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Abstract

This thesis demonstrates the experimental generation of two-dimensional Continuous
Variable (CV) cluster states in a superconducting microwave frequency comb using para-
metric pumping. We develop the Pump Projection Method (PPM) to solve the inverse
parametric problem: given a target multimode correlation structure, we determine the re-
quired pump configuration by exploiting the orthogonality of elementary coupling matrices
in Hilbert-Schmidt space. We experimentally generate square-lattice and honeycomb-
lattice cluster states with up to several tens of modes, verified through nullifier measure-
ments showing squeezing below the vacuum level. The states exhibit scalability with
respect to mode number and robustness against frequency spacing variations. A dissi-
pative model explains the optimal pumping regime, while hidden entanglement analysis
confirms negligible unwanted correlations. These results establish a systematic framework
for engineering programmable multimode entanglement in superconducting circuits, pro-
viding a versatile platform for Measurement-Based Quantum Computation (MBQC) in

the microwave domain.

Keywords: continuous-variable cluster states, Josephson parametric amplifier, super-
conducting circuits, multimode entanglement, parametric pumping, measurement-based

quantum computation
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Abstract in lingua italiana

Questa tesi dimostra la generazione sperimentale di stati cluster bidimensionali a Continu-
ous Variable (CV) in un frequency comb a microonde superconduttivo mediante pompag-
gio parametrico. Sviluppiamo il Pump Projection Method (PPM) per risolvere il problema
parametrico inverso: data una struttura di correlazione multimodale target, determini-
amo la configurazione di pompaggio richiesta sfruttando 'ortogonalita delle matrici di
accoppiamento elementari nello spazio di Hilbert-Schmidt. Generiamo sperimentalmente
stati cluster con topologia a reticolo quadrato e a nido d’ape con diverse decine di modi,
verificati tramite misure di nullifier che mostrano squeezing al di sotto del livello di vuoto.
Gli stati mostrano scalabilita rispetto al numero di modi e robustezza rispetto alle vari-
azioni di spaziatura in frequenza. Un modello dissipativo spiega il regime di pompaggio
ottimale, mentre I'analisi dell’'Hidden Entanglement Ratio (HER) conferma correlazioni
indesiderate trascurabili. Questi risultati stabiliscono un framework sistematico per ingeg-
nerizzare entanglement multimodale programmabile in circuiti superconduttori, fornendo
una piattaforma versatile per il Measurement-Based Quantum Computation (MBQC) nel

dominio delle microonde.

Parole chiave: stati cluster a variabili continue, amplificatore parametrico Joseph-
son, circuiti superconduttori, entanglement multimodale, pompaggio parametrico, calcolo

quantistico basato su misure
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List of Abbreviations

ADC Analog-to-Digital Converter.

cQED circuit Quantum Electrodynamics.
CV Continuous Variable.

DC Direct Current.

DFT Discrete Fourier Transfrom.

EOM Equations of Motion.

EPR Einstein—Podolsky—Rosen.

HEMT High-Electron-Mobility Transistor.
HER Hidden Entanglement Ratio.

HF High Frequency.

I/O Input-Output.

IQ In-phase and Quadrature.

JPA Josephson Parametric Amplifier.
KTH KTH Royal Institute of Technology.
LF Low Frequency.

MBQC Measurement-Based Quantum Computation.
PPM Pump Projection Method.

RF Radio Frequency.

RT Room Temperature.

RWA Rotating-Wave Approximation.

SQUID Superconducting Quantum Interference Device.



TLS Two-Level System.
TMS Two-Mode Squeezed.

ZPF Zero-Point Fluctuation.
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Introduction

The quest for quantum computational advantage has driven the development of multiple
physical platforms capable of processing quantum information. Among the various ap-
proaches to quantum computation, Measurement-Based Quantum Computation (MBQC)

o0 ers a distinctive paradigm in which quantum gates are implemented through sequences
of local measurements performed on a highly entangled resource state, rather than through
unitary operations applied to individual qubits [1, 2]. This approach, rst formulated in

the context of discrete-variable systems through the one-way quantum computer pro-
tocol [1], has been extended to Continuous Variable (CV) systems [3, 4], where quan-
tum information is encoded in the quadratures of bosonic modes such as electromagnetic
elds [5, 6].

Continuous Variable (CV) cluster states constitute the central resource for CV-MBQC [4,

7]. These states are characterized by multimode Gaussian correlations with a well-de ned
graph structure, in which each mode corresponds to a hode and entanglement links are
represented by edges connecting pairs of nodes [7]. The topology of this graph determines
the computational capabilities of the resource state and the gate operations that can be
implemented through homodyne measurements [4, 7]. Two-dimensional cluster states,
in particular, enable universal quantum computation when combined with non-Gaussian
operations [4, 8]. While optical implementations have successfully generated large-scale
CV cluster states using optical parametric oscillators and frequency combs [9 12], the re-
alization of such states in the microwave domain has remained an experimental challenge.

Superconducting circuits provide a natural platform for microwave quantum optics due to
their strong nonlinearities, precise tunability, and compatibility with circuit quantum elec-
trodynamics (CQED) architectures [13, 14]. In particular, Josephson Parametric Ampli er
(JPA)s enable parametric processes in which the e ective inductance of a Superconduct-
ing Quantum Interference Device (SQUID) is modulated by an external ux drive [15, 16].
This modulation induces controllable interactions between microwave modes, allowing for
the generation of squeezed states and multimode entanglement [15, 17, 18]. Previous
experimental work has demonstrated two-mode squeezing [17, 18] and limited forms of
multimode entanglement in microwave frequency combs [19 22]. However, the controlled
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generation of two-dimensional cluster-state topologies that is essential for scalable MBQC
has not been achieved.

The central challenge addressed in this thesis is the systematic design of parametric pump
con gurations that produce desired correlations between quadrature oscillations at the
discrete frequencies of a microwave frequency comb. Unlike systems where spatial or
temporal degrees of freedom provide natural two-dimensional lattice geometries [11, 12],
microwave frequency combs are inherently one-dimensional arrays of modes [20, 21]. Map-
ping these modes onto programmable two-dimensional graphs requires a precise under-
standing of how parametric pumping induces mode coupling, and how multiple pumps
combine and interfere when generating the coupling. This leads to a formulation of the
problem that we call the inverse parametric problem: given a target multimode correla-
tion structure, determine the frequency, amplitude, and phase of the parametric drives
required to realize it experimentally.

This thesis provides both a theoretical framework and an experimental demonstration
for solving the inverse parametric problem. We introduce the Pump Projection Method
(PPM) [23], a systematic procedure that decomposes arbitrary coupling matrices into
orthogonal elementary patterns, each corresponding to a speci ¢ parametric pump. By
exploiting the Hilbert-Schmidt inner product structure of the operator space of coupling
matrices, we obtain closed-form solutions for the pump con gurations required to imple-
ment any target interaction within the physical constraints of the system. The PPM not
only solves the design problem but also provides insight into the fundamental limitations
and optimization strategies for multimode state engineering.

Experimentally we use a superconducting parametric oscillator to generate square-lattice
and honeycomb-lattice cluster states with several tens of modes. The generated states
are characterized through covariance matrix reconstruction [6] and nullier measure-
ments [7, 8], which con rm that the programmed correlations satisfy the cluster-state
criterion with squeezing levels signi cantly below the vacuum reference. We investigate
the scalability of the method by varying the number of modes and the frequency spacing,
and we identify an optimal pumping regime in which squeezing performance is maximized.
A theoretical model incorporating dissipation through Lindblad dynamics reproduces the
observed trade-o between coherent parametric ampli cation and loss-induced degrada-
tion. Furthermore, we analyze hidden entanglement arising from higher-order nonlinear
processes and establish conditions under which such unwanted correlations remain negli-
gible.

The structure of this thesis is as follows. Chapter 1 introduces the fundamental compo-
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nents of superconducting circuits, including Josephson junctions, SQUIDs, and JPAs [13
16], and derives the e ective Hamiltonian governing parametric interactions. Chapter
2 provides the theoretical background on CV quantum systems, Gaussian states, and
cluster states [4 8], including the nulli er formalism used for experimental veri cation.
Chapter 3 describes the experimental setup and measurement techniques, including the
multi-frequency lock-in ampli er used for covariance reconstruction. Chapter 4 presents
the inverse parametric problem, the PPM, and its validation through numerical simula-
tions. Chapter 5 reports the experimental generation of two-dimensional cluster states,
including programming schemes, nulli er veri cation, scalability analysis, and HER char-
acterization. Chapter 6 summarizes the main results and discusses future directions for
extending this work toward fault-tolerant CV quantum computation [8].

As far as my personal contribution to this work is concerned, | developed the theoretical
framework of the Pump Projection Method and performed the associated numerical simu-
lations and experimental validation (Chapter 4). The measurement software was originally
written by Juan Carlos Rivera Hernandez; | extended and modi ed it to implement the
new measurement protocols required for two-dimensional cluster state generation. The
nulli er measurements presented in Chapter 5 were carried out in collaboration with Fabio
Lingua, while the dissipative Lindblad model and the hidden entanglement analysis are
my own contribution.






1 ‘ Superconducting Circuits

Since Richard Feynman's original proposal [24], which rst suggested the possibility of
simulating quantum physics using controllable quantum systems, the idea that a quantum
computer could outperform a classical one has become a central motivation in modern
physics [25]. Several physical platforms have been developed to pursue this vision, includ-
ing trapped ions, neutral atoms, and superconducting circuits. Among these technologies,
superconducting circuits stand out as one of the most promising platforms, thanks to their
relatively long coherence times, low noise, and high controllability [26 28], which make
them excellent candidates in the race toward the realization of controllable quantum ma-
chines.

The properties of these circuits mainly derive from the materials composing them. When
superconducting materials are cooled below their critical temperature, they exhibit re-
markable properties: electrons form bound states called Cooper pairs [29, 30], which con-
dense into a single macroscopic quantum ground state. This phenomenon allows electric
current to ow without dissipation, known as supercurrent with truly zero resistance.

In this chapter, we introduce the main building blocks of superconducting circuits, with
particular focus on the Josephson junction and its ux-tunable extension, the Supercon-
ducting Quantum Interference Device (SQUID). We then explain the Josephson Paramet-
ric Ampli er (JPA), derive its Hamiltonian, and discuss its operating principle. We also
describe the experimental setup used in our experiment, in which the JPA plays a central
role. Finally, we present the input output model, which connects the circuit description
to the quantum Langevin equations.

1.1. Josephson Junction

Let us now consider the fundamental building block underlying all superconducting cir-
cuits: the Josephson junction As shown in Fig. 1.1(a), the Josephson junction consists
of two superconducting materials $; and S,) separated by a thin insulating layer (). If
the barrier is su ciently thin, quantum-mechanical tunneling of Cooper pairs can occur,
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Figure 1.1: a) Conceptual sketch of the junction, where5; and S, denote the two su-
perconductors (light green), and represents the thin insulating layer (dark green).b)
Lumped element model of the Josephson junction.

as rst demonstrated by Brian D. Josephson in 1962 [31]. To describe the behavior of the
junction, we introduce the following wavefunctions [32]

L= Pogete: , = Pogete: (1.1)

where % and % represent the charge-carrier densities in the two superconductors, while
#, and #, are their respective phases. By de ning the phase di erence as

=#, #i (1.2)

it is possible to write the two Josephson equations

_ . @' 2eV.
| = l.sin" o~ (1.3)

wherel . denotes the critical current of the junction,eis the electron charge;- the reduced
Planck constant, andV the voltage across the junction. From the rst equation, one can
observe that when no voltage is applied{ = 0), the phase di erence’ ="' j is constant,
and the currentl = I.sin' o can take a non-zero value smaller thah.. This corresponds
to a supercurrent owing without any resistive dissipation. Taking the time derivative of
the current yields

@I @ , | 2V @l

@t: Ic@tcos = lc——cos ) V =L, at (1.4)

where
- L (1.5)
2el. cos '

LJ:

de nes the Josephson inductance. Hence, the supercurrent owing across the junction
behaves as a non-linear inductor, whose inductance depends on the phase di erenéer
current 1) whose strength is controlled by the critical current, which itself depends on
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the geometric of the Josephson junction and material properties of the superconductors.
These two features, the ability to sustain a dissipationless current and the intrinsic non-

linearity of its inductance, are essential to address speci c transitions between quantum
states and enable parametric ampli cation [15, 33 35], make the Josephson junction the
core component of superconducting quantum circuits.

1.2. Superconducting Quantum Interference Device

Figure 1.2: a) Schematic representation of a DC SQUID, consisting of two Josephson
junctions arranged in parallel within a superconducting loopb) Lumped-element model
of the SQUID.

After introducing in the previous section the Josephson junction, which constitutes the
fundamental building block of superconducting circuits, one can combine multiple junc-
tions in order to realize devices with enhanced functionality. A paradigmatic example is
the Superconducting Quantum Interference DevicgSQUID), in a con guration known as
the DC-SQUID.

A DC-SQUID consists of two Josephson junctions embedded in a superconducting loop,
as schematically shown in Fig. 1.2a). An external bias current applied to the device,
splits into the two branches of the loop, giving rise to the current$; and I, owing
through the respective junctions. In the following, the two junctions are characterized by
critical currents l¢; and | .

The acumulated phase going around the loop must me an integer multiple 2f, and
therefore the superconducting phase di erences, and , across the two junctions are
not independent. In the presence of an external magnetic uX ey threading the loop,
they satisfy the constraint

1 2=2 o ; (16)
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where . is the total magentic ux penetrating the loop and , = h=2e denotes the mag-
netic ux quantum. This relation follows from gauge invariance of the superconducting
order parameter and underlies the interferometric behavior of the SQUID.

In the limit where the geometric inductance of the loop is su ciently small, such that
L j00p!
L= —'°°z ° 1 (1.7)

the supercurrent-induced ux can be neglected and the total ux through the loop co-
incides with the externally applied ux, & = ex. In this regime, the total current
owing through the DC-SQUID can be written as

| = I'squio ( ext) SIN ; (1.8)

where is the average superconducting phase across the device, and
S

ext (t) (19)
0

lsquip ( ext(t)) = 14+ 15 +2lalczcos 2
is the e ective critical current of the DC-SQUID [36]. Here we included a time-dependent
external magnetic ux.

This expression shows that, within the considered approximation, the DC-SQUID can be
regarded as an e ective Josephson junction whose critical current is continuously tunable
by means of an externally applied magnetic ux.

Since the Josephson inductance is inversely proportional to the derivative of the current
with respect to the superconducting phase, the ux dependence of the critical current
directly translates into a ux-tunable e ective Josephson inductance

0 1 L(t)

L ( ex(t)) = = (1.10)
SQUIDR e 21 SQUID( ext(1)) cos 2 — cos 2 —

where is the node ux variable. This property makes the DC-SQUID a key element in
nonlinear superconducting circuits, enabling in-situ control of the system parameters.

In addition to behaving as a ux-tunable inductive element, the DC-SQUID is able to store
electromagnetic energy. Within the approximation | 1, where the device can be mod-
eled as an e ective Josephson junction with ux-dependent critical currentsguip ( ext),
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the associated potential energy stored in the SQUID is therefore given by

2

USQUID( ,t): cos 2 — (111)

2L (t) 0

In the remainder of this work, this tunability will be exploited in the experimental device
employed to generate and manipulate quantum states of microwave elds, namely the
Josephson Parametric Ampli er, which is introduced in the following section.

1.3. Josephson Parametric Ampli er

It is now appropriate to focus on the central device employed in the experiments pre-
sented in this work: the Josephson Parametric Ampli er (JPA). As will be discussed

in the following, when operated under suitable conditions, this device enables several
functionalities of fundamental importance in the context of microwave quantum physics,
including the parametric ampli cation of weak signals and the generation of correlations
between modes of the quantum vacuum.

1.3.1. Theoretical model of a parametric ampli er

Before addressing the speci c implementation of the Josephson Parametric Ampli er, it
is useful to introduce the general concept of a parametric ampli er from a theoretical per-
spective. In its strictest sense, a purely parametric ampli er does not rely on an external
driving force acting directly on the system's dynamical variable. Instead, ampli cation
arises from the time modulation of a system parameter.

A paradigmatic example is provided by a harmonic oscillator whose natural frequency is
modulated in time. The equation of motion of such a system can be written as

x(t)+ x(t)+ ! 2(t)x(t)=0; (1.12)

where accounts for dissipative losses and the time-dependent parameter, the resonant
frequency! (t), is assumed to take the form

()= "!o[1+ cosl pt)]: (1.13)

Here, !  denotes the bare resonance frequency of the oscillator,is a dimensionless
modulation amplitude, and! , is the modulation (pump) frequency.
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In contrast to a directly driven oscillator, where an external force injects energy through a

term proportional to F (t), energy is supplied to a parametric system through the modula-

tion of its intrinsic properties. When the pump frequency satis es the resonance condition

Iy' 2!, the system becomes unstable and exhibits exponential growth of the oscillation
amplitude, corresponding to parametric ampli cation.

From a quantum-mechanical perspective, parametric ampli cation originates from an in-
teraction that enables coherent energy exchange between the pump and the oscillator
through two-photon processes. In this framework, the action of the parametric drive is
conveniently described in terms of eld quadratures. The dynamics redistributes quan-
tum uctuations between a pair of conjugate quadratures, reducing the variance of one
guadrature while increasing that of the orthogonal one. When the variance of a quadra-
ture is suppressed below its zero-point uctuation (ZPF) level, the resulting state is said
to be squeezed, with the ampli cation of the conjugate quadrature ensuring compliance
with the Heisenberg uncertainty principle. As a result, parametric ampli ers provide a
direct route to the generation of squeezed states of the electromagnetic eld.

In the following subsections, this general framework will be applied to electrical circuits.
Starting from the quantization of a simple LC oscillator and then leading to the e ective
Hamiltonian description of the Josephson Parametric Ampli er.

1.3.2. LC oscillator and quantization

Before deriving the Hamiltonian of the Josephson Parametric Ampli er, it is instructive

to introduce the quantization of the canonical variables of an electrical circuit. To this
end, we consider the simplest possible circuit: an LC oscillator, as schematically shown
in Fig. 1.3. In an LC circuit, energy is periodically exchanged between the capacitor

and the inductor. The total energy of the system is
therefore given by the sum of the energy stored in
the capacitor, Ec, and in the inductor, E ,

1

1
E=Ec+E = zq2+ o 2, (1.14)

where q denotes the charge on the capacitor and
Figure 1.3: Schematic diagram of the magnetic ux across the inductor.
an LC oscillator.

Upon promoting the classical variableg| and to quantum operators, the Hamiltonian
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of the LC oscillator reads

= — + — . .
e = 5etf+ o % (115)
provided that the canonical commutation relation["; §] = i~ is satis ed, as discussed in

Refs. [37 39]. Itis convenient to express the Hamiltonian in terms of bosonic annihilation
and creation operators, de ned as

N

1 G
A=z +i— 1.16
2 ZPF OzrF ( )
!
1" g
Ay = = i— 1.17
2 ZPF Ozrr ( )

where the zero-point uctuations of ux and charge are given by

r r

~

ZPF = > Oz = fo; (1.18)

representing the standard deviations of the ux and charge uctuations of the ground
state, andZo = L=C denotes the characteristic impedance of the circuit. It is easy to
verify that operators satisfy the bosonic commutation relation[AY; A] =1 . In terms of
these operators, the Hamiltonian (1.15) takes the familiar form

Biec=~, AR+ % : (1.19)
with ! o = 1:p LC being the resonance frequency of the oscillator.

1.3.3. Structure of the JPA and e ective Hamiltonian

Having introduced the concept of parametric ampli cation and the quantization of an LC
circuit, we now have all the necessary ingredients to describe the physical structure of a
Josephson Parametric Ampli er (JPA) and to derive its e ective Hamiltonian.

As schematically shown in Fig. 1.4(a), a JPA consists of a DC-SQUID connected in parallel
with a capacitanceC. The SQUID is threaded by an externally applied magnetic ux,
which can be controlled through a dedicated pump line. As discussed in Sec. 1.2, the
SQUID behaves as a nonlinear inductive element whose e ective inductance depends on
the external magnetic ux. From a circuit perspective, this results in an LC resonator
with a time-dependent and nonlinear inductance. The corresponding lumped-element
model is depicted in Fig. 1.4(b).
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Figure 1.4: (a) Schematic representation of a Josephson Parametric Ampli er based on
a DC-SQUID embedded in a lumped-element resonator. (b) E ective circuit model,
where the SQUID is represented as a single nonlinear inductive element whose value can
be modulated in time by magnetic ux supplied via an external control line, enabling
parametric ampli cation.

The Hamiltonian of the JPA can therefore be constructed starting from the Hamiltonian
of an LC oscillator, with the linear inductance replaced by a nonlinear, ux-dependent
element. In analogy with Eq. (1.15), the Hamiltonian of the circuit can be written as

Hea (t) = % + Usqup 3t ; (1.20)

whereUsquip denotes the potential energy associated with the SQUID (see Eq. 1.11) and
ext () Is the externally applied magnetic ux.

Assuming small quantum uctuations of the ux variable around the equilibrium point,
the SQUID potential can be expanded in powers df. Retaining terms up to fourth order,

one obtains

N2 2
A !

Usqupo ;t

N4,

+
oM gL

where L (t) is the e ective inductance of the SQUID, whose time dependence originates

(1.21)

from the externally applied ux. The quadratic term describes a harmonic oscillator
with a tunable resonance frequency, while the quartic term is responsible for the Kerr
nonlinearity of the device.

In the experimental con guration considered in this work, the external magnetic ux can
be decomposed into a static and a time-dependent contribution,

ext(t) = biast  p(t); (1.22)
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where s Sets the operating point of the JPA, while the time-dependent component
p(t) provides the parametric pump. For su ciently small pump amplitudes, , 05
the inverse inductance can be expanded to rst order as

1 1 1

LO  Lom " Lo’ (123)

whereL piss iS the static e ective inductance andL y(t) describes the time-dependent mod-
ulation induced by the pump.

Substituting this expression into Eq. (1.21), the Hamiltonian of the JPA can be written

as
N2 2

+
2Lty GL(D)

Ropa(t) = Hic + e, (1.24)

where IQLC is the Hamiltonian of the linear LC oscillator introduced in Sec.1.3.2.

Finally, expressing the ux operator ™ in terms of the bosonic annihilation and creation
operators, the Hamiltonian assumes the standard form

_ h i h i
Boon () = ~1 o AVA + LZL , %pL(t) A+ A 4= R+ A (129

wherep, (t) denotes the parametric coupling induced by the ux pump and is the Kerr
coe cient arising from the intrinsic nonlinearity of the Josephson element.

1.3.4. Quantum Langevin equations

Having established the Hamiltonian description of the Josephson Parametric Ampli er,
we now derive the equations of motion that govern the dynamics of the system. Since
the JPA operates as an open quantum system, its evolution is determined not only by its
internal Hamiltonian, but also by its coupling to an external electromagnetic environment.

In realistic experimental implementations, the JPA is coupled to a semi-in nite transmis-
sion line, which serves both as the dominant dissipation channel and as the measurement
port. In this con guration, the JPA operates as a scatterer. an incoming signal propagat-
ing along the transmission line interacts with the intracavity mode of the resonator and

Is subsequently scattered back into the same line as represented in Fig. 1.5.

Heisenberg equations of motion. We describe the dynamics of the quadrature oper-
ators in the Heisenberg picture. The time evolution of the intracavity mode, represented
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Figure 1.5: Schematic representation of a Josephson Parametric Ampli er capacitively
coupled to a semi-in nite transmission line. The transmission line supports a continuum

of propagating modes and provides both the dominant dissipation channel and the mea-
surement port of the device. The incoming and outgoing elds, described by the operators
&, (t) and &, (t), represent the electromagnetic elds incident on and scattered from the

JPA, respectively.

by the annihilation (creation) operatorsA (AY), is given by

dA |

ot = JPA;A ; (1.26)
dd;Aty S NRINE (1.27)

Including the coupling to the transmission line within the standard input-output formal-
ism [40, 41], the equations of motion take the form

dd . _

== iAo () A+ A + P e (1.28)

ddv _ _

St o A+ A+ e, (1.29)
whereky = ! i =2is the complex resonance frequency anddenotes the total coupling
rate to the transmission line. Notice that the total dissipation rate = j; + ¢y includes

both internal losses and losses due to coupling to the external environment. For a strongly
over-coupled JPA, internal losses can be neglected and ¢y [42]. The operatorsa, (t)
describe the incoming eld at the end of the transmission line. In the classical limit
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the dynamics is described by the expectation values of the eld operators. De ning
A(t) := hA(t)i, the equations of motion reduce to a system of coupled linear equations
for the complex amplitudesA(t) and A (t).

Mode decomposition over a nite measurement time. To study how the JPA
mediates interactions between propagating modes, it is convenient to expand the eld
operators in an appropriate mode basis. While the transmission line supports a continuum
of frequencies, the experimental measurement is performed over a nite time window of
duration Tyeas. This naturally de nes a discrete and orthonormal set of temporal modes.

We introduce the mode functions

1 . 2
Cn(t) = p=—=e "mt I m = m . (1.30)
Tmeas Tmeas
which satisfy the orthonormality condition
Tmeas
dtc,(t)ca(t) = mn: (1.312)

0

The discreteness of the spectrum follows from the requirement that each mode completes
an integer number of oscillations within the measurement window.

Using this basis, the intracavity eld operator can be expanded as
X X
A)=  amcm(t);  ANt)=  af g, (b); (1.32)

m m

wherea,, and a’, are bosonic operators associated with the discrete modes.

Parametric modulation and mode coupling. The parametric drive is taken to be
a superposition of coherent pump tones,

X X _ .
p(t)= pccos( kt+ &)= oe ' <+ g K (1.33)
k k
with complex amplitudesg, = Bee «.
Frequency domain formulation. To gain further insight into the structure of the

mode coupling induced by the parametric modulation, it is convenient to rewrite the
equations of motion in the frequency domain. We therefore consider the Fourier transform
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of the discrete mode operators,

Ffan(t)g = dtanm(t) € : (1.34)
1

Within the nite measurement window Teas, €aCh mode operatoa,, (t) is de ned through
the temporal mode functionc, (t) as

Bn(t) = 8 Gn(t) = Pam—e "7t (1) ( Tmeas 1); (1.35)

Tmeas

where ( t) denotes the Heaviside step function.

The Fourier transform of a,, (t) can then be written as

Tmeas .
Ffan(t)g= pam_ dte i(tm Dt=a. (1) (1.36)
Tmeas 0
where
Tmeas
m(!) = pl_ dte '('m "t = p Toems SINC (! ! m)TmeaS e I ! m)Tmeas=2.
meas O 2

(1.37)

As a result, each discrete mode is associated with a narrow frequency distribution cen-
tred at ! ,,, whose width is set by the inverse measurement timbB=Teas. In the limit

of large Theas, the functions (! ) become sharply peaked and approach Dirac delta
distributions.?!

The Fourier transform of the parametric pump follows an analogous structure. Each pump
tone at frequency  gives rise to frequency components at , which, upon convolution
with the mode functions, mediate couplings between frequency modes.

Using the convolution theorem, the equations of motion in the frequency domain can be

lIn practice, the mode amplitudes a,, are extracted by a high-speed analogue-to-digital converter
(ADC) operating over a nite, sampled record of length Treas. This hardware implementation corresponds
precisely to a Discrete Fourier Transform (DFT), in which both the time and frequency domains are
discrete. In the DFT setting the N basis functions form anexactly orthonormal and complete basis
over the sampled signal space, so that the completeness argument invoked below holds exactly rather
than only in the limit Tneas ! 1 . The continuous-time treatment presented here is mathematically
equivalent in that limit. A detailed description of the experimental platform and its digital signal-
processing architecture is given in Chapter 3.
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written as
n #
X X P
i ++)am m()*i'o  Gman+ Gmad o) " @nm m() =0:
m n

(1.38)

The functions (! ) de ned in Eq.(1.37) are orthonormal at any nite Tpeas, as follows
directly from the orthonormality of the temporal mode functionsc,(t) via Parseval's
theorem. They do not, however, span the full space of square-integrable functions at
nite Tmeas- IN fact, completeness is recovered only in the limiThes ! 1, where each
sinc function collapses to a Dirac delta distribution. In this limit, the condition that
Eqg. (1.38) holds for all! requires each coe cient multiplying a given (! ) to vanish
independently. Integrating over frequency and exploiting the limiting relations

z y
im  dll m( )= im  dl () =1; (1.39)

Tmeas '1 Tmeas '1

one recovers a system @\ coupled linear equations for the discrete mode operators,

. X p
i(!m++oam+ilo Oman + gpp @ =

n

“a in:m > (140)

together with the corresponding equations for the adjoint operators.

1.4. Scattering

Having derived the equations of motion for the bosonic operators associated with each
mode of the frequency comb, the system can be cast as a sePMfcoupled linear equa-
tions. It is convenient to rewrite these equations of motion (EOM) in compact matrix
form as

i Ma= =&, (1.41)

where we have introduced the vector
a=(aga;: anag i an;ay) (1.42)
and analogously for the input eld vectors,,.

The matrix M contains the equations of motion normalized by the characteristic decay
rate . Its diagonal elements describe the discrete detuning of the modes with respect to
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one another and they take the form

1 S
-1 !0;j+|Ej ; (1.43)

while the o -diagonal elements encode the mixing processes or intermodulation between
modes which is induced by the pump waveform, with coupling strengths proportional
to gx = . These terms describe both frequency conversion and parametric ampli cation
processes among modes and antimodes.

The diagonal matrix
:=diagf ;g (1.44)

collects the external dissipation rates of all modes and accounts for their coupling to the
input output ports.

Having introduced the matrix representation of the equations of motion, we can now de ne
the scattering matrix, which constitutes the main objective of this section. In general, the
scattering matrix S relates the input and output eld amplitudes of a system, providing
a complete description of how incoming signals are transformed by the dynamics.

This relation follows from the mode-matching (or input output) condition,

a = 8n t Bout; (1.45)
which acts as a boundary condition connecting the internal modes of the system to the
input and output elds.

By combining the matrix equation of motion with the input output relation, one obtains
a direct expression for the scattering matrix,

.1
i =

S = Mt (1.46)

The scattering matrix S fully encodes the couplings among modes and antimodes induced
by parametric modulation.

It is often convenient to express the scattering matrix in the quadrature (ox-p) basis,
which we denote with a scripted matrix symbolS.

S=USUY; (1.47)

where the transformation matrix U implements the canonical change of basis between
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annihilation and creation operators and the quadrature operators,

+ A . .
x=33 p=tp (1.48)

The matrix S thus describes the scattering of the multi-mode quadrature operators of the
physical elds. The distinction betweenS andS is purely representational. They describe
the same linear transformation, expressed in two di erent operator bases. The scattering
matrix therefore provides a generalized description that captures not only transmission
and re ection processes, but also parametric ampli cation, frequency conversion, and
squeezing within a uni ed framework. We have thus established all the relations required
to interpret the results that will be presented and discussed in the following sections.






21

2 ‘ Theory of Gaussian and
Cluster States

This chapter introduces the theoretical framework required to interpret the experimen-
tal results discussed in Chapter 5. In particular, we provide the phase-space description
of multimode continuous-variable states and establish the key concepts used to charac-
terize large-scale entanglement in multimode continuous-variable systems. The central
objects of this chapter are the covariance matrix and its transformations, together with
the graph-based language of continuous-variable cluster states, including adjacency ma-
trices, stabilizers, and nulli ers. We also discuss how entanglement can appear hidden
when it leaks between modes which represent the physical observables. We also discuss
how entanglement can appear hidden wher;x;-type correlations are present in the co-
variance matrix beyond the canonical cluster-state structure, and how it is characterized
through the matrix U, which directly captures these correlations independently of the
target graph.

Throughout this thesis we work in a regime where the generated states are well approxi-
mated as Gaussian. This assumption is justi ed by the e ective dynamics of the JPA in
the operating conditions considered here: neglecting Kerr-type nonlinearities, the Hamil-
tonian can be treated as quadratic in the eld operators as explained in Sec.1.3.3, imply-
ing that the resulting states are fully characterized by rst and second moments of the
quadratures. Since the goal of this work is the generation and experimental veri cation
of cluster-state correlations, we do not address measurement-based quantum computa-
tion protocols explicitly, nor the role of non-Gaussian resources required for universal
computation.

2.1. Continuous-variable quantum systems

A quantum system is said to becontinuous-variable (CV) when its relevant degrees of
freedom are described by an in nite-dimensional Hilbert space and the observables of
interest admit a continuous spectrum of eigenvalues [5, 43]. A paradigmatic example is
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provided by bosonic degrees of freedom, such as the quantized modes of the electromag-
netic eld [44]. In this thesis, the natural building blocks are bosonic modes (qumodes),
which can be modeled as quantum harmonic oscillators. This viewpoint o ers a convenient
and widely used language to describe elds that are naturally continuous in frequency by
decomposing them into a set of independent modes.

We begin from the single-mode case. The Hilbert spakkeof one bosonic mode is spanned
by the Fock (number) basisfj nigl_,, de ned as the set of eigenstates of the number
operator n:

Ajni = njni ; n2 N: (2.1)

The state jni represents a well-de ned excitation number (e.g., photon number) of the
mode. The phase-space picture will become central in the following sections, but the Fock
basis remains a fundamental reference because the action of bosonic operators is simple
and explicit on these states.

To describe bosonic excitations we introduce annihilation and creation operators [5, 8],
and &Y, satisfying the canonical commutation relations

[ &]=1; [&;8] = [&;&]=0: (2.2)
Their action on the Fock basis reads
SV .. P . _ P : _
4j0i =0; ajni= "njn 1 (n 1) &jni= n+1ljn+1li (n 0) (2.3)

These relations formalize the interpretation ofi and & as operators that remove or add
a single excitation in the mode [45].

The multimode case is obtained by considering a collection bf independent harmonic
oscillators. The total Hilbert space is separable and given by the tensor product

H = Hi; (2.4)

where eachH; is an in nite-dimensional single-mode space [43]. A convenient basis is
provided by the multimode Fock states

jni j nyngiinngi = jngi; (2.5)

which specify the excitation number in each mode. Accordingly, we introduce a set of
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bosonic operatords &;; &g\, obeying

&, a]1= 4, [&:;4]=[®,&]1=0: (2.6)
While the number basis is natural for counting excitations, a CV description is most
naturally expressed in terms ofeld quadratures i.e., dimensionless canonical observables

that play the role of position and momentum for each oscillator. In units- = 1, we de ne
for each mode

4y RN
R = ﬁgéﬁ; P = é'—lpi—a‘ (2.7)

which satisfy
Ripl=i 4  [Royl=[dpl=0: (2.8)

The quadrature operatorsR; and P, possess continuous spectra [6], and one may introduce
their generalized eigenstategx;i and jp;i. The non-vanishing commutator in Eq. (2.8)
implies that the two conjugate quadratures cannot be simultaneously speci ed with arbi-
trary precision, re ecting the Heisenberg uncertainty relation. Moreover, the eigenstates
of ®; and p are connected by a Fourier transform, which expresses the canonical conjugacy
between the two observables.

For a compact multimode formulation it is convenient to collect all quadratures into a
single real vector of operators[46],

Q= (X1; P R2; P i RN PN) T 2 RV (2.9)

With this ordering, the canonical commutation relations can be written in matrix form
as

G;a]=1 ; (2.10)
where 2 R 2N js the standard symplectic form,
!
W oo 1
= : (2.11)
. 10

This symplectic structure underlies the phase-space description and will play a central
role in the characterization of Gaussian states via their moments [47].

In the next section we specialize t@&aussian statesand introduce the phase-space rep-
resentation in which the full description of such states can be reduced to the rst and
second statistical moments of the quadrature vectd.
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2.2. Gaussian states and phase-space description

In continuous-variable quantum information it is often convenient to move from a descrip-
tion based on state vectors or density operators to a representation in phase space [6, 45].
The key reason is that many relevant states can be e ciently characterized through the
statistics of eld quadratures. In this approach, anN-mode quantum state” is repre-
sented by a real function de ned over the2N -dimensional phase space spanned by the
eigenvalues of the quadrature vecto§ introduced in Sec. 2.1. The most common choice
Is the Wigner function, which provides a phase-space representation fully equivalent to
the density operator and is normalized to one.

A compact way to de ne the Wigner representation is through the Wigner function [48],
obtained as the expectation value of phase-space displacement operators. Concretely, one
introduces a family of unitary operators parametrized by 2 R?V,

D():= €9 (2.12)

and de nes a characteristic function ( ) as the trace of* against these operators

h i
()=Tr D(): (2.13)

The Wigner function is then obtained as the Fourier transform of ( )
1 z
W(Q) = = eld g 2.14
@= Gy, O (2.14)

In this sense, the density operator, the characteristic function, and the Wigner func-
tion carry the same information [6], but the phase-space picture makes the structure of
Gaussian states particularly transparent.

A state is calledGaussianwhen its Wigner function is non-negative in the phase space [6,

43, 49, 50]. Equivalently, Gaussian states are fully specied by the rst and second

statistical moments of the quadrature operators [51]: the mean vector and the covariance
matrix. While generic quantum states can possess nontrivial higher-order cumulants,
Gaussian states are characterized by the fact that all cumulants of order higher than two

vanish [43, 45]. This property is the main reason why Gaussian states play a central role
in CV systems: once the mean vector and the covariance matrix are known, no additional
parameters are needed to reconstruct the state.
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The rst moments are collected in the mean (displacement) vector

g hqi; (2.15)

which describes possible coherent displacements in phase space. The second moments are
encoded in the covariance matriY 2 RN 2N de ned as

1 :
Vik éh’\q M+ Mg Mg (2.16)

By construction, V is real and symmetric [6]. Its diagonal elements provide the vari-

ances of individual quadratures (e.gV;; = h”x?i and Vi.41.+1 = h”p?i with the ordering

of Sec. 2.1), whereas the o -diagonal elements quantify correlations between di erent
quadratures and/or di erent modes. In particular, inter-mode correlations appear as

nonzero entries connecting quadratures belonging to distinct modes, and they are the pri-
mary signatures of multimode structure and entanglement investigated in later chapters.

It is important to notice that not every real symmetric matrix can represent a physi-
cal quantum covariance matrix: the canonical commutation relations impose a quantum
constraint that can be written as a matrix uncertainty relation. With the convention
[§;06]=1 jk introduced in Sec. 2.1, physical Gaussian states must satisfy the Robertson-
Schrédinger uncertainty principle [6, 43, 52]

[

VvV + 5 0; (2.17)

which directly re ects the non-commutativity of conjugate quadratures. Equation (2.17)
ensures thatV is compatible with a physical quantum state and will be used implicitly
whenever covariance matrices are manipulated or transformed. For Gaussian states, the
Wigner function takes the explicit form

W@ = e J@ OV e @ (218)
which is a multivariate Gaussian distribution in phase space, fully determined by the
mean vectorq and the covariance matrixV [6]. Since the Wigner function is in one-to-
one correspondence with the density operatdy, knowledge ofq and V is su cient for
complete quantum state tomography of Gaussian states: measuring the rst and second
moments of the quadratures is equivalent to a full reconstruction df, without the need
for any higher-order measurement.
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The phase-space formalism therefore reduces the description of Gaussian states to a small
set of objects with direct physical meaning, i.e. the mean vecta and the covariance
matrix V . In the next section we will show how Gaussian dynamics and operations act on
these moments, and in particular how the covariance matrix transforms under symplectic
transformations, providing the main tool for analyzing multimode Gaussian resources such
as cluster states.

2.3. Gaussian transformations and symplectic oper-
ations

After introducing Gaussian states and the phase-space description in terms of the rst
two moments, it is natural to ask how these states evolve. In general, the evolution of
a quantum state can be understood as the result of an interaction with external degrees
of freedom (open quantum system) or, more broadly, as the action of a physical device
engineered to manipulate the state in a controlled way. In the language of quantum
information, such an evolution is described by a quantum operation mapping an input
density operator”, into an output state ”,,;. The most general physically allowed opera-
tions are completely positive maps which are trace-preserving for deterministic evolutions
(quantum channels) and trace-decreasing when conditioning on measurement outcomes.
A particularly important case is unitary evolution, which preserves the trace by construc-
tion.

In this thesis we will focus on a special class of unitary operations, nameBaussian
unitaries: transformations that map Gaussian states into Gaussian states[5, 53]. A key
characterization of Gaussian unitaries is that they are generated by Hamiltonians that
are at most quadratic in the eld operators. In a multimode setting, a general quadratic
Hamiltonian can be expressed (up to irrelevant constants) in terms of the bosonic opera-
tors as

R=i & +aMa+aN a7 +hc; (2.19)

and h:c: denotes the Hermitian conjugate. The crucial point is that such Hamiltonians
lead, in the Heisenberg picture, to equations of motion that adeear in the eld operators
(and therefore linear in the quadratures). As a consequence, the phase-space description
Is preserved: starting from a Gaussian state, the state remains Gaussian under the action

of B,

In terms of quadratures, a Gaussian unitary is conveniently represented as ame
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transformation on the quadrature vectorq 2 R?N introduced in Sec. 2.1. The most
general form reads

(S;d): q 7! Sq+d; (2.20)

whered 2 R?N is a displacement vector andS 2 R?N 2N is a real matrix describing
the linear mixing of quadratures (including mode-mixing, rotations in phase space, and
squeezing). The displacement ternd accounts for coherent shifts of the mean in phase
space; depending on the physical situation it can be absent (for instance when no co-
herent drive/displacement is applied) or can be retained as a general parameter of the
transformation.

The linear part of the transformation cannot be arbitrary. Independent of the action of
the device, the quadrature operators must continue to satisfy the canonical commutation
relations dictated by the quantum nature of the system. In the compact forni ; ] =

I jk, this requirement implies that the matrix S must preserve the symplectic form:

S sT= (2.21)

Matrices S satisfying Eq. (2.21) are callegymplectic and they constitute the phase-space
representation of Gaussian unitaries. Physically, the symplectic condition is precisely the
statement that the transformation preserves the canonical structure of phase space, and
therefore does not violate the Heisenberg uncertainty principle.

The ane action (2.20) has a simple and extremely useful consequence at the level of
moments. Denoting the mean vector byg = hji and the covariance matrix byV as
de ned in Sec. 2.2, the action of a Gaussian unitary characterized l{{5;d) transforms
the rst and second moments as

q 7' Sqg+d; vV 71 SV ST (2.22)

Equation (2.22) is one of the main technical reasons to adopt the phase-space formalism:
once the pair(q;V ) is known, the e ect of any Gaussian unitary reduces to a matrix
multiplication (and an a ne shift for the rst moments).

A particularly important example for the analysis of squeezing and for the identi cation
of optimal quadrature combinations is gphase-space rotation In this case one does not
rotate the state in an abstract sense, but rather changes the quadrature reference frame,
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i.e., the measurement basis. For a single mode, the quadratures transform as
!
97 ROG RO= o7 (2.23)
sin  cos
which is a symplectic matrix. Correspondingly, the covariance matrix transforms as
V 7! R()VR()". In the multimode case, rotations can be applied mode-wise or
extended to larger symplectic transformations. Here the key point is that rotating the
quadrature operators (equivalently, rotating the measurement basis) induces a congru-
ence transformation ofV . This procedure allows one to analyze how squeezing and
anti-squeezing are distributed across di erent quadrature directions and to identify the
reference frame in which specic variances are minimized or maximized. The detailed
derivation of the covariance-matrix rotation used in the data analysis is reported in Ap-
pendix A.1.

At this stage we have introduced the essential ingredients to propagate Gaussian states
through Gaussian devices: Gaussian unitaries act as a ne symplectic maps on the quadra-
tures, and their e ect on the state is entirely captured by the induced transformation of
the rst two moments. In the following sections, these tools will be used to construct and
analyze collective quadrature observables directly from the covariance matrix.

2.4. Continuous-variable cluster states

A continuous-variable (CV) cluster state is a multipartite entangled quantum state de ned
over a large set of bosonic modes [54]. A convenient and standard way to represent such
states is through a graphG: each node corresponds to a single mode (qumode), while
the edges encode the entangling interactions that correlate the modes. In the idealized
construction, the resource is obtained by preparing each mode in a momentum eigenstate
(often denoted as a zero-momentum state) and then applying pairwise CV controllefl-
entangling gates along the edges of the graph [4, 7]. This construction is natural because
it mirrors a typical preparation paradigm: one starts from a simple Gaussian reference
state and generates correlations via a controlled interaction.

The connectivity and weights of the graph are encoded in thedjacency matrix A. For an

N -mode cluster stateA 2 RN N is a real symmetric matrix whose entrieg\; specify the
strength of the entangling link between modesand j. The matrix is symmetric because
the underlying graph is undirected: a link betweem and j implies a link betweenj and

I. In terms of quadratures, the elementary entangling interaction associated with an edge
(i;j ) is generated by a bilinear coupling of the forn®;®;, leading to a CV controlledZ



2| Theory of Gaussian and Cluster States 29

Figure 2.1: Graph representation of a continuous-variable (CV) square lattice cluster
state. Each node (light blue) denotes a bosonic mode (qumode), while edges represent the
application of CV controlled-Z entangling gates between connected modes. The resulting
Gaussian graph state is fully speci ed by the underlying grapl.

gate
EM (A ) = i ik (2.24)

Applying this operation to all connected pairs yields the global entangling operator

Y .
C,(A) = explA; &%) = exp IékTA 2 (2.25)

i<j

N
where® = (Xq;:::;%\)". Acting on the product of momentum eigenstates ::Izl joi

this de nes the ideal CV cluster state associated with adjacency matriA :

o
iAoz C(A) o

k=1

) (2.26)
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This ideal de nition is mathematically convenient, but it relies on in nitely squeezed
states and is therefore unphysical; it must be replaced by nite-squeezing approximations
in realistic settings.

A key property of cluster states is that they can be characterized by a set of symmetry
constraints expressed in terms o$tabilizers and nulliers . Informally, stabilizers are
operators that leave the state invariant [55], and they provide a compact way to de ne
and verify the target resource. For CV cluster states, one introducesilli er operators

N = D Aj Ry, i=1;:::;N; (2.27)
and the associated (local) stabilizers

S()=expi N; (2.28)

with real parameter [56]. The ideal cluster state satis es the nulli er constraints in the
strong sense thatl;j Ai =0 (equivalently, §( )j i =j ai forall ). Operationally,
this implies that the nulli ers have vanishing mean and vanishing variance. Importantly,
requiring Var(N;) = 0 forces in nite squeezing: the cluster state is therefore an idealiza-
tion, and in practice one instead targets states for which the nulli er variances aremall
compared to the vacuum level.

In the laboratory, the closest approximations to quadrature eigenstates are Gaussian
squeezed vacuum states. A convenient way to express the nite-squeezing generalization
Is to require that, in the limit of large squeezing, the collective quadratures approach the

graph state associated wittA can be characterized by the condition that the covariance of
the vectorp AR vanishes as the squeezing parameter increases. A compact and widely
used way to account for nite squeezing is to introduce aomplexadjacency matrix

Z=A+iU; (2.29)

where A is the real weighted adjacency matrix andJ is a real, symmetric, positive-
de nite matrix that captures nite-squeezing e ects [50, 57]. In this description,U is a
real, symmetric, positive-de nite matrix that encodes the nite-squeezing corrections. It
guanti es how far the physical state deviates from the ideal position eigenstates, corre-
sponding to the width of the Gaussian envelope in the Wigner function representation.
In the limit of in nite squeezing, U ! 0 and the ideal nulli er constraints are recovered
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exactly. In many constructions relevant to cluster-state engineering, taking diagonal
corresponds to the physically natural situation in which each input mode is independently
squeezed (so that the additional noise does not introduce direct inter-mode correlations
at the input stage).

The relevance of the(A; U) parametrization becomes apparent once one connects it to
the covariance matrix formalism introduced in Sec. 2.2. The central point is that, for
Gaussian graph states, the adjacency structure and nite-squeezing corrections can be
read directly from the second moments. To state the key relation in a compact form, it
is convenient to use the ordering* = (®;p)" and the associated covariance matri¥/,

de ned analogously to Eq. (2.2) but with components of. In this ordering, a Gaussian
graph state specied byZ = A + iU has covariance matrix

Ut u A |

1
Vr:_
2 AU ! U+AU A

(2.30)

This expression has a clear physical interpretation [6]. The upper-left block ®V[R] =
zU ! and therefore quanti es uctuations and correlations in the® quadratures. The
o -diagonal blocks cov[®; p] contain the information that, ideally, re ects the graph con-
nectivity: when U is diagonal (so thatU 1! is also diagonal), these blocks reduce to a
simple proportionality to A, making the identi cation of the adjacency matrix directly
tied to the measured inter-mode correlations. In the convention of Sec. 2.1, where the

matrix V is obtained by a xed permutation: V.= V, T, with the permutation
matrix implementing (R;p) 7! (&1;P1;::3).

A subtle but important point is that the graph structure inferred from correlations can
be obscured by additional noise correlations introduced by nite squeezing. If has o -
diagonal entries, thenU 1! is generically also non-diagonal, and the bloaov[R] = %U 1
contains inter-mode correlations among th& quadratures that are not part of the graph.
These extra correlations can propagate intgovR; p] and make the o -diagonal blocks
deviate from the adjacency matrixA . From a physical perspective, this corresponds to the
emergence of additional, undesired correlation channels during the squeezing/interaction
process, which can be interpreted as a form didden entanglement the entanglement
present in the multimode state is not exclusively captured by the intended graph links, but
Is partially redistributed into correlations that are not immediately visible or not aligned
with the nulli er structure [10, 58]. In our context, such e ects can arise from higher-order
processes beyond the ideal quadratic description of the parametric oscillator, leading to a
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mismatch between the designed target adjacency matrix and the experimentally observed
correlation pattern.

In summary, CV cluster states provide a graph-based language to describe and verify large-
scale multimode entanglement. The adjacency matri& speci es the target connectivity,
while nite-squeezing e ects are captured by the matrixU in the complex graphZ = A +

iU . Crucially, the pair (A ; U) is directly connected to the covariance matrix, enabling one
to assess the quality of an experimentally generated cluster state through second moments
and, in particular, through the variances of the associated nulli ers. These concepts will
be used in Chapter 5 to quantify how closely the generated states approximate the target
two-dimensional cluster-state resources.

2.5. Examples: covariance matrices of common Gaus-
sian states

This section provides a set of simple visual reference examples of Gaussian states to build
intuition before moving to the multimode cluster-state results of Chapter 5, where the
same objects appear in much higher dimension and therefore become harder to interpret
at a glance. For each state we report both the covariance matrix and the corresponding
Wigner function in phase space (Figs. 2.2-2.5).

Figure 2.2: Vacuum state. Left: covariance matrix V in the (x;p) basis. Right:
corresponding Wigner functionW (x; p), a circular Gaussian centered at the origin.

We start from the vacuum state, which plays a central role in this thesis as it is the natural
input resource of our JPA and sets the shot-noise reference level: it is a centered Gaussian
state with vanishing rst moments, g = 0, and a covariance matrix proportional to the
identity, Vyac = %I , Where the diagonal entries saturate the Heisenberg uncertainty bound
in each mode. Consistently, its Wigner function is a circular Gaussian blob centered at
the origin, with a phase-space width xed by the vacuum quadrature variances.
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Figure 2.3: Thermal state. Left: covariance matrixV inthe (x; p) basis. Right: Wigner
function W (x; p), a broader circular Gaussian re ecting the increased mixedness compared
to vacuum.

A thermal state can be understood as an isotropic generalization of the vacuum in which
the rst moments remain zero while the second moments increase uniformly. For a single
mode with mean thermal occupatiom, one hasVy, = (n + 3)I, so the Wigner function
remains centered and symmetric with respect to both axes but becomes broader, re ect-
ing the increased mixedness (and, correspondingly, larger phase-space variances). A key
observation is that both vacuum and thermal states are invariant under phase-space rota-
tions. In fact, since their Wigner functions are isotropic and their covariance matrices are
proportional to the identity, a rotation of the quadrature basis (equivalently, a rotation of

the reference frame) leaves the state unchanged; in this sense they are phase-insensitive
resources.

In contrast, nonclassical Gaussian features emerge in squeezed states, whose phase-space
distribution becomes anisotropic. A single-mode squeezed vacuum is obtained by apply-
ing a symplectic squeezing transformatio®(r) to the vacuum, resulting in a covariance
matrix that, in its principal axes, readsVgq = %diag(e 2r-g*2") i.e., the variance of one
guadrature is reduced below the vacuum level (squeezed) while the conjugate quadrature

is increased (anti-squeezed), as required by the uncertainty principle. This is directly
visible in the Wigner function, which becomes an ellipse whose principal axes identify the
squeezed and anti-squeezed directions.

Importantly, unlike the phase-insensitive examples above, a rotation of the quadrature
basis changes the observed squeezing direction, and in a rotated basis the covariance ma-
trix generally acquires o -diagonal entries; squeezed states are therefore phase-sensitive.
This also clari es why added isotropic noise can mask squeezing. In fact, broadening
the distribution uniformly can prevent any quadrature variance from dropping below the
vacuum reference when inspected along a given measurement direction. It is worth noting



34 2| Theory of Gaussian and Cluster States

Figure 2.4: Single-mode squeezed state. Left: covariance matrix V in the (x;p)
basis, with reduced variance in one quadrature and increased variance in the conjugate
one. Right: Wigner function W(x; p), an anisotropic Gaussian (ellipse) whose principal
axis identi es the squeezed quadrature.

that the relevant noise source in this context is not a thermal input to the parametric
process itself but rather the uncorrelated classical noise added by the ampli cation chain
during detection, which enters after the parametric interaction and must be carefully sub-
tracted during covariance matrix reconstruction. While a squeezing transformatiof(r)

can in principle be applied to a thermal input state, producing an anisotropic output with
Vour = S(r) Vi S(r)7, the squeezed quadrature variano@ + %)e 2'=2 remains above the
vacuum level whenever the thermal occupation is su ciently large; achieving below-
vacuum squeezing therefore requires a vacuum (or near-vacuum) input, which is precisely
what our cryogenic setup is designed to provide (see Chapter 3 for details).

Figure 2.5: Two-mode squeezed (TMS) state.  Left: two-mode covariance matrixV

in the ordering (X1; p1; X2; P2), where o -diagonal blocks encode inter-mode correlations.
Center: 2D marginal of the joint Wigner function highlighting EPR-type correlations in a

collective quadrature combination (projection of the underlying four-dimensional Wigner
distribution). Right: single-mode reduced Wigner function, obtained by tracing out the

other mode.
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Finally, as a minimal multimode example we consider the two-mode squeezed vacuum
(TMS), an EPR-like Gaussian entangled state. Its covariance matrix ¥ 4 in the order-

Ing (X1;p1; X2;p2). The 2 2 diagonal blocks describe each mode separately (intra-mode
second moments), while the o -diagonal blocks encode correlations between quadratures
of di erent modes (inter-mode correlations), which are precisely the signature enabling
entanglement between the two modes. The full Wigner function of a two-mode state
lives in a four-dimensional phase space and cannot be directly visualized in a single 2D
plot. For this reason we report two complementary 2D representations: a projection (or
marginal) emphasizing correlations along a chosen collective quadrature direction, and
the reduced single-mode Wigner function obtained by tracing out the other mode. It is
interesting to note that the reduced state of each individual mode appears thermal-like,
whereas entanglement resides in the inter-mode correlations contained in the full covari-
ance matrix. This two-mode example also serves as a pedagogical preview of the nulli er
analysis used in the multimode cluster-state setting. For a two-node graph one can de ne
nulli er operators of the form Ky = p;  hypR, and K, = P, hpR1, whose variances are
explicit quadratic forms of the second moments and can be reduced below the vacuum
level when appropriate inter-mode covariances are present. In the general multimode
case, nulli ers provide a structured and scalable way to verify entanglement targeted to
a speci ¢ graph topology, thereby overcoming the limitations of more generic entangle-
ment criteria and enabling direct validation of large cluster states from experimentally
reconstructed covariance matrices.
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3 ‘ Methods

The highly entangled quantum states employed in quantum information processing are
inherently sensitive to interactions with their surrounding environment. When these en-
vironmental degrees of freedom are in thermal equilibrium at temperatur€, they can
induce decoherence and distort the quantum state, or even completely destroy its quantum
properties. To ensure coherent operation, the characteristic energy scale of the quantum
state, given by~! , must signi cantly exceed the thermal energykg T of the environment.

In several quantum computing platforms, such as photonic or trapped-ion systems, the
relevant quantum states are associated with optical or near-optical frequencies. In these
cases, the condition-! kg T is naturally satis ed even at room temperature. Super-
conducting quantum circuits, however, operate in the microwave frequency regime, where
the corresponding energy scales are much smaller. As a result, achieving the quantum
regime requires cooling the system down to cryogenic temperatures.

In addition to suppressing thermal noise, cryogenic operation is also necessary to main-
tain stable conditions for superconductivity. In order to avoid small changes in the su-
perconducting energy gap, an hence the transition frequency of superconducting qubits,
superconducting circuits must be operated at stable temperatures well below the critical
temperature of the constituent materials. For these reasons, experiments involving super-
conducting microwave devices are performed in dilution refrigerators capable of reaching
temperatures in the millikelvin range.

This chapter presents the experimental apparatus employed throughout this work. We
describe the cryogenic environment and the microwave circuitry at both room and cryo-
genic temperatures. Furthermore, we introduce the measurement techniques adopted in
the experiments.

3.1. Experimental Setup

The experimental apparatus used throughout this work is schematically shown in Fig.3.1.
All experiments are performed in a Bluefors LD250 dry dilution refrigerator, which pro-
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Figure 3.1: Diagram of the measurement setup, including room temperature and cryogenic

electronics.

vides the cooling platform necessary for the operation of superconducting microwave de-
vices. The base temperature of the refrigerator reaches approximately 10 mK at the nal
stage, ensuring that thermal excitations are strongly suppressed in the frequency range
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of interest.

The setup features six main temperature stages, as indicated in Fig.3.1. At room temper-
ature, the electronic control and measurement instrumentation is located, including the
multi-frequency lock-in ampli er used for signal generation and detection. The cryogenic
stages are distributed at approximately 50 K, 4 K, 1 K, 100 mK, and nally 10 mK at the
base plate. As the signal propagates through successive temperature stages, the thermal
noise associated with each stage decreases accordingly, allowing the system to approach
the quantum regime at the lowest temperatures.

The Josephson Parametric Ampli er is mounted at the base temperature stage of the
dilution refrigerator. Positioning the device at the coldest point of the setup ensures that
the condition ~! kg T is satis ed for microwave frequencies, such that the electromag-
netic eld incident on the device corresponds to a genuinely quantum state, such as a
coherent state or vacuum. This series of attenuators is essential for observing quantum
e ects such as squeezing and entanglement generation.

The input signal is generated at room temperature by the multi-frequency lock-in am-
pli er and delivered to the device through a dedicated input line. The frequency band

of interest spans approximately from 4 to 9 GHz. Along the input line, attenuators are
distributed across di erent temperature stages. These attenuators progressively reduce
the signal power to levels compatible with the JPA operating regime, and they thermalize
the microwave eld to the local temperature of each stage, e ectively acting as black-body
absorbers and emmiters that suppress RT noise. This attenuation scheme also ensures
that the signal reaching the JPA does not exceed the power threshold the device cannot
sustain.

In addition to the input line, separate pump and bias lines are employed to control
the parametric processes in the JPA. Low-frequency (LF) pump tones, typically in the
range from DC to hundreds of MHz, are used to enable frequency conversion processes,
while high-frequency (HF) pump tones, operating in the GHz range, are responsible for
parametric ampli cation and squeezing. A dedicated DC bias line allows static ux tuning
of the device, xing the operating point at which the JPA behaves linearly. The DC and
LF signals are combined using a bias tee, while the HF pump is routed independently.
All control signals are combined via a diplexer before reaching the JPA, ensuring proper
frequency separation and preventing unwanted interference. Although the pump and
signal paths are physically distinct, their timing and phase coherence are maintained
through a common master clock provided by the multifrequency lockin ampli er.

The output eld generated by the JPA is routed through a dedicated output line toward
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room-temperature detection. This line includes circulators and isolators, which prevent
noise emitted by subsequent ampli ers from backacting on the device. The rst ampli ca-
tion stage is provided by a cryogenic high-electron-mobility transistor (HEMT) ampli er
located at the 4 K stage. Provided that the gain of this rst ampli er is su ciently high,

its added noise dominates the total noise of the ampli cation chain. Further ampli cation
is performed at room temperature using commercial microwave ampli ers with gains of
approximately 41 dB and 20 dB, respectively.

The ampli ed microwave eld is nally analyzed using the multi-frequency lock-in am-

pli er, which enables the generation and measurement of microwave frequency combs.
The multifrequency lockins' use of discrete orthogonal frequency mode is essential for
the present work, as the experiments focus on the generation and characterization of
correlations in a multimode quantum system, where the relevant degrees of freedom cor-
respond to distinct temporal modes of the continuous spectrum of traveling waves in the
transmission line.

3.2. Measurement Technigues

This section describes the measurement methods employed in this work. We rst provide
an overview of the multi-frequency lock-in ampli er used to synthesize and detect the
relevant microwave tones, and we then de ne the frequency-comb mode basis adopted
throughout the experiments. We nally present two experiment protocols: scattering
measurements, aimed at reconstructing the linear input-output response of the device, and
covariance measurements, aimed at characterizing pump-induced quantum correlations.

3.2.1. Multi-frequency lock-in ampli er.

The generation and detection of microwave signals are performed using a Presto-16
microwave measurement platform operated in continuous wave multi-frequency lock-in
mode [59]. The instrument provides up to 16 RF output ports and 16 RF input ports,
all synchronized to a single stable clock. In particular, the rmware provides up to 192
programmable generators and 192 programmable demodulators, in which you can freely
de ne frequency, amplitude, and phase, enabling phase-coherent multi-frequency mea-
surements without the need for external analog 1Q mixing stages. In our experiments, we
employ one output port to synthesize the relevant tones delivered to the cryostat and one
input port to acquire the ampli ed output eld returning from the cryostat.

The lock-in approach yields, for each selected mode frequency of the comb, the in-phase
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and quadrature (1Q) components of the measured signal with respect to a common phase
reference. This provides direct access to the quadrature-resolved description of the mi-
crowave eld in the chosen mode basis. The instrument is fully controlled via a Python
interface, which is used to program the measurement comb, pumping waveforms, and
various additional control signals such as DC biasing of the JPA.

3.2.2. De nition of the frequency comb and mode basis.

The experiments are performed using a discrete set of frequency modes forming an o set-
free microwave frequency comb centered around the JPA resonance frequency, typically
fo' 4:2 GHz. Eacy frequendy in the comb is an integer multiple of the mode spacing
typically of order 100kHz, although both the number of modes and may be adjusted
depending on the speci c experiment (see results later). The total comb span is chosen
to lie well within the JPA bandwidth (approximately 100 MHz), such that all addressed
modes experience the same gain.

To ensure orthogonality of the discrete mode basis over the nite measurement time
window, the measurement is operated using tuned frequencies [60], i.e. frequencies that
perform an integer number of oscillations within the measurement window. Equivalently,
the tone frequencies can be chosen to be integer multiples of the measurement bandwidth

f = 1=T,. This prevents strong tones from Fourier leaking into adjacent weaker tones
and enables accurate reconstruction of the complex response at each frequency component
independently. The signal integration timeT eas IS therefore directly linked to the chosen
measurement bandwidth and the comb spacing.

3.2.3. Scattering measurement protocol

Scattering measurements are performed by injecting a weak coherent probe tone into one
selected input mode while simultaneously measuring the complex output response at all
comb frequencies. Stepping the injected tone through all modes in the basis, we measure
the scattering matrix. Depending on the experiment, low-frequency (LF) and/or high-
frequency (HF) pump tones may be applied to tailor the scattering processes induced
by the multifrequency pumping of the JPA, while a DC bias (which may vary between

di erent cool-downs) is always applied to set the operating point of the JPA.

For each input tone, the lock-in platform demodulates the output eld at all frequencies
in the comb and returns the corresponding IQ components. Scattering measurements
typically require moderate averaging (on the order ot(*-10° samples), since the signal
response is large compared to the noise oor.
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The scattering matrix is constructed iteratively, one column at a time. For them-th
column, a probe at frequency , is injected and the output at all modes is recorded.
Repeating this procedure for each input mode yields the full scattering matrix. Since an
absolute calibration of the microwave power at the device stage is challenging, scattering
data are reported relative to a pump-o0 reference, obtained by repeating the same probe
con guration with the parametric pumps turned o . This normalization provides a robust
reference enabling comparison across di erent pumping schemes and measurement runs.

3.2.4. Covariance measurement protocol

Covariance measurements are performed without injecting any coherent probe tone. The
eld incident on the JPA signal port is ideally the quantum vacuum, and the device is
driven by one or multiple squeezing pumps (HF pumps).

The measurement consists of acquiring the output voltage noise quadratures at each fre-
guency in the selected mode basis using phase-coherent multi-frequency lock-in detection.
In contrast to scattering measurements, resolving inter-mode correlations requires sub-
stantially deeper averaging, typically up to several million samples (e.g¢ 1(F). The
dominant contribution to the measurement noise is set by the rst cryogenic ampli er in
the output chain (a 4 K HEMT ampli er), while subsequent ampli cation stages mainly
increase the signal level for digitization. Extensive averaging is therefore required to
suppress uncorrelated added noise and reveal the pump-induced correlated response.

From the demodulated quadrature data, we construct the measured covariance matkix
(expressed in photon-number units) as

: Z . . Z
Vik = h*g "o ~—pc—k = hg hqgi)(& hai)i ~—pc—k (3.1)
L L
where§ denotes the measured quadrature operator (eithe& or ) of modej, is the
measurement bandwidth, andZ, is the characteristic impedance of the transmission line.

The raw covariance matrix includes a large contribution from uncorrelated classical added
noise introduced by the ampli cation chain, which mainly a ects the diagonal (auto-
correlation) terms. In order to extract the quantum correlations, these uncorrelated noise
contributions must be removed and the resulting covariance matrix must be checked (and,
if necessary, corrected) to satisfy physicality constraints. In this thesis we follow the
calibration and post-processing methodology developed in the PhD thesis of Juan Carlos
Rivera Hernandez [61], to which we refer the reader for a detailed description of the
gain/noise calibration and of the full reconstruction procedure leading from the measured
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matrix V to the reconstructed output covariance matriX. The reconstructed covariance
matrix V forms the basis for the entanglement analysis presented in the following sections.
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4 ‘ The Inverse Parametric
Problem

The content of this chapter summarizes the work presented in Ref. [23], currently under
review for publication. Parametric oscillators have established themselves as a remark-
ably versatile platform across quantum technologies. The ability to externally control a
circuit parameter through a coherent pump drive makes these systems naturally suited for
engineering a wide range of physical processes: from quantum-limited ampli cation [62]
and qubit coupling [63], to quadrature squeezing [15, 35, 36, 64 68] and entanglement
generation through frequency mixing at both microwave [17, 21, 22, 69 72] and opti-
cal wavelengths [10, 73, 74]. What makes parametric oscillators particularly powerful is
precisely the degree of freedom o ered by the pump waveform: its frequency content,
amplitudes, and phases can all be tuned, providing a rich control landscape over the
multimode dynamics of the system.

Within our group at KTH we have explored this landscape in two complementary di-
rections. On the one hand, structured pump con gurations have been shown to produce
nonreciprocal scattering between frequency modes, enabling the realization of multimodal
circulators [75, 76]. On the other hand, di erent pumping schemes have been used to tai-
lor the correlation structure between modes, generating graph states with varying topolo-
gies [22, 72]. In both cases, however, we analyzed the problem in the ‘forward' direction:
a pumping scheme was proposed based on physical intuition or prior knowledge, and the
resulting device behavior was then optimized through parameter sweeps to best approx-
imate the desired functionality. While this strategy has proven productive, it does not
address the underlying design question directly. The forward analysis searches for a good
solution to the direct problem rather than constructing the exact one.

A recognition of the limitations of this forward approach motivates a more fundamental
formulation of the problem. Rather than asking what a given pump waveform produces,
one can ask the inverse question: given a desired device functionality, what pump wave-
form realizes it? This constitutes thanverse parametric problemillustrated schematically
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Figure 4.1: a) General I/O relation of a parametric oscillator where the output is de-
termined by the scattering matrix S, controlled by the pump p_(t). b) Example of a
parametric oscillator where the pump port modulates the inductance of an LC oscillator.
c) lllustration of the direct problem, where the pump waveform determines the scattering
matrix, and the inverse problem, where a targe$ is used to recover the pump waveform
that realizes it.

in Fig. 4.1. Prior attempts to address this class of problems in the literature have relied
on numerical optimization strategies, including automated pump shaping [77], discovery
of coupled-mode networks [78], and machine-learning techniques [79]. These methods are
e ective in speci c contexts, but they do not solve the inverse problem in a strict sense,
rather they try to optimize over a space of candidate solutions without guaranteeing that
the exact answer is reached.

This chapter introduces an exact, closed-form solution to the inverse parametric problem.
The key insight is that each pump tone generates a well-de ned and geometrically distinct
coupling pattern in the space of equation-of-motion matrices, and that these patterns form
an orthogonal basis with respect to the Hilbert-Schmidt inner product. This structure

allows the pump amplitudes and phases to be recovered directly as projection coe cients
onto the basis elements, without any iterative procedure. The method, which we refer to
as thePump Projection Method (PPM), is therefore not limited by convergence issues or
optimization landscape. Its accuracy is determined entirely by how well the target scat-
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tering matrix captures the desired functionality, and by whether that target is physically
realizable within the parametric coupling space of the system.

The remainder of this chapter develops the PPM in full detail. Section 4.1 analyzes how
individual pump tones couple frequency-comb modes, deriving the explicit matrix rep-
resentations for both low- and high-frequency pumps. Section 4.2 examines the internal
symmetry structure of these coupling matrices, which allows each one to be factored into
a xed geometric pattern scaled by a complex pump amplitude. Section 4.3 establishes
the Hilbert-Schmidt structure of the full parametric coupling space and proves the or-
thogonality of the basis elements. Section 4.4 derives the inversion procedure and states
the closed-form projection formulas that constitute the PPM. Section 4.5 validates the
method through numerical benchmarks on randomly generated scattering matrices and
experimental measurements on a Josephson Parametric Ampli er, assessing accuracy and
robustness to noise. Finally, Section 4.6 illustrates two applications of the PPM: the
design of a high-dimensional nonreciprocal circulator, and the engineering of Gaussian
states for continuous-variable quantum information. Together, these results establish the
PPM as a systematic and general tool for programming multimode interactions.

4.1. Pump-Induced Mode Coupling: Low- and High-
Frequency Pumps

In a parametrically driven oscillator, a time-periodic modulation of the resonant frequency
induces coherent mixing between discrete frequency modes of the transmission line. As
discussed in Chapter 1, the elds are represented in a frequency-comb bésigg, centered
around the resonance frequency of the parametric oscillator, with spacing 1 =Teas,
where Theas IS the measurement time window. The e ect of the pump wavefornp, (t)

on the multimode system enters through the equation-of-motion matrisM , whose o -
diagonal components describe mode coupling processes activated by the pump tones.

A key feature of parametric modulation is that pump tones at di erent frequencies gen-
erate coupling patterns with distinct and highly symmetric structure. We distinguish two
fundamental classes of pump tones: low- and high-frequency pumps.

Low-frequency (LF) pumps , with frequencies

k=k o k2N (4.1)

much smaller than the cavity resonancé o, generate frequency-translation processes be-
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Figure 4.2: Low-frequency pump process: schematic representation of the mixing induced
by a pump tone at = k . The grey dotted line represents the bandwidth of the
parametric oscillator.

tween nearby modes of the comb. Let us consider an input signal at frequericy well
de ned within the bandwidth of the parametric oscillator. As illustrated in Fig. 4.2, an
LF pump at ¢ (light blue) mixes with the signal, producing an idler at

Vi LIS K- (42)

More generally, a low-frequency pump scatters a signal into neighboring modes separated
by k , respecting the resonance condition

i's lij= ok (4.3)

We refer to this type of mode-coupling as 'frequency-conversion'.

In contrast, High-frequency (HF) pumps have angular frequencies
w=21g+ K% ; k°2 z; (4.4)

located near twice the resonance frequency of the parametric oscillator. Consider again
an input signal at frequency! s de ned within the device bandwidth. An HF pump at

ko mixes with the signal to generate its partner (idler) through a a three wave mixing
process. The pump satis es the pair-creation condition

Fs+li= ko (4.5)
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Figure 4.3: High-frequency pump process: schematic representation of the mixing induced
by a pump tone at o = 2!+ k® . The grey dotted line represents the bandwidth of
the parametric oscillator.

so that the idler appears at
Ii= g g (46)

Because the mixing couple$ s to its frequency-re ected partner !;, the interaction
links each mode of the comb to its anti-mode . This corresponds to a two-mode squeez-
ing (parametric ampli cation) interaction between modes, as illustrated schematically in
Fig. 4.3.

It is therefore convenient to represent the EOM matrix (1.41) as the sum of LF and HF

mixing processes,
ap X X

M =Mgy+ L+ H yo; (47)
k2LF ko2 HF

where M 4 is a diagonal matrix encoding detunings and dissipation, antly and H yo
represent the coupling structures induced by LF and HF pumps, respectively.

For a comb ofN modes, the2N 2N diagonal matrix M 4 can be written as
0 1

NZ

N|Z

Mg= 1 ; (4.8)

~NZ

N4

where each element
m=—(!mn *o) (4.9
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encodes the normalized complex detuning of moae, and is the coupling rate to the
transmission line.

The LF coupling matricesL ¢ arise from pump tones at y = k . They couple modes
whose indices di er byk, generating two nonzero o -diagonals at position 2k. In the

(ag;af;:::;an; &) basis, their structure can be written schematically as
0 1
0 l
0 l,
|, 0 Ik
Ly = : (4.10)
l, 0
[ 0

wherely = gx= is the normalized complex pump strength.

Similarly, the HF coupling matricesH o arise from pump tones at o =2! o+ k° . Their
structure consists of a single anti-diagonal in positio8k® and can be expressed as

0 1
0 hyo

0 Mo

H o = S : (4.11)

0

wherehyo = geo= is the normalized complex pump strength. These structures constitute
a set of well-de ned coupling channels, each generated by a single pump tone with a
speci ¢ frequency, amplitude, and phase. In total, a comb dff modes supports

N =N 1; Nue = 2N 1; (412)

leading toNyt = N g + Nyg =3N 2 independent possible pumps.
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This classi cation of pump tones into LF and HF families, together with their explicit
matrix structure, provides the foundation for the inverse parametric problem. In the
next section we analyze the internal symmetries df x and H . and show how these
symmetries allow the full decomposition oM into an orthogonal basis of parametric
coupling matrices.

4.2. Symmetry Structure of Coupling Matrices

The coupling matrices introduced in Sec. 4.1 possess a highly regular pattern: each has
only a small number of nonzero diagonals, and the positions of these nonzero entries are
entirely determined by the pump frequency. The only degrees of freedom carried by each
pump tone are its amplitude and phase, encoded in the complex strenglRgLF pumps)

and hyo (HF pumps).

This motivates separating each matrix into a sum of constant, frequency-dependent ma-
trices, each multiplied by a complex coe cient that carries the physical pump strength.
Concretely, each matrixL x and H o may be written as

Lkzlkl--'k-"'lkl—k; H o= hk0H|:0+ hkOHko; (413)

whereL , andH ,, are matrices containing onlyf 0; 1g entries. They encode the intrinsic
coupling geometry imposed by the pump frequency alone. For the LF pumps we have

0 1
0 1
0 0
0 0 1
L = : (4.14)
1 0 0
0 0
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0 1
0 0
0 1
1 0 0
L, = : (4.15)
0 0 1
1 0
0 0
while for the HF
0 1
0 1
0 0
H} = : (4.16)
1 0
0 0
0
0 1
0 0
0 1
H = : (4.17)
0 0
1 0
0
The full set of matrices is
Bpara = I—; i ;0; Hwo (4.18)

Any LF or HF pump simply scales one of these xed patterns by a complex amplitude.
With these explicit forms in hand, we now turn to the Hilbert-Schmidt structure of this
operator space and show that these matrices constitute an orthogonal basis for all pump-
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induced couplings.

4.3. The Hilbert Space of Parametric Coupling Ma-
trices

The matricies Bpara introduced above allow us to represent all pump-induced interactions
as linear combinations of xed patterns. It is therefore natural to consider a vector space
spanned bypara.

We de ne the parametric coupling spaceas

Hpara =Span L L vo; H (4.19)

k ket [ kO k2HF

which is a(3N  2)-dimensional subspace (see Eq. 4.12) of the Hilbert-Schmidt space of
2N 2N complex matrices.

From a physical perspectiveH paa consists of all possible bilinear mixing processes be-
tween frequency-comb modes that respect the selection rules imposed by parametric mod-
ulation: (i) frequency conversion processes enabled by LF pumps, and (ii) squeezing pro-
cesses enabled by HF pumps. Thus, any achievable parametric interaction in our scheme
corresponds to a unique direction in the operator space, with the pump strengths being
the coe cients multiplying unit directions in H para.

To analyze the structure ofH p,a, we equip the space c2N 2N complex matrices with
the Frobenius (Hilbert Schmidt) inner product

(A;B)=Tr A BT ; (4.20)

The corresponding norm ikAk = P (A;A).

With this inner product, the coupling matrices L, and H ,, introduced previously are
mutually orthogonal. This is a direct consequence of their distinct sparse patterns. Each
matrix contains nonzero entries only on diagonals or anti-diagonals whose positions are
completely determined by the pump frequency, and no two matrices share a nonzero
entry in the same location unless their indices coincide. More explicitly, one nds the
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Figure 4.4: Hilbert-Schmidt norms of the coupling matricesa) Norm of the matricesL, ,
showing a decay with increasing mode indek b) Norm of the matricesH,,, generating

a symmetric pro le around k® = 0. Each curve corresponds to a di erent value of the
number of modesN, encoded in the colormap on the right. The vertical dashed lines at
k = 1 and k° = 0 indicate the locations where the coupling matrices have the highest
value of the norm.

orthogonality relations
(L;Lg)=2(N  K) «qg;
(HioiHp) = (N j K)o
(LyiHg)=0: (4.21)
These relations can be veri ed directly from the explicit forms of the matrices. Fig. 4.4a)

(b)) displays the norm of the LF (HF) coupling matrices as a function ok (k9, for
di erent values of the number of modesN .

The factors2(N k) and (N j KY) arise simply from counting the number of nonzero
entries on the corresponding diagonals or antidiagonals. For instande, has exactly
2(N k) nonzero entries (each equal tel or 1), so

(Li;Li)=2(N k) (4.22)

These orthogonality relations imply that the setB,a forms an orthogonal basis for the
parametric coupling spaceH para.

Now, starting from the decomposition ofM introduced in Eq. (4.7), and inserting the
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symmetry factorizations (4.13), we may write the pump-induced component as

X X
M = LLi+ 1L, + hioH Jo + hyoH o (4.23)
k2 LF k2 HF

Equation (4.23) shows that every physically realizable M is a linear combination of the
basis matricesfL, ;H ,0g. In other words, M 2 H .. Since the basis is orthogonal,
this expansion is unique, and the complex pump strengtig and hyo appear directly as
the expansion coe cients multiplying the corresponding basis elements.

Physically, Eg. (4.23) states that every possible parametric interaction between frequency-
comb modes can be constructed by appropriately weighting the elementary coupling ma-
trices encoded byL, andH ,,. The pump waveformp, (t) determines these weights, and
therefore selects a speci ¢ direction in th¢3N  2)-dimensional operator spacé paa.

This expansion property is the central structural ingredient of the Pump Projection
Method. Since the basis is orthogonal, the pump strengthg and hyo can be recov-
ered directly by projecting a target coupling matrix M onto the basis elements. We
turn to this inversion procedure in the next section.

4.4. The Pump Projection Method

We now show how the expansion of M in the orthogonal basis introduced in Sec. 4.3
leads directly to a closed-form solution of the inverse parametric problem. Given a desired
scattering matrix S , our goal is to determine the set of complex pump strengthsy; hyog
that realize S .

The rst step is to convert the target scattering matrix S  to the corresponding equation-
of-motion matrix M . From the input-output relation

p

= 8y t+ Bout; (4.24)
together with the equation of motion i M a= P i, one obtains the scattering matrix
expressed in terms oM :

Ss=iM ' 1 (4.25)

Inverting this relation for a target S yields

M = i(S +1) % (4.26)
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OnceM is known, its pump-induced part is obtained simply by subtracting the diagonal
matrix M q:

M =M M g (4.27)

The matrix M encodes all mode-coupling processes that must be generated by the
pump to realize the desired scattering behavior.

We now exploit the result of Sec. 4.3. The matrices, and H , form an orthogonal
basis of the parametric coupling spac paa. Since M lies in this space, it admits the
unigue expansion

X X

M = Ly +1, L, + heoH o+ hoH o (4.28)
k2LF k®2 HF

Because the basis is orthogonal, the coe cient and hyo are obtained by projecting
M onto the corresponding basis elements using the Hilbert-Schmidt inner product.

y_ (M L),

1O = O (M Hw),
k kL k

ho = ; 4.29

ke kH ok (4.29)
These expressions directly return the complex amplitudes and phases of the LF and HF
pump tones required to reproduce the target scattering matrix.

4.5. Testing the Pump Projection Method

The Pump Projection Method (PPM) provides a closed-form solution to the inverse para-
metric problem. To assess its performance, we validate the method through both numer-
ical simulations and experimental measurements on a Josephson Parametric Ampli er
(JPA). The goal of this section is to demonstrate that the PPM reliably reconstructs
the pump waveform that generates a given target scattering matrix, and that it remains
robust in the presence of noise and nite numerical precision.

Numerical Validation

We rst test the PPM on a large ensemble of randomly generated target scattering matri-
ces of di erent size2N . Each target matrix S is produced by solving the direct problem
for a randomly chosen pump waveform containing aBN 2 possible pump tones, both
LF and HF, each with a random amplitude and phase. This ensures that the target
matrices span the full parametric coupling spacH paa, i.€. it is physically realizable.
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Figure 4.5: Work ow used to test the Pump Projection Method (PPM).a) In the noiseless
case, a randomly generated pump waveform . (t) is fed in to the direct calculation to
generate the targetS , which is then fed in to the inverse calculation to generate the
reconstructed pumppg.rec(t). This reconstruct pump is in turn fed in to the direction
calculation to produce M . and S,c. A comparison of S and S, quanti es the
accuracy of the method.b) To evaluate robustness, Gaussian noisg, is added to the
target scattering matrix before inversion and the reconstruction.

For each targetS , we apply the PPM to solve the inverse problem and recover the
corresponding pump strengthg I; hyog. We then feed the reconstructed pump waveform
back into the direct problem to compute a reconstructed scattering matriS,e.. The
discrepancy betweerS and S, provides a quantitative benchmark of the accuracy of
the PPM. The procedure is schematically shown in Fig. 4.5a). Across all values éf
tested, the PPM recovers the original pump waveform. Within numerical precision the
reconstructed scattering matrices satisfy

KS  Swecks O (4.30)

demonstrating the exactness of the method.

Robustness to Noise

To evaluate the robustness of the PPM, we add Gaussian noiSg of variable magnitude
to the target scattering matrix,

S | S +Sy; (4.31)

and apply the method to the noisy target, as schematically shown in Fig. 4.5b). We quan-
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Figure 4.6: Robustness of the PPM against Gaussian noise. Relative reconstruction error
kS Siecko=kS k, as a function of the noise-to-target ratickSyk,=kS k, for di erent
matrix sizes2N. The horizontal dotted line indicates the numerical precision limit for
the maximum number of modesd\ .« tested. The vertical dotted line marks unity noise-
to-target ratio, beyond which the PPM becomes unreliable.

tify the reconstruction accuracy using the relative deviation from the noise-free target,

kS  Srecka.

kS Kk, (4.32)

wherek k> denotes the matrix 2-norm.

Figure 4.6 shows the relative error in the reconstructed scattering matrix as a function of
the noise-to-target ratiokSyk,=kS k,, averaged over 100 noise realizations. The study is
repeated for di erent matrix sizes2N to explore the scaling of the method. As expected
from the linear nature of the projection formulas, the reconstruction error increases lin-
early with noise magnitude. The error is bounded from below by the nite numerical
precision . With matrix inversion, this error scales approximately asN ? (shaded re-

gion).

As visible in the gure, even for very small noise amplitude$Sy, a number of outliers
appear where the relative reconstruction error increases by several orders of magnitude.
These outliers highlight an essential feature of the methodhe magnitudes and phases of
all entries of the target scattering matrixS must be mutually consistentFor any given
pumping scheme, the forward problem produces a scattering matrix whose elemesig
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have well-de ned amplitudes and phases dictated by the physical mode-coupling processes.
If a target matrix contains entries that violate these intrinsic phase amplitude relations,
then the target does not correspond to any physically realizable pump con guration. In
such cases, even a small perturbation can push the noisy target outside the manifold of
physically attainable scattering matrices, and the PPM will return the scattering matrix
that best approximates the inconsistent target within that manifold.

As the noise-to-target ratio approaches unity, the error diverges sharply (inset of Fig. 4.6),
indicating that the noisy target no longer lies close to any physically realizable scattering
matrix. Nevertheless, for noise levels well below this limit, the PPM produces accurate
and stable reconstructions across all values bif.

Experimental Validation

In addition to numerical simulations, we validate the PPM experimentally using a Joseph-
son Parametric Ampli er (JPA) thermalized at 10 mK. Here, we generate a target scat-
tering matrix S using a randomly chosen pump waveform, and then reconstruct the
pumps fromS using the PPM. This reconstructed pump waveform is then programmed
in to the multifrequency lockin and the scattering matrix is measured as described in
section 3.2.3.

Figure 4.7 summarizes a representative example. Panel 4.7(a) shows the magnitude of
the target matrix S produced by the initial pump waveform. Panel 4.7(b) displays
the experimentally measured matrixSe,,. The agreement between the two matrices is
excellent: the relative deviation (see Eqg. 4.32) i6:037, dominated by the background
noise oor and drift in the experimental setup.

Panel 4.7(c) shows the amplitudes and phases of the target pump tones (blue) and the
reconstructed tones (cyan). The close match between the two veri es that the PPM
successfully recovers the pump waveform that generated the target matrix.

In summary, both numerical simulations and experimental measurements con rm that
the Pump Projection Method provides an accurate, robust, and scalable solution to the
inverse parametric problem. The method reconstructs the pump waveform that gener-
ates a scattering matrix that is known to be realizable with a parametric oscillator (i.e.
which is generated from the direct approach). The precision of the method is limited
only by numerical errors and experimental noise. These results establish the PPM as
a reliable tool for programming multimode scattering transformations in parametrically
driven oscillators.
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Figure 4.7: Experimental validation of the Pump Projection Method (PPM).a) Mag-
nitude of the target scattering matrix S generated using a randomly chosen pump
waveform. b) Experimentally measured scattering matrixSey, obtained by applying
the reconstructed pump waveform to the JPAc) Amplitudes and phases of the pump
tones used to generat& (blue) and recovered by the PPM (cyan). The close agreement
demonstrates that the PPM accurately reconstructs the underlying pump.

4.6. Applications

Beyond solving the inverse problem, this capability allows us to design scattering ma-
trices tailored to speci ¢ functionalities. In this section, we present an application that
illustrates the versatility of the PPM in both numerical design and experimental imple-
mentation.

4.6.1. Designing Physically Realizable Scattering Matrices

When constructing a target scattering matrixS for a desired functionality, it is often
straightforward to specify the magnitudes of its elements, which de ne how signal power
is distributed between modes. However, the associated phases are equally important.
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