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Abstract

The Multi-Armed Bandit (MAB) problem is a theoretical framework that models a broad range
of sequential decision-making problems. Over the last two decades, the MAB framework
has experienced a rapid growth in interest from both the theoretical research community and
practitioners: on one hand, there are several technical challenges posed by proving theoretical
guarantees on algorithms; on the other hand, MAB algorithms have been used in relevant

real-world applications such as dynamic pricing and digital advertising.

In this work, we examine some of the most significant streams of research in MABs, primarily
from a theoretical perspective. In particular, we aim to relax some of the core assumptions of the
MAB framework, making it more suited for real-world scenarios, and provide algorithms with

provable theoretical guarantees.

We mainly focus on the regret minimization problem, where the decision-maker observes a
realization of the reward of an action after having chosen it, and aims at maximizing the overall
total reward at the end. We aim at bridging the MAB problem with Markov Decision Process
(MDP) problem, and to provide MAB-style algorithm with provable theoretical guarantees in the
latter. Such settings do not allow for trivial characterizations of the optimal policy, allowing past

actions to affect the present.

The largest literature on regret minimization in MABs deals with stochastic realizations that
come from fixed and well-behaved (e.g. bounded support or sub-Gaussian) probability distri-
butions. In this thesis, we address the heavy-tailed bandit problem, where assumptions on the

reward-generating distributions are reduced to the bare minimum and the variance may be infinite.

Keywords: multi-armed bandits, regret minimization, heavy-tailed distributions
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Sommario

11 problema del Multi-Armed Bandit (MAB) rappresenta un quadro teorico che modella un’ampia
varieta di problemi di decisione sequenziale. Nel corso degli ultimi due decenni, il modello MAB
ha suscitato un crescente interesse sia nella comunita di ricerca teorica sia tra i professionisti:
da un lato, vi sono numerose sfide tecniche legate alla dimostrazione di garanzie teoriche sugli
algoritmi; dall’altro, gli algoritmi MAB sono stati applicati con successo in importanti contesti

reali, come la definizione dinamica dei prezzi e la pubblicita digitale.

In questo lavoro, esaminiamo alcuni dei filoni di ricerca piu rilevanti nell’ambito dei MAB,
principalmente da una prospettiva teorica. In particolare, ci proponiamo di rilassare alcune
delle assunzioni fondamentali del modello, rendendolo piu adeguato a scenari reali, e di fornire

algoritmi dotati di garanzie teoriche dimostrabili.

Ci concentriamo soprattutto sul problema della minimizzazione del regret, in cui il decisore
osserva la realizzazione della ricompensa di un’azione dopo averla scelta € mira a massimizzare
il totale delle ricompense ottenute al termine dell’orizzonte temporale. Il nostro obiettivo ¢ creare
un collegamento tra il problema MAB e quello dei Markov Decision Process (MDP), fornendo
algoritmi in stile MAB che mantengano garanzie teoriche anche in quest’ultimo contesto. Tali
scenari non consentono, in generale, delle caratterizzazioni banali della politica ottimale, poiché

le azioni passate influenzano quelle future.

La maggior parte della letteratura sulla minimizzazione del regret nei MAB considera realiz-
zazioni stocastiche che provengono da distribuzioni di probabilita fisse e molto regolari (ad
esempio distribuzioni con supporto limitato o sub-Gaussiane). In questa tesi, affrontiamo il
problema degli heavy-tailed bandits, in cui le assunzioni sulle distribuzioni che generano le

ricompense sono ridotte al minimo indispensabile e la varianza di quest’ultime puo essere infinita.
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1 | Introduction

Artificial Intelligence (Al) is now ubiquitous across nearly every aspect of daily life. Many of the
digital systems we interact with on a daily basis are capable of making autonomous decisions.
Notable examples include e-mail spam filters, recommender systems in streaming platforms, and
dynamic pricing in e-commerce platforms. This continuous interaction between humans and
autonomous agents has spurred rapid advances in Al capabilities and in the availability of data.
At its core, the theory behind Al, particularly for decision-making in uncertain environments,
draws from statistics, optimization, and theoretical computer science. Over the past years, the gap
and interplay between theory and application in Al have become increasingly evident: practical
breakthroughs have inspired rich theoretical research, while sound theoretical understanding
remains essential for ensuring the safe and effective deployment of these tools. In the specific
paradigm of autonomous agents, where an agent has to make multiple decisions and account for

a variety of scenarios, theoretical guarantees are now more important than ever.

1.1. From Batch Learning to Online Learning

In modern learning theory, a major distinction is between batch learning and online learning. In
batch learning, an agent is provided with a static set of data, it learns from them, and is finally
asked to provide an output. An output can be, for example, a forecast on the future behavior of
the data or to classify a fresh portion of data that is provided afterward. The objective function is
only dependent on the quality of the output on the new data. In online learning, an agent is asked
to actively collect its own data, learn from it, and provide an optimal behavioral policy for data
collection. This time, the objective function of the agent also includes the quality of its behavior

during the data collection.

In batch learning, an agent is immutable. Once the first batch of data is provided to the agent, it is
never updated afterward. Its theoretical guarantees characterize the error in generalizing to new
data what it has learn from the provided data. An agent that successfully captures the underlying
data-generating process will, under the assumption of a stable environment, generalize well to

new data.
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In online learning, the agent can potentially start with no data at all. It is required to collect its
own data, update its policy dynamically, and potentially continue forever. In general, its goal
may be complex and not limited to collecting the highest quality dataset. For example, an agent
may be given a reward every time it does a certain action, not necessarily the one providing
the most informative data. This tension between data collection and performance optimization

makes the study of online learning both challenging and theoretically rich.

1.2. Thesis Contributions

This thesis advances the theoretical understanding of online learning through the study of Multi-
Armed Bandit (MAB) problems and their extensions. These simple, yet powerful, frameworks
allow us to provide strong characterizations of the performance of an online learning agent, and
to make the tension between exploration (collecting informative data points) and exploitation

(optimizing a given objective function) explicit and manageable.
In what follows, we outline the structure and the contributions of this thesis.

* In Chapter 2, we provide a technical background on Multi-Armed Bandit problems (MABs,
Section 2.1) and Markov Decision Processes (MDPs, Section 2.2). We introduce the core

assumptions and the relevant literature.
* In Chapter 3, we study some problems that lie between MABs and MDPs.

— In Section 3.1, we introduce the Autoregressive Bandit problem, a particular variant
of the MAB setting where rewards are governed by an autoregressive process. We
present an algorithm and provide theoretical guarantees on its performance. We

validate our approach numerically on synthetic data.

— In Section 3.2, we introduce the Graph-Triggered Bandit problem, a novel framework
that bridges rested and restless bandits, two well-known approaches to model the
non-stationarity of the rewards in a bandit problem. We provide a study on the setting
complexity from both a statistical and computational perspective. We provide algo-
rithms to deal with both deterministic and stochastic environments, and characterize

their performance from a theoretical perspective.

— In Section 3.3, we focus on restless rising bandits, a widely studied setting over
the last years. We address the core open problem of characterizing what is the
theoretically optimal performance for an algorithms, and we provide an algorithm
that improves over the existing approaches. We numerically validate our approach

on synthetic data.
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* In Chapter 4, we relax one of the most common assumptions in the MAB literature, and

allow for reward distributions that are heavy-tailed.

— In Section 4.1, we address the recent open problem of doing regret minimization
in heavy-tailed MABs while being agnostic w.r.t. the parameters of the reward
distributions. We are the first to provide impossibility results on such tasks and to

provide an algorithm that is optimal under a mild assumption.

— In Section 4.2, we combine the heavy-tailed MAB problem with the piecewise-
stationary bandit problem. Motivated by real-world applications such as finance
and telecommunications, we provide the first change-point detection routine for
heavy-tailed random variables, and we apply it to regret minimization. We validate

our solution with synthetic and real-world data.
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2 | Foundations of Online Learning

Online Learning is an umbrella term that encompasses multiple theoretical frameworks in which
an autonomous agent sequentially interacts with a partially observable environment and has
to learn an optimal behavioral policy, learning from its past decisions. Online learning can
be positioned within the broader concept of machine learning, and exhibits many conceptual
differences from the largely studied problems of supervised and unsupervised learning. Indeed,
in supervised learning, data are provided in batches, and a learner has the goal to provide a guess
on the relationship between a specific segment of information (i.e.,, a target variable, for tabular
datasets) and the rest of the information available. In online learning, data are not provided in
batches, but the learner is asked to actively collect them. This element brings a crucial shift
from supervised to online learning, as the agent has to learn a behavior while simultaneously

understanding the data-generation mechanism.

In this chapter, we introduce the Multi-Armed Bandit problem (Section 2.1), one of the most
fundamental settings in online learning and the main subject of this thesis. Afterward, we
introduce the Markov Decision Process problem (Section 2.2) and present it as a generalization
of the MAB problem, highlighting the connections between the two and why the results contained

in this thesis are relevant to this class of problems.

2.1. The Stochastic Multi-Armed Bandit Problem

In this section, we discuss the Multi-Armed Bandit problem (MAB, Lattimore and Szepesvari
(2020)), which constitutes the main theoretical framework for almost all the results presented in
this thesis.

The MAB framework is used to address sequential decision-making in problems where feedback
is uncertain. In particular, it is one of the most flexible and versatile frameworks to encode a
situation in which an autonomous agent, or learner, is faced with a repeated number of decisions
among a finite set of actions (or arms), and it is only allowed to observe partial and noisy feedback.
Altough MABs have been extensively studied under many different assumptions on the reward

generating process, in this thesis we focus on stochastic environments, or stochastic MABs. In
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Algorithm 1: Learner-Environment Interaction Protocol for Stochastic MABs
fort € [T] do

Learner plays an action I; € [k] (possibly at random)

Environment receives I; and provides a reward Xy, ; sampled from v,.

Learner receives X7, ; and updates its internal status.
end

stochastic MABs, each action is associated to a probability distribution from which a reward is
randomly sampled every time the learner plays the associated action. Such environments are
popular due to their flexibility, closeness to real-world models and quality of the theoretical

guarantees that can be provided over the learner’s performance.

Setting Formalization

We define an instance of the stochastic MAB problem (also called k-armed bandit) as a set
v = (V4)ic[k of K probability distributions. The interaction protocol between a learner and an
instance of stochastic MAB is exemplified in Algorithm 1. A trial lasts T' € N rounds, and at
every round ¢ € [T'] the learner provides a decision I; € [k], possibly at random (line 2). The
environment receives the decision /; and samples a reward Xy, ; ~ vy, (line 3). Finally, the

learner receives (and observes) the reward and X7, ; and updates its strategy accordingly (line 4).

We now define some quantities that will come in handy later. First, we call u; := E[X; ] the
expected reward of action ¢ € [k]. As we will show in the section, we are particularly interested
in the action ¢* € arg maxcp;) 4;, the one having the largest expected reward. Also, let p1* == fi;«.
We call A; ; := p; — pu; the gap between actions 7 and j. A crucial quantity is the sub-optimality
gap of action 7, defined as A; = p* — p;. We call N;, = Zle —11,—; the (random) number
of times action ¢ has been chosen by the learner before time ¢. It is customary in the literature to
assume that v; is a sub-Gaussian probability distribution. A (zero-mean) random variable X is
o-subgaussian if it holds E [exp (AX)] < exp <"22’\2) for every A € R. Note that this definition
includes all distributions with bounded support. We will make the same assumption in Chapter 3,

but not in Chapter 4.

Learning Goal

In this thesis, we investigate the main learning problem for MABSs: regret minimization. Regret
minimization represents the most investigated learning goal in the MAB literature and, possibly,
one of the most natural. Informally, the regret of an algorithm is the performance gap of the
learner w.r.t. the best possible decision maker. As the environment is stochastic, we compare the

performance of the two in expectation.
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Before formally introducing the notion of regret, we provide a formalization of what actually is
a learner, that we will make coincide with the notion of policy. We define H; = {(I;, X1,1) }iep
as the history of interactions at a given round ¢t € [T']. We define a policy 7 () as a (possibly
randomized) function 7 (t) : H,_; — I, returning the next action given the history up to that

round.

For a given instance v of a MAB, the performance of a policy 7 is measured by the means of

expected cumulative reward throughout 7" rounds, formally:

JV,T(W) =K 2 Ko |
te[T]

where the expectation is taken over the randomness of both the environment and the pol-
icy/algorithm. A policy is optimal for instance v and time horizon 7" if it maximizes the expected
cumulative reward, formally:

T, p € argmax J, 7 ().
™

We denote by J;; = J, 7(7} 1) the expected cumulative reward attained by the optimal policy.

We can now define the expected cumulative regret as:
Ryp(m) = J 0 — Juo(m).

Therefore, our learning problem is to find a policy m minimizing the expected policy regret
RV,T (7T ) .

Remark 1. In some settings, the optimal policy may depend on both v and the time horizon T
In standard stochastic MABs, this is not the case since, trivally, it holds 7}, (t) = 7}(t) = ¥,
for every t € [T]. However, through this thesis, we will explore more complex scenarios where

the problem instance is characterized by additional parameters rather than just v and T

The Exploration-Exploitation Dilemma The MAB problem exhibits a crucial trade-off
between information gaining and reward gaining. The partial feedback forces any policy to
decouple exploration and exploitation. To minimize regret, a policy may want to always pull the
action that is believed to be better. However, this would preclude receiving enough feedback
from the other action and possibly discovering a better one. This tension is called exploration-
exploitation dilemma, and can be exploited to prove impossibility results in MABs. From an
algorithm design perspective, this precludes greedy algorithms from performing well. Cleverly

performing exploration becomes crucial for every algorithm that wants to perform well in MABs.
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Existing Results

Regret minimization in stochastic MABs has been widely studied since the first half of the last
century. It is no surprise that the best (least) possible expected cumulative regret that any policy
must suffer has already been well characterized. This type of result is called regret lower bound,

and it is very important in understanding how truly difficult and instance is.

The quality of a policy is evaluated from the tightest possible upper bound that can be provided
on its expected cumulative regret. Comparing the regret upper bound of a policy to the setting’s

regret lower bound tells us if the policy is good or not.

Instance-Dependent vs Worst-Case Bounds We differentiate the nature of existing results
in two families: instance-dependent bounds and worst-case (or minimax) bounds. Instance-
dependent bounds show us how the regret depends on quantities that are specific to a given
instance, and better characterize the learning challenge. In fact, not all instances are equal, and a
desirable property for an algorithm is to perform well when an instance is &asy- Keeping k£ and
T fixed, in stochastic MABs the difficulty of an instance is characterized by the sub-optimality
gaps {A;}icx), and by the support/dispersion of the probability distributions generating the
rewards, which is ¢ in the case of sub-gaussian distributions. Instance-dependent bounds capture
all of these quantities and, in more complex settings, the other parameters that characterize
an instance. Worst-case bounds, on the other hand, are more natural from a game-theoretic
and information-theoretical perspective of the problem. Such bounds consider the worst-case

scenario for an instance, and usually only depend on 7" and k.

Regret Lower Bounds We start by reporting an instance-dependent regret lower bound. This
result first appeared in the seminal work Lai and Robbins (1985) in an asymptotic version, i.e.,
letting 7" go to infinity. Later, a finite-time version has been derived in Lattimore and Szepesvari
(2020).

Lower bounds are often obtained by considering two different instances on which no reasonable
policy can simultaneously perform well. A policy is called reasonable if its regret is s.t. R, 7 <
CT?, for p € (0,1) and C' > 0, and for every instance v. We use the notation €2(-) to indicate

the lower bound of a quantity up to lower order terms.

Theorem 2.1 (Instance-Dependent Regret Lower Bound for Stochastic MABs). Let v be a

stochastic MAB with k actions, o-subgaussian reward distributions, and  be any reasonable
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policy. Then the following holds:

— A
Z . (1 p)lnT+ln( )+Ai 7 o

R,,T(ﬂ') EQ AZ

)

i€[k]:A;>0
where the [-]* notation indicates the positive part.

The dependence on 7' (which is, in general, the most interesting to look at) is logarithmic. Thus,
no algorithm can achieve a regret growing slower than a logarithm with 7" or a constant one.
Moreover, Equation (2.1) describes how the sub-optimality gaps characterize the difficulty of an
instance. The sub-optimality gaps may be very small, for example, in the order of % This would
result in the A; term in the denominator blowing up, but at the same time the logarithmic term
can be come negative and large in magnitude, shrinking the lower bound up to zero. Intuitively,
if the gaps are very small, it is harder to identify the best action, but every time a sub-optimal
action is chosen, the paid regret is also very small. If the sub-optimality gaps are very large, it is
easier to identify the best action (the denominator shrinks the bound), but every mistake is more
costly (and the linear term grows). This trade-off leads to a very natural question: what happens

in the worst possible instance? This is addressed by the worst-case lower bound.

Theorem 2.2 (Worst-Case Regret Lower Bound for Stochastic MABs). Let v be a stochastic
MAB with k actions, o-subgaussian reward distributions, and 7 be any policy. Then the following

holds:
Ryr(r) > Q (a\/ITT) . 2.2)

This result is agnostic w.r.t. the instance parameters, and can be obtained by optimizing for the
worst possible ones. In such instances, we have A; in the order of \/g . It turns out that such a
choice is the one balancing the cost of identifying a good action and the cost of making a mistake

in the worst way.

Remark 2 (Failure of the Greedy Policy). It is easy to show that a greedy policy, i.e., the policy
79(t) € arg MaX,e[x) ﬁ Zle X1,111,—4) that chooses the action I; with the largest empirical
mean so far, can suffer a regret linear in I'. For instance, construct an instance where, with
constant probability, the optimal action may yield a reward X« ; that is smaller than the minimum
value of the support of v;, for some i # i*. Then, with constant probability, this happens the very
first time the optimal action is chosen and is then played never again, since the empirical mean
of i can never go below X« ;. Thus, we have R, (%) = Q (T). Intuitively, this is caused by
the lack of an active exploration strategy from the policy. By definition, the greedy policy only

tries to exploit the good actions so far, and is likely to miss the optimal action if that doesn’t
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Algorithm 2: UCB1 (Auer et al., 2002a)
Initialize N; 1 < O for every i € [k] for ¢t € [T'] do

Compute I; € arg MaX;e(k] UCB,; = ﬁ@t + 0 %

Play action I; and observe X; ;

Update fi; 441 for every i € [k]

Update Ny, ;41 < Np, ¢ + 1
end

perform well from the beginning.

The Optimism Principle and UCB Policies Regret lower bounds set the bar on what a policy
can hope to obtain in terms of suffered regret, and a natural question is what kind of policies are
order-optimal in terms of regret upper bounds. The seminal work Auer et al. (2002a) introduces
the optimism principle and the UCB1 policy, a modification of the greedy policy that leads to
exploration of promising actions (that’s why the policy is called optimistic). Before describing
the UCB1 policy, we recall an important result on the convergence of mean estimators.

Proposition 2.1 (Upper Confidence Bound). Let § € (0,1). Let {X;}}", be a sequence of
independent and o-subgaussian random variable with mean u, and i, = %Z:;l X, is the

empirical mean. Then, the following holds:

]
]P’(ﬁ%—a«/zlnn& >u> >1-4. 2.3)

We cal UCB; ¢ = [i; 1 + 04 /2111\1,—1_5’;1 the upper confidence bound on the empirical mean fi; ; of

action ¢ at round ¢ (with the convention that UC'B; ; = 0 if N;, = 0). Equation (2.3) gives us a
way to upper bound with high probability the true mean of an action’s reward distribution. This
overestimation strategy allows a policy to be optimistic regarding the expected reward of a given
action, and that the fundamental difference between the greedy policy and the UCB1 policy, for
which the algorithmic steps are reported in Algorithm 2. The UCB1 algorithm runs as a greedy
algorithm, but follows UCBs instead of the empirical means (line 2). The UCB is computed
setting § = T2. This choice ensures that the width of the confidence interval is large enough to
explore all actions by the end of the trial properly. Choosing the action with the largest UCB
means considering the potential for an action, rather than the past performance alone. UCBs
decrease with the number of pulls, and this helps in gaining information about the less explored
actions. A small modification to this algorithm, that involves setting a dynamic 6, * = ¢~ makes

UCB1 an anytime algorithm, i.e., an algorithm that is agnostic of 7', and doesn’t require its
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knowledge (Auer and Ortner, 2010).

It is now time to state the instance-dependent regret upper bound of UCB1.

Theorem 2.3 (Instance-Dependent Regret Upper Bounds of UCB1). For every stochastic MAB

UCB1

instance v, and time horizon T', the UCB1 policy ® satisfies

InT
R,,,T(WUCBI)gO Z O'(A —i—Ai) , 2.4)

i€[k]:A;>0 i
where the O notation only hides universal constants.

If we compare Equation (2.4) with Equation (2.1) we can see how the instance-dependent regret
bound of UCB1 is tight in 7', up to universal constants, to best possible one, i.e., the one of the

lower bound.

Proof Sketch. To get an intuition on how this result is proven, we provide the fundamental steps

of the proof (without delving too much into technical details).

Let 6 = T?. We introduce a good event G defined as

G cla o 4InT
= i it =0
1% Mit Ni,t

, Vielk]vte [T]}

Under the good event G, all actions have their means contained between the lower and the upper

confidence bound in every round. A simple union bound yields P (gC) < %

Consider the following fundamental decomposition. For every policy 7, it holds

i€[k]

Thus, bounding the number of times every suboptimal action ¢ # ¢* is chosen is sufficient to get

a bound on the regret.

The number of times a suboptimal action is chosen can be decomposed again, separating trials in

which the good event G holds from the ones in which it doesn’t.
E[Nir] = E[Nirlg] + E[N;rlge] < E[Nirlg] + TP (GY) .

Thus, in expectation, the trials in which the good event doesn’t hold only contribute in a constant

way to the regret, and we can restrict our analysis to the trials in which G holds.
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The proof can be concluded by bounding the summation of the confidence intervals for every

suboptimal action ¢ # ¢*. It is possible to provide a bound of

InT

Plugging this result into the previous decomposition yields the result.
This powerful arguments will be used to prove many of the results presented in this thesis.

It is worth noticing the dependence on A; ? of the number of times a suboptimal action is pulled.
From a statistical perspective, this quantity be seen as a sample complexity of distinguishing a

suboptimal action from the optimal one.

It is worth noticing that, when A; is very small, the instance-dependent upper bound can become
linear. In this case, we can provide a worst-case regret upper bound that shows that also in that
case the regret suffered by UCB1 is at most in the order of /7.

Theorem 2.4 (Instance-Dependent Regret Upper Bounds of UCB1). For every time horizon T,
the UCB1 policy w"°®! satisfies

max Ry, 7(7°®1) < O (\/lcT In T) , (2.5)

where the O notation only hides universal constants.

The bound presented in Equation (2.5) is tight to the corresponding lower bound in Equation
(2.2) up to a v/In T term. In the bandits literature, it is customary to only look at the dominant
term in the regret bound. However, it is possible to show that an algorithm called MOSS (Wei

and Srivastava, 2020) has a tight minimax regret bound, getting rid of the logarithmic term.

2.2. Markov Decision Processes

In this section, we provide a quick overview of Markov Decision Processes (MDPs, Puter-
man (2014)) and their connection to MABs. This section is important in understanding the

contributions presented in Section 3.

MDPs can be presented as generalization of MABs. In particular, they include the concept of
state in the learning protocol. In MABs, we assumed that the set of available actions, as well as
their reward-generation mechanisms, are the same at every round. In MDPs this is not true. At
every round, the learner is faced with a different situation, called state, and it is the result of its

previous actions (and possibly, the time step ¢, even though literature refers to this type of MDPs
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Algorithm 3: Learner-Environment Interaction Protocol for Stochastic MDPs

The initial state s; ~ p is sampled. for ¢t € [T] do
Learner observes s; and plays an action I; € [k] (possibly at random)
Environment receives I; and provides a reward X; s.t. E[ X, | sy, It] = f(s¢, ar).
Learner receives X7, ; and updates its internal status.
Environment provides a new state s;11 ~ P(- | s¢, 1}).

end

as non-stationary MDPs).

This dimension brings several difficulties: the learner is now required to do planning, consider
the future implications of performing a certain action in a given state, and not only focus on
the immediate reward generated by an action. An additional difficulty is given by the fact that
transitions may be stochastic, and the learner may need to estimate the transition probability

from the current state to another.

MABSs can be thought of as simpler MDPs where only one state exists, and every action makes

the learner transition from the state to itself.

Setting Formalization

A finite MDP is a tuple M = (S, [k], P, f, p), where S is a finite state space, [k] is the action
set !, P(- | s,1) is the transition kernel, f(s, ) is the reward function and p is the initial state

probability distribution.

The interaction protocol between a learner and an MDP is formalized in Algorithm 3. The learner
starts in state s;, sampled from p (line 1). At each round ¢ € T, the learner observes s; and
chooses I; (line 2), receives X; sampled by the environment s.t. E[ X} | sy, I;] = f(s¢, a;) (line

3), and the environment draws s;,1 ~ P(- | sy, I;) (line 5).

Remark 3 (MABs are special MDPs.). A stochastic MAB is the degenerate MDP with |S| = 1

and identity transitions, the definitions above reduce to Section 2.1.

Learning Goal

In MDPs, a (possibly randomized) policy 7 maps is defined as in MABs, with the difference
that the history of interactions now also include the states encountered. The policy provides a
decision based on the history and the current status, and we write 7(i | s). One of the learning

goal that can be set in MDPs is the average-reward regret. Given an unknown MDP M, the

n this thesis, we will only consider MDPs with a fixed action set that is identical in every state, as in MABs
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cumulative reward of a learner after 7" rounds can be defined in a similar way as in MABs:

Imr(m) =B | > r(s, L) [s1~p|,
te[T]

where the expectation is taken over the randomness of both the environment (rewards and
transitions) and the policy/algorithm. This definition immediately implies the definition of
optimal policy as in MABSs, that we will call 7}, 1, and its expected cumulative reward Jj 7.
The learning goal is still regret minimization, and it can be defined as learning the policy 7 that

minimizes the expected cumulative regret
B (m) = s — Jmr(m).

In general, it is not possible to optimize this objective function in MDPs, due to the online nature
of this metric and the complex structure that an MDP may have. However, there are special types
of MDPs, such as communicating MDPs, where every state can reach every other under some
policy. For this type of MDPs, stationary optimal policies exist in the average-reward sense. For

a stationary T, let

_ 1
Jm(m) = Jim TJM,T<7T)

denote its long-run average reward, and p* = max, p(m). However, this metric is weaker than
the standard finite-time notion of regret introduced beforehand, and is outside of the scope of this

thesis.
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Decision Processes

This chapter focuses on online learning problems that are at the intersection of MABs and
MDPs, where meaningful guarantees on finite-time regret can be provided. In general, MDPs
cannot be tackled from the finite-time regret minimization perspective, because their flexible
structure allows for the construction of MDPs where a single trial is not enough to obtain enough
information. Indeed, in non-communicating MDPs, a single mistake may lead to an arbitrarily
large portion that cannot be observed anymore. The MAB settings presented in this chapter can
all be interpreted as special MDPs, for which providing algorithms with sub-linear finite-time
expected regret is possible. The study of these special settings, which are of practical and
theoretical interest, constitutes part of this thesis contribution. Some of them fall under the
umbrella of non-stationary bandit settings, in which the state evolves only based on time. One
can imagine such settings as chain MDPs where the state s, is only composed of the time ¢ and
the transition is deterministic and independent of /;. Moreover, it is worth keeping in mind that,
in general, computing the optimal policy in a known MDP is an NP-hard problem, while in
bandits it is a trivial scalar maximization. Nonetheless, we show that sub-linear finite-time regret

can also be achieved in some settings in which the optimal policy is NP-hard to compute.

3.1. Autoregressive Bandits

Autoregressive processes naturally arise in a large variety of real-world scenarios, including stock
markets, sales forecasting, weather prediction, advertising, and pricing. When facing a sequential
decision-making problem in such a context, the temporal dependence between consecutive
observations should be properly accounted for, guaranteeing convergence to the optimal policy.
In this section, we propose a novel online learning setting, namely, Autoregressive Bandits
(ARBs), in which the observed reward is governed by an autoregressive process of order m,
whose parameters depend on the chosen action. We show that, under mild assumptions on
the reward process, the optimal policy can be conveniently computed. Then, we devise a new

optimistic regret minimization algorithm, namely, Aut oRegressive Upper Confidence
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. ~ / .
Bound (AR-UCB), that suffers sublinear regret of order O (%ﬁ» where T is the
optimization horizon, k is the number of actions, and I < 1 is a stability index of the process.
Finally, we empirically validate our algorithm, illustrating its advantages relative to bandit

baselines and its robustness to the misspecification of key parameters.

This section presents Bacchiocchi et al. (2024), a joint project with Francesco Bacchiocchi, Marco
Mussi, Davide Maran, Marcello Restelli, Nicola Gatti and Alberto Maria Metelli, published at
the International Conference on Artificial Intelligence and Statistics (AISTATS).

3.1.1. Introduction

In a large variety of sequential decision-making problems, a learner is required to choose an
action that, when executed, determines: (¢) the immediate reward and (i7) the behavior of an
underlying process that will influence, in some unknown manner, the future rewards. This
process is influenced by the course of actions the agent performs and generates a temporal
dependence between the sequence of observed rewards. A class of stochastic processes widely
employed to model the temporal dependencies in real-world phenomena is the autoregressive
(AR) processes (Hamilton, 2020). In this section, we model the reward of a sequential decision-
making problem as an AR process whose parameters depend on the action selected by the agent at
every round. This scenario can be represented as a particular class of continuous MDPs, where an
AR process governs the temporal structure of the observed rewards through the action-dependent
AR parameters that are unknown to the agent. It is worth mentioning that such a scenario displays
notable differences compared to more traditional non-stationary learning problems. Indeed, in
the scenario we address, the environment does not change, and the reward dynamics depend on

the agent’s course of actions only.

Original Contribution In this section we propose a novel setting, named AutoRegressive
Bandit (ARB), in which the reward follows an AR process of order m whose parameters depend
on the agent’s actions. Importantly, we show that the optimal policy, differently from many
bandit models, is stationary and closed-loop, as the optimal action depends on the previously
observed rewards (Section 3.1.2). Then, we devise a new optimistic algorithm, namely Aut oRe~-

gressive Upper Confidence Bound (AR-UCB), to learn an optimal policy in an online

(m+1)3/2\/ﬁ>
(1-T)2 >

where 7' is the optimization horizon, £ is the number of actions, and I' < 1 is a stability index of

fashion (Section 3.1.4), and we show that it suffers sublinear regret of order O (

the process (Section 3.1.5). Finally, we empirically evaluate AR-UCB comparing its performance
with several bandit baselines with competitive results and illustrating its notable robustness

w.r.t. the misspecification of key parameters (Section 3.1.6).
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3.1.2. Problem Formulation

In this section, we introduce the ARB setting, formalize the learning problem, how the learner
interacts with the environment, assumptions, policies and definition of regret (Section 3.1.2).

Subsequently, we derive a closed-form solution for the optimal policy of an ARB (Section 3.1.2).

Setting

We study the sequential interaction between a learner and an environment. At every round
t € [T, the learner chooses an action I; € [k]. In the ARB setting, the reward evolves according
to an autoregressive process of order m (AR(m), Hamilton, 2020). Thus, the learner observes a

random reward X, of the form:

X =0(1) + > nlI)Xei + &, 3.1

i=1
where X; € X (X < R is the reward space), vo(/;) € R and (7v;(I¢))ie[m] € R™ are the unknown
parameters depending on chosen action I;, and &, is a zero-mean o2-subgaussian random noise,
independent conditioned to the past. The reward evolution can be expressed in an alternative

form as follows:!
Xe =(y(It), Z—1) + &, (3.2)

where Z; 1 := (1, X 1,..., Xs_m)T € Z := {1} x X™ is the vector of past rewards expressing
past history, and (i) := (Y(),...,Vm(i))T € R™*L is the parameter vector, defined for all
the actions ¢ € [k]. It is worth noting that when ~;(7) = 0 for all j € [m] and i € [k], the ARB
setting reduces to a standard MAB (Auer et al., 2002a).

Assumptions We introduce the assumption that we employ in the section and comment on its

role.

Assumption 1. The parameters (1) fulfill the following conditions:

a. (Non-negative coefficients) (i) = 0 for every i € [k], j = 0;
b. (Stability) I" := maxie(r) 25-; 75(1) < 1;

c. (Boundedness) g = max;e[x) Yo(i) < +00.

First, Assumption 1.a requires that the coefficients of the AR process are non-negative. This

scenario is ubiquitous in real-world AR phenomena (e.g., pricing, stock markets, digital adver-

! Although the linear structure might resemble the contextual linear bandits (Chu et al., 2011), the two settings
are non-comparable. Indeed, in our ARBs the vector Z;_1 is not sampled independently at every round, but, instead,
follows a sequential process depending on the past, making the decision problem way more challenging.
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tising), where processes violating such an assumption will generate unrealistic sign alternation
behaviours. An extensive discussion and a graphical elaboration about this assumption are
provided in Appendix A.3. Assumption 1.b requires that the sum of ~(7) is limited to a value
I’ € [0,1) and Assumption 1.c enforces the boundedness of 7y(), for every i € [k]. These
latter assumptions ensure that the AR process does not diverge in expectation, regardless of the

sequence of actions played.

Connection to MDPs

The ARB interaction protocol can be seen as a special class of MDPs. In particular, we consider
the class of continuous state MDPs, a variation of the finite MDP introduced in Section 2.2
where the state space S is continuous. Let s, = Z;_; be the state at time ¢. Then, the learner
can observe the state s; before providing a decision /;, and the reward function is defined as
f(se, I) = {(~v(I;), s¢), and the actual reward is X; = f(s;, I;) + &;. The transition is stochastic
and depends on the reward, and yields s;,; by shifting the elements of s; by one space to the right
(with the exclusion of the first element) and inserting X;. Finally, the initial state is provided

deterministically as Z.

Learning Goal

We formally define a policy in the ARB setting, and we provide the learning goal in this
setting. These definitions are coherent with the ones proposed in Chapter 2, but specifically
casted on the ARB problem. The learner’s behavior is modeled by a deterministic policy
7 = (m)wen defined, for every round ¢ € N as m; : ‘H;, 1 — A, mapping the history of
observations H; | = (zg,a1,x1,...,0;_1,T4—1) € Hy—q to an action I; = m,(H;_1) € A where
Hi 1 = X x (A x X)"1is the set of histories of length ¢ — 1. The performance of a policy 7 is

evaluated in terms of the expected cumulative reward over the horizon 17" € N, defined as:

Jr(w) :=E [i Xt] (3.3)

with:
Xe ={y(h), Zy—1) + &,

I, = Wt(Htfl)a
where the expectation is taken w.r.t. the randomness of the reward noise &;. A policy 7* is optimal
if it maximizes the expected average reward, i.e., w* € arg max, Jr(7), whose performance
is denoted as J; := Jr(w*). The goal of the learner is to minimize the expected cumulative

(policy) regret by playing a policy 7, competing against the optimal policy 7* over a learning
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horizon T € N

T
R(m,T) = Jj — Jp(m) = E [Z n] , (3.4)
t=1

where r; := X/ — X, is the instantaneous policy regret and (X;).[z7 is the sequence of rewards

observed by playing the optimal policy 7*.

Optimal Policy

In this section, we derive a closed-form expression for the optimal policy 7v* for the expected

cumulative reward, under Assumption 1.a.

Theorem 1 (Optimal Policy). Under Assumption 1.a, for every round t € [T, the optimal policy
7} (Hy_1) satisfies:

7} (Hi—1) € argmax (7(i), Z—1). (3.5)
ic[k]

This result deserves some comments. First, the optimal action depends on the vector of past
rewards Z;_; and, thus, on the most recent m rewards z;_1, ..., x;_,, only. Thus, the optimal
policy 7* is non-Markovian with memory m or, equivalently, Markovian w.r.t. the state repre-
sentation Z;_1.> Second, the optimal action maximizes, at every round ¢ € [T'], the expected
instantaneous reward E| X;|Hy_1] = {~(i), Z;_1). This is a consequence of the non-negativity
of the parameters ;(¢) (Assumption 1.a), which enforces a meaningful evolution of the AR
process, compatible with our real-world motivating scenarios. This way, the action maximizing
the expected immediate reward (i.e., a myopic policy) is optimal for the expected cumulative
reward too. The proof can be found in Appendix A.1.

3.1.3. Related Works

In this section, we discuss and compare the works that share similarities with the Autoregressive
Bandits. We analyze both solutions related to multi-armed bandits and online learning in

non-linear systems.

Multi-Armed Bandits In the more classical Multi-Armed Bandit (MAB) setting, the learning
problem does not involve temporal dependencies between rewards. The MAB setting has been
studied under the assumptions of both stochastic and adversarial noise models. In the former
case, UCB1 (Lai and Robbins, 1985; Auer et al., 2002a) represents the parent algorithm. Instead,
when adversarial noise is involved EXP 3 (Auer et al., 1995, 2002b) is usually employed. This

2We can look at the ARB as a particular Markov Decision Processes (MDPs, Puterman, 2014) with Z;_; € Z as
state representation.
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algorithm has been extended by REXP 3 (Besbes et al., 2014) to handle with the non-stationary
setting. Differently from both the adversarial and non-stochastic setting, we assume that the
rewards are not preselected by an adversary or nature but, instead, they change as an effect of the
actions played. Indeed, the underlying autoregressive process (affected by a stochastic noise)
is such that the current action impacts the future rewards. Therefore, importing the adversarial
MAB terminology, the ARBs can be reduced to an adversary setting with an adaptive (or non-
oblivious) adversary (Dekel et al., 2012b). In particular, the (5(\/ﬁ ) regret guarantees of EXP 3
are not achievable in the ARB setting as EXP 3 competes against the best constant policy while
the optimal policy for ARBs is not constant (see Theorem 1 and Section 3.1.6). Moreover, our
setting presents similarities with MABs with delayed feedback (e.g., Pike-Burke et al., 2018).
However, in ARB the effect of the actions is propagated (not exactly delayed). Markov (Ortner
et al., 2012) and restless (Tekin and Liu, 2012) bandits, instead, consider underlying processes
that influence the rewards. However, these processes are not supposed to be controlled by
the action history. Other works (e.g., Mussi et al., 2023) consider complex action-dependent
feedback vanishing over time. In Chen et al. (2023), the authors study the control problem in a

setting that considers temporal structure modeled as an AR(1) process.

Online Learning in Non-Linear Systems The ARB setting is a specific case of a non-linear
dynamical system. Although the literature related to this setting is wide, no work faces all
problems that the ARB setting presents, including learning to control with regret guarantees.
Mania et al. (2022) focus on learning the parameters of a particular class of non-linear systems.
However, the approach is limited to estimation and no control algorithm is proposed. Similarly,
Umlauft and Hirche (2017) deal with learning the system parameters with stability guarantees
without the chance to control it. Several recent works (e.g., Kakade et al., 2020; Lale et al., 2021)
focus on the learning and control of non-linear systems with regret guarantees. However, these
works make use of an oracle to solve a complex optimization problem to perform optimistic
planning (i.e., optimal policy given an optimistic estimate of the system). This problem in a non-
linear setting, however, is proven to be NP-hard (Sahni, 1974; Dani et al., 2008). Furthermore,
the class of non-linear systems considered in these works does not include the ARB setting.
Other works (e.g., Albalawi et al., 2021) overcome the request for the oracle by searching in the
restricted space of constant policies, leading to the best equilibrium. However, this solution can

be suboptimal in several cases, including ARBs (see Section 3.1.6).

3.1.4. Autoregressive Upper Confidence Bound

In this section, we present Aut oRegressive Upper Confidence Bound (AR-UCB), an
optimistic regret minimization algorithm for the ARB setting whose pseudo-code is reported in

Algorithm 4. AR-UCB leverages the myopic optimal policy for ARBs (Theorem 1) and imple-
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Algorithm 4: AR-UCB.
Input :Regularization parameter A > 0, autoregressive order m

Initialize V(i) = Alj41, bo(i) = Oy 1, 40(7) = Ogy1, Vi € [k], Zo = (1,0,...,0)7
fort € [T] do
Compute [; € arg max;cp;) UCB; 1 = Fr—1(2), Z—1) + Br—1(i) |\Zt71||vt_1(i)*1
Play action I; and observe X; = (y(I3), Z¢—1) + &
for i € [k] do
Vt(Z) = Vt_l(’i) + Zt_lth_l]l{i:It}
bt(l) = bt_l(i) + Zt—lXt]l{i:It}
F:(i) = V(i)' by (4)
end
Update Z; = (1, X¢, ..., Xi_pr1)?
end

ments an incremental regularized least squares procedure to estimate the unknown parameters
~(7), for every action i € [k] independently. The algorithm requires the knowledge of the order
m of the AR process, although this knowledge can be replaced with the one of an upper bound

m > m of the AR order.?

AR-UCB starts by initializing for all the actions ¢ € [k] the Gram matrix V(i) = A1,
where A > 0 is the Ridge regularization parameter, the vectors by(i) = 4o(i) = Ox,1, and
the observations vector zg = (1,0,...,0)T (line 1).* Then, for each round ¢ € [T'], AR-UCB
computes the Upper Confidence Bound (UCB) index (line 3) for every i € [k]. Such an
optimistic index is composed of the inner product between the estimated value of ~(7) and the

state representation Z; 1, plus the confidence interval 3;_; (7). Formally:

I e argel[fil]ax UCB;; == (41-1(7), Z¢—1) + Br—1(7) HZt_l(i)HVt_l(i)_l , (3.6)
where 4;_1 (i) is the most recent estimate of the parameter vector v (i), Z;—1 = (1,241, ..., 2¢_x)"
is the observations vector, and /3;_1 (i) = 0 is an exploration coefficient that will be defined later
(Section 3.1.5). The index UCB,; is designed to be optimistic, i.e., (7(i), Z;—1) < UCB;; with
high probability for all 7 € [k]. Then, action /; is executed (line 4) and the new reward X is
observed. This sample is employed to update the Gram matrix estimate V(I;), the vector by (I;),

and the estimate 4, (/;) (line 8).

3Indeed, any AR process of order m can be regarded as an AR process of order T > m setting ~; (i) = 0 for
je{m+1,...,m}. An empirical validation of the AR-UCB performances in the case of a misspecified m is
provided in Section 3.1.6.

“We assume to know the initial observations vector z. If this is not the case, we can play an arbitrary action for
the first & rounds to observe ()e[x] With just an additional constant loss term.
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3.1.5. Regret Analysis

In this section, we present the analysis of the regret of AR-UCB. We start providing a self-
normalized concentration inequality for estimating the AR parameters ~y(7) (Section 3.1.5). Then,
we derive a decomposition of the regret (Section 3.1.5) that is useful to complete the analysis
and, finally, we present the bound on the expected cumulative (policy) regret (Section 3.1.5).

The complete proofs of the theorems stated in this section can be found in Appendix A.1.

Concentration Inequality for the Parameter Vectors

We start by providing a concentration result for the estimates 4;(7) of the true parameter vector
~(7), for every action i € [k], as performed in Algorithm 4. At the end of each round ¢, where the
chosen action is I; € [k], we solve the Ridge-regularized linear regression problem and update

the coefficient vector estimate 4, (1;) associated with I;:

(L) = argmin Y (X; — (3,Z1-1))* + A |73
YERM 1 0,(1y)

= V(1) 'by(I),

where O, () is the set of rounds where action 7 has been chosen, i.e., O,(i) = {7 € [t] : I, = i}.
The following result shows how the estimate 4(a) concentrates around the true parameters ~y(a)

over the rounds.

Lemma 2 (Self-Normalized Concentration). Let i € k| be an action, let {7,(i) }ic0., i) be the
sequence of solutions to the Ridge regression problems computed by Algorithm 4. Then, for
every regularization parameter \ > 0, confidence § € (0, 1), simultaneously for every round
t € [T'] and action i € [k, with probability at least 1 — § it holds that:

3D =¥ Dllv, < VA + a\/z tog (1) + log (—deg,}fl@).

Lemma 2 resembles the self-normalized concentration inequality of (Abbasi-Yadkori et al., 2011,
Theorem 1). However, contrary to LIN-UCB (Abbasi-Yadkori et al., 2011), the exploration
coefficients (i) are different for every action i € [k]. Lemma 2 allows properly defining the
exploration coefficients (;(i) employed in Algorithm 4, defined for every action i € [k] and
round t € [T — 1]:

Bi(i) =/ A(g>+ 1) + a\/Q log <§> + log (de;g—\ii(i)>. (3.7)
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This formula contains two terms. The first one is a bias term that increases with g (i.e., the
maximum value of the largest y(7) over the actions ¢ € [k], see Assumption 1.c) and with the
regularization parameter of the Ridge regression A > 0. The second one is the concentration
term and increases with the subgaussian parameter o of the noise, the number of actions n,
and the determinant of the design matrix V,(i), but decreases in A. It is worth noting that
B:(7) is obtained from Lemma 2, by observing that, under Assumptions 1.b and 1.c, we have
Iv(i)]la < A/92 + T2 < /g% + 1. Thus, the exploration coefficient (3,(i) ensures that, with
probability 1 — 9§, the following inequality holds simultaneously for all actions ¢ € [k] and rounds
te|T —1]:

[7:(d) — V(i)Hvt(i) < Bi(d). (3.8)

We observe that (i) (see Equation 3.7) and AR-UCB do not require the knowledge of the
maximum sum [ of the parameters 7;(i) over the actions (see Assumption 1.b). This is a
desirable feature of our algorithm as I' is often unknown in practice and difficult to upper bound
or estimate. Nevertheless, [' appears in the regret analysis in Section 3.1.5. Differently, the value
of g, needed to compute the optimistic coefficient 3;(7), can be easily replaced with an upper

bound § > ¢g when unknown.’

Regret Decomposition

In this section, we present a novel decomposition of the regret that will be employed in the
final bound of Section 3.1.5. The contents of this section are of independent interest and
applicable to any learner’s policy 7r, beyond AR-UCB. From a technical perspective, the analysis
is composed of two steps: () we decompose the instantaneous (policy) regret r; in terms of the
instantaneous external regret p; (Lemma 3); (72) we bound the cumulative expected (policy) regret
R(w,T) = E[Y.]_, r,] in terms of the expected cumulative external regret o(m, T) = B[], py]
(Lemma 4).

We start with step (z), by recalling that the definition of cumulative expected (policy) regret
R(7,T) in Equation 3.4 compares the sequence of rewards (X;)e[r; when executing the
optimal policy 7r* with the sequence of rewards { X, } e[y} when executing the learner’s policy
w. However, in our ARB setting, the observed reward X; depends on the past history H; ;.
Thus, the instantaneous (policy) regret 7, := X, — X, can be decomposed in two terms: (a)
the dissimilarity between the past history H; ; when executing the optimal policy and the
learner’s observed history H; i; (b) the instantaneous external regret (Dekel et al., 2012b)
pr = {y(i¥) — (1), Z;—1 ) representing the loss of executing the learner action I; instead of the

optimal one i} = 7 (H; ;) assuming that such actions are applied to the observations vector

3An empirical analysis of the effect of the misspecification of such a parameter is provided in Section 3.1.6.



24 3| Between Bandits and Markov Decision Processes

Z, . generated by the execution of the learner’s policy. The following result formalizes the

instantaneous regret decomposition.

Lemma 3 (Policy Regret Decomposition). Let (2] )se[r) be the sequence of rewards by executing
the optimal policy 7* and let (X,).cr) be the sequence of rewards by executing the learner’s

policy . Then, for every t € [T] it holds that:

Tt:Xt*_Xt

Z Vi) (X — Xowi) + (v (i) — (1), Zy—1)

j=1
D% + pr, (3.9)
j=1

where 1, == X[ — X, is the instantaneous policy regret, p, = {y(i}) — v(a;), Zi_1) is the

instantaneous external regret, iy = w;(H} |), andri_; = 0ifl > t.

The decomposition in Equation (3.9) comprises two terms. The second one p; is the instantaneous
external regret discussed above. The first one defines a recurrence relation of order & on the
instantaneous policy regret r,. We now move to step (z¢) with the following result that shows that
the contribution of the recurrence can be reduced to a term depending on I and £ that multiplies

the cumulative external regret.

Lemma 4 (External-to-Policy Regret Bound). Let 7 be the learner’s policy and T' € N be the
horizon. Under Assumptions 1.a and 1.b, it holds that:

R(m,T) = E [Z [Z 3 + p”
< (f_—mr i 1) o, T), (3.10)

where o(7,T) = E [ZtT:I pt] is the cumulative expected external regret.

Lemma 4 provide us a bound on the cumulative expected (policy) regret R(7r,T) achieved by
AR-UCB (or any algorithm playing in an ARB) by bounding the cumulative expected external
regret o(7, T'). The order of the regret bound w.r.t. 7" is governed by the external regret, while
the effect of a weaker history (i.e., the sub-optimal actions of the past) emerges as an instance-
specific constant. Such a constant is 1 whenever m = 0 or I' = 0, i.e., when the ARB reduces
to a standard MAB. In all other cases, the bigger the value of m or I', the more visible the AR

effects are, and, consequently, the more the sub-optimal choices of the past get amplified. Finally,
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we point out that the multiplicative factor f_—mr + 1 to pass from external to policy regret is tight
since there exists a sequence of external regrets in which the inequality of Lemma 4 holds with

equality (see Appendix A.1).

Regret Bound

In the following, we present a bound on the expected policy regret bound for AR-UCB.

Theorem 5. Let 6 = (2T)*1. Under Assumptions 1.a, 1.b, and 1.c, AR—UCB suffers a cumulative
expected (policy) regret bounded by (highlighting the dependence on g, o, m, I, k, and T'):

E[R(AR-UCB,T)] < (5((9 il J)gn_j}l))j/zm).

Some observations are in order. First, when we set m = 0O and I' = 0, i.e., we reduce the ARB to
a standard MAB, we obtain a regret rate of @((g + 0)VkT), which is tight for standard MABs.
The quantity i’f—{f is the maximum value that rewards can achieve, as proven in Lemma 33. As
intuition suggests, the ARB learning problem becomes more challenging as the AR order m
increases and when the bound on the sum of the parameters I approaches one. This is witnessed
in Theorem 5 with the dependence of the regret on (m + 1)*2 and (1 — I')~'. The interplay
between m and (1 — I')~! shows that even if two instances have the same sum of parameters
(i.e., I'), the one with fewer coefficients (i.e., m) is more easily learnable. This is explained by
the fact that our algorithm learns the individual parameters by means of a regression procedure
learning to a /m + 1 in the regret. Finally, suppose we run AR-UCB with a larger AR order

12 gince the

m > m. In such a case, the dependence on (m + 1)*2 becomes (m + 1)(m + 1)
factor due to passing from external to policy regret (Lemma 4) will always contain the true m,
while v appears because of the estimation process. Similarly, if we execute AR-UCB with a

value g > g, the regret bound still holds by replacing g with g.

Remark 4 (Comparison with Existing Results from MDPs Literature). If we consider our
problem as an MDP, we are in an undiscounted finite-time scenario. This scenario is more
challenging w.r.t. the episodic one. The ARB setting is not tabular (as it has continuous space)
nor an LOR (as it has discrete actions). Our setting can be viewed as an Holder continuous
MDP by making a one-hot encoding of the k actions, but the regret bounds for this family of

processes are, in the best-case scenario, in the order of O (T 2/ 3), much worse than our bound of

order O (\/T)
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3.1.6. Numerical Validation

In this section, we first provide (Section 3.1.6) a numerical validation of AR-UCB compared with
other bandit baselines in synthetically-generated domains. Then, we discuss (Section 3.1.6) the
importance of exploiting the noise in this setting, and, subsequently, we analyze the sensitivity of
AR-UCB to the misspecification of the two most important parameters, i.e., g (Section 3.1.6) and
m (Section 3.1.6). Additional experimental results are provided in Appendix A.4. The code to re-
produce the experiments can be found at https://github.com/gianmarcogenalti/

autoregressive-bandits.

Running Time The algorithms are implemented in Python 3.11, and run over an Intel Core
17 — 8750H @ 2.20 GHz with 16 GB DDR4 RAM. All the presented experiments took ~ 10

minutes for a complete run.

AR-UCB vs Bandit Baselines

Setting We evaluate AR—-UCB in three scenarios that differ in the properties of the autoregressive
processes that govern the rewards. The competing algorithms are evaluated in terms of cumulative
regret w.r.t. the setting-specific clairvoyant. The three settings have their AR(m) process order
m € {2,4}, number of actions k € {2, 7}, and scale g € {1,20,920}. The values of (i) have
been sampled from uniform probability distributions for each action i € [k] and for each setting.
The environments are noisy with a standard deviation o € {0.75,1.5,10}. We chose to set the
hyper-parameters of AR-UCB as follows: A = 1, while g € {10, 100, 1000}, that is equivalent to
chose g of the same magnitude of the true value g, in a pessimistic fashion. Table 3.1 summarizes
the details of the three environments.

Baselines AR-UCB will compete with several bandit baselines. First, it is compared with
UCB1 (Auer et al., 2002a), a widely adopted solution for stochastic MABs. Second, we consider
EXP 3, designed for adversarial MABs (Auer et al., 1995, 2002b) and its extension to finite-
memory adaptive adversaries B-EXP3 (Dekel et al., 2012b). Lastly, we compare AR-UCB with
AR2 (Chen et al., 2023), an algorithm for managing AR(1) processes. The hyper-parameters

chosen for the baselines are the ones proposed in the original papers.

Results Figure 3.1 shows the average cumulative regrets for AR-UCB and the other bandit
baselines. We observe that AR-UCB suffers the smallest cumulative regret in these scenarios,
always displaying a sublinear behavior. Both EXP3 and B-EXP 3 in two scenarios out of three
(B and C) achieve sublinear regret. On the other hand, both UCB1 and AR2 are not able to
achieve sublinear regret in the presented scenarios. This is not surprising since we require them

to learn more complex processes than those they are designed for (i.e., models with m = 0 and
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o , Stochastic Deterministic

Parameters
Setting | m k g o 0 | 19994 (0) 19994 (0)
0.1| 20167 (0.20) 19998 (2.04)
- i ? 210 01'755 0.5| 22049 (1.02) 20012 (1.02)
S A 1.0 | 24504 (2.04) 20030 (2.04)
20| 29428 (4.09) 20067 (4.08)

Table 3.1: Settings description. Table 3.2: Cumulative reward of the Stochastic

and Deterministic clairvoyants (100 runs, mean

(std)).
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(a) Setting A. (b) Setting B. (c) Setting C.

Figure 3.1: Settings and cumulative regret of AR-UCB and multiple baselines (100 runs, mean
+ std).

m = 1 for UCB1 and AR2, respectively).

On the Effect of Stochasticity

The optimal policy (Theorem 1) for the ARB setting exploits the contribution of the noise
to increase the collected reward. In this section, we provide experimental evidence of this
phenomenon. We first introduce a notion of optimal policy without noise. Then, we conduct
an experiment to highlight the variations between the two policies in environments presenting

different noise magnitudes.

Optimal Policy without Noise The optimal policy, when no noise is involved, is constant and
corresponds, for sufficiently large 7', to playing the action i € [k] that brings the system to the

most profitable steady state.® Such an action i+ is the one maximizing the steady-state reward,

The request for large T is to make transient effects neglectable.
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Figure 3.2: Effect of the choice of parame- Figure 3.3: Effect of the choice of param-
ter g on the AR-UCB cumulative regret (100 eter k£ on the AR-UCB cumulative regret
runs, mean =+ std). (100 runs, mean + std).
namely:
. i
it € arg max Yo(é) (3.11)

ielh) 1= 200, 75(0)
It 1s worth noting the role of Assumption 1.b which guarantees the existence of the inverse
(1=>372, (@)~ = (1-T)"" foreach action i € [k]. The proof can be found in Appendix A.2.

Setting To demonstrate the importance of the noise in this setting, we consider the two
clairvoyant policies defined above. We compare the optimal St ochast ic policy (Equation 3.5)
and the optimal policy for the Deterministic setting (Equation 3.11). The setting selected
is challenging and made of k£ = 2 actions, 7; and i, that are very close in terms of expected

steady-state reward:

'7(2'1) = (17 Ps O>T ’7(i2> = (17 0, p— €)T7

where p = 0.5, € = 0.02 and the noise is Gaussian with o € {0, 0.1, 0.5, 1.0, 2.0}.

Results Table 3.2 shows the performance of the two policies in terms of cumulative reward.
First, with no noise (i.e., ¢ = 0), the performances of the two policies are equivalent. However,
when we consider a stochastic setting (i.e., o > 0), the Stochastic policy can exploit the
beneficial effect of the noise in order to increase the average reward. Indeed, the optimal
Deterministic policy retrieves almost the same reward for all the tested values of o, while
Stochastic policy increases its average reward as much as the system is noisy (since it can

exploit it).
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On the Knowledge of Parameter ¢

A fundamental parameter of AR-UCB is the value g = maxe[x] 70(¢). In this part, we empirically
show that any choice in the same order of magnitude as the actual value will let the algorithm
achieve a sublinear regret, while severe underestimation prevents the algorithm from achieving a

sublinear cumulative regret.

Setting We run multiple simulations varying the value of parameter g. We chose k = 7, m = 4
and o(¢) = 500 for every action i € [k] (i.e., g = 500). The autoregressive parameters y;(7) have
been sampled from a uniform probability distribution with support in [0, 1/4 — €|, where € > 0 is

an arbitrarily small value. For this experiment, we test values g € {1, 10, 100, 500, 1000, 2500}.

Results In Figure 3.2, we report the cumulative regret of AR-UCB under different choices of .
First, it is worth noting how choosing values of g > g always results in a sublinear cumulative
regret, with a progressive increase as g gets larger. This is highlighted when comparing the
scenario where g = 2500 to the one where § € {500, 1000}. When g is underestimated, we
empirically observe two facts. When g is in the same order of magnitude as the true value
g (e.g., g = 100), we empirically observe a smaller sublinear cumulative regret. Instead, a
severe underestimation of the parameter leads to a linear cumulative regret, as clearly visible for
g € {1, 10}, although, in these settings, the cumulative regret is lower w.r.t. the other settings in

the very first stages of the simulations (due to a more limited exploration).

On the Knowledge of the Autoregressive Order £

As discussed in Section 3.1.5, AR-UCB can also run under a misspecified parameter k # k. We

now empirically study the effect of misspecifying such a value.

Setting We consider a configuration withn = 7, k = 10, yo(a) = 1 and ;(a) for i > 1 sampled
from a uniform distribution having support in [0, 1072 - 27) for every action a € A. AR-UCB is

run varying the parameter k € {1,2,4,8,10, 16}.

Results Figure 3.3 reports the average cumulative regret for the considered values of k. On
the one hand, an underestimation of parameter k (i.e., k € {1,2, 4}) results in an asymptotically
linear cumulative regret. This effect is justified since AR-UCB is not able to learn the actual
AR dynamics due to underfitting, i.e., the considered models are too simple. On the other hand,
AR-UCB achieves sublinear cumulative regret when k > k (i.e., k € {10, 16}). In particular,
when k > k, the linear models use more parameters than required, resulting in slower learning.
However, as the samples increase, the algorithm learns that the exceeding coefficients are not
significant. A particular case is when £ is close to k but strictly lower (i.e., k = 8). Here, the

cumulative regret degenerates to linear, but if the coefficients 7;(a) for j € [k + 1, k] are not
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very large, the performance of AR-UCB with misspecified k results, in practice, close to the one
obtained with the true k.

3.1.7. Future Directions

In this section, we faced the online sequential decision-making problem where an autoregressive
temporal structure between the observed rewards is present. First, we formally introduced
the ARB setting and defined the notion of optimal policy, demonstrating that a myopic policy
is optimal also to optimize the total reward, regardless of the target time horizon, and that
the optimal policy is not constant over time and depends on the realizations of the reward.
Then, we proposed an optimistic bandit algorithm, AR-UCB, to learn online the parameters of
the underlying process for each action. We demonstrated that the presented algorithm enjoys
sublinear regret, depending on the AR order £ and on an index of the speed at which the system
reaches a stable condition. Interestingly, the ARB setting can be casted as a special type of MDP.
Nonetheless, we characterized the optimal policy in closed form and provided an algorithm
capable of achieving sub-linear finite-time regret. Finally, we provided an experimental campaign
to validate the proposed solution, and we analyzed the behavior of AR-UCB when key parameters
are misspecified. Future directions should focus on fully understanding the complexity of learning

in the ARB setting, deriving tight lower bounds, and matching algorithms.

3.2. Bridging Rested and Restless Bandits

Rested and Restless Bandits are two well-known bandit settings that are useful to model real-
world sequential decision-making problems in which the expected reward of an arm evolves
over time due to the actions we perform or due to the nature. In this section, we propose
Graph-Triggered Bandits (GTBs), a unifying framework to generalize and extend rested and
restless bandits. In this setting, the evolution of the arms’ expected rewards is governed by a
graph defined over the arms. An edge connecting a pair of arms (3, j) represents the fact that a
pull of arm 7 triggers the evolution of arm j, and vice versa. Interestingly, rested and restless
bandits are both special cases of our model for some suitable (degenerated) graph. As relevant
case studies for this setting, we focus on two specific types of monotonic bandits: rising, where
the expected reward of an arm grows as the number of triggers increases, and rotting, where the
opposite behavior occurs. For these cases, we study the optimal policies. We provide suitable
algorithms for all scenarios and discuss their theoretical guarantees, highlighting the complexity
of the learning problem concerning instance-dependent terms that encode specific properties of

the underlying graph structure.

This section presents Genalti et al. (2024c¢) and Genalti et al. (2024b), joint projects with Marco
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Mussi, Nicola Gatti, Marcello Restelli, Matteo Castiglioni and Alberto Maria Metelli. Genalti
et al. (2024c) is published at the International Conference on Machine Learning (ICML), and

Genalti et al. (2024b) is currently under review in a specialistic journal.

Introduction

In the basic stochastic Multi-Armed Bandit (MAB, Lattimore and Szepesvari, 2020) problem, at
each round, the learner is asked to choose an action (a.k.a. arm) among a finite action set and,
then, it observes a reward drawn from an unknown probability distribution. The simplicity of the
MAB framework is both a strength and a limitation. On the one hand, the simple nature of the
framework allows for the development of elegant and efficient algorithms that can be exactly
characterized and studied from an information-theoretic perspective. On the other hand, the basic
MAB model assumes a relatively simplistic environment that may not capture the complexities
of real-world situations. As a result, traditional MAB approaches might not be sufficient for more
intricate decision-making problems where additional factors come into play. To address these
limitations, researchers have extended the MAB framework by incorporating additional structures
and complexities to handle realistic scenarios. Examples of that are linear (Abbasi-Yadkori et al.,
2011), continuous-action spaces (Kleinberg et al., 2008), and kernelized bandits (Chowdhury
and Gopalan, 2017), which presents structure over the arms, non-stationary bandits (Gur et al.,
2014), which allow us to consider evolving environments, delayed reward bandits (Pike-Burke
et al., 2018), allowing us to consider delayed feedback. Over the different structures available in
the literature, we focus on these two specific types of MAB structures, called restless and rested
bandits (Tekin and Liu, 2012). In the former, the expected rewards evolve following the time
(i.e., as an effect of nature); in the latter, the expected reward of an arm evolves as a function of

the pulls we perform on that specific arm.

In this section, we propose a unified framework to generalize restless and rested bandits. In
particular, we define a novel space of MABs called Graph-Triggered Bandits (GTBs). A GTB is
represented by a bandit complemented with a graph describing the interactions between arms.
Specifically, an arm friggers the evolution of its own expected reward (as for rested bandit) and
the evolution of the “connected” arms. Figure 3.4 shows an example of this scenario, where
the nodes represent arms, and the edges represent interactions. Interestingly, rested and restless
bandits are two vertices in the space of GTBs. In particular, restless bandits correspond to the
case of a fully-connected graph, while rested ones correspond to the graph with the self-loops

only.

This framework is driven by both theoretical and practical considerations. Theoretically, it offers

a unified approach that generalizes both rested and restless bandits. Specifically, our goal is to
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Figure 3.4: Examples of 3-armed GTBs.

establish a framework in which the well-known rested and restless bandits emerge as special
cases, represented by appropriate (degenerated) graphs (see Figure 3.4). Practically, restless
and rested bandits can model a wide range of real-world situations. For example, consider the
scenario where we must choose which product to advertise (represented by our arms), with the
reward being the number of sales for that product. On the one hand, with rested bandits, we
can handle cases in which the products are all independent. On the other hand, with restless
bandits, we can handle scenarios in which all the products interact. However, all the intermediate
scenarios, e.g., where advertising a product boosts its sales and also enhances the sales of the
subset of complementary products, cannot be handled using restless/rested solutions. Indeed, this
scenario is a rested problem with elements exhibiting restless behavior, and our generalization

allows us to address such situations.

Contributions. In this section, we present Graph-Triggered Bandits (GTBs), a setting aiming
to generalize and extend rested and restless bandits settings by introducing a graph structure to
represent the interaction between the arms. We focus on the cases of rising and rotting bandits,
as they represent interesting case studies allowing us to obtain no-regret algorithms. More in

detail, the contributions are as follows.

* In Section 3.2.1, after having introduced the fundamental notions on the rested and restless
bandits, we introduce the novel framework of GTBs and discuss the relevant quantities
characterizing an instance, including a representation of the graph based on the connectivity
matrix. Then, we present the learning problem and the performance index to evaluate
algorithms in this setting.

* In Section 3.2.3, we study the Rising GTBs scenario. We discuss the optimal policy in this
setting, by first providing a negative result, showing that computing the optimal policy is
NP-hard for an arbitrary graph (Theorem 6). Then, we characterize the optimal policy for

block-diagonal connectivity matrices, which can be computed in polynomial time (Theorem 7).
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Subsequently, we discuss the deterministic scenario, and we propose two algorithms, the
first, DR-BD-UB, for block-diagonal connectivity matrices and the second, DR-G-UB, for
general graphs. We analyze their regret guarantees, highlighting the dependence on the graph
structure (Theorems 8 and 9). Finally, we analyze the R—o-UCB algorithm (Metelli et al.,
2022), designed for rested and restless stochastic rising bandits that does not require the
knowledge of the graph. We characterize its regret guarantees, focusing on the dependence
on the characteristics of the underlying graph (Theorems 11 and 12).

* In Section 3.2.4, we study the Rotting GTBs scenario. As for the Rising GTBs case, we
prove that computing the optimal policy is NP-hard for arbitrary graphs (Theorem 13). Then,
we characterize the optimal policy for block-diagonal connectivity matrices, which admits
a convenient closed-form solution (Theorem 14). Then, we focus on the special case of
block-diagonal connectivity matrices, and we study how the RAW-UCB algorithm (Seznec
et al., 2020) obtains strong regret guarantees with no knowledge of the graph (Theorem 15).
Finally, we present a non-learnability result for all the Rotting GTBs problem under general

matrices (Theorem 16).

The relevant literature is discussed in Section 3.2.2. The proofs of all the statements are provided

in Appendices B.1 and B.2 for the Rising and Rotting GTBs, respectively.’

3.2.1. Graph-Triggered Bandits

In this section, we present the framework of Graph-Triggered Bandits (GTBs). We start in
Section 3.2.1 by introducing the basic background notions on stochastic rested and restless
bandits. Then, in Section 3.2.1, we formalize the GTBs setting. Finally, in Section 3.2.1, we

formalize the learning problem for the GTBs setting.

Notions on Rested and Restless Bandits

We consider two specific types of MAB, namely restless and rested bandits (Tekin and Liu,
2012). In both cases, to each arm i € [k] corresponds a sequence of probability distributions
v = (Vin)ie[k],ne[r]> Where the expected reward p;(n) = Ex.,, ,[X] evolves following an
history-dependent quantity n € N. In the rested scenario, the expected reward of a generic arm
¢ evolves according to the number of pulls of such an arm, i.e., n < N;,. Conversely, in the
restless case, the expected reward of a generic arm ¢ evolves according to the current time ¢, i.e.,
n < t. This means that, in rested bandits, the reward distribution of an arm evolves only when it

is pulled, while in restless bandits, it evolves at each round, no matter the action performed. As

"For Rising GTBs, we report a short version of the proofs. The extended version is provided in (Genalti et al.,
2024c).
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customary in this field, we consider expected rewards ;(n) bounded in [0, 1], for every i € [k]
and n € [T']. Finally, we assume distributions to be subgaussian for every arm ¢ and n € N, with

their subgaussianity constants upper bounded by o.

Setting

In rested and restless bandits there exists no structure among different arms. We now present
a generalization of rested and restless bandits obtained by adding a structure allowing arms to
interact. We consider arms as connected through an undirected graph, that can be either known or
unknown to the agent.® If we pull an arm i € [k], we get its reward, and we trigger an evolution
of the expected reward of the arm 7 and of all the arms connected to <. We do not get nor observe
rewards from the connected arms (i.e., bandit feedback). Such a graph can be represented by a
symmetric Connectivity Matrix (CM) G € {0, 1}***. If the matrix contains the value 1 in row i
and column 7, this implies that the pull of arm ¢ determines the evolution of the expected reward
of arm j. If the matrix contains a 0 in position (¢, j), this implies that a pull of arm ¢ does not
cause an evolution of the expected reward of arm j. The pull of an arm 7 always implies the
evolution of its own expected reward, formally G;, = 1, Vi € [k]. For every round ¢ € [T'] and

arm ¢ € k], we define the number Ni,t of triggers that it has undergone as follows:

Nie =Y 1{Gp; =1} =¢/G'N, (3.12)

Te(t]

where e; is a vector belonging to the canonical basis of R¥ whose all components are all zero
except for the i-th and N; == (Ny, ..., Ni;) " is the vector containing the number of pulls of
each arm up to round ¢. In GTBs, rewards are sampled from probability distributions whose
average rewards vary with the number of triggers, i.e., n «— Kfi,t and, consequently, the expected
reward of an arm ¢ evolves as ui(]v@t). Furthermore, we define ¢;,, := quT] 1{N;; < n} as the
round in which arm i has been pulled for the n-th time. With t;, := (¢, ,)n<n,, We refer to the
vector containing all the rounds in which the arm 7 has been pulled, up to time ¢. Moreover, we
introduce t/,, = Ni,ti,n, namely the internal time of the n-th pull of arm ¢, which is the number
of triggers of arm 7 at the time of the n-th pull. We also define, given the connectivity matrix of a
graph G, the notion of k; := |{i € [k] : deg(7) = 1}| as the number of arms having degree of 1,
where deg (i) := 1] Ge; is the degree of a node, i.e., the number of edges incident to the node.

We now observe the relationship between rested and restless bandits and our setting.

Remark 5 (Inclusion of Rested and Restless bandits in GTBs). GTBs include both rested and

restless bandits (Tekin and Liu, 2012). These two settings can be recovered by considering

8 All the results we present also hold for directed graphs.
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G =1, and G = 1, for rested and restless settings, respectively.’ Indeed, a restless bandit
can be seen as a particular instance of GTB where all arms are triggered at each round, making
them change every round independently from which action has been chosen ( ]\Nfi’t = 1, for every
i € |k]). Instead, in a rested bandit an arm changes its expected reward only when is directly
chosen (NM = N4, for every i € [k])."°

Block-Diagonal Connectivity Matrix. We now discuss a particular case of GTBs that is
interesting from both the practical and analytical point of view. Until now, we considered
G € {0, 1}*** to be a general binary symmetric matrix. However, we now focus on the specific
case in which G is a block-diagonal connectivity matrix, i.e., a matrix in which the main-diagonal
blocks are square matrices of all ones, and all off-diagonal blocks are zero matrices. Formally, let
B; < {0, 1}*** be the set of block-diagonal connectivity matrices with exactly k e [k] distinct
blocks of 1s. We call the GTBs with block-diagonal connectivity matrix the set of instances
where it holds that G € B;, for some k< k. We identify with Cg = {Cmvg}me[%] the partition
of [k] corresponding to the diagonal blocks of G. In graph theory, a block-diagonal connectivity
matrix G € B; corresponds to a cluster graph, i.e., a graph formed from the disjoint union of
complete graphs or cliqgues (Shamir et al., 2004). We call C¢ the set of cliques and we indicate
with Ncm,t = ZieCm N, ; the number of times an arm belonging to clique (), € Cg has been

pulled, namely the number of triggers of the clique C,,.

Connection to MDPs

The GTB interaction protocol can be seen as a special class of MDPs. We have a finite (thus
large) state space S. We define the state s; = (Kfi,t)ie[k] by the means of the number of triggers
of every action. It is easy to see that, when the graph is known, the learner can observe s; and
then decide which action [; to play. The expected reward from choosing /; in the state s; is
f(se, Iy) = g, (Nlt) The transition is deterministic, and the state is updated by increasing the
triggering counters. Finally, the initial state is deterministic and set to s; = 0y. Suppose the
graph is unknown to the learner. In that case, the current state cannot be observed and we have a
Fartially Observable MDP (POMDP), a particular class of MDP that presents several additional
difficulties. Moreover, it is worth noticing that this MDP is non-communicating, i.e., once a state

is left it is not possible anymore to reach it.

9We denote I, the identity matrix of dimension k£ and 1 the square matrix of dimension k£ whose entries are
all equal to 1.

10This can be easily seen by looking at Equation (3.12) considering G = I, and observing that the vector e;
selects the ¢-th element of vector Ny.
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Learning Problem

We formally define the learning goal for GTB. This definition is coherent with the one provided
in 2, but specifically suited for the notation of GTB. For a given instance v of a GTB, the
performance of a policy 7 is measured by the means of expected cumulative reward throughout

T rounds, formally:

Joar(m) =E Z (N |
te[T]

where the expectation is taken over the randomness of both the environment and the pol-
icy/algorithm. A policy is optimal for instance v, a connectivity matrix G, and time horizon 7" if

it maximizes the expected cumulative reward, formally:
%
T, g € argmax J, g ().
™

We denote by J} ¢ r = Ju.ar(7) g 1) the expected cumulative reward attained by the optimal

policy. We can now define the expected policy regret as:
Ryer(m) = Joar — Jver(r)

Therefore, our learning problem is to find a policy m minimizing the expected policy regret
R, .G r(m). Since the optimal policy depends simultaneously on v, G, and 7', from now on, we
consider an instance of the GTB problem the triple (v, G, T), instead of the reward distributions

v only.

Remark 6 (On the Chosen Notion of Regret). In GTBs, we consider a notion of policy re-
gret (Dekel et al., 2012a). Indeed, in this setting, diverging from the optimal sequence of actions
influences not only instantaneous regret but also leads to a sub-optimal history, implying future
regret even when returning to an optimal policy from there on. This notion of regret, which

shares similarities with the one of reinforcement learning, is more challenging to optimize.

3.2.2. Related Works

In this section, we discuss the relevant literature for the ARB setting. We divide this appendix
into two parts. First, we discuss the relevant works concerning graph structures. Then, we
discuss the literature related to restless and rested bandits, with particular attention to rotting and

rising bandits.
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Graph Relationships in Bandits. The graph-triggered bandits setting has been introduced
in this work. Thus, no prior literature is available on this setting. However, we mention similar
settings that appeared in the last years. Herlihy and Dickerson (2023) propose the networked
restless bandit setting. Despite some similarities with our setting, e.g., the presence of a graph
among arms, their action space and learning objectives radically differ from ours, and thus the
two settings are not comparable. In (Jhunjhunwala et al., 2018), a restless bandit setting is
proposed in which the graph structure is not explicit in the formulation; however, the authors
develop a graph representation of the policies in the deterministic scenario. Their algorithm
builds and exploits a graph in an online fashion. Once again, we cannot properly compare
this setting to ours, despite some sparse similarities. Finally, we mention bandits with graph
feedback (Alon et al., 2015). Despite this setting being conceptually different from ours since
arms do not interact, we report it here just because it features graph topology-dependent bounds.
We remark that in this case, the graph has not to be intended as a structure for arms interactions

but rather as a feedback structure for the learner, in GTBs the feedback is purely bandit.

Rested and Restless Bandits. Restless and rested bandits are a well-established research field.
Starting from the seminal paper by Whittle (1988) on restless bandits, several approaches have
been proposed over the years to deal with non-stationary bandits (Tekin and Liu, 2012; Raj
and Kalyani, 2017). Then, specialization of these settings such as rising (Metelli et al., 2022;
Mussi et al., 2024b) and rotting (Levine et al., 2017) has been introduced. Over the last years,
several works tackled rotting bandits (Levine et al., 2017; Seznec et al., 2019). Remarkably,
(Seznec et al., 2020) provide a single algorithm for dealing with both rested and restless rotting
bandits but show that in the rotting setting, achieving sub-linear regret is not possible when
there are both rested and restless arms in the same instance. We remark that for any two-armed
rotting bandit where one arm is rested and the other is restless, we can construct an (asymmetric)
matrix G such that the instance can be mapped to a graph-triggered rotting bandit instance.
This highlights a crucial difference between rotting and rising bandits for what concerns graph-
triggering. Recently, literature studied a broader class of restless bandits called smooth bandits,
which generalizes both rotting and rising bandits (Manegueu et al., 2021; Jia et al., 2023).

3.2.3. Rising Graph-Triggered Bandits

Among the various types of restless and rested bandits available in the literature, in this section,
we focus on Rising Bandits (Heidari et al., 2016; Metelli et al., 2022). We first introduce the
assumption of the rising setting and some useful quantities. Then, we discuss the optimality in
this setting (Section 3.2.3). Subsequently, we discuss the regret minimization problem for both

the deterministic (Section 3.2.3) and stochastic (Section 6) scenarios.
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Rising bandits are a specific class of MABs in which the expected reward of each arm evolves in

a non-decreasing and concave manner. The following assumption formalizes such behavior.

Assumption 2 (Non-decreasing and Concave Payoffs). Let v be an instance of a rising bandit,
then, defining v;(n) = p;(n + 1)—u;(n) for every i € [k] and n € [T, it holds:

Non-decreasing:  ~;(n) = 0,

Concave: ~;(n—1) = ~v;(n).

The two parts of this assumption allow us to provide theoretical guarantees in both the restless
and rested settings. Such guarantees cannot be provided without the concavity assumption (see
Theorem 4.2 of Metelli et al., 2022). We call Rising GTBs, the instances of GTBs in which the
expected rewards fulfill Assumption 2.

Instance Characterization. Assumption 2 ensures sufficient structure on the problem to allow
for algorithms with provably strong theoretical guarantees. In this scenario, given an instance v,

we define the rotal increment as:

where M € N and g € [0,1]. This quantity figures in the (instance-dependent) analysis of

algorithms and characterizes the difficulty of learning in instance v.

Optimality in Rising GTBs

In this part, we discuss the notion of optimality for our learning problem. We first characterize
the complexity of finding the optimal policy followed by the clairvoyant when both the expected

values and the matrix G are known.

Theorem 6 (Complexity of finding the Optimal Policy in Rising GTBs). Compu- ting the optimal
policy in Rising GTBs with general matrices G is NP-Hard.

This theorem follows from a reduction to the NP-Hard problem of determining if a large clique
in a given graph exists (Karp, 1972). Intuitively, given a graph (V, F), we build an instance in
which the cumulative reward is maximum only if the learner plays a sequence of arms that are
associated with vertexes in a clique. Theorem 6 implies that the class of problems of Rising
GTBs is computationally harder than all restless bandits and rested rising bandits, for which
the optimal policy can be computed in polynomial time (Heidari et al., 2016). Moreover, the

optimal policy does not admit a simple closed-form representation. Thus, in general, the optimal
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policy cannot be reduced to a greedy one or to a fixed-arm policy. The result highlights how this
definition of optimal policy is closer to the one of MDPs rather than the one of standard bandit

settings.

We now show how, for the special case of Rising GTBs with block-diagonal connectivity matrices,

the optimal policy can be efficiently computed and admits a closed-form solution.

Theorem 7 (Optimal Policy in Rising GTBs with Block-Diagonal CM). For any instance
(v, G, T) of Rising GTBs with G € By, the optimal policy 7}, o 1 € argmax, J,, g r(7) is given

by:
T, qr(t) € argmax ju;(t), Vt e [T],

. *
jeCV,G,T

where C} 1 is the “best” cumulative reward clique:

C) g € arg max Z nax ju;(t).
CeCe yerry /¢

This result characterizes the optimal policy when the graph linking the actions is only composed
only by cliques. In particular, the clairvoyant would play a greedy policy but always inside
the same predefined subset of arms composing a clique. Naturally, the chosen clique would
be the one having the maximum cumulative reward at the end of the trial. We point out how
this policy “combines” the optimal policies from both rising rested bandits (corresponding to
always playing the arm with the highest cumulative reward), and the optimal policy from rising
restless bandits (the greedy policy, corresponding to always playing the arm with the highest

instantaneous reward).

Deterministic Rising GTBs

In this part, we propose two novel algorithms to learn in deterministic Rising GTBs, i.e., all
instances of Rising GTBs where ¢ = 0. More in detail, in Section 3.2.3, we discuss the
block-diagonal CM case, while in Section 5, we discuss the general scenario. The deterministic
scenario allows for a better understanding of the complex structure of this setting since it ignores

the statistical learning problem.

We start by introducing a novel biased estimator which, for every arm i € [k], propagates
its reward function to the current time ¢ by estimating the first derivative using the last two
observations:
I I
T )M(ti,Ni,tfl) - M(ti,Niytfl—l)

ﬂ'l(t) = /’L(tZ‘I,Niyt_l) + (t - ti,Ni,t_l I _ tI
4, Nit—1 1,Nit—1—1

(3.13)
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Algorithm 5: DR-BD-UB.

Input : Connectivity matrix G € B;

fort e [T] do
Compute fi;(t) as in Equation (3.13), Vi € [k]
Select I} € arg max;epy) i (1)

Play I; and observe p7, (Nlt,t)
end

This estimator relies on the concept of internal time. Internal times are particularly useful since

they can separate the bias in two components:

t— tiIvNi,t—l = (t - tiIvNi,t) + (tZ'I,Ni,t - ti[:Ni,t—l) :

o > . S/

v~

(B) (B)

As we will see in Section 3.2.3, this decomposition assumes a particular meaning in instances
where G € B;, where (2) represents the rested component of the bias, since tz{ Nop = NCm,t'
making it equivalent to the bias of a rested bandit where cliques are the arms; and (B) represents

the restless component of the bias, since from arm ¢ perspective tfy ~;, = Vi can be interpreted

as the current time inside the clique.

Algorithm for Deterministic Rising GTBs with Block-Diagonal CMs

We now introduce Deterministic Rising Block-Diagonal Upper Bound (DR-
BD-UB), an optimistic anytime regret minimization algorithm for deterministic Rising GTBs
with block-diagonal connectivity matrix, whose pseudocode is provided in Algorithm 5. The
algorithm takes as input the connectivity matrix G and employs the estimator presented in
Equation (3.13). Then, after having initialized the counters of the number of pulls, it starts the
interaction with the environment. At each round ¢ € [T'], it estimates (line 2) the ji;(¢) for every

i € [k] as in Equation (3.13) and plays greedy according to it (line 4).!!

The following result provides the regret bound of DR-BD-UB, highlighting the impact of the
graph topology.

Theorem 8 (DR-BD-UB Regret in Det. Rising GTBs with Block-Diagonal CMs). Let
(v, G, T) be an instance of Rising GTB, where G € B; and o = 0. Then, DR-BD-UB suffers a

1 At the beginning, the algorithm is required to play every arm 2 times in a round-robin fashion in order to be
able to compute fi;(t).
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regret bounded by:

3 N,
R, cr(DR-BD-UB) < O inf < 71 2 0| Y Cn,T P
a<(0-1] CmeC | Cm |

o

~~
(2) Rested Bias Contribution

T Z |G| N&2 T, <

CmeC
.

1

) )

In this theorem, we report the result as a function of the number of triggers Ng

ms

~

Ne,..r
(&

~
(B) Restless Bias Contribution

7 of the cliques
in order to better discuss the properties of the graph. However, this dependence can be removed
by simply observing NCm,T < T'. This choice allows us to have an interesting discussion on
the nature of this result w.r.t. the graph structure. First of all, we observe that we can separate
two contributions to the regret: one coming from the rested behavior (part (2) of the bound)
determined by the need for identifying the best clique, and the other from the restless behavior
needed for identifying the best arm inside the clique (part (B) of the bound). If we compare
this result to the bounds in Theorems 4.4 and 5.2 of (Metelli et al., 2022), we can notice how
the shapes of the two contributions correspond. We also remark that, in the two corner cases,
i.e., rested and restless bandits, the regret bound is actually smaller and corresponds exactly to
the bounds presented in (Metelli et al., 2022), even though this is not immediately visible in
Theorem 8 because of a mathematical artifact of the proof.'? In the bound, the graph topology
emerges by means of cliques’ sizes, that act as multiplicative constants. The major consequence
is that having fewer cliques leads, in general, to a better bound. As intuition suggests, the rested
scenario can lead to a worst-case bound in the first component (which is, by the way, the one

having the greater order in 7"), and this can be seen by a simple application of Jensen’s Inequality,

)< (i)

We remark that in the two corner cases, one of the two contributions vanishes, even though it

and by noticing that T, is a concave function:

> CulTy (

CmeC

~

Com,T
Chnl

cannot be directly seen in Theorem 8. However, since the restless regret has a better order than
the rested one, graphs with fewer cliques may lead, in general, to better bounds. Unfortunately,
to precisely quantify this property, one would need to know the exact shape of T, and to solve a

difficult optimization problem.

2More details can be found in Remark 13 (Appendix B.1).
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Algorithm for Deterministic Rising GTBs with General Matrices

After having studied the scenario of block-diagonal connectivity matrices, we now consider
the case in which G can be arbitrary. Before introducing the algorithm, we need to define the

concept of block sub-matrix.

Definition 1 (Block Sub-matrix). Let G € {0, 1}*** be a general matrix, a block-diagonal matrix
G' € B; is a sub-matrix of G if it satisfies:

Gi; — G, >0, Vi jelk] (3.14)
Moreover, we say that G- e By, is maximal if it also satisfies:

Gle arg min ICar].
GL satisfying Eq. (3.14)

Informally, G* € IB; is a sub-matrix of G if its graph can be obtained by only removing 1s from
G. Finally, a maximal sub-matrix has the least number of cliques. Note that such a maximal

sub-matrix is, in general, not unique.

For this algorithm, we need to introduce a novel estimator, based on sub-matrices, whose
definition recalls the one of Equation (3.13):

I,L I,L
= . I,L IL M@i,Ni’t,l) - ,u’(ti,Ni’t,lfl)
7 (t) = /’L(ti,Ni’tfl) + (t - ti,Ni’tfl) ]7L [7L ) (3'15)
4,Nie—1 ~ “4,Nj1—1

where ti’lL = e, (G)"IN,,, is the internal time w.r.t. a maximal sub-matrix G* of the actual
matrix G. Given this new estimator, we can generalize Algorithm 5 to attain comparable
performance even for a general connectivity matrix G. We introduce a generalization of DR—
BD-UB called Deterministic Rising General Upper Bound (DR-G-UB), whose
pseudocode is provided in Algorithm 6. The algorithm takes as input a generic matrix G
and computes G. Then, the algorithm interacts with the environment as before and uses the
estimator defined in Equation (3.15). In other words, DR—-G-UB pretends to be interacting with
a bandit with a graph defined by G*. The following result characterizes the performances of
DR-G-UB.

Theorem 9 (DR-G-UB Regret in Det. Rising GTBs with General Matrices). Let
(v, G, T) be an instance of Rising GTB, where G € {0,1}*** and 0 = 0. Then, DR-G-UB
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Algorithm 6: DR-G-UB.

Input :Connectivity matrix G

Compute maximal sub-matrix G* from G

fort € [T] do
Compute jiZ(t) as in Equation (3.15), Vi € [k]
Select I; € arg max;cx) fif ()

Play I; and observe p7,(N It)
end

suffers a regret bounded by:

R, ¢ 7(DR-G-UB)

<O min {77y |CE|T,
(é‘ﬁéﬁ]{ 2, 1l (

C,I;LGCGL

1

¥

This result provides a formal justification to the intuition that the performance of Algorithm 6

Nog.r
CF]

Nog.r
|C5]

7q) +) !C#LINClTEn‘fTTu<

CT%ECGL

where G € B; is a maximal sub-matrix of G.

can be bounded with the upper bound attained in a less favorable scenario, i.e., a block-diagonal
instance that is “closer” to the worst-case instance of a rested bandit. The regret bound of

DR-G-UB can be found by applying Theorem 8 using the matrix G*.

Remark 7 (Computational Complexity). Note that, even if the optimal policy in this setting
for a general G is NP-hard to be retrieved, with DR—G-UB, we achieve sublinear regret w.r..
the optimal policy with a polynomial-time algorithm. This is possible thanks to the ability of
DR-G-UB to identify a convenient matrix G that is subsequently adopted as a proxy of the real

environment in order to play in a computationally efficient manner.

Stochastic Rising GTBs

In this part, we focus on the stochastic Rising GTBs scenario. We characterize the performances
of R-0-UCB (Metelli et al., 2022), designed for rising rested and restless bandits, in the Rising
GTBs setting for both the block-diagonal CMs (Section 5) and the general case (Section 5).
We show that such an algorithm achieves good performances for a general G. In particular,
we develop a new proof strategy for the regret upper bound that makes graph-dependent terms
explicit. We aim at obtaining a computationally efficient algorithm enjoying sublinear regret
guarantees. Surprisingly, our analysis shows that R—o—UCB not only enjoys sublinear regret
for any connectivity matrix G, but also that the graph-dependent quantities actually interpolate

the regret between the two corner cases. Moreover, we show that there is no need to solve any
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Algorithm 7: R-o-UCB.
Input : Subgaussianity proxy o, confidence levels {d; };c[7), window size € € (0,1/2).

fort € [T] do
Compute ﬁ?” (t) as in Equation (3.16), Vi € [k]
Select [; € arg max;e[y ﬁf”(t) + Blhi’t(t, )
Play I; and observe X7, ;

end

additional NP-Hard problem before or during the algorithm’s executions, letting R-o—-UCB keep
it affordable computational costs, as in the two corner settings. Furthermore, in this case, the

algorithm is completely unaware of the graph structure.

The algorithm employs a biased estimator which, for every arm ¢, propagates its reward function

to the current round ¢ by estimating the first derivative over the last 2h samples:

Ni¢—1
g (t) =

Xit,, — Xig,
(Xi,ti,ﬁ(t—l) e ) (3.16)

1
hl:Niﬁt_l—h-‘rl
where h € N is the window size. We report the estimator’s concentration rate, which is a function
of the window size h. The proof of this result originally appeared in (Metelli et al., 2022).

However, it can be extended to Rising GTBs (more details are provided in Appendix B.1.1).

Lemma 10 (Concentration of Estimator, adapted from Metelli et al. 2022). For  every arm
i € [k], every round t € [T, and window width 1 < h < l%J, let:

101og 5

Bit,6) =0t —Niyq+h—1) e

Then, if the window size depends on the number of pulls only h;y = h(N;;_1) and if o; = ™
for some o« > 2, it holds for every round t € |T| that:

P

Algorithm. The algorithm, whose pseudocode is reported in Algorithm 7, takes as input the

) = i) > B (16 ) < 2

subgaussianity proxy o, the sliding window size parameter €, and a sequence of properly selected
confidence levels d;, where ¢ € [T']. R—o-UCB relies on the previously defined biased estimator
and uses its confidence interval to make decisions in an optimistic manner. R—o—-UCB does

not require the time horizon 7" as an input, making it an anytime algorithm. Moreover, the
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algorithm exploits the sliding window mechanism to deal with the environment’s uncertainty
while controlling the confidence degree by means of {(5t}t€[T]. In particular, the window size
employed by the algorithm is proportional to parameter € € (0,1/2), in the form of h;; =
|€N;+—1]. As we show below, € controls the bias-variance trade-off, where low values for € result

in less bias but higher variance, and vice versa.

Remark 8 (Computational Complexity). At each round, R—o—UCB only needs to update the
estimator and the related confidence bounds for every arm, which can be done in a time linear in
the number of arms at every step. For an efficient update, we refer the reader to (Mussi et al.,
2024b, Appendix C).

Regret for Stochastic Rising GTBs with Block-Diagonal CMs

We now analyze the performances of R-o-UCB in the block-diagonal CMs case.

Theorem 11 (R-o-UCB Regret in Rising GTBs with Block-Diagonal CMs). Let
(v, G, T) be an instance of Rising GTB, where G € B;. Let h;y = |eN; ;1] for e € (0,1/2) and
0 =t~ for a > 2. Then, R—o—UCB suffers an expected regret bounded by:

R, ¢ 1(R-0-UCB)

N _ T . T T
< O| min J(O'T)% + kleqT,,({_—} ,q) + T Z|Cm|TV(’(_l7Q) ’ } ;
q€[0,1] [ ky Cm€Cq:|Crm|>1 |Gl

\ / . / . >
' v

(2) Variance (B) Rested Bias (C) Restless Bias

Contribution Contribution Contribution

where ky is the number of cliques in G containing only one action.

Existence of a Bias-Variance Trade-off. In the regret upper bound, we can observe three
distinct contributions. First, (2) represents the variance contribution, which is the regret suffered
by the algorithm due to the stochastic nature of the environment. This contribution is due to
the estimator’s concentration properties and sets a minimum order of regret to 5((0T )23,
This term is independent of the total increment Y, but, differently from the others, is the only
contribution depending on ¢. The contribution due to the estimator’s bias is split into two distinct
parts. The term (B) represents the rested contribution, which scales with the number of blocks
containing only one arm. The term (C), instead, represents the restless contribution that scales
with the number and the sizes of cliques. The bias contributions depend explicitly on the shape
of average reward functions by total increment Y,,. The only term common to variance and
bias contributions is €. Indeed, € regulates such a trade-off between bias and variance, and this

effect can be observed in the complete expression of the regret upper bound in Appendix B.1.
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The variance contribution depends linearly on €~ '; thus, a smaller window size implies a higher
variance in the estimate. On the contrary, the bias tends to increase with e: this is expected since

a larger window means including older samples in the estimate.

Dependence on Graph Topology. In the regret upper bound of Theorem 11, the only con-
tributions depending on graph topology are the bias ones (terms (B) and (C)). Indeed, the
environment’s randomness contribution has been decoupled from the estimation bias to get a
tractable stochastic structure. We observe how the different behaviors of arms not connected with
the others (size-1 cliques, corresponding to rested arms) and arms belonging to larger cliques.
The regret scales as 77 in rested arms, but the dependence on the total increment Y, is linear.

2
Instead, for cliques with size greater than 1, regret scales as T7+4, which is greater than in

1
1+q°

Moreover, each clique contributes differently, based on its size. Overall, the higher the size, the

rested contribution, but scales with T, to the power of that is indeed a better dependence.
higher the contribution is, since the linear term is dominant w.r.t. the inverse term inside the total
increment Y,,. Another interesting dependence is the one on ¢! for the restless contribution,
which can be observed in the complete form of the bound in Appendix B.1. For connected arms,
stochasticity and graph topology produce an interaction. Indeed, if one could design an estimator
with strong concentration properties for connected arms, this would simplify the analysis of the
restless contribution, eliminating the bad dependence on stochasticity. With such an estimator,

we conjecture we could reduce the dependence up to 7T’ ﬁ, matching the deterministic setting
bound.'?

Comparison with Known Results from Literature. Given that rested and restless rising
bandits are special instances of Rising GTBs, we now comment on how the presented bound
links to existing results when Algorithm 7 is run over one of those instances. We start from the
rested scenario, i.e., when G = I,.. Then, we would have k; = k and an empty summation in the

restless bias contribution. The bound of Theorem 11 would thus assume the following form:

~

T
R, 1, 7(R-0-UCB) < O| min (aT)% + kET97, G—w,q)
e ¢€[0,1] k
The only other existing result for the rested rising bandits setting is the one of Theorem 4.4
of (Metelli et al., 2022), which is matched up to constants by ours. In the restless scenario, i.e.,

when G = 1., we have a unique clique of size k, and k; = 0. Thus, the bound we presented

13The lower bounds for rising rested and restless bandits are still an open problem.
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in Theorem 11 becomes:

~ 2 2q T ﬁ
Ry 1, 7(R-0-UCB) < (’)( min {(0T>3 + kTWITV({—} : q) }) :
’ ’ a€[0,1] k

Once again, this result matches (up to constants) the result from Theorem 5.3 of (Metelli et al.,
2022), the current state-of-the-art for the restless rising bandits problem. To conclude, we
generalize the stochastic rising rested/restless bandit setting, with regret bounds that are tight

w.r.t. the known results for the two corner scenarios.

Regret for Stochastic Rising GTBs with General Matrices

We are now ready to generalize the result of Theorem 11 to general matrices in G € {0, 1}%*,

Before that, we have to first introduce the notion of block super-matrix.
Definition 2 (Block Super-matrix). Let G € {0, 1}¥** be a general matrix, a block-diagonal

matrix GV e B; is a super-matrix of G if it satisfies:

Gi; — Gy, <0, Vi jel[k]. (3.17)
Moreover, we say that GV e B;. is minimal if it also satisfies:

GV e arg max ICqu] .
GU satisfying Eq. (3.17)

This concept of minimal super-matrix plays an analogous role as the maximal sub-matrix in
Theorem 9. We now have all the elements to present the upper bound on the regret for the

stochastic Rising GTBs case and general matrices.

Theorem 12 (R—o-UCB Regret in Rising GTBs with General Matrices). Let (v, G, T) be an
instance of Rising GTB, where G € {0, 1}***. Let h;; = |eN; ;1| for e € (0,1/2) and §; =t~
for a > 2. Then, R—o—UCB suffers an expected regret bounded by:

1
~ — T 2q T 1+q
Ry ¢ r(R-0-UCB)<O| min {(cT)3 +T% TV(_—, )+T1+q cv TV<—, ) :
ar(R-o ) <q€[0’1]{( ) 1 s q §| | CT] q

where GU is the minimal super-matrix of G.

This result is obtained by bounding NC% 1 < T for every C € Cqu to remove any stochastic
quantity from the regret, but a more precise bound can be provided by finding the worst-case

allocation of the triggers among the cliques (as discussed for the similar result in Theorem 9).
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However, this would require solving a challenging optimization problem that does not admit any
closed-form solution. This result is similar to the one presented in Theorem 9, with the only
difference being that the dependence on graph topology is linked to the minimal super-matrix.
In principle, the result holds for any super-matrix of G. Still, in the stochastic setting, the
upper bound for the rested scenario is better than the one for the restless scenario. Hence, a

block-diagonal CM with as many cliques as possible will, in most cases, lead to better bounds.

About the Knowledge of G. In the stochastic scenario, we avoid extracting the super-matrix
structure from the graph before executing the algorithm, as it always plays the same policy,
regardless of the graph structure. Indeed, Algorithm 7 does not require the knowledge on the
graph: the algorithm plays as if the true matrix is the identity one (i.e., a rested instance).
To justify this behavior in an intuitive way, have to look at Theorems 4.4 and 5.3 of (Metelli
et al., 2022): in stochastic scenarios, the rested contribution to regret’s upper bound has a
better dependence on 1" w.r.t. the restless one. Moreover, our optimistic estimator computed
by assuming a less connected graph will always be higher than the one computed from any
more densely connected graph. Thus, by playing a purely rested policy, we are always sure
to over-estimate the true reward (i.e., optimism holds) and we are guaranteed that the rested
contribution to the regret is maximized w.r.t. the restless contribution. The final form of the
regret bound is obtained by including the minimal super-matrix as a pessimistic proxy of the
effect of connected arms (informally, the minimal super-matrix represents the maximum possible
contribution to the regret that is due to the arms connections). We point out that Algorithm 7 does
not require the minimal super-matrix as an input, as it is needed only in the analysis. For this
reason, one could reformulate the following result by removing the dependence on the minimal
super-matrix and including a minimization over the set of all super-matrices. As a side effect,
this dramatically reduces the computational burden w.r.t. the deterministic setting at the cost of a

slightly higher regret bound.

Comparison with Deterministic Regret Bounds. In deterministic scenario (Theorems 8
and 9), the restless contributions are always of smaller order compared to the rested one, which is
the contrary of what we observe in stochastic settings (Theorems 11 and 12). Due to this reason,
in Algorithm 6, the regret bound scales with the maximal sub-matrix instead of the minimal
super-matrix. In the deterministic setting, the maximal sub-matrix represents the maximum
possible contribution to the regret that is due to the absence of arms connections. In principle,
we could remove the necessity for graph knowledge also in the deterministic setting by simply
playing as in a rested scenario (i.e., run Algorithm 5 by setting G = Ij). This would be sensibly
sub-optimal since any graph connection can be used to obtain a strictly better regret bound. This

is not the case for the stochastic setting, where over-estimating the number of connections (e.g.,
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by playing as in a restless scenario) may result in a non-optimistic estimator, compromising the

theoretical soundness of our algorithms.

3.2.4. Rotting Graph-Triggered Bandits

Rotting bandits (Levine et al., 2017) are an important family of evolving rewards bandits where,
contrary to what happens in rising bandits, the reward functions are not allowed to grow. In
this section, we explore how the graph-triggering mechanism interacts with the non-increasing
reward function assumption. We characterize the optimal policies and the challenges in finding
them (Section 3.2.4). Then, we study the regret minimization problem for this setting in the
presence of stochastic noise (Section 3.2.4).!4 Before that, we start by stating the main setting

assumption and presenting the quantities characterizing this specific kind of bandits.

Assumption 3 (Non-increasing Payoffs). Let v be an instance of a rotting bandit, then, defining
~i(n)=p;(n + 1)—p;(n) for every i € [k] and n € [T, it holds:

Non-increasing:  ~;(n) < 0.

This assumption allows for strong theoretical guarantees in both the restless and rested settings,
as it has been shown in the literature (see, e.g., Heidari et al., 2016; Levine et al., 2017; Seznec
et al., 2019, 2020). Notably, for rotting bandits, we are not required to have a concavity/convexity

assumption.

Instance Characterization. In this scenario, given an instance v, we define the fotal decrement

as:
VV(M) = maxf}/’i(n%

where M e N. Moreover, we define the maximum per-round variation as:

L= maxmax i (n)l,
with z4;(—1) := maxex) £4:(0). These quantities figure in the instance-dependent guarantees of
algorithms operating in this setting and characterize the difficulty of learning for the instance v.
In particular, V,,(T") is required to properly bound the regret in restless rotting bandits (see, e.g.,
Seznec et al. 2020), while L appears in the minimax regret bound of rested rotting bandits, as
shown in the setting’s lower bound of {)(kL) by Heidari et al. (2016).

4For Rotting GTBs, we skip the deterministic case, as all the interesting results we want to show are visible also
in the presence of noise.
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Optimality in Rotting GTBs

Under the standard literature’s assumptions, we are now ready to characterize our optimal
policies. We first show, as for Rising GTBs, a negative result on the complexity of finding the

optimal policy for a clairvoyant who knows all about our Rotting GTBs instance.

Theorem 13 (Complexity of finding the Optimal Policy in Rotting GTBs). Com-
puting the optimal policy in Rotting GTBs with general matrices G is NP-Hard.

The proof of this result follows a similar logic to the one of Theorem 6. Given this result, we
now proceed by studying the block-diagonal connectivity matrices scenario, which composes an
interesting class of Rotting GTBs. We now characterize the optimal policy in the block-diagonal

connectivity scenario and the total cumulative reward that it obtains.

Theorem 14 (Optimal Policy in Rotting GTBs with Block-Diagonal CM). For any instance
(v, G, T) of Rotting GTBs s.t. G € By, the optimal policy 7}, o - € arg max, J,, g r(7) is given
by: N
mhr(t) € argmaxy(N7),  vee[T],
J€lk]
where N 4 1s the number of times arm j has been triggered by the optimal policy up to time t.

Moreover, we have:

N&, 1
Car= 2, 2, maxpu(n), (3.18)
CmECG n=1 em

where N¢, 1 is the number of times the optimal policy pulls an action belonging to clique C,

before T i.e., N§, = N/, foreveryie Cp,.

Interestingly, the optimal policy is greedy in every rotting bandit with block-diagonal CM: this
extends known results for rested and restless rotting bandits, where the optimal policy was already
be proven to be greedy (Heidari et al., 2016; Levine et al., 2017). Equation (3.18) provides a
closed form of the total reward obtained by the optimal policy, which will come in handy in the

next part.

Stochastic Rotting GTBs

In this part, we discuss the regret minimization problem for the stochastic Rotting GTBs. We first
study an algorithm, namely RAW-UCB (Seznec et al., 2020), which is able to achieve sublinear
regret in the block-diagonal connectivity scenario (Section 3.2.4). Then, we show that, under the

literature’s standard assumptions, we cannot learn for general matrices (Section 5).
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Algorithm 8: RAW-UCB (Seznec et al., 2020)
Input :Subgaussianity proxy o, confidence levels {d¢ }e[7]-

fort € [T] do
Compute /7 (t) as in Equation (3.19), Vi € [k], h € [N;,]
Select I; € arg maxep;) minp<y; , ak(t) + c(h, &)
Play I; and observe X7, ;

end

Algorithm for Stochastic Rotting GTBs with Block-Diagonal CMs

We now show that the RAW-UCB algorithm (Seznec et al., 2020), whose pseudocode is provided
in Algorithm 8, provides sublinear regret guarantees in the Rotting GTB setting with block-
diagonal connectivity matrices. RAW-UCB does not require any knowledge on G and allows for

efficient computation.'

The behavior of RAW-UCB is characterized as follows. At each round ¢ € [T'], the algorithm
computes a family of estimators for every action (line 2). In particular, for every action i € [k]

and for every window size h;; € [IN],_,], it computes:

t—1

~ 1
i (t) = 7 Z Lir,=i n Ny o> Nigor—h}Xis- (3.19)

s=1

Then, for every action, the chosen window size is the one minimizing the upper confidence
bound /i (t) + ¢(h, &;) where c(h, 8;) := 4/202log(20; 1) /h (line 3).'6 Proving the algorithm’s

guarantees in the rested and restless setting requires characterizing how it concentrates, as has

been done for the base case in Lemma 2 of (Seznec et al., 2020). We extend this result to the
Rotting GTBs setting, devising a concentration bound involving the number of triggers of an
action. the result can be found in Lemma 44 (Appendix B.2). This result will play a key role
in the regret analysis of RAW-UCB in the Rotting GTBs setting. We are now ready to state the
regret upper bound of RAW-UCB in the Rotting GTBs for block-diagonal connectivity matrices.

Theorem 15 (RAW-UCB Regret in Rotting GTBs with Block-Diagonal CM). Let
(v, G, T) be an instance of the Rotting GTBs, where G € By. Let 6; = t™° for a > 5. Then,

I5More details on the computationally efficient version of RAW-UCB, namely EFF-RAW-UCB, can be found
in (Seznec et al., 2020).
16 At the beginning of the execution, we need a round-robin pull of the arms to initialize the estimators.
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RAW-UCB suffers an expected regret bounded as:

R, ¢.r(RAW-UCB) < (5<k: (m/logT + V,,(T)> LY CuP+ kD40 Y ( %T) +

CmeCa CmeCa
o > .
' v
(2) Variance Contribution (B) Rested Contribution
1
2 |Cm| s
£ o 2
+ (OéO') 3 Z (VT TT
CMECG
. >

~
(C) Restless Contribution

Dependence on Graph Topology. In Theorem 15, we observe the same phenomenon of
Theorem 11. Indeed, we have three components: (2) representing the fixed regret contribution
that comes from the noise, (B) representing the contribution to the regret coming from the rested
nature of the problem (i.e., the sub-optimality accrued by choosing an action in the wrong clique),
and (C) representing the contribution coming from the restless nature of the problem, instead
(i.e., the sub-optimality accrued by not choosing the best action in a clique). The separation

between the latter two components becomes clear in the proof of the result:
T
E[Ry cr(RAW-UCB)] = ) juie (N ,) = jr (NT, ) & max (N7, 1)
t

(maxui(ﬁﬁ,t) - Nlt(-]\?g,t)) .

iEC[t

=

T
= > (par (N ) — max (N7 ) +

iEC]t 1

[
Il

J/

< (B)+ ko/Tog T <(C)+ kVu(T)

In rotting bandits, there is a clear hierarchy between the difficulties of statistical learning in the
rested and the restless settings. Rested rotting bandits are easier than their restless counterparts,
and this is reflected also in our bound: when the number of cliques is higher, and the GTB is

closer to a rested instance, the regret bound is lower since the weight of (2) is higher.

Comparison with Known Results from Literature. RAW-UCB has already been proven to
be nearly optimal in both the rested and the restless scenario (Seznec et al., 2020). However,
as an artifact of the analysis, we cannot retrieve the exact same bounds by plugging G = I,
or G = 1, in our expression. A similar consideration to the one of Remark 13 can also be
done for rotting bandits. We conjecture that RAW-UCB is actually nearly-optimal also in the
intermediate Rotting GTB instances with block-diagonal connectivity matrices, and this claim is
supported by the fact that there is no room for improvement in neither of the two contributions
in the corner cases. We also conjecture that the dependence on L Y., _._ |Cy,|> may be an

artifact of the analysis, being the output of a delicate pigeonhole principle argument used to
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prove Theorem 15 (see Appendix B.2). We leave the task of finding a graph-dependent lower
bound for this setting as a fascinating open problem.

Non-learnability for Stochastic Rotting GTBs with General Matrices

We now move to the scenario of stochastic Rotting GTBs for general connectivity matrices, and

we present an impossibility result for this case.

Theorem 16 (Regret Lower Bound for Rotting GTBs with General Matrices). For every
G € {0, 1}*** that is not block-diagonal, there exists an instance of Rotting GTB (v, G, T) s.t.,

fOl ever VpOliCV T, it holds:
E (7 ) >
v,G,1 = 12

This negative result poses a several limitation to what can be obtained from Rotting GTBs in the
general scenario since, if we do not consider additional assumptions on the reward functions, no

algorithm can obtain sublinear regret.

3.2.5. Future Directions

In this paper, we proposed graph-triggered bandits (GTBs), a generalization of the rested and
restless bandit settings, where the expected rewards of the different arms evolve by means of
a graph. We focused and compared two special families of bandits, namely rising and rotting
bandits, where the expected rewards of an arm evolve in a monotonic fashion with the number
of triggers the specific arm received. We showed that computing the optimal policy without
additional assumptions on the matrix is NP-Hard in both the rising and rotting scenarios. Then,
for both these classes, we showed how, instead, for block-diagonal connectivity matrices, we
can find the optimal policy in polynomial time and have a convenient closed-form expression.
From the algorithmic perspective, we showed how it is possible to achieve sublinear regret for
both of these special instances of MABs with block-diagonal connectivity matrices. On the
other hand, for general matrices, we have an interesting distinction. Indeed, for Rising GTBs we
were able to achieve sublinear regret, while for Rotting GTBs (in the standard scenario, without
additional assumption on the behavior of expected rewards, e.g., on second-order derivatives),
we proved that we cannot learn. this section aspires to be a first step in the study of GTBs and
should be integrated by studying the statistical complexity of learning through lower bounds,

and by considering more general models, e.g., smoothly evolving bandits.
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3.3. Tightening Regret Lower and Upper Bounds in Restless
Rising Bandits

In this section, we delve deeper into the restless rising bandit problem, which has already been

introduced in the previous section in the more general setting of graph-triggered bandits.

Restless Multi-Armed Bandits (MABs) are a general framework designed to handle real-world
decision-making problems where the expected rewards evolve over time, such as in recommender
systems and dynamic pricing. In this work, we investigate from a theoretical standpoint two
well-known structured subclasses of restless MABs: the rising and the rising concave settings,
where the expected reward of each arm evolves following an unknown non-decreasing and a non-
decreasing concave function, respectively. By providing a novel methodology of independent
interest for general restless bandits, we establish new lower bounds on the expected cumulative
regret for both settings. In the rising case, we prove a lower bound of order (7%/3), matching
known upper bounds for restless bandits; whereas, in the rising concave case, we derive a lower
bound of order Q(7°/%), proving for the first time that this setting is provably more challeng-
ing than stationary MABs. Then, we introduce AutoRegressive Upper Confidence
Bound (AR-UCB), a new regret minimization algorithm designed for the rising concave MABs.
By devising a novel proof technique, we show that the expected cumulative regret of AR-UCB
is in the order of (5(T7/ 1), These results collectively make a step towards closing the gap in
rising concave MABs, positioning them between stationary and general restless bandit settings

in terms of statistical complexity.

This section presents Migali et al. (2025), a joint project with Cristiano Migali, Marco Mussi and
Alberto Maria Metelli, published at the Annual Conference on Neural Information Processing
Systems (NeurIPS).

3.3.1. Introduction

The standard MAB setting considers stationary reward distributions. However, in many real-
world decision-making problems, the expected rewards of available actions can vary over
time due to changes in the surrounding environment, such as shifting in consumer preferences
for online marketplaces (Wu et al., 2018) or evolving health status of patients in treatment
selection during clinical trials (Aziz et al., 2021). To address such dynamics, the restless MABs
framework (Tekin and Liu, 2012) has been introduced. This model generalizes the classical

MARB setting by explicitly incorporating the non-stationarity of the arms.!”

7With a slight abuse of terminology, we will use the words non-stationary and restless interchangeably.
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Holds for
Restless Result
Restless ..
Restless .. Rising
Rising
Concave
Lattimore and Szepesvari 2020 (Thm. 15.2) v v v Q(T?)
§ § Besbes et al. 2014 (Thm. 1) v X X Q(T??)
5 & This thesis (Thm. 18) v v X QTY2) — Q(T?3)
This thesis (Thm. 19) v v v QTY?) — Q(T*P)
Lz Besbes et al. 2014 (Thm. 2) v v v O(T?3)
[ ~
o § Metelli et al. 2022 (Thm. 5.3) X X v O(T?3)
> @ This thesis (Thm. 23) X X /| o@B) - sammy

Table 3.3: Existing and new bounds for the restless, restless rising and restless rising concave

settings.

The arrow — points from the previous best result to the improved one presented in this paper.

Non-stationarity in bandit problems has been addressed through a variety of models and methods,
such as restless bandits with abrupt changes in the reward distribution (e.g., Garivier and
Moulines, 2011), smoothly evolving expected rewards (e.g., Trovo et al., 2020), and settings
where the fotal variation of expected rewards is bounded over time (e.g., Besbes et al., 2014).
These frameworks allow the expected rewards to fluctuate in complex ways, such as increasing
and then decreasing, without constraints on their direction of change. In contrast, there are
important classes of bandit models that enforce monotonicity on the expected rewards. These
include rising bandits (Heidari et al., 2016; Metelli et al., 2022), where expected rewards are
non-decreasing, and rotting bandits (Levine et al., 2017; Seznec et al., 2019, 2020), where they
are non-increasing. Such models are well-suited for capturing structured real-world dynamics,
including online model selection (Metelli et al., 2022), hyperparameter optimization (Mussi

et al., 2024a), and recommendation systems (Levine et al., 2017).

Motivation. In this section, we focus on the restless rising bandits and restless rising concave
bandits and we aim to characterize them from a theoretical standpoint since several fundamental
questions remain unresolved. In the general restless bandit setting, where the expected rewards
may vary over time with bounded variation over 7" rounds, the minimax regret is known to be
lower bounded by Q(7?/3) (Besbes et al., 2014).'® However, no regret lower bound has been de-
rived for the specific class of non-decreasing (rising) or non-decreasing concave (rising concave)
restless bandits yet, making the classical lower bound for stationary bandits, 2(7"*/?) (Lattimore

and Szepesvari, 2020, Thm. 15.2), the best available reference, and leaving the following question

18We use Q(-) and O(-) to highlight the dependence on 7 in the lower and upper bounds, respectively, omitting
constant factors. For upper bounds, we also use O(-) to suppress logarithmic dependencies on T too.
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open.

Research Question 1 Is it possible to conceive regret lower bounds for restless rising and restless
rising concave bandits that are strictly larger than the Q(T'/?) bound for

stationary bandits?

The currently available algorithms for restless rising bandits are those designed for general rest-
less bandits with bounded variation, which achieve a regret upper bound of order O(T%?) (Bes-
bes et al., 2014). When incorporating concavity, more specific algorithms have been pro-
posed (Metelli et al., 2022), but unfortunately, they fail to improve the regret order. This

generates the following question.

Research Question 2 Is it possible to devise algorithms for restless rising and rising concave
bandits whose regret upper bounds are strictly smaller than the O(T%?)

bound for general restless bandits?

Original Contribution. In this paper, we aim to provide an answer to the research questions
presented above, making a step towards the complete statistical characterization of restless rising

and restless rising concave bandits. The contribution is summarized as follows:

* In Section 3.3.4, we provide a general recipe for deriving regret lower bounds for restless
bandits, which generalizes the construction of Besbes et al. (2014) and is of potential inde-
pendent interest (Lemma 17). We then specialize this construction to the cases of rising and
rising concave bandits. First, we derive a lower bound of order Q(TQ/ 3) for rising bandits,
showing that this setting shares the same statistical complexity as general restless bandits
(Theorem 18) and answering negatively to Question Research Question 2 for rising bandits.
Second, for restless rising concave bandits, we show that the regret is at least of order Q(T3/ 5),
showing that this setting is more challenging than stationary MABs (Theorem 19). These
results provide a positive answer to Question Research Question 1 for both settings.

* In Section 3.3.5, we present Rising Concave Budgeted Exploration (RC-BE(«)),
a novel regret minimization algorithm for restless rising concave MABs, which extends
Budgeted Exploration (Jiaet al., 2023). By devising a novel analysis, we provide an
upper bound on its regret of order 5(T7/ 1) (Theorem 23) with no requested knowledge of
the learning horizon or of the total variation. This result improves upon the current best upper
bound of order O(T%3) and provides a positive answer to Question 2 for rising concave
bandits.

Numerical simulations are provided in Section 3.3.6. Related works are discussed in Ap-
pendix 3.3.3. Omitted proofs are provided in Appendices C.1 and C.2 for lower and upper
bounds, respectively. A summary of known and new results presented in this paper is provided
in Table 3.3.



3| Between Bandits and Markov Decision Processes 57

3.3.2. Problem Formulation

We recall the definitions provided for graph-triggered rising bandits provided in Section 3.2.3, and
note that restless bandits represent a corner case for graph-triggered bandits (by letting ]Vw =1
for every i € [k] and ¢ € [T']). We provide some additional notation that will come handy in the
next sections. We denote the random table with all possible rewards as X = (Xi,t)ie[k],teN>1-
For every arm i € [k], we define its expected reward ; : N>; — R as the expectation of the
reward obtained by pulling such arm, i.e., j1;(t) = Ex.,,)[X] and denote the vector of expected
reward functions as gt = (/4;)ic[r]- We assume that the expected rewards are bounded in [0, 1],

and that the realizations are o-subgaussian.

Rising Bandits. In this section, we will distinguish between rising bandits and rising concave

bandits. Thus, for the sake of clarity, we will re-state the two assumptions separately.

Assumption 4 (Non-Decreasing expected reward). Let v be a restless MAB. For every arm
i € [k] and round t € N, the function 11;(t) is non-decreasing in t. In particular, defining the

increments:
Yi(t) = it + 1) — pi(t) = 0.

Assumption 5 (Concave expected reward). Let v be a restless MAB. For every arm i € k]| and

round t € Ny, the function y;(t) is concave in't, i.e.:

Yi(t +1) —%(t) < 0.

Formally, we call restless rising a restless MAB in which Assumption 4 holds, and restless rising
concave a restless MAB in which both Assumptions 4 and 5 hold. From now on, we omit the

adjective restless for the sake of conciseness.

Connection to MDPs

The restless bandit problem can be casted to an MDP in the same way as we did for graph-
triggered bandits. The state space S = [T] is now simpler, as only the time governes the system’s
evolution. Of course, this imply a deterministic transition from state s, = ¢ to state s;,1 =t + 1.
The MDP is always fully-observable and once action I; is selected at time ¢, the expected reward
is provided by f(s;, I;) = py,(t). The initial state is trivially s; = 1. As in GTB, the MDP is
however non-communicating, indeed once a state is left there is not way to get back to it.



58 3| Between Bandits and Markov Decision Processes

Learning Problem

As customary in MABs, we define the performance of a policy 7 in a restless MAB v as the

expected cumulative reward collected over the 1" rounds, formally:

T

J (7 T) = E L 1%(15)].

A policy 7% is optimal if it maximizes the expected cumulative reward: 7% € arg max_{J, (7, T)}.
In restless MABs, the optimal policy does not explicitly depend on 7" and consists of pulling
in each round the arm with the highest expected reward: 7;;(t) € arg max,., pi(t) for every
t € N5y. Denoting with J*(T) = J, (%, T) the expected cumulative reward of an optimal

policy, the suboptimal policies 7 are evaluated via the expected cumulative regret:

Ry(m,T) == JXT) — J,(m,T). (3.20)

Instances Characterization. To characterize an instance v, we introduce the following quantity,

namely the cumulative increment, defined for every ¢, t; € N5, with ¢y < 5 as:

The cumulative increment extends to an arbitrary interval with ¢; and ¢ as extremes the analogous
notion Y, (7', ¢) employed in (Metelli et al., 2022), restricting to ¢ = 1. It is immediate to show
that T, (t1,t2) € (0, k] since T, (t1, t2) < 3%, Dieir) Yill) < Dy 1 = k. Analogously to
what is done in (Besbes et al., 2014), we consider the class of instances whose cumulative
increment over the learning horizon 7" is bounded by a variation budget Vi € (0, k], which
we assume known, formally Y, (1,7") < Vr. Then, we call & (T, V) and E.(T, Vr) the set of
rising MABs and rising concave MABSs instances whose T, (1, T') satisfies the inequality above,

respectively.

3.3.3. Related Works

Restless Bandits. In the original restless MAB setting, introduced by Tekin and Liu (2012),
the evolution of the expected reward of each arm was described by a Markov chain. Several
algorithms have been proposed to deal with this new framework, e.g., Rest 1ess-UCB (Wang
et al., 2020), which relies on the optimistic estimation of the transition kernel of the underlying
chain. Over time, the term restless acquired a broader meaning, encompassing all bandits in

which the expected reward changes as time passes. Such arbitrary evolution can be described
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by a function that maps each round to the expected reward of a given arm. This is the type
of restless bandit we target in this work. There are two families of methods to tackle restless
MABSs: passive (e.g., Garivier and Moulines, 2011; Besbes et al., 2014; Auer et al., 2019; Trovo
et al., 2020) and active (e.g., Liu et al., 2018; Besson et al., 2022; Cao et al., 2019). Passive
methods base their estimates on the recent feedback, forgetting obsolete observations. Active
methods try to detect the changes in arms’ expected rewards and use only the observations
gathered after the last change. Among the most common passive approaches we find methods
based on discounted rewards, e.g., D-UCB (Garivier and Moulines, 2011), or adaptive sliding
window, e.g., SW—UCB (Garivier and Moulines, 2011). Both algorithms suffer a O(T/2) regret
in the setting in which expected rewards change abruptly a fixed number of times over the time
horizon, and such number is known. Auer et al. (2019) obtained a similar result in the same
setting, without knowing the number of changes, by resorting on the doubling trick (Besson and
Kaufmann, 2018). Another common setting is the one that allows the expected rewards to evolve
arbitrarily, with the only constraint that the maximum absolute difference between the expected
rewards of an arm in one round and the next, summed over the time horizon, is smaller than
or equal to a variation budget V- (Besbes et al., 2014). The Rexp3 algorithm (Besbes et al.,
2014), a modification of the Exp3 (Auer et al., 2002b) policy, originally designed for adversarial
MABs, shows a regret bound of O(T%?) under the knowledge of the variation budget V7. The
need for the knowledge of such quantity has been removed by Chen et al. (2019) by means of the
doubling trick. In (Trovo et al., 2020), an approach which combines a Thompson-Sampling-like
algorithm with a sliding window, shows theoretical guarantees in both the abruptly and smoothly

changing settings.

Rising Bandits. Rising concave MABs have been introduced in the deterministic setting
by Heidari et al. (2016) and Li et al. (2020), where the rewards observed by the agent in each
round are not affected by noise. In their formulation of the problem, the rewards of an arm are
non-decreasing in the number of times such an arm has been pulled and satisty the decreasing
marginal return assumption, i.e., the increment in the reward observed between one pull and the
next of the same arm is non-increasing in the number of pulls. The online algorithm designed
by Heidari et al. (2016) to minimize the regret relies on an optimistic estimate of the cumulative
reward that can be obtained by pulling a given arm. Indeed, in this setting, Heidari et al. (2016)
show that the optimal policy consists of repeatedly pulling the arm with the highest cumulative
reward over the horizon. Li et al. (2020) use the rising concave MAB framework to model
the problem of parameter optimization in machine learning and design an algorithm based on
iterative elimination of unpromising arms that has good empirical performance. Cella et al.
(2021) consider a setting in which the reward is increasing in expectation and the observations

are affected by noise. However, in their framework, the expected rewards are constrained to



60 3| Between Bandits and Markov Decision Processes

follow a specific parametric form known to the agent. The authors analyze the setting under both
the regret minimization and best arm identification frameworks. Anyway, the given parametric
form makes this setting not applicable to an arbitrary expected reward evolution that satisfies the
non-decreasing assumption. Recently, a surge of approaches has been designed for addressing
other learning problems in stochastic rising concave MABs, including regret minimization (e.g.,
Metelli et al., 2022) and best arm identification (e.g., Takemori et al., 2024; Mussi et al., 2024a).
Finally, Genalti et al. (2024c,b) proposes a novel framework that interpolates between rested and

restless MABs, still assuming the rising concave condition.

3.3.4. Lower Bounds

In this section, we analyze the statistical complexity of the learning problem in both the rising
and rising concave settings. To this end, we provide a regret lower bound suffered by any
deterministic policy 7 on a class of instances which are rising and rising concave, respectively.'”
In particular, we show that rising MABs are not easier than restless MABs with bounded variation
(Besbes et al., 2014, Thm. 1) and that rising concave MABs are harder than stationary MABs
(Lattimore and Szepesvari, 2020, Thm. 15.2). The analysis is carried out as follows. We develop
a general recipe for regret lower bound construction on a richer class of restless MABs, described

in Section 3.3.4. Then we specialize it to both the settings of interest (Sections 3.3.4 and 3.3.4).

General Recipe for the Lower Bound

We consider a class of restless MABs with the following structure. The set of rounds N is
split in windows. Let (D,,)en., Where D,, € N3 be a sequence of window widths. A window
consists of a set of rounds {s,, ..., e,} < Ns; where s, == ;1;:—11 D;+1lande, =Y, D,
for w € N5 4. For each window index w € N4, we define two functions 7i,,, fi., : [Dw] — [0, 1],
which we call base and modified trend respectively, that describe how the expected rewards of
the arms evolve in {s,, ..., e, }. In particular, in each window, at most one arm among the & has
expected reward that follows the modified trend, while all the others have expected rewards that
follow the base trend. The arm whose expected reward follows the modified trend can change
between windows. We further enforce Ji,, (t) < i, (t) for all w € N5y, t € [D,,],%° so that the
arm whose expected reward follows the modified trend is the optimal one. More formally, let
w(t) == min{w € N3 s.t. ,, > t} be the index of the window which contains the round ¢ € N ;.

For each sequence 0 = (0,)yen., With o, € {0, ..., k} in each window of index w, we define

19Since we are considering stochastic bandits, our lower bounds can be generalized to stochastic policies, yielding
analogous results, at the cost of additional notational complexity.

20We consider Ji,, (t) and [i,, (t) both in the domain ¢ € [D,,] instead of in the domain {s.,, . . . , €, }, for the sake
of simplicity in the notation, as every window is defined independently from the others.
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M g __ g .
an instance v = (V3 ;) (k] as follows:

20 Be (P 0)) g 2 0,

e , (3.21)
2 - Be (Ll 2wt gy — o,

20

where 0 > 1/2 is a constant and Be(x) denotes the Bernoulli distribution with parameter
x € [0,1].2! First of all observe that o > 1/2, p € [0,1] imply p/(20) € [0,1], so that the
distributions in Equation (3.21) are well-defined. Furthermore, if X ~ 20 - Be(u/(20)), then, in
virtue of Hoeffding’s lemma, X is o-subgaussian, and, by direct caclulation, it has expected value
equal to . Thus, if o, = 0, all the arms follow the base trend, otherwise, o,, corresponds to the
only arm following the modified trend. We denote with 1t = (%, )wens, and ft = (fiy)wens, the
sequences of base and modified trends respectively, and with £7 » = {v] s.t. 0 € {0,..., k}">1}
the class of instances that they induce by varying the sequence o of optimal arms in each window.

The following result, whose proof is deferred to Appendix C.1, holds.

Lemma 17 (General Lower Bound). Under the assumption that i, (t) < Ji,(t) for all w € N,
t € [Dy], for any deterministic policy 7 and learning horizon T € Nx1, assuming Bernoulli-

distributed rewards, it holds that:

w(T)
1 1 2at\ moT
sup R, (m,T) > ( — — — ——A/In(2) D" )A’u‘)’”’ , (3.22)
ueé'ﬁ,ﬁ ( ) w=1 V 2]€ ( )
where:
. min{e, T}
DEFT = 37 Diu(fi,(t = suw + 1)t — s + 1)),
t=syw
. min{eq, T}
ABPT = N ([t = Su + 1) = iy (t — 50 + 1)),
t=sqy

for all w € [w(T)], where Dgy, (1| z2) for 1, x5 € [0, 1] is the Kullback-Leibler divergence of
the p.d.f. of two Bernoulli (formally defined in Appendix C.1).

This result highlights the trade-off in designing a “challenging” restless instance. On the one
hand, we do not want to make the base and modified trends too far apart, otherwise it would be
easy for the agent to discern one from the other. This is reflected in Equation (3.22), as the term
DPT increases when the two trends diverge and contributes to reducing the regret lower bound
since A% T is non-negative by construction. On the other hand, we want to maximize the area

AT between the two trends. In this way, under the assumption that DA is small enough so

2force Rand v € D(R), the notation ¢ - v denotes the probability distribution such that if X ~ ¢ - v, then
X =cY withY ~ v.
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Figure 3.5: Base (dashed) and modified (solid) Figure 3.6: Base (dashed) and modified (solid)
trends of the lower bound instances for the trends of the lower bound instances for the

rising setting. rising concave setting.

that the factor that multiplies A% is non-negative, we increase the regret lower bound.

Specializing the Lower Bound for the Rising Setting

In this part, we apply Lemma 17 to provide a regret lower bound for the class &,(T, V), holding
for any deterministic policy 7. To this end, we construct sequences of window widths (D, ., ) yens,
and of base and modified trends zz,, fi, such that &; 5 < (T, Vr). A representation of the
structure of the instances is depicted in Figure 3.5. We choose windows of the same width. In
each window, the base and modified trend are both constant, the latter is greater than the former
by a quantity ¢, > 0 and the value of the modified trend in a window corresponds to the value
of the base trend in the next window. In this way, we guarantee that the instances are rising no
matter which arm follows the modified trend. In Appendix C.1, we formalize the instances and

we prove that the following holds.

Theorem 18 (Lower Bound for the Rising Setting). For any deterministic policy m and learning
horizon T € Nx1, T = 273k min{1, Vp} =2, assuming Bernoulli-distributed rewards, it holds
that:

sup R,(m,T) = iTgk’% min{l,VT}%.
ve&: (T, Vr) 80

The orders of growth for 7', k£, and V7 in this result match the upper bound for the general

restless case with bounded variation (Besbes et al., 2014, Thm. 2) when Vi < 1.7

This implies
that rising MABs are not easier than general restless MABs with bounded variation despite the
additional assumption. Thus, the characterization of the statistical complexity of this setting is

completed.

22We believe this is an artifact of the analysis since, in our the lower bound construction, we have Y(1,7) < 1.
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Specializing the Lower Bound for the Rising Concave Setting

In this part, we provide a regret lower bound for the class &.(T, V) holding for any deterministic
policy 7. In analogy to Section 3.3.4 for the rising setting, we construct sequences of window
widths (D . )wen., and of base and modified trends 7z, fi. such that & 5. < E(T,Vr). A
representation of the instances is depicted in Figure 3.6. We choose again windows of the same
width. In each window, the base and modified trends share the same starting and ending values.
Furthermore, the end value of expected rewards in a window matches the start value of expected
rewards in the next window. The end value is greater than the start value to guarantee that the
instances are rising. The base trend joins the two endpoints of the expected rewards of each
window with a single segment, while the modified trend uses two segments. At the beginning,
it rises with a slope greater than that of the base trend until half the window. At this point, the
distance between the base and the modified trend in the window is maximum. Then, the modified
trend keeps rising, but with a slope that is smaller than that of the base trend, until the two trends
meet at the end of the window. The pattern repeats and the slopes are chosen in such a way that
the slope of the second part of the modified trend in a window (which is the smallest slope in
a window) corresponds to the slope of the first part of the modified trend in the next window
(which is the greatest slope of an expected reward in a window). In this way, we guarantee that
the instances are rising and concave, no matter the choice of which arm follows the modified

trend. In Appendix C.1, we formally present the instances and we prove the following result.

Theorem 19 (Lower Bound for the Rising Concave Setting). For any deterministic policy m and

learning horizon T € Nz, T = 2%k min{1, V} =2, with Bernoulli-distributed rewards, it holds:

sup R, (m,T) = 271575 ks min{1, VT}%.
VESC(T,VT)

This result proves that regret minimization in rising concave MABs represents a harder learning
problem w.r.t. stationary MABs which are characterized by the usual (7"/?) lower bound.

3.3.5. Upper Bound for the Rising Concave Setting

In this section, we present a novel regret minimization algorithm, Rising Concave Bud-—
geted Exploration (RC-BE(«)), designed for rising concave MABs (Algorithm 9), and
analyze its performance by providing an upper bound of the expected cumulative regret suffered
on a generic instance v € (T, V). We show that this upper bound attains a strictly smaller
rate w.r.t. the lower bound on the expected cumulative regret on a generic restless MAB with
bounded variation (Besbes et al., 2014), and thus that rising concave MABs are indeed an easier

setting w.r.t. them.
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Algorithm. RC-BE(«) is an improvement of the Budgeted Exploration (BE) algo-
rithm (Jia et al., 2023), originally designed for 2-armed general restless bandits.?* The original
BE algorithm works as follows. The learning horizon 7 is split in windows of D € N5 ; rounds
each. In each window, the algorithm restarts. At the beginning of each window, the agent carries
out an exploration phase which consists of several round-robin cycles. In particular, the agent
keeps track of the arms alive in the current window in a set A < [k], initialized to [k] at the
beginning of each window, and, in each round-robin cycle, pulls each of these arms once. The
agent cumulates the observed rewards for each arm in the variables S; with i € [k]. At the end
of each round-robin cycle, the agent compares the cumulative reward of each alive arm with
the maximum cumulative reward among alive arms S* = maX;e A S”Z If for i € A we have
S; + B < S* where B> 0Oisa parameter of the algorithm, we say that arm ¢ has run out of
budget and the agent removes it from the set of alive arms. It can happen that, after several
round-robin cycles, the set of alive arms becomes a singleton: A = {%*} In this case, no more

eliminations can happen and the agent will commit to the remaining arm i+

RC-BE(«) extends the original algorithm as follows. It exploits the concavity of the instance
(@)

= [w®] and corresponding budgets B = 2(1 +
20(DY” In(2kDS”))1/2). The rationale is the following. The algorithm suffers a high regret in

through increasing window widths D

windows during which the optimal arm changes. Indeed, in windows where no change happens,
the algorithm is likely to commit to the best arm, suffering no regret after the initial exploration
phase. Conversely, in windows where the optimal arm changes, the algorithm could commit to
an arm that then becomes suboptimal, or it could fail in estimating the optimal arm. In this case,
the regret increases with the distance of the expected rewards of :* and the actual optimal arm in
round ¢: i € arg max,cy) pi(t). Thanks to the concavity, the maximum increment max;e(x) i (?)
decreases as t increases. Thus, as time passes, if the optimal arm changes, it takes longer for the
expected rewards of 7* and 17 to diverge significantly. Hence, we can restart the algorithm with a

lower frequency, which is equivalent to having windows with increasing width.

Regret Analysis. RC-BE(«) partitions the set of rounds N3; in windows {s£§‘>, el )
with 5§ == S ' D 4+ 1 and € == 3 D, for w € Nop. Let w(®(t) = min{w €
Ny, s.t. e > t} be the index of the window that contains the round ¢ € N;. Thus, the

learning horizon T is split in w(® (1) windows. In what follows, we bound the regret suffered by

RC-BE(«) on set of windows YV which enjoy certain properties that we introduce later. To this

23The extension of BE to k-armed bandits is proposed in the unpublished preprint (Jia et al., 2024) for the case of
smooth MABs. However, we have found soundness issues in the analysis proposed there (see Appendix C.5). For
this reason, we will develop an independent analysis which overcomes these issues.
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Algorithm 9: RC-BE(«)
Input: o« > 1, k € Noo
Initialize w «— 1,d — 1, A — [k], B — A, S; < 0 forall i € [k]
fort e [T] do
if d = DY + 1 then
w—w+1
d—1
A — [k]
B« A
S; «— 0, forall i € [k]
end
Pull I, e B
B — B\{I1}
Observe Ry = X7, ¢
S'jt “«— S']t + Rt
if B = 4 then
S* <« maX;e A S'Z
for i € [k] do
ifi € Aand S; + BSY < 5* then
| A A

end

end

B« A

end
d—d+1

end

end, we denote the regret suffered by a policy 7 on a set of windows VW < N5, [W| < w0 as:

(a)

Z Z Hzt H’It(t)] :

weEW ;_ w

Now, we present the properties which induce the classes of windows of interest for the analysis.
In particular, we need to formally characterize the fact that, in a window, the optimal arm can

change. To this end, we introduce the following definitions, in analogy to what is done in (Jia
et al., 2024).

Definition 3 (Overtaking). An arm i € |k] overtakes an arm j € |k| at time t € Ny if

pi(t —1) < p(t —1) and p;(t) = p;(t). Formally, we write i 1, j (note that i 14 i).

Definition 4 (Crossing). Two arms i, j € [k] cross at time t € Nxo, ifi 1, j or j 1 i. Formally,

we write 1 Xy j (note that i x; 1).
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We introduce a binary relation for arms that cross in the w-th window. For w € N5, 4, j € [k]:
i,xj iff ix,jforsomete {s® +1,. . . e}

Let ,x* be the transitive closure of , x. , x* is an equivalence relation since ,, x is reflexive

and symmetric. For an arm i € k], we denote with [7] .+ its equivalence class w.r.t. , x ™. Let:

T3 = {i € [k] s.t. there exists t € (s, ... elM} with i € arg maxep 145(2) },

>3k

be the set of optimal arms in window w. Furthermore, we define Z;; := [i}] .+ for some

iy € ZLx. Observe that the definition is well posed since, in virtue of Lemma 47, it does not
depend on the choice of i* . For w € N1, i € [k], we define the diameter of its equivalence class

w.rt. ,x T as

Gkeli] v telsh? el

(1) = max y |15 () = ()]

We use the shorthand d} for d,, (i) where i* € Z*. The following lemma decomposes the regret
suffered by RC—-BE(«) during the w-th window as the sum of the regret due to the exploration
phase plus the regret due to the commitment phase.

Lemma 20. For all restless rising concave MABs v, o > 1, w € N5 we have that:

R,(RC-BE(a), {w}) < 3kB'*) + DWar .

Exploration =~ Commitment

)

Thus, the regret due to exploration is proportional to the budget B , while the regret suffered

during the commitment phase depends on the width of the window D and on the diameter
d; of Z . In windows where the optimal arm does not change, Z, is a singleton and, thus, its
diameter is 0. This reflects the fact that, in such windows, the algorithm suffers only the regret

due to the exploration.

We now provide an upper bound for d,, (i) with w € N1, € [k] which exploits concavity.

Lemma 21. For all restless rising concave MABs v, a > 1, w € N5y, i € [k], we have that:

dy(i) < 8(1+ a) (|[i] «+] — 1) w (1, el) < 16akw™ T, (1, ).

w

Recall that T, (1, el )) is upper bounded by k. Thus, as expected, eventually the upper bound
of the diameter decreases as w increases. This reflects what we informally stated before. As

time goes, due to the concavity, it takes more time for the expected rewards of arms which have
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crossed to diverge significantly. Thus, it makes sense to increase the width of the windows over

time.

We now discriminate between two kinds of windows: those in which the expected rewards of
arms which cross (and thus of the arms which belong to Z) do not diverge significantly and
those in which, instead, the converse happens. More formally, let d € (0, k|:

Wea(T) = {we [w(T)] s.t. dy(i) < dforallie (K]},

<

Weo(T) = {w e [w(T)] s.t. dy(i) > dfor some i€ [k]}.

In the second class of windows, we have no upper bound to the diameter d;;, other than that
of Lemma 21, which considers a worst-case scenario in which the divergence of the expected
rewards of the arms which cross is the maximum possible. We now show that this scenario,
in the rising concave setting, can happen only a limited number of times. In particular, this is
translated into an upper bound to the number of windows in W-4(7T"), which is captured by the

following lemma.

Lemma 22. For all restless rising concave MABs v, « = 1, T € N34, d € (0, k], we have that:

IWoo(T )|<9ln<36 i k:/d> Kids.

Informally, this lemma states that, in the rising concave setting, it cannot happen in too many

windows that the expected rewards of arms which cross diverge significantly (i.e., more than d).

We use this fact to conclude the analysis. In particular, observe that we can always upper bound
the regret suffered on a set of windows W as R, (m, W) < |[W|maxuew Ry (7, {w}). We use
this to upper bound the regret suffered on both We,(T') and W=4(T'). In the first case, we
observe that [W<,4(T)| < w'®(T') and use the definition of W 4(T') together with Lemma 20 to
bound max,e_,(r) Ry (RC-BE(a), {w}). In the second case, we use Lemma 22 to upper bound
[W-q(T)| and Lemma 20 together with Lemma 21 to deal with max,ew_ (1) By (RC-BE(a), {w}).

These observations lead to the following result which is formally proven in Appendix C.2.

Theorem 23 (Upper Bound for the Rising Concave Setting). For all restless rising concave
MABs v, o > 1, T' € Nyoy, we have that:

R,(RC-BE(a),T) < 2"0*(1+0) (In (akT?))? <k3T?i/T43 BT Y, (1, T) + KT

9
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In particular, for o/ = 8/3, we get:
R, (RC-BE(a), T) = O (KT + KTHT,(1,T) + kT ).

Furthermore, for o .= (8 — 8log(kv/Vr))/(3 + 8logy(k/Vr)), under the additional assump-
tions v € E(T, V), T = max{k~%3Vy ® + 1, K6/5V) we get:

27 6 3 &Ll)
1

RV(RC_BE(Q”)7T) = 6 (kllTll VT 11 4 k

By looking at the algorithm and at Theorem 23, we observe how by selecting o = 8/3, we
achieve a regret of order O(T7/'1) without the knowledge of either the total variation Vi or
the learning horizon 7', making it an anytime algorithm, at the price of worst dependence on
k and V. This result shows that the regret minimization problem in rising concave MABs is
indeed easier w.r.t. general restless MABs with bounded variation (Besbes et al., 2014) and rising
MABs. Indeed, the regret (5(T7/ 1) in our upper bound is smaller than that of the lower bound
for restless MABs with bounded variation (Besbes et al., 2014, Theorem 1) and rising MABs
(Theorem 18), i.e., Q(T%3).

3.3.6. Numerical Simulations

In this section, we present the results of numerical simulation of RC-BE(«) compared to state-

of-the-art algorithms for restless, restless rising concave, and stationary MABs.?*

Baselines. We consider the baseline algorithms: Rexp3 (Besbes et al., 2014), an algorithm for
restless MABs based on a variation budget; R—1ess-UCB (Metelli et al., 2022), an algorithm
for restless rising concave MABs; and UCB1 (Auer et al., 2002a), one of the most effective
algorithms for stationary MABs. The choices of the parameters of the algorithms are reported in
Appendix C.4.

Setting. The algorithms are evaluated for 7' = 5 - 10° rounds on synthetic instances with k& = 5
arms. The stochasticity is realized by adding Gaussian noise with standard deviation o = 0.1.
The curves of the expected rewards have the functional form f(t) = ¢(1 — exp(—sat/T))
for t € [T] where a,c € (0,1], s = 50, and are reported in Figure 3.7. We compare the
algorithms in terms of empirical cumulative regret ]%,,(7?, t) which is the empirical counterpart of
the expected cumulative regret R, (7, t) at round ¢ averaged over multiple independent runs. In

each simulation, the parameter o of RC-BE(«) is set to v = 8/3, as suggested by Theorem 23.

24Additional simulations are reported in Appendix C.4. The code to reproduce the results is available in the
supplementary material.
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Figure 3.7: (a) Expected rewards. Figure 3.8: (b) Cumulative regret (10 runs,
mean =+ std).

Figure 3.9: Instance and results of the experimental validation.

Results. The empirical cumulative regret suffered by the algorithms is shown in Figure 3.8. We
observe that RC-BE(«) is the algorithm that achieves the lowest regret at the horizon. UCB1
has the lowest regret in the first rounds, afterwards its regret starts increasing when the optimal
arm changes. This is consistent with the fact that we are violating the stationarity assumption
on which the algorithm relies. Rexp3 is an algorithm which restarts at a fixed frequency. In
particular, the number of restarts has order T3, Thus, in this simulation, there are ~ 102 restarts,
and, by looking at the figure, it is not possible to appreciate the behavior of the algorithm between
one restart and the next. For this reason, Rexp3 shows a cumulative regret which increases
linearly. This is consistent with the fact that the algorithm is not anytime. R-1ess-UCB,
consistently with its theoretical guarantees, shows a sublinear growth of the cumulative regret. Its
estimator relies on a rested model of the evolution of the expected rewards of the arms, penalizing

the empirical performance.

3.3.7. Discussion and Future Directions

In this paper, we studied the restless rising and rising concave MABs, where the expected rewards
of the arms are non-decreasing and non-decreasing concave in the number of played rounds,
respectively. We derived lower bounds to the expected cumulative regret in both settings. The
lower bound in the rising setting has order ©2(7%/3) and implies that the non-decreasing expected
reward assumption does not simplify the learning problem w.r.t. the general restless setting
with bounded variation, and so that all the algorithms which are optimal for the general setting

are optimal also in this special subclass, closing in this way the gap present in the literature.
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Thus, for the rising setting, we provided a positive answer to our Question 1 and a negative
answer to our Question 2. The lower bound in the rising concave setting has order Q(7%/°)
and implies that rising concave MABs represent a statistically harder problem w.r.t. stationary
MABs. After having presented two statistical barriers for these settings, we developed a learning
algorithm with the goal of exploiting the more structured model of rising concave MABs. To
this end, we designed RC—-BE(«), and we derived an upper bound to its expected regret of order
(5(T 7/11), This result implies that the non-decreasing expected reward assumption, together with
the concave expected reward assumption, simplifies the learning problem w.r.t. the same setting
without concavity. Thus, for the rising concave setting, we provided a positive answer for both
Question 1 and Question 2. The natural future research direction includes closing the gap in

rising concave MABs which is now only 7/11 — 3/5 = 2/55 in the exponent of 7.
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Heavy-tailed distributions naturally arise in several settings, from finance to telecommunications.
While regret minimization in MABs under subgaussian or bounded rewards has been widely
studied, learning with heavy-tailed distributions only gained popularity over the last decade.
In this chapter, we consider the setting in which the reward distributions have finite absolute
raw moments of maximum order 1 + ¢, uniformly bounded by a constant « < +c0, for some
e € (0,1]. This setting represents a generalization of the one introduced in Chapter 2, as
heavy-tailed distribution are way less well-behaved rather than sub-Gaussian distributions. Our
contribution is twofold: in the first section, we discuss the problem of regret minimization
in heavy-tailed MABs when u and € are both unknown, a though open-problem to which we
partially found a solution; in the second section, we jointly tackle the problem of heavy-tailedness

of the rewards and non-stationarity of the environment.

4.1. Adaptation to Unknown Distributional Parameters in
Heavy-Tailed Bandits

In this section, we study the regret minimization problem in heavy-tailed MABs when € and «
are unknown to the learner and it has to adapt. First, we show that adaptation comes at a cost
and derive two negative results proving that the same regret guarantees of the non-adaptive case
cannot be achieved with no further assumptions. Then, we devise and analyze a fully data-driven
trimmed mean estimator and propose a novel adaptive regret minimization algorithm, AdaR—
UCB, that leverages such an estimator. Finally, we show that AdaR—-UCRB is the first algorithm
that, under a known distributional assumption, enjoys regret guarantees nearly matching those of
the non-adaptive heavy-tailed case. This section presents Genalti et al. (2024a), a joint project
with Lupo Marsigli, Nicola Gatti and Alberto Maria Metelli, published at the Annual Conference
on Learning Theory (COLT).
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4.1.1. Introduction

We investigate the stochastic MAB problem under the assumption of heavy-tailed (HT) reward
distributions, introduced in the seminal work Bubeck et al. (2013a). We follow the same notation
introduced in Chapter 2 Although most of the literature in stochastic MABs usually assumes a
convenient tail property of the reward distributions, like subgaussian (Lattimore and Szepesvari,
2020) or bounded (Auer et al., 2002a) rewards, in many practical scenarios, such as financial
environments (Gagliolo and Schmidhuber, 2011) or network routing problems (Liebeherr et al.,
2012), where uncertainty has a significant impact, heavy-tailed distributions naturally arise. In
these cases, the tails decay more slowly than a Gaussian, the moment-generating function is no
longer finite, and the moments of all finite orders might not exist. This prevents the application
of standard concentration tools, such as Hoeffding’s inequality (Boucheron et al., 2013), calling

for more complex technical tools.

We assume that the absolute raw moments of the reward distributions of order up to 1 + €, with
e € (0,1] (i.e., moment order) are finite and uniformly bounded by a constant u € R>, (i.e.,
moment bound), namely:

v € Pur(e,u)” = {u e AR)" : E [|X["] <u, Vie [k]}, 4.1)

X~v;
In Bubeck et al. (2013a), the authors assume that € and u are known to the learner. They show
that if the variance is finite (i.e., € = 1), but the higher order moments are not, the same (apart
from constants) instance-dependent regret guarantees of order O( Y], A0 2—2 InT) attained
in the subgaussian setting (Lattimore and Szepesvari, 2020) can be achieved. However, for
YT ) ,

showing the detrimental effect of € on the dependence of the suboptimality gaps. Moreover, they

general € € (0, 1), the instance-dependent regret becomes of order O(Zi: A;>0 (Ai)
show that these regret guarantees are tight (up to constant terms) by deriving the corresponding
asymptotic lower bound. From a worst-case regret perspective, the presented results translate
into a regret bound of order O (k? (uT) ﬁ) , for sufficiently large 7", matching the lower bound,
up to logarithmic terms. This regret bound degenerates to linear when € — 0, i.e., when only
absolute moment of order 1 exists. However, these matching results are obtained thanks to the
knowledge of both € and wu, i.e., by non-adaptive algorithms. Indeed, € and u are needed by
the algorithm to drive exploration via the optimistic index, and, in some cases, to construct the
expected reward estimator too. Nevertheless, recent works have shed light on the possibility of
removing this knowledge at the cost of additional assumptions (e.g., Lee et al., 2020; Ashutosh
et al., 2021; Huang et al., 2022). In particular, Huang et al. (2022) introduce the truncated
non-negativity assumption designed for losses, that, by converting it for rewards, leads to the

following truncated non-positivity assumption.
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Assumption 6 (Truncated Non-Positivity). Let v be a bandit. For the optimal arm i*, we have:

Exov, [X1gx=a] <0, VM >0. (4.2)

This assumption requires that the optimal arm 1 has a larger probability mass on the negative semi-
axis but still allows the distribution to have an arbitrary support covering, potentially, the whole R.
To the best of the authors’ knowledge, this is the only assumption in literature truly independent
of the values of € and u. Additionally, as discussed by Huang et al. (2022), it is relatively weak if
compared to other standard assumptions in the bandit literature. Under Assumption 6, without
the knowledge of ¢ and u, Huang et al. (2022) provide an (¢, u)-adaptive' regret minimization
algorithm, AdaTINF, that succeeds in matching the worst-case regret lower bound of Bubeck
et al. (2013a) derived for the non-adaptive case. However, no instance-dependent analysis is

provided of AdaTINF? and the following research questions remain open:

Research Question 1 [Is Assumption 6 needed to devise (e, u)-adaptive algorithms (with unknown
(€,u)) matching the worst-case lower bound of order Q(k? (uT)ﬁ)
(i.e., as if we knew (e,u))?

Research Question 2 Is it possible, under Assumption 6, to devise (€, u)-adaptive algorithms
(with unknown (€, u)) matching the instance-dependent regret lower bound

of order Q(Zi:Ai>0 (i)l/E InT) (i.e., as if we knew (e, u))?

A;
Original Contributions. In this section, we investigate the regret minimization problem in
heavy-tailed bandits giving up the knowledge of ¢ and u. Specifically, we address Research
Question 1 and Research Question 2. The original contributions of the paper are summarized as

follows:

* In Section 4.1.3, we address Research Question 1, by characterizing the challenges of the
regret-minimization problem in HT bandits without knowing € and u. In particular, we provide
two negative results (Theorems 25 and 26), showing that, without any additional assumption,
there exists no (¢, u)-adaptive algorithm that achieves the same worst-case regret guarantees
as if € or u were known (Bubeck et al., 2013a). These results provide a first justification of
Assumption 6. Furthermore, we show how Assumption 6 does not reduce the complexity of
the regret minimization problem even in the non-adaptive case (Theorem 27). These results
rely on accurately defined HT bandit instances and information theory tools for deriving the
lower bounds.

* In Section 4.1.4, we enhance the trimmed mean estimator, commonly used in HT bandits,

'We use the word adaptive to qualify algorithms that do not know the values of ¢ and/or w.
2Huang et al. (2022) actually provide algorithm Opt HTINF with an instance-dependent analysis that, however,
does not match the asymptotic lower bound of Bubeck et al. (2013a).
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to make it fully data-driven. Indeed, in the seminal paper (Bubeck et al., 2013a), both (z)
the trimming threshold and (72) the upper confidence bound were computed thanks to the
knowledge of € and u. Taking inspiration from Huber regression (Wang et al., 2021), we
overcome (z) the need for € and u in the estimator by developing a novel approach to recover
an estimated threshold via root-finding. Leveraging an analysis based on the self-bounding
functions (Maurer, 2006; Maurer and Pontil, 2009), we control the accuracy of the estimated
threshold (Lemma 29). In particular, we show that our threshold underestimates (in high
probability) the one proposed by Bubeck et al. (2013a). Furthermore, we overcome (77) by
resorting to empirical Bernstein inequality (Maurer and Pontil, 2009). This way, differently
from Bubeck et al. (2013a), we use the empirical variance to eliminate the dependence on
€ and v in the upper confidence bound (Lemma 28), preserving the desirable concentration
properties of the delivered estimate (Theorem 30).

* In Section 4.1.5, we address Research Question 2, by devising and analyzing a novel (€, u)-
adaptive regret minimization algorithm, Adaptive Robust UCB (AdaR-UCB, Algo-
rithm 11), that operates without the knowledge of € and u. AdaR—-UCB is an optimistic anytime
algorithm that builds upon Robust UCB of Bubeck et al. (2013a), leveraging our trimmed
mean estimator with estimated threshold. First, we show that, under Assumption 6, AdaR-UCB
attains an instance-dependent regret bound of order O(Zi: A;>0 ((Aii)l/ "+ MTi#m) In T)
(Theorem 31). This result shows that AdaR-UCB nearly matches the instance-dependent
lower bound of Bubeck et al. (2013a) for the non-adaptive case, apart from the second loga-
rithmic term, which, however, does not depend on the reciprocal of the suboptimality gaps,
and originates from an additional forced exploration needed for computing the empirical
threshold.> Moreover, we show that AdaR-UCB suffers a worst-case regret bound of or-
der 5(/@? (uT)ﬁ) (Theorem 32), matching, up to logarithmic terms, the minimax lower
bound of the non-adaptive case (Bubeck et al., 2013a). To the best of authors’ knowledge,
AdaR-UCB is the first (¢, u)-adaptive algorithm for HT bandits that nearly matches both the
instance-dependent and worst-case lower bounds of the non-adaptive case, under conditions

(Assumption 6) not explicitly formulated in terms of € and w.

In Section 4.1.2 we provide an up-to-date literature review on adaptivity in heavy-tailed bandits.

The proofs of the results presented in the main paper are reported in Appendix D.2.

4.1.2. Related Works

During the last ten years, the stochastic heavy-tailed bandit problem has been steadily increasing

in popularity. In this section, we summarize the main contributions, with a particular focus on

3A similar additional term appears in the instantiation of Robust UCB with Catoni estimator (Bubeck et al.,
2013a).
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* The bound depends on the centered absolute moment v := maX;ex) Ex~p, [| X — p5/'*¢] of order 1 + €.

T DIt (n, 2) == inf{DxL(n, k) : k € Pur(e,u) and Ex [ X] = =}.

t f and g are to be given in input. Choosing an optimal value of those would require knowing € and w.

§ Matching the instance-dependent lower bound for the non-adaptive case w.r.t. T', 1/A;, u (or v), and €, up to
constants.

9 Matching worst-case lower bound for the non-adaptive case w.r.t. T, k, u (or v), and ¢, up to logarithmic terms.

Table 4.1: Comparison with the state-of-the-art. The regret bounds are deprived by constants.

partially adaptive approaches. Table 4.1 provides a comprehensive comparison.

Bubeck et al. (2013a) represents the most influential work in this area, formally introducing
the setting, deriving both instance-dependent and worst-case lower bounds, and proposing the
first non-adaptive algorithm, namely Robust UCB. Such an algorithm can be instanced with
three robust estimators: trimmed mean (TM), median of means (MoM), and Catoni estimator
(Catoni) achieving near-optimal regret guarantees from both instance-dependent and worst-case
cases. The first minimax optimal algorithm was proposed in Wei and Srivastava (2020), namely
Robust MOSS, removing the (In7T’ )ﬁ Instead, in Agrawal et al. (2021), the authors propose
KL;,+—UCB attaining an asymptotically-optimal instance-dependent upper bound, highlighting

the dependence on the instance with the KL-divergence, similarly as Garivier and Cappé (2011)
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for non-heavy-tailed bandits. These algorithms, however, require the knowledge of € and u, i.e.,
they are non-adaptive.* In Ashutosh et al. (2021), the authors show that adaptivity comes at a cost
in both subgaussian and heavy-tailed bandits. In particular, logarithmic instance-dependent regret
is unachievable when no further information on the environment is available. They introduce two
algorithms, namely R-UCB-TEA and R—UCB-MoM, exploiting the TM and the MoM estimators,
respectively. Although, in principle, they do not require the knowledge of € or u for execution,
logarithmic regret cannot be achieved but only approached with arbitrary precision. Moreover,
the bounds hold only for a learning horizon 7' larger than a threshold depending on € and u. No

worst-case analysis is presented.

The closest work to ours is Huang et al. (2022) where the authors introduce the adversarial
heavy-tailed bandits, in which an adversary chooses HT distributions for the losses. They first
introduce the truncated non-negativity (analogous to our Assumption 6 for rewards) representing,
to the best of the authors’ knowledge, the only assumption not explicitly related to € and w.
Three algorithms are provided: HTINF, Opt HTINF, and AdaTINF, all analyzed under this
assumption. HT INF requires knowledge of both € and u and it is nearly optimal. Differently,

both Opt HTINF and AdaTINF are (€, u)-adaptive. However, the instance-dependent bound
w2 )1/6

2—e¢
Ai

scales with 7°z°, both failing to match the lower bounds of the non-adaptive setting. Finally, the

of Opt HTINF exposes an inconvenient dependence on ( and the worst-case bound

worst-case bound of AdaT INF matches the non-adaptive lower bound. However, the authors
show that no logarithmic instance-dependent regret can be obtained by AdaTINF. Finally,
Lee et al. (2020) introduces the APE? algorithm, adaptive in u, that, unfortunately, does not
achieve logarithmic instance-dependent regret that, instead, scales with T+ InT and displays
an inconvenient exponential dependence €. A modified version of this algorithm, namely
MR-APE?, introduced in Lee and Lim (2022), succeeds in removing the polynomial dependence

on T, now poly-logarithmic (InT) =, but maintains the dependence on e".

4.1.3. Minimax Lower Bounds for Adaptive Heavy-Tailed Bandits

In this section, we address Research Question 1, by analyzing the challenges of the (e, u)-adaptive
regret minimization problem, i.e., without the knowledge of € and u. We start by revising the
minimax regret lower bound derived in Bubeck et al. (2013a) for the non-adaptive case, i.e.,
when € and u are known (Theorem 24). Then, in Section 4.1.3, we provide two novel negative
results showing that achieving the same worst-case regret guarantees when either « (Theorem 25)

or € (Theorem 26) are unknown is not possible. > Finally, in Section 4.1.3, we derive a new

*The truncated mean requires the knowledge of € and u in the construction of the expected reward estimator too.
SWe remark that from the instance-dependent regret perspective, a negative answer to the possibility of achieving
logarithmic regret with adaptive algorithms for heavy-tailed bandits has been already provided in (Ashutosh et al.,
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minimax regret lower bound under the truncated non-positivity (Assumption 6), illustrating how,

even in the non-adaptive case, this assumption does not lead to smaller regret lower bounds.

Let us start by recalling the minimax regret lower bound for the non-adaptive case.

Theorem 24 (Minimax lower bound — non-adaptive, Bubeck et al. (2013a)). Fix € € (0, 1] and
u = 0. For every algorithm , sufficiently large learning horizon T € N, and number of arms
k € Nso, it holds that:

sup  Ry,p(m) = cokt (ul) =

I/E’PHT(e,u)k

4.3)

where cy > 0 is a constant independent of u, €, k, and T'.

This result shows how the dependency on 1" deteriorates as € approaches 0 and, instead, when the
variance is finite, i.e., ¢ = 1, the lower bound displays the same order as the one for stochastic

MABs with subgaussian rewards (Lattimore and Szepesvari, 2020).

Negative Results about Adaptivity

We now move to our negative results about the possibility of matching the minimax regret lower
bound of the non-adaptive setting using (e, u)-adaptive algorithms. The following result shows
that any u-adaptive algorithm cannot achieve the same regret as in the non-adaptive case in
Theorem 24.

Theorem 25 (Minimax lower bound — u-adaptive). Fix € € (0,1]. For every algorithm T,

sufficiently large learning horizon T' € N, and number of arms k € Nx,, it holds that:

R,
sup  sup ﬁzﬂb. 4.4)

u=0 IIEPHT(E’u)k u17+6

More precisely, for every v’ = u = 0, under the same conditions above, there exist two instances

v € Pyr(e,u) and v' € Pyr(e, u') such that:

!/ 662 1
A Rv,TI(W) Ry T( ) > ¢ (ﬂ) (o T, (4.5)
ul+e ( ) u

where ¢y > 0 is a constant independent of u, v/, and T.

Some remarks are in order. First, let us observe that for proving the negative result, we have
studied the ratio R, r(7)/uT+<. Indeed, if there exists a u-adaptive regret minimization algorithm

matching the lower bound for the non-adaptive case (Theorem 24), this ratio would not depend

2021, Theorem 1). Thus, our focus is on the minimax regret perspective.
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on u anymore. It is convenient to start commenting on Theorem 25 from the lower bound in
Equation (4.5). Here, we show the existence of two heavy-tailed bandit instances v and v/,
characterized by the same moment order € but possibly different moment bounds v’ > wu, for
which any algorithm suffers (apart from constants) a regret that preserves the dependence on
T but introduces a dependence on the ratio u'/u. Since we can make the ratio arbitrarily large
by varying u, u’ € R, we conclude the statement in Equation (4.4) showing that the minimax
lower bound degenerates to infinity. This shows that, with no additional assumptions, there exists

no u-adaptive algorithm matching the lower bound for the non-adaptive case (Theorem 24).

We now present the counterpart negative result concerning adaptivity to the moment order e.

Theorem 26 (Minimax lower bound — e-adaptive). Fix u = 1. For every algorithm 7, sufficiently
large learning horizon T € N, and number of arms k € N, it holds that:

R%T(’ﬂ')

sup  sup 2T s 0T, (4.6)
ee(0,1) vePyr(e,u)k T Tre

More precisely, for every e, € € (0, 1] with € < ¢, under the same conditions above, there exist

two instances v € Pyr(e, u) and V' € Pyr(€, u) such that:

R,r(m) R s _e=h)
max "’Tl( ), V/’Tl( ) > T (Ha+H? 4.7)
T+ T+

where ¢ > 0 is a constant independent of €, €, and T.

Differently from Theorem 25, here we target the ratio R, r(7)/T T+ for deriving the negative
result. Indeed, having fixed uv = 1, if an e-adaptive algorithm exists matching the lower bound
of Theorem 24, then, the considered ratio would not depend on 7" anymore. Starting from the
lower bound of Equation (4.7), we observe that there exist two instances v and v/, with € and €
as moment orders, for which the ratio is lower bounded by a function dependent on 7. Since
€ = €, the exponent to which 7' is raised is non-negative and, consequently, the lower bound is a
non-decreasing function of 7'. By letting € and €’ range in [0, 1), we obtain the minimax bound
of Equation (4.6), displaying a gap of order T't6, which is attained by taking e = 1 and ¢ = 1/3.
This result shows that there exists no e-adaptive algorithm able to suffer the same regret as in the

non-adaptive case of Theorem 24.

Combining Theorem 25 with Theorem 26, we conclude the non-existence of an (e, u)-adaptive
algorithm suffering the same regret guarantees as in the non-adaptive case. It is worth noting
that the constructions employed for deriving the lower bounds presented in this section violate

Assumption 6.
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Minimax Lower Bound under Assumption 6

The results presented above show that, if our goal is to match the worst-case bound of the
non-adaptive case of Theorem 24, we surely need to enforce additional assumptions. Huang
et al. (2022) succeeds in this task by using the truncated non-positivity assumption (or more
precisely, its dual version for losses). We may wonder whether enforcing Assumption 6 radically
simplifies the problem. In the following, we show that this is not the case, by deriving a novel
minimax lower bound for the non-adaptive case under this assumption of the same order as that
of Theorem 24.

Theorem 27 (Minimax lower bound under Assumption 6 - non-adaptive). Fix € € (0, 1] and
u = 0. For every algorithm w, sufficiently large learning horizon T’ € N, and every number of
arms k € Nxo, it holds that:

€ 1
sup Ry, r(m) = cskT+e (uT') T+, (4.8)
I/E’PHT(e,u)k
v fulfills Assumption 6

where c3 > 0 is a constant independent of u, €, k and T..

Since (z) achieving the regret of Theorem 24 without further assumptions is not possible (The-
orems 25 26) and (7¢) Assumption 6 does not change the complexity of the non-adaptive case
(Theorem 27), it makes sense to search for adaptive algorithms matching Theorem 24 under

Assumption 6.

4.1.4. Trimmed Mean Estimator with Empirical Threshold

In this section, we present our novel trimmed mean with empirical threshold estimator, in which
the threshold is computed from data. The trimmed mean estimator (Bickel, 1965), common in
heavy-tailed statistics, cuts off the observations outside a predefined interval [— M, M| with M >
0, named trimming threshold. Given a set of s € N3 i.i.d. random variables X = { X, ..., X},

with expected value ;o := E[ X} ], the trimmed mean estimator with threshold M is defined as:
~ 1
s (X3 M) 1= = 3L X1 1y (4.9)
jels]

The following result shows that, under truncated non-positivity (Assumption 6), it is possible to
design an upper confidence bound on y based on the trimmed mean estimator /i,(X; M) that

can be computed with no knowledge of € and u, depending only on the trimming threshold M .

Lemma 28 ((¢, u)-free Upper Confidence Bound). Let 6 € (0,1/2) and X = {X1,..., X} bea
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set of s € N>y i.i.d. random variables satisfying X1 ~ v € Pyr(e, u), p = E[X;], and M > 0
be a (possibly random) trimming threshold independent of X. Then, under Assumption 6, it
holds that:

2V(X; M) Ino—t N 10MInd—!

S S

P(u—ﬁs(X;M) <\/ )21—25, (4.10)

where Vi(X; M) is the sample variance of the trimmed random variables, defined as:

1

S —

Vi(X; M) =

1 Z (X5 1qx,<ny — As(X5 M) (4.11)

jels]

The result is obtained by applying the empirical Bernstein’s inequality (Maurer and Pontil, 2009)
and it is a one-sided inequality because of the nature of Assumption 6. From an algorithmic
perspective, this enables us to build an optimistic index that does not require knowing the values

of € and u and represents the essential role of Assumption 6 in our AdaR—-UCB algorithm.

The next step consists of computing the trimming threshold M in a fully data-driven way.
Notice that the trimming threshold in Robust UCB (Bubeck et al., 2013a) is selected thanks

~ 1
to the knowledge of € and u as M(J) = (lan;—s_l) '+<. Instead, we follow a procedure similar

to that of Wang et al. (2021) for Huber regression, and we estimate an empirical trimming
threshold via a root-finding problem. Specifically, given a set of s € N 1.i.d. random variables
X' = {X{,..., X!} (independent of X), the empirical threshold M, (0) is the solution of the

equation:®
1 min{(X’?)? M?} c¢lnd?
fo(X'; M, 6) ::EZ ]\22 -— =0 (4.12)
Jels]

where ¢ > 0 is a hyperparameter that will be set later. If the number of non-zero samples X7 is
sufficiently large, i.e., Zje[s] 1 X/#0) > clnd=! (see Pr(lgosition 59 for details), Equation (4.12)
admits a unique positive solution, that we denote as M,(d).” A reader might notice that we
are solving the “sample version” of the “population version” equation E[f;(X'; M, )] = 0.
Denoting with M,(§) the solution (when it exists) of this latter equation, we can establish a
meaningful relation between M(d) and the threshold ]\78(6) used by Robust UCB (Bubeck

The sets X and X' are chosen to have the same cardinality s to provide more readable results.
7An efficient algorithm for solving Equation (4.12) and its computational complexity analysis are reported in
Appendix D.3.
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et al., 2013a):

clnd™! = E[min{(X})?/M,(6)* 1}] < E[| X" ] M,(6) ' (4.13)
— M,(6) < (%)ﬁ = L), (4.14)

In practice, however, we cannot solve the “population” equation E[ f(X’; M, d)] = 0 and we
need to resort to the “sample version”, delivering ]\//75(5 ). The following result shows that ]/\4\5(5 )

behaves (in high probability) analogously to M(d), for a suitable choice of c.

Theorem 29 (Bounds on M, (5)). Let § € (0,1/2) and X' = {X1,..., X} be a set of s € N3
i.i.d. random variables satisfying X| ~ v € Pyr(e, u), and let ]\/ZS (0) be the (random) positive
root of Equation (4.12) with ¢ > 2. Then, if]T/[\S((S) exists, with probability at least 1 — 20, it
holds that:

,In

-1
d . (4.15)

S

M,(5) < <(\ﬁ_ J%an(;l)lie and P <|X1| > ]\78(6)> < (Ve ++/2)

The proof relies on the concentration inequalities for self-bounding functions (Maurer, 2006;
Maurer and Pontil, 2009). By selecting ¢ > (1 + /2)?, we have that, with probability 1 — 24,
the empirical threshold M, (0) is smaller than ]\75(5), used in Robust UCB. Furthermore, in
Bubeck et al. (2013a), the particular form of the deterministic threshold M, (0) allows the authors

to apply Bernstein’s inequality and obtain a concentration bound explicitly depending on € and

“

We now show that using the random threshold M\S((S), instead, still allows achieving analogous

(Lemma 1):

1

N ~ In—1\ ™
71s(X: ML(8)) = g < duTe >1- 95, 4.16)

S

guarantees with just a slightly larger constant.

Theorem 30 ((¢, u)-dependent Concentration Bound). Let § € (0,1/4), X = {Xi,..., X},
and X' = {X{,..., X{»} be two independ/e\nt sets of s/2 € Ny i.i.d. random variables satisfying
Xy ~ v € Pyr(e,u), u = E[X;], and let M,(0) be the (random) positive root of Equation (4.12)
with ¢ = (1 + /2). Then, if]/W\s(é) exists, it holds that:

"(

First, we notice that, at the price of a slightly larger constant, this concentration bound displays

—~

=N 1 Iné! THe
74(X; ML(6)) — u‘ < SuTH > 1 40, 4.17)

S

the same behavior as that of Equation (4.16). However, remarkably, our estimator is fully
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data-driven as the trimming threshold ]\/4\5(5) is computed from dataset X' (i.e., half of the
available samples) with no knowledge of ¢ and u. Second, differently from Lemma 28, this is a
double-sided inequality and holds even without Assumption 6. From a technical perspective, this
result is proved by resorting to Bernstein’s inequality and Theorem 29 to control the values of
the estimated threshold M\s(d ).

Summarizing, we conclude that the trimmed mean estimator fis(X; M, (0)) with the empirical
threshold ]\/4\8(5 ) fulfills two important properties: (7) under Assumption 6, it enjoys an upper
confidence bound that is fully empirical and (¢, u)-free (Lemma 28). This bound will be
used in the implementation of the AdaR-UCB algorithm; (i¢) it enjoys (up to constants) the
same concentration properties as the truncated mean with the (e, u)-dependent threshold M, (0)
(Theorem 30). This bound, instead, will be used in the analysis of the AdaR—-UCB algorithm.

4.1.5. An (¢, u)-Adaptive Approach for Heavy-Tailed Bandits

In this section, we address Research Question 2 by presenting Adaptive Robust UCB
(AdaR-UCB, Algorithm 10), an (¢, u)-adaptive anytime regret minimization algorithm able to
operate in the heavy-tailed bandit problem with no prior knowledge on € or u, and providing its

regret analysis.

The AdaR-UCB Algorithm

AdaR-UCB (Algorithm 10) is based on the optimism in-the-face-of-uncertainty principle, and
built upon the Robust UCB strategy from Bubeck et al. (2013a) leveraging the estimator
presented in Section 4.1.4. AdaR-UCB keeps track of the number of times every arm i € [k]
has been selected V;(7) and maintains two disjoint sets of rewards X;(7) and X/(7) (line 1).
Specifically, X! (7) will be employed to compute the empirical threshold, while X;(7) for the
trimmed mean estimator. The algorithm operates over |7'/2| rounds, indexed by 7, and, in
every round 7 € |7'/2], it collects two samples from the selected arm I, (the time index is
t = 27). Specifically, AdaR-UCB first computes the upper confidence bound index B;(7) for
every arm ¢ € [k]. If the condition for the existence of the positive root of Equation (4.12) is
not verified (line 4), the index B;(7) is set to +c0 (line 5), forcing the algorithm to pull arm 4.
Instead, if the condition is verified, the empirical threshold is computed M, (1) < M, Ni(r—1) (T72)
(line 7) according to Equation (4.12) with ¢ = (1 + +/2)? using the dataset X/(7 — 1) and

selecting § = 773

. Then, the algorithm employs it (line 8) to compute the trimmed mean
estimator [i;(7) <« [in,r—1)(Xq(7 — 1); ]\//Z(T)) (as in Equation 4.9) and variance estimator
Vi(T) — V-1 (X (T = 1); ]\//Z(T)) (as in Equation 4.11) using the samples from the other

dataset X;(7 — 1). These quantities are then employed for the optimistic index computation
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Algorithm 10: Adaptive Robust UCB (AdaR-UCB).

1 Initialize counters N;(0) = 0, reward sets X;(0) = {}, X}(0) = {} forevery i € [K], T < 1,
t <« 27

2 while 7 < |T/2| do

3 for i e [K] do

4 if Ni(r —1) = 00r Yxrex:(r—1) Lixrz0p < 41n 773 then

5 ‘ Compute the optimistic index: B;(7) = 400

6 else

7 Compute the trimming threshold: M(T) — M Ni(T,l)(T*‘O’) solving the equation
fF(Xi(r —1); M, 773) = 0 (BEq. 4.12 with ¢ = (1 + v/2)?)

8 Compute the trimmed mean estimator: fi;(7) < iy, (r—1)(Xi(7 — 1); ]/\/Z(T)) (Eq. 4.9)
and the variance estimator V;(7) < Vi, (;—1)(Xi(T — 1); ]\/4\@(7')) (Eq. 4.11)

9 Compute the optimistic index:

2Vi(r)In73 10]\2(7) In73

Bi(t) = pi(T) + Ny(r—1) + Ni(t - 1)

10 end

11 end

12 Select arm I € arg maxe[g B;(7), play it twice, and receive rewards X and X'

13 Update reward sets X (1) = Xz, (7 — 1) u {X}, Xi(7) = X;(7 — 1) forevery i # I,

) -
14 Update reward sets X’ (7) = X} (7 — 1) u {X"}, X{(7) = X{(7 — 1) forevery i # I,
15 Update counters N;(7) = |X;(7)| forevery i€ [K], 7 <« 7+ 1,t < 27

16 end

B;(7) (line 9) according to the empirical bound of Lemma 28. The optimistic arm [ is then
played twice (line 12) and the two collected samples are used to augment the reward sets X;(7)

and X/ (7), respectively (lines 13-14), and the arm pull counters N;(7) (line 15).

Regret Analysis

In this section, we provide the regret analysis of AdaR—-UCB under the truncated non-positivity
assumption (Assumption 6). Let 742%"U°E be the policy defined by AdaR-UCB. We start with

the instance-dependent regret bound.

Theorem 31 (Instance-Dependent Regret bound of AdaR-UCB). Let v € Pyr(e,u)* and T €
Ns, be the learning horizon. Under Assumption 6, AdaR-UCB suffers a regret bounded as:

C A, T
R%T(WAdaR_UCB) < Z |:(120 (Ai) + m) In 5 + 20A1:| . (418)

Some observations are in order. We notice that the dependence on € and u match the instance-
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dependent lower bound for the non-adaptive case (Bubeck et al., 2013a). Note that the trimming
threshold estimation requires in AdaR-UCB the forced exploration (line 5) and leads to the
A0 PV?TA;O) In % that grows proportionally to the suboptimality
gap A; and inversely with the probability P, (X # 0) of sampling a non-zero reward. This

additional logarithmic term )

is explained by the condition (line 4) for the existence of a positive trimming threshold that
requires a sufficiently large number of non-zero rewards. It is worth noting that for absolutely
continuous reward distributions, i.e., the ones we are interested in the heavy-tail setting, we have
P,.(X # 0) = 1. Moreover, if there is an arm i s.t. P, (X # 0) = 0, then based on Assumption 6,
this arm is considered optimal. Consequently, AdaR—-UCB achieves low regret by repeatedly
selecting this arm. In such a case, this additional regret term reduces to 24 ). A=0Ailn % a
term that was present in the regret bound of Robust UCB with the Catoni estimator too.® In
general, we are unsure whether this term is unavoidable or an artifact of our algorithm and/or
analysis. From a technical perspective, the proof of Theorem 31 follows similar steps to the
result provided by Bubeck et al. (2013a) concerning the upper bound on regret for Robust UCB,
although additional care is needed to control simultaneously the concentration of the empirical
threshold and of the trimmed mean estimator. In conclusion, this result positively answers our
Research Question 2, showing how AdaR-UCB nearly matches the instance-dependent lower

bound for the non-adaptive case.

Finally, to complement the analysis, we provide the worst-case regret bound for AdaR-UCB.

Theorem 32 (Worst-Case Regret bound of AdaR-UCB). Let v € Pyr(e, u)* and T € N, be the

learning horizon. Under Assumption 6, AdaR—-UCB suffers a regret bounded as:

, dar-UCBY < 46 k1n — T) T+ — ' _In=+ 204, ).
R, r(m ) 6( n2> (uT') T+ +Z':AZ.>0(]P)W(X7A0) o+ 0 )

This result matches the lower bound from Bubeck et al. (2013a), up to logarithmic terms.

4.1.6. Open Problems

In this paper, we studied the (e, u)-adaptive heavy-tailed bandit problem, where no information
on moments of the reward distribution, not even which of them are finite, is provided to the
learner. Focusing on two appealing research questions, we have: (z) shown that, with no further
assumptions, no adaptive algorithm can achieve the same worst-case regret guarantees as in the
non-adaptive case; (iz) devised a novel algorithm (AdaR-UCB), based on a fully data-driven

estimator, enjoying nearly optimal instance-dependent and worst-case regret, under the truncated

8We remark that this second term, although logarithmic, does not depend on the reciprocal of the suboptimality
gaps and it is negligible when 1/A; » 1 compared to the first one.
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non-positivity assumption.

Future directions include: () investigating the role of the truncated non-positivity assumption,
especially, whether weaker assumptions can be formulated; (i7) characterizing the limits of
e-adaptivity, i.e., the best performance attainable by an e-adaptive algorithm without additional
assumption; (121) understanding whether the forced exploration for the empirical threshold

computation in AdaR-UCB (and the corresponding regret term) is unavoidable.

4.2. Regret Mimimization in Piecewise-Stationary Heavy-Tailed
Bandits

Regret minimization in stochastic non-stationary bandits gained popularity over the last decade, as
it can model a broad class of real-world problems, from advertising to recommendation systems.
Existing literature relies on various assumptions about the reward-generating process, such as
Bernoulli or subgaussian rewards. However, in settings such as finance and telecommunications,
heavy-tailed distributions naturally arise. In this section, we tackle the heavy-tailed piecewise-
stationary bandit problem. We focus on the most popular non-stationary bandit setting, i.e., the
piecewise-stationary setting, in which the mean of reward-generating distributions may change
at unknown time steps. We provide a novel Catoni-style change-point detection strategy tailored
for heavy-tailed distributions that relies on recent advancements in the theory of sequential
estimation, which is of independent interest. We introduce Robust —~CPD-UCB, which combines
this change-point detection strategy with optimistic algorithms for bandits, providing its regret
upper bound and an impossibility result on the minimum attainable regret for any policy. Finally,

we validate our approach through numerical experiments on synthetic and real-world datasets.

This section presents Genalti et al. (2025), a joint project with Sujay Bhatt, Nicola Gatti and

Alberto Maria Metelli, currently under review in a specialistic venue.

4.2.1. Introduction

In this section, we focus on a broad class of problems that relaxes, at the same time, two
core assumptions of the standard MAB problem. In particular, we focus on heavy-tailed non-
stationary MABs. As in the previous section, our framework allows for a general class of
reward-generating probability distributions without relying on parametric assumptions and with
a possibly infinite variance, called heavy-tailed distributions. This setting gained popularity
over the last decade due to its applications in finance and telecommunications. Moreover, it
extends the assumption of sub-gaussian reward distributions, which is customary in the MAB

literature. In such application domains, the assumption that reward-generating distributions are
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fixed along the whole time horizon is too limiting. It is natural to consider settings, such as
finance, characterized by non-stationary processes. We address, with a single algorithm named
Robust-CPD-UCB, the problem of learning in non-stationary environments where the noise of
the observations can be heavy-tailed. We prove theoretical guarantees over the performance of
R-CPD-UCB and show that they are nearly optimal under some mild assumptions. To the best
of the authors’ knowledge, this is the first work to address the problem of regret minimization
in non-stationary bandits under infinite-variance reward distributions. In particular, we face the
technical challenge of developing the first change-point detection strategy with proven theoretical

guarantees for such types of distributions. The contributions are organized as follows:

* In Section 4.2.2, we introduce the definition of the heavy-tailed piecewise-stationary MAB
setting. We define the learning problem and introduce a lower bound on the expected regret
for this setting.

* In Section 4.2.3, we recall some notions and results from the existing literature on mean
estimation for heavy-tailed random variables and on change-point detection.

* In Section 4.2.4, we introduce Robust-CPD-UCB, an algorithm from regret minimization in
our setting. We provide theoretical guarantees on its expected regret and insights on choosing
its parameters.

* Finally, in Section 4.2.5 (and Appendix E.3), we provide numerical evaluations of the perfor-
mance of R—~CPD-UCB, comparing it with baselines from the literature on both real-world and

synthetic data.

4.2.2. Problem Formulation

In this section, we recall the definitions of heavy-tailed and piecewise-stationary bandit. Then,
we introduce the heavy-tailed piecewise-stationary bandits, the focus of this work. We formally

define the problem of regret minimization and provide a novel regret lower bound for the problem.

Bandit Settings

We formally introduce the heavy-tailed bandit setting again, but in a slightly different way from
the previous section, as we now want to deal with the centered (1 + €)-th order moment. The
difference is not much, as one can be trivially upper bounded by the other, but it becomes relevant

here to perform more natural calculations.

Heavy-Tailed Bandits. In heavy-tailed bandits Bubeck et al. (2013a), the probability distribu-
tions {v;}¥_| are heavy-tailed. In this work, we use the same definition of heavy-tailed MAB
(HT MAB, for short).
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Definition 4.1 (Heavy-Tailed MAB). Let X ~ v be a random variable with support on R. Then,

we call X a heavy-tailed random variable if it satisfies

E,[|X —E,[X]]"] <, (4.19)

fore e (0,1] and v € R*. Let v be a MAB. Then, if v € 7—[@],6), where H,¢) is the set of
probability distributions satisfying Equation (4.19), we call v a heavy-tailed bandit (HT MAB,
for short).

Note that Equation (4.19) implies that the variance of the rewards-generating distributions may
be infinite (when € < 1). Most of the technical tools employed for sub-gaussian rewards are
ineffective for HT MABs. We address readers to Genalti et al. (2024a) for a recent literature
review on HT MABs.

Piecewise-Stationary Bandits. In standard MABs, the reward-generating distributions are
assumed to never change during learning. In non-stationary bandits, instead, the reward-
generating distributions are dynamic in time, i.e., the rewards of the same arm are sampled from
different distributions depending on the pull time ¢ € [T']. However, if there is no constraint
on how many times the distributions may change, then the problem may quickly become non-
tractable. Thus, in this work, we consider the most popular non-stationary MAB setting, i.e., the
piecewise-stationary bandit (PS MAB) from Yu and Mannor (2009), where the distributions of
rewards remain constant for a certain period, called epoch, and then abruptly change at some
unknown time points, called breakpoints. We assume that the total number of breakpoints
T € [T] is fixed before the trial. We define a PS MAB as follows.

Definition 4.2 (Piecewise-Stationary Bandit). Let {v'\))} ;c(y| be a set of Y MABs. Then, let Y be
a set of timesteps {tgj)}je[y] c [T'] and call E; the set of indices {tﬁj_l), e t,(;j)}, where t°) = 0
and tgﬂ) = T, by convention. If VZ-(j ) is the reward-generating distribution of arm i € k] when

t € Ej, then ({v'9} ey, {tﬁj )} jerr]) defines a piecewise-stationary bandit (PS MAB, for short).

E; is the j-th epoch of the PS MAB, and 9 to the j-th breakpoint. To simplify notation, we
(

define ,uij )= E o [ X +] as the mean of the reward-generating distribution of action i during

epoch j. Note that the reward-generating distribution of an action is fixed during an epoch, and
so is the mean reward (and every other distribution parameter). We call (51.(j )= |/L§j ) _ ugj 71)\
the magnitude of the change in the mean of arm 7 € [k] from epoch E;_; to the next one, £;. By
convention, fy = ¢J and 52(0) = oo for every i € [k]. In Appendix E.2, we review the literature

on PS MAB:s.

Piecewise Non-stationary Heavy-Tailed Bandits. The general definition of piecewise non-

stationary MABs allows for any family of reward-generating distributions, including heavy-tailed
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ones. In this work, we deal with piecewise non-stationary bandits where the reward-generating
distributions satisfy Equation (4.19). We call this setting the heavy-tailed piecewise-stationary
setting (HTPS, for short).

Definition 4.3 (Heavy-Tailed Piecewise-Stationary Bandits). Let ({9} ¢y, {tgj ) }jerr)) be a
PS bandit. If vU) H'(“v,e) for every j € [ Y], we call it a heavy-tailed piecewise-stationary
bandit (HTPS MAB, for short). We denote the set of such HTPS MABs as B, x.), where
te = {t&}jepr)

Definition 4.3 introduces the novel bandit setting, as the intersection between HT and PS MABs.
To the best of the authors’ knowledge, this setting has not been studied in previous literature.

Learning Goal

We define Agj) as the sub-optimality gap of arm i € [k| during epoch j € [T], i.e., Al@ =
| MaXpery) /L/(j ) _ /ng )\ and N7 (t) as the number of times action 7 has been chosen during epoch
J by policy 7 up to time ¢ € [T']. The goal of a learner is to minimize the expected cumulative
regret Ry(m)°, i.e., the cumulative performance gap w.r.t. to the best policy over a learning

horizon.

Definition 4.4 (Expected Cumulative Regret). Given a policy m, we define the expected cumula-

tive regret of T as:

Ry(m) = Z Z Agj)E[Nz‘T,rj(T)]a

€[] i€[k]

where the expectation accounts for both the randomness of policy m and reward generation.

This performance index is also called dynamic regret and is the standard choice for PS MABs.

The optimal policy corresponds to choosing the best action in every epoch j € [T], i.e., i} €

arg maxe(y) ,ugj ). We also define some quantities that govern the statistical complexity of the

instance. Oy = Mie[],je(T] 5§j ) is the minimum change between any two breakpoints,
Afﬁn = min . AW Agj and AY), = mMaXe([x] Agj ) are the minimum and maximum sub-

()

optimality gap during an epoch j € [ Y], respectively. Intuitively, the smaller ¢, ;  is, the more

()

the best action. On the other hand, the larger these quantities are, the larger the regret potentially

difficult it is to detect breakpoints, and the smaller A *° ' is, the more difficult it is to distinguish

incurred with an error. When () is omitted, we refer to the quantity minimized/maximized over

all epochs.

°Differently from Chapter 2, we omitted the instance parameters from the pedices for the sake of the clarity.
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Lower Bound

In this section, we provide a lower bound to the expected cumulative regret that any policy 7

must incur in an HTPS bandit.

Theorem 4.5 (Regret Lower Bound for the HTPS Bandit Problem). For any fixed policy m, we
have

sup  Rp(m) > — (k)15 (uT) . (4.20)

veBy o 1) 25

Results of this type are known as minimax lower bounds. Indeed, the result states that, for every
policy, there exists at least one instance in which the expected regret grows at a certain rate. The
bound is consistent with the known lower bounds for the HT and PS MAB problems. Indeed, in
HT MABSs every policy has its expected regret lower bounded by Q(kT+T f) (Bubeck et al.,
2013a), while in PS MABs the lower bound is Q(\/m) (Garivier and Moulines, 2011). Thus,
Equation (4.20) is a natural combination of these two results that can be recovered by either

setting T = 1 or ¢ = 1. We refer to Appendix E.1 for the proof.

4.2.3. Technical Preliminaries

In this section, we introduce the technical tools we employ in our proposed solution. First,
we discuss the mean estimation for HT random variables and describe the Caroni estimator.
Then, we formalize the change-point detection (CPD) problem and discuss a technique based on

confidence sequences.

Mean Estimation for Heavy-Tailed Random Variables with Catoni Estima-

tor

Mean estimation for HT variables can be quite a delicate task. Empirical mean has been proved
to achieve a sub-optimal concentration (Bubeck et al., 2013a). However, alternative estimators
enjoying optimal rates have been proposed. We focus on the elegant Caroni estimator (Catoni,
2012), defined using a Catoni-type influence function ¢ : R — R. The Catoni estimator /i.. for a

sequence of variables { X;}"_, is the solution of:

n 1+e
Zgzﬁe(/\i(Xi — 1)) =0, where ¢.(z) = log <1 + |x| + |1$|+ > : (4.21)
i=1 €

and {\;}"_, is a predictable process. Remarkably, for a proper choice of {\;}7_,, this estimator

enjoys an optimal concentration of order O ( (%) ?> with probability 1 — ¢ Bhatt et al.
(2022a).
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Confidence Sequences and Change Point Detection

The PS MAB is often addressed by resorting to change-point detection (CPD) strategies, e.g.,
CUSUM-UCB (Liu et al., 2018). The idea is to actively adapt to environmental changes and
tackle the problem as a sequence of stationary MABs. These strategies are often restricted to
sub-gaussian rewards and do not scale on heavy-tailed variables. We propose an alternative

approach to tackle this family of problems using a CPD strategy based on confidence sequences.

Confidence Sequences. Suppose {X;},cy ~ P for some P € P* where P* is the set of
distributions on | [,. R such that E[X;|F,_,] = u for each ¢ € N, where F,_ is the filtration. A
confidence sequence (CS) for the mean is a sequence of confidence intervals {CI,;};cn holding at

arbitrary data-dependent stopping times. Formally:

P(VteN* : peCL)>1-1. (4.22)

The random intervals {CI, },n-+ that satisfy property (4.22) are called (1 — )-CS, where 1 — v
is the confidence level. For a CS defined on R, we formally introduce its width after ¢t samples

defined as w(t, P,) = sup,, .ecr, |11 — p2| < w(t, P,v), forall P e P* and v € (0, 1].

Change-Point Detection. Consider a data-generating process composed of infinitely-countable
distributions { P, },cy and let ¢, > 1 be an unknown breakpoint, i.e., P, = P, for every t < ¢,
and P, = P, for every t > t.. The goal of a CPD algorithm is to detect, as soon as possible
after ¢., that a change in the data-generating distribution happened. In other words, given the
(stochastic) stopping time 7 € N in which the CPD system detects a change, the objective is to
minimize the detection delay E, [T — t.|, where the expectation [E;, is taken over an environment
having a change-point after ¢. rounds. A trivial CPD system yielding a signal at every round
would minimize this quantity. On the other hand, we also desire to reduce the false alarm rate
(FAR), i.e., the probability that a signal is produced when no change happens. This translates into
minimizing P, (7 < o), where [P, is the probability measure of the environment where there
is no change-point. Moreover, the average run length (ARL), defined as E[7], represents the
expected number of rounds before a change is erroneously detected. However, when ARL is too
large (e.g., the trivial CPD that never yields a signal), the system is too conservative, impacting
the detection delay. This highlights a crucial trade-off between detection delay and ARL. Recent
literature (Shekhar and Ramdas, 2023b,a) shed light on the possibility of reducing CPD to a
sequential estimation, i.e., producing sequential testing via confidence sequences. We focus
on the repeated-FCS—-detector framework, introduced in Shekhar and Ramdas (2023a).
repeated-FCS—detector is a meta-algorithm that requires a CS computation strategy and

uses it as a black-box tool, defined as:
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Definition 4.6 (repeated-FCS-detector, Shekhar and Ramdas (2023a)). Let {X;}n be
a sequence of observations. At every round t, we receive a new sample X, and initialize a
new (1 — ~)-CS for the mean CS® := {Clg)}n%, formed using samples X;, X;,1, Xi12, and
onwards. Moreover, we update all previously initialized CS {CI(i)}Kt using X;. We define the

stopping time, T, as the first time at which the intersection of all initialized CS becomes empty,
ie, 7 = infen{._, CS™ = &}.

Provided an oracle capable of computing a (1 —+)-CS at every round, this strategy is distribution
agnostic, as it requires no additional information about the data-generating distribution nor the
change point. In Shekhar and Ramdas (2023a), theoretical guarantees on both the ARL and
the detection delay of repeated-FCS—-detector are provided expressed in terms of the
width of the (1 — +)-CS provided to the detector. We now report the theoretical guarantees of
repeated-FCS—detector.

Theorem 4.7 (Guarantees of repeated-FCS—detector, Shekhar and Ramdas (2023a)).
Consider a CPD problem with observations { X, }ien i.i.d. from Py € P fort < t.and from P, €
PH fort > t.. Let § := |1 — po|- Suppose we can construct (1 — v)-confidence sequences with
pointwise width w(t, Py, ) and w(t, Py, ~y) for pre- and post-change mean, respectively. Then, we
have: (i) When there is no changepoint, the repeated-FCS—detector satisfies E,[T] = %
(ii) Suppose t. < oo and large enough to ensure that w(t., po,y) < 0. Introduce the event £ =
{po € N2, C’]t(l)}, and note that P(E) = 1 — 7 by construction. Then, for v € (0,0.5), we have

Ete [(T - tC)+‘5] < %ﬁlm’ where U()(/Lo, M1, tc) = minneN{w(n7 K, ’Y) + w(tca Ko, 7) < 5}

Point (i) provides a lower bound on the ARL of repeated-FCS—-detector, while (i1) upper
bounds the expected detection delay. While ARL only depends on the desired confidence level,
the detection delay depends on the width of the CSs. Indeed, the width of the CS must decrease
fast enough to make the change detectable. This assumption is standard in CPD, as enough

samples before the change are needed to model the null hypothesis correctly.

4.2.4. Robust Regret Minimization in Piecewise-Stationary Heavy-Tailed
Bandits

In this section, we describe our strategy for regret minimization in HTPS MABs. We start by
providing a CPD strategy suited for heavy-tailed random variables together with its theoretical
guarantees. Then, we leverage this tool to build a meta-algorithm named Robust-CPD-UCB,
which uses a regret minimizer for the stationary setting and the CPD strategy to tackle non-

stationarity.
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Catoni-FCS—-detector

We start by introducing a novel CPD strategy for HT random variables, which we name Catoni-
FCS—detector, basedona repeated-FCS—detector using a special type of CS. We can

define Catoni-FCS-detector as a special instantiation of repeated-FCS—-detector.

Definition 4.8 (Catoni-FCS-detector). An instance of repeated-FCS—-detector is
a Catoni-FCS-detector ifthe (1 — 7)-CS {CI}iey is defined as:

t t
CI = {m eR: Y d(N(X;—m)) e [¢ gz At £ log (%)] } (4.23)
=1

i=1
where ¢, is the Catoni-type influence function (Equation 4.21).

From now on, we call Catoni CS the confidence sequence defined as in Equation (4.23). Catoni
CS have been introduced for the first time in Wang and Ramdas (2023). While a Catoni CS does
not admit a trivial closed-form representation, it can be proven (see Appendix E.1) that Equation
(4.23) represents a proper (1 — )-CS for the mean, attaining an optimal width (Bhatt et al.,
2022a). Touse Catoni-FCS—-detector in a bandit problem, however, we need specific types
of guarantees, different than the ones provided for the general repeated-FCS-detector
framework. We now provide two novel contributions of independent interest. First, we show
how the width of the Catoni CS can be narrowed further w.r.t. to the one presented in previous
works in the case of infinite variance. Second, we provide a finite-time bound on the detection

delay of Catoni-FCS-detector, a crucial property for using a CPD in a bandit.

Proposition 4.1 (Detection Delay of Catoni-FCS—-detector). Consider a CPD problem
with observations {X;}ien drawn iid. from Py € Hc, n P" fort < t. and from P, €
Hew 0P fort > t.. Let 6 = |uy — po|- Suppose that there exists a known upper bound

T of the change point (t. < T). Let n,,;, = 68 log(T%) and suppose t. = N, large

2
3"

s.t. Catoni—-FCS—detector enjoys (i) P, ((T —t)t <O <U%%§>> > 1— & and (i)

Ptc (T < tc) < %

enough s.t. w(t., Py,7vy) < g. Set v = Then, there exists a predictable sequence {\;}!_,

We point out the importance of this specialized result. Since the guarantees of Theorem 4.7
are very general, this result is aimed at providing a finite-time, high-probability bound on the
detection delay when using Catoni CS. In particular, we make the term wug(j0, i1, t.) from
Theorem 4.7 explicit by using the properties of Catoni CS. Due to space reasons, the proof is
postponed to Appendix E.1. Note that the rate of this detection delay cannot be improved as the
lower bound for the detection delay of any distribution change is Q(log(y~')) (Lorden, 1971),
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Algorithm 11: Robust-CPD-UCB

Input :Number of actions &, time horizon 7', uniform exploration 7, a policy ;.
Initialize t < 0,¢' «— 0, N;; < 0 Vi€ [k].
Set v « %
fort e [T] do
if ' mod |k/n| < k then
Select and play I; < ¢ mod |k/n].
else
Update 75 with the history of the last ¢’ rounds.
Select and play I; according to 7.
Receive X; and update Ny, 4 < Ny, ¢+ + 1 and t—t +1.

if th,t = Nynin then

Start a new (1 — ~)-CS CS%I) for action I3, according to Equation (4.23).
if 3a,b e [t'] : €S n CSY) = & then

Resett’ «— 0, N;; < 0 Vi€ [k].

Remove all initialized CS.

where ~y the confidence parameter that we set to O(1/T"). Moreover, the dependencies on 4,
¢ and v may also be tight, as they embed the log-likelihood ratio of the test for the means of
heavy-tailed random variables. We leave the answer to this question for further investigations.

We conclude this section with two important remarks.

Remark 9 (Comparison with Existing CPDs). Catoni-FCS-detector is, to the best of
authors’ knowledge, the first CPD strategy for the mean of HT random variables with infinite
variance enjoying such guarantees. Thus, we consider our analysis an interesting standalone
contribution. In bandit literature, however, many CPD strategies have been employed (e.g.,
CUSUM (Liu et al., 2018) and GLR Test (Besson et al., 2022)). However, they do not cover
the HT scenario and often rely on strong parametric assumptions on the sample-generating

distribution, e.g., only working on Bernoulli variables.

Remark 10 (On the a priori knowledge of Catoni-FCS—detector). Catoni-FCS-detector

does not rely, in principle, on any prior knowledge of the magnitude of the change or on the
means. The confidence parameter -y is set based on the time horizon T, which is standard in

MABs. Moreover, the sequence {\;}!_, can be set in advance for every t € [T, only relying on
the knowledge of T..

Robust-CPD-UCB

In this section, we introduce Robust—-CPD-UCB (R-CPD-UCB for short, Algorithm 11),
an algorithm for PS HT bandits. R-CPD-UCB actively adapts to the changes in the reward-

generating distribution. The algorithm has three components: (1) a sub-algorithm suited for
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the stationary HT MAB problem, that aims to minimize the regret in the stationary segments,
we call this policy 7,; (2) the Catoni-FCS—detector strategy for CPD; and (3) a cyclic
uniform exploration that ensures the availability of enough samples for every action to perform
the CPD test. Algorithm 11 proceeds as follows: roughly every |k/n| rounds it tries all the
actions once (lines 4-5), this ensures that CPD can happen efficiently even when underrepresented
actions in the history are the only ones changing. In the other rounds, a bandit sub-routine (e.g.,
Robust-UCB) plays according to all the history since the last reset (lines 8-9); once the new
reward is obtained, it is fed to the Catoni-FCS-detector that verifies if a change point

occurred (lines 12-14), in this case, everything is reset (line 15-16).

Remark 11. (Connection to Monitored-UCB from Cao et al. (2019)) Robust—-CPD-UCB
borrows the idea of cyclic uniform exploration from the Monitored—-UCB Cao et al. (2019).
Moreover, as most of the algorithms for the PS setting, ours share the usage of a stationary
bandit sub-routine. However, a crucial difference relies on the type of CPD strategy employed.
Monitored-UCB leverages a sliding-window type of CPD strategy that checks if the average of
the first half of the sliding-window is significantly different from that of the second half. This type
of CPD strategy requires two hyper-parameters, the window size and the threshold, respectively.
Tuning these parameters may be difficult, even though, in practice, the algorithm works well
even under misspecification. Finally, Monitored—-UCB only deals with rewards bounded in
[0, 1], while Robust -CPD-UCB deals with HT rewards.

Remark 12. (Priori Knowledge of R—CPD-UCB) Algorithm 11 receives as inputs the time
horizon T, the uniform exploration coefficient 1, and a regret minimizer for the stationary setting
s only. Assuming that it is possible to choose a regret minimizer that does not require additional
parameters other than T’ (which is, as we will show in the next section, rather natural), then the
only knowledge that R—CPD—UCB requires on the environment is the time horizon T. Thus, in
principle, our algorithm requires knowledge of 'T" only. In practice, this property ensures that no

tuning must happen.

Theoretical Guarantees of Robust-CPD-UCB

As customary in the literature of PS MABs, we introduce a technical assumption regarding the

length of any epoch ensuring that exploration is frequent enough to detect for every action.

Assumption 4.9. For every epoch j € [Y], let S’,ngn
€ O, O, ~<J) O,
length and L; = 6(236)%051 dt g((;{i”“)"l)Irl g(T). The learner can select 1) such that, for every

j €[ Y], it holds that |E;| = 21, + 2| Ljk/n).

= min{6Y. Y 6Y) 1V and let |E;| be its

m

This assumption ensures that proper learning can be performed in such an environment Indeed,
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we enforce that every epoch j € [T] is large enough so that, due to the forced exploration only,
the algorithm chooses every action at least L; times. This kind of assumption is ubiquitous
in the piecewise-stationary bandits literature. Notable examples include Assumptions 4 and
7 in (Besson et al., 2022), Assumptions 1 and 2 in (Cao et al., 2019) and Assumption 1 in
(Liu et al., 2018). Some are equivalent to ours, while others are neither weaker nor stronger.
Alternative assumptions, such as the monotonicity of the mean change, also allow for theoretical
tractability, e.g., Assumption 1 in (Seznec et al., 2020), which forces expected rewards to evolve
in a decreasing manner. Note that Assumption 4.9 is a technical assumption aimed at the
theoretical analysis of the algorithm. Algorithm 11 can operate regardless of this assumption, as

shown in Section 3.1.6. We are now ready to present our main result.

Theorem 4.10 (Regret Upper Bound of R-CPD-UCR). Under Assumption 4.9, R—~CPD-UCB

suffers an expected cumulative regret bounded as:

R-CPD-UCB Ve log( ) [ % b ™ (
RT <7T ) <0 Z +e max Z R
] 1( 5(] ) € 77 izl
~" v
(a) Detection Delay Contribution (B) Stationary Pohcy Regret  (C) Uniform Exploration

T
(BN + 135,50, )

=1
-

>

(4.24)

The regret can be decomposed into three contributions due to: the detection delay (part (A)), the
regret-per-epoch of the stationary policy (part (B)), and the rounds of uniform exploration (part

©).

Uniform Exploration Trade-off. The uniform exploration parameter 7 appears in both (A)
and (C). Setting aside part (B), it is clear that 1) creates a trade-off between these two: the larger
7 is, the quicker the algorithm can detect a change, and the smaller is (A); on the other hand,
excessive uniform exploration inflates the regret of R—~CPD-UCB and the contribution from (C).
Finding the optimal value for 77 would require extensive prior knowledge, which is, in general,
not available. A good trade-off is to set 7 \/W which impose both (A) and (C) to be
O(\/ﬁ ). However, it is possible to define a forced exploration strategy that does not require
any knowledge of T, making the algorithm more versatile while keeping the same order of
performance. In particular, we can leverage the methodology developed in Besson et al. (2022)

and obtain the following result. Let {n;} ey where n; = 19~/ jk log(T)/T for some 75 > 0 be
an increasing sequence. R—CPD-UCB using 7);;1 after the j-th detection satisfies:

A/ kYT log(T
A <! O D) N s (©) < /R + DT 1og (DA (425)

NoOmin ©
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1+e

Note that, if d,,;, is known, setting 1o = d, .2 can further reduce the regret bound.

Choosing ;. The choice of the inner regret minimizer 7, determines the magnitude of part
(B). The best choice is to select a policy that has a regret upper bound matching the known
lower bound of Q(k:lTeTﬁe) We can instantiate R—-CPD-UCB using the Robust UCB policy
with median-of-means estimator from (Bubeck et al., 2013a, Section 2.2). As a result, we get
the following bounds. Let 7, be the Robust UCB policy with median-of-means estimator
(Bubeck et al., 2013a, Section 2.2). Under Assumption 4.9, R—~CPD-UCB suffers an expected

cumulative regret bounded as:

E[RTI.R—CPD—UCB(T)]<O<(A)+ZT] Z U%10g<|EJ|) + (C)) (4 26)
S AL ' '

N (A7)

o )
v

(B1) Robust UCB Regret (Instance Dependent)

(G) \iFe
Moreover, if log(|E;|) > % for every je[Y], we have:

Ry (P70 < O((A)+ (k)T (vT) T + (C)). 4.27)

- /
~

(B2) Robust UCB Regret (Instance Independent)

Equation (4.26) is a direct consequence of Theorem 4.10 and Theorem 3 of Bubeck et al.
(2013a). Equation (4.27) follows from Theorem 4.10, Proposition 1 of Bubeck et al. (2013a), and
Jensen’s inequality. Robust UCB enjoys both instance-dependent and instance-independent
guarantees: part (B;) depends on the sub-optimality gaps Agj ) and the individual lengths of the
epochs, while part (B,) does not, as it accounts for a worst-case scenario of the sub-optimality
gaps. We can now combine all and get the following.  Let 7, be the Robust UCB policy
with median-of-means estimator from (Bubeck et al., 2013a, Section 2.2). Let {7, },en where
n; = UO\/W for some 79 > 0. Under Assumption 4.9, R—-CPD-UCB using 7,4 after
the j-th detection suffers an expected cumulative regret bounded as:

R (-ceo-uce) O(vm/kTTlog(T) A Mvélolg (T/T))'

(4.28)

Tte max 1

7705mm € A<

min

1+e€

Moreover, if log(|E;|) > 3<A$7]121x) z

we have:

1+e€
€

v« forevery j € [Y],andd 5 > ST (Yk/T) e log(T),

min

R (e C0UBY < O( (KY) e (vT) 5 ). (4.29)
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Equation (4.28), depends on both the minimum mean change 9,,;,, and the extreme sub-
optimality gaps A,.;, and A,,.., along the whole trial. We consider this bound an instance-
dependent guarantee over the performance of R—-CPD-UCB. Equation (4.29), instead, does
not contain any of these quantities. The second assumption fundamentally states that 9,,;,
can be assumed to be a constant w.r.t. the other quantities, in particular 7". In this case, an
instance-independent bound can be obtained. Equation (4.29) matches, up to constants, the lower
bound presented in Theorem 4.5. Thus, if we focus on the dependence on 7', T, v, and £ the

performance guarantees of R—~CPD—-UCB are nearly-optimal.

4.2.5. Numerical Evaluation

We now provide a numerical evaluation of Robust-CPD-UCB (74 chosen as Robust UCB
with median-of-means estimator). We refer to Appendix E.3 for additional details and experi-

mental campaigns.

Casting Real-World Data to HTPS MABs

We model a real-world scenario as an HTPS MAB and, then, we leverage a real dataset to
generate an HTPS MAB instance on which R—-CPD-UCB is tested. Setting. We consider the
problem of profit maximization in financial trading. As pointed out by Panahi (2016), financial
data exhibit heavy tails. A financial application of HT MABs is identifying the most profitable
cryptocurrency among k options. In fact, at the start of each day, an investor would like to invest
a share of their money in the cryptocurrency with the highest closing price. This very same
application has been studied, for example, in Yu et al. (2018) and Lee and Lim (2022), both
in the context of HT MABs. We use the same dataset (Kaggle link) employed in Lee and Lim
(2022). In Figure 4.1, we report the closing prices of four selected currencies among the top
ten by market capitalization, along with a piecewise-constant fit of the data that minimizes the
squared error. We observe two things: first, the piecewise constant approximation is a better
fit than any constant approximation (in the previous works on HT MABs, the reward from a
given currency was always considered stationary); second, this approximation suffers a high
error in certain segments where the stochastic fluctuations are really strong. Following the
existing literature Panahi (2016), we fit the price distribution inside every segment with a Pareto
distribution having its mean centered on the segment height, using ¢ < 1 and v = 3. Thus,
the profit maximization problem in cryptocurrency trading can be treated as an HTPS MAB.
Results. Starting from the piecewise-constant fit of the prices, we can build an HTPS MAB
environment on which we test R-CPD-UCB, together with S1iding Window UCB Garivier
and Moulines (2011) and MR-APE Lee and Lim (2022), which was already tested on the same

dataset when assuming stationarity. In Figure 4.2, we report the cumulative regrets obtained
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Figure 4.1: Rescaled closing prices of four selected cryptocurrencies (blue) with a piecewise-
constant approximation (red). Each time step is a day starting in April 2016. Source: Kaggle

Dataset.
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Figure 4.2: Cumulative regrets
on HTPS built from cryptocur- ~ Figure 4.3: Gaussian rewards.  Figure 4.4: Pareto rewards.
rency dataset. 20 trials, mean

4 Figure 4.5: Cumulative regrets. 20 trials, mean + std.
-+ std.

by the three algorithms averaged over 20 trials (z-axis is rescaled). R-CPD-UCB performs
better than the two competitors, as it is the only algorithm tackling both heavy-tailedness and

non-stationarity of the setting.

Regret Minimization in Highly Non-Stationary Environments

We now evaluate how R—-CPD-UCB behaves in highly dynamic scenarios where changes are
close.

Setting. We compare R-CPD-UCB with two of the most popular algorithms from the literature,
Monitored UCB Cao et al. (2019) and S1iding Window UCB Garivier and Moulines
(2011). We consider two PS MABs: Gaussian rewards with ¢ = 1 and Pareto rewards with
€ < % In both MABs, we have kK = 3, T' = 1500 and T = 6. Also, we have d,,;, = 0,
i.e., and some actions may not change their means after a change point. However, at least one
arm has its mean change, and the optimal action changes at least 4 times. Interestingly, these
instances violate Assumption 4.9. Results. In Figure E.2, we report the cumulative regrets

suffered by the considered algorithms. R—-CPD-UCB achieves, in both instances, a smaller
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cumulative regret than competitors. Moreover, it shows a smaller uncertainty and more stable
performances across the trials, especially when rewards have infinite variance (Figure E.2b).
Interestingly, R—~CPD-UCB can outperform both Monitored UCB and S1iding Window
UCB even when the rewards are Gaussian. This is because the change points are frequent and
very close. Robust mean estimation using median-of-means stabilizes the algorithm’s behavior in
data-scarce regimes. Finally, we remark that Assumption 4.9 is violated by these two instances;
however, R—~CPD-UCB performs well (and so is Monitored UCB, which relies on a similar
hypothesis). This phenomenon was already observed in Cao et al. (2019), and shows how

Assumption 4.9, in practice, is not very limiting.

4.2.6. Discussion and Future Directions

In this section, we provided the first study on regret minimization in heavy-tailed piecewise-
stationary bandits. We provided a lower bound on the performance of every algorithm and
proposed Robust -CPD-UCB, a novel algorithm whose regret nearly matches the lower bound.
We leverage novel advancements in the theory of change-point detection, building Catoni-
FCS—-detector, a general detection strategy suited for distributions with infinite variance.
Finally, numerical evaluation shows that the performance of R—~-CPD-UCB is solid when com-
pared to existing baselines. An interesting future direction would be to study the HTPS MAB

problem when v and e are unknown.
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S | Conclusions and Future Directions

In this thesis, we presented online learning methods to deal with settings of practical and
theoretical interest. For each of these settings, we presented algorithmic solutions, provided
theoretical guarantees on their performance, and numerically validated them in both synthetic

and real-world environments.

In Chapter 2, we provided a brief introduction to the multi-armed bandit problem and its

generalization to Markov decision processes, providing key results from existing literature.

In Chapter 3, we studied problems at the intersection of MABs and MDPs. In general, MDPs
cannot be tackled in the same way as MABs, and the possibilities for providing finite-time
theoretical guarantees for online algorithms are limited. The novel settings introduced in
Sections 3.1 and 3.2 are particular MDPs of interest, for which we provide MAB-style algorithms
and offer strong finite-time guarantees on the expected cumulative regret. In Section 3.3, we
tackled a well-established setting in the bandit literature, the rising bandit problem. We improved

over existing results and provided novel technical tools that can be useful in neighboring settings.

In Chapter 4, we switched our interest to a generalization of the classic stochastic structure
of the MAB problem. We relaxed the assumption for sub-Gaussian/bounded support reward
distributions and studied heavy-tailed bandits. In Section 4.1 we tackled the open question of
adaptivity to unknown distributional parameters. Our results shed light on the complexity of this
problem, which was previously not studied in the literature. Heavy-tailed bandits are useful in
modeling many real-world scenarios, such as finance and network routing. While being fully
data-driven is helpful in real-world applications, the stationary rewards assumption is still too
restrictive. In Section 4.2, we deal with the heavy-tailed piecewise-stationary bandit problem,
that allows for the reward distributions to change their mean over time, in a piecewise-constant
manner. We are the first to provide an algorithm to address this problem, and we provide its
theoretical guarantees showing that they are order-optimal. Finally, we validate our approach
using data from the real-world.
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5.1. Future Directions and Open Problems

In what follows, we outline all of the interesting future research lines and the open questions that

arise from this thesis.

5.1.1. Autoregressive Bandits

The ARB setting is general and flexible, but it is unclear whether some of the assumptions can
be relaxed further. In particular, we draw attention to Assumption 1.a. We conjecture that this
assumption can be relaxed to allow for negative coefficients, but at the cost of ensuring that they
lie on a unitary disk An in-depth discussion about this can be found in Section A.3. In fact, our
analysis is likely to work even under this weaker condition, possibly at the price of some slight
modifications. However, the most interesting result in the ARB setting would be a lower bound
for the regret. In particular, while we argue that most of the quantities appearing in the regret
upper bound of AutoRegressive Upper Confidence Bound have a tight dependency,
we still don’t know if the dependence from m can be lowered from an order of % to % Also,
there may be an extra (1 — I') term in the denominator. A tight lower bound would indicate

whether these dependencies are truly necessary or not.

5.1.2. Graph-Triggered Bandits

If we focus on the rising GTB problem in particular, it is clear that the regret rate in the stochastic
case can be lowered. While there is no lower bound for the GTB setting in particular, one can
cast the bound to the simpler case of restless rising bandits, and observe that this is not tight
(we actually proved this in Section 3.3). It would be interesting to plug the algorithm proposed
in Section 3.3, which has a better order than the one from Metelli et al. (2022) on which our
algorithms are based, into the GTB setting. This would probably lead to better bounds, at least
in the dependency on 7'. Finally, an interesting direction is to search for other ways to let the
rewards evolve for which the GTB setting can be addressed with strong theoretical guarantees.
We focused on monotonically evolving bandits, i.e., rising and rotting bandits, but recently
the piecewise-stationary Yu and Mannor (2009) and the smooth Jia et al. (2023) bandits have

emerged as interesting ways to model non-stationarity.

5.1.3. Restless Rising Bandits

In Section 3.3, we provided a lower bound on the regret for the rising concave setting in the
order of T'3. Our algorithm, however, suffers a regret that is bounded in the order of 771 . While

numerically close, there is still a gap between the two. We strongly conjecture that the true regret
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suffered by our algorithm can be bounded with a tight order of T’ 3, but the analysis has to be
refined. A future direction of research is thus to definitely close this gap.

5.1.4. Heavy-Tailed Bandits

In this thesis, Section 4.1 is the one providing the most open questions that would be interesting
to address. As a matter of fact, an Open Problem paper (Genalti and Metelli, 2025) has been
published at COLT 2025 to collect all of the interesting future directions to pursue on this topic.

We prove that it is not possible to achieve the same rate as when v and € are known while
adapting to them. Our lower bounds are, however, qualitative, and they do not quantify exactly
what the additional cost is. Moreover, they address the adaptation to v and e separately, and not
simultaneously. A first problem to address is to quantify, in terms of extra regret paid, the cost of
adaptation to u, €, and simultaneously together. Then, one may draw its attention to providing
positive results, i.e., provide an adaptive algorithm that has tight regret rates w.r.t. to such
lower bounds. Our algorithm, AdaR-UCB, achieves the same regret rates as the non-adaptive
algorithms, but at the cost of Assumption 6. It would be interesting to understand if there exists a
minimal assumption s.t. this is possible. We already know from Genalti and Metelli (2025) that
our assumption can be relaxed and the tail bias can be bounded with the variance of the truncated
distribution instead of 0. However, it is not clear if these kinds of assumptions are the best or if

something weaker can be provided while maintaining a tight rate.

Of course, the problem of adaptation to the distributional parameters can be cast in the piecewise-
stationary setting as well. In particular, it would be interesting to see if, with the addition of
Assumption 6 or any other similar assumption, it is possible to still obtain the tight regret rates in

the piecewise-stationary setting.
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A I Autoregressive Bandits

A.1. Proofs

Theorem 1 (Optimal Policy). Under Assumption 1.a, for every round t € [T, the optimal policy
7} (Hy_1) satisfies:
7; (Hi—1) € arg ﬁax (1), Zy—1). (3.5)
i€k

Proof We first prove an intermediate result auxiliary to get to the final statement. Let us
denote with J7(Z) the expected cumulative reward when the initial observations vector is
Z = (1,29, 1,...,T_gy41)- Let us denote with > the element-wise inequality. We show that
forevery T € N, if Z > Z, then J3(Z) = J3(Z).

We proceed by induction.

For T' = 1, we have J;(Z) = maxe((y(i), Z) = ((i7), Z), where i] € arg max;;;(v(i), Z)
and J§(Z) = maxe(v(i), Zy = (v(i}), Z), where iy € arg maxie[k]<’y(i),z>. Thus, we have:

() = (4(i0).2) = (4(0).2) 2 (4(). ) = J3 (2,

where inequality (a) follows from Assumption 1.a.

Suppose the statement holds for 7" — 1, we prove it for 7" > 1. To this end, we consider
the transition operator P : Z x [k] x R — Z, defined for every observations vector Z; =
(1, Xy 1, X¢ 9,..., X ) € Z,action i € [k], and noise £ € R as follows:

1 1
Xi1 Xi
P(Zy,i,&) =P | | Xi2 |, | = | Xec1 | =Zisa, where X = (y(i),Zs) + €.
Xi—k Xt kr1

Thus, we can look at the stochastic process as a Markov decision process (Puterman, 2014) with
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Z, as state representation. We immediately observe that if Z > Z, we have that P(Z,i,{) >
P(Z,i,€), for every action i € [k] and noise £ € R. By applying the Bellman equation, we

obtain:
Jp(Z) = max {(v(0),Z) + B, [J7_1(P(Z,1,60))]} = {v(i7), Z) + By [J7_1(P(Z,i%,61))]

Ji(Z) = max {V(D).Z) + e, [J7_1(P(Zi.60)) ]} = (v(07), Z) + By [ J7_1(P(Z, i, 67))]

where the actions are defined as i}, € arg max;py {(¥(i), Z) + E¢,. [ J5_,(P(Z,1,&r)) ]} and
iy € arg MAXe (4] {(~(i),Zy + B¢, [J5_1(P(Z,i,67))]}. Thus, we have:

JH(2) = (V(i7), Z) + Be, [J7 ., (P(Z, 17, 7))
= <’7(€;)7 Z> + E&T [J;’—l(P(Zj;a fT))]

(b) =% =2 % v % (T7
= (i), Z) + Ee, [JT—l(P(ZaZ;afT))] = Jr(2),
where (b) follows from Assumption 1.a when bounding (v(iy), Z) = (~(ir.), Z) and by observ-
ing that P(Z, iy, &) > P(Z, iy, &) and, then, exploiting the inductive hypothesis.

We conclude that the optimal policy is the myopic one by observing that both (+(i), z) and
Ji_1(P(Z,i,§)) are simultaneously maximized by arg max;c(;{v(4), 2). |

Lemma 2 (Self-Normalized Concentration). Let i € k] be an action, let {7,(i) }ic0., ;) be the
sequence of solutions to the Ridge regression problems computed by Algorithm 4. Then, for
every regularization parameter \ > 0, confidence § € (0, 1), simultaneously for every round
t € [T'] and action i € [k, with probability at least 1 — § it holds that:

19:() = ()l 0y < VA2 + 0\/2 log <%) + log (de‘;k_‘ﬁ@)

Proof We consider an action at a time; then, the final result is obtained with a union bound over
[k]. Let ¢ € [k]. We first observe that the estimates of action a change only when a is pulled. Let

[ € N be an index and let #;(¢) € N be the round in which action « is pulled for the [-th time, i.e.,
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{t;(i) : 1 € N} = Ou(i). Thus, we have:

Yo (1) = Vi ()by ) (0)
! -1
= (AIerl + Z th(n_lZZ;(i)l) Z Ly, (i1 Xy,
j=1 Jj=1
! -1
= </\Im+1 + Z th(i)—lzT > 2 Zy,iy—1 ((v(0), Zoyy—1) + &,0)
j=1
l ~1
(@
=v(1) — A (/\Im+1 + Z Zy,(iy1Zy (z)—l) (i) +
j=1
l -1
+ <)\Im+1 + Z th(i) z) 1) Z Zt] 1§tj(i)
j=1
= (i) - )‘V;l(li) (@) ( \ z) Z L, i)-16t;()

Stz( )
where the passage (a) derives from the observation that
!
Z Zy; 1 ((V(i), Z;—1)) = Z thflthj_l’Y(i)
j=1

. Thus, we have:
[y @ = Y@, o < VY@L + Isulvs, o)

Let us denote with ;) = 0(Zo, i1, 21,12, ..., Zy,i)-1,14()) be the filtration generated by
all events realized at round #;(¢). Let us now consider the stochastic processes (&, (;))ien and
(Ztl( )— 1)ien- We observe that &u,(i) 18 Fy,(s-measurable and conditionally o%-subgaussian and
that Z;,(;)—1 is F;,(;)—1-measurable. By applying Theorem 1 of Abbasi-Yadkori et al. (2011), we

have that simultaneously for all [ € N, w.p. 1 — ¢:

i) S 0\/210g5+10g)\m—tl+(1).

Isea vz, ) <

Clearly, this hold for the rounds ¢ € N in which the action a is not pulled, since the corresponding

estimates do not change. |

Lemma 3 (Policy Regret Decomposition). Let (2] )ser) be the sequence of rewards by executing
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the optimal policy 7* and let (X)) be the sequence of rewards by executing the learner’s

policy . Then, for every t € [T] it holds that:

- X

X :
Z %X = Xii) + (@) =(L), Zia)

Z (i )re—i + py (3.9)

where 1y == X — X is the instantaneous policy regret, p; = (y(i}) — y(ar), Zi_1) is the

instantaneous external regret, iy = w;(H} |), andr,_ =0ifl >t

Proof Lett e [T] and let us denote with ZF | = (1, X} ,,..., X} )T the observations vector
associated with the execution of the optimal policy and with Zt_l = (1, X 1,..., X;_ )" the

observations vector associated with the execution of the learner’s policy. We have:
ry = X* — Xt
= (@), Zi) = <y (in), 2oy
= i), Zi) = (i) Zor) + (v (i), Zomn) = (i), o)
= Vi), Ziy = Zia) + () = (i), Zia)

—Z% (i) (X3 = Xema) + (i) = (i), Zev),

~
Tt % Pt

where in expanding the inner product we made the summation start from 7 = 1 as the two vectors

Z; | and Z;_, have the same first component equal to 1. |

Lemma 4 (External-to-Policy Regret Bound). Let 7 be the learner’s policy and T' € N be the
horizon. Under Assumptions 1.a and 1.b, it holds that:

= [2 [i Zt T‘t]—i-;Ot]]
< (f_—mr i 1) o, T), (3.10)

where o(7,T) = E [ZtT:I pt] is the cumulative expected external regret.

Proof We start from the decomposition of Lemma 3. To prove the result we employ the so-called
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“superposition principle”, which allows us to decompose the linear recurrence as follows:

m +0
Z 'Lt Te—i + Pt = Z PrTtrs
7=1 =0

where if 7 > t we set 7, = 0 and if 7 < ¢ we have that 7, . is given by the recurrence:

N s L 1 t=r
Tir = Z i (4 ) Ti—ir + Orr where Otr 1=
j=1 0 t#T

This way, we decompose the exogenous term p, as a linear combination of unitary impulses.
Then by Assumption 1.a and 1.b, recalling that 7, , = 0 if 7 > ¢ and that 7", ; = 1, we have that
for every t > 7 it holds that:

7. <Dmax7_;, < ?maxmax7,_ L <0 < rlt=r)/m|
, 9, i
Jje[m] Je[m] le[m]

?

since we will encounter the 1 = 4, after [(t — 7)/m/| steps of unfolding.

Now, we can manipulate this formula to have an expression of the full regret:

T t—1
Sp<3 (ns Srvemn)

t=1 T=1

T
(1 Y F[(t—T)/"ﬂ)

t=7+1

pr (1 + EF[S/M>
(1 + Z mr’>

(1 + —> an

where (a) follows from bounding the summation with the series and changing the index s =t — 7

-

|
M=

3
I
—

AT
1~

3
I
—_

I=
I M’%

and (b) is obtained by observing that the exponent [s/m| changes only when s is divisible by m.
|

Counterexample to show that this bound is tight.

There are k arms:
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~(iy) == [I°...0], ~(iz) :=[0,T,0...0], ... v(ix) :=[0,...0,T].

All these arms have non-negative coefficients whose sum is bounded by I'. If the sequence of

internal regrets is:

1 t=1
Pt = )
0 t>1
and the sequence of arms is i} = 1, and i} = 1,1 (mod k)+1 (Whichmeans i1, @2, .. ., g, 11,92, ... ),
we have:
r = 1,T2=F, T3 :F, ey TEa :F,

and then, we start again with the same sequence of arms:

2 2 2
Theo =17 meps =17, o0y rop =17,

Making the sum of these terms for ¢ from one to infinity, we get:

which is exactly the bound we get.

Lemma 33. Let (Z;).e[r) be the sequence of observation vectors observed by executing the
learner’s policy. If Zy = (1,0, ...,0)%, then, for every § € (0, 1), with probability at least 1 — 6,
simultaneously for all t € [T, it holds that:

2

g+mn
Zialo <t/1+m (L0
1Z1]2 \/ m(l—F>

where 1 = /202 log(T'/9).

Proof Let (& )cr) be the sequence of noises. We consider the event £ = N, {|&] < n}
prescribing that all noises are smaller than 7 in absolute value. By union bound, knowing that all

the noises are independent o2-subgaussian random variables we, can bound the probability of
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event &:

T 2
P(E) =P (ﬂ{m < n}) >1-Te 22 =134,
t=1

having set n = +/202log(T/§). Under event £ and when Zy = (1,0,...,0)T, we prove by
induction that all rewards X; are bounded in absolute value by %, regardless the actions played.

For T' = 1, the statement is trivial since 21 = 7o(i1) + 71 and, thus,

1] < yo(in) + [m| <
g+n< %’Fl. Suppose the statement holds for all s < ¢, we prove it for . We have:

k k
Xy =0(ie) + 2, %) Xes+m = [Xa| < (i) + D750 | Xemi] + e

j=1 j=1
g+1T g+mn

<g+IZ——4p==2"1

A

where the first inequality uses Assumption 1.a, the second inequality follows from the inductive

hypothesis and by Assumptions 1.b and 1.c. Passing to the observations vector, we have:

m 2
2 g+n
||Zt—1H2 =1+ ZXtQ—l <l+m (ﬁ) .

j=1

For deriving the regret bound, we make use of the following result, known as Elliptic Potential

Lemma (Lattimore and Szepesvari, 2020, Lemma 19.4).

Lemma 34 (Elliptic Potential Lemma). Let Vo € R%*? be a positive definite matrix and let
i1,...,1, € R? be a sequence of vectors such that |is]ls < L < +oo for all t € [k]. Let
V,=Vo+ X" _ 4!, Then:

nooo tr(Vo) + nL?
;mm{l, lslv, 1} < 2dlog (W .

Theorem 5. Let § = (2T)~'. Under Assumptions 1.a, 1.b, and I.c, AR—UCB suffers a cumulative
expected (policy) regret bounded by (highlighting the dependence on g, o, m, I', k, and T'):

E[R(AR-UCB, T)] < 5((9 ki U)((T_+F1>)23/2\/k7).

Proof We denote with (X)) the sequence of rewards generated by playing the optimal
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policy and with (X}).[7] the sequence of rewards generated by playing AR-UCB. Thanks to
Lemma 4, we have to bound the external regret only. Let § € (0, 1), and define, as in the main

paper, for every round ¢ € [T'] and action i € [k]:

Bu(i) = v/A( + 1) + a\/Q log (g) + log (de;m_‘itl(’))

Let us define the confidence set C;() = {v € R™™ : |v — F:_1(4)|v, () < Bi—1(¢)} and the

optimistic estimate of the true parameter vector ~y(i):

Ve(i) € arg max{7y, Z¢—1),
~veCe(d)
By Theorem 2, we have that, for every action ¢ € [k] and round ¢ € [T'], the true parameter vector
satisfies (i) € C;(7) with probability at least 1 — d. Therefore, with the same probability, we
have:

(@) =), Zea) = v () = Felin), Zooa) +Cein) — ¥ (ir), Zon)

~
<0

< Gilie) = A1 (i), Zer) + Ao (i) = ¥(ie), Lo
< 2@—1@)Hzt—1||vt71(i)*17

where the first inequality follows from the optimism and in the last passage we have used
Cauchy-Schwartz inequality, recalling that for every couple of vectors v, w it holds (v, w) <

|v|v,_.Gllw|v,_,@)-1» and having observed that v (i;), ¥ (i) € Cy(iy).

Furthermore, we observe that the external regret p, = (y(i¥) —v(i;), Zs—1) < |z_1]2 + g, since
the coefficients v; for j # 0 have a sum bounded by I' < 1 and get multiplied by Z;_;, while ~,
which is bounded by ¢ gets multiplied by 1, then we have p; < L + g = O(g). By Lemma 33
with probability of at least 1 — § we have:

g+n\’
<4/l CIREL/ Ry
[EAP —I—m<1_r)
where 7 = /202 log(7'/§) and, consequently:

pr< g+ L=0C.

At this point, we proceed as follows:

pr < 2min{Ch, Bi1(10)[| Ze-1|v, 1 )1} < 2max{Ch, Bi—1 (i)} min{1, |Z 1 |lv,_, @)1 }-



Al Autoregressive Bandits 123

Summing over ¢ € [T'], we obtain a bound on the cumulative external regret:

T T
o(AR-UCB,T) = Zpt = Z L-p

T
< 2max{Cy, Br_1}y | T Y min{l, |Ze 1|3, it

t=1

where:

Br_1 = gé%g]( Br-1 (2) )

where the first inequality follows from an application of Cauchy-Schwartz inequality and the
last passage holds since the sequence [;(i;) is non-decreasing, and so we can bound each of

them with their value at ¢ = 7". Now, we are finally able to use the Elliptic Potential Lemma
(Lemma 34):

T
2omin{L | Zea [y, gy d = D5 D) min{l [ ZiafY, o)
t=1

ic[k] 1O (i)

< > 2(m+1)log (Mm +1)+ |OT(¢)|L2)

e A(m +1)
TL?
< 2k(m + 1)log 14+ ——
(m+1) Og( ” k/\(m+1))’

where the first inequality follows from an application of the elliptic potential lemma for each
action i € [k]| observing that Vo = Al,,;; and, consequently, tr(Vy) = A(m + 1) and
det(V)0m*1) = X. The second inequality follows by observing that Y O ()] = T
and since the log is a concave function, the worst allocation of pulls is the uniform one. Now

that we have bounded the inner summation, we can state that:

TL?
~ucB, T) = ¥ py <2 by [2Tk(m + Dlog (1+ —— ).
o(AR-UCB, T) ;pt max{Cy, fr 1}\/ (m+1) Og( * /.CA(m+1)>
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To conclude, we bound the term (5_; as follows:

k det .\’T_l(ll>
= 2 -
Br_1 AMg?2+1)+ araré%%( \/2 log (5> + log <—)\m+1

<AV/A(g2+1) + 0\/2 log <§) + (m + 1) log <A(WKELW3)+J;)TL2)

Therefore, by highlighting the dependences on g, m, o, and I', we have:

6T—1=6(g+0\/m+1), 01=(5<1+\/ET:L1?).

These results hold with probability 1 — 25. We set § = (27') L. Putting all together, we obtain:

T
~ [ (g+ o)\ /E(m+1)T
- T) = <
o(AR-UCB,T) ;m<0< 1T ,

and, applying the previous Lemma 4, this results in:

N 3/2
R(AR-UCB,T) < O<(g - U)ET_JFFl))z \/]TT)
[ |
A.2. Optimal Policy without Noise
In the case of no noise, our system writes:
Xi = 0(ie) + ) v(i) Xis. (A.1)

J=1

In this case, the process evolution is deterministic. Therefore, even if it is still true that the
optimal policy is given by Theorem 1, it is possible to say that there is a constant policy that is
asymptotically optimal, in the sense that its cumulative regret is bounded by a constant. This

policy is given by:

g 70(%)
1" € arg max - —. (A.2)
aed 1 =200 (i)

This result is not surprising. In fact, this action makes the process converge to the highest
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possible stationary reward, which is of course arg max,. 4 % Precisely, the following
j=1"7j
result holds.

Theorem 35. Let us consider the problem formulation of Equation (A.1). Define:

i* = arg max Yolit)
acA 1_2;;17](1)7

as in Equation (A.2). Then, there exist no policy m (even non-constant) such that:

limsup X;" — X;" > 0

t—+00

(where X[ denotes the sequence obtained with policy w, while X[ is the one relative to i*).

Moreover, the cumulative regret with respect to the actual optimal policy is bounded by:

WO(i*)m-

Proof If we play always ¢*, we have:

: Yo(i*)
limsup X/ = — —,
e Zj:l 7 (%)

by imposing the condition of stationarity. For the rest of the proof, let us denote:

* L 70(2*)
AT TS

Now, we prove that, for any policy 7r, we cannot achieve an X; > X*. By contradiction, if
limsup,_,,, X[ — X > 0, then the set {t € N : X; > X*} is non-empty. Let {y) = min{t €
N : X; > X*}. Then, by definition:

Xty = 70(1t) + 2 Vi (it ) Tt—i-

j=1

Recalling that ¢ is the first time in which we surpass X*, we have:

X< Xy = /70(2.150) + Z 7j<ito)xto—i < Vo(ito) + Z Vj(ito)X*'
j=1 J=1



126 Al Autoregressive Bandits

This inequality entails that:
(1 - Z ’Yj(%))X* < VO(ito)a
j=1

and, therefore: _ .
W) e olin)
1 - Zj:l 75 (i) 1 - Zj:l 7; (it

which contradicts the definition of *.

For the second part, we start considering that the regret obtained by using constant action ¢* is
bounded by:

+00
dXT X,
t=1

since X* is the maximum instantaneous reward that every policy can achieve. Now, note that
~0(1*) > 0, otherwise it could not be the optimal action. At this point, we have for 0 < ¢t < m
that X; > ~¢(i*), by simply using the fact that all the coefficients of the autoregressive model
are non-negative. From this fact we have for m <t < 2m that X; > 7o (¢*)(1 + 272, 7;(4%));

and generalizing:
J m
Vi>0 and jm—m <t <jm: Xt>70(i*)<Z(F*)€>, r+ =Z%~(i*).
=0 j=1

1—Tlt/m]
1-T

Therefore, we have X; > (%) , which means:

+0o0
R <) X* - X,
t=1

+00

1 — ple/m]

<) X* = i) ———
£ 1-T

+00
. 1 1 —Tl/m
:70(Z>21_p_ -1

t=1

+o0
iR plym)
= (") LT

t=1

= f)/o(i*)m.
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A.3. Discussion on Assumption 1.a

In this appendix, we further detail the meaning of Assumption 1.a related to non-negative
coefficients governing the AR process (Assumption 1.a). Even if, theoretically, this setting is
less general than the one that considers all possible values for the parameters, we argue that, for
the real-world applications of interest, considering negative coefficients is not meaningful.
Before introducing our example, let us remark on the meaning of X, in practice. This value
represents the sales volume in the case of pricing, the value of a stock in the stock market, the
number of customers that an e-commerce website may have, and so on. In all these real-world
scenarios, the quantity X; is meaningful whenever we consider non-negative values that we
want to maximize. We argue that when Assumption 1.a is not fulfilled (i.e., at least one ~;(¢) is
negative), the positivity of X; is no longer ensured.

Consider now the example presented in Figure A.1, where we present a general scenario in
which, at time 7, we are in a given with a certain positive .. Consider, for the sake of simplicity,
a noiseless setting with m = 1 (i.e., an AR(1) process) and, for a given action 7, we have
~o(7) = 0. Consider now 7 (z) < 0. Figure A.1 shows what will happen in this case. The value
of X, continuously changes its sign at each time step, and this behavior is not compatible with
the real-world phenomena of our interest. This is even more unrealistic if we think about the
scenario in which we have another value of the state 7, > z,. In this scenario, after performing
the same action 7, we will observe that the best-starting state =, leads to a worst next state
T;41 < xr41. This behavior has no practical meaning in the applications of our interest. Given
these considerations, we can derive that the worst possible effect of a given action is to reset the
state, which corresponds to have v, (i) = 0. A representation of this phenomenon is drawn in
Figure A.2. From this figure, it is possible to notice how a process can always decrease as an
effect of an action, even for (i) > 0.

This consideration trivially generalizes for any m > 1 given a generic state representation Z ..

A.4. Additional Experimental Results

In this appendix, we provide additional experimental results. In Appendix A.4.1, we assert the
effectiveness of AR-UCB in the classic stochastic bandit problem by comparing its performances
with two standard baselines from the literature. In Appendix A.4.2, we stress the effect of mis-
specifying parameter 7 in the standard multi-armed bandit problem. Finally, in Appendix A.4.3,
we provide experimental results in the particular case of autoregressive processes of order 1 (i.e.,
m =1).
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_ _ . Figure A.2: The effect of v;(7) in the evo-
Figure A.1: An illustration of the effect of a i )
) _ ) lution of the state X, in the case of a non-
negative 7, (¢) over time. ) ) )
g () negative one (in black), and a negative one

(in red).
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Figure A.3: Cumulative regret of AR-UCB, UCB1, and EXP 3 in the case of £k = 0 (100 runs,

mean + std).

A.4.1. Stochastic Bandit Problem

Setting We evaluate AR-UCB in the special case m = 0. This problem is equivalent to solving
a standard stochastic bandit problem. This experiment compares the performances of AR-UCB in
this setting against well-known gold standards: UCB1 and EXP 3. The competing algorithms are
evaluated in terms of cumulative regret w.r.t. the setting-specific clairvoyant. The three settings
differ in the values of g € {2, 7.5} (i.e., the maximum arms’ expected reward) and the values of
o €{0.9,1.25, 2}, the noise’s standard deviation.

Results Figure A.3 shows the average cumulative regrets for AR-UCB, UCB1, and EXP 3. We
immediately observe that all the algorithms suffer sublinear cumulative regret, as expected since
they are all able to provide no-regret theoretical guarantees in this setting. In all the experiments,
UCB1 outperforms all the other algorithms since it is specifically designed for the scenario under

analysis. AR-UCB, as expected, performs properly in this setting since, as already discussed in
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Figure A.4: Cumulative regret of AR—UCB in the case of m = 0, in with 7 parameter misspeci-
fied (100 runs, mean + std).

Section 3.1.5, its regret is asymptotically optimal when m = 0.

A.4.2. On the Misspecification of % in Stochastic Bandit Problem

Setting We evaluate AR-UCB in the special case m = 0. This problem is equivalent to solving
a standard stochastic bandit problem. This experiment compares the performances of AR-UCB
under different values of the parameter k. In particular, this experiment aims to highlight the
performances of AR-UCB under a misspecification of the process memory in the special case
where the true underlying process does not present a dynamic temporal structure. The parameters
~o(7) have been sampled by a uniform distribution having support [6, 7], and g is set to 10. The
noise’s standard deviation o is set to 1. The number of actions is k = 7.

Results Figure A.4 shows the average cumulative regrets for AR-UCB under different values
of m, when the true value is m = 0. The figure shows that AR-UCB is capable of achieving
sublinear cumulative regret even when the misspecification is severe (e.g., m = 16), consistent

with the theoretical results; the performance degrades as the misspecification grows.

A.4.3. AR(1) Bandit Problem

AR(1) processes are the simplest autoregressive processes. Therefore, we will present a specific
analysis of this setting to show how AR-UCB and the baselines perform when the complexity
given by the dynamic temporal structure is minimal. Results show how even the minimal

autoregressive contribution can lead all the algorithms (except for AR-UCB) to linear cumulative
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Figure A.5: Cumulative regret of AR-UCB and the others bandit baselines in the case of m = 1
(100 runs, mean + std).

regret.

Setting We evaluate AR-UCB in the case m = 1. This is the simplest setting in which an
autoregressive component contributes to the reward. This experiment compares the performances
of AR-UCB in this setting against the same baselines as Section 3.1.6. The competing algorithms
are evaluated in terms of cumulative regret w.r.t. the setting-specific clairvoyant. The three
settings differ in the values of g € {2, 8, 10} (i.e., the maximum arms’ expected reward) and the
values of o € {1,1.25, 2}, the noise’s standard deviation. The values of the 7, (i) parameters
have been sampled from uniform distributions having their sampling ranges inside [0, 1). The

number of actions is k = 7.

Results Figure A.5 shows the average cumulative regrets for all the competing algorithms.
We immediately observe that the only algorithms able to achieve sublinear regret are AR-UCB
(in all three settings), B-EXP3 (first and third experiments), and EXP 3 (first experiment only).
Such a result is unsurprising since none of the baselines has specific theoretical guarantees in
the Autoregressive Bandit problem, even in the simple scenario when m = 1. Even though, we
decided to adopt these algorithms as baselines since they represent the gold standard algorithms
in the bandit literature (UCB1, EXP3) and the algorithms that solve problems near to ours
(B-EXP3, AR2), respectively.
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B.1. Proofs on Rising Bandits

In this appendix, we report a short version of the proofs of Rising GTBs. The extended version
is provided in (Genalti et al., 2024c).

Theorem 6 (Complexity of finding the Optimal Policy in Rising GTBs). Compu- ting the optimal
policy in Rising GTBs with general matrices G is NP-Hard.

Proof We reduce from a decision problem related to finding cliques in graphs. In particular,
given a graph (V, E) and M e N, it is NP-Hard to determine if there exists a clique of size
M (Karp, 1972). In the following, we design an instance of our problem such that the reward of

the optimal policy is at least ZtT:l (1 + %) if and only if there exists a clique of size M=T.

Construction. Given a graph (V, E), we build an instance such that the horizon is 7". Our set
of actions can be constructed by assigning an action to every node and time step couple, i.e.,
A = {ay}vev, tefr). We define the matrix G is such that for any v,v' € V and t,t' € [T], it
holds Go, a0, , = 1if (v,0') € E, and G, , 4, , = 0 otherwise. Finally, for each arm a,; € A,
the reward is deterministic and evolves as /i,,,(n) = min{1 + nt, 2(1 + nt)}, where n = T2,
We call v the set of these functions. It is easy to see that the GTB instance (7, é, T) satisfies

assumption 2.

if. We show that if there exists a clique C* = {vy, ..., v} of size T, then there exists a policy
with a cumulative reward of at least 3}, (1 + nt). Consider the policy 7 s.t. #(t) = ay, ;. It is

easy to see that K/’aw,t = t for every t € [T']. Hence, the reward of the policy 7 at time ¢ is

~

. t
Mavt,t(Navt,tyt) = min{1 + nt, Z(l +nt)} =1+ nt.

Thus, J; & () = ST (1 + nt) and the claim is proven.

only if. We show that if there is a policy 7 s.t. J; & (7)) = Zil(l + nt), then there exists a

clique of size 7T'.
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First, we observe that for each t', ¢ € [T] it holds that
. / t /
{/Iéz[xT)%mm{lﬁ—nt,P(l—l—nt)} =1+nt. (B.1)

This implies that, at any round ¢, the best obtainable reward is

m m m _ l Na / t
tle% UEE%/X l<atXHJ vt 0 t’e% veaVX'u V.t (t)
t
— 3 1 t/ 1 t/
—tm/e%mm{ +n ’_t’( +n )}

t
= min{l —i—nt,g(l +77t)} =1+ nt.

Since by assumption there is a policy with reward at least Zle (1 + nt), then there is a policy

such that at each round ¢ € [T'] the reward is exactly 1 + nt.

Consider a round ¢ € [T']. Let a, v be the arm played by the policy at this round. It must be the

case that: i) ¢’ = t, otherwise

~

ftay y (Nay 1) < fla, (1) <1+t

by Equation (B.1), and ii) Kf% .t = t, otherwise

~ —

Hayy(Nay ) < ——(14nt) < 1+t

Let a,, be the arm chosen at round ¢. Then, each arm in {a,, ¢ }+[77, is chosen while having ex-
actly ¢t —1 triggers. By the definition of G this directly implies that {v;}._, is a clique of size 7. W

Theorem 7 (Optimal Policy in Rising GTBs with Block-Diagonal CM). For any instance
(v, G, T) of Rising GTBs with G € By, the optimal policy 7}y o 1 € argmax, J,, g r(7) is given

by:
T, qr(t) € argmax ju;(t), Vt e [T],

. *
jecu,G,T

where C} 1 is the “best” cumulative reward clique:

C% o1 € arg max Z max 4, ().
3y CGCG tE[T] ]EC
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Proof For each clique C,,, € Cg, we substitute the reward function of every arm ¢ € C,,, with
pi(t) = maxjeo,, 1i(t), for every t € [T']. Now, since all arms sharing the same clique have the
same reward function, our instance is equivalent to a k-armed bandit problem, where k is the
number of cliques. Since arms in different cliques are not connected, this corresponds to a rested
bandit problem, and we use Proposition 1 of (Heidari et al., 2016) to get that the optimal policy
would only pull the best action in terms of cumulative reward at the end of the time horizon
T'. To conclude the proof, we remark that playing greedily inside a clique corresponds exactly
to play on the reward function defined above, which dominates the initial problem, and so the

maximum cumulative reward is exactly the one attained in the problem with k arms. |

Lemma 36 (DR-BD-UB Estimator’s Instantaneous Bias). For every arm i € [k, every round
t > 1, let us define:

_ /ﬁi(tz{m ) ﬂi(tz{m 1)
'ui(t) = Mi(ti{%,p) + (t - t'{vNi,tfl) t — _ —
4,N; 11 i,Njt—1—1

then, fi;(t) = Mi(tZ{Ni,t—l) and, if N;;_1 = 2 it holds that:
fi(t) = pa(Nig) < (t =ty ,—1)%itin, ,_—1):

Proof Let us start by observing the following equality holding:

N;—1
pi(Nig) = pa(ti n,, ) + Z %i(J)-

=t!
T=NNG

We have:
Nit—1
pi(Nig) = Mz‘(tz{m,t,l) + Z Yi(7)

j=t1
T=HNG

< Mi(tz‘l,Ni,t,l) + (N — tiI,Ni,t,l)’Yi(tz‘I,Ni,t,l—1) (B.2)
< ’U/i(ti{Ni,tfl) + (t - tinNi,tfl)P)/i(tinNi,tfl_l)’ (B3)

where line (B.2) follows from Assumption 2, and line (B.3) is obtained from observing that
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]Vi,t < t. Concerning the bias, when NN; ;_; > 2, we have:

_ > > Ni<tz{N¢ )~ pi(t] N 1)
i) = ps(Nig) < pilti, ) = ps(Nig) + (t =ty )77 — (B4

4,N; 11 4,N;p—1—1

/M(th“ ) - /M(th” 1)

< (t o tz{Ni tfl) ’I — T — (B.5)
Y ti Ni—1 ti,Ni,t—l—l
< (t-— tzIN e 1)%( i, Nit_1— 1) (B.6)

where line (B.5) follows from observing that ui(tf, N,L-,tfl) < ui(ﬁi7t), and line (B.6) derives from

. Hi(tl{Ni tfl)_m(t’b{Ni tflfl) I .
bounding —r——— : < %(tz‘,Ni,t_l—l) thanks to Assumption 2. |

6Ny -1 6Ny po1—1

Theorem 8 (DR-BD-UB Regret in Det. Rising GTBs with Block-Diagonal CMs). Let
(v, G, T) be an instance of Rising GTB, where G € By and o = 0. Then, DR-BD-UB suffers a

) Q) +
>
(2) Rested Bias Contribution

N Trs NCm,T e
+ 3 |G| NG T | .
CmeC m

~
(B) Restless Bias Contribution

regret bounded by:

~

Ne,..r
(&

,Gr(DR-BD-UB) < O inf { T7 1T,
Ryl UB) O<qéfé,1]{ > ICn| <

CmeC

Proof Let Cj g+ € Cg be the optimal clique of the instance. We analyze the following

expression:

an

R, g r(DR-BD-UB) = — [, th, ),

where iy € argmaxcox pui(t) forall ¢ € [T] Then, we can decompose the regret in two
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meaningful components:

Mﬂ

Ry (DR-BD-UB) = Y jix () + fir, (t) — pu1,(Np,1)

t=1
T ~

< Zmln{l :uft< ) Mlt(NIt,t)} (B7)
t=1
T

< Z min{1, (¢ ti,N,M_l)’YIt (ti,N,t’t_lq)} (B.8)
t=1

=

min{1, (¢ + tlt Ni, 4 ti,th’t_l)ﬁ)/It (ti,NIt,t_l—ﬁ}

S
—

t
< Z ln{l ( tft,N[ht)’yIt(t§t7NIt,t,1—1)}+ (B'9)
t

=1

+ Z mln{l’ (tig,N[t’t - tft,NIt’tfl),yIt (tig,N]t,tfl—l)} (B'lo)
t=1

=dk+ > me{l (t =)yt 0)} +

CmeCq 1€Chy j=3
.

/

(a)

+ Z Z 2 min{1, (t]; —t,_ )yt )},

Cm€eCaq 1€Cyy, j=3
L.

/

®
where lines (B.7) and (B.8) follow from Lemma 36, line (B.10) from the fact that min{1, z+y} <
min{l, z} + min{1, y} for any z,y > 0.

These two terms represent the rested and the restless contribution to the regret, and we can bound

them using similar techniques as in (Metelli et al., 2022). |

Remark 13 (Regret Bound in Rested and Restless Rising Bandits). When we are in a purely
rested (resp. restless) scenario, the contribution term associated to the restless (resp. rested)
scenario vanish, and we get the same regret orders from (Metelli et al., 2022). In particular, we
can avoid splitting the minimum in Equation (B.10) and instead notice that in a rested setting
we have t — tfﬁ Npoa =1 N1, +—1, and thus we can bound the cumulative regret as we bound
the term (a). Instead, in a restless setting we have t — tft,NIthil =t —t5,nNy,, ,» and thus we can

bound the cumulative regret as we bound the term (b).

Theorem 9 (DR-G-UB Regret in Det. Rising GTBs with General Matrices). Let



136 Bl Graph-Triggered Bandits

(v, G, T) be an instance of Rising GTB, where G € {0,1}*** and 0 = 0. Then, DR-G-UB
suffers a regret bounded by:

R, ¢ 7(DR-G-UB)

<O min {T2N" |CE T Noy CE| N“q T, Nogz e
=0\ i 2 1Cne | Togp | o) F 2N [T 1)y )
CLeCalL ClLeCa

where G* € B; is a maximal sub-matrix of G.

Proof The theorem can be proved by showing that estimator’s bias is always larger when internal

times are decreased. For every arm i € [k] we define:
i\T) — M
it 2,) = (o) + (1= ) 2D =), .11

for every triplet of natural numbers y < = < ¢ < T. Note that /i;(t) = fi(t; t!y  thy ),
so if we can show that f; is decreasing in both x and y, we can prove the claim. We start with the

second argument: fix ¢ and z, then for any y:

filtiz,y) — filtiz,y — 1) = (t — ) (Z

X ) — @ —y)ny - 1)
- (z—y)(z—y+1) =0 (512

) X, 1%(]))

T —y r—y+1

where line (B.12) follows from Assumption 2. With slightly more calculations we show that f;

is also decreasing in the first argument, fix ¢ and y, then for any z:
filts zy)=filt; 2 — 1,y) < 0. (B.13)

Now we observe that, for every i € [k] and every ¢ € [T], we have t] . > tz{ ]61 This is a
consequence of Definition 1, since:
t
T AL
LiNg, — tzN . Z(Gh,i ~Gr,.) =0

7=1

As a consequence of this, we have:

v I . 41,L I,L
fl(t’ ti,Ni’t_l’ti,Ni’t—l) < fz(t’ ti,Ni’tfl’tLNiyt—l)’ (B’14)
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and
witin,,) = ity ). (B.15)

The proof can be concluded in the same way as for Theorem 8. |

Lemma 37 (Estimator’s Instantaneous Bias). For every arm i € [k, every round t € [T, and
window width 1 < h < l%J let us define:

Nig
1 . Mi(ti[l) - /ﬁz‘<tf,1—h))

O N (AR L

l:Ni,tflth*l
otherwise if h = 0, we set [i(t) := +o0. Then, [(t) = p;(tiN,,_,) and, if Njy—q = 2 it holds
that:

N ~ (2t =2Nig 1 +h =V (t{ N, —t N, on1)
i (t) — pa(Niy) < o7 — — Vilti N,y —2ns1):

Proof Let us start by observing the following equality holding for every [ € {2,..., N;;1}:

Ny i—1

pi(Nig) = piltiy) + Z i(7)-
j:t-{,l
By averaging over a window of length h, we obtain:
1 Nit—1 Ni,t_l
pi(Nig) = 7 Z piltiy) + Z %i(7)
I=N;+—1—h+1 j=tl,
1 Ni—1
<o 0 (mlth)+ Rie— )t - 1) (B.16)
I=N;i_1—h+1
Nit—1 N ot
1 . Nz’,t - t“ 7 .
S3 Z pa(tiy) + Py Z 7i(J) (B.17)
l:Ni’tflfhﬂ*l il i,l—=h j:till—h
Nit—1

N
>
[

() (]
(ui<tf,l>+<t—l)m<t”) hM(tZ’l_h)> = [i(t),  (B.I8)

l=Ni7t,17h+1

where lines (B.16) and (B.17) follow from Assumption 2, and line (B.18) is obtained from

observing that ¢/, > I, ]\7,-7,5 <tandt!, —t!,_, > h.



138 Bl Graph-Triggered Bandits

Concerning the bias, when V; ;1 > 2, we have:

Nioo
1 — Nz‘(ti]z> - Mi(ti{l—h)

ORI NEE IS <m<t£l>+<t—z> L )—m“m

l:Ni,t,1*h+1
Nig1 I I
1 ’ iltig) — paltiy-
<E (t—l)lu( ,l) h,u( J n) (B.19)
l=Ni’t_1—h+1
Nit
1 21 ( l),ui(ti[,l) — it )t =t
- 7 - I I
h I=Nip —ht1 tig — tii—n h
1 Nt t‘ll - t'Il h
<p o (=Dt ) (B.20)
l:N¢7t71*h+1
tiN s — t N, ok &
< oMt h72 i,t—1 f)/i(t’-i[,Ni,tfl_2h+l) Z (t — l) (B.21)
l=Ni,t,1—h+1
(2t - 2Ni,t—1 + h - ]‘)(ti],Ni’t_l - tnyi,t7172h+1>

- 2h ,Yi(tilvNi,t_l—Qh—i-l)v (B22)

where line (B.19) follows from observing that ,ui(tl{ ) < m(ﬁi,t), line (B.20) derives from
#i(t{,z)_ﬂi(t-{,l,h)
t’{,litz{lfh

=t <tin, , —tin, —one1 and Yi(t_y) < %i(tn,, | —2n41) and line (B.22) follows

Assumption 2 and bounding < %(tf’ ), line (B.21) is obtained by bounding

from computing the summation.

Lemma 38 (Bound on Estimator’s Cumulative Bias for Block-Diagonal CMs). Let (I;):—1
be a sequence of actions. For every action i € |k, every round t € [T], let window width

hiy = |eNis—1]. Let G € By be a block diagonal matrix, then for every q € [0, 1], we have:

T
. Nh t N7
Z min {1, Jip () — l’[’ft(NIt,t)} <

t=1
_ 1 T
< 2k + Ky T T, (| (1-20)=]1,
eh || (Jo -2 ] )

+T12+"q(1+1og(eT))1$qEH1_12J > !Cm\Tu([(l—%)&},q)Hq,

CmeCq:|Crm|>1

where C is the set of blocks of matrix G, and k, < k is the number of blocks of size 1.

Proof The statement can be proven by decomposing over the cliques and then over the arms,
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splitting cliques with only one arm from the others:

T N; T
. ~h ~ . A~ z .
Zmln {1,,u1tlt’t(t) — M]t(NIt,t>} <2k + Z Z min {1 1 & T (tig) — Mi(])} +
t=1 CmECG:|Cm|:1 j:3
Cm={i}

o -/
~

()

+ Z Z %min{l ﬁl””(t i) — Hz(tl )}

Cm€eCq:|Cm|>1i€Cn j=3

J

()

The two terms can be bound in a similar way as in (Metelli et al., 2022), as the rested and the

restless component, respectively. |

Theorem 11 (R-o-UCB Regret in Rising GTBs with Block-Diagonal CMs). Let
(v, G, T) be an instance of Rising GTB, where G € B;. Let h;y = |€N; ;1] for e € (0,1/2) and
0 =t~ for « > 2. Then, R—o—-UCB suffers an expected regret bounded by:

R, g r(R-0-UCB)

~ 2 T 2q ?1‘1
é@ min (( )5‘1‘ kaqT (’7 “aq> + Tm |C T (’7 l ) } )
(qe[o,l] \ : Ky cmecgcmx’ |Gl

\ / o ~ J . ~- J
(2) Variance (B) Rested Bias (C) Restless Bias
Contribution Contribution Contribution

where ki is the number of cliques in G containing only one action.

Proof Let us define the good events &; = ﬂie[k] &+ that correspond to the event in which all
confidence intervals hold:

=

We have to analyze the following expression:

) - o) < sy vie (Tl ie [k,

T
RVGT(DR BD- UB [Z /'I’Iz )]7
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where i§ € argmax;cox p;(t) for all t = 1. We decompose according to the good events &;:

Ry (™ P77) = 3B (i (1) — pur, (6)) T{E}] + D B [ (mar (8) — pr, () T{—E}]

=

-+
Il
—_

T
B [ (1 (t) — pr, (1)) T{ES] + D E[1{=E}]
t=1

)
1~

o~
Il

1

where we exploited y;x(t) — iz, (t) < 1 in the inequality. The second summation can be bounded

using standard arguments, recalling that o« > 2:

ZE[]I{ﬁgt}] <1+ Z ZIHﬁ i)
=1 ic[k] t=2

2k

<1+ )
o — 2

where the first inequality is obtained with P(—&;) < 1 and a union bound over [k]. Recalling
P(—¢&;+) was bounded in Lemma 10, we bound the summation with the integral and obtain the

second inequality.

The rest of the analysis can be conducted under the good event &, recalling that B;(t) =
Al (t) + B (t). Let t € [T, and we exploit the optimism, i.e., B (t) < By, (t):

piw(t) =, (8) + By, (t) — By, (t) < min § 1, e (8) — By () + By, () — pur, (1)
| —

<0

< min{l, By, (t) — pr,(t)}-

Now, we work on the term inside the minimum:

Bu,(£) — g, (£) = Ay (8) + By (£) — u, (8) (B.23)
< i) = u, (8) + 28, (1), (B.24)
) (:) (b)

where line (B.23) follows from the definition of B;(¢) and line (B.24) from the good event &,.
We make use of Lemma 38 and Lemma 42 to bound the summations over ¢ of (a) and (b),

respectively.
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Putting all together, we obtain:

R, g r(R-0-UCB)
2k k 3k 1
+ 5k + = + Z2(207)7% (10alog T)® +
oa—2 € €

crs eyt [ [ 25 (Ja-202] o)+

€

(e |

L TH (1 + log(eT)) H [1_#26} S e, ([(1 ~9) Kiﬂ ,q) "

Cm€eCq:|Cm|>1

<1+

+ 2k + Kk, T? {

Lemma 39 (Bound on Estimator’s Cumulative Bias for General Matrices). Let  {I;};—1 be
a sequence of actions. For every action i € k], every round t € [T], let window width
hiy = |€N;s—1]- Let G € {0,1}**F, then for every q € [0, 1], we have

T

. ~hp, it ~
Z min {1, ultlt (t) — /J’It(NItyt)} <
t=1

_ 1 T
< 2k + By T T, (| (1—20)=],
PR g | ([ - 20 )+
1
€

1

+ T (1 + log(eT)) e [ } [1 _12J (k — ki)Y, d(l ~26); _T]J ,q)m ,

(B.25)
where ky < k is the number of arms having degree of 1, i.e., k; := |{i € [k] : deg(i) = 1}|.
Proof The proof follows similar steps as Lemma 38. We decided to split arms based on their

degree; in particular, we bound separately the bias due to arms having a degree of 1 (i.e., they

are only triggered by themselves).
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T
. ~h t N7
Z min {1, Jip () — l’[’ft(NIt,t)}

t=1

Nir N;. T
hi, . . : ~it
< 2k + > min {1, i (i) — Ni(j)} + min {17 i (tig) — Mz'(tf,j)} ‘
iclk] j=3 welk] g=3
geg*(z):l B geg’(z)>1 _
M ®)

As a consequence of Definition 1, we observe that:
t
I U AU
ti,Niﬂt - t’i,NZ‘,t - Z(Glhi - Gft,i> < 0

J=1

As a consequence of this, we have that, for every i € [k] and for every ¢ € [T']:

NY (B.26)

where ]VZUt .= e/ (GY)TN,. Then, following similar steps as in (Metelli et al., 2022), we can
bound the two components separately and make the dependency on the upper block-diagonal

matrix explicit. [

Theorem 12 (R-o-UCB Regret in Rising GTBs with General Matrices). Let (v, G, T) be an
instance of Rising GTB, where G € {0,1}***. Let h;; = |eN; ;1| for e € (0,1/2) and §; =t~
for o > 2. Then, R—o—UCB suffers an expected regret bounded by:

1
~ 2 - T 2q T 1+q
Ry,er(R-0-UCB)<O| min {(¢T)5 +T kY, | =—,q | +T 7+ Y |CYIT, | —, ,
,G,T( o ) <q€[071] {(0' ) 1 (kl Q> ; | m‘ (|C%| q) })
where GU is the minimal super-matrix of G.

Proof The proof follows similar steps of the proof of Theorem 11, but uses Lemma 39 (instead

of Lemma 38) to bound cumulative estimator’s bias.

As in Theorem 11, we decompose the regret in two components and instead make use of

Lemma 39 and Lemma 42 to bound the summations over ¢ of the two components, respectively.
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Putting all together, we obtain:

2k k 3k 2 1
R, cr(R-0-UCB) < 1+ 5 5k + — + —(207")3 (10 log T)é
a— € €

- 1 T
q — —
29 a |1 1 T Tiq
+ T'T+a (1 + 10g<€T)) q [E} [1 — 26} . UZ |Cm|Tl/ (’7(1 — 26)@} ,Q) .
CmGCGU
CY|>1

B.1.1. Technical Lemmas

Lemma 40 (Lemma C.1 of Metelli et al. 2022). Let M > 3, and let f : N — R, and (5 € (0,1).
Then it holds that:

S £(13) Hmﬁﬂ 0
s <A ra
=3 Bl s

Lemma 41 (Lemma C.2 of Metelli et al. 2022). Under Assumption 2, it holds that:

Nir—1 T
(NmE)lX Z Z (DT < kY, GE} 7q> '
Ni,T?O,ii[;e][?\]fi’T:T i€[k] =1

Lemma 10 (Concentration of Estimator, adapted from Metelli et al. 2022). For every arm
i € [k], every round t € [T, and window width 1 < h < [MJ let:

1010g%

BI(t0) = ot = Nooa + h— D[ =5

Then, if the window size depends on the number of pulls only h;y = h(N;;—1) and if 0; = t~°
for some o« > 2, it holds for every round t € |T'| that:

P

Proof Using a Doob’s optional skipping argument (Doob, 1953; Bubeck et al., 2008), and noting

) = )] > B @ 6)) < 26

that, at round ¢, tf , is a stopping time for every arm i € [k] and pull number [ € {1,..., N;; 1}
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w.r.t. the filtration 7,y = o([1, Xy, ..., I,_1, X;_1, I;), we can proceed to prove this lemma
as in (Metelli et al., 2022) also for GTB. [ |

Lemma 42 (Bound on Estimator’s Variance, Theorem 4.4 of Metelli et al. 2022). Let (1;)[r] be

a sequence of actions such that:
Ah[t’t NhIt,t hIt,t -«
il (8) = iy (0] < B 1), Ve e [T, (B.27)

where oo > 2. For every action i € k], every round t € [T], let window width h;; = |€N;;_1],

then, we have:

T

1 k 2 1
Zmin {1, QBZIt’t(t, tfa)} <k <3 + —) + 3—(20T)§(10a logT)s. (B.28)
P € €

B.2. Proofs on Rotting Bandits

Theorem 13 (Complexity of finding the Optimal Policy in Rotting GTBs). Com-
puting the optimal policy in Rotting GTBs with general matrices G is NP-Hard.

Proof We reduce from a decision problem related to finding independent sets in graphs. In
particular, given a graph (V, E') and M e N , it 1s NP-Hard to determine if there exists an
independent set of size M (Karp, 1972). In the following, we design an instance of our problem
such that the reward of the optimal policy is at least 7" if and only if there exists an independent
set of size M = T.

Construction. Given a graph (V, E'), we build an instance such that the horizon is 7. Our
set of actions can be constructed by assigning an action to every node, i.e., A = {a,},ev. We
define the matrix G is such that for any v,v' € V, it holds Gaya, = 1if (v,0') € E, and
Ga,.a, = 0 otherwise. Finally, for each arm a, € A, the reward is deterministic and evolves as
fa,.,(n) = max{2 —n,0}. We call & the set of these functions. It is easy to see that the GTB

instance (U, G, T') satisfies assumption 3.

if. We show that if there exists an independent set I* = {v, ..., vy} of size T', then there exists
a policy with a cumulative reward of at least 7. Consider the policy 7 s.t. 7(t) = a,,. It is easy

to see that Navt’t = 1 for every t € [T']. Hence, the reward of the policy 7 at time ¢ is

~

/‘Lavt (Navt 7t) = 1
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Thus, J; & (%) = 1" and the claim is proven.

only if. We show that if there is a policy 7 s.t. Jﬁ & (7)) =T, then there exists an independent
set of size T'. First, we observe that at any round ¢ the best obtainable reward is 1. Since, by
assumption, there is a policy with a reward of at least 7'; then there is a policy such that at each

round ¢ € [T'], the reward is exactly 1.

Let a,, be the arm played by the policy at round ¢ € [T']. Then, consider a round ¢t € [T']. Since
the reward of the arm a,, must be 1, it must be the case that (i, (Nawt) = 1 and ﬁav“t = 1.
By the definition of G this directly implies that {v,} is not connected to any vy, t' < ¢, and that
vy # vy for any ' < t. Hence, {vt}te[T] is an independent set of size 7', proving the claim. W

Lemma 43. Let G,, = (V,,, E,,) be a graph. Then, either the graph possesses block-diagonal
connectivity and the nodes can be partitioned in M disjoint clique, i.e., V = Uff:l Cn, or there

exist three nodes vy, Vg and Vs S.1. €y, 4y, €y 05 € I and ey, , ¢ E.

Proof We proceed by induction. The statement holds for n < 3. We assume that G,, is an arbitrary

graph satisfying the statement. Then we add one node v,,,1 and obtain G, .1 = (Vi,11, E11).

If G, is block-diagonal connected. We list all the possible scenarios:

e If e, i ¢ B, for every i € V,, then the node v, is a single-element clique and the

new graph is block-diagonal.

» Ife,, ;€ B, foreveryie C,,,and e, ., ; ¢ E,.; forevery j € V,,\C,,, then the node

Un+1 1s added to the clique C),, and the new graph is block-diagonal.

e Ife,,,,i € Epyq forsome i € C, and e, , ; ¢ E,41 for some j € Cp, thene, ., ;,
eij€ Eande,, ;¢ E.

e Ife,, i € Eyy forsomei € Cp, and e, ., ; € E,, for some j € C,y, then e, ., ;,

Cuni1,j € Hande; ; ¢ E.

If there exists three nodes v, v; and vs S.t. €, 4,5 €1, € £ and e, ,, ¢ /. There is no way

to connect v; and v3 by adding a node, thus the statement still holds for G,, ;. [ |

Theorem 16 (Regret Lower Bound for Rotting GTBs with General Matrices). For every
G € {0, 1}*** that is not block-diagonal, there exists an instance of Rotting GTB (v, G, T) s.t.,
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N
<:> wi(n) | pi(n)
( Q 1 1

) pi(n) p1(n)

<:> e =) 2 () =pa(m)

T/2 T " T/2 T n
(a) Graph considered (b) Expected values p;(+) for v. (c) Expected values pu;(+) for v/'.
for both v and v/'.

Figure B.1: Instances used in the proof of Theorem 16.

for every policy T, it holds: -

RV7G7T(7T) = E

Proof Consider the deterministic rotting scenario, i.e., where 0 = (. Consider two instances
v and v’ of 3-armed rotting bandit with graph structure as depicted in Figure B.1. The graph
which represents the connection of the arms is represented in Figure B.1a. The expected rewards
at the different number of triggers n is depicted in Figure B.1b for instance v and in Figure B.1c
for instance v’. For both instances, arms 2 and 3 present an expected reward equal to 2/3 for the
first T'/2 triggers, and then the expected reward becomes 0. On the other hand, the two instances
differ in the behavior of the expected reward of arm 1. Indeed, such reward is 1 until we trigger

the arm 7'/2 times for instance v and for all the T triggers for instance v/

We recall that the clairvoyant is aware of both the graph G and the expected values ;(n), for
every i € [k] and n € [T']. We can easily compute the total reward for the best policy possible 7*
for instance v:

Jogr(m*) = §T> (B.29)

which corresponds to pull arms 2 and 3 only (both for 7°/2 times), and for instance v’

J,,/’G”T(ﬂ'*) = T, (B30)

which corresponds to pull always pull arm 1 for 7" times. We highlight that optimal policy 7* is
different for the two instances.

We now need to introduce some additional notations that will be used in the proof. We call
E, [NZ»R (n)] the expected number of pulls for arm ¢ generating reward (i.e., for which the
expected reward is different from 0) up to time 7 for instance v. We now start by observing that,

up to the round 7'/2, the two instances are exactly the same, so every policy 7 will have the same



Bl Graph-Triggered Bandits 147

behavior in expectation. Given that, we observe that for both the instances we have the same

reward, equal to:

Suoralr) = doaa(n) = 5 58 (5] + 26 [ ()] 2. [ ()]
5[ (5)] - [ (5)]

where the last equality follows from E, [N ()] + E, [N (£)] + E, [NF (£)] = T/2.
This result is valid for both v and v/, as the policy will behave in the same way, and so
E, [Nf (£)] = Eu [Nf* (£)]. for every i € [3], as the policy on the two instances v and v/ are

not distinguishable the first 7'/2 rounds.
We now have to understand what will happen from 7'/2 to T in the best case possible.

Instance » We can easily see how for arm 1 we have terminated the pulls which generate reward,
so we have to pull arms 2 and 3. We can now compute the remaining triggers generating reward

for arm 2 in the second half of the rounds:

npta)-z[xt(3)]< I -efw ()]

Tr@ggers Already
initially used
available

GO =)

Trigggr(s used
T
< (o)

from arm 1
We can do the same reasoning for arm 3 and, for symmetry, we get:

B, [N§*(T)] — E, [Nf (g)] = lNQR (gﬂ

We now consider a policy using all these triggers, and we compute the expected cumulative

reward:
T\]| 2 T
aate) <o)+ 5 [V (3 )]« o |0 (3)
r_1 T Lo [ve (T T 2 T
<5 3B NS ) [ 3B [N ) |+ 5B [N () | B | N (5
g [V (5)| e e ()|« e ot (5) | e e ()
T 1 T 1| T
<=+ -E,|NF(= “E, | NE (=
273 [ 2 <2>]+3 RE (2)}
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Instance v/ Instead, for instance v/, we can easily see that the best choice from 7'/2 to T is to

always pull arm 1 for all the 7'/2 rounds, receiving a reward of 1 each time. Given that, we have:

T

Jyar(m) < Ju/,G,T/2(7T) + 5

g (] e ()

Regret Moving to the regret, we have for instance v:

RV,G,T(,/T) = JV,G,T(’]T*) - JV,G,T(’]T)
2 T 1 T 1 T
>-T—-=——_E,|NE(=)|-=E, [NE|=
g (5)] g e (3)]
T 1 T 1 T
> — B, [NF(Z)|-sE, |NE(= )],
6 3 2 3 2

while for instance v/':
Ry ar(n)=Juar(m) = Jugr(T)
1 T 1 T
> _-E, |NEF (= “E, [NE(=)].

We can now compute a lower bound on the regret:

RT (Q[) = max {RV,G,T(W)u Ru’,G,T (71')}
1

>3 (Rugr(m) + Ry gr(m))

R N T T )
T

- =

This proof holds for the specific graph structure we discussed here. However, by joining this
result with the one of Lemma 43, we can generalize this result for every non-block-diagonal

connectivity matrix. [ |

Theorem 14 (Optimal Policy in Rotting GTBs with Block-Diagonal CM). For any instance
(v, G,T) of Rotting GTBs s.t. G € By, the optimal policy T}, ¢ 1 € argmax, J, g r(7) is given
by:

ﬂ-j,G,T(t) € arg %&X Mj(‘]v]ft% Vt e [T]7
je
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where N +1 is the number of times arm j has been triggered by the optimal policy up to time .

Moreover, we have:

Trer= D, Z max /i;(n (3.18)

1€Cm,
CmECG n=1
where N§, 1 is the number of times the optimal policy pulls an action belonging to clique C,,

before T\ i.e., N¢. 1 = Ny, for every i € Cy,.

Proof For every Rotting GTB instance, we create an alternative instance which is better, in terms
of total cumulative reward, than the original instance. Then we show that playing greedy in the
original instance yields the same cumulative reward of the optimal policy from the alternative

instance.

For each clique C,,, € Cg, we substitute the reward function of every arm i € C,,, with pf(n) =
max;ec,, pi(n) for every n € [T]. This way, whenever an action is chosen it is guaranteed to
always yield the same reward as any other possible action inside the same clique. We create
an alternative instance (7, é, T') by collapsing all the actions inside the same clique into a
single meta-action, resulting in a k-armed rested rotting bandit problem, where the set of actions
corresponds the set of cliques of the original instance. We use Proposition 2 of (Heidari et al.,
2016) to get that the optimal policy in the alternative instance is to play, at every round, the action
with the highest instantaneous reward. Such policy achieves a total reward, in the alternative

instance, of:

Cm,T
* — .
Tar= 2, 2, maxu(n),
m
CmGCG n=1

We now show that playing the greedy policy in the original instance yields an equal total

cumulative reward. Playing greedily in the original instance we get:
:,G,T = Z rirelax Hi(N;t)

- > Zﬂ{f*ecm}m[a?u(ﬁ )

CmCGt 1
Nk
= Z Zﬂ{f*ec }maXMz(Ni,t)
CmCq t=1
Ng,. 7
= 2, 2, maxuiln)
CmeCa n=1 '
*
= Jlj,é,T > JI/ G’T< ) Vﬂ'
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The performance of the optimal policy in the alternative instance is matched by the greedy
policy played in the original instance. The proof is concluded by observing that the optimal total
cumulative reward of the alternative instance cannot be lower than the total reward of any policy
7 in the original instance, since the alternative instance has pointwise higher reward functions

for every action. u

B.2.1. Upper Bounding the Regret of RAW-UCB

We start by defining the expectation version of the estimator defined in Equation (3.19) as

ph(t) = %Zz;ll Lir—i Ni,s>Ni,t71—h}Mi(Nz‘,s)- Before moving on, we recall the following

result, which also introduces the notion of good event ;"

Proposition B.1 (Bound on the Probability of Bad Event, Seznec et al. 2020). Let 6, = 2t™%, and

& ={Vvielk], \n<t—1, Vh<n, [Alt) — @'@t)| <ch,d)},

for c(h,8;) = 4/20%10og(20; 1) /h. Then

P (&) < Kt*°. (B.31)

Lemma 44 (Overestimation under the Good Event). Under &', if action I, is selected by Algo-
rithm 8, for every h € [N;;_1] we have:

i, = max pi(N7y ) = 2e(h, 00, (B.32)
where Ni’ft_l is the number of triggers of action 1 provoked by playing with Algorithm 8 up until

time t.

Proof This proof is adapted from the one of Lemma 1 of (Seznec et al., 2020). Let h;f‘ti“ €
arg mingcy, , it (t) + c(h, 6;).

~

Let if € arg max;cy, i1i( N[, ) be the best available action at time ¢. From the rotting assump-

tion, we know that:
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Under &;*, we have:

We now use the definition of h?ﬁ?:

min

~h min ~
Mfft (t) +c(hlt, 00) < Millt (t) + c(h, ;).

Again, we use ;'
At (t) + c(h, &) < il (t) + 2¢(h, 8).

Putting all together, we obtain the statement. |

Theorem 15 (RAW-UCB Regret in Rotting GTBs with Block-Diagonal CM). Let
(v, G, T) be an instance of the Rotting GTBs, where G € B;. Let 6, = t™ for a = 5. Then,
RAW-UCB suffers an expected regret bounded as:

R, cr(RAW-UCB) ( ( \log T + V(T >+L DUICh P+ kL +0 ) ( MT) +

k
CmeCG CmECG
. 7
Y Y
(2) Variance Contribution (B) Rested Contribution

1

2 z : |Om| ?
s T 2

+ (OJO') 3 (VT TT .
CmECG
- >
v

(C) Restless Contribution

Proof Let us proceed to decompose the regret:

Il
M=

R, cr(RAW-UCB) (u (N& ) — (MJ)

o~
Il
—

I
=

(1 (5. = (BT, o (V7))

t=1 T
T T
= D0 (V) = mas (N ) + Y mae i (V7,) = pan (F,.)
, @ )
(b) (C)
Before bounding the two terms, we observe the following:
Z fggl}t{ Lbi NIt’ 2 Z max pi(n (B.33)

mECG n=1
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Equation (B.33) is a consequence of Equation (3.18) (Theorem 14), when applied to the restless
bandit problems obtained by each clique when considered alone. We have for (¢):

© = Zmax (i(N7.) = (V7))

eC Iy

NT
Cm

Eq. (B.33) 2 Z (maX/Lz = iy, (0 )>

CmECG n=1

©) 1
< 6kV, (T) + 4(8a0)t > (Vu(T)|Conl (NG, 1)*log T)? +
CmECG

22v200)} Y (VulD)ICu NG, 11/ 10gT)"
CmeCa

The last inequality is obtained by observing that, fixing the number of times a pull is selected,
we have a nested restless bandit problem having as the time horizon the number of times the
clique is pulled N7, . RAW-UCB plays greedily in each clique independently. Thus, when
an action belonging to clique C'is selected, it is the same action that an instance of RAW-UCB
would have played in a restless rotting bandit composed only by the actions belonging to C.! In
the step marked with (), this equivalence allows us to bound (c) with the summation of regret
bounds of the algorithm for smaller restless bandits defined for the cliques, by using Theorem 1
from (Seznec et al., 2020) and bounding log N7, < logT and V,,(N§, ) < V,(T) for every
Cyn € Cg. The last term is dominated by the other two in every quantity, and is thus omitted in
the final bound.

We now focus on (b):

T

- N
(b) = Z(Mzz‘ (Ni;“,t> - mng(N}i,t))
=1 L
NE ¢ T
(B.32) ~
>, 2, maxg(n) — Y imax (N7 )
CmeCag n=1 ! t:1Z Tt
NE, 7
(B.33)
=" Z maxp(n) = D, ), maxu(n)
CmeCa n=1 CmeCa n=1

The term (b) only depends on the difference between the allocation of pulls among the cliques
between the optimal policy and the algorithm’s policy. Thus, it makes sense to split the cliques

into two sets, namely OP and UP: the first will contain the OverPulled cliques, the second the

!The UCB is different since the clique-specific instance of RAW-UCB would have used internal times instead of
the external time ¢, however, the order is preserved and the decision is the same.
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UnderPulled cliques, which are cliques pulled by RAW—-UCB more than the optimal policy and
the cliques pulled less, respectively.

> Z max fi(n) — Z max f1;(n

CmeCa n=1 CmeCa n=1
m m
-y 2 g~ S ST et
eC eC
CmeUPn=Ng, Cm€OPn=Ng . +1

We now introduce the auxiliary quantity p7.(7) = max;ep Mz(N ). We also observe that the
two terms in the RHS have the same number of addends, since the number of overpulls must be

equal to the number of underpulls. Finally, we define h¢ r as the number of overpulls of clique
C.

5 S i % Z e

Cm€UPn=N{ Cm€OP n=Ng
C’!?L -
=) 2 TR 2 sl
eC
CmeUP n= Cm€OP p= N*
NE,r—1
_ +
= D>, D (wi(m) — maxp(n))
ieC
CmeOPn:Ng T
hc,r—1
— %
= 2 2 (mp(m ) = max (NG, + h)).
Cm€eOP  h=0

We can now decompose the last summation by the means of events {£{*}:

hC’,T 1
< . t(m) — (NG
bo< DN ME L ) - mam(NE, )
CmeOP  h=0 ms

Z Z ) = max 11;(NE, 7 + h)),

where héT = max{h < hor : ftw } is the largest number of overpulls a clique
C T

undergoes before time ons:  an S <T under the events £, and OP* := {C,,, € OP : hf or = 1}
Cm,T

We call, for short, tc » the time at which clique C' is overpulled for the h-th time i.e., t7- CNE i
m T
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and observe that

he
= Y 1{h# het, e, ¥ € K]} max i (NG, 7+ ) + > max 1 (NG, r + e, - )
h=0 » jeC
hf7T71
:Z (T;tc —l—ZmaX,uz ]t]N"T)
i€C h=0 jeC
(3.19) _hf -1~
2 f N (tc’hg ) + 2 max ,ul(Nj b, )
eC jEC
(B.32) ¢ ~ ¢
=7 20 = 1) (max e (N7p) = 260 = 1,87 ) ) + D mapu(R, )
v i€[k] C,hLT e ieC
> (hgaT |Ch, \)maxuZ - 22 th —1,07) + Z maqu(Nj Lty )
eC jel
= (héc,T |Crml| )1 - 22 th th 1,67) + Zma‘X:u“L(thJ NT ).
eC jeC

Plugging this observation into the previous, we get:

b)< D) (lc () = D max (N, o ) +2 3 (b~ )(hf,T—LéT))

CyneOPS jeC ieC
= ) (Z(MF(W) max 1y (NTy, oo )) +2 2 (i = Vel - 175T)>
ChmeOPE \ieC ! icC
2kzm/logT +L > Gl +2 > Dk — De(hiy — 1,5T)>
mECG mEOPS eC

< 2koa/logT + L Z 1Conl® + 2 Z (02\/ th 10gT>
CmeCaq CyneOPE ieC

<2ko\/logT+ L Y |Cul®+2 )] ( VIog T /(R T—1>
CmeCa CmeOP ieC

2 Skor/log T + L AT ( \/\Cm]NgWTlogT).
CmeCa CmeCa

The step marked with (x) is justified by the following considerations. Let i € C, we shorten
the notation for the time at which clique C' is triggered for the (N[‘t — m)-th time as
T

bivmm = o i _ - In other words, after this time the clique C'is only chosen m times before
[3 tl NT
i, T
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the action ¢ € C'is pulled for the last time. Consider the |C,,| times the clique C' is chosen before
pulling ¢ for the last time: then, due to the pigeonhole principle, at least one action belonging to
the clique should appear at least two times before the last pull. Without loss of generality, we
assume that only one action appears exactly two times, and call the first appearance time ¢; _,,

and the second t; _,, (note that m’ < m < |C,,|). We now observe that:

(1
(1

(@( ma (N7, —m>>+|cm|2L,
JE eC N, T

(

S+

Z <,u} (m) = I?G%X Hj <Ni7jti,N;’rT)) - %%X {“J(Nz tN T, ) £ 1y (N:tz NEp m)}>
ieC ’

)
() — max iy (N
) -

SN+

m) + mL)

1t ™
jeC LN

eC
<X
eC
<X
eC

We can now prove the step () by bounding

Zr‘gleaéxuj Zt'L NT" ;Mltz —m 7’t1 N"'r _m)
Z /”LIt tl —m/
eC
(B.32) ~
> (maxuj(]\/}rti 7m/) — 26(1,5@, m/))
eC selk] Y |

DS () — 2¢(1, 7))

eC

where () is a consequence of Kf]“t < ]V]“T for every j € [k].

’ 7,,7m’

Finally, in the step marked with (/) we used Jensen inequality to find the worst allocation of

overpull among the actions in the same clique, which is the uniform one, i.e., hj 7 < NZ  7/|Cpl.

To conclude the proof, we need to find out what happens under &,

he,r—1
®)< D 2 e, i) - maxp (NG, o+ h)
CmeOP  h=0 Con, 7T ieC
hCT 1 T

= X N, A, e D)~ ma (Ve )

(+) T ~ hcr—1
< ]1{5% }Lt< Z 2 Jl{tCN* rth :t}>

CmeOP  h=0
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In the step marked with (%), we use the fact that at time ¢ overpulling a clique can yield at most

Lt regret. The last step is a consequence that for each round ¢ we can have at most 1 overpull.

We conclude the bound by using Proposition B.1:
T T
_ (B31) (a=5)
E[(bo)] < Y P (§) Lt < > kL™ < 2kL.
t=1 t=1

We then observe that, given an arbitrary concave function g, we have

2 91CnING, ) < )] g(%T).

CmeCa CmeCa

wlo

This can be applied to component (b) with ¢g(-) = /- and to component (¢) with g(-) = (+)3.

The statement of the theorem can be obtained by summing up all the components, i.e.,

E[Rr(m)] < E[(be) + (bg) + (0)] -
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C.1. Lower Bounds

In this appendix, we provide the proofs of the results presented in Section 3.3.4 in the main

paper.

C.1.1. General Recipe for the Lower Bound

The goal of this section is to prove Lemma 17. Remember that we work under the assumption of
Bernoulli-distributed rewards. The result is obtained through techniques from the adversarial
literature in which the instance is also affected by randomness. Thus, we define two probability
distributions over {0, ..., k}">1, which induce probability distributions over the instances in
&z - In particular, let €, €€ D0, ..., k}) defined as:

Eop = {0 o
1 ifo=0
1

~ — ifoelk|,

oy = 15 O
0 ifo=0

for o € {0,...,k}. We can extend ¢ and £ to probability distributions over {0, ..., k}">1 via
infinite product (see example 1.63 of Klenke 2020):

Ty = (®lw:_11§> ® (@f:‘ﬁg) for all w € N5,

7’\: = ®w€N;1£'

7 models a random instance in which, in each window, we choose independently and uni-
formly one arm whose expected reward follows the modified trend, while the expected re-
wards of all the other arms follow the base trend. 7, instead models a random instance

which behaves like 7 up to window w € N; (excluded); from window w onward all arms
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follow the base trend. For technical reasons which will be clear in what follows, we need
to build a probability space in which the randomness over the instance and the random-
ness over the rewards are unlinked. Observe that with the current construction this is not
the case. Indeed, X is sampled from v, but o is also a random element. To this end, let
8 = (Sit)iclk] teNs, ~ A = Qie[k]tens, Unif(0, 1) where Unif(0, 1) is the uniform distribution
with support [0, 1]. Then, we can redefine X; ;(0, s) = 1[s;; < po,i(t)] where p,;(t) is defined
in analogy to Equation (3.21). In this way, we moved the dependency from o inside the definition
of the random variables, preserving their distributions. For consistency with the notation, we in-
troduce the random variables O = (O, )yen., Where O, (0) = o,,. The probability distributions
that we just defined, induce probability density functions over finite reward sequences taking

into account the randomness both in the instance and in the rewards. In particular, let

]_Dw(’l"l,...,’l"T) = OLI; [R1 = T‘l,...,RT = ’I"T],

S~A

ﬁw7i(’l“1,...,’l“T) = P~[R1=7“1,...,RT=’I“T|OMZ?:]

o~T

s~
forw e Nsy,i € [k],ry,...,rp € {0,1}. We use p,, and p,, ; to denote also all the conditional and
marginal distributions; disambiguation happens through the arguments, e.g., p,,(7s,, | 71, - - -, Ts,—1)-

To obtain the result, we use the following tools from information theory (Cover and Thomas,
2006).

Definition 5 (L' Distance of Two Discrete Probability Density Functions). Let p, ¢ be two
discrete probability density functions defined over the finite set X, we define their L' distance as:

Ip—alh = )] Ip(x) —q(x)|.

reX

Definition 6 (Kullback-Leibler Divergence of Two Discrete Probability Density Functions). Let
D, q be two discrete probability density functions defined over the finite set X, we define their

Kullback-Leibler divergence as:

i pla) = X ol o, (4.

“ q(z)

We use Dk, (x1]|xe) with 21,25 € [0,1] to denote the Kullback-Leibler divergence of two

Bernoulli p.d.f.s with corresponding expected values x; and zs.

We now state and prove a generalization of Lemma A.1 in (Auer et al., 2002b) which we then
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use to derive Lemma 17.
Lemma 45. Let w € [w(T)], i € [k], f : {0, 1}mintewTd — [0, M| with M = 0. Then:
]E’N[f(Rh R 7Rmin{€w,T}) | Ow = Z] - OEE% [f(Rlv ey Rmin{eu;,T})]
A S~A
M min{e,,T'}
< Sy |2In(2) > Din(F,(t = sw + D)|fiuw(t = sy + 1)) P [I=i]. (€D
t=sw S~)7\ﬂ

Proof To simplify the notation, let ¢ := s,,, t := min{e,,, T'}. The lhs of Equation (C.1) can
be written as:

D frn ) Pua(r ) = Py(re - Tw)

<M Z (Puwi(T1y oy Tey) — D71, oy 71y))
T1yeeny rt2€{0,1}
St P i (15057t ) 2Py (T1 50057t )

- 7”]_)w<rl7 s 7Tt2) _ﬁ’w,i(rlu ) 7Tt2>H17 (C2)

where line (C.2) can be found in (Chapter 11, Cover and Thomas, 2006). Again, from
(Lemma 11.6.1 Cover and Thomas, 2006), we have that:

pr(rla s 7Tt2) - ﬁwﬂ'(rlv s ’rtz)H% < zln(Q)DKL(]_)w(Tlv s 7rt2)”ﬁw,i(rl7 s 7Tt2))-
From the chain rule of entropy:

t2

Dke(Bu (71, - -7t [Pwi(r1, - - 1)) = Z Dir. (P (re [ 71, me—1) [Puwi(ra [ 71, re1))
t=t1
@
+ PKL(ﬁw(Tl, oy T —1) [Pw,i(re, - ,Tt1—1)2 .
(b)
Because of how 7, and T are defined, we have that:
ﬁw,i(rly e ,Ttlfl) = ]_7w(7“17 R ,T'tlfl) for all T1ye ooy T —1 S {O, 1}

and thus term (b) is 0 because of the properties of Dky,(+|-). To deal with term (a) we need to
work on the expressions of Py, ; (¢ | 71,...,7¢—1) and B, (¢ | 71, ..., 7r4—1) for t € {t1,... t2}.

First of all observe that the arm that the agent pulls at round ¢ is fully determined by the past
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sequence of observed rewards r1, . .., r;_; since the policy 7 is deterministic. As remarked in
Section 3.1.2, we denote it through 7(¢), omitting the dependence on 71, ..., 7;_1. Now:!
ﬁw7i<7‘1,...7’f‘t) = ]P)N[Rl = Tl,...,Rt =T | Ow = Z]

o~T
s~

= O]E,D‘F[Xﬂ—(l)’l = rl, e 7X7r(t),t =7y | Ow — 7/]

s~A
=P [Xw(l),l =Ty ,Xﬂ(t—l),t—l =Tt | Oy = 1]

o~T

s~A
([ (t) = i) Be(ry | fww(t — sw + 1)) + L[m(t) # @] Be(ry | f, (t — 50 + 1)))
= Duw,i(r1, -+, 1e-1) (U (t) = 1] Be(ry | fiw(t — s0 + 1))
+ 1|7 (t) # i] Be(ry | fi,(t — s + 1)),

(C.3)

where line (C.3) follows from the fact that, under the event O,, = i, Xy ;) is independent from
Xa()1,-- > Xr@—1)—1 and has expected value i, (t — s, + 1) if w(t) = 4, fi,(t — s, + 1)
otherwise. Thus we conclude:

Dwi(re |1, rem1) = 1w (t) = i] Be(ry | fiw (t—su,+1))+1[m(t) # ] Be(ry | 11, (t—sw+1)).
From analogous calculations it is possible to derive:

DTt | 71,y rim1) = Be(ry | i, (t — sy + 1)).

'With slight abuse of notation, we will use the symbol Be(z) also to denote the p.d.f. of a Bernoulli distribution
of parameter z € [0, 1].
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Thanks to the last results and the definition of Dy, (-|-):

DKL By (r1s -1 PP ) = D1 D Dulra,om)

..... T’tE{O,l}

Nog ( Be(ry | 1, (t — 80 + 1)) >
2\ 1[x(t) = 9] Be(ry | Piw(t — 5w + 1)) + 1[m(t) # 7] Be(ry | Ty, (t — 50 + 1))

= 22 Z Puw(r1, o ree1) 17 (t) = 1] Z Be(ry | i, (t — sw + 1))

t=t1rq,...,rs—1€{0,1} rye{0,1}

)

Be(ry | fly(t — s + 1))

= i Dir(Fy, (t — Sw + 1) || fw(t — 50 + 1)) Z D (T1s oy me1)1[m(t) = 1]

t=t1 r1,...,rte—1€{0,1}
min{ew,T}
= > Dru(u(t = su + DIt — s, +1)) P [L=1].
t=sw 0817)1\”
The lemma follows by chaining the results. |

We are ready to prove Lemma 17.

Lemma 17 (General Lower Bound). Under the assumption that [i,,(t) < [i,,(t) for all w € Nsq,
t € [Dy], for any deterministic policy 7 and learning horizon T € Nx1, assuming Bernoulli-

distributed rewards, it holds that:

w(T)
sup Ry, (m,T) = ( (3.22)

VeSE

|

| —

|
g -
™

w=1

where:
min{e, T}

DET = Z Dkt (7, (t = 80 + 1) fiws (t = 50 + 1)),

t=sw

min{e, T}

AE#NL’T = Z (ﬁw(t — Suw t+ 1) - ﬁw(t — Sw T 1))7
t=syw
for all w € [w(T)], where Dgy,(z1|z2) for 1, x2 € [0, 1] is the Kullback-Leibler divergence of
the p.d.f. of two Bernoulli (formally defined in Appendix C.1).
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Proof Foro € {0,... k">, t € [T], leti}, € arg max;c(y fto,i(t). Then:

Under the assumption fi,,(t) = 1, (t) for all w € N4, t € [D,,], we have:

toix, (1) = tho,1, (t) = HOuwy # 0, Ow(ry # Le](Tw(e) (t = Swiy + 1) = Tuge) (t = Swey +1))-
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Then, observing that O,, = 0 has probability 0 under 7:

w(T) min{ew,T}
RS* Z Z (fiw(t = sw + 1) = [, (t = $0 + 1)) OIE';[I[OIU # 1]
t=sw s~

_ S ult— s+ 1) — gt =50+ 1)) Y E1[L # 14,0, = ]

o~T

w=1 t=5sw i€[k] s~

w(T) min{e, T’} EON;[]_ [It # 1, Ow = Z]]
o . . o 1 s~A
= ~ tZ (fiw(t = 80 + 1) — i, (t — 85 + 1)) Z ]P)N[Ow = ] Pyr[Oy = 1]

w= =S ie[k] s~A s~A

w=1 t=sy ie[k] s~A
w(T') min{e, T} 1
= > (Fun(t = 50+ 1) = Py (£ = 500 + 1)) 7 Yl1-E[A[L=i] 0y =]
w=1  t=sy i€[k] 2:3\—
w(T') min{e, T} 1
S Y G-t )= Alt-set )1 Y (1o B [k =]
w=1 t=sy i€[k] s~
1 min{ew,T}
L 2mE) Y Dt s+ Dl — s+ 1) B [h =)
t'=5u SN;\H
w(T) min{ew,T'} 1
> Py (t — Sy + 1) — fi, (— 5 + 1 1——
DI I )~ Al D (1
\/% min{e,, T} 3 N
—op Al 21n(2) t; Diw (B (" = s + 1) (" = 50 + 1)) |,

(C4)
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where line (C.4) follows from Lemma 45 with f corresponding to the function from the observed
rewards to the arm /; pulled in round ¢, which is well defined for deterministic policies, and
line (C.5) follows from Cauchy-Schwarz inequality applied to a vector of £ ones and the vec-

tor of the terms under square root. The result follows from the definitions of DF#T and AZAT W

C.1.2. Specializing the Lower Bound for the Rising Setting
The goal of this section is to prove Theorem 18.

Theorem 18 (Lower Bound for the Rising Setting). For any deterministic policy m and learning
horizon T € Nz, T = 273k min{1, V7} =% assuming Bernoulli-distributed rewards, it holds
that:
I, 2.1 . 1
sup Ry (m,T) > —T5k3 min{l, V}5.
ve& (T,Vr) 80
Proof First of all, we need to formally define the sequences of window widths, base, and

modified trends. Let D, ,, = D, := |T%3k"/3 min{1, V}~%*?|and:

O +e(w—1) ifw<w(T)
O + e;w(T) ifw > w(T)

Y

T (1) =

N o +ew ifw < w(T)
,unw(t) = ) )
O +ew(T) ifw>w(T)

for all w € Nxy where ¢, == 2 and ¢, := (1 — 26,) min{1, V7 }/w(T) > 0. Observe that
Jiro(Dr) < iy 41 (1) for all w € N>y, hence, for any choice of 0 € {0, ..., k}>!, 1, , satisfies
Assumption 4. Furthermore, for all 0 € {0, ..., k}>1, the expected rewards of the arms change
at most between one window and the next, i.e., w(7") — 1 times in the learning horizon, and the

magnitude of the increment is at most 2¢,, thus:
Ty, ,(1,T) <2(w(T) — Ve, < V.

Hence &5 5, € & (T, Vr) indeed holds. Finally, itis easy to verify that 0 < 7z, () < firw(t) < 1

for all w € N34, t € [ D,], so that the assumptions of Lemma 17 are satisfied. From Lemma 57,

we have that: )
DHrvﬁ'nT < &r Dr .
v 21n(2)0?
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The choice of D, implies &, < (1 — 26,)7~3k3 min{1, V;}3. Then:

. koo (1-26\"
DT In(@) < 5 ) for all w € [w(T)].

Thus, because of the choice of d, and observing that k£ > 2, we have

1 2k — 1
1— = — Y28 (@) pEeieT 5 =
p T o VIn®) 1

Since Al T — e;(min{e,, T} — s, + 1), by plugging the previous results in Lemma 17,
assuming that 7 > 273k min{1, Vy} =%
1 1

sup Ry (m,T) > 1aT >

T3ks min{l, V)3,
IIGST(T,VT) 80

where the last step follows from the definition of £, and the fact that |z| > z/2 and [z] < 2x for
r =1 n

C.1.3. Specializing the Lower Bound for the Rising Concave Setting
The goal of this section is to prove Theorem 19.

Theorem 19 (Lower Bound for the Rising Concave Setting). For any deterministic policy m and

learning horizon T € N5y, T = 2%k min{1, V} —2, with Bernoulli-distributed rewards, it holds:

sup R,(m,T) = 2 BT ks min{1, VT}%.
VESC(T,VT)

Proof First of all, we need to formally define the sequences of window widths, base, and
modified trends. Let N, == [TV°k~Y>min{1, V4}*/*|, Do, = D, == [T/N,] for all w € N;.
Observe that D, is defined in such a way that w(7T) < N.. Let 6. = 1/3, my = (1 —
20.) min{1, V7}/(2T) € (0,1), my = (2N, — w)mg/(2N.) for w € [2N,]. (my)>Y, are the

slopes of the segments which constitute the trends. Observe that mg > mq > -+ > mon.—1 >
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mon. = 0. We are ready to define the trends:

( w—1
50 + DC Z Moj—1 + tmgw,l if w < ’LU(T)
ﬁc,w(t) =9 1277{) )
S+ De D Mo if w > w(7T)

\ =1
P

w—1 4

D, .

dc + D Z M1 + tMay—o + (Tf — 7) (Mo — Maw—2) ifw <w(T)
=1

ﬁC,w<t) =3 w(T) )
dc + Do Z M1 ifw > w(T)

\ =1

for all w € N>,. In what follows, with a slight abuse of notation, we will regard 7i. ,, and [ic
as defined on [0, D.]. Observe that, as we informally stated before, 7. ,,(0) = [ic.(0), and
Few(De) = Jicw(De) = T 11(0) for all w € Nx;. Furthermore, it is easy to check that the
slope of the second segment of the modified trend in a window is equal to the slope of the first
segment of the modified trend in the next window. Thus, because of what we remarked when
we informally introduced the construction, for any choice of o € {0, .. ., k:}NZl, V., satisfies
Assumptions 4 and 5. Furthermore, in each window with index w € [w(7')], the maximum
increment of the expected reward of an arm, corresponds to the slope of the first half of the

modified trend mg,,_s. Thus:

w(T

) N
T,.,(1,T) < D, Maoy—2 < D¢ Z Maow—2 < Vr,
w w=1

=1

Vc,o

because of how we defined the quantities involved. Hence &;_ ;. < &:(T, Vr) indeed holds.
Finally, it is easy to verify that 0 < 7z, (t) < Jic,w(t) < 1forall w € N>y, t € [D.], so that the
assumptions of Lemma 17 are satisfied. The maximum distance between the two trends in a

window is attained for ¢t = % and has value:

~ DC — DC DCmO
Ec = lew | = ) MHew | = | = .
few | 757 ) T Hew | 73 AN,

Because of how D, and m, are defined, remembering that [z] < 2z for z > 1, we have:

- (1 —26.) min{1, Vr}
c == 4NCQ )
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hence, in virtue of Lemma 57, we have:

Ao _ (1=20)°min{1, Vp}? (1 —26.)° min{1, Vr}?

< . < T forall ).
w 32N41n(2)52 16025 In(2) orall w e [w(T)]

Thus, under our choices of NV, and ¢., remembering that k > 2, we get:

1 2k 1
1— - = Y20 () DRt 5 =
F o V@) 4

Now, let’s lower bound the expression of Al for e [w(T) — 1]

AEC’ﬁC’T = (Maw—2 — Mayw_1)t + ZC [(mm — Moy—1)t — %(me — m2w—2)]
t=1 t=|Be|+1
_ mo (l%J (51, D51 (D~ [%J))
2N, 2 2

mo 5} 2 DC mo 5} 2 4 2 m()Dg

> 2pro=i) > 2 pr_ Zpe) Mol
AN, (16 ¢ 4) AN, (16 ©7167°) " 64N,
moT? (1 —20.) min{l, V}T

64N? 128 N3 !

(C.6)

where line (C.6) follows from the fact that |z| > /2 for z > 1 and that z < 2? for z > 1.
Finally, T > 2%k min{1, Vp} =2 guarantees w(T) — 1 > N./4, and thus, by Lemma 17 in

conjunction with the results we just proved, we have:

w(T)

1 _— 1 (1 — 26,) min{1, Vp}T
sup R,(m,T) > — AgC’“C’T > —(w(T)—-1
ve€(T,Vr) (m. 1) 4 wz;‘l 4< -1 128 N3
1 —20.) min{1, V}T e 3.2 . )
> ( )min{1, Vr} > 2578 1t ming1, Vi) b, .7

211 [\ 2
c

where line (C.7) follows from our choices of N, and . and from the fact that [x| < 2z for x > 1.
[
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C.2. Upper Bound for the Rising Concave Setting

In this appendix, we provide the proofs of the results presented in Section 3.3.5 in the main

paper.

C.2.1. Additional notation

We begin by introducing the additional notation required for the analysis. Let

X s vd—1 N s +d—1
Siwai= Y, UL =iR,  Siwa= >, 1L =it
t:sgva) t:sff)

be respectively the cumulative reward and cumulative expected reward by RC—-BE(«) for arm
i € [k] in the first d € {0,..., D%} rounds of window w € N;. Let N,, be the number of
round-robin cycles of window w € N+, where we also count the degenerate cycles in which we
pull the only remaining alive arm ¢*. Let tw, be the round in which the [-th round-robin cycle
(with [ € [N,,]) is started during window w € N;. Analogously, let V; ,, be the number of times
arm 7 € [k] is pulled in the w-th window (with w € N3,) and ¢; ,,; the round in which arm i is
pulled for the [-th time (with [ € [V;,,]) during window w. For simplicity in the notation, we

define d,,; =ty — s;‘” +land d; g = tiw; — SEU“) + 1. Finally we define the good events

Givds = { gi,w,d — §i7w,d‘ < U\/QDSUQ) (ln (2/{D5§>> +In (%)) }

fori e [k], we Noy, de [D], 6 € (0,1], and

gw,& = ﬂ gi,w,d,5
1€[k]
de[D)]

fori e [k],d € (0,1].

C.2.2. Concentration

We start the analysis with a concentration result for S'Wﬁd.
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Lemma 46 (Concentration). For every w € N5, 0 € (0, 1], we have that:

IP) [gwﬁ <5

X~v
Proof Forie [k],de{0,...,D}, A e R, let:
Miwa(N) = exp (A (it = Siawa) )

Fuai=0 (Xu o Xt X o g Xy o0 as) -

Lett' = sg,? ) + d — 1 to ease the notation. Observe that I, is F,, 4_;-measurable and that X , is
independent from F,, ;. Furthermore, we can rewrite Syi’w’d as
t/

Si,w,d == Z 1[It == Z]Xz,t

t=s1(ua)
Then:
E [Mi,wd()\) | fw,d—l] = Mi,w,d—l()\) E [1[Iy = i]exp (A (XW — m(t/)))

X~v X~v

+ 1 — 1[Iy =] | Fuwa-1]

JA20? A2
< Mi,w,d—l()\) exp (1[[75’ = Z] 9 ) < Mi,w,d—l()\) exp ( 9 ) )

where in the last line we use the properties of conditional expectation (Klenke, 2020) and the

sub-gaussianity of X ;. Thus, by induction:

)\2 2 )\2 2
XE [M;a(N)] < exp (d 20 ) < exp (DI(UQ)TU> :

Then, thanks to Markov inequality, for every ¢ € R:

P [Si,w,d — Siwd > 5] = XP [M; ,a(X) > exp(Ae)]

< X]E [M;..a(N)] exp(—Ae)

(@) 2
Dy,
< exp <)\2 7 _ Aa) .

2
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By choosing € = a\/ZD( <ln (QkD > +1n (%)), A= o, we get:

5
2k D

X~v

P [gi,w,d — gz’,w,d > €:| <
An analogous bound holds for

P I:gi,w,d - S’i,w,d > 6] .

X~v

Then, thanks to a union bound,

S )
X]:'Pil/ [gi,w,d,é] < qug]a) .

Finally:

m 2 2 P gzwd5 <5-

ie[k] de[D(a)

C.2.3. Proof of Lemma 20

The goal of this section is to prove Lemma 20. To this end, we need several intermediate results.
We start by proving that 7 is indeed well-defined.

Lemma 47. Let ¢, ji € L7, then i), X Ju.
Proof If i (t') = ;% (t") for some ¢’ € {s$, ..., el then it must be %, x . Thus, assume
piz (t') < px (t') for some t' € {353‘), . ,eg,f‘)}. If i% and j* do not cross, then

piz (t) < pjx(t) forall t e (s . eldy

w

which is a contradiction with the fact that i}, € 7. [ |

We now prove a very useful property of , x .

Lemma 48. Let i, j, k € [k]. If i ,x*j and there exists t' € {51(5‘), . ,eSﬁ‘)} such that 11;(t') <

p(t') < p;(t), then k € [i] o+

w

w

Proof If 1, (t') = p;(t') or pi(t’) = p;(t’) then the statement is trivial. Consider y;(t') <
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pi(t') < pi(t'). We proceed by contradiction. Assume that it is not true that k£, x*i. Let
Ty = {leli] «+stout) <)} and I, = {l € [i] «+ s.t.m(t') > m(t')}. Since I, U
Iy € [i] x+» Iy n Iy = {}, 1, I, # {} there must be iy € Iy, iy € T, such that i, , xi. But,

since it is not true that &, x *4, it cannot be k ,,xi; nor k , xi5. Thus it must be
thi, (1) < pi(t) < iy (t) forall t € {s\, ... e},

But this is absurd since % ,, x %2, concluding the proof. |

This leads to the following corollary.

Corollary 49. Let 1€ Z.;, j ¢ L., then:

i (t) < pi(t) forall t € {s, ... el

Proof By contrapositive, if j;(t') > pu;(t') for some ¢’ € {355“ ) ele )}, then there exists
k € arg maxcy u(t') such that p1;(t') < p;(t') < pux(t') and thus j € Z) by Lemma 48. |

We are ready to prove Lemma 20.

Lemma 20. For all restless rising concave MABs v, o > 1, w € N5, we have that:

R,(RC-BE(a), {w}) < 3kB”) + DWq* .
~—— ~—
Exploration =~ Commitment

Proof We start by proving that, under event Qw ( _,, atleast one arm in Z; is always alive

(o)
in each round-robin cycle. We need to considér2 ’Zl?lwtl’)le eliminations which happen at the end
of a round-robin cycle, except for the last, in which eliminations are irrelevant (remember that
the window ends at the end of the last round-robin cycle and the algorithm is restarted). To this
end, let n € [N,, — 1]. For an arm i € [k], to eliminate an arm j € [k] at the end of the n-th

round-robin cycle, it must be:

N

Q el
Si7w7d1u¢n+1*1 > S'ywydw,n-#l*l + B’l(u )

which, under event G (

w, (21 D)1 implies

~

Si7w7dw,n+1_1 + 40\/D£Ua) In <2k’D1(Ua)> > §j7w7dw,n+1_1 + B

w
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if and only if

n

S Tti(tud) + 1iltiws) — piltud)] + 40\/1) In (sz )

~

1
n

> g () + 15t 00) = 115()] + B
=1

which implies, being the instance rising:

n

N it + 1+ 40—\/ D In (QkDS,?)) > N () + BE)

=1 =1

and thus, because of the choice of Bfua), it must be:

D maltuw) > Dyt
=1 =1

Thus, in virtue of Corollary 49, it cannot be ¢ ¢ 77, j € Z. But, to eliminate all alive arms in
Z., we would need at least one cycle in which an elimination of the kind above happens. Hence
there will always be at least an arm in Z; alive. Let 4, ,, be such arm during the n-th round-robin

cycle. Let’s bound the regret of a generic arm j € [k] during the w-th window, under event
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gw,(QkDfUa))*l

N] w NJ}U’_I _
[  (tjwa) Mj(tj,w,l)} < D) pir () = Mj(tj,w,l)] +1
=1 = 7Y
Njw—1
< D) pix () = 1 (tj,w,l)] + Njwdy, + 1
=1 | Vg w
Njw—1
= D0 lme, (e W) #j(tj,w,z)}
=1 L T e
Njw—1
+ lﬂi;wj . (tjwi) — Hix ns (ti;wj w,w,l)]
=1 ’ ’ ’
Njwdy + 1

— Sjwdyn, -1 T 1+ Njwdy, + 1

X
Yw,N w :w:dw,Nj’w -1

<2+ 40\/ D) (2kD57) + i3 vy by

_ Aj,w,dw,Nj,w—l + N;dl

— Bl ¢ S'i;yNj gy 1 T gj,w,dw’N].’wfl + Njwdy,
< 2B@ 4+ Njwds,

where the last line follows from the fact that we have not eliminated arm j at the end of

the (N, ,, — 1)-th round robin cycle. Thus, the regret during the w-th window, under event

gw,(QkDgua))fl, is upper bounded as:
egua) N] w
Z [lulzk( :uft |:’u7‘t t]’wl H’j(tj,w,l)] < 2kB£Ua) + Dfﬂa)d;
t=s') jelk] I=1

Finally, in virtue of Lemma 46:

R,(RC-BE(a), {w}) < 2kB'Y + D d* + D) P [QM%D&M)A]

1
< 2kB!Y + DWdr + T 3kB + D ax.
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C.2.4. Proof of Lemma 21

The goal of this section is to prove Lemma 21. To this end, we need several intermediate results.

We start with a lower bound to egf,)‘ ).

Lemma 50. For any o > 1, w € Ny, it holds that

w1+a
6(04) > —
YT 21+ )
Proof If w = 1, we trivially have
1
ega) =1> .
2(1+ «)

Now, suppose w > 2, then

(@) w D( ) l w y w1+a 1 w1+a
o) _ a > « > « — _ >
ew) =20 = ), f v <1+a 1+a) 2(1 + «)

=1 =1 1

Now we introduce the results through which we exploit the concavity of the instance.

Lemma 51. For any restless rising concave MAB v, t1,t5 € N>y, to = t1 = 2, we have:

T, (t — 1,t9).

to—1 t ¢ 1 to—1
< maxz-l—i—L max-y;(t; — 1) — max y; (1
. ie[k] 7 ( ) to —t1 + 1 (ie[k] L ( ! ) to — 1 P ie[k] K ( )>
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Before proving Lemma 21, we need an intermediate upper bound to d,, (7).

Lemma 52. For all restless rising concave MABs v, o > 1, w € Nxy, i € |k], we have that:

(1) < ([[4], [ = 1) max |15 (E) = g (2)].

],ke[i]w o+ StG ¥k
te{s$),....el)

Proof If j , x "k, there must exist distinct iy, . . . , i,, different from jand k (n € {0, ..., |[i] «+|—
2}) such that j Xy, i1, XG2, - . . Gy—1 4 Xin, in , < k. Then, for ¢ € {sq(,f), . ,eq(,f“)}, we have:

1156) = 1 (D) < 15 (0) = g1, (O] + s (6) = iy O] + -2, (1) — pa(t)
<+1),max () - p(t)

j/7k,€[i]w x+ S.t.j/ w X

N
j—
~

~.
e
g

X

+

|

SN—

max () — ()]

J ,k’e[i]wx+ s.t.g’ o, ¥k
te(si),.el)

We are ready to prove Lemma 21.

Lemma 21. For all restless rising concave MABs v, a > 1, w € N3y, i € [k], we have that:

dy (i) < 8(1+ a) (|[i], «+] = 1) w (1, el) < 16akw T, (1, e).

w

Proof Let j 1, k forsome j, k€ [i] .+, 1" € {31(5‘) +1,... ,eg,?)}. Lett >t te {31(1?), o ,eg,?)},
then

() = pe(t) < py (1) = (' = 1) < py(8) = (' = 1) < Ty (557, €57)
(1) = g (8) < pn(t) = 5 (8) < pun(t) = p(t') < X (857, e)
Analogously, if t < t/, we have

1) = pe(t) < g (8 — 1) — () < pu(t' = 1) — () < Xy (s87, €l)

p(t) = (1) < (') — pi(8) < gy (t) = s () < Xy (557, €87

We conclude that, if j <k, then |p;(t) — pi(t)] < T, (sgﬂa),egf)) forall t € {355", . ,e£3>}.
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Thus, in virtue of Lemma 52, if j , x Tk, then:

15 (t) = s (O] < ([, x| = 1) T (s, €Y) -

For w > 2, by applying iteratively Lemma 51, we have

(@) (@) (@)
a a Cw  — Sw a Dy, «
Tl, (Sw), €w )) < e(a)—_lTV (1,6& )) <2 e(a) T,, (1,61(1]))
< 8(1+ a)w“fja T, (L,el) =8(1 + a)w™ 'Y, (1,€l)

where in the last line we used Lemma 50, the fact that [x| < 2z for z > 1, and the definition of

D). The same upper bound holds trivially for w = 1 since s{* = e!® = 1. [ |

C.2.5. Proof of Lemma 22

The goal of this section is to prove Lemma 22. To get the result, we start by providing an upper
bound to the number of times an arm 7 overtakes arm j and the expected rewards diverge by a

quantity greater than G > 0. To this end, we need to prove two auxiliary results.

Lemma 53. Let t', £, t' € Noy, tt > £ > t!, G € (0,1], i, j € [k] such that
it it = py(0) + G, j i

Then:
Yi(th = 1) > y5(E) = 7(th), (C.8)

(C.9)

(C.10)

which is a contradiction with the definition of ¢. Thus it must be ;(f) < 7;(t! — 1). Analogously,
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suppose 7, () < 7i('). Then:
pi () < g (8) + (8 — ), (8)
pit) = G+ (B = ()
< ,LLi(tl> -G

which is a contradiction with the definition of ¢*. Thus it must be ~; (t) = 7i(t*). We now prove

Equation (C.9):

G < alf) — 1y () < st = 1) + (F— (1 = D)yt = 1)
i .
(

— (" = 1))
%

it = 1) = (
)

< (E= (" =D)ut" = 1) =

and thus )
t—t'-1)=a ~.
Yi(th = 1) —;(t)

Finally, we prove Equation (C.10):

A

pit) = pa(t! = 1) = gy (8) — gy (87 = 1) = (= (¢7 = 1), (D)

- () _
Yi(th = 1) —;(t)

[ |
Lemma 54. Let M e Noy, M =2, my > mg > -+ >my; > myy1 > 0, then:

M

1 M?
> > : (C.11)
o T — Mg my — Myp+1
M

i M
P — (C.12)
oy T — Mt ( my )M—l

MM+1

Proof We regard m; > mj;,1 > 0 as fixed constants and study the functions

l 1
f(m27 7mM) = 2 )
imy T — Mg
M
M1
g(m27 7mM) = Z
— My — M1
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defined for my; > mgy > - - > my; > mys.1. Observe that the functions are defined on an open
set and their values tend to infinity when the input tends to the border of the domain. We show
that they have only one stationary point, which then must be a minimum point. We start by
proving Equation (C.11). Let k € {2,..., M }:

d 1 1
_f (mzj--me): — =0

dmk

if and only if

Mpy1 = 2My — My_1.
The linear system above is equivalent to:

Thus my; 1 = Mmsy — (M — 1)m4, and then

(M — 1)m1 + Mary1
Vi .

mo =

By plugging this result into Equation (C.13), we get the coordinates of the minimum point:

m; = (M—i—l—z)m?\; (i = Dmars for ie{2,...,M}.

Thus:

ﬂ(mQ mag) = My—1 B M1 _0
dmy, 7 (M1 —mw)? (e — M)
if and only if
mj
Mg+1 =
k—1
if and only if

Inmg 1 =2Inmg — Inmy_q.

Observe that we get the same linear system of the previous case, with the difference that the

variables are now In m;. Thus, the solution is:

(M+1—i)lnmy + (i — 1) Inmy
M

Inm; =
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and then
M+1—1 i—1
m;=m; M my),, for ie{2,...,M}.
Finally:
M
g(m27 7mM)>g(m2a 7mM):

Lemma 55. Let G € (0,1], 7" € N3y, M € N4y, i, j € [k] such that there exist rounds

o<t <t <ti<tl<bhy<th< - <tl, <iy<T
which satisfy
i Tt; o pi(th) = Mj(fz) + G foralll € [M],
Jlyiforallle[M —1].
l
Then:

M < 4In(3T/G)G ™=,

Proof Observe that, since

pi(tar) =
we have
T'(thy = 1) = (b — (th — D)vlthy = 1) = paltn) — pu(th, —1) = G
and thus
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Now, assume M > 3. Then:

M-1
l=1
M-1
> G Z (0
= wult] = 1) =)
G Z tl+1 1)
=1 % ) %(tlT+1 1)
M —1
2 G 1
<'Yi(t1_1) )m -1
'Yi(tgw_l)
—1 M -1

’ 1 - n 4
(L) -1 e (M)

Cl Rising Bandits

(C.14)

(C.15)

(C.16)

(C.17)

where line (C.14) follows from Lemma 53, line (C.15) follows from the fact that —*— is non-

decreasing for @ > 0 and the concavity, line (C.16) follows from Lemma 54, and line (C.17)

follows from the fact that v;(¢] — 1) < 1 and (¢}, — 1) > & Now,if M >

1+ In(T"/G), by

Lemma 58, we have exp (1“(T / G)> 1 < 3009 and thus by the chain of inequalities above:

M-1 2

(M —1)?
TN aTe)

Thus, by considering all possible cases, we have:

M < max{2,In(T"/G),1 + /3In(T"/G)G~1} < 4In(3T"/G)G~

We are now ready to prove Lemma 22.

iff M <14 4/3In(T"/G)G—1

I\J

Lemma 22. For all restless rising concave MABs v, a = 1, T € Ny, d € (0, k], we have that:

5

IW-o(T )y<91n(3e i k/d) kid

l\‘:h—t

Proof Let w € W-4(T). Then there exists ¢ € [k] such that d,,(i) > d. But, in virtue of
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Lemma 52, we have:

(i el =) max— ps(t) — pw(t)] = du (i) > d.

],ke[z]w «+ S.t.J xk
tefsl™ .. el

Thus, there must be j, k € [i] .+ andt e {sq(ff‘), . ,e&?‘)} such that j , %k and

d d
|14 (8) = pui(8)] > R

Observe that it must be either i x; j fort’ < tori xy j fort’ > t, witht' € {s&?‘) +1,... ,e&?‘)}.
W.l.o.g. we assume that 7 overtakes j. In the first case, window w must contain one of the rounds
in which ¢ overtakes j and then their expected rewards diverge by at least d/k. In the second case,
window w must contain either the first round in which ¢ overtakes 7 and which is right after one
of the rounds in which i overtakes j and their expected rewards diverge by at least d/k or the first
time in which ¢ overtakes j. In virtue of Lemma 55 with G = d and T = e(a) , the rounds

)(T)
described in the first case are in number no more than 4 1n(3e @ (7 k/ d)(d/ k)~1/2, while the

rounds described in the second case are in number no more than 4 1n(3e @)k /d)(d/k)~2 +1

for a fixed choice of i, j € [k]. Since we have at most k2 such choices, it must be:

IW=a(T)| < K*(81n(3¢%, (T)k/d)(d/k) P4 1)
<93l g k/d)kzd

l\’)\»—l

C.2.6. Proof of Theorem 23

The goal of this section is to prove Theorem 23. We start with an upper bound to w(® (T,
(a) ()
€ () (T ,and T, (1, ew(a)(T)>.

Lemma 56. For all restless rising concave MABs v, o > 1, T' € N>y, we have:

w®) (T) (2(1 4 a)T)Y0+e) < 4ot/ te), (C.18)
<4(1 + )T < 8aT, (C.19)

w<°‘ (T)

T, (1 e WT) 8(1+ a)T,(1,T) < 16aT, (1, 7). (C.20)
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Proof We start by proving Equation (C.18). If w € N>y, w = (2(1 + )T)Y(+%), then, by

Lemma 50, we have:
w1+a
e(@)

> ——2=T
v 2(1+ «)
Thus it must be w™(T) < (2(1 + «)T)"1+*), We now use Equation (C.18) to prove Equa-
tion (C.19).

() o (o)
o) () S w! )<T)Dw<a>(:r)

<2(2(1 + Q)T) e (2(1 + a)T) e = 4(1 + )T, (C.21)

where in line (C.21) we use the definition of Dfua), Equation (C.18), and the fact that [z] < 2z
for x > 1. Finally, we prove Equation (C.20).

(@)
e —1
(@) wl@) (1)
T, (1,ew(a)(T)> <20 —1,0,7) (C.22)
@
w(o‘)(T)
<2200, (1,7) < 8(1+ )T, (1,7), (C.23)

where line (C.22) follows by applying iteratively Lemma 51 and line (C.23) follows from the
fact that 7" > 2 and by Equation (C.19). |

We are ready to prove Theorem 23.

Theorem 23 (Upper Bound for the Rising Concave Setting). For all restless rising concave

MABs v, o > 1, T € N>y, we have that:

R, (RC-8E(0), T) < 2%a*(1+0) (In (akT?))* (KTH5 + KT T, (1, T)+hT 1),
In particular, for o/ := 8/3, we get:
Ru(RC-BE(a/), T) = O (KTH + WTHY,(1,T) + k7T )

Furthermore, for o .= (8 — 8log(kv/Vr))/(3 + 8logy(k/Vr)), under the additional assump-
tionsv e E(T,Vr), T = max{k_8/3VT_4/3 + 1, /{:16/5V7§/5}, we get:

=
[

.
.

27 6 . — 3 El&)

R,(RC-BE(a"),T) = @ (k:ﬁTnVT W R



C| Rising Bandits 183

Proof Letd = kT—(®/2/0+2) ¢ (0, k]. Then:

R,(RC-BE(a), W=y (T)) < W= (T)| max {3kB!*) + D} (C.24)
we >d’
< 9In(3¢%), T ) k2T T (C.25)
= (e)(T) :
max {3kB(a)+16akD I, (1, e}
w€W>d/(
< 91n(24aT2)k:2T1Ta (C.26)

max {6k(1 + 20 D ln 2k:D
’LUEW>d/( ){ \/ >)

+ 320kw® 1Y, (1, e{)}
< 9In(24aT?)K*TiHa (C.27)

- (6k(1 + 20\/ 8aT e In(160kT))

+ 2N a3kT R Y, (1, 7))

< 2 In(ak T3k T 5 (C.28)
U3 (1 + o) (In(akT?) k(T + TR, (1, 7))

5/4a—1

— 21503(1 + o) (In(akT®)) k3 (T T5a + T 755 T, (1, 7))
where line (C.24) follows from Lemma 20, line (C.25) follows from Lemma 22 and Lemma 21,
line (C.26) follows from Lemma 56, the definition of Di}o‘), the fact that [z] < 2z for z > 1,

and the definition of Bq(ua), line (C.27) follows from the fact that the expression inside max is

increasing in w, Lemma 56, and the fact that [z] < 2z for z > 1, and line (C.28) follows from
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T > 24. Furthermore:

R, (RC-BE(), Wey (T)) < [Wea (T)| max ){BkB + D@Wqg*y
w < (T

< w® (T)(6k(1 + 204/ D)

(a) (o)
- )(T In(2kD (a)(T))) + Dw(o‘>(T)dl)

< 4aT™a (1 + o) (In(akT?))2 (12kV 8aT T
+ SakT T T 1)

3 1+a/2
2

< 2°0*(1 + o) (In(akT?)) 2 kT 1+a
14+a/2

< 2P0 (1 + 0)(1n(akT3)) 2 kT 14

(C.29)

(C.30)
(C.31)

where line (C.29) follows from Lemma 20, line (C.30) follows from the definitions of Bq(ua)
and W¢(T), and line (C.31) follows from Lemma 56, T' > 24, [z]| < 2z for x > 1, and the
definition of d’. By summing the previous results:

R,(RC-BE(a),T) < R,(RC-BE(a), W=a/(T')) + R,(RC-BE(a), Wea (T))

5/4a—1

< 25631 + o) (In(akT®)) (KT + BT 5 1, (1, T)

1+a/2

+ T ),

Finally, observe that, under the additional assumption v € &.(T, V), we have T, (1,T) < V7,
and T > max{k=33V, " 4+ 1, k16/5V¥°} guarantees o” > 1. |

C.3. Technical Lemmas
Lemma 57. Let § € (O, %) Let x1,29 € [6,1 — 0], 1 < xo. Then:

(22 — 21)?
21n(2)4?

DKL($1||$2) <

where Dy, (+||-) is defined as in Appendix C.1.
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Proof Consider the function:
f(y) = Dxw(x:1]|21 +y) fory € [0, 29 — z1].
Then f(0) =0, f’(0) = 0 and
1 T 1-— T 1 1 1
"(y) = + < — +
") In(2) ((x1 +y)? (Y4 — 1)2) In(2) <x1 1-— :r;1>

1 - 1
In(2)x(1—z;)  In(2)62

Thus:
Yy Y1 yQ
= f(0 (0 " d dy < —————.
s =10+ [ (1o [ rmin ) as < 52
The result follows from the fact that Dky (21 |z2) = f(z2 — x1). [ |
Lemma 58.

e* —1<3x for z€|0,1].

Proof Let f(z) = e — 1. Then: f'(x) = e® = f”(x). Thus, by Taylor’s theorem, if = € [0, 1],
there exists £ € (0, 1) such that

f(x) = f(0)+ f'(0)x + @ﬁ =z <1 + 6;95) < (1 + g) < 3z.

C.4. Numerical Simulations

In this appendix, we present additional numerical simulations which compare RC-BE(«) with
the baseline algorithms reported in Section 3.3.6. Furthermore, we provide information regarding

the compute resources used to run the simulations.
Baselines. We consider the following baseline algorithms:

* Rexp3 (Besbes et al., 2014), an algorithm for restless MABs based on a variation budget for
the expected rewards of the arms over the learning horizon.
* R-1ess-UCB (Metelli et al., 2022), an algorithm for restless rising concave MABs which

relies on the optimism principle and exploits the structure of the setting through a specifically
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crafted estimator.
* UCBI1 (Auer et al., 2002a), one of the most effective algorithms for stationary MABs.

The choices of the parameters of the algorithms that we compared are the following:

* Rexp3: Vp = k since, as remarked in Section 3.3.2, in the rising setting the cumula-
tive increment is always smaller than or equal to k; Dy = [(kIn(k))Y3(T/V)?3|; v =
min {1, v/kIn(k)/(Dr(e — 1))} as recommended in (Besbes et al., 2014).

* R-1ess-UCB: h;; = |eN;;_1| where N, ;_ is the number of times arm 7 has been pulled by

the agent in the first ¢ — 1 rounds, with € € (0,1/2); o > 2 as prescribed in (Metelli et al.,
2022). In particular, we choose € = 0.25; o = 2.1.
* UCBL1: the upper confidence bound interval for arm ¢ at round ¢ is o+ /4 In(t)/N; ;—1.

C.5. Flaw in the Original Analysis of £-armed Budgeted

Exploration

In this appendix, we highlight a flaw in the original analysis of the extension of Budgeted
Exploration in the k-armed setting, which is presented in the unpublished preprint (Jia
et al., 2024). For notation and definitions, refer to the original paper. The analysis relies on the
following proposition, stated in Lemma 1.7: "First, we observe that on the clean event C, any
arm in A* can never be eliminated for "losing" to an arm in (A*)". It is possible to construct a
counterexample that satisfies the hypotheses of the lemma and violates the previous proposition.
We now show how. We work with 3 arms. We describe the evolution of the expected reward of
the arms only in a certain window. This is sufficient for the construction of the counterexample
since the lemma regards the behavior of the algorithm in a single window. The window is
composed of 17W rounds, with W e N, to be chosen later. The expected rewards of the arms

are defined as follows: .
T'a(t) = fa (W) fOI't S [17W]

where f, : [0,1] — [—1,1] is a 2-Holder function with Lipschitz constant L > 0 for a € [3].

More specifically, we choose:
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* The function in which the expected rewards of the first arm are embedded as:

)
0 ifte[,17+2\f]
1 ; L<t_1i7_2\/%> ifte(17+2 L’17+3 %]
fl(l‘): —J< p ) 4 dt
o | vdL L<———3 z) 1fte(17+3 4.3 1y z]
0 ifte (& +4y/4,1]

\

* The function in which the expected rewards of the second arm are embedded as:

0 ifte 0,2
] e | (- 2) ifte (4,4 +4/4]
f3<l‘)=§—d+ < 3 4 3 7 3 P dt.
0 \/dL—L<t—1—7—\/;> lfte(ﬁ+\g,ﬁ+2 z]
d
0 1ft€<%+2 3,1}

The definitions rely on the constants d, e > 0, ¢ < d < 1/2, which we choose later. To guarantee

that the functions are well-defined, we impose:

A=< = iff L >34%d. (C.32)

We work with deterministic rewards, which can be regarded as a special realization under the
clean event C. Let Z'°! be the cumulative reward of arm a € [k] observed up to round
t € [17W], included. Assuming there is no elimination before round 3W (we choose d and ¢ in

such a way that this is true), we have that:

Ztotal 3W —W Z;otal,SW _ (% o 6) W Z:t)’otal,?)W _ (% o d) W.

Then:
Ztotal 3w Ztotal 3W W Ztotal 177 Ztotal 177 dW

Let:
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where B is the budget of the algorithm. These choices are such that we eliminate arm 3 at the end
of round 3WW (and not before), losing to arm 1. Arm 2, instead, stays alive. To satisfy d < 1/2, it
is sufficient to require W > 3B5. After round 3W, the algorithm pulls only arms 1 and 2. When

r1(t) = 1o(t), their difference is at most €. Thus:
Ztotal,SW _ Ztotal,SW < 2€W _ B
1 2 S = b.

Hence, arm 2 is not eliminated before round 5W (included). By the choice of the instance, in
virtue of Equation (C.32), after round 5, we have r(t) = 1/2 — d. Thus, after each round

robin cycle, which takes 2 rounds, Zy'*"" — Z°“" increases by d — e. Then:
Z;Otal,l?W _ Z;Otal,l’?W — 6<d o €)W o (Ziotdl,E)W o Z;Otdl,E)W) 2 3B o B — 2B

This means that, at some point after round 51/, arm 1 will be eliminated, losing to arm 2. But it
is evident that 1 € A* and 2 € (A*)°. However, it is important to notice that 2 € 7, consistent
with our analysis. It remains to show that there are choices of B, W, T', and L which satisfy the

hypotheses of the lemma and the additional requirements we imposed. In particular, they need to

(/17w In(3) In(T) w
\ T REND o g W

B
Mury <L
1TW < T
2<W

\

satisfy:

It is clear that such an assignment exists. Furthermore, we can find such an assignment even

when we restrict the budget to the natural choice, which has order W/2,
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D I Adaptation to Unknown
Distributional Parameters in
Heavy-Tailed Bandits

D.1. Additional Related Works

In this section, we provide additional related works concerning adaptivity in statistics via Lepskii

method and adaptivity in the case of subgaussian bandits.

D.1.1. Adaptivity via Lepskii Method

In Bhatt et al. (2022b), authors provide a novel technique to extend Catoni’s M-estimator (Catoni,
2012) to the infinite variance setting. In principle, their procedure relies on the knowledge of
both € and the centered moment v, however, they propose a strategy based on the Lepskii method
(Lepskii, 1992) to adapt to unknown v. While the Lepskii method is a popular choice in the
adaptive statistics literature, we point out how it requires an upper bound on the quantity to
estimate. Indeed, this method can be safely applied when adapting to unknown € (since it can be
at most 1), but when it comes to u (or the centered moment v), requiring an upper bound makes

the approach not fully adaptive.

D.1.2. Adaptivity in Subgaussian Bandits

In the literature of subgaussian stochastic bandits, o (the subgaussian proxy) is usually assumed
to be known by the agent. However, many works consider settings in which this quantity is
unknown. In this section, we discuss standard approaches to adapt to o (or estimate it) in

subgaussian bandits, and show the additional difficulties implied by the heavy-tailed setting.

The main difference between o and w« is that the former can be estimated from data while
guaranteeing strong convergence properties. In Audibert et al. (2009), authors introduce UCB-V,

a variation of the well-known UCB1 algorithm capable of using a data-driven estimation of the
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variance while keeping optimal performance. As customary in most of the literature, rewards are
assumed to be bounded in a known range. However, in heavy-tailed bandits, it is not possible
to make such an assumption, and the estimation of v cannot be carried on. Other works try to
relax the assumption of bounded rewards by the means of other assumptions, e.g., a known upper

bound on kurtosis (Lattimore, 2017), or Gaussian rewards (Cowan et al., 2018).

Without additional assumptions, dealing with both the unknown range of the rewards and
unknown o comes at a cost. As shown in Hadiji and Stoltz (2023), when the range of the rewards
is unknown and no additional knowledge on the distributions is available, it is impossible to
be simultaneously optimal in both the instance-dependent sense and the worst-case one. The
existence of such a trade-off shows how difficult is, even in subgaussian bandits, to attain optimal
performances when no knowledge is given on the environment. As a consequence, also in fully
adaptive heavy-tailed bandits, such an impossibility result holds. However, as we have discussed,
thanks to a specific assumption not involving € nor u we can provide optimal regret guarantees

in both cases.
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D.2. Proofs and Derivations

In this section, we prove the main theoretical results outlined in the paper.

D.2.1. Lower Bounds

Theorem 25 (Minimax lower bound — u-adaptive). Fix € € (0,1]. For every algorithm T,
sufficiently large learning horizon T' € N, and number of arms k € Nxo, it holds that:

R,
sup sup ’Tl(ﬂ) = +00. 4.4)

u=0 VEPHT(G,U)k Ulte

More precisely, for every u' = u = 0, under the same conditions above, there exist two instances

/ (12)2
} o (3) e 4.5)
u

where ¢; > 0 is a constant independent of u, v/, and T.

v € Pur(e,u) and v' € Pyr(e, u’) such that:

\%

. { Ryr(7) Ry r(r)
) (u -

)
1 1
uT+He N

Proof We start by constructing two heavy-tailed bandit instances with a common maximum
order of moment ¢, but where v’ > u. We use ¢, to denote the Dirac delta distribution centered

onxr

Base instance

V= 507

L (D.1)

1 1

Uy = (1 — A”Eu’E) do + A”%u*%%%A

=

’

where A € (0, u#) Thus, we have y; = 0 and py = A. Furthermore, Ex.,, [|X|'™¢] = 0 and

Ex.,[|X|'7¢] = u Therefore, the optimal arm is arm 2 and v € P (e, u)%.

Alternative instance

- (1— 2A)HE (o *%)5 QAW
o[ - (e e eartwr by oo
V2:V2,

where A € (0, %(u’)ﬁ) Thus we have /f = 2A and py = A. Furthermore, Ex .,/ [| X |'*] =

w and Ex ., [|X]'*¢] = u. Therefore, the optimal arm is arm 1 and v € P (e, u')*.
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We seek to prove that for any algorithm 7, it holds that:

- RT(W,ZJ)’RT(WJT) > f(T,e,u,u’),
(uT)re  (wT)wse

being f a function increasing in 7". The proof merges the approach of (Bubeck et al., 2013b,
Theorem 5) with that of (Lattimore and Szepesvari, 2020, Chapters 14.2, 14.3).

First, we observe that:

; (D.3)

- { Rr(r,v) Rmv')} _ Re(n,v) _ AR [N(T)
W)™ () |~ (uT)r (uT) ™

where E,; ,[N1(T)] is the expected number of times arm 1 is pulled over the horizon 7". Second,

recalling which are the optimal arms in the two instances and that ©’ > u, we have:

max RT(W’:/),RT(W’I{) >
(uT)T  (W'T)T+e

/T)_ e-%l—l AT
2

max {P,, (Ni(T) = T/2),Pry (N(T) < T/2)}

)

=

(D.4)

> S (W) H T (P, (NU(T) = T/2) + Prw (NU(T) < T/2))

| > | >

> 2 ()T exp (—Ea o [N1(T)] Dii. (1]14]))

where we used Bretagnolle-Huber inequality and divergence decomposition, together with

max{a, b} = (a + b) for a,b > 0. Let us now compute the KL-divergence, noting that v, < v/4:

124} (O)
¥1(0)

n ! 1 1 <C(2A>1+%<u/)—;7
1 @A) ()

Dy (n[v)) = v1(0) In

(D.5)
=1

- (v )ﬁ) and some constant ¢ € (1,2). Putting together Equations (D.3),
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(D.4) and (D.5), we have:

max { RT(Trv V) RT(T‘-a ’j/)

(W)™ (uT)T

AE.,[N:(T)] A A=t A== . 1+1, -1
>max{ s Sy T exp( CE, o [N1(T)](2A) % (o) )}
A [Ery[NM(T)] 1, e B the gy 1
5( o g exp ((—cBr [N (T)](22) " () ))
A . x 1 , ,% o ox —ex “E'e o —% — alz
>5xgolg]{(mllﬂ+g<u> FTH exp (—ea(24) ' () )}—.gu

The latter is a convex function of z and the minimization can be carried out in closed form,

vanishing the derivative and finding:

u')? e+1

€ 1 T % €
2= NRA) T (W) n | e(28)
8(u)<*

which leads to:

We choose A such that:

. 21 &2 e -t Ad2e . . .
resulting in A = 215c ei+e (1) =1y (D (u') (D, This implies, after some calculations,

that:

€ € / € : 2
g(z*) = 0765127%(1 te)e iy @02 (u) 2 > ¢ (Qi> o :
u

where ¢; > 0 is a value independent of 7" and both u and «’. Finally, we have that

' N\ T2
. RT(W7 Z/)’ RT(W7 'f) > ¢ (K) (e+1) )
() ()7 u

2e+1 1
We observe that A < (%) T (u’) T+ for sufficiently large 7. This concludes the proof of the

second statement. For the first statement, we observe that, since ©’ > wu can be taken arbitrarily

large, the right-hand side of this inequality can be arbitrarily large. |
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Theorem 26 (Minimax lower bound — e-adaptive). Fix u = 1. For every algorithm w, sufficiently

large learning horizon T € N, and number of arms k € Nx, it holds that:

R%T(ﬂ')
sup sup

T = CQT% . (46)
e€(0,1] vePyr(e,u)k T1+e

More precisely, for every €, € € (0, 1] with € < €, under the same conditions above, there exist

two instances v € Pyr(e, u) and V' € Pyr(€, u) such that:

R,r(m) Ry p(m _de=h)
max V’Tl( ), V/’Tl( ) > T (Ha+H? “4.7)
Ti+e Ti+e

where co > 0 is a constant independent of ¢, €, and T.

Proof We start by constructing two heavy-tailed bandit instances with different maximum orders
of moment € and ¢, where 0 < ¢ < e < 1. For the sake of simplicity, but without loss of

generality, we will assume a common (and known to the algorithm) maximum moment of v = 1.

Base instance

V= 507

U= : (D.6)
ve = (1+ Ay —~1)d + (v — Av)dy

where A € [0,1/2] and v = (2A)<. Thus, we have 4y = 0 and pp = A. Furthermore,
Ex, [|X|*] = 0and Ex,,[|X]|*] = 27" A", which are guaranteed to be bounded by a

constant smaller than 1 only if o < € + 1. Thus, this instance admits moments finite only up to

order € + 1, i.e., v € P(e, 1)2. Moreover, the optimal arm is arm 2.

Alternative instance

= (1 — /1+e’§ /1+e’5 ,
N B R LI CO R Ty -

vy = Uy

where A € [0,1/2] and v/ = (2A)5’. Thus, we have pf = 2A and p, = A. Furthermore,
1+ —a 11—« l+e—a

Ex<[|z]*] = (2A)" ¢ and Ex.,[|z[*] =27« A~ <, which are guaranteed to be bounded
by a constant smaller than 1 only if o < ¢’ 4+ 1. Thus, this instance admits moments finite only

up to order € + 1, i.e., v € P(€, 1)%. Moreover, the optimal arm is arm 1.

We will prove, that for any algorithm 7 it holds that:

e { B, Frle,)

,v) Erlm, }>f(T,e7e/),
T T
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being f a function increasing in 7". The proof emulates the analyses and steps performed to

prove Theorem 25. First, we observe that:

e { RT(WI, 1/)7 RT(7T1, I/')} > RT(7T17 V) _ AEE,,[JI\G(T)]’ (D.8)
Tﬁ Tm Tm T1+6

where E ,[N1(T)] is the expected number of times arm 1 is pulled over the horizon 7'.
Second, recalling which are the optimal arms in the two instances and that ¢’ < €, we have:

R R !
max{ T(,]?V), T(W;V)} =
T+ T+

1 AT T\ AT T
= T~ 7+1 max {T]P)WJI (Nl(T) = —> ,—H’Dmyl <N1(T) < 5)}
(D.9)

2 2
A e T T

> =T (Pry [ N(T) = = ) + Prw | N(T) < =
4 ’ 2 ’ 2
A 67/ /

= gTE'“ exp (_EW,V[N:L(T>]DKL(V1||V1)) .

where we used Bretagnolle-Huber inequality and divergence decomposition, together with

max{a,b} = 3(a + b) for a,b > 0. Let us now compute the KL-divergence, noting that v, « v

, v1(0
Dia () = 1 0) 1 240
! (D.10)
= hl;w < c(20),
1 (20)

for A € [0, 1/4] and some constant ¢ € (1, 2). Putting together Equations (D.8), (D.9) and (D.10),

we have:

T | Tie
AE, IN(T)] A ¢ 14¢
> max {ﬁ, —T'7+1 exp <_C]E7F,V[N1(T)](2A) E >}
T1+e 8
A (E[N(T 1 ¢ 14¢
> (M + ST exp (—cB[Ny(T)](24)"7 ))
2 T1+€ 8
A T 1__ & 1+e
> Ea:g[%r%] {Tﬁe + §T6/+1 exp <—c:17(2A) 7 )} = g(x).

The latter is a convex function of x and the minimization can be carried out in closed form
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vanishing the derivative and obtaining:

1+€ ijJri1

¥ =c¢ 1 (2A)"77 In TC(QA)T ,
which leads to:
A 1 1+¢ Te‘%l-i_ﬁ;' 1+¢€
g(z*) = ET_ETIC_I(ZA)_ 7 In Tec@A)T
We take A such that: /
TaTtiie Y
Py -

2¢/—1 / ¢

€ — _1 57’ .. .
resulting in A = 2 1+ ¢ 1+ T 1+ (€+1+ 1+6’). This imply, after some calculations, that:

!

-5 / e (e=€)) el (e—€)

2e € _ 7
g(x*) = 271+d ¢ 1+ T+N20+e > T 1+H20+0)

where c¢; > 0 is a value independent of 7" and can be always selected to be € and €. Finally, we
have that:

Ry(m,v) Rp(mw, v _ =)
max T( 1’ ) ) T( 17 ) = CQT(1+EI)2(1+€) .
TT Tive

We observe that A < 1/4 for sufficiently large 7. We conclude by observing that the exponent
of T' is maximized by taking ¢ = 1 and ¢ = 1/3. [

Theorem 27 (Minimax lower bound under Assumption 6 - non-adaptive). Fix € € (0, 1] and
u = 0. For every algorithm T, sufficiently large learning horizon T' € N, and every number of
arms k € Nxo, it holds that:

sup Ry 7(m) > csktoe (uT) T, (4.8)

14 EPHT(G ,u) k
v fulfills Assumption 6

where c3 > 0 is a constant independent of u, €, k and T
Proof We will construct instances using the following prototype of reward distribution, defined

fory e (O,U%ﬂ) and A € (O,ul%re) :

Dy = (1 _ yl%u*%) 8o + (y”%u*%) Y (D.11)
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The two instances are constructed by the means of Equation (D.11). Note that we have:

E [X]=—y*eAs, (D.12)
X~py
E XM= yteAT  u <, (D.13)
~Py

forevery 0 <y < A.

Base instance

V= p(g)ﬁAa

v = 3
Vi = pA, j e [FI\{1}.
Alternative instance
Vi - p(%) 1iEA7
!
VvV = V;:p(%)1i€A7
Vi = pa, j e [k\{1, i},

where i € argmin,_,E. /[ N;(T)]. For the base instance, we have 1; = —2A/3 and p; = —A
for all 7 # 1; whereas for the alternative instance ,u;- = p; forall j # 4 and p; = —A/3.
Both instances satisfy Assumption 6, being the support a subset made of non-positive numbers.
Moreover, for the base instance, the optimal arm is 1 and for the alternative instance, the optimal

arm is ¢. Using the Bretagnolle-Huber inequality, we obtain:

AT T T
RT(W,I/) + RT(W,V/) > ? (Pmy <N1 < 5) + ]P)W,,,/ (Nl > 5))

AT '
> 5 &P (— Ey[Ni(T)]DKL<Vi||Vi))

We recall that by the definition of i, we have that E.,[N;(T)] < Z;. We now compute the

Kullback-Leibler divergence between the two instances:
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Plugging this result, we finally get:

Ry(m,v) + Ry(m, V') = — exp P 1A1+%u*% ln3> .

AT T
6

We conclude the proof by noting that max{z,y} > 1(z + y) and setting A = 1 (k_lu% L > e
Finally, we have:

max{Rr(m,v), Rp(m,v')} > cgkﬁ'e(uT)ﬁg,

for some constant c3 > 0 independent of 7", u, € and k. [ |

D.2.2. Estimator

Lemma 28 ((¢, u)-free Upper Confidence Bound). Let 6 € (0,1/2) and X = {X1,..., X} bea
set of s € Nxg i.i.d. random variables satisfying X, ~ v € Pyr(e, u), p == E[X;], and M > 0
be a (possibly random) trimming threshold independent of X. Then, under Assumption 6, it
holds that:

2Vi(X; M) In o1 N 10M Ino!

S S

]P’(u—ﬁs(X;M) <\/ )> 126, (4.10)

where Vi(X; M) is the sample variance of the trimmed random variables, defined as:

V(X5 M) =

1 ~
1 Z (X5 1qx, 1<y — As(X5 M) (4.11)

S =P

Proof Since M is computed independently of X, the trimmed samples X;1{ <} remain
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independent. Thus, with probability at least 1 — 9, we have:

~ 1
p—ps(X; M) = E[Xq] - S Z Xellix,|<m
t=1

®w | =

1 S S
= -2, (BIX] —E[Xdxan]) + - 3 (B [Xelxjen] = Xellixijen)
t=1 t=1

1< l¢
T s DX ] + s 2 B[XeLpjen] = XiTixen)
t=1 t=1

) 1
< DT [ Xy <nr] — Xelix,<u)
t=1

() \/ZVS(Y)ancSl 14M In 20~

h s " 3(s—1)
\/ 2V,(Y)In26-1  10MIn26"
< +
S S

Note that in step («) we used Assumption 6 to make the first term vanish. In step (), instead,
we used empirical Bernstein inequality (Maurer and Pontil, 2009) recalling that the trimmed

random variables range in [— M, M]. We also use ﬁ < % in the last step for s > 2. |

Proposition 59 (Uniqueness of Solution of Equation (4.12), Wang et al. (2021)). Let X =
{X1,..., X} be a set of real numbers. If:

0<elnd™ < ) Lix, 0 (D.14)

Jels]

then Equation (4.12) admits a unique positive solution.

Theorem 29 (Bounds on A\A/S((F)). Let 0 € (0,1/2) and X! = {X],..., X.} be a set of s € N3,
i.i.d. random variables satisfying X| ~ v € Pyr(e, u), and let M\s(é) be the (random) positive
root of Equation (4.12) with ¢ > 2. Then, ifM\S((S) exists, with probability at least 1 — 20, it
holds that:

1
In

—~~

M,(6) <

us

((ﬁ—\@)ﬂna—l)w and F (1] > ML(3)) < (Ve + V2

—1
d . (4.15)
s

Proof The proof makes use of the concentration inequality for self-bounding random variables
(Maurer, 2006; Maurer and Pontil, 2009). Let M > 0, for every ¢ € [s], we define the random
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2
Ui,M ‘= min { (%) ,1} ,

that ranges in [0, 1]. Furthermore, let: Z,;(X) := >.7_, U; ar, ranging in [0, s]. Let us denote

variable:

U (X) := Zy(X)/s, we observe that, given these definitions, the equation we want to solve

for non-zero roots becomes:
— clngt
UM(X) — = 0. (D.15)
s

We start by showing that Z,,(X) satisfies the assumptions of Theorem 13 of Maurer (2006), in

particular, let a > 1, we have:

Zu(X) — inf Zor(Xyp) <1, ke [s], (D.16)
yE
s 2
> (ZM(X) ~ inf ZM(Xy,k)) < aZy(X), (D.17)
k=1

where X, . is obtained by replacing with y the k-th element X, of the set X. Indeed, Equation
(D.16) follows as:

2
Zyr(X) — inf Zys(Xy) = Usoar — infmin{(i) ,1} —Upm <1, Vkels].
k) ) yeR M k]

yeR

Similarly, we set @ = 1 and obtain Equation (D.17) as follows:

S

O s R G ()

k=1 k=1
< Uiy

k=1
< > Uu

k=1
= Zu(X),

since Uy pr < 1. Using Theorem 13 from Maurer (2006) with a = 1, for the right tail of the

distribution, we have for every € > 0:

P (B[ Zu(X)] = Zu(X) > s€) < exp (ﬁ;@])
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2E[U (X)) In 267" —
By letting € = \/ [V (X)]In and recalling the definition of U ;(X), we obtain:
s

P | B[] - UM<X>>¢2EWM(’§>”“‘S_I <4

which implies, after some algebraic manipulations (see Theorem 10 of (Maurer and Pontil,
2009)), the following:

P <\/IE[UM(X)] \JTux) > 21n5_1> <4,

S

A similar inequality holds for the left tail:

P (Zy(X) — E[Z0(X)] > s€) < exp (21@[2@(6;5)2] - ES) ,

with similar steps, we obtain:

P <\/UM(X) BT (X)] > Qmj_l) <4,

With a union bound over the two inequalities on the left and the right tail, we finally get:

P <‘\/UM(X) _ \/]E[UM(X)]‘ > 2ln5_1> < 2. (D.18)

S

Let us now define ]\//-75(5 ) random variable corresponding to the solution of the equation:

— clnot
(8) (X) = )

S

where ¢ > 0. To control the bounds on M , we define the following auxiliary (non-random)

quantities:

Nios ::q/E[UM(X)]Jr«/zln;_l and /Ty = \/E[T (X)) - anj_l. (D.19)

Thanks to Equation D.18, we have, for every M > 0, that P(U,, < U (X)) < U;\}) >1-—20.
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Furthermore, let M *(9), M~ (5) > 0, the solutions of the following (non-random) equations:

clné! _ clné!
U]\J}w;) = and UM—(&) = . (D.20)

Since P(U,; < Up(X) < Uy,) = 1 — 26, it follows that P(M~(8) < M,(6) < M*(8)) >
1 — 25. We now proceed at lower bounding M ~(9) and upper bounding M *(4):

clnd—1! —
o = VUi (D.21)
— 2lnd—!
= A\ E[Un-5(X)] — S (D.22)

2Ino—1!
> VP(X1| = M-(9)) - HS (D.23)
>\ [P (131 > T@) -2 (D24)

where the last but one inequality follows from:

E[Uy(X)] =E [min { (%)2 : 1}] >P ((%)2 > 1) =P(|X,|= M), (D.25)

and the last inequality holds with probability 1 —¢ and follows from the fact that M, (0) = M~ (6).

clnd—1
—— = Uine (D.26)
2Ind-1
E[U pr-(5)(X)] + 4/ (D.27)
2ln5 1
. - o 5 SRR, (D.28)

/ [2Ind—! (D.29)
1+e

where the last but one inequality follows from:

Similarly, we have:

E[U)(X)] = E [min{ }] < MR [1X 7] < M (D.30)

and the last inequality holds with probability 1 —& and follows from the fact that M, (0) < M*(9).
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Thus, with probability 1 — 29, we have for ¢ > 2:

,Ingt e

~— and 1\78(5)<<(ﬁ_;§>21n5_1)”6.

(D.31)
|

P (1X1] > M.(9)) < (Ve +v2)

Theorem 30 ((¢, u)-dependent Concentration Bound). Let § € (0,1/4), X = {Xi,..., X,p},
and X' = {X1,..., X /2} be two independent sets of s/2 € Nxs i.i.d. random variables satisfying
Xy ~ v € Pyr(e,u), u = E[X;], and let M,(0) be the (random) positive root of Equation (4.12)
with ¢ = (1 + +/2)2. Then, if M,(5) exists, it holds that:

“

Proof The result is obtained by combining an application of Bernstein’s inequality and the
bounds on the threshold ]\/4\5(5 ) of Lemma 29. Furthermore since ]/W\S (0) is independent of X, we
can condition on the value of ]\73(6 ). With probability 1 — ¢, we have:

—~

=R 1 Ing—1\ T+
(X BL(8)) — | < Surte . > 144, 4.17)

J1s(X; Ms(9)) — p = S ZXZ‘1|XZ-|<AZ(5) —E[Xi]
=1

1 ¢ - . 1S
i=1 - - im1
1g - . 1S
=3 (Xil|xi|<ﬁs(5> -k _Xi1|xi|<ﬁs<6>_) — - 2 EXid iy 5]
i=1 i=1
1 g - . 1S
S E (X,L]l'XZ'g]\//\[S(&) —E Xi1|Xi|<]‘//IS(5) > - g ZEUXZ|]1|X1|>JT/[\5(5)]
i=1 ) . i=1
01
S5 (Xi]l\XiKﬁs(é) —E [Xi]1|xi|<ﬁs(a>]> +
=1
1 N 1+e L l1+e 1~€Fe
+g <E [|Xl| + ]1+e> (E [(H\leMg(é)) P ] >
=1
e#) [2M,(5) culn (671)  M,(0)In (57 1y, o -
< \/ 5 + 35 + ; 2, <u1+a> E []1|Xi|>M\s(5)]
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where step () follows from Holder inequality, while step (x:x) is a consequence of Bernstein’s
inequality for bounded random variables. To proceed further, we use Lemma 29 in union bound

with the previously applied inequality. Thus, with probability at least 1 — 39, we have:

ﬁs(X; ]/\Zs(a)) — U<

1—e 1

us 1+e _ us Ite -1
_ 2(w> uln (8 1>+ (m) (67
= s 3s

1 ~1\ Tre
+uTE ((ﬁ+\@)2m5 > ’

S

< \/E 1 Is 12+€5 ulie ™! =
\((ﬁ—ﬂ)hi+3<ﬁ—ﬁ>ﬁe+w+ﬁ> ) < n )

1 %
< 5.6uTH <ln5 )H ,

S

where in the last passage we set ¢ = (14 +/2)? and bounded the resulting expression for e € (0, 1].
A symmetric derivation leads to the second inequality. A union bound combined with renaming
s < s/2 and using 5.64/2 < 8, concludes the proof. [ |

D.2.3. Upper Bound

Theorem 31 (Instance-Dependent Regret bound of AdaR-UCB). Let v € Pyr(e, u)k and T €
N, be the learning horizon. Under Assumption 6, AdaR-UCB suffers a regret bounded as:

A, T
RV’T(ﬂ_AdaR—UCB) < Z [(120 <Ai) + m) In 5 + 20Al] (4.18)

Proof For notational convenience, in this derivation, we will perform the substitution 7' < |7'/2|

and t < 7. For every arm ¢ € [k] and round ¢ € [T], let us define the event:
Ein = D Lixe—4lnt* >0 (D.32)
XeX/(t—1)

Under event &; ; we do not incur in the forced exploration (FE) in line 4 ensuring that every

arm has collected at least 4 In > nonzero samples in X/. Thus, we can decompose the expected



DI Adaptation to Unknown Distributional Parameters in Heavy-Tailed Bandits 205

number of pulls as follows:

E[N/(T)] = E ﬂut i) | TE| D Tgmimaet,) (D33)

te[T te[T]

E[N;(T)] + E[N/™(T)]. (D.34)

Part I: Bounding the expected number of pulls for forced exploration. We first bound
the expected number of pulls E[NE(T)] due to the forced exploration. Considering only the
samples collected due to forced exploration, thanks to independence among these samples, we
can see the required number of pulls as a sum of geometric random variables. Thus, we can

compute an upper bound on the expectation as:

4InT3

BN < gk =0

(D.35)

Part II: Bounding the expected number of pulls for optimistic exploration. We define for

every arm ¢ € [k] and every round ¢ € [T'], the upper confidence bound as:

2Vi(t) nt* | 10M;(t) In t3
Nit—=1)  Ni(t—=1) ~

where N;(t — 1) is the number of times arm 7 has been pulled up to time ¢ — 1, i.e., N;(t — 1) =
|X;(t—1)|. We now show that if I, = ¢, for an arm i such that A; > 0, then, one of the following

four inequalities is true:

either B (t) < p*, (D.36)
Int? T
or fi(t) > i+ 5.6ute <m) : (D.37)
or N;(t—1) <20 (Aie) ‘ Int3, (D.38)
—~ Int3
or v/ Vi(t) > /E[Vi(t)] + 2M;(t) NE—1) (D.39)

or M;(t) = (M) " (D.40)

In¢3
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Indeed, assume that all five inequalities are false. Then we have

(D.36)
Bi(t) > pf =+ A

€

(D.37) _ Int3 THe
= (t) - 5.6u T+ (n—)) + A

Ni(t—1
() V() Int3  10M;(t) Int3
> [(t) + +
Ni(t—1) "~ Nj(t—1)
— By(t).

The step marked with (x) is a consequence of the fact that both (D.38), (D.39) and (D.40) are

false. In particular, we need to show that

Ai = 5.6161‘1FE

( Int3 \T [2V()Int3  10M;(t)Int3 -
)

N1 Ni—1  Ni-1

To do so, we make use of the following inequality derived by exploiting the independence
between X;(t — 1) and X (t — 1):

—~~

E[Vi()] < E [X21|X|<Mi(t)] <E[IX]"] Mi(t)' < ub (). (D.41)
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Now, we make use of the fact that (D.38), (D.39), and (D.40) are false together with (D.41):

(D.38) 1 In¢3 Tre
AV e [ ——
2 <Ni(t—1)>

1 Int3 T
> (5.6 + V2 + 10 + 2V2)u (N_))

i(t—1
1= 1
5 Gy Int3 THe 2Int3u (%) e (10 + 2v/2) (ul\ﬁl(;—l)) g
= 0.0ul+e (Ni(t_l)) + Ni(t—l) + Ni(t_1>
(D.40) 3 3 e = ,
20 5 pure 2In Pul(t)' | (10 + 2v2)Mi(t) Int
Ni(t=1) Ni(t - 1) N(t—1)
’ 3 1/ 3
T L Vi@t (10 +2v2)Mi(t) Int
Ni(t=1) @—D N;(t —1)
(D.39) Int3 21Int3 In 3
> 5.6 Vit 2 (1
o ( t‘U) \/i VW)~ 2048 N@-(t—l)]
(10 + 2/2) M;(t) In t3

Nt—l)

5 56y [nE
- Ni(t—1)

lnt3 10M;(t) In £3
t—l t—l '

()
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Finally, as a consequence of (), we have B;(t) > B;(t) but this is a contradiction since T} = i.
Thus, statements (D.36) to (D.40) cannot be false simultaneously. We now proceed with a union
bound over all the possible values of V;(t — 1) and of the previously introduced concentration
inequalities to bound with t% the probabilities of events (D.36), (D.37), (D.39), and (D.40) to be
true:

P(AN;(t —1) € [t] : {(D.36)is true} or {(D.37)is true} or {(D.39)is true} or {(D.40)is true}) <
51 6
S ET @

where for (D.39), we used the second inequality of Theorem 10 of (Maurer and Pontil, 2009)
(bounding 1/(n — 1) < 2/n) and for (D.40), we used Theorem 29. To proceed, we introduce the
quantity:

1

u B

It’s now time to bound the expected number of times each arm is pulled:

V=

T
E[NZ(T)] =K [Z ]l{ftZi and &',t}]
t=1

A
<v+E Z I{7,—iand {(D.38)isfalse}}]

| t=v+1

<v+E Z H{It:i and {(D.36) or (D.37) or (D.39) or (D.40) is true} }
| t=v+1

T ] (D.42)

We now conclude the proof using the regret decomposition, considering the forced exploration

through Equation (D.35) and that the effective number of pulls is doubled:

C A, T
RT(AdaR—UCB, 1/) < Z [(120 (%) + m) In 5 + QOAZ

’L':Ai>0

Theorem 32 (Worst-Case Regret bound of AdaR-UCB). Let v € Pyr(e, u)* and T € Nx be the
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learning horizon. Under Assumption 6, AdaR-UCB suffers a regret bounded as:

AdaR-UCB T 1 T
Ry, r(m ) <46( kln— uT T 4 ln — 4+ 204,
2 2:;>0 )
Proof Letus fix A > 0, to be chosen later. We have:
Ry (AdaR-UCB, v) Z A; (2E[N;(T/2)] + E,,[N[E(T/2)])
= > 2AE[N(T/2)]+ ) 2AE[N(T/2)]+ )] _ 24 T
1:A; <A 1 A>A 1:A;>0 Pyi (X 7 O) 2
1
« T 24N, T
< AT + 20, 60( : 6> ln—+10> S E— [
ZAZ;A < AT 2 ZA>0P (X #0) 2
u\e, T 24, T
< AT + 2k (—)1— — " _In— + 20/,
+ (60 A n2)+-,AZO<Pw(X¢0)n2+O >
) . . T\ 7 T
< 1207+ (1 + €)e T+e (k In —) (uT) T 4 Z ( ln — + 204, )
2 :;>0 IP) )
) T\ 7 T
< 46 (kln= (uT) T+ + > In = + 204, |,
2 S\ (X #0) 2
:A; >0

where the step marked with () follows by a proper choice of A minimizing the bound:

T 120ku’ In T\ ™
T — 120ku<e n—=0= A= ) ;
2 €T
and step marked with (xx) follows by bounding simple numerical bounds. |

D.3. Efficient Numerical Resolution of Equation (4.12)

In this appendix, we present a computationally efficient strategy that can be implemented in
Algorithm 11 to execute line 7, i.e., the solution of the root-finding problem. In particular, to
solve the equation:

min{(X})*, M?}  clng*

1
fo(X'3 M, 6) == > iV =0 (4.12)
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[ht!] Reward set X' = {X7,..., X/}, time counter 7, machine tolerance 1 > 0.
Initialize counter h < 0, initial guess o < ), initial value yo < fo(X'; 2o, 773).

while y;, > 0 do
Thy1 < 21

Yns1 — [o(X;xp41,777)
h<—h+1

end
Return z;, .

We propose Algorithm D.3 to find an upper bound M, (7?) on the true solution ]\75(7'_3) which
is based on bisection. The strategy works as follows. We provide the minimum numerical
tolerance of our machine 7 > 0, start from an initial guess xy = 7, then, if this guess is an
underestimation (i.e., fs(-, x¢) yields a positive value yo) we proceed to iteratively double our
guess until the real threshold has been passed (lines D.3-D.3). In line D.3, we return the final
guess xj,. If the initial guess is already an overestimation of the threshold (i.e., fs(-, x¢) yields a

negative value 1), we simply have xy = x; = 7.

We point out that, by construction, the output of Algorithm D.3 can be at most two times the true
solution to Equation (4.12), i.e., M,(7~3) < 2M,(7~3). Thus, regret guarantees for Algorithm
11 remain the same (up to numerical constants) even when performing this approximation of the

threshold. In particular, in the proof of Theorem 31, we can modify (D.40) as follows:

Mi(t) = 2 (M)

3

and the final result remains the same up to multiplicative constants.

We now characterize the computational complexity of Algorithm D.3, i.e., the maximum number

of steps to be performed before returning a solution.

Proposition 60 (Upper Bound on the Number of Steps of Algorithm D.3). Let 1) be the minimum

numerical tolerance, and assume ) < M(772). Then, in at most h, , (¢, u) steps such that:

1
- 1 Uus 1+e
h 7\&s =1 —\ T 2 )
r(e) = logy (?7 (10g(73)) )
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Algorithm D.3, returns a solution xj, (. S-I-

Th _(cu 2
P cpo]) >1- 2.
M(173) T

Proposition 60 states an upper bound for the number of steps of Algorithm D.3 as a function of
both € and u. However, we remark that these two are not required as input to the numerical solver.
Moreover, it emerges a dependence on the inverse of the numerical tolerance of the machine
on which the algorithm is run. Thanks to the logarithm, this dependence hardly becomes an
issue. If we consider a very small tolerance of 10716 (which is the standard tolerance of many

programming languages) the number of steps becomes:

_ us %4—6
hnﬂ-(ﬁ, 'LL) = 10g2 m + 16 10g2(10),

which is totally reasonable.
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E I Regret Minimization in
Piecewise-Stationary Heavy-Tailed
Bandits

E.1. Proofs

Theorem 4.5 (Regret Lower Bound for the HTPS Bandit Problem). For any fixed policy , we

have
1 ¢
sup Rp(m) = _(kT)m(UT)lie_ (4.20)

VeB(y,e,1) 2

ot

Proof The proof of this theorem combines techniques from Lemma 5 of Seznec et al. (2020),
Theorem 4 of Genalti et al. (2024a), and Theorem 6 from Garivier et al. (2019).

Consider the following prototype of reward distribution, defined for y € (0,1) and A € (0, 1):

Py = (1 — v_%yl_e“) do + (v_%ylie) 5H%A,%.
It is easy to verify that p, € H ) for every y € [0, A].

Consider a set of of instances belonging to B,  v) indexed by a vector #* € [k]Y in a way that,

for every j € [Y] and every t € E;, we have

e
G _ ) Porkenr TS
I//L - . . 3 '

PA, if ¢ # 0]

It follows that ,ugi) - ,ugj ) — A for every j € [Y] and i # i%. Let |E;| = % for every j € [T],

assuming W.l.o.gf that 7" is divisible by T. Thus, all epochs are of the same length. For every
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fixed policy 7, we write the average expected regret among the instances indexed by 2*:

z*e[k]T Z*E

1 T

—ar- L S SEe VY]

i*e[k]T j=1

| Ly )

= j

N T— Z RT-1 EZE(iﬁj,i) [NZ- ] ; (E.1)
=1 i ek -1 =1

where 4* ; equals to i* where the j-th coordinate is set to 0 and (¢* ;, i) equals to ¢* where the

j-th coordinate is set to ¢, for ¢ € [k].

Let Dg (P, Q) be the Kullback-Leibler divergence between P and (), then we have:

1 1+e 1 1+4e€

1, lte 1 —20 <A 1, e 20 <A
Dgr (pQﬁAapA> = (1 — 207 <A ) lOg (m) + 207 A log (m)
<207 ¢A T log (2),

where the inequality follows by upper bounding the first addendum with 0. Using Pinsker

Inequality and the previous bound on the KL divergence, for every j € [T], we get

2
) < Dy, <]P)(iij,i)ap(ifj,0)>

NGO NG

( ZEu —%i

|E,] ]I
ZEu ) [ ]DKL (pzueA’pA)
< log( ) 1
that implies
%i oM < €+]%<MNW%A%- E2)

Combining Equation (E.1) and Equation (E.2), we get

kiT S Ew [R7(T (—Z bg |E| v IJ:)A

> L(Hos@N ™ et
2\ 16
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. . 16 2log(2)kYT T
by setting A = v1+ (16—T> . [ |

Remark 14. In the proof of Theorem 4.5, we do not impose any condition on 'I'. Moreover, the
length of every epoch is equal to T'/Y. This means that in principle one can choose a large
enough'T) i.e., T > QT[L]%], such that Assumption 4.9 holds. This proves that our assumption
does not make the problem easier from a regret minimization perspective.

Proposition 4.1 (Detection Delay of Catoni-FCS-detector). Consider a CPD problem
with observations {X;}en drawn iid. from Py € H., n P" fort < t. and from P, €
Heow NP fort > t.. Let 0 == |y — po|- Suppose that there exists a known upper bound
T of the change point (t. < T). Let N, = 68 log(T%) and suppose t. = N, large
enough s.t. w(t., Py,v) < 3. Set v = Z. Then, there exists a predictable sequence {\;}!_|
s.t. Catoni—-FCS—-detector enjoys (i) P, ((7’ —t)t <O <U%IZ£)>> >1- % and (ii)

Ptc (T < tc) < 1—;}

Proof Due to its length, we divided this proof into several steps. In Steps 1-3 we extend Theorem
10 of Wang and Ramdas (2023) to the case of heavy-tailed random variables. In Step 4 we apply
the sticthing technique to the resulting CS, tightening its width. Then, in Step 5 we define the CS
hyper-parameters and define a set of good events, under which we are able to properly bound the
detection delay in Step 7. The proof is concluded by showing that no false alarm occurs under
the good event (Step 8).

Step 1 (Building a nonnegative supermartingale) First, we observe that

t
o 1+e€ v
Mt = EGXP {(ﬁe()\z(Xz — IU)) — )\z 1—4—6} s

t
v
Npi= | Jexp {—@(M(Xi —p) — )@*61—“} )
=1

are nonnegative supermartingales. To prove this for M, (all steps are analogous for V), we
bound

E [eXp {gbe()\t(Xt—u)) o } ’J—"H] <

1+e
v
f_ _Al-‘re
t 1:| exp{ t 1"‘6}

v v
+ At”i—ﬂ) exp {—VHTE} <1

Iu>1+e

X, —
< l]. + At(Xt — M) + A%—FE(t—
1

E
“

1+c¢
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and, subsequently,

E [

Step 2 (Building a CS for ¢.) Then, we can leverage Ville’s inequality to construct a CS around

G (MX — p)):

- ] = M, E leXP {¢e(>\t<Xt - ,U)) - >\t1+61L+6} ‘—Eﬁl] < M.

which implies
A 1+e

]P’(Ht?l:Zgbe()\i(Xi—,u)) Uzlz_iez +log<%)><

=1

ro =2

Analogous calculations for V; and a union bound, yield a (1 — «)-CS where the intervals have

the following form:

UZ )\1+e ) t UZ A\L+e 9
I¢: R:— JLdi=1""1 )< e/\iXi_ Jdi=1"" 1 = '
CI; {me =2 g(y) ;qb( (X —m)) < =S50 +log -

Step 3 (Bounding the width of the CS for ;1) We are now required to provide a bound on the
width of the previously derived (1 — «y)-CS. To do so, we derive high-probability lower and upper
bounds over the random solution of f;(m) := 3'_, ¢.(\i(X; —m)) = 0. For all m € R, let

Mi(m) = exp{ft(m) 3 (M- s <u—m>”€>)},

then, with steps analogous to Step 1, we observe that M,;(m) is a nonnegative supermartingale.
Note that M, () = M, and an analogous definition leads to the nonnegative supermartingale
Ni(m). We define:

Bim) = Z (M=) + 20 (=)' 9)) 10 ()
Betm) = 2 (Ai(” —m i(” + (e — m)“)) —log <§> :

and using Markov’s ineqality we get:
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Since B;" upper bounds f;(m) with probability at least 1 — any my s.t.

LpNite 2
B ) = =3 T~ os (7> ~ fi(max{CT?}) (E3)
also satisfies
N ) 6
P ( Fu(fe) < fu(max{CI }) >1-3, (E.4)

where m; is a non-random quantity as it’s the solution to a deterministic equation. As f;(m) is a

non-increasing function of m, Equation (E.4) implies that:

P (mt max{C[¢}>

l\DICb

Note that Equation (E.3) admits solutions if and only if

¢ 6% ¢ e 6 , , 6
(; MY ) (; Ai> (Z 5A1+ ~+ 2log (7) + 2log (5)> <. €9

Finally, we conclude this step by bounding

Sy L0uAT +2(1 + ) log <%> +2(1 +¢)log (2)
my < n+ 7

25:1 Ai

which yields the upper CS on y in the following form:

Sh 100+ 2(1 + €)log (2) +2(1 + ) log (2) L
23:1)‘1' } 2

P | max{CI’} < p +

Repeating all the previous steps for B, (m), and by applying a union bound, yields a two-sided
(1 — ~)-CS for pi. The width w(t, p,7) = max{CI{} — min{CI’} of such CS concentrates as

S 100N 4+ 2(1 + ) log (2) + 2(1 + ) log (3)

ST >1-6. (E.6)
i=1 "\

P w(t py) <2

Step 4 (Stitching) We now discuss the choice of the sequence {);};>1. The idea is to partition
time in an exponential grid, and then fix the same value of ); inside the same cell. Moreover,
the confidence level is modified and set to a cell-specific value ;. This idea, called stitching,

first appeared in Howard et al. (2021). In particular, set ¢; = ¢/, 7; = and A; =

0
G+1)*>

1
(log (%) e v~ 1) . Then, for every t; <t < t;;1, weset \; = A; for every i € [t]. Assume



218 El Regret Minimization in Piecewise-Stationary Heavy-Tailed Bandits

0 = %. For every t; <t < t;,, we have

S 100AIT +2(1 + €) log ( ) +2(1 + ) log (7)

25—1 Ai

10th”6 2(1 + ¢) log ( ) +2(1 +¢€)log (3)

— I <
tA,
1 10vtA1+e + 410g (l)

< UlT—e(l n 6) 1+4€ tAj Vi <

1 log (2) + 2log(log(e*1) "
< 3dvTHe (1 + €) " :

Noting that Zjil 7v; < 7, this yields a tight bound over the width of the (1 — )-CS for .

Step S (Good event characterization) As the width derived in the previous steps is not deter-
ministic, we now characterize a favorable event in which such bound hold simultaneously for all
(1 — ~)-CS. For any (1 — 7)-CS of length ¢, we have that

log< ) + 2log(log(et)) \ "
: >1- 1

Pl w(tpy) < 681}1%6(1 + €)

Thus, considering a stream of 7' samples, the probability of this to be violated for at least one
interval of the (1 — ~)-CS is bounded as

1og( >+21og(log( 21\ "
t

—PWyr) =P | H<T:w(t,p,y) > 68?}%“(14-6)

log <%) + 2log(log(e*t)) RS

T
Z w(t, 1, 7y) >68U1+5(1+6) ;

t=1

<T

P

The event Wr, defined above, represents a good event in which the (1 —+)-CS starting from ¢ = 1
have the widths of the single CIs deterministically bounded up until horizon 7". Now, we note
that if we have ¢ different (1 —~)-CS of lengths 1, .. ., ¢, we define Wy, := ﬂf 1 W;. This event
describe the scenario in which all (1 — 7)-CS starting sequentlally before ¢ have the widths of all

of their CIs bounded. Using another union bound argument, we can see that P(W, ;) > 1— @.



El Regret Minimization in Piecewise-Stationary Heavy-Tailed Bandits 219
Finally, note that W,.;, < Wy, for every @’ > a and ¥ < b. Thus P(W,;) > 1 — @
for every a, b € [T']. Characterizing this event is necessary since Catoni-FCS-detector

requires that CS widths well behave, i.e., they possess a deterministic upper bound.

We also introduce the event £/ = {Vi e{t,...,T},vt'e{i,...., T} :pe C’It(,i)}, that repre-
sents the scenario in which every (1 — )-CS starting from a timestamp greater or equal than

t never miscovers the true mean up to time 7. By the definition of (1 — v)-CS, we have

2

P(EL) = 1 — (T — t)y. From now on, we continue by setting v = 7.

Step 6 (Verifying condition (E.5)) For every ¢ € [T'], we use the previously defined values
for {\;}!_;, v and 6, and solve inequality (E.5). We obtain that it is satisfied for every ¢ >

68 log (T1r6> = Nyin, Which is always true under the theorem’s assumptions.

Step 7 (Bounding the detection delay) We are now ready to bound the detection delay of
Catoni-FCS—-detector after a change of magnitude J happened after ¢. samples. Note that
we assume ¢ to be large enough to satisfy Equation (E.5). To do so, we leverage the width of the
(1 — 7)-CS that has just been derived. Suppose, without loss of generality, that a change point
is detected after at most 1" overall samples. Thus, we work under the events W;.r, Sfc, and 5,2 ,
defined in Step 5, which hold simultaneously with probability at least 1 — 1T—4, and guarantee that
the CS widths are always properly bounded and the pre-change mean j, and the post-change

mean 41 are never miscovered. By assumption, ¢, is large enough to ensure

3log (T) + 210g(10g(62tc))> The _
te h

N |

W(te, i, 7) < 6807 (1 + ¢) (

and we have to find an n s.t.:

3log (T) + 2 log(log(eQn)))lié _
n ~

NSS!

w(n, pi,7y) < 6811%%(1 + €) (

We first bound 2log(log(e*n)) < 3log(log(n)), that holds under the trivial requirements that
log(n) = 2 and T > 2. Moreover, we define & := 136(3) T+ (v)ﬁ and § = 8. Thus, we can find

an upper bound on the expected detection delay n, by solving the following:

— { <log (1) + 10g(10g(n))> i g} |

n=1 n

Ifo > 1, then ny < log(T). Else, for 5 < 1, we define

e 8 1 THe
nl—min{<w) : <§} and ng—min{(og(T)> ’ <
n>1 n 2 n=1 n

DO | S

3
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and note that ny < 17 + ny. We can thus upper bound them separately. It is trivial to observe that

Upper bounding n; requires additional effort. We start by identifying a value ns which satisfies

ns

HE

(6]
e (e (1)) <027 <.

Since ng 1s an upper bound on the expected detection delay, we have

)
0,
)

log(log(n1)) < log(log(ns))

)
o (25 s (3

(21 : E) 1 log <log <25€>)

<log Ezl i €> + log(log(28)) + log (log (;))

02) s (1))

(M) Tz < (10g (21og(20)1x<) + log (log (3)) ) Tte |

ni ni

= log

= log

2 log(

As a consequence, we can rewrite:
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which immediately implies that

_ (20 log (210g(29) 1+61)+E+ (22)"+ log (log (3)) .

€

Under the events defined above and that hold with probability at least 1 — %, the detection delay
is bounded as

1 log (21og(2¢) ) + log (log (5)) + log(T)

14+
N

(r—t)* < (20)

=
—_
o
OS]
—~
—_
®)
OS]
—~

1+e
€v

< 6(472)

Step 8 (Bounding the probability of false alarm) The bound on the probability of false
alarm is a trivial consequence of the definition of event £{°. Under this event, it is impossible by
construction for the detector to raise a false alarm, as all the CS always intersect at least on .

Thus, the probability of false alarm is bounded by P ((£7°)%) < 1. [ |

Lemma 61. Let Gr = {Vj e[Y]:7e {tgj), Lt [L]ﬂ} and t&Y > T} be the event
in which R—CPD—-UCB restarts exactly (" times without false alarms and excessive delays. Then,

we have P (GS) < 12T,

Proof Note that, by construction of the algorithm, each action is sampled at least L; times after

[L j ﬂ timesteps have passed since the last detection point. Thanks to Assumption 4.9, the length
of every epoch is at least 2 [Ljﬂ.
Let £U) = {Vm <jiTm€E { m gl 4 [Lmﬂ }} be the event in which all detections

happened without false alarms and excessive delays up to the j-th epoch. Then, by a union

bound and by Proposition 4.1, we have:

T+1 T
N . k _
P(0F) < LB (n <t 1 £00) + 1B (2 10+ 2| 1£970)
=1 j=1
(Y +1)  14kY  15kY
< + < .
T T T

Theorem 4.10 (Regret Upper Bound of R-CPD-UCR). Under Assumption 4.9, R—~CPD-UCB
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suffers an expected cumulative regret bounded as:

1 S '
RT(WR_CPD_UCB><0(ZLWM @+ ZE [R(E)] + 0|5l )
j=1

=1 (09))

(») Detection Del ay Contribution ~ (B) Stationary Policy Regret  (C) Uniform Exploration

(4.24)

Proof Let Gr = {Vj e[Y]: 1€ {t((;j), L9 [Ljﬂ} and £ > T} be the event in
which R-CPD-UCB restarts exactly T times without false alarms and excessive delays.

We start by decomposing the regret in the following way:
RT<7TR7CPD7UCB) < E[RT(,/TR—CPD—UCB) ‘ gT] + E[RT(WR—CPD—UCB) ’ QYQ]P (gg)
< E[Rp(r% %P0 | Gp] + 15K,

where the second inequality follows from Lemma 61. We can now focus on bounding the first

addendum. We decompose it as follows:

]E[RT<7TR—CPD—UCB) ‘ gT] _ E[RT<7TR—CPD—UCB) R ( R- CPD—UCB) | gT] + E[Rt(l)<7TR—CPD—UCB) ‘ g ]
< E[RT<7TR7CPD7UCB) R (1)( R- CPDfUCB) ‘ gT] Agb?lf + E[Rﬂ's (t(l )]

where the inequality follows by upper bounding the contribution to the regret given by the forced

exploration in the first tgl) rounds, the remaining term is the expected regret accrued by the policy

s up to . We prosecute by bounding the first addendum as follows:

R-CPD-UCB (

]E[RT(,H_RfCPDfUCB) _ Rt(l)(ﬂ_R7CPD7UCB) ‘ gT] _ ]E[RT(T[_R7CPD7UCB) _ Rﬂ' 7_1) ’ gT]+
4 ]E[er (ﬂ_R—CPD—UCB) _ Rt(l) (,H_R—CPD—UCB) | gT]
< o[ Ry o, (7P 70) | Gr] + E[(my — tV) | Gr]AQL,,

where [, is the expectation according to an environment starting from the second segment.

Putting all together, we can write

E[Rr (" "™"%) | Gr] < Eg[Rr—r, (7 27%) | Gr] + E[(r1 — ¢7) | Gr] AL+
+ nt(l)Amax + Rtﬁl) (7s),
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which yields, by a recursive application:

T
]E[RT<7TR_CPD_UCB) | gT] < Z E[(Tj - t(j ) | g ] max + 2 R|E | 7'('5) + ,r]TAmax

7j=1

T T
k
<X [k ] A + X fe ) + 4l

j=1 7j=1

[y

<.

where the second inequality follows from the definition of Gy. The proof is concluded by

substituting L; with its definition. |

Let 75 be the Robust UCB policy with median-of-means estimator (Bubeck et al., 2013a, Sec-
tion 2.2). Under Assumption 4.9, R—-CPD-UCB suffers an expected cumulative regret bounded
as:

E[RWR—CPD—UCB( <(A) I Z Z UE lzg |) + (C)) (426)

] 1’LA(J)>O (

[ J

(B1) Robust UCB R()grel (Instance Dependent)

5(A8)

21}6

Moreover, if log(|E;|) = ~ for every j € [Y], we have:

Ry(m0P70%%) < O((a) + (KY) T (vT) T + (C)). 4.27)

o >
~

(B2) Robust UCB Regret (Instance Independent)

Proof The proof of this theorem trivially follows from plugging the regret bounds of Robust
UCB with MoM estimator (Theorem 3 and Proposition 1 of Bubeck et al. (2013a)). Equation

(4.27) necessitates an additional step using Jensen Inequality:

T ™
Z frve (o) T < Y (k) T+ (UT) = (Tk) T (vT) T
j=1

Let 7 be the Robust UCB policy with median-of-means estimator from (Bubeck et al., 2013a,

Section 2.2). Let {n;}jen Where 1; = no+/jklog(T")/T for some 1y > 0. Under Assumption 4.9,
R—CPD-UCB using 7,4 after the j-th detection suffers an expected cumulative regret bounded

cA/kYT log(T Tv< log (T/Y
RT(,H_R—CPD—UCB> <O<U Eeg( )Amm_’_ ETv Olg( / )) (4.28)

as:

Mo 5min e A N

man

1+e

Moreover, if log(|E;|) = 3(AY),) v forevery j € [T], and5 - L= e (Tk/T)2<1+€> log (7)),
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we have:

R (n™CPP70CBY < O( (kT) 75 (vT) T ). (4.29)

Proof First, note that the proof of Theorem 4.10 can be conducted in the exact same way by
substituting 7 with the sequence {7); } je[r+1]. Note that, thanks to event G, the algorithm restarts
exactly T times. Equation (4.25) is a trivial consequence of the fact that ny;, > 7); for every

< T, due to the monotonocity of the sequence. Moreover, we bound Amax < Anaz-

To prove Equation (??), we need an additional step. In particular:

1 TT
L k:log = klog(T)’

dmin for every j € [T], concludes the proof. [

HM~§
M%

Plugging this in (A), and bounding 5Y)

min =

E.2. Additional Related Works on Non-Stationary MABs

In this appendix, we discuss more in detail the related works on non-stationary MABs.

E.2.1. Piecewise-Stationary MABs

The most common definition of piecewise-stationary MABs in the literature is the one introduced
by Yu and Mannor (2009). In this work, the authors deal with the PS MAB problem as it is
defined in this work, and consider both a scenario in which side-observations are available,
and an agnostic scenario in which they are not, which corresponds to the one that we study in
this work. In the latter scenario, they show that every algorithm must suffer at least Q(+/7)
regret. In Garivier and Moulines (2011), the authors analyze two algorithms to tackle the PS
MAB problem, namely Discounted UCB (introduced in Kocsis and Szepesvari (2006)) and
Sliding Window UCB. Contrary to ours, these algorithms don’t rely on any CPD strategy but
rather passively adapt to the changes in the environment. In practice, actively adapting algorithm,
e.g., algorithm based on CPD strategies like ours, hence show better performances. The idea
of actively adapt to changes first appeared in Hartland et al. (2007). More recent works, such
as Liu et al. (2018) and Cao et al. (2019), paved the way for the analysis of actively adaptive
algorithms, which were considered tougher to analyze from a theoretical perspective w.r.t. to
their passive counterparts. Recently, with Auer et al. (2019) and Besson et al. (2022), there

has been focus on removing the prior knowledge on T from the algorithms. In the former, the
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AdSwitch algorithm they propose does not require any additional assumptions, but it is not
optimized for tractability or numerical efficiency. Indeed, as shown in Besson et al. (2022),
AdSwitch enjoys poor empirical performance. In the latter, the authors propose an algorithm
that performs well in practice and has tight theoretical guarantees without any need for T to
be known beforehand, however they rely on an assumption which is nearly the same as ours.
All of the aforementioned works don’t account for the heavy-tailed setting, as their scope is
restricted to rewards with bounded support or sub-gaussian. The only work that accounts for
non-stationarity in heavy-tailed settings is Bhatt et al. (2023), where the authors consider a
general framework to allow for more general risk measures (linear being the case considered
here), and consider the same setup of piecewise-stationary bandits and heavy-tailed rewards, and
establish upper and lower bounds on the regret under special assumptions on the risk measures
and distributions. However, there are multiple reasons for why our approach is better suited in

the regret-minimization scenario:

* Assumption 1 (Stability): since their paper focuses on achieving strong regret guarantees
with heavy-tailed rewards, the stability assumption plays a crucial role in the analysis,
where the rate functions on the decay of the empirical and truncated distributions are
assumed to be known. While the assumption is not strong in and of itself, the knowledge
of these parameters play a crucial role in the change detection and regret minimization
procedures, and also appear in the regret bounds. Robust-CPD-UCB, on the other hand,
requires no knowledge of such functions, relies on novel analysis of Catoni estimators that

do not necessitate truncations, and is simpler to run online in practice.

* The CPD routine used in Bhatt et al. (2023) is based on a sliding window method requiring
specification of both widow size and threshold. Robust-CPD-UCB is based on the newly
developed CPD method based on Catoni estimator that runs online only with the same

assumption on the distributions.

* The regret minimization algorithm in Bhatt et al. (2023) uses a data-driven truncation of
the rewards that depends on the policy, and the knowledge of the decay rate functions to
compute the exploration bias for the arm index. Our work, on the other hand, requires
no such methods and uses a simple combination of the novel Catoni-CPD and any policy

suited for the stationary heavy-tailed regret minimization.

For the most common case of linear risk/ regret in mean, Robust-CPD-UCB establishes
stronger guarantees with the CPD procedure requiring weaker assumptions. Finally, it is easier

to implement owing to not requiring distributional knowledge or thresholds.
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E.2.2. Bounded Variation and Monotonically Non-stationary MABs

Another setting of interest is non-stationary MABs with bounded variations. In this setting,
the rewards’ distributions changes are less restricted, and the focus moves from the number of
changes to the total amount of change V. In Besbes et al. (2014), the authors propose Rexp3,
an algorithm that leverages tools from the adversarial MAB problem to deal with non-stationarity
in stochastic settings. The regret upper bound that they provide is in the order of O(VT% Tg).
Over the last years, there has been increasing interest in monotonically non-stationary MABs,
i.e., non-stationary MABs where the mean rewards are only allowed to decrease (rotting bandits,
Seznec et al. (2019, 2020)) or to increase (rising bandits, Metelli et al. (2022)), some works focus
on both settings Heidari et al. (2016); Genalti et al. (2024¢). The monotonicity assumptions
substitutes the need for piecewise-stationarity, as it is a strong enough assumption to allow for
strong theoretical characterizations. In such settings, regret bounds depend in general on the
total variation of the distributions’ means and instance-dependent-type of results are common in
this literature. Moreover, the additional structure added by this assumption, put the accent on the
difference between restless bandits (a proper non-stationary setting) and rested bandits, where

the evolution of rewards depends on learner’s actions rather than just time.

E.3. Additional Numerical Evaluations

In this appendix, we provide additional details on the experimental evaluation of Section 3.1.6

and additional experimental campaigns in synthetic environments.

E.3.1. Detection Delay Analysis

We evaluate how reactive is Catoni-FCS—-detector to changes of data-generating distri-
bution, and comparing it repeated-FCS-detector with Empirical Bernstein CSs from
Shekhar and Ramdas (2023a), Section 2.2, which is suited for distributions with finite variance.
We consider two distribution-shift scenarios: Gaussian distributions with 0 = 1 and Laplace
distributions with scale equal to 1. The change happens after ¢. = 400 steps, and the total horizon
is T = 1000. The magnitude of change is 6 = 1. In Figure E.1, we report the distribution of the
detection delay of both algorithms over 20 trials. We can see how, in general, Catoni-FCS-
detector has a smaller detection delay w.r.t. repeated-FCS—detector. Moreover, no

false alarm is raised along the 20 trials.
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Figure E.1: Distribution delay distribution over 20 trials.
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Figure E.2: Cumulative regrets of the considered algorithms. We performed 20 trials for each

instance and reported mean =+ std. The 6 change-points are indicated by the vertical lines.
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E.3.2. Regret Minimization in Highly Non-Stationary Environments

In this section, we evaluate how R—-CPD-UCB behaves in highly dynamic scenarios where
change-points are close.

Setting We confront R—~CPD-UCB with two of the most popular algorithms from the literature,
Monitored UCB Cao et al. (2019) and S1iding Window UCB Garivier and Moulines
(2011). We consider two PS MABs: Gaussian rewards with ¢ = 1 and Pareto rewards with
€< % and v < 3. In both MABs, we have k = 3,7 = 1500 and T = 6. Also, we have 9,,;,, = 0,
i.e., and some actions may not change their means after a change-point. However, at least one
arm has its mean change, and the optimal action changes at least 4 times. Interestingly, these

instances violate Assumption 4.9. We use o = 1 and the means reported in Table E.3 for the
1

2
v = 3, and the means reported in Table E.4. The optimal actions change 4 times. In Figure E.6

Gaussian scenario. The optimal actions change 4 times. For the Pareto scenario, we use € =

we report the means of every action in every epoch.

(B | By | By | By | By | By | By B | B | By | By | By | By | F
pw | 1.2 11515 | 2 1.8 12| 1.2 w | 1.2 15| 2 2 1.2 112108
1% 1 1.8 24|18 1 1.8 |1 2 1 24| 1.8 | 2.8 1 1.5 |2
pu3 | 0510510505 1 |05 1,7 ps | 05105105105 | 171729
Figure E.3: Gaussian instance. Figure E.4: Pareto instance.

Figure E.5: Mean rewards per epoch. Cells highlighted in yellow contain the optimal reward for

the corresponding epoch.

Results In Figure E.2, we report the cumulative regrets suffered by the considered algorithms. For
each instance and algorithm, we performed 20 trials and reported the average cumulative regrets
with their aleatoric uncertainties. R—-CPD—-UCB achieves, in both instances, a smaller cumulative
regret than competitors. Moreover, it shows a smaller uncertainty and more stable performances
across the trials, especially when rewards have infinite variance (Figure E.2b). Interestingly,
R-CPD-UCB can outperform both Monitored UCBand S1iding Window UCB even when
the rewards are Gaussian. This is probably because the change-points are frequent and very
close. Robust mean estimation using median-of-means stabilizes the algorithm’s behavior in
data-scarce regimes. Finally, we remark that Assumption 4.9 is violated by these two instances;
however, R-CPD-UCB performs well (and so is Monitored UCB, which relies on a similar
hypothesis). This phenomenon was already observed in Cao et al. (2019), and shows how

Assumption 4.9 is, in practice, is not very limiting.
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Figure E.7: HTPS MABs with different magnitudes of change. For all instances: T = 1, k = 3,
d € {1,2,5,10}. Pareto noise with ¢ < 1 and v = 3.

E.3.3. Sensibility to 0

In this section, we study the sensibility of R—~-CPD-UCB to different magnitudes of changes.

Setting We consider four HTPS MABs with Pareto rewards (¢ < 1,v = 1), k = 3, T = 500,
and T = 1. The starting means are j; = 1, o = 0.8 and ps = 0.5, and a change occurs at
t. = 200. We let 6; = 1, 63 = 0 (thus, 6, = 0) and 05 € {1, 2,5, 10}, respectively. In the first
PS MAB, the first action remains optimal from the start to the end of the trial; in the others, the
second action becomes optimal after the change. In Figure E.7, we report the means of every

action in every epoch for the four HTPS MABs.
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Figure E.8: Cumulative regrets of R—~CPD-UCB in the four HTPS MABs represented in Figure
6. We performed 20 trials for each instance and reported mean =+ std. The purple vertical line
indicates the change-point. The dashed vertical lines indicated the average detection time in the
corresponding instance (+ std). On the left, we report the cumulative regrets of Robust-CPD-

UCB. On the right, we have the same quantity rescaled by the maximum mean reward.

Results In Figure E.8, we report the cumulative regrets suffered by R—~CPD-UCR in the four
HTPS MABs. For each instance, we performed 20 trials and reported the average cumulative
regret (on the right), together with its standard deviation. Moreover, the dashed vertical lines
indicate the average detection time and their standard deviations. As the four instances differ
in terms of magnitude (e.g., in the first instance, the maximum mean is 2, and in the fourth is
10.8), we also reported the rescaled cumulative regrets (on the left). R—~CPD-UCB can detect the
change with a reasonable delay, and all cumulative regrets show sublinear growth. As J grows,
the cumulative regret is larger, but the detection delay decreases. Intuitively, a larger change
yields a larger regret but is also easier to detect. From the rescaled cumulative regrets, we can

observe how a large J w.r.t. to the mean does not deteriorate the performance of R—-CPD-UCB.

E.3.4. Stationary Environments

In this section, we study the empirical behavior of R—~CPD~-UCB in stationary HT MABs.

Setting We consider four HT MABs with Pareto rewards (¢ < 1, v = 1), k = 3, T = 300, and
T = 0. We compare R-CPD-UCB with two gold standards from the literature: Robust UCB
Bubeck et al. (2013a) and MR-APE Lee and Lim (2022).

Results We remark that, in a stationary environment, the behavior of R—~-CPD-UCB diverges
from the one of Robust UCB in only two cases: (i) when there is a false detection (happens

with probability smaller than 7"~!) and (ii) R—~CPD-UCB performs a forced exploration (once
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M1 | M2 | H3
Instance 1 | 1 | 0.5 | 0.1
Instance2 | 1 | 0.8 | 0.7
Instance 3 | 1 | 0.9 | 0.1
Instance4 | 1 | 0.5 ] 0.5

Table E.1: Mean rewards per epoch in four stationary HT MABs. For all instances: T = 0,

k = 3. Pareto noise with ¢ < 1 and v = 3.

Instance 1 Instance 2
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t t
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0 50 100 150 200 250 0 50 100 150 200 250

Figure E.9: Cumulative regrets of R—-CPD-UCB, Robust UCB Bubeck et al. (2013a), and
MR-APE Lee and Lim (2022) on the four HT MABs defined in Table 3. We performed 20 trials

for each instance and reported mean =+ std.

every O(T_%) rounds). In both cases, the contribution to the regret is small compared to the
dominant term, adding a constant factor at most. In Figure E.9, we report the cumulative regrets
suffered by the algorithms in the four HT MABs. For each instance, we performed 20 trials
and reported the average cumulative regret, together with its standard deviation. R—~-CPD-UCB
raises only one false alarm in one trial of the fourth instance, and the average cumulative regret
is thus slightly larger than the one Robust UCB, which is suited for the stationary setting.
R-CPD-UCB suffers cumulative regrets comparable to the ones of algorithms suited for the

stationary case. All cumulative regrets show sublinear growth.

E.4. Computational Complexity of Robust-CPD-UCB

In this section, we characterize the computational complexity of R—~CPD-UCB and provide a

simple modification to the algorithm that allows for quicker computation while keeping similar
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theoretical guarantees. For the sake of traceability, we assume that all means belong to the set

[—M, M]. We start by upper bounding the computational complexity of R—~CPD-UCB.

Proposition E.1. Let M = O (]\/[ + T log(T)ﬁe) Let € be the machine tolerance. Then,

R—-CPD-UCB takes at most O (kT4 log, (%)) steps with probability at least 1 — %

Proof Using the bisection method with a tolerance of £, and searching in the interval [—]\7 M ]
we can solve the two root-finding problems implied by Equation (4.23) in at most O (T log, (%) ) .
Note that, by Theorem 3.2 from Bhatt et al. (2022a), the solution lies in the search interval with
probability at least Q (1 — = ). Then, we observe that R~CPD-UCB, at each round ¢ € [T'], for
every action i € [k], runs a step of the Catoni-FCS-detector which computes ¢ CS of
lengths t, ¢t —1,...,
requires O (t’ log, (%)) steps at most for each of them. Note that a solution always exists as

1. Computing a CS of length ¢’ < T requires to compute ¢ CIs, which

the number of samples is always greater than n,,;, when the CPD routine is executed. The result
follows by upper bounding ¢, < T. |

Proposition E.1 states that the computational complexity of R—~CPD-UCB is polynomial in 7.
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