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Abstract

This thesis investigates pose-graph estimation on the Lie group SE(d)"™ from noisy rela-
tive measurements defined on a possibly disconnected measurement graph representing
the available relative pose observations. The goal is to estimate a set of unknown
absolute poses from relative measurements modeled as H;; = Exp(&;;) TiTj_l, where
T; € SE(d) are the absolute poses and &;; is a zero-mean heteroscedastic Gaussian
noise in the Lie algebra. This measurement model preserves group consistency, ensures
noise-free exactness, and is invariant to global right actions on the poses.

Due to this invariance, maximum likelihood estimation does not admit a unique solu-
tion, but yields a globally consistent set of relative transformations over the measure-
ment graph, enabling coherent inference even in the absence of direct measurements
between all poses.

A detailed derivation of the Fisher Information Matrix (FIM) is presented using right-
invariant perturbations and Lie group geometry. Two equivalent formulations are ob-
tained: a classical sum of per-measurement contributions and a compact factorization
separating the topological structure of the measurement graph from pose-dependent
kinematics. The FIM is shown to be singular, with a nullspace dimension equal to
¢ dim(SE(d)) for a graph with ¢ connected components, reflecting the intrinsic gauge
freedom.

To derive meaningful Cramér-Rao lower bounds, two approaches are developed. The
first introduces anchor poses, one per connected component, restricting the problem
to a Riemannian submanifold. The second formulates estimation intrinsically on the
quotient manifold SE(d)"/SE(d)¢. In both cases, useful bounds for unbiased estimators
are derived.

Numerical simulations on sparse directed pose graphs in SE(2) with heteroscedastic
noise validate the theoretical results, confirming the predicted rank deficiency and con-
vergence of the estimator to the intrinsic bounds.






Sommario

Questa tesi studia il problema della stima di pose sul gruppo di Lie SE(d)" a partire da
misure relative rumorose definite su un grafo delle misure, possibilmente disconnesso,
che rappresenta le osservazioni relative di pose disponibili. L’obiettivo € stimare un
insieme di pose assolute incognite a partire da misure relative modellate come

H;; = Exp(&;) T,Tj_l, dove T; € SE(d) sono le pose assolute e &;; ¢ un rumore gaussiano
eteroschedastico a media nulla agente nell’algebra di Lie se(d). Questo modello di
misura preserva la consistenza di gruppo, garantisce ’esattezza in assenza di rumore ed
¢ invariante rispetto ad azioni globali a destra sulle pose.

A causa di tale invarianza, la stima di massima verosimiglianza non ammette una
soluzione unica, ma produce un insieme globalmente consistente di trasformazioni rela-
tive sul grafo delle misure, consentendo un’inferenza coerente anche in assenza di misure
dirette tra tutte le pose.

Viene fornita una derivazione dettagliata della Matrice di Informazione di Fisher (FIM)
utilizzando perturbazioni destre e la geometria intrinseca dei gruppi di Lie. Si ottengono
due formulazioni equivalenti: una classica come somma dei contributi di ciascuna misura
e una fattorizzazione compatta che separa la struttura topologica del grafo delle misure
dalla dipendenza cinematica delle pose. Si dimostra che la FIM ¢ singolare, con un
nucleo di dimensione pari a ¢ dim(SE(d)) per un grafo con ¢ componenti connesse,
riflettendo 'ambiguita di gauge intrinseca.

Per derivare limiti inferiori di Cramér—Rao significativi, vengono sviluppati due ap-
procci. Il primo introduce pose ancorate, cio¢ fissate al valore reale, una per ciascuna
componente connessa, restringendo il problema di stima a una sottovarieta riemanniana.
Il secondo formula il problema in modo intrinseco sulla varieta quoziente SE(d)" /SE(d)®.
In entrambi i casi vengono derivati limiti inferiori utili per stimatori non distorti.
Simulazioni numeriche su un grafo di pose sparso in SE(2) con rumore eteroschedastico
validano i risultati teorici, confermando la deficienza di rango prevista e la convergenza
dello stimatore efficiente ai limiti ottenuti.
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Chapter 1

Introduction

The problem of estimating the absolute configuration of a collection of rigid bodies from
noisy relative measurements arises naturally in a wide range of applications, including
camera network calibration, robotics, and sensor network localization. In these set-
tings, the unknown parameters are poses, combinations of rotations and translations,
that belong to the Lie group SE(d), while the available data consist solely of relative
transformations between pairs of poses. Such measurements can be naturally repre-
sented as arcs of a directed graph, whose nodes correspond to the unknown absolute
poses.

A key challenge in pose-graph estimation lies in the intrinsic geometric nature of the
parameter space. Since SE(d) is a non-Euclidean manifold with a rich group structure,
classical estimation techniques developed in Euclidean spaces are not directly applica-
ble. In particular, both the formulation of realistic noise models and the derivation of
meaningful uncertainty bounds as Cramér-Rao bounds require tools from differential
geometry and Lie group theory.

The work of N. Boumal [19] constitutes not only a key reference in this direction,
but also a genuine source of inspiration for the present study. In that paper, intrinsic
Cramér—Rao bounds are developed for estimation problems on Riemannian subman-
ifolds and quotient manifolds. Among the examples considered, Boumal analyzes a
synchronization problem on SO(3), where relative rotation measurements are modeled
by perturbing the relative rotation matrices with additive Gaussian noise. This mod-
eling choice leads to a tractable analytical framework and reveals a strong connection
between the structure of the Fisher Information Matrix and the topology of the un-
derlying measurement graph. However, it also introduces a conceptual limitation: the
resulting noisy measurements do not, in general, lie on SO(3). As Boumal himself re-
marks, this model can be disputed, since one would naturally expect measured relative
rotations to remain valid elements of the rotation group.

This observation motivates a fundamental question: is it possible to construct a statis-
tical model for relative measurements on SE(d)"™ that both incorporates Gaussian noise
and preserves the group structure of the measurements, while remaining consistent in
the zero-noise case, in the sense that it exactly recovers the deterministic relative trans-
formation? Addressing this question is the starting point of the present investigation.
We propose a right-invariant measurement model in which each relative transformation
is obtained as the left-multiplicative perturbation of the true relative pose by the expo-
nential of a Gaussian random variable in the Lie algebra, namely H,; = Exp(&;;) TiTj_l,



with T}, T; € SE(d) and &;; is a zero-mean Gaussian random variable. This construction
ensures that noisy measurements remain elements of SE(d), guarantees perfect consis-
tency in the noise-free case (i.e., H;; = TZ-T]-’1 when &;; = 0), and yields a likelihood
function that is invariant under global rigid-body transformations.

As in the synchronization problems studied by N. Boumal, the right-invariance of the
model induces a global gauge ambiguity: any common rigid transformation applied to
all poses leaves the likelihood unchanged. A consequence of this is that estimating the
absolute poses from relative measurements does not admit a unique maximum likeli-
hood solution. Nevertheless, the maximum likelihood estimation yields a set of relative
transformations that are globally consistent with the measurement graph, allowing one
to infer coherent relative poses for any pair of nodes, including arcs for which no noisy
measurement f;; was originally available.

A central contribution of this work is a detailed analysis of the structure of the Fisher
Information Matrix induced by the proposed model. By linearizing the residuals with
respect to right-invariant perturbations, we show that the FIM admits a compact fac-
torization that separates the kinematic dependence on the poses from the topological
structure of the measurement graph, revealing a block-Laplacian structure. Another
consequence of the right-invariance of the model is that the Fisher Information Matrix
associated with the estimation problem is singular, with a nullspace whose dimension
depends on the number of connected components of the measurement graph. This
explicitly highlights the intimate connection between estimation accuracy and graph
connectivity already observed in the work of N. Boumal for SO(3), now within a geo-
metrically consistent model on SE(d).

To derive meaningful lower bounds on the estimation error in the presence of gauge free-
dom, we adopt and specialize the intrinsic Cramér—-Rao bound framework developed
by N. Boumal. Two complementary approaches are considered. In the first, the ambi-
guity is removed by anchoring a non-empty subset of poses, with at least one anchor
per connected component, thereby restricting the estimation problem to a Riemannian
submanifold of SE(d)"™. In the second, the problem is formulated intrinsically on the
quotient manifold obtained by identifying pose configurations that differ only by global
gauge transformations. Although these two approaches are conceptually very differ-
ent, they lead to Cramér-Rao bounds with a remarkably similar algebraic structure,
inherited directly from the topology of the measurement graph.

Beyond their theoretical interest, these results have direct practical relevance for prob-
lems such as extrinsic calibration of camera networks. In such systems, cameras with
different orientations and positions can obtain noisy relative measurements of other
cameras using specialized sensors, such as laser-based devices. The framework devel-
oped in this work provides both a realistic statistical model for these measurements
and rigorous performance limits on the achievable accuracy of any unbiased estima-
tor, thereby offering valuable insight into the fundamental limits of camera network
calibration from relative observations.



Chapter 2

Groups, Differential Manifolds and Lie
Groups

2.1 Groups

In mathematics, physics, and engineering, one is often interested in describing systems
or objects in terms of the transformations they admit and the relations among them.
Although the nature of these systems may vary significantly across different contexts,
the transformations under consideration frequently exhibit common structural features.

In particular, such transformations are often characterized by the presence of intrinsic
symmetries, by the possibility of composing elementary transformations to obtain more
complex ones, and by the existence of inverse transformations reversing an other. These
properties are largely independent of the specific nature of the system and instead reflect
an underlying algebraic structure.

The abstraction of these features leads naturally to the notion of group, which provides
a unifying and rigorous framework for their analysis. The definition and basic properties
of groups are classical and well established in the literature; in this section we recall them
following standard references in abstract algebra and group theory, such as [1, 2, 3, 4].

In group theory, two notational conventions are commonly used to denote the group
operation: additive notation and multiplicative notation. In the additive setting, the
operation is written as a sum, the identity element is denoted by 0, and the inverse of
an element a by —a. In multiplicative notation, the operation is written as a product,

the identity element is denoted by e, and the inverse of an element g by ¢

In what follows, we will adopt the multiplicative notation, writing the group operation
as g1 * go or simply ¢g;g> when no ambiguity arises.



Definition 2.1.1 (Group). A pair (G, *) is called a group if G is a nonempty set and
x:GxG— G, (91,92) = g1 * Ga,

satisfies the following axioms:

1. Associativity: for all g1, g2, 95 € G,
(91 % g2) * g3 = g1 * (g2 * g3).
2. Identity element: there exists e € GG such that, for every g € G,
gxe=exg=g.

3. Inverse element: for every g € G, there exists g~' € G such that

gxg =g lxg=e

Proposition 2.1.2. In every group (G, *) the following properties hold:

1. Uniqueness of the identity: if ¢/ € G satisfies g x ¢ = €' x g = g for every
g € G, then ¢/ = e.

2. Uniqueness of inverses: given g € G, if h € G satisfies g x h = h x g = e, then
h=g*

3. Cancellation law: given a,b,c € G, if either a xb = a*c or bxa = ¢ * a, then
b=c.

Proof. (1) In G, it holds ¢ = e x ¢ = e, where the first equality folows from the
properties of e, while the second one follows from the properties of €.

(2)InG,wehave g ' =g txe=g tx(gxh)= (g *xg)xh=exh=h.

(3) It is enough to multiply by the inverse of a, on the left for the first equality, and
on the right for the second one. O]

Definition 2.1.3 (Abelian group). A group (G, %) is called abelian if
axb=bxa Va,be (.

Remark 2.1.4. Although abelian groups form an important class, most groups that
appear in algebra, geometry, and physics are non-abelian. In such cases the order of
the factors is fundamental, since in general a x b # b * a.
Groups can be classified according to the cardinality of the underlying set:

e finite if the set is finite;

e countable if it has the same cardinality as the natural numbers;

e continuous if it has the same cardinality as the real numbers.

4



Example 2.1.5. Examples of groups include:

e S, the symmetric group on n elements, consisting of all bijections (permutations)
of the set {1,...,n} with composition as the group operation; it is finite and non-
abelian for n > 3;

e (Z,+), a countable abelian group;
e (R,+), a continuous abelian group;

e GL(n,R), the group of all invertible n x n real matrices under matrix multiplica-
tion; it is a continuous and non-abelian group for n > 2.

Definition 2.1.6 (Subgroup). Given a group (G, %), a subset H C G is a subgroup if
H becomes a group when endowed with the operation * restricted to H, that is, with
the operation inherited from G.

Proposition 2.1.7 (Subgroup criterion). Let (G, *) be a group and let H C G. Then
(H, ) is a subgroup of (G, ) if and only if the following conditions hold:

1. H is nonempty;

2. for all a,b € H, the product a * b~! belongs to H.
Example 2.1.8.

1. The set of even integers

27 = {2k | k € Z}

is a subgroup of (Z,+). Indeed, the sum of two even integers is still even, so 2Z
is closed under addition; it contains the identity element 0 (since 0 = 2 - 0); and
for every even integer 2k, its additive inverse —2k is also even, hence belongs to
27. Thus 27Z is a subgroup of (Z, +).

2. A less trivial example involves matrix groups. Consider GL(n,R), the group of
all invertible n x n real matrices under matrix multiplication. Inside it, take the
set

SL(n,R) = {A € GL(n,R) | det(A) = 1}.
This is a subgroup of GL(n,R): the product of two matrices with determinant 1
still has determinant 1 by Binet’s theorem; the identity matrix has determinant
1; and for every A € SL(n,R), its inverse A~! also satisfies det(A~™') = 1. Thus
SL(n,R) is a subgroup of GL(n,R) and, as we’ll see in next section, it is one of
the most fundamental example of a non-abelian Lie groups.

Definition 2.1.9 (Normal subgroup). A subgroup N C G is called a normal sub-
group (or invariant subgroup) if it is closed under conjugation by elements of G,
that is,

gNg'CN for all g € G.

Equivalently, for every n € N and g € G,
gng~' € N.
We denote normality by N < G.



Example 2.1.10. The subgroup
Z(G)={geG:gr=uxgforall z € G},

called the center of GG, is always a normal subgroup. Indeed, if z € Z(G) and g € G,

then

gz = zg that is equivalent to gzg~' =z € Z(Q),
because z commutes with every element of G. Thus gzg~! € Z(G) for all g, and so
Z(G) <4 G. When G is abelian, then Z(G) = G. When G = GL(n,R), Z(G) =

{cI | c€ R\ {0}} the set of scalar matrices.

Definition 2.1.11 (Group homomorphism). Let (G,*) and (H,-) be two groups. A
group homomorphism is a function ® : G — H such that

O(uxv) = d(u) - P(v)

for every u,v € G. If ® is invertible, it is called a group isomorphism. In this case,
G and H are said to be isomorphic, and we write G = H.

Example 2.1.12. The determinant map
det : GL(n,R) — R*

is a group homomorphism. Here GL(n,R) is considered as a group under matrix mul-
tiplication, while R* (the set of nonzero real numbers) is a group under ordinary mul-
tiplication of real numbers (-).

To check that det is a homomorphism, we need to verify that it preserves the group
operation. Given any A, B € GL(n,R), we have the well-known identity,

det(AB) = det(A) - det(B).

which shows that det is a group homomorphism.

Definition 2.1.13 (Group action). A (right) action of a group G on a set V' is a map
p:VxG=V,  (pg)—p-y,
that satisfies:
1. Identity: p-e = p for every p € V, where ¢ is the identity of G;
2. Compatibility: (p-g)-h =p-(gh) for every g,h € G and p € V.

Example 2.1.14. The general linear group GL(n,R) acts naturally on R™ as a right
action. The action is given by matrix multiplication:
R" x GL(n,R) — R", (v, A) — VA,

where vectors in R™ are regarded as row vectors. This is a group action of GL(n,R) on
R™ because:

e for every v € R", the identity matrix satisfies
v- I =vl =v;
e for all A, B € GL(n,R) and v € R",
v-(AB) =v(AB) = (WA)B=(v-A)-B

6



2.2 Differentiable Manifolds

Many geometric objects encountered in mathematics and physics exhibit a complicated
global behavior while locally resembling open subsets of some Euclidean space. This
local-to—global intuition leads naturally to the concept of manifold, the basic object
studied in differential geometry. The exposition follows the classical references of Lee
[5] and Tu [7].

Definition 2.2.1 (Topological manifold). A topological manifold of dimension n
is a topological space M that satisfies:
e M is Hausdorff (any two distinct points admit disjoint neighbourhoods);
e M is second-countable (its topology has a countable base);
e cvery point p € M has a neighbourhood U C M and a homeomorphism
¢:U—¢U)CR",
where ¢(U) is an open subset of R™ with respect to the Euclidean topology.

The pair (U, p) is called a chart, and a collection of charts covering M is called an
atlas.

Remark 2.2.2. If two charts (U, ¢) and (V%) overlap, the transition map
Yvop t:pUNV)—p(UNV)

is a homeomorphism between open subsets of R".

Definition 2.2.3 (Differentiable compatibility). Two charts (U, ) and (V) on a
topological manifold M are C*-compatible if, whenever U NV # (), the transition
map

pop™
is a C* diffeomorphism.
Definition 2.2.4 (Differentiable atlas and smooth manifold). A C* atlas on M is a
collection of pairwise C*-compatible charts. A C* atlas is maximal if it is not properly

contained in any larger C* atlas. A maximal C* atlas defines a C* differentiable
structure on M. When k = oo, M is called a smooth manifold.

Remark 2.2.5. Every C* atlas is contained in a unique maximal one. Thus smooth
structures correspond uniquely to maximal atlases.

Example 2.2.6 (The circle S'). The circle
St ={(z,y) eR?: 2> +¢y* =1}

is a smooth manifold. In order to verify this according to the definitions, we explicitly
construct an atlas and check that the transition maps are smooth. We use stereographic
projections, which are standard tools for producing smooth charts on spheres.

7



Let N = (0,1) and S = (0, —1) be the north and south poles. Consider the stereographic
projection charts

T
@stl\{N}%R> SON(xay):l_ya
T
ST\ {S} =R = .
ps:SS\{S =R, s(z,y) T
Step 1: Inverse maps (explicit computation). Let u = pn(z,y) = 75+ Then
r =u(l—y), hence
y=1-— %
u

Impose the circle equation:

2
P?4+yi=1 = :1724—(1—%) =1.

U
Expanding,
20 2 22 2
PHl-=4+5=1= 2+ -—=0.
U u U U
Factor:

x(x(l + %) - %) —0.

Since x = 0 would force y = 1 (the excluded north pole), we use the second factor:

Then

Thus the inverse map is

2u  ur-1
‘R — S"\ {N - ( , )
(N \{N}, Y (u) T2 142
A similar computation for v = pg(z,y) = Tiy 8ives
2v 1 —v?
Ys(v) = (1+v2’ 1+u2>‘

Step 2: Transition functions. On the overlap S'\ {N, S},

2u 2u

T2 T2 1
ps o Yn(u) = 1 _|1_+u2_1 - 1222 =
14+u2 1+u2
Similarly,
1
pN o Ys(v) = o

These functions are smooth on R\ {0}. Thus the two stereographic charts are smoothly
compatible.



o

projection plane
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Figure 2.1: Stereographic projection in S', @' (resp. T”) denotes the stereographic
projection of @) (resp. T') onto the projection plane.

Step 3: An atlas from projections onto the coordinate axes. Consider the open
subsets

Ur={(z,y) € S":y>0}, U_={(z,y) €S 1y <0},
Vi ={(z,y) € S*: x>0}, Vo ={(z,y) € S*: x < 0}.
These four sets cover S*.
Define charts by projection onto the coordinate axes:

X+ ¢ U+ — (_17 1)7 X+($,y) =z,

X-: U- — (_171)7 X—(l';y) =z,
N+ Ve = (=1,1), ni(z,y) = v,
n-: Vo — (_L 1)7 n—(xay) =Y.

Their inverses are
X-T-l(x): (ZE', V1_$2)7 X:1<ZL’): (l‘,—vl—$2),

') =(1-v%y), ') =(—V1-9%y),
which are smooth on their respective domains.

Compatibility (example). We check compatibility only for the chart y; with py.
On Uy N (ST\ {N}),

T

(pn o xi)(x) = i

x 14+ V122
1—vV1I—22 x ’

Rationalizing,




which is smooth on (—1,1) \ {0}.

Thus the stereographic charts (¢n,¢s) and the atlas given by projections onto the
coordinate axes are mutually compatible. Therefore they define the standard smooth
structure on S*.

Definition 2.2.7 (Derivation at a point). Let M be a smooth manifold and let p € M.
A derivation at p is a linear map

X:C®M)—R
satisfying the Leibniz rule

X(fg) = f(p)X(g9) +g9(p)X(f) forall f,g € C™(M).

Definition 2.2.8 (Tangent space). Let M be a smooth manifold and let p € M. The
tangent space at p, denoted T,,M, is the vector space of all derivations at p. Elements
of T,M are called tangent vectors at p.

Remark 2.2.9. Note that this definition does not depend on the choice of a chart.
Indeed, if (U, ) and (V1) are two smooth charts around p, the coordinate expressions
of a tangent vector differ by the Jacobian of the transition map, but the derivation
itself—namely a linear map X : C*°(M) — R satisfying the Leibniz rule—is intrinsic
and does not change when passing from one chart to another. Thus the tangent space
T,M is defined independently of local coordinates.

Remark 2.2.10. If (U, ) is a chart with coordinates (z!,..., 2™), then
Ox! »

Definition 2.2.11 (Smooth map and differential). Let M and N be smooth manifolds.
A map f: M — N is smooth at p if for charts (U, ¢) at p and (V,¢) at f(p), the map

Yofop!

is smooth at ¢(p), that is, it admits partial derivatives of all orders in an open neigh-
bourhood of p(p) C R™. If this holds for all p € M, then f is a smooth map. For
such an f, the differential of f at p is the linear map

0

,...7_n
» ox

is a basis of T, M.

dfp : TpM — Tf(p)N

defined by
(df,X)(g) = X(go f), g€ C™N).

A bijective smooth map with smooth inverse is a diffeomorphism.

Definition 2.2.12 (Submanifold). Let M be a smooth manifold of dimension n and
let S € M. We say that S is a smooth submanifold of dimension £ if for every
point p € S there exist

10



e an open set U C R¥,
e a smooth map & : U — M
such that

1. @ is injective and its differential d®, : T,U — Ty, M is injective for every ¢ € U
which makes ® an injective immersion,

2. ® is a homeomorphism onto its image,
3. p€ ®(U) and ®(U) C S.

The smooth structure on S is the unique one for which all such maps ® are smooth
embeddings.

Example 2.2.13. Since S! is a manifold we can see that an example of submanifold
is any nonempty open arc. For instance,

U = {(cosf,sinf) € S' : 0 € (o, B)}
is a 1-dimensional submanifold of S*. Indeed, the map
(a, B) = U, 0 — (cosf,sin6)

is a smooth parametrization and a homeomorphism onto its image with smooth inverse,
so U inherits the structure of a smooth 1-dimensional manifold embedded in S*.

Thus open arcs are submanifolds of S*, while closed arcs or single points are not sub-
manifolds of dimension 1.

Definition 2.2.14 (Quotient manifold). Let M be a smooth manifold and ~ an equiv-
alence relation on M. The quotient space M/~ carries the quotient topology induced
by the projection

T M — M/~, p— [p].

If there exists a unique smooth structure on M/~ such that 7 is a smooth submersion,
then M/~ is called a quotient manifold.

Example 2.2.15. The real projective space
RP" = 5" /(x ~ —x)

is a quotient manifold of the sphere. Indeed, consider the free smooth action of the
group Zs = {1, —1} on S™ defined by

€-x = ex, thatis, 1-x =2, —1-2 = —=x.

This action identifies each point x € S™ with its antipodal point —z. Since the action
is smooth, free (no nontrivial element fixes a point), and proper, the quotient

S/,

11



inherits a unique smooth structure making the projection
w8t — 8"/ 7y

a smooth local diffeomorphism.

Moreover, two points x,y € S™ lie in the same orbit under this action if and only if
y = x or y = —x. Thus the orbits are precisely the lines through the origin in R™*!
intersected with the sphere, which is the usual definition of real projective space:

RP" = {all 1-dimensional linear subspaces of R”+1}.
Since each orbit consists of exactly two antipodal points, the quotient map
m:S" — RP"

is a smooth two-to-one covering map. Thus RP" is a smooth manifold obtained as a
smooth quotient of S™ by the antipodal identification.

Definition 2.2.16 (Tangent bundle). The tangent bundle of M is

T™ = | | T,M,

peEM
with projection 7(v,) = p. Locally, in a chart (U, ¢),
N U) ~ p(U) x R™.

As in the case of the tangent space, the description of the tangent bundle does not
depend on the choice of a chart. A chart provides a local trivialization, but different
charts give different coordinate expressions which are related by smooth transition
maps.

In fact, the various local representations of the tangent bundle can be viewed as dif-
ferent representatives of the same equivalence class. Each chart (U, ) induces a local
trivialization
71 (U) = (U) x R",

and on overlaps these trivializations are related by smooth transition maps involving
the Jacobian of the coordinate change. Thus T'M itself is the intrinsic object, while any
particular trivialization is only a coordinate-dependent representative of its equivalence
class.

Definition 2.2.17 (Vector field). A smooth vector field on M is a smooth section
of the tangent bundle,

X:M—=TM, 70X =idy.

The space of smooth vector fields is denoted X(M).

The concepts introduced above constitute the analytic and geometric backbone of dif-
ferential geometry. They will be essential in the study of Lie groups: the tangent space
at the identity of a Lie group will naturally acquire the structure of a Lie algebra,
encoding the infinitesimal symmetries of the group.

12



2.3 Lie Groups

A Lie group is a mathematical structure that combines the algebraic properties of a
group with the geometric structure of a smooth manifold. So, not only we can multiply
the elements in such very interesting mathematical objects, but we can also perform
calculus on them. The compatibility between these two structures makes Lie groups
the natural framework for the study of continuous symmetries in geometry, physics and
engineering (see for instance Helgason and Hall [8, 10]).

Definition 2.3.1 (Lie group). A Lie group is a smooth manifold G endowed with a
group structure (G, ) such that the maps

m:GxG— G, m(g,h) = gx*h,
called the multiplication map, and
inv:G — G, inv(g) =g "

called the inversion map, are smooth. In other words, the group operation and the
inversion are compatible with the smooth structure of G.

Remark 2.3.2. Lie groups combine algebra and geometry in a highly rigid way: the
manifold structure allows one to perform differential calculus, while the group structure
specifies how local motions compose.

A particularly concrete class of Lie groups is given by the matrix Lie groups, that is,
subsets of the space of real matrices M,,(R) which are closed under matrix multiplication
and inversion, and which are also smooth submanifolds of M, (R).

Typical examples include:

e the general linear group

GL(n,R) = {A € M,(R) | det A £ 0};

the special linear group

SL(n,R) = {A € M,(R) : det A = 1};

the orthogonal group
O(n) = {A € M,,(R) : AA" = L,};

the special orthogonal group

SO(n) = O(n) N SL(n,R);

the special Euclidean group (orientation-preserving isometries of the d-dimensional
Euclidean space E¢ ~ R9)

SE(d) = {ﬁf ﬂ ‘R € S0(d), t € Rd}.

13



Remark 2.3.3. Each of the groups above is a Lie group: they inherit their smooth
structure from the Euclidean space M, (R), and the group operations are smooth be-
cause matrix multiplication and inversion are smooth maps. Matrix Lie groups therefore
provide explicit and important examples of Lie groups, and will play a central role in
the study of rigid motions and rotations.

Definition 2.3.4 (Translations, Invariant vector fields). Let G be a Lie group. For
any g € GG, the right translation and left translation by g are the diffeomorphisms

R,:G — G, Ry(h) =hxg, (2.1)

Ly:G— G, L,(h) = gx*h. (2.2)
A vector field X € X(G) is called right-invariant if

ng<Xh) = Xh*97 Vg, h € G, (23)

and left-invariant if
dLg<Xh) = Xg*fu Vg, h e G. (24)

Remark 2.3.5. Right-invariant (and Left-invariant) vector fields are uniquely deter-
mined by their value at the identity, and this identification allows one to define the Lie
algebra of GG as the tangent space T.G.

2.4 Lie Algebras and the Exponential Map

In this section we recall the notion of Lie algebra and its relation with Lie groups.
Standard references for Lie groups and Lie algebras include the textbooks by Warner
and Hall [9, 10].

Definition 2.4.1 (Lie Algebra, Lie bracket). A Lie algebra over R is a real vector
space g equipped with a bilinear map

[, -]rgxg—y
called the Lie bracket, satisfying the following properties for all X,Y, Z € g:

1. Antisymmetry:
(X, Y] =-[¥, X].

2. Jacobi Identity:

[Xv [K Z“ + [Y7 [ZvXH + [Z7 [X7 YH = 0.

Intuitively, a Lie algebra is expected to encode the infinitesimal structure of a Lie group,
describing how elements “infinitesimally close” to the identity combine and interact.

14



Let G be a Lie group. The tangent space at the identity
g="T.G

is a real vector space. Right translation allows one to transport tangent vectors at e to
all other points of G.

Theorem 2.4.2. Let G be a Lie group and g = TG its tangent space at the identity.
For each X € g there exists a unique right-invariant vector field X € X(G) such that
X.=X. If X,Y € gand X,Y are the corresponding right-invariant vector fields, then

[X,Y]:=[X,Y].
defines a Lie bracket on g which makes g a Lie algebra.

Idea of the proof. The existence and uniqueness of right-invariant vector fields follow
from the properties of the differential of right translations. The commutator [X,Y]
of two right-invariant vector fields is again right-invariant, and its value at e depends
bilinearly and antisymmetrically on X and Y and satisfies the Jacobi identity. For a
detailed treatment we refer to [5, 10]. O

Definition 2.4.3 (Lie algebra of G). The vector space g = T.G with the Lie bracket
[X,Y] :=[X,Y]. of Theorem (2.4.2) is called the Lie algebra of G.

Definition 2.4.4 (Exponential map). Let G be a Lie group and g its Lie algebra.
For X € g, consider the unique integral curve yx(¢) of the right-invariant vector field
associated with X, satisfying

1x(0)=e,  7x(0) =X,
The exponential map is defined as
Exp:g— G,  Exp(X)=17x(1).

It is a smooth map satisfying dgExp = idy; hence it is a local diffeomorphism around
0OegandecedG.

Remark 2.4.5. In the case of a matrix Lie group G C GL(n,R), the exponential map
coincides with the usual exponential matrix:

oo Xk
k=0

Definition 2.4.6 (Logarithm map). One can define locally the inverse of the exponen-
tial map, called the logarithm map. In the case of a matrix Lie group G C GL(n,R),
the logarithm map coincides with the classical logarithm matrix.

For any element Y € G sufficiently close to the identity I, the logarithm is given by
the convergent series




which converges whenever [|Y — I]| < 1 and yields an element of the Lie algebra g.

More generally, there exists an open neighborhood U C G of the identity element [
such that the map
Log:U — g

is well defined and smooth, and satisfies
Exp(Log(Y)) =Y, VY eU,
as well as

Log(Exp(X)) = X, V X € g with || X|| sufficiently small.

Example 2.4.7 (The Lie algebra of the Special Euclidean Group SE(d)). The special
Euclidean group SE(d) consists of all orientation-preserving rigid motions of the
Euclidean space R?. Each such motion is uniquely determined by a rotation R € SO(d)
and a translation ¢ € R% Indeed, once we fix coordinates in E¢, a rigid motion is
described by the equation 2’ = Rx + t.

Using homogeneous coordinates X = <910), the equation above can be rewritten as

R t
I
X' = ( : 1) X,
which is the notation we adopt throughout this thesis. This yields the description

SE(d) — {(? i) ’ R e SOd), t e Rd}.

Semidirect product structure. The multiplication in SE(d) is performed as follows

Rl t1 Rg to . R1R2 t1 + thg

0 1 o 1) 0 1 ’
that proves the well-known fact that SE(d) is the semidirect product of SO(d) and R?
associated to the group homomorphism « : SO(d) — Aut(R?) defined as a(R) : R¢ —

R a(R)t = Rt.
Thus SO(d) acts on R? by the standard linear action ¢ — Rt, and

SE(d) = SO(d) x R,
with the semidirect product law
(Ri,t1) - (Ra,t2) = (R1 Ry, t1 + Rity).

The dimension is therefore

dd—1)  dd+1)
— o td=—g (2.5)

dim SE(d) = dim SO(d) + dimR?% =
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The inverse of an element is the following

R t\ ' (R’ —R"t

0 1 N 0 1
because R € SO(d). It is clear that both the group multiplication and inversion are
defined through matrix operations, and are therefore smooth. Moreover, since the order

of multiplication is essential, the group operation is not commutative, and hence SE(d)
is a non-abelian Lie group.

T(d) = {((f) i) te Rd} C SE(d).

(1) 7'(d) is a subgroup of SE(d) (subgroup criterion). First, 7'(d) # @ since

e= (é ?) e T(d).

Translations.

Let
- I tl o I t2
81—(0 1), 82—<0 1) ET(d)
Then
(I =t
2 =\o 1)
and thus

-1 _ 1 3] 1 —t9 . I t1 — to
5185 = (0 1 o 1 /)= \o 1 e T(d).

By the subgroup criterion, T'(d) is a subgroup of SE(d).
(2) T'(d) is normal in SE(d). Let

g= (1(;2 ‘11) €SE(d), 5= (([) i) € T(d).

Since

we compute

= (36D ) ) ero

because Rt € RY. Hence gTg~! C T for all g € SE(d), so T' < SE(d).

Lie algebra. Since SE(d) is the semidirect product of SO(d) and R, its tangent space
at the identity decomposes as the direct sum of the tangent space at the identity of
SO(d) and the tangent space at the origin of R?. The second one is immediate:

TyR? =~ R4,
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To compute the tangent space of SO(d) at the identity, consider the curve
71 (=6,8) = SO(d),  ~(t) = e,
for some X € My(R) and small § > 0. Since

(etX)T _ 6tXT

)

the condition v(t) € SO(d) for all ¢ implies

T
etX etX =7

)

which reduces (differentiating at t = 0) to
X+X'=o0.

Thus every tangent vector X must be skew—symmetric, and conversely every skew—symmetric
X gives such a curve. Therefore

so(d) = {Q € My(R) | Q" = -Q},

consists of the vector space of skew—symmetric d x d matrices.
Combining the two components, the Lie algebra of SE(d) is

se(d):{(g g) ‘QT:—Q, veRd}.

Hence, as a vector space one has the decomposition
se(d) = so(d) DR,

and it is natural to build a basis by combining a basis of so(d) (infinitesimal rotations)
with the canonical basis of R? (infinitesimal translations).
Let {e1,...,e4} denote the standard basis of R and let eiejT be the rank-one matrix

having a 1 in position (i, j) and zeros elsewhere. For each pair of indices 1 < i < j < d,
define

E;: = eiejT — eje:.
By construction, E; = —F,;, hence E;; € so(d). Geometrically, E;; represents the
infinitesimal generator of a rotation in the (¢, j)-plane. The family {E;;}1<i<j<q is lin-

d(d—1)
2

early independent and has cardinality
it forms a basis of so(d).

Translations correspond to the R? component of the Lie algebra. A natural and canoni-
cal choice of generators is given by the standard vectors {e; }¢_,. Combining rotational
and translational generators, one obtains a canonical basis of se(d) through the homo-
geneous matrix representation. For 1 < i < j < d, define the rotational basis elements

o Ez 0
Rij 1:<0‘7 0),
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and for £k =1,...,d, define the translational basis elements
T 0 (%
e (05,

B={Ry; :1<i<j<d} U{Tp :k=1,...,d} (2.6)

The collection

forms a basis of se(d). Indeed, any element ¢ € se(d) can be uniquely expressed as

d
£ = Z wijéij + kaﬁm
k=1

1<i<j<d

where the coefficients w;; describe the skew-symmetric component 2 € so(d), while the
vector v = (vy,...,v4)" encodes the translational component. Finally, the total number

of basis elements is dd—1 dd a1
(-1, dd+1)
2 2
which confirms that B is a canonical and minimal generating set for the Lie algebra of

SE(d).

Lie bracket.
The Lie bracket on se(d) is defined as the matrix commutator. For two elements

X; = i ,=1,2
! 0 0)’ ! o
a direct multiplication gives

%0 0 00 Q
X1X2:(102 5”2), X2X1:(201 ?1).

= dim se(d),

Subtracting the two matrices yields

Q105 — Qo Qyvg — Q2%) _ ([Qla QQ] Qv — QQU1>

X1, Xo| =
[1a2]( 0 0 0 0

where [, 5] denotes the ordinary commutator in so(d).

The form of this bracket reflects directly the semidirect-product structure of SE(d). The
first component behaves exactly like the bracket in so(d), while the second component
couples the linear part €); with the translational part v; in the expected way: the
infinitesimal rotation €2; acts on the vector v, and symmetrically for the other term.

Vector representation and hat—vee operators

Every finite-dimensional Lie algebra g over R is, as a vector space, isomorphic to R"”,
where n = dim g. This means that we can choose a basis {E1, . .., E, } of g and represent
any element X € g uniquely as

X=> wE, withe=(2,...,2,) €R".
=1
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The isomorphism between the algebra and its coordinate representation is then

i=1

()V:ig—=R" X XY=(z,...,1,)7,

where (-) and ()" are called the hat and vee operators, respectively.

Example: The case of s0(3)

The Lie algebra so(3) consists of all 3 x 3 skew-symmetric matrices:
s0(3) = {QeR™ | Q" =-0}.

A standard basis of so(3) is given by the three matrices

00 0 0 01 0 -1 0
Ei=]00 -1|, EB=|0 00|, B= 0
01 0 -1 0 0 0 0

Every element 2 € s0(3) can be written uniquely as
Q= w By +wFy + w3 B, w = (w1, ws,w3)" € R?,

This induces the standard linear isomorphism

—

()R S5 50(3),  wr—d,
defined by
0 —Ws3 %)
w= Ws 0 —W1
—Wwy Wi 0

The inverse map, called the vee operator, is

()Y @ s0(3) = R?, QY = [ Q
QQI

Special identity in dimension 3. In dimension 3 the hat operator encodes the cross
product, via
WU =w X, Vw,v e R3.

This correspondence is specific to R?; for so(d) with d # 3 no such cross-product
representation exists.
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Extension to se(3)

The Lie algebra se(3) of the special Euclidean group SE(3) consists of all matrices of

the form )
O v
- {5
Given ¢ = (w,v)T € R®, we define the hat and vee maps
(& v Ay (@
e=(5 o) © (U>

The hat and vee operators provide a linear bijection between R® and se(3), so that, as
vector spaces,

w,v€R3}.

se(3) ~ R,

It is important to emphasize that this correspondence is purely linear: the Lie bracket
on se(3) induces a non-trivial bracket on R® via the identification above. Therefore,
se(3) and R share the same vector space structure, but not the same Lie algebra
structure unless the latter is endowed with the transported bracket.

This representation is nevertheless extremely useful in applications, as it enables a
compact vector form for rigid-body motions and their infinitesimal generators, a key
tool in robotics, computer vision, and geometric mechanics.

Lie algebra g

Euclidean space R™

ﬂrnxll d
|

Lie group G C R™"

Figure 2.2: Relation between Lie Groups, Lie Algebras and R™. Image reproduced
from [22].

2.5 Adjoint Operator and Jacobians on Lie Groups

We now introduce the Adjoint representation and the Jacobians associated with the
exponential map on a Lie group. The presentation is inspired by standard treatments
in geometric control and robotics, see e.g. [12, 30].
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Definition 2.5.1 (Adjoint operator). Let G be a Lie group with Lie algebra g. For
each g € (G, ), the Adjoint operator associated with ¢ is the linear map

Adj:g—9g

defined by

d
Ady(X) = i Exp(tX) g~ !, X eg.
t=0

Intuitively, Ad,(X) represents how an infinitesimal element X of the algebra is trans-
formed when it is transported through the group element g via conjugation.

Proposition 2.5.2. The map

Ad: G — Aut(g), g — Ad,,
is a group homomorphism, that is,

Adg., = Ad, o Ady, Ad, = id,.

Sketch of the proof. The identity Ad. = idy follows immediately from the definition.
For g, h € G, using the definition of Ad, and the group law,

gxh*xExp(tX)«h™'xg™' =g« (h*Exp(tX)«h™')xg ",
and differentiating at ¢t = 0 yields Adg.,(X) = Adg(Ady(X)). O
Proposition 2.5.3. For every g € GG, the Adjoint operator
Ad,:g—9g
is a linear isomorphism that preserves the Lie bracket, namely
[Ad, X, Ad, Y] = Ad,[X, Y], VXY €g.

Sketch of the proof. Linearity of Ad, follows from the linearity of the derivative. In-
vertibility is obtained by observing that Ad,-: is the inverse of Ad,.

The preservation of the Lie bracket follows from the definition of the bracket in terms
of the commutator of right-invariant vector fields. Indeed, conjugation by g maps right-
invariant vector fields into right-invariant vector fields, and the pushforward induced
by conjugation preserves the Lie bracket. Evaluating at the identity yields

[Ad,X,Ad,Y] = Ad,[X,Y], VX,V eg
0

Proposition 2.5.4. Let G C GL(n) be a matrix Lie group with Lie algebra g C gl(n).
Then, for every T' € GG and every X € g, the adjoint operator acts as

Adp(X) =TXT . (2.7)
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Proof. By definition of the adjoint operator,

Adr(X) = 4

TExp(tX)T .
o xp(tX)

t=0

Since matrix multiplication is bilinear and independent of ¢, we may pull the derivative
inside the conjugation, obtaining

Adp(X)=T (%

Exp(tX)) T

t=0

Using the fact that % o Exp(tX) = X, we conclude that

Adp(X)=TXT.
O

Proposition 2.5.5 (Conjugation and exponential for matrix Lie groups). Let G C
GL(n) be a matrix Lie group with Lie algebra g C R™*" and let T" € G. Then for
every X € g,

TExp(X)T™' =Exp(TXT™). (2.8)

In particular the adjoint operator for matrix groups becomes
Adp(X) =TXT™,

then
T Exp(X)T~" = Exp(AdrX). (2.9)
Moreover, the same identity holds for any (not necessarily matrix) Lie group.

Proof. (For matrix groups) Since G is a matrix Lie group, its exponential map coincides
with the matrix exponential restricted to g. Recall that for any matrix A,

H.

k=0

Exp(A) =

Let T € GL(n) and X € R™*". Using absolute convergence of the series and the identity
(TXT~1* = TX*T=! (proved by induction), we compute:

B > (TXT He X TXkr-! =~ XF\
Exp(TXT 1):Z—< o ) :Z—k! :T(Zﬂ>T !

k=0 ’ k=0

Rearranging yields
TExp(X)T™' =Exp(TXT™).

If G is a matrix Lie group and T € G, then TXT ' € g for all X € g (because
conjugation by T is a Lie algebra automorphism), hence the above identity applies
with X € g and Exp the group exponential. One can obtain the identity (2.9) for a
generic Lie group, not necessarily a matrix Lie group. O
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The infinitesimal counterpart of the Adjoint representation is obtained by differentiating
Ad at the identity.

Definition 2.5.6 (Adjoint map). The adjoint map of the Lie algebra g is the linear
map
ad : g — End(g), X — ady,

defined by
adX(Y):[X,Y], X,YGg.
Proposition 2.5.7. For each X € g one has

d
dy = —| Adg, :
adx di - Exp(tX)

Moreover, for all X,Y € g,
ad[Xy] = [adx,ady],

where the bracket on the right-hand side denotes the commutator of endomorphisms of
g.
Sketch of the proof. Differentiating the identity

AdExp(tX) o AdExp(sY) = AdExp(tX)Exp(sY)

with respect to t and s at (0,0) yields the stated relations. See [10] for a detailed
argument. O

Left and right Jacobians of the exponential map

The exponential and logarithm maps allow one to move between the Lie algebra g and
the Lie group G. The derivatives of these maps play a crucial role in linearization,
uncertainty propagation, and optimization on manifolds.

Definition 2.5.8 (Left and right Jacobians of the exponential map). Let G be a Lie
group with Lie algebra g and exponential map Exp : g — G. For X € g we define the
left Jacobian J;(X) and the right Jacobian J.(X) as the linear maps

Jg(X) = dExp(X)LExp(—X) o deXp, JT(X) = dExp(X)RExp(—X) ©) dXEXp, (210)

where L, and R, denote the left and right translations on G (2.1), (2.2). Thus
Jo(X), J.(X) : g — g are linear endomorphisms of the Lie algebra.

Intuitively, these operators describe how a small perturbation d.X € g is transported
through the exponential map when the perturbation is applied on the left or on the
right. More precisely, for § X sufficiently small one has the first-order approximations

Exp(X +6X) =~ Exp(X) Exp(Jy(X)0X), Exp(X +6X) ~ Exp(J.(X) 6X) Exp(X),

where the approximation is understood in the sense of neglecting higher-order terms in
[0X]-
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Adjoint for SE(d)

For the special Euclidean group

SE(d) = {(1(;2 i) ReSOW), t e Rd},

se(d) = {(Sg 8) Q € so(d), v e Rd}.

Since SE(d) C GL(d + 1,R) is a matrix Lie group, its adjoint action is given by conju-
gation, as stated in equation (2.7). Hence, for any T' € SE(d) and X € se(d), one has
Adrp(X) =TXT~!. In particular, letting

T— (g i) cSE(d), X = (Q 8) € se(d),

with R € SO(d), 2 € so(d) and t,v € R?, and using R~ = R", we get

the Lie algebra is

T _ T
ROQR ROQR t—l—Rv) . (2.11)

adar(x) = (7 i

Equivalently, identifying se(d) ~ so(d) & R?, the adjoint action can be written as

Ad(ry(Q,v) = (RQRT, —RQR't + Rv).

Specialization to SE(2) (hat—vee representation)

In dimension 2, the Lie algebra so(2) is one-dimensional and can be identified with R
via the hat—vee isomorphism

For any rotation R € SO(2), one has

moreover, for p € R?,

~ —D2 ~ ~ 0 —p2
P ( p1> pe b (pl 0 )

Hence, for planar twists £ = (w,v) € R x R?, the adjoint action of SE(2) reads

1 0 w w
Admp(w,v) = (13 R> (v) - (ﬁw+Rv) |
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Left and right Jacobians of SE(2) For d = 2, write £ = (w,v) € R? and

£ = (CE)) 8) € se(2).

The exponential map on se(2) admits the closed-form expression

Exp(€) = (Ex%@) (o) v) |

where Exp(@) is the planar rotation matrix of angle w and Jy(w) is the left Jacobian of
50(2), given by

sin w 1 —cosw
Jo(w) = w . W w#0
o(w) 1 —cosw sin w ’ 70,
w w

with Jy(0) = I5. The right Jacobian satisfies J,.(w) = Jy(—w).

Specialization to SE(3) (hat—vee representation)

In dimension 3, using the hat—vee isomorphism ) = @ between s0(3) and R3, we have
RORT = Rw, —RQR'p=—Rwp=px (Rw)=pRw.

Thus for twists ¢ = (w,v) € R3 x R3,

R 0 w Rw
Adap(w,v) = <ﬁR R) <v> - (ﬁRw+ Rv) |

Left and right Jacobians of SE(3) For d = 3, write { = (w,v) € R and

£ = (06) 8) € se(3).

The exponential map on se(3) can be written as

Exp(é) = <Ex18<w> Jgalu)v) |

where J;(w) is the left Jacobian of so(3). A classical computation based on the series
expansion of the matrix exponential and on Rodrigues’ formula for rotations shows that

1 —cos|lwll . [lwll = sin flw]] .
][ ] ’

for w # 0, while J;(0) = I. The right Jacobian satisfies J,.(w) = Jy(—w). We refer to
[12, 30] for a detailed derivation of these closed-form expressions.

These Jacobians are essential in practical computations involving small perturbations
on SE(3), such as pose optimization, uncertainty propagation, and control linearization,
because they map between variations in the algebra and variations in the group in a
consistent, first-order manner.

Jg(w) =1 -
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Chapter 3

Statistical Estimation and the
Cramér—Rao Bound

In this chapter we recall some basic notions of parametric estimation theory and the
Cramér—Rao inequality, in both Euclidean spaces and Lie group settings. The exposi-
tion follows classical references such as Kay [14] and Amari-Nagaoka [13].

3.1 Statistical Estimators

Let § € © C R! be an unknown parameter vector, and let X be a random vector taking
values in X C R™ whose probability density (or mass) function depends on 6, denoted

by p(z(0).
Definition 3.1.1 (Sample and estimator). Let (X, ..., X,) be independent and iden-
tically distributed (7.7.d.) random vectors with common density p(- | 8). A realization

D = {xl,llg,...,xn},

with x; € X, is called a sample of size n.
An estimator of 6 is a measurable function

T: X" — 0O,

and R
0 ="T(x,...,2,)
is called an estimate of 6.
Definition 3.1.2 (Unbiased estimator). An estimator 0 is said to be unbiased if
Eolf] =0 VO eo.
Otherwise, it is biased, and its bias is defined as
Bias(f) = Ey[6] — 6.
Definition 3.1.3 (Covariance matrix). The covariance matrix of an estimator 0 is
Covy(6) = Eg | (0 — Egl0])(6 — Bo[A]) 7| € R

For unbiased estimators, this simplifies to

Covy(0) = Eg[(0 — 0)(6 — 0)T).
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3.2 Maximum Likelihood Estimation (MLE)

Definition 3.2.1 (Likelihood and log-likelihood). Let D = {xy,...,z,} be observed
data generated from a statistical model with joint density (or mass function)

p(x1,..., 2, | 0).

The likelihood function and the log-likelihood function of the parameter 6 given
the data are defined as

LO|D):=plzy,...,xs | 0), L(6| D) :=logL(0| D).

If the observations x4, ..., z, are independent, the joint density factorizes as
n
plar,. . an | 0) = ][ pilei | 6),
i=1

where the functions p;(- | ) may in general differ from one another. In this case, the

likelihood and log-likelihood become

L(6| D) = szxzw L] D)= Zlogpzxzw

In the special case where the observations are i.i.d. (independent and identically dis-
tributed), all densities coincide, p;(x | ) = p(x | 0), leading to the simplified form

L(O| D)= Zlogpmlw

Definition 3.2.2 (Maximum Likelihood Estimator). The Maximum Likelihood Es-
timator (MLE) of 6 is defined as

One = argmax L£(60 | D).
)
If the loglikelihood is differentiable it satisfies

VoL (Oyre) = 0.

3.3 The Fisher Information Matrix

Definition 3.3.1 (Fisher Information Matrix). Let X be a random vector with prob-
ability density p(x;#). The Fisher Information Matrix (FIM) is defined as

F(0) = Eg[(vg logp(z | 0)) (Vglogp(x | 9))T} e R,
When differentiation and expectation can be interchanged,
F(9) = —Ey[V3logp(X | 0)] .
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Remark 3.3.2 (Interpretation). F(f) measures the curvature of the log-likelihood
around its maximum. A Fisher information with larger values implies sharper cur-
vature and therefore greater precision in estimating 6.

Proposition 3.3.3 (Additivity). For i.i.d. samples X1, ..., X, with common density
p(- | 0), the Fisher information satisfies

where F;(0) denotes the Fisher information contributed by a single observation.

Proposition 3.3.4 (Asymptotic properties of the MLE). As the number of samples
n goes to infinity, and under standard regularity conditions, the Maximum Likelihood
Estimator Oy satisfies:

e Consistency: briry — 0 in probability;

e Asymptotic normality:
V(e — 0) - N(0, F(0) 1),
with F(0) denoting the Fisher information matrix when it is invertible.

e Asymptotic efficiency: it achieves the Cramér-Rao lower bound, whose mean-
ing will be discussed later in next section.

3.4 The Cramér—Rao Inequality

Theorem 3.4.1 (Cramér—Rao Inequality). Let 0 be an unbiased estimator of 6, and
assume that the Fisher Information Matrix F(6) is invertible. Then, under standard
regularity conditions,

Covy(0) = F(6)7 1, (3.1)

that is, R
Covg(0) — F(0) ! is positive semidefinite.

Proof sketch. Let s(X;0) = Vylogp(X;0) denote the score function, which satisfies
Eg[s(X;0)] = 0. Differentiating FE4[f] = 6 and applying the multivariate CauchySchwarz
inequality yields

Covg(h) = F(6)~".

We refer to [13, 14| for a complete proof. O

The Cramér—Rao inequality provides a fundamental lower bound on the covariance
of any unbiased estimator, thus quantifying the best achievable estimation accuracy
given a statistical model. It serves as a benchmark to assess the efficiency of practical
estimators and to evaluate how much information the observations carry about the
unknown parameters.
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3.5 Estimation on Lie Groups

In many applications, the unknown parameter the unknown parameter belongs to a Lie
group, not to a Euclidean space. For instance, in our inference problem the parameter
to be estimated will belong to SE(d)".

A detailed treatment of estimation theory on Lie groups and manifolds can be found
in [13, 32, 33].

Let G be a Lie group of dimension [, with identity element e, Lie algebra g, and
exponential and logarithm maps

Exp:g— G, Log: GDU — g,

defined locally around the identity. Let X be a random variable with density p(z|6)
depending on an unknown parameter 6 € G.

Definition 3.5.1 (Estimator on a Lie group). An estimator of § € GG is a measurable
map

0. X" — G,
which maps the collection of observed data to a single element of the group.

Unlike the Euclidean case, the expression

A

E[d] — 0

is not well defined on a Lie group, since subtraction is not well defined in the setting
of Lie group theory. As a consequence, the classical definition of unbiasedness must be
replaced by a more general one.

Definition 3.5.2 (Generalized bias). Let 6 be an estimator of § € G. The bias of @ is
defined as

~

Bias(0) = Ey [Log(G’lé)} € g,
where Log(-) denotes the logarithm map of the group.

An estimator is said to be unbiased if
Ey|Log(670)| = 0.

Remark 3.5.3. This definition measures the estimation error in the tangent space TG,
identified with the Lie algebra g via left translation. In the Euclidean case G = R,
the group operation is addition and Log(@flé) =0— 0, so unbiasedness reduces to the
classical notion.

Definition 3.5.4 (Covariance matrix on a Lie group). The covariance matrix of an
estimator # of an element # € G is defined as

COVg(é) =Ey [Log(@‘lé)Log(é’_lé)T} e R

where Log(-) denotes the logarithm map of the group.
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Maximum Likelihood Estimation on Lie Groups

In the Euclidean setting, the MLE is defined as the maximizer of the log-likelihood
over © C R! and satisfies a first-order optimality condition Vgﬁ(éMLE) = 0. When the
parameter space is a Lie group G, the definition remains the same in spirit, but all
derivatives must be understood intrinsically on G.

Definition 3.5.5 (Log-likelihood on a Lie group). Let 6§ € G and let X;,..., X, be
i.i.d. with density p(- | 8). The log-likelihood is the smooth function

LOD) = logp(x; |0), 0€G.
=1

Definition 3.5.6 (Maximum Likelihood Estimator on G). An MLE on a Lie group
is any maximizer R
Ove = argmax L(0|D).
0eG

To write first-order optimality conditions, we consider variations of the parameter 6
along smooth curves on the group. Since the tangent space TG can be identified with
the Lie algebra g via left translation, any tangent direction at € can be written as
(dLg)c(§) for some & € g. The exponential map provides a natural way to generate
such variations: for any £ € g, the curve

t — 0 Exp(t€)

is obtained by left-translating the one-parameter subgroup Exp(t£). This curve passes
through # at t = 0 and has tangent vector

% OExp(t€) = (dLy)c(§) € TpG,
t=0

thus representing an arbitrary infinitesimal variation of 6.

Definition 3.5.7 (Riemannian gradient and score). Fix an inner product (-,-) on g,
inducing a left-invariant Riemannian metric on G. The directional derivative of L
at @ in direction & € g is

DLO)E] = 5 LOBp(€)|D)

t=0
The Riemannian gradient grad £(0) € TyG is the unique tangent vector such that
(0 grad L(0), &) =DL(O)[E],  VEeg.

Equivalently, defining the score Sy(X) € g by

(S9(%),6) = S logp(X |0Bxpte))| . Véeu (32

t=0
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where (-,-) denotes an inner product on the Lie algebra g and Exp : ¢ — G is the
exponential map we have that the directional derivative of the log-likelihood can be
written as

DLB)E =D (So(X0),€) = { D 50(X0). €). (3.3)

i=1
By the definition of the Riemannian gradient associated with the chosen inner product,
this identity implies that

0 grad L(0) = Sy(X;) € g. (3.4)

Remark 3.5.8 (Euclidean case). When the parameter space is the Euclidean space
G = R! endowed with the additive group structure, the intrinsic definition of the score
introduced above reduces to the classical one. Indeed, in this case the Lie algebra is
g = R! and the exponential map coincides with the identity, so that

0 Exp(t&) = 0 + €.

Therefore, for any ¢ € R,

d
—|  logp(X [ 6+1€) = (grad, log p(X; ), &),
t=0

by the definition of the Fuclidean gradient. Since this identity holds for all &, it follows
that the intrinsic score Sp(X) coincides with the classical score

Sp(X) = s(X;0) := Vglog p(X;0).

Remark 3.5.9 (Optimization on manifolds). In practice, computing by on G is
an optimization problem on a manifold. Typical algorithms are Riemannian gradi-
ent descent and Riemannian trust-region / Newton methods, which iteratively update
Or+1 = OLExp(agny) where n;, € g is (a function of) the Riemannian gradient at 6.

Fisher Information Matrix on a Lie group

Let {X;}, be i.i.d. random variables with likelihood p(x | #), where # € G and G is a
Lie group. Assume that p(z | 0) is smooth with respect to 6.

Definition 3.5.10 (Fisher Information Matrix on a Lie group). The Fisher Infor-
mation Matrix (FIM) at § € G is the bilinear form on g defined by

F(0) = Eg[Sy(X) Ss(X)'] € R™, (3.5)
where a basis of g has been fixed and the score is defined as in (3.2) .

Remark 3.5.11 (Euclidean case). When G' = R!, the Lie algebra coincides with the
parameter space and the exponential map reduces to addition. In this case, the intrinsic
Fisher information matrix reduces exactly to the classical Fisher information matrix.
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Consequences for estimation theory

The lack of a global vector space structure leads to several important differences with
respect to the Euclidean theory:

e Unbiasedness is [ocal and defined via the logarithmic map;
e Covariance is computed in the tangent space rather than on the group itself;
e The Fisher Information Matrix becomes a bilinear form on g;

e The Cramér—Rao bound involves curvature terms when the manifold is non-flat.

In particular, for Lie groups endowed with a Riemannian metric, one can derive an
intrinsic Cramér—Rao bound of the form

Covg(6) = F(0)~' + O(||Cove(8)|?), (3.6)

where F(0) denotes the intrinsic Fisher information matrix. The additional higher-order
terms reflect the curvature of the parameter space.

Remark 3.5.12 (Relation with Euclidean CRB). When G = R!, the Lie algebra
coincides with the parameter space, the curvature vanishes, and the intrinsic Cramér—
Rao bound reduces exactly to the classical bound.

3.6 Singular or IlI-Conditioned Fisher Information
Matrices

In the general setting, the Fisher information matrix may be singular (or even identically
zero along some directions) whenever the data do not excite all degrees of freedom of
the parameter, or when the model presents intrinsic indeterminacies and constraints.
In such situations, the lack of invertibility is not merely a technical inconvenience: it
signals that only a subspace of directions in the tangent space is statistically identifiable.

The standard practice to handle these degeneracies is to reformulate the estimation
problem on a parameter space that explicitly encodes the available information. On
manifolds, and in partciular on Lie groups, two broad geometric settings naturally
capture this idea:

¢ Riemannian submanifolds (constraints): the true parameter is known a priori
to lie in a submanifold P C P of some parent manifold P, so that only tangent
directions in TyP are meaningful. This situation typically arises by anchoring
(i.e., fixing) some of the unknown parameters, thereby restricting the admissible
configurations to a lower-dimensional submanifold.

¢ Riemannian quotient manifolds (non-identifiability): the parameter is only
identifiable up to an equivalence relation ~, so the effective parameter space is
the quotient P = P/ ~, and directions tangent to equivalence classes carry no
information.
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In both cases, the Fisher information computed in the parent space may be singular
because it contains directions that are either forbidden (submanifold constraints) or
unidentifiable (quotient directions). Intrinsic Cramér—-Rao bounds for submanifolds
and quotient manifolds, due to N. Boumal [19], provide a unified framework valid even
in the presence of singular Fisher information matrices under the hyphotesis of high
SNR. In this work we will focus on the simplest forms (neglecting curvature) and we
report the two main results.

Theorem 3.6.1 (Cramér-Rao bound on submanifolds). Let P C P be a Riemannian
submanifold of a parent manifold P. Denote by

II:TyP — TyP
the orthogonal projector onto the tangent space of the submanifold at #. The Fisher
Information Matrix F(6) is computed in the ambient space TP and may be singular.
For any unbiased estimator 6 defined on P and in the small-error regime (neglecting
curvature terms), the intrinsic Cramér—Rao bound takes the form
Cove(d) = (IF(O)T)". (3.7)
In particular, taking the trace on both sides yields
tr(Cove(6)) > tr((TF(O)T)"), (3.8)
which provides a scalar lower bound on the total estimation variance.

Here A" denotes the Moore—Penrose pseudoinverse, i.c., the unique matrix satis-
fying the four Penrose conditions

AATA = A, ATAAT = AT, (AAT)T = AAT,  (ATA)T = AlA.

The pseudoinverse exists for any matrix and coincides with the usual inverse whenever
A is invertible.

Theorem 3.6.2 (Cramér—Rao bound on quotient manifolds). Let P = P/~ be a Rie-
mannian quotient manifold, where ~ is an equivalence relation on the parent manifold
P. In this setting, the Fisher Information Matrix F(#) computed on the parent space
is singular, since directions tangent to the equivalence classes are unidentifiable.

For any intrinsically unbiased estimator 6 defined on the quotient space and in the
small-error regime (neglecting curvature terms), the intrinsic Cramér—Rao bound is
expressed as

Covg(0) = F(0)'. (3.9)
In particular, taking the trace on both sides yields the scalar bound
tr(Covg(6)) > tr(F(0)"), (3.10)

which lower-bounds the total intrinsic estimation variance on the quotient manifold.

Remark 3.6.3. Since a Lie group G is in general not flat, exact formulations of the
bound involve higher-order curvature correction terms. These terms arise from the
non-Euclidean geometry of the parameter space and contribute only at second order in
the estimation error. As a result, they are usually negligible in practical applications.
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Chapter 4

A right-invariant model for relative
measurements in SE(d)"

4.1 Graph Visualization of a Set of Relative Measure-
ments on SE(d)"

We consider a directed graph G = (7,E&) composed of n vertices, whose underlying
undirected graph is assumed to be connected. Each node is associated with a rigid-
body transformation in SE(d), referred to as an absolute pose:

T; € SE(d) i=1,...,n.
As described in detail in Chapter 2, an element of the Special Euclidean group SE(d)
is given by a pair (R, t), where
R € 50(d), t € RY,

representing a rotation and a translation in RY, respectively. In matrix form, such a
transformation can be represented as a (d 4+ 1) x (d 4+ 1) homogeneous matrix:

R, t;
T;-:( ) € GL(d + 1,R).
01><d 1

Arcs of the graph encode relative pose measurements between pairs of nodes. It means
that each arc (i, ) € & is associated with a relative transformation

T, € SE(d),

which represents the transformation mapping coordinates from the reference frame of
T} to that of T;. Since the composition of rigid body transformations belongs to SE(d),
all such relative measurements are elements of SE(d) as well.

The relative transformations associated with opposite arc directions are related by
inversion. In particular, reversing the orientation of an arc corresponds to replacing the
relative transformation with its group inverse:

Ty =T (4.1)
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Figure 4.1: Example of a directed graph with nodes T; € SE(d) with their available
arcs

4.2 Deterministic case: reconstruction of absolute poses
from relative measurements

In the deterministic, noise-free case, we can evaluate the relative measurement as:
_ -1
Ej - T‘Zir] )

which represents the pose of node ¢ as seen from node j.

Pose reconstruction in a complete graph

In a complete graph, where all relative transformations 7;; are available, the recon-
struction of the absolute poses starting from the relative ones is a solved problem. By
choosing an hamiltonian directed path
Ty = Ty = = T,
and selecting T;, = G as the absolute reference frame, it is possible to express all other
poses recursively as
T, =T Tt TG =T,

Th—1%k " th—2%k—1 1112 kik—lj—’i T j—’l G (42)

k—1%k—2 211

This formula shows that all absolute poses are uniquely determined once a global refer-
ence G is fixed, demonstrating algebraically the dependence of the entire configuration
on a single global coordinate frame.

Extension to connected graphs

The same reasoning applies even if the graph is not complete, as long as the underlying
undirected graph is connected. In this case one can always find a path between any
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two nodes also in the directed case. Indeed, for every available relative transformation
T;;,we can use the inverse relation (4.1). Therefore, it is always possible to find a path
and apply the same reconstruction procedure along that path. Note that in this case
it is not ensured that there exists an hamiltonian path in the graph, but one can use
an arbitrary walk.

Disconnected graphs

If the graph has more connected components, the previous formula (4.2) holds indepen-
dently for each component. Each connected component contributes one independent
global reference frame, hence adding one degree of freedom to the global configuration.
Consequently, the number of connected components in the graph coincides with the
number of degrees of freedom of the system in SE(d).

4.3 The model in the stochastic case

Let us now consider the case where the relative measurements are affected by het-
eroskedastic noise and the graph is initially connected. We denote by £ the set of all
directed arcs of the graph. Let 7 = {11, T5,...,T,} denote the set of poses of interest,
where each T; represents a node of the graph. The measurement graph is therefore
defined as the ordered pair

(T, €).

We define for every arc (i,j) € £ the noise &;; as a random variable taking values in

RY, where

d(d+1)
2

The noise is assumed to be normally distributed as

q= = dim(SE(d)).

fij ~ N(O7 Zij)7

where Y;; € R?7? is a known positive definite covariance matrix, possibly different for
any directed arc (4, j) € £. We denote by Q;; = Ei_jl the inverse of 3J;;.

The errors ;; are assumed to be independent for each directed arc of the graph. This
independence assumption implies that the expectation of the product between two noise

terms satisfies:
0, if (4,5) # (k. 1).

In the model we are going to study, for every arc (i,7) in &, the error perturbs the
noise—free measurement according to the equation:

E[&jg;—l} =

Hyj = Exp(&) TiT; (4.3)

where:

—

e the hat operator (-) maps a vector in R? to the corresponding element of the Lie
algebra se(d) with the standard base (2.6) ;
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e the operator Exp(-) is the exponential map projecting an element of the Lie
algebra se(d) onto the group SE(d). As said, in the case of a matrix Lie group,
this operation corresponds to the exponential of a matrix.

Since Exp(gj) € SE(d) and T;,T; € SE(d), it follows that H;; € SE(d) as well. In the
absence of error (§;; = 0), we have:

H;; = TiTj_l =Tj;.
coherently with the deterministic case.

The perturbation model adopted in (4.3) assumes that measurement noise acts through
left multiplication. This choice reflects a conceptual distinction between left- and right-
multiplicative noise models.

When noise is introduced via left multiplication, the perturbation acts directly on the
relative transformation being measured. In this case, the error is naturally expressed in
the local reference frame of the sensing device and affects the relative pose independently
of the unknown absolute poses. This modeling choice is well suited to applications such
as camera-based measurements, where relative poses are estimated from image data
and uncertainty is inherently associated with the observed relative motion.
Conversely, introducing noise through right multiplication corresponds to expressing
the perturbation in the reference frame of the absolute poses. As a result, the effect
of the noise becomes dependent on the (unknown) global configuration, causing the
measurement uncertainty to be entangled with the absolute poses. This interpretation
is less consistent with the nature of relative measurements in pose-graph problems.
For these reasons, left-multiplicative noise is adopted throughout this work in order to
provide a more faithful model of camera-generated relative pose measurements. Never-
theless, there is no fundamental obstacle to developing an analogous formulation based
on right-multiplicative noise, and a similar analysis could be carried out under this
alternative assumption.

Proposition 4.3.1 (Right-invariance of the measurement model). Consider the per-
turbed relative measurement

Hy; = Exp(&;) T, T, T; € SE(d).

Then H;; is invariant under a global right action, in the sense that replacing each pose
T}, with TG leaves the relative measurement unchanged.

Proof. For any G € SE(d),
Exp(&,)(TiG)(T;G) ™' = Exp(&;) GG Tt = Exp(&;) TT; ' = Hy,

which proves that the perturbed relative measurement is invariant under a global right
action. []

The aim of the estimation problem is to recover the absolute poses 11,75, ..., T, from
the noisy relative measurements H;; and from the probabilistic model of the errors ;.
However, the solution is determined only up to a global transformation in SE(d), since
relative measurements do not provide an absolute reference frame. This inherent gauge
freedom introduces a structural ambiguity in the estimation problem, which will lead
to a singular Fisher Information Matrix.

38



Proposition 4.3.2. In the same notation as before, if the noise éj is small enough, we
have y
& = [Log(Hy T;T7Y)] ", V(i,j) €€

Proof. Starting from the measurement model
Hy =Exp(&,) LT, V(i) €&,
we multiply both sides on the right by TjTi’l, obtaining
Hy Ty T, = Exp(&y) LT T T
Since Tj’lTj = I and T;T; ! = I, this reduces to
Hyy Ty T = Exp(&y)-

Assuming that the noise éj is sufficiently small, the group element EXp(aj) lies in a
neighborhood of the identity. Therefore, the logarithmic map is well defined and can
be applied to both sides, yielding

Log(Hy T; T;7") = &;.

—~

Finally, applying the V operator, which is the inverse of the (-) operator, we obtain

& = [Log(H; T; T,1)] "

Remark. Since &; ~ N (0,%;;) by assumption, it follows that

[Log (Hy; T, T )] ~ N(0, 25).
Accordingly, we denote by
Tij = [LOg(Hw 7} E_l)}v € R?

the residual associated with the arc (4, ), which is distributed as a Gaussian random
vector with zero mean and covariance matrix ;.

It is important to distinguish between the noise variable &;; and the residual 7;;. The
former represents the unobservable random noise appearing in the generative measure-
ment model, whereas the latter is a deterministic quantity once the absolute poses T;
and Tj are fixed and can be directly computed from the observed measurement H;;.
When the estimated poses coincide with the true ones, the residual r;; coincides with
the corresponding noise realization &;;.

39



4.4 The Log-Likelihood Function

Proposition 4.4.1 (Log-likelihood of the pose-graph model). Let © = {T},...,T,}
denote the collection of unknown absolute poses, with T; € SE(d) for alli =1,...,n
For each directed arc (i,7) € &, let r;;(©) € R? be the residuals associated to O.
Assume that the residuals are independent across arcs and satisfy

rij(©) ~ N(0,%y), Y;; € R7* positive definite,

and denote ;; = Ei_jl. Then the log-likelihood of the measurements given © is

1 1
ﬁ(@) = _5 Ti](@) Qz] rzj<@) - 5 Z lOg det(ZT('E”) (44)
(i,4)e€ (4,9)e€
Equivalently,
1
E((")) = —5 ’I"Z'j(("))—r Qij 7"1']'(@) + C,
(4,5)€€

where the constant term
1
C = -3 Z logdet(QWZij)
(1,5)€E
does not depend on ©.

Proof. Recall that if X € R? is a Gaussian random vector distributed as X ~ A(0, %)
with X > 0, then its probability density function is

ple) = (27r)‘11 det(m) P (—%xTE_lm) '

Taking the logarithm yields the log-density

1 1
log p(x) = —§xTZ’1x ~3 log((2m)? det(X)).

Since det((27)X) = (2m)?det(X) for any ¢ x ¢ matrix X, the normalization term can
equivalently be written as a single determinant. Applying this formula to each residual
r;(©) € RY with covariance %;; yields
1 _ 1
1ng(sz(®)) = —57"@']‘ (@)TEijlrij (9) — 5 log det((Qﬂ')ZU)

Since the residuals are assumed independent over all arcs (i, j) € &£, the joint likelihood

factorizes as
({Tu( z] 68 H P ng
(i,5)e€

and hence the log-likelihood is given by the sum of the individual log-densities:

= > logp(ri;(®

(i,7)€E

Substituting the expression above and setting €;; = Ei’j yields (4.4), concluding the
proof.
O
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This formulation will serve as the basis for the problem of estimating the absolute poses
by maximizing the log-likelihood, or equivalently, by minimizing the weighted quadratic
term associated with the residuals.

Maximum Likelihood Estimation

The Maximum Likelihood Estimate (MLE) of the parameters is defined as:

OMLE — arg max L(O).

However, also the log-likelihood remains unchanged under any common right multipli-
cation of all poses by an arbitrary transformation G € SE(d). As a consequence, if
{TMLE} is an optimal configuration, since the relative measurement graph is considered
connected, then every set of poses of the form

{T}""G| G € SE(d)}

is also optimal. Therefore, the MLE of the absolute poses is not unique, since the
solution is defined only up to a global rigid-body transformation G.

Nevertheless, this ambiguity does not affect the estimation of the relative poses, because
all configurations related by a global transformation G' produce identical relative trans-
formations TZ»T]-’I. In particular, we can define the MLE of the relative transformations
as

(T~T_1)MLE .— TMLE (TMLE)—l
il =1 i .

This definition is well-posed, since for any global transformation G € SE(d) we have
(TMLEG) (TMLEG)*l _ TMLE -1 (TMLE)*l _ TMLE (TMLE)*l
7 j ) J 2 J ’

Therefore, the estimates of the relative poses are invariant with respect to the choice
of the global reference frame, and are thus defined in a consistent and unique man-
ner, despite the global ambiguity in the absolute poses. Furthermore, once an optimal
configuration of the absolute poses has been obtained, this formulation enables the
reconstruction of consistent relative transformations between any pair of nodes in the
graph, including those for which no direct measurement H;; was originally available.

4.5 Gradient of the Log-Likelihood

From score to local coordinates. In Section (3.5), the Fisher Information Matrix
has been defined on a Lie group in terms of the score Sp(X) € g.

In order to derive an explicit and computable expression of the Fisher Information
Matrix for the considered estimation problem, we express the Riemannian gradient and
the associated score in local coordinates of the tangent space induced by right-invariant
exponential perturbations, in accordance with the right-invariance of the model. More
precisely, for each parameter 6 € (G, variations are represented as

~ ~

0 — OExp(d), dEg.
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With this choice, the intrinsic score Sp(X) € g admits a coordinate representation in a
fixed basis of the Lie algebra, which we denote by Vg L(O).
Accordingly, the Fisher Information Matrix can be written in matrix form as

F(0) = Eo[VeL(O) VeL(©)'],

where VgL(0) denotes the coordinate representation of the Riemannian gradient of
the log-likelihood in the chosen tangent basis.
We remind that in our case:

where 7;;(©) = [Log(H;T;T; ") ]v €RY, Q;; = ', and C is constant with respect to

the set of parameters ©.

1]7

Gradient of the Log-Likelihood
For convenience, for each arc (i,7) € &, define the term:

Li;(0) :=ri;(0)" Qi ri;(0),

=—3 Z Li;(©

(zj )eE

so that:

To compute VoL (©) we exploit the linearity of the gradient:

Proposition 4.5.1 (Gradient of a weighted residual on SE(d)). Let r;; : SE(d) X
SE(d) — RY be a differentiable residual and let Q;; € R%*? be symmetric positive
definite. Consider right-invariant perturbations Ty (dx) = T} EXp((SAk), k e {i,5}, and
define

gb(&z, 5]) = f”(ﬁz, 5j)TQZ‘j ﬂ](él, (Sj), 5i7 5j - RY,

The gradient of ¢ at (d;,0;) = (0,0) has components

0 0
a? (0,0) = 2.J," Q5 7ij, a? (0,0) =2J; Qi 7y,
where 35 55
T T
Jp = =2 J; = = )
9d; 00) ! 8(5]' (0,0)

Equivalently, letting § = [5;" 6;]" and J

vy = |Ji Jj], the Euclidean gradient of ¢ at
(0,0) is

The gradient of the log-likelihood with respect to the parameter vector © is given by

Vol(®)=— Y J,.(0) Qyry(O). (4.5)
(i,5)€E

42



Proof. Right-invariant exponential perturbations provide local Euclidean coordinates
on the tangent space, so that ¢(d;,d;) is a smooth real-valued function of the variables
(6:,0;) € R*.

Applying the chain rule to the quadratic form
G(05,05) = Ti(3i, 05) ' Quj 73 (83, 65),

O ori\ T O¢ A
=2 ) QT 2 =9 /A OV
a6, ( 26, ) EAC AT ( 25, ) i 71

Evaluating the above expressions at (d;,6;) = (0,0) yields the desired result. O

one obtains

4.6 Two expressions for the Fisher Information
Matrix

Theorem 4.6.1 (Fisher Information for Pose Parameters in SE(d)). Let © denote
the vector of parameters T; € SE(d), where each one represents the pose of node i.
Assume that the residuals {Tij}(i7j)65 are independent, zero-mean random vectors with
covariance matrices ¥;;, and define €;; = Ei_jl. Then, the Fisher Information Matrix
associated with © is given by

=Y 1, (0) Q] (0) € R, (4.6)

(3,9)€e
Proof. By definition, the Fisher Information Matrix is given by
F(0) =E[VoL(O)VeL(©)'],

Substituting the explicit expression of the score Vg L(0) yields

< Z g Q,]nj)( P Qkﬁﬁcﬂ)

(i,5)€e (k,0)ee
Expanding the product, we obtain the double summation
FeO)= Y Y% E[J;_ Qi i 1 Jm} .
(3,5)€¢e (k,L)€e

Since the information matrices Qy, are symmetric, €2}, = Q, and the Jacobians Iy
are deterministic once © is fixed, they can be taken outside the expectation, yielding

Z Z JT TZJ' rljf] Qg Jry,-

(i,5)€e (k,b)ee
By assumption, the residuals are independent and satisfy

E{r;;] =0, Elr;r,| =
s [ ’ M} {0, otherwise.
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As a consequence, all cross terms in the double summation vanish, and only the diagonal
terms with (¢, 7) = (k, ¢) remain. Therefore,

(i,5)€e

Recalling that Q;; = Ei_jl, we have

Qij Xy iy = i,

which yields the final expression

-
F(@) = Z JTij Qij JTij'
(i.j)€e
This concludes the proof. O
This expression coincides with the definition of the Fisher Information Matrix as the
covariance of the Riemannian gradient, when the latter is represented in local tangent
coordinates through exponential perturbations.

Sparse Structure and Closed Form of the Jacobians J, (©) by
right perturbation

Recall that the residuals are defined as
ri;(©) = [Log(Hy T;T;71)]" € RY,

and depend only on the parameters of the two poses involved, 7; and T}.

Since r;; depends only on T; and T}, the Jacobian J, (©) is sparse and has nonzero
contributions only in the blocks associated with T; and Tj. If we arrange it in blocks
with respect to the component {T;}!;, we obtain:

Jrij(@):[O -0 J; 0---0 J; 0---0],
(block 1) (block 7)

where each block is a ¢ X ¢ matrix.

We now derive closed-form expressions for the non-zero blocks of the Jacobians J,,;(0).
To this end, we adopt right-invariant perturbations, consistent with the chosen pose
parametrization:

Ti(0) = TpExp(6r), 6 € R

Given the residual
rij =Log(Z)",  Z:=HyT;T;" € SE(d),

we analyze how right-invariant infinitesimal perturbations on 7; and T; affect Z.

Step 1: Apply right-invariant perturbations.
Ti(6;) = Ti Exp(d;),  T5(6;) = T; Exp(d;).
Substituting into the definition of Z yields

Z(8) = Hy; T; Bxp(3;) (T Exp(5,))
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Remark on notation. Throughout this section, the vectors d € R? denote the
coordinate representations of elements of the Lie algebra se(d) with respect to a fixed
basis, so that &, € se(d). The adjoint operator Adr : se(d) — se(d) is represented
in coordinates with respect to a fixed basis of the Lie algebra se(d) by the matrix
Adr € R defined by R

Adrd = (Adp(d))".

Step 2: Invert the perturbed right factor. Using the identity
(T Exp(3)) ™" = Bxp(—0) T,

we obtain

2(8) = Hy; Ty Exp(d;) Exp(—8) T,

Step 3: Factor out the nominal value Z. Recall that Z = H;; T; T, . By inserting
the identity T;7; ' = I between the two exponential terms, we can rewrite Z(J) as

Z(8) = Hy; T; T, (T, Exp(8,) T;) (T Exp(—d;) T;7Y)

=7 - (T Exp(6;) T,") (T Exp(=6;) T;7).

Step 4: Use the adjoint action. For any T € SE(d) and any X € se(d), the
identity (2.9) holds:
TExp(X)T™' = Exp(Adr X).

Applying this identity and using the fact that conjugation is a group automorphism,

we obtain R R o .
T; Exp(0;) Exp(—6;) T; ' = Exp(Adz,0;) Exp( — Adr,;).

Step 5: First-order approximation (BCH). Using the first-order Baker-Campbell-
Hausdorff approximation

~ —_—

Exp(a) Exp(b) ~ Exp(a + b),

we obtain

—

Exp (AHT\@) Exp( — mz) ~ Exp (AdTi<5j — 52))

Resulting perturbation on Z. Defining the combined perturbation
n = AdTi(Sj — AdTZ(Sz € Rq,

we obtain the first-order approximation
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Linearization of the residual. Right-trivializing the differential of the logarithm
yields
4z ~ Z7,  d(Log(2)) ~ J,"(Log(Z))n.

This follows from the first-order expansion of the logarithm map under a right-invariant
perturbation, namely:

Log(Z Exp(7)) = Log(Z) + J, ! (Log(Z)) n + O(|Inl]?),

where J, denotes the right Jacobian of the exponential map in SE(d).
Since the residual is defined as
Tij = Log(Z)v7

and the vee operator is a fixed linear isomorphism V : se(d) — R, its differential is the
identity. Therefore,
drij ~ J;l(T’ij) AdTZ ((53 — 51)

We have then proven the following result:

Proposition 4.6.2 (Closed-form Jacobian blocks of the relative pose residual). Let
r;(©) € R? be the residual associated with the relative pose measurement between
poses T; and T;. Under the right-invariant perturbation model introduced above, the
nonzero blocks of the Jacobian of r;; with respect to the state vector © are given by

Ji==J3(ri;(©)) Ady,,  J; =37 (ri;(©)) Ady,. (4.7)

Remark 4.6.3 (Choice of right-invariant perturbations). The adoption of right-invariant
perturbations in the derivation above is consistent with the right-invariant nature of

the measurement model, in which the relative pose error is expressed as HijTjTi_l.

This choice leads to a linearization where perturbations are naturally composed on the

right and transported through the adjoint representation associated with T;. It is worth

noting, however, that this choice only affects the coordinate representation of the asso-

ciated Jacobians and of the resulting Fisher Information Matrix. The intrinsic Fisher

information, interpreted as a bilinear form on the tangent space of the Lie group, is

invariant to the choice between right- or left-invariant perturbation models and would

remain unchanged under an alternative parametrization.

We now derive an alternative expression for the Fisher Information Matrix that ex-
plicitly exploits the sparsity of the measurements and makes both the topology of the
measurement graph and the geometry of the Lie group SE(d) transparent. In particular,
the Fisher Information Matrix can be factorized into a purely topological component
and a kinematic component depending on the state estimate ©. This decomposition
highlights the internal structure of F(©), clearly separating the contribution induced
by the measurement graph from that arising from the geometry of SE(d).

Factorization via arc-node selection.

For each arc (i, j) € £, we introduce the kinematic matrix
Lij(©) =] —Ay Ay] eR”™, Ay =J"(r;;(0))Adg,
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and the arc-node selection operator
-
Si‘ - €; ® [q c R2q><nq
ejT® I, ’

where ¢;,e; € R" denote the i-th and j-th canonical basis vectors. These definitions
allow the residual Jacobian to be written compactly as

Jry(©) = Liy(©) Sy

Tij
From the per-arc contribution
Qi(©) = Ly(©)" Qi Li;(©) € R***,

we construct the block-diagonal matrix

Q(O) := blkdiag (Q;;(0)) € REEN=CalED,
Likewise, collecting all arc-node selection matrices yields

Sivjn
S — 5@'2 € RalENx(na)
Sijeie

With this notation, the Fisher Information Matrix admits the following compact and

structured expression.

Theorem 4.6.4 (Equivalent Formulation of the Fisher Information Matrix for Pose
Parameters in SE(d)). Let © denote the parameter vector, with each 7; € SE(d) repre-
senting the pose of node ¢. Then the Fisher Information Matrix associated with © can
be written as

F(O)=38TQ(0)8 | € R™*™, (4.8)

In this factorization, the dependence on the measurement graph is encoded exclusively
in the matrix S, which is fixed for a given topology, while all kinematic dependence
on the poses including right Jacobians, adjoint matrices, and residuals enters solely
through Q(O©).

This separation is useful both analytically and numerically: the topological structure
of the FIM is fully determined by S, whereas its state dependence is captured entirely
by Q(6).

4.7 Singularity of the Fisher Information Matrix

Theorem 4.7.1 (Nullspace dimension and zero-eigenvalue multiplicity for a connected
measurement graph). Consider the Fisher Information Matrix F(©) associated with
the pose parameters ©, where T; € SE(d) fori = 1,...,n and ¢ = dim(SE(d)). Assume
that the undirected measurement graph of (7, &) is connected and that €2;; > 0 for all
(i,7) € €. Then the Fisher Information Matrix is singular and satisfies

dim(ker(F(0©))) = ¢.
Moreover, since F(0) is real and symmetric, the eigenvalue 0 has algebraic multiplicity

equal to q.

47



Step 1: Gauge Symmetry Directions Belong to the Nullspace Consider a
global right action G(0) = Exp(d) € SE(d) applied uniformly to all poses:

Tk(é):TkG(é), k:L...,n,

with § € R?. Because the measurement model is right-invariant, for every edge (i, j) € £
the corresponding residual remains unchanged:

ri(0(0)) = 7:;(©).

Therefore,
d%r(@(é)) = 0.
The associated infinitesimal variation of the parameter vector is
AOg=1[6",6", ..., 6"]" eR™,
and satisfies
F(©) AOg = 0.

Since ¢ has ¢ independent components, this shows that at least ¢ linearly independent
directions belong to the nullspace of F(O):

dim(ker(F(©))) > q.

Step 2: No Additional Null Directions for a Connected Graph We now show
that no further independent directions belong to the nullspace. Using the compact
factorization

F(0)=8"9(0)S,
it holds for any v € R™ that

v'F(©)v = (Sv)'Q(O)(Sv),
where Q(O) = blkdiag(Q;;) and each block Q;; = L;QijLij >~ 0 with Q;; > 0. Hence,

vemll (F(O) <« Sve (] mull(Qy).
(i,5)€e

Us

For a fixed edge (i, 7), one has Q;;u = 0 if and only if L;;u = 0. Writing u = LL } , this

J
condition becomes

—Aijui + AijUj =0.

Since the matrix
Aij = J3.1(ri;(0)) Ady,

is the product of two invertible matrices, it is invertible too. Indeed, the right Jacobian
J,(r;(©)) is invertible in the domain of interest, hence its inverse exists. Moreover,
the adjoint representation Adry, is nonsingular, since it represents an automorphism of
the Lie algebra. Consequently, the above condition is equivalent to

U; = Uy
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This relation enforces a linear consistency constraint between the perturbations asso-
ciated with the two nodes connected by the edge (7,j). In particular, once the per-
turbation u; € R? is fixed, the corresponding perturbation u; is uniquely determined.
Because the measurement graph is connected, such constraints propagate along any
path in the graph. Fixing an arbitrary reference node, all other node perturbations are
uniquely determined by its value through successive applications of the above relation.
Hence, the set of vectors u satisfying L;;u = 0 for all (i, j) € £ forms a linear subspace
of dimension at most ¢q. Therefore,

dim(ker(F(0))) = q.

Finally, since the Fisher Information Matrix F(O) is real and symmetric by construc-
tion, it admits an orthonormal basis of eigenvectors and is therefore diagonalizable by
the spectral theorem. For real symmetric matrices, the algebraic and geometric mul-
tiplicities of each eigenvalue coincide. Since the nullspace of F(©) has dimension ¢, it
follows that the eigenvalue 0 has algebraic multiplicity equal to gq.

Remark 4.7.2 (Structure-induced singularity). Even by inspecting the structure of
F(O), one can intuit its singularity. Each row and column associated with a pose is
coupled to the others only through relative quantities of the form TiTj_l, and never to
an absolute reference. As a consequence, F(©) has the structure of a block Laplacian
of the measurement graph. As for any Laplacian matrix, this structure implies the
existence of a nontrivial nullspace associated with a global rigid-body transformation
of the reference frame.

4.8 Extension to Multiple Connected Components

The results derived in the case of a single connected component extend naturally to the
general scenario in which the measurement graph contains multiple connected compo-
nents. The two formulations for the Fisher Information Matrix, (4.6) and (4.8), remain
the same. In particular, all invariance properties of the log-likelihood remain unchanged:
within each connected component, the measurement model is still right-invariant with
respect to a common transformation in SE(d), and therefore the likelihood is unaffected
by a global change of reference frame applied uniformly to all poses belonging to the
same component.

Consequently, if the graph consists of C' connected components, then the maximum-
likelihood estimate of the absolute poses is not unique, since each component may
undergo an independent rigid-body transformation. If we denote by 7i,...,7¢c the
node sets associated with the C' components, any optimal configuration

{(T™ElieTTu---UTe}
generates an entire family of equivalent MLE solutions of the form
{TM" Gy | T; € Th, Ge € SE(d), k=1,...,C},

where each component is transformed independently. As in the single-component case,
this ambiguity does not affect the estimation of the relative poses within each compo-
nent, which remain uniquely defined since all transformations G}, cancel out in expres-
sions of the form TiTj_l.
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The presence of multiple connected components also influences the structure of the
Fisher Information Matrix. Since no measurements couple poses belonging to different
components, the FIM becomes block-diagonal, with one independent block for each
connected component. As a consequence, one may either treat the overall FIM as a
single block-diagonal matrix, or equivalently consider the C' smaller FIMs associated
with each individual component, which can be analyzed and inverted independently.
Both viewpoints are completely equivalent, and the choice between them is purely
notational or computational, depending on the application at hand.

Dimension of the Kernel of the FIM with ¢ Connected
Components

When the measurement graph contains multiple connected components, the Fisher
Information Matrix (FIM) associated with the pose parameters exhibits a nontrivial
nullspace whose dimension reflects the independent gauge freedoms present in each
component. The following theorem characterizes this dimension exactly.

Theorem 4.8.1 (Dimension of the Fisher Information Nullspace for a non-connected
graph of measurements). Let the undirected graph induced by £ have ¢ > 1 con-
nected components 7y, ..., 7., with node sets {7, }¢_, forming a partition of {1,...,n}.
Then the Fisher Information Matrix F(O) associated with the parameters ©, with
dim(SE(d)) = ¢, satisfies

dim(ker(F(0©))) = qc. (4.9)

Moreover, the algebraic multiplicity of the eigenvalue 0 is also equal to qc.

Proof. Let the measurement graph induced by £ have ¢ > 1 connected components
Ti, ..., T. with node sets {7, }5_;.

Step 1: Block-diagonal structure. Since there are no edges between distinct con-
nected components, measurements only couple poses within the same 7,. Therefore,
by permuting the ordering of the parameters so that the poses of each component are
grouped together, there exists a permutation matrix P such that

PF(©)P" = blkdiag(F(0),...,F.(0)).

Equivalently, up to a permutation similarity, the Fisher Information Matrix decomposes
as the direct sum of the Fisher Information Matrices associated with each connected
component,

Step 2: Nullspace dimension. By the result for the connected case, each block
satisfies
dim(ker(F,(0©))) = q, a=1,...,c

Moreover, the nullspace of a block-diagonal matrix is the direct sum of the nullspaces
of its diagonal blocks. Hence,

dim(ker(PF(0)P")) = ) " dim(ker(Fo(0))) = > ¢ = qc.
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Finally, permutations preserve rank and nullity, so

dim(ker(F(0©))) = qc.

Step 3: Zero eigenvalue multiplicity. Since F(©) is real symmetric, it is diagonal-
izable and the algebraic and geometric multiplicities coincide. Therefore, the eigenvalue
0 has algebraic multiplicity equal to dim(ker(F(0©))) = qc. O

4.9 M independent measures per arc

Up to this point, we have assumed that a single measurement is available for each arc
(,7), denoted by H,;, and we have derived F()(0) = F(O) as the Fisher Information
Matrix (FIM) obtained by considering one observation per arc.

We now extend this formulation by assuming that, for each arc (7, j), m measurements
{H};}, are available. Each independent measurement follows the generative model

H. =Exp(€,) LT, 1=1,...,m, (4.10)

l

where §;; € R? is a random perturbation modeled as a zero-mean Gaussian vector,

€~ N(0,5y). (4.11)
and 7; and 7j denote the unknown absolute poses associated with nodes ¢ and j of the
relative measurement graph, which belong to the Lie group SE(d) and are the quantities
to be estimated.

Under this assumption, all measurements collected on the same arc (i, j) are indepen-
dent and identically distributed, since they share the same noise distribution character-
ized by the covariance matrix ¥;;. Moreover, measurements associated with different
arcs are assumed to be mutually independent.

By exploiting the additivity of the Fisher information for independent observations, the
FIM in the case of m measurements per arc is given by

F(O), =Y > FJ©)=m) F0),
(1,5) =1 (4,9)

where FS)(@) denotes the Fisher information contribution associated with a single
measurement on edge (i, 7).

Finally, recalling that F(©), is defined as the total Fisher Information Matrix obtained
by considering one measurement per arc,

F(0),:=Y FJ(0),
(4,9)

we obtain the compact scaling relationship

F(0),, = mF(O), (4.12)
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which shows that, under the assumed noise model, the available information grows lin-
early with the number of independent measurements collected for each edge. Moreover,
since we have shown that the Fisher Information Matrix obtained by considering a
single measurement per arc, F(0), is singular and satisfies

dim (ker(F(©))) = qc,

where ¢ denotes the number of connected components of the graph, the same property
holds when m measurements per arc are available. Indeed, the scaling factor does not
affect either the rank or the null space of the matrix. As a consequence, F(0),, is also
singular and

dim (ker(F(0),,)) = qc.
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Chapter 5

Handling Singular Fisher Information
Matrices: Anchored and Quotient
Approaches

5.1 Setting the Stage for Intrinsic Cramér—Rao Bounds

The pose-graph estimation problem, with the statistical model based on (4.3) is natu-
rally defined on the product manifold

P = SE(d)".

Within this setting, we have shown that the associated Fisher Information Matrix
(FIM) is singular due to the presence of global gauge symmetries. In particular, if the
measurement graph has ¢ connected components, then

d(d+1)

dim(ker(F(0©))) = qc g =dimSE(d) = 5

As a consequence, the Cramér-Rao Bound (CRB) cannot be applied in its classical
form, which requires an invertible Fisher Information Matrix.

In this chapter, we develop two rigorous geometric approaches to eliminate gauge ambi-
guities and derive meaningful intrinsic Cramér-Rao bounds. Throughout the chapter,
we work under the additional assumption of a high signal-to-noise ratio (high-SNR)
regime, meaning that estimation errors are sufficiently small for local linearizations on
the manifold to be accurate and for the logarithm map to be well defined in a neigh-
bourhood of the true parameters.

The two approaches considered are the following;:

1. Anchored CRB: a set of anchor poses is fixed to their true values, with at least
one anchor selected for each connected component of the relative-measurement
graph. The set of anchor indices is denoted by A C {1,...,n}. This constraint
restricts the estimation problem to a Riemannian submanifold of the original
parameter space, thereby removing the gauge freedom associated with the global
transformations within each connected component.
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2. Quotient-manifold CRB: the relative measurement model induces an equiva-
lence relation on SE(d)™ by identifying all absolute pose configurations that give
rise to the same likelihood. This equivalence relation is generated by independent
global right actions of SE(d) acting on each connected component of the measure-
ment graph. The resulting equivalence classes define the quotient manifold

Po = SE(d)" /SE(d)",

which represents the space of intrinsically identifiable parameters. Vertical di-
rections correspond to unobservable gauge variations, while horizontal directions
encode observable degrees of freedom, providing the natural setting for the intrin-
sic Cramér—Rao bound.

The geometric framework developed here follows the intrinsic Cramér—Rao bounds for
submanifolds and quotient manifolds introduced by N. Boumal [19], and is therefore
directly applicable to the present setting, where the parameter space SE(d)™ is a Lie

group.

5.2 Anchored Estimation on a Submanifold of SE(d)"

In this section, we present the complete geometric construction and the algebraic deriva-
tion of the orthogonal projector required for N. Boumal’s submanifold Cramér-Rao
bound, under the assumption that at least one pose is anchored (i.e. fixed to the true
value) in each connected component.

We consider n poses T, ..., T, € SE(d) and represent them as a single point
Q= (T1,...T,) € P:=SE(d)".

The parameter space P = SE(d)™ is a product manifold. As such, its tangent space at
a point Q = (T1,...,T,) € P is given by the direct sum of the tangent spaces of the
individual factors, namely

ToP =T, SE(d) & -+ & Tr,SE(d).

Proposition 5.2.1 (Tangent space of SE(d) via left translation). For every T; € SE(d),
the tangent space at T; satisfies

Tr.SE(d) = {T;S | S € se(d) }.

In particular, since ¢ = dimse(d) = @, the tangent space T, SE(d) is a vector space

of dimension ¢ and is canonically isomorphic to RY.

Proof. Consider the left translation by Tj,
Lz, : SE(d) — SE(d), Lt .(G) =T,G.
Since L, is a diffeomorphism, its differential at the identity,

(dLTi)e : TGSE(CD — ,_Z—lesE(d)7
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is a linear isomorphism. By definition of the Lie algebra, T.SE(d) = se(d). Moreover,
for any S € se(d), take a smooth curve y(t) C SE(d) such that v(0) = e and 4(0) = 5.
Then the curve Ly, (y(t)) = Tiy(t) satisfies

d

Li(O) =T %,

Tin(t) = (dL;)e(S5).

In the matrix-group setting, the differential of left translation acts by left multiplication,
hence (dLz,).(S) = T;S. Therefore every tangent vector at 7; is of the form T;S for
some S € se(d), and conversely every T;S arises as the velocity at ¢ = 0 of the curve
t — T; Exp(tS). This proves

Tr.SE(d) = {T;S | S € se(d) }.
]

Via a fixed linear isomorphism 77, SE(d) ~ RY, each tangent space is represented in
local coordinates. Accordingly, a tangent vector to the product manifold P = SE(d)"

at a point Q = (T1,...,T,) can be written in stacked form as
U1
Vg
U= . ) v; € RQ)
Un,

where v; represents the infinitesimal variation associated with the pose T;.
We now select a set of indices
ACH{L,...,n},

referred to as the anchor set, such that at least one index is selected for each connected
component of the measurement graph. The elements of A correspond to poses that are
assumed to be known a priori.

More precisely, for each i € A, the pose T; is fixed to the real value T; € SE(d) and is
therefore not subject to estimation.

The resulting anchored submanifold is the subset of the product manifold defined by

Pa:={(T1,....T,) €SE(d)" | T; =T; Vi € A}.

This construction restricts the admissible configurations to those consistent with the
anchoring constraints, thereby removing the corresponding gauge degrees of freedom
and yielding a lower-dimensional submanifold on which the estimation problem is for-
mulated.

Tangent Space of the Anchored Submanifold Since the poses indexed by A
are fixed, they cannot vary, and therefore the corresponding tangent components must
vanish. As a result, the tangent space of P4 at a point @ = (71, ...,T},) is given by

TPy = <@TTiSE<d>> & (EB{O}>-

i¢A icA
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In stacked coordinates, a tangent vector to P, takes the form

(%1
v= |11, v; =0 VieA,

Un,

where each component v; € R?. The nonzero components v; represent admissible in-
finitesimal variations of the non-anchored poses.

Orthogonal Projection onto the Anchored Tangent Space The projector

Il : TuP — ToPa4 acts by preserving the tangent components associated with non-
anchored poses and annihilating those corresponding to anchored poses. To this end,
introduce a diagonal matrix M € R"*" defined by

1, i¢A
Mii = ’ ’ Mz =0 forz ).
{0, ic A, d 71

The orthogonal projector onto TP, is then given by
N=M®®lI, € R,

where I, denotes the identity matrix in RY.
Its action on a stacked tangent vector v € TP is

(H’U),L — U?,? 7’ ¢ )
0, 1€ A.

By construction, the matrix II is symmetric and idempotent.

Theorem 5.2.2 (Anchored intrinsic Cramér-Rao bound neglecting curvature). Con-
sider an estimation problem on the manifold P = SE(d)" with measurement model
(4.3), and let F denote the Fisher Information Matrix. Assume that curvature terms
in the intrinsic Cramér-Rao bound are negligible.

Let I : ToP — TP be the orthogonal projector onto the tangent space, at ©, of the
anchored submanifold induced by a given anchor set.

Then, for any unbiased estimator defined on the anchored submanifold P4, the covari-

~

ance matrix Covg(©) of the intrinsic estimation error satisfies
Cove(0) = (MFI) = (M e I,)F (Mo 1,)" (5.1)
Furthermore, the total variance admits the bound
tI“(COV@(é))) > tr(HFH)T. (5.2)

Proof. The result follows directly from Theorem 2 in [19], specialized to the submanifold
setting and under the assumption that curvature terms are negligible.

Indeed, the anchored parameter space P4 C P is a Riemannian submanifold of P =
SE(d)", and the matrix II = M ® I, is precisely the orthogonal projector from TP
onto ToPa. Applying the aforementioned result yields the bound

Cove(©) = (TF )",

which proves (5.1). The trace inequality (5.2) follows immediately as a consequence of
this bound and is included in the same result. ]
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Component-wise interpretation of the anchored bound Under the assumption
that the measurement graph has ¢ connected components and that the anchor set A
contains at least one pose per component, the matrix II F II inherits a block structure
aligned with the decomposition of the parameter space induced by the graph. Indeed,
by reordering the variables so that poses belonging to the same connected component
are grouped together, there exists a permutation matrix P such that

PFP' = blkdiag(F,,....F.), PIIP" = blkdiag(IL, ..., IL.),

where each F, is the Fisher Information Matrix associated with the subgraph induced by
Ta, and I1,, is the corresponding anchoring projector on that component. Consequently,

P (IFII)P' = (PIIP " )(PFP")(PIIP ") = blkdiag (11, F4I1;, ... , II.F.IL).

As a consequence, the bound in (5.1) decomposes into ¢ independent intrinsic Cramér—
Rao bounds, each acting on the parameters associated with a single connected com-
ponent. This reflects the fact that anchoring removes the gauge freedom within each
component independently, while no information is exchanged across distinct compo-
nents.

From an algebraic point of view, the projector II = M ® I, enforces the anchoring
constraints by restricting the Fisher Information Matrix to the subspace of admissible
tangent directions. The resulting bound therefore characterizes the estimation accuracy
attainable under fixed-anchor constraints, component by component.

5.3 Quotient-Manifold Estimation on SE(d)"

Let SE(d) denote the special Euclidean group, and consider the configuration space
SE(d)™ of n absolute poses. Assume that the undirected measurement graph con-
sists of ¢ > 1 connected components, denoted by 7y, ..., 7., which form a partition of

{1,...,n}.

In this setting, relative measurements within each connected component are invariant
under an independent global rigid motion acting on that component. This invariance
can be formalized by introducing a right action of the group SE(d)¢ on SE(d)™.
Specifically, for © = (11,...,T,) € SE(d)" and (Gy,...,G.) € SE(d)°, we define the
right action

O : SE(d)"xSE(d)° — SE(d)",  ®(0,(Gy,...,G.)) = (T1Gay, - - -, TuGam), (5.3)

where «(i) denotes the index of the connected component containing node .
Two configurations 0,0 € SE(d)" are said to be gauge-equivalent if they belong to the
same orbit of this action, that is, if there exists (Gy,...,G.) € SE(d)¢ such that

' =d(0,(Gy,...,G.)).
The orbit through O,

O@ = {(TlGa(1)7 e 7TnGa(n)> . (Gl, e ,GC> € SE(d)c}, (54)
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collects all absolute pose configurations that induce the same set of relative poses and
therefore the same likelihood function. In other words, configurations lying in the same
orbit are statistically indistinguishable on the basis of the available measurements.
The set of all such orbits defines the quotient space

Po := SE(d)" /SE(d)",
together with the canonical projection
7 : SE(d)" — Po, m(©) :=[0)].

Since the action (5.3) is smooth and proper, the quotient Pp inherits a smooth manifold
structure, and 7 is a smooth submersion. A dimension count yields

dim(Pp) = n dim(SE(d)) — ¢ dim(SE(d)) = (n — ¢) dim(SE(d)),

corresponding to the removal of ¢ independent gauge degrees of freedom.

From a differential-geometric perspective, the tangent space at © € SE(d)" admits a

natural decomposition induced by the quotient structure. The tangent space of the
total space is

ToSE(d)" = T, SE(d) x -+ x T, SE(d).
The vertical subspace at © is defined as the kernel of the differential of the projection,

Ve = ker(drmg),

and coincides with the tangent space to the gauge orbit Og. It is spanned by infinites-
imal gauge transformations acting independently on each connected component. More
explicitly, for &, ..., &, € se(d), the curve

O(t) = (T Exp(téa)), - - - , ThEXD(ta(n)))

lies entirely in Og, and its velocity at t = 0 belongs to Vg. Consequently,
dim(Ve) = ¢ dim(SE(d)).

To characterize the directions corresponding to observable variations of the parameters,
we introduce the horizontal subspace He as a complement of Vg. After choosing an inner
product on TgSE(d)", the horizontal space is defined as the orthogonal complement

Ho := V5, ToSE(d)™ = Vo & He.

Geometrically, Hg contains exactly those infinitesimal variations of the poses that are
not induced by global rigid motions and therefore correspond to identifiable, observable
directions of the estimation problem.

As a special case, when the measurement graph is connected (¢ = 1), the action (5.3)
reduces to the standard right diagonal action of SE(d) on SE(d)", the quotient space
becomes SE(d)"/SE(d), and the vertical and horizontal spaces reduce to the classical
decomposition associated with a single global gauge freedom.

If we consider curvature terms of the bound negligible, N. Boumal’s intrinsic Cramér—
Rao bound on quotient manifolds applies directly in this setting and yields the following
result.
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Theorem 5.3.1 (Quotient Intrinsic Cramér—Rao bound neglecting curvature). Let the
undirected measurement graph consist of ¢ > 1 connected components, and consider
the estimation problem on the quotient manifold

Po = SE(d)"/SE(d)".
Neglecting curvature terms, the covariance matrix Cov@(@) of any unbiased estimator
defined on Py satisfies the intrinsic Cramér—Rao bound

Cove(0©) = Fi, (5.5)

where F denotes the Fisher Information Matrix associated with the full parameter
vector ©. Moreover, the total variance admits the scalar bound

tr(COV@(é)) > tr(FT). (5.6)

Proof. The result follows as a direct application of Theorem 3 in [19]. Indeed, when the
undirected measurement graph has ¢ > 1 connected components, the gauge equivalence
relation induced by the relative measurement model identifies configurations that differ
by independent global right actions of SE(d) on each connected component, as described
in (5.4). Quotienting the parameter space SE(d)" with respect to these equivalence
classes yields the quotient manifold Py = SE(d)"/SE(d)*.

In this setting, the assumptions of Theorem 3 in [19]| are satisfied, and neglecting
curvature terms leads directly to the intrinsic Cramér—-Rao bound (5.5). The associated
trace inequality (5.6) is also covered by the same theorem. O

Component-wise interpretation of the quotient CRB To interpret this result
more explicitly, observe that, after a suitable permutation of the variables—performed
by the same permutation matrix P introduced in the anchored case, which groups
together the poses belonging to the same connected component—the Fisher Information
Matrix satisfies

PFP' = blkdiag(F4,...,F.),

where each block F, coincides with the Fisher Information Matrix of the connected
subproblem associated with 7,. Accordingly, the Moore—Penrose pseudoinverse satisfies

PF P = blkdiag(Fl,... F}).

This block-diagonal structure shows that the intrinsic Cramér—Rao bound on the quo-
tient manifold decomposes naturally into ¢ independent bounds, each governing the
estimation accuracy within a single connected component. From an algebraic stand-
point, the global bound is therefore equivalent to the collection of the intrinsic bounds
associated with the individual connected subproblems, reflecting the fact that no infor-
mation is exchanged across distinct components.

5.4 Identifiable maximum likelihood estimators for CRB
validation

Constructing explicitly unbiased estimators in pose-graph estimation problems is a non-
trivial task, both in the anchored and in the quotient settings. Rather than attempting
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to enforce unbiasedness directly, a natural strategy consists in exploiting the asymptotic
efficiency of the maximum likelihood estimator, which provides a principled connection
between estimation performance and Cramér—Rao bounds in identifiable parameter
spaces.

In order to empirically validate the Cramér—Rao bounds derived in this chapter, it is
therefore necessary to consider estimation settings in which the MLE is uniquely de-
fined. As discussed earlier, the gauge symmetry induced by relative pose measurements
prevents uniqueness of the MLE on the full space SE(d)". Two complementary identi-
fiable formulations are considered, corresponding to the anchored space P4 and to the
quotient space Po.

In the anchored setting, the MLE is obtained by restricting the likelihood to Py, i.e.,
by fixing the poses indexed by A to their ground-truth values and optimizing over the
remaining variables. This restriction removes the gauge ambiguity and leads to a unique
maximizer,

OMLE — arg max £(0). (5.7)
0P,
In this case the anchored MLE satisfies the standard regularity conditions required for
asymptotic efficiency. As the number of independent measurements per edge grows, the
empirical covariance of the anchored MLE approaches the intrinsic Cramér—Rao bound
given in (5.1), in agreement with the asymptotic efficiency of maximum likelihood
estimation.

In the quotient setting, the estimation problem is formulated intrinsically on Py, where
the likelihood is invariant along gauge orbits and defines a function on equivalence
classes. The quotient MLE is then defined as the unique maximizer of the induced cost
function on the quotient,

~

(O] = arg max L([O)). (5.8)
[©]ePo

Although individual representatives in SE(d)™ are not uniquely defined, the maximizing

equivalence class is unique.

From a differential-geometric perspective, this optimality condition can be expressed

by requiring that the log-likelihood be stationary with respect to all horizontal (i.e.,

identifiable) variations at a representative O of the optimal equivalence class,

oV L(BREF) =0,

where Iy denotes the projection operator onto the horizontal subspace at C:), since
variations along vertical directions leave the cost unchanged.

In both the anchored and quotient formulations, the existence of a unique and iden-
tifiable MLE provides the essential link between the theoretical bounds and empirical
performance. The asymptotic efficiency of ©MLE on P4 and of [O]MF on Py ensures
that the corresponding Cramér-Rao bounds can be meaningfully verified through nu-

merical experiments.
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5.5 On the Role of Curvature in Intrinsic CRBs

Although the anchored and quotient-manifold formulations are conceptually distinct,
they exhibit a remarkably similar algebraic structure. In both cases, after a suitable
permutation of the variables, the Fisher Information Matrix and the corresponding
Cramér—Rao bound decompose into independent blocks associated with the connected
components of the measurement graph. This reflects the fact that gauge ambigui-
ties—and their removal—act independently within each connected component, with no
statistical information exchanged across disconnected subgraphs.

Despite this structural similarity, the two approaches differ in their geometric interpre-
tation and level of abstraction. The anchored formulation operates on a concrete and
easily interpretable submanifold of the original parameter space, obtained by fixing
a selected subset of poses to their true values. Identifiability is enforced directly by
explicitly constraining specific degrees of freedom.

By contrast, the quotient-manifold formulation removes gauge ambiguities by identi-
fying all configurations that induce the same likelihood. The resulting space is not a
subset of SE(d)", but a space of equivalence classes representing families of statistically
indistinguishable configurations. While less concrete geometrically, this construction is
conceptually closer to the intrinsic statistical structure of the problem.

From a theoretical perspective, both formulations admit a refined treatment including
curvature-dependent correction terms in the Cramér—Rao bound. These arise because
SE(d), and hence SE(d)", is a non-flat manifold, so second-order geometric effects con-
tribute to the bound. Although their inclusion yields, in principle, sharper bounds,
their explicit evaluation is analytically demanding.

Nevertheless, when m independent measurements are available for each arc, the curvature-
dependent correction term vanishes asymptotically as m — oo. More precisely, it
scales as O(1/m?), decaying faster than the leading-order contribution, which scales
as O(1/m). Consequently, for sufficiently large m, the dominant contribution to the
estimation error is fully captured by the leading-order term derived in this chapter,
while curvature effects become negligible. This behavior is further supported by the
numerical simulation presented in the following chapter.
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Chapter 6

A Case Study on Sparse Pose-Graph
Estimation on SE(2)

6.1 Problem Setup and Objectives

In this chapter, we study a synthetic pose-graph estimation problem on the Lie group
SE(2) with five nodes (n = 5) and a sparse set of directed relative measurements.

We first consider a controlled baseline scenario in which a single relative measurement
is available for each directed arc of the graph. This setting allows us to isolate and
analyze the fundamental properties of the estimation problem, focusing on:

e maximum likelihood estimation (MLE) under left-multiplicative noise on SE(2),

e the structure of the Fisher Information Matrix (FIM) and the dimension of its
nullspace,

e the role of graph connectivity and gauge freedoms in determining identifiability.

We then extend the analysis to the case in which m independent measurements are
available for each arc. In this second phase, we investigate the behavior of the MLE
as m increases, and assess whether it exhibits the expected asymptotic efficiency, as
predicted by estimation theory.

The results reported in this chapter are obtained from an actual numerical simulation
(Python code used to generate the plots provided separately in the appendix).

In the analyzed example, the available directed measurement arcs are:

E=1(1,2),(2,1),(3,4),(4,5),(5,4), (5,3}, |E] = 6.
This measurement graph is composed of two connected components (¢ = 2):

{1,2} and {3,4,5}.

As a consequence, we expect a siz-dimensional global gauge freedom (three degrees of
freedom per connected component), which will be reflected by the rank deficiency of
the Fisher matrix.
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Figure 6.1: Directed graph representation of the measurement topology.

6.2 Lie Group Model and Notation

An element of SE(2) is represented as

T= {R%") 71)] . R(w) €S0(2), veR: (6.1)

The Lie algebra se(2) is parameterized by
€= [w,vg,0,]" €R3

with the associated hat operator EE se(2).
Chosen basis of se(2): we use the standard canonical generator basis

0 -1 0 (0 0 1 0 00
Ey=1(1 0 0, E,=10 0 0f, Es=1]0 01
0 0 0 0 0 0 000

With this convention, the hat map is the linear identification

R [0 —w v, o v
E=wbh+v,E+v B3 = (w 0 v,| = (0 0)652(2)

0 0 0
Exponential and Logarithm maps: The exponential and logarithm maps Expggs)
and Loggp o) are implemented in closed form and are used consistently throughout the
simulation, estimation, and information analysis.
Identifying an element of the Lie algebra se(2) with ¢ = (w,v)" € R x R?, the expo-
nential map Expgp ) : §¢(2) — SE(2) is given by

Expgpo (€) = (R(Ow) V(Cf)v) ,

where

cCoOSw —Sinw sinw _ l—cosw
R(w) = ( > ) V((.U) == (1—(%80.) ﬁ ) 9

sinw cosw
w w

with the convention V(0) = I,.
Conversely, for an element

T = (? i) € SE(2),

the logarithm map Loggp o) : SE(2) — se¢(2) is equal to

Lossen() = (5 V41 ) el we (omal R=RG)
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Noise-Free Measurements

The (unknown) true absolute poses are chosen as:

) [0.8525 —0.5227 —0.6] ) [0.4976 —0.8674 0.9]
T, = |0.5227 0.8525 0.2 T, = |0.8674 0.4976 0.1],
0 0 1] 0 0 1
. [ 0.7317 0.6816 —0.2] ) [0.9553 —0.2955 1.1]
Ty = | —0.6816 0.7317 1.2 T, = 102955 0.9553 1.6/,
0 0 1] 0 0 1
) [ 0.0888 0.1494 2.0
Ts = | —0.1494 0.9888 0.9
0 0 1

The superscript (-) denotes the noise-free quantities. These values are used to generate
synthetic measurements and for the exact values of the Fisher Information Matrix.

6.3 Measurement Noise Model

Measurements are corrupted using (4.3):
Hy =Exp(&) Ty & ~ N(0,5y),

where &;; € R? represents noise in se(2) coordinates.

The noise has been choosen to be heteroscedastic: each directed edge has its own
covariance matrix, that we choose diagonal, to reduce the computations needed in each
simulation.

Ny = diag(ol ;;,05.5,00.5), Q=5
The six edge-specific covariances used in the simulation are:
Y19 = diag(0.0060, 0.0010, 0.0080), Y91 = diag(0.0020, 0.0090, 0.0010),
Y34 = diag(0.0050, 0.0070, 0.0090), Y45 = diag(0.0070, 0.0060, 0.0100),
Y54 = diag(0.0090, 0.0080, 0.0060), Y53 = diag(0.0065, 0.0055, 0.0075).
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Injected noise per arc
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Graph 6.1: Injected noise samples ;; in se(2) for the directed sparse arc set. The rota-
tional component w and translational components (v,,v,) are shown for each directed
arc.

At this stage, each directed arc is associated with a single relative measurement only.
Consequently, the noise samples shown in Graph (6.1) represent the only random real-
izations injected into the relative pose measurements for each arc, and they are used to
construct the corresponding noisy observations. In the next phase of the analysis, the
same noise generation process will be repeated multiple times: for each directed arc, m
independent noise realizations will be drawn, resulting in m relative measurements per
arc. This will allow us to study the estimation performance in a multi-measurement
setting.

6.4 Maximum Likelihood Estimation with Gauge
Fixing

As discussed above, due to the disconnected structure of the directed measurement
graph, the pose-graph estimation problem admits a six-dimensional gauge freedom,
corresponding to three degrees of freedom for each connected component. As a conse-
quence, the Fisher Information Matrix is rank-deficient and the maximum likelihood
estimate is not unique unless an explicit gauge is fixed.

In the present experiment, a unique MLE solution is obtained by anchoring one pose per
connected component. Specifically, the poses T7 and T3 are fixed to their ground-truth
values T} and T, respectively. This choice is made solely for validation and visualization
purposes: any other fixed reference (e.g., setting 77 = I and T3 = I) would lead to
an equivalent solution up to a rigid transformation within each component. However,
anchoring the poses to their true values provides a clearer comparison between estimated
and ground-truth quantities.

Graph (6.2) shows the resulting MLE absolute pose estimates. Within each connected
component, the relative configuration of the poses is accurately recovered, confirming
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that the optimization successfully exploits the available relative measurements despite
the sparsity and directionality of the graph.

True poses Estimated poses (anchored MLE)
2.5 2.5 1
2.0 1 2.0 1
1.5 1 : 151
1.0+ <‘L 1.0 - i
= .Z'l- = 3-(55‘
0.5 1 0.5
"4 / f {
¢ ) 5 y,
0.0 1 0.0 4
—0.5 —0.5 1
—=1.0 A —-1.0 4
T T T T T T T T T T T T T T T T
-1.0 -05 00 05 10 15 20 25 -1.0 -05 00 05 10 15 2.0 25
X X

Graph 6.2: Comparison between true and estimated absolute poses.

The left image shows the ground-truth poses T, . .., Ts € SE(2), while the right image
reports the poses estimated via maximum likelihood estimation (MLE), after anchoring
T and T3 to their ground-truth values to remove gauge freedom. The estimated poses
closely match the true ones, both in position and orientation, highlighting the accuracy
of the proposed estimation approach.

The convergence behavior of the MLE optimization is illustrated in Graph (6.3), which
reports the evolution of the negative log-likelihood cost function. After a rapid initial
decrease, the cost converges to a small residual value, indicating that the estimated
poses are highly consistent with the noisy measurements.

Optimization cost
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Graph 6.3: Cost function history during the MLE optimization. The rapid convergence
indicates a well-conditioned optimization once the gauge is fixed.
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6.5 Quality of the Estimation Through Relative Mea-
surements

While absolute pose estimates depend on the chosen gauge, the quality of the solution
can be assessed in a fully gauge-invariant manner by analyzing the reconstructed relative
transformations. Indeed, for any choice of gauge within a connected component, the
relative motions induced by the MLE solution remain unchanged.
For each available directed arc (i,5) € €, we compare the true relative motion T};; with
its MLE counterpart T};"® through the Lie-group error

0i5 = Log (sz (T}]’/ILE)_1> € 5¢(2).
By construction, d;; is invariant to any global transformation applied to all poses within
the same connected component, and therefore provides a meaningful measure of esti-
mation accuracy independently of the adopted gauge.
Graph (6.4) reports the squared ¢, norm of §;; for all available directed edges. The
errors are consistently small across all measurements, indicating that the MLE solution
accurately reconstructs the relative poses despite the presence of heteroscedastic noise.
It is important to emphasize that, in a realistic pose-graph estimation problem, the
ground-truth absolute poses 7, are not available. As a consequence, the comparison
of relative transformations represents the only physically meaningful and observable
validation criterion. The small relative errors observed here therefore constitute the
true evidence of a reliable and consistent reconstruction, showing that the MLE solu-
tion remains close to the noise-free relative motions and correctly explains the noisy
measurements.

Relative error norm per arc

0.10 A

0.08 A

0.06

[llog error]|

0.04 4

0.02

0.00 -

1-=2 2-=1 3-=4 4-=5 5=4 5=3
Directed arc

Graph 6.4: Squared norm of the relative pose error [|Log(T75(T;}"™")~")||? for all available
directed edges.

A more detailed insight is provided in Graph (6.5), which shows the individual compo-
nents of d;;, namely the rotational error Af and the translational errors Az and Ay.
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The magnitude of each component remains consistent with the low noise levels selected
for the corresponding measurement edges. In particular, edges characterized by smaller
noise variances exhibit correspondingly smaller estimation errors.

This behavior confirms that the MLE solution correctly reflects the heteroscedastic
noise model: the lower the measurement noise associated with an edge, the higher
the accuracy of the reconstructed relative transformation. As a result, the estimator
effectively exploits the information content of each measurement and adapts its precision
to the uncertainty structure of the problem.

Relative error components

—— AB 2
0.06

—— Ay
0.04 A
0.02
0.00
—0.02 + /
—0.04

—0.06 A

Component value

T T T T T T
1-=2 2->1 3-=4 4-=5 5=>4 5=3
Arc

Graph 6.5: Components of the relative pose error ¢;; = (A8, Az, Ay) for each arc. The
errors are small compared to the corresponding noise standard deviations.

Overall, these results confirm that, although the absolute MLE solution is defined
only up to a gauge transformation within each connected component, the estimated
relative motions are highly accurate. This demonstrates the effectiveness of the MLE
formulation on SE(2) even in the presence of sparse, directed, and heteroscedastic
measurements.

6.6 Structure and Spectrum of the Fisher Information
Matrix

The Fisher Information Matrix is computed from (4.6), which provides its explicit
expression in terms of the stacked pose parameters. In the sparse and directed mea-
surement setting under consideration, the resulting matrix inherits the structure of the
underlying measurement graph.

As predicted by the theoretical results presented in Chapter 3, the Fisher Information
Matrix exhibits a block-diagonal structure, with each block corresponding to one con-
nected component of the measurement graph. In the present example, the first block is
associated with the component {1, 2}, while the second block corresponds to the com-
ponent {3,4,5}. This structure is clearly visible in the heatmap representation shown
in Graph (6.6).
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Graph 6.6: Heatmap of the Fisher Information Matrix. The block-diagonal structure
reflects the two connected components of the directed measurement graph.

The eigenvalue spectrum of the Fisher Information Matrix is reported in Graph (6.7).
As expected, exactly six eigenvalues are equal to zero, empirically confirming Theo-
rem (4.9). These zero eigenvalues correspond to the six-dimensional gauge freedom of
the problem, namely three unobservable degrees of freedom (rotation and translation)
for each connected component.
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Graph 6.7: Eigenvalues of the Fisher Information Matrix. The presence of six zero
eigenvalues reflects the gauge freedom induced by the two disconnected components.

It is worth emphasizing that the Fisher Information Matrix is a theoretical quantity
defined as a function of the true (unknown) parameters of the model. In practical
scenarios, these parameters are not available and the FIM is therefore often evaluated
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at an estimated solution, such as the MLE. In this numerical experiment, however, the
objective is to illustrate a theoretical limit. For this reason, the Fisher Information
Matrix is computed using the ground-truth parameter values.

6.7 Empirical Validation of the Cramér—Rao Bounds

We conclude the analysis by empirically validating the two intrinsic Cramér—Rao bounds
derived in this thesis, starting from the anchored formulation stated in Theorem (5.2.2)
and then considering the quotient formulation given in Theorem (5.3.1). The goal is
to assess whether, and under which conditions, the empirical covariance of the MLE
approaches the theoretical limits predicted by the Fisher Information Matrix F(©),
under the assumption that curvature terms are negligible.

Monte Carlo design and Fisher scaling with repeated measure-
ments

To confirm the theoretical results in a controlled and interpretable manner, we adopt
a Monte Carlo strategy in which the topology of the measurement graph is kept fixed,
while the number of independent measurements per directed arc is progressively in-
creased. This choice preserves the sparse and disconnected structure of the original
graph and avoids altering its gauge properties, while allowing us to investigate the
asymptotic regime predicted by Cramér—Rao theory.

Specifically, for each arc (i,7) € £ we generate m independent and identically dis-
tributed noisy measurements according to the heteroscedastic noise model introduced
above. Under the standard i.i.d. assumption, the contributions of these measurements
to the log-likelihood are additive. As a consequence, the Fisher Information Matrix
scales linearly with the number of samples:

F(©)n = mF(©),

where F(0O); denotes the Fisher Information Matrix corresponding to a single measure-
ment per directed arc.

This property allows us to predict a priori how the Fisher information evolves as m
increases and provides a principled way to drive the estimation problem toward the
asymptotic regime in which the intrinsic Cramér-Rao bounds become tight. Rather
than increasing the number of nodes—which would change the graph topology and
significantly increase computational costs—we enrich the information content of the
same graph by increasing the number of measurements per arc. This modeling choice is
also more representative of practical pose-graph estimation scenarios, where the same
relative transformations are often observed multiple times.

Anchored formulation on P4

We first consider the anchored formulation of the problem. To remove the gauge freedom
and obtain a well-defined estimator, one pose per connected component is fixed, yielding
the anchored submanifold

P4 C SE(2)°, A={1,3},
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where the poses T} and T3 are constrained to their ground-truth values. The resulting
identifiable parameter space has dimension 9.
In practice, the MLE of © is computed by maximizing the log-likelihood while explicitly
anchoring the values of 77 and T3 in the optimization. For each Monte Carlo trial and
each value of m, the remaining poses are estimated, and the intrinsic estimation error
is computed in Lie algebra coordinates. From the collection of Monte Carlo samples,
the empirical covariance Cove(©) of the intrinsic MLE error on P4 is estimated.
The empirical covariance is then compared with the anchored intrinsic Cramér—Rao
bound given by equation (5.1). To obtain a compact and coordinate-independent val-
idation metric, we analyze the Frobenius norm of the difference between the empirical
covariance and the theoretical bound:

|Cove () — (TF(©),, )|,
where II denotes the orthogonal projector onto the tangent space of the anchored sub-
manifold.
Graph (6.8) reports this quantity as a function of the number of measurements per di-
rected arc m, using logarithmic scales on both axes. The norm of the difference decreases
rapidly with m, exhibiting an approximately linear decay in log-log scale, which indi-
cates an exponential convergence toward zero. This behavior provides clear empirical
evidence of the asymptotic efficiency of the MLE in the anchored setting and validates
the quality of the anchored intrinsic Cramér—Rao bound derived in Theorem (5.2.2).

Anchored: ||Cov - CRB|| (Frobenius norm)
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Graph 6.8: Anchored case: Frobenius norm of the difference between the empirical
covariance of the intrinsic MLE error and the anchored intrinsic Cramér-Rao bound
(H F(O),, H)T, as a function of the number of measurements per directed arc m (log-log
scale).

Once the gauge is removed by restricting the problem to P,, the matrix (H F(©), H)T
plays the role of the Fisher-based lower bound on the covariance, and the quantity
plotted in Graph (6.8) is precisely the norm of the difference between the left-hand side
and the right-hand side of (5.5).
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Quotient formulation on 75@

We now repeat the same empirical validation in the quotient formulation, where no
anchors are imposed on the absolute poses. In this case, the natural parameter space
is the quotient manifold

Po = SE(2)"/SE(2)¢, n=5, c=2,

reflecting the presence of two connected components in the undirected measurement
graph. The quotient construction removes the 3c-dimensional gauge freedom associated
with independent rigid motions acting on each component, yielding a 9-dimensional
identifiable space.
Neglecting curvature terms, the intrinsic Cramér—Rao bound in this setting is given by
equation (5.5), namely

Cove(©) = F(O)],.
Although the quotient manifold is abstract, the empirical validation can be carried out
by working in local coordinates and exploiting the vertical /horizontal decomposition
of the tangent space. The log-likelihood is interpreted as a function on Py, and only
variations along the horizontal subspace Hg correspond to observable directions. The
vertical directions, associated with gauge transformations, are intrinsically uninforma-
tive.
For each Monte Carlo trial, the full MLE is first computed in the ambient space SE(2)°.
A right gauge alignment is then applied independently to each connected component
in order to obtain a consistent representative of the equivalence class. The intrinsic
estimation error is subsequently projected onto the horizontal subspace, yielding a 9-
dimensional error vector. Further implementation details are provided in the Appendix.
From the resulting Monte Carlo samples, the empirical covariance on the horizontal
subspace is estimated and compared with the quotient intrinsic Cramér—Rao bound
(5.5). As in the anchored case, we summarize the discrepancy by the Frobenius norm
of the difference between the empirical covariance and the theoretical bound:

|Covg(©) ~ F(@)L -

The results are shown in Graph (6.9). Also in this case, the norm of the difference
decays rapidly as the number of measurements per directed arc increases, exhibiting
an approximately linear trend on a logarithmic scale. This exponential convergence
confirms that the MLE is asymptotically efficient along all identifiable directions even
in the quotient formulation and that the Fisher-based bound (5.5) becomes increasingly
tight as m grows.
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Quotient: ||Cov - CRB|| (Frobenius norm)

1072 4

1073 4

|ICov - CRB|| (log scale)

1074 1

T
100 10l 102
m (log scale)

Graph 6.9: Quotient case: Frobenius norm of the difference between the empirical
covariance of the intrinsic MLE error (restricted to the horizontal identifiable directions)
and the intrinsic Cramér—Rao bound F(0)! from (5.5), as a function of the number of
measurements per directed arc m (log-log scale).
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Chapter 7

Conclusions

The analysis developed throughout this thesis highlights the importance of addressing
pose-graph estimation problems within a framework that is consistent with the intrinsic
geometry of the underlying parameter space. In estimation problems on Lie groups,
ignoring this geometric structure can lead not only to conceptual inconsistencies, but
also to misleading interpretations of uncertainty and performance limits.

Within this context, the results presented in this thesis show that maximum likeli-
hood estimation on Lie groups, when formulated in a geometrically consistent manner,
provides a remarkably effective tool for pose-graph estimation from noisy relative mea-
surements. Both the analytical developments and the numerical experiments indicate
that the MLE is able to exploit the structure of the measurement graph to produce
globally consistent estimates, accurately reconstructing relative poses even in sparse
configurations. When the intrinsic gauge ambiguity is removed by anchoring at least
one pose per connected component, the same framework naturally extends to the re-
liable estimation of absolute poses, confirming that the loss of identifiability in the
unanchored problem is structural rather than algorithmic.

A key outcome of this work is the empirical validation of the intrinsic Cramér—Rao
bounds derived for both the anchored and quotient formulations. In both settings,
the observed convergence of the empirical covariance of the MLE to the correspond-
ing bounds supports their interpretation as meaningful and tight performance limits.
This agreement reinforces the view that intrinsic bounds, when properly formulated on
Riemannian manifolds and quotient spaces, offer a faithful description of estimation
uncertainty in problems with symmetry and gauge freedom.

Beyond these results, several directions naturally emerge for future investigation. A
first extension concerns a more refined treatment of the intrinsic Cramér—Rao bounds
by explicitly accounting for curvature terms. While the present analysis focuses on
first-order approximations, incorporating curvature-dependent corrections could pro-
vide sharper bounds and a deeper understanding of the role played by the geometry of
SE(d)™, especially in regimes of moderate noise.

Closely related to this point is the interpretation of scalar measures of uncertainty. In
particular, the role of the trace of the covariance matrix as a proxy for geodesic dis-
persion deserves further attention, both in the anchored setting and in the quotient
formulation, following the approach originally proposed in [19]. A systematic investi-
gation of how such scalar quantities relate to intrinsic distances on the manifold could
lead to more geometrically meaningful performance metrics.
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The quotient formulation opens an especially interesting perspective in this regard.
Rather than interpreting the bound solely in terms of covariance on identifiable direc-
tions, one may seek an intrinsic characterization of the limit as the minimal geodesic
distance between equivalence classes of the true parameter and of an unbiased esti-
mator. Such an interpretation, analogous to the one proposed by N.Boumal in his
synchronization example on SO(3), would further clarify the geometric meaning of the
bound and strengthen the conceptual link between estimation theory and Riemannian
geometry.

From an application-oriented viewpoint, the proposed framework is well suited to re-
alistic scenarios arising in camera network calibration and multi-view geometry. In
particular, configurations in which multiple cameras observe a common object from
different viewpoints often give rise to incomplete measurement graphs, since the shape
of the object may prevent some cameras from directly observing each other. This nat-
urally leads to sparse and directed measurement graphs with missing edges, precisely
of the type considered in this work. In such settings, the ability of the MLE to re-
construct consistent relative poses and to provide rigorous uncertainty quantification
through intrinsic bounds is of practical relevance and suggests promising applications
in real-world synchronization and calibration problems.

In conclusion, this work highlights how respecting the intrinsic geometry of the param-
eter space and the symmetry structure of the problem leads to both theoretically sound
and practically effective estimation methods. The combination of Lie group modeling,
graph-based representations, and intrinsic statistical bounds provides a coherent frame-
work that can be further extended and refined, offering a solid basis for future research
at the intersection of geometry, estimation theory, and applications in computer vision.
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Appendix A

Simulation Code

This appendix reports the Python script used to generate the simulations and plots
presented in Chapter 6.

A.1 Python script

Listing A.1: Python script for case-study

Sparse pose-graph estimation on SE(2) with 5 nodes, heteroscedastic
noise,

directed incomplete measurement graph, anchored MLE, Fisher
Information Matrix,

and Monte Carlo validation of CRB (anchored and quotient).

This version prints the main numerical objects before the related
plots:

- T_true, T_ij_true

- injected noise xi_ij

- noisy measurements H_ij

- anchored MLE poses T_MLE and T_ij_MLE

- relative errors per edge and per component

- Fisher matrix at truth, its eigenvalues (showing 6 zeros)

- Monte Carlo summaries per m for anchored and quotient:

eigenvalues of Sym(Cov - CRB), minimum eigenvalue, trace(Cov), trace
(CRB)
- Anchored: || Cov_emp - CRB || (matrix norm, all directions) vs m
- Quotient: || Cov_emp - CRB || (matrix norm, all directions) vs m

Expected to decay toward O as m increases.

Author: Michele Bertini

import numpy as np

import matplotlib.pyplot as plt
from scipy.linalg import expm

from scipy.optimize import minimize
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20 # Configuration

30 # ==========s================

31

32 RNG_SEED = 7

33 M_DEMO = 1 # one noisy measurement per directed
edge for the demo plots

s34 M_VALUES = [1, 2, 5, 10, 20, 50, 100, 150]

35 N_MC = 60

36

37 PRINT_PREC

38 ZERO_EIG_TO

39

[ ||

40
41 # ===========================

a2 # SE(2) utilities

43|# ===========================

44

45 def rot2(theta: float) -> np.ndarray:

46 c, s = np.cos(theta), np.sin(theta)

a7 return np.array ([[c, -s], [s, cl])

48

49 def T_from_params (theta: float, tx: float, ty: float) -> np.ndarray:

50 T = np.eye(3)

51 T[:2, :2] = rot2(theta)
52 T[:2, 2] = [tx, tyl

53 return T

54
55, def inv_se2(T: np.ndarray) -> np.ndarray:

56 R =T[:2, :2]

57 t = T[:2, 2]

58 Ti = np.eye(3)

59 Ti[:2, :2] = R.T

60 Ti[:2, 2] = -R.T @ t
61 return Ti

62
63 def hat_se2(xi: np.ndarray) -> np.ndarray:

64 w, VX, vy = xi

65 return np.array([[0.0, -w, wvx],
66 [w, 0.0, vyl,
67 [0.0, 0.0, 0.011)

68
69 def Exp_SE2(xi: np.ndarray) -> np.ndarray:

70 w, VX, vy = xi

71 v = np.array([vx, vyl)

72 T = np.eye(3)

73 R = rot2(w)

74 T[:2, :2] =R

75

76 if abs(w) < le-12:

77 V = np.eye(2) + 0.5 * np.array([[0.0, -w],
78 [w, 0.011>
79 else:

80 A = np.sin(w) / w

81 B = (1.0 - np.cos(w)) / w

82 V = np.array ([[A, -BI,

83 [B, AlD)
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84 T[:2, 2] =V @ v
85 return T
86

s7 def Log_SE2(T: np.ndarray) -> np.ndarray:

88 R =TI[:2, :2]

89 t = T[:2, 2]

90 w = np.arctan2(R[1, 0], R[O0, 0])

91

92 if abs(w) < le-12:

93 Vinv = np.eye(2) - 0.5 * np.array([[0.0,
94 [w,
95 else:

96 A = np.sin(w) / w

97 B = (1.0 - np.cos(w)) / w

98 denom = A*xA + B*B

99 Vinv = (1.0/denom) * np.array([[ A, B],
100 [-B, A1l
101 v = Vinv Q@ t

102 return np.array([w, v[0]l, v[1]1]1)

103

104 def Ad_SE2(T: np.ndarray) -> np.ndarray:

105 R =T[:2, :2]

106 p = T[:2, 2]

107 Ad = np.zeros ((3, 3))
108 Ad[0O, 0] = 1.0

109 Ad[1, 0] = pl1]

110 Ad[2, 0] = -pl0]

111 Ad[1:3, 1:3] = R

112 return Ad

113

114

115 # s EEEEEEEEEEEEEEEEEEEEEEESE

117 # ===========================
118
119 def Jr_numeric(xi: np.ndarray,

eps: float = 1e-8)

120 TO = EXp_SEQ(Xi)

121 TOinv = inv_se2(TO0)

122 Jr = np.zeros((3, 3))

123 for k in range(3):

124 d = np.zeros (3)

125 d[k] = eps

126 Tk = EXp_SEQ(Xi + d)

127 Delta = TOinv @ Tk

128 Jr[:, k] = Log_SE2(Delta) / eps
129 return Jr

130

131 def Jr_inv_numeric(xi: np.ndarray) -> np.ndarray:

132 return np.linalg.inv(Jr_numeric(xi))
133

134

135 |# ===========================

136 # Problem instance

137 #f ===========================

138
130 def build_instance():
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140
141

142
143
144
145
146
147
148
149
150
151

152

153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168

170
171
172
173
174
175
176
177
178

180
181
182

184
185
186
187

188
189

nodes =
E = [(1,

(1
2

>

),

2,
(

sparse set

T_true =

{

3, 4, 5)
2, 1), (3, 4,

(4, 5),

1: T_from_params (theta=0.55, tx=

a b wN

T_from_params (theta=1.05, tx=
T_from_params (theta=-0.75, tx=
T_from_params (theta=0.30, tx=
T_from_params (theta=-0.15, tx=

(5, 4), (5,

-0.6, ty=0.
0.9, ty=0.
-0.2, ty=1.
1.1, ty=1.
2.0, ty=0.

3)] # directed

2),
0,
2),
6),
9),

# Consistent with residual r_ij = Log( H_ij T_j T_i~{-1} ), noise-
free measurement is T_i T_j~{-1}
i, j): (T_truel[i] @ inv_se2(T_truel[jl)) for (i, j)

Trel_tru
in E}

Sigma =
(1,
(2,
@3,
(4,
(5,
(5,

}

Omega =

e

{

2):
1):
4) :
5):
4):
3):

{e:

{(

np

np.

np

np.
np.
np.

np.

.diag ([0.0060,
diag ([0.0020,
.diag ([0.0050,
diag ([0.0070,
diag ([0.0090,
diag ([0.0065,

.0010,
.0090,
.0070,
.0060,
.0080,
.0055,

O O O O OO

.00801),
.00101),
.00901) ,
.01001),
.00601) ,
.00751) ,

O O O O O O

linalg.inv(Sigmal[e]) for e in E}

# Connected components in undirected sense
components

[

return nodes,

tuple ([1, 21),

E, components,

def generate_measurements (rng, E,
xi_list = {}, {}
in E:

H_list,

for (i,
Hijs
for

i)

xi

xi

S

= [0, [

in range(m):
rng.multivariate_normal (mean=np.zeros(3), cov=Sigma [(

i

Hij =

D

tuple ([3

T_true,

,» 4, 51)1]

Trel_true,

Trel_true, Sigma,

expm (hat_se2(xi)) @ Trel_truel[(i,
Hijs.append (Hij)
xis.append(xi)
H_list[(i,
xi_list[(i, j)] = xis
return H_list,

j)1 = Hijs

xi_list

def residual_ij(Hij: np.ndarray,

.ndarray:

Ti: np.ndarray, Tj:

return Log_SE2(Hij @ Tj @ inv_se2(Ti))

190 def se2_delta(T_true: np.ndarray,

T_est:
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np.ndarray)

Sigma, Omega

m: int):

PR

np.ndarray) -> np

-> np.ndarray:



204

210
211
212
213
214
215
216
217
218
219
220

221
222
223
224
225
226
227
228
229
230
231
232
233
234
235

238

239
240
241
242
243

def

def

def

def

def

return Log_SE2(T_true @ inv_se2(T_est))

sym(A: np.ndarray) -> np.ndarray:
return 0.5 * (A + A.T)

stable_pinv (A: np.ndarray, rcond: float = le-12) -> np.ndarray:

return np.linalg.pinv(A, rcond=rcond)

draw_pose(ax, T, label=None, arrow_len=0.35, marker=’0’):

p = T[:2, 2]

R =T[:2, :2]

d (R @ np.array([1.0, 0.0])) * arrow_len
ax.plot(p[0], pl[1], marker=marker)

ax.quiver (p[0], p[1], d[0], d[1], angles=’xy’, scale_units=’xy’,

scale=1)
if label is not None:
ax.text(p[0] + 0.03, p[1] + 0.03, label)

setup_pose_axes (ax, title):
ax.set_title(title)
ax.set_aspect(’equal’, adjustable=’box’)
ax.grid(True)

ax.set_xlabel ("x"

ax.set_ylabel("y")

autoset_equal_limits(ax, points_xy: np.ndarray, pad_frac:

0.25, min_pad: float = 0.6):
x = points_xy[:, 0]
y = points_xy[:, 1]

xmin, xmax = float(np.min(x)), float(np.max(x))
ymin, ymax = float(np.min(y)), float(np.max(y))
span = max(xmax - xmin, ymax - ymin, le-9)

pad = max(min_pad, pad_frac * span)

cx = 0.5 *x (xmin + xmax)

cy = 0.5 * (ymin + ymax)
half = 0.5 * span + pad
ax.set_xlim(cx - half, cx + half)
ax.set_ylim(cy - half, cy + half)

solve_mle_anchor_T1_T3(H_list, E, Omega, T_true, x0=None,
=900) :
if x0 is None:

x0 = np.zeros (9)

def unpack_x(x):
T2x = T_from_params(x[0], x[1], x[2])
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244 T4x = T_from_params(x[3], x[4], x[5])

245 T6x = T_from_params(x[6], x[7], x[8])

246 return T2x, T4x, Tbx

247

248 cost_hist = []

249

250 def objective(x):

251 T2x, T4x, Tbx = unpack_x(x)

252 T = {1: T_truell], 2: T2x, 3: T_truel[3], 4: T4x, 5: Tbx}

253 total = 0.0

254 for (i, j) in E:

255 for Hij in H_list[(i, j)]:

256 r = residual_ij (Hij, T[il, T[j1)

257 total += 0.5 * (r.T @ Omegal(i, j)] @ r)

258 cost_hist.append(total)

259 return total

260

261 res = minimize (

262 objective, x0, method="L-BFGS-B",

263 options=dict (maxiter=maxiter, ftol=le-11, gtol=1e-9, maxfun

=9000)

264 )

265

266 T2_mle, T4_mle, T5_mle = unpack_x(res.x)

267 Tmle = {1: T_truel[1l], 2: T2_mle, 3: T_truel[3], 4: T4_mle, 5:
T5_mle}

268 return Tmle, res, np.array(cost_hist)

270 def solve_mle_full_15(H_list, nodes, E, Omega, x0=None, maxiter=1100):
271 if x0 is None:

272 x0 = np.zeros (15)

273 node_to_idx = {n: k for k, n in enumerate(nodes)}

274

275 def unpack(x):

276 T = {}

277 for n in nodes:

278 k = node_to_idx [n]

279 th, tx, ty = x[3xk:3xk+3]

280 T[n] = T_from_params(th, tx, ty)

281 return T

282

283 def objective(x):

284 T = unpack(x)

285 total = 0.0

286 for (i, j) in E:

287 for Hij in H_list[(i, j)]:

288 r = residual_ij (Hij, T[il, T[jD)

289 total += 0.5 * (r.T @ Omegal(i, j)] @ r)

290 return total

291

292 res = minimize (

293 objective, x0, method="L-BFGS-B",

294 options=dict(maxiter=maxiter, ftol=1le-11, gtol=1e-8, maxfun
=12000)

295 )

296 return unpack(res.x), res
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297
298
299
300
301
302
303

304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326

327
328
329
330
331
332
333
334

335
336

338
339
340
341
342
343
344
345
346
347
348
349

def

B

def

align_right_gauge_components(T_est: dict, T_true: dict, components
maxiter=300):
¢ = len(components)

node_to_comp = {}
for k, comp in enumerate (components):
for node in comp:
node_to_comp [node] = k

def objective(rvec_all):

total = 0.0

G = [1

for k in range(c):
gk = rvec_all [3*k:3%k+3]
G.append (Exp_SE2(gk))

for node, Tn_est in T_est.items():
k = node_to_comp[nodel
Tn_al = Tn_est @ G[k]
e = Log_SE2(T_true[node] @ inv_se2(Tn_al))
total += 0.5 *x (e Q@ e)

return total

res = minimize (
objective, np.zeros(3*c), method="L-BFGS-B",
options=dict (maxiter=maxiter, ftol=1le-12, gtol=1e-9, maxfun
=8000)

Gopt = []

for k in range(c):
gk = res.x[3%k:3%k+3]
Gopt .append (Exp_SE2(gk))

Tal = {node: (T_est[node] @ Gopt[node_to_comp[node]]) for node in
T_est.keys ()}
return Tal, res

fisher_full_at_truth(nodes, E, Omega, T_true, Trel_true):

node_to_idx = {n: k for k, n in enumerate(nodes)}’}
dim = 3 * len(nodes)
def blk(n):

k = node_to_idx[n]
return slice (3*xk, 3*xk+3)
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350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375

376
377
378
379
380
381
382
383
384
385
386

388
389
390
391
392
393
394

395
396
397
398
399

401
402
403

F = np.zeros((dim, dim))

for (i, j) in E:

Ti = T_truel[i]

Tj = T_truel[j]

Hij = Trel_true[(i, j)] # noise-free measurement

r = residual_ij (Hij, Ti, Tj) # should be = O

Jr_inv = Jr_inv_numeric(r) # explicit J_r~{-1}(r)

A = Jr_inv @ Ad_SE2(Ti)

J = np.zeros((3, dim))
J[:, blk(i)] -A
J[:, blk(j)] +A

F += J.T @ Omegal(i, j)] @ J

return F

def fmt_mat(M: np.ndarray) -> str:

return np.array2string(M, precision=PRINT_PREC,

False)

def print_header(title: str):
print("\n” 4 =N 80)
print(title)
print ("=" % 80)

def edge_str(i, j) -> str:
return f"{i}->{j}"

def main():
np.set_printoptions (precision=PRINT_PREC,
rng = np.random.default_rng (RNG_SEED)

nodes, E, components, T_true, Trel_true,
build_instance ()

print_header ("True poses (T_true)")
for k in nodes:

suppress_small=

suppress=True)

Omega =

print (£"T_{k}~true =\n{fmt_mat(T_truel[k])}\n")

print_header ("True relative transforms (T_ij_true)")
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404
405

406

408
409
410
411
412
413
414
415
416
417
418
419
420
421
422

423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438

440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457

for (i, j) in E:

print (£"T_{edge_str(i,j)} "true =\n{fmt_mat(Trel_truel[(i, j)1)
Nn")
# oo
# 1) Plot: true poses
# oo
fig = plt.figure()
ax = fig.add_subplot (111)
for k in nodes:
draw_pose (ax, T_truel[k], label=str(k), marker=’0’)
setup_pose_axes (ax, "True poses")
pts = np.array([T_truel[k][:2, 2] for k in nodes])
autoset_equal_limits (ax, pts)
plt.show ()
# oo~
# 2-3) One noisy measurement per edge + print noise and H_ij
# oo
H_demo, xi_demo = generate_measurements(rng, E, Trel_true, Sigma,

m=M_DEMO)

print_header ("Injected noise per arc (xi_ij)")
for (i, j) in E:

xi = xi_demo[(i, j)1I[0]

print (f"xi_{edge_str(i,j)} = {xi}")

print_header ("Noisy measurements per arc (H_ij)")
for (i, j) in E:

Hij = H_demo[(i, j)]1I[0]

print (f"H_{edge_str(i,j)} =\n{fmt_mat (Hij)}\n")

# Plot: injected noise

xi_first = np.vstack([xi_demo[e] [0] for e in E])
labels = [edge_str(i, j) for (i, j) in E]

x = np.arange(len(E))

fig = plt.figure()

ax = fig.add_subplot (111)

ax.plot(x, xi_first[:, 0], marker=’o0’, label=" Delta theta")
ax.plot(x, xi_first[:, 1], marker=’0’, label="Delta x")
ax.plot(x, xi_first[:, 2], marker=’o0’, label="Delta y")
ax.set_title("Injected noise per arc")

ax.set_xlabel ("Arcs")

ax.set_ylabel("Noise value")

ax.set_xticks (x)

ax.set_xticklabels (labels)

ax.grid(True)

ax.legend ()

plt.show ()

# 4) Anchored MLE: print T_MLE and show cost + poses

Tmle_demo, res_demo, cost_hist = solve_mle_anchor_T1_T3(
H_demo, E, Omega, T_true, x0O=np.zeros(9), maxiter=1100
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459
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462
463
464
465

467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
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484
485
486

487

488
489
490
491

492
493
494
495

497
498
499
500
501
502
503
504
505
506
507
508

print_header ("Anchored MLE result (T_MLE)")

print (f"Optimization success: {res_demo.success} | message: {
res_demo .message}\n")

for k in nodes:
print (£"T_{k}"MLE =\n{fmt_mat(Tmle_demo [k]) }\n")

fig = plt.figure()

ax = fig.add_subplot (111)
ax.plot(cost_hist)
ax.set_title("Optimization cost")
ax.set_xlabel("Iteration")
ax.set_ylabel("Cost")
ax.grid(True)

plt.show ()

fig = plt.figure()
ax = fig.add_subplot (111)
for k in nodes:

draw_pose (ax, Tmle_demo[k], label=str(k), marker=’x’)
setup_pose_axes (ax, "Estimated poses (anchored MLE)")
pts_mle = np.array([Tmle_demo[k][:2, 2] for k in nodes])
autoset_equal_limits (ax, pts_mle)
plt.show ()

# 5-6) Demo: T_ij_MLE, errors per arc + components (print + plots)

Trel_mle_demo = {(i, j): (Tmle_demo[i] @ inv_se2(Tmle_demo[j]))
for (i, j) in E}

delta_demo = {(i, j): Log_SE2(Trel_truel[(i, j)] @ inv_se2(
Trel_mle_demo [(i, j)]1)) for (i, j) in E}

print_header ("Relative transforms from MLE (T_ij_MLE)")
for (i, j) in E:
print (f"T_{edge_str(i,j)}"MLE =\n{fmt_mat (Trel_mle_demo [(i, j)
D X\n")

print_header ("Relative errors per arc"
for (i, j) in E:
d = delta_demo[(i, j)]
print (f"delta_{edge_str(i,j)} = [ Delta theta, Delta x, Delta
y] = {d} | norm = {np.linalg.norm(d):.6e}")

norm_demo = np.array([np.linalg.norm(delta_demo[e]) for e in E])

fig = plt.figure()

ax = fig.add_subplot (111)

ax.bar(x, norm_demo)

ax.set_title("Relative error norm per arc")
ax.set_xlabel ("Arcs")

ax.set_ylabel("||log error||")
ax.set_xticks (x)

ax.set_xticklabels (labels)

ax.grid(True, axis="y")
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plt.show ()

Dmat = np.vstack([delta_demo[e] for e in E])
fig = plt.figure()

ax
ax

= fig.add_subplot (111)
.plot(x, Dmat[:, 0], marker=’0’, label="Delta theta")

ax.plot(x, Dmat[:, 1], marker=’0’, label="Delta x")
ax.plot(x, Dmat[:, 2], marker=’0’, label="Delta y")
ax.set_title("Relative error components")
ax.set_xlabel ("Arcs")

ax.set_ylabel ("Component value")

ax.set_xticks (x)

ax.set_xticklabels (labels)

ax.grid(True)

ax.legend ()

plt.show ()

# - - ————

# 7) Fisher at truth: print matrix + eigenvalues, count zeros;

then plot heatmap and spectrum

F_true = fisher_full_at_truth(nodes, E, Omega, T_true,
eigF = np.linalg.eigvalsh(sym(F_true))

Trel_true)

print_header ("Fisher information matrix at truth (F(Theta_true))")
print (fmt_mat (F_true))

print_header ("Fisher eigenvalues (sorted)")
for k, val in enumerate(eigF, start=1):

print (f"lambda_{k:02d} = {val:.12e}")

n_zeros = int(np.sum(np.abs(eigF) < ZERO_EIG_TOL))

print (f"\nZero eigenvalues (|lambdal| < {ZERO_EIG_TOL:g}):

} (expected: 6)")

fig = plt.figure()

ax
im

ax.
ax.
ax.

= fig.add_subplot (111)

= ax.imshow (F_true, aspect=’auto’)
set_title("Fisher information matrix")
set_xlabel ("Index")

set_ylabel ("Index")

plt.colorbar (im, ax=ax)
plt.show ()

fig = plt.figure()

ax = fig.add_subplot (111)
ax.stem(np.arange (1, 3*xlen(nodes) + 1), eigF)
ax.set_title("Fisher eigenvalues")
ax.set_xlabel ("Eigenvalue index")
ax.set_ylabel ("Eigenvalue")

ax.grid(True)

plt.show ()

# oo

# 8-9) Monte Carlo:

free_nodes = [2, 4, 5]
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node_to_idx = {n: k for k, n in enumerate(nodes)}’}

def blk_full(n_):
k_ = node_to_idx[n_]

return slice (3%xk_, 3xk_ + 3)

idx_free = []
for nn in free_nodes:
s = blk_full(nn)
idx_free.extend(range(s.start, s.stop))
idx_free = np.array(idx_free, dtype=int)

F_free_1 = F_true[np.ix_(idx_free, idx_free)]
trace_cov_A = []
trace_crb_A = []

eigs_diff_A = []
min_eig_A = []
norm_diff_A = []
x0_warm = np.zeros (9)

print_header ("Anchored Monte Carlo summary")
for m in M_VALUES:

errs = []
ok = 0
for _ in range(N_MC):
H_list, _ = generate_measurements(rng, E, Trel_true, Sigma
, m)
Tmle, res, _ = solve_mle_anchor_T1_T3(H_list, E, Omega,

T_true, x0=x0_warm, maxiter=700)
if not res.success:
Tmle, res, _ = solve_mle_anchor_T1_T3(H_list, E, Omega
, T_true, xO=np.zeros(9), maxiter=950)
if not res.success:
continue

x0_warm = res.x.copy ()

e = np.hstack([se2_delta(T_true[nn], Tmle[nn]) for nn in
free_nodes])

errs.append(e)

ok += 1

errs = np.array(errs)
if errs.shape[0] < 10:
trace_cov_A.append (np.nan)
trace_crb_A.append (np.nan)
eigs_diff_A.append(np.full(9, np.nan))
min_eig_A.append (np.nan)
norm_diff_A.append (np.nan)
print (f"m={m:3d} | successful trials={ok:3d} |
insufficient samples")
continue

mu = np.mean(errs, axis=0)

Xc = errs - mu
Cov_emp = (Xc.T @ Xc) / (errs.shape[0] - 1)
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CRB = stable_pinv(m * F_free_1, rcond=1le-12)

Dm = sym(Cov_emp - CRB)
eigs = np.linalg.eigvalsh(Dm)

tr_cov = float(np.trace(Cov_emp))
tr_crb = float(np.trace(CRB))

|

ndiff = float(np.linalg.norm(Dm, ord=’fro’))

trace_cov_A.append(tr_cov)
trace_crb_A.append(tr_crb)
eigs_diff_A.append(eigs)
min_eig_A.append(float(np.min(eigs)))
norm_diff_A.append(ndiff)

eigs_str = ", ".join([f"{v:+.3e}" for v in eigs])
print (f"m={m:3d} | successful trials={ok:3d}

tr_cov:.3e} | trace(CRB)={tr_crb:.3e}
[-1]:+.3e}™)

print (f" eigenvalues(Sym(Cov-CRB)) = [{eigs_str}]")

m_arr = np.array(M_VALUES, dtype=float)
eigs_diff_A = np.vstack(eigs_diff_A)

# --- REMOVED: Anchored trace comparison plot

# Anchored eigenvalue difference plot
fig = plt.figure()

ax = fig.add_subplot (111)

for k in range (9):

ax.plot(m_arr, eigs_diff_A[:, k], marker=’o’,

lambda_{k+1}$")
ax.axhline (0.0, linewidth=1.0)
ax.set_xscale("log")

ax.set_title("Anchored: eigenvalues of Sym(Cov - CRB)")

ax.set_xlabel("m (log scale)")
ax.set_ylabel ("Eigenvalue")
ax.grid(True, which="both")
ax.legend(ncols=3, fontsize=8)
plt.show ()

# 10-11) Monte Carlo: quotient validation

evals_F, evecs_F = np.linalg.eigh(sym(F_true))

U9 = evecs_F[:, -9:]

trace_cov_Q = []
trace_crb_Q (]
eigs_diff_Q = []

min_eig_Q = []

norm_diff_Q = []
x0_warm_full = np.zeros (15)

print_header ("Quotient Monte Carlo summary")
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for m in M_VALUES:

errs_full = []
ok = 0
for _ in range (N_MC):

H_list, _ = generate_measurements(rng, E, Trel_true, Sigma
, m)

Tmle, res = solve_mle_full_15(H_list, nodes, E, Omega, x0=
x0_warm_full, maxiter=900)
if not res.success:
Tmle, res = solve_mle_full_15(H_list, nodes, E, Omega,
x0=np.zeros (15), maxiter=1200)
if not res.success:
continue
x0_warm_full = res.x.copy()

Tal, res_align = align_right_gauge_components(Tmle, T_true
, components, maxiter=260)

if not res_align.success:
continue

e_stack = np.hstack([se2_delta(T_true[nn], Tal[nn]) for nn
in nodes])

errs_full.append(e_stack)

ok += 1

errs_full = np.array(errs_full)
if errs_full.shape[0] < 10:
trace_cov_Q.append (np.nan)
trace_crb_Q.append (np.nan)
eigs_diff_Q.append(np.full(9, np.nan))
min_eig_Q.append (np.nan)
norm_diff_Q.append (np.nan)
print (f"m={m:3d} | successful trials={ok:3d} |
insufficient samples")
continue

mu = np.mean(errs_full, axis=0)
Xc = errs_full - mu

Cov_full = sym((Xc.T @ Xc) / (errs_full.shape[0] - 1))

CRB_full

sym(stable_pinv(m * F_true, rcond=le-12))

Cov_9 = sym(U9.T @ Cov_full @ U9)
CRB_9 sym(U9.T @ CRB_full @ U9)

Dm = sym(Cov_9 - CRB_9)
eigs = np.linalg.eigvalsh(Dm)

tr_cov = float(mnp.trace(Cov_9))
tr_crb = float(np.trace(CRB_9))
ndiff = float(np.linalg.norm(Dm, ord=’fro’))

trace_cov_Q.append(tr_cov)

trace_crb_Q.append(tr_crb)
eigs_diff_Q.append(eigs)
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if

__nhame__

min_eig_Q.append(float (np.min(eigs)))
norm_diff_Q.append(ndiff)

eigs_str

=", " join([f"{v:+.3e}" for v in eigs])

print (f"m={m:34d}
tr_cov:.3e}

[-1]:+.3e}™)

print (£

eigs_diff_Q

lambda_<{k+1}$")
ax.axhline (0.0,

successful trials={ok:3d} | trace(Cov)={

trace (CRB)={tr_crb:.3e} | min eig={min_eig_Q

eigenvalues (Sym(Cov-CRB)) = [{eigs_str}]")

np.vstack(eigs_diff_Q)
# Quotient eigenvalue difference plot
fig = plt.figure()
ax = fig.add_subplot (111)
for k in range (9):
ax.plot(m_arr,

eigs_diff_Q[:, k], marker=’0’, label=rf"$\

ax.set_xscale("log")

ax.set_title("Quotient:

ax.grid(True,

ax.legend(ncols=3,

plt.show ()

# Final plots:
quotient)

fig = plt.figure()
ax = fig.add_subplot (111)

ax.plot(m_arr,

ax.set_xscale("log")
ax.set_yscale("log")

ax.set_title("Anchored:

norm_diff_A,

linewidth=1.0)

eigenvalues of Sym(Cov - CRB)")
ax.set_xlabel("m (log scale)")

ax.set_ylabel ("Eigenvalue")
which="both")
fontsize=8)

| | Cov

Frobenius norm of Cov - CRB vs m (anchored and

marker=’07)

- CRB|| (Frobenius norm)")

ax.set_xlabel("m (log scale)")
ax.set_ylabel (" ||Cov - CRBI|
which="both")

ax.grid(True,

plt.show ()

fig = plt.figure()
ax = fig.add_subplot (111)

ax.plot(m_arr,

ax.set_xscale("log")
ax.set_yscale("log")

ax.set_title("Quotient:

norm_diff_Q,

| | Cov

(log scale)")

marker=’07)

- CRB|| (Frobenius norm)")

ax.set_xlabel("m (log scale)")
ax.set_ylabel("||Cov - CRBI|
which="both")

ax.grid(True,

plt.show ()

main ()

__main__

(log scale)")
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