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Abstract

Complaints related to grouritbrne vibrations have been reported along Lines M1 and M2 of the
Milan metro system. While previous studies have focused on a typical section of Line M1 near Corso
Buenos Aires, no specific investigations have been conductethen sections of the M1 or M2
lines, despite similar vibration concerns. Moreover, no academic work has applied the inversion
procedure to estimate the dynamic load spectrum for Milan's underground network. This study
addresses that gap by applying areirsion procedure toisitu acceleration measurements collected
at seven tunnel sections across Lines M1 and M2. Adiwensional (2D) finite element model is
used to compute the loaakcceleration transfer functions required for the inversion, due to its
computational efficiency and suitability for parametric analysis. The resulting dynamic load spectra
are then compared across sections and validated against the UNI 11389 standard. Fdeguesncy
analysis of the measured responses revealed recurrictgasfpeatures. A consistent peak around 60
Hz appeared in nearly all sections, independent of track type, which is associated with the resonance
of the unsprung mass in the whigedck system. A secondary peak near 100 Hz was observed mainly
in ballastedrack sections, suggesting a resonance effect linked to the ballast layer. The study also
examined the influence of tunnel geometry, depth, and elastomeric pad stiffness normalization.
Circular tunnel sections, typically shallower amith ballastless trdctypes, showed slightly higher
response magnitudes in the' 2a0 Hz range compared to deeper,-sbaped sectiongVhile most
of the dynamic load spectra showed a similar order of magnitude to the UNI 11389 standard, none
of the analysed spectral trends matched the st
fact that the standard was developed under axeaital conditions different from those in this study
This work suggestghat the propose@®D inversion proceduref accelerationgrovidesvaluable
insighsinto the dynamic behaviour of tunnel sections and enables efficient parametric comparisons
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Chapter 1
Introduction

Chapter 1
Introduction

The constanpopulation growth, together with the industrialization of society, has led to the most
densely populated cities in human historfis has prompted many urban areas to invest in more
efficient transportation system&mong the most effective, underground railways offer a promising
solution, as they help alleviate traffic congestion, reduce noise and air pollution, and serve densely
built-up area$1].

The most common type of these systems is the underground tunnel railway, also known as metro
or subway lines, which have seen rapid expansion in recent [2¢afdis is true for the city of
Milan, which inaugurated its first metro lineine 1 (M1), in 1964. It initially featured 21 stations
along 11.8 km, running from Lotto station in the west to Sesto Marelli in the northeast, passing
through the city centre at Duomo station. This line has undergone several extensions, with the latest
completedin@ 0 5 . Mi |l anbs second metro | ine, M2, wa s
of the city (Caiazzo station) to Cascina Gobba, and was later extended tottiveesownith work
finished in 2005The system is now composed of five lines: M1, M2, M3, M4, and3yl5

Despite their many advantages, underground railways pose some important challenges,
particularly related to grounrdorne vibrations. As trains travel through tunnels, vibrations are
generated that can be felt not only within the train but also at thecswafal in nearby buildings.

These vibrations may cause discomfort to residents or even malfunctions in sensitive equipment near
the tunneld4]. A thorough understanding of groubdrne vibrations is therefore essergtialot

only for environmental noise control but also to ensure the-temg serviceability of tunnel
structures subjected to repeatsadn trafficloading[5].

In Milan, complaints related to grousabrne vibrations have been increasing, particularly near
metro lines M1 and M2l he platformMissione Rumorias collected reports between January 2021
and June 202[6] as illustrated irFigure 1.1. Most alerts are located along the older M1 (red) and
M2 (green) lines. This trend underscores the need to understand the causes of vibration increases and
to assess the effectiveness of mitigation stratggles

To simulate and analyse ground vibrations caused by underground trains, several predictive
models have been proposed in the literature. Analytical andassatitical models were among the
first used to describe the dynamic interaction between trainsglgjrand surrounding soil. While
these methods are computationally efficient and useful for conceptual or parametric studies, they are
typically based on idealized assumptions, which limits gygidicability to specific geometries, soil
conditions, or lading frequenciesThe Finite Element Method (FEM), on the other hand, is a
powerful numerical technique that can model complex geometries, layered soils, and nonlinear
material behaviour. FEM is widely used for sigecific, detailed analyses of tunirtehck soil
interacton.

In the context of Milands metro system, 2D pl an

studies to examine the influence of the water table level, partial saturation, and tunnel geometry on
12



2.1 Sources of vibration

vibration levels [8][9]. Although 3D FEM models offer greater accuracy, they are often
computationally expensive, leading researchers to adopt 2D appr¢aGhes recent report used

in-situ acceleration measuremengsovided by Metropolitana Milanese SpAo estimate the
dynamic load spectrum by inverting the measured data through a transfer function derived from a
2D FEM model[11]. The resulting dynamic spectrum was then compared to the one prescribed in
the UNF11389 standarfl2].

However, these studies focused only on a typical M1 section near Corso Buenos Aires. No
specific studies have been conducted on other sections of the M1 or on sections of the M2 line, where
vibration complaints have also been reported. Additionally, ndeswir studies have applied the
inversion procedure to estimate the dynamic load spectrum for the city of Mildrd] it is noted
that while the measured dynamic spectrum resembles the standard, discrepancies exist. These may
be originatedrom differences in test conditions or from the limitations of 2D models in capturing
fully 3D dynamic behaviour. Expanding this methodology to other tunnel sections could help clarify
these discrepancies

This research aims to investigate the key factors influencing gioomme vibrations by applying
the inversion procedure to estimate dynamic load spectra ussity iacceleration measurements
and 2D FEM model s f or s evemlindsiMlfarel M2. Specifisallyc t i on s
the study addresses the following questididew does the acceleration response spectrum vary
across different sections based on geometry and measurement cohdiionghe observed
behaviour of the acceleration spectrbm explained using existirlgerature? To what égnt an
elastic2D plane strain FEM model accuratedpresenttghe transfer function, despite its limitations
compared to 3D modé&dAre the dynamic load spectra obtained through the inversion procedure
consistent with the UN11389 standard and prior studtes

This study contributes to the understanding of grelbmwhe vibrations by analysing the
accelerometric response of various metro sections, helping to identify patterns based on local
characteristics. It highlights the effectiveness and limitations of 2 iREnodelling underground
vibrations and provides validation for the inversion method to estimate dynamic spectra. The
findings offer valuable insights for refining current standard load spectra, with implications for both
academic research and enginegipnactice

Despite its aims, the study has limitations. The results may not be directly generalizable to other
metro lines without considering local conditions such as soil properties and water table levels. The
models assume linear elastic behaviour, longitudinglriance, and constant geometry and
stratigraphy along the tunnel axis. Furthermore, the models do not account for full 3D dynamic
effects

The structure of this thesis is organizsifollows Chapter 1 introduces the research context,
defines the problem, and outlines the research aims, significance, limitations, and questions to be
addressed. Chapter 2 presents a comprehensive literature review, beginning with an analysis of the
main source®f vibrations in underground railways, followed by a review of elastic wave theory,
signal processing techniques, modelling strategieduding analytical, numerical, and hybrid
approachesand the theoretical basis of the inversion procedure useditoatstdynamic load
spectra. Chapter 3 describes the complete methodology applied in this research, including the
geometric and mechanical characterization of the investigated tunnel sections, an overview of the
train characteristics, details of the accalien measurements and signal processing, the development
of the 2D finite element models used to calculate transfer functions, and the final inversion procedure
to obtain the dynamic load spectrum. Chapter 4 presents and interprets the results, witlamparti
focus on comparisons with the dynamic load spectrum prescribed in th#1l3R9 standard and on
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Chapter 1
Introduction

the identification and interpretation of dominant frequency compon@htgpter 5 summarizes the
main conclusions of the researalmd finally, Chapter 6 contains the complete bibliography of the

references used throughout the study
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2.1 Sources of vibration

Chapter 2
Literature review

2. Sour cwisbrodt i on

When dealing with railwaynduced vibrations, several fact@sch as motion induced by quasi
static loads, dynamic interaction between the vehicle, track, and soil, and mechanical degradations
or defectscan significantly influence and amplify vibration levels. This subchapter discusses the
main sources of such vibratians

2. 1Mation i nducesdt abtyi ct hleo agdusa s i

One fundamental source of vibration is the motion induced by -gtet#& loads. These loads
originate from the weight of the train and its components. Although the forces are static in nature,
their movement along the track introduces time dependencyinte sy st emés response
vibrations are inherently thredimensional, as the disturbances propagate nottiagvesally but
also longitudinally along the train's direction of traj@l

When train speeds approach the critical velocity of the itsaksystem, these effects become
particularly significantWhena simple dynamic track modsldone by considerirgEuler Bernoulli
beam on elastic foundation, the critispkeedcan be determined §E3]

Fa)

VI oYo Xe (21)

Q

Where,d is the rail mass per lengtlthe track stiffness ari@ ‘@e bending stiffness.

Studies have been carried out considering noaraplex coupled models to investigate the
influence of the traimuaststatic load speed on the vibration response.

For instance, in14] a numerical model is used to predict railwagluced vibrations by
evaluating both quasitatic and dynamic excitations, the latter caused by random track unevenness.
The study shows that while quastatic loads dominate the track responsefiedd vibrations are
mainly driven by dynamic effects. The model, validated with field data from the Bridséiihigh
speed line, predicts vibration levels within 5 dB accuratye authors conclude thidte quasstatic
track response increases moderately tithtrain speed

Similarly, Zhou et al[4] propose an efficient method to predict vibrations induced by
underground trains in a saturated poroelastic-d$@dice, considering both soil saturation and free
surface effects. The study combines an analyticalitiraioki tunnel model with a 2.5D boundary
i ntegr al formul ati on wusi nbatvihenet@ain §psed is batow the on s .
Rayleigh wave velocity, tunnel deformation is qustsitic and uniform, except near the train ends.

The study highlights that vibration amplitudes rise sharply as train speed approaches the Rayleigh
wave velocity.

Fromthe presented studies can be concluded thatpf-speed trains, the quastiatic effect is
often negligible, as train velocity typically remains below the critical wave velocity. However, when
speeds approach this threshold, substantial vibrations mayl8jse
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2. 1D¢gnamic interaction betwwmsslmnsyybeemehicl e,

The second major source of vibration is the dynamic interaction between the vehicle, track, and
tunnel soil system. This coupled interaction is particularly significant at frequencies ranging from 0
to 250 HA15] . It involves complex dynamic behaviours among the various subsys$tensvithin
the train itself (i.e., the car body, bogies, and wheelsets), and second, within the track system (i.e.,

rail padssleepers, and ballast or slab). This system is investigafé8]iand illustrated irFigure
2.1

~ Carbody —— . _
o . - Secondary suspension
Bogie | |
. ——— Primary suspension
 Wheelset ——— =t '
~ Hertzian spring — . e
= = i= = ? = Rail pad;
L1 [C1 [ [ISteeper,
T = E = = t = : = Ballast 1
,a"-,.’r_p"’,-' . A ,.-“,’J/,.",/,"',/(' ey /"f Py -’,,.7/'/"z ,-’."l/_' .f'-'-“)')‘f/'-'".f':-/-;’. ."?/'.." a .

Figure 2.1 Dynamic model of vehicleack interactionfrom[13]

In [13], the different excitation mechanisms in vehit¢tack interactions are explained for
groundlevel trains. While this study does not consider tuiswl interaction, it provides valuable
insights into the dynamics of vehitteack systemgrigure 2.2 shows how different components of
the system respond to different excitation wavelengths. The natural frequency of bogies is around
20i 25 Hz, whereas the sprung mass has a lower natural frequency, between 0.7 and 5 Hz, and
primarily influences the ballasind subgrade.

- Wavelength 1 v

- T ' * Frequency f A =T
B 4 ' .
Lo : [X: . : X
. \@09 , S N \‘\f &
. & - S L ¥ L
A & @_{bé{b .
P e e TS G2 Am)
e : b —
. s - , >
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AT %,
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' ’00-';’59' 7, % A
0, 9 2 _

Figure 2.2 Track excitatiorin relation to frequency frorfi3]
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2.1 Sources of vibration

A more recent study on groutelel trains[16] reviews and synthesizes over 230 technical
papers related to railway vibration. The authors identify numerous dynamic excitation mechanisms
contributing to vibration, as illustrated Figure 2.3. It can be seen that the excitations associated
with the locomotive are found at low frequencies and the excitations associated with the wheel, rail
and track are found at higher frequencies. These higher frequencies often manifest themselves in the
form o air-borne noise, while the lower frequencgenerate ground vibration. Bands have been
drawnto illustrate a variety of frequency ranges relevant for perception, in accordance with BS 1ISO
14837.The authorsioted that traiftrack resonant conditions can develop where the natural track
frequencies are exciteahd that lhese effects and their interaction with the underlying soil are still
not fully understood andre currently the focus of mucbksearch.

Car body bounce |-

Car bogie bounce
Bogie passage

Axle passage [

o ..............................I....... Ly S —

Wheel passage
Upper soil layer

Wheel out of roundness

Wheel-ballast resonance

Upper limit - ground-borne vibration preception

Rail bending wave

Upper limit - vibration effect on sensitive tasks

Rail’sleeper—ballast resonance

Upper limit - vibration effect on buildings

Sleeper passage

Rail-railpad resonance

Rail pinned-pinned resonance

"Lower limit - human hearing

Wheel corrugation

Lower limit - ground-borne noise perception

Railhead corrugation

L
-

3 4 =l

10° 10' 10 10 10

—t
(=]

Frequency (Hz)

Figure 2.3 Typicalfrequencyranges of excitatiofrom [16]

In the case of underground trains, iessential to account for the influence of the tuisul
system. This coupling introduces modal excitations not present in glewgldconfigurations.
Moreover, ballastless track systems, such as direct fixation and floating slab types, are common in
underground railways and must be considered.

In Zhou et a[4] , a trairi track tunnel model is used to study the influence of various parameters,
including the effect of floating slab tracks. The study finds that increasing soil permeability reduces
vibration amplitudes, and although floating slabs can help isolate vibrations, they may, under certain
conditions, amplify transmission instead of attenuating it

Similarly, Xu et al[17] developed a mixed 23D finite element model to simulate the dynamic
interaction between the train, ballastless track, tunnel, and soil. This study compared direct fixation
and floating slab systems by incorporating train motion, suspension stiffnesgckridegularities.
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It was observed that shesavelength irregularities significantly affect vibrations in direct fixation
tracks due to higlfrequency responses, while mediwavelength irregularities dominate in
floating slab systems due to their resonance at lower fregggeenThe authors emphasize the
importance of accurately characterizing track irregularities: for direct fixation tracks, wheel and rail
smoothness is critical, whereas for floating slabs, foundation settlement must be controlled

Furthermore, irf18] a combination of field measurements and numerical simulations was used
to analyse the dynamic response of the iragknel soil system. The study found that dominant
vibration frequencies varied among components: the rail showed peaks betwd6f Pz and
1000 1500 Hz; the track bed had dominant frequencies below 400 Hz; the soil layers below 200 Hz;
and the ground surface below 100 Hz. Higéquency vibrations (>500 Hz) attenuated rapidly
through the ground. Additionally, a transverse amplificatiorcoékeration was observed at specific
di stances from the tunnel 6s upper and | ower haur
induced vibrations in soft soils extended approximately 30 meters from the.tunnel

2. 1M8chanical degradation and defects

Mechanical degradation and structural defects in the track or vehicle components can
significantly influence the dynamic loads transmitted during train passage. Elements such as fatigue
cracks in the rails, damaged or "walking" sleepers, and deterioratzarriage components (e.g.,
worn wheel bearings or broken gears) can greatly amplify vibration lg¥gls

As illustrated inFigure 2.2, shortwavelength irregularitieson the order of centimetreare
predominantly caused by rail corrugation, wheel defects, and welding imperfections. These defects
excite highfrequency vibrations, sometimes reaching up to 2000 Hz, wherddtigian contact
spring between the wheel and rail must be taken into account due to its nonlinear behaviour.
Additionally, rail rolling defects often have wavelengths around 3 meters, contributing to rmedium
frequency excitatiofiL 3].

Several types of track irregularities and mechanical issues contribute to vibration generation.
Wheel defects such as whdigts, often caused by locked brakes, andadubundness, resulting
from manufacturing imperfections or fatigue, can generatefnégiuency impactgl6]. Rail surface
corrugation, with wavelengths typically ranging from 30 to 100 mm, leads to periodic excitation of
the wheédirail system. In addition, poor welds or joints may result in sivastelength irregularities
(approximately 200 mm), which commordycite the resonance of the unsprung wagon mgkskes
Mediumwavelength irregularities, ranging from 300 to 1500 mm, are often associated with
variations in the stiffness of the rail suppearfactor that critically affects the vibration response. If
the support stiffness is too low, the ballast and subgrade may undergo excessive strain, potentially
causing settlement and lomgavelength irregularities. Conversely, if the support is too &viéfl
stress concentrations can lead to sk@velength corrugation, further amplifying vibration levels
[16].

L A Hertzian spring is a nonlineapring that follows Hertzian contact theory. This theory considers a
stiffness relationship different from that of a Hookean spring, accounting for the dynamic interaction between
the elastic deformation of the steel in the wheel and the rail.
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2.2 Elastic wave theory

rolling direction
-

wheel-flats and
out-of-roundness

—— wheel/rail corrugation

Figure 2.4 Typical imperfections of the wheel and the feoim [9]

2. E|l ast itch enoarvye

The presence of an underground train passage creates a disturbance in the surrounding medium.
When a disturbance is generated in an elastic medium, energy is transmitted outward from the origin
as a wave that travels without any masssportation. The characteristics of wave propagation
depend on the type of deformation that particles experience, as well as the properties of the medium

In a threedimensional unbounded elastic medium, two types of waves can be ideRtifiades,
characterized by compressional deformation of particles, which generates motion in the direction of
propagation but not in the other two directions; anagaSes, characterized by particle distortion
with no volume chang&igure 2.5 . For this reason, -#aves are also known as shear waves,
generating motion only in the two directions perpendicular to the direction of propagation, hence
they are also called transverse waves. The nameavE and Svave are associated with their
velocities. Rwaves, also known as primary waves, have a higher propagation velocitywaame S
also called secondary waves, as they arrive second

For the case of train metro tunnels which are relatively close to the surface, the unbounded infinite
domain encounters a discontinuity at the surface. Then, the general solution of the body waves is
restricted by a boundary condition at the free surfBicis. generates two other types of waves whose
energy focuses near the surface and decreases exponentially with depth. These are known as
Rayleigh and Love waveBigure 2.5. Regardingthe caseof plane wavesassumingthe wave
propagation i&n thewdirectionand coordinate system adHigure 2.8, theformerarecharacterized
for anin-planeparticle motion ofaretrograde ellipsén thed @plane while thelatter exhibit an
out-of-planemotion in thewdirection.

In this subchapter, the derivation of the governing equatiortbdogeneral case bbdy waves
in athreedimensional elastic unboundetedium P waves and S wavesill be detailedfollowing
as a referencfl9]. From thesethe case ofsurface waves in an elastic kafface domain will be
derived for the interest of this work, only the caseRayleigh waves in a plane surface will be
depicted These expressionswill serve as the fundamental mathematical background for the
subsequent linear elastic numerical analysis conducted to estimaténdaged vibrations.
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(d)

Figure 2.5 Motion generated by P waves (a), S waves (b), Rayleigh waves (c) and Love waves[{@®]from

2.2Bbddy waves in elastic 3D medium

2.2.0Lidear el astic probl em

The linear elastic problem is set by defining equilibrikkinematiccompatibility, constitutive
laws, andboundary conditions for an infinitesimal eleméhto b e g ctonsjderdn afinifesimal
element of dimensior@ @Q cand’Q awhere stressomponentsareappliedon eachfaceaccording
to the carsian systenThis is also known aheCauchy stress tensand defines theomplete state
of stresses of thislement. Itgyraphical representatidngether with thestressconvention adopted
is shown inFigure2.6.
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2.2 Elastic wave theory

dz Tyx

/dy\ ax

X

Figure 2.6 Stressconvention for the Cauchy stress tenfsom [19]

Forthis stress convention ,, ,, represent théhree normastresccomponentandt , 1
t ht ,t ,t thesixshear stressomponents. By apying the rotationakquilibrium, it can be
easily derived that

LR S S S S (2.2)

Hencethe number of independent components can be reduceddalsifine the state of stresses
in the element.

The equilibrium equations can be derived by considering a disturbance of the infinitesimal
elementasin Figure 2.7.

o,
+—2dz
Gz =
dx . Tzx gz +("]z dz
wEE R
vz
z i Tyz+ dy
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T Tty | 0o,
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|
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Figure 2.7 Free body diagram of thredimensional differential element froio]

By appl yi ngfoltachdf h€adtesiartiractions whereo, 0, U representhethree
displacement componenits the @ « & directionsrespectivelyand” is the material densifythe
resultingequilibrium equations are the following.
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The second set of equations to solve the problem arkinbmatic compatibilityones. These
describesthe continuity within an elemenand can be determined by six independent strain
components: the normal strains, - , - and the shear strains ahd ,[ ,[ . These strain
components are related to the corresponding displacements as follows:

o
.

S e e (26)
W T a

—a

®

—a
—a

T 0710 TO T T 010
" orere T otere | TeTe (27

—a

In the same way, thireedisplacement componemnslatewith the rigid body rotationabout each
axiscan be written as:
pPT O T O pT 61 0 pr ot o

. - —, — o (28)
S CTaT o | Tl e
The third set are theonstitutive law, theserelate the stresses and strains by means of the

generalizedHoat6 s | aw f or an el asti c, Mieemamakstratneand and i
stresses amelated by the following expressions.

- - - ” - - - N - =, . » (2.9)

WhereOand’ are the Young and Poisson modulus respectividig shear strairendstresses
are related with the following expressions

t t T

2.10
5 5 5 (2.10)

Where G is the shear modulisguatiors (2.9) can be rearranged to obtain the stresses in terms
of strains as in equatiorig.11).

. _[Tco ., _lFco ., _Tco (2.11)
o)

- - 212

= p " p < (212)
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0 2 (2.13)

B (2.14)

Where the terms(2.12) and (2.13) are known as the Laand6 s ¢ o n s-{, aimdérghe a n d
assumption of smafitrains andlisplacementgepresents the volumetritraini.e. the ratioof the
volume variation duéo theappliedstresses with respeitt the originavolume.

2.2.Governing equations

Once theggeneralinear elastic probleris sef it is possible taletermine thequationsf motion
for the differentiathreedimensionaklementin an unbounded medium. To this erslconvenient
to expresghe equilibrium equationgn termsof displacements and strains. By replaciugiations
(2.2),(2.10) and(2.11) in (2.3) thefollowing expression can be obtained.

'~f¢o 11O 'O 1o (2.15)

T w Te Toa

By replacing(2.6) and(2.7) the expressio(2.15) can be expressed as

) )
— (2.16)
a )

—a
—a

T'r.‘TéTUTU.‘TéTé
T %o Toldol ¢ Xo 16
d

—a
—a

The expressiorn(2.16) can be rearranged in terrok- [and by used of the Laplacian operator in

compact form as

—a

- “oT r ‘a6 _0 (2.17)
= T o o]

—a

In the same way, equatio(®4) and(2.5) can written as

_ T L. a0 T_U (2.18)
T w To

ol ey o1 (219)

= T o} To

Starting from these general equations of motion, boundary conditions can be applied to obtain
the particular solutions associated with each type of wave. The derivations for each case are

explained in the following subchapter.
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2.2.RP.BWaves

From thegeneral equations of motiaterived before, some particular solutions can be obtained
by imposingchosen boundary conditions. In particutéue rigid body rotationsan be restricted in
all directionsby making expression2.8) equal to zero.

11 1 0om (2.20)

For simplicity in the mathematicamanipulation is convenientto define the displacement
componentén terms of a potential functiai

—a

. . T ° T .

0 ' 221
o} o 0 T 0 Ta ( )
Given that in such a case we hdeerotation in x
pTOTO pT o T
L z 2.22
! CTofa ¢f @ & @ & (222)
And similarly, fonr and] . By replacing(2.21) in (2.14) it results in
SR LA (2.23)

€
e.
Q

While applying thdfirst derivatves with respect ta, y and zthe following expression can be
derived.

T-frr 1ot T ot T o

— A 2.24
o 1o T Ta © (224)
11 der 126l 1 o6 (225)
T W Tw Tw Ta

R S N SRR B0 S (226)

ra To Tw Ta

Then, by replacingr.24), (2.25) and(2.26) in (2.17), (2.18) and(2.19) respectivelthe following
relatiors can be obtain

I3

(]

—

— 0 o (2.27)
To

Y o (2.28)
To

To | ,

A (2.29)
To

WhereU is constant defined as
b =59 (2:30)

By replacing the expressio(®.12) and(2.13) in (2.30) the constanb can be written as
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2.2 Elastic wave theory

0 ; , ’ , (2.31)

For a better interpretation of thequationsis convenientto transform tem into spherical
coordinatedy means of the followig expression

i % (2.32)

After some mathematical manipulations explained in det§ll9hthe expression®.27) through
(2.29) can be expressed as

rioe ,rte (2.33)
To T
rio,,rtee (2.34)
To Ti
rio ,rio (2.35)
To Ti

These differential equatiottave a solution of thiarm.

i6 01 06 O1i Vo (2.36)
1o 0Ot 0o O1i1 Uvo (2.37)
i0 01 06 O i1 Vo (2.38)

Where "O FO RO and 'O RO RO are arbitrary functionsof i 0 6 andi 0 0
respectivelywhich depend on the initial conditions of the probl&mally, the displacement in each
of theCartesiardirections fronthe aforementioned equations can writhan

6 .E 01 0o O b (2.39)
b .E 01 0o Oi 0o (2.40)
6 201 05 O bo (241)

The equations fromi2.39) to (2.41) indicate that an initial disturbance in an unbounded elastic
medium propagates in all directions with a waveform velocity equal td-urthermore, these
displacements decay proportionally with the radial distarfoem the origin. Fron{2.31), it can be
seen that this propagation velocity depends on the modulus of elasticity, Poisson's ratio, and the
material density. Moreover, these equations are valid under the assumption that rigid body rotations
are zero while the volumetric strain is Apero. This indicates that particle motion results from
volumetric expansions and contractions, with no rotational move(renire 2.5). This type of
wave, which induces particle motion in the direction of propagation and not in the two perpendicular
directions, is known as a primary wave ovéve.
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2.2.%. waves

Considering the condition where the volumetric strain is equal to-ferm, a second particular
solution can beobtained by applying this condition to equatiqi@sl7) to (2.19). After some
mathematical manipulations, the following expressiesierived.

’

1O oy % (2.42)
To
Y o (243)
To0
To o % (2.44)
T0
Where0 is a constandefine as
b 2 (2.45)

By replacing the expressi@@.13) in (2.45) the constanb can be written as

0 L (2.46)
¢ p
Similarly, is convenient to expreggjuations from(2.42) to (2.44) in spherical coordinatesy
means of the expressi¢a.32). The resultant expressions are the following.

T l 0 DT ‘i 0 (2.47)
To Ti

T l o DT “l 0 (2.48)
To Ti

rioe  rio (2.49)
To T

Where the solutions to these classical wdiWkerential equationscorresponds to the following
expressions.

6 ‘.E 01 0o O 0d (250)
b P01 ve O by (251)
0 5 i Vo Oi Vo (252)

Where'O HO RO and"O RO RO are arbitrary functions af 0 dandi U Orespectively,
which depend on the initial conditions of the problem.
Expressions frong2.50) to (2.52) reveal the presence of another type of wave distinct from P
waves. This type of wave also decreases proportionally with the distdnutdravels at a velocity

equal to the constalt. From expressio(.45) , it can be observed that this velocity depends on
the shear modulu®and the density of the material. Given that, for this kind of wave, the assumption
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is that the volumetric strain is zero while the rotations arezeoo, it can be inferred that the patrticle
motion is due to distortions with no volumetric changes. Moreover, this indicates that the particle
motion occurs only in the two directions pergenlar to the propagation directi¢Rigure 2.5).

The relation between the velocities of these two types of waves can be obtained by dividing
(2.31) by (2.44) as follows

cpP
P q

(253)

V)
l‘) L
It can beobservedhat for any admissible value ofthe expressio(R.53) is always greater than

one For that reasorsince this type of wave always arrives aftee P wavesit is known as the
secondary wave or simply thenave

For convenience, the S waves are often decompostgintwo perpendiculacomponentsand
for the case of plane waves, t@mmponent contained in ti@rizontal plane is known &H, while
the one contained in the vertigdane is known as SV.

It is worth mentioning that both solutions derived above satisfy the general differential equations
of motion for a threalimensional element in an elastic unbounded medium. Hence, according to the
theory of differential equations, the general solutioa limear combination of both. However, due
to the difference in wave propagation velocities, they tend to separate as they travel away from the
initial disturbance. For this reason, they are typicatlglysedseparately in practical cases.

2.2S0rface ewaavsetss piamhal f

Until this momentwave motion has been considered in an unboundeddhmemsional space.
However, in the context of groustbrne vibrations caused by underground trains, tunnels are
usually located relatively close to the surface. In this sense, a more accurate ra&jwastnm
studying wave behaviour involves considering a si@fiiite medium. The presence of a surface
imposes a boundary condition that generates another type of wave, known as surface waves. In the
present study, a twdimensional arlgsis in a seminfinite space will be performed. Consequently,
the expressions governing surface waves will be derived specifically for the case of plane waves.

2.2.@Goterning equations for plane waves

Let 6 s asemimfinitk elastic domain anthat thedisplacement componentsand0 do
not vary along thevdirection In this sense, the value of thesplacement componeuntis equal to
zero.Moreover] et 6 s a s s upmpeagdtepasitivelyn the®direction causinghe particle
motion to occuin the %z as inFigure2.8.

In order to decouplegquations of motior{2.17) and (2.19) it is convenient to express the
displacementomponents in terms of potential functionsand

—a
—a

6 —. (2.54)

Told

o (2.55)

" Tat o
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By doing so, the volumetric stragan be expressed:as

pléroerT oroorror o1 1 (256)
T ol a! o o1 ¢ aT a T w Tw Ta

—a
—a

—a

By replacing(2.54) and(2.55) in (2.17) and(2.19) and after some mathematical manipulations
thefollowing equationsan be derived

! o | (257)
1o Tw Ta

! T !

o (2.58)
To Tw Ta

Whereb and0 are defined ag2.30) and(2.45) respectivelyNow the equations of moticare
demupledin tems of the potential functions and reduced for the planez wave case

Figure 2.8 Front of plane wave propagation frofh9]

2.2.Rapleigh waves

The solutionthatcomplieswith the decoupledequationg2.56) and(2.57) may be expressed as
aninfinite sum of sins and cosines in the comgaderianform as:

04 Q (2.59)
04 Q (2.60)
Where’Oa andOd are functions that indicates thariation of thev a v andpbtudeby depth,

Qis the Euled sumber Qs the imaginaryunit, and Q] and_ are thewave number, circular
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frequency and wavelength respectivalfien by replacing2.59) and(2.60) into (2.57) and(2.58)
the following expressions can be obtained.

@ 1 04

m (2.61)
"Qe@ | 04 T (262)
Wherery andi are equal to
9 (2.63)
S
i Q — (2.64)
0]

Then by recalling the definition of wave number

-, -l
Q (2.65)

Whereu is thevelocity of Rayleigh of investigatioBy means of(2.65) the expression&.63)
and(2.64) can be written as follows

n —p | @ (2.66)
L
SRR (2.67)
0
Wherd andware defined as
v 9 e ¢ (268)
0 _ ¢O ¢p
0
W —
V]

(2.69)

Thesolution for theexpressiong2.61) and(2.62) are the ones of the typicsdcond order ordinary
differential equation of the form

0a 0 Q 0 Q (2.70)
a6 Q 6 Q (2.71)

Where0 ,0 ,6 and0 are general constanSincethe functionsOa and"Og cannot grow
to infinity, asthat would imply that displacement componentndu also grow ugo infinity with
depth andgiventhat, as deriveth Section2.2.], they shoulddecreasénverselyproportionalwith
depth theconstant® and6 must be equal to zerdhen the equation®.70) and(2.71) can be
written as

oA b Q (2.72)
o 6 Q (2.73)
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Thenthe potential functions can be written as
6Q Q (2.74)
6Q Q (2.75)

Due to the presence of a free surface in the bounded medium, certain boundary conditions must
be satisfied. In the case pifane waves, the normal and shear stresses on this surface must be equal
to zero.According to expression®.10) and(2.11) these boundary conditions asg follows

N T o110 J0
s-F ¢Os ol a CCI—T X i (2.76)
t \ "oT 610 (2.77)
SO s T_(D T_G T .

By replacing(2.54) and(2.55) yields to

T ol o
=m - CO_(:X cq_(bT & T (2.78)

- (2.79)

Then, by substitutiomf expressiong2.72) and (2.73) and & equal to zerdghe following two
equations are obtained

6 _ colq _Q ¢600n (2.80)
can 6 i QO n (2.81)

These expressions can be written as

o 2o (282)
o] _ ¢on _Q
o L2 (2.83)
o] ¢'QQn
From whichequating the right sides of the above equations
i i Q _ c¢cog _Q (2.84)
By subsituting expressios(2.66) to (2.69) it can be obtained
W W P CTO p@ | s (2.85)

The expressio(2.85) is acubic equationn w . The solutions of thiequation depend only ¢n
whichin turndependexclusivelyon thePoissos ratio’ . It can be observed th&r anyadmissible
valueof ’ , the ratio 0 70 is lower than one. This indicates that edocity of Rayleigh wave
is lower tharthat of S waves

By means of equatiorisr the potential function&.74) and(2.75) thedisplacement components
can be written as

o N0Q i Q (2.86)
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0 58Q @M 0 (2.87)

By substituting(2.83) in the above expressions

6 0 7QQQ 0 Q (2.88)

0 61/ Q -0 Q (2.89)

Bymaki ng us e farmulatridakindgonlythe reél partyve obtain
6 6 710Q ¢nii @ o OEN®m1 o (2.90)
6 6 Q cCQi T Q Al @l o (2.91)
Where0 is a constant that depends on the initial conditions

Is worth noting that the displacement components depedeémthg, wave velocitie® , 0 and
L , as well aghe wave numbeK) which isitself afunction of the wavelength. Moreover,the
presence oflecaying exponentidermsmakesit evident thatooth6 and0 decreasavith depth,
meaning thasignificantdisplacement®ccuronly near to the free surfac&his justifies referring
them as surface wavesurthermore equationg2.90) and(2.91) describe the shape ah ellipse

whosemajor axis is parallel tthe ¢-axis. Both the particle motioand its decay with depth are
illustratedin Figure 2.9.

Initial
position

/ of particle

Direction of propagation

(a) z
Ground surface Ground displacement
l_ al= alavaWalia W
)j U I/ O‘—dea\‘;_,&e \.f J 1
/= S aN ) e I e W = W4
EVERY v N —— " v
(A= Al a) lallla a)
== AL Y —— -l b
e k> ‘_‘_‘_u’ \4_._'_, =
) v v

Figure 2.9 Particle motioncaused byRayleigh wave(a); motion ofsubsurface segmedtie to Rayleigh
waves(b) from[19]
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2. 2R8fl ection and refsraction of body wayv

2. 2.80lldyering

It has been seen thtlte velocity of wave propagation depends on the material properties of the
medium. Consequently, when a wave crosses from one material to another, a change in velocity is
expected

Soil, as a mediugncannot be considered homogenolrsfact, its compagition, structure and
properties resulffrom its geological history. Factorsuch asweathering, transportation and
depaitional processesansignificantly alter thestate ofhomogeaeity of anysoil deposif20]. In
this context, the continuum soil ideally discretized into layers based on characteristics such as
particle size, shape, grain size distribution, and plasticity. These soil layers create discontinuities that
affect wave propagation as waves travel from one medium to anetbethe influenceof soil
layering by deptlon thewave propagation response is discuseddl].

Additionally, the presence of the water table, which tends to vary seasdmtadigiuces another
discontinuity. Saturated soils exhibit different material behaviour compared to unsaturated or dry
soils, further influencing wave propagatidme to theefracted wave interference with surface waves
[22].

A changein wave velocityleads to acorresponding change in the state of stresses and
displacements before and after the discontinuity, as these directly depend on wave velocity, as shown
in (2.39) and(2.50). This imbalancén forces and displacemerdasrosghe interface is compensated
by the formation of additional waves, i.e. refracted and reflected waves. In the case of a three
dimensional incident wave, a single P or S wave may generate two refracted and reflected waves
one as a P wave and the other as an S {i&e

2.2.RekRation among incident, refracted and refl e

The relationshipbetweenincident, reflected, and refracted waves follows Snell's law. This law
states that the ratio of the sine of tha v e 0 sof ircimatibnéo its propagation velocityemains
constant, regardless of the mediitrtravels though Snell's law is derived from ray theory and is
based on Fermatfwinciple of least time, which states thatdisturbance propagates between two
points along the patiat minimizes travel time.

Consideringfor instancetwo media, the first characterized by a P wave velagity S wave
velocity 0 and density’ ; and thesecondby a P wave velocitp , S wave velocityy and

density” . As previously mentionedoundary conditions must be satisfied at the interface between
these two mediaAs shown inFigure 2.10, incident P, SH and SV waves generate refracted and
reflected waves.

It is worth mentioning that afterossing the discontinuity, the generated waves are a combination
of P and SV waves. In contrast, for an incident SH wave, which does not induce motion perpendicular
to the plane of the interface, only refracted and reflected SH waves are required t@inmaint
continuity at the interface.

By appl yi nlaw,theprepagstioredirectiagsgor an incidenP waveare defined bysee
Figure 2.10a).

| | (2.92)
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oEl OE1 oEl OE1

5 5 5 5 (2.93)

For an incident SV wavehe directions are defined follows(seeFigure 2.10b).
f 1 (2.94)
O!Ell O!E[I O!Ell O!Efl (2.95)

V] V] V] V)

Finally, for an incident SH wavehe directions are define follows (se&igure 2.10c).

I (2.96)

(2.97)
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Figure 2.10 Refracted and reflected waves generatethbigent(a)P wave(b) SV wave, and (c) SH wave
from[19]
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2. Sigpabcessing

2. 3Fadurier transform

The collected data of the signal was done in the time domain, however when dealing with wave
propagation, obtaining relevant information about the frequencies that compose the signal is not a
straightforward procedure in this domain. The Fourier transfoetihod is an algorithm that allows
to convert the signal from the time domain to the frequency domain. By doing so, it is possible
determine which frequencies are more excited and its corresponding amplitudes.

The expression of thairect Fourier transform in a continuous domain is the following:
AN0) ©wo'Q Qo (2.98)

Wherew 0 is the continuous timé&unction, 0 is the time, Qis the frequencyQi s t he Eul er
number, (s the imaginary uniand® "Q and is thecontinuous-ourier transform in the frequency
domain.

This mathematical tool basicaljecomposethe functionin a sumof sinusoidalcomponents,
each with acorrespondent frequency, magnitude and ph@kis transformation is achieved by
multiplying the timedomain function by a complex exponential (which consists of sine and cosine
terms) at each frequency and then integrating over time. The resulting values indicate how much of
that particular frequendg present in the original function. This process provides both the real and
imaginary componentf§tom which the amplitude and phase information can be calculated in the
frequency domaias in expression.99) and(2.100) respectively

w0 Yo T 04 (2.99)
Odw Q (2.100)
YO

In practical applications, signals are sampled at a specific rate, meaning they are represented as
discrete values rather than a continuous funct@msequently, the Fourier Transform must be
applied in the discrete domain using the Discrete Fourier Transform (DFT). This algorithm computes
the frequency components of a signal sampled at equal time intervals, providing a discrete
representation of itspectral content. The mathematical expression for a signal with N samples is
given by:

OQ Ao (2.101)

Wherew is the discrete variablie the time domainQis thediscrete frequency variabknd
® "Q and is thaliscreteFourier transform in the frequency domain.

Some key properties of the DFT can be highlightedthe purpose of this workThe lowest
nonzero frequency that can be obtained from a discrete -lémitgh recording corresponds to a
wavelength equal to the total duration of the signal. Additionally, a higher sampling rate allows for
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the measurement of higher maximum frequencies, while a longer signal duration improves the
frequency resolution.

Althoughthe DFTis a powerful toofor computing the Fourier transforfor any equally spaced
discrete signalf becomes computationally expensiveen dealing with large amount of datde
Fast Fourier transform (FFTake advantage of duplicate operatiamghe DFTand reduced the
number of calculationsom 0 to 0 &"@0, making the processignificantly more efficient

In the presentwork, the FFT algorithmmplemented in MATLABwill be usedto convert
recordedrain passage acceleratiosignalsfrom the timedomain to the frequency domain.

2.3S@d@mpling ptballiearsiamgd ef f ect

Whenever a continuous signal is recorded, it must be sampled at a certain rate. This means the
signal is converted from the analog (continuous) domain to the digital (discrete) domain. The choice
of sampling rate is of pivotal importance. As explained maier 2 of[23], sampling theory plays
a crucial role irdetermining the accuracy and feasibility of any digital signal processing scheme. In
the case of periodic sampling, the primary concern is how fast a given continuous signal must be
sampled in order to preserve its information content

Consider, for example, the case of discretely sampling a sine wave, as sheigurm2.11 (a).
It can be observed that with the chosen sampiatg; the captured sine wave appears to have a
frequency that does not correspond to the origigiady(curve). In fact, using only these sampled
points, multiple sine waves of different frequencies could fit through the same data points, leading
to ambiguity. This effegtwhen the truebehaviourof a continuous signal cannot be captured
accurately by a limited number of sampliesknown as aliasing

0.866 L] -
(a ). . -
Time
-0.866 . .
(b) - . . -
\ / Time
, SR

Figure 2.11 Frequency ambiguity(a) discretetime sequence of values, (b) tdifferent sinewaves that pass
through the points of the discrete sequeinom [23]

To further illustrate the concept, consider a continuouspass signal that is bastichited to a
maximum frequency meaning the spectral amplitude is zero outside the rangé & 6. The
continuous spectrum of such a signal is showRigure 2.12 (a). When this signal is sampled, its
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frequency spectrum is replicated periodically at intervals of the sampling freqigaEghown in
Figure 2.12 (b). If the sampling rate satisfi€@ ¢, the replicated spectra do not overlap, and the
original content is preserved in the discrete domain. This condition is known as the Nyquist criterion

However, if'Q ¢6 , as shown inFigure 2.12 (c), the replicated spectra overlap, and aliasing
occurs. In this case, highequency components are "folded" into lower frequencies, distorting the
reconstructed signal. Once aliasing has occurred, it becomes impossible to distinguish between
original and alsed components based solely on the sampled data

To avoid aliasing in practice, analog lgpass filtersknown as antaliasing filters are used
before analogo-digital conversion. These filters attenuate frequencies above the Nyquist frequency
"QI¢ ensuring that only the desired baseband signal is preserved during sampling.

In the present study, the signal recordings were already provided in the discrete domain at a rate
of 'Q 1 Y 10w For the purposes of the inversion procedtliese must beesampled at a lower
rate, targeting a maximum frequency of interest af ™a This processs knownas Sample rate
conversion andvill be explain in the next subchaptén this context, an appropriatew pass
filtering step was required prior to resampling, in order to discard higher frequandiésprevent
aliasing effects

Continuous spectrum

(@)

P

-B 0 8 Freq

Discrete spectrum

AVAV/\VAVAS

B

N AN

Figure 2.12 Spectral replications(a) original continuous lowpassignal spectrum (b) spectral replications
of the sampletbwpasssignalfor "¢ &, (c) frequency overlap and aliasing wh&g 6 from[23]

2. 3D8ci mati on

As previously mentioned, the recorded acceleration signals were initially sampled at a rate of
"Q 1 Y 1iOu For the inversion procedure, these signals had to be resampled at a low€ekxate of
T 1A To prevent aliasing, it is essential to remove frequency componentsmaboi@ousing a
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low-pass filter. This combined process of lpass filtering followed by resampling (or
downsampling) is referred to as decimation

As explained in Chapter 10 ¢23], decimationis the twestep process of lopass filtering
followed by an operation known as downsamplilmgthis processis possible tadownsamplea
sequencef sampled signal values by a factorbofin a way that thiss reduced in size by retaining
everydD sample and discarding the others. If the original sampling ré&@ is the sampled rate
of the downsamplegequencean be defined by the express{@ri02).

q (2.102)
L

For instance given acontinuoussinevave w 0 thathas been sampled to produce the 0
sequence shown fRigure 2.13 (a). To downsamples 0 by a factor ol o, we consider the
first term and theselect a sample every&ms This can benathematically described as in equation
(2.103) and illustrated ifFigure 2.13.

@ & o 0aé (2.103)

Is worth notingthat in the equatio(2.103) the index variablé is used to point ouhat the time
periodbetweenthe> & samples is different from the time period betweerithe € samples.

Ax.0
®
1 I. .-l.. ..ll
E E z g
(a) 0+ [ - . - B
a El a [l n
= E B K
-1+ Egn Egm
Ax, (m
im x(t) 1l a = o =
a
(b) 0 +—~—t + El et 3 Ll .
m
B
11 - "

Figure 2.13 Sample rate conversiofa) original sequencgb) downsampled by o sequence, frorf23]

The spectral implications of dowampling are whatie should expect irigure 2.14, where the
spectrum of an original barumited sampledo € signalis indicated by the solid lineand the
spectral replications are indicatdéy the dashed linedWith @ & Ww o, & o6s
spectrumy  "Q, asshown inFigure 2.14 (b).

Importantfeatures are illustrated Figure 2.14. First,&  "Q could have been obtained directly
by sampling the originatontinuousw 0 signal at a rate 0k}, , as opposed to downsampling
w & by a factor of three. Second, there is a litnithe amount of downsampling that can be
performed relative to theandwidthd of the original signalHence the Nyquist criterion;,
¢6, must beensuredo prevent overlapped spectral replications (aliasing errors) after downsampling.

If a decimation application requiré§,  to be less thagd, thenw & must be lowpass
filtered before the downsampling process is performed as shokigure 2.14 (c) . If the original
signal has a bandwidih, and we are interested in retaining only the bagzthe signal spectrum
abovedammust be lowpass filtered, with full attenuation in the stopband beginniiiy at before
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the downsamplkpy-M process is performed. Figure 2.14 (d) shows this in more detail where the
frequency response of the lowpass filter, the bold lines, must attenuate the signal spectral components
whose frequencies are greatertbadtc an be noti ced t"@ afrequertyecan owp as

be as high a2 Q 6aand no spectral aliasing will occur in theband of interest.

Finally, two important properties of downsampling can be identified. Eiestnsampling is not
a timeinvariant operation. This implies that a temporal shift in the input signal does not consistently
translate to a corresponding temporal shift in the resulting downsampled output. Consequently, when
downsampling is integrated wWibther signal processing steps, the order in which these operations
are performed becomes significant and cannot be arbitrarily interchanged without potentially altering
the finaloutcome.

Second, downsampling exhibits distinct effects on the signal's amplitude in different domains. In
the time domain, the overall signal amplitude, such as thetpgadak value, remains unchanged
by the downsampling process. However, in the frequency dothaimperation induces a reduction
in the signal's magnitude. Specifically, when a signal is downsampled by a factaitofrequency
spectrum experiences a magnitude scaling by a facfifiof This inverse relationship arises from
the fundamental connection between the number of-diomeain samples and the resulting
magnitudes observed in the Discrete Fourier Transform (DFT).

In this study, the decimationfactoris 0 p ¢, derived from equatio(2.102) using™Q;

T Y iOvand™Q}, T TUDAa A low-pass filter was therefore applied before downsampling. The
design and characteristics of this filter are described in the following section.
D01
~ | o P
@i ! 1
é + S >
fy o 0 f .. Freq
(X f)
s P
(b) :
+ - 4 + H B
3f REL f 0 f 2f ar . Freq
= ’, »
|X ‘:J);A
» B'a
(c) « B »|
£ e / 0 AP ko Freq
' = f /2
8

(d)

Aliasing

Figure 2.14 Decimation by a factor of thre¢a) spectrum of originalo € signal (b) spectrum after
downsamplingpy three, (c) bandwidtfias to be retained ( d ) | o vireqaency re$ponket redative ®
bandwidthé gefrom[23]
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2. 3FAl tering

2. 3. Biltngr i mpl ement ati on

As explained previously, to perform the decimatipnocess and avoid aliasingfter
downsamplinga lowpass filter is requiredkilters are garticularly important classf linear time
invariant (LTI)systemghat for thiscontextafrequencyselectivds one that passes certain frequency
components while attenuating otheFslter design involves three main stages: (1) defining the
desired specifications, (2) approximating these specifications using a realizable-diise stgstem,
and (3) implementing the system physically or computatiofdly; This section focuses on the first
two stages, which are relevant to this study; implementation details typically depend on the specific
hardware or software platform.

Since digital filtering is performed computationally, it is common to refer to these as discrete
time or digital filters. When filtering discretame signals derived from continuous analog signals
(as shown inFigure 2.15), specifications for both the discretme filter and the effective
continuoustime behaviour are typically given in the frequency domain.

~— (/D -1 H(e™) = DIC P—=

%a(0) : x{n] yIn) : a0
T T

Figure 2.15Basic system for discretame filteringof continuoudime signals fronfi24]

In a typical configurationas inFigure 2.15, a continuous signab o is sampledwith period”Y
,passing from the continuous to the discrete domain (@BIding the discrete signabe . After
filtering, the output iso € , If the input is bandimited and the sampling rate satisfies Myjuist
criterion i.e. the sampling frequency is high enough to avoid aligsihg system behaves like an
effective continuousime LTI system with frequencgs in equatioi2.104).

0Q ks “TY

0 b 2.104
0 0 o s “TY ( )

Where is thefrequencyin radians fothe continuousystem“Yis the sampled perigdis the
Eul er 6 sandifs thebneaginary unit

In such case#,is straghtforward to convert frorapecifications on the effectigntinuoustime
filter to specifications on the discretiene filter throughthe relation “YThat is,O0Q is
specified ovepne period by the equati@2.105).

Q0 ® ,3s “ (2.105)

21n the referenced textboddscrete Time Signal Processirny Oppenheim et aJ24], the imaginary unit
is denoted byQIn this thesis, the symbdhas been adopted to represent the imaginary unit for consistency.
However, in figures reproduced from the textbd@efers to the same imaginary number and is equivalent to
“(as used in this work
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For the case of a lowpass filtggractical designsnclude tolerancesin order to effectively
implement the system as describedrigure 2.15. As an example, thedamits from p 1 to
p 1 forthe passband aritbom 0 tg in the stopband aiiustrated inFigure 2.16.

IH (e
1 + & (A
_,.--"-H\
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I A
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Figure 2.16 Specificationgor effective frequencifitering for thediscretetime system in the case of a
lowpass filterfrom [24]

2.3.Bulterworth | owpass filter

As mentioned previously, amy of the continuousme filters used in practice are specified by
tolerances in the passband and stopband regions with no constrains other than those imposed
implicitly by stability and causality requirementSeveral types of analog lepass filters are
commonly used, including Butterworth, Chebyshev, and Elliptic filters. In this study, a Butterworth
filter is adopted due to its smooth, monotonic frequency response and maximally flat magnitude in
the passbandSimilar filtering has beemsed in the literature wheselecting lowfrequencies of
interest of the transfer functig€hapter 6 0f13]). In the following linesthe characteristics of this
type of filter will be explained followinghe Appendix B of7].

The squared magnitude response of ah Nrdercontinuoustime Butterworth lowpass filter is
given by the expressiqr.106).

__ P
) (2.106)

o

0 Q¢

This function is plotted ifrigure 2.17, and its behaviour for increasing filter ordeiis shown
in Figure 2.18. As U increases, the transition from passband to stopband becomes sharper, but the

magnitude at the cutoff frequency remainspVic, or half power.

| H,(j))?

0l

Figure 2.17 Magnitudesquared function focontinuoustime Butterworth filtefrom [24]
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Figure 2.18 Dependence of Butterworth magnitude characterisiitshe order Nrom [24]

From the magnitudequared function irquation(2.106) we observe by substitutiig i that
"Oi 'O i mustbe of the form
o0i0 i —=~P (2.107)
p i¥Q
The roots of the denominator polynomial (the poles of the magréiguaiaredfunction) are
therefore located at valuesio$atisfying.

p — I (2.108)
Hence

i p — ..Q .Q T ﬁ -.'Q nﬁbl"&ﬂ‘il’) p (2109)

Thus, there arel poles equally spaced in angle on a circle of radiuis the splane. The poles
are symmetrically located with respect to the imaginary axis. A pole never falls on the imaginary
axis, and one occurs on the real axisifardd, but not foh even. The angular spacing between the
poles on the circle isfU radians. For example, for g, the poles are spaced ‘byo radians, or
60 degrees, as indicated Figure 2.19. To determine the system function of the analog filter to
associate with the Butterworth magnitestuared function, we must perform the factorization
‘Oi O i . The poles of the magnituggjuared function always occur fpirs,i.e., if there is a
pole ati i , then a pole also occurs iat i . Consequently, to constru@® i from the
magnitude squaredinction, we would choose one pole from each such pair. To obtain a stable and
causal filter, we should choose the poles on thenkgftplane part of the-plane.

$m s-plane

.
T

Figure 2.19 Splane locations for a thirgbrder Butterworth filterfrom [24]
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2.3.BiBinear transformati on

When designing a discretine filter by transforming agrototype continuoutime filter, the
specifications of the continuodisne filter are derived from those of the desired disetiate filter.
These transformations are typically designed to preserve the key characteristics of the centinuous
time frequencyesponse in the resulting discr¢it@e filter.

The technique discussed in this subsection avoids the problem of aliasing by using the bilinear
transformation, an algebraic transformation between the variakbledd that maps the entir@ -
axis in thel -plane to one revolution of the unit circle in thplane. Since Hb H>maps onto
“ “ , the transformation between the continutin®e and discretéime frequency
variabless inherentlynonlinear Consequently, the application of thiéinear transformation is best
suited for scenarios where this resulting distortion, or warping, of the frequency axis is acceptable

With "O i denoting the continuottime system function an@® & the discretetime system
function, the bilinear transformation corresponds to replacing

i P9 (2.110)
Yp &
That is
a
04 0 = B¢ (2.111)
Y p o«
Asin i mpul se i nvar i anWés,ncluedingha definitionmfghe bilmear a me t e

transformationFollowing the derivations explained @hapter7 of [24] the following expression
can be derived.

OAE (2.112)
Or
A4
1 cAOA OAEL (2113)

These mappings of the-pdane to the plane and the corresponding frequency axis
transformations areisually summarized ifrigure 2.20 and Figure 2.21 respectively While the
bilinear transformation effectively prevents aliasing it introduces a nonlinear compression of the
frequency axis, as depictedkigure 2.21. This frequency warping means that the technique is most
effective when such compression is either tolerable or can be compensatéisfar often the case
for filters designed to approximate ideal piecewisastant magnitudeesponse characteristics
This is illustrated inFigure 2.22, whereit can be observetiow a continuousime frequency
response and tolerance scheme maps to a corresponding disteefeequency response and
tolerance scheme through the frequency warpinggofationg2.112) and(2.113). If the critical
frequencies (such as the passband and stopband edge frequencies) of the cdmtiadiies are
prewarped according gxuation(2.112) then, when the continuodsne filter is transformed to the
discretetime filter using equation (2.111), the discretdime filter will meet the desired
specifications.
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Figure 2.21 Mapping of the continuotime frequency axis onto the discréitee frequency axis by bilinear
transformationfrom [24]
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Figure 2.22 Frequency warping inherent in the bilinear transformation ebatinuoudowpass filter into a
discrete time lowpass filtdrom [24]
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2. Model ling strategies

Several modelling approaches exist for simulating grehome vibrations induced by
underground trains. Based on the comprehensive reviews preseni@sl iand [9] the main
strategies adopted in the literature are summarised iprésentsubchapter Additionally, this
subchapteprovides thaeasondehind the selection of a 2D plane strain finite element model for
the present study.

2. 4Athal yand agemi ynteitchaold s

Analytical and semanalytical methods are widely adopted in the literature to model the dynamic
interaction between underground trains, tunnels, and surrounding soil. These approaches offer
efficient, lon-computationaktost solutions, particularly usefigr parametric studies and conceptual
understanding. However, they are often constrained by idealized assumptions, limiting their
applicability to specific geometries, soil conditions, or loading frequencies.

One of the simplest analytical strategies is to model the tunnel as an infinitely long Euler
Bernoulli beam embedded in a 2D viscoelastic $ak. instancg26] theoretically examines the
vibration of a 2D elastic layer's surface caused by a point load moving along an embedded Euler
Bernoulli beamThe study considers a layer with small viscosity, fixed at its base, and investigates
surface vibrations under constant, harmonically varying, and stationary random loads. Displacement
vectors and amplitude spectra are analysed for deterministic loatisiivehwariance of vibration is
studied for random load&imilarly, [27] analysessurface vibrations induced by a harmonically
varying point load moving along an infinitely long Eul®ernoulli beam embedded in a 2D
viscoelastic layer resting on a halbace. This work derives analytical clogetm integral solutions
for displacemenamplitudes and spectra, examining the influence of layer damping and load speed,
and employs a waveltased approximation method for calculating surface displacements. Both
studies model the beam using EuBarnoulli theory and the surrounding medium hwit
elastalynamic equations, providing insights into the surface vibrations generated by moving loads
on embedded beatike structures.

Although these methods are effective in capturingfi@guency excitations, they are unable to
account for the crossectional tunnebehaviouror the complex wave propagation that occurs at
higher frequencief28].
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Figure 2.23 Two-dimensionaEB beammodelconsidered irf26]
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A more advanced and widely used semalytical approach is the PipePipe (PiP) model, in
which the tunnel is idealized as an infinitely long cylindrical thin shell embedded in an elastic or
poroelastic fulspace.

Tunnel

Figure 2.24 PiP modelfrom [25]

This method is particularly suitable for deep circular tunnels, wherestndace effects are
negligible and cylindrical symmetry can be assunmedtudiessuch aghe oneproposed by Forrest
and Hunte{29], a frequencydomain analytical model ideveloped fom cylindrical tunnel in an
elastic fultspace. The model uses Fourier decomposition in the circumferential direction and
wavenumber transformation along the tunnel dkis.indicated that this method éspeciallywell-
suited for evaluating the dynamic response to axle loads anihfthence of different track
configurations on ground vibrations in thé 200 Hz rangeThe modehas been extended to include
features such as floating slab tradi®] and multilayered soil conditiong31].

Other studies such as[32], combine the PiP model with a coupled periodic FBHEM
formulation to conduct parametric analyses, identifying key tunnel and soil parameters that affect
ground vibration Furthermorejn [4], the PiPapproachis extended to a poroelastic hafface,
accounting for both saturated soil behavior and-$tg#ace effects using a 2.5D boundary integral
approach. The model couples a traiack tunnel system and evaluates vibration transmission
through saturated pous media.

While powerful for analytical insight and preliminary studies, these methods generally do not
account fowave reflectionsit the free surfacar norcylindricalgeometries andre thus less suited
for detailed sitespecific modelling In such cases, numerical methods like Finite Element or
Boundary Element methods offer a more versdtile,gh computationally intensive, alternative.
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2. 4FPnite el ement s

The Finite Element Method (FEM) is a powerful numerical tool widely employed in the
modelling of underground traiimduced vibrations due to its ability to accommodate complex
geometries, layered soil conditions, and nonlinear material behaviour. Unéikdical and semi
analytical approaches, FEM allows greater flexibility in representing the twailétrack system,
making it suitable for detailed, sigpecific analyses.

2.4.2P1 ane FEMr aipproaches

In studiedike Balendra and ChufB33] [34], employed 2D plane strain models to study subway
soili building interaction undedifferent track systemgirect fixation and floating slabyhowing
that floating slabs can act as effective vibration isolators at high frequencies. The agreement between
simulation and field data validated the reliability of this simplified approach.

Furthermore studies usinghis modelling approachwere carriedout in Milano metro line.In
Rigoni[8], a 2D FE plain strain modelas developetb investigate the impact of the water table
depth on the dynamic response of a subway tuswiekystem (specifically Milan's M1 lineThe
studyfocused on boundary conditions, saturatedrsoitlelling and soil damping calibration using
experimental data, using a load spectrapplied in the frequency domatw, represent the train
passagelt was concluded thaPD FEM can effectively be used toanalysethe effects of
environmental factors like the water table on tiahuced vibrations in the soil

Similarly, Pontani9], conducted the analysis in the time domdirectly imposing doad history
with a spectrum compatible with the axle load spectrum defined by UNI standéwelssoil
modelling usingthe 2D FEM approachealisticallyrepresents isitu conditionsn Milan, relying
on data from geophysical surveys and exploring the effects of partial soil saturation.

While 2D models provide significant computational savings and are effective for parametric
studies, they inherently neglect wave propagation along the train's longitudinal direction. This
limitation often leads to overestimation of vibration levels anduced accuracy in simulating
dynamic effects.

2.4. DFEM approaches

To overcome these limitations, full 3D models have been developedeZhb[B5] proposed a
traini track tunnel soil coupled model using cylindrical elements for both tunnel and soil,
accounting for nonlinearities and allowing tirdemain simulations. This model was validated
against PiP, VICT software, and field data, demonstratingcitsiracy in predicting the complex
dynamic responses of metro systems.

Perotti et al[36] addresses the need for an efficient method to detaittiaik interaction and
soil-transmitted vibrations without excessive computational cost. They propose a numerical
procedure based on a substructuring approach, dividing the system into the éraail, #nd the
"ground" (sleepers, ballast, subgrade, and actual ground). The procedure involves several steps: first,
3D FEMof the sleepeballastsubgrade system developedo obtain frequency response functions
at railsleeper interfaces. Secoraltime-domain integration of the train's motion on a simplified
track model (with springlampers for the subgrade)carried outo compute moving loads, allowing
for nontlinear wheelrail interaction. Third, frequenegomain analysis of the track (modeled with
FE), loaded by the train forces and supported by slegpémsplemented to determine track
dynamics. Finally, the propagation of vibrations through the soil to receiver points is evaluated. This
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approach leverages the advantages of frequency domain analysis for moving loads and allows for
the inclusion of frequenegiependent materigroperties.

An extensiorof thethreestep method proposed by Perotti et@lundergrountrainsis proposed
in [10] , which alsocompars 2D and 3D FEM foanalysingunderground train vibrations via the
Frequency Transfer Function. It found that 3D models are more accurate in capturing the three
dimensionality but are much more computationally expensive than 2D models, which are better
suited for preliminary studiesud to their lower cost. However, 2D FEM neglects wave propagation
along the train's movement, crucial for accurate ground vibration simulation, while 3D FEM offers
a more realistic representation but demands significantly more computational resources

2.4. i 8ed 2D and 3D FEM approaches

To address the high computational cost of full 3D FEM, several authors have proposed mixed
strategiesGardien and Stu{37] used a threstep modular model consisting of a 3D static tunnel
soil model, a dynamic Timoshenko beam track model, and a 2D/3D propagation model. The overall
response was constructed using impulse response convolution and superposition.

Xu et al[17] developed a mixed 2D/3D model to simulate the dynamic interaction in underground
railways with ballastless tracks, considering moving trains and track irregularities. They investigated
the impact of different wavelength irregularities on environmentahtidn for direct fixation and
floating slab tracks, finding that irregularities significantly affect vibration, with short wavelengths
being more impactful for direct fixation and less so for floating slab tracks. The proposed mixed
model reduced problesize and allowed efficient computation.

Expanding on this if38] it is developed and verified 2D and 3D models for environmental
vibrations from underground railways with direct fixation and floating slab tracks. Comparing
ground surface responsds,was found that 2D models were significantly faster (1/600th the
computational time of 3D) and could provide quick results using equivalent forces. However, they
concluded that 3D models offer greater accuracy and are necessary for absolute prediction and
compex problems.

2. 4. Rethar ks on the election of the 2D FEM model

While 2D FEM is computationally efficient and effective for parametric studies, it cannot capture
longitudinal wave propagation or moving loads, often leading to overestimated vibration levels. This
limitation has driven the development of full 3D modehghich, though more accurate, are
computationally demanding.

The literature highlights a traddf between the computational cost and the accuracy of numerical
models. While 3D modelg87] [17] offer a more realistic representation of the problem, capturing
the threedimensional wave propagation and the longitudinal effects of the moving train, they
requireda significantly higher computational burden, as notefiLBj{38].

On the other hand, 2D plane strain models provide a computationally efficient alternative, suitable
for preliminary studies and parametric analyses. These models can effectively capture the cross
sectionabehaviourof the tunneisoil system and the resulting ground vibrations in the vertical plane
perpendicular to the tunnel axis. Studssh asBalendra and ChufB83][34] , as well as the
investigationson theMilan M1 line [9][19], demonstrate the capability of 2D FEM to provide
reasonably accurate predictions of grodmmiine vibrations and tanalysethe influence of factors
such agrack support systemwater table levelsand partiallysaturated soil conditions.
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Although 2D models neglect the wave propagation in the train's travel direction, which can be
important for a complete understanding of the vibration field, for certain analysgs,are
particularly valuable for analyses focusing on the tunnel's immediate vicinity andsectssal
response. Their lower computational demand makes them especially advantageous for broad
parametric investigations or when computational resoureclngted.

Therefore, considering that in this study the tiagiuced acceleration responses are provided, a
2D plane straifrEM is deemed an appropriate choice. This approach enables a detailed investigation
of tunnel soil interaction in the transverse plane and allows for efficient parametric analysis,
providing valuable insights into ground vibration levels while remaining ctatipoally
manageable

2.4B8undary el ements

The Boundary Element Method (BEM) offers an efficient alternative tedfuthain numerical
schemes such as the Finite Element Method (FEM), particularly in problems involving unbounded
domains like soil media. By requiring discretization only along bolueslaBEM significantly
reduces the size of system matrices and computational effort. This efficiency is especially evident
when frequencd o mai n Greends f unct i-spates mediiao are avaiaile,g e n e o
allowing for accurate representation of rdidia damping effects.

When using BEM in soil modelling, each layer and its upper and lower interfaces (the ground
surface being the top interface of the first layeguire the application of boundary elements. Since
these interfaces are theoretically infinite, they must be truncated for numerical implementation,
resulting in the introduction of "edge" boundary elements. A 2D soil layer with two boundaries, each
discretized with two such edge elements, is illustrateféigure 2.25.

However, BEM has limitations in handling thin structural components (e.g., tunnel linings) and
becomes impractical in the presence of material inhomogeneities-tinaarities, due to the need
forclosedf or m Gr eendés f unct i othesuparposition phireip[@hlasuchl i ty t o
cases, hybrid FBBE models are often preferred. These combine the flexibility of Fited for
representing complex geometries and material interfaces, with the boundary efficiency of BEM.
Notable applications include studies by Andersen and Jei®ds who modelled underground
tunnels using FEM for tunnel structures and BEM for surrounding soils.

Advanced strategies have also been developed to reduce the dimensionality of 3D problems while
preserving their essential dynamics. Periodic and invariant structures, typical of railway tunnels, can
be exploited via Floquet theory or Fourier transformgdrticular, 2.5D approachegable full 3D
responses to be computed from a 2D spatial discretization by assuming longitudinal inyatiance

These modelling strategies provide a powerful compromise between accuracy and computational
feasibility, particularly when full 3D modelling is impractical. Nonetheless, they require careful
mathematical formulation and are best suited for systems willcttal regularity and linear
material behaviour.
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Boundary 1 _Edge element | _Edge element 2
e . e s o s s o
A soil layer
Edge element 3 Edge element 4

Figure 2.25A 2D soil layer with two boundaries each having two edge elementd2&m

2. 4Spectr al el ement s

Spectral Element Methods (SEM) have emerged as a promising alternative to traditional finite
element or finite difference approaches for modelling ground vibrations induced by underground
trains, particularly in cases involving lateral soil heterogenleitg study conducted at the Ledsgaard
test site in Sweddd 2], SEM was applied to simulate the ground vibrations generated by a passenger
train. Thetraini track interaction was simplified by decoupling the train from the track and applying
a series of equivalent static forces. The trackbankment system was modelled analytically as a
beam on an elastic foundation.

A key advantage of SEM lies in its ability to resolve wave propagation phenomena using
significantly fewer grid points compared to classical discretization methods, thereby reducing
computational cost while allowing accurate modelling. The study showedtila conventional
time-domain methods typically suffer from stability constraints that limit usable frequencies to
around 23 Hz (especially in 3D) SEM allowed simulations up to 10 Hz with manageable
computational time.

Although frequencydomain methods such as the thager method43] remain more efficient
for horizontally layered media, SEM offers distinct advantages for complex site conditions with
strong lateral variations, such as tunnels or vibration mitigation systems (e.g., trenches or pile
barriers). The method's flexibility inandling 2D and 3D configurations makes it particularly well
suited for realistic and sigpecific modelling of traifinduced ground vibrations in heterogeneous
environments.

2. 5he i nversion procedure

2. 5Tdansfer function

When dealing with coupled damped systems subjected to a dynamic force, directly solving the
equations of motion can be complex unless a transformation method is used. In this context,
transformations such as the Fourier transform, explained in SubclZapteare useful tools to
convert the governing vibration equations from the time domain to the frequency domain

50



2.5The inversion procedure

However, the Fourier transform is strictly defined only for contindaastions with domains
extending from minus to plus infinity. While the use of rectangular window functions is a common
workaround, alternative transformations offer more practical advantages. One such tool is the
Laplace transform, which generalizes theufter transform and can be interpreted as the Fourier
transform of a onsided, exponentially weighted version of the original taeenain function. This
method is widely used in vibration analysis and provides the basis for defining the transfer function
which generalizes the concept of a frequency response function

The derivation of the transfer function, as presentgd4h, begins with the equation of motion
for a damped single degree of freedom (SROF

Goo o Qm 0o (2.114)

The (onesided) Laplace transformation of a tidependenfunction 0 , denotedas® i
flow O is defined by the integral

@i flw o Q w6 Qo (2.115)

Wherei is a generatomplex quantityeferred to as a subsidiary variabfegheformi & Q)
where®is constant and is the circular frequencythe functionQ is known as the kernel of the
transformatiorandensureshe convergence of the integréinceois the variable of integration, the
result is a function af, which reflects frequenegiependent behaviour

In order tosolveequation(2.114) by the Laplace transform methdtlis necessaryo evaluate
the transforms of the derivativ€s@Q @ndQ o0 . By meanof integrating by parts leads:
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Where w1t is the value of the functiod0 at 0 1t Physically, it represents thaitial
displacement of the maés Similarly, it is not difficult to show that

fI’Q(bb Q 'Q(bb’Qc‘) Q QW tb i Q 'de’Qb
™ [o%) Qo ™ Qo (2.117)
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Wherew 1t is initial velocity of & . The Laplace transformation of the excitation function
is simply

0i oo Q 00 Qo (2.118)

By trarsforming both sidesf equation(2.114) andrearranging it yields to
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ai Oi Qi 0 deom di oo (2.119)

If we assume zero initial conditiondm T T which corresponds to neglecting the
homogeneous solutiothe ratio of the transformed excitation to the transformed respamsbe
written in the form of

Wi = ai wi Q (2120)

Where® i is known as thgeneralized impedanad the systemMore commonly, we consider the
inverse ratio, defining th@ransfer functionOi as the ratio of the systel
excitation in the Laplace domaiin the case of secoratder systems as described in equation
(2.114) theTransfer function has the forof:
o~ i P
) - 2121
SO TR Y (2:121)

The equatiori2.121), can be rewrite as
i "Ooi "oi (2.122)

Sincei O Q" "6 a complex variable that depends on frequency, this expression directly
relates the excitation and response in the frequency dowvhite the theoretical derivation of the
transfer function is presented in the Laplace domain for generality, the practical implementation of
the inversion procedure is based on the-sided Fourier transform, as it directly addresses the
steadystate freqencydomain characteristics relevant to the recorded accelerometric data
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Chapter 3
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3. Lntroducti on

In this chapter, the methodology for the inversion procedure used to estimate the dynamic load
of an underground train in Milanés M1 and M2 me
insights into the interaction between traen, tunnel infrastructure, and surrounding soil and is based
on a steadigtate dynamic analysis in the frequency domain and is based on a previous study carried
out in a gallery located in the Corso Buenos Aires zone of the M1 of the Milano [hEtrdhe
procedure involves measuring the frequency response from a set of recorded accelerations time
histories. Subsequently, a detailed f@imensional numerical model is used to estimate the transfer
function. From these results, the load acting at the Miadleeontact is determined for seven different
metro sections

The methodtan be lined up in the following steps
1. Recording of accelerations

The process begins by measuring vertical accelerations on the inner face of the tunnel wall. These
measurements are taken at regular time intervals to capture a representative period of rail track
activity and to prevent aliasing during signal sampling.

2. T u n nkrégiescy Response to tinain passage

After the acceleration time histories are acquired, they are transformed from the time domain into
the frequency domain using the Fourier transform. Since the transfer function analysis focuses on a
specific frequency range, proper signal processing endiakat this stage. This includes selecting a
suitable sampling rate, defining the desired frequency resolution, and applyhadjasitig filters
to ensure the accuracy of the inversion procedure. Once transformed, the accelerations are
represented dsinctions of frequency, enabling their comparison with the transfer function, which
is likewise calculated in the frequency domain. After evaluating the tunnel's frequency response to
trains passing at different times, the average magnitude of all sjgectsad as a representative
measure of t h dehaviourinthis sbudy, tiheyavermge iegieled Fourier spectrum of
the tunnel wall accelerations is referred tova%), where’Qrepresents the frequency in Hertz.

3. Load-Acceleration Transfer Function

The frequency response function is defined in the frequency domain and allows the computation

of a systemdbs response under a dynamic | oad i n|
as the loadacceleration transfer function, simply transfer function, and is denoted@sQ. It

describes the relationship between the dynamic load applied at the rafidaterface and the

resulting vertical acceleration measured on the tunnel wall. Mathemati€ally,is computed as

the ratio between t heY'@andthedyramic Idad spectruenrperyxier e s p o
0 "Qaccording to equatiof2.122). In this inversion proceduréhetransferfunctionis numerically

determined byneans oapplyinga unit harmonic loath atwo-dimensionaFinite Element model.
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4. Dynamic Load Spectrumper axle

Once theransfer functiodO "Q and the frequency respon¥e’Q are available, thenoduleof

the dynamic load spectrum per axke computedasthe ratio oftheir modules, according to the

following expression

T SY "Qs
v S0'0s

(3.1)

Finally, the results obtained through this procedure will be compared with those derived from
literature. Each of the

alternative methods and with national standards available
aforementioned steps will be explained in detail in the following subetsap

3.Zunnel 6s section

The sections of this study belong to the metro line network of the city of Mipreviously

in the

geometry

and

proper

mentionedjncreasingly repostof noise and uncomfortable vibrations were reported by the citizens

in the areas nearby the metro tunnélence, strategicallyselected based on the areas where
discomfort was reported, as well as the availability of access and geometric data, seven sections were
chosen along the M1 and M2 metro lines. The locations of these selected sections are illustrated in
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The geometry was provided betropolitana Milanese (MM}Yhrough the original design
drawings of the project. These drawings, kdmafted in the 1960s, were later converted into CAD
sections while preserving their original scale and accurately reflecting the tunnel conditions observed
on site. All dimensionsra expressed in meters. In cases where multiple sections were available, a

representative one was selected for modelling.
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The accelerometer height was considered to be 2 meters above the rail level, as indicated by MM.
Section 2 (BM2-GallerieLoreto-Piola) was modelled by merging two identical adjacent tunnels,
based on in situ observations. Sections 4 andMl(d>allerie Sesto Marelli Villa SG and eM1-
GallerieVilla SGi Precotto) were assumed to be equivalent to SectioaML{ballerie Wagner
De Angeli), as indicated by MM.

Both the ground level and rail level were included based on the information in the drawings. It
can be noted that all sections are relatively shallow: for Sections 1 and 2, the tunnel depth does not
exceed 12 meters, while for Sections 3 to 7, the deptider 16 meters.

Lastly, where transversal beams, oriented ort
geometry was homogenized along the length of the slab. This adjustment is necessary because the
transfer function is computed using a 2D plane strain modélk whreality these beams intersect
the tunnel crossection every 3.2 meters. Therefore, a homogenization approach is required to
capture the representative stiffness of the actual 3D configuration within the simplified 2D .domain

Two limiting cases could be considerediethat considers only the slab thickness, resulting in a
stiffness lower than realitygnd anothethat assumes a fully rigid transverse beam, leading to a
stiffer-thanreal sectionin practice, the actual stiffness lies somewhere between these two extremes.
To better approximate this intermediate behaviour, homogenization provides a practical and
reasonable solution

The effect of transverse beams on vertical acceleration has been studied in the literature,
particularly for 2D plane strain linear models of ighaped tunnel sections similar to those analysed
here on Mil an 6[9] and®], coreparisans betivaeretunnel roof configuratjarith
and without stiffening showed that adding transverse stiffeners slightly increases the vertical
acceleration in the ceiling slab and in the soil immediately above it. These studies suggest that
increased slab thickness mainly influences the vertical acceleration along thedadlfjacent soil,
but not significantly at lower elevations of the tunnel.

Specifically,[9] notes that a stiffer roof results in a blike vibration mode, where the tunnel
vibrates more uniformly with both lateral walls. However, this effect is more relevant to horizontal
accelerations, and no specific conclusions were drawn about the paotetres$t in this studyocated
2 meters above the rail level on the inner tunnel.wall

Similarly, [11] compared two casea 0.2 m thick roof slab versus a rigid beam of 0.5 m width
and 1.0 m heighaéind found no significant difference in the vertical component of the transfer
function (i.e., acceleration response under unitary harmonic load) at a measurement point located 1.5
m above rail level

In conclusionhomogenizing the transverse beams into an equivalent slab thickness is a valid and
practical approach, especially since the focus of this study is on vertical acceleration at a fixed point
on the inner tunnel wall. While this homogenization may influeocelleffects at the slab level or
in the overlying soil, its impact at the measurement point of interest is expected to be minimal

This homogenization approach was appliedddtions 3 through 7, all of which feature box
shaped tunnel geometries. Takiggction 3 as an exampléhe original tunnel section and the
transverse beams to be homogenized are shofigime 3.2 .

The beam dimensions are defined as height p&d& and widthd 1@ &, the spacing
between the beam¥ o0& &, the height of the existing slab'@& 1@ & and the height of the
homogenized slab lay&® 1@& it . The heightQ is determined with expression
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07 §
Y

Q

(32)

Thus, the total slab height of the modified section becofles Q Q ™ yi. The
modified section is shown iRigure 3.3.
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Figure 3.3 Modified section: Homogenized slab layer in red
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3.2Sé&ction 1

This section is located along the track between Moscova and Garibaldi stations of the M2 metro
line. It consists of two independent hollow tunnels, each dedicated to a train traveling in opposite
directions. According to MM, this section does not includlast or wooden sleepers; instead, the
rails are directly fixed to the concrete slab using a steel plate and an elastomE&igupad.6.

L

~ 155

_4%29

Figure 3.4 Original drawing provided by MM for the section 1

a-M2-Gallerie-Moscova-Garibaldi-lotto

GROUND LEVEL = +122.74m
NP

040

Figure 3.5 Geometry of tunnel section 1 in meters
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Figure 3.6 Picture of the rail track connection support

3.2S2ction 2

This section corresponds to the track between Loreto and Piola stations on the M2 metro line. As
mentioned before, it was indicated that the two tunnels merged along the seotomthe
investigation was carried out, sharing a common wall, as showigime 3.8. Additionally, the
track support system is the same as in Sectiofidgufe 3.6), consisting of steel plates and
elastomeric pads, with no presence of ballast or sleepers
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Figure 3.7 Original drawing provided by MM for the section 2
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b-M2-Gallerie-Loreto-Piola

GROUND LEVEL =+118.71m
[

Figure 3.8 Geometry of tunnel section 2 in meters

3.2S8ction 3

This section is located along the track between Udine and Cimiano stations on the M2 metro line.
Unlike sections 1 and 2, it features a bslxaped tunnet har act er i sti c of t he
construction methadn this case, the ballast is absent, and the track consstgioforced concrete
slab system with wooden sleepers embedded directly into iF{ger 3.11). Additionally, the two
rail tracks are not separated by a dividing wall; instead, they run side by side, as showigarthe
3.10.
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Figure 3.9 Original drawing provided by MM fothe section 3
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Figure 3.10 Geometry of tunnel section 3 in meters
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Figure 3.11 Picture of the wooden sleepers embedded in the reinforced concreteaslalbor section 3

3.2Séction 4

This section corresponds to the track between Sesto Marelli and Villa San Giovanni stations on
the M1 metro line. These stations are located on the outskirts of Milan, with Sesto Marelli being one
of the terminal stations of the line. Since direct desiguvihgs for this section were not available,
and as indicated in the introductory paragraph, it was assumed to be equivalent to Section 7
(corresponding to the track between Wagner and De Angeli stations on the M1 line). The tunnel has
a boxshaped crossection, with both tracks running side by side. In this case, ballast and wooden
sleepers are present, with the latter spaced approximately 0.60 apetef45].
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Figure 3.12 Geometry of tunnel section 4 in meters
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3.2SBcCction 5

This section covers the track between Villa San Giovanni and Precotto stations on the M1 metro
line, continuing from the track described in Section 4. As previously mentioned, this section was
assumed to be equivalent to Section 7 as no original drawiags available. It features a box
shaped tunnel crosection with both opposing tracks positioned side by side. Additionally, the track
structure includes ballast and wooden sleepers for rail support.

e-M1-Gallerie-Villa SG-Precotto
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Figure 3.13 Geometry of tunnel section 5 in meters

3.2S6c¢ction 6

This section covers the track between Duomo and Cordusio stations on the M1 metro line, located
in the central area of Milan. As shownHigure 3.15, the tunnel has a double bekaped cross
section and includes an additional central slab intended for pedestrian use. The tracks for opposing
directions run side by side, and the rail support system consists of ballast and wooden sleepers,
spaced appromiately 0.60 meters apart.
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Figure 3.14 Original drawing provided by MM for the section 6
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Figure 3.15 Geometry of tunnel section 6 in meters
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3.2S@ction 7

This section covers the track between Wagner and De Angeli stations on the M1 metro line. It
features a boshaped crossection, with rails supported by ballast and wooden sleepers spaced at
0.60 meters. As previously mentioned, this section was use@f&sence for sections 4 and 5, since
original design drawings were available only for this configuration.
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Figure 3.16 Original drawing provided by MM for the section 7
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Figure 3.17 Geometry of tunnel section 7 in meters

The nameslocations section type, track typand inauguratiordate of the sectiong3] are
summarized in the following table

Table3.1 Metro Line Sections and Corresponding Locations

Section M.etro Location Section Track Date
line type type
1 M2 Moscovai Garibaldi Circular RC slab 1978
separated Elastomeric pads
2 M2 Loretoi Piola Circular RC slap " 1969
merged Elastomeric pads
+
3 M2 Udinei Cimiano Box-shaped RC slab 1969
wooden sleepers
. N
4 M1 Sesto Marelll \(llla San Box-shaped Ballasted 1964
Giovani wooden sleepers
. : N N
5 M1 Villa San Giovanii Box-shaped Ballasted 1964
Precotto wooden sleepers
6 M1 Duomoi Cordusio ~ Double box Ballasted + 15,
shaped wooden sleepers
+
7 M1 Wagneri De Angeli Box-shaped Ballasted 1966

wooden sleepers
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3.2TBatiyngdgescription

The general characteristics of a typical "Leonardo” train, classified as a HRV (Heavy Rail
Vehicle), correspond to an urban metro design intended for passenger transportation operating on
boththe M1 and M2 lines. Traction is provided by 16 asynchronous-tiirage motorgwo per
trolley, mounted on eight of the twelve motorizeadlleys, while the remaining four are trailer (non
motorized) trolleys [45]. The train type configuration is shown Figure 3.18 provided by
Environmental Product Declaration published by Hitachi Rail ltAlgditionally, the Metro line

features are summaris@t Table 3.2 based on indications provided by Mahdprevious studies
[91[11][45].
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Figure 3.18 Lateralandtopviewo f fiLeonar dj45% train from

Table3.2Generaf eat ur e s Dbahd M2iMetra hirdeeslaptdd froni9][11]

Train length m 106.94
Train width m 2.85
Car length m 17.6
Bogie spacing m 11.1
Wheel spacing m 2.15
Axles per bogie - 2
Bogies per car - 6
Number of cars - 6
Track gauge m 1.435

Sleeper dimensions m 2.6 x 0.16 x 0.24
Sleeper spacing m 0.6

Elastomeric pad spacin m 0.75
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3. Brequyenresponse of the tunnel to t

3. 3Atcel erometric measurements

The first step in determining tN¥Y&, invalvesnel 6 s
recording vertical accelerations on the tunnel wall during train passages. For this purpose,
accelerometers were installed on the inner side wall of each tunnel section, positioned at a height of
2.00 meters above the rail track levidhe sensor placements for Sections 1 through 7 are illustrated
in SubchapteB.2

The sensors were installed to ensure that the measurements accurately captured the dynamic
forces generateoly passing trainslhe sampling frequency is 4800 Hbrrespondindgo a sampling
period of ¢8t Y cup 1 secondsThe accelerometric data analysed correspond to recordings taken
between 7:00 and 8:00 the morningThe specific dates on which the measurements were recorded
are summarized ifable3.3.

Table3.3 Dates of acceleration measurements by section

Section Metro line Date

1 M2 20/12/2021
2 M2 21/12/2021
3 M2 22/12/2021
4 M1 23/12/2021
5 M1 11/01/2022
6 M1 12/01/2022
7 M1 14/01/2022

In addition to acceleration measurements, displacements were also recorded using
extensometers. This data will be used to estimate the train's velocityalitlate the data obtained
from the accelerometers.

3.3DRsregarded resbgmradh@es ainmdg pr e

In some instances, the recorded signals were affected by disturbances, most likely due to the
simultaneous passage of two trains traveling in opposite directions. These disturbances were
identified by inspecting the amplitude distribution in the toeenain, wherevalid signals typically
show a gradual increase and decrease in amplitude, while disturbed ones often exhibit sudden jumps.
As a result, these affected recordings were excluded from the final analysis to preserve the reliability
of the results. Foexample, in Section 24 out of 32 total recordings were disregarded due to signs
of disturbance or incompleteneasplot of theselisturbed signalis shown inFigure 3.19.
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3.3Frequency response of the tunnel to train passage
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Figure 3.19 Disturbed signals for section 2

Following the same criteria for the rest of tbections, the number of total, disturbed and
considered recordinds summarized irmable3.4.

Table3.4 Number of total, disturbed and remaining signals considered in the analysis

Section Number of total Number o_f disturbed Number of_ considered
recordings recordings recordings
1 25 0 25
2 32 14 18
3 23 8 15
4 21 4 17
5 22 1 21
6 23 7 16
7 12 0 12
Total 158 34 124

Additionally, some recordings, although not affected by disturbances, exhibited a shift from the
zeromean level. To ensure consistency in the analysis, these signals were adjusted by removing their
mean values, resulting in zenoean amplitudes.

Furthermore, all recordings needed to have the same time duration and be aligned to a common
frequency step to enable a meaningful computation of the average magnitude spectrum. To achieve
this, a normalization procedure was applied. Although the intethdiedion of each recording was
approximately 20 seconds, slight variations occurred due to the nature of the recording process. To
address this, signals longer than 20 seconds were truncated, while those shorter than 20 seconds were
zeropadded to reach ¢hexact target duration.

After applying these preprocessing steps in the time donfagure 3.20 illustrates the
comparison between the original and #eomeansignal for a representative case recorded for
Section 2.
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Figure 3.20 Original vsZero-meansignal for a representative case in Section

3.3SBgnal processing

The signals recorded in the time domain were converted to the frequency domain using the
Fourier transform. However, since the original sampling frequenEg34800 Hzandthe transfer
function is defined up to 200 Hz, the signal must be decimated so that the inversion procedure can
be applied effectively

To ensure the desired frequency range in thesaded spectrum (up to the Nyquist frequency of
200 Hz), the timadomain signal is downsampled to 400 Hz. This corresponds to selecting one
sample every 12 sampl&4800Hz/400HZzJrom the original signal

However, downsampling a signal can introduce aligsifigere highfrequency components are
incorrectly mapped to lower frequencies. To avoid this, the original signal must be filtered to remove
all frequency content above 200 Hz before downsampling signal processing procedure followed
the steps described below

Filtering

First, the signal was low pass filtered to remove frequency components above 200 Hz. This was
accomplished using an 8drder Butterworth filter with zerphase shift. Butterworth filters are
known for their maximally flat magnitude response in the passbad their monotonic behaviour
overall. This smoothness comes at the cost of a less steeff @l explained isubchapte.3.4.2

However, when designing a discr¢iime filter from a continuous one, such as the Butterworth
filter, a transformation is required in order to prevent for aliasing when passing from the continuous
to the discrete domain. In this case, a bilinear transformation method is chosen as the resulting
distortion, or warping, of the frequency aristhis method is considereatceptablas explained in
Subchaptep.3.4.3

In MATLAB, the Butterworth filter is designed using thetterfunction, which internally applies
the buttap function to compute poles and then usesliti@ear function for the continuouto-
discrete transformatigd6]. The function returns the numerator and denominator coefficients of the
digital filter.
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