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1. Introduction

Modern financial markets operate through elec-
tronic platforms built around the Limit Order
Book, which is a centralized ledger where buy
and sell orders are queued and matched by price-
time priority. Within this structure, a market
maker (dealer) continuously quote bid and ask
prices, providing liquidity to the market in ex-
change for earning the bid-ask spread.
However, the market maker faces two types of
risk operating this way. The first is inventory
risk: an imbalance between incoming buy and
sell orders forces the dealer to accumulate a net
position in the asset, exposing them to adverse
price movements. The second is asymmetric
information risk: the dealer may unknowingly
trade against agents who has a better, predic-
tive information about the asset’s future price.
To hedge inventory risk, the dealer adjusts both
quotes dynamically, lowering prices to attract
buyers when holding a long position and rais-
ing them to attract sellers when holding a short
position.

The mathematical formalization of the inven-
tory risk has been addressed by Ho and Stool
[3], who first modeled the behavior of a monop-
olistic dealer optimizing their prices in a single
stock. However, this framework was adapted to

the continuous-time dynamics of modern Limit
Order Books in the model of Avallaneda and
Stoikov [1], in which the dealer maximizes the
expected exponential utility of their terminal
profit and loss over a finite horizon T, with order
arrivals driven by independent inhomogeneous
Poisson processes, whose intensity decay expo-
nentially with the spread by characterizing a
Constant Absolute Risk Aversion (CARA) func-
tion. This model gives an approximate closed-
form solution via asymptotic expansion in the
inventory variable, however it lacks the math-
ematical foundations needed to prove existence
and uniqueness of the optimal control. More-
over, the Poisson assumption fails to capture
the self-exciting clustering behavior of real or-
der flow, where the execution of an order sig-
nificantly raises the probability of further exe-
cutions shortly afterwards. Therefore, a Poisson
model systematically underestimates inventory
risk during periods of market stress.

The model presented in this thesis addresses
these limitations, replacing independent Poisson
arrivals with Hawkes processes.

The main architecture of this model was intro-
duced by Jusselin [4]. The main contribution
of this thesis consists in providing a fully de-
tailed and rigorous mathematical formalization



of this framework, reconstructing and extending
all the underlying mathematical steps and pro-
viding several analytical derivations and topo-
logical proofs of [4].

This executive summary is organized in the fol-
lowing chapters:

e Chapter 2 presents the definitions and for-
malization of the stochastic framework. We
introduce the canonical space and the state
variables, define the Hawkes driven order
flow and construct an infinite-dimensional
topological space in L!'(R") along with a
controlled probability measure to restore
the Markov property of the system.

e Chapter 3 formulates the stochastic optimal
control problem. We derive the Hamilton-
Jacobi-Bellman equation associated to our
problem and compute the explicit analyti-
cal form of the optimal bid and ask spreads.

e Chapter 4 analyzes the theoretical well-
posedness of the problem via the viscos-
ity framework. By adapting the Crandall-
Ishii-Lions theory by the definition of a Lya-
punov function to handle unbounded vari-
ables, we prove a generalized Comparison
principle. Finally, through a Verification
Argument based on the Dynamic program-
ming principle, we establish that the value
function is the unique continuous viscosity
solution.

e Further Developments concludes the sum-
mary, outlining potential extensions of the
current mathematical framework and prac-
tical implementation.

2. Stochastic framework

2.1. Canonical space and state vari-
ables

Let T' > 0 be the trading horizon, representing
the time at which the market maker either lig-
uidates or evaluates their position.

We build the canonical sample space 2 = €}, x
Qg x Qq, where Q, = C([0,T];R) and g is the
set of non-decreasing, right-continuous piecewise
constant cad-lag functions from [0, 7] to N start-
ing from zero with unitary jumps.

The introduced canonical processes are the
Brownian motion W = (W})yc[o,7], which gen-
erates the right-continuous and completed fil-
tration (F{)ico,r) and the counting processes

N = (N{)efo,r) (buy order arrivals) and Nt =
(N,f’)te[oﬂ (sell order arrivals), which generate
the right-continuous and completed filtration
(—Fg)te[(),T]-

We equip the sample set with the natural filtra-
tion F = (Fy)seqo,7) defined by F; = Ff @ Fil @
Fd.

We construct a probability measure Py, under
which the process W is a standard Brownian
motion, the compensated processes, defined by
M/ = N} —\ot, j € {a, b}, for a constant A\g > 0
are local martingales and W, N® and N are
mutually independent.

The fundamental price P = (P;)ycpo,r) follows
the dynamics:

dP; = d(t, Pt)dt + odW;, (1)

where o > 0 is the price volatility and d is a
Lipschitz continuous function, guaranteeing ex-
istence and uniqueness of a strong solution for
the price.

Furthermore, the inventory process ¢ =
(it)sejo,r) describes the dealer’s net position for
any t € [0,

it = AN} — dNf, ig=0.

2.2. Hawkes processes and Marko-
vianization

The stochastic intensity associated to an uni-
variate Hawkes process is the process (X )ie(o,1),
j € {a,b} defined as

. t .
)\i—u—i—/ K(t—s)dNJ, j € {a,b}
0

where 1 > 0 is a baseline exogenous rate and
K : RT — R*, belonging in L!'(R*), is a mono-
tone non-increasing continuous kernel describing
how past events excite future arrivals. Each new
execution boosts the arrival rate, which then de-
cays according to K.

Since M depends on the entire history of N7,
for any t € [0, 7] the tuple (P, iz, A, A?) is not
Markovian. To restore the Markov property we
introduce auxiliary random functions (67);c(0,7},

j € {a,b} defined as
. t .
07 (u) :/ K(u—s)dN!, wu>t,je{a,b},
0

which summarize the influence of all past jumps
on future intensities.



We define the topological space in which these
functions take values:

@Tz{ZK(-—T»l
i=1
neN,Ongg...nggT}

which is shown in Proposition 3.1 to be a locally
compact, closed subset of L!(R™).

Therefore, we formally define the state of our
system. For any t € [0, 7], we consider the set

Xy ={(p,i,0%,6°) € R x Z x ©; x O;}.

For any generic element z = (p,4,6%,6%) € X},
we define the norm on X; as

lall = \/p2 + 2 + ll0o]3 + []0*]]?
Furthermore, we define the space
E={(t,z) €[0,T] x & |z € A4}

For any (t,xz) € &, we define the shifted state
process

XU = (P iL", 0007, 0507), s € [t,T),

7’8 Vs

which describes the dynamics of the state start-
ing from (¢,x) € €. In particular, the state com-
ponents are initialized as follows: Ptt’x =peR,
iv® =i € Z and 00" ()) = 0I(-), 7 € O,
j € {a,b}.

2.3. Admissible controls and con-
trolled measure

The dealer’s controls are the ask and bid spreads
§ = (6%,6°). We denote by A the set of F-
predictable processes taking values in (R*)2.
The controlled intensities are given by

N (u,z, 1) = e*f’"@(ej(u)), j € {a,b},
where k,0 > 0, » > 0 represents the spread
and ® : R* — R is a continuous function with
at most sub-linear growth. In particular, the
factor e‘gr captures the decrease in execution
probability as spread increases.

We introduce the process Z4%9 as the stochastic
integral with respect to the Py-martingales M¢
and M?:

S N (u, X0, 60) — A :
Z;,x,(s:/o Z (u, u)\(,) w) 04 o pd M,

j=a,b

where we denote by 1) the indicator function.
We then define L = (L?m’(s)se[t’ﬂ as the Doléans-
Dade exponential of Z4%°. Furthermore, it is a
martingale under Py since M (u, X5, 6%), j €
{a, b} is sub-linear with respect the state norm.
By means of Girsanov’s theorem for semimartin-

gales, for any § € A, we define a new measure
of probability PtH%::

dPt,z,(S

0
= L5™°.
dPy |z, T

In particular, by construction, the process Ni—
[N (s, X%, 64)ds is a local martingale under
P79 Furthermore, we denote by E? [-] the ex-
pectation taken under this probability measure.
Under this measure, the process (s, Xe*)s>; is
Markovian (Proposition 3.2), which is estab-
lished via Bayes’ formula, the martingale prop-
erty of the Doléans-Dade exponential and the
Freezing Lemma.

3. The optimal control problem

The market maker maximizes the discounted ex-
pected reward

sup ES 0 [G(iT, PT)e*’"T
seA
T
/ e (g(is, Ps) + 09290 4 6°X00)ds |
0

where r > 0 is a discount factor, G(ir, Pr) is
the terminal payoff, g is a running reward inde-
pendent of the reward generated by the spread
terms and 6 \° represent the profit generated
by the spread terms after each execution.

3.1. Hamilton-Jacobi-Bellman equa-
tion

We define the value function U : & — R, be-
longing in C*20.0.0(&; R), which represents, for
any initial condition (¢,x) € &, the supremum of
the expected utility functional over all admissi-
ble controls, discounted back to time ¢.

Moreover, we define the finite difference opera-
tors D® and DY, which capture the effect of a
buy or sell execution on the state, applied to a
generic function ¢ : £ — R and belonging in



C?20.00(£: R) as:

DY(t,x) = (t,p,i — 1,0 + K(- —t),0°)
— Yt z),

DU(t, x) = p(t,p,i +1,0%0° + K(- —t))
—(t, x).

By means of Ité’s formula for semimartingales
applied to the auxiliary process V(t,z,§) =
Ote_”’gds + e "U(t,z) and by applying the
Dynamic Programming Principle, we retrieve
the Hamilton-Jacobi-Bellman equation associ-

ated with our control problem:

F(t,z,U, (0U,0,U), 0ppU, DU) = 0, (2)

with terminal condition U(T,z) = G(i,p),
where

1
F =rU — o,U — d(t,p)0,U — 5028,,,9(] —g(i,p)

- sup. [®(0°(t))e =% (69 + D)
— sup [®(6°(t))e 57" (6" + DPU).
SbeR+

3.2. Optimal spreads

Assuming that the value function U €
C?2000(£:R) is a solution to the Hamilton-
Jacobi-Bellman equation, we retrieve the opti-
mal bid and ask spreads by maximizing the two
suprema independently (Proposition 3.4):

59 = (7 - DUE) . e fab) @)

where (-);1 = max(-,0).

This result has an intuitive interpretation: the
dealer quotes a base spread ¢ (determined by
price volatility and sensitivity), adjusted by the
marginal value D/U of executing one more or-
der, decreasing the spread when the marginal
values is high and increasing it otherwise.

4. Viscosity framework

The assumption made on the solutions to the
Hamilton-Jacobi-Bellman equation (2) requires
them to belong to C%2%09(& R). However, in
general, value functions for stochastic optimal
control are not sufficiently smooth. Therefore we
rely on the theory of viscosity solutions, allowing
us to interpret the equation in a weak sense.

4.1. Adapted definitions

Since the state has both continuous (¢,p) and
discrete jump (i,0% 6°) components, we adapt
the viscosity framework as follows:

e Derivatives with respect to (¢,p) are eval-
uated on a smooth test function ¢ €
C22000(£:R), which is touched by U at
relevant extrema.

e The finite difference operators D* and Db
act directly on U, requiring only point-wise
evaluation, relaxing the assumption of dif-
ferentiability.

We then define viscosity sub and super solu-
tions (Definition 4.1) and provide an equivalent
characterization via generalized semi-jets (the
semi super-jet Jt and semi sub-jet 7 =) (Defini-
tions 4.3-4.5 and Proposition 4.1), extending the
standard Crandall-Ishii framework to our setting
with Hawkes variables.

4.2. Main result

The main contribution oft his work is the follow-
ing well-posedness theorem.

Theorem 4.1 (Well-posedness - Theorem 4.7).
The following hold:

1. There exists a unique continuous viscosity
solution U with polynomial growth to the
Hamilton-Jacobi-Bellman equation.

2. This solution satisfies the stochastic control
problem (2).

3. The problem admits an optimal control df =

o(t, X¢) given by (3).

The proof proceeds in four steps.

4.3. Step 1 - Comparison principle

We characterize the uniqueness for bounded vis-
cosity solution via the comparison principle.
Let USC(E) and LSC(E) be respectively the
set of upper-semi-continuous functions and lower
semi-continuous functions defined on £.

Theorem 4.2 (Comparison Principle - Theo-
rem 4.6). Let U € USC(E) be a bounded from
above viscosity sub-solution and V € LSC(E) be
a bounded from below viscosity super-solution of
the Hamilton-Jacobi-Bellman equation, satisfy-
ing U(T,) <V(T,-). ThenU <V on€.

The proof relies on a doubling-variables tech-
nique: to isolate a supremum point, we define a



penalized supremum

Nea = sup U(ta .’IJ) - V<t7y) - \Il(tux7y)7

(t,z),(t,y)e€E

where the penalization function is given by
U(t,z,y) = e(llzl]? + [y|?) + allz — yl2. By
applying an adapted version of Crandall-Ishii’s
lemma, we extract the elements of the semi-jets
characterized by the derivatives of W. Further-
more, by evaluating the non-linear operator F
with these elements, we derive a mathematical
contradiction as @ — +o0o and € — 0.

Since the state variables in our framework
are unbounded, we extend this result to func-
tions with polynomial growth. In particular,
we construct a Lyapunov function w(t,z) =
eMT=1) (14 |z||?)* that dominates the growth of
the envelopes at infinity. By perturbing the sub
and super solutions with +ew(t,x), we bound
them respectively from above and below, allow-
ing us to apply the bounded comparison result
and conclude U <V on €£.

4.4. Step 2 - Continuation utility
function

We formally define the continuation utility func-
tion J(t,z,d) and the value function:

U(t,x) = sup Ej, [G(z’T, Pr)e ")
o€ Ay

T
+/ eV g(s, (5)ds}
t

where A; restricts the admissible controls to
those independent of the past filtration F;, by
means of the Markovianity of the system. We
rely on a priori estimates (Appendix A) and we
establish that U satisfies polynomial growth of
degree 2, meaning that there exists C' > 0 such
that |U(¢,z)| < C(1 + ||=||?) for all (t,z) € €.

4.5. Step 3 - Dynamic Programming
Principle

The Dynamic Programming Principle provides

two key inequalities, evaluated at an arbitrary

stopping time 6 € [t, T7:

e Sub-optimality inequality: U(t,z) is
bounded from below by the expected
reward evaluated using the lower semi-
continuous envelope U, (6°, Xégx).

e Super-optimality inequality:  U(t,x) is
bounded from above by the expected re-

ward evaluated using the upper semi-

continuous envelope U*(#°, Xé;x).
In order to prove these inequalities, we first ap-
proximate from below the lower semi-continuous
envelope U, by a continuous test function by
Baire’s theorem. We then construct a count-
able partition of the state space where specific
local controls satisfy a lower bound, which are
after summarized together at the stopping time
6° into a global control 6“™. By evaluating the
expected reward under this strategy and apply-
ing the Tower and Markov properties, we obtain
a lower bound for U(t,z), which represent the
sub-optimality inequality after passing to the
limit.
Conversely, to prove the super-optimality in-
equality we define § as the controlled process
obtained by freezing the trajectory of § up to
time 6° and we derive the upper bound using the
Tower Property. Finally the desired inequality
follows from the definition of the value function
as a global supremum over all admissible strate-
gies.

4.6. Step 4 - Verification Argument

We finally prove that the upper envelope U* is a
viscosity sub-solution and the lower envelope U,
is a viscosity super-solution. We argue by con-
tradiction: assuming that the Hamilton-Jacobi-
Bellman equation is strictly violated at a local
extremum, we define a small cylinder around it.
By applying Ito’s formula to the smooth test
function up to the first exit time 7, from the
cylinder and evaluating the conditional expecta-
tion under an arbitrary control, we contradict
the bounds established by the Dynamic Pro-
gramming Principle.

Therefore, U* is a sub-solution and U, is a
super-solution. Finally by applying the ex-
tended comparison principle from Step 1, we ob-
tain U* < U, and remarking that the inequal-
ity U, < U™ holds intrinsically by the definition
of semi-continuous envelopes, we conclude that
U = U* = U, globally on the domain. There-
fore, we conclude that the value function U is
the unique continuous viscosity solution to our
optimal control problem.



5. Conclusions and Further De-
velopment

This thesis provides a complete argument of the
continuous-time optimal market making prob-
lem with Hawkes driven order flow.

The key contributions are:

e Markovianization, we indeed introduce an
infinite-dimensional functional space ©p C
LY(R™) to summarize the excitation history
and prove its topological properties, which
are essential for the well-posedness argu-
ments.

e Optimal spreads, we indeed derive the ana-
lytical form of the optimal bid-ask spreads
(3), explicitly characterizing how the dealer
should adjuster their quotes based on the
marginal value of executing an order.

e Well-posedness, we indeed prove the exis-
tence and uniqueness of a continuous vis-
cosity solution with polynomial growth for
the infinite-dimensional Hamilton-Jacobi-
Bellman equation (Theorem 4.1), providing
the mathematical foundations that earlier
asymptotic approaches lacked.

From a practical perspective, by shifting to a
Hawkes-driven framework, algorithmic dealers
and high-frequency trading firms can deploy
more robust market making models, accurately
pricing the microstructural risk of order clus-
tering and self-exciting market crashes, which
would not be possible by using a Poisson-driven
framework. Moreover, the quotes can be dynam-
ically adjusted in real-time by means of the op-
timal spread formulas explicitly retrieved in (3),
without relying on computationally heavy sim-
ulations.

Further developments of this model include
numerical approaches for the resolution of the
infinite-dimensional ~Hamilton-Jacobi-Bellman
equation, calibration of the Hawkes kernel K
to empirical order-book data, and extension to
multi-asset setting or Limit Order Books with
adverse selection.
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