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Summary

Density Functional Theory (DFT) has been, for over three decades, the standard compu-
tational method for predicting materials properties from first principles. Traditionally,
DFT has flourished within a “calculation-first”, system-by-system framework. Over time,
however, this perspective has been complemented by data-oriented, high-throughput
strategies, enabling systematic exploration. This paradigm shift has led to the develop-
ment of extended, standardised materials databases and, more recently, has fostered the
integration into computational materials science of Artificial Intelligence techniques, that
allow the identification of patterns and trends hardly detectable on a case-by-case basis.

The present research advances materials characterisation by combining the power and
accuracy of DFT – embedded where appropriate into automated workflows – with the
scalability of high-throughput frameworks. Two families of ferroic systems (displaying
at least one emergent property related to magnetic, electric, or mechanical order) are
selected as areas of interest, reflecting the intertwining of the theoretical and experimental
research lines behind this project.

The first part of the work addresses the rapidly developing field of two-dimensional
(2D) magnetism. For decades, the existence of long-range magnetic order in strictly 2D
systems was considered unlikely on fundamental thermodynamic grounds. This view
changed in the late 2010s, when experiments reported stable magnetism in monolayers of
FePS3, CrI3 and CrGeTe3. Since then, many additional compounds have been identified,
exhibiting a rich variety of magnetic textures, with potential relevance for spintronic
technologies. A central task in understanding these materials is the evaluation of exchange
parameters, which collectively determine the nature of the magnetic ordering. These
parameters are commonly extracted from DFT using approaches such as the “four-state
method”, which maps total energies of selected spin configurations onto a Heisenberg-like
model Hamiltonian. This technique, however, is typically laborious and multi-step, since
each parameter in the model requires four separate DFT calculations, performed in as
many independent simulation cells, that also vary depending on the parameter.

To overcome this limitation, I designed AMaRaNTA (Automating Magnetic paRAme-
ters iN a Tensorial Approach), a Python-based computational workflow that automates
the four-state method for 2D magnets. Starting solely from a crystal structure file,
AMaRaNTA automatically generates the required simulation cells, submits and monitors
calculations on high-performance computing facilities, retrieves total energies, and ulti-
mately extracts exchange parameters. In its current implementation, the code returns
the nearest-neighbour exchange tensor, along with scalar parameters for second- and
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third-nearest-neighbour interactions and single-ion anisotropy. These form a minimal yet
comprehensive set to capture the mechanisms stabilising diverse magnetic textures in 2D
materials.

The functionality of AMaRaNTA was validated on a compact dataset of around 30
compounds. The workflow successfully reproduces expected features of well-established
2D magnets, including chromium trihalides (CrX3, X = Cl, Br, I) and transition-metal
dihalides (NiX2, VX2, MnX2). It also captures the unusually strong antiferromagnetic
interactions reported for VPS3 (at the nearest-neighbour level), as well as for NiPS3 and
NiPSe3 (at the third-nearest-neighbour level). Beyond this, the screening also predicts pre-
viously unreported features in selected systems, including antiferromagnetism in NiF4Tl2,
sizeable Kitaev-like magnetism in MnBi2Te4, and antisymmetric Dzyaloshinskii–Moriya
interactions in VF4 and VAgP2Se6. Altogether, AMaRaNTA provides a robust, systematic
and reproducible strategy for extracting exchange parameters in 2D magnets, with clear
potential for a large-scale, high-throughput exploration.

The second half of the thesis is devoted to piezoelectric materials. These systems, in
which electric and mechanical degrees of freedom are strongly coupled, have a long history
of industrial and technological applications. Today, most such devices rely on lead-based
compounds, whose toxicity, however, raises significant human health concerns; research is
therefore increasingly directed towards the development of lead-free alternative materials.
A prominent example is the sodium–potassium niobate solid solution K1−xNaxNbO3
(KNN), a random alloy with the perovskite ABO3 structure. KNN has attracted significant
attention over the past two decades, during which a substantial body of experimental
work has provided a general understanding of its composition–temperature phase diagram.
By contrast, DFT studies of this system remain limited in number and scope, due to the
presence of several competing phases and to the challenges of modelling chemical disorder
in random alloys, which require large supercells to accurately capture the multifaceted
local environment.

My contributions originated as theoretical support to the ongoing activity of in-house
experimental collaborators. In this context, I first addressed the experimentally observed
tendency of KNN to segregate into Na-rich and K-rich domains. I investigated this
behaviour via DFT simulations of idealised, tetragonal KNN systems, thereby disentangling
chemical substitution from lattice relaxation effects. Analysis of total energies revealed that
the preference for regions of unbalanced composition already emerges at the first-principles
level, albeit with a very small associated energy gain.

I then turned to a deeper exploration of how KNN properties evolve with composition.
After preliminary validation on the sodium niobate end member, I focused on a specific
KNN phase, of monoclinic symmetry and intermediate structural complexity, and examined
its behaviour on the Na-rich side of the phase diagram. I unveiled how this phase tends
to “breathe” with increasing Na content: the lattice vectors in the xz plane alternately
open and close, causing the angle β between them to slightly oscillate around 90◦.
Accordingly, the polarisation follows this structural evolution by progressively oscillating
around its reference direction. Analysis of the piezoelectric tensors reveals an overall
enhancement of the response at intermediate compositions, corresponding to maximal



Summary iii

chemical disorder; the same regime also favours polarisation rotation towards the non-polar
ŷ axis. These results are in reasonable agreement with the limited available DFT literature;
the calculated d33 piezoelectric coefficient also shows moderate resemblance to our in-house
experimental data, within a specific compositional window. Finally, repeating the energetic
stability analysis within the more realistic monoclinic framework, I found that the energy
gain associated with decomposition towards the end members increases by an order of
magnitude with respect to the idealised tetragonal case; this strengthens the earlier
conclusion regarding the intrinsic preference of KNN for non-equimolar compositions.
Beyond complementing experimental observations, my investigation contributes to the
more ambitious goal of establishing a foundation for a systematic, large-scale DFT survey
of KNN across phases and compositions.
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Introduction

The early days
Theoretical materials science, as we understand it today, is nearly a century old. Its
origins trace back to the formulation of modern quantum mechanics in the mid-to-late
1920s, which for the first time provided an adequate and rigorous formalism for studying
matter at the atomic scale.

Already before the turn of the decade, Hartree and Fock (together with Slater) showed
how to apply the Schrödinger equation to a system of interacting ions and electrons [4–6].
Their work constituted the first example of an ab initio (or first-principles) method, i.e., a
“bottom-up” framework based entirely on fundamental physical forces and constants, able
to predict properties of materials without requiring any empirical parameter. The Hartree-
Fock method was successfully applied (by using analog machines, in the beginning,1 and
later with the help of the first generations of modern computers) to a number of basic
systems, mainly isolated atoms, ions and simple molecules [7–11]. A series of challenges
remained, however, due to the models’s strong level of approximation.

A consistent theoretical breakthrough followed in 1964 when Hohenberg and Kohn
introduced Density Functional Theory (DFT) [12], which reshapes the original problem
in terms of the previously overlooked electronic density, turning it into a variational
minimisation problem. A brilliant implementation of DFT into a set of Schrödinger-like
equations was provided in the following year by Kohn and Sham [13], transforming it
from just an elegant idea into an applicable, practical tool. The significance of these
contributions was ultimately recognized with the awarding of the Nobel Prize in Chemistry
to Kohn in 1998 [14].

The golden age of DFT
Nonetheless, for years DFT was rarely applied to complicated systems – let alone employed
to predict unknown ones – because this required computational resources not yet available
at the time. It was only from the late 1980s, and more extensively throughout the 1990s,
that technological progress made large-scale simulations feasible, and widely used modern
DFT packages – such as CRYSTAL (1988) [15], VASP (1996) [16,17], SIESTA (1996) [18],
Quantum Espresso (2001) [19] and many others – were developed.

1The reader will forgive us if we picture this assigned as a tedious job to many a PhD student...
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Armed with these tools, researchers became able to use DFT to provide a posteriori
support to experimental data and, together, to drive research efforts a priori by predicting
properties of materials whose reality was still unknown or debated. It is not by chance, in
this respect, that the existence of two-dimensional (2D) materials – most notably graphene
– and later of the subclass of 2D magnets, such as CrI3, was anticipated theoretically [20,21]
prior to experimental evidence [22,23].

In the meantime, as the field evolved, new and more advanced functionalities were
incorporated into DFT codes on top of basic electronic structure calculations. To name a
few, time-dependent DFT [24] granted access to excited states and optical spectra, linear-
response formalisms allowed for calculation of vibrational and mechanical properties [25],
and the modern theory of polarisation, developed by Resta, King-Smith and Vanderbilt,
enabled rigorous treatment of ferroelectric materials [26–28].

With these advances, DFT could be applied not only to simple atomic or molecular
systems, but also to bulk solids, surfaces, and defects, allowing predictions of structural,
electronic and magnetic properties with unprecedented accuracy. These successes laid
the foundation for a “calculation-first”, materials-oriented framework to emerge, in which
individual materials or small families of them were investigated through dedicated, inde-
pendent studies. This would soon after become the central — and for quite some time
essentially the only — computational paradigm in first-principles materials science.

A change of paradigm
Eventually, however, the perspective shifted. As independent DFT studies multiplied
on a large scale, researchers started to realise that the huge amount of accumulated
results represented a valuable collective resource that could be further mined. If gathered,
standardised and organised, these data could allow systematic exploration across materials,
revealing patterns and trends hardly detectable on a case-by-case basis.

In the absence of already standardised data – since independent DFT studies may differ
in the details of the computational method – these would have to be regenerated. And here
lies the essence of the high-throughput approach: performing large-scale DFT simulations
within a shared computational setup, in order to generate massive and internally consistent
datasets.

Starting in the early 2010s, this vision began to take concrete form through the
development of large-scale automated computational frameworks, along with the databases
generated from them. A landmark moment was the launch of the Materials Genome
Initiative by the U.S.A. government in 2011 [29], a policy that reoriented funding strategies
towards automation to accelerate materials discovery. Within this context, the Materials
Project [30] was established in 2013, combining automated DFT workflows with a rapidly
growing open database. Around the same time, other pioneering infrastructures such as
AFLOW [31] and qmpy [32] emerged, resulting in public repositories like AFLOWlib [33]
and the Open Quantum Materials Database (OQMD) [32].

As complexity and scale increased, more flexible workflow engines appeared. The
Atomic Simulation Environment (ASE) [34] gradually became a widely used interface for



Introduction 3

both structure manipulation and interaction with simulation codes. Workflow engines such
as FireWorks [35], atomate [36] and pyiron [37] introduced reusable components capable
of managing thousands of calculations and handling failures automatically. AiiDA [38]
shares a similar focus on workflow automation, but embedded within a broader design,
centred on data provenance, in which every step of a calculation is recorded and stored to
guarantee reproducibility. The same philosophy underlies repositories such as Materials
Cloud [39], built directly on top of AiiDA, as well as that independently developed by
the NOMAD Laboratory [40]. Finally, specialised databases have extended the high-
throughput approach to new classes of materials: notable examples are the Computational
2D Materials Database (C2DB) [41, 42] and Materials Cloud 2D (MC2D) [43, 44], that
catalogue two-dimensional systems.

The rise of high-throughput thinking is by no means limited to materials science,
nor to physics itself: it is, indeed, part of a broader transformation across scientific
disciplines, naturally extending to any domain where large-scale numerical results can
be generated and learned from. Accordingly, as shown in Figure I.1, the majority of
high-throughput publications come from areas such as biochemistry, genetics, molecular
biology and medicine, with physics and materials science adding up to less than 10% of
the share.

Figure I.1: Repartition by subject area of publications with the tag “high-throughput”. Data
collected via the Scopus search engine, referring to the years 1980-2024.

As far as data exploration is concerned, high-throughput-generated datasets provide a
natural playground for the application of artificial intelligence (AI) techniques – namely,
machine learning – able to disentangle hidden trends and patterns that may, perhaps,
point to still unknown physics [45, 46].

Large databases, containing thousands or tens of thousands of entries, enable the
use of neural-network approaches, that can capture complex, non-linear relationships
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between atomic structures, chemical compositions and material properties [47]. Trained
on existing datasets, they can estimate quantities such as formation energies, band gaps
or elastic properties far more rapidly than performing new first-principles calculations
from scratch [45,48]. In addition, they can be employed to rapidly scan broad regions of
parameter space, identifying promising candidates that can later be examined with more
accurate simulations [46].

The use of machine learning, however, is not restricted to extremely large datasets:
AI techniques can also be applied when computational or experimental data are scarce.
Smaller datasets, of perhaps only a few tens or hundreds of entries, can still be meaning-
fully explored via Gaussian process regression [45], decision-tree algorithms like random
forests [49], or symbolic regression tools such as SISSO [50,51]. The latter are particularly
attractive because, unlike neural networks, they can express complex functional dependen-
cies of a property by means of relatively simple, interpretable analytical formulas, that
researchers can scrutinise and understand [52,53].

The integration of AI thus represents a natural maturation of the high-throughput
vision. In this sense, the relationship is symbiotic: massive computation feeds the data
hunger of AI, which, in turn, helps navigate the resulting vast information space.

Challenges and perspectives for the future

Figure I.2: Number of publications with the tags “Density Functional Theory” and “high-
throughput & machine learning” in the years 1980-2024. Data collected via the Scopus search
engine, limiting to the following fields: Chemistry, Physics & Astronomy, Materials Science,
Chemical Engineering, Engineering.

As of today, the paradigm shift continues to accelerate, as illustrated by Figure I.2, which
shows the trends of the number of publications under the tags “Density Functional Theory”
and “high-throughput & machine learning”, respectively. An evident surge of the latter
can be observed, leading the way since the late 2010s. A transition is thus clearly emerging,
from the calculation-first mindset to a data-oriented, high-throughput, machine-assisted
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perspective.2 This shift reflects what has been dubbed the “fourth paradigm” of science
– on the wave of the previous three (empirical, theoretical and computational science) –
and will most likely shape theoretical materials science in the years ahead [54].

A word of warning in this regard, however, is in order. Somewhere down the road,
caution will be required to ensure that the high-throughput, AI-assisted perspective does
not fully take over; a concern felt most strongly when adopting the perspective of someone
trained still within the earlier paradigm.3 There is little doubt that high-throughput,
AI-assisted approaches will prove increasingly efficient and productive. This said, we
invite reflection in any case, at a more fundamental level, on what has traditionally
defined the practice of Physics itself. Is its primary value found in the rapid, top-down
production of accurate and beneficial results, or in the gradual, bottom-up process of
building understanding, critical judgement and confidence through direct engagement
with the theory and its limitations? In other words, is it the destination, or the journey?

We believe that the key challenge in this regard for the future will be to strike a balance:
to fully exploit the insights made possible by data-driven and machine-assisted tools,
while preserving the central role of physical reasoning and intuition. The responsibility for
maintaining this balance will ultimately rest with those who carry the discipline forward –
within the present generation of physicists, and even more so in those to come.

Purpose of the work
The present thesis aims at advancing materials characterisation within both the traditional
calculation-first framework and the more recent data-oriented paradigm, by leveraging
ab initio DFT investigations, embedded where appropriate into automated and high-
throughput workflows.

Two selected branches of materials science are addressed herein, both involving ferroic
systems – i.e., materials exhibiting at least one among long-range magnetic, electric, or me-
chanical order. The first concerns 2D magnets, a class of materials only relatively recently
isolated, yet already recognised as fertile ground for unconventional and technologically
relevant magnetic phenomena. The second part of the work is devoted to piezoelectric
materials, with particular emphasis on the search for lead-free alternatives, capable of
competing with or surpassing the Pb-based compounds currently employed in industry.

Although these two research lines are not directly related from a thematic standpoint,
their joint inclusion reflects the complementary experimental and theoretical expertise that
shape the intellectual environment in which this work was carried out. While the thesis is
entirely theoretical in nature, its development unfolded within this dual framework, which
fostered both methodological rigour and attention to experimentally relevant questions.

2This certainly does not mean that DFT simulations are no longer carried out: they are simply
encompassed within a broader scheme. As has often happened in the history of science, the new paradigm
embeds the old one.

3A disclaimer: this paragraph is not intended to be a commentary on the broader societal implications
of AI, a timely and relevant topic that, however, lies well beyond the scope of this thesis.
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Thesis layout
The thesis is structured as follows.

Chapter 1 provides an overview of the theoretical background (DFT) together with
its computational implementation within the VASP software. The foundations of DFT
are presented, starting from the cornerstone Hohenberg-Kohn theorems, followed by the
introduction of the Kohn-Sham formalism, which recasts the DFT variational problem
into an effective single-particle framework, yielding a concrete set of eigenvalue equations.
Further DFT-related topics, such as the extension to spin-dependent DFT and general
aspects of exchange-correlation functional families, are briefly discussed. The second
part of the chapter begins by presenting how the Kohn-Sham equation are written on a
plane-wave basis, after which the general features of the VASP software are outlined, with
a focus on typical computational settings and parameter choices. Emphasis is placed on
the functionalities directly needed for the work presented in this thesis.

Chapter 2 illustrates the design and development of AMaRaNTA, an original, open-
source computational package that automates DFT calculations of exchange parameters in
2D magnetic materials. After a concise overview of the basics, the theoretical peculiarities
of magnetism in two dimensions are discussed, highlighting the features that make it
especially intriguing, and the role that automation tools can play in this context. The
four-state method, which relates DFT total energies of suitably constrained magnetic
configurations to exchange parameters, is thereafter introduced. The chapter proceeds to
describe the internal structure of AMaRaNTA in reasonable detail – though not at the
level of a user manual – and includes as an example the output of an actual execution of
the code for a selected material. The final part of the chapter illustrates the application
of AMaRaNTA to a representative dataset of 2D magnets, in a high-throughput fashion.
The consistency of the obtained exchange parameters with previous literature is analysed,
with particular attention to cases where the results either deviate from earlier studies or
provide predictions not previously reported. The chapter concludes by outlining several
possible directions for further development and improvement of the package.

The two distinct theoretical and experimental ecosystems that underpin this thesis
intertwine in Chapter 3, which presents an ab initio investigation of a specific piezoelectric
alloy, sodium potassium niobate (KNN). This compound is of particular interest in the
context of lead-free piezoelectricity, as it offers a potential replacement for the Pb-based
materials most commonly used in industry, which suffer from toxicity concerns. The chapter
begins with an introduction to the piezoelectric phenomenon, including a brief historical
overview and a discussion of its current technological relevance. The mathematical
framework of piezoelectricity is then presented, along with notes on its implementation
in VASP. The theoretical section concludes with a discussion of the SQS method for
the modelling of random alloys. Original contributions start with an energetic stability
analysis, assessing the experimentally observed tendency of KNN to favour regions of
unbalanced (Na- or K-rich) composition. This is followed by a systematic investigation of
KNN across a broad composition range, focusing on a selected monoclinic phase, first tested
on the full-Na endpoint together with other sodium niobate phases. The compositional
trends of structural, dielectric, ferroelectric and piezoelectric properties are illustrated
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and, where possible, compared with existing literature and in-house experimental data.
Finally, the scope of the analysis is delineated, and potential directions for extending and
refining it are discussed.

Additional material is provided in the appendices. Appendix A contains the complete
dataset produced by the AMaRaNTA package, along with sketches of the unit cells used
for each material. Appendix B presents the conventional forms of piezoelectric tensors
for the point groups relevant to this study. Finally, Appendix C details the procedure
employed within the thesis for rotating piezoelectric tensors, carried out entirely within
their symmetry-contracted Voigt form. For completeness, concrete examples of basic
operations on piezoelectric tensors are provided as illustrative exercises.

Finally, the Bibliography lists all external literature sources referenced throughout
this work.



Chapter 1

Theoretical and computational setup

The bulk of the calculations reported in this work rely on Density Functional Theory
(DFT) [55,56] and have been performed with the help of the VASP software [16,17]. These
approaches are addressed here in more detail.

1.1 Density Functional Theory

1.1.1 Introduction to the many-body problem
Assuming the Born-Oppenheimer approximation [57], the time-independent Schrödinger
equation for a system of interacting electrons and ions reads

H(MB)(r; R)ψ(MB)(r; R) = Eψ(MB)(r; R) (1.1)

for the Hamiltonian

H(MB)(r; R) = −
N∑

i=1

ℏ2

2me

∇2
i −

N∑
i=1

M∑
α=1

Zαe
2

|ri − Rα|
+ 1

2

N∑
i,j=1

e2

|ri − rj|

:=
N∑

i=1
Ti +

N∑
i=1

vext(ri) + Vee

:= T + Vext + Vee
1

(1.2)

where i,j (respectively, α) span the number of electrons (respectively, ions), R = {Rα}
is a collective term for the ionic coordinates – treated as mere parameters due to the
Born-Oppenheimer separation of ionic and electronic degrees of freedom – and r = {ri} is
the corresponding shortening for the electronic coordinates.

It is well known that (1.1) is solved exactly only in the trivial case N = 1, M = 1
(namely, the hydrogen atom), whereas some kind of approximation is required in any
other case. Also, perturbative techniques can be of help only for relatively simple systems

1Unlike T and Vext, Vee cannot be written as a sum of one-body terms.
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such as helium, while giving incorrect outcomes as complexity increases. This calls for
new classes of approximate methods.

Among the first to be proposed was the Hartree-Fock method, briefly summarised
as follows [4–6]. The sum of Coulombic electron-electron repulsion terms in (1.2) is
replaced by a local, mean-field Hartree term, to which a non-local Fock term is added in
order to account for the correct antisymmetry of the wavefunction. Applying the Ritz-
Rayleigh variational principle leads to a set of Schrödinger-like integro-differential equations
called Hartree-Fock equations, to be solved iteratively, whose N lowest eigenvalues and
eigenfunctions give the approximate electron energies and states.

Despite representing a powerful step forward – as well as the cornerstone of a number
of techniques still in use, especially in quantum chemistry – the Hartree-Fock method
suffered from two substantial drawbacks:

• it relies upon a strong initial approximation: the many-body wavefunction is written
as product of single-particle orbitals, suitably antisymmetrised (in other words, as a
single Slater determinant). This leads to neglecting any correlation beyond those
purely due to spin.

• most importantly, the computational complexity increasing rapidly with the number
of atoms2 allows to perform reasonable calculations only for small systems, on the
order of N ≃ 10 [14]. Indeed, at the bare Hartree level, relatively larger systems
can be studied, but computing the non-local Fock term introduces a bottleneck in
the calculation.

Over time, physicists were thus led to search for different solutions, possibly not implying
strong initial assumptions and able to handle larger systems.

1.1.2 The Hohenberg-Kohn theorems
What DFT is about can be outlined in one single crucial idea: in order to improve compu-
tational feasibility, our attention should not be focused on the many-body wavefunction
ψ(r1, r2 . . . rN), 3 depending on 3N scalar coordinates, but rather shifted towards the
electron density

ρ(r) = N
∫
dr2 . . .

∫
drNψ

∗(r, r2 . . . rN)ψ(r, r2 . . . rN)

ρ(r) = N
∫
dr2 . . .

∫
drN

∣∣ψ(r, r2 . . . rN)
∣∣2 (1.3)

satisfying the constraint ∫
drρ(r) = N (1.4)

2Nominally as O(N4) due to the calculation of four-centre Coulomb integrals, but actually computa-
tional complexity can be reduced to about N2 [58]. Post Hartree-Fock inclusion of correlation effects (the
so called CI method) leads to what W. Kohn referred to as an exponential wall.

3The explicit parametric dependence on the ionic coordinates has been dropped; the spin degree of
freedom is implicitly assumed. From now on, r is meant as spatial variable and no longer as collective
electron coordinate as in 1.1.
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which in contrast depends on three spatial coordinates only.
The special role played by the electron density is highlighted in the two Hohenberg-Kohn

theorems (1964) [12], acting as milestone of the entire theory:
Theorem 1.1.1. Let us consider the external potential Vext as the only variable of interest
of the many-electron problem and suppose everything else in (1.2) is fixed. There is a
one-to-one correspondence between the ground-state electronic density ρ0 and the external
potential Vext that gives rise to it.

Vext uniquely determining ρ0 through the wavefunction ψ is trivial. The theorem shows
that the opposite holds as well: the density uniquely determines the external potential
(to within a meaningless global constant). But since all other terms in (1.2) have been
supposed as fixed, the knowledge of Vext automatically entails the knowledge of the entire
Hamiltonian. As a consequence, all properties of the system are completely determined by
the bare ground-state density ρ0(r). In this sense the density is promoted as the leading
physical observable of interest.
Theorem 1.1.2. The energy of the system can be defined as a functional of the electronic
density:

E := E
[
ρ(r)

]
=
〈
ψ [ρ] |T |ψ [ρ]

〉
+
〈
ψ [ρ] |Vee|ψ [ρ]

〉
+
〈
ψ [ρ] |Vext|ψ [ρ]

〉
= T [ρ] + Vee [ρ] + Vext [ρ]

:= F [ρ] + Vext [ρ]
(1.5)

This functional is unique (modulo a constant); its minimum is assumed in correspondence
of the ground-state electronic density ρ0 and equals the ground-state energy.

One could then in principle proceed with the minimisation of the energy functional,
provided that the explicit form of each term in (1.5) is known.

It is easy to prove that
Vext [ρ] =

∫
drρ(r)vext(r) (1.6)

but unfortunately there is no such expression at our disposal for the (universal) functional
F [ρ] = T [ρ] + Vee [ρ].

The common strategy is to extract from F [ρ] some realistic estimate. A historically
important approach was proposed by Thomas and Fermi in 1927 [59,60]. Treating the
system as a non-interacting Fermi gas with density equal to the local density at any given
point, one can assume

T [ρ] ∝
∫
dr(ρ(r))5/3 (1.7)

The electron-electron interaction can then be added as

Vee [ρ] ≃ e2

2

∫ ∫
drdr′ρ(r)ρ(r′)

|r − r′|
= EHartree (1.8)

The remainder of the approximation may be cast into an unknown functional Exc [ρ],
called the exchange-correlation functional (despite including also a kinetic contribution).
The energy functional built with these prescription should then be minimised in order to
obtain the ground-state properties, as explained above.
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1.1.3 The Kohn-Sham equations
So far, unlike the Hartree-Fock model, DFT is still an exact theory: the functional E [ρ]
has been derived with no approximations and Theorem 1.1.2 ensures that its minimum
is precisely the ground-state energy. Still, the Thomas-Fermi expression for the kinetic
energy T yields rather inaccurate outcomes for most applications [61]; together with the
absence of an explicit form for the exchange-correlation functional, this leaves us with no
chance other than forgetting about complete exactness in order to allow for a theory of
practical use. Some degree of approximation is therefore unavoidable.

A brilliant solution was found in 1965 by W. Kohn and L.J. Sham [13]. Let us consider
working on a fictitious, non-interacting auxiliary system, via the replacement

Vee −→ V ′
ee = λVee =

Vee λ = 1 (physical system)
0 λ = 0 (auxiliary system)

(1.9)

under the constraint that the ground-state density of the auxiliary system be the same as
that of the physical, interacting one.

The advantage of this fictitious construction is that, the auxiliary system being non-
interacting, the wavefunction can now be expressed as a Slater determinant made up of
orthonormal single-particle orbitals ϕi, termed the Kohn-Sham orbitals. The kinetic-energy
term can therefore be rewritten as

T [ρ] = T0 [ρ] =
∑

i

∫
drϕ∗

i (r)
(

− ℏ2

2me

∇2
)
ϕi(r) (1.10)

where
ρ(r) :=

∑
i

|ϕi(r)|2 (1.11)

Restoring the electron-electron interaction term in the Hartree form (1.8), E [ρ] can now
be expressed as

E [ρ] = T0 [ϕi] +
∫
drρ(r)vext(r) + EHartree [ρ] + Exc [ρ] (1.12)

and minimised with respect to the orbitals:4

0 ≡ δ

δϕ∗
i (r)

E [ϕi, ρ] −
∑
ij

εij

(∫
ϕ∗

iϕj − δij

) (1.14)

(where a Lagrangian multiplier εij has been added in order to conserve orthonormalisation).
This gives as outcome a system of single-particle equations, known as Kohn-Sham

equations:
H(KS)ϕi(r) = εiϕi(r) (1.15)

4Since only the kinetic term is explicitly written as a functional of the orbitals, one uses the chain rule

δE

δϕ∗
i (r) = δT0

δϕ∗
i (r) +

[
δVext

δρ(r) + δEHartree

δρ(r) + δExc

δρ(r)

]
δρ(r)
δϕ∗

i (r) (1.13)

.
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for the effective Hamiltonian

H(KS) = − ℏ2

2me

∇2 + Vext(r) + VHartree(r) + Vxc(r) = − ℏ2

2me

∇2 + VKS(r) (1.16)

where
VHartree = δEHartree

δρ(r) = e2
∫
dr′ ρ(r′)

|r − r′|
,

Vxc = δExc

δρ(r)
VKS := Vext + VHartree + Vxc

(1.17)

Kohn-Sham equations are integro-differential equations (just like Hartree-Fock ones)
requiring an iterative, self-consistent solution, since their unknown variables (the single-
particle orbitals) also appear in the effective Hamiltonian. Hence, starting from an initial
guess for the Kohn-Sham orbitals ϕi and thus for the ground-state density ρ0 (which in
turn determines VKS), the Kohn-Sham equations are solved and a new set of orbitals ϕ′

i is
obtained, yielding a new density ρ′

0. This new density updates VKS and the Kohn-Sham
equations are solved again. This procedure is repeated until the initial and final density
of the i-th iteration coincide, up to the desired accuracy.

The total ground-state energy is then obtained by combining 1.12 with
∑

i

εi =
〈
H(KS)

〉
= ⟨T0⟩ + ⟨Vext⟩ + ⟨VHartree⟩ + ⟨Vxc⟩ (1.18)

and using ⟨Vxc⟩ =
∫
drρ(r)Vxc(r), ⟨VHartree⟩ = 2EHartree. A proper rearrangement yields

E =
∑

i

εi − EHartree + Exc −
∫
drρ(r)Vxc(r) (1.19)

1.1.4 DFT vs Hartree-Fock
A first, important difference between the Kohn-Sham Hamiltonian and its Hartree-Fock
counterpart lies in the replacement of the non-local Fock term with the local exchange-
correlation potential Vxc, defined in 1.17 as the functional derivative of the exchange-
correlation energy.

As far as computational complexity is concerned, Kohn-Sham DFT nominally scales
as O(N3), but once again in practical implementations this overload can be reduced, in
some cases even to linear order [18,62].5

Also, the interpretation of Hartree-Fock and Kohn-Sham eigenvalues differs. The
Koopmans theorem [63] states that the eigenvalue εi of the Hartree-Fock problem represents
a true ionisation energy, i.e., the energy necessary to subtract from the interacting system
an electron initially in the i-th energy level, provided that orbital relaxation and electron
correlation effects are neglected. This is no longer true in DFT: the Kohn-Sham eigenvalues
εi can no longer be thought of as real energy levels of the system. Nonetheless, one should

5Orbital-free DFT would scale linearly, as well.
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not conclude that Kohn-Sham eigenvalues have no physical meaning at all. It is indeed
possible to prove a result known as Janak theorem [64], linking them to the average
occupation of the corresponding orbital:
Theorem 1.1.3. Let εi be the i-th Kohn-Sham eigenvalue, ni the occupation of i-th
Kohn-Sham orbital, E the total energy. Then

εi = ∂E

∂ni

(1.20)

1.1.5 Spin-dependent DFT
So far, the spin degree of freedom has been treated as idle and therefore “packed” inside
electronic spatial coordinates. It must, however, be included explicitly in the presence of
an external magnetic field, or in the case of spin-polarised systems. In Hohenberg-Kohn
DFT, this is done by generalising the density as a sum of spin-dependent contributions

ρ(r) = ρ↑(r) + ρ↓(r) (1.21)

and recasting the energy functional as

E
[
ρ↑, ρ↓

]
= F

[
ρ↑, ρ↓

]
+ Vext [ρ] (1.22)

At the Kohn-Sham level, each orbital ϕi is replaced by the pair {ϕi↑, ϕi↓} and the spin-
dependent density is readily obtained as

ρσ(r) :=
∑

i

|ϕiσ(r)|2 (σ = ↑, ↓) (1.23)

The Kohn–Sham Hamiltonian and equations become, in turn, spin dependent, as follows:[
− ℏ2

2me

∇2 + V σ
KS(r)

]
ϕiσ(r) = εiσ ϕiσ(r)

V σ
KS(r) = Vext(r) + VHartree(r) + V σ

xc(r)

V σ
xc(r) = δExc[ρ↑, ρ↓]

δρσ(r)

(1.24)

The self-consistent procedure is carried out as already described above, with the only
difference that ρ↑ and ρ↓ are updated separately (but still simultaneously, of course, since
spin channels are coupled in terms such as VHartree and Vxc).

What presented here is, strictly speaking, the collinear version of spin-DFT: we
implicitly assume that there exists a global quantisation axis (say ẑ) and spins can only
align along it, with either the ↑ or the ↓ orientations. In the presence of interactions that
break the local spin-rotational symmetry (e.g., spin-orbit coupling), spins are promoted
as true 3D vectors and a non-collinear framework is needed. The formalism in this case
results more complicated and will not be covered here; some basic concepts, however, will
be introduced later on when dealing with constrained magnetisation calculations.
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1.1.6 Approximations for the exchange-correlation functional
Kohn-Sham equations provide, in principle, an efficient and computationally feasible way
to implement DFT, thus enabling us to extend our interest to systems containing up to
some hundreds atoms with no overwhelming computational cost. Still, nothing has been
said about the exchange-correlation functional, for which approximated forms must be
employed, since no exact expression is known to date. In the following, the two main
families of functionals are briefly presented.

One starts by introducing an exchange-correlation energy density εxc via

Exc [ρ] =
∫
drρ(r)εxc(

[
ρ(r)

]
, r) (1.25)

where again εxc is a functional of the density.

L(S)DA

The local-density approximation, building on the original ideas by Thomas and Fermi,
consists in 1) assuming εxc to be depending only upon the local value of the electron
density; 2) adopting locally the expression valid for the homogeneous electron gas:

εLDA
xc

([
ρ(r)

]
, r
)

≃ εHEG
xc

(
ρ(r)

)
(1.26)

which in a spin-polarised form (local-spin-density approximation) reads

εLSDA
xc

([
ρ↑(r), ρ↓(r)

]
, r
)

≃ εHEG
xc

(
ρ↑(r), ρ↓(r)

)
(1.27)

This yields (consider spinless case for simplicity)

ELDA
xc [ρ] =

∫
drρ(r)εHEG

xc
(
ρ(r)

)
(1.28)

and thus

V LDA
xc = δELDA

xc
δρ(r) = εHEG

xc
(
ρ(r)

)
+ ρ(r)δε

LDA
xc

δρ(r) (1.29)

The exchange-correlation energy density may be decomposed as εHEG
xc = εHEG

X + εHEG
C

where εHEG
X can be worked out exactly, whereas εHEG

C is often derived from Quantum
Monte Carlo calculations. Widely used forms are due to Ceperley and Alder [65] and to
Perdew and Zunger [66].

GGA

It is possible to show that LDA has a tendency to underestimate the exchange energy, as
well as to overestimate the correlation term [67]. These sources of error often compensate
each other up to some degree, but this is not always the case. In order to account for this,
it is customary to introduce a dependence upon the density gradient in the approximation
of the functional, namely as
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εGGA
xc

[
ρ↑(r), ρ↓(r)

]
≃ εHEG

X

(
ρ(r)

)
fxc

(
ρ↑, ρ↓,∇ρ↑,∇ρ↓...

)
(1.30)

where the functional form of fxc is not unique and may contain empirical parameters.
Since gradients can be very large for inhomogeneous systems, they are normally rescaled
and made adimensional as

s = |∇ρ|
2kFρ

(1.31)

This approach is termed generalised gradient approximation and is known to generally
yield better results than LDA (with due, important exceptions). A frequently used form is
that of Perdew, Burke and Ernzerhof (PBE) [68]; a variation of this, specifically optimised
for solids and called PBEsol, will be largely used throughout the thesis [69].

1.1.7 DFT+U
Standard exchange-correlation functionals within the LDA or GGA family are normally
sufficient to treat the majority of systems with reasonable accuracy. Nonetheless, there
are classes of materials that need a specific treatment.

A prominent example is that of the so-called strongly correlated materials. Materials
belonging to this class (typically, transition metal or rare-earth-based compounds) normally
contain ions with partially filled d or f shells. Due to the strong Coulombic repulsion,
these electrons tend to be localised in an atomic-like fashion, much more so than standard
DFT functionals can tackle. As a consequence, treating them at the LDA/GGA level
often leads to an incorrect prediction of itinerant electrons and metallic behaviour [70,71].

Among the many techniques proposed to remedy this drawback, the DFT+U method
turns out to be the most immediate and easy to implement [71,72]. Essentially, it consists
in “patching” the original DFT energy with an additional term, able to enforce the
localisation of the d (f) manifold.

The shape of such term is inherited from the Hubbard Hamiltonian, a lattice model
proposed by Hubbard in 1963 to describe the metal-insulator transition in the so-called
Mott insulators [73]. In its simplest form, with translational invariance and limited to
nearest-neighbour interactions, the Hubbard Hamiltonian reads

H = −t
∑
⟨i,j⟩

∑
σ

(a†
i,σaj,σ + ai,σa

†
j,σ) + U

∑
i

ni,↑ni,↓ (1.32)

The first term in 1.32 is a kinetic term, that promotes (with the choice t > 0) the
hopping of electrons from one lattice site to another. The second is an on-site Coulomb
interaction: provided U > 0 is chosen, it penalises multiple occupation of each lattice site
i, acting therefore as repulsive. In the limit U → 0, the model is essentially a tight-binding
description of itinerant, band-like electrons; conversely, in the opposite limit t → 0,
electrons are fully localised and atomic-like. In the intermediate regime, by adequately
tuning the U and t parameters, the model can picture real cases, including transitions
from the conductive to the insulating state as in the case of Mott insulators.
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Building on this, the patch introduced in the DFT+U model can be naively sketched
as follows:6

ELDA+U = ELDA + 1
2U

∑
i̸=j

ninj − U
N(N − 1)

2 (1.33)

where the first term describes delocalised electrons at the LDA level, the second is the
Hubbard-like Coulomb interaction for localised d electrons and the third is the overall d-d
interaction as would be given by LDA, to be subtracted in order to avoid double counting
(N = ∑

i ni is the total of d electrons). Orbital energies are then obtained as derivatives
with respect to the occupation ni of the i-th orbital:

ϵi,LDA+U = ∂E

∂ni

= ϵLDA + U
(1

2 − ni

)
(1.34)

It is easy to verify by simple substitution of ni = 0, 1 that the incorporation of the
Hubbard term shifts the LDA energies by ∓U/2 for occupied and unoccupied orbitals,
respectively. This often reduces – or even suppresses altogether – the metallic character
of the LDA bands, accentuating the otherwise insufficient localisation of the d electrons.

In the original implementation by Liechtenstein et al. [72], the problem is expanded
on a localised basis set and recast in terms of on-site occupancy matrices {nσ} = nσ

mm′ .
The energy ultimately reads

ELDA+U [ρσ(r), {nσ}] = ELDA[ρσ(r)] + EU [{nσ}] − EDC [{nσ}] (1.35)

where ρσ(r) is the charge density for spin-σ electrons,

EDC [{nσ}] = U

2 ntot(ntot − 1) − J

2
∑

σ

nσ
tot(nσ

tot − 1) (1.36)

is the term that avoids double counting, featuring effective on-site Coulomb- and
exchange parameters U and J (here, nσ

tot = Tr{nσ} and ntot = ∑
σ n

σ
tot), and

EU [{nσ}] = 1
2
∑

{m},σ

(Umm′′m′m′′′ − Umm′′m′′′m′)nσ
mm′nσ

m′′m′′′ (1.37)

where Uabcd are matrix elements of the unscreened on-site electron-electron interaction,
themselves expressed in terms of U and J .

A popular and simpler implementation was proposed by Dudarev et al. [74]:

ELDA+U = ELDA + U − J

2
∑

σ

(∑
m

nσ
mm′

)
−

∑
mm′

nσ
mm′nσ

mm′


 (1.38)

In practice, deviating from the purely ab initio philosophy, U and J are often treated
as adjustable parameters, though self-consistent procedures to evaluate them exist as
well [75,76].

6The formulation – following [71] – is presented in terms of LDA functionals and for d electrons, but
equally applies to GGA functionals and f electrons as well.
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1.2 Plane-wave DFT
The content of Section 1.1 outlines how DFT works in principle. Turning it into a
concrete computational approach requires expanding Kohn-Sham orbitals on a set of basis
functions, which converts the secular problem 1.15 into an algebraic one for the expansion
coefficients. For periodic systems, the choice of the basis set must in any case respect
Bloch theorem [77], which asserts that the orbitals can be written as

ψnk(r) = unk(r)eik·r (1.39)

where the Bloch wavefunction unk(r) = unk(r + R) features the same periodicity of the
lattice, n is the band index and k a suitable wavevector, conveniently chosen inside the
first Brillouin zone.

The most frequently employed techniques envisage an expansion either on plane waves
– namely, a Fourier decomposition – or on localised functions, typically Gaussian or atomic-
like orbitals. More advanced approaches, such as the APW method, mix the two types of
basis functions.

Each choice has its own benefits and drawbacks [78]. For instance, plane-wave bases
are universal, in that they do not depend neither on the atomic positions nor on their
chemical nature, and the convergence of the results with respect to the basis size is
controlled by a single, quantitative cutoff parameter. However, when treating systems
with reduced periodicity (namely, surfaces, interfaces or 2D materials) for which slabs are
needed with appropriate vacuum layers (see Section 1.3 below), a plane-wave basis turns
out to be rather costly, since the whole simulation space must be filled with plane waves,
whereas localised basis functions are appreciably nonzero only in the vicinity of the atom
they are centred upon, so that the vacuum comes for free.

The VASP code, used throughout the work, employs plane waves. The problem of how
Kohn-Sham equations are explicitly written on such basis set is therefore addressed here.

A normalised plane wave can be defined as

ϕq(r) = 1√
Ω
eiq·r (1.40)

where Ω is the volume of the unit cell and q is an arbitrary wavevector. In a periodic
crystal, translational symmetry restricts the allowed wavevectors to the form q = k + G,
where k lies in the Brillouin zone and G is a reciprocal lattice vector. The Bloch form is
then automatically retrieved as7

χGk(r) = 1√
Ω
ei(k+G)·r (1.41)

and the expansion of the Kohn-Sham orbital on such basis reads

ψnk(r) =
∑
G
cnG(k)χGk(r) = eik·r∑

G
cnG(k) 1√

Ω
eiG·r (1.42)

7χGk(r + R) = eik·RχGk(r) for any lattice vector R (follows from eiG·R = 1).
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We now consider the secular problem Hψnk(r) = εn(k)ψnk(r): multiplying on the left by
χ∗

G′k, integrating over all space and using the expansion 1.42 yields∫
dr χ∗

G′k(r)H
∑
G
cnG(k)χGk(r) = εn(k)

∫
dr χ∗

G′k(r)
∑
G
cnG(k)χGk(r) (1.43)

easily rearranged as∑
G

[∫
dr χ∗

G′k(r)HχGk(r) − εn(k)
∫
dr χ∗

G′k(r)χGk(r)
]
cnG(k) = 0 (1.44)

Introducing the Hamiltonian matrix elements

HG′G(k) =
∫
dr χ∗

G′k(r)HχGk(r) (1.45)

and exploiting the orthonormality of plane waves∫
dr χ∗

G′k(r)χGk(r) = δG′G (1.46)

the secular equation assumes the compact form8

∑
G

[
HG′G(k) − εn(k) δG′G

]
cnG(k) = 0 (1.47)

We now explicitly evaluate the matrix elements for the Kohn-Sham Hamiltonian 1.16.
The kinetic-energy contribution is evaluated as∫

drχ∗
G′k(r)

(
− ℏ2

2me

∇2
)
χGk(r) = 1

Ω

(
− ℏ2

2me

)∫
dre−i(k+G′)·r∇2ei(k+G)·r

= ℏ2

2me

|k + G|2 1
Ω

∫
dre−i(G−G′)·r = ℏ2

2me

|k + G|2δG′G

(1.48)

The potential-energy term yields∫
dr χ∗

G′k(r)VKS(r)χGk(r) = 1
Ω

∫
dr VKS(r)ei(G−G′)·r = VKS(G′ − G) (1.49)

where VKS(q) denotes the Fourier component of the Kohn-Sham potential.
Combining the two contributions, we eventually obtain

HG′G(k) = ℏ2

2me

|k + G|2 δG′G + VKS(G′ − G) (1.50)

In principle, Eqn. 1.47 should be solved for an infinite set of coefficients cnG(k) at
every k-point in the Brillouin zone (again, de facto, an infinite set). In practice, both
basis set and k-mesh are made finite, so that diagonalising the matrix becomes feasible.

8A formally analogous equation is obtained when using a localised basis, with the only notable
difference that such functions are in general not orthogonal and therefore the Dirac delta of the indexes is
replaced by an overlap matrix.
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1.3 Computational aspects and VASP code
A series of aspects remain to be dealt with in order to turn DFT into a practical
computational scheme. This section is devoted to browsing the most important of them
and describing their implementation into the plane-wave software VASP (Vienna Ab-initio
Simulation Package) [16, 17], among the oldest and most widely employed DFT codes,
adopted throughout the thesis.

Pseudopotentials

As far as electronic structure and chemical bonding are concerned, a detailed knowledge of
core states is often unnecessary, since only valence electrons contribute significantly. One
can then replace the exact atomic potential (Vext in the Kohn-Sham Hamiltonian 1.16)
with an effective pseudopotential, which equals the true one only for distances greater than
a certain threshold rc and is smoother below.9 The same is done for valence electrons’
pseudo-wavefunctions, chosen so as to match the true ones only above rc. This allows
to freeze out localised core shells and thus significantly reduce the computational effort,
while still correctly describing energies of valence electrons.

The pseudopotential approach is particularly illuminating for plane-wave bases, since
representing pseudo-wavefunctions, lacking one or more nodes below rc, requires fewer
Fourier components and thus a smaller basis set. Anyway, pseudopotentials can be
employed with localised bases as well, both to get rid of useless core states and to ease
the evaluation of integrals.

Figure 1.1: A sketch of the behaviour of a typical pseudopotential and pseudo-wavefunction in
comparison to the real Coulomb potential and wavefunction. Adapted from https://vasp.at/
wiki/Category:Pseudopotentials.

9In particular, it remains finite for r = 0, so as to get rid of the divergence of the Coulombic potential.

https://vasp.at/wiki/Category:Pseudopotentials
https://vasp.at/wiki/Category:Pseudopotentials


1.3 Computational aspects and VASP code 20

A representation on a smaller Fourier basis can be achieved at the expense of the
correct normalisation of the pseudo-wavefunctions: in other terms, it would be desirable
that integrating the square modulus of the pseudo-wavefunction up to the chosen threshold
give the correct core-shell electron charge, but this demands a sufficiently large basis
set. Norm-conserving pseudopotentials [79] indeed maintain a sizeable number of basis
functions in order to yield the correct charge. The norm-conservation constraint is
relaxed in the framework of ultrasoft pseudopotentials [80], resulting in smoother pseudo-
wavefunctions and a smaller basis (the missing charge is recovered through additional
augmentation terms). VASP adopts pseudopotentials of the Projector Augmented Wave
(PAW) type [81,82], which can be regarded as a generalisation of ultrasoft ones.

Basis size

As introduced earlier (Eqn. 1.42), within the plane-wave approach, the Kohn-Sham
wavefunction is expanded as an (infinite) Fourier series

ψnk(r) = 1√
Ω
∑
G
cnG(k)ei(G+k)·r (1.51)

and the Kohn-Sham eigenvalue problem turns into an algebraic equation (Eqn. 1.47) for
an infinite set of coefficients cnG(k). In order to allow for computational applications,
the plane-wave expansion must be truncated, yielding a finite basis set. This is achieved
by introducing a kinetic-energy cutoff Ecut, that retains only reciprocal lattice vectors
satisfying

ℏ2

2me

|k + G|2 < Ecut (1.52)

The quality of the plane-wave basis depends on the choice of the energy cutoff: the
higher Ecut, the larger and more accurate the basis set. A suitable value for Ecut is to
be determined by explicitly checking the convergence of relevant observables, typically
the total energy, with respect to the cutoff. Typically, values of some hundreds of eV are
needed, depending on the system under study (it is worth noting, however, that quantities
such as atomic forces, stress tensors and vibrational properties often converge more slowly
than the total energy and may require higher cutoff values).

In VASP, each PAW pseudopotential for a given atomic species provides a recommended
cutoff, under the tag ENMAX. For multi-component systems, the cutoff is usually chosen to
be at least as large as the maximum ENMAX among the atomic species at stake, and it is
good practice to further increase it to ensure accurate convergence.

Brillouin zone sampling

Many physical quantities of interest involve integrals over the Brillouin zone. A paradig-
matic example is the electronic density itself ρ(r) = ∑

i |ϕi(r)|2 (Eqn. 1.11) which, after
resolving the abstract index i as (n,k) in the spirit of Eqn. 1.42, becomes

ρ(r) =
occ∑
n

∫
BZ

dk
ΩBZ

∣∣ψnk(r)
∣∣2 (1.53)
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In practical calculations, these integrals are replaced by weighted sums over a discrete
set of k-points, sampling reciprocal space. As a consequence, the Kohn-Sham eigenvalue
problem (Eq. 1.47), which in principle must be solved for a continuum of k-vectors, is
evaluated only on a finite set of points.

A common choice for the k-space sampling is provided by regular meshes, defined by a
uniform distribution of k-points in the Brillouin zone. Typical examples are the Γ -centred
mesh

kn1,n2,n3 =
3∑

i=1

ni

Ni

bi (1.54)

and the Monkhorst-Pack mesh [83]

kn1,n2,n3 =
3∑

i=1

2ni −Ni − 1
2Ni

bi (1.55)

where bi are the primitive vectors of the reciprocal lattice, Ni denotes the number of
k-points chosen along bi and ni = 1, . . . , Ni.

As for the plane-wave cutoff, convergence tests with respect to the k-point mesh
size must be explicitly performed: increasing the number of sampling points improves
the accuracy of the calculated quantities. For reasonably sized unit cells, with lattice
constants of the order of a few Å, a sampling of 5-10 k-points per reciprocal lattice
direction is normally sufficient; precise values, however, are necessarily system-dependent,
since the convergence is typically slower for metallic systems than for insulators or
semiconductors. As a rule of thumb, the relative number of k-points along the reciprocal
lattice directions is chosen according to N1 : N2 : N3 ≃ |b1| : |b2| : |b3|. For unit cells
with (nearly) orthogonal direct lattice vectors ai, this prescription corresponds to requiring
N1 : N2 : N3 ≃ 1

|a1| : 1
|a2| : 1

|a3| .
The computational effort can be significantly reduced by exploiting the symmetries of

the crystal. Symmetry operations map equivalent k-points onto each other, allowing the
integration to be restricted to the irreducible Brillouin zone, i.e., the smallest portion of
reciprocal space containing all independent information. In particular, when time-reversal
symmetry is present, electronic states at k and −k are equivalent, which reduces the
integration domain by at least a factor of two.

SCF calculation; mixing

The self-consistent field (SCF) procedure consists in solving the Kohn–Sham equations
in an iterative fashion, starting from an initial guess for the orbitals, and thus for the
density. Atomic wavefunctions are used as a default choice, although functions obtained
from previous self-consistent calculations can also be provided as input.

At the end of the i-th iteration, whose input density be ρ(i)
in , a new density ρ

(i)
out is

produced from the computed Kohn-Sham eigenfunctions. Directly feeding ρ(i)
out as input

for the next iteration may lead to numerical instabilities or slow convergence, especially in
metallic or low-dimensional systems, where long-wavelength charge fluctuations (charge
sloshing) can occur. Instead, the latest density is mixed with the previous one.
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The basic mechanism is linear mixing

ρ
(i+1)
in = αρ

(i)
out + (1 − α)ρ(i)

in (1.56)

where 0 < α < 1 is the mixing parameter. More efficient and robust schemes, such as
Broyden [84] or Pulay mixing [85], are commonly employed in standard electronic-structure
codes, including VASP.

Electronic temperature

In principle, DFT describes the electronic ground state at zero temperature, which means
that the occupation function (the Fermi-Dirac distribution function at T = 0) goes
abruptly from 1 to 0 at ε = εF .

Many quantities of interest require sums over occupied states – most notably, the
electron density (Eqn. 1.53). These are expressed as an integral in k-space (turned into a
discrete sum over the selected k-point mesh) times a sum over electronic bands, weighted
by the occupation number. One then ends up integrating functions that drop rapidly and
discontinuously when crossing the Fermi level, which in turn demands a very accurate
k-point mesh.

In metallic systems, an additional difficulty arises in the form of level-crossing insta-
bilities: during the self-consistent cycle, eigenvalues may cross the Fermi level, causing
sudden changes in the occupation pattern and hence in the electronic density. These
abrupt variations can severely hinder convergence.

It is therefore customary to use a smeared occupation function, whose descent at εF

be continuous and less abrupt, in order to be able to employ a standard-size k-point
mesh. In so doing, the total energy ceases to be the variational quantity and a free energy
F = E−σS must be introduced, since now everything goes as if the system was simulated
at a finite temperature. The σ → 0 energy can then be extrapolated as [86]

E(σ → 0) = E(σ) + F (σ)
2 (1.57)

The analytical expression for the smeared function is in principle arbitrary. Standard
choices for the smearing procedure – all implemented in VASP – are:

• Fermi-Dirac [87]: the smeared function is the actual Fermi-Dirac function at finite
temperature

φ(ε) = 1
eβ(ε−µ) + 1 (1.58)

(εn(k) shortened to ε for brevity; β = σ−1; βµ = εF ) with an entropy term

S(ε) = −kB

[
φlogφ+ (1 − φ)log(1 − φ)

]
(1.59)

Fermi-Dirac smearing is easy to interpret, pointing directly at Mermin’s thermal
extension of DFT. Yet, if convergence turns out to be troublesome, this smearing
can speed it only at the cost of using a rather high temperature, which would take
the system far away from the T = 0 condition.
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• Gaussian [88,89]: the occupation is obtained by integrating a Gaussian broadening
of the density of states, resulting in an error-function–like profile. The deviation of
the smeared total energy from the T = 0 one scales quadratically with σ.

• Methfessel-Paxton [90]: the smeared occupation function is the integral of a
Gaussian times a Hermite polynomial, normally of first or second order. The
deviation can be shown to be quartic in this case, so that the energy functional
remains close to the T = 0 one even for high values of the (fictitious) electronic
temperature (up to thousands of K). A disadvantage arises from unphysical negative
occupations that may occur due to oscillations of the Hermite polynomial.10

• Tetrahedron method [92]: the Brillouin zone is partitioned into a set of small
tetrahedra, within which the band energies are linearly interpolated. Integrals over
k-space are then evaluated analytically inside each tetrahedron, yielding accurate
results for quantities involving sharp features at the Fermi level. The tetrahedron
method does not rely on an artificial smearing parameter and is therefore particularly
well suited for calculating total energies and densities of states. However, it is less
effective in accelerating self-consistent convergence and is typically employed only
once self-consistency has been achieved.

Relaxation and forces

After each SCF cycle for the electronic problem, atoms are displaced with the goal of
minimising forces among them, thereby yielding a stable structural configuration of the
system (compatible with the starting symmetry).11 The electronic SCF loop is thus
embedded within an outer relaxation loop for the ionic degrees of freedom.

Forces are evaluated with the help of the Hellmann-Feynman theorem [93]:

Theorem 1.3.1. Let Ĥλ be a Hamiltonian operator depending upon some continuous
parameter λ, |ψλ⟩ one of its eigenstates and Eλ the corresponding eigenvalue. Then

dEλ

dλ
=
〈
ψλ

∣∣∣∣∣∣dĤλ

dλ

∣∣∣∣∣∣ψλ

〉
(1.60)

In our case, with λ = RI, the theorem allows us to write the electronic contribution to
the force on atom I as

Fel
I = − ∂

∂RI
E({R}) (1.61)

that is, involving only those terms in the Kohn-Sham energy that explicitly depend on
ionic coordinates.12 Restoring the ion-ion Coulomb repulsion EII , the total force reads

FI = −
∫
drρ(r) ∂

∂RI
Vext(r, {R}) − ∂EII

∂RI
(1.62)

10This problem can be circumvented in the context of the technique by Marzari and Vanderbilt [91].
11Unless the user requests for a single-step calculation, with no structural minimisation.
12In other words, the theorem asserts that terms with derivatives of ψλ cancel out.
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In addition to ionic forces, structural optimisation may also involve relaxation of
the simulation cell itself. In this case, the relevant quantity is the stress tensor, which
measures the response of the total energy to lattice strain. During variable-cell relaxations,
both atomic positions and lattice vectors are iteratively updated until all forces and
stress components fall below prescribed thresholds. Typical convergence criteria are forces
smaller than 10−2 − 10−3 eV/Å and stress components below 10−2 − 10−3 GPa, although
stricter tolerances may be required depending on the system and on the targeted physical
properties.

3D vs 2D modelling: the slab method

Unlike bulk crystals, truly two-dimensional (2D) materials are periodic in two spatial
directions only, while the third direction (here taken as ẑ) is non-periodic. Nevertheless,
most electronic-structure codes solve the Kohn–Sham equations within a fully periodic
simulation cell subject to Born–von Kármán boundary conditions (VASP being no ex-
ception). To accommodate this constraint, a fictitious but practical three-dimensional
periodicity is restored by employing the slab method.

Figure 1.2: A sketch of the application of the slab method to a real case (2D magnet VAgP2Se6).

As illustrated in Fig. 1.2, an ad hoc supercell is constructed by enclosing the 2D
material between two vacuum regions (one is enough, if the atomic layers are placed at
the top/bottom of the supercell). Due to the code periodicity, the system is replicated
also along ẑ, giving rise to non-physical periodic images of the slab. Spurious interactions
between these periodic images can be made negligible by increasing the vacuum thickness,
until convergence of the relevant physical quantities is achieved. Once this condition is
satisfied, calculations can be carried out in the same formal way as for bulk systems.13

13Since the 3D periodicity is unphysical, Brillouin-zone sampling is correspondingly reduced along ẑ,
down to a single k-point.
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Constraining the magnetisation

In spin-polarised DFT, the self-consistent solution corresponds to the magnetic configura-
tion that minimises the Kohn–Sham total energy. In many situations of interest, however,
it is useful to gain access to magnetic states different from the unconstrained ground state,
such as metastable configurations or states with prescribed orientations of local magnetic
moments (the latter case, especially, will be extensively treated in Chapter 2). This can
be achieved by means of constrained magnetisation techniques, allowing to enforce target
values for the direction and/or magnitude of selected local magnetic moments at each
step of the SCF cycle. Formally, such constraints are implemented by introducing an
additional penalty term in the energy functional, which discourages deviations of magnetic
moments from the desired configuration.

In the non-collinear formalism, the relevant quantity is the magnetisation density

m(r) = (mx(r),my(r),mz(r)) (1.63)

whose modulus reduces to m(r) = ρ↑(r) − ρ↓(r) in the collinear limit (see Eqn. 1.21).
The integrated magnetic moment associated with atom I is then defined as

MI =
∫

ΩI

drm(r)FI(|r − RI |)) (1.64)

where ΩI is a sphere centred on atom I and FI(|r|) is a smooth weighting function of unit
norm inside ΩI , which gradually goes to zero at the sphere boundary.

The penalty energy to constrain the direction of magnetic moments is then given by

Eλ = λ
∑

I

[
MI − M̂0

I (M̂0
I · MI)

]2
(1.65)

where M̂0
I is the unit vector defining the target direction for MI , and λ plays the role

of a Lagrange multiplier, governing the strength of the constraint. VASP also provides
alternative formulations of the penalty term, allowing for the simultaneous constraint of
both direction and magnitude (or direction and sign) of the magnetic moments.

Care must be taken when interpreting energies obtained from constrained magnetisation
calculations, as they explicitly depend on the value of the penalty parameter. In particular,
meaningful energy comparisons can only be made between calculations performed using
the same λ.

Vibrational properties

The vibrational properties of a crystal, within the harmonic approximation, are obtained
from a second-order Taylor expansion of the total energy with respect to the ionic
displacements around the equilibrium configuration [55]. Denoting by unν the displacement
of atom ν in the n-th unit cell along Cartesian direction α, the expansion reads

E(harm)({unν}) = E({0}) + 1
2

∑
nνα,n′ν′α′

Dnνα,n′ν′α′unναun′ν′α′ (1.66)
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where the dynamical matrix (matrix of force constants) has been introduced:

Dnνα,n′ν′α′ :=
 ∂2E(harm)

∂unνα∂un′ν′α′


0

(1.67)

The classical equations of motion for the ions are

Mν ünνα = −
∑

n′ν′α′
Dnνα,n′ν′α′un′ν′α′ (1.68)

Looking for normal-mode solutions, and inspired by the presence of translational symmetry,
we impose plane-wave displacements of the form unν(t) = Aν(q, ω)ei(q·Rn−ωt). Introducing
the Fourier transform of the dynamical matrix

D̃να,ν′α′(q) :=
∑
n′
Dnνα,n′ν′α′un′ν′α′eiq·(Rn−Rn′ ) (1.69)

(which has dimension 3N×3N for a unit cell containing N atoms), the differential equation
1.68 turns into an algebraic problem

∑
ν′α′

[
D̃να,ν′α′(q) −Mνω

2δαα′δνν′

]
Aν′α′(q) = 0 (1.70)

whose 3N eigenvalues and eigenvectors correspond to the normal modes and their fre-
quencies. Upon quantisation, these collective excitations are quasiparticles called phonons,
with dispersion relation ω = ω(q).

It can be shown that, for every crystal, there are always three acoustic modes –
collective in-phase motion of all atoms, with vanishing frequency as q → 0. The remaining
3N − 3 are optical modes, characterised by relative antiphase motion of atoms within the
cell, conserving the centre of mass, and finite frequency at small q.

Phonon branches (in other words, the phonon band structure) can be obtained by
plotting the eigenvalues on a q-space mesh selected along special paths14 inside the
Brillouin zone, connecting high-symmetry points, as illustrated for a simple cubic lattice
in Fig. 1.3.

Beyond thermal aspects, the study of phonons is also essential at the zero-temperature
level, as it provides a powerful tool to detect structural instabilities. These manifest
themselves through the appearance of so-called soft modes, characterised by negative
eigenvalues of the dynamical matrix, i.e., ω2 < 0, corresponding to imaginary phonon
frequencies (normally represented as negative frequencies in phonon dispersion plots). The
presence of a soft mode indicates that displacing the atoms according to the associated
eigenvector lowers the total energy of the system, signalling that the reference structure
is not a true minimum of the potential-energy surface. Such instabilities may remain
hidden in standard structural optimisations when the initial configuration corresponds to
a saddle point of the energy landscape, where all forces — as given by Eqn. 1.61 — vanish

14Standard choices for such points and paths are tabulated in literature for the various crystalline
structures [94].
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Figure 1.3: Brillouin zone and high-symmetry points for a simple cubic lattice (adapted
from [95]).

identically. In these cases, phonon calculations provide crucial information on the unstable
directions in configuration space. Once identified, an arbitrarily small displacement along
the soft mode eigenvector can drive the system away from the saddle point and trigger a
relaxation towards a lower-energy, dynamically stable configuration.

Within DFT codes, the dynamical matrix at a given q can be evaluated in two ways.
In the frozen phonon framework, force constants are evaluated in real space through a
finite-difference scheme: atoms are displaced back and forth by small amounts along the
Cartesian directions, and the resulting forces are computed after self-consistent electronic
calculations. These displacements are performed within a suitably chosen supercell in
order to accommodate long-wavelength modulations, corresponding to small q wavevectors
(otherwise, a calculation within the primitive cell only yields phonons at the Γ point). The
frozen-phonon method has the advantage of relying on calculation of energy and forces as
available in essentially any DFT code; on the other hand, the need for a supercell may
imply a sizeable computational cost.

An alternative approach is provided by Density Functional Perturbation Theory
(DFPT) [25], which allows one to compute the dynamical matrix directly in reciprocal
space, by treating atomic displacements as perturbations and evaluating the linear response
of the electronic density and potential. DFPT enables the calculation of phonons at
arbitrary q using only the primitive unit cell, leading to a substantial reduction in
computational effort.

Both methods are routinely implemented in DFT codes. However, the DFPT im-
plementation in VASP is unfortunately somewhat rudimentary and, to date, does not
allow for meaningful phonons within the primitive cell. As a consequence, DFPT phonon
calculations in VASP must rely on supercells as well, so that the computational advantage
over the frozen phonon method is suppressed and the two approaches tend to become
essentially equivalent.
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Linear-response properties

Finally, we briefly outline another important application of DFPT as implemented in
VASP, namely the calculation of linear-response properties. By enabling the Boolean
flag LEPSILON – either on its own or in combination with additional input tags – it is
possible to perform unit-cell calculations that yield the static macroscopic dielectric tensor,
the elastic and piezoelectric tensors, and the Born effective charge tensors (as well as,
again, the Γ-point phonon frequencies as a byproduct). These quantities are obtained by
evaluating the linear response of the electronic system to small external perturbations, such
as homogeneous electric fields or infinitesimal atomic displacements. Among the quantities
accessible through this approach, the piezoelectric tensor is of particular relevance for the
present work and will therefore be discussed in detail in Chapter 3.



Chapter 2

2D magnetism: AMaRaNTA

The present Chapter illustrates the AMaRaNTA package for exchange parameters of
two-dimensional magnetic materials. Much of the content has been borrowed from our
own original work [1], adjusted and expanded where suitable. A special thanks goes to
Dr. Andrea Droghetti and Dr. Giuseppe Cuono (CNR-SPIN), for contributing the DFT
calculations behind the dataset in Section 2.7.

The underlying code for this study is publicly available at: https://github.com/
AMaRaNTA-code/AMaRaNTA.

https://github.com/AMaRaNTA-code/AMaRaNTA
https://github.com/AMaRaNTA-code/AMaRaNTA
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naturae, lapis hic ut ferrum ducere possit,
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2.1 Introduction
Magnetism – as the quotation on the previous page clearly testifies – can be regarded as
one of the oldest physical phenomena known to man, with observations dating back as
early as the VI century BC. Even its incorporation into a modern physical framework,
due to the work of scholars such as Ampère, Ørsted, Biot, Savart, Faraday and ultimately
Maxwell, although not as remote in time, is now more than a century and a half old. In
the following pages, a very brief, cut-to-the-bone – and necessarily incomplete – overview
will be provided, focusing on those essentials aspects of magnetism needed for the rest of
the chapter [96, 97].

In a classical framework, the Ampère-Maxwell equation in vacuum (time-independent
case) states that

∇ × B = µ0J (2.1)
Magnetism, accordingly, is understood as being generated by currents. Analogously to
the electrostatic case, these can be mapped to an “elemental” field source, the magnetic
dipole moment: for instance, a loop enclosing an area A, traversed by a current I, can be
shown to be equivalent to a magnetic moment m = IA. In turn, the magnetic moment of
a particle of charge q and mass m is proportional to its orbital angular momentum:

m = q

2mL (2.2)

In matter, treating magnetism classically requires the auxiliary field

H = B
µ0

− M (2.3)

where the magnetisation M is defined as the magnetic dipole moment per unit volume.
The microscopical origin of the magnetic dipoles, though, is still undetermined at this
level – and is, in fact, entirely quantum (there are no microscopical atomic currents in a
classical sense, even though this picture is often employed for pedagogical purposes).

On a quantum level, electrons possess an orbital angular momentum L (which, despite
obeying a quantum algebra, is still defined as r × p and can thus be traced back to
the classical counterpart) and an intrinsic angular momentum S, termed spin, which
instead has no classical analogue.1 Both orbital and spin angular momenta contribute to
the electron’s magnetic moment, as in 2.2, even though with proportionality constants
(gyromagnetic ratios) that depend on the nature of the angular momentum.2

A variety of magnetic interactions can arise in matter, most of which due to spin.
Without the aim of being exhaustive, we list here some, in increasing order of complexity
— which turns out to be an increasing order of relevance, as well [97,98].

1The electron is not a spinning top. In fact, it is not even a ball...
2In the solid state, the orbital momentum is often quenched due to crystal field effects and is generally

smaller than the spin contribution. This, however, does not mean at all that L is to be discarded
altogether: see the discussion on spin-orbit hereafter.
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Having introduced magnetic moments, it seems natural to start from the dipole-dipole
interaction

HDD = µ0

4πr3
[
m1 · m2 − 3(r̂ · m1)(r̂ · m2)

]
(2.4)

which arises from the energy of one magnetic moment in the field produced by another.
In practice, this contribution often has a negligible magnitude in solids (10−4 eV).

A second mechanism, also arising from direct interactions between magnetic moments,
is the spin-orbit coupling (SOC)

HSOC = − e

2m2c2
1
r

dφ

dr
L · S (2.5)

which – as the name suggests – couples the electron’s spin and orbital angular momentum
(or, equivalently, their corresponding magnetic moments). In spite of its relatively small
strength (typically 10−4 – 10−2 eV), SOC can have considerable effects, both at the atomic
level and in solids, where – among the many aspects – it influences the overall preferential
orientation of spins and can give rise to non-trivial magnetic textures.3

Finally, the most important contribution to magnetism, in solids as in isolated atoms,
comes from the exchange interaction, which turns out to be also the most subtle to
introduce. At variance with HDD and HSOC, it is not, in principle, an explicit coupling
between magnetic moments. It is, rather, a byproduct of the Coulomb electron-electron
interaction, combined with the Pauli exclusion principle, which enforces antisymmetry of
the total electron wavefunction. As such, there exists no universal formula for the exchange
interaction in terms of fundamental forces: its magnitude and form inevitably depend on
both the specific system and the details of the electron wavefunctions involved – including
the spatial part, inextricably coupled to spin by virtue of the two-body interaction and
the Pauli principle. For instance, in the case of the helium atom, the energy of the state
with one electron in the 1s orbital and the other in an excited orbital |nlm⟩

E100,nlm = −4
(

1 + 1
n2

)
(2.6)

(in Rydberg units) achieves an extra electron-electron term

Eee =


I + J singlet (↑↓)

I − J triplet (↑↑)
(2.7)

I =
∫∫

dr1dr2|ψ100(r1)|2 1
|r1 − r2|

|ψnlm(r2)|2

J =
∫∫

dr1dr2ψ100(r1)ψnlm(r2) 1
|r1 − r2|

ψ∗
nlm(r1)ψ∗

100(r2)
(2.8)

3In the following, SOC will emerge as the driving force behind anisotropic terms in the model
Hamiltonian adopted in AMaRaNTA.
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I and J are termed direct and exchange integral, respectively: the former simply represents
the electrostatic repulsion between the electron densities, whereas the latter, which arises
from the Pauli antisymmetry, is the energy associated with a swap of quantum numbers
between the electrons (hence the name “exchange”). The singlet and triplet levels are thus
split by a quantity 2J . A similar result holds for the energy levels of another prototypical
two-electron system, the H2 molecule.

In solids, the exchange interaction can be further classified according to the physical
processes by which spin correlations are established [98]. Direct exchange arises from
the overlap of magnetic ions’ electronic wavefunctions and, as such, is most relevant for
spatially close orbitals. Superexchange is instead mediated by non-magnetic ions and
originates from virtual electron hopping processes; the sign of the coupling is described in
detail by the Goodenough–Kanamori–Anderson rules. Double exchange occurs in mixed-
valence systems, where itinerant electrons can hop between magnetic ions of different
oxidation states, favouring parallel spin alignment. Finally, RKKY exchange is an indirect
interaction mediated by conduction electrons, that oscillates in sign with distance and
plays a key role in dilute magnetic systems.

Despite their distinct and intricate microscopic origins, these mechanisms can often be
effectively captured by suitable effective spin Hamiltonians, that isolate the spin degrees
of freedom in a simpler, tractable form. The most renowned of these is the Heisenberg
Hamiltonian [99], which for a two-electron system reads

HHeisenberg = 2Js1 · s2 = J
[
S2 − s2

1 − s2
2

]
(2.9)

(where S = s1 + s2). Using ⟨S2⟩ = S(S + 1) and ⟨s2
i ⟩ = s(s+ 1) = 3/4, the corresponding

energy eigenvalues are −3J/4 for the singlet state (S=0) and J/4 for the triplet state
(S=1), split by exactly 2J as desired.4

By extension, the Heisenberg Hamiltonian is generalised to a many-spin system as

HHeisenberg =
∑
i<j

JijSi · Sj =
∑
i<j

Jij(SixSjx + SiySjy + SizSjz) (2.10)

a framework that naturally allows for a variety of extensions, including anisotropic models
with different exchange parameters along two (or more) Cartesian directions.

Two important limiting cases, which have developed a history of their own, are the
XY model [100] and Ising model [101]. The XY Hamiltonian (isotropic within the plane,
in the form given below) describes exchange restricted to the transverse spin components:

HXY =
∑
i<j

Jij(SixSjx + SiySjy) (2.11)

while the Ising model retains only a single (up or down) spin component:

HIsing =
∑
i<j

JijSizSjz (2.12)

4The factor of 2, convenient to exactly replicate the exchange splitting in He and H2, will be absorbed
in the exchange parameter hereafter.
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In all three models, the sign of Jij determines whether the system favours parallel
spin alignment (Jij < 0, corresponding to ferromagnetism) or antiparallel (Jij > 0,
corresponding to antiferromagnetism).

2.2 2D magnetism and motivations for AMaRaNTA
In light of the long and rich historical record of magnetism, it may seem somewhat ironic
that its persistence in two dimensions (2D) remained elusive until relatively recent times.
This difficulty, however, is all but accidental.

From a theoretical standpoint, in fact, the existence of magnetism in low dimensions
is intriguing and far from trivial. Magnetic order is inherently a collective phenomenon,
relying on the establishment of long-range correlations among many interacting spins. In
reduced dimensionalities, however, collective order is particularly vulnerable to thermal
excitations. This behaviour is formalised by the celebrated Mermin–Wagner theorem
[102] which states that, in one- and two-dimensional systems with short-range and
isotropic interactions, continuous symmetries cannot be spontaneously broken at any finite
temperature. This result can also be framed in terms of low-energy collective excitations
of the spin system, in the form of gapless spin waves (or, when quantised, magnons):
long-wavelength modes cost arbitrarily little energy and are entropically favoured in low
dimensions, ultimately destroying long-range order. In real materials, however, additional
interactions than those included in an isotropic Heisenberg model – such as in (2.10) –
may break the continuous spin-rotational symmetry and, with it, the crucial assumption
on which the Mermin-Wagner theorem relies to hold strictly. In particular, out-of-plane
magnetic anisotropies can open a gap in the spin-wave spectrum: this suppresses the
long-wavelength fluctuations responsible for destabilising magnetic order, thereby allowing
finite-temperature magnetism even in two dimensions [103,104].

From an experimental perspective, as a matter of fact, a quasi-2D character of magnetic
interactions had been known for decades to occur in layered van der Waals–bonded
systems [105, 106]. In such compounds, magnetic atoms form strongly bonded layers
with robust in-plane exchange interactions, while adjacent layers are held together by
comparatively weak van der Waals forces. Traditionally, however, these systems were
investigated in their bulk form, where residual interlayer coupling, finite sample thickness
and three-dimensional ordering effects persisted. As a consequence, the strictly 2D limit,
in which magnetic order survives in an isolated atomic layer, remained experimentally
inaccessible for long.

This situation began to change with the advent of modern exfoliation techniques,
most notably following the isolation of graphene in 2004 as the first true 2D material [22].
However, a renewed — and ultimately definitive — surge of interest in layered magnetic
materials did not emerge until between 2016 and 2018. During this time, experimental
observations demonstrated that well-established theoretical models of magnetism could
be realised in monolayers such as CrI3 [23] and CrGeTe3 [107] (corresponding to a 2D
Ising and a 2D Heisenberg model, respectively). These discoveries were rapidly followed
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by reports of magnetic order in other monolayer systems, such as FePS3, VSe2 and
MnSe2 [108], and provided compelling evidence that, under suitable conditions, stable
magnetic order can persist upon exfoliation down to the monolayer limit.

Since then, the library of known 2D magnets has continued to expand steadily [109–112]
and their incorporation into prototype spintronic devices is already a reality [113–115],
with ongoing experimental efforts aiming to raise magnetic ordering temperatures [116,117]
and enhance perpendicular magnetic anisotropy for improved device performance [118].

Beyond their technological relevance, 2D magnets provide an exceptional platform
for exploring a wide range of emergent magnetic phenomena. Reduced dimensionality,
combined with strong SOC, magnetic anisotropies and lattice-specific symmetry con-
straints, gives rise to a remarkably rich variety of magnetic phases, extending well beyond
conventional ferromagnetism (FM) and antiferromagnetism (AFM). For example, a recent
theoretical work predicts altermagnetism – a phase characterised by spin-split electronic
bands despite the absence of net magnetisation – in RuF4 monolayers and other 2D
compounds [119]. In these (globally) centrosymmetric systems, there is nonetheless an an-
tisymmetric Dzyaloshinskii–Moriya interaction (DMI) [120,121], driven by SOC, between
pairs of atoms that locally break space-inversion symmetry, inducing spin canting and weak
ferromagnetism [122]. Meanwhile, in systems where space-inversion symmetry is broken
not only locally but also globally, DMI acts as a genuinely chiral interaction, stabilising
non-collinear and non-coplanar spin textures with a well-defined handedness [123–125].
For instance, magnetic skyrmions – topologically protected whirling spin configurations –
have been predicted in several so-called Janus 2D materials [126–130], such as MnSeTe
and MnSTe [131].

Complex magnetic behaviour can also emerge in centrosymmetric lattices through
geometric frustration. In triangular or Kagome lattices, AFM exchange interactions can
give rise to highly degenerate ground states and complex spin arrangements, including
spin-spiral structures [132–135]. Similar frustration effects may also emerge, even in
other lattice geometries, in the presence of competing exchange interactions, for example
between the nearest-neighbour coupling and a longer-ranged one [136, 137]. Notably,
frustrated centrosymmetric systems can still host skyrmion-like spin textures even in the
absence of DMI [138]: for example, a spontaneous antibiskyrmion lattice with unique
topology, driven by the anisotropic symmetric exchange interaction, has been predicted in
the semiconducting NiI2 monolayer [139]. Interestingly, the onset of helimagnetic phases
can spontaneously break the inversion symmetry of the underlying crystal lattice, inducing
a polar axis and enabling ferroelectricity [140,141], as demonstrated again in monolayer
NiI2 [142,143].

Computational approaches
Given these premises, accurate computational approaches for predicting the magnetic
properties of 2D materials from first-principles are in high demand. Among them,
DFT has emerged as the preferred method, offering a relatively good balance between
accuracy, computational efficiency and ease of implementation. When integrated into
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high-throughput computational frameworks [41,43,144], DFT enables the rapid screening
of candidate materials with targeted magnetic properties, thereby accelerating materials
discovery and providing valuable guidance and support for experiments.

The most established approaches to extract magnetic interactions from DFT include
the energy-mapping method, the torque method and the spin-spiral method — each with
its own advantages and limitations, depending on the specific system and magnetic
phenomena under investigation [145].

Energy mapping The energy-mapping approach [146] is conceptually straightforward
and broadly applicable. It involves computing total energies for a set of constrained
magnetic configurations, usually constructed to sample different relative orientations of
local magnetic moments. These energies are then mapped onto a classical spin Hamiltonian
(e.g., Heisenberg or anisotropic models) to extract exchange parameters.

A major point of strength of this method is its flexibility: it can accommodate SOC and
non-collinear configurations and can also be extended to complex spin Hamiltonians that
include biquadratic terms [147,148]. The approach is compatible with virtually all DFT
codes and is not restricted to DFT alone: it can also be employed with any first-principles
method capable of returning total energies for constrained spin configurations, such as
Diffusion Monte Carlo, as demonstrated in recent studies [149].

In contrast, its main drawbacks are the following ones. First, it typically requires the
use of supercells, which can become quite large when longer-range interactions beyond
nearest-neighbours are involved. Second, each magnetic configuration must be treated
with a separate self-consistent calculation, meaning that many DFT calculations are
required for large configuration sets. Finally, the accuracy and reliability of the extracted
parameters depend on the choice and number of configurations used: overfitting or
underfitting may occur if the configuration set is not sufficiently representative of the
system’s relevant magnetic states, particularly in the presence of competing interactions
or frustrated geometries.

Torque method Also known as the Liechtenstein–Katsnelson–Antropov–Gubanov
(LKAG) formalism [150,151], the torque method is based on the magnetic force theorem.
In this approach, the Kohn–Sham (KS) Hamiltonian is mapped onto a classical spin
Hamiltonian by equating the linear response of the KS electronic system — treated within
the Green’s function formalism — to infinitesimal rotations of the magnetic moments
in the spin model. This enables the calculation of exchange parameters from a single
self-consistent electronic structure calculation, avoiding the need to compute total energies
for multiple magnetic configurations. Originally developed for collinear magnetic systems,
the method has since been extended to include SOC, enabling the calculation of DMI and
magnetic anisotropies [152,153] (in this case, however, three self-consistent calculations
are required, corresponding to magnetisation alignment along each of the Cartesian
axes). Moreover, it can be combined with beyond-DFT approaches formulated within the
Green’s function framework, such as dynamical mean-field theory [154,155]. A further
advantage is its ability to provide an orbital-resolved decomposition of magnetic exchange
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interactions [156, 157], which is especially useful for analysing underlying microscopic
mechanisms such as superexchange.

This, however, comes with important limitations. The formalism typically relies
on localised basis sets, and the specific choice of orbitals used to define local magnetic
moments introduces a degree of arbitrariness, that can significantly affect exchange
parameters [158]. Furthermore, while initially employed with the Korringa-Kohn-Rostoker
Green’s function [159] and tight-binding linear muffin-tin methods [160], constructing
the Green’s function becomes cumbersome in the commonly used plane-wave-based
DFT implementations. This difficulty is mitigated using maximally-localised Wannier
functions [161,162] and recently, implementations of the torque method for Wannierised
KS Hamiltonians have boosted the popularity of this approach [163,164]. However, the
Wannierisation is a procedure that may depend strongly on the number and nature of
the bands [161] and, additionally, Wannier functions are not always centred near the
physical atomic sites [161]. An alternative implementation [165,166] uses pseudo-atomic
orbital (PAO) basis sets, as employed in DFT codes like SIESTA [18]. While these
localised orbitals provide a natural basis to construct tight-binding representations, they
are typically non-orthogonal. Hence, the concept of a localised operator is a non-trivial
issue [167,168], introducing conceptual and numerical complications in the implementation
and application of the torque method.

Spin spirals Finally, the spin-spiral approach relies on the generalised Bloch theorem
[169,170]. It imposes a spin-spiral boundary condition within a single unit cell, such that
the KS wavefunction undergoes a position-dependent spin rotation by an angle q · Ri

around the axis normal to the spiral plane, where q is the spiral wavevector and Ri is a
lattice vector. By computing the total energy for different values of q, one can identify the
energetically preferred spiral configuration, thereby gaining direct access to the magnetic
ordering tendencies of the system. Exchange parameters may in principle be inferred via
a Fourier transform of the magnon dispersion E(q) [145].

A key advantage of this method is its ability to capture long-wavelength, non-collinear
magnetic textures without requiring large supercells, making it particularly efficient for
studying incommensurate magnetic orders. However, the standard spin-spiral formalism
typically neglects SOC, as this breaks the spin-rotational symmetry required for the
generalised Bloch theorem. Although SOC effects can be included perturbatively [171],
such treatments may become unreliable when SOC plays a central role, such as in systems
with strong magnetic anisotropy or DMI. Furthermore, the method is limited to systems
that can be well described by a single-q spiral and may not capture complex multi-q
configurations.

Pros and cons For high-throughput calculations, the torque method is, in principle,
the most computationally efficient approach, as it allows all magnetic parameters entering
a spin Hamiltonian to be extracted from a single DFT calculations (or three, when SOC
is included). In practice, however, its application has so far been limited to individual
case studies rather than large-scale materials screening, since Wannierisation and the
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optimisation of pseudo-atomic orbitals and other localised basis sets remain difficult to
automate reliably.

By contrast, the energy-mapping method has seen the most extensive application
to date, owing to its formal simplicity. For example, Torelli et al. [144] studied around
150 2D compounds from the C2DB database [41, 42]. In their work, the DFT total
energy differences between collinear FM and AFM configurations are mapped onto a spin
model that includes nearest-neighbour isotropic Heisenberg exchange, on-site (single-ion)
anisotropy and an approximate two-ion anisotropy. This study not only confirmed the
magnetic ground states of well-known compounds, but also predicted the properties of
several less-studied materials. Despite these successes, the model employed in Ref. [144]
shows some limitations, resulting often insufficient to capture the rich variety of possible
2D magnetic phases. Therefore, the same authors later extended their study to a larger set
of 192 materials, whose magnetic texture was assessed exploring spin-spiral orders using
the generalised Bloch theorem [172]. This strategy allowed for the identification of non-
collinear and incommensurate magnetic ground states beyond the scope of simple collinear
energy-mapping models. Nevertheless, no systematic extraction of microscopic exchange
parameters was performed therein. This is consistent with the intrinsic limitations of the
spin-spiral approach: the restriction to single-q textures, the difficulty of incorporating
spin–orbit–induced anisotropic interactions in a fully self-consistent manner, and the
non-uniqueness of mapping spiral dispersions onto real-space exchange tensors in complex
magnetic systems.

The need for AMaRaNTA
To further extend the systematic application of DFT for predicting the magnetic properties
of 2D materials, a valuable approach is represented by the so-called four-state method
[98,173,174]. Within this framework, each magnetic parameter of a spin model is extracted
from DFT total energies computed for four distinct relative orientations of the magnetic
moments of two selected atoms, while all other magnetic moments are held fixed. This
provides a direct estimate of the local interactions between atomic pairs. The method
offers a clear advantage over conventional energy-mapping approaches, which typically
rely on extensive global sampling of numerous magnetic configurations spanning the entire
simulation cell. When implemented for non-collinear DFT calculations including SOC,
the four-state method gives access to the fully tensorial – hence anisotropic – nature of
the magnetic interactions, enabling their mapping onto general spin models capable of
describing complex magnetic states [98,127,128,139,173–176]. It also naturally captures
local interactions leading to canting effects between spin pairs that are difficult to predict
with global sampling [122]. However, despite these strengths, applying the four-state
method in high-throughput calculations poses several challenges. These include the need
to automatically select relevant spin configurations, construct suitable (and potentially
large) supercells to capture long-range interactions, and perform a substantial amount
of DFT calculations, equal to four times the number of spin model parameters to be
determined [98,173].
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To address these challenges, we introduce AMaRaNTA (Automating MAgnetic pa-
RAmeters iN a Tensorial Approach), a computational package designed to streamline the
four-state approach for automated, scalable calculations. AMaRaNTA is implemented as
a workflow within AiiDA (Automated Interactive Infrastructure and Database for Compu-
tational Science) [38], a robust platform for managing complex computational workflows
with full data provenance and automation capabilities. The workflow interfaces with the
Vienna Ab-initio Simulation Package (VASP) [16,17] (though it can be in principle adapted
to other electronic structure codes) to perform accurate non-collinear DFT total energy
calculations including SOC. Designed for user-friendliness, AMaRaNTA requires only a
structure file as input; it then automates the setup of simulation cells, the submission
of calculations to (and retrieval of results from) high-performance computing facilities
through AiiDA and, ultimately, the evaluation of the exchange parameters. Specifically,
AMaRaNTA computes the full exchange tensor for nearest-neighbour interactions and
scalar isotropic exchange parameters for second- and third-nearest-neighbour ones, as well
as single-ion anisotropy terms. These provide a minimal starting set to capture magnetic
frustration and anisotropies underpinning the stabilisation of diverse magnetic states
in 2D materials. However, the framework lends itself to extensions beyond the present
implementation, for instance, to include longer-range interactions – along with their fully
tensorial character – allowing mapping onto more complex spin models.

To illustrate its performance, AMaRaNTA is applied to a compact dataset of about
thirty 2D magnetic compounds from the Materials Cloud 2D Structure database [43,44],
demonstrating robust and automated screening of magnetic interactions. We successfully
recover the expected magnetic features for a number of previously characterised 2D
magnets. Furthermore, for previously unreported systems, our calculations predict AFM
isotropic exchange in NiF4Tl2, sizeable anisotropic symmetric exchange in MnBi2Te4, and
antisymmetric exchange in VF4 and VAgP2Se6.

2.3 The four-state method
The four-state method [98,173] maps the results of first-principles total energy calculations
(here performed within DFT) onto a classical, Heisenberg-like model Hamiltonian, as
anticipated in the Introduction. In the following, we outline the specific formulation and
conventions adopted in AMaRaNTA, along with the relevant definitions.

Spin model Hamiltonian
The AMaRaNTA effective spin Hamiltonian is based on the bilinear Heisenberg model
and is expressed as

H =
∑
i<j

(i,j)∈1NN

Si · J(1)
ij · Sj +

∑
i<j

(i,j)∈2NN

J
(2)
ij Si · Sj +

∑
i<j

(i,j)∈3NN

J
(3)
ij Si · Sj +

∑
i

AiS
2
iz (2.13)
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where nNN (with n = 1, 2, 3) denotes the set of n-th nearest-neighbour atomic pairs, and

• J(1)
ij is the full nearest-neighbour second-rank exchange tensor. Each of its elements
J

(1)
ij,αβ describes the coupling between the spin component Sα

i of atom i and the spin
component Sβ

j of atom j, where α, β ∈ {x, y, z}. J(1)
ij is commonly decomposed

as [98]
J(1)

ij = J
(1)
ij I + Kij + Dij (2.14)

that is, into a Heisenberg isotropic exchange parameter J (1)
ij = 1

3TrJ
(1)
ij , a traceless

symmetric matrix Kij = (J(1)
ij + J(1)T

ij )/2 − J
(1)
ij I (giving rise to anisotropic exchange

interactions of the Kitaev type [177,178]) and an antisymmetric part Dij = (J(1)
ij −

J(1)T
ij )/2, whose three independent components form the Dzyaloshinskii–Moriya

vector D [120,121].
Thus, in our model, the two-ion anisotropy is treated more rigorously than in
previous high-throughput studies (e.g., [144], where it was included through a term
of the form Hani

ij = λ
∑

ij S
z
i S

z
j in the spin Hamiltonian).

• J
(2)
ij and J (3)

ij are the second- and third-nearest-neighbour scalar exchange parameters,
respectively.

• Ai is the single-ion anisotropy (SIA). In general, the SIA can be represented as
a second-rank symmetric tensor, analogous to J(1)

ij . However, this fully tensorial
description is often unnecessary for practical purposes. In many 2D systems, the SIA
can be effectively characterised by the simplified scalar form adopted here, which
captures easy-axis or easy-plane anisotropy (see Appendix C in Ref. [173]).

In total, for a chosen atomic site i, the model contains twelve parameters: the nine
components of the nearest-neighbour exchange tensor, the scalar exchange parameters for
the second- and third-nearest-neighbours, and the SIA.

According to our sign conventions, a negative (positive) exchange parameter describes
FM (AFM) spin alignment. Similarly, positive values of the SIA correspond to easy-plane
anisotropy and negative values to easy-axis anisotropy.

Calculation of the spin Hamiltonian parameters
In this work, we restrict to materials containing a single magnetic species, where all mag-
netic atoms are crystallographically equivalent and thus possess the same spin magnitude
S. The DFT calculations underlying the four-state method employ supercells large enough
to both capture interactions up to the third-nearest-neighbours – consistently with the
spin model – and to suppress spurious interactions between an atom and its periodic
replicas.

To extract the parameters of the spin model Hamiltonian, the following different sets
of four-state calculations are performed.
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Nearest-neighbour exchange tensor The calculations for each element J (1)
ij,αβ of the

nearest-neighbour exchange tensor for a pair of magnetic atoms (i, j) are performed within
the non-collinear DFT framework with SOC included. We compute the energies Eij,+α,+β,
Eij,+α,−β, Eij,−α,+β, and Eij,−α,−β, corresponding to the four configurations in which the
spins of atom i and j are constrained along ±α̂ and ±β̂ Cartesian directions, respectively,
while the spins of all other magnetic atoms are fixed orthogonal to both α and β, forming
a reference magnetic background. The desired parameter is then given by

J
(1)
ij,αβ = Eij,+α,+β − Eij,+α,−β − Eij,−α,+β + Eij,−α,−β

4S2 (2.15)

where S denotes the spin magnitude.
By computing all nine combinations of α, β ∈ {x, y, z}, the full exchange tensor J(1)

ij

can be constructed, requiring a total of 4 × 9 = 36 calculations. This underscores the
necessity of an automated workflow as provided by AMaRaNTA.

In the limit of perfectly isolated spin pairs – achieved using sufficiently large supercells
[179] – and assuming that the Heisenberg Hamiltonian (2.13) captures the low-energy
physics of the system, the four-state approach ensures that all spurious contributions
cancel exactly, guaranteeing that the extracted exchange parameters correspond solely to
the intended spin pair.

Second- and third-nearest-neighbour scalar exchange parameters The scalar
exchange parameters J (2)

ij and J
(3)
ij , corresponding to pairs of second- and third-nearest-

neighbour magnetic atoms (i, j), are obtained using collinear DFT calculations without
SOC, where spins are constrained to align along a fixed quantisation axis (in our case,
the z-axis). Similarly to above, four distinct spin configurations are considered, in which
the spins of atoms i and j are either parallel (i.e., up) or antiparallel (i.e., down) to z,
and all other spins are fixed in a collinear reference configuration. This yields four total
energies: Eij,↑↑, Eij,↑↓, Eij,↓↑, and Eij,↓↓. The scalar exchange parameter is then given by

J
(n=2,3)
ij = Eij,↑↑ − Eij,↑↓ − Eij,↓↑ + Eij,↓↓

4S2 (2.16)

Single-ion anisotropy The SIA parameter is calculated using non-collinear DFT with
SOC included. We consider four distinct spin configurations, in which the spin of atom i
is constrained to point along the +x, −x, +z, and −z directions, while the spins of all
other atoms are fixed along the y-axis. This yields the corresponding energies Ei,+x, Ei,−x,
Ei,+z, and Ei,−z. The anisotropy parameter is then given by

Ai = Ei,+z − Ei,+x − Ei,−x + Ei,−z

4S2 (2.17)

In the actual implementation of AMaRaNTA, spin magnitudes S are always normalised
to unity. Accordingly, the reported exchange and anisotropy parameters correspond directly
to the algebraic sums of energies defined in Eqs. (2.15), (2.16) and (2.17), divided by 4.
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2.4 Implementation of AMaRaNTA

Workchain
AMaRaNTA is implemented in Python as an AiiDA workchain [180], specifically employing
the AiiDA-VASP plugin.5 It consists of three main blocks, as illustrated in Fig. 2.1.

Figure 2.1: Scheme of AMaRaNTA. Coloured boxes represent the three main blocks of the
workflow, as discussed in the text. White boxes inside contain the partial output of each
block. Thin arrows indicate direct input–output relations, thicker ones represent the procedural
progression between blocks.

Pair selection, supercell and reciprocal lattice construction The first block
(blue in Fig. 2.1) handles the identification of atomic pairs (i, j) and the generation of
appropriate supercells, using tools provided by the Atomic Simulation Environment (ASE)
library [34].

Starting from the user-supplied unit cell structure file, AMaRaNTA identifies three
pairs (i, j) of magnetic atoms corresponding to the nearest, second-nearest, and third-
nearest-neighbour shells. To ensure all neighbours are accounted for, this step is performed
in a 5×5 supercell (employed at this stage only, then discarded afterwards). Atom i is
chosen once and for all and is thus the same in the three pairs: by default, it is selected
as the first magnetic atom appearing in the atomic list (though occasionally, during the
dataset production phase, it was chosen as the magnetic atom closest to the centre of
the 5×5 supercell, thus avoiding complications arising from periodic boundary conditions

5See https://aiida-vasp.readthedocs.io/en/latest/

https://aiida-vasp.readthedocs.io/en/latest/
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in the presence of neighbours close to the supercell edges). The partner atoms j are
chosen as the first three in the atomic list whose distances from i place them within the
nearest, second-nearest, or third-nearest-neighbour shell – incidentally, this means that
the J(1)

ij tensor will refer to one representative (i, j) pair only; tensors associated with
other, symmetry-related neighbour pairs can be obtained from one another by applying
suitable rotation operations. Atoms whose distances from i differ by less than 1% are
grouped within the same neighbour shell, thereby avoiding artefacts due to negligible
atomic distance differences in the input structure.

Appropriate supercells are then constructed to ensure that each spin pair (i, j) and its
periodic replicas are separated by a distance of at least 10 Å, a value we found sufficient for
the systems studied in this work, that can, however, be easily increased if necessary. The
initial guess for the supercell size is a 2×2 of the input unit cell. From this starting point,
two nested loops iterate over possible integer values N and M , treated independently, to
find the smallest N ×M supercell that satisfies the distance criterion.

For a unit cell with lattice parameters a and b, the k-point mesh for the DFT
calculations is defined as

(
round

(
50
a

)
, round

(
50
b

)
, 1
)

in reciprocal coordinates. When
constructing the supercells, the k-point meshes are rescaled inversely with respect to
the corresponding supercell lattice vectors, ensuring a consistent sampling density across
different cell sizes.

Spin magnitude evaluation The second block (violet) performs a single DFT cal-
culation for the unit cell, to determine the modulus of the magnetic moment S for the
magnetic species. This value is then rounded to the nearest integer and later used to
initialise the magnetic configurations, according to the four-state prescriptions.

Execution of four-state calculations The third and main block (red) orchestrates the
DFT calculations required by the four-state method. For each of the twelve parameters in
the spin model Hamiltonian, a child workchain is launched to perform the four constrained
DFT calculations. The resulting total energies are processed using Eqs. (2.15), (2.16) and
(2.17), yielding the exchange parameters and the SIA in meV. As anticipated, with spin
magnitudes normalised to unity, the parameters are directly obtained as one quarter of the
energy combinations defined therein. Finally, information on the converged magnetisation
of all atoms - as obtained in the DFT calculations - is collected, to enable users to
verify that the assigned spin directions have been respected (AMaRaNTA does not issue
automated alerts if deviations occur). This also allows for an a posteriori check of the
assumption that all magnetic atoms indeed share the same spin magnitude S.

Inputs and outputs
AMaRaNTA is managed and launched via a separate script, where users can specify
the structure file and a set of pseudopotentials without modifying the workchain itself.
This represents the only required input; all other settings are fixed internally to ensure
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consistency across the database. However, selected parameters — such as the 10-Å
pair-replica distance or the subset of exchange parameters to compute — can be modified
through documented and accessible options. This design aims at ensuring uniformity
across the database, while still offering enough flexibility for external users to adapt the
high-throughput calculations to their specific needs.

The final output includes the coordinates of the three atomic pairs (i, j), the constructed
supercells, the calculated set of spin model Hamiltonian parameters, and the converged
magnetisation data obtained from DFT for all atoms. This information is provided both
as AiiDA data nodes and as user-friendly text files, which are also stored within the AiiDA
database. Additionally, much of the content is printed to the standard output on-the-fly.

2.5 Execution example
In order for the reader to acquire more familiarity with AMaRaNTA, as well as to begin
to showcase its potentiality, we provide here the content of the standard output after an
actual execution of the code. VAgP2Se6 – one of the materials within the dataset treated
hereafter – is taken as a reference material.

AMaRaNTA begins by printing information about the nearest-, second-nearest and
third-nearest-neighbour pairs: namely, the coordinates of the atoms involved (shown
in Fig. 2.2) and the neighbour-neighbour distance for each pair, as well as the chosen
supercells and k-point meshes:

Figure 2.2: Choice of nearest- (yellow), second-nearest- (red) and third-nearest-neighbour (green)
pairs for VAgP2Se6. Colour code for the atomic species is as follows: V - dark grey, Ag - light
grey, P - orange, Se - yellow. The original unit cell is drawn in black; a smaller portion of the
5×5 supercell employed by AMaRaNTA for the pairs selection is shown here.
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2025-01-07 11:57:16 [19583 | REPORT]: [62402|AmarantaWorkChain|print_welcome]:

************************************************************************************
* *
* AMaRaNTA *
* Automating MAgnetic paRAmeters iN a Tensorial Approach *
* *
************************************************************************************

2025-01-07 11:57:17 [19584 | REPORT]: [62402|AmarantaWorkChain|run_ASE]:

Material is AgP2Se6V

--------------------------------------------------- s0 is: [23.891 14.723 11.698]
The 1nn couple is: 12,7 with distance: 6.3771 ---- s1 is: [17.514 14.723 11.698]
The 2nn couple is: 12,11 with distance: 6.4723 ---- s2 is: [20.596 9.152 11.698]
The 3nn couple is: 12,3 with distance: 10.978 ---- s3 is: [14.431 20.294 11.698]

Safety distance chosen: 10 Ang

opt_j_nn1_direct 3 opt_k_nn1_direct 3
opt_j_nn1_reversed 3 opt_k_nn1_reversed 3
Direct = reversed values
Minimal supercell for 1nn: ---- 3 x 3
with distances: [19.1313 12.7542 25.5083 19.1313]

opt_j_nn2_direct 3 opt_k_nn2_direct 3
opt_j_nn2_reversed 3 opt_k_nn2_reversed 3
Direct = reversed values
Minimal supercell for 2nn: ---- 3 x 3
with distances: [19.4169 12.9446 25.8892 19.4169]

opt_j_nn3_direct 4 opt_k_nn3_direct 4
opt_j_nn3_reversed 3 opt_k_nn3_reversed 4
Chosen reversed values
Minimal supercell for 3nn ---- 3 x 4
with distances: [19.1313 11.1615 29.1284 19.1313]

k-point linear density: 50
unit cell parameters: 6.377 6.472
k-mesh for unit cell: 7.841 x 7.725 x 1
k-mesh for 1nn: 3 x 3 x 1
k-mesh for 2nn: 3 x 3 x 1
k-mesh for 3nn: 3 x 2 x 1

As a second step, the stand-alone DFT calculation for the unit cell, aimed at extracting
the spin modulus, is performed:
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2025-01-07 11:57:17 [19585 | REPORT]: [62402|AmarantaWorkChain|print_run_for_spin]:

==============================================================
PRELIMINARY RUN --- for spin modulus only

==============================================================

2025-01-07 11:57:17 [19586 | REPORT]: [62402|AmarantaWorkChain|run_aiida_for_spin]:
launching VaspWorkChain<62421>
2025-01-07 11:57:18 [19587 | REPORT]: [62421|VaspWorkChain|run_process]:
launching VaspCalculation<62423> iteration #1
2025-01-07 11:57:18 [19588 | REPORT]: [62421|VaspWorkChain|results]: work chain
completed after 1 iterations
2025-01-07 11:57:20 [19589 | REPORT]: [62421|VaspWorkChain|on_terminated]:
cleaned remote folders of calculations: 62423
2025-01-07 11:57:20 [19590 | REPORT]:
[62402|AmarantaWorkChain|elaborate_results_aiida_for_spin]: SPIN = 2.0

2025-01-07 11:57:20 [19591 | REPORT]: [62402|AmarantaWorkChain|print_run_main]:

Then, the algorithm enters the main block, implementing the four-state technique. For
each of the four configurations, the initial magnetic moments are displayed, followed by
the report on the DFT calculation and the outcoming total energy; lastly, the exchange
parameter is printed. For the sake of brevity, we only show here the code snippet for the
Jxx parameter:

==============================================================
MAIN RUN --- compute J parameters

==============================================================

2025-01-07 11:57:20 [19592 | REPORT]: [62402|AmarantaWorkChain|init_run_subwc]:

==============================================================
index: 0 parameter to compute: J_xx
==============================================================

2025-01-07 11:57:20 [19593 | REPORT]: [62434|SubWorkChain|init_run_aiida_main]:
MAGMOM 2.0 0.0 0.0 2.0 0.0 0.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0
0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
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2025-01-07 11:57:22 [19594 | REPORT]: [62438|VaspWorkChain|run_process]:
launching VaspCalculation<62440> iteration #1
2025-01-07 11:57:23 [19595 | REPORT]: [62438|VaspWorkChain|results]: work chain
completed after 1 iterations
2025-01-07 11:57:24 [19596 | REPORT]: [62438|VaspWorkChain|on_terminated]:
cleaned remote folders of calculations: 62440
2025-01-07 11:57:24 [19597 | REPORT]: [62434|SubWorkChain|elaborate_results_main]:
ENERGY: -460.40052471 eV

2025-01-07 11:57:24 [19598 | REPORT]: [62434|SubWorkChain|init_run_aiida_main]:
MAGMOM 2.0 0.0 0.0 -2.0 0.0 0.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0
0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2025-01-07 11:57:26 [19599 | REPORT]: [62451|VaspWorkChain|run_process]:
launching VaspCalculation<62453> iteration #1
2025-01-07 11:57:27 [19600 | REPORT]: [62451|VaspWorkChain|results]: work chain
completed after 1 iterations
2025-01-07 11:57:28 [19601 | REPORT]: [62451|VaspWorkChain|on_terminated]:
cleaned remote folders of calculations: 62453
2025-01-07 11:57:28 [19602 | REPORT]: [62434|SubWorkChain|elaborate_results_main]:
ENERGY: -460.39653404 eV

2025-01-07 11:57:28 [19603 | REPORT]: [62434|SubWorkChain|init_run_aiida_main]:
MAGMOM -2.0 0.0 0.0 2.0 0.0 0.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0
0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2025-01-07 11:57:30 [19604 | REPORT]: [62464|VaspWorkChain|run_process]:
launching VaspCalculation<62466> iteration #1
2025-01-07 11:57:31 [19605 | REPORT]: [62464|VaspWorkChain|results]: work chain
completed after 1 iterations
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2025-01-07 11:57:32 [19606 | REPORT]: [62464|VaspWorkChain|on_terminated]:
cleaned remote folders of calculations: 62466
2025-01-07 11:57:32 [19607 | REPORT]: [62434|SubWorkChain|elaborate_results_main]:
ENERGY: -460.39679492 eV

2025-01-07 11:57:32 [19608 | REPORT]: [62434|SubWorkChain|init_run_aiida_main]:
MAGMOM -2.0 0.0 0.0 -2.0 0.0 0.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0
0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 2.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2025-01-07 11:57:34 [19609 | REPORT]: [62477|VaspWorkChain|run_process]:
launching VaspCalculation<62479> iteration #1
2025-01-07 11:57:35 [19610 | REPORT]: [62477|VaspWorkChain|results]: work chain
completed after 1 iterations
2025-01-07 11:57:36 [19611 | REPORT]: [62477|VaspWorkChain|on_terminated]:
cleaned remote folders of calculations: 62479
2025-01-07 11:57:36 [19612 | REPORT]: [62434|SubWorkChain|elaborate_results_main]:
ENERGY: -460.40052784 eV

2025-01-07 11:57:37 [19613 | REPORT]: [62434|SubWorkChain|finalize]: J_xx:
-1.930897500003 meV

After computing each exchange parameter, AMaRaNTA prints the essential information
about the converged magnetic moments of the four configurations, helpful to assess whether
the initial magnetic configuration was respected. This information is normally printed for
the atoms of the magnetic species only; magnetisation of (nominally) non-magnetic atoms
is however included if it exceeds 0.2 µB.

2025-01-07 11:57:38 [19614 | REPORT]: [62434|SubWorkChain|finalize]:

STATE 1
===========================================
Atom M Mx/M My/M Mz/M
1 1.824 1.0 0.0 0.001
2 1.825 1.0 0.0 0.001
3 1.826 0.001 0.0 1.0
4 1.83 0.0 0.0 1.0
5 1.832 0.0 0.0 1.0
6 1.829 0.0 0.0 1.0
7 1.833 0.0 0.0 1.0
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8 1.83 0.0 0.0 1.0
9 1.829 0.0 0.0 1.0

STATE 2
===========================================
Atom M Mx/M My/M Mz/M
1 1.819 1.0 0.0 0.001
2 1.818 -1.0 0.0 0.001
3 1.826 0.0 0.0 1.0
4 1.83 0.0 0.0 1.0
5 1.833 0.0 0.0 1.0
6 1.829 0.0 0.0 1.0
7 1.833 0.0 0.0 1.0
8 1.83 0.0 0.0 1.0
9 1.828 0.0 0.0 1.0

STATE 3
===========================================
Atom M Mx/M My/M Mz/M
1 1.819 -1.0 0.0 0.001
2 1.818 1.0 0.0 0.001
3 1.826 0.0 0.0 1.0
4 1.83 0.0 0.0 1.0
5 1.832 0.0 0.0 1.0
6 1.829 0.0 0.0 1.0
7 1.833 0.0 0.0 1.0
8 1.831 0.0 0.0 1.0
9 1.829 0.0 0.0 1.0

STATE 4
===========================================
Atom M Mx/M My/M Mz/M
1 1.824 -1.0 0.0 0.001
2 1.825 -1.0 0.0 0.001
3 1.826 0.0 0.0 1.0
4 1.83 0.0 0.0 1.0
5 1.833 0.0 0.0 1.0
6 1.829 0.0 0.0 1.0
7 1.833 0.0 0.0 1.0
8 1.831 0.0 0.0 1.0
9 1.829 0.0 0.0 1.0

Finally, after computing all the 12 exchange parameters in the model, the execution
ends with a goodbye message:

2025-01-07 12:17:02 [19868 | REPORT]: [62402|AmarantaWorkChain|print_goodbye]:

==============================================================
Job done

==============================================================
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2.6 Benchmarking of DFT parameters
Before entering the dataset production phase, we first verified that our workflow was able
to reproduce representative test cases from the existing literature. We then performed
an appropriate exploration of the most impactful DFT variables and parameters, with
the aim of converging on a reliable and internally consistent computational setup, to be
applied uniformly across the full batch of materials in the dataset.

Test cases: NiI2 and CrGeTe3 As benchmark systems, we consider NiI2 and CrGeTe3,
two well-studied 2D magnets for which detailed exchange parameters are available in the
literature. Tables 2.1 and 2.2 report the components of the nearest-neighbour exchange
tensor J(1) obtained with AMaRaNTA, alongside the corresponding reference values.6 In
both cases, the level of agreement is very good and the discrepancies may be ascribed to
small differences in the computational setup.

Table 2.1: Exchange tensor J(1) for NiI2 obtained with AMaRaNTA compared to Ref. [139] by
Amoroso et al.. Values from Ref. [139] have been adjusted to account for a different Ni–Ni pair
definition. Units are meV.

AMaRaNTA
x y z

x −6.14 1.01 1.27
y 1.00 −7.38 0.71
z 1.27 0.71 −7.26

Amoroso et al.
x y z

x −6.20 1.04 1.21
y 1.04 −7.40 0.70
z 1.21 0.70 −7.30

Table 2.2: Exchange tensor J(1) for CrGeTe3 obtained with AMaRaNTA compared to Ref. [175]
by Xu et al. (specifically, with the U = 0 case reported in Supplementary Table 1). Values
from Ref. [175] have been multiplied by a factor of S2 = 9/4, as the authors do not adopt the
convention of unit-normalised spins as we do. Units are meV.

AMaRaNTA
x y z

x −13.68 0.19 0.05
y 0.19 −13.31 0.09
z 0.05 0.09 −13.86

Xu et al.
x y z

x −14.13 0.27 −0.07
y / −13.86 −0.11
z / / −14.24

DFT computational details Having established that AMaRaNTA reliably reproduces
literature results, we now summarise the final computational setup adopted for the dataset

6Starting unit cells and DFT parameters were chosen so as to mimic the setup of each reference as
closely as possible (inevitably, published descriptions almost never fully specify all technical details of the
calculations). As a consequence, the values reported here do not coincide with those listed in the final
dataset for the same materials.
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production phase. All calculations are carried out using VASP version 6.4.0 [16, 17].
The Local Spin-Density Approximation (LSDA) is employed for the exchange-correlation
functional, which avoids the issues of symmetry breaking and numerical instabilities,
known to occur in non-collinear calculations with the Generalised Gradient Approximation
(GGA) [181]. For magnetic species, the so-called “_pv”-type pseudopotentials are used,
treating semicore p states as valence electrons [81,82]. Electron correlation is treated at
the LDA+U level, following the Liechtenstein scheme [72], with U = 2.8 eV and J = 0.8
eV. This set of parameters was applied uniformly to all magnetic species in the studied
compounds, to ensure consistency across our dataset. The plane-wave kinetic energy
cutoff is set to 1.3 times the largest ENMAX value among all elements in each particular
system. Total energies are converged to within 10−6 eV. All symmetry operations are
explicitly disabled to ensure that every element of the nearest-neighbour exchange tensor
is computed independently.

Precision of exchange parameters We estimate the precision of our results to be
on the order of 0.1 meV, even though we report an additional significant digit. Our
tests indicate that this uncertainty is primarily determined by the choice of supercell size.
Secondary factors, contributing 0.01–0.04 meV, include the energy cutoff, k-point mesh
density, and small deviations arising from unfulfilled symmetry constraints.

In this analysis, only parameters requiring convergence are treated as sources of error.
Categorical choices, such as the pseudopotential family or type, are not included, as they
do not affect the internal consistency of the database. Consequently, users attempting
to reproduce our results with different choices may observe larger deviations. Additional
discrepancies, estimated at roughly 0.1–0.15 meV, can also arise from differences in VASP
versions or variations in hardware and high-performance computing environments.

2.7 Application to a material dataset
To illustrate the potential and performance of AMaRaNTA, we apply it to a dataset of 29
2D magnets, extracted from the Materials Cloud 2D Structure (MC2D) database [43,44].
This dataset is limited to insulating compounds (primarily binary and ternary) with a
calculated band gap larger than 0.1 eV at the Perdew-Burke-Ernzerhof (PBE) level, as
reported in MC2D, and containing a single magnetic species — specifically, transition
metals ranging from V to Ni — as mentioned above.

The results are analysed in terms of the magnitudes of the different magnetic parameters
introduced in Eq. (2.13), highlighting distinct trends across the various compounds and
predicting whether their ground states are more likely to be collinear or non-collinear,
based on the degree of magnetic frustration. The complete raw data of all calculations,
performed by Dr. Andrea Droghetti and Dr. Giuseppe Cuono (CNR-SPIN, Chieti), are
provided in Appendix A.
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Figure 2.3: Isotropic exchange parameters J (1), J (2) and J (3) for our dataset, shown in decreasing
order of |J (1)|.

Isotropic exchange
The magnitude and sign of the isotropic exchange interactions — reported in Fig. 2.3 for
our dataset up to the third-nearest-neighbour level — are among the most fundamental
descriptors of a magnetic material. As discussed above, the inclusion of these longer-range
interactions marks a major advancement introduced by AMaRaNTA, distinguishing it
from prior approaches.

The materials in our dataset can be broadly categorised into three distinct subsets,
based on the relative magnitude of isotropic exchange: (i) those with a dominant nearest-
neighbour interaction, (ii) those in which second- or third-nearest-neighbour interactions
prevail, and (iii) those where interactions at different distances have comparable magni-
tudes, giving rise to competing effects.

Materials with dominant nearest-neighbour interaction A significant subset of
materials in our dataset exhibits a large isotropic exchange parameter between nearest-
neighbour atoms and negligible interactions beyond. If this parameter is negative, such
systems are expected to display a FM ground state, stable against thermal fluctuations in
the presence of easy-axis anisotropy. Notable examples include the well-known compounds
CrGeTe3 and CrSiTe3: our calculations reproduce the dominant negative J (1),7 consistent
with collinear ferromagnetism, as reported in the literature [107,179,182].

The most striking result in our dataset, however, is for VPS3. We find a positive and
exceptionally large J (1) = 96 meV – roughly 16–17 times larger than both J (2) and J (3)

– pointing to a robust AFM order. Comparing to previous theoretical studies, Torelli
et al. [144] reported a J (1) value of 108 meV; Chittari et al. [183] found J (1) = 94.7
meV, which was 6–8 times larger than J (2) and J (3); finally, Yang et al. [184] predicted
J (1) = 53.5 meV, approximately 50 times larger than the higher-order terms.8 Despite
some quantitative discrepancies – possibly due to the different values of the Hubbard

7For convenience, we omit the atomic indices i, j from the exchange parameters hereafter, wherever
they are redundant.

8The values in Refs. [183] and [184] have been corrected to adhere to our S = 1 convention.
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U – all the above predictions qualitatively agree in identifying the strongly AFM J (1) as
the leading magnetic parameter. This conclusion is further supported by experimental
evidence for a Néel-type AFM structure, consistent with the compound’s honeycomb
lattice [185].

NiF4Tl2 is another example of a material with a dominant AFM J (1), for which no
prior literature exists. This lack of data is likely due to thallium’s toxicity, which limits
experimental research.

Finally, our results also predict a leading AFM J (1) in the two families of dihalides
MnX2 and VX2 (X = Cl, Br, I). However, unlike the previously discussed materials, these
compounds crystallise in a structure where the magnetic ions form a triangular lattice. In
such conditions, strong AFM interactions can give rise to geometric frustration, which may
suppress simple collinear ordering and promote more complex magnetic states instead, as
discussed, for example, in Ref. [186].

Materials with dominant beyond-nearest-neighbour interactions Some materials
in our dataset, notably NiPS3 and NiPSe3, are characterised by a very strong and AFM
J (3) of about 30 meV, which dominates over a weak FM J (1) and a negligible J (2). This
interaction pattern, when combined with the honeycomb lattice formed by the Ni atoms,
leads to AFM spin textures – either Néel or zigzag, depending on the specific values of the
parameters – as reported in many studies [183,187–191]. Tables 2.3 and 2.4 summarise
our results, compared to previous theoretical predictions and experimental measurements.

Table 2.3: Exchange parameters for NiPS3 from various studies.

Reference J (1) [meV] J (2) [meV] J (3) [meV]
This work −4.1 1.1 29.5
Chittari et al. [183] (DFT) −11.3 −0.1 36.0
Gu et al. [187] (DFT) −5.5 −0.4 45.5
Bazazzadeh et al. [188] (DFT) −1.0 −0.2 3.9
Autieri et al. [192] (DFT) −3.3 −0.2 13.7
Olsena [193] (DFT) −2.6 −0.3 14.0
Basnet et al. [189] (DFT) −3.5 −0.3 14.1
Peng et al. [190] (DFT) −2.5 / 9.5
Yang et al.a [191] (DFT) −5.6 0.7 32.0
Lançon et al.b [194] (exp) −3.8 0.2 13.8
a A detailed analysis of the exchange parameters as a function of U is

also provided in these works.
b Values in the table are twice those in the paper due to different defini-

tions of exchange parameters.
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Table 2.4: Exchange parameters for NiPSe3 from various studies.

Reference J (1) [meV] J (2) [meV] J (3) [meV]
This work −3.7 −0.6 32.7
Chittari et al. [183] (DFT) −3.1 1.0 18.2
Gu et al. [187] (DFT) −9.3 −0.1 43.0
Bazazzadeh et al. [188] (DFT) −1.1 −0.1 4.0
Musari et al. [195] (DFT) −11.3 −0.3 4.7
Basnet et al. [189] (DFT) −4.5 0.1 16.1
Sun et al.a [196] (DFT) −7.9 2.9 1.5
Peng et al. [190] (DFT) −1.3 / 12.8
Yang et al. [191] (DFT) −7.6 0.5 40.4
a The authors also provide J (4) = 1.0 meV.

Most earlier results qualitatively agree with ours in identifying J (3) as the dominant
magnetic interaction in these nickel compounds. Several works provide physical insight
into this behaviour [187, 189, 191, 192], suggesting that J (3) arises from a Ni–X1–X2–Ni
superexchange pathway entirely contained within a single sublattice. In contrast, the
pathway responsible for J (2) involves two chalcogen atoms belonging to different sublattices,
which weakens its effectiveness. Furthermore, the fact that J (3) is even larger than J (1)

has been explained using a simple model considering direct exchanges only [192]. Due
to the trigonal crystal field, the Ni d-manifold splits into lower-energy even orbitals
and higher-energy odd orbitals (with respect to the basal plane). Even orbitals are
fully occupied because Ni2+ corresponds to a d8 configuration: the only contribution to
exchange comes therefore from the odd orbitals. For these, it has been shown [192] that
the third-nearest-neighbour couplings are indeed larger than the nearest-neighbour ones.

Interestingly, both NiPS3 and NiPSe3 are also reported in Ref. [144], where only
nearest-neighbour interactions are considered. That work assigns a large J (1) (around
30 meV) to both compounds. We speculate that this value may effectively incorporate
longer-range contributions, particularly from J (3). This interpretation is further supported
by results from a later study by the same group on NiPS3 [193].

Materials with comparable exchange interactions A considerable amount of mate-
rials features comparable exchange interactions involving multiple neighbours. Specifically,
we identify 10 materials for which the ratio J (2)/J (1) is as large as 25%, and 14 for which
J (3)/J (1) reaches the same value. Particularly interesting are those cases where J (3) (or
J (2)) and J (1) have opposite sign, as this is another typical situation that can give rise
to magnetic frustration and non-collinear ground states. Examples include NiX2 (X =
Cl, Br, I), NiPX3 (X = S, Se), MnO2, MnBi2Te4 and VBr2O. We however emphasise
that such constraints on the ratios are merely necessary conditions for non-collinear order
to emerge: the geometry of the magnetic lattice plays an equally important role. For
instance, VBr2O, despite meeting the ratio-based criteria, should be excluded from the
list of potentially frustrated systems, as the pattern given by an AFM J (1), a negligible
J (2) and a FM J (3) on a square lattice actually precludes any kind of frustration.
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Magnetic anisotropies
Magnetic anisotropy breaks the otherwise rotational symmetry of the Heisenberg Hamil-
tonian. It consists of two contributions: the SIA, denoted as A in Eq. (2.13), and the
two-ion anisotropic exchange, captured by the symmetric Kitaev–like matrix K and the
antisymmetric DMI matrix D in Eq. (2.14). The ultimate preferential spin direction is de-
cided by the interplay of the two contributions, which should therefore be treated on equal
footing (see, e.g., Ref. [175] for a practical prescription). Moreover, two-ion anisotropic
exchange can itself be a driving force behind exotic, non-collinear spin textures [139],
along with the effects of lattice geometry and competing isotropic exchange interactions
discussed above.

The accurate evaluation of anisotropies – in particular, the two-ion contribution –
beyond the approximations used in previous works constitutes the second crucial improve-
ment provided by our approach.

Figure 2.4: Ratio between maximum (respectively, average) element of K and J (1).
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Figure 2.5: Modulus of the Dzyaloshinskii–Moriya vector D = |D| and arctan(D/J (1)), shown
for the only three materials with a non-vanishing antisymmetric exchange.

Two-ion anisotropic exchange Fig. 2.4 presents both the maximum and the average
element of K (in absolute value) normalised by the isotropic term J (1). As expected, the
strongest anisotropies are found in materials containing heavy elements such as tellurium
and iodine, where SOC is more pronounced. We identify three materials where the average
Kitaev–like interaction reaches at least 10% of J (1). For two of them, the Kitaev–like
magnetism is already well known in the literature: in CrI3, it enhances the easy-axis
anisotropy in cooperation with the SIA [175], whereas in NiI2 its interplay with the strong
J (3) induces the antiskyrmionic texture predicted in [139]. The remaining one, MnBi2Te4,
gained a certain attention some years ago due to its topological properties [197]. The
monolayer ground state is widely reported to be FM with out-of-plane anisotropy, in
agreement with our prediction [198–200]. In contrast, it is listed in the database of
Ref. [144] as weakly AFM, but switching to a FM state in DFT+U calculations for a
Hubbard interaction U > 2 eV. Notably, no previous work has investigated the two-ion
anisotropic terms in this system, except for [198]. However, that study found no significant
Kitaev–like contribution, at variance with our results. A deeper investigation of this
material is therefore warranted in future studies.

Fig. 2.5 shows both the magnitude D of the Dzyaloshinskii–Moriya vector and the
angle arctan(D/J (1)), which governs the degree of non-collinearity between spins. DMI
can arise only when the bond centre lacks inversion symmetry, imposing a strong structural
constraint. Accordingly, non-vanishing DMI is found in only three materials. For CrBrS, a
comprehensive study of the DMI – also extended to beyond nearest-neighbours – found it
to be crucial for the formation of a topological bimeron texture [201]. On the other hand,
VF4 has recently been highlighted for its altermagnetic behaviour [119] and VAgP2Se6
was treated in detail in [202] as a paradigmatic case of a polar 2D magnet. To the best of
our knowledge, though, no DMI analysis has been reported to date for any of the two.

Single-ion anisotropy Finally, in Fig. 2.6 we report the values of the SIA. We identify
eight materials exhibiting a significant such value (A ≳ 0.1 meV). Three of them – NiI2,
CrSiTe3 and CrGeTe3 – show A > 0, pointing to an easy-plane tendency. The remaining
five – NiO8Re2, MnO2, MnBi2Te4, NiPSe3 and CrI3 – exhibit A < 0, suggesting an
easy-axis tendency instead. All predictions are in agreement with existing literature
[41,42,139,175,189,198].
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Figure 2.6: SIA parameter A.

We stress again, however, that the sign of the SIA alone does not fully determine
the overall magnetic anisotropy. For instance, CrGeTe3 and CrSiTe3, which would be
expected to favour easy-plane configurations based on their positive A, actually do not,
owing to the counteracting effect of the Kitaev–like term. In CrGeTe3, the single-ion and
Kitaev–like contributions essentially cancel out, resulting in an almost isotropic magnetic
ground state. In CrSiTe3, the Kitaev–like term outweighs the SIA, ultimately producing
an easy-axis texture [175].

2.8 Conclusions and future perspectives
We outlined the features of AMaRaNTA, an open-source computational workflow designed
to automate DFT calculations of exchange parameters in 2D magnets. The full nearest-
neighbour exchange tensor, scalar exchange parameters for second- and third-nearest-
neighbours, and the single-ion anisotropy were included in the underlying spin model,
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providing a comprehensive and robust description of the minimal interactions required to
stabilise the complex magnetic states observed in 2D materials.

To validate its functionality, we tested AMaRaNTA on a compact dataset of 2D
magnets, consistently recovering the expected results for well-known materials, while
also providing the added value of a uniform description across the dataset – namely,
with the same set of parameters. In selected cases, our calculations even suggested
previously unreported exchange phenomena, demonstrating the potential of our package
for applications in material discovery.

In this context, AMaRaNTA contributes to the growing ecosystem of computational
tools to automate the calculation of the magnetic parameters. It complements other
methods based on a similar philosophy, such as energy-mapping schemes relying on global
magnetic configurations, as implemented in the recently released OstravaJ [203], as well
as in dedicated four-state codes like sym4state [204] and the corresponding module in
the Property Analysis and Simulation Package for materials (PASP) [205]. Furthermore,
it enables systematic comparison with non–four-state approaches, including the LKAG
method implemented in TB2J [164] and in other recent packages [165,166].

In this respect, although AMaRaNTA may appear similar to the existing four-state
implementations, it distinguishes itself by being designed expressly for 2D magnets,
internally generating all required configurations and ensuring a dataset-wide, consistent
treatment of spin interactions. More importantly, it provides the distinct advantage of
a fully automated, AiiDA-integrated workflow, enabling seamless interoperability with
other AiiDA-based materials-informatics infrastructures developed for the discovery and
analysis of 2D materials [43, 44].

Beyond the results presented in this work, AMaRaNTA can already be employed
in its current version for larger-scale studies, such as investigations of rare-earth–based
compounds [206] or of the effect of strain on exchange interactions, which can be substantial,
as shown for NiI2 [207]. In this case, the workflow’s automation infrastructure enables
systematic exploration of the strain parameter space with minimal manual effort.

In terms of future developments, AMaRaNTA can be extended in several directions
with relatively modest additional endeavour. First, from a methodological viewpoint,
the spin model could be generalised to capture more complex behaviours. Examples
include beyond-nearest-neighbour anisotropic exchange [208], isotropic exchange beyond
the third-nearest-neighbour level [209], biquadratic exchange [210, 211] and refinement
of the single-ion anisotropy by lifting the current assumption of in-plane isotropy – an
improvement particularly relevant for systems with spatially anisotropic lattices. At the
same time, the automatic generation of tensors for symmetry-equivalent nearest-neighbour
pairs could be achieved via a post-processing routine that applies the relevant symmetry
operations, without requiring additional DFT calculations. The framework could also
benefit from a further expansion, in order to handle symmetry-inequivalent magnetic
sites, which instead requires determining more than a single set of parameters, but would
significantly broaden the class of materials that can be addressed. Even more ambitiously,
the four-state protocol underpinning AMaRaNTA could be extended beyond the evaluation
of exchange and anisotropy parameters, for instance to compute the coupling matrix
between spin directions in a pair of magnetic sites and electric polarisation in the context of
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spin-induced ferroelectricity, which relies on a similar computational machinery [212,213].
Second, from the DFT perspective, AMaRaNTA could be extended to adopt material-

specific, first-principles values for the Hubbard U parameter [75, 76], which is kept
fixed in the current implementation. Although qualitative trends are generally robust
against moderate variations in U , the choice of this parameter can affect the results
for materials where the computed exchange interactions are small, as exemplified by
MnBi2Te4. In such cases, computing U from first principles would remove much of the
ambiguity associated with an empirical or arbitrary choice. Moreover, AMaRaNTA is not
intrinsically tied to the DFT+U framework and could equally be combined with more
advanced exchange–correlation schemes, including hybrid and self-interaction–corrected
functionals, which are known to impact exchange interactions [214].

Finally, on the software side, two natural extensions would involve making AMa-
RaNTA compatible with DFT codes beyond VASP, provided they support constrained-
magnetisation calculations, and developing a streamlined interface to Monte Carlo or
atomistic spin-dynamics simulation packages. This would pave the way toward a fully
automated pipeline for the systematic, high-throughput exploration of complex magnetic
phenomena in 2D materials.



Chapter 3

Lead-free piezoelectricity: KNN

KNN (sodium potassium niobate) is among the most extensively investigated systems in
the search for novel lead-free piezoelectrics. In this chapter, we present original research
on this material, developed in collaboration with the experimental group led by Prof.
Riccardo Bertacco at Politecnico di Milano – notably, Dr. Giulia Pavese and Dr. Miguel
Badillo, to whom we are particularly grateful. Part of the content has been adapted from
our own published work [2], as well as from another manuscript currently in preparation [3].



Le grandi distorsioni, le sperimentazioni...

Lucio Corsi, L’upupa
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3.1 Introduction
Piezoelectricity (from the Ancient Greek term πιέζειν, “to squeeze”) is the phenomenon
whereby electronic and mechanical degrees of freedom are coupled in a broad class of
materials. Specifically, one refers to direct piezoelectric effect when an applied mechanical
stress induces an electric polarisation (or enhances an existing one), in turn giving rise to
a voltage. Assuming linear response, in the simplest configuration, the direct piezoelectric
effect can be outlined as straightforwardly as

Pz = d33σz (3.1)

where σz denotes the uniaxial (compressive or tensile) stress along ẑ, Pz the (change
in) polarisation induced along the same axis, and d33 is a coefficient that measures the
strength of the response.1 In the specular situation, where the application of a voltage
produces a mechanical deformation of the crystal, one has the converse piezoelectric effect.
The two mechanisms are schematically depicted in Fig. 3.1 below.

Figure 3.1: Graphical illustration of direct and converse piezoelectric effects (adapted from [215]).

In principle, piezoelectricity can be exhibited by any material satisfying the following
constraints: (i) it must be an insulator; (ii) it must lack inversion symmetry. Both
conditions are to be matched in order for the material to sustain a polarisation. The
reason behind the first is trivial: in metals, nearly free electrons would immediately screen
any externally induced electric field. The requirement of broken inversion symmetry might
be less intuitive; to keep this section light, we provide here just a heuristic explanation with
the aid of Fig. 3.2 (a more rigorous mathematical treatment will be provided soon after, in
Section 3.3). In both cases depicted therein, at zero applied stress, the centres of positive
and negative charge coincide, resulting in a vanishing polarisation. In a centrosymmetric
crystal, as in panel a), the centres of charge are left unchanged under stress, even though
individual ions are displaced. Conversely, in a non-centrosymmetric crystal, as in panel
b), they shift relative to one another under stress, and a polarisation is established.

1The reason for the subscripts will be clarified in Section 3.3.
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Figure 3.2: Response of crystals of different symmetries under uniaxial mechanical stress, in a sim-
plified ionic picture (adapted from https://lampz.tugraz.at/~hadley/ss2/crystalphysics/
piezo.php).

This argument can be placed on a more solid ground from a symmetry perspective, as
illustrated by the hierarchy in Fig 3.3. Out of the 32 crystallographic point groups, 21 do
not exhibit inversion symmetry and all but one (point group 432) are compatible with
piezoelectricity. Half of these 20 allow for pyroelectricity, i.e., the onset of a spontaneous,
temperature-driven polarisation. Finally, within a subset of pyroelectric materials, such
polarisation is also switchable by an external electric field, and materials displaying
this behaviour are termed ferroelectric. Although ferroelectricity is not a prerequisite
for piezoelectricity (it is, indeed, the other way around), many well-known piezoelectric
materials also exhibit sizeable ferroelectric behaviour.

Figure 3.3: Hierarchy of ferroic materials (adapted from [216]).

The history of piezoelectricity spans nearly a century and a half, dating back to 1880,
when the direct effect was discovered by Jacques and Pierre Curie in a variety of crystals,
finding the strongest response in quartz and Rochelle salt [217].2 The converse effect was
uncovered shortly thereafter, again by the Curie brothers [219], following a theoretical

2Rochelle salt reappears in our chronology in 1920, when Joseph Valasek identified it as the first

https://lampz.tugraz.at/~hadley/ss2/crystalphysics/piezo.php
https://lampz.tugraz.at/~hadley/ss2/crystalphysics/piezo.php
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prediction by Lippmann [220]. Some decades later, in 1910, Voigt provided a rigorous and
systematic formulation of the piezoelectric phenomenon by means of tensor analysis [221].
Around this time, the first technological applications of piezoelectricity began to emerge:
notable examples include sonar, developed during World War I independently by A.M.
Nicholson and P. Langevin, and Thomas Edison’s ceramic phonograph cartridges, which
enabled the electrical reproduction of sound [222].

Scientific interest in piezoelectrics was renewed in the 1940s, with the discovery of
ferro- and piezoelectricity in barium titanate (BaTiO3) by a number of independent
groups [223,224]. A decisive breakthrough followed in 1954, when Jaffe et al. reported
exceptional piezoelectric properties in lead zirconate titanate (PZT) [225]. In the decades
that followed – and as our historical overview approaches the present day – PZT-based
ceramics established themselves as the absolute standard on the piezoelectric market.

Besides PZT and BaTiO3, several other piezoelectric materials have been identified
over time [226,227]. Like these two archetypes, many belong to the perovskite-oxide family,
with general formula ABO3: prominent examples are lead titanate PbTiO3, a prototypical
ferroelectric with large spontaneous polarisation, and lead zirconate PbZrO3 (i.e., the two
parent compounds of PZT, by themselves), as well as bismuth ferrite BiFeO3, notable for
its room-temperature multiferroicity, alkali niobates such as NaNbO3 and KNbO3, together
with lithium niobate LiNbO3 and lithium tantalate LiTaO3. Furthermore, along the lines
of PZT, there exists a vast array of solid solutions, of the aforementioned compounds and
not only, offering tunable piezoelectric properties across a wide range of materials. Beyond
perovskite oxides, we find wurtzite-structure compounds such as ZnO and AlN, classic
single crystals like quartz (SiO2) and, more recently, non-perovskite ferroelectrics based
on hafnium oxide (HfO2, commonly referred to as hafnia) [228]. Finally, polymers such as
polyvinylidene fluoride (PVDF) constitute an important class of piezoelectric materials
outside the realm of inorganic crystals [229].

Today, applications of piezoelectricity are countless and ubiquitous, spanning funda-
mental science as well as everyday technology. They may be broadly classified according to
whether they exploit the direct or the converse piezoelectric effect. Devices leveraging the
direct effect primarily function as sensors or energy generators. As sensors, they convert
mechanical stimuli – most commonly pressure variations from sound waves – into electrical
signals, finding widespread use in applications from acoustic instrument amplification and
medical ultrasound imaging to hydrophones, vibration sensors, and automotive knock
detection. As energy generators, they directly convert mechanical work into usable voltage,
as in the familiar cigarette lighter where a button press generates a spark, and in broader
energy-harvesting systems. Devices based on the converse effect, by contrast, operate as
actuators, in which an applied electric signal induces a controlled mechanical deformation.
This mechanism enables precise motion and positioning at micro- and nanoscale dimensions
and underlies technologies such as Micro-Electro-Mechanical Systems (MEMS), inkjet
printers, adaptive optics, scanning probe microscopy, and specialised loudspeakers [230].

ferroelectric material [218]. In light of the discussion above, it is not surprising that the histories of
piezoelectricity and ferroelectricity are so closely intertwined.
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3.2 Lead-free hunt and KNN
As already mentioned, the most popular family of piezoelectric materials on the market
today is that of PZT, namely, a solid solution of lead zirconate and lead titanate of the
form PbZrxTi1−xO3. Reasons behind the dominant role of PZT lie in a combination
of outstanding properties, not only limited to piezoelectric coefficients (d33 up to 500
pm/V) but also including high Curie temperature3 (300 − 400 ◦C), ease of poling, and
affordable production costs [231]. However, the toxicity of lead raises a serious concern to
human health: a variety of adverse effects of lead exposure have been reported, including
neurological damage, kidney dysfunction, hypertension, and developmental delays in
children [232], and the associated death toll is presently estimated at the frightening figure
of 5.5 million people yearly [233]. Therefore, over time, numerous legislative measures have
been adopted worldwide in order to limit the presence of lead, as well as other hazardous
substances. In the European Union, for example, the Restriction of Hazardous Substances
Directive (RoHS 1, 2002/95/EC) and its subsequent amendments, most recently Directive
2011/65/EU, have enforced strict limits on lead content in electronic components, as well
as in everyday consumer products [234,235].

The pressure of such regulations has in turn pushed forward the research into lead-free
piezoelectrics. Although no single material has proven able to match – let alone to
surpass – all the performance metrics of PZT as of yet, some promising classes of lead-free
alternatives have been nonetheless identified, including bismuth-based compounds (e.g.,
BiFeO3), alkali niobates and BaTiO3 derivatives [215]. With appropriate compositional
and microstructural engineering, these materials have shown satisfactory piezoelectric and
ferroelectric properties, positioning them as true potential future replacements for PZT in
environmentally compliant applications.

Sodium potassium niobate K1−xNaxNbO3 (KNN) has emerged in the last two decades
as one of the most promising such candidate materials. Extensive research on bulk KNN
ceramics, especially following the 2004 seminal work by Saito [231], has led to achieving
remarkable performances in terms of Curie temperature (400 ◦C) [236] and d33 coefficient
(416 pm/V upon texturing, increased to as high as 570 pm/V via suitable doping) [231,237].
Nevertheless, despite such appealing properties, KNN still presents significant challenges
– both intrinsic, related to its compositional and structural complexity, and extrinsic,
associated with processing and technological integration – which have so far hindered its
widespread use in practical applications.

KNN is a solid solution of two end members, KNbO3 and NaNbO3, both of which are
themselves well-known ferroelectric and piezoelectric perovskites, investigated since as early
as the 1950s [238]. KNbO3 displays a relatively simple sequence of temperature-driven
structural phase transitions, shared with the archetypal perovskite BaTiO3: rhombohedral
(space group R3m) → orthorhombic (Amm2) → tetragonal (P4mm) → cubic (Pm3̄m,
the high-symmetry paraelectric phase, with vanishing ferro- and piezoelectric response),
in order of increasing temperature.4 As in BaTiO3, ferroelectricity arises primarily from

3In analogy to ferromagnets, the Curie temperature is defined as the temperature above which the
materials transitions to a centrosymmetric phase, losing its piezoelectric and ferroelectric properties.

4KNbO3 and BaTiO3 are, in fact, the only two perovskites sharing this precise phase sequence [239].
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the off-centring of Nb cations within the O6 octahedral cage, driven by Nb–O interactions;
the oxygen atoms move in the opposite direction to the Nb displacement, so that the
octahedron as a whole remains essentially rigid. K atoms, conversely, are only slightly
perturbed away from their equilibrium position [239,240].5 The spontaneous polarisation
aligns along the [111], [011] and [001] pseudocubic directions for the R3m, Amm2 and
P4mm phases, respectively, with magnitude between 31 and 41 µC/cm2 depending on
the phase [239,241–243].

In contrast, the other endpoint, NaNbO3, is often dubbed as “the most complex
ferroelectric perovskite” [244]. As a result of earlier investigations, already in 1974 as
many as seven distinct phases were summarised in a work by Megaw6 [245,246], and more
have been reported since the late 1990s [247–251]. A concise experimental overview is
provided below.

• The ground state, termed phase N , is rhombohedral (R3c) and ferroelectric [248].

• At room temperature, the antiferroelectric phase P is the most common. This
has mostly been classified as orthorhombic Pbma/Pbcm (No. 57) since the earliest
investigations [252], even though it was later occasionally claimed as monoclinic [253];
additional studies suggested that it may actually be composed of three sub-phases,
with the room-temperature one having indeed monoclinic symmetry [248,249].

• Roughly in the same temperature range, a ferroelectric phase Q, with orthorhombic
symmetry Pmc21/P21ma (No. 26), is frequently reported. In bulk NaNbO3, this
phase is typically stabilised, as a descendant of the antiferroelectric P phase, by
(even weak) chemical substitution [252,254,255], by an applied electric field [254,256]
or by external stress [257]. There exists, though, evidence of this phase occurring
even without external manipulation, such as in Refs. [248,250] and [258] – where,
interestingly, it is classified as Pmc21 but “very subtly monoclinic” (here the authors
suggest that the monoclinic phase reported in [253] could actually be a Pbcm−Pmc21
coexistence). Phase Q has also been observed in non-bulk NaNbO3 systems such as
sub-micrometre particles [259,260] and thin films [261].

• The room-temperature, ferroelectric phase has been anyway unambiguously classified
as monoclinic (symmetries Pm, Pc, Cm and Cc and various mixtures of these) in
many studies, both in the bulk [262–264] and in thin films, the latter being often
stabilised by epitaxial strain [251,265].

• The remaining phases in the list by Megaw (R, S, T1, T2 and U) are paraelectric,
with the only exception of the antiferroelectric R, and occur at temperatures higher
than ≃ 360 ◦C [248]. As such, they are of limited relevance for room-temperature

5The exact nature of the phase transitions – displacive, with the condensation of zone-centre optical
soft phonon modes, or of the order-disorder type, with progressive alignment of ubiquitous local distortions
upon cooling – has long been debated. The current consensus is that both mechanisms are present, with
a gradual crossover of displacive to order-disorder behaviour with increasing temperature [239].

6Helen D. Megaw (1907-2002), pioneer in X-ray crystallography, to whom we owe the first quantitative
determination of the perovskite crystal structure (in tetragonal BaTiO3) [224].
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ferroelectric or piezoelectric applications, although they provide important reference
structures for understanding the lattice instabilities at lower temperature.

First-principles and model-Hamiltonian studies largely confirm this complex landscape,
showing a plurality of low-energy structures often very close to one another [265–273].
In addition to the phases discussed above, some studies report another competitive
orthorhombic, ferroelectric state, with Pca21 symmetry (No. 29) [244,274].

In the case of NaNbO3, besides Nb off-centring, a pivotal role in driving the phase
transitions is played by another degree of freedom, this time also involving the A-site:
namely, the tilting of the O6 octahedra, favoured by the smaller ionic radius of Na atoms
compared to K. Octahedral tilts dominate the high-temperature, non-polar phases, where
Nb displacements disappear; the two mechanism are strongly coupled at lower temperature,
influencing ferroelectricity together [245, 246]. A thorough study and classification of
octahedral tilts is due to Glazer, who also provided a practical notation system that was
later named after him [275].

To conclude this summary, we report literature values for the spontaneous polarisation.
This was quantified for the N (R3c) phase as 59 µC/cm2, consistent with DFT predictions
in the range 35-58 µC/cm2; for the Q (Pmc21) phase, experimental data are widely
scattered (9-40 µC/cm2), likely reflecting coexistence with the antiferroelectric phase P
and field-induced effects, while DFT predicts values of 32-47 µC/cm2; finally, experimental
reports for the monoclinic phases lie between 30 and 40 µC/cm2 [244,251,257,268,270–
272,274,276–280].

The solid solution KNN inherits such features and complexity from its parent com-
pounds. The coupling of octahedral tilting and Nb off-centring mechanisms persists over
a large composition range on the Na-rich side, as does the presence of several competing,
low-energy phases. This yields a multifaceted structural landscape, captured by the
elaborate temperature-composition phase diagrams available in the literature [281–286].7
A representative example of a relatively recent one is shown in Fig. 3.4 below; it should
be noted, however, that different experimental studies are not always mutually consistent
with respect to the number, ordering, symmetry, and tilt systems of the various phases.

Piezoelectric alloys often exhibit morphotropic phase boundaries (MPB) in the vicinity
of certain critical compositions, where two or more ferroelectric phases with different
symmetries become nearly degenerate in energy and can readily transform into one
another.8 The presence of a MPB is typically associated with enhanced piezoelectricity,
by virtue of the softening of the crystal lattice, the flattening of the free energy profile and
the increased ease of polarisation rotation and extension [286–290]. The most well-known
and extensively studied MPB among perovskite piezoelectrics is found in PZT at x ≃ 0.48,
where the system transitions between tetragonal and rhombohedral symmetries via an
intermediate monoclinic phase [291–293].

7We deliberately avoid considering the effects of further doping of KNN with different atomic species,
which for our purposes here would just increase the complexity unnecessarily.

8More generally, phase boundaries are referred to as polymorphic when driven by temperature, and
morphotropic when induced by changes in composition or pressure. In a temperature-composition phase
diagram, MPBs therefore appear as quasi-vertical lines [286,287].
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Figure 3.4: KNN phase diagram (as in Ref. [285]). The simple phase sequence of KNbO3 can
be recognised on the right side, whereas the complicated landscape of NaNbO3 appears to be
smoothened already at a small doping level (the plot starts at xNa = 0.95, pure NaNbO3 is not
encompassed). Notably, a considerable portion of the diagram, extending until around xNa = 0.5,
displays monoclinic symmetry Pm, with three sub-phases differing by the octahedral tilt system.

In KNN, several studies have suggested the presence of a similar MPB around xNa ≃
0.45 − 0.5, separating a K-rich Amm2 orthorhombic phase from a Na-rich Pm monoclinic
one (solid vertical line in Fig. 3.4) [231,285,294–296]. Here, pre-transitional short-range
octahedral rotations are thought to occur, softening local bonds and lowering the barrier
for polarisation rotation through coupled Na–Nb off-centring [296]. Bulk ceramics with
the above composition have indeed demonstrated enhanced piezoelectric coefficients and
dielectric constants, making this phase boundary the most intensively investigated in KNN
to date [294,295,297]. However, on the Na-rich side, the KNN phase diagram shows two
additional (mainly) composition-driven transitions, at xNa ≃ 0.65 and xNa ≃ 0.8 (dashed
lines in Fig. 3.4),9 associated with a change not in symmetry, that remains monoclinic, but
rather in the tilt system of the NbO6 octahedra [285]. In the range 0.5 < xNa < 0.65, KNN
is stable in a non-tilted phase (a0b0c0 in Glazer notation).10 At xNa ≃ 0.65, this transitions
to an a0b+c0 configuration, characterised by in-phase tilts around the y pseudocubic axis.
Finally, a third transition occurs at xNa ≃ 0.8 to a more complex a−b+c− structure, where,
in addition to the in-phase ŷ tilt, neighbouring octahedra are antiphase tilted around the
x̂ and ẑ axes. For these two phase boundaries, as well, sizeable piezoelectric coefficients
and remnant polarisation have been revealed experimentally [298–300].

KNN, overall, manifests itself as a non-trivial playground already when treated within

9The exact compositions vary from study to study, likely due to the phase boundaries also having a
non-negligible temperature dependence (accordingly, authors in [285] are cautious in calling these MPBs).

10In Glazer notation, superscripts denote tilt phase relation (0 = none, + = in-phase, − = antiphase)
about pseudocubic axes, while a, b, c label the corresponding crystallographic directions.
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an idealised, monodomain framework. In realistic experimental conditions, additional
extrinsic factors come into play, further complicating the picture. These include the high
processing temperatures, typically in the range of 500 −700 ◦C, required to stabilise the
most desirable polar phases (tetragonal or orthorhombic) [301,302], as well as the high
electrical leakage currents caused by A-site and oxygen vacancies [303–306]. Such factors
can substantially limit the operational voltage of devices and, in extreme cases, lead to
catastrophic failure [307]. In the case of KNN thin films, an additional major challenge is
the scalability from small laboratory samples to wafer-scale production. For industrial
purposes, the material should ideally be grown at relatively low temperatures, with good
thickness and compositional uniformity over large areas, and at reasonably high growth
rates [308]. Complying with those requirements, however, can have significant side effects
on the film quality. For instance, several studies report the formation – in KNN as well
as in PZT – of non-polar pyrochlore secondary phases at low processing temperatures:
by symmetry, these cannot contribute to the piezoelectric response and are therefore
undesirable [305,309–314].

In the recent years of markedly increased interest in KNN, many of these challenges
have been addressed and a substantial body of experimental data has been accumulated.
Curiously, the amount of published first-principles studies on (undoped) KNN in the same
period seems to be considerably smaller – to the best of our knowledge, on the order of a
couple dozens only.11 Within the existing literature, the earliest work we could trace is
Ref. [315], which investigated the xNa = 0.5 case with a combined model Hamiltonian –
Monte Carlo approach. Subsequently, Ref. [316] was the first to address the compositional
dependence of selected properties over a broader range. Finally, the exploration of
piezoelectric properties as a function of the composition was first performed in Ref. [317]
and further examined in Refs. [318–320] (other works devoted to piezoelectricity treated the
selected composition xNa = 0.5 only). All these studies leverage different alloy-modelling
techniques, exchange–correlation functionals and choices of crystal symmetry: as a result,
their predictions are not always directly comparable to one another and, when they
are, may differ significantly. Furthermore, some of these methodological choices carry
intrinsic limitations, either because certain approaches to model the alloy randomness may
not fully capture local structural effects, or because assuming idealised symmetries can
overlook relevant structural features of the material. Adding this to the overall scarcity
of first-principles works on the subject, considerable scope appears to be left for further,
systematic DFT investigations of KNN.

In this chapter, we report on ab initio investigations of this material. Our interest in it
initially arose from providing theoretical support to the experimental work conducted by
the group of Prof. Riccardo Bertacco, aimed at the fabrication of high-quality, industry-
ready KNN thin films with controlled composition and functional properties. Within
this perspective, we first addressed a key phenomenon emerging from experiments: a
pronounced segregation of KNN – initially prepared at the nominal composition xNa = 0.5
– into Na-rich clusters with composition in the range 0.7 < xNa < 0.8 (accompanied by K-
rich pyrochlore regions) [2]. We investigate this behaviour by means of DFT simulations, in

11The topic appears to also constitute a geographical niche, having been carried on almost exclusively
by research groups based in China.
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order to assess to what extent it can be captured within a first-principles, zero-temperature
framework.

Subsequently, as the experimental activity evolved toward systematic mapping of
ferroelectric and dielectric properties across a broad compositional range [3], we realised
that a conceptually analogous theoretical analysis could not only complement experimental
observations, but also contribute to the more ambitious goal of a likewise systematic
first-principles exploration of KNN. To this end, we focus on a selected monoclinic
phase, suggested by literature phase diagrams. We examine whether and how well DFT
predictions for this configuration align – at least qualitatively – with the existing literature
and the experimental scenario, and discuss intrinsic limitations and idealisations of our
description that may account for discrepancies or incomplete agreement.

3.3 Theory and implementation of piezoelectricity

3.3.1 Tensorial constitutive relations
We have already anticipated (Eqn. 3.1) how the stress-polarisation relation, defining direct
piezoelectricity, looks like in the simplest of cases: Pz = d33σz. However, this is but the
most immediate, scalar version of a more general, tensorial relation, which we now proceed
to formulate.

Let us start from clarifying the dimensionality of the problem. The stress is naturally
described by a second-rank, 3×3 tensor σij, whose diagonal terms represent uniaxial
stresses and off-diagonal ones represent shear stresses. Polarisation, conversely, is an
ordinary, three-dimensional polar vector of components Pi. As a consequence, the quantity
relating them must be a third-rank tensor, with 33 = 27 independent components, and
the above relation (assuming Einstein convention for summations) is generalised to

Pi = dijkσjk (3.2)

A first, important step to simplify the problem consists in exploiting the symmetry
of the stress tensor (σjk = σkj), which reduces its independent components from 9 to 6.
Accordingly, the symmetry carries over to the piezoelectric tensor (dijk = dikj), whose
independent components scale down to 18.

To explicitly get rid of the redundant terms, it is convenient to operate a formal
reduction of the rank of the tensors dijk and σjk, according to the so-called Voigt notation
[221]. The stress tensor is compacted into a six-component vector as

σα =



σ1
σ2
σ3
σ4
σ5
σ6


=



σ11
σ22
σ33
σ23
σ13
σ12


(3.3)
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and the piezoelectric tensor into a 6×3 matrix as

dαβ =

d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36

 (3.4)

With the new indexing, Eqn. 3.2 is recast as

Pα = dαβσβ (3.5)

where α (spanning 1 to 3) labels the polarisation direction and β (1 to 6) runs over the
Voigt stress components.

Note that the rule for wrapping up the uniaxial stress components σ1 – σ3 is universal
(11 → 1, 22 → 2, 33 → 3), but different conventions exist for the shear components σ4 –
σ6, and consequently for the shear piezoelectric elements dα4 – dα6. We have adopted in
Eqns. 3.3 and 3.4 the most common mapping (23 → 4, 13 → 5, 12 → 6), but we report
that, for instance, VASP employs a different internal ordering (12 → 4, 23 → 5, 13 → 6)
which leads to a reshuffling of the three rightmost columns of dαβ. Therefore, caution is
needed when making comparisons.

Eqn. 3.5 is the most general form of the direct piezoelectricity constitutive relation. In
specific cases, the number of independent components of the dαβ tensor is further reduced
by crystal symmetry arguments, depending on the point group (a more detailed list of
tensor shapes for a number of relevant groups can be found in Appendix B). For instance,
in the tetragonal 4mm case one has

dαβ =

 0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0

 (3.6)

It is instructive at this point to explain in detail what each dαβ element means. The
first index α always refers to the induced polarisation direction, whereas β denotes the
type of stress. Fig. 3.5 below illustrates the case of tetragonal symmetry, with the three
independent components introduced above: d33 (respectively, d31) represents polarisation
along ẑ due to normal stress along ẑ (respectively, x̂), d15 describes polarisation along x̂
due to shear stress along x̂ on crystal planes orthogonal to ẑ.

Figure 3.5: Interpretation of the components d33, d31 and d15 for a tetragonal crystal (adapted
from [321]).
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3.3.2 The strain-charge equations
The piezoelectric effect can be embedded within a more general framework, that also
describes

• Linear dielectric response Di = εijEj , where Di is the electric displacement, εij is the
familiar second-rank dielectric tensor and Ej is the applied electric field (alternatively,
Di = ε0Ei + Pi).

• Linear elasticity ηij = Sijklσkl, where ηij is the second-rank, symmetric strain tensor
and Sijkl is a fourth-rank tensor, termed elastic compliance.

Including the piezoelectric contribution leads to a pair of coupled equation, that in the
so-called strain-charge form read

ηij = Sijklσkl + dT
ijkEk

Di = dijkσjk + εijEj

(3.7)

where the second equation reduces to Eqn. 3.2 for vanishing electric field (in which
case Di = Pi) and, most importantly, the first equation now incorporates the converse
piezoelectric effect, which is – unsurprisingly – mediated by the transpose of the same
tensor dijk that governs the direct effect.12

The Voigt notation can be equally applied to the compliance tensor Sijkl, which inherits
both the symmetry in the last two indices from the stress tensor, and that in the first two
indices from the strain tensor. Therefore, its independent components are decreased from
34 = 81 to a maximum of 36 in the most general case (and are further reduced in real
crystals, depending on the symmetry), which allows for packing it up into a 6×6 matrix

Sαβ =



S11 S12 S13 S14 S15 S16
S21 S22 S23 S24 S25 S26
S31 S32 S33 S34 S35 S36
S41 S42 S43 S44 S45 S46
S51 S52 S53 S54 S55 S56
S61 S62 S63 S64 S65 S66


(3.8)

Accordingly, Eqns. 3.7 are rewritten in Voigt notation as

ηα = Sαβσβ + dT
αβEβ

Dα = dαβσβ + εαβEβ

(3.9)

(with the caveat that indices α and β span different ranges depending on the tensor).

12The transpose here is meant as dT
ijk = dkji = dkij (the last passage follows from the stress-induced

symmetry in the last two indices, as discussed above).
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3.3.3 Relating tensors dαβ and eαβ

From Eqns. 3.5, 3.7 and 3.9, it is clear that

dijk = ∂Di

∂σjk

∣∣∣∣∣
E=0

= ∂Pi

∂σjk

(3.10)

or equivalently, in Voigt notation

dαβ = ∂Dα

∂σβ

∣∣∣∣∣
E=0

= ∂Pα

∂σβ

(3.11)

It is convenient to also be able to express dαβ in terms of strain, rather than stress. To
this end, we introduce another piezoelectric tensor eαβ, such that

eαβ := ∂Dα

∂ηβ

∣∣∣∣∣
E=0

= ∂Pα

∂ηβ

(3.12)

The two tensors dαβ and eαβ are related as follows: defining the elastic stiffness as the
inverse of the compliance

Cαβ := (S−1)αβ (3.13)

one has, setting the electric field to zero for simplicity,

Pα = dαβσβ = dαβ(S−1)βγηγ = dαβCβγηγ = eαγηγ (3.14)

whence

eαγ = dαβCβγ = dαβ(S−1)βγ (3.15)

and of course also

dαβ = eαγSγβ = eαγ(C−1)γβ (3.16)

3.3.4 Symmetry and sign clarifications
At this point, it is useful to leap into a concrete physical scenario. To begin with,
although we have described from the outset that direct piezoelectricity relates a change in
polarisation to a mechanical stress, we have not yet specified the sign convention that
links compressive and tensile stresses to increases or decreases in polarisation. We follow
here the standard (though not unique) convention that tensile stresses are positive and
compressive stresses are negative [322]. In the vast majority of cases, a tensile stress
increases the separation between charge centres and therefore enhances the polarisation,
whereas a compressive stress reduces it. Considering a simple example along ẑ, both
phenomena are consistent with Eqn. 3.1 provided that d33 > 0.

Clarified this, we now develop some considerations on the behaviour of the piezoelectric
tensor under spatial inversion r −→ −r. This operation reverses the sign of the polarisation
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vector Pα but leaves the stress tensor σβ unchanged, since it does not alter the physical act
of stretching or compressing the crystal. Eqn. 3.5 therefore implies that the piezoelectric
tensor elements dαβ must change sign as well, independently of the crystal symmetry.

This observation immediately explains in a rigorous way why there can be no cen-
trosymmetric material displaying piezoelectricity. A centrosymmetric crystal is invariant
under inversion: therefore, all material tensors must be left unchanged under such opera-
tion.13 But since inversion implies dαβ = −dαβ, the only possibility of reconciling both
requirements is that dαβ vanish identically.

Turning now to non-centrosymmetric crystals, we seize the chance to raise a subtle
yet important point, concerning the sign of individual tensor elements. For simplicity, let
us take the ẑ-axis version of Eqn. 3.5, namely

∆P3 = d33σ3 (3.17)

(the crystal might already possesses a spontaneous polarisation; this way, only the
piezoelectric contribution is isolated) and assume d33 > 0. This is interpreted as follows:
a positive (tensile) stress along ẑ induces a ∆P3 > 0 along +ẑ, a negative (compressive)
stress decreases the magnitude of the polarisation (∆P3 < 0) which, however, still points
towards +ẑ. Now consider the effect of spatial inversion: σ3 is left unchanged, but ∆P3 is
reversed and so is d33. Physically, this corresponds to turning the crystal upside down,
reversing its polar axis. But, importantly, this operation must not alter the underlying
physics: the induced polarisation must now be interpreted as pointing along -ẑ, consistently
with the new polar direction. The point then is: does the sign of d33 – and, by extension,
of any individual tensor component dαβ – have an intrinsic physical meaning at all, within
our theoretical perspective?14

The answer is subtle and is: no, as long as only one tensor element at a time is
considered; what does carry physical meaning is the full tensor or, in other words, the
whole set of independent components, along with their relative signs. For instance, suppose
that in a tetragonal crystal one has d33 > 0 and d31 < 0 – as is, in fact, not uncommon.
Physically, this means that a positive (tensile) stress σβ induces an increase in P3 if applied
along ẑ, and a decrease in P3 if applied along the transversal direction x̂. Both coefficients
reverse sign simultaneously under inversion; however, since their relative signs remain
opposite, the observable physical response is left unchanged.15

13By material tensors one generally refers to tensors that describe a response of the crystal to some
external stimuli. Since they reflect intrinsic crystalline properties, material tensors must be invariant
under the symmetry operations of the crystal’s point group. In contrast, “external” tensors such as stress
or strain, that transform as ordinary tensors under symmetry operations and need not remain invariant,
are termed field tensors.

14We strictly refer herein to a computational scenario; experimentally, the sign of piezoelectric
coefficients is determined by the direction of the induced electrical current or voltage relative to the
electrodes, which is fixed by the measurement setup.

15In this regard, some materials – including PVDF [323] and hafnia [228] – are known to display
negative piezoelectricity: they undergo a decrease in polarisation when stretched, and contract under an
external electric field. The physics here is intrinsically different, and not at all dictated by mathematical
artifacts. To the best of our knowledge, however, this phenomenon has so far never been reported in
simple ABO3 perovskites under standard conditions, and we will safely neglect it in the following.
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3.3.5 Implementation in VASP
To evaluate the (zero-temperature) piezoelectric tensor dαβ within VASP, a simple and
efficient procedure can be adopted, based on linear-response theory. We highlight this
is a post-processing strategy, to be performed once the material has been structurally
optimised. In this framework, one

1. instructs VASP to directly compute the piezoelectric tensor eαβ and the elastic
stiffness tensor Cαβ;

2. inverts (separately) Cαβ, which yields the compliance Sαβ;
3. retrieves the desired piezoelectric tensor via dαβ = eαγSγβ (as per Eqn. 3.16).

The calculation of linear-response material tensors in VASP is switched on by two
different Boolean flags; the one employed here is LEPSILON, already briefly introduced in
Section 1.3. LEPSILON leverages Density Functional Perturbation Theory (DFPT) [25]
to compute response tensors as second derivatives of the total energy, obtained from its
second-order Taylor expansion

E = E0 + 1
2
∑
ab

∂2E

∂λa∂λb

λaλb (3.18)

with respect to generic perturbations λa (representing a component of electric field Eα,
strain ηα, or atomic displacement uκα, as needed).16

By default, LEPSILON evaluates ion-clamped responses, i.e., neglecting contributions
arising from internal ionic relaxations. In this regime, the following tensors are computed:

• Clamped-ion static dielectric tensor

ε̄αβ = δαβ − 4π
Ω

∂2E

∂Eα∂Eβ

∣∣∣∣∣∣
u,η

(3.19)

• Clamped-ion piezoelectric tensor

ēαβ = − 1
Ω

∂2E

∂∂Eαηβ

∣∣∣∣∣∣
u

(3.20)

• Clamped-ion elastic stiffness tensor

C̄αβ = 1
Ω

∂2E

∂ηα∂ηβ

∣∣∣∣∣∣
u

(3.21)

16The LEPSILON approach is applicable to a wide range of materials. However, it does not offer
compatibility with all exchange–correlation functionals: in particular, it is presently unavailable for
functionals that depend explicitly on the orbitals, such as hybrid functionals. For the record, the other
related VASP flag, LCALCEPS, evaluates the same tensors via finite-difference response to an electric field.
By contrast, this is compatible with all VASP functionals, but is restricted to systems with a finite band
gap. In practice, the choice between the two approaches is largely a matter of preference, although the
VASP manual mildly recommends LEPSILON whenever applicable.
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• Born effective charge tensor

Z∗
κ,αβ = Ω

e

∂Pα

∂uκβ

= − ∂2E

∂uκβ∂Eα

(3.22)

• Dynamical matrix

Φκα,κ′β = ∂2E

∂uκα∂uκ′β
(3.23)

• Internal-strain tensor
Λκ,αβ = ∂2E

∂uκα∂ηβ

(3.24)

Relaxed-ion tensors are obtained by combining LEPSILON = .TRUE. with a phonon-
type algorithm for the IBRION flag, governing ion motion (e.g. IBRION = 5–8). In this
case, VASP inverts the dynamical matrix Φκα,κ′β and reuses it internally to assemble the
full response tensors. All of these share a common overall structure, involving contractions
with Φ−1. The resulting expressions are:

• Static dielectric tensor

εαβ = ε̄αβ + 4π
Ω

∑
κα′κ′β′

Z∗
κ,αα′(Φ−1)κα′,κ′β′Z∗

κ′,ββ′ (3.25)

• Elastic stiffness tensor17

Cαβ = C̄αβ − 1
Ω

∑
κα′κ′β′

Λκ,α′α(Φ−1)κα′,κ′β′Λκ′,β′β (3.26)

• Piezoelectric tensor

eαβ = ēαβ + 1
Ω

∑
κα′κ′β′

Z∗
κ,αα′(Φ−1)κα′,κ′β′Λκ′,β′β (3.27)

DFPT calculations are performed with a set of computational parameters similar
to those used in standard self-consistent and structural relaxation runs. It is common
practice, however, to tighten the self-consistency convergence threshold, for instance, from
the typical 10−6 eV to 10−8 eV. In our experience, this stricter criterion affects tensor
components only marginally, and since our focus is not on ultimate numerical precision, we
adopt the 10−6 eV threshold throughout. It should be noted, however, that occasionally -
particularly for high-energy or unstable phases – shear components prove highly sensitive
to this parameter, and do not exhibit clear convergence trends upon further tightening.
Consequently, large shear values reported below should be regarded as reliable only in a
qualitative fashion.

17VASP returns the total stiffness tensor, together with its decomposition into ion-clamped and
relaxed-ion contributions; however, for the piezoelectric tensor, it reports only the two contributions
separately, which must then be summed a posteriori.
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3.4 The SQS method
To model a random alloy such as KNN within DFT, one needs an appropriate strategy to
account for its intrinsic chemical disorder.

Among the approaches devised over time to address this problem, some are able to
operate within the primitive unit cell and are thus more computationally efficient. One
such method is the Virtual Crystal Approximation (VCA) [324], in which the atoms
of the alloy – or, more precisely, those belonging to the sublattice affected by chemical
disorder – are replaced by fictitious, virtual atoms. The corresponding pseudopotentials are
constructed as linear combinations of those of the actual atomic species, weighted according
to the alloy stoichiometry. For the purposes of the present study, however, VCA presents
significant limitations. By construction, its averaging framework neglects local atomic
relaxations, to which piezoelectric properties are particularly sensitive. Furthermore, the
automatic mixing of pseudopotentials is claimed to potentially give rise to unphysical
extra bound states, termed ghost states, that affect the correctness of orbital occupancies
and thus the reliability of predictions [325].18

A conceptually different approach consists in adopting a supercell, large enough to
accommodate a suitable number of atoms of each species involved in the disorder, so as
to reproduce the desired stoichiometry. Still, the challenge remains of how to actually
distribute the different atomic species over the available disordered lattice sites. Intuitively,
this choice could be made in a completely random manner. But there exists a more
physically grounded tool: the theory of Special Quasirandom Structures (SQS) [326]. The
central idea behind the SQS method is to reproduce the properties of a truly A1−xBx

random alloy by arranging A and B atoms in such a way that the most relevant radial
correlation functions match those of an ideal random alloy, as much as possible. The
method has already seen applications to perovskite oxides (including KNN) over the years
and has been found to reproduce many of their properties of interest with reasonable
accuracy [319,327–334]. In the following, the essentials of the SQS approach are outlined.19

Let’s start from recalling the nearest-neighbour Ising model, in the form

H = C0 − µh
∑

i

si +
∑
⟨ij⟩

Jijsisj (3.28)

(where h is the external magnetic field, µ a suitable coupling constant to adjust physical
dimensions and C0 an arbitrary reference energy).

Although formulated for a spin system, the Ising Hamiltonian can actually describe a
variety of physical problems,20 whose fundamental degree of freedom consists in different
occupations of a fixed lattice. Binary alloys A1−xBx make no exception, provided H is
recast in a form such as

18The VASP implementation of VCA has indeed been reported to occasionally yield unreliable results
and is therefore discouraged in the official code documentation (see https://vasp.at/wiki/VCA).

19We follow here the pedagogical approach given in https://indico.ictp.it/event/a12198/
session/59/contribution/38/material/0.

20And, as it happens, not limited to physics: see, e.g., [335,336].

https://vasp.at/wiki/VCA
https://indico.ictp.it/event/a12198/session/59/contribution/38/material/0
https://indico.ictp.it/event/a12198/session/59/contribution/38/material/0
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H = J0 + J1
∑

i

σi + J21
∑
⟨ij⟩

σiσj (3.29)

where σk = ±1 if site k is occupied by an atom of the A or B species, respectively, and
the subscripts in the J21 constant are meant to indicate a pair (2) of lattice sites of the
shortest (1) type – namely, nearest-neighbours.

In Eqn. 3.29, the constant offset J0 represents the average lattice energy. The second,
one-body term counts the overall number of atoms A and B on the lattice (accounting
for the generally different total energies of the two species) and is fixed by the alloy
composition. Finally, the two-body term governs the preferred local arrangement of the
lattice, compatibly with the composition: J21 < 0 promotes a “ferromagnetic”, cluster-like
ordering where atoms A (B, respectively) are preferentially surrounded by A-type (B-type,
respectively) nearest-neighbours, whereas J21 > 0 favours an “antiferromagnetic” pattern
of unlike nearest-neighbour pairs.

In principle, considering that H has three free parameters to be determined, one
could extract the first-principles energy for as many distinct spin-like configurations – for
instance, σi = 1 ∀i (A endpoint), σi = −1 ∀i (B endpoint) and some intermediate mixture
– and solve the system for the set {J0, J1, J21}. It is easy to realise, though, that there is
no reason that justifies adopting such an overly simplistic form for H.

The step forward consists then in generalising the Ising model beyond pair interactions –
namely, taking into account atomic clusters, or figures, fk,m of order k (triplets, quadruplets
and so forth) within a m-th neighbour distance.21 An example of possible figures in a
BCC lattice is given in Fig. 3.6 below.

Figure 3.6: Illustration of clusters on a BCC lattice. The clusters are ordered by radius from top
to bottom, with the size given in units of the lattice constant a0. The cluster radius is defined as
the average distance of the sites to the centre of the cluster. Adapted from Fig. 2 in Ref. [337].

Each fk,m, centred at lattice site i, will contribute to H with a term involving a product
Πk,m(i, σ) of k spin-like variables, where σ = {σµ}µ=1...k is the configuration generated
by the arrangement of A and B atoms within the figure, and thus by the corresponding
collection of spin-like variables.

21For instance, a pair of nearest-neighbours form a figure f2,1 – which incidentally explains the choice
of subscripts for the parameter J21 above.
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We introduce now the lattice average of the spin product

Πk,m(σ) = 1
MDk,m

∑
i

Πk,m(i, σ) (3.30)

where the normalisation prefactors Dk,m (the multiplicity of fk,m) and M (the number
of lattice cells) account for rotational and translational symmetry, respectively. These
Πk,m(σ) play the role of k-body correlation functions.

With the shortening α = (k,m), we can now write the energy (per unit cell) as

E = E(σ) =
∑

α

JαΠα(σ) (3.31)

This mapping, called a cluster expansion [338, 339], is exact as long as any figure fα

is included (in practice, of course, this expression must be truncated, considering that
M does not need to be finite and, consequently, neither does α). The power of the
cluster expansion approach consists in the fact that, equipped with a model having N
free parameters Jα – termed effective cluster interactions (ECI) – one can evaluate the
DFT energy for as many distinct configurations, map them to the model 3.31 and solve
the resulting system of N equations for the Jα.22 These can then be employed to predict
the energy of any other configuration (not among the previous N) at a glance, without
further DFT calculations. The challenge then reduces to determining where to truncate
the expansion, in order to retain as few figures as possible while still maintaining the
approximation accurate.

Our goal here, however, is different. We aim at obtaining SQS as a byproduct of the
cluster expansion formalism, without pushing the procedure to the point of extracting
a set of Jα: we just need to build special structures whose correlation functions – as
defined above – resemble those of a perfect binary alloy. We present here the details of
the procedure as in the software ICET (Integrated Cluster Expansion Toolkit), which we
have adopted for SQS generation [337].

To start with, a methodological clarification is in order. In the original implementation
(Eqn. 3.31), lattice averages Πα(σ) are directly employed as basis functions. ICET
introduces an additional layer of M orthogonal point functions

Θn(σi) =



1 n = 0

− cos(π(n+ 1)σi/M) n odd

− sin(πnσi/M) n even

(3.32)

for each lattice site i, where M is the allowed number of species and n runs from 0 to
M − 1. These point functions can be proven to form an orthogonal set over all possible

22In practice, one rarely employs as many configurations as the number of ECIs, if the latter is large,
and the system often turns out underdetermined, preventing exact inversion. A variety of regression
techniques are however available for the task (see Ref. [337]).
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occupation numbers [340]. The products Πα no longer involve spin-like variables directly,
but rather the above point functions:

Πα(σ) = Θn1(σ1)Θn2(σ2)...Θnl
(σl) (3.33)

With this amendment, basis functions are obtained via a lattice average as in Eqn. 3.30
and the expansion as in Eqn. 3.31 is retrieved.

The first step of the cluster expansion procedure involves creating a cluster space. This
consists in a prototype structure, the details of the species allowed on each site (with of
course the possibility to treat ordered and disordered sublattices separately), the set of
figures to be included and a numerical cutoff radius for each figure, as a threshold for
its space extension.23 Cutoffs can be chosen on the basis of physical intuition and/or to
match a desired quantity of ECIs, with O(10) being normally sufficient.24

Once the user has specified the size of the desired supercell, ICET is then able to
generate the SQS via the simulated annealing technique with Monte Carlo trial swaps [341],
gradually minimising the difference between the cluster vector Π =

{
Πα

}
of the SQS and

that of the ideal random alloy.
The question remains of how the evaluate the quality of the obtained SQS, for which

there is no unique measure. ICET adopts internally the objective function proposed
in [342]:

Q = −ωL+
∑

α

[
Πα(σ) − Πtarget

α (σ)
]

(3.34)

where ω is the radius (in Ångström) of the largest pair cluster such that all clusters with
the same or smaller radii satisfy Πα(σ) = Πtarget

α (σ); the parameter L, set to 1 by default,
can be modified by the user.

An alternative metric may be a root-mean-square (RMS, i.e., a normalised ℓ2-norm)
of the cluster vector

|∆Π|ℓ2 =

√√√√∑
α

1
N

[
Πα(σ) − Πtarget

α (σ)
]2

(3.35)

which has the benefit of not scaling with the number N of ECIs, thus allowing for
comparisons between structures with cluster vectors of different size. To stress pair
correlations, this can be reduced to a pair-RMS

|∆Π|pairs
ℓ2 =

√√√√ ∑
α∈pairs

1
Npairs

[
Πα(σ) − Πtarget

α (σ)
]2

(3.36)

23Zerolet and singlet are included by construction in any cluster expansion.
24See https://icet.materialsmodeling.org/advanced_topics/sqs_generation.html.

https://icet.materialsmodeling.org/advanced_topics/sqs_generation.html
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3.5 Segregation into Na-rich and K-rich clusters
We start by dealing with the observed KNN segregation into Na-rich clusters. Despite
having attracted some moderate interest from experimental groups [2], this phenomenon
has so far never been addressed within a first-principles approach, to the best of our
knowledge.

In the chosen experimental framework, KNN films are grown on 8” wafers with an
industrial RF sputtering in Ar atmosphere, from a stoichiometric K0.5Na0.5NbO3 target.
Annealing in a N2 + O2 atmosphere at high temperature promotes a partial crystallisation
of the initially amorphous films, resulting in (100/001) preferential orientation and in
ferroelectric behaviour, superimposed to a leaky dielectric characteristic.

Figure 3.7: (a) Elemental EDX (Energy-Dispersive X-ray Spectroscopy) maps of Na, K and Nb
of a large area of a sample grown at low Ar pressure and annealed at 700 ◦C. The red arrow is
pointing to the same Na-rich region in every image, the green one at an alkali deficient region.
(b) Top: EDX line scan of K, Na, Nb of a Na-rich region and surrounding regions; bottom:
elemental maps of Na, K and Nb for a single Na-rich feature. Adapted from Fig. 9 in Ref. [2].

On average, all films are characterised by a deficiency of alkali ions, with a (K+Na)/Nb
ratio around 0.8. Potassium tends to evaporate at high annealing temperatures, while
sodium follows an opposite trend. In particular, as sketched in Fig. 3.7, the nucleation
of a segregated Na-rich K1−xNaxNbO3 perovskite phase (0.7 < xNa < 0.8) is observed,
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together with an unwanted pyrochlore phase with a composition close to A4Nb6O17 (where
A = K+Na). The composition of the Na-rich perovskite phase is close to the two MPBs
with xNa ≃ 0.65 and xNa ≃ 0.8, that are relatively less reported in literature [298,343,344].
The ferroelectric response of the films is given, as expected, by the Na-rich perovskite
domains, while the pyrochlore regions display a leaky dielectric behaviour.25

We performed DFT simulations with the aim of providing theoretical support to the
observed segregation, by means of total energy comparisons.

As a common simulation framework, we adopted a 3×3×2 multiple of a 5-atom
tetragonal perovskite unit cell – in other words, a 90-atom supercell, 18 of which form
the A-site sublattice by construction. We realised disordered KNN systems at different
Na concentrations xNa = NNa/18 by tuning the number of Na and K atoms on the A
sublattice, under the constraint NNa +NK = 18, spanning compositions from the equimolar
case (NK = NNa = 9) to the fully segregated limits (NK = 18 or NNa = 18).

As in the previous chapter, DFT simulations were performed using the PBEsol exchange-
correlation functional [69]. Projector-augmented wave (PAW) [81] pseudopotentials were
used, with the following valence states: K 3s, 3p, 4s; Na 2s, 2p, 3s; Nb 4p, 5s, 4d; O 2s, 2p.
In all cases, the kinetic energy cutoff was set to 800 eV and the Brillouin zone was sampled
with a 3 × 3 × 4 k-point mesh (which would correspond to a 9 × 9 × 8 mesh for the 5-atom
tetragonal unit cell).26 The initial lattice parameters were initialised according to the
Vegard law as a linear interpolation between the (suitably multiplied) equilibrium values
of KNbO3 and those of NaNbO3, as obtained in separate simulations for their tetragonal
unit cells (KNbO3: a = 3.973 Å, c = 4.053 Å; NaNbO3: a = 3.918 Å, c = 4.021 Å). All
systems were then fully optimised to their own equilibrium structure. Energy convergence
thresholds were set to 10−6 and 10−4 eV concerning electronic and structural optimisation,
respectively, yielding residual forces below 0.03 eV/Å. The cluster expansion, common to
all KNN systems, was constructed with cutoffs of 13 Å for doublets and 8.5 Å for triplets,
yielding a total of 39 (non-trivial) ECIs and a pair-RMS around 0.3 across all structures.

To probe the energetic stability of the equimolar alloy with respect to composition
fluctuations, we first introduce the quantity

∆E(xNa) = E(xNa) + E(1 − xNa)
2 − E(0.5) (3.37)

Here, for each structure at concentration xNa > 0.5 we explored the xNa < 0.5 range by
constructing its mirror image, in which the Na and K atoms are interchanged within the
same SQS pattern.27 For a given xNa, ∆E(xNa) is thus the average of the total energies
of two “compositionally imbalanced” structures, referenced to E(0.5) = ENa=9,K=9, i.e.,
the energy of the equimolar configuration (which by construction needs no mirror image).

25The reader is referred to our publication [2] for further details.
26Such a high energy cutoff was deemed necessary in separate simulations for a set of representative

NaNbO3 phases, in order to converge energy differences to within ≃ 1 meV.
27Different SQS structures were necessarily generated for systems with different compositions xNa > 0.5.

However, the fact that each of these and its mirror image share the same SQS arrangement evens out
biases associated with configurational randomness when comparing the energies.
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Physically, what ∆E(xNa) measures is whether the equimolar system prefers to remain
compositionally uniform or to decompose into regions of unequal composition – while
conserving the overall Na and K contents – and quantifies the energetic preference for a
given imbalance xNa > 0.5. We stress that this approach does probe segregation to a fair
extent, even though explicit clusters are never constructed: in fact, strongly imbalanced
disordered (SQS) configurations effectively act as proxies for clustered regions.

Figure 3.8: ∆E(xNa) [meV], normalised per 5-atom formula unit.

We examined the behaviour of ∆E(xNa) between xNa = 0.5 (equimolar case) and
xNa = 1 (fully segregated limit) together with four in-between compositions xNa = 0.67,
0.72, 0.78, 0.83.28 As shown in Fig. 3.8, ∆E is negative throughout the entire range,
indicating that the equimolar KNN system is unstable with respect to composition
fluctuations of any extent. Furthermore, the presence of a minimum – although broad and
shallow – in the intermediate regime, namely at xNa = 0.83, suggests that the energetically
preferred segregation is not complete, i.e., not into pure KNbO3 and NaNbO3, but rather
partial, albeit strongly asymmetric. This picture is consistent with the experimental
data, showing segregation into Na-rich regions with composition 0.7 < xNa < 0.8 (and,
accordingly, into K-rich regions as well, with 0.2 < xNa < 0.3).

A complementary perspective on stability and segregation tendencies is provided by
the mixing enthalpy

Emix(xNa) = E(xNa) − [(1 − xNa)E(0) + xNaE(1)] (3.38)

which instead does not focus on the equimolar case, but rather compares a homogeneous
alloy at any given composition xNa to a macroscopic mixture of pure KNbO3 and pure
NaNbO3, by quantifying the deviation of the alloy energy from a linear interpolation

28Compositions xNa < 0.5 are implicitly included due to the mirror image construction strategy.
Accordingly, by inspecting Eqn. 3.37, ∆E is clearly symmetric under the operation xNa −→ 1 − xNa (the
full plot in Fig. 3.8 would be equally symmetric around xNa = 0.5).
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between the energies of the end members. In this case, we can – in principle – scan
the whole composition range, since the energies of any composition E(xNa) now appears
independently in the expression of Emix (whereas, in ∆E, E(xNa) and E(1 − xNa) were
always coupled and never appearing stand-alone).

Figure 3.9: Mixing enthalpy Emix [meV], normalised per 5-atom formula unit.

As shown in Fig. 3.9, Emix is positive in the range 0.33 < xNa < 1, showing a wide
composition interval in which the alloy is unstable with respect to phase separation into
the pure end members. A narrower window with slightly negative Emix is observed on
the K-rich side (0 < xNa < 0.33); however, the associated energy gain is very small, and
the corresponding structures are not fully independent, since their SQS configurations
are constrained to mirror their Na-rich counterparts. As a consequence, the quantitative
reliability of Emix in the xNa < 0.5 regime should be interpreted with caution.

Taken together, therefore, the two metrics convey a consistent message: Emix indicates
an overall instability of KNN with respect to phase separation, whereas ∆E reveals that
the energetically preferred decomposition is asymmetric, favouring mixing of Na-rich and
K-rich regions rather than complete separation into pure end members. The quantitative
agreement of this picture with the experimental scenario warrants further assessment, as
the present structural modelling is deliberately idealised. We however emphasise that the
aim of this section was not to necessarily reproduce experimental observations in full detail,
but rather to isolate the energetic effects associated with A-site compositional disorder.
As such, no detailed analysis of crystal symmetry – here restricted to a tetragonal phase
for simplicity, which may constitute a significant structural constraint – is undertaken,
nor are additional non-idealities accounted, such as the emergence of pyrochlore phases in
K-rich systems, or the overall alkali deficiency with respect to Nb. Furthermore, given the
small energy differences at stake, of the order of meV per formula unit (at least within
the assumed tetragonal symmetry), even more realistic zero-temperature DFT models
may not yield definitive conclusions. A proper description would require the inclusion
of thermodynamic effects, which however exceed the scope of the present work (besides,
as shown in [329], SQS are generally no longer reliable beyond some material-dependent
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Figure 3.10: KNN phase diagram (replicated from Fig. 3.4).

temperature). In any case, our results suggest that, already at the first-principles, zero-
temperature level, KNN exhibits a tendency towards partial segregation into Na-rich
and K-rich regions, with energetically favoured compositions that are compatible with
experimental observations.

3.6 Phase comparison for pure NaNbO3

Having shed light on the aspect of segregation, we now set ourselves the goal of exploring,
in a systematic fashion, how structural, ferroelectric and piezoelectric properties of KNN
depend on the A-site concentrations, specifically considering the Na-rich half of the
compositional window (also addressed by our experimental partners).

According to the literature phase diagram, reproduced again in Fig. 3.10 for convenience,
KNN is expected to exhibit monoclinic symmetry (space group Pm) in this compositional
range, spanning three distinct, concentration-dependent phases that differ from one
another by their octahedral tilt systems. In the rest of this chapter (mostly, in the
following Section 3.7), we investigate, by means of DFT simulations, one of these phases –
namely, that with tilt system a0b+c0 – assessing its compatibility with the experimental
observations. We select this particular phase (hereafter, Pm− a0b+c0) as a target because
it displays a non-trivial, yet not excessively intricate, structural complexity – being
sandwiched between the non-tilted Pm− a0b0c0 and the fully-tilted Pm− a−b+c− – while
at the same time allowing for a relatively small (10-atom) unit cell.29

We begin in this section by considering Pm− a0b+c0, together with a set of competing
structures, in the simpler case of pure Na composition (xNa = 1). This choice serves a
twofold purpose. First, it allows us to validate our DFT computational setup against a

29By contrast, the a−b+c− phase for example requires a 40-atom unit cell, which becomes computa-
tionally demanding within the supercell-based SQS framework.
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well-defined reference system, that also allows for more complicated phases with larger
unit cells (the additional computational complexity of the SQS formalism is obviously not
needed at this stage). Second, it provides an opportunity to introduce some characteristic
physical features, more easily identified in the absence of compositional disorder, with
which it is useful to familiarise beforehand.

To assemble a representative set, in addition to Pm− a0b+c0, we include the tetrag-
onal P4mm, orthorhombic Amm2 and rhombohedral R3c phases – three paradigmatic
symmetries for perovskites, although the first two are not known to occur in NaNbO3
– as well as orthorhombic Pmc21 (NaNbO3’s phase Q) and the fully-tilted monoclinic
Pm − a−b+c−, which also has been proposed as a candidate for phase Q.30 Table 3.1
summarises the essential structural information for these phases. The DFT setup is
inherited for consistency from the segregation study in Section 3.5; k-point meshes are
generated so as to be consistent with a 9 × 9 × 9 for the pseudocubic 5-atom cell.

Table 3.1: Structural data for the selected NaNbO3 phases. The P4mm cell is derived from
that used in Section 3.5. For the other phases, the initial structure was collected from literature
sources, as detailed in the table. Lattice parameters and angles are those of the relaxed structures.

Phase Space group Source N° atoms Tilt system a [Å] b [Å] c [Å] Angle(s) ̸= 90◦

Tetragonal P4mm This work 10 a0a0c0 5.614 3.919 5.614 β = 88.56◦

Orthorhombic Amm2 [345] 10 a0b0c0 3.912 5.594 5.638 /
Monoclinic Pm [284] 10 a0b+c0 5.535 3.920 5.522 β = 89.95◦

Orthorhombic Pmc21 [346] 20 a+b−c− 7.747 5.503 5.559 /
Monoclinic Pm [347] 40 a−b+c− 7.823 7.747 7.824 β = 90.58◦

Rhombohedral R3c [284] 30 a−a−a− 5.488 5.488 13.700 γ = 120.00◦

Fig. 3.11 illustrates the relaxed unit cells in relevant planes in terms of polar distortions
and octahedral tilting. With the only exception of R3c, the a and c axes are oriented
so that all cells share the same in-plane square-grid arrangement of Na atoms, forming
the A-site sublattice. For the tetragonal structure, although the P4mm symmetry is
of course naturally described by a 5-atom unit cell, we have adopted a

√
2 × 1 ×

√
2

(10-atom) cell, which shares size and orientation with the Amm2 and Pm− a0b+c0 cells,
thereby facilitating direct comparison (incidentally, this choice of cell, coupled to the polar
elongation, is the reason why β < 90◦ for P4mm).

P4mm and Amm2 relax to very similar equilibrium structures, characterised by
displaced Nb cations and distorted octahedra that nonetheless show no tilting, in accord
with the a0a0c0 system. Notably, the polar direction is different: along ẑ for P4mm, and
along the bisector of the second and fourth quadrants of the yz plane for Amm2.

Conversely, the two monoclinic phases and Pmc21 exhibit more complex tilting patterns.
In Pm−a0b+c0, octahedra are tilted in-phase around ŷ only – as visible from the xz-plane
view – whereas no tilting is present around the remaining axes, consistent with its tilt
system. The same in-phase tilts appear in Pm − a−b+c−, around ŷ as well (xz-plane
view), and in Pmc21, this time around x̂ (yz-plane view). These two phases, additionally,
exhibit antiphase tilts around the remaining axes.

30For an overview of proposed NaNbO3 phases, see Section 3.2.
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P4mm (xz plane) Amm2 (yz plane) R3c ([110]pc plane)

xz plane xy plane yz plane

Pm−
a0b+c0

Pmc21

Pm−
a−b+c−

Figure 3.11: Views of the relaxed cells adopted for the structures in Table 3.1. Top block:
from left to right, phases P4mm, Amm2 and R3c, in selected planes. Bottom block: phases
Pm− a0b+c0, Pmc21 and Pm− a−b+c−, in all three planes xz, xy and yz. Colour code for the
atomic species is as follows: Na - blue, Nb - grey, O - red. All cells have been suitably replicated
in order to properly show tilting patterns of the octahedra (drawn in light red).
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Table 3.2: Energy ordering and polarisation (both vector components and modulus) of the
selected NaNbO3 phases. Energies are normalised per 5-atom perovskite formula unit, and
referenced to the ground state R3c.

Phase Space group (tilt system) E [meV/f.u.] P [µC/cm2] P [µC/cm2]
Tetragonal P4mm (a0a0c0) 80.1 [ 0.00, 0.00, -40.77 ] 40.77
Orthorhombic Amm2 (a0b0c0) 78.1 [ 0.00, 29.29, -29.29 ] 41.42
Monoclinic Pm (a0b+c0) 20.6 [ 27.29, 0.00, 28.13 ] 39.19
Orthorhombic Pmc21 (a+b−c−) 2.5 [ 0.00, 25.72, -25.72 ] 36.37
Monoclinic Pm (a−b+c−) 2.4 [ 25.82, 0.00, -25.60 ] 36.36
Rhombohedral R3c (a−b−c−) 0.0 [ 0.00, 0.00, 43.78 ] 43.78

Table 3.2 reports energy ordering and polarisation of the selected phases. Polarisation
components (referred to the global Cartesian frame) are evaluated as

Pα = e

Ω
∑
κβ

Z∗
κ,αβuκβ (3.39)

i.e., by inverting Eqn. 3.22; atomic displacements uκβ are computed with respect to a
centrosymmetric reference structure, obtained by symmetrising the atomic positions of
the polar phase while keeping the lattice parameters fixed.

As expected, the ground state is R3c, but immediately above we find the two competing
– and essentially isoenergetic – phases Pm − a−b+c− and Pmc21, which confirms the
elaborate scenario of multiple low-energy structures in NaNbO3, discussed earlier in
Section 3.2, and suggests that the distinction between orthorhombic and monoclinic is
subtle – likely a matter of nomenclature, rather than a physically significant difference.
The target phase Pm− a0b+c0 lies higher in energy, although still reasonably competitive,
whereas P4mm and Amm2 are the least stable (and accordingly not observed). This
picture clearly confirms octahedral tilting, increasing in complexity down the series, to be
a stabilising mechanism in NaNbO3. Polarisation, on the other hand, varies little (around
40 µC/cm2) across the series, reaching the highest value in the R3c phase, whereas the
lowest is shared by Pm− a−b+c− and Pmc21 – a further clue of the similarity of these
two phases. The order of magnitude of the computed polarisations are in line with the
values reported in literature (see, again, Section 3.2 for overview and references).

Additional insights into stability can be gained from phonon calculations. Here, for
computational convenience, we restrict the analysis to Γ-point modes; we are well aware,
nonetheless, that an exhaustive picture would require inspecting the whole Brillouin zone.
A Γ-point analysis, indeed, is sufficient to identify soft polar instabilities in systems like
BaTiO3 or KNbO3, dominated by cation displacements; it is, however, not certainly so
when the picture involves octahedral tilting modes, that do not necessarily soften at the Γ
point, and may well do so away from it [267].

In any case, the phonon analysis tells us that the four lowest-energy phases (R3c to
Pm− a0b+c0) are also dynamically stable at Γ. Amm2 displays a single unstable mode,
at ω2 = −13.8 meV, whose eigenvector describes an in-phase tilting pattern around ŷ, as
illustrated in Fig. 3.12 (left panel), which is precisely that observed in the two Pm phases
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and Pmc21.31 P4mm shows a similar soft mode (ω2 = −13.5 meV), whose pattern is
reported also in Fig. 3.12 (right panel), accompanied by two modes at ω2 = −7.7 meV (not
shown), that are instead polar modes along x̂ and ŷ, i.e., the directions where spontaneous
polarisation does not arise. Collectively, these results provide further confirmation of the
stabilising role played by octahedral tilts, particularly those around the ŷ axis.

Figure 3.12: Tilting modes softening at Γ for Amm2 (left, yz plane) and P4mm (right, xz
plane). Red arrows indicate extent and direction of atomic displacements.

To conclude, we report in Fig. 3.13 the piezoelectric tensors dαβ and dielectric tensors
εij for all structures. We point out that, in the case of Amm2, Pmc21 and Pm− a0b+c0,
the tensors are not computed according to conventional settings (reported in Appendix B),
because VASP defines them relative to the user’s choice of axes, and in these three cases
we rotated the structures away from their standard orientations, as noted earlier. As a
result, d33 represents here the response along the global ẑ axis, which needs not coincide
with the polar direction. For completeness, however, we also report the back-rotated
tensors in the conventional setting, denoted as d(conv)

αβ and ε
(conv)
ij , respectively (details of

the rotation procedure are provided in Appendix C).32

For the P4mm phase, d33 is the leading direct piezoelectric component, consistent with
expectations; its negative sign reflects the spontaneous polarisation pointing along −ẑ,
as reported in Table 3.2 (see also Section 3.3 for a discussion of sign conventions). The
dielectric tensor shows the largest response in the xy plane, indicating that the material
is more easily polarisable away from the spontaneous polarisation direction. Unexpected
asymmetries in the piezoelectric shear elements (d24 ̸= d15) as well as in the in-plane
dielectric tensor elements (ε11 ̸= ε22) arise from a very tiny structural in-plane anisotropy,
on the order of 10−4 Å.

31Antiphase tilting modes, requiring cells larger than the 10-atom one employed here for the phonon
calculations, cannot be expected to appear.

32Herein, “conventional setting” – in accordance with the IEEE crystallographic convention [322] – is
meant in terms of polarisation direction only.
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P 4mm

dαβ =

 0 0 0 0 −67.6 0
0 0 0 −194.7 0 0

9.9 10.0 −38.7 0 0 0

 εij =

662.8 0 0
0 643.4 0
0 0 25.4


Amm2

dαβ =

 0 0 0 0 −149.9 149.9
−8.5 −289.3 310.2 −14.0 0 0
8.5 −310.2 289.3 14.0 0 0

 εij =

610.8 0 0
0 54.0 22.2
0 22.2 54.0


d

(conv)
αβ =

 0 0 0 0 −211.9 0
0 0 0 847.9 0 0

12.0 −4.8 −24.7 0 0 0

 ε
(conv)
ij =

610.8 0 0
0 76.2 0
0 0 31.9


P m − a0b+c0

dαβ =

 73.2 −12.0 −44.3 0 8.0 0
0 0 0 18.8 0 17.8

−43.6 −11.0 69.9 0 5.9 0

 εij =

43.6 0 −8.0
0 217.9 0

−8.0 0 41.3


d

(conv)
αβ =

 0.2 −0.7 1.7 0 163.4 0
0 0 0 25.9 0 −0.7

14.6 −16.3 24.4 0 2.8 0

 ε
(conv)
ij =

34.5 0 −1.6
0 217.9 0

−1.6 0 50.4


P mc21

dαβ =

 0 0 0 0 −62.3 62.3
−6.7 68.1 −42.0 −0.9 0 0
6.7 42.0 −68.1 0.9 0 0

 εij =

541.5 0 0
0 55.6 8.7
0 8.7 55.6


d

(conv)
αβ =

 0 0 0 0 −88.1 0
0 0 0 −155.7 0 0

9.5 −17.8 −19.1 0 0 0

 ε
(conv)
ij =

541.5 0 0
0 64.3 0
0 0 47.0


P m − a−b+c−

dαβ =

68.5 −6.6 −40.4 0 0.4 0
0 0 0 −61.0 0 61.8

42.1 5.4 −67.7 0 0.3 0

 εij =

54.2 0 8.1
0 530.4 0

8.1 0 56.6


d

(conv)
αβ =

 1.1 −0.9 0.6 0 −154.7 0
0 0 0 −86.8 0 0.5

−19.1 8.5 −19.0 0 −0.6 0

 ε
(conv)
ij =

63.6 0 1.2
0 530.4 0

1.2 0 47.3


R3c

dαβ =

 0 0 0 0 148.0 −86.5
−43.2 43.2 0 148.0 0 0
−0.3 −0.3 15.7 0 0 0

 εij =

60.5 0 0
0 60.5 0
0 0 38.0



Figure 3.13: Piezoelectric [pm/V] and dielectric tensors [adim.]. Schemes of the polar planes and (approxi-
mate) polarisation direction have been added for convenience.
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For the Amm2 phase, in the chosen rotated setting, d33 reaches nearly 300 pm/V.
Back-rotating the tensor into the conventional setting (via a 45◦ rotation in the yz plane)
shows that such a large d33 is driven by anomalously large shear components, particularly
d

(conv)
24 . In the conventional setting, the direct response is to some extent reminiscent of

that of P4mm, with which now Amm2 shares the polarisation direction along −ẑ. As
in P4mm, the strongest dielectric response (in the rotated setting) is ε11, away from the
spontaneous polarisation plane yz; this remains the case in the conventional setting, as
the rotation is confined to the yz plane. 33

The two monoclinic phases Pm − a0b+c0 and Pm − a−b+c− share the same overall
structure for the dαβ tensor, with close resemblance especially for elements d11, d13, d31 and
d33 (with sign discordances again directly descending from oppositely oriented polarisation
components, as per Table 3.2); by contrast, d24 and d26 are roughly three times larger
in Pm − a−b+c−. The dielectric tensors also share the same qualitative pattern, with
the strongest response along ŷ, thus in ε22, which is, however, significantly enhanced in
Pm− a−b+c−.

The orthorhombic Pmc21 phase is strikingly similar to Pm − a−b+c− – as we have
repeatedly observed earlier – in both tensors, provided the polar planes of the two
structures are aligned accordingly; a glance at their octahedral tilts in Fig. 3.11, together
with direct inspection of their tensors, reveals that, to do so, coordinates x and y should
be interchanged (a mirror operation of the type described in Appendix C, specifically with
respect to the xy bisector). Pmc21 also bears some resemblance to the other orthorhombic
prototype Amm2, although with a much reduced shear element d24.

Browsing the existing literature, given the interest devoted over time to NaNbO3, one
would expect to find several DFT studies addressing its piezoelectricity. As a matter of
fact, to the best of our knowledge, there are only three such works, all very recent. Jia et
al. [348], as part of a larger high-throughput perovskite dataset, find d33 = 36.5 pm/V and
d31 = −10.4 pm/V for the tetragonal phase, in good agreement with our results in both
magnitude and relative sign. Tan et al. [349], quoting from Liu et al. [350], report d33 = 18.3
pm/V, d31 = −6.6 pm/V and d15 = 0.9 pm/V for a likewise tetragonal symmetry, values
smaller than ours in magnitude although with a similar d33/d31 ratio. Alvarenga et al. [273]
provide the only systematic analysis of NaNbO3 piezoelectricity available to date, across
phases of symmetry Pm, Pmc21 and R3c. Their results, reproduced in Table 3.3, agree
well with ours once appropriate adjustments for different crystal settings are applied.

Table 3.3: Piezoelectric tensor components from Ref. [273] by Alvarenga et al. [pm/V].

Space group d11 d12 d13 d15 d24 d26 d31 d32 d33 d35

Pm 0.65 0.01 1.02 136.91 73.66 0.51 15.28 −8.74 23.47 0.08
Pmc21 0.00 0.00 0.00 −76.77 −136.34 0.00 8.87 −15.36 −23.45 0.00
R3c −60.96 60.96 0.00 −223.29 −223.29 121.93 1.20 1.20 −15.57 0.00

33Incidentally, observe here how εr := Tr(εij) = ε
(conv)
r : the trace of the dielectric tensor, i.e., the

isotropic response, is correctly invariant under rotation. By contrast, the piezoelectric tensor dαβ (or dijk,
in its full third-rank form) has no uniquely-defined trace, and no isotropic part can be extracted from it
for symmetry reasons (an isotropic third-rank tensor would be proportional to the totally antisymmetric
tensor ϵijk; however, dijk is symmetric in its last two indices).
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For the dielectric tensor, the only literature source available is the aforementioned work
by Tan et al. – again, quoting Liu et al. – for the tetragonal phase, where ε11 = ε22 = 25.5
and ε33 = 35.4, in evident disagreement with our findings [349,350]. In absence of other
previous systematic DFT studies for pure sodium niobate, we mention that a paper by
Lebedev on NaNbO3/KNbO3 superlattices identifies – as we do – a strong anisotropy
in the dielectric tensor, with values ε33 = 534.4 and 334.7 for symmetries Amm2 and
Pmc21, respectively (with ẑ being the non-polar direction) [351]. Furthermore, a number
of experimental works report dielectric constants between 200 and 600 at temperatures
below ≃ 350 ◦C (the onset of the higher-temperature phase R) [247,249,270]. This order
of magnitude agrees with our predictions for phases Pm− a−b+c− and Pmc21 – i.e., the
two most reliable candidate structures for NaNbO3 in the considered low-temperature
regime – and suggests that the results reported in Refs. [349,350] may warrant further
examination.

3.7 Ferro- and piezoelectricity in KNN at varying
composition

We now turn back to the original problem, and perform a systematic study of the
monoclinic Pm− a0b+c0 phase of KNN across different compositions.

Since the reference unit cell contains 10 atoms, to keep the computational overload at
bay, we now adopt a 2×3×2 supercell, corresponding to a total of 120 atoms (comparable
in size to the supercell used for the segregation study), of which 24 belong to the A-site
sublattice. The Na concentration is then naturally defined as xNa = NNa/24. Within
this framework, we sample a wide compositional range, chosen so as to overlap with
experimental data points as closely as possible, by addressing the concentrations xNa =
0.50, 0.67, 0.71, 0.75, 0.79, 0.83, 1. To these, we also add xNa = 0 (i.e., pure KNbO3)
as a reference endpoint, for completeness, even though this is not part of the present
experimental scenario.

For consistency, we once more retain the computational setup from the two previous
sections, except for adjustments required by the larger supercell: in particular, the k-
point mesh is rescaled from 6 × 9 × 6 (used for the NaNbO3 monoclinic Pm − a0b+c0

unit cell) to 3 × 3 × 3. As in the segregation study, the initial lattice parameters are
generated via linear interpolation – and suitable rescaling – between the equilibrium values
of Pm − a0b+c0 KNbO3 (a1 = 5.698 Å, a2 = 3.962 Å, a3 = 5.682 Å) and Pm − a0b+c0

NaNbO3 (a1 = 5.535 Å, a2 = 3.920 Å, a3 = 5.522 Å – the same values reported in
Table 3.1). As for the SQS cluster expansion, only doublets are retained this time, with a
cutoff of 9 Å, resulting in 39 (non-trivial) ECIs and a pair-RMS between 0.12 and 0.20,
depending on composition.
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Table 3.4: Structural data for the selected KNN compositions, after relaxation. Upper-case
lattice vectors are those of the 2 × 3 × 2 supercell, lower-case ones are resized in terms of the
original 10-atom cell.

Composition A1 [Å] A2 [Å] A3 [Å] a1 [Å] a2 [Å] a3 [Å] α [◦] β [◦] γ [◦]
xNa = 0.00 11.396 11.889 11.364 5.698 3.963 5.682 90.000 89.957 90.000
xNa = 0.50 11.329 11.815 11.271 5.664 3.938 5.636 89.978 90.226 89.997
xNa = 0.67 11.259 11.795 11.211 5.630 3.932 5.605 90.008 90.320 89.974
xNa = 0.71 11.253 11.791 11.190 5.617 3.930 5.595 90.003 89.865 89.987
xNa = 0.75 11.216 11.784 11.172 5.608 3.928 5.586 89.997 89.627 89.980
xNa = 0.79 11.189 11.778 11.147 5.594 3.926 5.574 89.995 90.210 90.022
xNa = 0.83 11.159 11.775 11.123 5.580 3.925 5.562 90.000 90.016 89.994
xNa = 1.00 11.070 11.757 11.043 5.535 3.919 5.521 90.000 89.949 90.000

Figure 3.14: Overview of the DFT structural trends in the supercell lattice parameters (left)
and angles (right) as a function of the Na concentration xNa. Lattice parameters are rescaled
via an affine transformation so that they equal 1 and 0 at xNa = 0 and xNa = 1, respectively
(e.g. A1(xNa) → [A1(xNa) −A1(1)]/[A1(0) −A1(1)]).

Table 3.4 and, contextually, Fig. 3.14 report structural information for each KNN
composition. The supercell lattice parameters (rescaled in Fig. 3.14) decrease across
the series as expected from Vegard law, with an almost linear trend for A2, whereas A1
and A3 exhibit a slight downward concavity. The monoclinic angle β has an irregular
behaviour around the 90◦ baseline: in particular, it is enhanced for the cases xNa = 0.50
and xNa = 0.67 (meaning that the structure is “flatter” in the xz plane), abruptly reduced
at xNa = 0.71 and xNa = 0.75, again increased at xNa = 0.79 and ultimately essentially
back to 90◦ from xNa = 0.83 onwards.34 Finally, α and γ, that should be right angles
in an ideal monoclinic lattice, also oscillate around 90◦ – although on a much smaller
scale, with a maximum deviation of only 0.03% at xNa = 0.67 – thus formally lowering
the symmetry to triclinic, yet without any significant structural distortion.

34For the xNa = 0.75 case, the most pronounced outlier, we have separately verified that the structure
relaxes to an angle β < 90◦ even when initialised with β > 90◦. The robustness of the trend in Fig. 3.14
is thus enforced.
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Figure 3.15: Views of the relaxed cells (xz plane) adopted for a representative subset of the
KNN systems in Table 3.4. Colour code for the atomic species is as follows: Na - blue, K -
turquoise, Nb - grey, O - red. Oxygen octahedra are drawn in light red.

Fig. 3.15 illustrates the relaxed unit cells in the xz polar plane. Octahedral tilting
increases across the series, although not strictly linearly and in a locally dependent manner,
since tilt amplitudes are governed by the quasirandom distribution of Na and K atoms on
the A sites surrounding each individual octahedron.

Table 3.5: Octahedral tilt angles around axes x̂,
ŷ and ẑ for the selected KNN compositions, after
relaxation.

Composition ωx [◦] ωy [◦] ωz [◦]
xNa = 0.00 / 0.14 ± 0.04 /
xNa = 0.50 0.36 ± 0.21 1.36 ± 1.41 0.39 ± 0.21
xNa = 0.67 1.09 ± 0.58 5.56 ± 1.19 0.78 ± 0.49
xNa = 0.71 0.82 ± 0.50 6.57 ± 1.32 0.89 ± 0.51
xNa = 0.75 0.90 ± 0.55 7.26 ± 1.54 0.83 ± 0.57
xNa = 0.79 1.25 ± 0.76 8.15 ± 1.23 1.12 ± 0.63
xNa = 0.83 1.17 ± 0.72 8.97 ± 0.87 1.46 ± 0.83
xNa = 1.00 / 11.35 ± 0.04 /

Figure 3.16: Octahedral tilt angle ωy as
a function of xNa.

Table 3.5 reports, for each composition, the tilt angles about the three Cartesian
axes, averaged over all octahedra in the supercell. As anticipated, the dominant tilting
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occurs about ŷ, consistent with the a0b+c0 tilt system of the parent structure. The
corresponding angle ωy, illustrated in Fig. 3.16, remains essentially quenched on the K-rich
side and becomes appreciably non-zero only from xNa = 0.5 onwards, following then an
approximately linear trend across the rest of the composition range. The associated spread
∆ωy is gradually reduced for xNa > 0.5, reflecting the decreasing disorder, except within
the xNa = 0.71 − 0.75 pocket, where a modest enhancement in disorder is observed. The
A-site randomness also induces small tilts about x̂ and ẑ, giving rise to irregular local
patterns, that cannot be classified within the usual in-phase or antiphase categories.35

To better quantify the evolution of structural degrees of freedom, we examine the
effective lattice parameters a, b and c, reported in Fig. 3.17, estimated as average nearest-
neighbour A–A (equivalently, B–B) distances along x̂, ŷ and ẑ, respectively. This repre-
sentation complements the supercell lattice parameters, by providing a metric directly
comparable with experimental interplanar spacings, extracted from X-ray diffraction
spectra. Wherever appropriate, each data point is accompanied by an error bar, given by
the standard deviation σ of the bond length distribution along the considered direction –
further decomposed into contributions of the A-A and B-B type – which reflects structural
disorder arising from both compositional randomness and local distortions.

Figure 3.17: Top-left panel: average A-A (equivalent to B-B) interatomic distances a, b, c as a
function of the Na concentration xNa. Remaining panels: detail of the distribution of values for
each interatomic distance; spreads due to A-A and B-B contributions are plotted separately.

35The pattern is irregular even around ŷ for the xNa = 0.5 composition, at which KNN is indeed
expected to adopt an a0b0c0 tilt system (see Fig. 3.10).
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At a glance, a and c do not follow the same smooth trend as the xz-plane supercell
parameters A1 and A3 do (Fig. 3.14, left panel). Instead, a becomes increasingly larger
than c until xNa = 0.67; between xNa = 0.71 and xNa = 0.83, the two reverse roles twice;
onwards, they converge toward equality.36 The overall picture mirrors the evolution of
the monoclinic angle β (Fig. 3.14, right panel), indicating a flatter structure at first, that
suddenly elongates for xNa = 0.71 − 0.75, flattens out a second time at xNa = 0.79 and
ultimately equilibrates at β ≃ 90◦ at high Na content. The spreads for both a and c are
sizeable (σ ≲ 0.15 Å) and dominated by A-A terms, whereas the B-site sublattice remains
comparatively regular.

On the other hand, b follows a linear trend, clearly decoupled from the behaviour
of a and c, reflecting the different symmetry constraints acting along ŷ and on the xz
plane. The decoupling persists in the spread of values, now narrower (σ ≲ 0.02 Å) and
mostly contributed to by B-B terms. This is fully consistent with an ideal, free-standing
Pm− a0b+c0 lattice; in an experimental realisation, however, the presence of a substrate
may well impose more similar – if not identical – in-plane distances a and b.

Table 3.6: Mixing enthalpy of the KNN sys-
tems [meV], normalised per 5-atom perovskite
formula unit.

Composition Emix [meV/f.u.]
xNa = 0.00 0.0
xNa = 0.50 34.0
xNa = 0.67 40.5
xNa = 0.71 38.3
xNa = 0.75 34.0
xNa = 0.79 30.6
xNa = 0.83 27.1
xNa = 1.00 0.0

Figure 3.18: Mixing enthalpies from Ta-
ble 3.6.

As in the segregation analysis, we evaluate the mixing enthalpy Emix of the KNN
systems, reported in Table 3.6 and Fig. 3.18 – namely, the analogue of Fig. 3.9, but now
with a much more realistic assumption on the symmetry of the structure, which is no
longer just an idealised prototype. As a matter of fact, the conclusion we had formulated –
that KNN is overall unstable with respect to phase separation into the pure end members
– is strengthened: Emix is now not only positive throughout the whole compositional range,
but also reaches values (≃ 40 meV) an order of magnitude larger than those obtained
under the tetragonal approximation (≃ 5 meV). These higher values also allow for a more
realistic comparison with experimental observations at finite temperature.

Concerning energetic considerations, inspection of Γ-point phonons reveals no soft
modes in any of the alloyed composition, supporting the dynamical stability of the

36The same behaviour was retrieved when testing a second, independent set of SQS configurations,
generated with a different random seed.
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considered KNN systems.37 The only exception is xNa = 0 (pure KNbO3), which exhibits
an antipolar instability along ŷ (ω2 = −5.3 meV), in agreement with previous literature
sources suggesting a chain-like structure, orthogonal to the polarisation direction, in
this material [352, 353]. In any case, this does not affect the present discussion, as our
experimental focus lies on the Na-rich region of the phase diagram.

Table 3.7: Polarisation (both vector components
and modulus) of the KNN systems, referred to
the global xyz Cartesian frame.

Composition P [µC/cm2] P [µC/cm2]
xNa = 0.00 [ 24.88, 0.00, 25.39 ] 35.55
xNa = 0.50 [ 28.76, 0.54, 25.03 ] 38.13
xNa = 0.67 [ 29.65, 2.40, 24.85 ] 38.76
xNa = 0.71 [ 26.40, 1.07, 28.24 ] 38.68
xNa = 0.75 [ 24.52, 1.45, 30.13 ] 38.87
xNa = 0.79 [ 29.01, -1.88, 25.89 ] 38.92
xNa = 0.83 [ 27.66, 1.58, 27.15 ] 38.79
xNa = 1.00 [ 27.29, 0.00, 28.17 ] 39.22

Figure 3.19: Polarisation components Px

and Pz from Table 3.7.

Polarisation (Table 3.7 and Fig. 3.19 – again, computed according to Eqn. 3.39) is
predominantly confined to the xz plane, as in the NaNbO3 parent phase, with only a small
Py component at intermediate compositions, driven by the A-site disorder. The magnitude
P increases approximately linearly with the Na content. More revealing, however, is the
behaviour of Px and Pz, that mirror the trends already observed for the monoclinic angle
β and for the interatomic distances a and c, by exchanging one another twice in the range
xNa = 0.67 − 0.83.

37As commented earlier, a rigorous assessment would require phonon dispersions over the entire
Brillouin zone. However, additional instabilities away from Γ appear not so likely. The considered
monoclinic structures, on the one hand, already incorporate polar distortions. As for octahedral tilts,
they could in principle develop about any axis – differently than in the 10-atom prototype – because of
the increased cell size combined with the symmetry breaking generated by the A-site disorder; however,
only tilts around ŷ maintain a significant amplitude upon relaxation. What may, technically, yield soft
modes are antiphase tilts around ŷ, not allowed by the present supercell, which is formed by an odd
number of replicas of the 10-atom unit cell along that direction. In any case, these specific tilts are not
reported in literature phase diagrams.
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Figure 3.20: Piezoelectric [pm/V] and dielectric tensors [adim.] for the KNN systems. Schemes of the polar
planes and (approximate) polarisation direction have been added for convenience.

Lastly, we analyse piezoelectric and dielectric tensors, reported in Fig. 3.20. To better
visualise compositional trends, the piezoelectric coefficients (in the rotated reference frame)
are also regrouped and plotted as a function of the Na concentration in Fig. 3.21. Because
of the formally triclinic symmetry of most relaxed structures, all 18 tensor components
are, in principle, independent and must be considered.

The dominant longitudinal coefficients (Fig. 3.21, top panels) are d11, d13, d31 and
d33 – i.e., those involving only x and z indices. These components display a clear pairing
behaviour (d11 ≃ d33, d13 ≃ d31) which originates from the chosen lattice orientation:
directions x̂ and ẑ are treated essentially likewise, since the polarisation vector lies
approximately along the xz bisector. As a whole, these four coefficients reach their
maximum magnitude at xNa = 0.5, with d33 attaining values as high as 176 pm/V, and
then decrease progressively with increasing Na content: the A-site randomness, therefore,
softens the lattice with respect to in-plane longitudinal stresses. Notably, d11 and d33 cross
twice between xNa = 0.71 and xNa = 0.83, mirroring the previously discussed behaviour
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Figure 3.21: Piezoelectric coefficients from Fig. 3.20 [pm/V].

of structural parameters (a, c, and β) and polarisation components.38

The remaining longitudinal components d21, d22, d23, d12 and d32 are comparatively
smaller, particularly the last two. Since all these terms involve ŷ within the indices –
either labelling polarisation, or stress, or both – we draw a twofold conclusion. First,
longitudinal stress along ŷ has but a weak influence on the polarisation in the xz plane.
Second, under any (longitudinal) stress, the lattice is globally stiffer along ŷ than along
the remaining directions, so that generating a sizeable Py component (i.e., rotating the
polarisation out of the xz plane) is energetically disfavoured. This claim should, however,
be interpreted in relative terms: for instance, d22 still reaches values close to 70 pm/V at
xNa = 0.5, which are far from negligible.

Shear responses (Fig. 3.21, bottom panels) exhibit a distinct hierarchy. In particular,
d24 and d26 stand out as strikingly larger across all compositions, and anomalously so
at xNa = 0.5, exceeding 500 pm/V. In contrast to the longitudinal case, shear stresses
in the yz or xy planes (indices β = 4, 6 respectively) can easily induce a Py component;
this suggests a coupling between such shear stress fields and the local, minor octahedral
tilts, that occur in planes containing ŷ. The remaining shear coefficients are smaller than
their longitudinal counterparts. Again, we find paired components (d14 ≃ d16, d34 ≃ d36)
reflecting the near-equivalence of x̂ and ẑ; the remaining terms d15 and d35 – the largest
shear terms at high Na content (xNa > 0.67) – form instead a mirrored pair.

38This interchange is in fact systematic: similar crossings occur for several other pairs of coefficients
throughout Fig. 3.21, whose indices differ by a swap between x and z.
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Figure 3.22: Dielectric coefficients from Fig. 3.20 [adim.].

The dielectric response (Fig. 3.22) is markedly anisotropic – as observed for the NaNbO3
parent phase – and strongest, by one to two orders of magnitude, in the ŷ-component
ε22; this once again means that the KNN systems are more polarisable under external
electric fields along directions where no spontaneous polarisation exists. Analogously
to the shear-dominated piezoelectric response, ε22 reaches its maximum at xNa = 0.5
and then decreases monotonically with increasing Na content. The remaining diagonal
components ε11 and ε33 vary only slightly (between 30 and 50) across the composition
range, displaying the characteristic double-crossing between xNa = 0.71 and xNa = 0.83.
Off-diagonal elements remain closer to zero throughout, confirming that the dielectric
response is mostly longitudinal, with minimal cross-axis coupling.

We now turn to comparing our results with those from earlier studies. To start with,
we consider the KNbO3 end member, for which the literature is richer than for NaNbO3
(already treated in the previous section). A survey of experimental and theoretical
works reveals overall good agreement with our findings. Notably, a strictly one-to-one
mapping is not possible, since KNbO3 adopts an orthorhombic (Amm2) structure at room
temperature, whereas ours is nominally monoclinic. However, the nearly complete absence
of octahedral tilting and the minimal deviation of the monoclinic angle β from 90◦ in our
case ultimately justify a direct comparison with data reported for the Amm2 phase.

Table 3.8: Piezoelectric tensors elements for orthorhombic KNbO3 from various studies [pm/V].

Reference d
(conv)
31 d

(conv)
32 d

(conv)
33 d

(conv)
24 d

(conv)
25

This work 13.9 -10.6 20.4 172.3 190.3
Liang et al. [354] (theo) 9.5 -24.6 21.6 205.1 241.5
Wan et al. [355] (theo) 12.7 -10.0 20.1 -91.1 175.0
Li et al. [317] (theo) / / 24.3 / /
Peng et al. [319] (theo) 16.1 -10.6 23.2 84.7 281.2
Tan et al. [356] (theo) 16.0 -10.5 23.5 168.0 278.6
Gunter et al. [357] (exp) 9.8 -19.5 24.5 159.0 215.0
Nakamura et al. [358] (exp) / / 30.3 / /
Zgonik et al. [359] (exp) / / 29.3 / /
Wada et al. [360] (exp) 18.4 / / / /
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Table 3.8 summarises previously reported piezoelectric coefficients for orthorhombic
KNbO3, compared with our results from Fig. 3.20 (xNa = 0, conventional setting).
Although quantitative discrepancies occur among different sources, the agreement is
qualitatively good; the negative sign in front of d(conv)

24 in the work by Wan et al. is
the only true anomaly.39 Furthermore, in the experimental studies by Nakamura et al.
and Wada et al., additional configurations are considered, where the polarisation lies
at approximately 45◦ with respect to the ẑ axis, consistently with our rotated reference
frame. These authors report values of d33 = 87.2 pm/V and d31 = 51.7 pm/V, in very
good agreement with our corresponding results in the rotated setting (d33 = 78.3 pm/V,
|d31| = 54.4 pm/V).

Table 3.9: Dielectric tensors elements for orthorhombic KNbO3 from various studies [adim.].

Reference ε
(conv)
11 ε

(conv)
22 ε

(conv)
33

This work 25.3 1539.6 36.7
Liang et al. [361] (theo) 171 996 57
Wiesendanger et al. (quoted in Ref. [359]) (exp) 160 1000 55
Fukuda et al. [362] (exp) 140 1200 40
Zgonik et al. [359] (exp) 150 985 44

For the dielectric tensor (Table 3.9), the quantitative agreement is less precise yet still
qualitatively satisfactory. All referenced studies report a strongly anisotropic response,
characterised by a dominant component ε(conv)

22 (along a non-polar direction) of the order
of 103. The quantitative spread of this coefficient across different sources can likely be
attributed to its pronounced temperature dependence: as shown in the works by Liang et
al. [354,361], its value does approach 1500 at the lower end of the temperature range where
the Amm2 phase is stable (−30 to 0 ◦C), in accord with our result. Additional works
further support the overall picture: Matsumoto et al. [363] report dielectric constants
on the order of 800, Wada et al. [360] measure ε33 = 83 and 447 for crystals poled along
[110]c and [001]c, respectively, and Wan et al. [355], although reporting only the electronic
contribution ε̄ij, likewise find a reduced component along the polar direction.

Finally, we consider the available literature on KNN. As noted in Section 3.2, in contrast
with the abundance of experimental works, DFT studies of this system are limited in
number and cumbersome to compare in a systematic way. Most are not comprehensive,
but rather focused on specific properties only and/or selected compositions or composition
ranges. Notably, they differ significantly in alloy-modelling strategies: only three studies
adopt the SQS approach as we do [319,328,334], while the others leverage either ordered
supercells or, worse, the VCA. As observed in Section 3.4, the latter method is generally
inadequate for properties such as piezoelectricity, highly sensitive to the local atomic

39Therein, d(conv)
24 is compared to data from experimental sources only, all displaying a positive sign.

This discrepancy is tentatively ascribed to crystal defects affecting the experimental measurements;
however, considering the abundance of other theoretical sources (listed in Table 3.8), all of which report
d

(conv)
24 > 0, this explanation appears unlikely.
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environment. In addition, the use of VCA in very small cells – in some works containing as
few as five atoms – cannot encompass octahedral tilts, a structural degree of freedom that
we have shown to be relevant in KNN on the Na-rich side of the phase diagram. As a result,
altogether, we found no previous study that simultaneously (i) addresses the monoclinic
phase, either exclusively or alongside other phases; (ii) employs the SQS approach; and (iii)
provides an analysis of polarisation, dielectric and piezoelectric coefficients. Nevertheless,
we attempt below to organise and critically compare a selection of representative studies
from the available literature, focusing on those aspects that can be directly related to the
results presented in this work.

In one of the earliest DFT studies on KNN [364], Liu et al. report calculated structural
parameters for phases of different symmetry at the composition xNa = 0.5, comparing
different exchange–correlation functionals and employing both ordered supercell and the
VCA. For the monoclinic phase, they obtain values for β ranging from 90.01◦ to 90.51◦,
strongly dependent on the computational setup. Lattice parameters show an even greater
sensitivity, varying both in magnitude and in overall trend with the chosen approach.
Interestingly, the experimental data referenced therein – a ≃ c = 4.00 Å, b = 3.94 Å and
β = 90.33◦ – are in reasonable agreement with our findings (Table 3.4 and Fig. 3.17).

The same authors, in a follow-up publication [316], were the first to investigate
compositional dependences (albeit within the VCA). They report c values between 4.0
and 4.1 Å, always larger than a and b, which remain closer to one another for most
compositions. The trend of β exhibits an irregular profile, with a maximum at xNa = 0.7
followed by a descent, broadly resembling our results in Fig. 3.14 (with the difference that
in their case β > 90◦ everywhere).

The study by Li et al. [317] is the first to include piezoelectric coefficients in an
analysis of compositional trends (again, within the VCA). Their investigation focuses on
the orthorhombic phase (presumably, Amm2, 10-atom cell), and is limited to xNa ≤ 0.7,
as they report mechanical instability at higher Na content.40 Since our monoclinic
phase closely resembles Amm2 at xNa = 0, but progressively departs from it as the Na
fraction increases, it is not surprising that their d(conv)

33 and d
(conv)
15 coefficients resemble

ours only vaguely. Nonetheless, they identify an enhanced – and indeed maximal –
longitudinal response d33 away from the polar direction (specifically at 50◦), together with
a large d(conv)

15 /d
(conv)
33 ratio of 7.3. Both features point to favouring polarisation rotation

mechanisms, traces of which also emerge from our analysis, and are therefore consistent
with our predictions, albeit with quantitative discrepancies.

Yang et al. [318], in a combined theoretical–experimental study, report experimental
values for d33 within a narrow composition window, xNa = 0.54 − 0.57. They observe
a peak in d33 of 200 pm/V at the midpoint of this interval, not far from our predicted
maximum of 176 pm/V at xNa = 0.5.

The study by Peng et al. [319] represents the closest precedent to the present thesis,
both in terms of methodology (use of SQS) and objectives (compositional analysis of ferro-

40Mechanical instability denotes the violation of the Born stability criteria, which occurs when the
elastic energy of the crystal ceases to be positive definite. This situation is reflected in negative elastic
constants or, more generally, in negative eigenvalues of the elastic tensor. Necessary and sufficient
conditions for mechanical stability, specified for each crystal symmetry group, are reported in Ref. [365].
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and piezoelectric properties). The main differences concern the target phase – Amm2 in
their case – and the explored composition range, limited to xNa ≤ 0.625. Although these
aspects, particularly the latter, prevent a strict one-to-one comparison, several points
of agreement nonetheless emerge. First, they also find a gradual, moderate increase in
polarisation, from 39 to 44 µC/cm2 with increasing Na content (in their convention, ẑ is
the polar axis). Likewise, they report small yet finite octahedral tilting angles ωi ≤ 0.9◦,
consistent with our ωx and ωz values (Table 3.5; since Amm2 is nominally untilted, they
do not recover the larger ωy angle appearing in our analysis). The comparison is, however,
particularly instructive for the piezoelectric response. A broad agreement is observed in
the evolution of the tensor elements d(conv)

αβ : in particular, they report a moderate increase
of d(conv)

33 with Na content, from 16.1 to 28.3 pm/V over 0 ≤ xNa ≤ 0.625, comparable
to our range of 20.4–26.8 pm/V for 0 ≤ xNa ≤ 0.67. Likewise, they obtain a very large
shear response, with d

(conv)
15 peaking at 716.3 pm/V for xNa = 0.5625, whereas we find a

maximum d
(conv)
24 = 742.6 pm/V at xNa = 0.5 (most likely, frame adjustments reconcile

the different roles of tensor elements). Furthermore, via an orientation analysis, Peng
et al. report a maximal d33 (exceeding 200 pm/V) at approximately 45◦ from the polar
axis, in line with our rotated-frame results. Averaging tensor elements over all possible
orientations, they identify maxima in d33, d31, and d15 at xNa = 0.5625, consistent with our
observation of enhanced piezoresponse at maximal chemical disorder. Finally, although
no numerical values are provided, they note enhanced responses at higher Na contents
(xNa = 0.6875 − 0.75), which they could not reconcile with available experimental data,
yet may correspond to local maxima of our longitudinal coefficients shown in Fig. 3.21.

Figure 3.23: Comparison between DFT and experimental values for d33 [pm/V] (the latter are
adapted, with permission, from Ref. [3]). The shaded orange band indicates the approximate
range of compositions where the Pm− a0b+c0 phase is expected, according to phase diagrams
from Refs. [285] and [284].

To conclude, we report in Fig. 3.23 a comparison between our calculated d33 values,
from Fig. 3.20, and the in-house experimental data provided by our partner group.
A notable agreement emerges in the compositional window xNa ≃ 0.75 − 0.83, where
the local maximum predicted by DFT coincides with the global maximum observed
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experimentally, with more than satisfactory quantitative correspondence. This result
suggests that the monoclinic phase investigated here may indeed be present in the
experimental samples; although the agreement is confined to a limited compositional
range, it is worth emphasising that this interval falls roughly within the proposed stability
region of the monoclinic symmetry (that may well be affected by substrate effects in the
present experimental scenario). Furthermore, the (a priori arbitrary) structural setting
adopted in our calculations – featuring a polar axis rotated by approximately 45◦ away from
the ẑ direction – may in fact reflect, to a fair extent, the effective configuration realised in
the experimental samples. In any event, further considerations on the matching between
our prediction and in-house experimental data will be developed in the forthcoming
publication [3].

3.8 Conclusions and future perspectives
In this chapter, we presented a DFT-based investigation of selected properties of KNN.
To begin with, inspired by the experimental observation of a tendency of this material
to segregate, under specific conditions, into Na-rich and K-rich regions rather than
maintaining the equimolar stoichiometry, we performed an energetic stability analysis on
KNN systems constrained in an idealised tetragonal symmetry. As a result, we found that
partial segregation into regions of imbalanced composition – similar to those retrieved
in experiments – is indeed favoured, although the energy differences involved are very
tiny. Thereafter, once again prompted by the activity of our experimental partners, we
set out to investigate different compositions of monoclinic (Pm− a0b+c0) KNN, on the
Na-rich side of the phase diagram, providing a detailed and systematic account of their
structural, ferroelectric and piezoelectric properties. These resulted in fair agreement with
the available literature; the d33 coefficient also showed moderate resemblance to the present
experimental data, within a limited compositional range that is, however, consistent with
the expected stability window of the monoclinic phase at stake. Furthermore, by repeating
the energetic analysis within the more realistic monoclinic framework, we found that
the associated energy scale is increased by an order of magnitude with respect to the
previously adopted tetragonal symmetry, strengthening our earlier conclusion regarding
the preference of KNN for non-equimolar compositions.

While providing a consistent and satisfactory picture, these results are not intended
to be fully exhaustive and naturally call for broader, systematic investigations. First-
principles studies of KNN are intrinsically demanding, already at the level of the end
members: as discussed in Section 3.2, NaNbO3 – particularly near room temperature –
exhibits a rich landscape of competing phases, highly sensitive to even minor amounts
of doping, whose complex crystal structures often require a description well beyond the
five-atom primitive cell. This structural complexity extends to KNN over a sizeable
compositional range and combines with the additional computational challenges arising
from the random-alloy nature of the material. Addressing these aspects properly demands
careful selection and validation of the DFT setup, as well as substantial computational
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resources – and, inevitably, time.
In this respect, we would like to close this chapter – and the thesis as a whole – with

an open invitation to the DFT community: there remains both need and opportunity
for a systematic, consistent, rigorous first-principles investigation of KNN, encompassing
all possible phases proposed in the literature, over the entire compositional range. To
the best of our knowledge, such a study has not yet been undertaken in these exact
terms: as discussed earlier in the chapter, the few existing DFT investigations of KNN
have generally focused on narrower composition windows (if not altogether a single,
selected composition, typically xNa = 0.5) and have explored only a subset of the possible
crystal symmetries. As of today, however, advanced exchange–correlation functionals
and alloy-modelling approaches are available, and their combination appears to form a
suitable setup for handling the complexity of materials such as KNN in a holistic fashion,
as partially showcased in this work. While the computational cost remains a significant
factor, it is likely within the capabilities of state-of-the-art HPC facilities and, therefore,
neither prohibitive nor discouraging (in case of insufficient computational resources, lighter
approaches such as the VCA might still turn out useful for the most demanding calculations
– phonon dispersions over the full Brillouin zone being a primary example – provided that
careful benchmarking against SQS results is carried out beforehand).

We sincerely hope that our call to action will be answered in the coming years,
and propose the computational strategies adopted in this work as a sort of “starter
pack” for anyone willing to embark on a large-scale first-principles investigation of KNN.
Such an effort would be of clear benefit to the experimental community, in the spirit of
further promoting this material as a valuable platform for future generations of lead-free
piezoelectric devices.
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AMaRaNTA dataset

We report here the (extended) dataset of exchange parameters for the 2D magnetic
materials discussed in Chapter 2, together with a sketch of the unit cells employed for the
DFT calculations.

In Table A.1, we provide the 12 parameters (exchange plus SIA) that are directly
output of AMaRaNTA, without any further processing.

Material J
(1)
xx J

(1)
yy J

(1)
zz J

(1)
xy J

(1)
yx J

(1)
xz J

(1)
zx J

(1)
yz J

(1)
zy J(2) J(3) A

CrBrO -1.56 -1.56 -1.57 0.00 0.00 -0.01 -0.01 0.00 0.00 -0.78 -8.05 -0.03
CrBrS -6.53 -6.48 -6.56 0.00 -0.00 0.26 -0.27 0.02 0.02 -9.74 -9.31 -0.02
CrBr3 -3.34 -3.28 -3.36 0.05 0.05 -0.03 -0.03 -0.05 -0.05 -0.43 0.23 -0.04
CrClO -1.58 -1.56 -1.58 -0.00 -0.00 -0.01 -0.01 0.01 0.00 -0.80 -7.44 -0.07
CrCl3 -2.58 -2.57 -2.58 -0.00 0.00 0.01 0.01 -0.00 -0.00 -0.23 0.21 -0.01
CrGeTe3 -11.96 -11.52 -12.21 -0.30 -0.30 -0.04 -0.04 0.04 0.04 0.16 -1.13 0.09
CrI3 -3.15 -4.22 -3.83 0.00 -0.00 0.48 0.48 0.00 0.00 -0.81 0.18 -0.10
CrPS4 -9.86 -9.86 -9.86 -0.01 -0.01 -0.02 -0.02 -0.01 -0.01 -9.01 -0.48 -0.03
CrSiSe3 5.13 5.18 5.11 -0.04 -0.04 0.01 0.01 -0.02 -0.02 0.08 1.85 0.02
CrSiTe3 -10.30 -11.16 -11.10 0.01 0.01 0.12 0.12 -0.00 0.00 -0.13 -0.83 0.10
MnO2 -3.13 -3.12 -3.12 -0.02 -0.02 0.03 0.03 0.02 0.02 -0.35 2.19 -0.21
MnBi2Te4 -0.21 -0.29 -0.12 0.02 0.02 -0.00 -0.00 0.02 0.02 0.32 0.22 -0.18
MnBr2 1.12 1.12 1.11 0.01 0.01 0.00 0.00 0.00 0.00 0.16 0.45 -0.02
MnCl2 1.20 1.19 1.19 0.01 0.01 -0.00 -0.00 0.00 0.00 1.80 0.07 -0.00
MnI2 0.91 0.93 0.90 0.02 0.02 -0.01 -0.01 -0.01 -0.01 0.34 0.68 -0.01
NiBr2 -4.41 -4.51 -4.48 0.08 0.08 0.11 0.11 0.06 0.06 -0.05 3.33 0.02
NiCl2 -4.80 -4.79 -4.79 -0.00 -0.00 -0.01 -0.01 -0.00 -0.00 -0.06 1.89 0.00
NiI2 -3.39 -4.62 -4.60 1.13 1.13 1.31 1.31 0.69 0.69 -0.30 7.10 0.28
NiO8Re2 -1.26 -1.26 -1.28 -0.00 -0.00 -0.01 -0.01 -0.00 -0.01 0.01 0.03 -0.22
NiF4Tl2 22.02 22.02 22.00 0.04 0.04 0.00 -0.00 -0.00 -0.00 0.39 0.34 -0.02
NiPS3 -4.10 -4.10 -4.12 -0.00 -0.00 -0.00 -0.00 -0.00 -0.00 1.05 29.49 0.05
NiPSe3 -3.69 -3.73 -3.80 0.03 0.03 -0.04 -0.04 0.07 0.07 -0.63 32.67 -0.12
VAgP2Se6 -1.93 -1.93 -1.94 -0.27 0.26 -0.07 0.06 -0.17 0.17 0.10 0.07 -0.04
V1Cl2 7.01 7.01 7.01 -0.00 -0.00 0.00 0.00 0.00 0.00 0.13 0.27 -0.03
VBr2O 4.48 4.48 4.48 0.00 -0.00 -0.00 -0.00 0.00 0.00 -0.14 -8.52 0.07
VBr2 12.26 12.26 12.27 -0.01 -0.01 0.01 0.01 -0.01 -0.01 7.78 0.17 -0.01
VF4 6.09 6.08 6.07 0.02 -0.02 0.30 -0.30 -0.22 0.22 0.13 0.25 -0.08
VI2 3.98 4.02 4.01 -0.04 -0.04 0.04 0.04 -0.07 -0.07 1.06 0.15 -0.02
VPS3 96.20 96.19 96.20 0.01 0.01 0.01 0.01 0.01 0.01 5.90 5.51 -0.03

Table A.1: Exchange parameters and SIA [meV], as directly produced by AMaRaNTA.
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In the following, we provide quantities not directly produced by AMaRaNTA, yet
easily obtained by simple post-processing of the code’s direct output. Table A.2 shows
the decomposition of the nearest-neighbour exchange tensor into the matrices Kij and
Dij, as introduced in Section 2.3 (only the independent matrix elements are reported).

Material Kxx Kyy Kzz Kxy Kxz Kyz Dxy Dxz Dyz

CrBrO 0.00 0.00 -0.01 0.00 -0.01 0.00 0.00 0.00 0.00
CrBrS -0.01 0.05 -0.04 -0.04 0.00 -0.00 0.02 0.26 -0.00
CrBr3 -0.01 0.05 -0.03 -0.03 0.05 -0.03 -0.05 -0.00 0.00
CrClO -0.00 0.01 -0.01 -0.01 0.01 0.01 0.00 0.00 0.00
CrCl3 -0.00 0.01 -0.00 -0.00 0.00 0.01 -0.00 -0.00 -0.00
CrGeTe3 -0.07 0.38 -0.31 -0.30 0.04 0.04 -0.00 0.00 0.00
CrI3 -0.10 0.59 -0.49 -0.10 0.48 0.00 0.00 0.00 0.00
CrPS4 -0.00 0.00 -0.00 -0.00 -0.02 -0.01 -0.01 -0.01 0.00
CrSiSe3 -0.01 0.04 -0.03 -0.04 0.01 -0.02 0.00 0.00 0.00
CrSiTe3 0.56 -0.31 -0.25 0.01 0.12 0.00 0.00 0.00 0.00
MnO2 -0.01 0.01 -0.00 -0.02 0.03 0.02 0.00 -0.00 -0.00
MnBi2Te4 -0.00 -0.09 0.09 0.02 -0.00 0.02 -0.00 -0.00 -0.00
MnBr2 0.00 0.00 -0.00 0.00 0.00 0.00 0.00 0.00 0.00
MnCl2 0.00 0.00 -0.00 0.00 0.00 0.00 0.00 0.00 0.00
MnI2 -0.00 0.02 -0.02 0.02 -0.01 -0.01 -0.00 -0.01 0.00
NiBr2 0.05 -0.04 -0.01 0.08 0.11 0.06 0.00 -0.00 0.00
NiCl2 -0.00 0.00 -0.00 -0.00 -0.00 -0.00 0.00 0.00 0.00
NiI2 0.28 0.82 -0.42 -0.40 1.13 1.31 0.69 0.00 0.01
NiO8Re2 0.01 0.01 -0.02 0.01 -0.00 -0.01 0.00 0.00 0.00
NiF4Tl2 0.00 -0.01 -0.01 0.00 0.04 -0.00 -0.00 0.00 0.01
NiPS3 0.01 0.00 -0.01 0.00 -0.00 -0.00 -0.00 0.00 0.00
NiPSe3 0.05 0.01 -0.06 0.03 -0.00 0.03 0.07 -0.00 -0.00
VAgP2Se6 -0.00 -0.01 -0.01 -0.01 -0.27 -0.06 0.06 -0.17 0.17
V1Cl2 -0.00 0.00 -0.00 -0.00 0.00 0.00 0.00 0.00 0.00
VBr2O 0.00 -0.00 -0.00 -0.00 -0.00 0.00 0.00 0.00 0.00
VBr2 -0.01 -0.00 0.00 0.00 -0.01 -0.01 0.00 0.00 0.00
VF4 0.02 -0.00 -0.01 -0.00 0.30 -0.22 0.02 0.30 -0.22
VI2 -0.04 0.02 0.01 0.01 0.04 -0.07 -0.04 0.04 -0.07
VPS3 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.01 0.01

Table A.2: Decomposition of the nearest-neighbour exchange tensor into the matrices Kij and
Dij [meV].
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In Table A.3, we list some other useful quantities obtained after post-processing and
discussed in Chapter 2.

Material J(1) max(K)/J(1) avg(K)/J(1) D arctan(D/J(1)) J(2)/J(1) J(3)/J(1)

CrBrO -1.57 0.00 0.00 0.00 0.00 0.50 5.14
CrBrS -6.52 0.01 0.00 0.26 0.04 1.49 1.43
CrBr3 -3.33 0.02 0.01 0.00 0.00 0.13 -0.07
CrClO -1.57 0.01 0.00 0.00 0.00 0.50 4.72
CrCl3 -2.57 0.00 0.00 0.00 0.00 0.09 -0.08
CrGeTe3 -11.90 0.03 0.02 0.00 0.00 -0.01 0.09
CrI3 -3.73 0.16 0.07 0.00 0.00 0.22 0.10
CrPS4 -9.86 0.00 0.00 0.00 0.00 0.91 0.05
CrSiSe3 5.14 0.01 0.01 0.00 0.00 0.02 0.36
CrSiTe3 -10.85 0.05 0.02 0.00 0.00 0.01 0.08
MnO2 -3.12 0.01 0.00 0.00 0.00 0.11 0.70
MnBi2Te4 -0.21 0.43 0.18 0.00 0.00 -1.53 -1.08
MnBr2 1.12 0.01 0.00 0.00 0.00 0.15 0.40
MnCl2 1.19 0.01 0.00 0.00 0.00 1.50 0.06
MnI2 0.91 0.02 0.01 0.00 0.00 0.37 0.74
NiBr2 -4.47 0.02 0.01 0.00 0.00 0.01 -0.74
NiCl2 -4.79 0.00 0.00 0.00 0.00 0.01 -0.39
NiI2 -4.20 0.31 0.19 0.00 0.00 0.07 -1.69
NiO8Re2 -1.27 0.01 0.01 0.00 0.00 -0.01 -0.02
NiF4Tl2 22.01 0.00 0.00 0.00 0.00 0.02 0.02
NiPS3 -4.10 0.00 0.00 0.00 0.00 -0.26 -7.19
NiPSe3 -3.74 0.02 0.01 0.00 0.00 -0.17 -8.73
VAgP2Se6 -1.94 0.00 0.00 0.32 0.17 -0.05 -0.04
V1Cl2 7.01 0.00 0.00 0.00 0.00 0.02 0.04
VBr2O 4.48 0.00 0.00 0.00 0.00 -0.03 -1.90
VBr2 12.27 0.00 0.00 0.00 0.00 0.63 0.01
VF4 6.08 0.00 0.00 0.37 0.06 0.02 0.04
VI2 4.00 0.02 0.01 0.00 0.00 0.26 0.04
VPS3 96.20 0.00 0.00 0.00 0.00 0.06 0.06

Table A.3: Remaining post-processing quantities: isotropic nearest-neighbour scalar parameter
J (1) [meV], ratios max(K)/J (1) and avg(K)/J (1) (discussed in Fig. 2.4 of the main text), length
of the Dzyaloshinskii–Moriya vector D [meV] and angle arctan(D/J (1)) (discussed in Fig. 2.5 of
the main text), ratios J (2)/J (1) and J (3)/J (1).
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Finally, in Figure A.1, we depict our choices for the nearest-, second-nearest, and
third-nearest-neighbour pairs.
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Figure A.1: Nearest- (yellow), second-nearest (red), and third-nearest (green) neighbour pairs
adopted for the dataset. Materials with same lattice and same pair orientation have been
grouped in a single panel.
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Conventions for piezoelectric tensors

We report in the following, for the reader’s convenience, the conventional shapes for the
piezoelectric tensor dαβ (in Voigt notation) for some relevant point groups [322]. The
mapping used for the stress tensor (see Section 3.3) is: 11 → 1, 22 → 2, 33 → 3, 23 → 4,
13 → 5, 12 → 6.

Tetragonal (point group 4mm)

dαβ =

 0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0

 (B.1)

Orthorhombic (point group mm2)

dαβ =

 0 0 0 0 d15 0
0 0 0 d24 0 0
d31 d32 d33 0 0 0

 (B.2)

Monoclinic (point group m)

dαβ =

d11 d12 d13 0 d15 0
0 0 0 d24 0 d26
d31 d32 d33 0 d35 0

 (B.3)

Trigonal (point group 3m)

dαβ =

 0 0 0 0 d15 d16
d16 −d16 0 d15 0 0
d31 d31 d33 0 0 0

 (B.4)

Triclinic (point group 1)

dαβ =

d11 d12 d13 d14 d15 d16
d21 d22 d23 d24 d25 d26
d31 d32 d33 d34 d35 d36

 (B.5)
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Manipulation of piezoelectric tensors

C.1 Rotations: general formalism
When studying properties expressed by tensors, it is now and then necessary to manipulate
them under changes of reference frame. Among the most common operations are rotations,
whether to express a piezoelectric tensor in a different crystal orientation, or to refer a
magnetic exchange tensor to another atomic pair. However, while rotating low-rank tensors
(vectors and matrices) is not something particularly obscure, the treatment of higher-rank
tensors may be somewhat less intuitive. In the following, we therefore provide practical
instructions for handling rotations of third- and fourth-rank tensors, with particular
emphasis on piezoelectric and elastic tensors.

A generic rank-n tensor T transforms under an (active) rotation A as

T ′
i1i2...in

= Ai1j1Ai2j2 ...AinjnTj1j2...jn (C.1)

This transformation law can be specialised to

• rank-1 tensors (vectors), as V ′
i = AijVj

• rank-2 tensors (matrices), as M ′
ij = AikAjlMkl

• rank-3 tensors, as T ′
ijk = AipAjqAkrTpqr

and so forth (the Einstein summation convention is implicitly assumed throughout).
The procedure required to rotate, for instance, a third-rank piezoelectric tensor dαβ,

expressed in Voigt notation, would then consist in

1. “unwrapping” dαβ into the extended form dijk

2. applying the third-rank tensor rotation formula d′
ijk = AipAjqAkrdpqr

3. “refolding” the rotated tensor into the Voigt form d′
αβ.

This direct approach is already sufficient for the task, but we also provide an alternative
formulation, known as the Bond formalism [366], whose central idea is to introduce effective
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rotation matrices that act directly on Voigt-contracted tensors. Since the Bond approach
is most transparently illustrated for fourth-rank tensors, we first apply it to elastic tensors,
specialising it to third-rank piezoelectric tensors immediately afterwards.

First off, as an instructive exercise, we explicitly derive the rotation law for fourth-rank
elastic tensors in their extended (non-Voigt) form. From Section 3.3, we recall

σij = Cijklηkl

ηij = Sijklσkl

(C.2)

where σij is the stress, ηij the strain, Cijkl the elastic stiffness and Sijkl the elastic
compliance, the last two being the inverse of one another: Cijkl = (S−1)ijkl.

Under a rotation Aij, stress and strain – both second-rank tensors – transform as

σ′
mn = AmiAnjσij

η′
op = AokAplηkl

(C.3)

We seek rotated tensors C ′ and S ′ such that the constitutive relations C.2 maintain
their formal structure in the rotated frame; in other words, such that

σ′
mn = C ′

mnopη
′
op

η′
mn = S ′

mnopσ
′
op

(C.4)

From C.2 and C.3,
σ′

mn = AmiAnjσij = AmiAnjCijklηkl (C.5)

But since ηkl = (A−1)ko(A−1)lpη
′
op = AokAplη

′
op, then

σ′
mn = AmiAnjCijklηkl = AmiAnjCijklAokAplη

′
op (C.6)

which is precisely the desired mapping C.4 for the stress tensor. Applying an analogous
procedure to the strain, we end up with

C ′
mnop = AmiAnjAokAplCijkl

S ′
mnop = AmiAnjAokAplSijkl

(C.7)

i.e., none other than realisations of the general formula C.1, as expected.
We now turn to the Voigt-contracted representation. In this framework, stress and

strain are six-component vectors and therefore their transformation under rotations no
longer follows the second-rank tensor rule, as in C.3, but rather

σ′
α = Mαβσβ

η′
α = Nαβηβ

(C.8)

where M,N are suitable 6 × 6 generalised rotation matrices.1

1M and N do not necessarily have unit determinant.
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Explicit expressions for the Bond matrices in terms of the rotation matrix A are

M =



A2
xx A2

xy A2
xz 2AxyAxz 2AxzAxx 2AxxAxy

A2
yx A2

yy A2
yz 2AyyAyz 2AyzAyx 2AyxAyy

A2
zx A2

zy A2
zz 2AzyAzz 2AzzAzx 2AzxAzy

AyxAzx AyyAzy AyzAzz AyyAzz + AyzAzy AyxAzz + AyzAzx AyyAzx + AyxAzy

AzxAxx AzyAxy AzzAxz AxyAzz + AxzAzy AxzAxx + AxxAzz AxxAzy + AxyAzx

AxxAyx AxyAyy AxzAyz AxyAyz + AxzAyy AxzAyx + AxxAyz AxxAyy + AxyAyx



N =



A2
xx A2

xy A2
xz AxyAxz AxzAxx AxxAxy

A2
yx A2

yy A2
yz AyyAyz AyzAyx AyxAyy

A2
zx A2

zy A2
zz AzyAzz AzzAzx AzxAzy

2AyxAzx 2AyyAzy 2AyzAzz AyyAzz + AyzAzy AyxAzz + AyzAzx AyyAzx + AyxAzy

2AzxAxx 2AzyAxy 2AzzAxz AxyAzz + AxzAzy AxzAxx + AxxAzz AxxAzy + AxyAzx

2AxxAyx 2AxyAyy 2AxzAyz AxyAyz + AxzAyy AxzAyx + AxxAyz AxxAyy + AxyAyx



(C.9)

with the two related as N−1 = MT .
By means of these matrices, we can now state the Voigt-contracted analogue of

Eqns. C.7 as
C ′

γδ = MγαMδβCαβ

S ′
γδ = NγαNδβSαβ

(C.10)

or, in compact form: C ′ = MCMT , S ′ = NSNT . In practical terms, two applications
of the physical rotation matrix in the extended formulation C.7 correspond to a single
application of the Bond matrix M or N in the Voigt-contracted framework C.10.

Finally, we adapt this formalism to the third-rank piezoelectric tensor dαβ, whose
transformation under rotation reads, in extended form,

d′
mno = AmiAnjAokdijk (C.11)

Since an odd number of rotation matrices is involved herein, the Voigt-contracted expression
necessarily contains both one of these and a Bond matrix. Accordingly, we find

d′
γδ = Aγα(M−1)δβdαβ = AγαN

T
δβdαβ (C.12)

or, in compact form: d′ = AdM−1 = AdNT .2
The rotation procedure then simply consists in encoding the Bond matrices and

applying Eqn. C.12. We conclude with a final, important remark, though: all expressions
derived above assume the conventional Voigt ordering (see Section 3.3). If one operates
on tensors with a different column arrangement, such as those produced by VASP, it is
essential to first restore the conventional Voigt ordering before implementing the rotation
procedure. Rotated tensors can be reordered again afterwards, if a direct comparison with
the original output format is needed.

2Here, α and β span different ranges depending on the term: A is 3 × 3, M is 6 × 6 and d is 3 × 6.



Appendix D 116

C.2 Explicit transformation in selected cases
Sometimes, when the considered operation is particularly simple – such as a 90◦ rotations
around a Cartesian axis, or a reflection with respect to a Cartesian axis or plane – the
effect on a tensor can be understood directly pen-on-paper, without necessarily having to
implement the general formalism above, by changing the signs of selected components
and/or by swapping rows and columns, in accordance with the transformation. For the
reader’s convenience, we report below a few paradigmatic examples worked out explicitly.

As a starting point, we consider the most general piezoelectric tensor, in Voigt-
contracted form

dαβ =

xx yy zz xy yz zx
x d11 d12 d13 d14 d15 d16
y d21 d22 d23 d24 d25 d26
z d31 d32 d33 d34 d35 d36

where we have explicitly indicated the labels for the polarisation components (rows, lower
case) and the stress components (columns, upper case). Note that, herein, we switch to
the VASP convention for the ordering of shear components, since the transformations
discussed here were originally carried out explicitly as exercises within our practice with
VASP tensors. The general rules outlined below, however, can be straightforwardly applied
within any Voigt convention.

Reflection across an axis
To start with, we consider a reflection with respect to the ẑ axis, i.e., the transformation

Mz :


x → x

y → y

z → −z
(C.13)

We outline, in this case, the step-by-step procedure, following the approach we have found
most instructive from a pedagogical standpoint. This particular transformation does not
interchange coordinates, but simply introduces sign changes. We begin by identifying
rows in which the index z appears an odd number of times, which in this case occurs only
for the third row, and change the sign of the label accordingly:

xx yy zz xy yz zx
x d11 d12 d13 d14 d15 d16
y d21 d22 d23 d24 d25 d26

−z d31 d32 d33 d34 d35 d36

Since we wish to ultimately restore the original row labelling, we absorb the minus sign
from the z label into the tensor components and change sign to the whole third row:
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xx yy zz xy yz zx
x d11 d12 d13 d14 d15 d16
y d21 d22 d23 d24 d25 d26
z −d31 −d32 −d33 −d34 −d35 −d36

We now turn to the columns. As for the rows, we change the sign of any column whose
label contains the index z an odd number of times (the zz column, for example, is invariant
under this operation, since z appears twice):

xx yy zz xy −yz −zx
x d11 d12 d13 d14 d15 d16
y d21 d22 d23 d24 d25 d26
z −d31 −d32 −d33 −d34 −d35 −d36

Finally, by absorbing the minus signs in columns −yz and −zx into the corresponding
tensor components, we obtain

dMz
αβ =

xx yy zz xy yz zx
x d11 d12 d13 d14 −d15 −d16
y d21 d22 d23 d24 −d25 −d26
z −d31 −d32 −d33 −d34 d35 d36

We may thus state the general rule: a reflection with respect to a Cartesian axis k̂ changes
the sign of all tensor components whose indices contain k̂ an odd number of times (i.e.,
either 1, or 3).

Reflection across a plane
Let us now consider a reflection with respect to the x̂y plane, i.e., the transformation

Mxy :


x → −x
y → −y
z → z

(C.14)

Following the same logic, we obtain the transformed tensor

d
Mxy

αβ =

xx yy zz xy yz zx
x −d11 −d12 −d13 −d14 d15 d16
y −d21 −d22 −d23 −d24 d25 d26
z d31 d32 d33 d34 −d35 −d36

according to the following rule: a reflection with respect to the îj plane changes the sign of
all tensor components whose indices contain the remaining coordinate k̂ an even number
of times (i.e., either 0, or 2).
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Inversion
The inversion operation (point reflection about the origin)

Mxyz :


x → −x
y → −y
z → −z

(C.15)

yields, as expected, a global change of sign:

d
Mxyz

αβ =

xx yy zz xy yz zx
x −d11 −d12 −d13 −d14 −d15 −d16
y −d21 −d22 −d23 −d24 −d25 −d26
z −d31 −d32 −d33 −d34 −d35 −d36

90◦ rotations around ŷ

Rotations are slightly more elaborate, as they generally involve permutations of rows and
columns and sign changes together. We consider for instance ±90◦ rotations around ŷ:

Ry(90◦) :


x → −z
y → y

z → x

Ry(−90◦) :


x → z

y → y

z → −x
(C.16)

Let us work out the procedure step by step for the clockwise rotation (+90◦, with ŷ
pointing into the page). We first operate on rows by applying the transformation rules to
the x and z labels:

xx yy zz xy yz zx
−z d11 d12 d13 d14 d15 d16
y d21 d22 d23 d24 d25 d26
x d31 d32 d33 d34 d35 d36

Then, we reorder the rows, absorbing the minus sign inside the tensor:

xx yy zz xy yz zx
x d31 d32 d33 d34 d35 d36
y d21 d22 d23 d24 d25 d26
z −d11 −d12 −d13 −d14 −d15 −d16

We now perform swaps and sign changes to the column labels (observe that, due to the
stress tensor symmetry, −zy = −yz and yx = xy):
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zz yy xx −yz xy −zx
x d31 d32 d33 d34 d35 d36
y d21 d22 d23 d24 d25 d26
z −d11 −d12 −d13 −d14 −d15 −d16

Finally, we reorder the columns according to our convention and absorb minus signs inside
the tensor:

d
Ry(90◦)
αβ =

xx yy zz xy yz zx
x d33 d32 d31 d35 −d34 −d36
y d23 d22 d21 d25 −d24 −d26
z −d13 −d12 −d11 −d15 d14 d16

For completeness, we report, without explicit derivation, the result for the corresponding
counter-clockwise rotation:

d
Ry(−90◦)
αβ =

xx yy zz xy yz zx
x −d33 −d32 −d31 d35 −d34 d36
y d23 d22 d21 −d25 d24 −d26
z d13 d12 d11 −d15 d14 −d16

90◦ rotation around x̂

For ±90◦ rotations around x̂

Rx(90◦) :


x → x

y → z

z → −y
Rx(−90◦) :


x → x

y → −z
z → y

(C.17)

one finds

d
Rx(90◦)
αβ =

xx yy zz xy yz zx
x d11 d13 d12 −d16 −d15 d14
y −d31 −d33 −d32 d36 d35 −d34
z d21 d23 d22 −d26 −d25 d24

d
Rx(−90◦)
αβ =

xx yy zz xy yz zx
x d11 d13 d12 d16 −d15 −d14
y d31 d33 d32 d36 −d35 −d34
z −d21 −d23 −d22 −d26 d25 d24
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90◦ rotation around ẑ

Finally, for ±90◦ rotations around ẑ

Rz(90◦) :


x → y

y → −x
z → z

Rz(−90◦) :


x → −y
y → x

z → z

(C.18)

one has

d
Rz(90◦)
αβ =

xx yy zz xy yz zx
x −d22 −d21 −d23 d24 −d26 d25
y d12 d11 d13 −d14 d16 −d15
z d32 d31 d33 −d34 d36 −d35

d
Rz(−90◦)
αβ =

xx yy zz xy yz zx
x d22 d21 d23 −d24 −d26 d25
y −d12 −d11 −d13 d14 d16 −d15
z d32 d31 d33 −d34 −d36 d35



Bibliography

[1] Orlando, F. et al. AMaRaNTA: automated first-principles exchange parameters in
2D magnets. npj Comput. Mater. 12, 146 (2026).

[2] Pavese, G. et al. Phase segregation in KxNa1−xNbO3 films grown by large-scale
confocal RF sputtering. J. Alloys Compd. 1022, 180039 (2025).

[3] Pavese, G. et al. The KNN rollercoaster: from bulk ceramics to phase engineering
in wafer-scale thin films (2026). Manuscript in preparation.

[4] Hartree, D. R. The Wave Mechanics of an Atom with a Non-Coulomb Central
Field. Part I. Theory and Methods. Math. Proc. Cambridge Philos. Soc. 24, 89–110
(1928).

[5] Slater, J. C. Note on Hartree’s Method. Phys. Rev. 35, 210–211 (1930).

[6] Fock, V. Näherungsmethode zur Lösung des quantenmechanischen Mehrkörperprob-
lems. Z. Phys. 61, 126–148 (1930).

[7] Hartree, D. R. The Wave Mechanics of an Atom with a Non-Coulomb Central
Field. Part II. Some Results and Discussion. Math. Proc. Cambridge Philos. Soc.
24, 111–132 (1928).

[8] Hehre, W. J., Stewart, R. F. & Pople, J. A. Self-Consistent Molecular-Orbital
Methods. I. Use of Gaussian Expansions of Slater-Type Atomic Orbitals. J. Chem.
Phys. 51, 2657–2664 (1969).

[9] Clementi, E. & Raimondi, D. L. Atomic Screening Constants from SCF Functions.
J. Chem. Phys. 38, 2686–2689 (1963).

[10] Clementi, E., Raimondi, D. L. & Reinhardt, W. P. Atomic Screening Constants from
SCF Functions. II. Atoms with 37 to 86 Electrons. J. Chem. Phys. 47, 1300–1307
(1967).

[11] Clementi, E. & Roetti, C. Roothaan-Hartree-Fock Atomic Wavefunctions: Basis
Functions and Their Coefficients for Ground and Certain Excited States of Neutral
and Ionized Atoms, Z <= 54. At. Data Nucl. Data Tables 14, 177 (1974).

[12] Hohenberg, P. & Kohn, W. Inhomogeneous Electron Gas. Phys. Rev. 136, B864–
B871 (1964).



Bibliography 122

[13] Kohn, W. & Sham, L. J. Self-Consistent Equations Including Exchange and
Correlation Effects. Phys. Rev. 140, A1133–A1138 (1965).

[14] Kohn, W. Nobel Lecture: Electronic structure of matter—wave functions and
density functionals. Rev. Mod. Phys. 71, 1253–1266 (1999).

[15] Dovesi, R. et al. Quantum-mechanical condensed matter simulations with CRYSTAL.
WIREs Comput. Mol. Sci. 8, e1360 (2018).

[16] Kresse, G. & Hafner, J. Ab initio molecular dynamics for liquid metals. Phys. Rev.
B 47, 558–561 (1993).

[17] Kresse, G. & Furthmüller, J. Efficient iterative schemes for ab initio total-energy
calculations using a plane-wave basis set. Phys. Rev. B 54, 11169–11186 (1996).

[18] Soler, J. M. et al. The SIESTA method for ab initio order-N materials simulation.
J. Phys.: Condens. Matter 14, 2745 (2002).

[19] Giannozzi, P. et al. QUANTUM ESPRESSO: a modular and open-source software
project for quantumsimulations of materials. J. Phys.: Condens. Matter 21, 395502
(2009).

[20] Geim, A. K. Graphene prehistory. Phys. Scr. 2012, 014003 (2012).

[21] Zhang, W.-B., Qu, Q., Zhu, P. & Lam, C.-H. Robust intrinsic ferromagnetism and
half semiconductivity in stable two-dimensional single-layer chromium trihalides. J.
Mater. Chem. C 3, 12457–12468 (2015).

[22] Novoselov, K. S. et al. Electric Field Effect in Atomically Thin Carbon Films.
Science 306, 666–669 (2004).

[23] Huang, B. et al. Layer-dependent ferromagnetism in a van der Waals crystal down
to the monolayer limit. Nature 546, 270–273 (2017).

[24] Runge, E. & Gross, E. K. U. Density-Functional Theory for Time-Dependent
Systems. Phys. Rev. Lett. 52, 997–1000 (1984).

[25] Baroni, S., de Gironcoli, S., Dal Corso, A. & Giannozzi, P. Phonons and related
crystal properties from density-functional perturbation theory. Rev. Mod. Phys. 73,
515–562 (2001).

[26] Resta, R. Theory of the electric polarization in crystals. Ferroelectrics (1992).

[27] King-Smith, R. D. & Vanderbilt, D. Theory of polarization of crystalline solids.
Phys. Rev. B 47, 1651–1654 (1993).

[28] Resta, R. Macroscopic polarization in crystalline dielectrics: the geometric phase
approach. Rev. Mod. Phys. 66, 899–915 (1994).



Bibliography 123

[29] Materials Genome Initiative for Global Competitiveness (2011). URL https://www.
mgi.gov/sites/mgi/files/materials_genome_initiative-final.pdf.

[30] Jain, A. et al. Commentary: The Materials Project: A materials genome approach
to accelerating materials innovation. APL Mater. 1 (2013).

[31] Curtarolo, S. et al. AFLOW: An automatic framework for high-throughput materials
discovery. Comput. Mater. Sci. 58, 218–226 (2012).

[32] Kirklin, S. et al. The Open Quantum Materials Database (OQMD): assessing the
accuracy of DFT formation energies. npj Comput. Mater. 1, 15010 (2015).

[33] Curtarolo, S. et al. AFLOWLIB.ORG: A distributed materials properties repository
from high-throughput ab initio calculations. Comput. Mater. Sci. 58, 227–235
(2012).

[34] Larsen, A. H. et al. The atomic simulation environment – a Python library for
working with atoms. J. Phys.: Condens. Matter 29, 273002 (2017).

[35] Jain, A. et al. FireWorks: a dynamic workflow system designed for high-throughput
applications. Concurrency Computat.: Pract. Exper. 27, 5037–5059 (2015).

[36] Mathew, K. et al. Atomate: A high-level interface to generate, execute, and analyze
computational materials science workflows. Comput. Mater. Sci. 139, 140–152
(2017).

[37] Janssen, J. et al. pyiron: An integrated development environment for computational
materials science. Comput. Mater. Sci. 163, 24–36 (2019).

[38] Huber, S. P. et al. AiiDA 1.0, a scalable computational infrastructure for automated
reproducible workflows and data provenance. Sci. Data 7, 1–18 (2020).

[39] Talirz, L. et al. Materials Cloud, a platform for open computational science. Sci.
Data 7, 299 (2020).

[40] Scheidgen, M. et al. NOMAD: A distributed web-based platform for managing
materials science research data. Journal of Open Source Software 8, 5388 (2023).

[41] Haastrup, S. et al. The Computational 2D Materials Database: high-throughput
modeling and discovery of atomically thin crystals. 2D Mater. 5, 042002 (2018).

[42] Gjerding, M. N. et al. Recent progress of the Computational 2D Materials Database
(C2DB). 2D Mater. 8, 044002 (2021).

[43] Mounet, N. et al. Two-dimensional materials from high-throughput computational
exfoliation of experimentally known compounds. Nat. Nanotechnol. 13, 246–252
(2018).

https://www.mgi.gov/sites/mgi/files/materials_genome_initiative-final.pdf
https://www.mgi.gov/sites/mgi/files/materials_genome_initiative-final.pdf


Bibliography 124

[44] Campi, D., Mounet, N., Gibertini, M., Pizzi, G. & Marzari, N. Expansion of the
Materials Cloud 2D Database. ACS Nano 17, 11268–11278 (2023).

[45] Schmidt, J., Marques, M. R. G., Botti, S. & Marques, M. A. L. Recent advances
and applications of machine learning in solid-state materials science. npj Comput.
Mater. 5, 83 (2019).

[46] Butler, K. T., Davies, D. W., Cartwright, H., Isayev, O. & Walsh, A. Machine
learning for molecular and materials science. Nature 559, 547–555 (2018).

[47] Sha, W. & Edwards, K. L. The use of artificial neural networks in materials science
based research. Mater. Des. 28, 1747–1752 (2007).

[48] Ward, L., Agrawal, A., Choudhary, A. & Wolverton, C. A general-purpose machine
learning framework for predicting properties of inorganic materials. npj Comput.
Mater. 2, 16028 (2016).

[49] Breiman, L. Random Forests. Machine Learning 45, 5–32 (2001).

[50] Ghiringhelli, L. M. et al. Learning physical descriptors for materials science by
compressed sensing. New J. Phys. 19, 023017 (2017).

[51] Ouyang, R., Curtarolo, S., Ahmetcik, E., Scheffler, M. & Ghiringhelli, L. M. SISSO:
A compressed-sensing method for identifying the best low-dimensional descriptor in
an immensity of offered candidates. Phys. Rev. Mater. 2, 083802 (2018).

[52] Foppa, L. et al. Materials genes of heterogeneous catalysis from clean experiments
and artificial intelligence. MRS Bull. 46, 1016–1026 (2021).

[53] Foppa, L. et al. Data-Centric Heterogeneous Catalysis: Identifying Rules and
Materials Genes of Alkane Selective Oxidation. J. Am. Chem. Soc. 145, 3427–3442
(2023).

[54] Agrawal, A. & Choudhary, A. Perspective: Materials informatics and big data:
Realization of the “fourth paradigm” of science in materials science. APL Mater. 4
(2016).

[55] Grosso, G. & Pastori Parravicini, G. Solid State Physics (Elsevier, Oxford, 2014).

[56] Martin, R. Electronic Structure. Basic Theory And Practical Methods (Cambridge
University Press, Cambridge, 2020).

[57] Born, M. & Oppenheimer, R. Zur Quantentheorie der Molekeln. Ann. Phys. 389,
457–484 (1927).

[58] Strout, D. L. & Scuseria, G. E. A quantitative study of the scaling properties of the
Hartree–Fock method. J. Chem. Phys. 102, 8448–8452 (1995).



Bibliography 125

[59] Thomas, L. H. The calculation of atomic fields. Math. Proc. Cambridge Philos. Soc.
23, 542–548 (1927).

[60] Fermi, E. Un Metodo Statistico per la Determinazione di alcune Proprietà dell’Atomo.
Rend. Accad. Naz. Lincei 6 (1927).

[61] Teller, E. On the Stability of Molecules in the Thomas-Fermi Theory. Rev. Mod.
Phys. 34, 627–631 (1962).

[62] Goedecker, S. Linear scaling electronic structure methods. Rev. Mod. Phys. 71,
1085–1123 (1999).

[63] Koopmans, T. Über die Zuordnung von Wellenfunktionen und Eigenwerten zu den
Einzelnen Elektronen Eines Atoms. Physica 1, 104–113 (1934).

[64] Janak, J. F. Proof that ∂E
∂ni

= ϵ in density-functional theory. Phys. Rev. B 18,
7165–7168 (1978).

[65] Ceperley, D. M. & Alder, B. J. Ground State of the Electron Gas by a Stochastic
Method. Phys. Rev. Lett. 45, 566–569 (1980).

[66] Perdew, J. P. & Zunger, A. Self-interaction correction to density-functional approxi-
mations for many-electron systems. Phys. Rev. B 23, 5048–5079 (1981).

[67] Yasuhara, H., Higuchi, M., Ishii, S., Hongo, K. & Kawazoe, Y. An Orbital-
dependent Correlation Energy Functional in Density-functional Theory for the
Study of Strongly-correlated Electronic Systems. Mater. Trans. 45, 1402–1410
(2004).

[68] Perdew, J. P., Burke, K. & Ernzerhof, M. Generalized Gradient Approximation
Made Simple. Phys. Rev. Lett. 77, 3865–3868 (1996).

[69] Perdew, J. P. et al. Restoring the Density-Gradient Expansion for Exchange in
Solids and Surfaces. Phys. Rev. Lett. 100, 136406 (2008).

[70] Anisimov, V. I., Solovyev, I. V., Korotin, M. A., Czyżyk, M. T. & Sawatzky,
G. A. Density-functional theory and NiO photoemission spectra. Phys. Rev. B 48,
16929–16934 (1993).

[71] Anisimov, V. I., Aryasetiawan, F. & Lichtenstein, A. I. First-principles calculations
of the electronic structure and spectra of strongly correlated systems: the LDA+ U
method. J. Phys.: Condens. Matter 9, 767 (1997).

[72] Liechtenstein, A. I., Anisimov, V. I. & Zaanen, J. Density-functional theory and
strong interactions: Orbital ordering in Mott-Hubbard insulators. Phys. Rev. B 52,
R5467–R5470 (1995).

[73] Hubbard, J. Electron correlations in narrow energy bands. Proc. R. Soc. London A
- Math. Phys. Sci. 276, 238–257 (1963).



Bibliography 126

[74] Dudarev, S. L., Botton, G. A., Savrasov, S. Y., Humphreys, C. J. & Sutton, A. P.
Electron-energy-loss spectra and the structural stability of nickel oxide: An LSDA+U
study. Phys. Rev. B 57, 1505–1509 (1998).

[75] Cococcioni, M. & de Gironcoli, S. Linear response approach to the calculation of the
effective interaction parameters in the LDA+U method. Phys. Rev. B 71, 035105
(2005).

[76] Aryasetiawan, F., Karlsson, K., Jepsen, O. & Schönberger, U. Calculations of
Hubbard U from first-principles. Phys. Rev. B 74, 125106 (2006).

[77] Ashcroft, N. W. & Mermin, N. D. Solid State Physics (Holt, Rinehart and Winston,
New York, 1976).

[78] Adhikari, K. et al. Benchmarking the performance of plane-wave vs. localized orbital
basis set methods in DFT modeling of metal surface: a case study for Fe-(110). J.
Comput. Sci. 29, 163–167 (2018).

[79] Hamann, D. R., Schlüter, M. & Chiang, C. Norm-Conserving Pseudopotentials.
Phys. Rev. Lett. 43, 1494–1497 (1979).

[80] Vanderbilt, D. Soft self-consistent pseudopotentials in a generalized eigenvalue
formalism. Phys. Rev. B 41, 7892–7895 (1990).

[81] Blöchl, P. E. Projector augmented-wave method. Phys. Rev. B 50, 17953–17979
(1994).

[82] Kresse, G. & Joubert, D. From ultrasoft pseudopotentials to the projector augmented-
wave method. Phys. Rev. B 59, 1758–1775 (1999).

[83] Monkhorst, H. J. & Pack, J. D. Special points for Brillouin-zone integrations. Phys.
Rev. B 13, 5188–5192 (1976).

[84] Johnson, D. D. Modified Broyden’s method for accelerating convergence in self-
consistent calculations. Phys. Rev. B 38, 12807–12813 (1988).

[85] Pulay, P. Convergence acceleration of iterative sequences. the case of scf iteration.
Chem. Phys. Lett. 73, 393–398 (1980).

[86] Gillan, M. J. Calculation of the vacancy formation energy in aluminium. J. Phys.:
Condens. Matter 1, 689 (1989).

[87] Mermin, N. D. Thermal Properties of the Inhomogeneous Electron Gas. Phys. Rev.
137, A1441–A1443 (1965).

[88] Fu, C.-L. & Ho, K.-M. First-principles calculation of the equilibrium ground-state
properties of transition metals: Applications to Nb and Mo. Phys. Rev. B 28,
5480–5486 (1983).



Bibliography 127

[89] Needs, R. J., Martin, R. M. & Nielsen, O. H. Total-energy calculations of the
structural properties of the group-V element arsenic. Phys. Rev. B 33, 3778–3784
(1986).

[90] Methfessel, M. & Paxton, A. T. High-precision sampling for Brillouin-zone integra-
tion in metals. Phys. Rev. B 40, 3616–3621 (1989).

[91] Marzari, N., Vanderbilt, D., De Vita, A. & Payne, M. C. Thermal Contraction and
Disordering of the Al(110) Surface. Phys. Rev. Lett. 82, 3296–3299 (1999).

[92] Blöchl, P. E., Jepsen, O. & Andersen, O. K. Improved tetrahedron method for
Brillouin-zone integrations. Phys. Rev. B 49, 16223–16233 (1994).

[93] Feynman, R. P. Forces in Molecules. Phys. Rev. 56, 340–343 (1939).

[94] Moruzzi, V. L., Janak, J. F. & Williams, A. R. Calculated Electronic Properties Of
Metals (Pergamon Press, New York, 1978).

[95] Setyawan, W. & Curtarolo, S. High-throughput electronic band structure calcula-
tions: Challenges and tools. Comput. Mater. Sci. 49, 299–312 (2010).

[96] Picasso, L. Lezioni Di Meccanica Quantistica (Edizioni ETS, Pisa, 2015).

[97] Stöhr, J. & Siegmann, H. Magnetism. From Fundamentals To Nanoscale Dynamics
(Springer-Verlag Berlin Heidelberg, 2006).

[98] Li, X. et al. Spin Hamiltonians in Magnets: Theories and Computations. Molecules
26, 803 (2021).

[99] Heisenberg, W. Zur Theorie des Ferromagnetismus. Z. Phys. 49, 619–636 (1928).

[100] Lieb, E., Schultz, T. & Mattis, D. Two soluble models of an antiferromagnetic chain.
Ann. Phys. 16, 407–466 (1961).

[101] Ising, E. Beitrag zur Theorie des Ferromagnetismus. Z. Phys. 31, 253–258 (1925).

[102] Mermin, N. D. & Wagner, H. Absence of Ferromagnetism or Antiferromagnetism
in One- or Two-Dimensional Isotropic Heisenberg Models. Phys. Rev. Lett. 17,
1133–1136 (1966).

[103] Irkhin, V. Yu., Katanin, A. A. & Katsnelson, M. I. Self-consistent spin-wave theory
of layered Heisenberg magnets. Phys. Rev. B 60, 1082–1099 (1999).

[104] Lado, J. L. & Fernández-Rossier, J. On the origin of magnetic anisotropy in two
dimensional CrI3. 2D Mater. 4, 035002 (2017).

[105] Tsubokawa, I. On the Magnetic Properties of a CrBr3 Single Crystal. J. Phys. Soc.
Jpn. 15, 1664–1668 (1960).



Bibliography 128

[106] Dillon, J. F. & Olson, C. E. Magnetization, Resonance, and Optical Properties of
the Ferromagnet CrI3. J. Appl. Phys. 36, 1259–1260 (1965).

[107] Gong, C. et al. Discovery of intrinsic ferromagnetism in two-dimensional van der
Waals crystals. Nature 546, 265–269 (2017).

[108] Burch, K. S., Mandrus, D. & Park, J.-G. Magnetism in two-dimensional van der
Waals materials. Nature 563, 47–52 (2018).

[109] Gong, C. & Zhang, X. Two-dimensional magnetic crystals and emergent heterostruc-
ture devices. Science 363 (2019).

[110] Gibertini, M., Koperski, M., Morpurgo, A. F. & Novoselov, K. S. Magnetic 2D
materials and heterostructures. Nat. Nanotechnol. 14, 408–419 (2019).

[111] Jiang, X. et al. Recent progress on 2D magnets: Fundamental mechanism, structural
design and modification. Appl. Phys. Rev. 8 (2021).

[112] Wang, Q. H. et al. The Magnetic Genome of Two-Dimensional van der Waals
Materials. ACS Nano 16, 6960–7079 (2022).

[113] Song, T. et al. Giant tunneling magnetoresistance in spin-filter van der Waals
heterostructures. Science 360, 1214–1218 (2018).

[114] Wang, Z. et al. Tunneling Spin Valves Based on Fe3GeTe2/hBN/Fe3GeTe2 van der
Waals Heterostructures. Nano Lett. 18, 4303–4308 (2018).

[115] Zhang, B., Lu, P., Tabrizian, R., Feng, P. X.-L. & Wu, Y. 2D Magnetic heterostruc-
tures: spintronics and quantum future. npj Spintronics 2, 1–10 (2024).

[116] Deng, Y. et al. Gate-tunable room-temperature ferromagnetism in two-dimensional
Fe3GeTe2. Nature 563, 94–99 (2018).

[117] Zhang, G. et al. Above-room-temperature strong intrinsic ferromagnetism in 2D van
der Waals Fe3GaTe2 with large perpendicular magnetic anisotropy. Nat. Commun.
13, 1–8 (2022).

[118] Chen, Z., Yang, Y., Ying, T. & Guo, J.-g. High-Tc Ferromagnetic Semiconductor in
Thinned 3D Ising Ferromagnetic Metal Fe3GaTe2. Nano Lett. 24, 993–1000 (2024).

[119] Sødequist, J. & Olsen, T. Two-dimensional altermagnets from high throughput
computational screening: Symmetry requirements, chiral magnons, and spin-orbit
effects. Appl. Phys. Lett. 124, 182409 (2024).

[120] Dzyaloshinsky, I. A thermodynamic theory of “weak” ferromagnetism of antiferro-
magnetics. J. Phys. Chem. Solids 4, 241–255 (1958).

[121] Moriya, T. Anisotropic Superexchange Interaction and Weak Ferromagnetism. Phys.
Rev. 120, 91–98 (1960).



Bibliography 129

[122] Milivojević, M., Orozović, M., Picozzi, S., Gmitra, M. & Stavrić, S. Interplay of
altermagnetism and weak ferromagnetism in two-dimensional RuF4. 2D Mater. 11,
035025 (2024).

[123] Rößler, U. K., Bogdanov, A. N. & Pfleiderer, C. Spontaneous skyrmion ground
states in magnetic metals. Nature 442, 797–801 (2006).

[124] Yi, S. D., Onoda, S., Nagaosa, N. & Han, J. H. Skyrmions and anomalous Hall
effect in a Dzyaloshinskii-Moriya spiral magnet. Phys. Rev. B 80, 054416 (2009).

[125] Heinze, S. et al. Spontaneous atomic-scale magnetic skyrmion lattice in two dimen-
sions. Nat. Phys. 7, 713–718 (2011).

[126] Liu, Y., Yang, B., Guo, X., Picozzi, S. & Yan, Y. Modulation of skyrmion helicity
by competition between Dzyaloshinskii-Moriya interaction and magnetic frustration.
Phys. Rev. B 109, 094431 (2024).

[127] Zhang, Y. et al. Emergence of skyrmionium in a two-dimensional CrGe(Se,Te)3
Janus monolayer. Phys. Rev. B 102, 241107 (2020).

[128] Xu, C. et al. Topological spin texture in Janus monolayers of the chromium trihalides
Cr(I, X)3. Phys. Rev. B 101, 060404 (2020).

[129] Ga, Y. et al. Anisotropic Dzyaloshinskii-Moriya interaction protected by D2d crystal
symmetry in two-dimensional ternary compounds. npj Comput. Mater. 8, 1–7
(2022).

[130] Cui, Q. et al. Anisotropic Dzyaloshinskii–Moriya Interaction and Topological Mag-
netism in Two-Dimensional Magnets Protected by xn–P4m2-hwc Crystal Symmetry.
Nano Lett. 22, 2334–2341 (2022).

[131] Liang, J. et al. Very large Dzyaloshinskii-Moriya interaction in two-dimensional
Janus manganese dichalcogenides and its application to realize skyrmion states.
Phys. Rev. B 101, 184401 (2020).

[132] Moessner, R. & Chalker, J. T. Low-temperature properties of classical geometrically
frustrated antiferromagnets. Phys. Rev. B 58, 12049–12062 (1998).

[133] Ramirez, A. P. Strongly Geometrically Frustrated Magnets. Annu. Rev. Mater. Res.
453–480 (1994).

[134] Balents, L. Spin liquids in frustrated magnets. Nature 464, 199–208 (2010).

[135] McGuire, M. A. Crystal and Magnetic Structures in Layered, Transition Metal
Dihalides and Trihalides. Crystals 7, 121 (2017).

[136] Rastelli, E., Tassi, A. & Reatto, L. Non-simple magnetic order for simple Hamilto-
nians. Physica B+C 97, 1–24 (1979).



Bibliography 130

[137] Schmidt, B. & Thalmeier, P. Frustrated two dimensional quantum magnets. Phys.
Rep. 703, 1–59 (2017).

[138] Chakrabartty, D. et al. Role of Competing Magnetic Exchange on Non-Collinear
to Collinear Magnetic Ordering and Skyrmion Stabilization in Centrosymmetric
Hexagonal Magnets. ACS Nano 19, 3614–3623 (2025).

[139] Amoroso, D., Barone, P. & Picozzi, S. Spontaneous skyrmionic lattice from
anisotropic symmetric exchange in a Ni-halide monolayer. Nat. Commun. 11,
1–9 (2020).

[140] Cheong, S.-W. & Mostovoy, M. Multiferroics: a magnetic twist for ferroelectricity.
Nat. Mater. 6, 13–20 (2007).

[141] Tokura, Y. & Seki, S. Multiferroics with Spiral Spin Orders. Adv. Mater. 22,
1554–1565 (2010).

[142] Fumega, A. O. & Lado, J. L. Microscopic origin of multiferroic order in monolayer
NiI2. 2D Mater. 9, 025010 (2022).

[143] Song, Q. et al. Evidence for a single-layer van der Waals multiferroic. Nature 602,
601–605 (2022).

[144] Torelli, D., Moustafa, H., Jacobsen, K. W. & Olsen, T. High-throughput compu-
tational screening for two-dimensional magnetic materials based on experimental
databases of three-dimensional compounds. npj Comput. Mater. 6, 1–12 (2020).

[145] Zimmermann, B. et al. Comparison of first-principles methods to extract magnetic
parameters in ultrathin films: Co/Pt(111). Phys. Rev. B 99, 214426 (2019).

[146] Noodleman, L. Valence bond description of antiferromagnetic coupling in transition
metal dimers. J. Chem. Phys. 74, 5737–5743 (1981).

[147] Novák, P., Chaplygin, I., Seifert, G., Gemming, S. & Laskowski, R. Ab-initio
calculation of exchange interactions in YMnO3. Comput. Mater. Sci. 44, 79–81
(2008).

[148] Kartsev, A., Augustin, M., Evans, R. F. L., Novoselov, K. S. & Santos, E. J. G.
Biquadratic exchange interactions in two-dimensional magnets. npj Comput. Mater.
6, 1–11 (2020).

[149] Wines, D., Choudhary, K. & Tavazza, F. Systematic DFT+U and Quantum Monte
Carlo Benchmark of Magnetic Two-Dimensional (2D) CrX3 (X = I, Br, Cl, F). J.
Phys. Chem. C 127, 1176–1188 (2023).

[150] Liechtenstein, A. I., Katsnelson, M. I., Antropov, V. P. & Gubanov, V. A. Local spin
density functional approach to the theory of exchange interactions in ferromagnetic
metals and alloys. J. Magn. Magn. Mater. 67, 65–74 (1987).



Bibliography 131

[151] Szilva, A. et al. Quantitative theory of magnetic interactions in solids. Rev. Mod.
Phys. 95, 035004 (2023).

[152] Antropov, V. P., Katsnelson, M. I. & Liechtenstein, A. I. Exchange interactions in
magnets. Physica B 237-238, 336–340 (1997).

[153] Udvardi, L., Szunyogh, L., Palotás, K. & Weinberger, P. First-principles relativistic
study of spin waves in thin magnetic films. Phys. Rev. B 68, 104436 (2003).

[154] Secchi, A., Lichtenstein, A. I. & Katsnelson, M. I. Magnetic interactions in strongly
correlated systems: Spin and orbital contributions. Ann. Phys. 360, 61–97 (2015).

[155] Kvashnin, Y. O. et al. Exchange parameters of strongly correlated materials:
Extraction from spin-polarized density functional theory plus dynamical mean-field
theory. Phys. Rev. B 91, 125133 (2015).

[156] Steenbock, T. & Herrmann, C. Toward an automated analysis of exchange pathways
in spin-coupled systems. J. Comput. Chem. 39, 81–92 (2018).

[157] Kashin, I. V., Mazurenko, V. V., Katsnelson, M. I. & Rudenko, A. N. Orbitally-
resolved ferromagnetism of monolayer CrI3. 2D Mater. 7, 025036 (2020).

[158] Besbes, O., Nikolaev, S., Meskini, N. & Solovyev, I. Microscopic origin of ferromag-
netism in the trihalides CrCl3 and CrI3. Phys. Rev. B 99, 104432 (2019).

[159] Ebert, H., Ködderitzsch, D. & Minár, J. Calculating condensed matter properties
using the KKR-Green’s function method—recent developments and applications.
Rep. Prog. Phys. 74, 096501 (2011).

[160] Andersen, O. K. & Jepsen, O. Explicit, First-Principles Tight-Binding Theory.
Phys. Rev. Lett. 53, 2571–2574 (1984).

[161] Marzari, N., Mostofi, A. A., Yates, J. R., Souza, I. & Vanderbilt, D. Maximally
localized Wannier functions: Theory and applications. Rev. Mod. Phys. 84, 1419–
1475 (2012).

[162] Pizzi, G. et al. Wannier90 as a community code: new features and applications. J.
Phys.: Condens. Matter 32, 165902 (2020).

[163] Korotin, Dm. M., Mazurenko, V. V., Anisimov, V. I. & Streltsov, S. V. Calculation
of exchange constants of the Heisenberg model in plane-wave-based methods using
the Green’s function approach. Phys. Rev. B 91, 224405 (2015).

[164] He, X., Helbig, N., Verstraete, M. J. & Bousquet, E. TB2J: A python package for
computing magnetic interaction parameters. Comput. Phys. Commun. 264, 107938
(2021).



Bibliography 132

[165] Oroszlány, L., Ferrer, J., Deák, A., Udvardi, L. & Szunyogh, L. Exchange interactions
from a nonorthogonal basis set: From bulk ferromagnets to the magnetism in low-
dimensional graphene systems. Phys. Rev. B 99, 224412 (2019).

[166] Martínez-Carracedo, G. et al. Relativistic magnetic interactions from nonorthogonal
basis sets. Phys. Rev. B 108, 214418 (2023).

[167] Soriano, M. & Palacios, J. J. Theory of projections with nonorthogonal basis sets:
Partitioning techniques and effective Hamiltonians. Phys. Rev. B 90, 075128 (2014).

[168] Droghetti, A. & Rungger, I. Quantum transport simulation scheme including strong
correlations and its application to organic radicals adsorbed on gold. Phys. Rev. B
95, 085131 (2017).

[169] Sandratskii, L. M. & Guletskii, P. G. Symmetrised method for the calculation of
the band structure of noncollinear magnets. J. Phys. F: Met. Phys. 16, L43 (1986).

[170] Sandratskii, L. M. Symmetry analysis of electronic states for crystals with spiral
magnetic order. I. General properties. J. Phys.: Condens. Matter 3, 8565 (1991).

[171] Heide, M., Bihlmayer, G. & Blügel, S. Describing Dzyaloshinskii–Moriya spirals
from first principles. Physica B 404, 2678–2683 (2009).

[172] Sødequist, J. & Olsen, T. Type II multiferroic order in two-dimensional transition
metal halides from first principles spin-spiral calculations. 2D Mater. 10, 035016
(2023).

[173] Xiang, H., Lee, C., Koo, H.-J., Gong, X. & Whangbo, M.-H. Magnetic properties
and energy-mapping analysis. Dalton Trans. 42, 823–853 (2012).

[174] Xiang, H. J., Kan, E. J., Wei, S.-H., Whangbo, M.-H. & Gong, X. G. Predicting
the spin-lattice order of frustrated systems from first principles. Phys. Rev. B 84,
224429 (2011).

[175] Xu, C., Feng, J., Xiang, H. & Bellaiche, L. Interplay between Kitaev interaction and
single ion anisotropy in ferromagnetic CrI3 and CrGeTe3 monolayers. npj Comput.
Mater. 4, 1–6 (2018).

[176] Xu, C. et al. Possible Kitaev Quantum Spin Liquid State in 2D Materials with
S = 3/2. Phys. Rev. Lett. 124, 087205 (2020).

[177] Kitaev, A. Anyons in an exactly solved model and beyond. Ann. Phys. 321, 2–111
(2006).

[178] Rau, J. G., Lee, E. K.-H. & Kee, H.-Y. Generic Spin Model for the Honeycomb
Iridates beyond the Kitaev Limit. Phys. Rev. Lett. 112, 077204 (2014).



Bibliography 133

[179] Menichetti, G., Calandra, M. & Polini, M. Electronic structure and magnetic prop-
erties of few-layer Cr2Ge2Te6: the key role of nonlocal electron–electron interaction
effects. 2D Mater. 6, 045042 (2019).

[180] Uhrin, M., Huber, S. P., Yu, J., Marzari, N. & Pizzi, G. Workflows in AiiDA: Engi-
neering a high-throughput, event-based engine for robust and modular computational
workflows. Comput. Mater. Sci. 187, 110086 (2021).

[181] Desmarais, J. K., Flament, J.-P. & Erba, A. Spin-orbit coupling from a two-
component self-consistent approach. II. Non-collinear density functional theories. J.
Chem. Phys. 151, 074108 (2019).

[182] Zhuang, H. L., Xie, Y., Kent, P. R. C. & Ganesh, P. Computational discovery
of ferromagnetic semiconducting single-layer CrSnTe3. Phys. Rev. B 92, 035407
(2015).

[183] Chittari, B. L. et al. Electronic and magnetic properties of single-layer MPX3 metal
phosphorous trichalcogenides. Phys. Rev. B 94, 184428 (2016).

[184] Yang, K., Ning, Y., Ma, Y., Zhou, Y. & Wu, H. Contrasting magnetism in VPS3
and CrI3 monolayers with the common honeycomb S = 3/2 spin lattice. Phys. Rev.
B 111, 134421 (2025).

[185] Liu, C. et al. Probing the Néel-Type Antiferromagnetic Order and Coherent
Magnon–Exciton Coupling in Van Der Waals VPS3. Adv. Mater. 35, 2300247
(2023).

[186] Riedl, K. et al. Microscopic origin of magnetism in monolayer 3d transition metal
dihalides. Phys. Rev. B 106, 035156 (2022).

[187] Gu, Y. et al. Ni-based transition metal trichalcogenide monolayer: A strongly
correlated quadruple-layer graphene. Phys. Rev. B 100, 165405 (2019).

[188] Bazazzadeh, N. et al. Symmetry enhanced spin-Nernst effect in honeycomb antifer-
romagnetic transition metal trichalcogenide monolayers. Phys. Rev. B 103, 014425
(2021).

[189] Basnet, R. et al. Controlling magnetic exchange and anisotropy by nonmagnetic
ligand substitution in layered MPX3 (M = Ni, Mn; X = S, Se). Phys. Rev. Res. 4,
023256 (2022).

[190] Peng, C. et al. Kitaev physics in the two-dimensional magnet NiPSe3. Phys. Rev.
Res. 6, 033206 (2024).

[191] Yang, J. et al. Zigzag antiferromagnetic property of two-dimensional NiPX3 (X
= S/Se) monolayers in their pristine structure and Janus phase. RSC Adv. 15,
23115–23123 (2025).



Bibliography 134

[192] Autieri, C. et al. Limited Ferromagnetic Interactions in Monolayers of MPS3 (M =
Mn and Ni). J. Phys. Chem. C 126, 6791–6802 (2022).

[193] Olsen, T. Magnetic anisotropy and exchange interactions of two-dimensional FePS3,
NiPS3 and MnPS3 from first principles calculations. J. Phys. D: Appl. Phys. 54,
314001 (2021).

[194] Lançon, D., Ewings, R. A., Guidi, T., Formisano, F. & Wildes, A. R. Magnetic
exchange parameters and anisotropy of the quasi-two-dimensional antiferromagnet
NiPS3. Phys. Rev. B 98, 134414 (2018).

[195] Musari, A. A. & Kratzer, P. Lattice dynamics, elastic, magnetic, thermodynamic
and thermoelectric properties of the two-dimensional semiconductors MPSe3 (M =
Cd, Fe and NI): a first-principles study. Mater. Res. Express 9, 106302 (2022).

[196] Sun, H. et al. Coexistence of zigzag antiferromagnetic order and superconductivity
in compressed NiPSe3. Materials Today Physics 36, 101188 (2023).

[197] Zhang, D. et al. Topological Axion States in the Magnetic Insulator MnBi2Te4 with
the Quantized Magnetoelectric Effect. Phys. Rev. Lett. 122, 206401 (2019).

[198] Li, Y., Jiang, Z., Li, J., Xu, S. & Duan, W. Magnetic anisotropy of the two-
dimensional ferromagnetic insulator MnBi2Te4. Phys. Rev. B 100, 134438 (2019).

[199] Otrokov, M. M. et al. Prediction and observation of an antiferromagnetic topological
insulator. Nature 576, 416–422 (2019).

[200] Li, B. et al. Competing Magnetic Interactions in the Antiferromagnetic Topological
Insulator MnBi2Te4. Phys. Rev. Lett. 124, 167204 (2020).

[201] Yang, B., Han, X. & Picozzi, S. Emergence of topological bimerons in monolayer
CrSBr. Phys. Rev. Mater. 9, 064003 (2025).

[202] Kruse, M. et al. Two-dimensional ferroelectrics from high throughput computational
screening. npj Comput. Mater. 9, 1–11 (2023).

[203] Priessnitz, J. & Legut, D. OstravaJ: a tool for calculating magnetic exchange
interactions via DFT. arXiv (2025). 2501.08251.

[204] Wan, G. et al. Sym4state.jl: An efficient computation package for magnetic materials.
Comput. Phys. Commun. 303, 109283 (2024).

[205] Lou, F. et al. PASP: Property analysis and simulation package for materials. J.
Chem. Phys. 154, 114103 (2021).

[206] Wang, B. et al. Prediction of a two-dimensional high-TC f-electron ferromagnetic
semiconductor. Mater. Horiz. 7, 1623–1630 (2020).

2501.08251


Bibliography 135

[207] Liu, Q. et al. Surprising pressure-induced magnetic transformations from helimag-
netic order to antiferromagnetic state in NiI2. Nat. Commun. 16, 1–8 (2025).

[208] Orozović, M., Šoškić, B. N., Picozzi, S., Šljivančanin, Ž. & Stavrić, S. Hole doping
as an efficient route to increase the Curie temperature in monolayer CrI3. 2D Mater.
12, 045025 (2025).

[209] Abuawwad, N., Dias, M. d. S., Abusara, H. & Lounis, S. CrTe2 as a two-dimensional
material for topological magnetism in complex heterobilayers. Phys. Rev. B 108,
094409 (2023).

[210] Ni, J. Y. et al. Giant Biquadratic Exchange in 2D Magnets and Its Role in Stabilizing
Ferromagnetism of NiCl2 Monolayers. Phys. Rev. Lett. 127, 247204 (2021).

[211] Li, X. et al. Realistic Spin Model for Multiferroic NiI2. Phys. Rev. Lett. 131, 036701
(2023).

[212] Xiang, H. J., Kan, E. J., Zhang, Y., Whangbo, M.-H. & Gong, X. G. General
Theory for the Ferroelectric Polarization Induced by Spin-Spiral Order. Phys. Rev.
Lett. 107, 157202 (2011).

[213] Edström, A., Barone, P., Picozzi, S. & Stengel, M. Magnetoelectricity of topological
solitons in 2D magnets. npj Comput. Mater. 11, 295 (2025).

[214] Archer, T. et al. Exchange interactions and magnetic phases of transition metal
oxides: Benchmarking advanced ab initio methods. Phys. Rev. B 84, 115114 (2011).

[215] Rödel, J. & Li, J.-F. Lead-free piezoceramics: Status and perspectives. MRS Bull.
43, 576–580 (2018).

[216] Vijayakanth, T., Liptrot, D. J., Gazit, E., Boomishankar, R. & Bowen, C. R. Recent
Advances in Organic and Organic–Inorganic Hybrid Materials for Piezoelectric
Mechanical Energy Harvesting. Adv. Funct. Mater. 32, 2109492 (2022).

[217] Curie, J. & Curie, P. Développement par compression de l’électricité polaire dans
les cristaux hémièdres à faces inclinées. Bulletin de Minéralogie 3, 90–93 (1880).

[218] Valasek, J. Piezo-Electric and Allied Phenomena in Rochelle Salt. Phys. Rev. 17,
475–481 (1921).

[219] Curie, J. & Curie, P. Contractions et dilatations produites par des tensions dans les
cristaux hémièdres à faces inclinées. Comptes Rendus 93, 1137–1140 (1881).

[220] Lippmann, G. Principe de la conservation de l’électricité. Annales de Chimie et de
Physique 24, 145 (1881).

[221] Voigt, W. Lehrbuch der Kristallphysik (mit Ausschluss der Kristalloptik)
(Vieweg+Teubner Verlag, Wiesbaden, 1910).



Bibliography 136

[222] Lüker, A. Sol-Gel derived Ferroelectric Thin Films for Voltage Tunable Applications
(VDM Publishing House Ltd, 2010).

[223] von Hippel, A., Breckenridge, R. G., Chesley, F. G. & Tisza, L. High dielectric
constant ceramics. Ind. Eng. Chem. 38, 1097–1109 (1946).

[224] Megaw, H. D. Crystal Structure of Barium Titanate. Nature 155, 484–485 (1945).

[225] Jaffe, B., Roth, R. S. & Marzullo, S. Piezoelectric Properties of Lead Zirconate-Lead
Titanate Solid-Solution Ceramics. J. Appl. Phys. 25, 809–810 (1954).

[226] Lines, M. & Glass, A. Principles and Applications of Ferroelectrics and Related
Materials (Clarendon Press, Oxford, 1977).

[227] Uchino, K. Advanced Piezoelectric Materials. Science and Technology (Woodhead
Publishing, 2017).

[228] Dutta, S. et al. Piezoelectricity in hafnia. Nat. Commun. 12, 7301 (2021).

[229] Kawai, H. The Piezoelectricity of Poly (vinylidene Fluoride). Jpn. J. Appl. Phys. 8,
975 (1969).

[230] Sekhar, M. C. et al. A Review on Piezoelectric Materials and Their Applications.
Cryst. Res. Technol. 58, 2200130 (2023).

[231] Saito, Y. et al. Lead-free piezoceramics. Nature 432, 84–87 (2004).

[232] Patrick, L. Lead toxicity, a review of the literature. Part 1: Exposure, evaluation,
and treatment. Altern. Med. Rev. 11, 2–22 (2006). 16597190.

[233] Larsen, B. & Sánchez-Triana, E. Global health burden and cost of lead exposure
in children and adults: a health impact and economic modelling analysis. Lancet
Planetary Health 7, e831–e840 (2023).

[234] Directive 2002/95/EC (2003). URL https://eur-lex.europa.eu/eli/dir/2002/
95/oj.

[235] Directive 2011/65/EU (2011). URL https://eur-lex.europa.eu/eli/dir/2011/
65/oj.

[236] Rödel, J. et al. Perspective on the Development of Lead-free Piezoceramics. J. Am.
Ceram. Soc. 92, 1153–1177 (2009).

[237] Xu, K. et al. Superior Piezoelectric Properties in Potassium–Sodium Niobate
Lead-Free Ceramics. Adv. Mater. 28, 8519–8523 (2016).

[238] Matthias, B. T. & Remeika, J. P. Dielectric Properties of Sodium and Potassium
Niobates. Phys. Rev. 82, 727–729 (1951).

16597190
https://eur-lex.europa.eu/eli/dir/2002/95/oj
https://eur-lex.europa.eu/eli/dir/2002/95/oj
https://eur-lex.europa.eu/eli/dir/2011/65/oj
https://eur-lex.europa.eu/eli/dir/2011/65/oj


Bibliography 137

[239] Wang, D., Wang, G., Lu, Z., Al-Jlaihawi, Z. & Feteira, A. Crystal Structure,
Phase Transitions and Photoferroelectric Properties of KNbO3-Based Lead-Free
Ferroelectric Ceramics: A Brief Review. Front. Mater. 7, 538102 (2020).

[240] Hewat, A. W. Cubic-tetragonal-orthorhombic-rhombohedral ferroelectric transitions
in perovskite potassium niobate: neutron powder profile refinement of the structures.
J. Phys. C: Solid State Phys. 6, 2559 (1973).

[241] Wang, C.-Z., Yu, R. & Krakauer, H. Polarization dependence of Born effective
charge and dielectric constant in KNbO3. Phys. Rev. B 54, 11161–11168 (1996).

[242] Resta, R., Posternak, M. & Baldereschi, A. Towards a quantum theory of polarization
in ferroelectrics: The case of KNbO3. Phys. Rev. Lett. 70, 1010–1013 (1993).

[243] Yang, X., Li, S. & Li, H. Valence-electron structure and spontaneous polarization of
KNbO3 in tetragonal ferroelectric phase. Mater. Chem. Phys. 114, 728–731 (2009).

[244] Yang, Y., Xu, B., Xu, C., Ren, W. & Bellaiche, L. Understanding and revisiting
the most complex perovskite system via atomistic simulations. Phys. Rev. B 97,
174106 (2018).

[245] Glazer, A. M. & Megaw, H. D. Studies of the lattice parameters and domains in
the phase transitions of NaNbO3. Acta Crystallogr. A 29, 489–495 (1973).

[246] Megaw, H. D. The seven phases of sodium niobate. Ferroelectrics (1974).

[247] Raevskii, I. P. et al. A new phase transition in sodium niobate. Tech. Phys. Lett.
26, 744–746 (2000).

[248] Reznichenko, L. A. et al. Structural instabilities, incommensurate modulations and
P and Q phases in sodium niobate in the temperature range 300–500 K. Crystallogr.
Rep. 48, 448–456 (2003).

[249] Yuzyuk, Y. I. et al. Modulated phases in NaNbO3: Raman scattering, synchrotron
x-ray diffraction, and dielectric investigations. J. Phys.: Condens. Matter 17, 4977
(2005).

[250] Tyunina, M. et al. Ferroelectricity in antiferroelectric NaNbO3 crystal. J. Phys.:
Condens. Matter 26, 125901 (2014).

[251] Ghanbari, R. et al. Strain-induced lead-free morphotropic phase boundary. Nat.
Commun. 16, 7766 (2025).

[252] Wells, M. & Megaw, H. D. The Structures of NaNbO3 and Na0.975K0.025NbO3. Proc.
Phys. Soc. 78, 1258 (1961).

[253] Darlington, C. N. W. & Knight, K. S. On the lattice parameters of sodium niobate
at room temperature and above. Physica B 266, 368–372 (1999).



Bibliography 138

[254] Shuvaeva, V. A. et al. Crystal structure of the electric-field-induced ferroelectric
phase of NaNbO3. Ferroelectrics (1993).

[255] Mishra, S. K., Garg, N., Gohil, S., Mittal, R. & Chaplot, S. L. High-Pressure
Vibrational and Structural Studies of the Chemically Engineered Ferroelectric Phase
of Sodium Niobate. Crystals 13, 1181 (2023).

[256] Hungría, T., Pardo, L., Moure, A. & Castro, A. Effect of mechanochemical activation
on the synthesis of NaNbO3 and processing of environmentally friendly piezoceramics.
J. Alloys Compd. 395, 166–173 (2005).

[257] Zhang, M.-H. et al. Electric-field-induced antiferroelectric to ferroelectric phase
transition in polycrystalline NaNbO3. Acta Mater. 200, 127–135 (2020).

[258] Johnston, K. E. et al. The Polar Phase of NaNbO3: A Combined Study by Powder
Diffraction, Solid-State NMR, and First-Principles Calculations. J. Am. Chem. Soc.
132, 8732–8746 (2010).

[259] Shiratori, Y. et al. Polymorphism in Micro-, Submicro-, and Nanocrystalline NaNbO3.
J. Phys. Chem. B 109, 20122–20130 (2005).

[260] Koruza, J. et al. Grain-size-induced ferroelectricity in NaNbO3. Acta Mater. 126,
77–85 (2017).

[261] Yuzyuk, Yu. I. et al. Ferroelectric Q-phase in a NaNbO3 epitaxial thin film. Appl.
Phys. Lett. 96, 222904 (2010).

[262] Ahtee, M. & Glazer, A. M. Lattice parameters and tilted octahedra in
sodium–potassium niobate solid solutions. Acta Crystallogr. A 32, 434–446 (1976).

[263] Cheon, C. I. et al. Monoclinic ferroelectric NaNbO3 at room temperature: Crystal
structure solved by using super high resolution neutron powder diffraction. Mater.
Lett. 156, 214–219 (2015).

[264] Mishra, S. K. et al. Evidence for existence of functional monoclinic phase in sodium
niobate based solid solution by powder neutron diffraction. Appl. Phys. Lett. 112,
182905 (2018).

[265] Kp, H. et al. Electron ptychography reveals a ferroelectricity dominated by anion
displacements. Nat. Mater. 24, 1433–1440 (2025).

[266] King-Smith, R. D. & Vanderbilt, D. First-principles investigation of ferroelectricity
in perovskite compounds. Phys. Rev. B 49, 5828–5844 (1994).

[267] Vanderbilt, D. & Zhong, W. First-principles theory of structural phase transitions
for perovskites: Competing instabilities. Ferroelectrics (1998).

[268] Diéguez, O., Rabe, K. M. & Vanderbilt, D. First-principles study of epitaxial strain
in perovskites. Phys. Rev. B 72, 144101 (2005).



Bibliography 139

[269] Machado, R., Sepliarsky, M. & Stachiotti, M. G. Relative phase stability and lattice
dynamics of NaNbO3 from first-principles calculations. Phys. Rev. B 84, 134107
(2011).

[270] Shimizu, H. et al. Lead-free antiferroelectric: xCaZrO3 – (1 − x)NaNbO3 system (0
≤ x ≤ 0.10). Dalton Trans. 44, 10763–10772 (2015).

[271] Kim, K., Hwang, W., Lee, J.-H. & Soon, A. Explicating the irreversible electric-
field-assisted ferroelectric phase transition in the otherwise antiferroelectric sodium
niobate for energy storage systems. J. Mater. Chem. C 10, 10500–10510 (2022).

[272] Amisi, S., Lambin, P. & Ghosez, P. Structural and dynamical phase transitions of
NaNbO3 from first-principles calculations. Phys. Rev. Mater. 7, 024408 (2023).

[273] Alvarenga, J. A. M. et al. Investigating the ferroelectric phases of sodium niobate:
A computational approach. Comput. Mater. Sci. 247, 113532 (2025).

[274] Patel, K., Prosandeev, S., Xu, B., Xu, C. & Bellaiche, L. Properties of (001)
NaNbO3 films under epitaxial strain: A first-principles study. Phys. Rev. B 103,
094103 (2021).

[275] Glazer, A. M. The classification of tilted octahedra in perovskites. Acta Crystallogr.
B 28, 3384–3392 (1972).

[276] Mishra, S. K., Choudhury, N., Chaplot, S. L., Krishna, P. S. R. & Mittal, R.
Competing antiferroelectric and ferroelectric interactions in NaNbO3: Neutron
diffraction and theoretical studies. Phys. Rev. B 76, 024110 (2007).

[277] Ge, H. et al. Preparation and Piezoelectricity of NaNbO3 High-Density Ceramics
by Molten Salt Synthesis. J. Am. Ceram. Soc. 94, 4329–4334 (2011).

[278] Chao, L., Hou, Y., Zheng, M., Yue, Y. & Zhu, M. Macroscopic ferroelectricity and
piezoelectricity in nanostructured NaNbO3 ceramics. Appl. Phys. Lett. 110, 122901
(2017).

[279] Qi, H., Zuo, R., Xie, A., Fu, J. & Zhang, D. Excellent energy-storage properties of
NaNbO3-based lead-free antiferroelectric orthorhombic P-phase (Pbma) ceramics
with repeatable double polarization-field loops. J. Eur. Ceram. Soc. 39, 3703–3709
(2019).

[280] Chen, M. et al. Stabilization mechanism of antiferroelectric Pnma phase and low-
field reversible phase transition in sodium niobate-based ceramics. J. Adv. Ceram.
14, 9221170 (2025).

[281] Shirane, G., Newnham, R. & Pepinsky, R. Dielectric Properties and Phase Transi-
tions of NaNbO3 and (Na,K)NbO3. Phys. Rev. 96, 581–588 (1954).



Bibliography 140

[282] Ahtee, M. & Hewat, A. W. Structural phase transitions in sodium–potassium
niobate solid solutions by neutron powder diffraction. Acta Crystallogr. A 34,
309–317 (1978).

[283] Baker, D. W., Thomas, P. A., Zhang, N. & Glazer, A. M. Structural study of
KxNa1−xNbO3 (KNN) for compositions in the range x = 0.24–0.36. Acta Cryst. B
65, 22–28 (2009).

[284] Zhang, N., Glazer, A. M., Baker, D. & Thomas, P. A. Structures of K0.05Na0.95NbO3
(50-300 K) and K0.30Na0.70NbO3 (100-200 K). Acta Crystallogr., Sect. B: Struct.
Sci. 65, 3 (2009).

[285] Baker, D. W., Thomas, P. A., Zhang, N. & Glazer, A. M. A comprehensive study
of the phase diagram of KxNa1−xNbO3. Appl. Phys. Lett. 95, 091903 (2009).

[286] Leontsev, S. O. & Eitel, R. E. Progress in engineering high strain lead-free piezo-
electric ceramics. Sci. Technol. Adv. Mater. (2010).

[287] Garcia, J. E. & Rubio-Marcos, F. Polymorphic phase boundary in piezoelectric
oxides. J. Appl. Phys. 127 (2020).

[288] Fu, H. & Cohen, R. E. Polarization rotation mechanism for ultrahigh electrome-
chanical response in single-crystal piezoelectrics. Nature 403, 281–283 (2000).

[289] Ahart, M. et al. Origin of morphotropic phase boundaries in ferroelectrics. Nature
451, 545–548 (2008).

[290] Teh, Y. S., Li, J. & Bhattacharya, K. Understanding the morphotropic phase
boundary of perovskite solid solutions as a frustrated state. Phys. Rev. B 103,
144201 (2021).

[291] Jaffe, B., Roth, R. S. & Marzullo, S. Piezoelectric Properties of Lead Zirconate-Lead
Titanate Solid-Solution Ceramics. J. Appl. Phys. 25, 809–810 (1954).

[292] Noheda, B. et al. Tetragonal-to-monoclinic phase transition in a ferroelectric
perovskite: The structure of PbZr0.52Ti0.48O3. Phys. Rev. B 61, 8687–8695 (2000).

[293] Guo, R. et al. Origin of the High Piezoelectric Response in PbZr1−xTixO3. Phys.
Rev. Lett. 84, 5423–5426 (2000).

[294] Zhang, B.-P., Li, J.-F., Wang, K. & Zhang, H. Compositional Dependence of
Piezoelectric Properties in NaxK1−xNbO3 Lead-Free Ceramics Prepared by Spark
Plasma Sintering. J. Am. Ceram. Soc. 89, 1605–1609 (2006).

[295] Dai, Y.-J., Zhang, X.-W. & Chen, K.-P. Morphotropic phase boundary and electrical
properties of K1−xNaxNbO3 lead-free ceramics. Appl. Phys. Lett. 94, 042905 (2009).

[296] Levin, I. et al. Coupling of emergent octahedral rotations to polarization in
(K,Na)NbO3 ferroelectrics. Sci. Rep. 7, 15620 (2017).



Bibliography 141

[297] Kanno, I. et al. Piezoelectric properties of (K,Na)NbO3 thin films deposited on
(001)SrRuO3/Pt/MgO substrates. IEEE Trans. Ultrason. Ferroelectr. Freq. Control
54, 2562–2566 (2007).

[298] Mgbemere, H. E., Herber, R.-P. & Schneider, G. A. Investigation of the dielectric
and piezoelectric properties of potassium sodium niobate ceramics close to the phase
boundary at (K0.35Na0.65)NbO3 and partial substitutions with lithium and antimony.
J. Eur. Ceram. Soc. 29, 3273–3278 (2009).

[299] Zang, G.-Z., Yi, X.-J., Du, J. & Wang, Y.-F. Co2O3 doped (Na0.65K0.35)NbO3
piezoceramics. Mater. Lett. 64, 1394–1397 (2010).

[300] Noguchi, Y. & Miyayama, M. Effect of Mn doping on the leakage current and
polarization properties in K0.14Na0.86NbO3 ferroelectric single crystals. J. Ceram.
Soc. Jpn. 118, 711–716 (2010).

[301] Kugler, V. M. et al. Low temperature growth and characterization of (Na,K)NbOx

thin films. J. Cryst. Growth 254, 400–404 (2003).

[302] Seog, H. J. et al. Recent Progress in Potassium Sodium Niobate Lead-free Thin
Films. J. Korean Phys. Soc. 72, 1467–1483 (2018).

[303] Groppi, C. et al. Electrode-dependent asymmetric conduction mechanisms in
K0.5Na0.5NbO3 micro-capacitors. Mater. Sci. Semicond. Process. 160, 107422 (2023).

[304] Groppi, C. et al. Spontaneous pattern of orthogonal ferroelectric domains in epitaxial
KNN films. J. Appl. Phys. 134 (2023).

[305] Ahn, C. W. et al. The effect of K and Na excess on the ferroelectric and piezoelectric
properties of K0.5Na0.5NbO3 thin films. J. Phys. D: Appl. Phys. 42, 215304 (2009).

[306] Ma, H.-S. et al. Role of oxygen vacancy defects in piezoelectric thermal stability
characteristics of Mn-doped (K,Na,Li)NbO3 piezoceramics. Ceram. Int. 47, 27803–
27815 (2021).

[307] Lipscomb, I. P., Weaver, P. M., Swingler, J. & McBride, J. W. The effect of relative
humidity, temperature and electrical field on leakage currents in piezo-ceramic
actuators under dc bias. Sens. Actuators, A 151, 179–186 (2009).

[308] Song, L., Glinsek, S. & Defay, E. Toward low-temperature processing of lead
zirconate titanate thin films: Advances, strategies, and applications. Appl. Phys.
Rev. 8 (2021).

[309] Kukushkin, S. A., Tentilova, I. Yu. & Pronin, I. P. Mechanism of the phase
transformation of the pyrochlore phase into the perovskite phase in lead zirconate
titanate films on silicon substrates. Phys. Solid State 54, 611–616 (2012).

[310] Kwok, C. K. & Desu, S. B. Formation kinetics of PbZrxTi1−xO3 thin films. J. Mater.
Res. 9, 1728–1733 (1994).



Bibliography 142

[311] Kwok, C. K. & Desu, S. B. Pyrochlore to perovskite phase transformation in sol-gel
derived lead-zirconate-titanate thin films. Appl. Phys. Lett. 60, 1430–1432 (1992).

[312] Tiwari, V. S., Kumar, A., Wadhawan, V. K. & Pandey, D. Kinetics of formation
of the pyrochlore and perovskite phases in sol-gel derived lead zirconate titanate
powder. J. Mater. Res. 13, 2170–2173 (1998).

[313] Kim, B.-Y. et al. Effects of annealing atmosphere on the structural and electrical
properties of (Na0.5K0.5)NbO3 thin films grown by RF magnetron sputtering. Acta
Mater. 60, 3107–3112 (2012).

[314] Jacques, L., Kovacova, V., Yang, J. I. & Trolier-McKinstry, S. Activation energies
for crystallization of manganese-doped (K,Na)NbO3 thin films deposited from a
chemical solution. J. Am. Ceram. Soc. 104, 4968–4976 (2021).

[315] Attia, J., Bellaiche, L., Gemeiner, P., Dkhil, B. & Malic, B. Study of potassium-
sodium-niobate alloys: A combined experimental and theoretical approach. J. Phys.
IV France. 128, 55–60 (2005).

[316] Liu, S.-Y. et al. Structure, Phase Transition, and Electronic Properties of
K1−xNaxNbO3 Solid Solutions from First-Principles Theory. J. Am. Ceram. Soc.
97, 4019–4023 (2014).

[317] Li, Q., Zhang, R., Lv, T.-Q. & Zheng, L.-M. Piezoelectricity in K1−xNaxNbO3:
First-principles calculation. Chin. Phys. B 24, 053101 (2015).

[318] Yang, D., Chai, Q., Wei, L., Chao, X. & Yang, Z. First-principles calculations of
electrical properties, structure, and phase transition of K1−xNaxNbO3 solid solutions.
Phys. Chem. Chem. Phys. 19, 27368–27373 (2017).

[319] Peng, Y., Tan, Z., An, J., Zhu, J. & Zhang, Q. The tunable ferroelectricity and
piezoelectricity of the KNN piezoceramics by Na concentrations: First-principles
calculations. J. Eur. Ceram. Soc. 39, 5252–5259 (2019).

[320] Li, H. et al. Elastic, piezoelectric, and electronic properties of K1−xMxNbO3 (M =
Li, Na): A first-principles study. AIP Adv. 13 (2023).

[321] Lin, Y., An, D., Lin, Z., Chen, X. & Huang, W. Progress in high-performance
stick-slip piezoelectric actuators: a review. International Journal of Smart and
Nano Materials (2024).

[322] 176-1987 - IEEE Standard on Piezoelectricity (1988).

[323] Katsouras, I. et al. The negative piezoelectric effect of the ferroelectric polymer
poly(vinylidene fluoride). Nat. Mater. 15, 78–84 (2016).

[324] Bellaiche, L. & Vanderbilt, D. Virtual crystal approximation revisited: Application
to dielectric and piezoelectric properties of perovskites. Phys. Rev. B 61, 7877–7882
(2000).



Bibliography 143

[325] Bidaraguppe Ramesh, N., Schmidt, F. & Schindlmayr, A. Lattice parameters and
electronic bandgap of orthorhombic potassium sodium niobate K0.5Na0.5NbO3 from
density-functional theory. Eur. Phys. J. B 94, 169 (2021).

[326] Zunger, A., Wei, S.-H., Ferreira, L. G. & Bernard, J. E. Special quasirandom
structures. Phys. Rev. Lett. 65, 353–356 (1990).

[327] Lebedev, A. I. Ab initio studies of dielectric, piezoelectric, and elastic properties of
BaTiO3/SrTiO3 ferroelectric superlattices. Phys. Solid State 51, 2324–2333 (2009).

[328] Voas, B. K. et al. Special quasirandom structures to study the (K0.5Na0.5)NbO3
random alloy. Phys. Rev. B 90, 024105 (2014).

[329] Jiang, Z. et al. Special quasirandom structures for perovskite solid solutions. J.
Phys. Condens. Matter 28, 475901. (2016).

[330] Wong, Z. M., Cheng, H., Yang, S.-W., Tan, T. L. & Xu, G. Q. Computational Design
of Perovskite BaxSr1−xSnO3 Alloys as Transparent Conductors and Photocatalysts.
J. Phys. Chem. C 121, 26446–26456 (2017).

[331] Shi, H.-Z. et al. Photovoltaic and related properties of Sn-doped disordered
CsPbxSn1−xBr3 perovskite: a first-principles calculation. J. Mater. Sci. 57, 19846–
19856 (2022).

[332] Wang, X., Yang, J., Zhao, E. & Cao, Z. Theoretical insights into the ultrahigh
piezoelectric performance of (BiFeO3)n/(BaTiO3)n (n= 1–5) superlattices. J. Appl.
Phys. 136 (2024).

[333] dos Santos, R. M., Ornelas-Cruz, I., Lima, M. P. & Da Silva, J. L. F. Theoretical
investigation of the role of halide alloys in the optoelectronic and stability properties
of perovskites: The example of Cs0.25MA0.25FA0.50Pb(X ′

xX1−x)3. Appl. Mater. Today
44, 102712 (2025).

[334] Tan, Z., Xing, J., Peng, Y., Zhang, Q. & Zhu, J. Polarization rotation boosts strong
piezoelectric response in the lead-free perovskite ferroelectric K0.5Na0.5NbO3. Phys.
Rev. B 104, 014104 (2021).

[335] Zhao, L., Bao, W. & Li, W. The stock market learned as Ising model. J. Phys.
Conf. Ser. 1113, 012009 (2018).

[336] Schneidman, E., Berry, M. J., Segev, R. & Bialek, W. Weak pairwise correlations
imply strongly correlated network states in a neural population. Nature 440,
1007–1012 (2006).

[337] Ångqvist, M. et al. ICET – A Python Library for Constructing and Sampling Alloy
Cluster Expansions. Adv. Theor. Simul. 2, 1900015 (2019).

[338] Sanchez, J. M., Ducastelle, F. & Gratias, D. Generalized cluster description of
multicomponent systems. Physica A 128, 334–350 (1984).



Bibliography 144

[339] De Fontaine, D. Cluster Approach to Order-Disorder Transformations in Alloys. In
Solid State Physics, vol. 47, 33–176 (Academic Press, London, 1994).

[340] van de Walle, A. Multicomponent multisublattice alloys, nonconfigurational entropy
and other additions to the Alloy Theoretic Automated Toolkit. Calphad 33, 266–278
(2009).

[341] Kirkpatrick, S., Gelatt, C. D. & Vecchi, M. P. Optimization by Simulated Annealing.
Science 220, 671–680 (1983).

[342] van de Walle, A. et al. Efficient stochastic generation of special quasirandom
structures. Calphad 42, 13–18 (2013).

[343] Sharma, S., Kumar, A., Gupta, V. & Tomar, M. Dielectric and ferroelectric studies
of KNN thin film grown by pulsed laser deposition technique. Vacuum 160, 233–237
(2019).

[344] Mahesh, P. & Pamu, D. Structural, Mechanical and Optical Properties of Nanocrys-
talline (K0.34Na0.65)NbO3.01 Thin Films Deposited by RF Sputtering. Journal of
Ceramic Science and Technology 5, 23–30 (2014).

[345] Handoko, A. D. & Goh, G. K. L. Hydrothermal synthesis of sodium potassium
niobate solid solutions at 200 °C. Green Chem. 12, 680–687 (2010).

[346] Shanker, V., Samal, S. L., Pradhan, G. K., Narayana, C. & Ganguli, A. K. Nanocrys-
talline NaNbO3 and NaTaO3: Rietveld studies, Raman spectroscopy and dielectric
properties. Solid State Sci. 11, 562–569 (2009).

[347] Ahtee, M. & Hewat, A. W. The structures of Na0.988K0.02NbO3 and Na0.908K0.10NbO3
(phase Q) at room temperature by neutron powder diffraction. Acta Crystallogr. A
31, 846–850 (1975).

[348] Jia, F. et al. Understanding the intrinsic piezoelectric anisotropy of tetragonal ABO3
perovskites through a high-throughput study. npj Comput. Mater. 11, 6 (2025).

[349] Tan, X. H. M. et al. Giant Piezoelectricity In Sodium Niobate FBAR Achieving
Coupling Coefficient Of 21.6% At 3 GHz. 2023 IEEE International Ultrasonics
Symposium (IUS) 1–4 (2023).

[350] Liu, H. et al. Giant piezoelectricity in oxide thin films with nanopillar structure.
Science 369, 292–297 (2020).

[351] Lebedev, A. I. Ground state and properties of ferroelectric superlattices based on
crystals of the perovskite family. Phys. Solid State 52, 1448–1462 (2010).

[352] Comes, R., Lambert, M. & Guinier, A. The chain structure of BaTiO3 and KNbO3.
Solid State Commun. 6, 715–719 (1968).



Bibliography 145

[353] Postnikov, A. V. & Borstel, G. Γ phonons and microscopic structure of orthorhombic
KNbO3 from first-principles calculations. Phys. Rev. B 50, 16403–16409 (1994).

[354] Liang, L., Li, Y. L., Hu, S. Y., Chen, L.-Q. & Lu, G.-H. Piezoelectric anisotropy of
a KNbO3 single crystal. J. Appl. Phys. 108, 094111 (2010).

[355] Wan, L. F., Nishimatsu, T. & Beckman, S. P. The structural, dielectric, elastic,
and piezoelectric properties of KNbO3 from first-principles methods. J. Appl. Phys.
111, 104107 (2012).

[356] Tan, Z., Peng, Y., An, J., Zhang, Q. & Zhu, J. Intrinsic origin of enhanced
piezoelectricity in alkali niobate-based lead-free ceramics. J. Am. Ceram. Soc.
(2019).

[357] Günter, P. Piezoelectric Tensor of KNbO3. Jpn. J. Appl. Phys. 16, 1727 (1977).

[358] Nakamura, K., Tokiwa, T. & Kawamura, Y. Domain structures in KNbO3 crystals
and their piezoelectric properties. J. Appl. Phys. 91, 9272–9276 (2002).

[359] Zgonik, M. et al. Materials constants of KNbO3 relevant for electro- and acousto-
optics. J. Appl. Phys. 74, 1287–1297 (1993).

[360] Wada, S., Seike, A. & Tsurumi, T. Poling Treatment and Piezoelectric Properties
of Potassium Niobate Ferroelectric Single Crystals. Jpn. J. Appl. Phys. 40, 5690
(2001).

[361] Liang, L., Li, Y. L., Chen, L.-Q., Hu, S. Y. & Lu, G.-H. A thermodynamic free
energy function for potassium niobate. Appl. Phys. Lett. 94, 072904 (2009).

[362] Fukuda, T., Hirano, H., Uematsu, Y. & Ito, T. Dielectric Constant of Orthorhombic
KNbO3 Single Domain Crystal. Jpn. J. Appl. Phys. 13, 1021 (1974).

[363] Matsumoto, K., Hiruma, Y., Nagata, H. & Takenaka, T. Piezoelectric Properties of
Pure and Mn-doped Potassium Niobate Ferroelectric Ceramics. Jpn. J. Appl. Phys.
45, 4479 (2006).

[364] Liu, S.-Y., Yu, D.-S., Lu, Y.-K., Li, D.-J. & Cao, M.-S. First-principles study of
structural stability and electronic properties of tetragonal and orthorhombic as well
as monoclinic K0.5Na0.5NbO3. Acta. Phys. Sin. 62, 425–431 (2013).

[365] Mouhat, F. & Coudert, F.-X. Necessary and sufficient elastic stability conditions in
various crystal systems. Phys. Rev. B 90, 224104 (2014).

[366] Bond, W. L. The mathematics of the physical properties of crystals. Bell System
Technical Journal 22, 1–72 (1943).


	Introduction
	Theoretical and computational setup
	2D magnetism: AMaRaNTA
	Lead-free piezoelectricity: KNN
	AMaRaNTA dataset
	Conventions for piezoelectric tensors
	Manipulation of piezoelectric tensors
	Bibliography

