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Abstract

In this work, we address the problem of developing quantum state tomography (QST)
methods that remain valid at any time during a sequence of measurements. Specifically,
the aim is to provide a rigorous quantification of the uncertainty associated with the
current state estimate as data are acquired incrementally. To this end, the proposed
framework augments existing QST techniques by associating current point estimates of
the state with confidence sets that are guaranteed to contain the true quantum state with
a user-defined probability. The methodology is grounded in recent statistical advances in
anytime-valid confidence sequences. Numerical results confirm the theoretical coverage
properties of the proposed anytime-valid QST.

Keywords: Quantum state tomography, Bayesian inference, confidence sequences





Abstract in lingua italiana

In questo lavoro affrontiamo il problema di sviluppare metodi di tomografia quantistica
(QST) che rimangano validi in qualunque istante durante una sequenza di misure. In
particolare, l’obiettivo è fornire una quantificazione rigorosa dell’incertezza associata alla
stima corrente dello stato mentre i dati vengono acquisiti in modo incrementale. A tal fine,
il metodo proposto estende le tecniche esistenti di QST e, a partire dalle stime puntuali
dello stato, costruisce insiemi di confidenza che contengono lo stato quantistico con una
probabilità definita dall’utente. La metodologia si basa su recenti progressi statistici rel-
ativi alle sequenze di confidenza valide “in qualsiasi momento” (anytime-valid confidence
sequences). I risultati numerici confermano le proprietà teoriche di copertura della QST
proposta, valida in qualsiasi momento.

Parole chiave: Tomografia quantistica, inferenza Bayesiana, sequenze di confidenza
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1| Introduction

Quantum state tomography (QST) is a fundamental procedure for characterizing quan-
tum systems, enabling the estimation of an unknown quantum state from measurement
outcomes. As quantum technologies mature and scale toward practical applications in
computing, communication, and sensing, the ability to accurately estimate and validate
quantum states becomes increasingly critical [1]. Traditional QST methods provide point
estimates or credible regions based on accumulated data, but they lack rigorous guaran-
tees in the presence of misspecified models or when inference is performed sequentially.
The main objective of this work is to augment existing QST techniques by associating cur-
rent state estimates with confidence sets that are guaranteed to contain the true quantum
state with a user-defined probability uniformly over time.

QST has been extensively studied from both frequentist and Bayesian perspectives. Max-
imum likelihood estimation (MLE) for quantum states was explored in [2], providing con-
sistent point estimates but no uncertainty quantification. The works [3] and [4] developed
Bayesian methods using Markov chain Monte Carlo (MCMC) and sequential importance
sampling (SIS) to construct posterior estimates and credible regions. The statistical valid-
ity of these techniques relies on the correct specification of the prior distribution. Recent
advances have explored compressed sensing techniques [5], adaptive measurement strate-
gies [4], and machine learning approaches [6–8]. There is also an important line of work on
estimating specific properties of quantum states, rather than recovering the full state [9].

The problem of providing rigorous error bounds for QST has been addressed by several
recent works. Notably, the paper [10] introduced confidence regions based on the likeli-
hood ratio that offer rigorous frequentist coverage guarantees (see also [11] for a related
theoretical study). While this method provides reliable error bounds, it is designed for a
fixed sample size. That is, the confidence regions are theoretically valid only for a prede-
termined number of measurements decided before data collection begins. This limitation
poses challenges in sequential or adaptive scenarios where the experimenter may wish to
monitor the state estimate in real-time, make decisions based on intermediate results, or
stop the experiment when a desired accuracy is reached.
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In contrast, this thesis aims at developing anytime-valid confidence sets that maintain
their coverage guarantees uniformly over all time steps, including at data-dependent
stopping times. This property is critical for sequential decision-making. The proposed
method, anytime-valid quantum state tomography (AV-QST), augments existing QST
methods with rigorous, time-uniform confidence guarantees. AV-QST builds on confi-
dence sequences, a recent advance in sequential inference [12].

A shorter version of this work has been submitted to IEEE Signal Processing Letters.
The submission distills the core methodology and theoretical guarantees underlying AV-
QST and reports a subset of the numerical results presented in this thesis. A preprint
is available at https://arxiv.org/abs/2601.20761. The present document provides a
more complete exposition, including extended background and discussion.

The remainder of the thesis is organized as follows. Chapter 2 introduces the background
material and notation used throughout, including basic concepts from quantum informa-
tion and the statistical tools underlying anytime-valid inference. Chapter 3 reviews the
quantum state reconstruction problem and summarizes conventional approaches to QST,
covering frequentist and Bayesian estimators as well as numerical methods used in prac-
tice. Chapter 4 presents the main contribution of this thesis by formalizing the notion
of anytime validity and introducing the proposed AV-QST framework together with its
theoretical guarantees. Chapter 5 reports numerical experiments that validate the theory
and compare AV-QST with baseline methods in terms of coverage and set size. Finally,
Chapter 6 concludes the thesis and outlines directions for future developments.

https://arxiv.org/abs/2601.20761
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2| Background and Preliminaries

In this chapter we present a brief recap of the preliminary concepts that will be useful for
the rest of the thesis.

2.1. Notation

This thesis follows standard notation from quantum information, probability, and sequen-
tial inference. We collect here the main conventions used throughout.

Real and complex numbers are denoted by R and C. Vectors are written in bold (e.g., x)
and matrices in uppercase (e.g., A). The identity matrix is denoted by I, with dimension
clear from context. For a matrix A, A† denotes the conjugate transpose, and tr(A) its
trace. Tensor (Kronecker) products are written with ⊗.

The Hilbert space is denoted by H, with dim(H) = D (typically D = 2m for an m-qubit
register). The set of density matrices on H is

D(H) := {ρ ∈ CD×D : ρ ⪰ 0, tr(ρ) = 1}.

The unknown true state is denoted by ρ∗, generic candidates by ρ, and estimators by ρ̂

(with ρ̂t for sequential estimators).

Pure states are represented using Dirac notation: |ψ⟩ ∈ H denotes a state vector, and
⟨ψ| := |ψ⟩† its conjugate transpose. The inner product between |ϕ⟩ and |ψ⟩ is written as
⟨ϕ |ψ⟩ = ⟨ϕ||ψ⟩. For an operator A on H, the scalar ⟨ϕ|A|ψ⟩ denotes the corresponding
quadratic (or bilinear) form; in particular, ⟨ψ|A|ψ⟩ is the expectation of A in the pure
state |ψ⟩. The rank-one projector onto |ψ⟩ is |ψ⟩⟨ψ|, and we have the following identity
⟨ψ|A|ψ⟩ = tr

(
A |ψ⟩⟨ψ|

)
.

We write ∝ to denote proportionality up to a normalization constant, and use standard
Landau notation (e.g., O(·)) for computational complexity when needed.
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2.2. Quantum Information Basics

This section reviews the basic notions of quantum information needed throughout the
thesis; see [13, 14] for comprehensive introductions. We introduce qubits, describe their
matrix representation, and summarize the measurement formalism used in quantum state
tomography.

2.2.1. Qubits

A classical bit takes values in {0, 1}, and uncertainty about its value can be described
by a Bernoulli distribution. In quantum mechanics, the analogous unit of information
is a qubit, described by a two-dimensional complex Hilbert space H ∼= C2. Fixing the
computational basis {|0⟩, |1⟩}, any pure qubit state can be written as

|ψ⟩ = α|0⟩+ β|1⟩, α, β ∈ C, |α|2 + |β|2 = 1. (2.1)

Vectors that differ by a global phase represent the same physical state, i.e., |ψ⟩ and eiγ|ψ⟩
are equivalent for any γ ∈ R.

Exploiting this phase invariance, any pure qubit state admits the polar parametrization

|ψ(θ, ϕ)⟩ = cos
(θ
2

)
|0⟩+ eiϕ sin

(θ
2

)
|1⟩, θ ∈ [0, π], ϕ ∈ [0, 2π). (2.2)

Multi-qubit systems. An m-qubit register is described by the tensor-product Hilbert
space

Hm := (C2)⊗m, D := dim(Hm) = 2m,

with computational basis {|x⟩ : x ∈ {0, 1}m}, where |x⟩ = |x1⟩ ⊗ · · · ⊗ |xm⟩. A pure
m-qubit state is a unit vector |ψ⟩ ∈ Hm and can be expanded as

|ψ⟩ =
∑

x∈{0,1}m
αx|x⟩, αx ∈ C,

∑
x

|αx|2 = 1, (2.3)

again defined only up to a global phase.

More general (possibly mixed) states are represented by density matrices. For a single
qubit this is a 2×2 matrix, while for an m-qubit system it is a D×D matrix with D = 2m,
satisfying

ρ ⪰ 0, tr(ρ) = 1. (2.4)
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Figure 2.1: Bloch-sphere parametrization of a single-qubit pure state. The Bloch vector r
forms a polar angle θ with the z axis and an azimuthal angle ϕ in the xy plane (measured
from the x axis), corresponding to the state |ψ(θ, ϕ)⟩ = cos(θ/2)|0⟩+ eiϕ sin(θ/2)|1⟩.

Pure states correspond to rank-one projectors ρ = |ψ⟩⟨ψ|, while mixed states can be
written as convex combinations ρ =

∑
j pj|ψj⟩⟨ψj| with pj ≥ 0 and

∑
j pj = 1. A multi-

qubit state is called product if it factorizes as ρ = ρ1 ⊗ · · · ⊗ ρm; otherwise it may exhibit
entanglement, a key nonclassical feature of composite quantum systems.

Bloch-sphere representation (single qubit). Any single-qubit density matrix can be
expressed using the Pauli matrices

σx =

[
0 1

1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0

0 −1

]
,

as
ρ =

1

2
(I + r · σ) = 1

2
(I + rxσx + ryσy + rzσz) , (2.5)

where r = (rx, ry, rz) ∈ R3 is the Bloch vector. The constraint ρ ⪰ 0 is equivalent to
∥r∥ ≤ 1: pure states satisfy ∥r∥ = 1 (surface of the Bloch sphere) and mixed states satisfy
∥r∥ < 1 (interior). Figure 2.1 illustrates the geometric meaning of the angles (θ, ϕ) in (2.2)
and the corresponding Bloch vector. For |ψ(θ, ϕ)⟩ in (2.2), the corresponding Bloch vector
is

r(θ, ϕ) =
(
sin θ cosϕ, sin θ sinϕ, cos θ

)
. (2.6)
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2.2.2. Measurements

A measurement maps a quantum state to a classical outcome. In the projective case, an
orthonormal basis {|ex⟩} defines projectors |ex⟩⟨ex| and yields outcomes distributed as

Pr(x | ρ) = tr(|ex⟩⟨ex| ρ).

in accordance with Born’s rule. Conditioned on observing x, the post-measurement state
is projected onto the corresponding basis element (more generally, onto the associated
projector), so the measurement irreversibly disturbs the state. As a consequence, a single
projective measurement extracts only the information encoded in the chosen basis.

2.2.3. POVMs

The most general measurement model considered in quantum information is a positive
operator-valued measure (POVM). A POVM on a D-dimensional Hilbert space H is a
collection of positive semidefinite operators

M = {Πx}Mx=1, Πx ⪰ 0,
M∑
x=1

Πx = I. (2.7)

Given ρ ∈ D(H), the outcome X ∈ {1, . . . ,M} obeys

P(X = x | ρ;M) = tr(Πxρ). (2.8)

A POVM is informationally complete (IC) if the outcome probabilities {tr(Πxρ)}Mx=1

uniquely determine ρ, which is a key requirement for tomography.

For a single qubit, informational completeness requires at least enough outcomes to iden-
tify the three real degrees of freedom of a 2× 2 density matrix (equivalently, the compo-
nents of the Bloch vector), and the minimum possible number is M = 4. In this thesis
we consider both a minimal informationally complete (MIC) design with four outcomes
and an overcomplete, Pauli-basis design with six outcomes.

Example 1 (single-qubit MIC-POVM, M = 4). A minimal informationally complete
POVM (MIC-POVM) [15] for a qubit has M = 4 outcomes. A standard choice is the
tetrahedral symmetric IC (SIC) POVM, obtained from four pure states {|ψx⟩}3x=0 whose
Bloch vectors form a regular tetrahedron. Defining rank-one projectors Px = |ψx⟩⟨ψx|,
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the POVM operators are

Πx =
1

2
Px =

1

2
|ψx⟩⟨ψx|, x = 0, 1, 2, 3, (2.9)

which satisfy
∑3

x=0 Πx = I. One concrete parametrization consistent with the implemen-
tation used in this thesis is

|ψ0⟩ = |0⟩,

|ψ1⟩ =
1√
3
|0⟩+

√
2

3
|1⟩,

|ψ2⟩ =
1√
3
|0⟩+

√
2

3
ei

2π
3 |1⟩,

|ψ3⟩ =
1√
3
|0⟩+

√
2

3
ei

4π
3 |1⟩. (2.10)

Example 2 (single-qubit Pauli measurement, IC, M = 6). A common informa-
tionally complete design is obtained by combining the eigenbases of the Pauli observables
σz, σx, σy. Let

|±⟩ = 1√
2
(|0⟩ ± |1⟩), |±i⟩ = 1√

2
(|0⟩ ± i|1⟩),

and consider the six projectors

P0 = |0⟩⟨0|, P1 = |1⟩⟨1|, P+ = |+⟩⟨+|, P− = |−⟩⟨−|, P+i = |+i⟩⟨+i|, P−i = |−i⟩⟨−i|.

A valid POVM can be formed by assigning equal weights,

Πx =
1

3
Px, x ∈ {0, 1,+,−,+i,−i}, (2.11)

since P0 + P1 = I, P+ + P− = I, and P+i + P−i = I, hence
∑

xΠx = 1
3
(I + I + I) = I.

Operationally, this corresponds to measuring σz, σx, or σy uniformly at random and
recording the resulting ± outcome.

2.3. Statistical Estimation and Inference

This section reviews a set of tools from sequential inference that will be used in Chapter 4
to construct anytime-valid uncertainty sets for quantum state tomography. A compre-
hensive treatment of e-values and their role in sequential inference can be found in [16].
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2.3.1. E-Values, P-Values, and Tests

Let P denote a set of probability measures representing a null hypothesis (e.g., all data-
generating distributions consistent with a given model). Throughout, expectations and
probabilities under P ∈ P are denoted by EP[·] and P(·).

An e-value (or e-variable) for P is a nonnegative random variable E satisfying

sup
P∈P

EP[E] ≤ 1. (2.12)

Intuitively, large values of E provide evidence against the null P , while condition (2.12)
ensures that under the null, E cannot be large too often.

A p-value P for P is a random variable in [0, 1] such that, for every α ∈ (0, 1),

sup
P∈P

P(P ≤ α) ≤ α. (2.13)

Small values of P provide evidence against the null.

E-values and p-values play analogous roles (evidence against a null), but they behave
differently under accumulation and sequential monitoring: unlike p-values, e-values are
designed to combine naturally over time via a simple multiplication.

Finally, a test is a random variable ϕ ∈ [0, 1]. A binary test takes values in {0, 1}, and its
type-I error under P ∈ P is EP[ϕ]. A test has level α for P if supP∈P EP[ϕ] ≤ α.

2.3.2. E-Processes, Test Martingales, and Optional Stopping

Sequential data are modeled through a filtration {Ft}t≥0, where Ft represents the infor-
mation available up to time t.

A nonnegative adapted process {Mt}t≥0 with M0 = 1 is called a test supermartingale for
P if, for every P ∈ P ,

EP[Mt | Ft−1] ≤Mt−1 for all t ≥ 1, and EP[M0] ≤ 1. (2.14)

If equality holds in (2.14), {Mt} is a test martingale. A sequence {Et}t≥0 of e-values that
is adapted to {Ft} is called an e-process if for any stopping time τ ∈ T and any P ∈ P ,
EP[Eτ ] ≤ 1.

A fundamental property is optional stopping : if τ is any stopping time with respect to
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{Ft}, then for every P ∈ P , EP[Mτ ] ≤ 1.

This makes test supermartingales robust to continuously monitoring the data and stopping
based on intermediate results.

2.3.3. Markov’s Inequality and Ville’s Inequality

Markov’s inequality provides a direct way to calibrate a single e-value into a valid tail
bound. Let E be an e-variable for P , then for any α ∈ (0, 1) and for all P ∈ P ,

P
(
E ≥ 1

α

)
≤ α. (2.15)

Thus, thresholding an e-value at 1/α yields a level-α test.

Ville’s inequality is the time-uniform analogue of Markov’s inequality for nonnegative test
supermartingales (or e-processes). If {Mt}t≥0 is a test supermartingale for P , then for
any α ∈ (0, 1),

sup
P∈P

P
(
sup
t≥0

Mt ≥
1

α

)
≤ α. (2.16)

Equivalently, under any P ∈ P , the probability that the process ever crosses the threshold
1/α is at most α. A useful consequence of (2.16) is that the sequential test that rejects
as soon as Mt ≥ 1/α has level α, even if the stopping time is data-dependent.

2.3.4. Confidence Sequences via Inversion of E-Processes

Let ϑ = ϑ(P) ∈ Θ be a parameter (or, more generally, a functional) of the data-generating
distribution. In fixed-sample inference, a (1−α) confidence interval (or confidence set) is
a random set C(α) satisfying

P
(
ϑ(P) ∈ C(α)

)
≥ 1− α for all P ∈ P . (2.17)

In sequential settings, we define a (1 − α) confidence sequence (CS): a sequence of ran-
dom sets {Ct(α)}t≥0 with Ct(α) being Ft-measurable and satisfying the time-uniform (or
anytime-valid) coverage property

P
(
∀t ≥ 0, ϑ(P) ∈ Ct(α)

)
≥ 1− α for all P ∈ P . (2.18)

As a direct corollary, for any stopping time τ , one has P(ϑ(P) ∈ Cτ (α)) ≥ 1 − α, so
reporting at a data-dependent stopping time remains valid.
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A general and practically useful way to build confidence sequences is by inverting an e-
process indexed by the parameter. Consider a family of e-processes {Mt(θ)}t≥0, θ∈Θ such
that the process Mt(θ) is a test supermartingale under the null hypothesis Pθ := {P ∈ P :

ϑ(P) = θ}.

Define the inverted set
Ct(α) :=

{
θ ∈ Θ :Mt(θ) <

1

α

}
. (2.19)

Then {Ct(α)}t≥0 is a (1−α) confidence sequence. Indeed, letting θ∗ = ϑ(P), the defining
property of Mt(θ

∗) and Ville’s inequality (2.16) imply

P
(
∃t ≥ 0 : Mt(θ

∗) ≥ 1

α

)
≤ α, (2.20)

which is equivalent to (2.18) via the definition (2.19).

The construction (2.19) is the blueprint used later in this thesis (See Chapter 4). In
AV-QST, the role of θ is played by the quantum state ρ, and the e-process is instantiated
by a likelihood-ratio-type test martingale. Inverting this process yields a family of sets
that forms an anytime-valid confidence sequence over the quantum state space.
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3| Quantum State Reconstruction

This chapter introduces the quantum state reconstruction problem and the main esti-
mation and uncertainty-quantification tools used throughout the thesis. We begin by
formalizing quantum state tomography as a statistical inference task based on Born’s rule
and a (possibly time-varying) measurement model. We then review standard tomography
approaches from the frequentist and Bayesian perspectives, including maximum-likelihood
estimation and Bayesian mean estimation, and discuss how uncertainty is typically sum-
marized via credible sets and confidence regions. Finally, we describe the numerical
procedures used in the experimental study.

3.1. Quantum State Tomography

Quantum state tomography is a set of experimental and computational techniques used to
reconstruct the quantum state of a system from measurement data. Since a quantum state
is disturbed by measurements and any single measurement yields only partial information,
tomography proceeds by preparing many identical copies of the system and performing a
carefully chosen collection of measurements to estimate the system’s density matrix. In
practice, quantum state tomography is formulated as a statistical inference problem: one
seeks the physical state that best explains the observed outcomes.

3.2. Conventional Methods

We now summarize baseline frequentist and Bayesian QST methods.

3.2.1. Frequentist Quantum State Tomography

In the frequentist setting, the true quantum state ρ∗ ∈ D(H) is assumed to be fixed but
unknown, and the randomness in the data comes entirely from quantum measurement
outcomes. For a D-dimensional system (e.g., D = 2m for an m-qubit register), the state
is represented by a D ×D complex-valued density matrix ρ that is positive semidefinite
and has unit trace, i.e., ρ ⪰ 0 and tr(ρ) = 1.
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Quantum State ρ Prepare
N copies

Measure
M1

ρ X1

Measure
M2

ρ X2

Measure
M3

ρ X3

Measure
M4

ρ X4

Measure
M5

ρ X5

...

Estimator
ρ̂

data stream
{(Mt, Xt)}Nt=1

Figure 3.1: Schematic of QST: N identical copies of ρ are measured (possibly with varying
POVMsMt), producing outcomes Xt that are aggregated to form an estimate ρ̂.

A tomographic experiment probes ρ∗ by measuring many identically prepared copies of the
system. Each measurement is described by a POVMM = {Πx}Mx=1, where every element
satisfies Πx ⪰ 0 and the completeness relation

∑M
x=1 Πx = I holds, with I the D × D

identity. If the system is in state ρ and we apply the POVM M, then the probability of
observing outcome x is given by Born’s rule:

P(x | ρ;M) = tr(Πxρ). (3.1)

To model adaptive or time-sequential data acquisition, we consider discrete time steps
t = 1, 2, . . . , T . At each step, an experimenter chooses a POVM Mt = {Πt,x}Mx=1 and
records a single outcome Xt ∈ {1, . . . ,M} drawn according to

P(Xt = x | ρ;Mt) = tr(Πt,xρ). (3.2)

Given the realized sequence of measurements and outcomes {(Mt, Xt)}Tt=1, the goal of
quantum state tomography is to produce an estimate ρ̂ that is as close as possible to
the unknown ρ∗ while respecting the physical constraints of a density matrix. Figure 3.1
provides a graphical summary of this sequential estimation procedure.
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One of the earliest and most widely used frequentist estimators is maximum likelihood
estimation (MLE) [2]. The key idea is simple: among all physically valid states, choose the
one that makes the observed data most probable under the measurement model in (3.2).
The likelihood of a candidate state ρ given the data up to time T is defined as

L(ρ) =
T∏
t=1

P(Xt | ρ;Mt) =
T∏
t=1

tr
(
Πt,Xtρ

)
, (3.3)

where Πt,Xt denotes the POVM element corresponding to the outcome actually observed
at time t. The MLE is then defined as the optimizer

ρ̂MLE = arg max
ρ∈D(H)

L(ρ). (3.4)

In practice it is more convenient (and numerically stable) to maximize the log-likelihood,
which turns the product in (3.3) into a sum:

ρ̂MLE = arg max
ρ∈D(H)

T∑
t=1

log
(
tr
(
Πt,Xtρ

))
. (3.5)

Equivalently, ρ̂MLE minimizes the negative log-likelihood

ρ̂MLE = arg min
ρ∈D(H)

−
T∑
t=1

log
(
tr
(
Πt,Xtρ

))
. (3.6)

This formulation highlights why MLE is attractive in QST. The constraints ρ ⪰ 0 and
tr(ρ) = 1, included in the definition of D(H), ensure the estimate is always a physical
quantum state, unlike simple linear inversion which may yield an unphysical matrix [3].
However, MLE is not without problems. The most visible is that the estimate ρ̂MLE can
be rank-deficient. If |ψ⟩ is an eigenvector corresponding to a zero eigenvalue, then

⟨ψ|ρ̂MLE|ψ⟩ = 0.

While such a result is not necessarily unphysical, it is often implausible: it assigns ex-
actly zero probability to any outcome of the form |ψ⟩⟨ψ| whenever ⟨ψ|ρ̂MLE|ψ⟩ = 0. In
other words, it asserts complete certainty that this outcome will never occur, a result
that cannot be justified by any finite dataset. See [3] for further discussion. Moreover,
the likelihood function in (3.3) can be challenging to optimize: it typically exhibits a
complicated landscape, with sharp features and pronounced local maxima and minima.
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In practice, a variety of numerical methods can be employed to locate the optimum (or,
equivalently, the minimum of the negative log-likelihood in (3.6)).

As an illustration, Figs. 3.2 and 3.3 depict representative likelihood landscapes for a single-
qubit state parameterized by the angular coordinates introduced in (2.2) under different
measurement configurations. A possible strategy is multi-start optimization, for instance
by initializing gradient-based methods from a grid of starting points (as in Figs 3.2 and
3.3). While this can improve the chances of locating the global maximum, it quickly
becomes computationally expensive. Alternatively, one may use a smaller number of
randomly chosen initializations, which typically improves efficiency but provides weaker
assurance of global optimality. This randomized initialization approach is the one used
throughout this work.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.2: L(ρ) landscape for single-qubit MLE tomography in the (2.11) POVM configuration. Panels
(a) and (d) show 2D contour plots of L(ρ) after N = 5 and N = 500 measurements, respectively, while
panels (b) and (e) report the corresponding 3D surface visualizations. Panels (c) and (f) illustrate the
optimization procedure: (c) shows the uniform grid of initial points at the first iteration of the gradient-
descent routine, and (f) shows the locations of the starting points after the third iteration, highlighting
how the iterates concentrate toward high-likelihood regions. The markers indicate the true state (red
cross) and the resulting MLE (green circle).
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.3: L(ρ) landscape for single-qubit MLE tomography in the (2.9) POVM configuration. Panels
(a) and (d) show 2D contour plots of L(ρ) after N = 5 and N = 500 measurements, respectively, while
panels (b) and (e) report the corresponding 3D surface visualizations. Panels (c) and (f) illustrate the
optimization procedure: (c) shows the uniform grid of initial points at the first iteration of the gradient-
descent routine, and (f) shows the locations of the starting points after the third iteration, highlighting
how the iterates concentrate toward high-likelihood regions. The markers indicate the true state (red
cross) and the resulting MLE (green circle).
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3.2.2. Bayesian Quantum State Tomography

Bayesian quantum state tomography offers an alternative to MLE by treating the unknown
state ρ as a random variable and updating our information about it using Bayes’ rule.
Starting from a prior distribution π0(ρ) over quantum states and the likelihood of the
observed data D, one obtains a posterior distribution π(ρ | D) that quantifies which
states remain plausible after the experiment. Rather than selecting a single best-fit state,
the Bayesian approach accounts for all states compatible with the data, weighted by their
posterior probability. A natural point estimator is the Bayesian mean estimate (BME),

ρ̂BME = E[ρ | D],

which is automatically physical (positive semidefinite with unit trace) and, unlike MLE,
does not assign exactly zero probability to outcomes on the basis of finite data. More-
over, the posterior provides uncertainty quantification “for free”: credible regions can be
extracted directly from π(ρ | D). Finally, Bayesian estimators such as the posterior mean
admit a clear decision-theoretic justification: the posterior mean minimizes the expected
loss, making it optimal on average [3].

We now briefly outline the Bayesian update used in quantum state tomography; see,
e.g., [3, 4] for further details. Like frequentist QST, Bayesian QST produces a point
estimate of the underlying state, but it also quantifies uncertainty via a credible set. As
we previously said, the starting point is the choice of a prior π0(ρ). For pure states, a
common “uninformative” choice is the Haar measure (uniform over the unit sphere in
Hilbert space), while for mixed states one often adopts an induced prior, discussed in
detail in Sec. 3.3.3 and [3].

Considering the same model used for MLE, suppose that by time t we have collected
outcomes {Xt′}tt′=1 from measurements {Mt′}tt′=1, where the probability of observing
outcome Xt given ρ and measurementMt is given by Born rule

P(Xt | ρ;Mt) = tr(Πt,Xtρ),

with Πt,Xt the POVM element associated with Xt. Let Lt(ρ) denote the likelihood of the
data up to time t (e.g., Lt(ρ) =

∏t
t′=1 tr(Πt′,Xt′

ρ) for conditionally independent samples).
The posterior at time t is then

πt(ρ) ∝ π0(ρ)Lt(ρ). (3.7)



20 3| Quantum State Reconstruction

Equivalently, the posterior can be updated recursively by incorporating the new observa-
tion Xt:

πt(ρ) ∝ πt−1(ρ) tr(Πt,Xtρ). (3.8)

In this case the BME for the dataset available at time t results in the computation of the
integral,

ρ̂B-QST
t =

∫
ρ πt(ρ) dρ. (3.9)

In general, the integral in (3.9) is not available in closed form and must be approximated
numerically. The numerical procedures adopted in this thesis follow [3] and are described
in Sec. 3.3.

Beyond the point estimate, Bayesian QST augments ρ̂B-QST
t with a credible set Ct [3]

targeting coverage level 1− α, i.e.,

P
(
ρ∗ ∈ Ct

∣∣ {Xt′}tt′=1

)
≥ 1− α, (3.10)

where the probability is Bayesian (computed under the prior π0 for a random ρ∗ ∼ π0),
rather than a frequentist guarantee for a fixed true state.

3.3. Numerical Evaluation

In practice, computing the BME reduces to evaluating the posterior expectation (3.9),
i.e., an integral over the high-dimensional set of density matrices. Whether this integral
admits a closed-form expression is generally unknown, and even when it does, it is rarely
available in a form that is useful for tomography. Consequently, one typically resorts to
numerical approximations. The procedures described in this section come from [3], they
are not optimal but are a proof of principle for BME.

A key simplification for the computation of the integral is that, for a fixed dataset, the
likelihood is straightforward to evaluate. Given a sequence of measurement outcomes
{(Mt, Xt)}Tt=1, we recall the likelihood of a candidate state ρ is

L(ρ) =
T∏
t=1

P(Xt | ρ;Mt) =
T∏
t=1

tr
(
Πt,Xtρ

)
, (3.11)

where Πt,Xt denotes the POVM element corresponding to the observed outcome at time
t. When the data are summarized as outcome counts for each measurement setting, i.e.,
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for a fixed POVM M = {Πx}Mx=1 outcome x is observed nx times, with
∑

x nx = N , the
likelihood can be written compactly as

L(ρ) =
M∏
x=1

tr(Πxρ)
nx , (3.12)

which can be evaluated in O(M) time once the Born probabilities tr(Πxρ) are known.

3.3.1. Monte Carlo Integration

In the absence of an analytic expression for the posterior mean (3.9), the required in-
tegrals can be approximated using Monte Carlo techniques. A direct approach based
on independent random samples of ρ is typically ineffective in tomography, because the
posterior density π(ρ) ∝ π0(ρ)L(ρ) is often highly concentrated in a small region of the
high-dimensional state space. As a result, naive sampling spends most of its time propos-
ing states with negligible posterior weight and converges very slowly.

The Metropolis algorithm [17], a member of the Markov chain Monte Carlo (MCMC)
family, is designed precisely for such sharply peaked targets. In particular, the variant
Metropolis–Hastings (MH) algorithm [18, 19] is often used for Bayesian estimation: it
constructs a Markov chain {ρ(k)}k≥0 whose stationary distribution is the desired posterior
(or, equivalently, a density proportional to π0(ρ)L(ρ)).

3.3.2. Metropolis-Hastings Sampling

It is now given a generic version of the MH algorithm for illustrative purposes and then
it will be applied to the specific case under exam.

It is often convenient to view Bayesian estimation as the computation of expectations
with respect to a target probability density. Let π be a probability density on a state
space X , and assume that it is only known up to an unknown normalizing constant, i.e.,

π(x) ∝ π̃(x), x ∈ X .

The Metropolis–Hastings (MH) algorithm provides a generic way to construct an ergodic
and stationary Markov chain

X(0), X(1), . . . , X(t), . . .

whose stationary distribution is π, which means that if X(t) ∼ π(x) then X(t+1) ∼ π(x),
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thus the Markov Chain converges in distribution to π. After the chain has reached sta-
tionarity (approximately), the iterates can be regarded as dependent samples from π, and
expectations under π can be approximated by empirical averages. Concretely, for any
integrable test function h : X → R,

J (h) := Eπ[h(X)] can be estimated by ĴT (h) :=
1

T

T∑
t=1

h
(
X(t)

)
, (3.13)

and, under standard ergodicity conditions, ĴT (h) converges to J (h) as T → ∞. Hence,
formula (3.9) , which is just Eπt [ρ], can be estimated by means of MH algorithm. In
practice, the initial iterates of the Markov Chain returned by the algorithm are typically
influenced by the starting point and are usually discarded as burn-in.

It is now given an outline of a general MH algorithm. It is fixed a proposal (transition)
density q(x′ | x) on X . Given the current state X(t) = x, MH proceeds as follows:

1. Propose: draw a candidate x′ ∼ q( · | x).

2. Accept/reject: compute the acceptance probability

α(x, x′) = min

{
1,

π̃(x′) q(x | x′)
π̃(x) q(x′ | x)

}
. (3.14)

Draw u ∼ Unif[0, 1]. If u ≤ α(x, x′), accept and set X(t+1) = x′; otherwise reject
and set X(t+1) = x.

When the proposal is symmetric, i.e. q(x′ | x) = q(x | x′), the acceptance probability
simplifies to

α(x, x′) = min

{
1,

π̃(x′)

π̃(x)

}
. (3.15)

Intuitively, the algorithm attempts local moves throughout X , but it preferentially spends
time in regions where π̃ (and hence π) is large, which is precisely what is needed when
the target density is sharply concentrated. It is given here a pseudocode for illustrative
purposes, with burn-in condition included:
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Algorithm 3.1 Metropolis–Hastings (generic)
Require: Unnormalized target density π̃(x) on X (so that π(x) ∝ π̃(x)); proposal density

q(x′ | x); initial state x(0) ∈ X ; number of iterations T ; burn-in length B < T .
1: for t = 0 to T − 1 do
2: Propose: sample x′ ∼ q( · | x(t)).
3: Compute acceptance probability:

α← min

{
1,

π̃(x′) q(x(t) | x′)
π̃(x(t)) q(x′ | x(t))

}
.

4: Sample u ∼ Unif[0, 1].
5: if u ≤ α then
6: Accept: x(t+1) ← x′.
7: else
8: Reject: x(t+1) ← x(t).
9: end if

10: if t+ 1 > B then
11: Store sample: add x(t+1) to the output sample set.
12: end if
13: end for

In the case under exam we want to compute the average value of ρ over the integration
measure π0(ρ)L(ρ)dρ. By following the analysis in [3] we need a proposal rule J (playing
the role of the proposal distribution q( · | x) in Algorithm 3.1) for jumping from any ρ to a
nearby ρ′ = J(ρ), which will be discussed in the next section. Defining the unnormalized
target density as π̃(ρ) = π0(ρ)Lt(ρ) we arrive at the following MH procedure:
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Algorithm 3.2 Metropolis–Hastings (likelihood)
1: for t = 0 to T − 1 do
2: Propose: ρ′ = J(ρ(t)).
3: Compute acceptance probability:

α← min

{
1,

π0(ρ
′)Lt(ρ

′)

π0(ρ(t))Lt(ρ(t))

}
.

4: Sample u ∼ Unif[0, 1].
5: if u ≤ α then
6: Accept: ρ(t+1) ← ρ′.
7: else
8: Reject: ρ(t+1) ← ρ(t).
9: end if

10: if t+ 1 > B then
11: Store sample: add ρ(t+1) to the output sample set.
12: end if
13: end for

3.3.3. Induced Measures on Density Matrices

To apply Metropolis–Hastings to quantum states, the crucial ingredient is the proposal
rule J , which must generate nearby candidates while remaining consistent with the ref-
erence measure underlying the prior [3]. In general, measures that can be regarded as
“uniform” are characterized by invariance under a symmetry group. For pure states on
a d-dimensional Hilbert space, the natural symmetry group is SU(d), the special unitary
group consisting of all d×d unitary matrices with determinant one, and the corresponding
invariant distribution is the so-called Haar measure. Extending such a notion of unifor-
mity to mixed states is more subtle: unlike pure states, density matrices have eigenvalues
that do not enjoy an obvious symmetry, and there is no single canonical choice of a uniform
measure on D(H).

A useful and widely adopted family of priors is given by the induced measures. The idea
is to generate a mixed state by embedding the system into a larger Hilbert space H⊗K
with dim(H) = d and dim(K) = k, drawing a Haar-random pure state |ψ⟩ ∈ H ⊗K, and
then tracing out the auxiliary subsystem:

ρ = trK (|ψ⟩⟨ψ|) . (3.16)
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Varying k produces a one-parameter family of measures on D(H), which we denote by dkρ.
Two limiting cases are particularly important: when k = 1, the construction reduces to
the Haar measure on pure states; when k = d, one obtains the Hilbert–Schmidt measure
(equivalently, the Lebesgue measure on the real vector space of Hermitian d× d matrices
restricted to D(H)).

This induced-measure construction suggests an efficient way to implement MH proposals
on mixed states: instead of proposing ρ directly, we maintain a representative pure state
|ψ⟩ in the enlarged space H⊗K and map it to a density matrix via (3.16). The auxiliary
degrees of freedom act as internal “hidden variables” that make it straightforward to
respect the chosen measure dkρ while proposing local moves.

A local random-walk proposal. A naive way to sample Haar-random pure states
would be to draw an independent Haar-random unitary at each step, but this produces
non-local jumps, hence making the use of MH impossible, and is computationally ex-
pensive. Instead, we use a local random walk on SU(d × k) generated by simple two-
dimensional rotations, which is cheap to apply and mixes toward the Haar measure.

Let Dext = d × k and consider a pure state |ψ⟩ ∈ CDext . One MH proposal step consists
of:

1. Choose a two-dimensional subspace: sample indices i, j ∈ {0, . . . , Dext − 1}
and define a Hermitian generator Hij acting nontrivially only on span{|i⟩, |j⟩} (and
as the identity elsewhere). A convenient choice is to use Pauli-type generators on
this subspace.

2. Choose a step size: draw δ from a symmetric distribution with mean 0 and
variance ∆2 (e.g. δ ∼ N (0,∆2)).

3. Apply the update: set

|ψ′⟩ = J(|ψ⟩) := eiδHij |ψ⟩. (3.17)

Finally, map the proposed pure state to a mixed-state proposal via

ρ′ = trK (|ψ′⟩⟨ψ′|) . (3.18)

Because the unitary in (3.17) acts only on a two-dimensional subspace, each proposal is
fast to compute and yields a local move in state space.
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Choosing the step size. The scale ∆ controls the trade-off between exploration and
acceptance. If ∆ is too large, proposals move too far and are often rejected; if ∆ is too
small, almost all proposals are accepted but the chain explores the posterior slowly. Since
the optimal value depends on the unknown posterior concentration (hence on L(ρ)), it is
typically tuned adaptively using the observed acceptance rate. A common heuristic is to
aim for an acceptance rate on the order of 60%, adjusting ∆ gradually based on a sliding
window of recent iterations.

The final algorithm which integrates the proposal rule J described previously then be-
comes:

Algorithm 3.3 Metropolis–Hastings with local Haar-walk proposal J (likelihood target)
Require: Prior density π0(ρ); likelihood L(ρ); dimensions d, k; steps T ; burn-in B; step-

size ∆.
1: Initialize a joint pure state |ψ(0)⟩ ∈ Cdk.
2: Set ρ(0) ← trK

(
|ψ(0)⟩⟨ψ(0)|

)
.

3: for t = 0 to T − 1 do
4: Proposal J: starting from |ψ(t)⟩,
5: Sample indices i, j ∈ {0, . . . , d× k − 1} uniformly.
6: Construct the Hermitian generator Hij.
7: Sample a step δ ∼ N (0,∆2).
8: Set U ← eiδHij and |ψ′⟩ ← U |ψ(t)⟩.
9: Map to a mixed-state proposal ρ′ ← trK

(
|ψ′⟩⟨ψ′|

)
.

10: Acceptance probability:

α← min

{
1,

π0(ρ
′)L(ρ′)

π0(ρ(t))L(ρ(t))

}
.

11: Sample u ∼ Unif[0, 1].
12: if u ≤ α then
13: Accept: |ψ(t+1)⟩ ← |ψ′⟩, ρ(t+1) ← ρ′.
14: else
15: Reject: |ψ(t+1)⟩ ← |ψ(t)⟩, ρ(t+1) ← ρ(t).
16: end if
17: if t+ 1 > B then
18: Store sample: add ρ(t+1) to the output chain.
19: end if
20: end for
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Figure 3.4: Metropolis–Hastings sampling (red dots) from induced priors on single-qubit
states, visualized on the Bloch sphere. Panel (a) shows samples drawn with k = 1, which
corresponds to the Haar-uniform distribution over pure states (points concentrated on the
surface). Panel (b) shows samples drawn with k = 2, yielding an induced distribution
over mixed states (points spread in the interior).

To illustrate the behavior of Algorithm 3.3, Fig. 3.4 shows representative Markov-chain
samples (after burn-in) on the Bloch sphere for two choices of induced prior. In the case
k = 1, the induced measure reduces to the Haar-uniform distribution over pure states,
and the chain concentrates on the surface of the sphere, as shown in Fig. 3.4(a). For
k = 2, the construction yields the Hilbert–Schmidt induced prior over single-qubit mixed
states, and the samples spread throughout the Bloch ball, as in Fig. 3.4(b).

3.4. Uncertainty Sets

Beyond producing a point estimate ρ̂, a central objective of quantum state tomography
is to quantify the remaining uncertainty about the unknown state. In practice, an exper-
imentalist typically wants more than a single reconstructed density matrix: they want an
assessment of which other states are still compatible with the observed data, and how re-
liable derived predictions should be. This motivates the construction of uncertainty sets,
subsets of the state space D(H) that summarize plausible candidates for the true state.
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In this section we review two complementary approaches. The first is Bayesian: starting
from a posterior distribution, one can report credible sets that contain a prescribed fraction
of posterior mass, thereby providing a natural probabilistic summary of uncertainty [3].
The second is frequentist: one constructs confidence regions with guaranteed coverage,
meaning they contain the true (fixed) state ρ∗ with probability at least 1 − α under
repeated sampling [10]. Such confidence regions yield rigorous error bars and represent a
state-of-the-art approach to uncertainty quantification in QST; see also [11] for a related
construction.

3.4.1. Bayesian Credible Sets

In Bayesian QST, uncertainty is summarized by the posterior distribution πt(ρ) over the
state space D(H) given the data observed up to time t. A credible set is then a subset
Ct ⊆ D(H) that contains a prescribed fraction of posterior mass. For a target level
1− α ∈ (0, 1), this is typically expressed as

P
(
ρ ∈ Ct

∣∣ {Xt′}tt′=1

)
≥ 1− α, (3.19)

where the probability is computed under the posterior πt(ρ). It is important to emphasize
that (3.19) is a Bayesian statement: it quantifies uncertainty for a fixed dataset through
the posterior induced by the chosen prior π0(ρ). In particular, it does not by itself
guarantee frequentist coverage for a fixed, unknown true state ρ∗, and its calibration
can be sensitive to prior misspecification.

A canonical choice to calculate the set Ct in (3.19) is the highest-posterior-density (HPD)
credible region, defined as the set of states whose posterior density exceeds a threshold
chosen so that the region carries posterior mass 1 − α. While conceptually appealing,
computing exact HPD regions in D(H) is typically intractable, and in practice one relies
on approximations (e.g. particle representations or local Gaussian approximations).

Gaussian credible ellipsoids from posterior moments. A convenient and widely
used approximation is to summarize the posterior locally by its mean and covariance, and
to define a credible region as an ellipsoid in a suitable coordinate representation [3]. For
a single-qubit state (D = 2), one may represent ρ by its Bloch vector coordinates

vec(ρ) =


tr(ρσx)

tr(ρσy)

tr(ρσz)

 ∈ R3, (3.20)
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where {σx, σy, σz} are the Pauli matrices. Given a posterior πt(ρ) and a point estimator
ρ̂B-QST
t (typically the posterior mean), the posterior covariance of these coordinates can

be written as

ΣB-QST
t =

∫
vec(ρ) vec(ρ)⊤ πt(ρ) dρ− vec(ρ̂B-QST

t ) vec(ρ̂B-QST
t )⊤. (3.21)

Using this covariance [3], an approximate (1 − α) credible set can be defined as the
ellipsoidal region

CB-QST
t =

{
ρ ∈ D(H) :

(
vec(ρ)− vec(ρ̂B-QST

t )
)⊤(

ΣB-QST
t

)−1(
vec(ρ)− vec(ρ̂B-QST

t )
)
≤ ct

}
,

(3.22)
where ct is a threshold chosen to achieve the desired posterior mass. In a particle approx-
imation of the posterior (e.g. MCMC or SIS), a practical choice, adopted throughout this
work, is to select ct so that approximately a fraction 1 − α of the posterior samples lies
inside the set defined in (3.22).

Fig. 3.5 illustrates the evolution of the posterior samples and the corresponding credible
regions, constructed via (3.22), as additional measurement data are collected.

While credible sets may be intuitive and easy to compute from posterior samples, they
come with important caveats. First, their interpretation depends on the prior: if π0(ρ) is
misspecified, the resulting posterior mass statements may be poorly calibrated. Second,
ellipsoidal regions such as (3.22) rely on a (local) Gaussian approximation of the posterior,
which may be inaccurate. Finally, credible sets are typically constructed separately for
each fixed time t, and therefore do not automatically satisfy the stronger time-uniform
(anytime-valid) requirement introduced in Chapter 4.
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Figure 3.5: Evolution of Bayesian uncertainty for a single-qubit state as data accumulate.
Panels (a)–(d) show posterior samples on the Bloch sphere at times t ∈ {5, 20, 50, 100}:
red points are MH samples drawn from the posterior πt(ρ), the green marker is the BME
ρ̂B-QST
t , and the blue cross denotes the true state ρ∗. The black curve delineates the 90%

credible region computed from (3.22). As t increases, the posterior contracts and the
credible region shrinks; notably, at t = 100 the resulting 90% region fails to include the
true state.
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3.4.2. Confidence Regions

Bayesian credible sets provide an intuitive description of posterior uncertainty, but their
interpretation depends on the chosen prior and they do not generally come with a frequen-
tist coverage guarantee for a fixed, unknown true state. In contrast, confidence regions
are designed to satisfy a rigorous coverage property: for a prescribed level 1 − α, the
reported set R̂α(D) ⊆ D(H) must contain the true state ρ∗ with probability at least 1−α
under repeated sampling of the data D generated from ρ∗.

A particularly effective construction for quantum tomography is given by the likelihood-
ratio based (LR) confidence regions introduced in [10], which we will refer to as LR-QST
here. These regions generalize classical error bars to the quantum setting and have appeal-
ing features: they achieve guaranteed, user-specified coverage and they are straightforward
to define from the likelihood function. A key point for later comparison is that LR-QST
is an offline procedure: it assumes that the entire dataset D has already been collected
before constructing the region R̂α(D). As a consequence, the resulting guarantee is tied
to a single, pre-specified sample size and does not, in general, satisfy the time-uniform
(anytime-valid) requirement introduced in Chapter 4.

Given observed data D, define the likelihood of a candidate state ρ as

L(ρ) = P(D | ρ),

which in our measurement model takes the product form in (3.3) (or the count form
in (3.12)). Let

ρ̂MLE = arg max
ρ∈D(H)

L(ρ)

be the maximum-likelihood estimate. The (log) likelihood-ratio statistic is then defined
as

λ(ρ) := −2 log
(
L(ρ)
L(ρ̂MLE)

)
= 2
(
logL(ρ̂MLE)− logL(ρ)

)
, (3.23)

so that small values of λ(ρ) correspond to states whose likelihood is close to the maximum.

Likelihood-ratio confidence region. For a target confidence level 1 − α, the LR
confidence region in [10] is defined as the set

R̂α(D) :=
{
ρ ∈ D(H) : λ(ρ) ≤ λα

}
, (3.24)

where the threshold λα is chosen to guarantee frequentist coverage. Increasing λα enlarges
the region and increases its coverage probability, but decreases its power (the ability to
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rule out incorrect states). Thus λα should be taken as small as possible while still ensuring
the desired coverage.

Choosing the threshold. For a generic region construction, the required threshold can
depend significantly on the unknown true state ρ∗. A key empirical and theoretical insight
in [10] is that the distribution of the LR statistic λ(ρ∗) is, in many tomography regimes,
approximately independent of ρ∗, which motivates replacing a potentially state-dependent
threshold by a constant λα that satisfies a uniform bound

λα ≥ λα(ρ) for all ρ ∈ D(H). (3.25)

In principle, one can define the complementary cumulative distribution function (CCDF)

F (λ | ρ) := P
(
λ(ρ) > λ | ρ

)
, (3.26)

and choose λα so that supρ F (λα | ρ) ≤ α. Computing F (· | ρ) exactly is generally
difficult. The work [10] assumes a Gaussian approximation of the data, under which λ(ρ)
behaves like a χ2

k random variable. In that case one would set λα from

Fχ2
k
(λα) =

γ (k/2, λα/2)

Γ(k/2)
, (3.27)

where Γ(·) is the Gamma function and γ(·, ·) denotes the lower incomplete Gamma func-
tion. For large thresholds, one may further use the asymptotic form

Fχ2
k
(λα) ≈

1(
k
2
− 1
)
!

(
λα
2

)k/2−1

e−λα/2, λα →∞. (3.28)

However, tomographic data are multinomial rather than Gaussian, and this approximation
can be overly optimistic, yielding coverage that is correct only on average and potentially
much smaller for some states. For this reason, [10] derives a practical upper bound that
guarantees coverage, at the price of larger regions. In particular, they obtain the bound

F (λα) ≤ Fχ2
k
(λα) + e−λα/2

[(
1 +

√
3e λα
π

)k

−
(√

3e λα
π

)k
]

−→ Fχ2
k
(λα) + e−λα/2 k λ(k−1)/2

α , as λα →∞. (3.29)

In order to calculate the values λα one has to solve numerically (3.29).
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This thesis concerns quantum state tomography (QST) in sequential experimental regimes,
where measurement data arrive over time and one may wish to inspect, report, or stop
the experiment at arbitrary times. Standard tomographic pipelines are typically designed
for an offline setting: a fixed dataset is collected first, and only then a point estimate ρ̂
(and sometimes an uncertainty quantification) is produced. In contrast, many practical
scenarios—including adaptive tomography, real-time calibration, and experiments with
data-dependent stopping rules—require estimates that are meaningful at any time during
data acquisition.

Classical frequentist QST procedures commonly output only a point estimate ρ̂t at time
t (see Sec. 3.2.1). Bayesian approaches instead return a posterior distribution and may
summarize uncertainty by a credible set Ct ⊆ D(H) (Sec. 3.2.2). While such credible sets
can be informative, their interpretation depends on the correctness of the chosen prior
and, in general, they do not provide a frequentist guarantee for a fixed but unknown true
state ρ∗.

Motivated by these limitations, we study how to complement either frequentist or Bayesian
point estimates with uncertainty sets that remain statistically valid throughout the entire
measurement sequence. Concretely, we seek a sequence of sets {Ct}t≥1, with Ct ⊆ D(H),
such that at any time t—including random, data-dependent stopping times—the reported
set contains the true state with a user-chosen confidence level. This is precisely the notion
of anytime validity (See Sec. 2.3.4 and [16]).

4.1. Anytime Validity

Let ρ∗ ∈ D(H) denote the (fixed, unknown) true quantum state and let Ft be the filtration
generated by the observations up to time t (i.e., all measurement choices and outcomes
observed so far). An anytime-valid (or time-uniform) confidence sequence is a sequence of



34 4| Problem Formulation

random sets {Ct}t≥1, where each Ct is Ft-measurable, satisfying the coverage requirement

P (∀t ≥ 1, ρ∗ ∈ Ct) ≥ 1− α, (4.1)

for a user-specified α ∈ (0, 1).

The strength of (4.1) is that it controls all times simultaneously. In particular, it implies
valid inference at any deterministic time t, and it also implies validity under optional
stopping: for any (possibly random) stopping time τ with respect to the filtration {Ft},

P (ρ∗ ∈ Cτ ) ≥ 1− α. (4.2)

Thus, an experimenter may monitor the evolving estimate, stop when a desired precision
is reached, and still retain the same confidence level 1−α without any post-hoc correction.

It is important to stress that (4.1) is a frequentist guarantee: ρ∗ is fixed, and the probability
is taken over the randomness of the observed measurement outcomes (and any randomized
measurement choices), not over a prior on ρ.

4.2. Anytime-Valid Quantum State Tomography

We now introduce anytime-valid quantum state tomography (AV-QST), a framework for
online uncertainty quantification in QST. The central goal is to augment any sequen-
tial point estimator {ρ̂t}t≥1, frequentist or Bayesian, with a sequence of confidence sets
{Ct}t≥1 that satisfies the anytime-valid coverage requirement (4.1). Our construction
is an instance of the general recipe from Sec. 2.3.4: build an e-process (equivalently, a
nonnegative test martingale) indexed by candidate states, and invert it to obtain a confi-
dence sequence. The key technical tool ensuring time-uniform validity is Ville’s inequality
(Sec. 2.3.3); see [16].

4.2.1. Confidence sequences via Likelihood-Ratios

At each time t, AV-QST assumes access to a point predictor from the previous step, ρ̂t−1

(for instance, an MLE, a BME, or any other estimator). We initialize the predictor with
a fixed random state ρ̂0. Given the data collected up to time t, namely {(Mt′ , Xt′)}tt′=1,
we define a likelihood-ratio process indexed by candidate states ρ ∈ D(H) as

Rt(ρ) :=
t∏

t′=1

tr
(
Πt′,Xt′

ρ̂t′−1

)
tr
(
Πt′,Xt′

ρ
) . (4.3)
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Intuitively, Rt(ρ) compares how well the one-step-behind predictors ρ̂t′−1 explain the
observed outcomes relative to the fixed candidate ρ. Smaller values of Rt(ρ) indicate
that, along the realized data path, the candidate ρ is more plausible (i.e., it is not strongly
disfavored) compared to the running point estimates.

Using this statistic, AV-QST outputs an anytime-valid uncertainty set at time t defined
by:

CAV-QST
t (α) :=

{
ρ ∈ D(H) : Rt(ρ) ≤

1

α

}
, (4.4)

where α ∈ (0, 1) is the user-chosen error level. This is equivalent to the inversion rule
(2.19) with the e-process Mt(ρ) = Rt(ρ) (Sec. 2.3.4). The set CAV-QST

t (α) contains exactly
those states whose likelihood ratio is not too large; equivalently, there is not overwhelming
evidence against them at confidence level 1− α.

The related state of the art construction [10] seen in Sec. 3.4.2, called in this work as
LR-QST, returns a single confidence set only at a fixed final sample size T :

CLR-QST
T (α) :=

{
ρ ∈ D(H) : RLR-QST

T (ρ) ≤ λα

}
, (4.5)

where the batch likelihood ratio is

RLR-QST
T (ρ) := −2 log

(
LT (ρ)

LT

(
ρ̂MLE
T

)) (4.6)

and the threshold λα is obtained by solving the implicit calibration equation (3.29). Unlike
LR-QST, AV-QST is designed to provide valid uncertainty sets simultaneously for all times
and it naturally accommodates stronger point predictors than the MLE, such as the BME.

4.2.2. Theoretical Guarantees

The defining feature of AV-QST is that the sequence {CAV-QST
t (α)}t≥1 is anytime-valid in

the frequentist sense. We have the following

Proposition 4.1 (Anytime validity of AV-QST). For any (possibly data-dependent) se-
quence of point estimates {ρ̂t}t≥1, the uncertainty sets defined in (4.4) satisfy

P
(
∀t ≥ 1, ρ∗ ∈ CAV-QST

t (α)
)
≥ 1− α. (4.7)
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Proof. By the definition of CAV-QST
t (α) in (4.4),

{
∀t ≥ 1, ρ∗ ∈ CAV-QST

t (α)
}
=
{
∀t ≥ 1, Rt(ρ

∗) ≤ 1

α

}
. (4.8)

It remains to show that Rt(ρ
∗) is a nonnegative test martingale. Define R0(ρ

∗) := 1 and
write (4.3) recursively as

Rt(ρ
∗) =

tr
(
Πt,Xt ρ̂t−1

)
tr
(
Πt,Xt ρ

∗
) Rt−1(ρ

∗). (4.9)

Let Ft = σ
(
(M1, X1), . . . , (Mt, Xt)

)
be the natural filtration. Taking conditional expec-

tation given Ft−1 and using Born’s rule under the true state ρ∗ yields

E [Rt(ρ
∗) | Ft−1] = Rt−1(ρ

∗)E

[
tr
(
Πt,Xt ρ̂t−1

)
tr
(
Πt,Xt ρ

∗
) ∣∣∣∣∣Ft−1

]

= Rt−1(ρ
∗)

M∑
x=1

tr
(
Πt,xρ

∗) tr(Πt,x ρ̂t−1

)
tr
(
Πt,x ρ∗

)
= Rt−1(ρ

∗)
M∑
x=1

tr
(
Πt,x ρ̂t−1

)
= Rt−1(ρ

∗), (4.10)

where we used
∑M

x=1Πt,x = I and tr(ρ̂t−1) = 1 in the last step. Moreover, we have

E[Rt(ρ
∗)] = E[E(Rt(ρ

∗) | Ft−1)] = E[Rt−1(ρ
∗)] = E[R0(ρ

∗)] = 1. (4.11)

Hence {Rt(ρ
∗)}t≥1 is a nonnegative martingale with E[Rt(ρ

∗)] = 1 for all t.

Finally, Ville’s inequality for nonnegative martingales implies

P
(
sup
t≥1

Rt(ρ
∗) ≥ 1

α

)
≤ α, (4.12)

equivalently,

P
(
∀t ≥ 1, Rt(ρ

∗) ≤ 1

α

)
≥ 1− α, (4.13)

which is exactly (4.7).

Proposition 4.1 shows that the AV-QST sets provide a time-uniform frequentist guarantee:
at any time t, and even under data-dependent stopping, the reported uncertainty set
maintains confidence level 1− α for containing the fixed, unknown true state ρ∗.
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This chapter assesses the practical performance of the proposed anytime-valid quantum
state tomography framework through numerical simulations. In particular, we empirically
compare AV-QST against representative baseline approaches from the literature in terms
of (i) coverage—whether the reported confidence region contains the true state—and (ii)
informativeness—how quickly the confidence region shrinks as more measurement data
are collected.

5.1. Numerical Results

In this section, we present numerical results for simulated tomography experiments of the
proposed AV-QST procedure, and compare it with the Bayesian credible-region approach
B-QST [3] and the likelihood-ratio based procedure LR-QST [10]. All simulations were
implemented in Python and executed on an M3 Max MacBook Pro. Throughout, we
perform local measurements using the MIC-POVM presented in (2.9) separately on each
qubit (see [15] and Sec. 2.2.3). For each Monte Carlo run, we generate a random pure
quantum state ρ∗ according to the Haar-uniform distribution (Sec. 3.3.3). In AV-QST,
the point estimate ρ̂t is taken to be the MLE. For LR-QST, we evaluate the confidence set
in (4.5) separately at each time t (in particular, at t = T for the reported comparisons).

A representative visualization of the confidence regions produced by AV-QST and B-QST
is shown in Fig. 5.1. In this example, the true state ρ∗ is not contained in the B-QST
region at time t = 22, illustrating the key limitation of B-QST in the sequential setting:
the lack of an anytime-validity guarantee. In contrast, AV-QST is designed to maintain
the desired coverage uniformly over time.

We next summarize aggregate results over repeated Monte Carlo runs for the one, two,
three, and four-qubit settings, with Hilbert-space dimensions D = 2, 4, 8, and 16, re-
spectively. The one and two-qubit results are reported in Fig. 5.2, while the three and
four-qubit results are reported in Fig. 5.3. Fixing the target miscoverage level to α = 0.1,
panels (a) and (d) display the empirical miscoverage rate as functions of the time index
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t = 5 t = 22 t = 50 t = 100

Figure 5.1: Confidence regions obtained as measurements are carried out on copies of
a true state ρ∗ over discrete time t = 1, 2, ... using Bayesian credible regions (B-QST)
[3] and the proposed anytime-valid QST (AV-QST). Bayesian QST (B-QST) does not
provide time-uniform frequentist coverage guarantees (highlighted at t = 22); while the
proposed AV-QST ensures that the confidence region includes the true state ρ∗ (red dot)
with probability no smaller than 1− α uniformly over all time steps t.

t, while panels (b) and (e) show the corresponding normalized set sizes. The empirical
miscoverage rate at time t is estimated by computing the fraction of runs in which the
true state ρ∗ is not contained in the confidence set up to time t. The normalized set size
is estimated by approximating the fraction of the space of density matrices covered by
the confidence set, using a sampling-based procedure (Sec. 3.3.1).

Across all system sizes, the confidence regions produced by all methods shrink as t in-
creases and more measurement data are collected, reflecting the increasing information
provided by the measurement record. The three procedures, however, exhibit different
behavior in terms of coverage. The empirical miscoverage rate of AV-QST remains below
the α specified in (4.7) at all times, consistent with the anytime-valid design objective.
By contrast, the empirical miscoverage rate of the B-QST credible region increases sub-
stantially above the target level, highlighting that it does not provide valid sequential
coverage when the confidence region is monitored over time.

For LR-QST, we observe a dimension-dependent conservativeness. In the one-qubit case
(panels (a)–(c) of Fig. 5.2), LR-QST behaves similarly to AV-QST in terms of both mis-
coverage and normalized set size, and we do not observe a pronounced practical difference
between the two methods. As the number of qubits grows (panels (d)–(f) of Fig. 5.2 and
Fig. 5.3), however, LR-QST becomes increasingly conservative: it almost never miscovers
the true state, but this is achieved by producing confidence regions that are substantially
larger than those of AV-QST. This widening gap is consistent with the fact that the
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LR-QST upper bound depends on the dimension of the system. Consequently, LR-QST
becomes markedly less informative than AV-QST in the three and four-qubit settings
(Fig. 5.3).

Finally, panels (c) and (f) of Fig. 5.2 (and the corresponding bottom-row panels of Fig. 5.3)
report the empirical miscoverage rate as a function of the target miscoverage α, evaluated
at t = 100. These results reinforce the same qualitative picture: B-QST regions are
consistently smaller than the corresponding AV-QST confidence sets, but fail to achieve
the desired miscoverage level, whereas LR-QST regions are consistently larger than those
of AV-QST, with the degree of over-conservativeness increasing with the number of qubits.
Overall, the numerical experiments support the conclusion that AV-QST maintains the
required sequential coverage while producing confidence regions that remain informative
as the system dimension grows.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.2: Empirical miscoverage and normalized set size for B-QST [3], LR-QST [10],
and AV-QST (this thesis). Panels (a)–(c) correspond to the one-qubit setting and panels
(d)–(f) to the two-qubit setting. Within each column: top row shows miscoverage rate vs.
time t, middle row shows normalized set size vs. time t, and bottom row shows miscoverage
rate vs. target α. Lines represent median values and the shaded areas correspond to the
interquartile range (25th–75th percentiles).
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.3: Empirical miscoverage and normalized set size for B-QST [3], LR-QST [10],
and AV-QST (this thesis). Panels (a)–(c) correspond to the three-qubit setting and panels
(d)–(f) to the four-qubit setting. Within each column: top row shows miscoverage rate vs.
time t, middle row shows normalized set size vs. time t, and bottom row shows miscoverage
rate vs. target α. Lines represent median values and the shaded areas correspond to the
interquartile range (25th–75th percentiles).
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6| Conclusions and Future

Developments

This chapter concludes the thesis by summarizing the main contributions and findings,
and by discussing directions for future research. In particular, we outline extensions of
the proposed anytime-valid tomography framework aimed at broadening its applicability
and improving its efficiency in realistic experimental scenarios.

6.1. Conclusions

This thesis has developed and evaluated anytime-valid confidence sets for QST. The pro-
posed approach, termed AV-QST, provides a principled method for sequentially reporting
confidence regions that satisfy a uniform-in-time coverage requirement, addressing a key
limitation of standard non-sequential or fixed-time methods. The theoretical properties
of AV-QST (stated in (4.7)) were validated by the numerical simulations reported in
Chapter 5 (see Figs. 5.2 and 5.3), which demonstrate practical benefits both in terms of
maintaining the desired coverage level and in producing confidence regions of competitive
size compared to existing alternatives, namely [10].

More broadly, this work contributes to a growing line of research focused on bringing mod-
ern statistical methodology, especially tools designed for sequential and adaptive settings,
to quantum information processing [20, 21]. The numerical evidence presented in this
thesis supports the central conclusion that anytime-valid inference can provide a favor-
able balance between rigorous sequential coverage and practical informativeness, making
it well suited for real-time QST workflows.

6.2. Future Developments

An important extension of the current work is the development of statistically valid
change-detection mechanisms that can detect shifts in the underlying quantum state
during an experiment while retaining rigorous guarantees [22, 23]. Such tools would
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be valuable in non-stationary settings, where maintaining confidence statements without
accounting for changes can lead to misleading inferences. Integrating change detection
with anytime-valid confidence sets could enable reliable online monitoring: raising alarms
when changes are detected while continuing to provide valid uncertainty quantification
before and after change points.

A second promising direction is the design of adaptive measurement strategies supported
by the proposed framework. Because AV-QST produces valid confidence sets at every
time step, it is naturally compatible with tomography protocols in which the measure-
ment settings are updated online as data arrive. The central objective is to accelerate
uncertainty reduction—that is, to obtain smaller confidence regions with fewer measure-
ment shots—while retaining rigorous statistical validity.

Concretely, one may couple AV-QST with an experiment-design rule that selects the next
measurement configuration by optimizing an information or uncertainty criterion com-
puted from the current estimate and confidence region. For instance, the next POVM
could be chosen to minimize the expected volume of the subsequent confidence set, to
maximize an information gain proxy. Related ideas have been explored in adaptive to-
mography via entropy-based criteria [4].

Finally, the numerical investigations carried out in this thesis can be substantially broad-
ened. In addition to the pure-state setting, the same simulation pipeline can be extended
to mixed states by adopting appropriate priors and estimators, and by tracking the re-
sulting confidence sequences over the full state space. Moreover, the proposed framework
is agnostic to the specific point predictor: beyond the MLE, one may use the BME, hy-
brid predictors that combine MLE and BME, or any other estimator (or data-dependent
combination of estimators) that yields sequential predictions. Systematically comparing
these choices—in terms of computational cost, empirical tightness of the regions, and
robustness across measurement configurations—is a natural next step.
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