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Abstract: This paper presents the application of a reduced order model called
Harmonic Balance method (HB) to perform aerodynamic and aeroacoustic analy-
sis of quasi-periodic external flows. The time spectral method was already imple-
mented in the open-source PDE solver SU2 and in this work is applied in the field
of aeroacoustic prediction. A uniform time sampling inside the dominant period is
adopted and the solution is found for 2K+1 time instances, where K is the number
of solved frequencies. The computational cost is strongly reduced with respect to
a fully time-accurate unsteady Reynolds-Averaged Navier-Stokes (URANS) simu-
lation. To obtain a more time-resolved solution necessary for acoustic prediction,
spectral interpolation has been implemented to interpolate the solution for an ar-
bitrary number of instances inside a specified time range. In a modular style, the
surface solution is used by the computational aeroacoustic (CAA) module, im-
plemented in SU2, which uses Farassat’s 1A formulation to compute the pressure
perturbation perceived by far-field observers for tonal noise prediction. Finally,
the aerodynamic and aeroacoustic results obtained with the proposed framework
are compared with time-accurate solutions using three test cases.

Key-words: HARMONIC BALANCE, SPECTRAL INTERPOLATION, SU2, FARASSAT 1A FOR-
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1. Introduction

The field of Computational Fluid Dynamics (CFD) has witnessed notable advancements in predicting complex,
unsteady flows. However, accurately simulating unsteady flows, particularly in aeronautical applications, poses
a significant challenge due to the substantial computational time and resource requirements. Traditional meth-
ods like Direct Numerical Simulation (DNS) and Large-Eddy Simulation (LES) [1, 2] provide high precision
but demand extensive computational resources and time. In these simulations, a substantial portion of initial
iterations is dedicated to resolving the transient phase, which, in practice, offers limited practical value[3].
Moreover, conventional design optimization has predominantly concentrated on steady-state flow physics [4].
The integration of unsteady aerodynamics into design procedures has the potential to shape next-generation
aerospace vehicles with enhanced efficiency, reduced fuel consumption, and lower noise emissions. Emphasizing
the significance of unsteady flow computation, it is crucial to consider various aeronautical scenarios such as
Urban Air Mobility [5], which has garnered substantial interest as a solution to traffic congestion in densely
populated regions, as well as applications in wind turbines [6], jet engines[7], and turbo-machines[8]. Therefore,
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there is an urgent need to develop cost-effective techniques that strike a balance between accuracy and com-
putational cost. In recent times, alongside the pursuit of aerodynamically efficient designs, there has been a
growing demand for predicting, analyzing, and mitigating the noise generated by aircraft. This is particularly
relevant for rotary aircraft, such as Vertical Take-Off and Landing (VTOL) aircraft like drones and helicopters,
and rotary wing components like rotors, propellers, and engines[9]. The urgency in addressing aircraft noise
has been further heightened by increasingly stringent aviation noise regulations, emphasizing the quest for qui-
eter design solutions[10]. In response to this challenge, Computational Aero-Acoustic (CAA) codes have been
developed to calculate and analyze noise emissions. These codes rely on unsteady CFD solutions as input data
for aeroacoustic noise propagation, further motivating the exploration of efficient and accurate computational
techniques for solving unsteady flows[11]. The importance of these advancements is particularly underscored in
the context of helicopter operations and the emerging field of Urban Air Mobility, where unsteady flow consid-
erations play a pivotal role in achieving optimal performance and meeting regulatory requirements.

In this work, a reduced-order model known as the Harmonic Balance method (HB)[12] which falls under the
category of numerical methods referred to as time spectral methods, is presented and investigated. Harmonic
Balance method presents a significant advantage in terms of computational efficiency compared to conventional
time-accurate methods by eliminating the need to compute the transient phase of the simulation. This is
achieved by employing a Fourier representation in time of the conservative variables and by directly computing
the periodic solution at regime, thus bypassing the requirement to resolve numerical transients[13]. By solving
the complete nonlinear unsteady Reynolds-Averaged Navier-Stokes (URANS) equations, this method can ac-
curately capture all unsteady effects, provided that an adequate number of frequencies are included. Notably,
what sets harmonic balance apart from other time spectral methods is that the specific set of frequencies does
not necessarily have to be integral multiples of each other[14, 15].

The solution obtained through Harmonic Balance consists of conservative variables computed at specific time
instances inside the assigned period. In this study, a uniform time sampling approach[16] is adopted to dis-
cretize the time domain. As a result, the solution is accessible only in N instances, where N corresponds to
2K+1 instances and K denotes the number of user-specified input frequencies. Consequently, to facilitate post-
processing and later aeroacoustic noise analysis, it becomes imperative to increase the resolution of the solution
in time. Therefore, this study also presents spectral interpolation[17] and its implementation to interpolate the
solution for an arbitrary duration with an arbitrary number of time instances.

Unfortunately, the harmonic balance method with uniform sampling of the time domain has been known to
have stability issues for certain sets of frequencies. Extensive investigations into this issue have led to a range
of solutions proposed in existing literature[18]. These solutions span from oversampling the time domain to
using non-uniform time sampling, and many other complex methods like gradient-based OPTimization (OPT)
algorithm[19]. This study introduces and implements a uniform time sampling algorithm named the Optimal
Time Period (OptTP) algorithm[14]. This algorithm is not only simple to implement compared to alternative
methods but also delivers performance comparable to the robustness observed in the OPT algorithm, which has
proven to be the most robust choice up to this point.

Once the solution of the flow field has been obtained with the Harmonic Balance method, an aeroacoustic noise
analysis is performed to assess its noise-predicting capabilities. In recent years, there has been an increase
in faster and more robust predicting codes to perform aeroacoustic noise prediction. Historically, a series of
theories based on the acoustic analogy, in particular, Lighthill’s acoustic analogy[20, 21] have been used as
a main tool for predicting aeroacoustic noise. In this approach, the Navier-Stokes equations are transformed
into a non-homogeneous wave equation and all the remaining terms are grouped into a source term defined
as Lighthill’s stress tensor. Later, Lighthill’s acoustic analogy approach was extended by including the effects
of arbitrary types of surfaces in arbitrary motions and the so-called Ffowcs Williams and Hawkings (FW-H)
equation was derived[22]. Using the mathematical theory of generalized functions, the Navier–Stokes equations
are rearranged into a non-homogeneous wave equation with two surface source terms and one volume source
term. The two surface source terms are known as monopole or thickness source term, which models the noise
generated by the displacement of fluid as the body moves, and the dipole or loading source term, which models
the noise that results from the unsteady motion of the pressure distribution on the body. The volume source
term, also known as the quadrupole source term, models the non-linearities due to both the local sound speed
variation and the finite fluid velocity near the body. However, the quadrupole source term is often neglected
because of the high computational demand for determining the flow field with sufficient accuracy and the high
cost of volume integration. Moreover, when dealing with subsonic flow fields, the acoustic noise perceived by
observers which are usually placed far from the noise sources, predominantly consists of tonal noise which is
composed of thickness noise and loading noise[23].
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In this investigation, to propagate the noise from the emitter to an observer location, an integral method based
on Farassat’s 1A formulation is employed which exploits the free-space Green’s function for the FW-H equa-
tion. This results in an integral formulation that is solved numerically by providing the input data as the flow
field solution in the nearfield region[24]. This approach has the distinct advantage of eliminating the need for
calculating time derivatives, and solely surface integrals on the body need to be solved, which only requires the
solution from CFD computation on the surface of the body as input.

All the CFD simulations and aeroacoustic analysis were performed using the SU2-suite[25–27], which is an
open-source collection of tools for the analysis of partial differential equations (PDEs) and PDE-constrained
optimization problems on unstructured meshes with state-of-the-art numerical methods as it already contains
the implementation of Harmonic balance and a CAA module based on the Farassat’s 1A formulation[28]. To
assess the accuracy of the solution obtained through Harmonic Balance and its subsequent aeroacoustic noise
propagation, the results were confronted with the time-accurate solution using three test cases which consists
of a 2D NACA64A10 pitching airfoil, a 3D NACA6410 pitching rectangular wing and a rigid isolated propeller
immersed in a uniform flow.

In section 2, an exposition of the mathematical formulation and the implementation of Harmonic Balance
method (HB), Farassat’s 1A formulation for Ffowcs Williams and Hawkings (FW-H) equation and spectral
interpolation for Harmonic Balance is presented. In section 3, a brief introduction to stability analysis to
identify possible causes of instability in the Harmonic Balance method is performed with the implementation of
the OptTP algorithm to solve these stability issues. Section 4 presents the results obtained from the Harmonic
Balance method and the time-accurate simulation together with the aeroacoustic noise propagation. Finally,
the conclusions drawn from this study have been presented in section 5.

2. Numerical Methods

In this section, an overview of the governing flow equations, the Harmonic Balance method, Farassat’s 1A
formulation for Ffowcs Williams-Hawkings equations and spectral interpolation are presented along with their
implementation in SU2.

2.1. Governing equations

In SU2, the unsteady compressible Navier-Stokes equations in semi-discretized form are obtained using a Finite
Volume Method (FVM) and after spatial integration over a control volume and time discretization, these
equations can be expressed as

DtUj
j+ R(U) = 0 (1)
Here, U represents the vector of conservative variables, and j
j represents the control volume. The residual,
R(U), encompasses convective and viscous fluxes integrated over the surface area of a cell, as well as any source
terms integrated within the cell’s volume. The operator Dt denotes the partial derivative operator with respect
to time, which can be approximated with any time discretizing schemes like explicit or implicit finite difference
method for time-accurate methods. A dual time-stepping method is used for time integration by solving each
physical time step as a steady-state problem in pseudo-time � [29].

j
j@Un

@�
+ j
jDtUn + R(Un) = j
j@Un

@�
+ R�(Un) = 0 (2)

In order to solve the pseudo-time integration, an implicit first-order backward difference scheme is employed.
But for implicit integration, it is necessary to linearize the residual and construct the Jacobian for each time
instance. A first-order linearization of the residual R(U)� is adopted with respect to the physical time step, n.
Consequently, the final resulting linear system to be solved for the flow state Uq+1

n for pseudo-time step q + 1
can be expressed as follows:

Uq+1
n � Uq

n +
��

j
j

�
R�(Uq

n) +
@R�(Uq

n)

@Un
� (Uq+1

n � Uq
n)

�
= 0 (3)

2.2. Harmonic Balance method

The Harmonic Balance (HB) method was implemented in SU2 by [15]. Here a brief theory for Harmonic
Balance method and its implementation is presented. The primary difference between a time-accurate scheme
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and Harmonic Balance is the de�nition of the partial derivative operator, D t de�ned in equation 1. Let's
consider a scalar variable� de�ned within a control volume, denoted by the superscripts ` � ` and ` ^ ` to
represent it in the time and frequency domain, respectively. The time periodT is divided into N time instances.
Throughout this paper, uniform time-sampling of the time domain is adopted and the resulting instancestn

are tn = ( n � 1)T=N, where n goes from 0 toN � 1. The set of input frequency vector is represented by
! = [ ! 0; ! 1; : : : ; ! K ; ! � K ; : : : ; ! � 1]T and ! � K = � ! K because the �ow variables are real and the operator
matrix has to be real. In this analysis, the time period T is chosen to beT = 2 �=! min and ! min corresponds
to the minimum frequency from the set of input frequencies! . The value K represents the number of input
frequencies and is related to the number of time instancesN [14] by:

N = 2K + 1 (4)

The vector � � consists of a conservative variable� evaluated at each time instance, i.e.� � =
�
� 0; � 1; : : : ; � N � 1

� T
.

This vector, � � is transformed into �̂ , the vector of Fourier coe�cients in the frequency domain, denoted as
�̂ =

�
�̂ 0; �̂ 1; : : : ; �̂ K ; �̂ � K ; : : : ; �̂ � 1

� T
, using a Discrete Fourier Transform (DFT) matrix, denoted by E using

the following relation,

�̂ = E� � (5)

where,

E (k;n ) =
1
N

e� i! k t n (6)

^� k =
1
N

N � 1X

n =0

� n e� i! k t n (7)

By utilizing the de�nitions provided in Equation 5 and recognizing that �̂ is a vector in the frequency domain
and thus independent of time, the time derivative can be reformulated as follows:

D t � � = D t

�
E � 1 �̂

�
=

�
D t E � 1�

�̂ =
@E� 1

@t
E� � (8)

Unfortunately, in the Harmonic Balance method, the frequencies doesn't necessarily have to be integral multiples
of each other. As a result, an analytic formulation for the inverse of matrix E or called Inverse discrete Fourier
Transform (IDFT) matrix, E � 1, does not exist. Therefore, it needs to be computed numerically by inverting the
matrix E . Once the partial derivative is de�ned, as discussed before, the partial derivative operator matrix,D t ,
is used in the computation of the source term and added to the residual of corresponding governing equations
in each control volume and then theN steady-state problems are simultaneously marched towards steady-state
solution in pseudo-time.

2.3. Ffowcs Williams and Hawkings equation and Farassat's 1A formulation

The Ffowcs Williams and Hawkings equation (Equation 9) represents an alternative formulation of the conser-
vation laws. In this form, the equation encompasses all types of noise components that are associated to distinct
sources of aerodynamic noise, namely the monopole, dipole, and quadrupole terms.

1
c2

@2p0

@t2
� r 2p0 =

@
@t

[� 0vn � (f )] �
@

@xi
[pni � (f )] +

@2

@xi @xj
[H (f )Tij ] (9)

wherep0 is acoustic pressure,ni is the unit outward normal, f = 0 represents a moving control surface.� (f ) and
H (f ) are the Dirac delta and Heaviside functions, respectively. Lastly,� 0, vn , p and Tij are de�ned as freestream
density, normal surface velocity, the static pressure and Lighthill stress tensor, respectively. Farassat introduced
a series of more practical integral formulations for the Ffowcs Williams and Hawkings (FW-H) equation[22]. In
this work, Farassat's 1A formulation is used as it is already implemented in SU2[24]. In this formulation, the
quadrupole term is neglected and so the acoustic noise is mainly tonal noise which is composed of thickness
noise and loading noise.

p0(x; t ) = p0
T (x; t ) + p0

L (x; t ) (10)

Furthermore, all the time derivatives in the solution for the FW-H equation have been transformed into surface
integrals on the body, which has the advantage of increasing the speed and accuracy of the CAA numerical code
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and in addition, the computational time becomes independent of the observer distance. So the �nal solution
for the acoustic pressure,p0 is given as,

p0
T (x ; t) =

1
4�

Z

s

"
� 0( _Ui ni + Ui _ni )

r (1 � M r )2

#

ret

dS +
1

4�

Z

s

�
� 0Ui ni K

r 2(1 � M r )3

�

ret
dS (11)

p0
L (x ; t) =

1
4�

1
c

Z

s

"
_Fi r̂ i

r (1 � M r )2

#

ret

dS +
1
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Z

s

�
Fi r̂ i � Fi M i

r 2(1 � M r )2

�

ret
dS +

1
4�

1
c

Z

s

�
Fi r̂ i K

r 2(1 � M r )3

�

ret
dS (12)

Where, for an impermeable surface

Ui = vi (13)

Fi = L ij n j (14)

L ij = P 0
ij = ( p � p1 )� ij (15)

K = _M i r̂ i r̂ + M r c � M 2c (16)

M r =
vi

c
r̂ i (17)

and r is the radiation vector or distance between the observer and source points,̂r i represents the unit radiation
vector. _M i is the time derivative of the local Mach number, M which depends on the speed of sound,c, and local
velocity, vi . Lastly, dS, � ij and p1 are the local panel area, the Kronecker delta function and the freestream
pressure respectively.

2.4. Spectral interpolation for Harmonic Balance method

As discussed in section 2.1, the solution obtained in time domain from Harmonic Balance method is inherently
limited in terms of number of time instances. In this work, a uniform time-sampling of time domain is adopted
and for a given number of input frequencies,K , the solution is found only for N time instances, where

N = 2K + 1 (18)

To achieve a better time resolution of the �ow solution with an arbitrary number of time instances and of ar-
bitrary duration which can be utilized for post-processing or in this work mainly for aeroacoustic propagation,
spectral interpolation is employed. Spectral interpolation is used because the solution is composed of harmonics
whose frequencies are known and the solution for N time instances is also known [17]. So, the solution can be
easily interpolated for any instance in time through the following procedure:

1. Given a vector of conservative variables obtained from Harmonic Balance,� � , it is transformed into
Fourier coe�cients in the frequency domain using the DFT matrix, E . However, as there is no analytical
formulation for E , the IDFT matrix, E � 1, is exploited using the following expression,

�̂ =
�
E � 1� � 1

� � (19)

where �̂ rappresents the vector containing the Fourier coe�cents.

2. These Fourier coe�cients are again transformed back into the time domain but instead of using the the
original IDFT matrix, a larger interpolating IDFT matrix, E �� 1 of sizeN � � N is used. In the place of
the original time instances vector t used in the Harmonic Balance simulation, a di�erent vector of time
instances,t � of length N � greater than N , is used for interpolation which is de�ned by the user.

� = E �� 1 �̂ (20)

where � is the vector containing interpolated solution and E �� 1 is de�ned as E �� 1
n;k = ei! k t �

n .

Through this procedure, all the conservative variables and integral quantities like lift coe�cient and drag
coe�cient are interpolated. For other kinematic and geometric quantities such as surface normals and grid
velocity vectors, built-in functions available in the SU2 code were modi�ed and then employed to �nd their
corresponding values for user-de�ned time instances vectort � .

5



3. Stability analysis

It has been observed that Harmonic Balance method exhibits unreliability when dealing with speci�c sets
of frequency, leading to instability and in certain cases divergence of the simulation. In this section, the
underlying cause of this instability issue is presented and analyzed, followed by a possible solution along with
its implementation in SU2.

3.1. IDFT matrix

It has been observed that the high condition number of the inverse Discrete Fourier Transform (IDFT) matrix
E � 1, is the primary factor responsible for stability issues present in Harmonic Balance method[30]. By de�nition,
for a linear system,

Ax = b (21)

the quanti�cation of the ampli�cation of errors in input vector x, is determined by the condition number of
matrix A, � (A) through the following expression,

k x � ~x k
k x k

� � (A)
k A � ~A k

k A k
(22)

Larger condition number result in a greater ampli�cation of the input, which can lead to system instability.
Therefore, in the case of the Harmonic Balance method, the extent of error ampli�cation is governed by the con-
dition number of the operator matrix D t , which is composed of IDFT matrix which is inherently ill-conditioned.
When the full spectrum of the actual �ow problem is truncated to a limited number of discrete frequencies
provided as input to Harmonic Balance method, aliasing errors arise during the conversion between the time
and frequency domains of the conservative variables throughE � 1 matrix[31]. As the condition number of E � 1

matrix increases, larger errors are introduced into the system due to higher ampli�cation. Given that the
system matrix D t is inherently ill-conditioned, small increments of errors even at low condition number of 10
(a heuristic approximation based on numerical simulations) can be signi�cant enough to make the simulation
diverge. Moreover, when the frequencies are arbitrary, it is generally challenging to select a uniformly spaced
set of time instances where the IDFT matrix is well-conditioned. In fact, it is common for uniformly sampled
sinusoids at multiple frequencies to exhibit a near-linear dependence, resulting in them being non-orthogonal
and thus contributing to the ill-conditioning of the D t operator [32].
Figure 1, Figure 2, and Figure 3 illustrates the condition number of the matrix E � 1 using uniform time sam-
pling with 2K + 1 instances forK values of 2, 3, and 4 respectively. The �rst two frequencies! 1 and ! 2, range
from 1 rad/s to 750 rad/s with a resolution of 0.5 rad/s, while for the case of K = 3 and K = 4 , only speci�c
frequencies for! 3 and ! 4 have been chosen.

Figure 1: Condition number of matrix E � 1 for K = 2 .
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