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1. Introduction

This thesis explores the concept of robust output
regulation in linear time-invariant systems that
are affected by persistent external inputs, such
as step functions, sinusoidal waves, harmonics,
and periodic signals. The Internal Model Princi-
ple claims that effective asymptotic tracking and
disturbance rejection can only be achieved when
the controller includes a model of the exosystem
responsible for generating the exogenous signals
[4, 9]. In practice, however, sophisticated inter-
nal models—whether multi-harmonic or repeti-
tive—make the controller more complex, poten-
tially complicating the stabilisation phase.

The primary contribution lies in the investiga-
tion and application of Compensation of Inter-
nal Model (CIM) architecture for output regu-
lation |2, 3, 10]. The approach is introduced for
state-feedback regulation and extended to out-
put regulation, with an internal model acting on
a subset of measurement channels. Under struc-
tural conditions, the closed-loop dependence on
internal-model parameters becomes affine. This
transformation enables online adaptation to un-
known or shifting exosystem parameters while
maintaining stability without changing the sta-

biliser [6, 11].

A benchmark for grid-connected inverters is em-
ployed for validation. CIM is used to imple-
ment sinusoidal tracking and harmonic rejec-
tion in proportional-resonant and repetitive cur-
rent controllers, particularly in scenarios where
the grid voltage experiences distortion and fre-
quency variations occur [5].

2. Adaptive CIM for

feedback
Consider the plant

i(t) = Ax(t) + Bd(t) + Bu(t),

where z(t) € R” is its measurable state, v € R™
is a control input, and d € R™ is a load dis-
turbance. B has full column rank, and (A, B)
is stabilisable. Assume that the whole state is
measured and that the disturbance can be rep-
resented in the form

D(s) = M(s)Do(s) (1)

state-

in the Laplace domain, where M (s) is a known
model (exosystem) and Dy(s) € Ho, i.e., Do(s)
is proper and stable. Moreover, assume

M(cc)=1 and M~ 'e H,.



The control law is specified in the form
u=M (U + Rsl‘),

where M is incorporated into the controller to
asymptotically reject the disturbance d by the
Internal Model Principle, v € R™ can be in-
troduced as a reference signal. The stabiliser is
defined as

Rs=R—1I, (2)
Il € Hy is any (stable) system such that
(s)(sI — A)'B=1—-M"s).
The possible choice of R is
R=K,

where K € R™*" is such that A + BK is Hur-
witz.

The key trick for the adaptation is to use the
parametrisation of the model in the form

M~(s) = Mo(s) + ©M(s)
:[Ao Bo]+@[A0 By

Ci| 1

for a real parameter © and a Hurwitz Ayg. LF 7T,
stands for lower linear-fractional transformation
(LFT) [12].

For example, the harmonic disturbance d =
psin(wt + ) can be represented in the form (1)
as [7]

(s +a)?

M(s) = 52 4+ w?

and do(t) = e~ "(at + B)u,
where o = wcos ¢ — asin ¢ and 8 = sin ¢. Since
M~ € H,, (refer to the assumption in [1]), all
zeros of M (s) lie in the open left half-plane; thus,
a > 0. The model’s inverse is

2 2 2 2
M_l(s) _S +w __ S " w
(s+a)? (s+a)® (s+a)?
| Ao | Bo 2| Ao | Bo
_[Cl I]+w[02 0}’
with

The controller R : (v, z) — u can be defined as
R(s) = LFT(¥,0), where

Ao — BoCo | Bo Bn . —By
= —C) F K+ CyByB# | —I

and By = Bo(K + B#A) — (Ag — BoCo) BoB¥.
Replacing © with its estimation O results in the
same scheme; moreover, the closed-loop system
is stable if © is bounded. The scheme can be
depicted as illustrated in Figure 1.

Figure 1: Scheme of the adaptive state-feedback
controller.

3. Output regulation with CIM

Consider a continuous-time linear time-invariant
(LTT) plant P under a control input u(t) € R™
and a measured output y(t) € RP. The regulated
signal can be defined as

Ye(t) = Ey(t) € R¥,

where E € RP<*P js assumed to be normalised
(EE’" =1I). A possible structure of the controller
is [2]

R=R,E'ME+1I-FE), (4)

where M € RP<*Pe ig an internal model whose
poles coincide with the poles of the external sig-
nal. Ry is a stabiliser of the closed loop de-
signed to meet the performance requirements of
the system. Each pole of M should have geomet-
ric multiplicity p. for robust regulation [8]. The
stabiliser is designed for the augmented plant

Paug = (E'ME + I — E'E)P. (5)

Define the matrix E| € RP~P)%P a5 any matrix
that satisfies B, E| =1 — E'E. If p > p., then
every such E| has full row rank and satisfies



E| [E' E|]=[0 I]. Under the assumptions
stated in [2|, stabilising P,,4 can be reduced to
stabilising an equivalent plant

P = (I + E\T3E) Py (I + T EP,,) Y,

obtained by introducing the CIM terms II; and
II> through the controller

Ry = R(I + E' 1I,E) — II, E. (6)

It is easily apparent that when y, = y, the £
matrix is null, and the stabiliser has an identical
structure to (2).

Equivalent plant P should be such that compen-
sators defined as [2]

[gj - [Eiﬁ} (EP)™" — [EiP} (EP)"'M~1

are stable. A key result is that P can always
be chosen to be of the same order as P (refer
to [2]). Moreover, if EP is stably invertible and
has a proper relative degree (for example, 1 for
a model of a harmonic signal), P can be chosen
as P. Additionally, using an affine parametri-
sation of M~! analogous to (3), but with the
parameter appearing on the right (see [6]), the
compensators can be written as

Eﬂ B [Eiﬁ] (EP)™" ~ [Eip] (EP)™' My

— [EiP] (EP)~'M; 0.

Under the assumption that (EP)™'M; and
E,P(EP)"'M; are stable [6], the equivalent
plant can be selected independently of © so that

o] - [ele] =0

I
— [ELP} (EP)"'My € Hy.

(7)

This also permits replacing © with its estimate
© and obtaining the controller for the original
plant as follows:

R=LFT(v,6),
where

Ui Yy
U= ;
[ Uy WUy ]

Figure 2: Scheme of the 2DOF controller with
CIM and affine model parameters.
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Figure 3: Representation of the plant.

with

Uy, =R+ (I - RP)(EP)™'E — (ET;) M 'FE,
Wiy = (I — RP)(EP) ™ My ' My,

Uy = M, 'E,

oy = — My ' My,

which provides the basis for the adaptive
scheme [6]. The controller scheme is shown in
Figure 2.

4. Application: grid-connected
inverter

The benchmark is a single-phase grid-connected
inverter with an LCL filter, where the grid-side
current s is regulated to track a sinusoidal ref-
erence in the presence of grid-voltage harmonics
and frequency uncertainty. The plant is shown
in Figure 3.

The state vector is x = [il 19 uC]T, where i1
is the inverter-side inductor current, io is the
grid-side (injected) current, and u. is the capac-
itor voltage. The disturbance input is the grid
voltage ug, the control input is u, and the mea-
sured outputs are (ig,41); regulation is applied
to iz (pe = 1), while 7; is used only for stabilisa-
tion/performance shaping and is omitted in the
repetitive-control case. Using Kirchhoff’s laws,
the state-space model is



Figure 4: Block diagram of the PR-control with
CIM.
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y = Czx + Diw + Dau,

or
p_[A]lB B
C| Dy "D,
T Ri+Ry Ry D U I S U
L L L L L
Rq Ry tRag L _i ‘ 01
- L129 L129 Lag Lag :
0 1 0 0 10
! 0 0 0 10

5. PR control with CIM

The proportional-resonant (PR) control with
CIM (see Figure 4) is examined under grid volt-
age disturbed by the 3rd and 5th harmonics:

ug = 15sinwt — 1.5sinwyt — 1.5 sinwst

where w1 = 2750, wye = 27w -150, w3 = 27 -250.
Thus, the internal model can be chosen as

(s +a)b
(2 + wi)(s? + w3)(s? + w3)’

M(s) =

with @ > 0. Regulated output applies solely
to the grid current iy (pe = 1). Consequently,
the internal model is only implemented within
the 79 channel. The selection matrix is £ =
[1 O], and two compensators should be used in
the stabiliser (6).

Figure 5 reports simulation results for PR cur-
rent control using CIM, including time-domain
tracking and the steady-state current spectrum
under distorted grid voltage. Frequency adapta-
tion is addressed in the thesis and compared for
two approaches: the adaptation law in [6] and
a phase-locked loop estimate used to retune the
internal model.
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Figure 5: PR control with CIM: grid current
tracking with transient (top), tracking error
(middle), and output current spectrum (bot-
tom).

6. Repetitive control with CIM

The repetitive control with CIM is examined un-
der (i) grid voltage disturbed by the 3rd and
5th harmonics and (ii) with a connected nonlin-
ear load (an uncontrolled converter loaded with
an LC filter and a resistor). In addition, the
CIM approach was compared with standard H*°
repetitive current control |5]. Here, it was con-
sidered that only one current io is measured;
thus, F=1and E, =0.

Firstly, define the internal model for the repeti-
tive element as [3]

1

M(s) = Wfpe,

where F(s) is a stable finite-dimensional low-
pass filter, 7 > 0, and I, is a pe X p. identity
matrix. In this case, the system model in the
state space representation has an internal delay;



Figure 6: Block diagram of the repetitive current
control with CIM and delay adaptation.

however, one can write the inverse of the model
based on the (3) as

M~Ys)=1—-F(s)e ™
= Mo(s) + My(s)e” ™.

Figure 6 represents the scheme with a possible
slow delay adaptation mechanism. PLL is used
for delay estimation, and the output frequency
f is fed to element A, where the delay element
is calculated as

A= e UTmwg s

For the benchmark parameters, the channel
from wu to iz is stable and minimum-phase (ver-
ified on the nominal model); hence, it is stably
invertible. In addition, taking into account that
the relative degree of the plant is 2, the equiv-
alent plant can be chosen as P = P with the
second-order Butterworth filter for the repeti-
tive element.

2
We

F(s) = ,
(=) 52 +V2wg + w}

where wy is a tuning parameter on which track-
ing and disturbance rejection capability depend.
Since K =1 and F| = 0, the only compensator
II; is used. Moreover, since P = P, the terms
in (7) cancel, yielding II; = 0 (and IIy = 0).
The remaining compensator term becomes

I, = —P 'Mie ™.
Regulator (6) for the augmented plant (5) is
Ry=R—1y = R+ P ' M ™.

Therefore, applying the equations above and the
M~! definition, the controller (4) is

R=RM = (R+ P *Mye ™)(1 + Mye ™).
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Figure 7: Simulation results for adaptation of
current repetitive control with CIM from 50Hz
to 49.5Hz.

The stabiliser is selected as a static output-
feedback gain K = —1.1.

7. Representative results

Figure 7 shows the transient during estimation
provided by the PLL after a step change in the
grid frequency.

A compact quantitative comparison of H
repetitive control and repetitive control with
CIM is reported in Table 1. Robustness is quan-
tified by the minimum Nyquist distance to -1,
dmin = ming, |1 + L(jw)|, where L is the open-
loop transfer function; smaller values of dyin cor-
respond to a smaller robustness buffer. The re-
sults highlight the expected trade-off: the CIM-
based repetitive controller achieves strong har-
monic rejection at the cost of a slightly reduced
robustness buffer compared with the H-based
stabiliser used as a baseline. This can be miti-
gated by refining the stabiliser design. In par-
ticular, since the achieved THD is already well
below the H* baseline, there is margin to retune
the stabiliser toward increased robustness while
maintaining satisfactory harmonic rejection per-
formance.



H> CIM
Overshoot,% <01% | <0.1%
Settling time, s 0.32 0.02
THD (nonlinear load),% 5.22 1.10
THD (harmonics in grid),% | 14.58 1.97
Min. Nyquist distance to -1 0.61 0.53
Table 1: Performance and robustness of the

repetitive controllers.

8. Conclusions

CIM provides a structured approach for im-
plementing the Internal Model Principle, sep-
arating internal-model embedding from sta-
biliser synthesis. For state-feedback and output-
feedback regulation, including partial regula-
tion, CIM reduces the impact of internal-model
complexity on stabiliser synthesis and allows un-
known internal-model parameters to be modi-
fied without redesigning the stabiliser. A grid-
connected inverter benchmark shows that CIM-
augmented PR and repetitive controllers achieve
good steady-state tracking and harmonic rejec-
tion under grid distortion and frequency varia-
tions.
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