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Abstract 

Complaints related to ground-borne vibrations have been reported along Lines M1 and M2 of the 

Milan metro system. While previous studies have focused on a typical section of Line M1 near Corso 

Buenos Aires, no specific investigations have been conducted on other sections of the M1 or M2 

lines, despite similar vibration concerns. Moreover, no academic work has applied the inversion 

procedure to estimate the dynamic load spectrum for Milan's underground network. This study 

addresses that gap by applying an inversion procedure to in-situ acceleration measurements collected 

at seven tunnel sections across Lines M1 and M2. A two-dimensional (2D) finite element model is 

used to compute the loadïacceleration transfer functions required for the inversion, due to its 

computational efficiency and suitability for parametric analysis. The resulting dynamic load spectra 

are then compared across sections and validated against the UNI 11389 standard. Frequency-domain 

analysis of the measured responses revealed recurring spectral features. A consistent peak around 60 

Hz appeared in nearly all sections, independent of track type, which is associated with the resonance 

of the unsprung mass in the wheelïtrack system. A secondary peak near 100 Hz was observed mainly 

in ballasted track sections, suggesting a resonance effect linked to the ballast layer. The study also 

examined the influence of tunnel geometry, depth, and elastomeric pad stiffness normalization. 

Circular tunnel sections, typically shallower and with ballastless track types, showed slightly higher 

response magnitudes in the 20ï140 Hz range compared to deeper, box-shaped sections. While most 

of the dynamic load spectra showed a similar order of magnitude to the UNI 11389 standard, none 

of the analysed spectral trends matched the standardôs curve. This discrepancy is attributed to the 

fact that the standard was developed under experimental conditions different from those in this study. 

This work suggests that the proposed 2D inversion procedure of accelerations provides valuable 

insights into the dynamic behaviour of tunnel sections and enables efficient parametric comparisons. 
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Chapter 1 

Introduction  

The constant population growth, together with the industrialization of society, has led to the most 

densely populated cities in human history. This has prompted many urban areas to invest in more 

efficient transportation systems. Among the most effective, underground railways offer a promising 

solution, as they help alleviate traffic congestion, reduce noise and air pollution, and serve densely 

built-up areas [1].  

The most common type of these systems is the underground tunnel railway, also known as metro 

or subway lines, which have seen rapid expansion in recent years [2]. This is true for the city of 

Milan, which inaugurated its first metro line, Line 1 (M1), in 1964. It initially featured 21 stations 

along 11.8 km, running from Lotto station in the west to Sesto Marelli in the northeast, passing 

through the city centre at Duomo station. This line has undergone several extensions, with the latest 

completed in 2005. Milanôs second metro line, M2, was opened in 1969, connecting the eastern part 

of the city (Caiazzo station) to Cascina Gobba, and was later extended to the southwest with work 

finished in 2005. The system is now composed of five lines: M1, M2, M3, M4, and M5 [3].  

Despite their many advantages, underground railways pose some important challenges, 

particularly related to ground-borne vibrations. As trains travel through tunnels, vibrations are 

generated that can be felt not only within the train but also at the surface and in nearby buildings. 

These vibrations may cause discomfort to residents or even malfunctions in sensitive equipment near 

the tunnels [4]. A thorough understanding of ground-borne vibrations is therefore essentialðnot 

only for environmental noise control but also to ensure the long-term serviceability of tunnel 

structures subjected to repeated train traffic loading [5].  

In Milan, complaints related to ground-borne vibrations have been increasing, particularly near 

metro lines M1 and M2. The platform Missione Rumore has collected reports between January 2021 

and June 2024 [6] as illustrated in Figure 1.1. Most alerts are located along the older M1 (red) and 

M2 (green) lines. This trend underscores the need to understand the causes of vibration increases and 

to assess the effectiveness of mitigation strategies [7]. 

To simulate and analyse ground vibrations caused by underground trains, several predictive 

models have been proposed in the literature. Analytical and semi-analytical models were among the 

first used to describe the dynamic interaction between trains, tunnels, and surrounding soil. While 

these methods are computationally efficient and useful for conceptual or parametric studies, they are 

typically based on idealized assumptions, which limits their applicability to specific geometries, soil 

conditions, or loading frequencies. The Finite Element Method (FEM), on the other hand, is a 

powerful numerical technique that can model complex geometries, layered soils, and nonlinear 

material behaviour. FEM is widely used for site-specific, detailed analyses of tunnelïtrackïsoil 

interaction. 

In the context of Milanôs metro system, 2D plane strain FEM models have been used in parametric 

studies to examine the influence of the water table level, partial saturation, and tunnel geometry on 
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vibration levels [8][9]. Although 3D FEM models offer greater accuracy, they are often 

computationally expensive, leading researchers to adopt 2D approaches [10]. A recent report used 

in-situ acceleration measurements, provided by Metropolitana Milanese SpA, to estimate the 

dynamic load spectrum by inverting the measured data through a transfer function derived from a 

2D FEM model [11]. The resulting dynamic spectrum was then compared to the one prescribed in 

the UNI-11389 standard [12].  

However, these studies focused only on a typical M1 section near Corso Buenos Aires. No 

specific studies have been conducted on other sections of the M1 or on sections of the M2 line, where 

vibration complaints have also been reported. Additionally, no academic studies have applied the 

inversion procedure to estimate the dynamic load spectrum for the city of Milan. In [11], it is noted 

that while the measured dynamic spectrum resembles the standard, discrepancies exist. These may 

be originated from differences in test conditions or from the limitations of 2D models in capturing 

fully 3D dynamic behaviour. Expanding this methodology to other tunnel sections could help clarify 

these discrepancies.  

This research aims to investigate the key factors influencing ground-borne vibrations by applying 

the inversion procedure to estimate dynamic load spectra using in-situ acceleration measurements 

and 2D FEM models for seven different sections of Milanôs metro lines M1 and M2. Specifically, 

the study addresses the following questions: How does the acceleration response spectrum vary 

across different sections based on geometry and measurement conditions? Can the observed 

behaviour of the acceleration spectrum be explained using existing literature? To what extent an 

elastic 2D plane strain FEM model accurately represents the transfer function, despite its limitations 

compared to 3D models? Are the dynamic load spectra obtained through the inversion procedure 

consistent with the UNI-11389 standard and prior studies? 

This study contributes to the understanding of ground-borne vibrations by analysing the 

accelerometric response of various metro sections, helping to identify patterns based on local 

characteristics. It highlights the effectiveness and limitations of 2D FEM in modelling underground 

vibrations and provides validation for the inversion method to estimate dynamic spectra. The 

findings offer valuable insights for refining current standard load spectra, with implications for both 

academic research and engineering practice. 

Despite its aims, the study has limitations. The results may not be directly generalizable to other 

metro lines without considering local conditions such as soil properties and water table levels. The 

models assume linear elastic behaviour, longitudinal invariance, and constant geometry and 

stratigraphy along the tunnel axis. Furthermore, the models do not account for full 3D dynamic 

effects.  

The structure of this thesis is organized as follows: Chapter 1 introduces the research context, 

defines the problem, and outlines the research aims, significance, limitations, and questions to be 

addressed. Chapter 2 presents a comprehensive literature review, beginning with an analysis of the 

main sources of vibrations in underground railways, followed by a review of elastic wave theory, 

signal processing techniques, modelling strategies, including analytical, numerical, and hybrid 

approaches, and the theoretical basis of the inversion procedure used to estimate dynamic load 

spectra. Chapter 3 describes the complete methodology applied in this research, including the 

geometric and mechanical characterization of the investigated tunnel sections, an overview of the 

train characteristics, details of the acceleration measurements and signal processing, the development 

of the 2D finite element models used to calculate transfer functions, and the final inversion procedure 

to obtain the dynamic load spectrum. Chapter 4 presents and interprets the results, with particular 

focus on comparisons with the dynamic load spectrum prescribed in the UNI-11389 standard and on 
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the identification and interpretation of dominant frequency components. Chapter 5 summarizes the 

main conclusions of the research, and, finally, Chapter 6 contains the complete bibliography of the 

references used throughout the study. 

 

 

Figure 1.1 Milano metro network together with reported alters in ñMissione Rumoreò platform from [6]  
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Chapter 2 

Literature review  

2.1 Sources of vibration 

When dealing with railway-induced vibrations, several factors such as motion induced by quasi-

static loads, dynamic interaction between the vehicle, track, and soil, and mechanical degradations 

or defects can significantly influence and amplify vibration levels. This subchapter discusses the 

main sources of such vibrations. 

2.1.1 Motion induced by the quasi-static loads 

One fundamental source of vibration is the motion induced by quasi-static loads. These loads 

originate from the weight of the train and its components. Although the forces are static in nature, 

their movement along the track introduces time dependency into the systemôs response. The resulting 

vibrations are inherently three-dimensional, as the disturbances propagate not only transversally but 

also longitudinally along the train's direction of travel [9].  

When train speeds approach the critical velocity of the trackïsoil system, these effects become 

particularly significant. When a simple dynamic track model is done by considering a Euler Bernoulli 

beam on elastic foundation, the critical speed can be determined as [13] 

 ὺ
ς

ά
ЍὯὉὍ (2.1) 

Where, ά is the rail mass per length, Ὧ the track stiffness and ὉὍ the bending stiffness. 

Studies have been carried out considering more complex coupled models to investigate the 

influence of the train quasi-static load speed on the vibration response.  

For instance, in [14] a numerical model is used to predict railway-induced vibrations by 

evaluating both quasi-static and dynamic excitations, the latter caused by random track unevenness. 

The study shows that while quasi-static loads dominate the track response, free-field vibrations are 

mainly driven by dynamic effects. The model, validated with field data from the BrusselsïKöln high-

speed line, predicts vibration levels within 5 dB accuracy. The authors conclude that the quasi-static 

track response increases moderately with the train speed. 

Similarly, Zhou et al [4] propose an efficient method to predict vibrations induced by 

underground trains in a saturated poroelastic half-space, considering both soil saturation and free 

surface effects. The study combines an analytical trainïtrackïtunnel model with a 2.5D boundary 

integral formulation using Greenôs functions. Results show that when train speed is below the 

Rayleigh wave velocity, tunnel deformation is quasi-static and uniform, except near the train ends. 

The study highlights that vibration amplitudes rise sharply as train speed approaches the Rayleigh 

wave velocity. 

From the presented studies can be concluded that, for low-speed trains, the quasi-static effect is 

often negligible, as train velocity typically remains below the critical wave velocity. However, when 

speeds approach this threshold, substantial vibrations may arise [13]. 
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2.1.2 Dynamic interaction between the vehicle, track and tunnel-soil system 

The second major source of vibration is the dynamic interaction between the vehicle, track, and 

tunnelïsoil system. This coupled interaction is particularly significant at frequencies ranging from 0 

to 250 Hz [15] . It involves complex dynamic behaviours among the various subsystems: first, within 

the train itself (i.e., the car body, bogies, and wheelsets), and second, within the track system (i.e., 

rail pads, sleepers, and ballast or slab). This system is investigated in [13] and illustrated in Figure 

2.1.  

 

Figure 2.1 Dynamic model of vehicle-track interaction from [13]  

 

In [13], the different excitation mechanisms in vehicleïtrack interactions are explained for 

ground-level trains. While this study does not consider tunnelïsoil interaction, it provides valuable 

insights into the dynamics of vehicleïtrack systems. Figure 2.2 shows how different components of 

the system respond to different excitation wavelengths. The natural frequency of bogies is around 

20ï25 Hz, whereas the sprung mass has a lower natural frequency, between 0.7 and 5 Hz, and 

primarily influences the ballast and subgrade. 

 

Figure 2.2 Track excitation in relation to frequency from [13]  
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A more recent study on ground-level trains [16] reviews and synthesizes over 230 technical 

papers related to railway vibration. The authors identify numerous dynamic excitation mechanisms 

contributing to vibration, as illustrated in Figure 2.3. It can be seen that the excitations associated 

with the locomotive are found at low frequencies and the excitations associated with the wheel, rail 

and track are found at higher frequencies. These higher frequencies often manifest themselves in the 

form of air-borne noise, while the lower frequencies generate ground vibration. Bands have been 

drawn to illustrate a variety of frequency ranges relevant for perception, in accordance with BS ISO 

14837. The authors noted that trainïtrack resonant conditions can develop where the natural track 

frequencies are excited and that these effects and their interaction with the underlying soil are still 

not fully understood and are currently the focus of much research. 

 

Figure 2.3 Typical frequency ranges of excitation from [16] 

 

In the case of underground trains, it is essential to account for the influence of the tunnelïsoil 

system. This coupling introduces modal excitations not present in ground-level configurations. 

Moreover, ballastless track systems, such as direct fixation and floating slab types, are common in 

underground railways and must be considered. 

In Zhou et al [4] , a trainïtrackïtunnel model is used to study the influence of various parameters, 

including the effect of floating slab tracks. The study finds that increasing soil permeability reduces 

vibration amplitudes, and although floating slabs can help isolate vibrations, they may, under certain 

conditions, amplify transmission instead of attenuating it. 

Similarly, Xu et al [17] developed a mixed 2Dï3D finite element model to simulate the dynamic 

interaction between the train, ballastless track, tunnel, and soil. This study compared direct fixation 

and floating slab systems by incorporating train motion, suspension stiffness, and track irregularities. 
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It was observed that short-wavelength irregularities significantly affect vibrations in direct fixation 

tracks due to high-frequency responses, while medium-wavelength irregularities dominate in 

floating slab systems due to their resonance at lower frequencies. The authors emphasize the 

importance of accurately characterizing track irregularities: for direct fixation tracks, wheel and rail 

smoothness is critical, whereas for floating slabs, foundation settlement must be controlled. 

Furthermore, in [18] a combination of field measurements and numerical simulations was used 

to analyse the dynamic response of the trackïtunnelïsoil system. The study found that dominant 

vibration frequencies varied among components: the rail showed peaks between 25ï400 Hz and 

1000ï1500 Hz; the track bed had dominant frequencies below 400 Hz; the soil layers below 200 Hz; 

and the ground surface below 100 Hz. High-frequency vibrations (>500 Hz) attenuated rapidly 

through the ground. Additionally, a transverse amplification of acceleration was observed at specific 

distances from the tunnelôs upper and lower haunches, and the zone significantly affected by train-

induced vibrations in soft soils extended approximately 30 meters from the tunnel. 

2.1.3 Mechanical degradation and defects 

Mechanical degradation and structural defects in the track or vehicle components can 

significantly influence the dynamic loads transmitted during train passage. Elements such as fatigue 

cracks in the rails, damaged or "walking" sleepers, and deterioration in carriage components (e.g., 

worn wheel bearings or broken gears) can greatly amplify vibration levels [15].  

 As illustrated in Figure 2.2, short-wavelength irregularities, on the order of centimetres, are 

predominantly caused by rail corrugation, wheel defects, and welding imperfections. These defects 

excite high-frequency vibrations, sometimes reaching up to 2000 Hz, where the Hertzian contact 

spring1 between the wheel and rail must be taken into account due to its nonlinear behaviour. 

Additionally, rail rolling defects often have wavelengths around 3 meters, contributing to medium-

frequency excitation [13]. 

Several types of track irregularities and mechanical issues contribute to vibration generation. 

Wheel defects such as wheel-flats, often caused by locked brakes, and out-of-roundness, resulting 

from manufacturing imperfections or fatigue, can generate high-frequency impacts [16]. Rail surface 

corrugation, with wavelengths typically ranging from 30 to 100 mm, leads to periodic excitation of 

the wheelïrail system. In addition, poor welds or joints may result in short-wavelength irregularities 

(approximately 200 mm), which commonly excite the resonance of the unsprung wagon masses [15]. 

Medium-wavelength irregularities, ranging from 300 to 1500 mm, are often associated with 

variations in the stiffness of the rail support, a factor that critically affects the vibration response. If 

the support stiffness is too low, the ballast and subgrade may undergo excessive strain, potentially 

causing settlement and long-wavelength irregularities. Conversely, if the support is too stiff, local 

stress concentrations can lead to short-wavelength corrugation, further amplifying vibration levels 

[16]. 

 
1 A Hertzian spring is a nonlinear spring that follows Hertzian contact theory. This theory considers a 

stiffness relationship different from that of a Hookean spring, accounting for the dynamic interaction between 

the elastic deformation of the steel in the wheel and the rail. 
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Figure 2.4 Typical imperfections of the wheel and the rail from [9]  

 

2.2 Elastic wave theory 

The presence of an underground train passage creates a disturbance in the surrounding medium. 

When a disturbance is generated in an elastic medium, energy is transmitted outward from the origin 

as a wave that travels without any mass transportation. The characteristics of wave propagation 

depend on the type of deformation that particles experience, as well as the properties of the medium.  

In a three-dimensional unbounded elastic medium, two types of waves can be identified: P-waves, 

characterized by compressional deformation of particles, which generates motion in the direction of 

propagation but not in the other two directions; and S-waves, characterized by particle distortion 

with no volume change Figure 2.5 . For this reason, S-waves are also known as shear waves, 

generating motion only in the two directions perpendicular to the direction of propagation, hence 

they are also called transverse waves. The names P-wave and S-wave are associated with their 

velocities. P-waves, also known as primary waves, have a higher propagation velocity than S-waves, 

also called secondary waves, as they arrive second. 

For the case of train metro tunnels which are relatively close to the surface, the unbounded infinite 

domain encounters a discontinuity at the surface. Then, the general solution of the body waves is 

restricted by a boundary condition at the free surface. This generates two other types of waves whose 

energy focuses near the surface and decreases exponentially with depth. These are known as 

Rayleigh and Love waves Figure 2.5. Regarding the case of plane waves, assuming the wave 

propagation is on the ὼ direction and coordinate system as in Figure 2.8, the former are characterized 

for an in-plane particle motion of a retrograde ellipse in the ᾀ ὼ plane, while the latter exhibit an 

out-of-plane motion in the ώ direction. 

In this subchapter, the derivation of the governing equations for the general case of body waves 

in a three-dimensional elastic unbounded medium, P waves and S waves, will be detailed following 

as a reference [19]. From these, the case of surface waves in an elastic half-space domain will be 

derived, for the interest of this work, only the case of Rayleigh waves in a plane surface will be 

depicted. These expressions will serve as the fundamental mathematical background for the 

subsequent linear elastic numerical analysis conducted to estimate wave-induced vibrations. 
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Figure 2.5 Motion generated by P waves (a), S waves (b), Rayleigh waves (c) and Love waves (d) from [19] 

 

2.2.1 Body waves in elastic 3D medium 

2.2.1.1 Linear elastic problem 

The linear elastic problem is set by defining equilibrium, kinematic compatibility, constitutive 

laws, and boundary conditions for an infinitesimal element. To begin, letôs consider an infinitesimal 

element of dimensions Ὠὼ, Ὠώ and Ὠᾀ where stress components are applied on each face according 

to the cartesian system. This is also known as the Cauchy stress tensor and defines the complete state 

of stresses of this element. Its graphical representation together with the stress convention adopted 

is shown in Figure 2.6. 
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Figure 2.6 Stress convention for the Cauchy stress tensor from [19]  

 

For this stress convention „, „ , „ represent the three normal stress components and † , † , 

† ȟ † , † , †  the six shear stress components. By applying the rotational equilibrium, it can be 

easily derived that 

 † †         † †         † †  (2.2) 

Hence, the number of independent components can be reduced to six to define the state of stresses 

in the element. 

The equilibrium equations can be derived by considering a disturbance of the infinitesimal 

element as in Figure 2.7. 

 

Figure 2.7 Free body diagram of three-dimensional differential element from [19]  

 

By applying Newtonôs law for each of the Cartesian directions, where ό, ὺ, ύ represent the three 

displacement components in the ὼ, ώ, ᾀ directions respectively and ” is the material density, the 

resulting equilibrium equations are the following. 
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The second set of equations to solve the problem are the kinematic compatibility ones. These 

describes the continuity within an element and can be determined by six independent strain 

components: the normal strains ‐, ‐, ‐ and the shear strains and ‎ , ‎ , ‎ . These strain 

components are related to the corresponding displacements as follows: 
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In the same way, the three displacement components relate with the rigid body rotations about each 

axis can be written as: 
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The third set are the constitutive laws, these relate the stresses and strains by means of the 

generalized Hookeôs law for an elastic, homogeneous and isotropic material. The normal strains and 

stresses are related by the following expressions. 

 ‐ „ ’„ „          ‐ „ ’„ „         ‐ „ ’„ „  (2.9) 

Where Ὁ and ’ are the Young and Poisson modulus respectively. The shear strains and stresses 

are related with the following expressions 
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 (2.10) 

 

Where G is the shear modulus. Equations (2.9) can be rearranged to obtain the stresses in terms 

of strains as in equations (2.11). 

 „ ‗‐ӶςὋ‐        „ ‗‐ӶςὋ‐        „ ‗‐ӶςὋ‐ (2.11) 
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 Ὃ
Ὁ

ςρ ’
 (2.13) 

 

 ‐Ӷ‐ ‐ ‐ (2.14) 

 

Where the terms (2.12) and (2.13) are known as the Lameôs constants and ‐Ӷ , under the 

assumption of small strains and displacements, represents the volumetric strain i.e. the ratio of the 

volume variation due to the applied stresses with respect to the original volume. 

 

2.2.1.2 Governing equations 

Once the general linear elastic problem is set, it is possible to determine the equations of motion 

for the differential three-dimensional element in an unbounded medium. To this end, is convenient 

to express the equilibrium equations in terms of displacements and strains. By replacing equations 

(2.2),(2.10) and (2.11) in (2.3) the following expression can be obtained. 
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By replacing (2.6) and (2.7) the expression (2.15) can be expressed as 
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The expression (2.16) can be rearranged in terms of ‐Ӷ and by used of the Laplacian operator in 

compact form as 

 ‗ Ὃ
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In the same way, equations (2.4) and (2.5) can written as 
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Starting from these general equations of motion, boundary conditions can be applied to obtain 

the particular solutions associated with each type of wave. The derivations for each case are 

explained in the following subchapter. 
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2.2.1.3 P waves 

From the general equations of motion derived before, some particular solutions can be obtained 

by imposing chosen boundary conditions. In particular, the rigid body rotations can be restricted in 

all directions by making expressions (2.8) equal to zero. 

 ‫ ‫ ‫ π (2.20) 

For simplicity in the mathematical manipulation, is convenient to define the displacement 

components in terms of a potential function ű 
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Given that in such a case we have for rotation in x 
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And similarly, for ‫  and ‫ . By replacing (2.21) in (2.14) it results in 

 ‐Ӷ
‬•

‬ὼ

‬•

‬ώ

‬•

‬ᾀ
​• (2.23) 

While applying the first derivatives with respect to x, y and z the following expression can be 

derived. 
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Then, by replacing (2.24), (2.25) and (2.26) in (2.17), (2.18) and (2.19) respectively the following 

relations can be obtain 
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Where ὺ is constant defined as  

 ὺ
‗ ςὋ

”
 (2.30) 

By replacing the expressions (2.12) and (2.13) in (2.30) the constant ὺ can be written as 
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For a better interpretation of the equations is convenient to transform them into spherical 

coordinates by means of the following expression. 
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After some mathematical manipulations explained in detail in [19] the expressions (2.27) through 

(2.29) can be expressed as 
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These differential equations have a solution of the form. 

 ὶό Ὂ ὶ ὺὸ Ὃ ὶ ὺὸ (2.36) 

 ὶὺ Ὂ ὶ ὺὸ Ὃ ὶ ὺὸ (2.37) 

 ὶύ Ὂ ὶ ὺὸ Ὃ ὶ ὺὸ (2.38) 

Where Ὂ ȟὊ ȟὊ  and Ὃ ȟὋ ȟὋ  are arbitrary functions of ὶ ὺὸ and ὶ ὺὸ 

respectively, which depend on the initial conditions of the problem. Finally, the displacement in each 

of the Cartesian directions from the aforementioned equations can written as: 
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The equations from (2.39) to (2.41) indicate that an initial disturbance in an unbounded elastic 

medium propagates in all directions with a waveform velocity equal to ὺ. Furthermore, these 

displacements decay proportionally with the radial distance ὶ from the origin. From (2.31), it can be 

seen that this propagation velocity depends on the modulus of elasticity, Poisson's ratio, and the 

material density. Moreover, these equations are valid under the assumption that rigid body rotations 

are zero while the volumetric strain is non-zero. This indicates that particle motion results from 

volumetric expansions and contractions, with no rotational movement (Figure 2.5). This type of 

wave, which induces particle motion in the direction of propagation and not in the two perpendicular 

directions, is known as a primary wave or P wave. 
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2.2.1.4 S waves 

Considering the condition where the volumetric strain is equal to zero ‐Ӷπ, a second particular 

solution can be obtained by applying this condition to equations (2.17) to (2.19). After some 

mathematical manipulations, the following expressions are derived. 
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Where ὺ is a constant define as 
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By replacing the expression (2.13) in (2.45) the constant ὺ can be written as 
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Similarly, is convenient to express equations from (2.42) to (2.44) in spherical coordinates by 

means of the expression (2.32). The resultant expressions are the following. 
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Where the solutions to these classical wave differential equations corresponds to the following 

expressions. 
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Where ὊȟὊȟὊ  and Ὃ ȟὋ ȟὋ   are arbitrary functions of ὶ ὺὸ and ὶ ὺὸ respectively, 

which depend on the initial conditions of the problem. 

Expressions from (2.50) to (2.52) reveal the presence of another type of wave distinct from P 

waves. This type of wave also decreases proportionally with the distance ὶ but travels at a velocity 

equal to the constant ὺ. From expression (2.45) , it can be observed that this velocity depends on 

the shear modulus Ὃ and the density of the material. Given that, for this kind of wave, the assumption 
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is that the volumetric strain is zero while the rotations are non-zero, it can be inferred that the particle 

motion is due to distortions with no volumetric changes. Moreover, this indicates that the particle 

motion occurs only in the two directions perpendicular to the propagation direction (Figure 2.5). 

 The relation between the velocities of these two types of waves can be obtained by dividing 

(2.31) by (2.44) as follows. 

 ὺ
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ςρ ’
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 (2.53) 

It can be observed that for any admissible value of ’ the expression (2.53) is always greater than 

one. For that reason, since this type of wave always arrives after the P waves, it is known as the 

secondary wave or simply the S wave. 

For convenience, the S waves are often decomposed in their two perpendicular components and 

for the case of plane waves, the component contained in the horizontal plane is known as SH, while 

the one contained in the vertical plane is known as SV. 

It is worth mentioning that both solutions derived above satisfy the general differential equations 

of motion for a three-dimensional element in an elastic unbounded medium. Hence, according to the 

theory of differential equations, the general solution is a linear combination of both. However, due 

to the difference in wave propagation velocities, they tend to separate as they travel away from the 

initial disturbance. For this reason, they are typically analysed separately in practical cases. 

2.2.2 Surface waves in elastic half-space 

Until this moment, wave motion has been considered in an unbounded three-dimensional space. 

However, in the context of ground-borne vibrations caused by underground trains, tunnels are 

usually located relatively close to the surface. In this sense, a more accurate representation for 

studying wave behaviour involves considering a semi-infinite medium. The presence of a surface 

imposes a boundary condition that generates another type of wave, known as surface waves. In the 

present study, a two-dimensional analysis in a semi-infinite space will be performed. Consequently, 

the expressions governing surface waves will be derived specifically for the case of plane waves. 

2.2.2.1 Governing equations for plane waves 

Letôs consider a semi-infinite elastic domain and that the displacement components ό and ύ do 

not vary along the ώ direction. In this sense, the value of the displacement component ὺ is equal to 

zero. Moreover, letôs assume the motion propagates positively in the ὼ direction, causing the particle 

motion to occur in the x-z as in Figure 2.8. 

In order to decoupled equations of motion (2.17) and (2.19) it is convenient to express the 

displacement components in terms of potential functions   and  . 
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By doing so, the volumetric strain can be expressed as: 
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By replacing (2.54) and (2.55) in (2.17) and (2.19) and after some mathematical manipulations 

the following equations can be derived 
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Where ὺ and ὺ are defined as (2.30) and (2.45) respectively. Now the equations of motion are 

decoupled in terms of the potential functions   and    reduced for the plane x-z wave case. 

 

 

Figure 2.8 Front of plane wave propagation from [19] 

 

2.2.2.2 Rayleigh waves 

The solution that complies with the decoupled equations (2.56) and (2.57) may be expressed as 

an infinite sum of sins and cosines in the compact Eulerian form as: 

   ὊᾀὩ  (2.59) 

   ὋᾀὩ  (2.60) 

Where Ὂᾀ and Ὃᾀ are functions that indicates the variation of the waveôs amplitude by depth, 

Ὡ is the Eulerôs number, Ὥ is the imaginary unit, and Ὧ, and ‗ are the wave number, circular ‫ 
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frequency and wavelength respectively. Then by replacing (2.59) and (2.60) into (2.57) and (2.58) 

the following expressions can be obtained. 

 Ὂᴂᴂᾀ ήὊᾀ π (2.61) 

 Ὃᴂᴂᾀ ίὋᾀ π (2.62) 

Where ή and ί are equal to  
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Then by recalling the definition of wave number 

 Ὧ
‫

ὺ
 (2.65) 

Where ὺ is the velocity of Rayleigh of investigation. By means of  (2.65) the expressions (2.63) 

and (2.64) can be written as follows 

 ή
‫

ὺ
ρ ‌ὠ  (2.66) 

 ί
‫

ὺ
ρ ὠ  (2.67) 

Where ‌  and ὠ are defined as 

 ‌
ὺ

ὺ

Ὃ

‗ ςὋ

ρ ς’

ςρ ’
 (2.68) 

 ὠ
ὺ

ὺ
 (2.69) 

The solution for the expressions (2.61) and (2.62) are the ones of the typical second order ordinary 

differential equation of the form 

 Ὂᾀ ὃὩ ὃὩ  (2.70) 

 Ὃᾀ ὄὩ ὄὩ  (2.71) 

 

Where ὃ, ὃ , ὄ and ὄ are general constants. Since the functions Ὂᾀ and Ὃᾀ cannot grow 

to infinity, as that would imply that displacement components ό and ύ also grow up to infinity with 

depth, and given that, as derived in Section 2.2.1, they should decrease inversely proportional with 

depth, the constants ὃ  and ὄ must be equal to zero. Then the equations (2.70) and (2.71) can be 

written as 

 Ὂᾀ ὃὩ  (2.72) 

 Ὃᾀ ὄὩ  (2.73) 
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Then the potential functions can be written as 

   ὃὩ Ὡ  (2.74) 

   ὄὩ Ὡ  (2.75) 

Due to the presence of a free surface in the bounded medium, certain boundary conditions must 

be satisfied. In the case of plane waves, the normal and shear stresses on this surface must be equal 

to zero. According to expressions (2.10) and (2.11) these boundary conditions are as follows. 

 „ ȿ‗‐ӶςὋ‐ȿ ‗
‬ό

‬ὼ

‬ύ

‬ᾀ
ςὋ
‬ύ

‬ᾀ
π (2.76) 

 † ȿὋ‎ȿ Ὃ
‬ό

‬ὼ

‬ύ

‬ᾀ
π (2.77) 

By replacing (2.54) and (2.55) yields to 

 ‗
‬ 

‬ὼ
‗ ςὋ

‬ 

‬ᾀ
ςὋ
‬ 

‬ὼ‬ᾀ
π (2.78) 

 ς
‬ 

‬ὼ‬ᾀ

‬ 

‬ᾀ

‬ 

‬ὼ
π (2.79) 

Then, by substitution of expressions (2.72) and (2.73) and ᾀ equal to zero the following two 

equations are obtained. 

 ὃ ‗ ςὋή ‗Ὧ ςὭὄὋὯίπ (2.80) 

 ςὭὃὯή ὄ ί Ὧ π (2.81) 

These expressions can be written as 

 
ὃ

ὄ

ςὭὋὯί

‗ ςὋή ‗Ὧ
 (2.82) 

 
ὃ

ὄ

ί Ὧ

ςὭὯή
 (2.83) 

From which equating the right sides of the above equations 

 τὋὯίή ί Ὧ ‗ ςὋή ‗Ὧ  (2.84) 

By substituting expressions (2.66) to (2.69) it can be obtained 

 ὠ ψὠ ρφ‌ ςτὠ ρφρ ‌ π (2.85) 

The expression (2.85) is a cubic equation in ὠ . The solutions of this equation depend only on ‌ 

which in turn depends exclusively on the Poissonôs ratio ’. It can be observed that, for any admissible 

value of ’, the ratio ὠ ὺȾὺ is lower than one. This indicates that the velocity of Rayleigh waves 

is lower than that of S waves. 

By means of equations for the potential functions (2.74) and (2.75) the displacement components 

can be written as 

 ό ὭὯὃὩ ὄίὩ Ὡ  (2.86) 
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 ύ ὃὩ ὭὄὯὩ Ὡ  (2.87) 

By substituting (2.83) in the above expressions  

 ό ὃὯὭὩ
ςήί

ί Ὧ
Ὡ Ὡ  (2.88) 

 ύ ὃή Ὡ
ςὯ

ί Ὧ
Ὡ Ὡ  (2.89) 

By making use of the Eulerôs formula and taking only the real part, we obtain 

 ό ὃὯὩ ςήίί Ὧ Ὡ ÓÉÎ Ὧὼ ‫ὸ (2.90) 

 ύ ὃή Ὡ ςὯ ί Ὧ Ὡ ÃÏÓ Ὧὼ ‫ὸ (2.91) 

Where ὃ is a constant that depends on the initial conditions. 

Is worth noting that the displacement components depend on depth ᾀ, wave velocities ὺ, ὺ and 

ὺ, as well as the wave number Ὧ, which is itself a function of the wavelength ‗. Moreover, the 

presence of decaying exponential terms makes it evident that both ό and ύ decrease with depth, 

meaning that significant displacements occur only near to the free surface. This justifies referring 

them as surface waves. Furthermore, equations (2.90) and (2.91) describe the shape of an ellipse 

whose major axis is parallel to the ᾀ-axis. Both the particle motion and its decay with depth are 

illustrated in Figure 2.9. 

 

Figure 2.9 Particle motion caused by Rayleigh waves (a); motion of subsurface segment due to Rayleigh 

waves (b) from [19]  



Chapter 2 

Literature review 

32 

 

2.2.3 Reflection and refraction of body waves 

2.2.3.1 Soil layering 

It has been seen that the velocity of wave propagation depends on the material properties of the 

medium. Consequently, when a wave crosses from one material to another, a change in velocity is 

expected. 

Soil, as a medium, cannot be considered homogenous. In fact, its composition, structure and 

properties result from its geological history. Factors such as weathering, transportation and 

depositional processes can significantly alter the state of homogeneity of any soil deposit [20]. In 

this context, the continuum soil is ideally discretized into layers based on characteristics such as 

particle size, shape, grain size distribution, and plasticity. These soil layers create discontinuities that 

affect wave propagation as waves travel from one medium to another e.g. the influence of soil 

layering by depth on the wave propagation response is discussed in [21].  

Additionally, the presence of the water table, which tends to vary seasonally, introduces another 

discontinuity. Saturated soils exhibit different material behaviour compared to unsaturated or dry 

soils, further influencing wave propagation due to the refracted wave interference with surface waves 

[22]. 

A change in wave velocity leads to a corresponding change in the state of stresses and 

displacements before and after the discontinuity, as these directly depend on wave velocity, as shown 

in (2.39) and (2.50). This imbalance in forces and displacements across the interface is compensated 

by the formation of additional waves, i.e. refracted and reflected waves. In the case of a three-

dimensional incident wave, a single P or S wave may generate two refracted and reflected waves: 

one as a P wave and the other as an S wave [19]. 

2.2.3.2 Relation among incident, refracted and reflected waves 

The relationship between incident, reflected, and refracted waves follows Snell's law. This law 

states that the ratio of the sine of the waveôs angle of inclination to its propagation velocity remains 

constant, regardless of the medium it travels through. Snell's law is derived from ray theory and is 

based on Fermat's principle of least time, which states that a disturbance propagates between two 

points along the path that minimizes travel time. 

Considering for instance two media, the first characterized by a P wave velocity ὺ , S wave 

velocity ὺ  and density ”; and the second by a P wave velocity ὺ , S wave velocity ὺ  and 

density ”. As previously mentioned, boundary conditions must be satisfied at the interface between 

these two media. As shown in Figure 2.10, incident P, SH and SV waves generate refracted and 

reflected waves.  

It is worth mentioning that after crossing the discontinuity, the generated waves are a combination 

of P and SV waves. In contrast, for an incident SH wave, which does not induce motion perpendicular 

to the plane of the interface, only refracted and reflected SH waves are required to maintain 

continuity at the interface. 

By applying the Snellôs law, the propagation directions for an incident P wave are defined by (see 

Figure 2.10a). 

 ‌ ‌ (2.92) 
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ὺ
 (2.93) 

 

For an incident SV wave, the directions are defined as follows (see Figure 2.10b). 

 ‍ ‍ (2.94) 
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 (2.95) 

 

Finally, for an incident SH wave, the directions are defined as follows (see Figure 2.10c). 

 ‍ ‍ (2.96) 
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 (2.97) 
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Figure 2.10 Refracted and reflected waves generated by incident (a)P wave, (b) SV wave, and (c) SH wave 

from [19]  
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2.3 Signal processing 

2.3.1 Fourier transform 

The collected data of the signal was done in the time domain, however when dealing with wave 

propagation, obtaining relevant information about the frequencies that compose the signal is not a 

straightforward procedure in this domain. The Fourier transform method is an algorithm that allows 

to convert the signal from the time domain to the frequency domain. By doing so, it is possible 

determine which frequencies are more excited and its corresponding amplitudes. 

The expression of the direct Fourier transform in a continuous domain is the following: 

 ὢὪ ὼὸὩ Ὠὸ (2.98) 

Where ὼὸ is the continuous time function, ὸ is the time, Ὢ is the frequency, Ὡ is the Eulerôs 

number, Ὥ is the imaginary unit and ὢὪ and is the continuous Fourier transform in the frequency 

domain. 

This mathematical tool basically decomposes the function in a sum of sinusoidal components, 

each with a correspondent frequency, magnitude and phase. This transformation is achieved by 

multiplying the time-domain function by a complex exponential (which consists of sine and cosine 

terms) at each frequency and then integrating over time. The resulting values indicate how much of 

that particular frequency is present in the original function. This process provides both the real and 

imaginary components, from which the amplitude and phase information can be calculated in the 

frequency domain as in expressions (2.99) and (2.100) respectively. 

 

 ȿὢὪȿ ὙὩὢὪ
ς

ὍάὢὪ
ς
 (2.99) 

 •Ὢ
ὍάὢὪ

ὙὩὢὪ
 (2.100) 

 

In practical applications, signals are sampled at a specific rate, meaning they are represented as 

discrete values rather than a continuous function. Consequently, the Fourier Transform must be 

applied in the discrete domain using the Discrete Fourier Transform (DFT). This algorithm computes 

the frequency components of a signal sampled at equal time intervals, providing a discrete 

representation of its spectral content. The mathematical expression for a signal with N samples is 

given by: 

 ὢὯ ὼὩ  (2.101) 

Where ὼ is the discrete variable in the time domain, Ὧ is the discrete frequency variable and 

ὢὯ and is the discrete Fourier transform in the frequency domain. 

Some key properties of the DFT can be highlighted for the purpose of this work. The lowest 

nonzero frequency that can be obtained from a discrete, finite-length recording corresponds to a 

wavelength equal to the total duration of the signal. Additionally, a higher sampling rate allows for 
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the measurement of higher maximum frequencies, while a longer signal duration improves the 

frequency resolution. 

Although the DFT is a powerful tool for computing the Fourier transform for any equally spaced 

discrete signal, it becomes computationally expensive when dealing with large amount of data. The 

Fast Fourier transform (FFT) take advantage of duplicate operations in the DFT and reduced the 

number of calculations from ὔ  to ὔὰέὫὔ, making the process significantly more efficient. 

In the present work, the FFT algorithm implemented in MATLAB will be used to convert 

recorded train passage accelerations signals from the time-domain to the frequency domain. 

2.3.2 Sampling problem and the aliasing effect 

Whenever a continuous signal is recorded, it must be sampled at a certain rate. This means the 

signal is converted from the analog (continuous) domain to the digital (discrete) domain. The choice 

of sampling rate is of pivotal importance. As explained in Chapter 2 of  [23], sampling theory plays 

a crucial role in determining the accuracy and feasibility of any digital signal processing scheme. In 

the case of periodic sampling, the primary concern is how fast a given continuous signal must be 

sampled in order to preserve its information content.  

Consider, for example, the case of discretely sampling a sine wave, as shown in  Figure 2.11 (a). 

It can be observed that with the chosen sampling rate; the captured sine wave appears to have a 

frequency that does not correspond to the original (grey curve). In fact, using only these sampled 

points, multiple sine waves of different frequencies could fit through the same data points, leading 

to ambiguity. This effect, when the true behaviour of a continuous signal cannot be captured 

accurately by a limited number of samples, is known as aliasing. 

 

Figure 2.11 Frequency ambiguity: (a) discrete-time sequence of values, (b) two different sinewaves that pass 

through the points of the discrete sequence from [23]  

 

To further illustrate the concept, consider a continuous low-pass signal that is band-limited to a 

maximum frequency ὄ meaning the spectral amplitude is zero outside the range of ὄ to ὄ. The 

continuous spectrum of such a signal is shown in Figure 2.12 (a). When this signal is sampled, its 
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frequency spectrum is replicated periodically at intervals of the sampling frequency Ὢ as shown in 

Figure 2.12 (b). If the sampling rate satisfies Ὢ ςὄ, the replicated spectra do not overlap, and the 

original content is preserved in the discrete domain. This condition is known as the Nyquist criterion. 

However, if Ὢ ςὄ , as shown in, Figure 2.12 (c), the replicated spectra overlap, and aliasing 

occurs. In this case, high-frequency components are "folded" into lower frequencies, distorting the 

reconstructed signal. Once aliasing has occurred, it becomes impossible to distinguish between 

original and aliased components based solely on the sampled data. 

To avoid aliasing in practice, analog low-pass filters, known as anti-aliasing filters, are used 

before analog-to-digital conversion. These filters attenuate frequencies above the Nyquist frequency 

ὪȾς ensuring that only the desired baseband signal is preserved during sampling. 

In the present study, the signal recordings were already provided in the discrete domain at a rate 

of Ὢ τψππ Ὄᾀ. For the purposes of the inversion procedure, these must be resampled at a lower 

rate, targeting a maximum frequency of interest of τππ Ὄᾀ. This process is known as Sample rate 

conversion and will be explain in the next subchapter. In this context, an appropriate low pass 

filtering step was required prior to resampling, in order to discard higher frequencies and to prevent 

aliasing effects. 

 

Figure 2.12 Spectral replications: (a) original continuous lowpass signal spectrum, (b) spectral replications 

of the sampled lowpass signal for ὪȾς ὄ, (c) frequency overlap and aliasing when ὪȾς ὄ from [23]  

 

2.3.3 Decimation 

As previously mentioned, the recorded acceleration signals were initially sampled at a rate of 

Ὢ τψππ Ὄᾀ . For the inversion procedure, these signals had to be resampled at a lower rate of Ὢ

τππ Ὄᾀ. To prevent aliasing, it is essential to remove frequency components above τππ Ὄᾀ using a 
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low-pass filter. This combined process of low-pass filtering followed by resampling (or 

downsampling) is referred to as decimation. 

As explained in Chapter 10 of [23], decimation is the two-step process of lowpass filtering 

followed by an operation known as downsampling. In this process, is possible to downsample a 

sequence of sampled signal values by a factor of ὓ in a way that this is reduced in size by retaining 

every ὓ  sample and discarding the others. If the original sampling rate is Ὢȟ , the sampled rate 

of the downsampled sequence can be defined by the expression (2.102). 

 Ὢȟ
Ὢȟ
ὓ

 (2.102) 

For instance, given a continuous sinewave ὼὸ that has been sampled to produce the ὼ ὸ 

sequence shown in Figure 2.13 (a). To downsample ὼ ὸ by a factor of ὓ σ, we consider the 

first term and then select a sample every 3 terms. This can be mathematically described as in equation 

(2.103) and illustrated in Figure 2.13.  

 ὼ ά ὼ ὓά  (2.103) 

Is worth noting that in the equation (2.103) the index variable ά is used to point out that the time 

period between the ὼ ά  samples is different from the time period between the ὼ ὲ samples. 

 

Figure 2.13 Sample rate conversion: (a) original sequence, (b) downsampled by ὓ σ sequence, from [23]  

The spectral implications of downsampling are what we should expect in Figure 2.14, where the 

spectrum of an original band-limited sampled ὼ ὲ signal is indicated by the solid lines, and the 

spectral replications are indicated by the dashed lines. With ὼ ά ὼ σὲ, ὼ άôs 

spectrum ὢ Ὢ, as shown in Figure 2.14 (b).  

Important features are illustrated in Figure 2.14. First, ὢ Ὢ could have been obtained directly 

by sampling the original continuous ὼὸ signal at a rate of Ὢȟ , as opposed to downsampling 

ὼ ὲ by a factor of three. Second, there is a limit to the amount of downsampling that can be 

performed relative to the bandwidth ὄ of the original signal. Hence, the Nyquist criterion, Ὢȟ
ςὄ, must be ensured to prevent overlapped spectral replications (aliasing errors) after downsampling. 

If a decimation application requires Ὢȟ  to be less than ςὄ, then ὼ ὲ must be lowpass 

filtered before the downsampling process is performed as shown in Figure 2.14 (c) . If the original 

signal has a bandwidth ὄ, and we are interested in retaining only the band ὄᴂ, the signal spectrum 

above ὄᴂ must be lowpass filtered, with full attenuation in the stopband beginning at Ὢ , before 
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the downsample-by-M process is performed. In Figure 2.14 (d) shows this in more detail where the 

frequency response of the lowpass filter, the bold lines, must attenuate the signal spectral components 

whose frequencies are greater than ὄᴂ. It can be noticed that the lowpass filterôs Ὢ  frequency can 

be as high as Ὢ Ὢȟ ὄᴂ and no spectral aliasing will occur in the ὄᴂ band of interest. 

Finally, two important properties of downsampling can be identified. First, downsampling is not 

a time-invariant operation. This implies that a temporal shift in the input signal does not consistently 

translate to a corresponding temporal shift in the resulting downsampled output. Consequently, when 

downsampling is integrated with other signal processing steps, the order in which these operations 

are performed becomes significant and cannot be arbitrarily interchanged without potentially altering 

the final outcome. 

Second, downsampling exhibits distinct effects on the signal's amplitude in different domains. In 

the time domain, the overall signal amplitude, such as the peak-to-peak value, remains unchanged 

by the downsampling process. However, in the frequency domain, the operation induces a reduction 

in the signal's magnitude. Specifically, when a signal is downsampled by a factor of ὓ, its frequency 

spectrum experiences a magnitude scaling by a factor of ρȾὓ. This inverse relationship arises from 

the fundamental connection between the number of time-domain samples and the resulting 

magnitudes observed in the Discrete Fourier Transform (DFT). 

In this study, the decimation factor is  ὓ ρς , derived from equation (2.102) using Ὢȟ
τψππ Ὄᾀ and Ὢȟ τππ Ὄᾀ. A low-pass filter was therefore applied before downsampling. The 

design and characteristics of this filter are described in the following section. 

 

Figure 2.14 Decimation by a factor of three: (a) spectrum of original ὼ ὲ signal, (b) spectrum after 

downsampling by three, (c) bandwidth ὄᴂis to be retained, (d) lowpass filterôs frequency response relative to 

bandwidth ὄᴂ, from [23]  
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2.3.4 Filtering 

2.3.4.1 Filtering implementation 

As explained previously, to perform the decimation process and avoid aliasing after 

downsampling a lowpass filter is required. Filters are a particularly important class of linear time-

invariant (LTI) systems that for this context a frequency-selective is one that passes certain frequency 

components while attenuating others. Filter design involves three main stages: (1) defining the 

desired specifications, (2) approximating these specifications using a realizable discrete-time system, 

and (3) implementing the system physically or computationally [24]. This section focuses on the first 

two stages, which are relevant to this study; implementation details typically depend on the specific 

hardware or software platform. 

Since digital filtering is performed computationally, it is common to refer to these as discrete-

time or digital filters. When filtering discrete-time signals derived from continuous analog signals 

(as shown in Figure 2.15), specifications for both the discrete-time filter and the effective 

continuous-time behaviour are typically given in the frequency domain. 

 

Figure 2.15 Basic system for discrete-time filtering of continuous-time signals from [24]  

 

In a typical configuration, as in Figure 2.15, a continuous signal ὼ ὸ is sampled with period Ὕ 

,passing from the continuous to the discrete domain (C/D), yielding the discrete signal ὼὲ. After 

filtering, the output is ώὲ , If the input is band-limited and the sampling rate satisfies the Nyquist 

criterion, i.e. the sampling frequency is high enough to avoid aliasing , the system behaves like an 

effective continuous-time LTI system with frequency as in equation (2.104). 

 Ὄ Ὥ 
ὌὩ  ȟȿ ȿ “ȾὝ

π               ȟȿ ȿ “ȾὝ 
 (2.104) 

Where   is the frequency in radians for the continuous system, Ὕ is the sampled period, Ὡ is the 

Eulerôs number and Ὥ is the imaginary unit2. 

In such cases, it is straightforward to convert from specifications on the effective continuous-time 

filter to specifications on the discrete-time filter through the relation ‫  Ὕ. That is, ὌὩ  is 

specified over one period by the equation (2.105). 

 ὌὩ Ὄ Ὥ      , ȿ‫ȿ “ (2.105) 

 
2 In the referenced textbook Discrete-Time Signal Processing by Oppenheim et al. [24], the imaginary unit 

is denoted by Ὦ. In this thesis, the symbol Ὥ has been adopted to represent the imaginary unit for consistency. 

However, in figures reproduced from the textbook, Ὦ refers to the same imaginary number and is equivalent to 

Ὥ as used in this work. 
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For the case of a lowpass filter, practical designs include tolerances in order to effectively 

implement the system as described in Figure 2.15. As an example, these limits from ρ ‏  to 

ρ ‏  for the passband and from 0 to ‏ in the stopband are illustrated in Figure 2.16. 

 

 

Figure 2.16 Specifications for effective frequency filtering for the discrete-time system in the case of a 

lowpass filter from [24]  

2.3.4.2 Butterworth lowpass filter 

As mentioned previously, many of the continuous-time filters used in practice are specified by 

tolerances in the passband and stopband regions with no constrains other than those imposed 

implicitly by stability and causality requirements. Several types of analog low-pass filters are 

commonly used, including Butterworth, Chebyshev, and Elliptic filters. In this study, a Butterworth 

filter is adopted due to its smooth, monotonic frequency response and maximally flat magnitude in 

the passband. Similar filtering has been used in the literature when selecting low frequencies of 

interest of the transfer function (Chapter 6 of [13]). In the following lines, the characteristics of this 

type of filter will be explained following the Appendix B of [7]. 

The squared magnitude response of an N-th order continuous-time Butterworth low-pass filter is 

given by the expression (2.106). 

 
ȿὌ Ὥ ȿ

ρ

ρ
Ὥ 
Ὥ 

  
(2.106) 

This function is plotted in Figure 2.17 , and its behaviour for increasing filter order ὔ is shown 

in Figure 2.18. As ὔ increases, the transition from passband to stopband becomes sharper, but the 

magnitude at the cutoff frequency    remains ρȾЍς, or half power. 

 

 

Figure 2.17 Magnitude-squared function for continuous-time Butterworth filter from [24]  



Chapter 2 

Literature review 

42 

 

 

Figure 2.18 Dependence of Butterworth magnitude characteristics on the order N from [24]  

 

From the magnitude-squared function in equation (2.106) we observe by substituting Ὥ  ί that 

Ὄί Ὄ ί must be of the form 

 Ὄ ίὌ ί
ρ

ρ ίȾὭ 
  (2.107) 

The roots of the denominator polynomial (the poles of the magnitude-squared function) are 

therefore located at values of ί satisfying. 

 ρ  
ί

Ὥ 
π (2.108) 

Hence 

 ί ρ Ὥ   Ὡ Ⱦ ȟ    Ὧ πȟρȟȢȢȢȟςὔ ρ (2.109) 

Thus, there are ςὔ poles equally spaced in angle on a circle of radius    in the s-plane. The poles 

are symmetrically located with respect to the imaginary axis. A pole never falls on the imaginary 

axis, and one occurs on the real axis for ὔ odd, but not for ὔ even. The angular spacing between the 

poles on the circle is “Ⱦὔ radians. For example, for ὔ  σ, the poles are spaced by “Ⱦσ radians, or 

60 degrees, as indicated in Figure 2.19. To determine the system function of the analog filter to 

associate with the Butterworth magnitude-squared function, we must perform the factorization 

ὌίὌ ί. The poles of the magnitude-squared function always occur in pairs, i.e., if there is a 

pole at ί ί, then a pole also occurs at ί  ί. Consequently, to construct Ὄ ί from the 

magnitude squared function, we would choose one pole from each such pair. To obtain a stable and 

causal filter, we should choose the poles on the left-half-plane part of the s-plane. 

 

Figure 2.19 S-plane locations for a third-order Butterworth filter from [24]  
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2.3.4.3 Bilinear transformation 

When designing a discrete-time filter by transforming a prototype continuous-time filter, the 

specifications of the continuous-time filter are derived from those of the desired discrete-time filter. 

These transformations are typically designed to preserve the key characteristics of the continuous-

time frequency response in the resulting discrete-time filter. 

The technique discussed in this subsection avoids the problem of aliasing by using the bilinear 

transformation, an algebraic transformation between the variables ί and ᾀ that maps the entire Ὦ -

axis in the ί-plane to one revolution of the unit circle in the ᾀ-plane. Since Њ   Њ maps onto 

“ ‫ “ , the transformation between the continuous-time and discrete-time frequency 

variables is inherently nonlinear. Consequently, the application of the bilinear transformation is best 

suited for scenarios where this resulting distortion, or warping, of the frequency axis is acceptable. 

With Ὄ ί denoting the continuous-time system function and Ὄᾀ the discretetime system 

function, the bilinear transformation corresponds to replacing ί by 

 ί
ς

Ὕ

ρ ᾀ

ρ ᾀ
  (2.110) 

That is 

 Ὄᾀ Ὄ  
ς

Ὕ

ρ ᾀ

ρ ᾀ
  (2.111) 

As in impulse invariance, a ñsamplingò parameter Ὕ is included in the definition of the bilinear 

transformation. Following the derivations explained in Chapter 7 of [24] the following expression 

can be derived.  

  
ς

Ὕ
ÔÁÎ

‫

ς
  (2.112) 

Or  

 ‫ ςÁÒÃÔÁÎ 
Ὕ

ς
 (2.113) 

These mappings of the s-plane to the z-plane and the corresponding frequency axis 

transformations are visually summarized in Figure 2.20 and Figure 2.21 respectively. While the 

bilinear transformation effectively prevents aliasing it introduces a nonlinear compression of the 

frequency axis, as depicted in Figure 2.21. This frequency warping means that the technique is most 

effective when such compression is either tolerable or can be compensated for. This is often the case 

for filters designed to approximate ideal piecewise-constant magnitude-response characteristics. 

This is illustrated in Figure 2.22, where it can be observed how a continuous-time frequency 

response and tolerance scheme maps to a corresponding discrete-time frequency response and 

tolerance scheme through the frequency warping of equations (2.112) and (2.113). If the critical 

frequencies (such as the passband and stopband edge frequencies) of the continuous-time filter are 

prewarped according to equation (2.112) then, when the continuous-time filter is transformed to the 

discrete-time filter using equation (2.111), the discrete-time filter will meet the desired 

specifications. 
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Figure 2.20 Mapping of the s-plane onto the z-plane using the bilinear transformation from [24]  

 

 

Figure 2.21 Mapping of the continuous-time frequency axis onto the discrete-time frequency axis by bilinear 

transformation from [24]  

 

Figure 2.22 Frequency warping inherent in the bilinear transformation of a continuous lowpass filter into a 

discrete time lowpass filter from [24]  
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2.4 Modelling strategies 

Several modelling approaches exist for simulating ground-borne vibrations induced by 

underground trains. Based on the comprehensive reviews presented in [25] and [9] the main 

strategies adopted in the literature are summarised in the present subchapter. Additionally, this 

subchapter provides the reasons behind the selection of a 2D plane strain finite element model for 

the present study. 

2.4.1 Analytical and semi-analytical methods 

Analytical and semi-analytical methods are widely adopted in the literature to model the dynamic 

interaction between underground trains, tunnels, and surrounding soil. These approaches offer 

efficient, low-computational-cost solutions, particularly useful for parametric studies and conceptual 

understanding. However, they are often constrained by idealized assumptions, limiting their 

applicability to specific geometries, soil conditions, or loading frequencies. 

One of the simplest analytical strategies is to model the tunnel as an infinitely long Euler-

Bernoulli beam embedded in a 2D viscoelastic soil. For instance,[26] theoretically examines the 

vibration of a 2D elastic layer's surface caused by a point load moving along an embedded Euler-

Bernoulli beam. The study considers a layer with small viscosity, fixed at its base, and investigates 

surface vibrations under constant, harmonically varying, and stationary random loads. Displacement 

vectors and amplitude spectra are analysed for deterministic loads, while the variance of vibration is 

studied for random loads. Similarly, [27] analyses surface vibrations induced by a harmonically 

varying point load moving along an infinitely long Euler-Bernoulli beam embedded in a 2D 

viscoelastic layer resting on a half-space. This work derives analytical closed-form integral solutions 

for displacement amplitudes and spectra, examining the influence of layer damping and load speed, 

and employs a wavelet-based approximation method for calculating surface displacements. Both 

studies model the beam using Euler-Bernoulli theory and the surrounding medium with 

elastodynamic equations, providing insights into the surface vibrations generated by moving loads 

on embedded beam-like structures. 

Although these methods are effective in capturing low-frequency excitations, they are unable to 

account for the cross-sectional tunnel behaviour or the complex wave propagation that occurs at 

higher frequencies [28]. 

 

Figure 2.23 Two-dimensional EB beam model considered in [26]  
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A more advanced and widely used semi-analytical approach is the Pipe-in-Pipe (PiP) model, in 

which the tunnel is idealized as an infinitely long cylindrical thin shell embedded in an elastic or 

poroelastic full-space.  

 

Figure 2.24 PiP model from [25]  

 

This method is particularly suitable for deep circular tunnels, where free-surface effects are 

negligible and cylindrical symmetry can be assumed. In studies such as the one proposed by Forrest 

and Hunter [29], a frequency-domain analytical model is developed for a cylindrical tunnel in an 

elastic full-space. The model uses Fourier decomposition in the circumferential direction and 

wavenumber transformation along the tunnel axis. It is indicated that this method is especially well-

suited for evaluating the dynamic response to axle loads and the influence of different track 

configurations on ground vibrations in the 20ï100 Hz range. The model has been extended to include 

features such as floating slab tracks. [30] and multi-layered soil conditions [31].  

Other studies, such as [32], combine the PiP model with a coupled periodic FEMïBEM 

formulation to conduct parametric analyses, identifying key tunnel and soil parameters that affect 

ground vibration. Furthermore, in [4], the PiP approach is extended to a poroelastic half-space, 

accounting for both saturated soil behavior and free-surface effects using a 2.5D boundary integral 

approach. The model couples a trainïtrackïtunnel system and evaluates vibration transmission 

through saturated porous media. 

While powerful for analytical insight and preliminary studies, these methods generally do not 

account for wave reflections at the free surface or non-cylindrical geometries and are thus less suited 

for detailed site-specific modelling. In such cases, numerical methods like Finite Element or 

Boundary Element methods offer a more versatile, though computationally intensive, alternative. 
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2.4.2 Finite elements 

The Finite Element Method (FEM) is a powerful numerical tool widely employed in the 

modelling of underground train-induced vibrations due to its ability to accommodate complex 

geometries, layered soil conditions, and nonlinear material behaviour. Unlike analytical and semi-

analytical approaches, FEM allows greater flexibility in representing the tunnelïsoilïtrack system, 

making it suitable for detailed, site-specific analyses.  

2.4.2.1 2D Plane strain FEM approaches 

In studies like Balendra and Chua  [33] [34], employed 2D plane strain models to study subwayï

soilïbuilding interaction under different track systems (direct fixation and floating slab), showing 

that floating slabs can act as effective vibration isolators at high frequencies. The agreement between 

simulation and field data validated the reliability of this simplified approach.  

Furthermore, studies using this modelling approach were carried out in Milano metro line. In 

Rigoni [8], a 2D FE plain strain model was developed to investigate the impact of the water table 

depth on the dynamic response of a subway tunnel-soil system (specifically Milan's M1 line). The 

study focused on boundary conditions, saturated soil modelling, and soil damping calibration using 

experimental data, using a load spectrum, applied in the frequency domain, to represent the train 

passage. It was concluded that 2D FEM can effectively be used to analyse the effects of 

environmental factors like the water table on train-induced vibrations in the soil. 

Similarly, Pontani [9], conducted the analysis in the time domain, directly imposing a load history 

with a spectrum compatible with the axle load spectrum defined by UNI standards. The soil 

modelling, using the 2D FEM approach, realistically represents in-situ conditions in Milan, relying 

on data from geophysical surveys and exploring the effects of partial soil saturation. 

While 2D models provide significant computational savings and are effective for parametric 

studies, they inherently neglect wave propagation along the train's longitudinal direction. This 

limitation often leads to overestimation of vibration levels and reduced accuracy in simulating 

dynamic effects. 

2.4.2.2 3D FEM approaches 

To overcome these limitations, full 3D models have been developed. Zhou et al. [35] proposed a 

trainïtrackïtunnelïsoil coupled model using cylindrical elements for both tunnel and soil, 

accounting for nonlinearities and allowing time-domain simulations. This model was validated 

against PiP, VICT software, and field data, demonstrating its accuracy in predicting the complex 

dynamic responses of metro systems.  

Perotti et al. [36] addresses the need for an efficient method to detail train-track interaction and 

soil-transmitted vibrations without excessive computational cost. They propose a numerical 

procedure based on a substructuring approach, dividing the system into the train, the rail, and the 

"ground" (sleepers, ballast, subgrade, and actual ground). The procedure involves several steps: first, 

3D FEM of the sleeper-ballast-subgrade system is developed to obtain frequency response functions 

at rail-sleeper interfaces. Second, a time-domain integration of the train's motion on a simplified 

track model (with spring-dampers for the subgrade) is carried out to compute moving loads, allowing 

for non-linear wheel-rail interaction. Third, frequency-domain analysis of the track (modeled with 

FE), loaded by the train forces and supported by sleepers is implemented, to determine track 

dynamics. Finally, the propagation of vibrations through the soil to receiver points is evaluated. This 
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approach leverages the advantages of frequency domain analysis for moving loads and allows for 

the inclusion of frequency-dependent material properties.  

An extension of the three-step method proposed by Perotti et al. to underground trains is proposed 

in [10] , which also compares 2D and 3D FEM for analysing underground train vibrations via the 

Frequency Transfer Function. It found that 3D models are more accurate in capturing the three-

dimensionality but are much more computationally expensive than 2D models, which are better 

suited for preliminary studies due to their lower cost. However, 2D FEM neglects wave propagation 

along the train's movement, crucial for accurate ground vibration simulation, while 3D FEM offers 

a more realistic representation but demands significantly more computational resources. 

2.4.2.3 Mixed 2D and 3D FEM approaches 

To address the high computational cost of full 3D FEM, several authors have proposed mixed 

strategies. Gardien and Stuit [37] used a three-step modular model consisting of a 3D static tunnel-

soil model, a dynamic Timoshenko beam track model, and a 2D/3D propagation model. The overall 

response was constructed using impulse response convolution and superposition.  

Xu et al.[17] developed a mixed 2D/3D model to simulate the dynamic interaction in underground 

railways with ballastless tracks, considering moving trains and track irregularities. They investigated 

the impact of different wavelength irregularities on environmental vibration for direct fixation and 

floating slab tracks, finding that irregularities significantly affect vibration, with short wavelengths 

being more impactful for direct fixation and less so for floating slab tracks. The proposed mixed 

model reduced problem size and allowed efficient computation.  

Expanding on this in [38] it is developed and verified 2D and 3D models for environmental 

vibrations from underground railways with direct fixation and floating slab tracks. Comparing 

ground surface responses, it was found that 2D models were significantly faster (1/600th the 

computational time of 3D) and could provide quick results using equivalent forces. However, they 

concluded that 3D models offer greater accuracy and are necessary for absolute prediction and 

complex problems. 

2.4.2.4 Remarks on the election of the 2D FEM model 

While 2D FEM is computationally efficient and effective for parametric studies, it cannot capture 

longitudinal wave propagation or moving loads, often leading to overestimated vibration levels. This 

limitation has driven the development of full 3D models, which, though more accurate, are 

computationally demanding.  

The literature highlights a trade-off between the computational cost and the accuracy of numerical 

models. While 3D models [37] [17] offer a more realistic representation of the problem, capturing 

the three-dimensional wave propagation and the longitudinal effects of the moving train, they 

required a significantly higher computational burden, as noted by [10][38]. 

On the other hand, 2D plane strain models provide a computationally efficient alternative, suitable 

for preliminary studies and parametric analyses. These models can effectively capture the cross-

sectional behaviour of the tunnel-soil system and the resulting ground vibrations in the vertical plane 

perpendicular to the tunnel axis. Studies such as Balendra and Chua [33][34] , as well as the 

investigations on the Milan M1 line [9][19], demonstrate the capability of 2D FEM to provide 

reasonably accurate predictions of ground-borne vibrations and to analyse the influence of factors 

such as track support systems, water table levels , and partially saturated soil conditions. 
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Although 2D models neglect the wave propagation in the train's travel direction, which can be 

important for a complete understanding of the vibration field, for certain analyses, they are 

particularly valuable for analyses focusing on the tunnel's immediate vicinity and cross-sectional 

response. Their lower computational demand makes them especially advantageous for broad 

parametric investigations or when computational resources are limited. 

Therefore, considering that in this study the train-induced acceleration responses are provided, a 

2D plane strain FEM is deemed an appropriate choice. This approach enables a detailed investigation 

of tunnelïsoil interaction in the transverse plane and allows for efficient parametric analysis, 

providing valuable insights into ground vibration levels while remaining computationally 

manageable. 

2.4.3 Boundary elements 

The Boundary Element Method (BEM) offers an efficient alternative to full-domain numerical 

schemes such as the Finite Element Method (FEM), particularly in problems involving unbounded 

domains like soil media. By requiring discretization only along boundaries, BEM significantly 

reduces the size of system matrices and computational effort. This efficiency is especially evident 

when frequency-domain Greenôs functions for homogeneous full-space media are available, 

allowing for accurate representation of radiation damping effects.  

When using BEM in soil modelling, each layer and its upper and lower interfaces (the ground 

surface being the top interface of the first layer) require the application of boundary elements. Since 

these interfaces are theoretically infinite, they must be truncated for numerical implementation, 

resulting in the introduction of "edge" boundary elements. A 2D soil layer with two boundaries, each 

discretized with two such edge elements, is illustrated in Figure 2.25. 

However, BEM has limitations in handling thin structural components (e.g., tunnel linings) and 

becomes impractical in the presence of material inhomogeneities or non-linearities, due to the need 

for closed-form Greenôs functions and the inability to apply the superposition principle [39]. In such 

cases, hybrid FEïBE models are often preferred. These combine the flexibility of FEM, suited for 

representing complex geometries and material interfaces, with the boundary efficiency of BEM. 

Notable applications include studies by Andersen and Jones [40] , who modelled underground 

tunnels using FEM for tunnel structures and BEM for surrounding soils. 

Advanced strategies have also been developed to reduce the dimensionality of 3D problems while 

preserving their essential dynamics. Periodic and invariant structures, typical of railway tunnels, can 

be exploited via Floquet theory or Fourier transforms. In particular, 2.5D approaches enable full 3D 

responses to be computed from a 2D spatial discretization by assuming longitudinal invariance [41].  

These modelling strategies provide a powerful compromise between accuracy and computational 

feasibility, particularly when full 3D modelling is impractical. Nonetheless, they require careful 

mathematical formulation and are best suited for systems with structural regularity and linear 

material behaviour. 
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Figure 2.25 A 2D soil layer with two boundaries each having two edge elements from [25]  

 

2.4.4 Spectral elements 

 

Spectral Element Methods (SEM) have emerged as a promising alternative to traditional finite 

element or finite difference approaches for modelling ground vibrations induced by underground 

trains, particularly in cases involving lateral soil heterogeneity. In a study conducted at the Ledsgaard 

test site in Sweden [42], SEM was applied to simulate the ground vibrations generated by a passenger 

train. The trainïtrack interaction was simplified by decoupling the train from the track and applying 

a series of equivalent static forces. The trackïembankment system was modelled analytically as a 

beam on an elastic foundation. 

A key advantage of SEM lies in its ability to resolve wave propagation phenomena using 

significantly fewer grid points compared to classical discretization methods, thereby reducing 

computational cost while allowing accurate modelling. The study showed that while conventional 

time-domain methods typically suffer from stability constraints that limit usable frequencies to 

around 2ï3 Hz (especially in 3D) SEM allowed simulations up to 10 Hz with manageable 

computational time. 

Although frequency-domain methods such as the thin-layer method [43] remain more efficient 

for horizontally layered media, SEM offers distinct advantages for complex site conditions with 

strong lateral variations, such as tunnels or vibration mitigation systems (e.g., trenches or pile 

barriers). The method's flexibility in handling 2D and 3D configurations makes it particularly well-

suited for realistic and site-specific modelling of train-induced ground vibrations in heterogeneous 

environments. 

2.5 The inversion procedure 

2.5.1 Transfer function 

When dealing with coupled damped systems subjected to a dynamic force, directly solving the 

equations of motion can be complex unless a transformation method is used. In this context, 

transformations such as the Fourier transform, explained in Subchapter 2.3.1 are useful tools to 

convert the governing vibration equations from the time domain to the frequency domain.  
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However, the Fourier transform is strictly defined only for continuous functions with domains 

extending from minus to plus infinity. While the use of rectangular window functions is a common 

workaround, alternative transformations offer more practical advantages. One such tool is the 

Laplace transform, which generalizes the Fourier transform and can be interpreted as the Fourier 

transform of a one-sided, exponentially weighted version of the original time-domain function. This 

method is widely used in vibration analysis and provides the basis for defining the transfer function, 

which generalizes the concept of a frequency response function.  

The derivation of the transfer function, as presented in [44] , begins with the equation of motion 

for a damped single degree of freedom (SDOF). 

 

 άὼὸ ὧὼὸ Ὧὼὸ Ὂὸ (2.114) 

 

The (one-sided) Laplace transformation of a time dependent function ὼὸ, denoted as ὢί

flὼὸ is defined by the integral 

 ὢί flὼὸ Ὡ ὼὸὨὸ (2.115) 

Where ί is a general complex quantity referred to as a subsidiary variable of the form ί ὥ Ὥ‫ 

where ὥ is constant and is the circular frequency. The function Ὡ ‫  is known as the kernel of the 

transformation and ensures the convergence of the integral. Since ὸ is the variable of integration, the 

result is a function of ί, which reflects frequency-dependent behaviour.  

In order to solve equation (2.114) by the Laplace transform method, it is necessary to evaluate 

the transforms of the derivatives ὨὼȾὨὸ and ὨὼȾὨὸ. By means of integrating by parts leads to: 
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Where ὼπ is the value of the function ὼὸ at ὸ π. Physically, it represents the initial 

displacement of the mass ά. Similarly, it is not difficult to show that 
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Where ὼπ is initial velocity of ά. The Laplace transformation of the excitation function Ὂὸ 

is simply 

 Ὂί flὊὸ Ὡ ὊὸὨὸ (2.118) 

By transforming both sides of equation (2.114) and rearranging it yields to 
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 άί ὧίὯὢί Ὂί άὼπ άί ὧὼπ (2.119) 

If we assume zero initial conditions ὼπ ὼπ π, which corresponds to neglecting the 

homogeneous solution, the ratio of the transformed excitation to the transformed response can be 

written in the form of  

 ὤί
Ὂί

ὢί
άί ὧίὯ (2.120) 

Where ὤί is known as the generalized impedance of the system. More commonly, we consider the 

inverse ratio, defining the Transfer function Ὃί as the ratio of the systemôs response to the 

excitation in the Laplace domain. In the case of second-order systems as described in equation 

(2.114) the Transfer function has the form of: 

 Ὃί
ὢί

Ὂί

ρ

άί ὧίὯ
 (2.121) 

The equation (2.121), can be rewrite as 

 ὢί ὋίὊί (2.122) 

Since ί  ὥ  Ὥς“Ὢ is a complex variable that depends on frequency, this expression directly 

relates the excitation and response in the frequency domain. While the theoretical derivation of the 

transfer function is presented in the Laplace domain for generality, the practical implementation of 

the inversion procedure is based on the one-sided Fourier transform, as it directly addresses the 

steady-state frequency-domain characteristics relevant to the recorded accelerometric data. 

  



3.1 Introduction 

53 

 

Chapter 3 

Inversion procedure of accelerations 

3.1 Introduction 

In this chapter, the methodology for the inversion procedure used to estimate the dynamic load 

of an underground train in Milanôs M1 and M2 metro lines will be explained. This technique provides 

insights into the interaction between the train, tunnel infrastructure, and surrounding soil and is based 

on a steady-state dynamic analysis in the frequency domain and is based on a previous study carried 

out in a gallery located in the Corso Buenos Aires zone of the M1 of the Milano metro [11]. The 

procedure involves measuring the frequency response from a set of recorded accelerations time 

histories. Subsequently, a detailed two-dimensional numerical model is used to estimate the transfer 

function. From these results, the load acting at the wheel-rail contact is determined for seven different 

metro sections. 

The method can be lined up in the following steps. 

1. Recording of accelerations 

The process begins by measuring vertical accelerations on the inner face of the tunnel wall. These 

measurements are taken at regular time intervals to capture a representative period of rail track 

activity and to prevent aliasing during signal sampling.  

2. Tunnelôs Frequency Response to the train passage 

After the acceleration time histories are acquired, they are transformed from the time domain into 

the frequency domain using the Fourier transform. Since the transfer function analysis focuses on a 

specific frequency range, proper signal processing is essential at this stage. This includes selecting a 

suitable sampling rate, defining the desired frequency resolution, and applying anti-aliasing filters 

to ensure the accuracy of the inversion procedure. Once transformed, the accelerations are 

represented as functions of frequency, enabling their comparison with the transfer function, which 

is likewise calculated in the frequency domain. After evaluating the tunnel's frequency response to 

trains passing at different times, the average magnitude of all spectra is used as a representative 

measure of the tunnelôs dynamic behaviour. In this study, the average one-sided Fourier spectrum of 

the tunnel wall accelerations is referred to as ὙὪ, where Ὢ represents the frequency in Hertz. 

3. Load-Acceleration Transfer Function 

The frequency response function is defined in the frequency domain and allows the computation 

of a systemôs response under a dynamic load input. In the present study, this function is referred to 

as the loadïacceleration transfer function, or simply transfer function, and is denoted as ὌὪ. It 

describes the relationship between the dynamic load applied at the wheelïrail interface and the 

resulting vertical acceleration measured on the tunnel wall. Mathematically, ὌὪ is computed as 

the ratio between the tunnelôs frequency response ὙὪ and the dynamic load spectrum per axle 

ὗ Ὢ according to equation (2.122). In this inversion procedure, the transfer function is numerically 

determined by means of applying a unit harmonic load in a two-dimensional Finite Element model. 
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4. Dynamic Load Spectrum per axle 

Once the transfer function Ὄ Ὢ and the frequency response ὙὪ are available, the module of 

the dynamic load spectrum per axle is computed as the ratio of their modules, according to the 

following expression. 

 ὗ Ὢ
ȿὙὪȿ

ȿὌὪȿ
 (3.1) 

Finally, the results obtained through this procedure will be compared with those derived from 

alternative methods and with national standards available in the literature. Each of the 

aforementioned steps will be explained in detail in the following subchapters. 

3.2 Tunnelôs section geometry and properties 

The sections of this study belong to the metro line network of the city of Milan. As previously 

mentioned, increasingly reports of noise and uncomfortable vibrations were reported by the citizens 

in the areas nearby the metro tunnels. Hence, strategically selected based on the areas where 

discomfort was reported, as well as the availability of access and geometric data, seven sections were 

chosen along the M1 and M2 metro lines. The locations of these selected sections are illustrated in 

Figure 3.1. 

 

Figure 3.1 Map of the analysed sections in Milanôs metro network: M1 line (red), M2 line (green) 

 

The geometry was provided by Metropolitana Milanese (MM) through the original design 

drawings of the project. These drawings, hand-drafted in the 1960s, were later converted into CAD 

sections while preserving their original scale and accurately reflecting the tunnel conditions observed 

on site. All dimensions are expressed in meters. In cases where multiple sections were available, a 

representative one was selected for modelling. 
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The accelerometer height was considered to be 2 meters above the rail level, as indicated by MM. 

Section 2 (b-M2-Gallerie-Loreto-Piola) was modelled by merging two identical adjacent tunnels, 

based on in situ observations. Sections 4 and 5 (d-M1-Gallerie-Sesto MarelliïVilla SG and e-M1-

Gallerie-Villa SGïPrecotto) were assumed to be equivalent to Section 7 (h-M1-Gallerie-Wagnerï

De Angeli), as indicated by MM. 

Both the ground level and rail level were included based on the information in the drawings. It 

can be noted that all sections are relatively shallow: for Sections 1 and 2, the tunnel depth does not 

exceed 12 meters, while for Sections 3 to 7, the depth is under 16 meters. 

Lastly, where transversal beams, oriented orthogonally to the tunnelôs axis, were present, their 

geometry was homogenized along the length of the slab. This adjustment is necessary because the 

transfer function is computed using a 2D plane strain model, while in reality these beams intersect 

the tunnel cross-section every 3.2 meters. Therefore, a homogenization approach is required to 

capture the representative stiffness of the actual 3D configuration within the simplified 2D domain. 

Two limiting cases could be considered: one that considers only the slab thickness, resulting in a 

stiffness lower than reality, and another that assumes a fully rigid transverse beam, leading to a 

stiffer-than-real section. In practice, the actual stiffness lies somewhere between these two extremes. 

To better approximate this intermediate behaviour, homogenization provides a practical and 

reasonable solution. 

The effect of transverse beams on vertical acceleration has been studied in the literature, 

particularly for 2D plane strain linear models of box-shaped tunnel sections similar to those analysed 

here on Milanôs M1 metro line. In [9] and [8] , comparisons between tunnel roof configurations, with 

and without stiffening, showed that adding transverse stiffeners slightly increases the vertical 

acceleration in the ceiling slab and in the soil immediately above it. These studies suggest that 

increased slab thickness mainly influences the vertical acceleration along the roof and adjacent soil, 

but not significantly at lower elevations of the tunnel.  

Specifically, [9] notes that a stiffer roof results in a box-like vibration mode, where the tunnel 

vibrates more uniformly with both lateral walls. However, this effect is more relevant to horizontal 

accelerations, and no specific conclusions were drawn about the point of interest in this study, located 

2 meters above the rail level on the inner tunnel wall.  

Similarly, [11] compared two cases, a 0.2 m thick roof slab versus a rigid beam of 0.5 m width 

and 1.0 m height and found no significant difference in the vertical component of the transfer 

function (i.e., acceleration response under unitary harmonic load) at a measurement point located 1.5 

m above rail level. 

In conclusion, homogenizing the transverse beams into an equivalent slab thickness is a valid and 

practical approach, especially since the focus of this study is on vertical acceleration at a fixed point 

on the inner tunnel wall. While this homogenization may influence local effects at the slab level or 

in the overlying soil, its impact at the measurement point of interest is expected to be minimal. 

This homogenization approach was applied to sections 3 through 7, all of which feature box-

shaped tunnel geometries. Taking section 3 as an example, the original tunnel section and the 

transverse beams to be homogenized are shown in Figure 3.2 . 

The beam dimensions are defined as height Ὄ ρȢψ ά and width ὄ πȢυ ά, the spacing 

between the beams Ὓ σȢς ά, the height of the existing slab as Ὤ πȢσ ά and the height of the 

homogenized slab layer Ὤ πȢςψ ά. The height Ὤ is determined with expression 
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 Ὤ
Ὄ ὄz

Ὓ
 (3.2) 

Thus, the total slab height of the modified section becomes Ὤ Ὤ Ὤ πȢυψ ά. The 

modified section is shown in Figure 3.3. 

 

Figure 3.2 Original section: Transversal beams to be homogenized in red 

 

 

Figure 3.3 Modified section: Homogenized slab layer in red 
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3.2.1 Section 1 

This section is located along the track between Moscova and Garibaldi stations of the M2 metro 

line. It consists of two independent hollow tunnels, each dedicated to a train traveling in opposite 

directions. According to MM, this section does not include ballast or wooden sleepers; instead, the 

rails are directly fixed to the concrete slab using a steel plate and an elastomeric pad Figure 3.6. 

 

Figure 3.4 Original drawing provided by MM for the section 1 

 

Figure 3.5 Geometry of tunnel section 1 in meters 



Chapter 3 

Inversion procedure of accelerations 

58 

 

 

 

Figure 3.6 Picture of the rail track connection support 

3.2.2 Section 2 

This section corresponds to the track between Loreto and Piola stations on the M2 metro line. As 

mentioned before, it was indicated that the two tunnels merged along the section where the 

investigation was carried out, sharing a common wall, as shown in Figure 3.8. Additionally, the 

track support system is the same as in Section 1 (Figure 3.6), consisting of steel plates and 

elastomeric pads, with no presence of ballast or sleepers. 
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Figure 3.7 Original drawing provided by MM for the section 2 
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Figure 3.8 Geometry of tunnel section 2 in meters 

 

3.2.3 Section 3 

This section is located along the track between Udine and Cimiano stations on the M2 metro line. 

Unlike sections 1 and 2, it features a box-shaped tunnel characteristic of the ñcut and coverò 

construction method. In this case, the ballast is absent, and the track consists of a reinforced concrete 

slab system with wooden sleepers embedded directly into it (see Figure 3.11). Additionally, the two 

rail tracks are not separated by a dividing wall; instead, they run side by side, as shown in the Figure 

3.10. 
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Figure 3.9 Original drawing provided by MM for the section 3 

 

Figure 3.10 Geometry of tunnel section 3 in meters 
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Figure 3.11 Picture of the wooden sleepers embedded in the reinforced concrete slab track for section 3 

3.2.4 Section 4 

This section corresponds to the track between Sesto Marelli and Villa San Giovanni stations on 

the M1 metro line. These stations are located on the outskirts of Milan, with Sesto Marelli being one 

of the terminal stations of the line. Since direct design drawings for this section were not available, 

and as indicated in the introductory paragraph, it was assumed to be equivalent to Section 7 

(corresponding to the track between Wagner and De Angeli stations on the M1 line). The tunnel has 

a box-shaped cross-section, with both tracks running side by side. In this case, ballast and wooden 

sleepers are present, with the latter spaced approximately 0.60 meters apart [45]. 

 

Figure 3.12 Geometry of tunnel section 4 in meters 
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3.2.5 Section 5 

This section covers the track between Villa San Giovanni and Precotto stations on the M1 metro 

line, continuing from the track described in Section 4. As previously mentioned, this section was 

assumed to be equivalent to Section 7 as no original drawings were available. It features a box-

shaped tunnel cross-section with both opposing tracks positioned side by side. Additionally, the track 

structure includes ballast and wooden sleepers for rail support. 

 

Figure 3.13 Geometry of tunnel section 5 in meters 

 

3.2.6 Section 6 

This section covers the track between Duomo and Cordusio stations on the M1 metro line, located 

in the central area of Milan. As shown in Figure 3.15, the tunnel has a double box-shaped cross-

section and includes an additional central slab intended for pedestrian use. The tracks for opposing 

directions run side by side, and the rail support system consists of ballast and wooden sleepers, 

spaced approximately 0.60 meters apart. 



Chapter 3 

Inversion procedure of accelerations 

64 

 

 

Figure 3.14 Original drawing provided by MM for the section 6 

 

Figure 3.15 Geometry of tunnel section 6 in meters 



3.2 Tunnelôs section geometry and properties 

65 

 

3.2.7 Section 7 

This section covers the track between Wagner and De Angeli stations on the M1 metro line. It 

features a box-shaped cross-section, with rails supported by ballast and wooden sleepers spaced at 

0.60 meters. As previously mentioned, this section was used as a reference for sections 4 and 5, since 

original design drawings were available only for this configuration. 

 

 

Figure 3.16 Original drawing provided by MM for the section 7 
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Figure 3.17 Geometry of tunnel section 7 in meters 

 

The names, locations, section type, track type and inauguration date of the sections [3] are 

summarized in the following table. 

Table 3.1 Metro Line Sections and Corresponding Locations  

Section 
Metro 

line 
Location 

Section  

type 

Track  

type 
Date 

1 M2 Moscova ï Garibaldi 
Circular 

separated 

RC slab + 

Elastomeric pads 
1978 

2 M2 Loreto ï Piola 
Circular 

merged 

RC slab + 

Elastomeric pads 
1969 

3 M2 Udine ï Cimiano Box-shaped 
RC slab +  

wooden sleepers 
1969 

4 M1 
Sesto Marelli ï Villa San 

Giovani 
Box-shaped 

Ballasted +  

wooden sleepers 
1964 

5 M1 
Villa San Giovani ï 

Precotto 
Box-shaped 

Ballasted +  

wooden sleepers 
1964 

6 M1 Duomo ï Cordusio 
Double box-

shaped 

Ballasted +  

wooden sleepers 
1964 

7 M1 Wagner ï De Angeli Box-shaped 
Ballasted +  

wooden sleepers 
1966 
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3.2.8 Train type description 

The general characteristics of a typical "Leonardo" train, classified as a HRV (Heavy Rail 

Vehicle), correspond to an urban metro design intended for passenger transportation operating on 

both the M1 and M2 lines. Traction is provided by 16 asynchronous three-phase motors, two per 

trolley, mounted on eight of the twelve motorized trolleys, while the remaining four are trailer (non-

motorized) trolleys [45]. The train type configuration is shown in Figure 3.18 provided by 

Environmental Product Declaration published by Hitachi Rail Italy. Additionally, the Metro line 

features are summarised in Table 3.2 based on indications provided by MM and previous studies 

[9][11][45]. 

 

Figure 3.18 Lateral and top view of ñLeonardoò train from [45]  

 

Table 3.2 General features of Milanôs M1 and M2 Metro Line adapted from [9][11]  

Train length m 106.94 

Train width m 2.85 

Car length m 17.6 

Bogie spacing m 11.1 

Wheel spacing m 2.15 

Axles per bogie - 2 

Bogies per car - 6 

Number of cars - 6 

Track gauge m 1.435 

Sleeper dimensions m 2.6 x 0.16 x 0.24 

Sleeper spacing m 0.6 

Elastomeric pad spacing m 0.75 
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3.3 Frequency response of the tunnel to train passage 

3.3.1 Accelerometric measurements 

The first step in determining the tunnelôs frequency response, denoted as ὙὪ, involves 

recording vertical accelerations on the tunnel wall during train passages. For this purpose, 

accelerometers were installed on the inner side wall of each tunnel section, positioned at a height of 

2.00 meters above the rail track level. The sensor placements for Sections 1 through 7 are illustrated 

in Subchapter 3.2.  

The sensors were installed to ensure that the measurements accurately captured the dynamic 

forces generated by passing trains. The sampling frequency is 4800 Hz, corresponding to a sampling 

period of  ςȢπψσσ ὼ ρπ  seconds. The accelerometric data analysed correspond to recordings taken 

between 7:00 and 8:00 in the morning. The specific dates on which the measurements were recorded 

are summarized in Table 3.3. 

Table 3.3 Dates of acceleration measurements by section 

Section Metro line Date 

1 M2 20/12/2021 

2 M2 21/12/2021 

3 M2 22/12/2021 

4 M1 23/12/2021 

5 M1 11/01/2022 

6 M1 12/01/2022 

7 M1 14/01/2022 

 

 In addition to acceleration measurements, displacements were also recorded using 

extensometers. This data will be used to estimate the train's velocity and to validate the data obtained 

from the accelerometers. 

3.3.2 Disregarded recordings and pre-signal processing 

In some instances, the recorded signals were affected by disturbances, most likely due to the 

simultaneous passage of two trains traveling in opposite directions. These disturbances were 

identified by inspecting the amplitude distribution in the time domain, where valid signals typically 

show a gradual increase and decrease in amplitude, while disturbed ones often exhibit sudden jumps. 

As a result, these affected recordings were excluded from the final analysis to preserve the reliability 

of the results. For example, in Section 2, 14 out of 32 total recordings were disregarded due to signs 

of disturbance or incompleteness, a plot of these disturbed signals is shown in Figure 3.19. 
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Figure 3.19 Disturbed signals for section 2 

 

Following the same criteria for the rest of the sections, the number of total, disturbed and 

considered recordings is summarized in Table 3.4. 

Table 3.4 Number of total, disturbed and remaining signals considered in the analysis 

Section 
Number of total 

recordings 

Number of disturbed 

recordings 

Number of considered 

recordings 

1 25 0 25 

2 32 14 18 

3 23 8 15 

4 21 4 17 

5 22 1 21 

6 23 7 16 

7 12 0 12 

Total 158 34 124 

 

Additionally, some recordings, although not affected by disturbances, exhibited a shift from the 

zero-mean level. To ensure consistency in the analysis, these signals were adjusted by removing their 

mean values, resulting in zero-mean amplitudes. 

Furthermore, all recordings needed to have the same time duration and be aligned to a common 

frequency step to enable a meaningful computation of the average magnitude spectrum. To achieve 

this, a normalization procedure was applied. Although the intended duration of each recording was 

approximately 20 seconds, slight variations occurred due to the nature of the recording process. To 

address this, signals longer than 20 seconds were truncated, while those shorter than 20 seconds were 

zero-padded to reach the exact target duration. 

After applying these preprocessing steps in the time domain, Figure 3.20 illustrates the 

comparison between the original and the zero-mean signal for a representative case recorded for 

Section 2. 
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Figure 3.20 Original vs Zero-mean signal for a representative case in Section 2 

3.3.3 Signal processing 

The signals recorded in the time domain were converted to the frequency domain using the 

Fourier transform. However, since the original sampling frequency is Fs=4800 Hz and the transfer 

function is defined up to 200 Hz, the signal must be decimated so that the inversion procedure can 

be applied effectively.  

To ensure the desired frequency range in the one-sided spectrum (up to the Nyquist frequency of 

200 Hz), the time-domain signal is downsampled to 400 Hz. This corresponds to selecting one 

sample every 12 samples (4800Hz/400Hz) from the original signal.  

However, downsampling a signal can introduce aliasing, where high-frequency components are 

incorrectly mapped to lower frequencies. To avoid this, the original signal must be filtered to remove 

all frequency content above 200 Hz before downsampling. The signal processing procedure followed 

the steps described below.  

 

Filtering 

 

First, the signal was low pass filtered to remove frequency components above 200 Hz. This was 

accomplished using an 8th-order Butterworth filter with zero-phase shift. Butterworth filters are 

known for their maximally flat magnitude response in the passband and their monotonic behaviour 

overall. This smoothness comes at the cost of a less steep roll-off as explained in Subchapter 2.3.4.2. 

However, when designing a discrete-time filter from a continuous one, such as the Butterworth 

filter, a transformation is required in order to prevent for aliasing when passing from the continuous 

to the discrete domain. In this case, a bilinear transformation method is chosen as the resulting 

distortion, or warping, of the frequency axis of this method is considered acceptable as explained in 

Subchapter 2.3.4.3. 

In MATLAB, the Butterworth filter is designed using the butter function, which internally applies 

the buttap function to compute poles and then uses the bilinear function for the continuous-to-

discrete transformation [46]. The function returns the numerator and denominator coefficients of the 

digital filter. 
































































































































