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Abstract

English

Track condition monitoring in railway applications currently relies on costly and imprac-
tical methods, motivating the search for alternatives that use inertial measurements from
in-service trains. This thesis investigates one such approach, the Unknown Input Ob-
server, with the objective of assessing whether this observer structure can reconstruct
vertical alignment and cross-level geometry in the 3–25 m wavelength range using ac-
celerometer measurements.

The Unknown Input Observer was implemented and tested under varying operating con-
ditions on synthetic data generated by a dynamic train model. A second, simpler signal-
based method was applied to both real measurement data and synthetically generated
data to provide a benchmark for comparison.

The results show that the Unknown Input Observer is capable of consistently reconstruct-
ing vertical alignment in the targeted wavelength band and cross level for wavelengths
above 5 m, under a range of operating conditions at metro-level velocities. The compari-
son with the signal-based method, however, highlights a potential gap between modeled
and real-world performance, underlining the need for further validation with onboard
measurement data.

Keywords: track monitoring, Unknown Input Observer, inertial measurement, signal
processing, dynamic modelling, railway
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Italiano

Il monitoraggio delle condizioni della via ferroviaria si basa attualmente su metodi costosi
e poco pratici, il che rende necessario sviluppare soluzioni alternative che utilizzino misure
inerziali raccolte da treni in servizio. Questa tesi esplora uno di questi approcci, l’Unknown
Input Observer, con l’obiettivo di valutare se tale struttura sia in grado di ricostruire
l’allineamento verticale e la sopraelevazione nella banda di lunghezze d’onda compresa
tra 3 e 25 m a partire da misure accelerometriche.

L’Unknown Input Observer è stato implementato e testato in diverse condizioni operative
su dati generati da un modello dinamico del treno. Un secondo metodo, più semplice e
basato direttamente sulle misure, è stato applicato sia a dati reali sia a dati ottenuti dalle
simulazioni per fornire un termine di confronto.

I risultati mostrano che l’Unknown Input Observer è in grado di ricostruire in modo af-
fidabile l’allineamento verticale nella banda di lunghezze d’onda considerata e la soprael-
evazione per lunghezze superiori a 5 m, in un ampio intervallo di condizioni operative
e a velocità tipiche di una metropolitana. Il confronto con il metodo basato sui segnali
mette tuttavia in evidenza un potenziale divario tra le prestazioni ottenute in simulazione
e quelle reali, sottolineando la necessità di ulteriori validazioni con misure a bordo treno.

Parole chiave: monitoraggio della via ferroviaria, Unknown Input Observer, misure
inerziali, elaborazione dei segnali, modellistica dinamica, ferrovia
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Nederlands

Het monitoren van de staat van het spoor berust momenteel op dure en impraktische
methoden, waardoor er een zoektocht op gang is gekomen naar alternatieve methodes die
gebruikmaken van inertiële metingen op treinen die hun reguliere dienst rijden. In deze
thesis wordt één zo’n methode onderzocht, de Unknown Input Observer, met als doel te
beoordelen of dit algorithme de verticale vorm en het hoogte verschil tussen het linker
en rechter spoor kan reconstrueren binnen de golflengteband van 3–25 m op basis van
versnellingsmetingen.

De Unknown Input Observer is geïmplementeerd en getest onder uiteenlopende om-
standigheden met synthetische data die gegenereerd zijn door een dynamisch treinmodel.
Daarnaast werd een tweede, eenvoudiger signaalgebaseerde methode toegepast op zowel
echte meetgegevens als synthetische data, om een referentiepunt voor vergelijking te
bieden.

De resultaten tonen aan dat de Unknown Input Observer in staat is het verticale spoorver-
loop betrouwbaar te reconstrueren binnen de onderzochte golflengteband, en het hoogtev-
erschil voor golflengtes boven 5 m, onder diverse omstandigheden bij metro-snelheden.
De vergelijking met de signaalgebaseerde methode benadrukt echter een mogelijk verschil
tussen prestaties in simulatie en werkelijkheid, en onderstreept de noodzaak van verdere
validatie met meetgegevens van treinen in dienst.

Trefwoorden: spoorbewaking, Unknown Input Observer, inertiële metingen, signaal-
analyse, dynamisch modelleren, spoorweg



Abbreviations:

CoG Center of Gravity
DoF Degree of Freedom
KF Kalman Filter
LQE Linear Quadratic Estimator
LTI Linear Time Invariant
NRMSE Normalized Root Mean Square Error
PCC Pearson Correlation Coefficient
RE Relative Error
RMSE Root Mean Square Error
SNR Signal to Noise Ratio
TRV Track Recording Vehicle
UIO Unknown Input Observer
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Introduction

Rail based transport plays a signi�cant role in our shared infrastructure. It �rst connected

the far sides of the continents together a century and a half ago, and today it is still

responsible for moving millions of people and unimaginable quantities of goods every day.

And now as cities are overcrowded with cars and short distance �ights are gaining more

and more criticism for their impact on the environment, it stands to reason that trains,

trams and metros are not only our past and present, but also our future.

The city of Milan serves as the perfect example. In 2008 Milan introduced the Ecopass,

and in 2012 this was replaced by the congestion charging scheme known as Area C,

charging cars upon entry to the centre. The purpose of these measures was to reduce the

congestion in the historic city centre and to limit pollution caused by cars. Evaluations

of Area C showed that vehicle tra�c and entries to the central zone fell signi�cantly, with

studies reporting �gures ranging from a causal reduction of 14.5% of vehicle entries [1, 2]

to over a third (36-38%) reduction in charged tra�c [3], while emissions of pollutants such

as CO and PM10 were reduced by 6�17% [1]. This legislation was largely possible because

alternatives to the car were already in place: Milan's extensive metro system provided

residents with a reliable option for daily commuting.

The e�ect of these combined policies can be seen in public transport usage data. Between

2015 and 2019, total public transport trips in Milan increased from around 594 million

to almost 748 million annually [4], before the decline caused by the COVID-19 pandemic.

Within the Milan metro network, line M1 is the busiest, carrying an estimated 400,000

passengers per weekday [5]. Keeping Milan's elaborate railway network operational is

essential for the functioning of Milan as a whole. While a malfunctioning train can be

replaced by another vehicle, the same is not true for the tracks on which the metro runs.

Any interruption caused by defects or repairs can bring normal operation to a halt. The

most e�ective way to prevent this is through continuous monitoring of the track condition,

so that faults are detected early and resolved before they escalate into major maintenance

work.
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Traditionally, track monitoring is carried out by Track Recording Vehicles (TRVs). These

rail-bound machines provide highly accurate measurements of a wide range of track pa-

rameters, commonly using optical systems such as lasers, telescopic measuring axles, or

video inspection [6]. However, deploying dedicated TRVs is disruptive in much the same

way as repairs, since no other trains can use the track during measurement. To reduce

this impact, inspections are usually scheduled at night when the network is closed, but

this leaves just a short window of time. A more attractive alternative is continuous moni-

toring using in-service trains, which avoids disruption while enabling both higher quantity

of measurement data and uninterrupted operation.

Most conventional TRV measurement systems are poorly suited for integration into reg-

ular service vehicles. They are costly, and technologies such as optical or contact-based

methods are highly sensitive to dirt and wear [7]. These limitations have led to research

into low-cost alternatives, in particular inertial sensors on board in-service vehicles. Such

sensors capture the vehicle's dynamic response to track irregularities and can therefore be

used to reconstruct the underlying track geometry. This approach forms the foundation

for the work presented in this thesis.

The central objective of this thesis is to evaluate whether a speci�c algorithm, known as the

Unknown Input Observer (UIO) can serve as a viable method for reconstructing railway

track geometry from on-board inertial measurements. To address this, a high �delity

dynamic model of a metro train is used to generate synthetic sensor data. Speci�cally the

Meneghino metro is considered, which is the vehicle in operation on the M1 line in Milan.

The arti�cially generated signals function as a controlled proxy used to test di�erent

observer formulations. The analysis considers the robustness of the UIO framework under

variations in speed, measurement noise, and lateral excitations, with the goal of shining

light on both its potential advantages and its limitations compared to more conventional

methods.

To serve as a contrast, a simpler signal-processing method is also implemented. In this

case, an existing dataset of real measurements from the Meneghino metro allows the

method to be applied directly to operational data. The comparison between the UIO and

signal-based approach therefore o�ers a balanced perspective on the practical feasibility

of the UIO framework.
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The remainder of this thesis is organized according to this general structure:

ˆ Chapter 1 reviews existing work on track condition monitoring, with a distinct focus

on inertial based reconstruction.

ˆ Chapter 2 presents the theoretical basis of the Unknown Input Observer formulation,

through a derivation starting with the Luenberger observer.

ˆ Chapter 3 details the observer-based reconstruction method, including the de�nition

of a linear train model, state augmentations for delay handling, observability analysis

and operating conditions.

ˆ Chapter 4 introduces the alternative signal-based reconstruction method and its

processing pipeline, which serves as a benchmark for comparison.

ˆ Chapter 5 presents the simulation results of the observer for varying operating con-

ditions, as well as reconstructions from the signal based method.

ˆ Chapter 6 re�ects on the �ndings by comparing the observer- and signal-based

approaches. This chapter also considers the limitations of the study and provides

direction for future research.

ˆ Chapter 7 concludes the thesis and summarizes the �ndings.
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1| Literature Review

Many reasons exist for wanting to clearly map the general shape of a rail track, one of the

most important includes passenger ride comfort. Travelers comfort is a primary require-

ment in railway operations and is formally assessed from vehicle-body motions transmitted

to the passenger as vibrations [8]. In rail based travel, vibrations subjected to passen-

gers enter the system in the rail to wheel contact as a consequence of the track geometry.

The European standard for characterization of track geometry quality EN 13848-1 de�nes

three wavelength ranges, for which the shortest wavelengths are D1 from3 to 25 m [9].

Track irregularities of wavelength� excite the vehicle at a frequency for a given velocity

v such that,

f =
v
�

:

According to ISO 2631-1, humans are most sensitive to low-frequency vibrations: roughly

0:5� 2 Hz laterally and 4� 8 Hz vertically [10]. Now consider the Milan Meneghino metro,

which reaches maximum operating speed at80 km=h (� 22 m=s) [11]. At this velocity, the

irregularities in the D1 wavelength range excite the train at frequencies between about

0:9 and 7:4 Hz. In other words, the D1 range aligns almost exactly with the ranges

of vibration frequencies to which passengers are most sensitive. This overlap explains

why the D1 wavelength range is considered the most critical subrange to monitor for

maintenance at metro level speed; it has a direct and immediate impact on ride comfort.

This is further supported by the fact that the standard EN 13848-5, which provides limits

for the maximal values of varying track parameters, does not provide limits outside of the

D1 wavelength range for velocitiesv < 80 km/h [12].
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In this context, Track Recording Vehicles (TRV), the standard machines for track mon-

itoring, provide appropriately accurate measurements of relevant track parameters such

as [9]:

ˆ Track gauge: The distance between the left and right rails.

ˆ Longitudinal level: The vertical deviation, per rail, from the reference line running

over said rail.

ˆ Cross level: The height di�erence between the left and right rail. Or, the di�erence

in longitudinal level of the left and right rail.

ˆ Alignment: The horizontal deviation, per rail, from the reference line running over

said rail.

ˆ Twist: The rate of change in cross level per distance along the track.

However as posed in the introduction, ideally track geometry could be monitored con-

tinuously using acceleration measurements on in-service trains, due to the high cost and

impracticality of TRVs. A recent systematic review of acceleration based track quality

estimation [13] was performed mapping out the latest research. They found that two

most common methods were; direct signal processing of acceleration measurements and

observer based methods. However they made a special note of a recent increase in research

focused on machine learning, with the main criticism on these practices being the lack of

real word training data available, especially for faulty track sections.

1.1. Signal Based Methods

The most common signal based method is straightforward: measure the accelerations of

the axlebox, which is in direct contact with the rails, and exploit the fact that these

accelerations can be converted to displacements through double integration. In principle,

this allows the track geometry to be reconstructed directly from the integrated signals.

Various examples exist where signal based methods of this type are applied succesfully

[14�16].

However, one issue with measuring at the axlebox are the extensive requirements needed of

the sensors. The range of accuracy required to measure both long and short wave content

is especially problematic. Weston et al. [17], discuss how a sinusoidal10mm irregularity

with a 50m wavelength generates0:32m/s2 of acceleration at the axlebox when hitting

it at 45 m/s or 0:0032m/s2 at just 4:5 m/s, yet the same axlebox can also experience

acceleration up to981 m/s. This enormous dynamic range means that long-wavelength
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signals are easily buried in noise when sensors are mounted on the axlebox.

And while the contact between the wheel and rail is often treated as direct, this re-

mains a simpli�cation. In the lateral direction in particular, the assumption breaks down:

wheelsets, and consequently the axlebox, do not perfectly follow the rail but instead creep

side-to-side [7]. The measured lateral acceleration is therefore not a simple proxy for the

underlying track alignment, making lateral reconstruction considerably more challenging

than the vertical case.

An alternative is to place sensors further away from the wheel�rail contact, such as on the

bogie frame or the train car. However, these components are separated from the rails by

the primary and secondary suspension, which �lter and distort the geometry input. As a

result, a pure signal based method with double integration of inertial signals is no longer

su�cient to recover the track pro�le. Instead, this practice is combined with some level of

dynamic modeling for the vehicle�track interaction to relate bogie or body motions back

to the underlying track signals [18, 19].

Yet, despite the conceptual simplicity of double integration reconstruction, the funda-

mental recurring issue is always integrator drift. Even small sensor biases, if uncorrected,

make the double-integrated estimate diverge quadratically from the true geometry. To

counteract this, signal-based approaches generally rely on high-pass �ltering [14]. Al-

ternatively, frequency-domain methods have been proposed [18, 19], which exploit the

suspension transfer functions to compensate the integrated signals. While both solu-

tions suppress drift, they also remove genuine long-wavelength components of the track

geometry, thereby distorting the reconstructed waveform.

1.2. Observer Based Methods

Whithin the realm of model based reconstruction, observers are the most often cited

framework for acceleration based reconstruction [13]. Observers are algorithms designed

to estimate unmeasured states or inputs of a dynamical system based on a combination of

measurable outputs and known system dynamics. One of the main advantages of observer-

based methods is that, unlike double integration, they are not inherently sensitive to drift.

This allows long-wavelength information to be retained without resorting to high-pass

�ltering. An added bene�t is that without the need for postprocessing of the estimates,

observers have potential to be implemented in real time, making them suitable not only

for o�ine analysis but also for continuous onboard monitoring [20]. These properties make

observer-based approaches particularly attractive for in-service track geometry estimation.
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The simplest form, the Luenberger observer, assumes deterministic system matrices and

fully known inputs, while the Kalman Filter (KF) extends this concept to stochastic set-

tings by providing statistically optimal estimates in the presence of input/output noise.

The KF especially has extensively tested in track geometry estimation as an extension to

direct signal integration [7, 20]. However, the KF approach makes certain assumptions

on statistical properties of the track geometry signal. Speci�cally three papers in this

category [7, 20, 21] model track geometry as a random walk signal, while this is in no way

guaranteed. Modeling track geometry as a purely stochastically evolving signal does not

account for deterministic singular irregularities such as switches, level crossings, etc. [22].

Alternatively another observer algorithm exists, known as the Unknown Input Observer

(UIO), which decouples the track geometry reconstruction entirely from the state estima-

tion. In this formulation, the track irregularity is treated as an unknown input without

any assumptions on the statistical properties of said input [23]. The UIO algorithm is the

focus of this thesis. However, existing research of the UIO in track geometry estimation

is preliminary so far, in the sense that all research has been based around simulations.

In [24], the UIO is used to reconstruct the vertical alignment of the track through bogie

and car body measurements on a high speed train, with simulations at a constant rate of

v = 160 km/h. Measurement noise was not considered, although additional excitations

(cross level & horizontal alignment) were simulated in parallel to inspect whether the

algorithm could di�erentiate the input irregularity. The results were promising showing

a high level of accuracy especially at lower frequencies.

Another paper looked at reconstructing horizontal alignment through simulations of a

train at constant velocity v = 20 m/s = 72 km/h [25], again with bogie and car body

measurements. Reconstruction quality was very good with a max error of 10%, however

there is one de�nitive criticism to be made. The measurement data was generated with

a simpli�ed linear model, albeit di�erent and more complex than the �nal observer uses.

In contrast, the aforementioned research [24] used a dedicated high �delity dynamic train

model, developed in software made for this purpose, to generate measurements.

Finally, one study speci�cally compares the UIO with the KF [26]. The authors inves-

tigated the reconstruction of lateral and cross-level irregularities for a high-speed train

operating at a constant velocity. Data was again generated with a detailed dynamic model

at v = 160 km/h, with measurements at the axle box, the bogies and the car body. Their

results indicated better performance for the KF once measurement noise was introduced.

Although, it should be noted, that the way measurement noise was modeled deserves

some consideration. In their work, noise was de�ned as a white noise signal with an am-

plitude equal to 10% of the maximum absolute value of the acceleration signal. While this
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provides a clear benchmark, the assumption can be seen as somewhat conservative, since

higher train velocities naturally lead to stronger acceleration responses. As a result, the

signal-to-noise ratio (SNR) would tend to improve at high speeds, whereas the adopted

de�nition e�ectively scales the noise level proportionally with the acceleration response.

1.3. Research Gap

Although the UIO framework has demonstrated promise in previous simulation studies,

several aspects are underexplored in the current state of the art.

First, existing works investigate scenarios at high train velocities, typically in the range

of v = 160 km/h [24, 26], with the lowest considered velocity beingv = 72 km/h [25].

This leaves a gap in understanding how the UIO performs in urban and metro contexts,

where operating speeds are considerably lower (10� 80 km/h), and sensor excitations cor-

respondingly lower.

Second, little attention has been spent on trains running at varying velocity. Especially

in the context of metros velocity changes are common. The e�ect of such variations on

the stability and accuracy of the UIO are left to be explored.

Finally, while the treatment of measurement noise has been considered it could be more

clearly de�ned based on representative sensor characteristics or experimental data, to

�nd a closer match to real world scenarios. All this culminates in the following research

question:

Can an Unknown Input Observer consistently reconstruct vertical and

cross-level track alignment in the D1 wavelength range, by using

train-mounted inertial measurements at metro level velocities, under realistic

operating conditions?

However, a special note should be made of a previous masters thesis that also applied the

UIO framework for track geometry reconstruction on the Meneghino metro [27]. That

work focused on vertical and lateral alignment and included cases at lower velocities and

under varying train speeds, making it an important predecessor to this work.

In that research more emphasis was shown on developing a rigorous model of the wheel-

to-rail interaction, providing useful insights into the dynamics of the system. Building

on this, the current thesis moves the scope by shifting the focus to vertical/cross-level

alignment and providing a more detailed observability- and robustness analysis.
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2| Theoretical Base

In general, observers are used to estimate the internal states or parameters of a system

when direct measurement is either infeasible or inaccurate. The core idea is to infer these

unknown quantities by measuring the system's accessible outputs and using known system

dynamics to reconstruct the unmeasured variables.

The Unknown Input Observer speci�cally, is designed to estimate the system state while

being robust to a speci�c class of unknown inputs. The key distinction of a UIO is

its ability to decouple the in�uence of these disturbances from the observer dynamics

through structural design. As a result, UIOs can recover accurate state estimates even

when part of the system input is completely unmeasured. Moreover, the reconstruction

of the unknown input emerges as a by-product of the estimation process.

In this thesis, the UIO is applied to the problem of reconstructing railway track geometry

using onboard sensor measurements. In this context, the track is the unknown input,

exciting the train system through the wheel to rail contact. The goal is to recover this

input by measuring certain elements of the system's dynamic response and applying the

UIO framework to deduce the underlying track geometry.

What follows is an adaptation of the derivations in the memo by Nazari [28], which in

turn is based on chapter 3 of the book by Chen and Patton [23]
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2.1. System De�nition

Consider the following state space expression of a generic continuous time linear system

with some unknown inputs.

_x(t) = Ax(t) + Bu(t) + Ed(t)

y(t) = Cx(t)

(2.1a)

(2.1b)

wherex(t) 2 Rn is the state vector,y(t) 2 Rm is the output measurement,u(t) 2 Rr is the

known input vector and �nally d(t) 2 Rq is the unknown input vector. The disturbance

matrix E is assumed to be full column rank. Any system where this is not the case can

be altered through a rank decomposition as follows [23].

Ed(t) = E1E2d(t) (2.2)

whereE1 is full column rank and the unknown disturbance on the system becomesE2d(t).

For the given system, a classical Luenberger observer would take the following form:

_̂x(t) = Ax̂(t) + Bu(t) + L(y(t) � ŷ(t))

ŷ(t) = Cx̂(t)

(2.3a)

(2.3b)

Where L is the user chosen observer gain matrix. An observer is known as a UIO if the

estimation error,

e(t) = x(t) � x̂(t) (2.4)

converges to zero asymptotically ande(t) is independent of the disturbance d(t) [29]. This

means the transfer matrix betweend(t) and e(t) is zero. Combining Equations 2.1a, 2.3a

and the derivative of Equation 2.4, the following dynamic evolution for the estimation

error is found:

_e(t) = ( A � LC )e(t) + Ed(t) (2.5)



2| Theoretical Base 13

System

UIO

TB H
K

1
s

F

u(t )

d(t )

y(t )

++
+

+
z(t )

+

x̂ (t )

Figure 2.1: Observer structure [28]

Equation 2.5 shows that for the classical Luenberger observer the disturbance feeds

through directly by E in the estimation error. The UIO structure, as shown in Figure

2.1, decouples these dynamics through an additional observer statez(t) 2 Rn :

_z(t) = Fz(t) + TBu(t) + Ky (t)

x̂(t) = z(t) + Hy(t)

(2.6a)

(2.6b)

Note that the observer structure in Figure 2.1 and Equations 2.6 introduces a set of new

matrices:

F; T; K; H

A de�nition for these matrices can be derived through manipulation of the estimation

error equations.
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When the observer state(z) is inserted back into the time derivative of Equation 2.4,

using Equation 2.6b, this leads to the following expression:

_e(t) = _x(t) � _z(t) � H _y(t)

= ( I � HC ) _x(t) � _z(t)

(2.7a)

(2.7b)

Inserting Equations 2.1a and 2.6a into Equation 2.7b the estimation error evolution then

becomes:

_e(t) = ( I � HC )(Ax(t) + Bu(t) + Ed(t)) � Fz(t) � TBu(t) � Ky (t) (2.8)

Finally through the split K = K 1 + K 2 combined with the addition and subtraction of

(A � HCA)x̂(t) and K 1Ce(t), Equation 2.8 can be manipulated into:

_e(t) = ( A � HCA � K 1C)e(t) + ( A � HCA � K 1C � F )z(t)+

[(I � HC ) � T]Bu(t) + [( A � HCA � K 1C)H � K 2]y(t)

+ ( I � HC )Ed(t)

(2.9)

This last expression tells an interesting story. Recall the earlier de�nition of a UIO;

no disturbance d(t) feed-through is allowed and stable dynamics are required on the

estimation error e(t). This then results in these constraints:

0 = ( I � HC )E

T = I � HC

F = A � HCA � K 1C = TA � K 1C

K 2 = FH

(2.10a)

(2.10b)

(2.10c)

(2.10d)

Inserting the constraints from Equations 2.10 back into Equation 2.9 simpli�es to:

_e(t) = Fe(t) = ( TA � K 1C)e(t) (2.11)

Note that Equation 2.11 has no disturbanced(t) feed-through. Now when comparing

Equation 2.11 with the Luenberger structure in Equation 2.5, it is clear how for the UIO,

TA becomes the system matrix, withK 1 the observer gain. By tuningK 1, stable poles

can be found forF , such that e(t) converges to zero.
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2.2. UIO Design

The existence of a UIO for any given system, requires two necessary and su�cient condi-

tions to be met:

ˆ rank (CE) = rank (E)

ˆ (C; A1) is a detectable pair, whereA1 = ( I � HC )A = TA

The �rst condition needs to met to provide a solution to the constraint given by Equa-

tion 2.10a. This condition implies thatCE is full column rank, given the aforementioned

assumption that E is full column rank. When CE is full column rank, there exists the

left pseudo inverse as such:

(CE)+ = [( CE)T CE]� 1(CE)T

(CE)+ CE = I

(2.12a)

(2.12b)

Using the pseudo inverse the solution for H in Equation 2.10a is,

H = E(CE)+ (2.13)

as illustrated by the substitution of Equation 2.13 into the constraint of Equation 2.10a,

while recalling the left inverse property of Equation 2.12b:

(I � HC )E = E � E(CE)+ CE = E � E = 0

For the second condition, when(C; A1) is observable or at least detectable, this suggests

there exists a valid observer gainK 1, which stabilizesF . Analyzing the observability of

a system is generally done by evaluating the observability matrix:

On =

2

6
6
6
6
6
6
6
4

C

CA

CA2

...

CAn� 1

3

7
7
7
7
7
7
7
5

2 Rmn � n ; A 2 Rn� n ; C 2 Rm� n

If rank (On (C; A1)) = n, then the system is fully observable and the observer gainK 1

can be tuned by any valid tuning method such as pole placement or LQE tuning. If not,
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one must discover whether the combination(C; A1) is at least detectable. This can be

achieved by decomposing this pair into its observable canonical decomposition using a

transformation matrix P,

P � 1A1P = �A =

"
A11 0

A12 A22

#

CP = �C =
h
C � 0

i

(2.14a)

(2.14b)

such that n1 = rank (On (C; A1)) , A11 2 Rn1 � n1 and C � 2 Rm� n1 . When this form leaves

any of the eigenvalues ofA22 as unstable, the system is not detectable and a UIO does

not exist. If all the eigenvalues ofA22 are stable then the next step is to tune the gain

K p1 with any valid tuning method, such that (A11 � K p1C � ) is stable, where the observer

gain K 1 can be reconstructed as:

K 1 = PK P = P

"
K p1

K p2

#

(2.15)

In such a way that K p2 2 R(n� n1 )� m can be any matrix, since it has no contribution to

the eigenvalues ofF . In conclusion, one recalls the Equations 2.10c and 2.10d:

F = A1 � K 1C

K = K 1 + K 2 = K 1 + FH

The state estimation can now be achieved by the system as introduced in Equations 2.6,

however the goal of this thesis is not state estimation. Instead, the goal is to estimate

the unknown input which excites the system. This can be found as a byproduct of the

algorithm through the following equation:

d̂(t) = ( CE)+ [ _y(t) � CAx̂(t) � CBu(t)] (2.16)

Note that Equation 2.16 requires not just the outputy(t), which is needed to �nd the

state estimatex̂(t) as shown in the Equations 2.6, yet also its derivative_y(t). The strategy

for evaluating this term, will be covered in Section 3.4.
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Addendum: Direct output disturbance-feedthrough

Consider now a slightly altered system compared to the standard system introduced by

the Equations 2.1. This system has a direct feedthrough term of the disturbance on the

output measurement.

_x(t) = Ax(t) + Bu(t) + Ed(t)

y(t) = Cx(t) + Gd(t)

(2.17a)

(2.17b)

In this case a UIO can still be feasible. However, it requires a transformation of the output

measurement to cancel the disturbance term:

TyG = 0

�y(t) = Tyy(t) = Ty[Cx(t) + Gd(t)]

�y(t) = TyCx(t)

(2.18a)

(2.18b)

(2.18c)

This leaves a system of the same class as proposed by the Equations 2.6, where the output

matrix simply becomesCnew = TyC, making the design procedure identical.
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This chapter applies the Unknown Input Observer, as proposed by chapter 2, to the

reconstruction of track geometry from on-board acceleration data. In the absence of

experimental measurements from an operational train, a high �deliy dynamic model of

the vehicle is used to generate output measurements. Then, known vehicle parameters

(dimensions, mass, suspension sti�ness etc.) serve as the basis for a simpli�ed 9 Degree

of Freedom (DoF) linear model of the vehicle. The linear model considers for the track:

vertical alignment (left and right average longitudinal level) and cross level di�erence.

The UIO is constructed upon this linear model through a sequence of augmentations

designed for disturbance dimension reduction and linearized time-delay behavior:

ˆ Padé delay approximation : a second-order Padé expansion represents the delay

between front and rear wheel inputs on each bogie, with its states embedded in the

extended system.

ˆ Disturbance-state extension : Disturbances are partially integrated into the sys-

tem dynamics them self, to reduce the necessary amount of unique signals to recon-

struct.

An alternative method using the observability Gramian is then proposed to determine the

systems observability; a method better suited to high order matrices. Using this method

the observability is assessed for the 9 DoF observer model. With a well-posed observer

structure in place, a fairly straightforward gain-tuning strategy is detailed.

Other than the main 9 DoF model, two further models are discussed. These models

simplify the dynamics down further to 6 and 4 DoF, and were used mostly in service

to the development of the 9 DoF model. Their speci�c simpli�cations impose a pure

vertical�motion and half system dynamics respectively.

Finally all the relevant operating conditions, under which the observer and dynamic model

were simulated, are covered: constant speed, variable speed, sensor noise, lateral excita-

tions and track curvature.
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3.1. Data Generation

Due to a lack of real measurement data, an alternative had to be used. A detailed dynamic

model, previously developed by the mechanical engineering department of Politecnico di

Milano, was adopted. This model was developed in Simpack [30]:

"SIMULIA Simpack is a complete software package dedicated to the develop-

ment and simulation of high-�delity multibody system virtual prototypes."

A replica of the Meneghino Metro vehicle, used in Milan, was provided. It was composed

of a single train car body and its two bogies.

Figure 3.1: Train model used for data generation.

This software allows its users to clearly de�ne the track pro�le, where for this thesis the

following parameters were employed:

ˆ Vertical Excitation: This de�nes the average longitudinal level in meters of the

combined left and right rail.

ˆ Roll Excitation: This is the cross level expressed as the angle between the hori-

zontal line and the tangent line touching the top of both rails.

ˆ Horizontal Excitation: The average horizontal alignment in meters of the com-

bined left and right rail.

ˆ Curvature: The continuous path of the track in the horizontal plane as the inverse

of a radius.
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The velocity of the train can be de�ned either simply as a constant, or as any velocity

pro�le. More options are available to simulate motion, but only a velocity reference was

used within the scope of this thesis.

Finally, sensors can be placed at any location on the model where they return displace-

ment, velocity and acceleration data in all 6 DoF (x, y, z, roll, pitch & yaw), with respect

to the inertial frame. Realistically, one can only measure acceleration data in the transla-

tional directions and both acceleration and velocity data in the angular rotations, therefore

only those types of measurements were used in any observer structure.

3.2. Linear Model

The linearized model considers three rigid bodies: the front bogie, the rear bogie, and the

car body. Each body is characterized by its mass and rotational inertia about its center of

gravity (CoG), and is allowed vertical (z), roll ( � ) and pitch (� ) motion. The coordinate

system is de�ned using NED convention, wherex points in the direction of travel (north),

y points to the right (east) and z points down. See Figure 3.2.

The wheel to rail contact is idealized, so that there is no lateral movement (creep) on the

rails, this means the longitudinal level in the rails pro�le is carried through directly to

the primary suspension and on to the bogie.

v

kpz=cpz kpz=cpz kpz=cpz kpz=cpz

ksz kszcsz cszy
x

z

�

lc

l5l5

l4l4

lw2lw2 lw2 lw2

Figure 3.2: Side view schematic of train bodies



22 3| Observer Method
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ksy

csy

ksy
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h3 h4
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h2
h1h2

h1

l2

l3
l2

l6

l1 l1

lw1 lw1

x y

z

�

Figure 3.3: Rear view schematic of train bodies

The primary suspension connects the wheelaxles to each bogie. The suspension is

made up two vertical springs and dampers per wheelaxle, placed equidistant atl1 from

the midline. This totals at 4 primary suspension springs and dampers per bogie as in

Figures 3.2 and 3.3. Note that these springs and dampers share the same location.

The secondary suspension connects the bogies to the car body. This suspension is

more complex as it is comprised of springs and dampers not only in the vertical direction,

also the horizontalx and y direction. The vertical suspension consists of:

ˆ Vertical Springs: Each bogie has 2 springs placed equidistant, atl2 from the

centerline, see Figure 3.3. Along the x direction the springs are placed directly above

the bogie's CoG and at a distance ofl5 from the car body's CoG, see Figure 3.2. A

total of 4 vertical springs on the car body.

ˆ Vertical Dampers: Each bogie has 2 dampers placedassymmetrically from the

centerline, a distance ofl3 and l6, see Figure 3.3. They are placed in one line along

the y direction at a distance ofl4 towards the front of each bogie. The front and

rear damper pairs then connect respectively at a distance of (l5 + l4) and a distance

(l5 - l4) from the car body's CoG, see Figure 3.2. A total of 4 vertical dampers

connect on the car body.
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Figure 3.4: Top view schematic of secondary suspension bogie

In turn, the horizontal part of the secondary suspension is built with:

ˆ Horizontal Springs: In the directions x and y, each bogie has 2 springs per

direction. These springs are placed at the same vertical distanceh2 from the bogie's

CoG, see Figure 3.3. With respect to the horizontal plane the exact location on

is irrelevant, as their only interaction is as a function of the bogie and car body's

roll and pitch, which follows from the equations in Section 3.2.1. Consider their

placement symmetrical as depicted in Figure 3.4. The distance of the springs with

respect to the car body's CoG is denoted withh4, with a total of 4 springs per

horizontal direction on the car body, see Figure 3.3.

ˆ Horizontal Dampers: Another 2 dampers are placed pointed along the y direc-

tion, meaning no damping along the x direction . These dampers are placed

respectively at a vertical distanceh1 and h3 from the bogie and car body's CoG,

see Figure 3.3. Just as with the horizontal springs, their placement in the horizon-

tal plane is of no concern and is considered symmetrical. Depicted in Figure 3.4.

Finally, de�ning a total of 4 horizontal dampers on the car body.
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Following the conventions of the Figures 3.2, 3.3 and 3.4; the relevant dimensions are

de�ned as in Table 3.1. Whereas, the relevant mass and suspension characteristics can be

found in Table 3.2

Value [m] Description

lc 17:8 Length car body

lw1 0:75 Along y from centerline to wheel-rail contact

lw2 1:075 Along x from bogie CoG to wheel-rail contact

l1 0:95 Along y from centerline to primary suspension

l2 0:95 Along y from centerline to vertical secondary suspension springs

l3 1:17 Along y from centerline to right vertical secondary suspension damper

l4 0:32 Along x from bogie CoG to vertical secondary suspension dampers

l5 5:55 Along x from car body CoG to vertical secondary suspension springs

l6 0:95 Along y from centerline to left vertical secondary suspension damper

h1 0:355 Along z from bogie CoG to horizontal secondary suspension dampers

h2 0:24 Along z from bogie CoG to horizontal secondary suspension springs

h3 0:775 Along z from car body CoG to horizontal secondary suspension dampers

h4 0:89 Along z from car body CoG to horizontal secondary suspension springs

Table 3.1: Dimensions

Value Unit Description Value Unit Description

kpz 9300 kN
m Primary spring constant mb 2100 kg Mass bogie

cpz 192 kN �s
m Primary damping constant Jbx 1200 kg

m2 Inertia bogie

ksx 125 kN
m Secondary spring constant Jby 2600 kg

m2

ksy 125 kN
m mc 32817 kg Mass car body

ksz 510:1 kN
m Jcx 800400 kg

m2 Inertia car body

csy 40 kN �s
m Secondary damping constant Jcy 96048 kg

m2

csz 37:5 kN �s
m

Table 3.2: Suspension and Mass characteristics
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3.2.1. System equations

Using this simpli�ed model of the train dynamics, a set of system equations can be derived.

The state vector combining the degrees of freedom is de�ned as:

xdof (t) =
h
zfb (t) � fb (t) � fb (t) zrb(t) � rb(t) � rb(t) zc(t) � c(t) � c(t)

i T

where, fb, rb and c refer to front bogie, rear bogie and car body respectively. The

disturbance inputs are de�ned as:

d(t) =
h
dfz 1(t) df � 1(t) drz 1(t) dr� 1(t) dfz 2(t) df � 2(t) drz 2(t) dr� 2(t)

i T

Heref and r refer once again to front and rear respectively. Then,z denotes the mean ver-

tical alignment excitation and � de�nes the roll excitation, due to the cross level deviation.

Finally 1 and 2 refer to the disturbance hitting front and back wheel correspondingly of

each bogie at timet. From this point forward, time dependence can be assumed, meaning

x = x(t) and d = d(t).

Using this de�nition for the state and disturbance vector a set of input forces can be

de�ned. These terms describe the forces entering the system through the bogies primary

suspension:

F1 = kpz[zb � lw2� b + l1� b � (dz1 + l1d� 1)]

+ cpz[ _zb � lw2
_� b + l1 _� b � ( _dz1 + l1 _d� 1)]

F2 = kpz[zb � lw2� b � l1� b � (dz1 � l1d� 1)]

+ cpz[ _zb � lw2
_� b � l1 _� b � ( _dz1 � l1 _d� 1)]

F3 = kpz[zb + lw2� b + l1� b � (dz2 + l1d� 2)]

+ cpz[ _zb + lw2
_� b + l1 _� b � ( _dz2 + l1 _d� 2)]

F4 = kpz[zb + lw2� b � l1� b � (dz2 � l1d� 2)]

+ cpz[ _zb + lw2
_� b � l1 _� b � ( _dz2 � l1 _d� 2)]

(3.1a)

(3.1b)

(3.1c)

(3.1d)

Refer to Figure 3.5 to review the naming convention.
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Figure 3.5: Bottom view schematic disturbance input forces bogie

Note that the f and r subscripts were dropped in Figure 3.5 and Equations 3.1. The

front and rear bogie interact correspondingly with the front and rear bogie states and

disturbances, therefore a distinction can be made between "front" forces and "rear" forces,

as i = 1; 2; 3; 4

Fif : Forces entering the system through front bogie

Fir : Forces entering the system through rear bogie

Then a sum of moments or forces is described de�ning the dynamics for each state.

Starting with the front bogie:

mb•zfb = � F1f � F2f � F3f � F4f + 2ksz[zc � l5� c � zfb ]

+ 2csz[ _zc � (l5 + l4) _� c �
1
2

(l3 � l6)( _� fb � _� c)]

Jby
•� fb = lw2[F1f + F2f � F3f � F4f ] � 2ksx [h4� c + h2� fb ]

+ 2cszl4[(l5 + l4) _� c � l4 _� fb +
1
2

(l3 � l6)( _� fb � _� c) + _zfb � _zc]

Jbx
•� fb = l1[� F1f + F2f � F3f + F4f ] � 2ksyh2[h4� c + h2� fb ] + 2kszl2

2[� c � � fb ]

� 2csyh1[h1
_� fb + h3

_� c]

+ csz[(l3
2 + l6

2)( _� c � _� fb ) + ( l3 � l6)( _zc � _zfb + l4 _� fb � (l4 + l5) _� c)]

(3.3a)

(3.3b)

(3.3c)
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The rear bogie dynamic equations have only very subtle di�erences compared to the front

bogie. A few terms change sign and the equations are naturally with respect to the rear

bogie states:

mb•zrb = � F1r � F2r � F3r � F4r + 2ksz[zc + l5� c � zrb]

+ 2csz[ _zc + ( l5 � l4) _� c �
1
2

(l3 � l6)( _� rb � _� c)]

Jby
•� rb = lw2[F1r + F2r � F3r � F4r ] � 2ksx [h4� c + h2� rb]

+ 2cszl4[� (l5 � l4) _� c � l4 _� rb +
1
2

(l3 � l6)( _� rb � _� c) + _zrb � _zc]

Jbx
•� rb = l1[� F1r + F2r � F3r + F4r ] � 2ksyh2[h4� c + h2� rb] + 2kszl2

2[� c � � fb ]

� 2csyh1[h1
_� rb + h3

_� c]

+ csz[(l3
2 + l6

2)( _� c � _� rb) + ( l3 � l6)( _zc � _zrb + l4 _� rb � (l4 � l5) _� c)]

(3.4a)

(3.4b)

(3.4c)

Finally the car body equations collect all the secondary suspension reaction terms:

mc•zc = 2ksz[zfb + zrb � 2zc]

+ 2csz[ _zfb + _zrb � 2 _zc + l4(2_� c � _� fb � _� rb)

+ ( l3 � l6)(
1
2

_� fb +
1
2

_� rb � _� c)]

Jcy
•� c = 2kszl5[zrb � zfb � 2l5� c] � 2ksxh4[h2(� fb + � rb) + 2 h4� c]

+ 2csz[(l5 � l4)( _zrb � _zc � l4 _� rb +
1
2

(l3 � l6)( _� rb � _� c))

� (l5 + l4)( _zfb � _zc � l4 _� fb +
1
2

(l3 � l6)( _� fb � _� c))

� (( l5 + l4)2 + ( l5 � l4)2) _� c]

Jcx
•� c = 2kszl2

2[� fb + � rb � 2� c] � 2ksyh4[h2(� fb + � rb) + h4� c]

� 2csyh3[h1( _� fb + _� rb) + 2 h3
_� c]

+ 2csz[(l3
2 + l6

2)( _� fb + _� rb � 2 _� c)

+ ( l3 � l6)( _zfb + _zrb � 2 _zc � l4( _� fb + _� rb � 2_� c))]

(3.5a)

(3.5b)

(3.5c)
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3.2.2. State space form

Combining all the equations 3.3, 3.4 and 3.5 the following di�erential equation emerges:

M •xdof + C _xdof + Kx dof = �Ev
_d + �Esd (3.6)

where M 2 R9x9 is the mass matrix,C 2 R9x9 the damping matrix and K 2 R9x9 the

sti�ness matrix. M is a diagonal matrix, whereC and K are symmetric, but not diagonal.

The matrices �Es; �Ev 2 R9x8 represent the coupling of the unknown disturbance input

displacement and velocity respectively. By rede�ning the system state and disturbance

as:

x =

"
xdof

_xdof

#

A state space representation clearly follows by manipulating the equation 3.6 as such:

_x =

"
0 I 9

M � 1K M � 1C

#

| {z }
A

x +

"
0

M � 1 �Ev

#

| {z }
Ev

_d +

"
0

M � 1 �Es

#

| {z }
Es

d (3.7)

whereA 2 R18x18, Ev 2 R18x8 and Es 2 R18x8. This leaves an 18 state linear system with

a total of 16 disturbance inputs. As seen in equation 3.7, the disturbance displacement

d 2 R8 and velocity _d 2 R8 are considered as separate disturbance vectors on the system;

the reasoning behind this will follow over the coming sections.

3.3. Augmentations

The 18 state system as de�ned by the end of Section 3.2 does not allow for a feasible

observer. Essentially the problem is there are too many separate disturbance inputs to

allow for accurate reconstruction.

Consider for now that each disturbance and system DoF is made up only of its displace-

ment component and neglect its velocity component. In this case, 4 unique disturbances

enter the system through each bogie: The vertical alignment and the cross level di�erence

on the front wheels and correspondingly for the rear wheels. The current model considers

just 3 DoF for each bogie, this means there are simply not enough DoF to ever recon-

struct 4 unique disturbances. Therefore, the system needs further adjustments before any

observable system is viable.
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3.3.1. Linear delay approximation

As said, through each bogie 4 separate disturbances enter the system, each with a dis-

placement and a velocity component. So really, 8 separate disturbances enter the system

through each bogie. However upon closer inspection, these are not truly unique distur-

bances. Each disturbance entering the system through the rear wheels of the bogie is in

reality the same disturbance that hit the front wheels, only delayed by a certain amount

of time.

Consider the disturbance vector�d1(t) 2 R8 to collect all the disturbances hitting the

front wheels of each bogie (4 on front bogie and 4 on rear bogie) at timet. The delayed

disturbance hitting the back wheels is then de�ned by the following transfer function with

� as the time delay andlw2 as de�ned in Table 3.1:

�d2(t) = e� � s �d1(t)

� =
2lw2

v

(3.8a)

(3.8b)

Where v is the train velocity in [m
s ] (see Figure 3.2). However, the Equations 3.8 denote

non linear dynamics; unsuitable for UIO architecture. To model the delay, some linear

approximation is needed. Using a second order Padé approximation one can approximate

the delay as:

e� � s �
12� 6�s + � 2s2

12 + 6�s + � 2s2

For each delay channel the state space representation then becomes:

_xp =

"
0 1

� 12
� 2 � 6

�

#

| {z }
A p

xp +

"
0
1

� 2

#

| {z }
B p

d1

d2 =
h
0 � 12�

i

| {z }
Cp

xp + d1

(3.9a)

(3.9b)
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The original state vectorx 2 R18 bundles the vertical (z), pitch ( � ) and roll ( � ) motion

for each rigid body. By further decomposing the disturbances from the original system

as proposed by Equation 3.7 with the disturbances hitting the front and back wheels, the

following expression is found:

_x = Ax + Es1d1 + Es2d2 + Ev1
_d1 + Ev2

_d2

= Ax +
h
Es1 Ev1

i

| {z }
E1

"
d1

_d1

#

| {z }
�d1

+
h
Es2 Ev2

i

| {z }
E2

"
d2

_d2

#

| {z }
�d2

(3.10a)

(3.10b)

Recall Equations 3.9; each delayed channel introduces two Padé states. Since there are 8

delayed channels, the Padé blocks are replicated 8 times:

ˆ ~AP 2 R16� 16 is a block-diagonal with 8 copies ofAP ,

ˆ ~BP 2 R16� 8 is a block-diagonal with 8 copies ofBP ,

ˆ ~CP 2 R8� 16 is a block-diagonal with 8 copies ofCP ,

ˆ ~DP = I 8.

The Padé state vector becomesxp 2 R16. Then the augmented state is~x =

"
x

xp

#

2 R34.

Finally, substituting d2 = ~CP xp + ~DP d1, results in:

_~x =

"
A E 2

~CP

0 ~AP

#

| {z }
A aug

~x +

"
E1 + E2

~DP

~BP

#

| {z }
Eaug

"
d1

_d1

#

(3.11)

Where Eaug =
h
Eaug;s Eaug;v

i
can be subdivided by its respective displacement and

velocity component.
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3.3.2. Disturbance state extension

The 'delay' modeling has reduced the amount of disturbances to be reconstructed sig-

ni�cantly. The augmented system is left to deal with d1 2 R4 and _d1 2 R4. However

even these two terms are not truly unique, since_d1 is simply the time derivative of d1.

This means another relatively simple state extension allows for a further reduction of the

number of disturbances to be reconstructed, by introducing the disturbance vectord1 as

a state:

x � =

"
~x

d1

#

2 R38

The �nal extended system is then:

_x � =

"
Aaug Eaug;s

0 0

#

| {z }
A ext

x � +

"
Eaug;v

I 4

#

| {z }
Eext

_d1 (3.12)

Therefore, the true displacement signal of interest can be retrieved upon the integration

of the estimation of _d1. The �nal 38 state system from Equation 3.12 is the exact system

used in the simulations to follow, unless otherwise speci�ed. Consider from this point

forward x = x � , A = Aext and E = Eext .
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3.4. Observability Analysis

3.4.1. Output Measurement

In order to capture the relevant dynamics of the system, sensors need to be placed on the

train accordingly. To do so each bogie has 4 verticalz accelerometers, placed at the same

location as the primary suspension or where the disturbance forces enter the system. In

turn, the car body has 4 vertical sensors as well, located at the very corners of the car

body. This results in a total of 12 output measurements, see Figures 3.5 and 3.6.

y
x

z

�

scb1=2 scb3=4

sfb1=2 sfb3=4 srb1=2 srb3=4

lc

lw2lw2 lw2 lw2

Figure 3.6: Side view sensor placement

Recall the disturbance estimation as given by Equation 2.16:

d̂(t) = ( CE)+ [ _y(t) � CAx̂(t) � CBu(t)]

To get an estimation of the disturbance, not only the output is required, but also it's

derivative. So whatever is chosen as a measurement, the derivative must also be clearly

de�ned. This is not a trivial task, since any noise on the signal gets ampli�ed with

numerical di�erentiation. Therefore an alternative approach is proposed.

The sensors measure acceleration, what if instead of this signal the observer algorithm gets

fed the velocity? This can be achieved by integrating the measured acceleration signals

and feeding that to the observer as the output, while the true measurement can serve as

the output derivative. Integrating a noisy signal does not amplify noise like numerical

di�erentiation. In fact high frequency noise gets attenuated by integration [31].
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The next step is to �nd a clearly de�ned relationship between the velocity output and the

state space, in other words the matrix C from Equations 2.1:

_x(t) = Ax(t) + Bu(t) + Ed(t)

y(t) = Cx(t)

A good starting point to construct the relationship is by de�ning a subset of states from

the given outputs:

_zb =
vb1 + vb2 + vb3 + vb4

4
_� b =

1
2

hvb3 � vb1

2lw2
+

vb4 � vb2

2lw2

i

_� b =
1
2

hvb1 � vb2

2lw2
+

vb3 � vb4

2lw2

i

_zc =
vc1 + vc2 + vc3 + vc4

4
_� c =

1
2

hvc3 � vc1

lc
+

vc4 � vc2

lc

i

_� c =
1
2

hvc1 � vc2

lc
+

vc3 � vc4

lc

i

(3.14a)

(3.14b)

(3.14c)

(3.14d)

(3.14e)

(3.14f)

Note that the front and rear identi�er are omitted for the bogie equations; the front and

rear bogie dynamics are de�ned identically albeit with their own respective sensors. The

Equations 3.14 can then be combined in the following matrixM as:

x[10 : 18] = _x[1 : 9] = My (3.15)

Where M 2 R9x12 and _x[1 : 9] =
h

_zfb
_� fb

_� fb _zrb
_� rb

_� rb _zc
_� c

_� c

i T
. Using these

de�nitions the output equations can be substituted into Equations 2.1, withB = 0:

y = M + _x[1 : 9]

y =
h
M + 0

i
(Ax + Ed)

(3.16a)

(3.16b)

where
h
M + 0

i
E = 0 and

h
M + 0

i
A = C 2 R12x38.

According to the theory set out in Section 2.2, for a UIO to exists, the rank following

condition must hold: rank(CE) = rank( E). This holds true for the settled upon pair

(C; E).
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3.4.2. Observability Gramian

The second condition, related to the detectability of the system, requires a more meticu-

lous process to verify its validity. Section 2.2 introduced the observability matrix as the

standard method to determine the observability or detectability of a given system. While

this is the standard method, in this instance it is not the most appropriate. Consider

again the de�nition of the observability matrix:

On =

2

6
6
6
6
6
6
6
4

C

CA

CA2

...

CAn� 1

3

7
7
7
7
7
7
7
5

2 Rmn � n ; A 2 Rn� n ; C 2 Rm� n

The 9 DoF augmented system, as derived in Sections 3.2 and 3.3 concludes withn = 38.

For a state space this large, real world attempts at evaluatingOn can become problematic.

Inspecting the term CAn� 1 shows that any large values inA explode exponentially as

n grows, making the matrix On very ill-conditioned. Due to �nite machine precision,

drawing any conclusions based on the rank of this ill-conditioned matrix is not an accurate

representation of the true observability of the system.

Under these conditions an alternative to the observability matrix had to be found. There

exists such an alternative, that comes from the solution to the following Lyapunov equa-

tion:

AT Wo + WoA = � CT C (3.17)

Given that all eigenvalues ofA have negative real parts,Wo is the unique de�nite solution

known as the observability Gramian [32]. Then the eigenvectors and eigenvalues ofWo

give a numeric representation of how observable each direction in the state space is. Un-

fortunately for the system considered here, no unique solution exists. The augmentations

as proposed in Section 3.3 introduced integrators into the system, adding eigenvalues at

the origin in the complex plane.

Consider now the solution to Equation 3.17 as:

Wo =
Z 1

0
eA T � CT CeA� d� (3.18)
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With integrators in the system, the expression in Equation 3.18 will not converge. How-

ever, according to a paper by B. Moore, for a �nite time horizon window[t1; t2], a proxy

can be de�ned which captures the relevant characteristics related to the observability of

the system for that given time span [33]. Given a large enoughN and evenly sampled

points � 0; � 1; � � � � N s.t � 0 = t1 and � N = t2 :

Wo(t1; t2) � WN =
� t2 � t1

N

� NX

i =1

[eA T � i CT CeA� i ]

DN =

r
t2 � t1

N

NX

i =1

[eA T � CT ]

(3.19a)

(3.19b)

Through a singular value decomposition (SVD) ofDN an estimate for the eigenvalues and

eigenvectors of the �nite horizon observability Gramian can be determined:

DN = U� V T (3.20)

where

UT U = V T V = I and � = diag(� 1; � 2; � � � � n ) s.t � 1 � � 2 � � � � � � n

It is well known that through SVD, the columns ofU and (� 1; � 2; � � � � n ) are equivalent

to the eigenvectors and eigenvalues of the matrixDN D T
N respectively [34]. Note from

Equations 3.19 thatWN = DN D T
N , therefore the columns ofU and (� 1; � 2; � � � � n ) serve

as an estimate for the eigenvectors and the corresponding eigenvalues ofWo(t1; t2).

Under the assumption that the train runs at a constant speed; the linearized model is a

Linear Time Invariant (LTI) system, therefore it follows that:

Wo(0 + �; T + � ) = Wo(0; T) 8 T; �

Which ensures only the horizon lengthT and the sampling countN need to be de�ned.

Recall that the goal is track geometry reconstruction, with a focus on the D1 wavelength

range� max = 25 m. Using these parameters the horizon is de�ned as:

Th = k
� max

v

N =
Th

� t
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With k = 4, this de�nition ensures that the time horizon Th covers at least 4 full cycles

of the longest relevant wavelength. In turn,� t is set equal to the sampling time of the

used sensors, so that the smallest time interval to be measured in real life is accounted

for in the construction of the Gramian.

3.4.3. Observability Results

The application of the observability test as described in Section 3.4.2 to the system ma-

trix combination (A1; C) at various speeds, resulted in the singular values as shown in

Figure 3.7. WhereA1 denotes the transformed system matrix after the disturbance de-

coupling andC is the output matrix, as de�ned in Section 2.2.

(a) v = 10 km/h (b) v = 80 km/h

Figure 3.7: Eigenvalues ofWN (A1; C) at high and low velocity

Two things stand out when looking at Figure 3.7. First of all, the 4 most observable nodes

seem to increase or become more observable as the speed of the train increases, while the

remaining nodes appear una�ected. By inspecting the corresponding eigenvectors for the

4 most observable nodes a clear picture emerges. Both at high speed and at low speed

these nodes are highly correlated to the Padé states introduced by the augmentation

described in Section 3.3.1. This makes sense since the Padé augmentation is a realization

of the velocity-dependent delay, which is the only part of the system which changes with

an increase or decrease in velocity.

The second thing that immediately raises attention is the sharp drop o� in magnitude

after the 18th eigenvalue. The 19th eigenvalue is minimally an order108 smaller than

the 18th eigenvalue. The eigenvalues to follow are comparatively so small, that one can

logically conclude those nodes are unobservable.
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Therefore the train system is not fully observable; the rank of the observable subspace is

n1 = 18 (see Equation 2.14), at velocities fromv = 10 km/h and up to v = 80 km/h.

The next step is to check detectability. Recall Section 2.1, where it is stated that a

transformation P must be found to restructure the matrixA1 into its observable canonical

decomposition as displayed in Equations 2.14. This can be achieved through a Kalman

decomposition [35], where the observable subspace is spanned by the �rst 18 columns of

U as de�ned in Equation 3.20, otherwise known as the observable eigenvectors ofWN .

The non-observable subspace is the orthogonal complement of the observable subspace,

such that the transformation matrix P is the combination of the two:

Uo = U[1 : 18]

Uno = null( UT
o )

P =
h
Uo Uno

i

Then to prove the detectability of the system; the sub matrixA22, as constructed according

to Equation 2.14, may not have any unstable eigenvalues. This is indeed the case. A visual

representation of the poles in the complex plane atv = 45 km/h can be seen in Figure 3.8.

Figure 3.8: Observableeig(A11) vs Non-Observableeig(A22), acquired with v = 45 km/h



38 3| Observer Method

3.4.4. Alternative Output Measurement

Alternatively to the output measurement posed in Section 3.4.1, a second additional

con�guration was considered but never implemented fully. This section will discuss the

potential of this second measurement structure.

To start, consider the original sensor placement as seen in Figures 3.5 and 3.6. These

sensors measure acceleration. As explained previously, for the original con�guration, the

choice is made not to use the accelerations directly. This would have been preferable as

it requires no signal alterations. However, instead the integrated velocity signal is used.

This is done to ful�ll Equation 2.16, which uses both the derivative of the output and the

output itself. Now, assume there is some accurate method to �nd this derivative.

This would imply that the accelerations measured by the sensors could be used by the

UIO directly. What would this mean for the observability of the system? Well the state

equation from the output as de�ned by Equations 3.14 would change to acceleration

measurements, which would lead to the following alteration of Equation 3.15,

_x[10 : 18] = My (3.23)

and consequently,

y = M + _x[10 : 18]

y =
h
0 M +

i
(Ax + Ed)

(3.24a)

(3.24b)

only now G =
h
0 M +

i
E 6= 0. In Chapter 2 it is shown that direct feedthrough of

the disturbance on the output does not necessarily need to be an issue. However a

transformation of the output measurements is necessary, to null the feedthrough.

Consider the transformation as de�ned by Equations 2.18, applied to the alternative

output in Equations 3.24, the transformation and output matrix C become:

Ty = null( GT )

C = Ty

h
0 M +

i
A

(3.25a)

(3.25b)

where C 2 R8� 38. This means the transformation has reduced the number of e�ective

outputs from 12 to 8.
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Unfortunately this output matrix does not pass the �rst condition rank(CE) 6= rank( E),

therefore this con�guration by itself is not a feasible alternative. However further adjust-

ments can still be made.

As mentioned previously, in the translational direction no practical options exist to mea-

sure velocity accurately, yet this limitation does not exist for angular velocities. Using

gyroscopes these dynamics can be determined with precision. So, to �nd a structure

which uses the measured signals directly as the output, the alternative setup can be ex-

tended to include angular velocity measurements of the bogies' and car body's roll (_� )

and pitch ( _� ) velocities. These gyroscopes are installed on each train body, which extends

corresponding rows to the matrix M, resulting in the following change to Equation 3.23:

i x = (2 ; 3; 5; 6; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18)

_x[i x ] = My

(3.26a)

(3.26b)

Finally an output matrix can be determined by following the same steps as before, through

transformation of the output, which is still needed due to the acceleration measurements.

Note the row slicing of the matrices,

y = M + (A[i x ; :]x + E[i x ; :]d)

G = M + E[i x ; :]d

Ty = null( GT )

C = TyM + A[i x ; :]

(3.27a)

(3.27b)

(3.27c)

(3.27d)

whereC 2 R14� 38. This time, the rank condition does hold:rank(CE) = rank( E).

To check the second (detectability) condition, the same method is applied as before: the

approximate Gramian.

Consider Figure 3.9, which shows the singular values ofWN (A1; C). The �rst thing to

note in is that the drop o�, indicating which nodes are most observable, is not nearly as

obvious as previously with Figure 3.7. The dotted line indicates which cut o� was chosen,

where it is clear that the chosen cut o� is di�erent for v = 10 km/h with 20 observable

nodes versus atv = 80 km/h with just 17 observable nodes.
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(a) v = 10 km/h (b) v = 80 km/h

Figure 3.9: Eigenvalues ofWN (A1; C) at high and low velocity, for alternative output

The result suggest that the observability is velocity-dependent. Since, at lower speed (20

observable nodes) the system is detectable, at higher speed (17 observable nodes), the

Kalman decomposition reveals unstable, unobservable poles. The con�guration therefore

shows some promise, but observability is not clearly de�ned.

Yet, even if observability or detectability is achieved, the output-derivative requirement re-

mains an open issue. Accurate derivatives must still be obtained via some robust method.

Thus, further analysis is required, which lies beyond the scope of this work.

3.5. Tuning

3.5.1. Observer Gain

Consider again the original output measurement con�guration. After restructuring the

system matrix into its observable canonical decomposition, the following step is to tune

the gains to stabilize the observer matrix. Recall from Section 2.2 that, for the detectable

system case, this is achieved by tuningK p1 2 Rn1xm such that (A11 � K p1C � ) is stable

and then �lling out K p with any matrix K p2, see Equation 2.15.

The tuning of K p1 was carried out using a Linear Quadratic Estimator (LQE) approach.

The estimator gain was computed by solving the associated algebraic Riccati equation

with weighting matrices Q = I 18 and R = I 12, simply the identity matrices. This choice

re�ects equal weighting of the observable states in the estimation error covariance (via

Q) and equal weighting of all output measurements in the measurement noise covariance

(via R).
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Consider the cross level reconstruction achieved with the stated tuning parameters. For

now, it is only relevant to know this simulation was performed on a straight track, at a

constant velocity ofv = 45 km/h, without added noise or disturbances and with a vertical

and roll excitation.

Figure 3.10: Cross level reconstruction on straight track with constant velocityv =

45 km/h

While the reconstruction of the vertical alignment performed excellent (not shown here),

the cross level reconstruction was not nearly as accurate. Figure 3.10 displays the cross

level reconstruction with aggressive oscillations in comparison to the Simpack model ex-

citation. This was a recurring issue, and while a lot of di�erent tuning methods were

attempted, none o�ered any solution to avoid this behaviour.

3.5.2. Arti�cial Damping

Now, upon closer inspection of the unobservable poles in Figure 3.8, it is clear that there

are unobservable poles exactly on the imaginary axis, at� 0 � 20:14i . These marginally

stable poles could result in undamped oscillations in the observer system, and since they

are unobservable no amount of gain tuning will move them into the stable left half plane.

Poles at0 � 20:14i would lead to oscillations at! = 20:14rad=s.
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For a velocity of v = 45 km/h = 12:5m/s, this would appear as a signal with the following

wavelength:

� = v �
2�
!

� 3:90m (3.28)

When zooming in on the reconstruction shown in Figure 3.10, it is visible that these

oscillations roughly match this description (see Figure 3.11).

Figure 3.11: Roll reconstruction from Figure 3.10 zoomed in.

Now it is understood that these oscillations are related to the unobservable poles on the

imaginary axis. The issue becomes how to deal with them, yet �rst to understand what

part of the system is connected to these poles. Consider Figure 3.12, which displays the

poles for the original system matrixA and its transformed counterpartA1. Recall from

Chapter 2 that A1 = TA, where T is the disturbance decoupling transformation, given

by Equation 2.10b.

It is evident that before the transformation there are no poles at� 0 � 20:14i . Moreover,

when directly looking at the list of poles ofA and A1, the list of poles of A contain

a multiplicity of 8 conjugate pole pairs at � � 17:44 � 10:07i . These poles correspond

directly to the 8 delays added by the Padé approximation discussed in Section 3.3.1. Such

that eig(Ap) � � 17:44� 10:07i , for v = 45 km/h.



3| Observer Method 43

Figure 3.12: Poles of original system matrixA and its decoupled transformA1

Contrastingly, when looking at the poles of the transformed systemA1, there are only 4

conjugate pole pairs at� � 17:44� 10:07i , while there are 4 new poles at the origin and

two new conjugate pole pairs at� 0 � 20:14i , of which one pair is unobservable. Note

that the natural frequency for the padé approximation matrix is:

! n �
p

17:442 + 10:072 � 20:14

Therefore, it became clear that this pole pair is connected to the Padé approximation,

shifted onto the imaginary axis by the transformT.

It should be noted that the related oscillations always show up with a wavelength of

� � 3:9 m, regardless of the train velocity. This can be understood through the eigenvalues

of the Padé matrix as de�ned in Equations 3.9:

� = eig(Ap) =) � 2 +
6
�

� +
12
� 2

= 0

=) � = �
3
�

� i

r
3
� 2

(3.29a)

(3.29b)

The natural frequency of the Padé delay becomes:

! n =
p

Re(� )2 + Im( � )2 =
2
p

3
�

(3.30a)

(3.30b)
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Which is then substituted into Equation 3.28,

� = v �
2�

( 2
p

3
� )

= v �
��
p

3
(3.31)

Finally the substitution of � as de�ned in Equation 3.8b into Equation 3.31 leaves:

� = 2 lw2 �
�

p
3

� 3:9 m (3.32)

with 2lw2 (see Table 3.1) the bogie wheelbase length, or simply the distance from the

bogies' front to rear axle.

In order to deal with these oscillations, an arti�cial damping term� was introduced in

the Padé matrix:

A �
p = Ap � �I

� = kd! n

(3.33a)

(3.33b)

Where the damping ratiokd = 0:05, was determined heuristically as an additional tuning

parameter. Adding this damping term shifted the padé poles proportionally by an amount

� to the left, including the poles on the imaginary axis. Crucially, it resulted in a much

better reconstruction of the cross level as seen in Figure 3.13.

Figure 3.13: Cross level reconstruction with arti�cial damping

To sum up, a functional observer was found by tuning the observer according to LQE tun-

ing with Q = I n1 and R = I m , in conjunction with an arti�cial damping term introduced

in the delay dynamics.
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3.6. Vertical Only

This section describes a simpli�ed model which retains, for each rigid body, only the

vertical translation and the pitch rotation about the lateral (y) axis, this fully excludes

roll motion in both the bogies and the car body, therefore this model cannot be used

to develop an observer which reconstructs the cross level of the track. Instead, only the

mean vertical alignment is considered.

This simpli�cation is achieved by removing any roll (� ) terms from the Equations 3.3, 3.4

and 3.5. Also any roll terms are removed from the input forces, which in turn results in

these system equations, starting with the front bogie:

mb•zfb = � �F1f � �F2f + 2ksz[zc � l5� c � zfb ]

+ 2csz[ _zc � (l5 + l4) _� c]

Jby
•� fb = lw2[ �F1f � �F2f ] � 2ksx [h4� c + h2� fb ]

+ 2cszl4[(l5 + l4) _� c � l4 _� fb + _zfb � _zc]

(3.34a)

(3.34b)

Followed by the rear bogie:

mb•zrb = � �F1r � �F2r + 2ksz[zc + l5� c � zrb]

+ 2csz[ _zc + ( l5 � l4) _� c]

Jby
•� rb = lw2[ �F1r � �F2r ] � 2ksx [h4� c + h2� rb]

+ 2cszl4[� (l5 � l4) _� c � l4 _� rb + _zrb � _zc]

(3.35a)

(3.35b)

Finally the car body:

mc•zc = 2ksz[zfb + zrb � 2zc] + 2csz[ _zfb + _zrb � 2 _zc + l4(2_� c � _� fb � _� rb)]

Jcy
•� c = 2kszl5[zrb � zfb � 2l5� c] � 2ksxh4[h2(� fb + � rb) + 2 h4� c]

+ 2csz[(l5 � l4)( _zrb � _zc � l4 _� rb) � (l5 + l4)( _zfb � _zc � l4 _� fb )

� (( l5 + l4)2 + ( l5 � l4)2) _� c]

(3.36a)

(3.36b)
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The input forces are then de�ned as follows:

�F1 = 2[kpz(zb � lw2� b � dz1) + cpz( _zb � lw2
_� b � _dz1)]

�F2 = 2[kpz(zb + lw2� b � dz1) + cpz( _zb + lw2
_� b � _dz1)]

(3.37a)

(3.37b)

Then using the same steps to �nd the state space form as described in Section 3.2.2 the

following form is found:

_x = Ax + Ev
_d + Esd (3.38)

Where A 2 R12� 12, Ev 2 R12� 4 and Es 2 R12� 4 compose a 12 state linear system with 8

disturbance inputs.

Accordingly for this vertical-only system the same augmentations, as posed in Section 3.3,

are implemented to reduce the number of unique disturbances to reconstruct. Starting

with the Padé approximation to model the front to back wheel input delay on each bogie:

_~x = Aaug ~x + Eaug

"
d1

_d1

#

(3.39)

Where Aaug 2 R20� 20 and Eaug 2 R20� 4. Once againd1 2 R2 and _d1 2 R2 respectively

represent the disturbance displacement and velocity hitting the front wheels of the bogie,

only now they exclusively have a vertical component and no roll component.

Then, the same integrator property is exploited with the state extension to reduce the

disturbance input even further, as de�ned by Equation 3.12. Concluding with this fully

augmented system:

_x � = Aext x � + Eext
_d1 (3.40)

Where Aext 2 R22� 22 and Eaug 2 R22� 2.
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3.6.1. Observability and Tuning

Consider for this simpli�ed model the same steps to analyze the observability as described

in Section 3.4. Starting with the output measurement, which retains only the verticalz

and pitch � measurements as given by Equations 3.16:

_zb =
vb1 + vb2 + vb3 + vb4

4
_� b =

1
2

hvb3 � vb1

2lw2
+

vb4 � vb2

2lw2

i

_zc =
vc1 + vc3

2
_� c =

vc3 � vc1

lc

This leads to a similar derivation of the output matrix C as described by the Equations

3.16, only nowM 2 R6� 10 and C 2 R10� 22. The resulting output matrix and disturbance

coupling pass the UIO rank condition:

rank (CE) = rank (E)

The detectability condition is checked using the approximate Gramian method, leading

to the singular values as shown in Figure 3.14.

(a) v = 10 km/h (b) v = 80 km/h

Figure 3.14: Vertical only: Eigenvalues ofWN (A1; C) at high and low velocity

The same observations as discussed in Section 3.4.3 with regards to the observability can

be made. Only now, the system is a detectable system with 14 out of 22 observable nodes

instead of 18 out of 38.
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The tuning of this observer is quite straightforward. With the elimination of the roll

dynamics, the problematic poles at the imaginary axis vanished for this vertical only

simpli�cation. This means that no arti�cial damping term was required and LQE tuning

with Q = I n1 and R = I m was su�cient to �nd a stable and functional observer.

3.7. Half System

Another simpli�cation was developed which considers e�ectively half the system. The

model describes for the car body only the vertical(zc) dynamics. Additionally, the original

3 DoF are considered for 1 bogie, speci�cally the front bogie measurements are used. This

simpli�cation is derived by removing the car body roll(� c) and pitch (� c) terms from the

bogie and car body system equations. Since this system considers only one bogie, the car

body mass is halved accordingly, assuming a virtual unmodeled bogie carries the other

half of the car body. The 4 system equations are then as follows, starting again with the

bogie and ending with the car body:

mb•zrb = � F1 � F2 � F3 � F4 + 2ksz[zc � zb]

+ 2csz[ _zc + l4 _� b �
1
2

(l3 � l6) _� b]

Jby
•� b = lw2[F1 + F2 � F3 � F4] � 2ksxh2

2� b

+ 2cszl4[� l4 _� b +
1
2

(l3 � l6) _� b + _zb � _zc]

Jbx
•� b = l1[� F1 + F2 � F3 + F4] � 2ksyh2

2� b � 2kszl2
2� b � 2csyh2

1
_� b

+ csz[� (l3
2 + l6

2) _� b + ( l3 � l6)( _zc � _zb + l4 _� b)]

mc

2
•zc = 2ksz[zb � zc] + 2csz[ _zb � _zc � l4 _� b +

1
2

(l3 � l6) _� b]

(3.42a)

(3.42b)

(3.42c)

(3.42d)

The input forces are unchanged with regards to the orignal system, and can therefore be

considered identical to the Equations 3.1. Finally these equations result in the same state

space form as Equation 3.38:

_x = Ax + Ev
_d + Esd
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Only now A 2 R8� 8, Ev 2 R8� 4 and Es 2 R8� 4 compose an 8 state linear system with 8

disturbance inputs.

Once again the augmentations from Section 3.3 are implemented. The Padé approxima-

tion models the front to back wheel input delay as in Equation 3.39:

_~x = Aaug ~x + Eaug

"
d1

_d1

#

This instance givesAaug 2 R16� 16 and Eaug 2 R16� 4. As always d1 2 R2 and _d1 2 R2

respectively represent the disturbance displacement and velocity hitting the front wheels

of the bogie, containing one vertical alignment and one cross level component each.

Again leveraging the integrator relationship results in the fully augmented system as such:

_x � = Aext x � + Eext
_d1

Where Aext 2 R18� 18 and Eaug 2 R18� 2.

3.7.1. Observability and Tuning

As with the vertical model and the main model, the observability is again analyzed as

described in Section 3.4. In this instance the output measurement retains only the vertical

z measurement for the car body, while the bogie measurement is identical, as given by

Equations 3.16.

_zb =
vb1 + vb2 + vb3 + vb4

4
_� b =

1
2

hvb3 � vb1

2lw2
+

vb4 � vb2

2lw2

i

_� b =
1
2

hvb1 � vb2

2lw2
+

vb3 � vrb4

2lw2

i

_zc =
vc1 + vc3

2

The output matrix C is again derived as described by the Equations 3.16, only now

M 2 R4� 6 and C 2 R6� 18. The resulting output matrix and disturbance coupling pass

the UIO rank condition:

rank (CE) = rank (E)
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The detectability condition is once again checked using the approximate Gramian method,

resulting in the singular values as shown in Figure 3.15.

(a) v = 10 km/h (b) v = 80 km/h

Figure 3.15: Half system: Eigenvalues ofWN (A1; C) at high and low velocity

The observability results that follow from Figure 3.15 are very similar to the models

covered in the preceding sections, showing it is a detectable system with 8 out of 18

observable nodes. In contrast with the vertical simpli�cation and in accordance to the

main model, this model does have the aforementioned issues with oscillations on the

reconstruction. Therefore the same strategy was applied to add an arti�cial damping

term which stabilizes these oscillations. Speci�cally, the damping ratiokd = 0:05 was

used again; as it was de�ned in Equation 3.33. Once more, the observer was tuned using

LQE tuning with Q = I n1 and R = I m
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3.8. Varying Velocity

With the introduction of the delay dynamics in Section 3.3.1, the system acquired an ex-

plicit dependence on the train velocity. Considering the time delay� de�ned by Equation

3.8b,

� =
2lw2

v

it follows that the system matrices vary continuously with the train speed. Consequently,

when the observer runs with varying velocity, two implications arise: both the system

matrices and the observer gain must be updated at every time step, based on the current

train velocity.

While recomputing the augmented system matrices online is computationally manageable,

re-tuning the observer gain at each time step is not. To address this, the observer gains are

pre-computed for a discrete set of velocities, equally spaced by an interval� v. Let K 1(v)

denote the observer gain, as introduced in Equation 2.15, tuned for the linear system

evaluated at velocityv. The collection of these gains is stored in a large structure:

GS =
h
K 1(vmin ) K 1(vmin + � v) � � � K 1(vmax )

i

For intermediate velocities, the appropriate gain is obtained by interpolating between the

two closest pre-computed gains. Speci�cally, ifvi � v < v i +1 and given � v = vi +1 � vi ,

the interpolated gain is de�ned as:

~K 1(v) = (1 � � )K 1(vi ) + �K 1(vi +1 );

� =
v � vi

� v
:

(3.44a)

(3.44b)

Speci�cally this gain interpolation was performed with a velocity interval of� v = 5 km/h.

One might recall from Section 3.4.2 that the approximate Gramian method was applied

under the assumption of a LTI system. When dealing with the varying velocity conditions

this is clearly no longer the case. However, considering the fact that a metro does not

accelerate or decelerate particularly aggressively under normal operating conditions and

given that the approximate Gramian eigenvalues did not vary much for low vs high velocity

(see Figure 3.7), it is assumed that this time varying behavior is negligible. As a result,

the observer gain structure was always built under constant velocity assumptions.
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3.9. Operating Conditions

To test the observer under varying conditions, certain parameters could be adjusted ac-

cordingly. Speci�cally, the track and the sensors.

3.9.1. Track

As mentioned in Section 3.1 the track pro�le could be adjusted in the Simpack envi-

ronment. The curvature could be modi�ed, as well as the vertical, roll and horizontal

excitation. While Simpack uses the roll excitation as an angle, the signal can simply be

converted to a cross level excitation, by multiplying the term with the track gauge. The

exact same cross and vertical excitation are always present, whereas the horizontal exci-

tation is only added in when speci�ed. The used excitations are displayed in Figure 3.16.

Figure 3.16: Track Excitations

Moreover, the excitations in simulation are de�ned with a fade in and fade out section.

This means that the excitations start at zero and build up for a 100m and then at the

end fade out over a 100m again. Based on this setup, only the middle fully excited 800m

section is considered for the simulation results in Chapter 5.
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To model realistic properties for the track excitations, the prede�ned power spectral

density (PSD) functions implemented in the Simpack software were used. These PSDs

are based on the ERRI B176 recommendations for track irregularities [22], which provide

standardized spectra for vertical and lateral geometry defects at di�erent quality levels.

The choice was made to generate a signal with wavelengths between 1m to 70m, which

includes, and is wider than, the D1 range. The user can also choose to use a "High" vs

"Low" PSD, where for this thesis, the �High� subtype was always chosen. This corresponds

to a relatively poor track quality.

With regards to the curvature, two tracks were considered. One straight track and one S

shaped track. The S shaped track consists of a 100m straight section where the excitation

builds up, followed by an 800m S shape made of two continuous semicircles in opposite

directions, �nally another 100m straight section where the excitation dies down. The

semicircles have radiusR = 135m, which converts to a curvature of� = 0:0074m� 1 (see

Figure 3.17). This can be seen as a slightly aggressive curve in comparison to the real

world tracks to be considered in Chapter 4, however this choice was made to capture the

e�ect of the curvature clearly.

Figure 3.17: Curved Track
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3.9.2. Noise

To analyze the robustness of the UIO method, sensor noise was simulated. In order to

model realistic measurements of accelerations along the car body and bogies, the datasheet

of an existing accelerometer was referenced. Speci�cally [36]:

Kistler Type 8396A capacitive MEMS triaxial accelerometer

This accelerometer has noise speci�cations based on which model you are using. Where

the models are divided by dynamic range. The versions used are shown in Table 3.3

Model Range [g] Noise Density [mgrms =
p

Hz]

8396A2D0 � 2 0.007

8396A050 � 50 0.175

Table 3.3: Sensor Noise [36]

The selected model versions provide two di�erent noise specs, corresponding to the low-

range � 2g for the car body measurements and high-range� 50g for the bogie. These

values function as the target root-mean-square (RMS) noise densities to be added onto

the idealized Simpack measurements.

To reproduce the speci�ed characteristics, a zero-mean white Gaussian noise sequence is

generated, with unit variance. This noise is band-limited with a low-pass �lter of cut-o�

frequencyf c = 100 Hz, according to the bandwidth stated in the datasheet. The �ltered

noise~n(t) is then scaled such that its RMS value is equal to the datasheet thresholdnrms

corresponding for the chosen sensor model:

~nscaled(t) = ~n(t) �
nrms

p
f c

RMS(~n(t))

Finally, this calibrated noise is added on the ideal simulated measurementy(t), resulting

in the noisy signal

ynoisy(t) = y(t) + ~nscaled(t):

This way, the simulated sensor outputs mimics a realistic accelerometer with the properties

speci�ed in the datasheet [36].
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An alternative, signal-based method has also been considered. This approach serves

two purposes: �rst, to provide a direct point of comparison with the observer method,

and second, as an opportunity to use real measurement data. Speci�cally measurements

collected on certain sections of the M1 line in Milan. (Figure 4.1)

Figure 4.1: M1 metro line in Milan. Source: [37]

Working with real data introduces challenges that are typically absent when dealing solely

with simulated models, such as having to synchronize the reconstructions with the refer-

ence data. Addressing these types of challenges o�ered valuable insight into the limitations

and necessary preprocessing steps required for successful track geometry reconstruction

in realistic measurement conditions.

The signal-based method is conceptually straightforward: the geometry of the rail is re-

covered by double integration of measured axle-box accelerations, along with appropriate

�ltering and alignment to the reference geometry.
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