
Candidate 
Riccardo Albiero 
mat. 919941

Supervisor
Dr. Roberto Osellame

Co-Supervisors
Dr. Andrea Crespi
Dr. Giacomo Corrielli

Accademic Year: 2019-2020

Politecnico di Milano 
School of Industrial and Information Engineering

Femtosecond laser writing of integrated 
photonic circuits for multi-photon 
indistinguishability quantification

Master’s Degree in Engineering Physics





Abstract

Multi-photon states play a crucial role in quantum metrology and in the photonic
implementations of quantum computers. Therefore, the generation of many indistin-
guishable photons is one of the challenges of the current quantum technologies.
It is then required to develop tools and techniques for the characterization of the indis-
tinguishability of multiple photons. In fact, while the photon-pair indistinguishability
can be directly measured by means of the Hong-Ou-Mandel experiment, when higher
number of photons are involved pairwise comparisons are not sufficient to assess the
overall photons indistinguishability.
In this Thesis, we use an unpublished theoretical scheme to implement a reconfigurable
integrated circuit which can be used to assess the genuine indistinguishability of
four single photons. The circuit is fabricated by means of the femtosecond laser
micromachining technology.
The device consists in a 8�8 multiport interferometer, equipped with three integrated
microheaters patterned on top, for the thermo-optical tuning of the internal phases.
The design of the circuit fully exploits the unique potentialities of the fabrication
technique, with the realization of 3D waveguide crossings. Optical waveguides and
directional couplers have been optimized for the typical spectral range of quantum
dot single photon sources (904 nm – 940 nm). These waveguides yield propagation
losses as low as 0�18 dB cm�1, and the circuit operation shows good independence
from the polarization of impinging light.
To enhance the device portability, the integrated device was pigtailed with optical
fiber arrays, achieving input-output losses lower than 2 dB.
This interferometer can be used for the verification and qualification of single photon
sources, or as a tool for the empirical equalization of various degrees of freedom (e.g.,
temporal delays, polarization states) to obtain indistinguishable photons.
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Sommario

La generazione di diversi fotoni indistinguibili è una delle sfide delle attuali tecnologie
quantistiche. Infatti gli stati multi-fotone hanno un ruolo rilevante in metrologia
quantistica e per l’implementazioni di quantum computers basati sulla fotonica.
Risulta necessario, quindi, sviluppare delle tecniche per la caratterizzazione dell’in-
distinguibilità di =-fotoni. Tuttavia, se l’indistinguibilità di una coppia di fotoni può
essere misurata direttamente mediante l’effetto Hong-Ou-Mandel, utilizzare dei con-
fronti a coppie per la caratterizzare dell’indistinguibilità complessiva di uno stato
multi-fotone non è sufficiente.
In questa tesi, utilizziamo uno schema teorico non ancora pubblicato per l’implemen-
tazione di un circuito integrato riconfigurabile per la stima dell’indistinguibilità di 4
fotoni. Il dispositivo è fabbricato mediante scrittura laser a femtosecondi.
Il dispositivo consiste in un interferometro multiporta 8 � 8 e dotato di tre micro-
riscaldatori utilizzati per la modulazione della fase interna dell’interferometro per
mezzo dell’effetto termo-ottico.
La progettazione e la realizzazione del circuito sfruttano appieno le potenzialità uniche
della tecnica di fabbricazione, realizzando strutture compatte e tridimensionali. Le
guide d’onda e gli accoppiatori direzionali sono stati ottimizzati per la tipica gamma
spettrale di emissione di sorgenti quantum dots, 904 nm–940 nm, mostrando perdite
di propagazione di 0�18 dB cm�1 e una buona indipendenza dalla polarizzazione della
luce in ingresso.
Per aumentare la portabilità e facilitare l’accoppiamento, è stata effettuata una con-
nessione permanente con array di fibre, misurando perdite complessive di inserzione
inferiori a 2 dB.
L’interferometro può essere utilizzato per caratterizzare di sorgenti di singoli fotoni,
oppure come strumento per l’equalizzazione empirica dei vari gradi di libertà dei
fotoni (es. ritardi temporali, polarizzazione) utilizzati in esperimenti di informazione
quantistica.
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Introduction

Photon indistinguishability is a crucial concept in quantum optics. Since the first
experimental observation of two-photon coalescence, known as Hong-Ou-Mandel ef-
fect, much effort has been devoted to study the quantum indistinguishability signatures
for an increasing number of interfering particles.
Indeed, these phenomena are at the core of the computational complexity of linear
optical networks, as exemplified by the boson sampling problem. Besides, quantifi-
cation of multi-photon indistinguishability can be used for the characterization of the
quality of single-photon sources, and developing new techniques for this task is a
crucial step for the development of scalable quantum technology.
The realization of complex interferometric schemes, that may be needed also for
assessingmulti-photon indistinguishability, is effectively possible onlywith integrated
optics. Indeed, integrated optical technologies offers great advantages in terms of
stability, robustness and experimental footprint with respect to bulk approaches.
Among the many integrated-optics fabrication techniques, femtosecond laser micro-
machining has affirmed itself as an interesting technique for rapid prototyping of
photonic quantum circuits. This technology allows the fabrication of high-quality
waveguides in direct and cost-effective way, without the need of any lithographic step
or clean-room facilities. In addition, this technology is intrinsically three-dimensional,
allowing the exploration of circuit designs which would be otherwise impossible to
realize with other fabrication techniques. Moreover, femtosecond laser-written pho-
tonic circuits being written in glass can be perfectly mode-matched to the optical
fibres, which is a key requirement for the realization of low-loss processing nodes in
quantum optical networks.
The aim of this Thesis work is the experimental realization of an integrated multi-
port interferometer for the quantification of multi-photon indistinguishability, using
an unpublished theoretical scheme devised by the researches of INF-CNR and of
the Physics Department of Politecnico di Milano. In particular, the device allows
direct measurements of the genuine 4-photons indistinguishability. The experiment
is conducted together with a research group of the CNRS in Paris-Saclay, which will
perform the quantum experiment using single-photon sources based on quantum dots.
We will present the specifications and the design of the reconfigurable integrated
circuit for the assessment of 4-photons indistinguishability. We will describe in detail
the fabrication of the interferometer together with its optical characterization.
This Thesis is structured as follows. In Chapter 1 we recall some fundamental
concepts on quantum optics and multi-photon indistinguishability, and introduce the
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theoretical scheme for the interferometer. In Chapter 2 we review the femtosecond
laser micromachining technique, for the fabrication of integrated optical circuits in
transparent substrates. In Chapter 3 we introduce the experimental setup and the
methods employed for the characterization of the device. In Chapter 4 we present the
development and characterization of the basic optical components for the integrated
device. In Chapter 5 we discuss on the design and characterization of the multiport
interferometer. Finally, in Chapter 6, we discuss the fabrication and characterization
of the microheaters for the reconfiguration of the internal phase terms.
The fabrication and characterization processes have been carried out at the Physics
Department of Politecnico di Milano.

vi



Contents

Abstract i

Sommario iii

Introduction v

1 Photon Indistinguishability and quantum interference 1
1.1 Fundamentals of Second Quantization . . . . . . . . . . . . . . . . 1

1.1.1 Quantization of electromagnetic �eld . . . . . . . . . . . . 1
1.1.2 Photon . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Two-photon interference . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.1 Particles distinguishability . . . . . . . . . . . . . . . . . . 3
1.2.2 Hong-Ou-Mandel Experiment . . . . . . . . . . . . . . . . 4

1.3 Need for multi-photon interference . . . . . . . . . . . . . . . . . . 8
1.3.1 The boson sampling problem . . . . . . . . . . . . . . . . . 8
1.3.2 Quantum metrology . . . . . . . . . . . . . . . . . . . . . 9

1.4 Characterization of quantum indistinguishability . . . . . . . . . . . 10
1.4.1 Suppression laws . . . . . . . . . . . . . . . . . . . . . . . 10
1.4.2 Genuine multi-photon interference . . . . . . . . . . . . . . 11
1.4.3 Photons indistinguishability bounds . . . . . . . . . . . . . 12

1.5 Proposed interferometer . . . . . . . . . . . . . . . . . . . . . . . . 13
1.5.1 Circuit design . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.5.2 Role of phase shifters . . . . . . . . . . . . . . . . . . . . . 14
1.5.3 Direct multi-photon interference . . . . . . . . . . . . . . . 15

2 Femtosecond Laser Micromachining 19
2.1 Femtosecond pulse interaction with dielectrics . . . . . . . . . . . . 19

2.1.1 Plasma formation . . . . . . . . . . . . . . . . . . . . . . . 20
2.1.2 Relaxation and permanent modi�cation . . . . . . . . . . . 21

2.2 Waveguide writing . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2.1 Focusing conditions . . . . . . . . . . . . . . . . . . . . . 22
2.2.2 Writing con�guration . . . . . . . . . . . . . . . . . . . . . 23
2.2.3 Repetition rate and thermal e�ects . . . . . . . . . . . . . . 24
2.2.4 Annealing process . . . . . . . . . . . . . . . . . . . . . . 25

2.3 State of the art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3.1 Passive integrated photonic circuits . . . . . . . . . . . . . 27

vii



2.3.2 Recon�gurable integrated photonic circuits . . . . . . . . . 30

3 Experimental Methods 35
3.1 Waveguide writing setup . . . . . . . . . . . . . . . . . . . . . . . 35

3.1.1 General scheme . . . . . . . . . . . . . . . . . . . . . . . . 35
3.1.2 Laser source . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.1.3 Motion stages . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2 Chip post-processing . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2.1 Glass polishing . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2.2 Gold coating and resistor patterning . . . . . . . . . . . . . 37
3.2.3 Fiber pigtailing . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3 Characterization methods . . . . . . . . . . . . . . . . . . . . . . . 38
3.3.1 Microscope inspection . . . . . . . . . . . . . . . . . . . . 38
3.3.2 Optical characterization setup . . . . . . . . . . . . . . . . 39
3.3.3 Mode pro�ling . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3.4 Losses characterization . . . . . . . . . . . . . . . . . . . . 40

4 Optimization of waveguide components 43
4.1 Waveguide optimization . . . . . . . . . . . . . . . . . . . . . . . 43

4.1.1 Optimization of propagation and coupling losses . . . . . . 44
4.1.2 Characterization of bending losses . . . . . . . . . . . . . . 46

4.2 Directional couplers optimization . . . . . . . . . . . . . . . . . . . 46
4.2.1 Coupled mode theory and best-�t . . . . . . . . . . . . . . 47
4.2.2 Preliminary assessment of waveguide quality . . . . . . . . 48
4.2.3 Coupling distance optimization . . . . . . . . . . . . . . . 49
4.2.4 Polarization sensitivity . . . . . . . . . . . . . . . . . . . . 51

5 Fabrication of passive interferometric circuit 53
5.1 Circuit geometry design . . . . . . . . . . . . . . . . . . . . . . . . 53
5.2 Device fabrication of the device . . . . . . . . . . . . . . . . . . . 57

5.2.1 Fabrication and preliminary characterization . . . . . . . . 57
5.2.2 Insertion losses characterization at 925 nm . . . . . . . . . 57
5.2.3 Splitting ratio characterization at 925 nm . . . . . . . . . . 58

6 Fabrication of recon�gurable interferometric circuit 63
6.1 Design of the thermal phase-shifters . . . . . . . . . . . . . . . . . 63
6.2 Characterization of the thermal phase-shifters . . . . . . . . . . . . 66
6.3 Fiber pigtail and packaging . . . . . . . . . . . . . . . . . . . . . . 68

Conclusions 71

Ringraziamenti 73

Bibliography 75

viii



List of Figures

Figure 1.1 Scheme of the Hong-Ou-Mandel experiment and interference fringe. 4
Figure 1.2 Hong-Ou-Mandel experiment outcomes for fully distinguishable

and fully indistinguishable particles. . . . . . . . . . . . . . . . 5
Figure 1.3 Experimental result for three and two photon coincidence measures. 12
Figure 1.4 Scheme for the interferometer for bound the genuine four-photon

indistinguishability. . . . . . . . . . . . . . . . . . . . . . . . . 13
Figure 1.5 General scheme of the# -mode interferometer. . . . . . . . . . 14
Figure 1.6 Procedure for the reduction of the number of phase shifters in the

device. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
Figure 1.7 Scheme of the# -mode interferometer equivalent to the one in

Figure 1.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Figure 2.1 Nonlinear absorption processes . . . . . . . . . . . . . . . . . . 20
Figure 2.2 Permanent modi�cations for di�erent pulse energies. . . . . . . 22
Figure 2.3 Waveguide writing con�gurations: longitudinal and transversal. 23
Figure 2.4 Thermal e�ects in the focal volume. . . . . . . . . . . . . . . . 24
Figure 2.5 Thermal annealing: temperature pro�le and e�ects on the waveg-

uide cross section. . . . . . . . . . . . . . . . . . . . . . . . . . 26
Figure 2.6 Scheme of a directional coupler. . . . . . . . . . . . . . . . . . 27
Figure 2.7 Scheme of a symmetric polarization-insensitive directional coupler. 28
Figure 2.8 Scheme of the circuits for generation and veri�cation of 8-mode

multipartite entanglement. . . . . . . . . . . . . . . . . . . . . 29
Figure 2.9 Scheme of 5-mode interferometer for boson sampling experiments. 30
Figure 2.10 Scheme of 3D network of directional couplers. . . . . . . . . . 31
Figure 2.11 Scheme of the recon�gurable Mach-Zender interferometer. . . . 31
Figure 2.12 Scheme of a recon�gurable chip for multiphase estimation. . . . 32
Figure 2.13 Thermal stability of thermal shifters. . . . . . . . . . . . . . . . 33

Figure 3.1 Waveguide writing setup. . . . . . . . . . . . . . . . . . . . . . 36
Figure 3.2 Fiber array input facet. . . . . . . . . . . . . . . . . . . . . . . 38
Figure 3.3 End-�re coupling con�guration. . . . . . . . . . . . . . . . . . 39

Figure 4.1 Losses �gures at di�erent values of laser irradiation power. . . . 45
Figure 4.2 Bending losses for S-bends with di�erent curvature radii. . . . . 46
Figure 4.3 Re�ectivity values of directional couplers as a function of the

coupling length. . . . . . . . . . . . . . . . . . . . . . . . . . . 49

ix



Figure 4.4 Re�ectivity values of directional couplers as a function of the
coupling distance. . . . . . . . . . . . . . . . . . . . . . . . . . 50

Figure 4.5 Re�ectivity values of directional couplers measured with H- and
V-polarized light. . . . . . . . . . . . . . . . . . . . . . . . . . 51

Figure 5.1 Theoretical scheme and integrated optical design of the8-mode
interferometer. . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Figure 5.2 Di�erent three dimensional layout for the8-mode interferometer. 55
Figure 5.3 Single-mode insertion losses for H- and V-polarized light. . . . 59
Figure 5.4 Scheme of a two rows cascading directional couplers. . . . . . . 59
Figure 5.5 Scheme of a directional coupler with a di�erential loss between

the output modes. . . . . . . . . . . . . . . . . . . . . . . . . . 60

Figure 6.1 Top-view of the interferometer with three thermal phase-shifters. 65
Figure 6.2 Scheme of the electrical connections and ablation pattern for the

thermal shifters. . . . . . . . . . . . . . . . . . . . . . . . . . . 65
Figure 6.3 Scheme of the Young interference experiment. . . . . . . . . . . 67
Figure 6.4 Power-phase coe�cient retrieval procedure. . . . . . . . . . . . 69
Figure 6.5 Final device. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

x



List of Tables

Table 4.1 Optimal inscription parameters for single-mode waveguides. . 44

Table 5.1 Geometrical parameters of the multiport integrated interferom-
eters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

Table 5.2 Re�ectivity values for multiport interferometers varying the
coupling distances of the directional couplers. . . . . . . . . . 58

Table 5.3 Re�ectivity values of the directional couplers with coupling
distance32 = 6•8µm. . . . . . . . . . . . . . . . . . . . . . 61

Table 5.4 Re�ectivity values of the directional couplers with coupling
distance32 = 6•9µm. . . . . . . . . . . . . . . . . . . . . . 61

Table 6.1 Thermal shifters resistance measured with a driving voltage of
100 mV. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

xi



xii



Chapter 1

Photon Indistinguishability and
quantum interference

In this Chapter photon indistinguishability is brie�y presented. First, we introduce the
concept of photon and the formalism of the second quantization with the creation and
annihilation operators. Then we present the properties of indistinguishable photons
and the Hong-Ou-Mandel experiment. We also discuss few applications of the multi-
photon interference and in some ways to characterize the indistinguishability of a set
of = photons are discussed. Finally, we introduce the proposed interferometer for
measuring multi-photon indistinguishability.

1.1 Fundamentals of Second Quantization

A quantum theory of radiation is indispensable to understand the properties of light.
The �eld quantization is developed following a formal analogy with the quantum
mechanics of the harmonic oscillator. The electromagnetic �eld is described with an
in�nite product of such generalized harmonic oscillators.
The aim of this Section is to introduce the quantized electromagnetic �eld and use
this concept for introducing the notion of photon and of Fock states.

1.1.1 Quantization of electromagnetic �eld

The derivation for the electric �eldE¹r– Cº as function of the positionr and the time
Cis reported here, the formulation of the magnetic �eldB¹r– Cº is analogous. The
electromagnetic �eld can be written in terms of the Fourier components of the normal
modes of a cavity of volume+ [1]:

E¹r– Cº = E¸ ¹r– Cº ¸ E� ¹r– Cº

=
Õ

:

s
\ l :

2Y0+
e:

�
U: 4� 8 l : Ç 8k �r ¸ c.c.

�
(1.1)

where the summation runs over all modes: with frequencyl : , U: is the amplitude
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Photon Indistinguishability and quantum interference

of the oscillation,e: represent the polarization vector of the �eld while\ is the Planck
constant andY0 is the vacuum permittivity.
The classical Hamiltonian of the electromagnetic �eld is the following [1]:

H =
1
2

¹
d+

�
Y0E2¹r– Cº ¸

1
` 0

B2¹r– Cº
�

(1.2)

where` 0 is the magnetic permeability of vacuum and the integral is taken over the
whole volume+ of the cavity. The second quantization procedure consists in turning
each amplitude of (1.1) into an operator. We consider the oscillator amplitudesU:

andU�
: , corresponding to harmonic motion, to be quantized by replacingU: ! 0̂:

andU�
: ! 0̂y

: .
Substituting the expressions ofE¹r– Cº andB¹r– Cº written in terms of quantized Fourier
components in (1.2) and integrating1over the whole volume+ the Hamiltonian of the
system can be written as:

H =
1
2

Õ

:

\ l : ¹0̂y
: 0̂: ¸ 0̂: 0̂y

: º (1.3)

The operatorŝ0y
: and 0̂: are, respectively, the creation and annihilation operators.

They satisfy the bosonic commutation relation
h
0̂y

: –0̂y
:

i
= 0 and are equivalent to the

ladder operators for the harmonic oscillators, putting or extracting quanta of energy
from the electromagnetic �eld.

1.1.2 Photon

Wave-particle duality is a emergent paradigma in quantum mechanics. In the second
quantization picture, the photon is a discrete excitation of a mode: of the electro-
magnetic �eld in a cavity.
Using the commutation relations for the creation and annihilation operators associated
to photons the Hamiltonian (1.3) can be recast as

H =
Õ

:

\ l :

�
0̂y

: 0̂: ¸
1
2

�

=
Õ

:

\ l :

�
=̂: ¸

1
2

�
(1.4)

where the number operator̂=: = 0̂y
: 0̂: has been introduced, which describes the

average number of photons in a given mode: .
Eigenstates of the number operator are the Fock states, quantum states in which the
number of particles is a �xed integer:

0̂y0̂ j=i = = j=i • (1.5)

The operatorŝ0 and0̂y are raising and lowering operators on a series of equally spaced

1Where mixed terms are simpli�ed using the formula:
¯

4�¹ ¹ k� k0ºr º d+ = +Xk–k0

2



1.2 Two-photon interference

eigenstates:

0̂y j=i =
p

= ¸ 1 j= ¸ 1i (1.6)

0̂ j=i =
p

= j= � 1i (1.7)

0̂ j0i = j0i (1.8)

The expressions (1.6) explicit the action of the creation and annihilation operators.
The application of0̂ removes a photon from the system producing a state with one
less quantum of energy. Alternatively, the application of0̂y, adds a photon to the
system resulting in a state with an additional quantum of energy.
They can be used to generate all possible Fock states starting from the ground state
j0i by a successive applications of the creation operator:

j=i =
¹0̂yº=

p
=!

j0i • (1.9)

1.2 Two-photon interference

1.2.1 Particles distinguishability

In classical mechanics all particles are distinguishable. They can be labelled and all
the properties of the particles can be investigated, in principle, with an in�nite degree
of precision.
In quantum mechanics the picture is completely di�erent. A particle is described by
a wavefunction and therefore its observables have a precise value only immediately
after a measurement process [2]. In-between measurements the particle's observables
do not posses de�nite values. As time passes, the wavefunctions of a multi-particle
system spread and overlap making it impossible to follow the trajectories of individual
particles and, therefore, to distinguish them.

A notion of particle indistinguishability can be introduced, based on the physical
observables of the system [3]:

Two states that di�er only by a permutation of identical particles are
physically equivalent

This means that anyobservableof the system does not change after a mere permutation
or swap of particles.
This condition imposes a symmetry constraint to the wavefunction that can be either
fully symmetric or fully antisymmetric. In a second quantization formalism the
symmetrization of the wavefunction is guaranteed by the commutation relations of
the creation and annihilation operators. In the case of photons (or bosons in general)
the wavefunction has to be completely symmetric and the operators0̂ and0̂y must
satisfy:

3
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(a)

(b)

Figure 1.1: a) Basic scheme of a Hong-Ou-Mandel experiment. Two photons are injected
in the di�erent input channels of a beam-splitter and, at the output, the coincidence events
are recorded. b) Typical interference fringe measured as a function of the relative delay
between photons. [4].

�
0̂q –0̂_

�
=0 (1.10)

h
0̂y

q –0̂y
_

i
=0 (1.11)

h
0̂y

q –0̂_

i
= hqj_i (1.12)

where the subscriptsq and_ indicate two di�erent particles.

1.2.2 Hong-Ou-Mandel Experiment

The Hong-Ou-Mandel (HOM) e�ect [4] is a simple yet powerful manifestation of
quantum interference of the bosonic �eld associated to photons.
It occurs in the simple experiment which consists in sending two photons to the
di�erent input channels of a balanced beam-splitter and in measuring the coincidence
events at the output, in which each photon exits in a di�erent channel. The basic
scheme is reported in Figure 1.1a.

Distinguishable particles

We consider the case of a pair of fully distinguishable particles (Figure 1.2a). Photons
propagate independently and each of them can be either transmitted or re�ected. At
the output of the beam-splitter we can observe both states with multiple particles in
the same output mode (bunched states) and states with a single particle per mode
(anti-bunched states) [5].
We can write:

P¹1–1º = ?1–1?2–2 ¸ ?1–2?2–1 (1.13)

P¹0–2º = ?1–2?2–2 (1.14)

P¹2–0º = ?1–1?2–1 (1.15)

4



1.2 Two-photon interference

(a) (b)

(c)

Figure 1.2: Schematic view of HOM experiments using photon pairs with di�erent dis-
tinguishability. In panel a) is depicted the case of distinguishable photons while in panel
b) is reported the case of indisitnguishable photons. In c) is depicted a representation
of the possible output events of the HOM experiment in the case of fully distinguishable
photons (left) and fully indisitnguishable photons (right). In the latter case not all classical
permitted output are possible, only bunching state are observed.

5
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where ?8– 9are the classical probability of having the particle in channel8 to be
scattered to channel9. Since we are considering a balanced beam-splitter, all?8– 9

events are equiprobable (Figure 1.2, left panel) and we obtain simply:

P¹1–1º =
1
2

(1.16)

P¹0–2º = P¹2–0º =
1
4

(1.17)

Indistinguishable particles

In the case of indistinguishable particles a treatment with second quantization formal-
ism is needed. We consider the input state as:

jk i 8= = 0̂y
10̂y

2 j0i (1.18)

where0̂y
1 and 0̂y

2 are the bosonic creation operators in the two beam-splitter input
modes.
The output state can be computed from the input state using the balanced beam-splitter
unitary matrix* �( [6]:

�
1̂y

1
1̂y

2

�
= * �( �

�
0̂y

1
0̂y

2

�
=

1
p

2

�
1 8
8 1

�
�

�
0̂y

1
0̂y

2

�
(1.19)

obtaining:

jk i >DC= * �( jk i 8=

= 1̂y
11̂y

2 j01–02i

=
1

p
2

h
8

�
0̂y

10̂y
1 � 0̂y

20̂y
2

�
¸ 0̂y

20̂y
1 � 0̂y

10̂y
2

i
j0i (1.20)

By applying the boson commutation relations (1.10) we notice that0̂y
10̂y

2 = 0̂y
20̂y

1 and
thus the last two terms interfere destructively. The �nal output will be:

jk >DCi =
8

p
2

¹j2–0i � j0–2iº (1.21)

where we have the coherent superposition of both particles in either mode 1 or mode
2 and:

P¹ j0–2i º = P¹ j2–0i º =
1
2

(1.22)

P¹ j1–1i º = 0 (1.23)

This means that only the bunched outcomes are possible, while the anti-bunched state
is strictly suppressed by quantum interference e�ect (Figure 1.2c, right panel).
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1.2 Two-photon interference

Partially distinguishable particles

In the case of photons with partial indistinguishability, a generic two-photon state
jk i 8=can be written as:

jk i 8= = 0̂y
� 0̂y

� j0i (1.24)

where each particle carries a degree of freedom (e.g. arrival time, polarization,
spectrum, etc.),j � i andj� i respectively, that allows to distinguish them, while all the
other degrees of freedom are assumed to be identical. The subscript� (� ) indicates
that the creation operator creates a photon inj � i (j� i ).
The description of one of the partially distinguishable degrees of freedom can be
recast as a linear combination of a completely indistinguishable and a completely
distinguishable contribution [5]. Forj� i we can write:

j� i = h� j� i

|  {z  }
2k

j � i ¸
� q

1 � h� j� i 2
�

|              {z              }
2?

�
� ��

�
• (1.25)

where
�
� ��

�
is a state orthogonal toj � i . It follows:

jk i 8= =
�
2k0̂y

� 0̂y
��

¸ 2? 0̂y
� 0̂y

��

�
j0i (1.26)

where2k and2? are probabilities for the photons to be intrinsically indistinguishable or
distinguishable.2k can be considered as a measure of the intrinsic indistinguishability.

From an experimental point of view, identical particles can become partially distin-
guishable by tweaking a particular degree of freedom such as polarization or arrival
time. With this control over the particles state, the transition between fully distin-
guishable and fully indistinguishable particles can be explored. In the original HOM
experiment the arrival time between photons was chosen to tune the photon indistin-
guishability. We can consider two partially distinguishable wave packets, in temporal
modes that are described byjC1i andjC2i , respectively.
In analogy with the previous derivation, the temporal modejC2i can be written as a
linear combination of a contribution parallel tojC1i and a contributionj�C2i which is
orthogonal tojC1i :

jC2i = 2k jC1i ¸ 2? j �C2i • (1.27)

In this way, the �rst term gives rise to quantum interference while the second term
behaves as a fully distinguishable classical particle. Repeating the calculations of
(1.20) we would not retrieve a perfect cancellation of the coincidence statej1–1i and
the probability of detecting such state reads:

P¹1–1º =
1
2

�
1 �

�
�
�2k

�
�
�
2
�

(1.28)

By continuously changing the arrival time di�erence� Cbetween the two temporal
modes of the photons one obtains an interference fringe like the one reported in
Figure 1.1b.
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Photon Indistinguishability and quantum interference

1.3 Need for multi-photon interference

The Hong-Ou-Mandel e�ect is a striking manifestation of the quantum properties of
light, showing the bunching tendency of bosons, and it constitutes a pivotal result in
quantum optics.
A natural step, at this point, would be to generalize the experiment to a generic
=-photon case, and investigate multi-photon interference. Multi-photon interference
and multi-photon indistinguishability are key elements to develop advanced quantum
photonics applications[7, 8, 9, 10, 11, 12]. We brie�y review in the following two of
them.

1.3.1 The boson sampling problem

The boson sampling problem consists in sampling from the output distribution of
= indistinguishable photons that interfere through a linear< -mode interferometer
described by a Haar-random unitary matrix with< � =.
We can present the problem by considering a set of< modes with associated bosonic
creation operator̂0y

8. The generic Fock state of= photons is:

jk 8=i = jB1– B2– • • • – B< i =
<Ö

8=1

1
p

B8!

�
0̂y

8

� B8
j0i (1.29)

whereB8 are non-negative integers that count the number of photons in each mode
and

Í
B8 = =. The< -modes interferometer is described by a unitary transformation

* whose action determines the evolution of the creation operators0̂y
8 !

<Í

9=1
* 8 9̂0

y
9.

The transition probability between an input statej( i = jB1– B2– • • • – B< i and an output
statej) i = jC1– C2– • • • – C< i can be written as [13]:

P ¹j( i ! j) iº =

�
�Per¹* (–) º

�
�2

<Î

8=1
B8! C8!

(1.30)

where* (–) is a= � = sub-matrix of* constructed by takingC8 copies of the8-th row
of * andB9 copies of the9-th column. Per¹ � º is the permanent operator de�ned as:

Per¹ � º =
Õ

f 2%=

=Ö

8=1

08– f¹8º (1.31)

where � =
�
08 9

�
8– 92»=¼and the summation runs over all the permutations,%=, of

f 1– • • • – =g.
For matrices* without particular symmetries, the permanent is hard to compute. In
terms of complexity, it is a#P-hard problem since the best classical algorithms have
a computational time that exponentially with=.
In their seminal work [14], Aaronson and Arkhipov shifted the attention to a sampling
problem where the computational task consists in producing a sample from some
probability distribution su�ciently close to the ideal one.
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1.3 Need for multi-photon interference

Arguments from Ref. [14] provide strong evidences against the possibility of an
e�cient classical simulation of boson sampling, while this problem can be tackled
by a dedicatedquantum hardware. In this sense, the boson sampling problem is a
candidate to obtain a quantum advantage, i.e. an experimental demonstration of a
quantum device capable of performing a computational task unambiguously faster
than present day classical computers.
It is important, then, to scale the number of photons up to the point of a provable
quantum advantage with respect to the current classical computers. In this scenario,
multi-photon indistinguishability is important since an overall distinguishability be-
tween the photons degrades the hardness of the classical simulation and thus a strong
e�ort should be dedicated to building sources characterized by a high level of photon
indistinguishability.
Since the original proposal of Aaronson and Arkhipov, several theoretical studies
have focused on di�erent aspects of the problem, including the role of experimental
imperfections in the complexity of classical simulation, as well as proposals of new
variants of the original problem. The �rst experimental instances of the boson
sampling were reported in Ref. [15, 16, 17, 8]. Finally, in 2020 quantum advantage
using photonic boson sampling has been proved [18].

1.3.2 Quantum metrology

Optical measurements conducted with classical states of light (coherent light) are
limited in precision by the granularity of photons. In particular, in coherent light
states photons follows a Poissonian statistics and the number of detected photons,
# , has a standard deviation� # =

p
h# i , whereh# i denotes the mean number of

photons detected.
This determines that the measured quantity will have a signal-to-noise ratio (SNR):

SNR/
� #
h# i

=
1

p
h# i

(1.32)

which is referred to as the shot-noise limit.
An interesting problem in quantum metrology is to perform measurements that are able
to beat the shot-noise limit. Employing non-classical states of lights, characterized
by a sub-Poissoninan statistics (� # Ÿ

p
h# i ), o�er precision enhancement in inter-

ferometric scenarios by reducing the photon number �uctuations. This leads toward
measurements with1• h# i precision scaling, which is the so-called the Heisenberg
limit [19].
For instance, one could perform interferometry with NOON states which are path
entangled states of# photons across two modes:

jNOONi =
1

p
2

¹j# i j 0i ¸ j0i j # iº • (1.33)

These states o�er both super-resolution (# -fold decrease in fringe period) and su-
persensitivity (enhanced precision�� / 1• h# i ), and they are the optimal state for
low-�ux sensing in the lossless regime [20, 21].
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Photon Indistinguishability and quantum interference

Of course, these protocols are based on multi-photon interference which, in turn, is
based on multi-photon indistinguishability.

1.4 Characterization of quantum indistinguishability

In the following, the discussion of Section 1.2 is generalized to the=-photon case. We
discuss the di�erences between two-photon and multi-photon interference and report
a method to characterize the multi-photon indistinguishability.

1.4.1 Suppression laws

The bosonic nature of photons determines the symmetry of the wavefunction describ-
ing the multi-particle system which, in turns, translates into a bunching tendency.

The bunching tendency is enhanced when photons evolution is characterized by
speci�c symmetry, for example, the evolution through symmetrical multiport beam-
splitters. Various studies and experimental works [13, 22, 23, 24, 25, 26], shows
enhancement of bunched states and suppression of anti-bunched events, when=
photons interfere in multiport circuits. The balanced beam-splitter of the HOM e�ect
is the simplest example of such symmetric optical circuit and the suppression of the
anti-bunched statej1–1i has been computed explicitly in Section 1.2.

We can consider, for the general=-photon case, an arrangement of= particles propa-
gating through a=-modes Fourier multiport described by an unitary matrix* whose
terms are de�ned as [13]:

* 9: =
1

p
=

482c
= ¹ 9� 1º ¹=� 1º• (1.34)

The initial and �nal state can be described by a vectorjBi = jB1– B2– • • • – B=i and
jCi = jC1– C2– • • • – C=i whereB8 andC8 indicates the number of particle in the8-th mode
and

Í
B8 =

Í
C8 = =.

In the case ofdistinguishableparticle, when computing the output state probability
of a certain arrangement, classic combinatorics applies:

P2;0BB¹tº =
1
==

=!
Î =

9=1 C9!
• (1.35)

We can notice that anti-bunched events,jCi = j1–1– • • • –1i , are realized with a prob-
ability =!•==. On the other hand, bunching events,jCi = j0–0– • • • – =– • • • –0i , are
realized with a probability1•== su�ering a decrease by a factor of=!.

In case of fullyindistinguishablequantum particles, the situation is analogous to the
boson sampling problem introduced in Section 1.3. By adapting equation (1.30) to

10



1.4 Characterization of quantum indistinguishability

the problem under consideration, one �nds

P@<¹tº =

�
�Per

�
* B–C

� ��2
Î

9B9!C9!
(1.36)

Following Ref. [13], we notice that the bunched statejCi = j=–0– • • • –0i is enhanced
by a factor=! with respect to the classical case. In the case of a multiport circuit
with a speci�c symmetry, simple suppression rules for the generic arrangementjCi at
the output, by exploiting the regularity of* , have been demonstrated for Fourier and
Sylvester interferometers [13, 22].
Suppression rules summarize in a simple analytical form the existence of collective
e�ects of quantum interference that overshadow the statistical (classical) e�ects on
the output state con�guration. A simple suppression law for Fourier multiports, and
input states with cyclic symmetry, is due to Tichyet al. [13]. Output statesjCi are
completely suppressed if:

mod

 
=Õ

8=1

38¹Cº– =

!

< 0 (1.37)

where39¹Cº are the components of the mode assignment listd¹Cº whose8-th entry is
the exit mode of the8-th particle.
As one would expect, a general bunching tendency of the photons is recovered also
in the=-photon case for which output arrangements with high number of particles in
a single mode are preferred.

1.4.2 Genuine multi-photon interference

The simple two-photon interference of the HOM experiment allows to gauge the indis-
tinguishability of the impinging photons, which is indeed estimated by the visibility
of the interference dip. However, a generalization of the HOM experiment for the case
of =photons is not straightforward. By scaling the experiment to a number of photons
higher than two, we �nd a much richer scenario with respect to the two-photon case
[27, 28].
In particular, in the interference process, collective quantities are involved which are
characteristic of the whole set of photons rather than the individual photon pairs.
The simplest example of such collective quantities is reported in Ref. [28] where
the case= = 3 was considered. The probability ofj1–1–1i output state is studied
when a single photon is injected in each mode of a balanced three-mode beam-splitter
(tritter).
This probability,P111, reads:

P111 =
1
9

�
2 ¸ 4A12A23A31 cos¹i º � A2

12 � A2
23 � A2

31

�
(1.38)

wherei is the collectivetriad phasede�ned asi = i 12 ¸ i 23 ¸ i 31 and bothA8 9and
i 8 9came from the photon-pair inner products



k 8

�
�k 9

�
= A8 948 i 8 9. As in the HOM ex-

periment,A8 9can be interpreted as a measure of distinguishability of a pair of photons.
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Photon Indistinguishability and quantum interference

Figure 1.3: Experimental result for three and two photon coincidence measures. In the
left panel is shown the variation of P111 as a function of the triad phase i . In the right
panel the are shown coincidence measures with di�erent photon-pairs as the triad phase
i varies. [28]

From equation (1.38) is evident that the probability of the three-photon anti-bunched
state depend on the collective phasei . By changing this phase term an interference
dip is visible, while HOM experiments with photon pairs remain unalterated as shown
in Figure 1.3. It is clear that the multi-photon interference extends beyond the pairwise
distinguishability of photons which is not su�cient to describe the complete photons'
behaviour in a scattering process.

1.4.3 Photons indistinguishability bounds

Ref. [29, 26] give a method for estimating multi-photon indistinguishability for a set
of = photons using a series of cross-pairs HOM tests. In those works, the theory is
developed by explicitly for the case of= = 4, but the formalism introduced can be
generalized to a generic=.
We consider the linear interferometer represented in Figure 1.4 with six modes. Pho-
tons are injected in inputs�– �– � and � and multiple HOM tests are performed at
the output. The overlapsA8 9between the photon states8and9can be estimated exper-
imentally via the bunching probabilityP8 9in a HOM experiment between photons8
and 9:

P8 9=
1 ¸

�
�A8 9

�
�2

2
(1.39)

The four-photon state can be describe in terms of its density matrix using a model
that is analogous to (1.26):

d = 2kdk ¸
Õ

B¡ 1

2? d?
B– (1.40)

wheredk is a pure state of four perfectly indistinguishable photons andd?
B are pure

states where at least two photons are orthogonal. In this way we identify the degree
of genuineindistinguishability with2k, as it represent the probability of preparing
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�

�

�

�

HOM(�– � )

HOM(�– � )

HOM(�– � )

Figure 1.4: Scheme for four-photon experiment. The circuit is a 6-mode interferometer
with balanced beam-splitters (50:50). The red dots represent the photons injected in the
interferometer and at the output multiple HOM tests can be performed.

perfectly indisinguishable photons.
A single HOM experiment is not enough for a complete characterization of the2k

term in the multi-photon case. However, with this circuit we are able to perform
various HOM experiments between di�erent pairs of photons. Combining all this
information allows us to give non-trivial upper and lower bounds to thegenuine
indistinguishability term2k:

A�� ¸ A�� ¸ A� � � 2 � 2k � min ¹A�� – A�� – A� � º (1.41)

This derivation shows how the use of multiple HOM test can give non-trivial bounds to
the genuine indistinguishability term; however the precise value of2k is not estimated.

1.5 Proposed interferometer

In the following section we present the scheme of a# mode interferometer, for char-
acterizing the genuine=-photon indistinguishability. The circuit solves the aspects
highlighted in the previous sections as it allows to have a direct, HOM-like character-
ization of the genuine=-photon indistinguishability. This scheme has been devised
by researches of INF-CNR and of the Physics Department of Politecnico di Milano,
and it has not been published yet. An integrated optical version of the circuit will be
realized in the experimental part of this Thesis work.

1.5.1 Circuit design

The circuit is a# = 2= modes interferometer, composed by two rows of cascaded
balanced beam-splitters connected in the fashion of Figure 1.5.
Beam-splitters of the �rst row connect each odd mode to the adjacent even mode
and, analogously, the beam-splitters of the second row connect each odd mode to the
adjacent even mode. In the second row, the# -th mode is connected to the �rst one in
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� * �

#

1

2< ¸ 1 2< ¸ 1

2< 2<

2< � 1 2< � 1

2< � 2 2< � 2

1

1V# q# W#

V2< ¸ 1 q2< ¸ 1 W2< ¸ 1

V2< q2< W2<

V2< � 1 q2< � 1 W2< � 1

V2< � 2 q2< � 2 W2< � 2

V1 q1 W1

Figure 1.5: Scheme of the # -mode interferometer where all the phase terms are high-
lighted. In V8 are the input phase terms, W8 are the output phase terms, while q8 are the
phases of the waveguides of the interferometer's optical modes.

order to achieve a perfect circular symmetry. Phase shifters are placed in the inputs,
outputs and between the two rows of beam-splitters, in order to model arbitrary phase
delays in the optical modes.

1.5.2 Role of phase shifters

First of all, we can easily show that the phase terms at the input (before the �rst row
of beam-splitters) and at the output (after the second row of beam-splitters) do not
in�uence the output distribution for any Fock state at the input. Indeed, these terms
can be factored out of the matrix of the actual interferometer and represented with
diagonal matrices,� and� , respectively (see Figure 1.5):

� =

2
6
6
6
6
6
4

48V1

•••
48V#

3
7
7
7
7
7
5

� =

2
6
6
6
6
6
4

48W

•••
48W#

3
7
7
7
7
7
5

(1.42)

it is easy to show that their e�ects on the output distribution is null. Therefore, the
overall transfer matrix of the circuit,* 0 = � � * � � , is completely equivalent to the
pure interferometer transfer matrix* .
It is convenient to further simplify the expression of* by combining all the# phase
terms,q8, in single term. This allows us to gather some insights on the functioning of
the interferometer. The reduction procedure is straightforward and follows the steps
illustrated in Figure 1.6 which allow to simplify on phase term at a time. We can
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2< ¸ 1

2<

2< ¸ 1

2<

q�

q � q � � q� q�

q�

(a)

2<

2< � 1

2<

2< � 1

q�

q � q � � q�

q�

q�

(b)

Figure 1.6: Procedure for the reduction of the number of phase shifters in the device.
a) Procedure for the odd modes. The matrix of the the circuit remains unchanged by
removing q� if the phase term q � in the mode 2< is substituted with q � � q� and two
phase shifters q� are added at the outputs 2< and 2< ¸ 1. The latter two can be incor-
porated in the � matrix whose e�ect is null on the output state distribution. b) Procedure
for the even modes. The matrix of the the circuit remains unchanged by removing q� if
the phase term q � in the mode 2< � 1 is substituted with q � � q� and two phase shifters
q� are added at the inputs 2< � 1 and 2< . The latter two can be incorporated in the �
matrix whose e�ect is null on the output state distribution.

start from the# -th mode and iterate the steps over each mode until we reach mode1.
In this way we retrieve a description of the interferometer with a single phaseU1 as
represented in Figure 1.7:

U1 =
# •2Õ

< =1

q2< � 1 � q2< (1.43)

This phase term is a collective term that depends on all the modes of the interferometer.
We notice that the symmetry of the circuit allow the apply the procedure starting from
any mode. Obtaining# equivalent interferometers each with a single phase shifter
� U1 in mode9where the `+' sign is referred to odd modes, alternatively the `-' sign
for even mode.

1.5.3 Direct multi-photon interference

First, we can prove that none of the phase shiftersq8 in�uence the output state of the
interferometer, in terms of detection probability, is the input Fock state has less than=
photons. In fact, considering an arbitrary: -photon Fock state at the input with: Ÿ =,
at least one beam-splitter of the �rst row will remain without any photon at the input;
say the beam-splitter connecting modes2< � 1 and2< . By composing an equivalent
interferometer of the kind of Figure 1.7, with a single phase shifterU2< on the mode
2< , it follows that no photon will travel through the phase shifterU2< , and therefore
this phase shifter cannot in�uence the output state.
Now, we can focus on the in�uence of the phaseU1 on the photon distribution at
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#

#

2< ¸ 1 2< ¸ 1

2< 2<

2< � 1 2< � 1

2< � 2 2< � 2

1

1

U1

Figure 1.7: Scheme of the # -mode interferometer equivalent to the one in Figure 1.5.
The phase shifters q8 are substituted with a single phase shifter U1 by means of the
procedure illustrated in Figure 1.6.

the output for a speci�c Fock state with= photons. We consider the probability of
detecting, at the output, the statej( >DCi which is identical to the input statej( 8=i and
in which every photon is in a di�erent odd mode:

j( 8=i = j( >DCi = j( i = j1–3– • • • – #� 1i (1.44)

For this particular states, the scattering matrix* (–( (de�ned in (1.30)) can be easily
computed by inspection, given the sparse connections between modes inside the
interferometer. Indeed, a photon injected in an odd mode (2< � 1) can exit either in
the same mode (2< � 1) or in the adjacent odd mode (2< ¸ 1). In particular, such
photon can reach the¹2< ¸ 1º-th mode by being transmitted two times in both the
�rst and second beam-splitter, each giving a phase term of48 c•2:

* < ¸ 1–< =
8

p
2

�
8

p
2

= �
1
2

• (1.45)

Alternatively, in the other case, the photon undergoes two re�ections (both with a null
phase delay), thus:

* <–< =
1

p
2

�
1

p
2

=
1
2

(1.46)

and all the other terms of the scattering matrix associated to the input are null since
no other modes are connected to them.

Taking into account theU1 phase term in mode 1, we can write the complete scattering
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matrix as:

* =
1
2

©
­
­
­
­
­
­
­
­
­
­
«

48U1 � 1
� 1 1

� 1 1
••• •••

••• •••
� 1 1

ª
®
®
®
®
®
®
®
®
®
®
¬

(1.47)

Fully indistinguishable photons

From the previous derivation, which assumed a Fock state of indisitinguishable pho-
tons as input, the permanent of* can be computed by applying iteratively the Laplace
formula [30] adapted for permanents obtaining:

Per¹* º =
1
2=

�
48U1 ¸ ¹� 1º=�

(1.48)

and thus, the detection probabilityP8=3 reads:

P8=3 = jPer¹* º j2 =
1

22=� 1
¹1 � cosU1º (1.49)

where the plus (minus) sign is adopted for even (odd)=. This result indicates an
interference fringe with unit visibility spanningU1 in »0–2c¼.

Partially distinguishable photons

We consider the situation presented in the previous section with the di�erence that we
inject in the interferometer partially distinguishable photons. We are still injecting#
photons int he odd modes and post-selecting the output state with# photons in the
odd modes.

We can adopt a model similar to (1.40) to describe the density matrix of= photons
[29]

d = 2? dk ¸
Õ

8

2?
8 d? (1.50)

wheredk is the state of with all= indistinguishable photons andd? is the state having
at least two photons that are mutually orthogonal (i.e. fully distinguishable).
The probability ofdk coincides with the probability (1.49) computed in the previous
case of fully indistinguishable photons.
The probability of the remaining terms can be assessed exploiting the structure of
the interferometer. Consider one of the statesd?

8 , the fact that at least two terms are
orthogonal implies that at least two photons injected in subsequent odd modes (say
2< � 1 and2< ¸ 1) are orthogonal. The distinguishability of a pair of photons implies
the distinguishability of their evolution paths through the interferometer: since we
can distinguish them at the input we are also able to determine if they remained in the
same mode or they shifted two modes back. As discussed before, a photon can either
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exit from the same odd mode it has been injected to or from the adjacent odd mode.
Hence, knowing the path followed by a single photon imply asinglepossible path for
all theothersregardless of their distinguishability.
Therefore the probability of the desired output state is the same for all statesd? inde-
pendently of how many and which photons are distinguishable, the distinguishability
of two photons is enough to destroy all the interference.
Following this reasoning, the probability ofd? can be computed in the simplest case
of = fully distinguishablephotons:

P38BC= Per
�
j* j2

�
=

1
22=� 1

(1.51)

The overall probability reads:

P = 2kP8=3 ¸
Õ

8

2?
8 P38BC

= 2kP8=3 ¸
�
1 � 2k

�
P38BC

=
1

22=� 1

h
1 � 2k cosU1

i
• (1.52)

This expression similar to (1.49), but the visibility of the interference fringe is given
by 2k.
Therefore, by modifying the value ofU1 we are able to obtain an interference fringe
whose visibility is a characterization of thegenuinemulti-photon indistinguishability.
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Chapter 2

Femtosecond Laser
Micromachining

In the seminal work [31], Daviset al. pioneered the use of femtosecond laser
micromachining (FLM) for writing waveguides in transparent media. Since then, this
technology has been employed in several applications such as realization of circuits
for quantum photonics [32] and astrophotonics [33].

FLM is based on nonlinear absorption of focused laser pulses to induce a permanent
localized modi�cation in a dielectric medium. Waveguides are fabricated by tailoring
the irradiation parameters to achieve a smooth refractive index change in the dielectric
material, and continuous translation of the sample allows the inscription of circuit.

Over the years, femtosecond laser waveguide writing has a�rmed itself as a very
interesting technology in the �eld of integrated optics. Among the advantages, it is
a mask-less procedure, not requiring the use of any lithographic step nor clean-room
facilities. It allows fast prototyping of photonic circuits and, being inherently a three-
dimensional technology, it allows the exploration of three-dimensional designs which
would be otherwise impossible to realize with other fabrication techniques.

2.1 Femtosecond pulse interaction with dielectrics

Nonlinear absorption is essential for the realization of waveguiding structures since
the modi�cation of the material needs to be localized in a con�ned region. In order
to assure such absorption regime, photon energy smaller than the energy gap of the
dielectric material is needed.

Tightly focused femtosecond laser beam can achieve peak intensities of10 TW•cm2.
These intensities are su�cient to trigger optical breakdown in dielectric media and
permanent modi�cation in achieved as a result of two subsequent processes: energy
accumulation with the formation of ionized electronic plasma, and the following
relaxation process in which the accumulated energy is released to the lattice.
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Figure 2.1: Schematic representation of the nonlinear absorption processes. a) Multi-
photon absorption. b) Tunneling ionization. c) Avalanche ionization. [34]

2.1.1 Plasma formation

The nonlinear absorption process is typically ascribed to three possible mechanisms
depicted in Figure 2.1.

Multiphoton absorption

Multiphoton ionization is the dominant absorption mechanism at lower intensities
and high frequencies. Since the photon energy is not enough to bridge the bandgap, a
valence electron is promoted to the conduction band after the absorption of< photons
are absorbed such that:

<�a ¡ n 6 (2.1)

wheren6 is the bandgap energy,a is the photon frequency and� the Planck constant.

Tunnelling ionization

At higher laser intensities and low frequencies the strong �eld distorts the band struc-
ture and reduces the potential barrier between the valence and conduction bands. As
a result, electrons in the valence band undergo a direct band transition via quantum
tunneling.

Keldysh [35] showed that these two photoionization processes can be described in the
same theoretical framework. The Keldysh parameter allows to draw an approximate
bound between the conditions for the occurrence of such two processes. It is de�ned
as:

W=
l
4

r
< 42=Y0n6

�
(2.2)

wherel is the laser frequency,4is the fundamental electron charge,< 4 is the e�ective
mass of the electron in the material,2 is the speed of light,= the refractive index of
the media,� is the laser intensity at the focus.
If W� 1•5 tunnelling ionization is the dominant process. Alternatively, ifW� 1•5
the absorption is dominated by multiphoton absorption, while for values ofW� 1•5
(which is the case for typical commercial glasses used for waveguide fabrication) the
absorption process is due to a combination of the two processes.
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Avalanche photoionization

Electrons already present in the conduction band can absorb laser light by free carrier
absorption. After several subsequent absorption events, an electron in the conduction
band can have an energyn4;4 such that:

n4;4 ¡ n 2>=3 ¸ n6 (2.3)

wheren2>=3 is the energy of the minum of the conduction band. If this condition is
met, the excited electron can ionize a bound electron in the valence band (by electron-
electron scattering), resulting in two excited electrons at the bottom of the conduction
band.
These two electrons can undergo the same mechanism of free carrier absorption and
ionization of bound electrons as long as the laser �eld is present and strong enough,
giving rise to an avalanche ionization process.
Avalanche ionization require a su�cient number of seed electron already present
in the conduction band. These electrons can be provided by the other absorption
mechanisms (namely, multiphoton and tunnelling photoionization), defect states or
thermally excited impurities [36].

2.1.2 Relaxation and permanent modi�cation

Several mechanisms allow the energy transfer from the free-electron plasma to the
lattice. These relaxation phenomena are, ultimately, the cause of the modi�cation of
the dielectric media. The energy dissipation occurs during several picoseconds time
and it is completely decoupled from the absorption mechanism, which occurs in a
much shorter time scale.
The physical mechanisms involved in the modi�cation of the media are not always
fully understood.
In silica glass, one can distinguish three main types of structural changes that are
dependent on the exposure parameters, described in the following.

Smooth refractive index change

At low pulse energies (� 100 nJ), a smooth refractive index modi�cation has been
observed in fused silica [31] which is attributed to densi�cation from rapid quenching
of the melted glass in the focal volume [40]. This regime is the best one for waveg-
uidewriting (see Figure 2.2a) since the material keeps its transparency and optical
quality. Smooth and uniform refractive index modi�cations are indeed required to
obtain low propagation losses.

Birefringent refractive index change

For higher pulse energies (� 150 nJ� 5000 nJ), birefringent refractive index changes
have been observed in bulk of fused silica glass. Birefringence was attributed to
formation of periodic nanostructures (see Figure 2.2b) that were caused by the inter-
action between laser �eld and the free electron plasma [41]. Such a second regime
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(a)

(b)

(c)

Figure 2.2: a) Transversal (left panel) and longitudinal (right panel) cross-section of
a femtosecond written waveguide. Arrows indicate the guiding region (4µm) and the
surrounding cladding region (14µm) [37]. b) Scanned electron microscope images of
nanogratings with light polarized along parallel (left panel) and perpendicular (right panel)
to the scan direction. The orientation of the grating is always perpendicular to the polar-
ization of the writing beam. [38]. c) Femtosecond written binary voids in fused silica
[39].

with nanograting formation is almost unique to fused silica, while it has not been
observed in other kinds of substrates.

Void formation

At high pulse energies (¡ 500 nJ), where peak intensities reach� 1014 W•cm2, after the
electrons have transferred their energy to the lattice, high pressures are reached in the
focal volume, causing the generation of shockwaves. These shockwaves leave behind
a less dense or hollow (void) core, depending on the laser and material properties.
Of course, by conservation of mass, this less dense region is surrounded by a shell
of higher refractive index. Void structures (see Figure 2.2c) can be exploited for the
fabrication of 3D memory storage [42], but are not suitable for optical waveguiding
purposes.

2.2 Waveguide writing

2.2.1 Focusing conditions

Femtosecond laser pulses are focused using an optical objective in order to achieve a
micrometer-sized focal spot, to drive the nonlinear absorption. In the approximation
of linear propagation and absence of optical aberrations, the spatial pro�le of the
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2.2 Waveguide writing

(a) (b)

Figure 2.3: Schematic representation of the two di�erent writing con�gurations. a) Lon-
gitudinal con�guration. b) Transversal con�guration. The arrows represent the scanning
direction of the sample.

beam can be described by the paraxial wave equation and Gaussian optics. The
di�raction-limited beam waist radiusF0 is given by:

F0 =
" 2_
c# �

(2.4)

where" 2 is the Gaussian beam propagation factor which gauges the quality of the
beam [43],_ is the free-space wavelength of the laser light, and# � is the numerical
aperture of the focusing objective. The Rayleigh rangeI 0 is given by:

I 0 =
" 2=_
c# � 2

• (2.5)

As a matter of fact, chromatic and spherical aberrations may cause a deviations in
the intensity distribution near the focus, such that (2.4) and (2.5) may no longer
be valid approximations. While chromatic aberrations are not problematic, given
the fact that the laser is monochromatic, spherical aberrations represent a tighter
limitation. Spherical aberrations are due to the spherical shape of the focusing lens.
When focusing in air, the rays would converge in a single point, on the other hand,
by focusing under the surface of glass, the rays will converge in a bigger volume
because of the Snell laws at the interface. In glass-written waveguides, spherical
aberrations are introduced by the index mismatch at the air-glass interface and, as a
result, waveguides properties are strongly depth dependent.
To cope with spherical aberrations, one can use a particular objectives with correction
collar, designed for the compensation of the aberration at a given depth which can be
set by the experimenter. An alternative solution is given by the use of an immersion
objective. Such objective is conceived to work immersed in oil or water in order to
reduce the index mismatch and diminish the e�ect of spherical aberrations.

2.2.2 Writing con�guration

Two possible con�gurations, adopted for femtosecond laser waveguide writing, are
showed in Figure 2.3. In the longitudinal writing con�guration, the sample is scanned
along the parallel direction with respect to the incident beam. This con�guration,
given the transversal symmetry of the Gaussian intensity pro�le of the beam, pro-
vides waveguides with instrinsic a cylindrical symmetry. The main disadvantage is
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