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Abstract

Exploration missions to asteroids and comets have gained popularity, driven by their
pivotal role in advancing our understanding of the Solar System’s formation processes.
Additionally, these missions hold promise for applications in resource utilization and plan-
etary defence, through the demonstration of asteroid deflection technologies. As a result,
close-proximity exploration of these celestial bodies has become crucial for their compre-
hensive and accurate characterization. Nevertheless, navigating the complex and uncer-
tain dynamical environment around small bodies poses several challenges. Therefore, to
ensure the safe operation of spacecraft, a precise understanding of uncertainty propagation
becomes imperative.

This thesis aims to contribute to this knowledge by comparing the performance of dif-
ferent uncertainty propagation methods in various scenarios related to close-proximity
operations around small bodies. The selected case studies consider the complex dynam-
ics influenced by the non-uniform gravity field described with spherical harmonics, the
third-body effect of other celestial bodies, and the solar radiation pressure. These fac-
tors contribute to a rapid dispersion of uncertainty and the emergence of non-Gaussian
distribution, highlighting the necessity for accurate uncertainty propagation methods.
The methods analyzed in this work include Linear Covariance propagation, Unscented
Transformation, and Polynomial Chaos Expansion. Findings are discussed in terms of
propagation accuracy and computational efficiency depending on the dynamical environ-
ment. Lastly, this study investigates nonlinear uncertainty propagation and stochastic
constraint verification within a goal-oriented guidance approach to enhance its robust-
ness.
By exploring these methodologies, this research work contributes to the broader goal
of ensuring the safety and effectiveness of spacecraft operations during close-proximity
exploration of small celestial bodies.

Keywords: uncertainty propagation, small bodies exploration, non-Gaussian distribu-
tion, close-proximity operations, polynomial chaos expansion, goal-oriented guidance.





Sommario

Le missioni di esplorazione di asteroidi e comete stanno riscontrando un interesse sempre
maggiore a causa del loro ruolo cruciale nella comprensione dei processi di formazione
del Sistema Solare. Inoltre, queste missioni anticipano possibili applicazioni nell’utilizzo
delle risorse che si trovano in questi corpi celesti e nelle strategie di difesa planetaria
attraverso la dimostrazione delle tecnologie di deviazione della traiettoria degli asteroidi.
Di conseguenza, l’esplorazione ravvicinata di questi corpi celesti è diventata fondamentale
per una loro caratterizzazione completa ed accurata. Tuttavia, navigare nell’ambiente
dinamico, complesso e incerto, attorno ai corpi celesti minori presenta diverse sfide. Perciò,
per garantire il corretto funzionamento dei veicoli spaziali, diventa fondamentale disporre
di una comprensione precisa delle incertezze e della loro propagazione.

Questa tesi mira ad espandere questa conoscenza confrontando le prestazioni di diversi
metodi di propagazione dell’incertezza in alcuni scenari legati all’esplorazione ravvicinata
attorno ai corpi celesti minori. I casi studio selezionati considerano gli ambienti dinamici
influenzati dalla non uniformità del campo gravitazionale descritto con armoniche sferiche,
dall’effetto di terzi corpi celesti e dalla pressione di radiazione solare. Questi fattori con-
tribuiscono a una rapida dispersione dell’incertezza e all’emergere di una distribuzione non
gaussiana, evidenziando la necessità di utilizzare tecniche accurate per la propagazione
dell’incertezza. I metodi analizzati in questo lavoro includono la Propagazione Lin-
eare della Covarianza, la Trasformazione Unscented e l’Espansione in Caos Polinomi-
ale. I risultati sono discussi in termini di accuratezza della propagazione e di efficienza
computazionale in funzione dell’ambiente dinamico. Infine, questo studio indaga sulla
propagazione non lineare dell’incertezza e sulla verifica stocastica dei vincoli all’interno
di un approccio di guida orientato agli obiettivi al fine di migliorarne la robustezza.
Esplorando queste metodologie, questo lavoro contribuisce all’obiettivo più ampio di
garantire la sicurezza e l’efficacia delle operazioni dei veicoli spaziali durante l’esplorazione
ravvicinata dei corpi celesti minori.

Parole chiave: propagazione dell’incertezza, esplorazione dei corpi minori, distribuzione
non gaussiana, operazioni di prossimità, espansione in caos polinomiale, guida orientata
agli obiettivi.
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1| Introduction

1.1. Motivations for Small Bodies Exploration

The International Astronomical Union (IAU) de�nes the Small Solar System Bodies

(SSSBs) as �all other objects, except satellites, orbiting the Sun�. The exploration of these

small celestial bodies, such as asteroids and comets, is a rapidly evolving and cutting-edge

�eld in planetary science, driven by growing interest and recent successful missions. In-

deed, in recent years, numerous missions have incorporated close encounters, rendezvous

or landing on small bodies as one of their primary objectives. Looking ahead, an in-

creasing number of missions are being designed with the explicit goal of conducting more

in-depth studies of celestial small bodies [40]. The wide range of scienti�c and engineering

motivations that support the exploration of small bodies can be summed up in three main

areas of interest [52]:

ˆ Solar System scienti�c research: small bodies o�er valuable insights into the

history and formation of our solar system. Asteroids represent various stages of

planetary formation, comets contain uncontaminated chemicals from the early solar

system, and planetary satellites provide snapshots of the solar system's formative

period.

ˆ In-situ resource utilization: in recent times, there has been a growing focus

on the exploration of small celestial bodies, particularly Near-Earth asteroids, as

part of human space exploration e�orts. This interest also extends to the potential

identi�cation and utilization of extraterrestrial resources found on these asteroids,

which may be rich in useful resources such as precious metals or water [3, 69].

ˆ Planetary protection: dealing with the threat of dangerous asteroids and comets

on a collision course with the Earth depends fundamentally on exploring and un-

derstanding these celestial bodies, their trajectories, their rotation states and their

inertia properties.

To safely achieve these goals, it is imperative not only to plan and design interplanetary
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trajectories enabling the spacecraft to reach the small bodies but also to comprehensively

understand and precisely design the spacecraft's trajectory in the immediate vicinity of

them. Indeed, in-situ proximity operations are essential in the study of small bodies

to overcome the limitations of ground-based techniques. In particular, optical observa-

tions serve only the purpose of identifying and discovering new asteroids and comets,

and Range-Doppler radar observations o�er only limited insights into the shape models

and gravity �eld of these celestial objects. Therefore, close-proximity operations around

asteroids and comets are crucial to characterize the external morphology of the body and

also estimate its mass, gravity �eld and spin state with greater accuracy [52].

1.2. Small Bodies in the Solar System

Small Solar System Bodies can be classi�ed into two main categories, asteroids and comets.

They follow orbits largely in�uenced by the Sun's gravitational pull, and therefore their

dynamics is approximately described by the Two Body Problem. Additionally, they are

in�uenced by perturbations that arise from planetary gravitational attractions, notably

from Jupiter, and non-gravitational forces often driven by solar irradiation. In some

unique cases, small bodies may experience simultaneous and comparable gravitational

attractions, like the Trojan asteroids, in�uenced by both the Sun and Jupiter.

Note that some works, such as [52], include planetary satellites as the third category of

Small Solar System Bodies, yet they are very di�erent from asteroids and comets, espe-

cially in the framework of dynamical environment and uncertainty propagation. There-

fore, planetary satellites are not included in the adopted de�nition of small bodies and

are not discussed in this work.

Daniel J. Scheeres in the exhaustive work�Orbital motion in strongly perturbed environ-

ments� [52] proposes a classi�cation of comets and asteroids primarily based on their

heliocentric orbits. Figure 1.1 illustrates their distribution across the solar system, high-

lighting regions with elevated concentration. The absence of small bodies in some speci�c

regions is due to the perturbations caused by other planets. In particular, the most no-

table regions are the Kirkwood gaps, which indicate the absence of small bodies in areas

of the Main Belt that are in resonance with Jupiter's orbit.
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Figure 1.1: Distribution of asteroids and comets in the inner Solar System. Credit: Alan

Chamberlin, NASA/JPL-Caltech.

1.2.1. Asteroids

Asteroids are rocky small celestial bodies found throughout the Solar System with average

bulk density between 1 and 5 g/cm3 [10]. They are classi�ed as small bodies which, in

contrast to comets, lack of visible coma and outgassing phenomena. However, there is

still ongoing debate about how to precisely de�ne and categorize them. Currently, the

most common classi�cation of asteroids is based on their heliocentric orbits, which classify

them as Main Belt asteroids, Near-Earth Objects, Trojan, Centaurs and Trans-Neptunian

asteroids [52].

Main Belt Asteroids The Main Belt asteroids are primarily located in the region

between the orbits of Jupiter and Mars. This region presents the highest asteroid spatial

density in the Solar System. They exhibit a wide range of sizes, with the largest, such as

Ceres, being nearly a thousand kilometres in diameter. The Main Belt is characterized

by a population distribution that is in�uenced by the gravitational perturbations from

Jupiter, leading to Kirkwood gaps. Main Belt asteroids can be classi�ed into families,

which are groups of asteroids with similar orbital characteristics, formed due to impacts

and fragmentation of larger bodies. This continuous collision process is the main cause

of modi�cation of the number, size and shape of Main Belt asteroids. The Yarkovsky

e�ect, a non-gravitational force arising from solar heating of the asteroids' surface, has a
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signi�cant impact on small asteroids' orbits by causing a slow drift in their semi-major

axes, leading to potential destabilizing interactions with Jupiter or other planets [48].

Near-Earth Asteroids Asteroids classi�ed as Near-Earth (NEA) are the ones on a

heliocentric trajectory with a perihelion radius less than1:3 AU. A wider classi�cation,

Near-Earth Objects (NEO), includes also comets which have this orbital feature. NEOs

are the easiest small bodies to rendezvous and represent possible targets for future human

explorations. In addition, NEOs are the most potentially dangerous bodies, as their

trajectory could intersect Earth's orbit at a close distance, posing a high risk of impact

on our planet. Near-Earth asteroids originate from the main belt, from where they migrate

to inner heliocentric orbits due to dynamical perturbations, particularly those caused by

Jupiter's gravity and the Yarovsky e�ect [52].

Trojans, Centaurs, and Trans-Neptunian Asteroids These last categories encom-

pass asteroids in various regions of the Solar System. In particular, Trojans are bodies

captured in stable orbits at Jupiter's Lagrange points L4-L5. Centaurs are objects located

between Jupiter and Neptune, and Trans-Neptunian asteroids orbit beyond Neptune. Dif-

ferently from Main Belt rocky asteroids, many of these bodies are believed to be icy and

volatile-rich and would exhibit outgassing e�ects if they were closer to the Sun. Indeed, a

sub-group of Trans-Neptuinian objects is known as Kuiper Belt which is considered to be

the source for short-period comets [52]. The characteristics of these asteroids of the outer

Solar System blur even more the traditional boundary between asteroids and comets.

1.2.2. Comets

Comets are icy and porous small bodies with estimated average bulk density ranging

from 0.3 to 1 g/cm3 [10]. They primarily originate from the outer solar system and

due to dynamical perturbations migrate into orbits that bring them close to the Sun,

where the heat causes the volatiles on their surfaces and interiors to sublimate, leading

to visible outgassing known as coma and tail. Comets are of high scienti�c interest and

are potential targets for rendezvous missions and sample return missions, indeed they

are assumed to be pristine reservoirs of chemicals from the early Solar System formation

epoch. They can be classi�ed into two main categories,short-period comets with a period

of less than 200 years (that belong to the NEO group) andlong-period comets that have

nearly parabolic orbits about the Sun and originate from the Oort Cloud. Because of the

technical challenges of space missions, only the former are usually the targets of �yby and

rendezvous missions. It has been observed that comets undergo progressive changes in
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their nature along the orbit, indeed the outgassing activity is maximum in proximity of

the perihelion, whereas they remain in a dormant phase when far from the Sun [52].

1.2.3. Spin States of Small Bodies

Understanding the spin states of small celestial bodies is crucial for accurate trajectory

design in close-proximity exploration missions. The main feature to be determined is the

orientation of the rotational angular momentum, which is assumed to be approximately

conserved. Its direction can be described with two angles relative to the body's heliocentric

orbit, the obliquity � and the right ascension� [52].

Small bodies can be classi�ed into three categories depending on their spin states [52]:

ˆ Uniform rotators: it includes small bodies in a uniform rotation state about the

axis of maximum moment of inertia, which corresponds to the minimum energy

rotation state of a body. Most asteroids are considered to be in this state and it has

been noted that the maximum spin rate that a large asteroid can sustain corresponds

to a period of about 2.2 hours [42]. The reason for this has been hypothesised to be

due to the rubble-pile nature of larger asteroids. On the contrary, small asteroids

have been observed to reach much higher spin rates, due to their likely monolithic

nature.

ˆ Complex rotators: it refers to comets and asteroids in tumbling rotation states

around non-principal rotation axes. Their rotation is usually described by two

fundamental frequencies, nutation and spin rate. It has been observed that larger

tumbling bodies have a low overall spin rate, whereas smaller tumbling bodies could

show a higher rotation rate.

ˆ Synchronous rotators: it includes small bodies that show a rotation period syn-

chronized with the orbital period around their parent body. Indeed, this spin state

is peculiar to binary asteroids and planetary satellites. The synchronicity in the

rotation comes from the dynamical e�ect of tides raised on both bodies that de-spin

the smaller one, causing the rotation of the smaller body to have a spin period in

1:1 resonance with the orbit period.
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1.3. Overview of in-situ Small Bodies Exploration

Missions

The beginnings of the scienti�c study of small bodies date back to the �rst observations

of comets in antiquity, the discovery of the Jovian satellites (the �rst satellites excluding

the Moon) by Galileo in 1610, and the discovery of the �rst asteroid, Ceres, in 1801. Since

then, small celestial bodies have been subject to meticulous ground-based observations

and studies, aided by increasingly powerful optical and radio telescopes [52]. However, as

already mentioned in Section 1.1, these techniques have limited accuracy and provide only

partial characterization of the features of small bodies. Therefore, a further step beyond

ground-based observations is needed to deepen the knowledge of asteroids and comets.

Distant �ybys The �rst type of in-situ exploration is represented by distant �ybys,

which was �rst attempted by the Galileo mission with the encounters of the asteroids

Gaspra in 1991 and Ida in 1993, which provided detailed, high-resolution images of the

body's surface [64]. Following the Galileo space probe, other missions have included,

as one of their objectives, at least one distant �yby of an asteroid or comet in order

to determine its physical characteristics. In particular, major asteroid �ybys include

those conducted by NASA DeepSpace 1 mission (asteroid Braille [45]), NEAR-Shoemaker

(asteroid Mathilde [67]), and ESA Rosetta mission (asteroids Steins [1] and Lutetia [46]).

Concerning comets, distant �ybys have been performed by NASA DeepSpace 1 mission

(comets Borelly [13], Tempel 1 and Hartley 2) and Stardust (comet Wild 2 [11]). Distant

�ybys to small bodies are essentially inexpensive from a fuel point of view, however, they

require elevated operational costs of ground stations and yet they often cannot provide a

complete characterization of the mass and three-dimensional shape model of the celestial

body [52].

Rendezvous To overcome �yby limitations, completely dedicated missions to close-

proximity explorations of small-bodies have been designed. Rendezvous with an asteroid

or a comet allows to fully characterize the external morphology of the body and also

estimate its mass, gravity �eld and spin state with greater accuracy than a �yby mis-

sion [52]. In this context, missions to rendezvous with asteroids and comets have been

successfully completed by di�erent space agencies. Regarding NASA exploration mis-

sions, NEAR Shoemaker visited Eros [68], DAWN encountered Vesta and Ceres [49],

and OSIRIS-REx studied Bennu and collected samples from its surface which have been

returned to Earth [30]. The Japanese Space Agency (JAXA) successfully completed

two sample-returning missions, Hayabusa and Hayabusa-2, respectively to the asteroids
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Itokawa [20] and Ryugu [59]. European Space Agency (ESA) carried out the Rosetta

mission which represented the �rst ever close-proximity operations around a comet [24],

namely 67P/Churyumov�Gerasimenko pictured in Figure 1.2. In addition, the lander

Philae successfully landed on a comet's surface for the �rst time in history. Lastly, recent

breakthroughs in planetary defence have been achieved by the successful kinetic impact of

the NASA spacecraft DART on asteroid Dimorphos, altering its orbit around the primary

asteroid Dydimos [14]. Regarding future asteroids exploration missions, NASA Lucy,

launched in 2021, will encounter and study ten di�erent asteroids [31], NASA Psyche,

launched in October 2023, will rendezvous and study the homonym metallic asteroid to

understand the formation of planetary iron cores [25], and lastly ESA Hera mission, ac-

companied by the CubeSats Juventas and Milani, will rendezvous with the binary asteroid

Didymos to characterize the outcomes of DART impact into Dimorphos [34].

Figure 1.2: Image of comet 67P/Churyumov�Gerasimenko taken by NAVCAM of Rosetta

spacecraft at a distance of 28.6 km. Faint outgassing jets are visible. Mosaic of four

images. Credit: ESA/Rosetta/NAVCAM

1.4. Technical Challenges of Small Bodies Exploration

In the forthcoming years, many space missions currently under design will be launched

with the aim of deepening the knowledge about celestial small bodies. However, the

exploration of these bodies entails peculiar technological challenges due to a highly un-
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known and uncertain dynamical environment in which the spacecraft navigates to per-

form proximity observations and landing on comets and asteroids' surfaces. Challenges

of small-body exploration arise from the fact that the gravity �eld of the central body

is weaker and less uniform than the one of a planet and therefore spacecraft are more

sensitive to orbital perturbations such as solar radiation pressure and third-body e�ects

[51]. In addition, knowledge of small-body properties such as shape, density and rota-

tional state is often limited due to the lack of accurate previous measurements prior to

the spacecraft's arrival, adding criticality to the spacecraft guidance and navigation in

an already highly nonlinear and complex dynamic environment. Other major limitations

of small bodies exploration are the ones imposed by ground communication and oper-

ations. Indeed, the number of space missions that need to periodically establish a link

with antennas of the Deep Space Network is increasing, thus making it more costly and

time-schedule problematic to communicate and de�ne spacecraft operations.

Therefore, a paradigm shift towards autonomous missions with on-board situational aware-

ness would improve several autonomous operations such as closer �yby, maintenance of

unstable orbits, proximity manoeuvres and safe landing. Indeed, excluding the tradi-

tional ground-in-the-loop process would reduce the costs and enhance the achievement of

mission objectives [15]. In this regard, in recent mission design developments, the tra-

ditional concept of large and expensive spacecraft for deep space exploration is leaving

room for innovative designs of highly reliable Deep Space CubeSats [65]. This new ap-

proach paves the way for increased exploration opportunities with lower costs and fosters

technological demonstration of on-board solutions, such as autonomous optical navigation

[18, 19]. Deep space CubeSats can be designed to be dependent on a larger spacecraft, in

what is known as a mother-daughter system architecture, as for instance Milani CubeSat

that will visit Didymos together with Hera mission [9, 17]. Alternatively, missions that

involve completely stand-alone CubeSats are currently being developed, such as the mis-

sion M-ARGO which will be the �rst stand-alone deep-space CubeSat to rendezvous and

characterize a near-Earth asteroid [58].

1.5. Uncertainties in Close Proximity Operations

The dynamical environments around small bodies are complex and uncertain, posing even

more technical challenges to the trajectory design and control. Sources of uncertainties

are of di�erent origins and are usually produced from phenomena in the physical world

or approximations in modelling them. The error sources that lead to uncertainty in as-

trodynamics can be classi�ed into three main categories [70]:
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ˆ Dynamic model errors: they refer to approximation in modelling the dynamical

environment. This contribution is highly relevant for small-body exploration mis-

sions, indeed the gravitational �eld of the central body is often known with limited

accuracy due to the lack of shape models, density and rotational state estimations

before the arrival of the spacecraft. In addition, the dynamics is highly in�uenced

by perturbations such as solar radiation pressure, third body e�ects and eventually

outgassing jets.

ˆ Navigation errors: they arise from the di�erence between the estimated state and

the real state of the satellites. Navigation errors are related to the accuracy of sensors

and orbit determination algorithms used to determine the position and velocity of

the spacecraft. Missions for small bodies close-proximity operations usually rely on

optical navigation during close-range phase, provided by a combination of di�erent

techniques such as ISL data and LIDAR measurements [9].

ˆ Actuation errors: they are related to the limited accuracy of thrusters and control

systems which provide e�ective manoeuvres' intensity and direction that di�er from

the ideal planned values.

1.6. Research Question and Objectives

The goal of this thesis is to analyze what could be the positive contributions of accu-

rate uncertainty propagation in small-bodies close-proximity operations. To achieve this,

di�erent uncertainty propagation techniques are analyzed and compared in di�erent sce-

narios and case studies. This thesis aims to provide guidelines to help in the choice of

the uncertainty propagation method in the design process of future space missions, de-

pending on the features of the central body and on the planned trajectory. In addition,

the uncertainty propagation methods are integrated into an already existing goal-oriented

approach in order to assess their contribution to the optimization of the trajectory and

achievement of the scienti�c objectives. Therefore, the main research question of this

thesis can be stated as follows.

Research question

�To what extent the implementation of accurate nonlinear uncertainty propaga-

tion methods can improve the uncertainty knowledge for close proximity operations

around small bodies?�
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To explore this topic further, other issues have to be addressed step by step:

1. Which uncertainty propagation techniques should be taken into account?

2. How should the dynamics of close-proximity operations be modelled around small

bodies?

3. Which case studies should be considered to set up a relevant comparison?

ˆ Which small bodies should be considered?

ˆ Which scenarios and trajectories are representative of di�erent dynamical en-

vironments?

4. What kind of improvements can be made to an existing goal-oriented optimization

problem by the introduction of accurate uncertainty propagation?

1.7. Thesis outline

The thesis work carried out is reported and described in detail in this manuscript which

is articulated in the following chapters:

ˆ In Chapter 1 introductory remarks about the context of this work, small bodies'

main features and history of their exploration are presented. Research question and

objectives of the thesis are also stated.

ˆ In Chapter 2 the current state of art is analyzed. The most common linear and

nonlinear uncertainty propagation methods in astrodynamics are brie�y explained,

highlighting advantages and disadvantages. Subsequently, the modelling of dynami-

cal environment around small bodies is discussed, with focus on the perturbations of

solar radiation pressure, third-body e�ect and distributed gravity �eld. Lastly, the

goal-oriented guidance approach is described, with reference to an already existing

trajectory optimization algorithm.

ˆ In Chapter 3 case studies of the research work are analysed, de�ned and explained.

Small celestial bodies and possible operations of interests are selected in order to de-

�ne an array of scenarios representing some of the di�erent dynamical environments

that can be encountered during exploration missions to those bodies.

ˆ In Chapter 4 the methodology implemented to carry out this work is described,

focusing on the trade-o� analysis between the di�erent uncertainty propagation

methods, the problem formulation and the simplifying assumptions.
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ˆ In Chapter 5 the most important results of this thesis are reported, addressing

the research questions previously de�ned. The comparison between uncertainty

propagation methods is described in depth, analyzing the performance of each of the

implemented techniques in the considered scenarios, and providing guidelines for the

selection of the suitable uncertainty propagation approach. In addition, the results

of the implementation of uncertainty propagation in a goal-oriented approach are

discussed in terms of mission objective achievement and robustness of the solution.

ˆ In Chapter 6 the major �ndings of the thesis work are summarized and possible

future developments are discussed.
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2| State of the Art

This chapter provides a state-of-the-art analysis of the primary topics and methodolo-

gies employed in this thesis. Speci�cally, Section 2.1 provides a summary of the main

uncertainty propagation methods. Subsequently, Section 2.2 delves into the modelling

of the dynamical environment and perturbations around small celestial bodies. Finally,

Section 2.3 gives a brief overview of the goal-oriented guidance approach.

2.1. Uncertainty Propagation

As mentioned in Section 1.5, close proximity operations around small bodies involve many

uncertainties, therefore, their accurate propagation is highly relevant. In literature, several

uncertainty propagation methods exist and have been used in past works of astrodynamics.

In this section, a brief summary of the principal existing techniques and their advantages

is reported. This analysis is based on the work of Luo and Yang (2017) [70], to which I

refer the reader for more comprehensive details on this topic.

First of all, it is important to assess that an orbital dynamic problem with random state

vector x 2 Rn can be expressed by the Itô stochastic di�erential equation [33]:

dx (t) = f (x ; t)dt + G(t)d� (t) (2.1)

where f (x ; t) represents the deterministic part of the dynamics,� (t) 2 Rm is a m-

dimensional Brownian motion process with zero mean and covarianceQ(t), and G(t) is

the di�usion matrix.

The exact time evolution of the related probability density function (PDF) p(x ; t) is
described by the Fokker-Planck equation (FPE) [21]:

@p(x ; t)
@t

= �
nX

i =1

@
@xi

�
p(x ; t)f i (x ; t)

�
+

1
2

nX

i =1

nX

j =1

@2

@xi @xj

�
p(x ; t)

h
G(t)Q(t)G> (t)

i ij
�

(2.2)

Eq. (2.2) is a partial di�erential equation that describes the propagation of a PDF and
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therefore provides a complete statistical description of the system. However solving the

FPE for high-dimension systems, such as the 6-dimensional orbital dynamics problem, is

extremely di�cult and therefore approximation techniques have been developed over the

years to estimate the propagated PDF.

The probability density function p(x ; t) can be characterized by the statistical moments,

in particular, the ones up to the fourth-order (mean, covariance, skewness and kurtosis)

describe its shape. Considering a random sample population, themean is the measure of

the central tendency of the distribution, thecovariance describes the sample dispersion

from the mean value, theskewnessis a measure of the lack of symmetry in the distribution

and, and thekurtosis is a measure of whether the tails of the PDF are heavier or lighter

than the ones of a normal distribution (which is assumed to have null kurtosis) [33].

Figure 2.1 illustrates how skewness and kurtosis values are correlated to the shape of a

univariate distribution.

Figure 2.1: Graphical interpretation of skewness and kurtosis values. Credit: Attila

Bonyàr [6].

Approximation techniques to propagate uncertainties can be subdivided into Linear Meth-

ods and Nonlinear Methods, the former are highly e�cient but lose accuracy with complex

dynamics and long propagation times, whereas the latter are more computationally de-

manding but solve the lack of accuracy of the linear ones. In the following sections, an

overview of the principal uncertainty propagation method in astrodynamics is presented.

2.1.1. Linear Uncertainty Propagation

In the linear uncertainty propagation, the initial distribution is analytically propagated

with a linearized model using the state transition matrix (STM). The most common linear

propagation method is the Local Linearization (LinCov) which makes use of the �rst-order
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