the DPT in in nite systems is second-order, as initially proposed by
Torre and de Oliveira using a mean- eld approach [112].

Starting from Eqg. (5.1), we can also de ne the dynamic susceptibility, o, as an
analogue to thermodynamic susceptibility [117]. The susceptibility re ects the system's
response to an external conjugate eld, which, in the context of the DPT, was initially
unclear. Further analysis revealed that the conjugate eld corresponds to a bias eld
superimposed on the oscillating magnetic eld. Assuming the validity of the uctuation-
dissipation theorem, in the absence of a bias eld the susceptibility can be expressed in
terms of the variance of the order parameter:

o=L% M2 hj Qji? ; (5.2)

where L is the linear size of the system, and the averages are taken over many cycles.
The susceptibility peaks at the critical point, where uctuations in the order parameter
are maximal, providing a reliable criterion for locating the critical period Pc.

Analogous to equilibrium phase transitions, the Binder cumulant can be generalized
to the dynamic case. The dynamic Binder cumulant is de ned as:

Q%
3Q2i2’

In the DOP, Uqg approaches 23, whereas in the DDP, Ug approaches 0. The Binder
cumulant is a crucial tool for estimating the critical conditions using the \cumulant inter-
section method" [50]. In nite systems, Ug displays a characteristic scaling behaviour,
where plots of Ug versus an external parameter (e.g., eld amplitude, temperature, or
period) for di erent system sizes intersect at a single critical point. This method is
widely used for an accurate estimation of critical parameters in systems lacking analyt-
ical solutions.

The DPT shares striking qualitative and quantitative similarities with the ther-
modynamic phase transition (TPT). Monte Carlo simulations, especially on the two-
dimensional kinetic Ising model, have been extensively utilized to investigate these paral-
lels. Sideset al. [118] performed large-scale simulations and demonstrated that the DPT
exhibits nite-size scaling behaviour, akin to equilibrium phase transitions. Through
these simulations, the critical exponents , , and were determined, con rming their
consistency with those of the Ising universality class. This evidence rmly suggests
that the DPT belongs to the same universality class as equilibrium second-order phase
transitions [114], [118]. Mean- eld numerical calculations further supported these nd-
ings [119], and subsequent studies extended this equivalence to three-dimensional Ising

Ug=1 (5.3)
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Figure 5.2: Comparison of phase diagrams between the DPT and the TPT. The top
panels show the dynamic order parameterQ as a function of P=P; for the DPT and
magnetization M as a function of T=T; for the TPT. The bottom panels present the
(P; hp) phase diagram for the DPT and the (T; h) phase diagram for the TPT. Red dots
mark the critical points for both transitions. Source [123].

models [120] and triangular lattices [121]. These results collectively indicate that the
kinetic Ising model retains the same universality class as its equilibrium counterpart.

However, the analogy between the DPT and TPT holds primarily near the critical
point and in the absence of an external bias eld superimposed on the oscillating mag-
netic eld [122]. The introduction of a non-zero bias eld hy to the oscillating external
eld reveals intriguing features. For periods P > P, the dynamic order parameter Q
varies continuously with h,. Conversely, for P < P, a rst-order transition in Q is
observed whenhy, changes sign. The P; hy) phase diagram for the DPT exhibits strong
similarities to the (T; h) phase diagram for the TPT, as illustrated in Fig. 5.2.

This correspondence suggests that the bias eldh, acts as the conjugate eld to
the dynamic order parameter, analogous to the role oh in the TPT. Robb et al. [124]
provided additional evidence for this analogy by investigating the scaling behaviour of
the order parameter under critical conditions. They showed that the order parameter
near criticality follows the scaling relation:

MQi(P = Pe;hy! 0)/ hy ¢ (5.4)
mirroring the equilibrium Ising model's relation:

tmi(T = Te;h! 0)/ h¥m: (5.5)
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The critical exponents ¢ and , were found to be consistent, further reinforcing the
universality class correspondence between the DPT and TPT.

The derivative of the dynamic order parameter with respect to the bias eld, known
as the dynamic susceptibility g, exhibits behaviour analogous to its equilibrium coun-
terpart. At critical conditions, o aligns with the susceptibility o derived from the
uctuation-dissipation theorem in Eq. (5.2). This agreement underscores the validity
of the uctuation-dissipation theorem even in out-of-equilibrium conditions, while fur-
ther solidifying the role of the bias eld hy as the conjugate eld to the dynamic order
parameter.

5.1.2 Hysteresis loop area

Dynamic hysteresis is another prominent feature of DPT. As the magnetization responds
to the oscillating eld, it exhibits a hysteresis loop, where the magnetization lags behind
the external eld. It is possible to de ne the hysteresis area over one cycle as

|
A= % m(h)dh (5.6)
This quantity is also important since it represents the dissipated energy by the system
during an entire cycle of the external eld. Moreover, it can be easily monitored in
real experiments involving magnetic alloys or metals, which is of crucial importance to
validate numerical results and the models considered.

Jung et al. [125] showed that the loop area follows a power law with respect to the
eld's driving frequency A ! with = 2=3 and tested the result through experiments
on a bistable semiconductor laser. In numerical simulations, thanks to the work of
Acharyya and Chakrabarti [126], [127], we can write

A hyT 5.7
0 g hoT (5.7)
whereg(x) x e X*= " Here, the scaling exponents were determined from simulations
on systems with di erent dimensions and for the cased = 2, we nd =1, =0:75,
=0:85 =1:2and = 0:36. A comparison with experiments performed on thin

Im (Fe/Au(001), Co/Cu(001) and Ni gOFe,0) provides a validation of the numerical
simulation framework, even though quantitative discrepancies in the scaling exponents
were found between di erent samples and the Monte Carlo simulations predictions [128]{
[130].

The hysteresis curves are also the subject of study. They are usually categorised into
three di erent classes, based on the shape of the function and the symmetric property
[131]. Type 1 hysteretic loops are asymmetric curves and no coercivity is observed
(crossing of them = 0 line each half cycle). The curve is observed for a system in the
DOP. Type 2 hysteretic loops are again asymmetric but a coercive eld is registered.
The system displays such behaviour while switching from the DDP to the DOP. Finally,
type 3 curves are symmetric curves centred in the origin of the planerf; h).
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5.1.3 Experimental observations

It is crucial to have experimental support for the developed theoretical framework and
also for results from numerical simulations. During the last 3 decades, numerous studies
have been performed trying to discuss the emergence of DPT in real magnetic systems.
Two are the main challenges to be overcome. First, a magnetic material with strong
uniaxial anisotropy should be prepared. The uniaxial anisotropy in a system corresponds
to a double-well potential in the Ginzburg-Landau framework, where the wells represent
two stable magnetization states along the preferred axis. This anisotropy con nes the
system's dynamics to transitions between these wells, e ectively reducing the accessible
degrees of freedom and minimizing competing relaxation pathways. In contrast, isotropic
systems lack a double-well structure and instead exhibit a at or shallow potential land-
scape, allowing magnetization to uctuate freely in multiple directions, which disrupts
the coherent switching dynamics necessary to observe the DPT. Nowadays, numerous
structures display this property, mainly ultra-thin layers. The second challenge regards
time-resolved magnetisation measurements of ultra-thin structures. This was achieved
thanks to the improvement of the Magneto-Optic-Kerr-E ect (MOKE) techniques for
fast and precise measurements.

Along with the experiments cited in the previous section, investigating the loop
area properties and suggesting the presence of DPT in such ultra-thin structures, other
experiments proved the presence of DPT in real magnetic systems. Robb et al. [124] con-
sidered MOKE measurements over a Co(A)/Pt(7 A)3 multilayer. This material shows
strong perpendicular anisotropy, resembling a suitable material for the observation of
the DPT. The direct measurements of the average magnetisation per cycléQi as a
function of the magnetic eld period P and the bias eld hy, revealed peculiar properties
traceable to what was observed in the two-dimensional Ising model in the mean- eld
theory framework. In particular, hQ(hyp)i showed a sudden jump ath, = 0 in low period
conditions. This is clearly shown in Fig. 5.3, where measurement ofQi where taken
on Co Ims with (1010) crystallographic surface texture. Moreover, the variance of the
order parameter 2(Q) showed a peak in the limit hy ! 0, hinting at the presence of
criticality and hence a DPT. Subsequently, Berger et al. [133] considered ultra-thin Co
layers and characterised extensively the dynamic phase diagram through the Longitudi-
nal Magneto-Optic Kerr E ect (L-MOKE) technique. It was found that Q(hy) shows a
rst-order (discontinuous) transition for P < P and a second-order (continuous) transi-
tion for P > P .. This nding supported the claim that the bias eld acts as a conjugate
eld in the DPT and that the DPT is analogous to the TPT also through experiments.
Anyway, the analogy holds only for small hy,, since anomalies not observed in the TPT
were registered for strong bias elds.

5.2 DPT in random systems

Randomness is an intrinsic characteristic of real materials. Anomalies and imperfections
in the fabrication process cannot be completely avoided. For this reason, numerical sim-
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Figure 5.3: Experimental average magnetisation per cycléQi as a function of the bias
eld hyp and oscillation period P for di erent choices of the eld intensity hg. Source
[132].

ulations considering the dynamic behaviour of heterogeneous structures are of crucial
importance to enhance our capabilities to properly design materials for real applications.
We now examine the in uence of quenched randomness on the dynamic response of a
system subjected to an oscillating external eld. As outlined in Chapter 4, heterogene-
ity introduced by quenched randomness creates conditions useful for the formation of
droplets and ampli es the system's responsivity to external perturbations. Consequently,
signi cant modi cations to the properties of the DPT are expected in systems exhibit-
ing quenched randomness. We expect the disordered phase to be generally favoured.
To establish context, we begin with a concise overview of prior studies on the DPT in
systems exhibiting quenched randomness. Following this, we turn our focus to the model
incorporating defects, presenting the outcomes of the numerical analysis conducted. The
primary e ects of defects on the DPT are thoroughly examined, representing one of the
central contributions of this thesis.

5.2.1 Random bond and random eld Ising models

Vatansever and Fytas [121] have investigated the role of random bounds as a source
of heterogeneity in the two-dimensional Ising model. They introduced heterogeneity
through a bimodal distribution of the exchange interactions P (Jxy) = 1=2[ (Jxy J1)+
(Jxy J2)] with the constrain J1+ J> = 1 as to recover the homogeneous case fdr = J».
By extensive numerical simulations, they analysed the system size scaling of the dynamic
susceptibility peak o L = , the shift in the critical period P¢nete = Pchomo + bL 1=
due to randomness and the specic heat ¢  log(log(L)) and concluded that the RBIM
displayed comparable critical exponents and as found in the kinetic Ising model.
These ndings were extended to the random bound Blsmel-Capel model, an exten-
sion of the Ising model in which the spin variables can hold three values 1;0;1 and
a crystal- eld coupling disfavour the =0 value.
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They identi ed spatial symmetry breaking, where individual spins exhibit behaviour
dependent on their local exchange interactions. To quantify this, they considered the
local order parameter

|
Q=5 Mid (5.8)

This parameter captures the time-averaged magnetization for each spin over one cycle
of the external eld. Dierences in Q; revealed distinct spatial distributions of the local
magnetization, particularly between the DDP and the DOP

By contrast to the RBIM, the RFIM introduces randomness through the external
eld rather than the exchange interactions. Speci cally, most of the present studies in
the literature [134], [135] consider the random eld as an e ect related to the oscillating
eld, for which h(t) = hg; sin(!t ) where hg; is a site-dependent random amplitude.

For example, Yukusel et al. [134] considered a trimodal eld distribution P (hg;) =

p (hoi)+(1 p)=2[ (hoi ho)+ (hoi+ ho)]. Their analysis revealed signi cant deviations

in the DPT phase diagram of the RFIM (J; hg) compared to its equilibrium counterpart.

For weak eld intensities hg the transition between the dynamically disordered and
ordered phases is second-order. Ay increases, this transition becomes rst-order, with
coexistence observed between the two phases, suggesting the existence of a dynamical
tricritical point. However, this remains a debated topic due to the lack of direct numerical

veri cation.

Other studies have analysed the system response to oscillating elds considering
guenched randomness in di erent conditions. In particular, the case of randomly switch-
ing external elds was the subject of intense studies through the mean- eld approach
[136]{[138], revealing the presence of order-disorder phase transition and tricritical points.

These studies approach quenched randomness in two distinct ways. In one case,
randomness arises from site-dependent variations in the external eld, as in uenced by
structural heterogeneity. In another, randomness is embedded in the spin- ip dynamics,
where each spin's susceptibility to ipping is site-dependent, mimicking the e ects of a
local bias eld superimposed on the uniform external eld.

A dierent approach involves considering each magnetic moment of the structure
coupled with the same external eld ( xing the eld amplitude independently from the
lattice sites) but embedding the quenched randomness on the easiness with which each
spin ips. This mimics the presence of an e ective molecular eld (bias local eld)
induced by a random heterogeneous structure that does not screen the external eld.
This picture can be represented by considering the same external eld superimposed on
a local, non-constant bias eld which depends on the lattice sitei. The e ective local
eld now reads he ;i = hgsin(!t )+ hp. The Ising model with defects shares similarities
with the RFIM in terms of quenched randomness. Here, we analyse the response to an
oscillatory external eld, aiming to understand how defects and quenched randomness
in uence the DPT.
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5.2.2 The model with defects

We now present Monte Carlo simulations on the kinetic Ising model with defects. The
results presented here build upon and adapt original ndings, also reported in [53].

Averaging over quenched randomness presents signi cant challenges for numerical
simulations, leading most studies to rely on mean- eld or e ective- eld theories. As
discussed in the previous chapter, equilibration times are notably longer in systems
with quenched randomness compared to homogeneous systems, particularly at low tem-
peratures. In this regime, the need for highly e cient algorithms becomes critical.
The N-Fold way algorithm e ectively addresses these challenges by dramatically im-
proving computational e ciency and accelerating equilibration, especially in the low-
temperature regime. This improvement is crucial for the current analysis, as quenched
randomness lowers the temperature of the dynamic phase transition. Faster equilibration
enables the simulation of multiple replicas within a shorter timeframe while maintaining
the precision required for accurate parameter estimation.

The standard order parameter proves inadequate for capturing the e ects of spatial
symmetry breaking caused by defects. Instead, we focus on the local average mag-
netization per cycle Q;, as introduced by Korniss et al. [114] and later employed by
Vatansever and Fytas [121] as an insightful measure in the presence of random bonds.
For heterogeneous systems, we de ne the order parameter:

1 X
Q=& | iQij; (5.9)
where Q; quanti es the individual behaviour of each spin i as in Eq. (5.8). This param-
eter identi es whether a spin is locked or follows the oscillating eld and aggregates this
information to indicate how many spins fail to follow the eld oscillations.

The distinction between the standard average magnetization per cycl€® [Eq. (5.1)]
and @ emerges only when spatial symmetry is broken. For homogeneous systenf,
and @ exhibit the same behaviour. However, in systems with defects, each spin behaves
di erently depending on its position and interactions with neighbouring spins. This phe-
nomenon, observed in the RBIM [121], is particularly pronounced in the two-dimensional
Ising model with defects. As seen in Section 3.1, under equilibrium conditions and a
zero external eld, the Ising model with defects forms magnetic clusters of coherently
oriented spins. When a weak oscillating eld is applied, these clusters are alternately
favoured and disfavoured during each half-cycle of the eld. Consequently, the clusters
grow and shrink cyclically, but no net magnetization is observed, leavingQ 0 even at
low temperatures.

Additionally, we generalize the quantities introduced in Section 5.1.1, adapting them
for heterogeneous systems. The dynamic susceptibility reads:

X
o= (MQfi hj Qifi%); (5.10)

where we assume the uctuation-dissipation theorem applies to each individual site. We
associate the dynamic critical temperature . with a peak in the dynamic susceptibility.
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We also consider the Binder cumulant:

5 ot
=l BN Ay

The cumulant provides additional insights into the phase transition by quantifying de-
viation from Gaussian-like uctuations of the order parameter probability distribution.
This is expected to happen forQ at low temperatures.

The numerical results for the kinetic Ising model with defects athg = 0:3 are pre-
sented in Fig. 5.4. These simulations incorporateN. = 5000 oscillation periods, dis-
carding the initial N¢ = 100 periods to ensure steady-state conditions. Averages were
computed over N, =50 independent realizations of the defect con gurations. The frac-
tion of defectsf and system sized. are indicated by distinct colours and symbols, as
detailed in the caption of Fig. 5.4.

Panel (a) of Fig. 5.4 illustrates the temperature dependence of the dynamic order
parameter Q, de ned in Eq. (5.9). The order parameter transitions from low values
in the disordered phase at high temperatures to near unity in the ordered phase at
low temperatures, signalling the DPT. Increasing the defect fractionf broadens the
temperature range over which the transition occurs, re ecting the smoothening e ect of
defects. Notably, @ exhibits negligible nite-size e ects, as curves for di erent system
sizes overlap, highlighting its robustness as an order parameter.

Panel (b) displays the dynamic susceptibility *q, as de ned in Eq. (5.10), normalized
by the total number of spins. For each of theN, replicas, the critical temperature is
determined by locating the peak position of %. To achieve this, a fth-order spline is
used to t the data, ensuring precise identi cation of the peak. The critical temperature

¢ associated with the DPT is then calculated as the average of the critical temperatures
obtained from all replicas.

Panel (c) presents the Binder cumulant OQ [Eq. (5.11)], which provides additional
insight into the transition. The modi cation of the binder cumulant de nition, par-
ticularly the inversion of site summation and thermal averaging, modi es its nite-size
scaling properties. Consequently, the curves collapse onto a universal behaviour, pre-
cluding the determination of . from the usual crossing point of Binder cumulant curves.
Nonetheless, the low-temperature asymptotic value of 23 is consistent with theoretical
expectations, while Ug decreases monotonically with increasing temperature.

The nite-size scaling of the critical temperature . is analysed in Fig. 5.5. Here,
(L) is plotted as a function of L !, and the linear t conrms the scaling relation
¢l «(L) L 1. This result yields an estimate for the critical temperature in the

thermodynamic limit, 1 , and aligns with scaling behaviour observed in defect-free
systems [114], suggesting a critical exponent 1.

The dependence of the thermodynamic critical temperature 1 on f and hg is
represented in Fig. 5.6. Linear interpolations indicate that .1 decreases linearly with
both f and hg. In the right panel, the static critical temperature for the defect-free Ising
model [9] is marked with a red dot, which is consistent with thehg ! 0 limit. For low
defect fractions (f < 0:04) and weak elds (hg < 0:7), the critical temperature can be

(5.11)
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Figure 5.4: Dynamic behaviour of the two-dimensional kinetic Ising model with defects.
Quantities are shown as functions of temperature. Colours represent defect fractions
f =0:01 (blue), 0:02 (yellow), 0:03 (green), and symbols denote system sizés= 60 ( ),
180 (), 260 (4 ). (a) Local order parameter O [Eq. (5.9)], (b) dynamic susceptibility

o [Eg. (5.10)], and (c) Binder cumulant Ug [EQ. (5.11)]. Error bars are omitted for
clarity but are comparable to marker sizes.
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Figure 5.5: Finite-size scaling analysis of the critical temperature . for various defect
fractions and hg = 0:3. A linear t suggests (L) L . Error bars represent vari-
ability across N, = 50 defect realizations.
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Figure 5.6: Critical temperature .1 as a function of defect fractionf (left) and eld
amplitude hg (right). Dashed lines indicate linear ts. The red point in the right panel
marks the thermodynamic critical temperature for the defect-free model.

described by the empirical relation:
c1 = Tec  ho(a+ bf); (5.12)

where T, is the static critical temperature, and a and b suitable constants.

These ndings con rm that increasing heterogeneity through higher defect fractions
reduces the critical temperature and favours the disordered phase. This behaviour aligns
with intuitive expectations. The modi ed order parameter reduces computational de-
mands, but its insensitivity to nite-size e ects prevents the determination of critical
exponents and universality classes through conventional scaling analyses.

5.2.3 Dynamic local properties of the model with defects

We continue our analysis by examining the local order parameter de ned in Eq. (5.8). In
our simulations, this quantity is computed and visualized in Fig. 5.7 for the speci c case
of f =0:025 andhg = 0:3. The upper panel illustrates the system behaviour at high
temperatures, which resembles the homogeneous case under similar conditions. Most
spins exhibit Q; 0, except in regions with a high concentration of positive or negative
defects. Near the transition temperature, as shown in the middle panel, this e ect
becomes more pronounced. Wider regions are in uenced by the surrounding defects,
leading to the formation of distinct domains with positive and negative Q; values.

At low temperatures, depicted in the lower panel, the system evolves into two promi-
nent clusters with opposite Q; values. Only a narrow boundary of \undecided" sites,
where Q; 0, remains and oscillates under the in uence of the external eld. These
maps bear resemblance to those presented by Vatansaver and Fytas [121] for the RBIM.
However, in this model, the broken spatial symmetry in the low-temperature regime is
more pronounced.
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Figure 5.7: Local order parameterQ; at dierent temperatures for f = 0:025 and
hg = 0:3 and for a system of sizeL = 200. Upper panel: high-temperature regime
T = 2:5; middle panel: transition regime T = 1:6; Lower panel: low-temperature regime
T=1.
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In the RBIM, global ordering persists, and all spins align. By contrast, the presence of
defects in our model results in clusters of non-oscillating spins with opposite orientations.
This behaviour mirrors observations under static conditions, suggesting that the dynamic
transition shares signi cant similarities with its static counterpart.

The concept of the \in uence of neighbouring sites" was introduced and formalised
in Section 2.3.3 through the de nition of the local potential, ;, which depends on the
distribution of defects. We now examine whether ; is correlated with the local dynamic
properties of the system.

Figure 5.8 illustrates the correlation between the local order parameterQ; and the
local average magnetization per cycle for a system of size = 260, with hg = 0:3 and
various defect fractions. The top panel quanti es the relation between and Q. It has
been generated usingN, = 30 replicas simulated under critical conditions (T = ).
To quantify the correlation, we computed the Spearman correlation coe cient, which
exceeds 0.9 for all cases. This indicates a strong positive correlation between the local
potential ; and the local average magnetization per cycle. Furthermore, all curves
collapse onto a single trend regardless of the defect fractiorf,. This suggests that the
relationship Q( ) is independent of f , demonstrating that ; e ectively captures the
in uence of defects in pinning the free sites. The bottom panel shows the relationship

i(Qj) at di erent temperatures for a system with f = 0:02. The correlation remains
strong for T ¢ but weakens as the temperature decreases below the critical point.

5.2.4 Tuning the DPT with randomness

The presence of defects alters the dynamic properties of the system. In particular,
systems with the same number of defects can show completely di erent behaviour de-
pending on the presence or absence of regions with a high unbalance of defects (high
potential regions). It is therefore essential to investigate the link between the dynamic
properties (such as the critical temperature and the height of the susceptibility peak)
and the distribution of defects.

First of all, we need to de ne a quantitative parameter describing the overall defect
distribution. To this aim, we consider gef as de ned by Eqg. (2.39). As investigated
in Appendix A, et follows a Gaussian distribution for random con gurations with
standard deviation and expected value following the relationship ; g f 93L 1.

To be able to explore a larger range of values for g4ef, We devise a numerical algorithm
that produces a con guration with desired value get = bdef. Starting from a random
con guration, the algorithm displaces the defects to minimize the measure (ges bdef)2
with a simulated annealing procedure. Con gurations with di erent 4et are represented
in Fig. 5.9.

For low e, defects dispose forming dipoles of opposite defects value. In this way,
positive and negative defects balance out their relative in uence in the surrounding area
and the local potential remains limited over all the space. High gef induce the separation
of positive from negative defects and, consequently, the formation of two distinct areas
with high potential values (in absolute value), as indicated by the colour in the bottom
right panel. Therefore, 4 Captures the strength of the defect e ect, di erentiating
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Figure 5.8: Correlation between the local potential ; and the local average magnetisa-
tion per cycle Q; for di erent fractions of defects at the critical temperature in the top
panel, and forf = 0:02 and di erent temperatures in the bottom panel. The solid lines
report the median value of the potential for sites with local average magnetisation per
cycle Q;j. The dashed lines indicate the rst and third quartiles.
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Figure 5.9: Defects con guration with increasing potential index value qet. TOp row,
from left to right:  gef = 0:049, Q065 and 013; bottom row, from left to right:  ges =
0:26, 052 and Q98. Each con guration shows the local potential distribution. The
colour bar indicates the intensity of the potential. Blue (red) circles represent positive
(negative) defects.
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Figure 5.10: Dynamical properties for the system with defects as a function of the
con guration potential index. The orange rectangle indicates the range of g values
related to random con gurations (one standard deviation of di erence from the average

def Of random con gurations). Left panel: critical temperature. Right panel: dynamic
susceptibility peak.

con gurations in which free spins are more constrained by the defect position from the
ones resembling homogeneous structures. For this reasonges is a good candidate to be
highly correlated with dynamical properties.

To verify the correlation between the potential index and the system's dynamical
properties we investigate the dynamic response ofl; = 200 defect con gurations cov-
ering the range 4ef 2 [0;1]. Each con guration is simulated for N = 5000 period of
oscillation, over a temperature range encompassing the dynamic critical temperature.
For these simulations, hg = 0:3, f = 0:02 andL = 100 were selected. We assume the
ndings to hold also for systems at the thermodynamic limit. For this reason, the crit-
ical temperature and the susceptibility peak were approximated with (L = 100) and

0% (L =100) respectively.

Fig. 5.10 summarises our results. The left panel represents the critical temperature
as a function of the potential index. The orange rectangle indicates the range of values
within a standard deviation from the average e, locating the position of random
con gurations on the x-axes. Interestingly, the lowest critical temperature is registered
for quasi-random con gurations. We deduce the most e ective strategy to favour the
DDP is to distribute defects randomly.

The linear interpolation for 4e ! 0 coincides with the critical temperature for
the homogeneous system indicated by the red dot. This supports the thesis that in low
potential index con guration, positive and negative defects are distributed compensating
each other. From random con guration, as the potential index increases, the critical
temperature increases as well, until reaching a point of maximum. Within this region,
areas with strong local potential emerge. Free spins in such areas have a preferential
direction of orientation and, as a result, become less a ected by the oscillating eld. The
DOP becomes favoured.
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This trend reverses for g > 0:8. To generate con gurations with such strong
potential, the defects cluster within small regions. The ri, representing spinsat ; 0,
which locates an equal distance between positive and negative defects widens and more
spins act like in the homogeneous condition. Consequently, systems with the lowest and
highest potentials, resembling, respectively, a super-multipole of shielded defects and
two opposing super-clusters, exhibit a dynamic critical temperature comparable to that
of a system without defects.

The right panel of Fig. 5.10 presents the dynamic susceptibility peak g% as a
function of the potential index. Once again, the orange rectangle indicates the region
occupied by random con gurations. The limit for g4 ! 0, which coincides with the
homogeneous (defect-free) system has the highest value. We can conclude that defects
decrease the susceptibility peak, independently from the actual disposition of defects,
and cause a smoothening of the transition.

We repeat the same analysis but for a di erent measure of the defect's e ect on
the system. The Delaunay triangulation [90], [139] is employed to analyse the spatial
con guration of defects within the system under periodic boundary conditions. For
each triangle in this triangulation, the area A; is computed alongside the sume 2
f 3; 1;+1;+3g of the values of the defects located at its vertices. The normalized
areal index A is de ned as: P o
A= _prenges JSIAT (5.13)

triangles A

This index quanti es the geometric in uence of the defect distribution, varying within
the range [+1; +3]. Higher values correspond to larger Delaunay triangles whose vertices
contain defects of the same sign, re ecting signi cant clustering e ects.

For the same N, = 200 con gurations used in the potential analysis, we derive
the normalised area indexA and correlate the measure with the dynamical properties.
Fig. 5.11 shows the Delaunay construction of the con gurations shown in Fig. 5.9. Red
(blue) triangles represent regions with three positive (negative) defects at the vertexes,
whereas orange (light blue) triangles represent regions with two positive (negative) and
one negative (positive) defects at the vertexes. Interestingly, con gurations with mini-
mum and maximum potential indexes do not correspond to con gurations with minimum
and maximum areal indexes. For example, the bottom right panel has the same nor-
malised area index as the top right panel. The top middle panel has the minimumA
and the bottom middle has the maximum A.

The correlation between the normalised area index and the dynamic properties is
summarised in Fig. 5.12. The right panel demonstrates a near-linear decline in the
magnetic susceptibility peak asA increases. This trend highlights that the normalised
con guration index and speci cally the quantity and size of triangles serve as a reliable
measure of the sharpness of the DPT.

Additionally, the lack of a reduction in ¢ for high area-index values indicates that
this metric e ectively distinguishes between two scenarios: one where clustered defects
strongly impact nearby regions while leaving a signi cant portion una ected (as in the
bottom right panel of Fig. 5.9), and another where defects are more evenly distributed,
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Figure 5.11: Delaunay construction for the con guration of defects shown in Fig. 5.9.
The con guration index for the con gurationsis A = 1:42, 1:38, and 146 for the top row;
A =1:76, 217, and 146 for the bottom row. Red (blue) triangles represent regions with
three positive (negative) defects at the vertexes, whereas orange (light blue) triangles
represent regions with two positive (negative) and one negative (positive) defects at the
vertexes.

Figure 5.12: Dynamical properties for the system with defects as a function of the
normalised area index. The orange rectangle indicates the range & values related

to random con gurations (one standard deviation of di erence from the average A of

random con gurations). Left panel: critical temperature. Right panel: dynamic suscep-

tibility peak.
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exerting control over roughly half the system (as in the bottom middle panel). The
former con guration belongs to the high potential index region, whereas it is correctly
recognised as having similar properties to random con gurations when we consider the
normalised area index.

Conclusion

In this chapter, we investigated the Dynamic Phase Transition (DPT) in heterogeneous
systems, with a specic focus on the e ect of quenched randomness and defect distri-
butions. Our ndings highlighted several important phenomena that deepen the un-
derstanding of DPT and provide pathways for practical applications in real magnetic
systems.

Firstly, we observed that quenched randomness universally favours the dynamically
disordered phase by lowering the critical temperature . and smoothing the transition.
This is consistent with previous ndings for the RBIM, a rming the robustness of this
behaviour across di erent heterogeneous systems.

Secondly, our analysis of the model with defects revealed that the spatial arrange-
ment of defects has a signi cant impact on the dynamic properties of the system. Using
the potential index gef, we showed that defect con gurations with higher potential in-
dices lead to higher . This is reasonable since strongly clustered defects (which are
associated to high gef) create localized regions insensitive to the oscillating eld. Con-
versely, random con gurations minimize , promoting the dynamic disordered phase.
This suggests that ges Serves as a reliable metric for tuning the critical behaviour of the
system.

Furthermore, our results revealed the critical role of defect distribution geometry,
quanti ed through the normalized area index A. While both 4 and A provide similar
insights, A proved particularly e ective in distinguishing con gurations where defects
are clustered versus more evenly distributed. The correlation between these indices
and dynamic properties underscores their potential utility in predictive modelling and
material optimization.

From an application perspective, these ndings open new avenues for designing mate-
rials with tailored dynamic responses. By rearranging defect distributions, it is possible
to ne-tune the critical temperature and enhance or suppress the disordered phase. For
example, fast-switching magnetic devices could benet from con gurations optimized
for higher ¢, ensuring stable operation under rapid external oscillations. The proposed
defect displacement algorithm o ers a systematic approach to achieving desired dynamic
properties, making it a practical tool for engineers and material scientists.

In conclusion, the insights gained in this chapter not only contribute to the theo-
retical understanding of DPT in heterogeneous systems but also o er a framework for
leveraging these phenomena in real-world applications. Future research could expand
on these ndings by exploring three-dimensional systems, other forms of randomness, or
experimental validation using advanced fabrication and measurement techniques.



Chapter 6

Avalanches in random magnetic
systems

In the previous chapters, we explored the dynamical properties of the Ising model with
defects, focusing on key phenomena such as magnetization reversal and dynamic phase
transitions. This analysis provided critical insights into how systems evolve under the
in uence of external elds, highlighting both equilibrium and out-of-equilibrium be-
haviour.

Building on these foundational studies, this chapter explores the progression of the
magnetisation reversal, with a focus on the bursty dynamics characterized by the emer-
gence of avalanches. By integrating the ndings from the previous chapters, we analyse
how local interactions give rise to global avalanche phenomena, especially under the
in uence of quenched randomness.

This chapter is organized as follows: we begin by reviewing the theoretical foun-
dations of avalanche dynamics in complex systems. Next, we present original numer-
ical simulation results, also published in [52], focusing on Barkhausen noise statistics
and highlighting how quenched randomness and external perturbations shape avalanche
characteristics. We then analyse interevent time (IET) statistics in complex systems,
with particular attention to the impact of defects and imperfections. Our original nd-
ings, also partially published in [54], reveal that IETs for the considered process (single
spin reversal under an oscillating external eld) follow an exponential distribution in
homogeneous systems but shift to power-law distributions when defects are introduced
in both high- and low-temperature regimes.

6.1 Avalanches and crackling noise

Many natural and arti cial systems exhibit a remarkable similarity in their response to
external perturbations. Instead of releasing energy in a smooth and continuous manner,
these systems often do so in discrete bursts of varying magnitude. This phenomenon is
vividly observed in earthquakes, where the energy released during a single event can span
several orders of magnitude, from minor tremors involving grains of dirt to catastrophic
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events shifting entire continental plates [140], [141]. These bursts of activity generate
signals commonly referred to ascrackling noise [142]. Crackling noise is now recognized
as a hallmark of systems poised near criticality, where long-range correlations and power-
law scaling dominate their dynamics.

The term \crackling noise" was rst popularized in condensed matter physics to de-
scribe the sporadic energy release observed in slowly driven systems, such as Barkhausen
noise in ferromagnets [143] or acoustic emissions during material fracture [144], [145].
This concept has since expanded to include a broad spectrum of phenomena, providing a
unifying framework for understanding systems where local interactions lead to emergent
collective behaviour. The discrete energy bursts, referred to aswvalanches consist of
multiple interconnected events. During an avalanche, the system reorganizes, rapidly
releasing energy accumulated over time.

Avalanches and crackling noise o er a powerful lens through which to study far-from-
equilibrium phenomena and non-linear dynamics, with implications spanning various
elds. In Geophysics, they provide insights into earthquake dynamics [140]; in Mate-
rial Science, they give information on fracture mechanisms [146]; in Neuroscience, they
describe the behaviour of neuronal avalanches [147]; and in Finance, they help model
market crashes. Despite their ubiquity, understanding how microscopic mechanisms,
heterogeneity, and driving conditions shape macroscopic avalanche statistics and system
responses remains a signi cant challenge.

A central theoretical tool for analysing avalanches and crackling noise is the renor-
malisation group (RG) theory [148]. RG theory studies how a system's properties evolve
under coarse graining, a process that reduces the system's degrees of freedom by map-
ping it onto a simpler version of itself at a di erent scale. Iterative coarse-graining
produces a ow in the space of possible system con gurations, leading to xed points
where the system's properties remain invariant under further scaling transformations.
At these xed points, systems exhibit self-similarity, meaning their behaviour appears
unchanged across di erent length scales. This concept underpins universality: systems
that ow toward the same xed point share identical large-scale behaviour, even if their
small-scale properties di er.

Self-similarity also explains the emergence of power-law distributions in systems
exhibiting crackling noise. Physical quantities such as avalanche size or duration fol-
low probability distributions of the form P(x) x , where is a scaling exponent
[142]. This power-law scaling implies that smaller avalanches occur far more frequently
than larger ones, but no single characteristic scale dominates the dynamics. Instead,
avalanches of all sizes contribute to the system's behaviour, creating a fractal-like struc-
ture in time and space, as suggested by RG theory.

But how do real systems achieve the scale invariance observed in crackling noise? This
phenomenon is closely tied to criticality. Systems at or near a critical state exhibit long-
range correlations and collective interactions, giving rise to emergent behaviour that is
self-similar across scales. Remarkably, criticality is not as rare in natural systems as one
might expect. Many systems are capable of sustaining critical conditions autonomously
through a process called self-organized criticality, where feedback mechanisms naturally
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drive the system toward a critical state without ne-tuning [149], [150].

6.1.1 Power law analysis

Power laws are a key hallmark of avalanches, o ering a mathematical framework to
describe the distribution of event sizes, durations, or inter-event times in systems ex-
hibiting critical dynamics. These laws manifest as straight lines on a log-log plot, with

a slope corresponding to the scaling exponent, providing a clear diagnostic signature.
Recognizing power laws involves analysing data for scale invariance, where no charac-
teristic size dominates, and ensuring that deviations from the expected behaviour are
not artefacts of nite-size e ects or noise. By identifying these patterns, we can uncover
avalanche-like dynamics in diverse systems.

Binning data is a common practice when analysing power laws, as it helps visual-
ising the probability distribution of event sizes or other quantities [151]. Logarithmic
binning is particularly well-suited for power-law distributions because it preserves the
scale invariance and ensures adequate sampling in the sparsely populated tail regions.
In logarithmic binning, the bin edges are de ned as powers of a basé > 1, such that
the edges of the ()-th bin are:

Bin edges: f 1;b): (6.1)

wherei = 1;2;3;:::, and b is chosen to suit the data range and desired resolution.
The counts in each bin, N;, are calculated as the number of data points falling within
these bounds. To convert the bin counts into a probability density that accounts for the
varying bin widths, the normalized bin height p; is computed as:

Ni

N (G 55 (6.2)

pi =

whereN is the total number of data points, and b b listhe width of the i-th bin. This
normalization ensures that the area under the histogram approximates the probability
distribution.

Logarithmic binning helps reveal the scaling region in power-law data, typically ap-
pearing as a straight line on a log-log plot. Another suitable approach uses the cumulative
distribution function (CDF), which avoids binning entirely and is de ned as:

Number of events with X x

P(X x)= N

(6.3)

One of the most reliable approaches to analysing power laws and deriving the critical
exponent is presented by the Maximum Likelihood Estimation (MLE), which we now
brie y present. For extensive treatment of the topic, we refer to [152]. MLE maximizes
the likelihood function, which is the probability of observing the given dataset under a
speci ¢ model. The idea is to nd the parameter values (especially the scaling exponent

for a power-law distribution) that make the observed data most probable. This is
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based on the principle that the best estimate of the parameters is the one that makes
the data most likely. MLE is applicable to both continuous and discrete data, with
di erences in the treatment of the probability distribution. For continuous data, the
probability density function of a power-law distribution is de ned as:

p(x) = 1 x ;X Xmin; (6.4)

Xmin ~ Xmin

where Xmin is the lower bound above which the power-law behaviour holds, and> 1 is
the scaling exponent. Givenn observed data pointsxy; Xo;:::;Xn such that Xi  Xmin,
the log-likelihood function is:

X Xi
InL( )= nin( 1) nInXmin In : (6.5)
i-1 Xmin
To estimate , the log-likelihood function is maximized, yielding the solution:
" #
Xt
N=1+n In (6.6)
Xmin

i=1

More often real data do not follow continuous probability distributions. For example,
this happens for word frequencies in text, the number of letters or e-mails exchanged, net-
work degree (number of connections in a network per node) distribution, and avalanches
in sand piles. For this reason, a di erent analysis should be considered. For discrete
data, the probability mass function of a power-law distribution is:

X
PX)= —— X Xmin; 6.7
() (X min) mn (6.7)
P
where (;X min) = ﬁ:Xmm k is the Hurwitz zeta function, which normalizes the

distribution. The log-likelihood function now reads:

X
InL( )= nIn (;X min) Inx;: (6.8)
i=1

The scaling exponent is estimated by numerically maximizing InL( ), as there is no
closed-form solution in the discrete case. An approximated expression ¢an be derived
considering the discrete distribution as a continuous one in which data are rounded to
the near integer value. This gives:

X Xi "
— (6.9)
iz1  Xmin 3

This estimation is particularly helpful when high accuracy is not required. In particular,
it provides accurate results within 1% of error for suitable Xmin [152].
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Figure 6.1 Left panel: power law exponent estimated through the MLE as a function
of the lower bound for synthetic data following P(x) x 2° for x > 10%. Source [152].
Right panel: behaviour of the power law exponent estimated through the MLE as a
function of the lower bound for di erent probability distributions. Source [153].

A key aspect of applying MLE in both cases is determiningXmin, Which de nes the
range of the data that conforms to a power-law distribution. A simple procedure can
be iterated to obtain a reliable estimation for xmi,. It consists of iterating the critical
exponent estimation as a function of the lower bound fxmin). The reliable value of
Xmin IS typically identied as the point where the exponent stabilizes, re ecting the
region where the data exhibits clear power-law behaviour and is no longer in uenced
by background noise or nite-size e ects. This is shown in Fig. 6.1, where the "is
represented as a function of the lower boundnmn, for a synthetic distribution generated
from a power law distribution with = 2:5 and Xyin = 102.

The curve exhibits a plateau starting from xmin = 102, indicating a stabilisation of
the estimation not subjected to slight changes inxmin. This method is straightforward
and relatively simple to apply. However, it is subjective and sensitive to uctuations.
For this reason, a quantitative method is desirable. This is achieved by considering a
guantitative comparison between the reliability of the t made at di erent Xmin by using
Kolmogorov-Smirnov (KS) distance [154]. The KS distance [155] is a statistical measure
of the goodness of t between the empirical Cumulative Distribution Function (CDF)
of the data and the CDF of the power-law model. If we indicate with S(x) the CDF for
the empirical data, and with P (x) the theoretical CDF given by ~(Xmin), then the KS
distance is de ned as:

D (Xmin) = max jS(x) P (X)] (6.10)
Then, the best estimation for xmin is given by the choice that minimises the KS distance,
and therefore the di erence between the tted distribution and the theoretical one.

Power laws can often be challenging to recognize, as their apparent presence in data
may sometimes be misleading. A meticulous analysis involving statistical tests and
model comparison is crucial to verify whether the observed distribution truly follows a
power law or is better represented by other fat-tailed distributions, such as log-normal or
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stretched exponential forms. This process includes assessing goodness-of- t, evaluating
scaling ranges, and accounting for nite-size e ects or data truncation. Without careful
scrutiny, the risk of mischaracterising the underlying dynamics increases, leading to
incorrect interpretations of the processes driving the observed phenomena.

Many methodologies were devised to test the presence of a power law. A qualitative
indication of the presence of a power law can be obtained by considering the power law
exponent as a function of the lower bound £Xxmin), as introduced above [153]. The left
panel of Fig. 6.1 shows the main di erences between the power-law and other types of
distributions. As Xmin is changed, and di erent parts of the distribution are used for
the t, the characteristics of the empirical probability distributions emerge. The true
power law can be recognised as a straight line. Deviations from this behaviour can be
indications of exponential dampening or a mixture of power laws.

A quantitative estimation of the agreement between empirical data and the proposed
theoretical distribution is given by the Goodness-Of-Fit (GOF) Test [152]. The GOF
test utilizes the KS distance to assess the agreement between the empirical data and
the tted power-law model. If the empirical KS statistic ( KS¢) falls below a prede ned
threshold, the tis considered optimal, and the estimated power-law exponent is deemed
acceptable. However, determining this threshold is not straightforward, as several fac-
tors in uence the result, such as the number of measurements used in the t and the
estimated power-law exponent. To address this challenge,KS¢) is compared to the
KS distance (KSs) between synthetic data generated using the estimated parameters
(% Rmin) from the tted power-law model. Importantly, the parameters (; Rmin) are
not used as estimates for the synthetic data but are instead independently tted. By
repeating this comparisonN times with di erent independent synthetic datasets, we can
assess the reliability of the empirical t. A p-value is then calculated as the fraction of
times KS¢ < KS ¢ holds true. If p > 0:1, the power-law distribution is considered a valid
model for the empirical data.

Importantly, the p-value is strongly subjected to the number of measurements par-
ticipating in the t. This is represented in Fig. 6.2, where the p-value for the GOF test
from di erent distributions is represented as a function of the number of measurements
n. As n increases, thep-value for empirical data following non-power law distributions
(log-normal and dampened exponential) drops rapidly at 0O, indicating, as expected,
rejection of the power law hypothesis for these cases.

6.2 Barkhausen noise statistics

Barkhausen Noise(BN) is one of the most iconic out-of-equilibrium processes in magnetic
systems, characterized by avalanches and crackling noise. When a magnetic system in
the ferromagnetic phase is subjected to a slowly varying external eld that induces
magnetization reversal, the magnetization evolves through abrupt, discrete jumps of
varying magnitude. First discovered by Heinrich Barkhausen in 1919 [143], [156], BN
provided the rst indirect evidence for the existence of magnetic domains and domain
walls in ferromagnetic materials. The phenomenon arises from the collective motion of
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